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Preface

120 Awesome Algebra Problems + 20 Bonus Problems is an in-depth book
centered around Algebra featuring beautiful and intriguing problems. It is the
culmination of many years in curriculum development, teaching experience,
and question-writing. All problems were created by us. It is a thorough work,
presenting 13 chapters of problems with their respective solution chapters.
The book showcases the heart of Algebra not as a textbook, but rather as a
collection of the most essential concepts and their applications.

To begin, Chapter 1 introduces a classic example of polynomials, quadratic
equations. From here on out, the topics covered progress in difficulty and
complexity. Next, we build upon and generalize from the earlier chapters
in exploration of the integers, real numbers, and the Algebraic foundation
on which they stand. Chapter 4 cements these notions from earlier and closes
with their more practical uses before moving onto different aspects of Algebra.

As the book builds in detail, the pillars of Algebraic machinery presented
in the first chapters are heavily used throughout the remaining ones. Chapters
5 and 6 share the common theme of equations and their various forms. It is
here that the numeric qualities of these equations and their real and integer
solutions are examined in detail. In addition, these two chapters preface the
next two.

[t is at this point where the reunion between equation-solving strategies,
theorems, and practical examples takes place. As we have previously focused
on numerous ways to quantify real-world values and solutions to equations, we
now present the frequently encountered topics of minima and maxima, as well
as inequalities. Despite the ramp in difficulty, we believe that the concepts
illustrated are accessible to a wide audience of readers and we urge them to
review the earlier chapters should they find themselves in neecl of a refresher.

As we approach the end, sequences and series inevitably follcrw We present
interesting examples of sequences that naturally arise in mathematics. Finally,
we re-explore how polynomials give meaning to Algebra using the concepts we
have covered throughout the previous parts of the book. Chapters 11 and 12
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further extend on more sophisticated applications and show a glimpse of how
they bridge Algebra with other classes of mathematics.

As in the title of this book, we have included an extra 20 noteworthy
problems in Chapter 13. Chapters 14 through 26 comprise of the solutions to
the previous 13 chapters thus previewed. We also present several solutions for
a large part of the problems in order to provide a full picture of these essential
algebraic techniques and their accompanying theorems. We really strived to
illustrate the beauty and interconnectedness of Algebra by including these
problems, all of which are original to the authors, and delicately arranging
the chapters. Whether you are preparing for Olympiad level competitions
such as USA(J)MO, are formally studying mathematics, or if Algebra simply
piques your interest, we are confident that you will appreciate these topics and
awesome problems.

It is with many thanks and appreciation that we recognize Alessandro
Ventullo who worked tirelessly to polish this book and solidify its form to help
it become what it is today. Lastly, we would like to thank Richard Stong for
his dedicated review and editing of the manuscript.

Titu and Adrian Andreescu
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Problems






Chapter 1

Quadratics

1. Find all pairs (a, b) of real numbers such that the roots of the equation
2? + ax + b = 0 are 3a and 3b.

2. Let p and g be real numbers such that one of the roots of the quadratic

: 1
equation z2 + pr + ¢ = 0 is the square of the other. Prove that p < T

and
p®—3pg+¢*+qg=0.

3. Let a and b be real numbers. Prove that at least one of the equations
w2 4+ar+b=0 z?+bz+a=0z*+(ab+8)z+a*+b*+16=0
has real roots.

4. (a) Prove that for any real numbers a, b, c,
a’ + (2— \.@) b? + ¢® > v/2(ab — be + ca).
(b) Find the smallest constant k such that for all real numbers a, b, ¢,
0F S BE e B ﬁ(abJr bc+ ca).

5. Let a and b be postive real numbers less than 2 such that ab = 2. Solve
in real numbers the equation

Az’ +az+b) (22 + bz +a)+a®+ 02 =0.

6. Let f(z) = ax?® + bx + ¢, where a, b, c are real numbers such that a > 0
and ab > -;— Prove that f(b* — 4ac) > 0.
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10.

Let f(z) = az? + bz + ¢, where a < 0 < b and bd/c > g— Prove that

1
f (Kﬁ) > 0,

where A = b? — 4dac.

. Let a, b, ¢, d be positive real numbers. Prove that

3(a® — ab + b%)(® — ed + d%) > 2(ac® — abed + b2d?).

. Let a, b, c be positive real numbers such that a + b+ ¢ = 1. Prove that

for any positive real number £,

(at® + bt + ¢)(bt? + ct + a)(ct® + at + b) > 3.

Prove that for all real numbers a, b, ¢ the following inequality holds

3(a® — ab + b*)(b® — be + ) (c? - ca + a®) > a’b® + b°c3 + 2a’.
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Equations in Real Numbers

11. Solve in real numbers the equation

(3z+1)(4x + 1)(6z + 1)(12x + 1) = 5.
12. Solve in real numbers the equation

(22 - 2v2s) (22 - 2) = 2021.

13. Solve in real numbers the equation

2t 4+ 9228 —18502%2 — 22+ 1 =0.

14. Find all real numbers a for which the equation

9 2
€T i i 0
(:1:—1) ($+1)

has four distinct real roots.

15. Prove that the equation 23 — 622 4+ 3z — 2 = 0 has a root of the form
¥a + /b + /¢ for some positive integers a, b, c.

16. The equation

1
s =
x

has two real roots, «; and zo. Evaluate z3 4 z3.

'17. Solve in real numbers the equation

42° + 1?27 — 2016.
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18. Solve in real numbers the equation

) -G - @)

19. Solve in real numbers the equation

(23 — 32)% + (z* — 2)% = 4.

20. Solve in pﬂsifive real numbers the equation

1 3 3
2\y T Y
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Equations in Integers

21. Solve in positive integers the equation

2(6zy + 5)* — 15(2x + 2y)? = 2018.

22. Solve in positive integers the equation

my+yz+z:1:—5\/m2+y2+32=1.

23. Find all triples (z,y, z) of positive integers such that
5(a? + 2y° + 2°) = 2(bzy — yz + 422)
and at least one of z, y, z is a prime.
24. Solve in positive integers the equation

min(z?* + 8y, 8z + y*) = (z + y)°
25. Solve in integers the equation
=y —1=(z+y~1)"
26. Solve in integers the equation
(mn+8)° + (m+n+5)° = (m—1)*(n— 1)~

27. Solve in positive integers the equation

101z> — 20192y + 101y* = 100.
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28. Solve in integers the equation

(2® = 1)(y3 — 1) = 3(=%% + 2).

29. Solve in integers the equation

it
i)
22+ oy + 92 = (Ty+1) |

30. Consider the equation
(323 + zy?) (a%y +3y°) = (z —y)".

(a) Prove that there are infinitely many pairs (x, y) of positive integers
satisfying the equation.

(b) Describe all pairs (x,y) of positive integers satisfying the equation.
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Algebraic Equations

31. Solve in real numbers the equation

V1019 — 2 — /2019 + z = 16.

32. Solve in positive real numbers the equation

\/2020+ JE— =20,

33. Solve in real numbers the equation:

Vet +322—4—g=328—35+2-1.
34. Solve in real numbers the equation

Vot+2+@-1V2+ Yo +2—(z-1)V2= ¥z

35. Solve in real numbers the equation

v2z+1+v6x+1=+v122+1+ 1.

36. Solve the equation

z+vV/z+DE+2)+vV/(+2dE+3)+V/(z+3)=+1) =4
over ai] gz —1

37. Solve in positive real numbers the equation

1/:5"'—4m+i2=1.
T
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38. Solve in real numbers the equation

1 i
¥z + W=§+\/m—|-y+ T
39. Solve in real numbers the equation

Ve —22 -1 -2 42¢Vz+ 22 =2z + 1.

40. Solve in real numbers the equation

\/m+\/&:+\/m+ V3r = 2z.
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Systems of Equations

41. Solve in real numbers the system of equations

(22 +7 = by — 62
y? +7 =10z + 3z

22+ T=—z+3y.

- .

42. Solve in real numbers the system of equations
z(y+z—2)=ylz+rz—y)=zz+y—-2°)=1

43. Find the side lengths a, b, ¢ of a triangle satisfying the system of equa-

tions ) b
abc — 40
—g+b+e
b
{ 7 =60
a—-b+c
obe 1o
< ga+b—re
44. Find all 5-tuples (v, w, z,y, z) of integers satisfying the system of equa-
tions

x®+zy—2yz+3zz = 2020

> +yz—222+3zy = v

2 +ze—2ry+3yz = w
v+w = O

45. Solve in positive real numbers the system of equations
{ (2 = ZY)(z+3y) = 8(9+8V3)
(y— vZy)(Bz+y) = 8(9—8v3).
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46. Solve in nonzero real numbers the system of equations

-

\

4 _ 121y — 122y
4y
g 122z 4+ 121y

r* + 14222 — .
+ 14z%y® + y T

— Y

49. Solve in integers the system of equations

{ 2y + y?z + 22z - 3ryz = 23,

zy? + yz* + za? — 3zyz = 25.

48. Let a and b be distinet positive real numbers. Find all pairs of positive
real numbers (z,y) that are solutions to the system of equations

z*t — oyt = az — by
22 — g% = V/a? - b2.

49. Solve the system of equations

50. Solve in nonnegative real numbers the system of equations

z(z* — 52 +5) =y
y(y* —5y* +5) ==z
z(z* = 6z% +5) ==

(z+1D)y+D(z+1)=5
(vVZ + \/§+ vz)* — min(z,y,2) = 6.
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Exponents and Logarithms

51.

D2,

93.

o4.

55.

56.

57.

2T — 5T -1
Solve the equation log ? = ki

3 2

Prove that for all real numbers z, 9, z at least one of the numbers

23:[:*:-'; + 235’:—3 _ 2y+z+1

Q_Ey*z 4+ 233;—3 . 22+$+1

233—1‘ 1 23z—y _ 2m+y+1
is nonnegative.

Solve the equation

log(1l — 2% + 5% — 20¥ + 50%) = 2.

For each positive integer k, let f(k) = 4% + 6% + 9%. Prove that for all
nonnegative integers m < n, f(2™) divides f(2").

Let m and n be positive integers. Prove that

for any positive real number x.

Find all positive integers n such that 2% 4- 3" + 13% — 14" is the cube of
an integer.

Let n be a positive integer and let aj,as,...,a, be real numbers in the
interval ({]} %) Prove that

log;_,, (1 —nas) +logy_,,(1 —naz) +...+1logy_, (1 —nai) > n’.
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, , 42¢ 48" -
58. Find the maximum of m + o 2016" over all real numbers z.
59, Let i1 <ig < ... < g and j; < j2 < ... < jmm be nonnegative integers
such that
2 4, 42 =20 | 2,
Prove that [ < m.
60. Prove that for z € R, the equations
23—1 - 1 2:1.'—'|—1 - ].
2 = 5F 7 and 2 s

are equivalent.
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Minima and Maxima

61

62.

63.

64.

65.

66.

Let a, b, ¢ be positive real numbers such that @ + b+ ¢ = 1. Find the
minimum of

a b c
2(1_ﬂ+ 1_h+1_c)+9(ab—l—bc+m).

(i) Find the greatest real number r such that

1 1
> e . .
c.ab_r(l - b)

for all positive real numbers a and b.

(ii) Find the maximum of zyz(2 — x — y — z) over all positive real
numbers z, y, 2.

Prove that for any real numbers a, b, ¢, d,
a®+ b+ 2+ d? + V5min{a?, V2, 2, d*} > (\/5 - 1) (ab+ bc+ cd + da).

Let a, b, ¢, d > —1 such that a+ b+ ¢+ d = 4. Find the maximum of

(a® + 3)(b% + 3)(c® + 3)(d* + 3).

Find the maximum of

(9b+4¢_6) (9c+4a_6) (9a+4b_6) }
a b c

over all positive real numbers a, b, c.

Find all real numbers z, y, z > 1 satisfying

min{+/2 + zyz, vy + xyz, V2t zyz) =ve -1+ y—-14++vz-—1.
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67. Let a, b, ¢ be real numbers greater than or equal to 1. Prove that
. {10a? —5a+1 10b* —5b+1 10c?> — 5c+ 1
min : ; < abe.
b2 —5b+10 7 ¢2 —5c+ 10" a? - 5a+ 10
68. Let a1,a9,...,a, (n > 3) be real numbers such that
2 2 2 2
a1 +as+...+a,>n and aji+as+...+a, =n".
Prove that max(ai,az,...,a,) > 2.
69. For n > 2 let aq,as,...,a, be positive real numbers such that
11 1 1\?
(a1 +as+...+a)) | —F+—+...+— ] < |{n+=} .
Prove that max(ai,a9,...,a,) < 4min(a1,az,...,a,).
70. Let a, b, ¢ be positive real numbers such that a + b+ ¢ = 4V abe.

Prove that

2ab + be + ca) + 4min(a?, b, ¢?) > a® + b* + &2
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Inequalities

71. Prove that for any nonnegative real numbers a, b, ¢ the following in-
equality holds:

(@ — 2b+ 4c)(—2a + 4b+ ¢)(4a+ b — 2¢) < 2Tabe.

72. Let a, b, ¢, d be nonnegative real numbers such that a?+b%+¢?+d? = 4.
Prove that

1 1 1 1
+ P + =l
5—+ab H—+vbe 5—+ed 5—+da

73. Let a1, ...,ay be positive real numbers such that

var +vas + ...+ Va, = a1 +as + ...+ ag.
Prove that

vVai+1+4y/a+1+4... ++/a2+1<nv2.

74. Let a, b, ¢ be positive real numbers such that

@+ +E+(@+b+e)? <4

Prove that

ab + 1 be+ 1 ca+1
= 3,
(a+b)2+{b—|—c)2+ (c+ a)? 23

75. Let a, b, ¢ be positive real numbers. Prove that

a4+ 308 vV +33 A +3d° . 2

209,42 2
5a -+ b T 56+ ¢ * 5c+a 8({I + B0 e
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76. Let a,b, ¢ > 0 and satisfy
a® + b% 4+ ¢° +abe =14,
Show that
0 < ab+ be+ ca— abe < 2.
77. Let a, b, ¢ be positive real numbers. Prove that
2a+b+c)? (2b+c+a)® | (2ct+a+b)? <3
202+ (b+c)? 22+ (c+a)® 22+ (a+b)2 ~
78. Let a, b, and ¢ be positive real numbers. Prove that
(@®—a?+3)P° =2+ 3P —c?+3) > (a+b+c).
79. Find the minimum possible value of
a i b n c L d
B+4 A+4 dB+4 ad+4
given that a, b, ¢, d are nonnegative real numbers such that
at+b+c+d=4.
80. Let n be a positive integer. Find the largest constant ¢, > 0 such that,

for all positive real numbers x1, ..., 2y,

1 1 1 1 1 1 :
—ts bk 5 2 Gl —FRaitrF i
27 2 (z1+ ...+ Tn) T1 Tn T1+...+2Zn
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Sequences and Series

81. Let sq,89,...,595 be the squares of some 25 consecutive integers. Prove

that
31+Sg+...+335_

25
is also the square of an integer.

52

(n+ k)*

mn
82. Let n be a positive integer. Evaluate Z T
)

k=1

83. Let ap =1 and ap 1 =ag- ... ay + 3 for n > 0. Prove that

an+ Y1 —apape1 =1 foralln > 1.

84. Let a3 = ay = 97 and

Ant1 = Oplp—1 + \/(aﬁ —1)a2_;-1), n>1.
Prove that

(a) 2+ 2a, is a perfect square.
(b) 2 + /2 + 2a,, is a perfect square.

85. Let a be a real number greater than 1. Evaluate

1 2{1 + 4&3 8[1? ”
a2 —a+1 at—a2+1 a8 —at+1 a®—ag®8+1

oA il
86. Evaluate ZZ GFs+ 1)!.

i=1 j=1
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87. Evaluate
21’1

2 :
92 =1

n=

88. Bvaluate

i 16n2 — 12n+1
n(dn — 2)1

=]

89. Evaluate the following sum

i 37 (2311 1)
L

n=>0

90. Evaluate
Z (—l)""{ﬂ,2 —n+ 1)3
(n—2)1+n+2)!"

n>2
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Polynomials

91

92.

93.

94.

95.

96.

Consider the polynomials with complex coefficients

P(z)=az"+ a1zt +---+ay and Q(z) =2 + bz 1 4. . + b,

having zeros z1,xs,..., T, and z%,x3,..., 2 respectively.

Prove that if a; + a3+ a5+ ... and as + a4 + ag + ... are real numbers,
then b; + by +--- + b, is also a real number.

Find all pairs a and b of distinct positive integers for which there is a
polynomial P with integer coefficients such that

P(a®) + 7(a +b%) = P(b*) + (b + a?).

Let P be a nonconstant polynomial with integer coefficients. Prove that
for each positive integer n there are pairwise relatively prime positive
integers ki, ko,...,k, > 1 such that kiks - ... -k, = |P(m)| for some
positive integer m.

Let @1, 9, T3, 24 be roots of the polynomial 2018z% 4 z3 + 201822 — 1.
Evaluate

(:ﬂ% — 1z + 1)(3:% — x9 -+ 1)(:13% — 3+ l)(ﬂ::?l — T4 + 1).

Let a, b, ¢, d be real numbers such that b —d = 5 and all zeros z1, x9, 23,
and x4 of the polynomial P(z) = z* + az3 + bz? + cz + d are real. Find
the smallest value the product (z§+ 1)(23 +1)(z%+ 1)(23 + 1) can take.

Let P(z) =2" +a12" ' +...+a,—12+1 be a polynomial whose roots

T1,%9,...,Ty are real and positive. Prove that for any positive real
number ¢

(82—t + 23) (82 — twa + 22) ... - (82 — ton + 22) > 22| P(L)).
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97. Let

P(z) = a* + az® + bx? + cz + 858
be a polynomial with real coefficients all whose roots are real numbers
greater than 1. Prove that
a+ b+ c< 2021.
98. Let a, b, ¢, d be real numbers such that all solutions to the equation
2® + az® + bz’ + cx® + dz + 1022 =0
are real numbers legs than —1. Prove that a + ¢ < b+ d.

99. For integral m, let p(m) be the greatest prime divisor of m. By conven-
tion, we set p(£1) = 1 and p(0) = occ. Find all polynomials f with inte-
ger coefficients such that the sequence {p(f(n?)) —2n) }nez>o is bounded
above. (In particular, this requires f(n?) # 0 for n > 0.)

100. Let P be a polynomial of degree 5, with real coefficients, all of whose

zeros are real. Prove that for each real number a there is a real number
b such that
b*>P(a) + 4bP'(a) + 5P"(a) = 0.
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Functional Equations

101.

102.

103.

104.

105.

Find all functions f : R* — R such that

X

7 (w) =1—zf(z), for all z € R*.

Let f: R — R be a function such that f(f(z)) = 20z —19 for all x € R.

(a) Evaluate f(1).

(b) Prove that such a function exists.

Congider a function f : (0,00) — R and a real number a > 0 such that
f(a) = 1. Prove that if

a

F@1w)+1(2) £ (2) = 2f(an) for all 2,y € (0,00),

then f is a constant function.

Determine all functions f : Z — 7 satisfying

f(@® + 9% +2%) = (f(2))° + (fW))* + (f(2))°
for all integers x, y, z.

Find all polynomials P with complex coefficients such that
P(a) + P(b) = 2P(a + b),
whenever a and b are complex numbers satisfying

a® + 5ab + b% = 0.
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106. Find all polynomials P(z) for which
P(a+b) = 6(P(a) + P(b)) + 15a°b*(a + b),
for all complex numbers a and b such that a? + b2 = ab.

107. Find all polynomials P with real coeflicients such that

P@) | P@) , P() _ p

T o x—1y)+ Ply—2z)+ Pz —x)

holds for all nonzero real numbers z, y, z satisfying 2zyz =« + y + z.

108. Let Z be the set of integers. Find all functions f : Z — Z such that

T 2
F @) — ) + 12 — 1) = L 4 fyfw)

£r

for all x,y € Z with x # 0.

109. Find all functions f: R — R such that for all real numbers z and v,
(f(x) +zy) - f(z = 3y) + (fy) +zy) - fBz —y) = (F(z+y))*.

110. Find all functions f : (0, 00) — (0,00) such that

f(m+$)+f(y+%)+f(ﬁ+-i~)=l

for all z, y, 2 > 0 with zyz = 1.
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Matrices and Determinants

111.

112.

113.

114.

115.

(a) Compute the determinant

S nwe R
=

£
L~ - TR S o
B o~ S o

(b) Prove that if the numbers abed, bade, cdab, deba are divisible by a
prime p, then at least one of the numbers

a+b+c+d, a+b—c—d, a—b+c—d, a-b—c+d,
is divisible by p.
Let A and B be 2 x 2 matrices with real entries satisfying
(AB — BA)" = I
for some positive integer n. Prove that n is even and (AB — BA)* = I,.

Let P be a complex polynomial of degree n > 2 and let A and B be
2 x 2 complex matrices such that AB # BA and P(AB) = P{BA).
Prove that P(AB) = cly for some complex number c.

Prove that for any A, B € M3(C),

tr(AB — BA)®
- .

4 -3 2
A=| 15 —-10 6 |.
10 —6 3

Find the least possible n for which one entry of A™ is 2019.

det(AB — BA) =

Let
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116. Let A, B, C be matrices of order n such that

117.

118.

119.

ABC =BCA=A+B+C.
Prove that A(B+ C) = (B + C)A.
Let X,Y, Z be n x n matrices such that
X+Y+Z=XY+YZ+ZX.
Prove that the equalities

XYZ=XZ-2X,
YZX =YX - XY,
ZXY = ZY — Y Z.

are equivalent.

Let p and ¢ be real numbers such that z° 4+ pz + g # 0 for every real
number z. Prove that if n is an odd positive integer, then

X* +pX +qlp # On
for all real matrices X of order n x n.

Let A be a n x n matrix such that A7 = I,,.
Prove that 42 — A + I,, is invertible and find its inverse.

120. Let A be a square matrix of order n for which there is a positive integer

k such that kA**! = (k+1)A*. Prove that A — I, is invertible and find
its inverse.
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Bonus Problems

B1.

B2.

B3.

B4.

Let p be a prime congruent to 2 mod 7. Solve in nonnegative integers
the system of equations

Tz +y+2)(zy + yz + 22) = p(2p° — 1)
T0zyz + 21(z — y)(y — 2)(z — ) = 2p(p? — 4).

Let (a, b, ¢, d, e, f) be a 6-tuple of positive real numbers satisfying
simultaneously the equations:

’

2a% — 6b% — 7c? + 9d? = —1
9a2 + 7Th2 + 62 +2d% = ¢
9a% — Tb* — 6c? +2d* = f
LZGQ—I—E:E}Q—I-?GE +9d? = ef.

Prove that a® — b* — ¢ +d? = 0 if and only if 7- —; = 3

Find all integers n > 3 such that among any n positive real numbers
@1, A9y . . ., Ay With

max(ar, @g,-:-,8:) < n-min(a, a2, .. ;64),
there exist three that are the side lengths of an acute triangle.

A computer had randomly assigned all labels from 1 through 64 to an
8 x 8 electronic board. Then it did it also randomly for the second time.
Let ny be the label of the square that had been originally assigned k.
Knowing that niy = 18, find the probability that

|ﬂ1—1|+Iﬂg—2|+...+|ﬂ54—64| — 2018.
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B5.

B6.

BY.

B8.

B9.

B10.

B11.

B12.

Find all polynomials P(2) with integral coefficients such that
P(P'(z)) = P'(P(z))
for all real numbers z.

Let a, b, ¢ be positive real numbers. Prove that

1 1 1 . a+b+c

+ + .
1 1 1 —

apbiop bl Bwepegl prapo—xi StEted]
abe abc abe

Let 1 <my <na <--- < ngp <... beasequence of integers such that
no two are consecutive.

Prove that for all positive integers m between n, + ng + - -+ + n,, and
ny1 + ng + «-- + 41 there is a perfect square.

Let a, b, ¢, d be real numbers such that a + b+ ¢+ d = 2. Prove that

a i b . ¢ iy d
a2—a+1 b2—-b+1 c2—c+1 d2—d+1

22
— 3

Let n be an odd integer greater than or equal to 5. Prove that

(o))

is not a prime number.

Find all pairs (z,y) of nonnegative integers such that z* 4+ 3y and y° + 3z
are simultaneously perfect squares.

Let n > 1 be an integer. Prove that there is no irrational number a such

that Va +vaZ2 -1+ Vr_;r, — +/a? — 1 is rational.

Let a, b, ¢ be positive real numbers such that

a-+ b+ c > abe.

Prove that at least two of the inequalities

2 3 6 2 2
o= Hheeae’ S9N —+§+EEQ —+§+E26
a b ¢ b ¢ a c a b

are true.
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B13.

B14.

B15.

B16.

B17.

B18.

Find the real numbers a, b, ¢, d, € € [-2, 2] such that

a+b+ec+d+e=0

S+ +E+d 4+ =0

A+ + P+ +e = 10.
Let p be an odd prime. The sequence (an)n>o is defined as follows:
ag=0,a;=1,...,ap2=p—2and, forall n > p—1, a, is the least
integer greater than a,_; that does not form an arithmetic progression

of length p with any of the preceding terms: Prove that, for all n, a,, is
the number obtained by writing n in base p — 1 and reading it in base p.

Prove that for each positive integer n, 3°" + 1 is the product of at least
2n + 1 not necessarily distinct primes.

Let g : N — N be a one-to-one function such that N\ g(N) is infinite.
Let n > 2 be an arbitrary positive integer. Does g admit a functional
n'™ root, that is there a function f: N — N such that

fo..of=g,
where f appears n times?

Let (an)n>0, (bn)n>0, (cn)n>0 be sequences of positive integers defined
by ag =1, by = ¢p = 0 and

14+ V2+ V)" =an+ V2 + V4, n>1.
Prove that
" @i if n=0 (mod 3)
5P (:)ak = b, %32, if n=2 (mod 3)
- ¥4, if n=1 (mod 3)
and find similar relations for (bn)n>0 and (cp)n>o0-

Let n be a positive integer and let N; be the number of increasing
arithmetic progressions with k terms from the set {1,2,...,n}.
Prove that

1 1
ng——q2+(n+§)q+l—k,

2
—1
where g = [E—l]'
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B19. (i) Let a, c be nonnegative real numbers and let f : [a, b — [c,d] be a
bijective increasing function.
Prove that
> I+ > [ (k)] - n(Gy) = [b]ld] - a(a)a(c)
a<k<h e<k<d
where k is integer, n(G) is the number of points with nonnegative
integer coordinates on the graph of f and o : R — Z is defined by
| =] if zeR\Z
‘:"”{I)_{ r—1 if z€Z
(ii) Evaluate
n{n2—|—1}
-1+ 4/1+ 8k
we X
k=1
B20. (i) Let a, ¢ be nonnegative real numbers and let f : [a,b] — [c,d] be a

bijective decreasing function.
Prove that

> [F®I= > [fH (k)] = Plale) - [dlafa),

a<k<b e=k<d

where k is integer and « is the function defined in previous problem.

(ii) Prove that

for all integers n > 1.
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Chapter 14

Quadratics

1. Find all pairs (a, b) of real numbers such that the roots of the equation
z? 4+ ax + b= 0 are 3a and 3b.

Adrian Andreescu

Solution. From Vieta’s formulas, we have 3a +3b = —a and 3a-3b = b,
implying a = —3b/4 and —27b?/4 = b. From the last equation, we get
b=0orb=—-4/27. Thus from a = —3b/4, the pairs are (a,b) = (0,0)
and (1/9, —4/27). ]

2. Let p and ¢ be real numbers such that one of the roots of the quadratic

|
equation z° + pz + q = 0 is the square of the other. Prove that p < i
and
3 2 -
p"—=3pg+q +q=0.

Adrian Andreescu - Mathematical Reflections, Problem J464
Solution. Let a and a® be the roots of the quadratic equation
* +pr+q=0.

Then Vieta’s formulas give

2 —

{ {]'r—l—t:LE:—p @{p:—(ﬂ,+ﬂ2) -
a-a*=gq

Therefore

{1@_ Q){l ( 1)2}0
RE 7 (a+a e ﬂr-l-a >
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and

p®—3pg+q*+q=—(a+a?)®+3(a+a%)a’® +a® +a°
= —a® — 3a® — 3a* — &® + 3a® + 3a* +a® + &’
=), O]

. Let a and b be real numbers. Prove that at least one of the equations

?+ar+b=0, z°+br+a=0, m2+(ub¥8)m+a3+b3+16=(}

has real roots.

Adrian Andreescu

Solution. Let A;, As, Ag be the discriminants of the three quadratics,
respectively. Then

.ﬂ] - .ﬁ.g ({12 ol 45)((52 — 4[1,)
= a®b? + 16ab — 4a® — 4b®
(ab + 8)% — 4(a® + % + 16)

Ag.

[

Hence Ay, As, and Az cannot all be negative, and the conclusion fol-
lows. L]

. (a) Prove that for any real numbers a, b, c,

a®+ (2= V2) 2+ c? > V2(ab — be + ca).
(b) Find the smallest constant k such that for all real numbers a, b, c,

a? + kb2 + ¢ > V2(ab + be + ca).

~ Titu Andreescu - Mathematical Refiections, Problem J423
Solution. (a) The inequality is

(2 ) V2(a — )b+ a? +c¢* — V2ca > 0.
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The left side can be considered as a quadratic equation in b. Clearly, the
leading coeflicient is positive, so it is sufficient to prove the discriminant
A is nonpositive.

A =2(a-o? —4(2-v2) (a®+ ¢ — v2ac) <0
o (6—4\/§)£+(ﬁ—4\/§)cﬁ+(12—8\/5){1@ 0,
& (a+c)? > 0.

(b) We will show that k = 2 + v/2 by producing a sum of squares. The
inequality to be proved is equivalent to

g(a—-cjz-l— ﬁ\/%l (&—(IJH.@) b)er «/5\/%1 (c— (1-|—~/§)b)2

+(k—(2+\/§))b220,

clearly true. The constant k = 2-++/2 is optimal as we see by considering
b=1landa=c=1++2. 0

5. Let a and b be positive real numbers less than 2 such that ab= 2. Solve
in real numbers the equation

Uz? + ax+ b)(z® + bz +a) +a® 4+ b° = 9.

Adrian Andreescu - Mathematical Reflections, Problem Sb4T

Solution. We have

2 A |
i -|—::a;r+b—(sﬂ-|—2) =+ 1
-A; 4b—a* B8-—a°
b — e Y 1 ] ]
where 2 1 i > (. Similarly,
i b 2 _ﬂ.
2 2
! b = it -
r°+0x+a (:ﬂ+2) —+ 1
—Ay  4a-b> 8-0b° _
where PR 1 =1 > (). Thus
.3 1.3
Mz +ax+b)(z? +bz+a)+a’+b° > 4(8%&)-84:' +a’+ b
9.3 _ qp3
_ 64 — 8a : 8b +8+a.3+b3

= 0.
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with equality if and only if = + % = g = 0.

Hence the equation is solvable in real numbers if and only if ¢ = b = /2,
2

in which case the unique solution is ¢ = —%’_. ]

Let f(z) = ax?® + bz + ¢, where a, b, ¢ are real numbers such that a > 0

1
and ab > 5 Prove that f(b* — 4ac) > 0.

Titu Andreescu - Romanian Mathematical Olympiad 1989

Solution. Let A = b*—4ac. If A <0, then f(z) > 0 for all z € R (since
we assumed that a > 0), so f(A) > 0. If A > 0 and 21 < x5 are the
two real roots of the equation f(z) = 0, then the inequality f(A) > 0 is
equivalent (since a > 0) to

(A —21)(A —29) 2 0.

It suffices therefore to prove that

But the AM-GM inequality yields

b / b
ealfl W gy
&+2a_2 A 2a

By hypothesis, the last quantity is greater than or equal to

N/ va
1662  2a
Thus JE
b A
A > :
| i 20 — Z2a
that is, A > x». 0

7. Let f(z) = ax® + bz + ¢, where a < 0 < b and b¥/c > g Prove that

f (ﬁ) >0, where A =b’— 4dac.

Tty Andreescu - Mathematical Reflections, Problem U471
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Solution. Since b, c and A? are positive, it suffices to prove that
a+ b(A?) + ¢(A%)? > 0.

Let
g(z) = cz® + bz + a.
Then g(x) has the same discriminant A and roots z1 and 3, z1 < .

It suffices to prove that

—-b+ VA
A? > g0 = s :
2c
This inequality rewrites as
b b b . VA

o I R W W X, W i
+ﬁc+6c+ﬁc“2f3

3
and follows by the AM-GM inequality and the condition b¥¢ > 3 1

8. Let a, b, ¢, d be positive real numbers. Prove that
3(a® — ab+ b?)(c? — cd + d?) > 2(a®c® — abed + b*d?).

Titu Andreescu - Mathematical Reflections, Problem S23

Solution. Note that
(a®c? — abed + b%d?) — (a® — ab+b%) (¢ — ed +d*) = (ad +bc)(a—b)(c—d).
Thus the inequality is equivalent to

(a? —ab+ ) (? — cd + d*) > 2(ad + be)(a — b)(c — d).

If @ = 0, the inequality reduces to b%(3¢? —3cd+d*) > 0, which is clearly
true. Analogously the inequality holds if ¢ = 0. Thus we may assume
that a # 0 and ¢ # 0. Dividing léoth sides of the above inequality by

a?c? and substituting z = —, y = —, reduces us to
a ¢

(@ —z+1)(F° —y+1) 2 2(x+y)(e—1)(y—1),
which is equivalent to

fnrz R T Il---!I\Ir'l-'-‘ﬂ i I"f:truz — F-:.nr._]_qxrr-_.L_Qﬂjz = P T e O i |
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The left side is a quadratic in z with discriminant
A=(3y*—5y+3)° -4y -3y +3)(3y -3y +1)
= —3y* +18y° - 33y° + 18y — 3= —3(y* - 3y +1)2 < 0.
Therefore
(¥ —3y+3)z? — (3y° -5y +3)z+3y° —3y+1>0,
proving the original inequality. Equality occurs when

3+v5 3+5 3+1/5 3++5
= b, = d or b= & = 5

2 2

o [

L

. Let a, b, ¢ be positive real numbers such that a + b+ ¢ = 1. Prove that

for any positive real number ¢,
(at® + bt + ¢)(bt? + ct + a)(ct® + at + b) > £3.
Titu Andreescu - Mathematical Reflections, Problem S319
First solution. By Holder’s inequality
(at?+bt+c) (bt +ct+a)(ct®+at+b) = (at®+bt+-c)(a+bt?+ct)(at+b+ct?)
> (at + bt +ct)® = &3, O

Second solution. After some algebra, the inequality rewrites as
abe(t® + 1) + (a®b + b2c + ca)(t® + 2t%) + (ab® + bc® + ca®)(2t* + t)
+(a® + % + ¢ + dabe)t® > 3.

Now, by the AM-GM inequality, we have

$9 1 =98

t° + 2t > 3t* and

2t + ¢ = 3t3,
with equality if and only if £ = 1. It therefore remains only to prove that
2abe + 3(a’b + b+ c?a) + 3(ab® + be® + ca®) + (a3 + b + ¢® + dabe) > 1,

clearly true and with equality always because the left-hand side is no-

thing other than (a+b+c)® = 1°. The conclusion follows, equality holds
1fF arvd anlsr i F+ — 1 ' '
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Q

10. Prove that for all real numbers a, b, ¢ the following inequality holds
3(a® — ab+ b*)(b® — be + ?)(® — ca+a®) > a’b’ + b’ + Pa’.
Titu Andreescu - Mathematical Reflections, Problem 529
Solution. Let us prove the following lemmas:
Lemma. For any real numbers x, y we have
3(z? — zy +4*)° = 2® + 2% +°.
Proof. Let s =2 +y and p = xy. Then s> —4p > 0, and

3(z” — ay+y°)° =3(s* —3p)* = 3((s* — 2p) — p)°
- =3(s* —2p)° - 9(s* — 2p)’p + 9(5* — 2p)p” — 3’

and
$ﬁ+l’3y3—|—yﬁ:{$2+y2)(($2+y2)2‘—31?23!2)']‘1173?;3

= (s = 2p)((s* — 2p)* — 3p°) +p° = (5" — 20)° — 3(5° — 2p)p* +p°.
Thus it is enough to prove that
2(s — 2p)® — 9(s? — 2p)*p + 12(s* — 2p)p” — 4p° > 0,
or
2(s? — 2p)*(s® — 4p) — 5(s* — 2p)*p(s® — 4p) + 2p*(s* — 4p) > 0.
The last inequality is equivalent to
(s> — 4p)(2(s* — 2p)* — 5(s* — 2p)°p+ 2p°) > 0

or
(s° — 4p)(2(s® — 2p)(s* — 4p) — p(s° - 4p)) = 0.
That is, (s? — 4p)?(2s? — 5p) > 0 and the lemma is proved.
From the above lemma,
3(a® — ab + %) (b — be + c*)(c® — ac + a?)
> (a® + a6 + BO)F(B° + 3c® + )3 (c® + Pa® + af)3
> a®h® + b3 + e,
The last inequality follows by Holder, applied to the triples
(a®b®,0%,a%), (05, 0%c3, %), (a8, ac?). 0
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Equations in Real Numbers

11. Solve in real numbers the equation

(3z+ 1)(4z 4+ 1)(6x + 1)(122 + 1) = 5.

Titu Andreescu - AwesomeMath Admission Tests 2012, Test C

First solution. Rewrite the equation as
(122 4+ 4)(12z 4+ 3)(12z + 2)(12x + 1) = 120
and set 12z = t. Then |
(t+4)F+1)(t+ 3)(t+2) = 120,

implying
[(¢% + 5t) + 4][(t* + 5¢) + 6] = 120.

It follows that
(t* + 5t)% + 10(22 + 5t) + 25 = 121,

vielding
[(£2 + 5t) + 5]2 = 112

Because t2+ 5t +5 > —11 for all real numbers t, we get t2+5t+5 = 11,

; : 6 1 1
implying (¢ +6)(t —1) = 0. Hence z = 7 haia and = = 5" [

Second solution. The given equation can be written as



Bz +1)(122 4+ 1)(dx + 1)(6x + 1) = 5,

42 Chapter 15
i.e.,
(3622 + 15z + 1)(24x° + 10z + 1) = 5.
Let y = 1222+ 5z. Then the equation becomes (3y+1)(2y+1) = 5, i.e.,
6y° + 5y —4=0.
: : i : —5+£11
Solving this quadratic equation, we get y; o = 7 le, y=-4/3
or y =1/2. Then
2 4 2
122"+ 52 =—< or 12z°+0zx=-,
3 2
1.e.,
3622+ 152 +4=0 or 24z°+10z—1=0.
Solving the first equation, we get no real solution. Solving the second
: 1
equation, we get © = 3 or r = TR ]
12. Solve in real numbers the equation
(#* - 2v2z) (2* - 2) = 2021.
Adrian Andreescu - Mathematical Reflections, Problem J553
Solution. The equation can be rewritten as
z* — 2v/22% — 22 + 42z + 4 = 2025,
implying (2% —v/2z —2)? = 45%. The equation 22 — v22 — 2 = —45 does
not have real solutions, while 22 — v/2z — 2 = 45 yields
1
2= (V2+ \/190) . 0
13. Solve in real numbers the equation

z* 4+ 223 — 18502% — 22 + 1 = 0.

Adrian Andreescu

First solution. The equation can be rewritten as



(z° + o — 1)* = 184927,
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14.

vielding ° + 1 —1 = 43z or 22+ 2 —1 = —43z. We obtain the equations
22— 422 — 1 = 0 and 22 + 44z — 1 = 0, whose solutions are

1.9 = 21 + V442

and

34 = —22 & v 485}
respectively. - ]

Second solution. We see that z # 0. Dividing by z? we obtain the
equivalent form

1 1
:1:2+~—5+2(:r——)—1850=0.
r

€T

With the substitution x — 1/z = y, we get y? + 2 + 2y = 1850, implying
(y + 1)? = 1849. Tt follows that y = 42 or y = —44, yielding the same
equationg as in the first solution. ]

Find all real numbers a for which the equation

(mfl)zJ“(mil):a

has four distinct real roots.

Adrian Andreescu - Mathematical Reflections, Problem J471

Solution. Clearly, a > (. Completing the square gives

T B T 4 22
— i s }
ct—1 x4+1 2 —1 ’

which rewrites as

9 2
With the substitution :Egm_ = t, this is equivalent to
1 1
2 —t+-=a+-
= = 1 a -+ k

that is,
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15.

16.

where b = 4/a + % (Note that these values for ¢ are distinct provided

h0.)

In the first case, we get (20— 3)z% = 2b+ 1, which has two real solutions

3
provided that b > X In the second case, we get (2b+ 3)z* = 2b — 1,
1

which has two distinet solutions for b > 3 Thus we get four distinct

real solutions exactly when b > 3 This means a + i - g, and so the

answer is a > 2. 0]

Prove that the equation z° — 622 + 3z — 2 = 0 has a root of the form
¥a + v/b+ ¢ for some positive integers a, b, c.

Adrian Andreescu

Solution. We will show that zg = /34 v/8+v/9 is such a root. Indeed,
from xg — 2 = %—I—f/ﬁ,weget

(o —2)* =349+ 3V27(zg —2),

implying
zh — 623 + 1220 — 8 = 12 + 920 — 18,

which reduces to z3 — 623 + 3xg — 2 = 0, as desired. ]

The equation
1
—— |
P

has two real roots, 1 and z5. Evaluate .’13? + :]"%

Titu Andreescu

Solution. The equation can be rewritten as z* = 4r+1. Adding 2z%41
to both sides yields
(2 +1)2 =2(z +1)2

Hence 22 + 1 = v/2(z + 1) or 22 + 1 = —/2(z + 1). The first equation,
z? — /22 + 1 — /2 = 0, has positive discriminant, so its solutions are
real, while the second equation, z2 + v2x + 1 + v2 = 0 has negative
discriminant, so its solutions are not real. Thus z; + 22 = V2 and
179 = 1 — /2, implying

P ey N f— | —



r] + x5 = {71 +o9)° — 22129 = 2 - 2(1 — V2) = 2v2. O
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17.

18.

Solve in real numbers the equation

12
473 + TT = 2016.

Adrian Andreescu - Mathematical Reflections, Problem J391

Solution. The given equation is equivalent to
42* — 2016z + 127 = 0.
Observe that

4z* — 20162 + 127 = 42 — 26622 + (222 + 162) + 127(22% — 162) + 127
= (2z° — 16z + 1)(22° + 16z) + 127(22° — 16z + 1)
= (22 — 16z + 1)(2z* + 16z + 127).

So, the given equation becomes
(222 — 16z + 1)(22* + 16z + 127) = 0.

We obtain
_ 8+/62

= 2

Solve in real numbers the equation
9 2 ) 1 2 iy 2
2?41 22-1) \2z/
First solution. Multiplying both sides by 4z? yields the equivalent

equation
9 2 2
4 x B 2z 1
1422 1 —z?

t
Set x = tan 3 t € (—m, 7). Then

Titu Andreescu

48in’t —tant =1,
which can be rewritten as 4(1 — cos?t) = ﬁﬁ' This reduces to
(2cos’t—1)? =0,

implying cos?t = 1/2, so t = % ort= :i:ETT”. Hence r = £ tan (%) or
2 = =+ tan (32). We obtain four solutions for z: 1—+v/2, —14++/2, 1+1/2,
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Second solution. Rewrite the equation as
1.%° P 5 2 3*
("'2'5) T (wz—l) - (m2+1) ’
which is equivalent to
(2 —12 4422 ¢ 2 \?
4r2(z2 —-1)2 \2241) °
It follows that
(22 +1)? B 4
da2(x2—-1)2 (22 +1)%’
implying
(2 +1)° = 4a(2? — 1)
or
(22 + 1)% = —4z(z? - 1).
Hence (x?—2z—1)% = 0 or (22+22—1)? = 0, with solutions z1 o = 12+/2
and 34 =-1+ V2. ]
19. Solve in real numbers the equation

(3 - 32)% + («® - 2) =4

Titu Andreescu - Mathematical Reflections, Problem S553

Solution. Clearly, z = 0 is a double root and so the equation can have
at most four nonzero solutions. We will first seek nonzero solutions in
the interval (-2, 2]. To this end, let z = 2cost, where ¢t € [0, 7] \ {n/2}.
Because

x% — 3z = 2(4cos’t — Jcost) = 2cos3t

and
2 — 2 =2(2¢cos?t — 1) = 2cos 2,

the equation becomes dcos? 3t+4cos? 2 = 4, which can be rewritten as
2(1 + cos 6t + 1 + cos 4t) = 4.

This reduces to cos6tf + cos4f = 0, that is 2cosbfcost = 0, yielding
t = /10,37 /10, 7 /10,97 /10. We get four more distinct solutions, and
thus we have found all the solutions. In conclusion, the solutions are



— 0.2 cos E ki In 9
z = 0,2 cos 15, 2 ¢0s 5, 2 €08 15, 2 €08 T5- L
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20. Solve in positive real numbers the equation
3 3 1
2\ vy 3 Ty

Solution. The equation is equivalent to

Adrian Andreescu

3 3 2

which rewrites as

Thus we have equality in the AM-GM Inequality

ﬂ‘l‘b"‘ﬂ‘[‘d: 4{1,5(3(}!’
4
3 3 1
wherea,zm—,bzy—,cz—}anddzi.
Y T TY Yy

It follows that a=b=c=d, implying z =y = 1. [
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Equations in Integers

21. Solve in positive integers the equation
2(6zy + 5)* — 15(2z + 2y)* = 2018.
Adrian Andreescu - Mathematical Reflections, Problem J451
Solution. The given equation is equivalent to
2(6zy + 5)% — 60(z + y)? = 2018,

i.e., _
(6zy + 5)* — 30(z + y)? = 1009.

Expanding the squares yields:
1009 = 362%y° + 25 — 302> — 30y* = (62 — 5)(6y* — 5).

Because 1009 is prime and 6z* — 5, 6y°> —5 > 0 if z, y € N, we only have
two possibilities:

6z —5=1 o, J 62°—5=1009
6y° — 5 = 1009 6y’ —5=1

By acr]virig the two systems one gets the solutions

(z,y) = (&1, £13), (£13, £1). n

22. Solve in positive integers the equation

Ty +yz+z2r— 5Vl +yi+ 22 =1
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Solution. Clearly, zy+yz+2z > 3. Rewriting the equation in the form
(zy + yz + 2z — 1)* = 25(z + y° + 2°),
we put zy +yz + zx =5t + 1, £ > 0, so that a® + y* + 2* = t2. Then
(z+y—+2)? = 2 4+y% + 22+ 2(xy +yz+2z) = 2 +2(5t+1) = (t4-5)%—23,
which gives
(t+5—z—y—2)t+b+az+y+z) =23
Since x, vy, z, t are positive integers, it must be
t+5—ax—y—z=1
t+54+as+y+2=23.
Summing up the two equations, we get t = 7. So, x+y + 2z = 11 and
zy + yz + zz = 36. Suppose without loss of generality that z < y < z.
Clearly, < 3, so we have three cases.
(i) z = 1. Therefore, y + z = 10, yz = 26, so there are no solution.
(ii) z = 2. Therefore, y+2=9, yz=18,s0y =3, 2 = 6.
(iii) = 3. Therefore, y + z = 8, yz = 12, so there are no solution.
In conclusion, we get the positive integer solutions
(2,3,6),(2,6,3),(3,2,6),(3,6,2), (6,2, 3), (6,3, 2). O
23. Find all triples (z,y, z) of positive integers such that

5(z2 + 292 + 2°?) = 2(bry — yz + 427)
and at least one of z, y, z is a prime.

Adrian Andreescu - Mathematical Reflections, Problem J491

First solution. Note first that
(z+y—22)*+ (22— 3y —2)° = 52° + 10y* +52* — 10zy + 2yz — 8zz = 0,

so all such triples satisfy = + y = 2z and 2z = 3y + z, resulting in
by = 3z. Since y, z are positive integers, there is a positive integer ¢
such that y = 3%, z = 5t, and we compute that z = 7¢. Clearly £ must
be 1, otherwise none Uut of z, y, 2 would be prime. It follows that the

3 -1 % N | 1 - [ Y ey oy Y 0 sy Y 41T ot Y Y o
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Second solution. We can write the given equation as
102 — 2y(5z — z) + (52® — 8zz + 522) = 0.
Let A be the diseriminant of this quadratic equation in y. Then

A
= (5x — 2)% — 10(52% — 8zz + 52?)
— —252° + T0zz — 492% = — (52 — Tz)°
> 0,
or — 6 3
implying bz = 7z and y = ke 0P | Hence z =5, y = 3, and
- 10 10 5 -
T=/.

Solve in positive integers the equation
min(2* 4+ 8y, 8z + y*) = (z + y)°.
Titu Andreesecu - Mathematical Reflections, Problem J503

Solution. Since we may exchange z, y without altering the problem,
we may assume without loss of generality that 8z +y* < 2* +8y, so that

Bz+yt=(z+y)? or (z+y—4?=y*—8y+16.
Therefore, y* — 8y + 16 must be a perfect square. If y > 3, note that
27 — 8y +15=2(y — 1)y —3)+9 > 0,

S0 5
y* -8y +16 > (y* —1)".

However 8y — 16 > 0 so y* — 8y + 16 < (yz]z. Therefore, y* — 8y + 16 is
a perfect square for positive integer y only when y € {1,2}.
For y = 1, we have (z — 3)? = 9 = 32, yielding either z = 0 which is not
a positive integer, or z = 6, in which case

'+ 8y >y +8x =149 = (6+1)%
so (z,y) = (6, 1) is indeed a solution.
For y = 2, we have (z — 2)? = 16 = 42, yielding either z = —2 which is

not a positive integer, or x = 6, in which case

z* + 8y >y 4+ 8z =64 = (6+2)2

so (xz,y) = (6,2) is indeed a solution.

Regstorine ceneralitv all «<olutions are
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(:L',y) == (6!2)r (z,y) = (6,1), (mry) = (1,6), (z,y)= (QF 6). O
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26.

Solve in integers the equation
2y -1=(z+y—-1"2

Adrian Andreescu - Mathematical Reflections, Problem S445

Solution. Note that the right hand side is non negative, so z° > y°.
Hence d = z — y is a positive integer, whereas s = = + y is an integer.
After some algebra, the proposed equation rewrites as

45 — 85 + 8 = 3ds® + d°.

2

Note now that if d > 3, and since s* is a nonnegative integer, we have

452 — 89+ 8 = 3ds? +d° > 952 + 27
= 45> — 85 +8+4(s+1)°+s2+15
> 48% — 85+ 8,

which is absurd. Thus d € {1,2}. If d = 1, then
0=s>-85+T=(s—1)(s—7),

with solutions (z,y) = (1,0) and (z,y) = (4, 3), which are indeed found
to satisty the proposed equation. If d = 2, then

0=35%+4s=35(s+4),

with solutions (z,y) = (1,—1) and (z,y) = (-1, —3), which also satisfy
the proposed equation. There can be no more integer solutions. [

Solve in integers the equation
(mn +8)° + (m+n+5)° = (m—1)*(n— 1)~

Titu Andreescu - Mathematical Reflections. Problem S498

Solution. With the substitutions mn +8 = z and —(m+n +5) = y
the equation becomes

-yt = (z+y-2)>~

Note that the right-hand side is nonnegative, so we have z > y.

If z =y, then r + y = 2, ylelding the solution (z,y) = (1,1).

N Aawr coanatidar -!".l", = A~ 0 Then

§
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3dy? + 3d%y + d° = [2y +d — 2)%,
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implying
(3d — 4)y” + (3d*> — 4d + 8)y + (d* — d* + 4d — 4) = 0. (1)
This is a quadratic equation in y with discriminant
A = (3d* — 4d + 8)® — 4(3d — 4)(d® — d* + 4d — 4) = —3d* + 4d° + 48d.
A must be a perfect square, so first of all, A > 0, implying
(3d — 4)d® < 48.

It follows that d < 4, s0d € {1,2,3}. If d = 1, then A = 49 and (1)
becomes
_yg + Ty =0,

yielding solutions (z,y) = (1,0) and (z,y) = (8,7). If d = 2, then
A = 80, not a perfect square. If d = 3, then A =9 and (1) becomes

5y° + 23y + 26 = 0,

yielding the solution (x,y) = (1, —2).
In conclusion, (z,y) is one of the pairs (1, 1), (1,0}, (8,7), (1,—2).

Putting these back in terms of m and n and solving, we obtain

(m= ﬂ’) o (]-:r "FT)? (_73 1)'-' {01 _12): (_121 0) L]

Remark. After performing the first substitution in the solution above,
one can also argue as follows: let x —y = a and z +y = b, then the
equation z° — 3® = (x + y — 2)? becomes

a(a? + 3b%) = 4(b — 2)°.

If a =0, then b = 2. If ¢ = 1, then b? — 16b+ 15 = 0, with two solutions
b= 1and b =15. The case a = 2 yields no solution and the case a = 3
yvields b = —1. Finally, if a > 4 then

8(b% +4) > 4(b—-2)? = a(a® + 3b%) > 4(16 + 3b%),
a contradiction.

27. Solve in positive integers the equation

1012 = 901 0= 10155 =100
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Titu Andreescu - Mathematical Reflections, Problem 8503

54 Chapter 16

Solution. Note first that
101 (z* +y® — 202y — 1) + 2y + 1 = 0.
Thus 101 divides zy + 1, and since zy > 0, we must have zy + 1 > 101,
hence zy > 100. Moreover,
Ty + 1
1< 3{51 =1+ay(20-z—y) - (+y)(z~y)* <1+2y(20 -z —y),
s0 z + 1y < 20. But then the arithmetic mean of z, y is at most 10, and
the geometric mean is at least 10. By the AM-GM inequality we must
have z = y = 10, which since it satisfies the proposed equation, is the
only solution in positive integers. [l
28. Solve in inftegers the equation

(2 = 1)(y° — 1) = 3(z%y* + 2).
Titu Andreescu - Mathematical Reflections, Problem Q397
First solution. The given equation can be written as
33 — (23 + ¢°) — 32%y® = 5.
Let s = 2+ y and ¢ = zy. Observe that
2’ +y° = (z+y)° - 3zy(e +y) = 5° — 3st,
so the given equation becomes
(1% — &%) — 3¢t —8) = 5,

1.e.,
(t —8)(t2 +ts+ s> —3t) = 5.
We obtain the four systems of equations:

Fom Bzl
2 L ts4+ 82— 3t =45

and

t —s = %5,
t2 + ts+ 8% — 3t = +1.

If t — s = +1, then t? — 2ts + s? = 1 and subtracting this equation from
the second equation, we get 3ts — 3t = 4 or 3ts — 3t = —6. The first

. e |



equation 1S 1Impossibie, the secona gives 7(s — 1) = —a. 090,

(s,1) € {(~1,1),(0,2),(2,-2),(3, -1)}-
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It’s easy to see that none of these pairs satisfies t — s = +1, so there
are no solutions in this case. If t — s = +5, then t? — 2ts + 2 = 25 and
subtracting this equation from the second equation, we get 3ts—3f = —24
or 3ts — 3t = —26. The second equation is impossible, the first gives
t(s—1) = —8. So,

[:31 t} = {(_T= 1)? (—3, 2)? (_114)? (01 8)1 (2‘1 _8)? (3: _4): (51 -_2): (Q, '_1)}'
As t — s = £5, we obtain
(s:8) € {(=3,2),(-1,4)}.

Since s and ¢ also satisfy the condition s — 4¢ = n? for some n € Z, we
obtain (s,t) = (—3,2). So, z +y = —3 and zy = 2, which gives

{‘T?y)':-:- {(_1:"2):{_2:_1)}' L]

Second solution. The equation is equivalent to
a2y° — 2% — > — 32%y® = 5. (1)
Then, applying the well-known identity
a® + 6% + ¢* — 3abe = (a + b+ c)(a® + b% + ¢ — ab — bc — ca)

to the expression in the left-hand side of (1), we can further rewrite the
original equation as

(zy —z — ) ((zy)* + 5° + y* + 2%y —zy + 19°) = 5.
Since 5 is a prime number, it follows that
zy—x—y==x1 or zy—x—y==4>b.

Ifzy —z—y=1, then (x — 1)(y — 1) = 2. There are four possibilities
for the pair (z,y) in this case: (z =2,y=3), (x=0,y=-1), (z =3,
y = 2) and (z = —1, y = 0). None of these pairs is a solution of the
original equation.

If 2y —x —y = —1, then (z — 1)(y — 1) = 0. which makes the left hand
side of the original equation zero. Since 3(z?y* + 2) > 0, no solution of
(z —1)(y — 1) = 0 yields a solution of the original equation.

Ifaoyu—71—1u=5. then (r— 11y — 1Y =6 There are eicht pvossibilities
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for the pair (z,y) in this case: (z =2, y=1T), (=0, y = =5), (z = 3,
y=4),z=-1,y=-2%, (z=4,y=3),{z=-2,y=-1), (=T,

Chapter 16

29.

y = 2), and (z = —5, y = 0). Within these pairs, there are only two
which satisfy the original equation: (z = —1, y = —2) and (z = -2,
y=-1).

If 2y —x —y = —5, then (x — 1)(y — 1) = —4. There are six possibilities
for the pair (z,y) in this case: (z=2,y=-3),(z=3,y=—-1), (z =5,
p=0)(z=03=58), (2 =-1,9=23), and (& = =3, y=2). We
see that none of these six pairs vields a solution of the original equation,
either. '

The previous analysis allows us to conclude that there are only two
solutions to the given equation:

(zx=-1,y=-2) and (z = -2, y = —1). O
Solve in integers the equation

3
il
m2+$y+y2=( 3y+1) .

Titu Andreescu - USAJMO 2015, Problem 2
T Ty

Solution. We first notice that both sides must be integers, so

must be an integer. We can therefore perform the substitution x4y = 3¢
where ¢ is an integer. This gives the successive rewritings

(3t)* — zy = (¢ +1)%,
0> +x(z—3t)=t>+ 3>+ 3t + 1,
dz? — 12zt + 9% = 41> — 15¢° + 12t + 4,

and finally
(2 — 8t = (£ — 2% (4t +1).

Thus we see that 4t-+1 is the square of an odd integer and can be written
as
dt+1=02n+ 1) =4n? +4n + 1.

By substituting ¢ = n? + n, we get successively
(22 —3n% —3n)? = [(n? +n - 2)(2n+ 1)]%,
2z — 3n? — 3n = +(2n° + 3n® — 3n — 2),

and thus
r=n"+3n°—-1 or r=-n+3n+1.

§



T'heretore we get the solutions

(,9) = MP+3n°=1,—-n+3n+1) or (—n®+3n+1,n*+3n*—-1). O
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30. Consider the equation
(3z° + zy?) (z*y + 3y°) = (z —y)".

(a) Prove that there are infinitely many pairs (z,y) of positive integers
satisfying the equation.

(b) Describe all pairs (x,y) of positive integers satisfying the equation.

Titu Andreescu - USAJMO 2017, Problem 2

First solution. Write the equation as

z(3z° +y?)y(z* + 3y°) = (z —9)",
which is equivalent to

(z° +32y®) 32y +4°) = (x — y)".
Let 2% 4 32zy? = a and 32%y + y® = b. Then

e+b=(z+y)? a-b=(x—1y)°
and the equation becomes

(ab)® = (a —b)".
Let d = ged(a, b). Then a = du and b= dv, u,v € ZT, with
ged(u, v) = 1,

implying
(ww)® = d(u —v)".

Because ged(u,v) = 1, we have ged(u —v,u) = 1, ged(u — v,v) = 1,
hence ged(u— v, uv) = 1. It follows that u~v = 1 and d = (uv)®. Hence
u = k+1 and v = k, where k is a positive integer, and so a = (k+ 1)*k3
and b = k*(k + 1)°. Then

k(k+ 1) =a—-b=(z~y)’

and
k(k+DPF2k+1) = (z+19)°.



It follows that 2k + 1 = n3 for some odd integer n > 1 and that

z+y=nkk+1)and z —y=k(k+1).

58 Chapter 16
S klk+1 klk+1
LI,':'(H-I"].)"‘(L) and y:(i-'l,_]_)wrf
2 2
where k = ”3'2—;1 Thus the solutions are
6 _ -1 b 1
= (ﬂ-l—l}(ﬂ, 1) and y = (ﬂ Hn ) (l)
8 8
where n is an odd integer greater than 1. So the smallest solutions (2;y)
are (364,182), (11,718;7,812), (117, 648; 88,236). ]

Second solution. We have
(32 + 2%) (y2* + 39°) = (& - 9)",
which can be expressed as
zy(3z” + %) (@® + 3y%) = (z —y)".
At this point, we think of substitution. A substitution of form
a=z+y, b=zx-—y

is slightly derailed by the leftover z and y terms. These are easily han-
dled, but instead, seeing the zy in front, we substitute z = a+0, y = a—b.
Note that this means that a, b are either both integers or both half-
integers, depending on the parity of = + y. This leaves us with

(a® — b%)(4a® + 4ab + 4b%)(4a® — 4ab + 4b°) = 1280,

=0
(a® — b%)(a® + ab+ b?)(a® — ab + b?) = 8b'.

Expanding yields a® — b° = 8b7. Rearranging, we have
b°(8b+ 1) = a®.

Since 8b + 1 is an odd integer and this equation says it is also a sixth
power of a rational number, 85 + 1 must be a sixth power of an odd
integer. Any sixth power of an odd integer is an odd square and hence is
1 mod 8. Thus b (and hence a) is an integer. Conversely, every odd sixth
power gives a solution. Since the problem asks for solutions in positive
integers, and 8b + 1 = 1° gives the pair (a,b) = (0,0), this choice does



not work. rence to nna a solution we go to the next nignest oad sixtn
power, 80+ 1 = 3% = 729. In this case, b = 91, so the left-hand side is
916.35 = 2735, so @ = 273. This yields (z,y) = (a+b,a—b) = (364, 182)
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as the first solution. We have shown part (a) by showing that there are
an infinite number of positive integer solutions for (a, b), which can then
be manipulated into solutions for (z,y).

To solve part (b), we look back at the original method of generating
solutions. Define a,, and b,, to be the pair representing the n-th solution.
Since the n-th odd number greater than 1 is 2n + 1,

2n+1)% -1
8 .

by = |

It follows that

r ;-
aﬂz(%ﬂ)bn:{zml) E (2n+1)

From our original substitution,

(z,y) = ((2‘”'1' 1)? + (2n+1)% —2n - 2} 2n+1)7"—(2n+1)" — 2{-‘1) |

8 8
L

Third solution. First, we shall prove a lemma:

Lemma.

(31.'3 + myz) (mgy B 31}3) _ (z +y)° ; (z —y)°

Proof. Expanding and simplifying the right side, we find that

(z+1)° — (z~-y)° _ 1287+ 40317 + 12z3°
4 - 4
= 3z°y + 102°y° 4 3xy°
= (32® + zy?) (2*y + 3y°)

which proves our lemma.

Now, we have that

(z+9)¢— (z—9)°
4

= (z-y)".



60

Rearranging and getting rid of the denominator, we have that

(z+9)° =4(z—1)" + (z—9)°

Chapter 16

Factoring, we have

(z+9)° = (z~y)°4lz —y) + 1).

Dividing both sides, we have

6
(m—l—y) = 4o — 4y + 1.
L=

Now, since the left-hand side is the sixth power of a rational number, and
the right-hand side is an integer, the right-hand side must be a perfect

sixth power. Define
TN

T—1y
By inspection, ¢ must be a positive odd integer satisfying a > 3.

ﬂ.:

‘We also have
o® =4z — 4y + 1.

Now, we can solve for  and y in terms of a. We get

and
(a® —1)

4 ¥

&
z+y=alz-y) =

s0 we have

(a4+1)@®—1) (a—1)a®-1)
(‘T \Y) = ) .
8 8
We have seen that this gives a solution in positive integers for all odd

a > 3 and that these are the only solutions. This implies parts (a) and
(b). O

Fourth solution. Let d = ged(z,y) and write @ = da, y = db, where
ged(a,b) = 1. It’s obvious that z > y, so @ > b. Plugging into the
original equation, and simplifying, we get

q _ ab(a® + 3b%)(3a* + b?)
. (a—b)7 '



Since d is an integer, we get

(a — )7 | ab(a® + 3b%)(3a2 + b?) (+)
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1. Since ged(a, b) = 1, @ and b can’t both be even.

2. If both a and b are'odd. a — b will be even. The left hand side of (x)
has at least 7 factors of 2. Looking at the () right-hand side term by
term, we see that

a=1 (mod2),
b=1 (mod 2),
a2 +3¥ =4 (mod 8),
3a2+b2=4 (mod 8).

Thus the () right-hand side has only 4 factors of 2. This is a contradic-
tion.

3. Thus, a — b has to be odd. We want to prove a - b= 1.
We know that
o=b (moda—b).
So
ab(a? + 3b%)(3a* + b*) = 16a® (mod a — b).
Hence a — b | 16a®.
Since a — b is odd, ged(16,a — b) = 1.

Since ged(a,a — b) = 1, ged(a®,a — b) = 1, Thus we conclude that
a—b=1.

Conversely, if @ — b = 1, then we can use (x) to define an integer d and
we will get a solution. Explicitly, writing a = b+ 1, we get

z = b(b+ 1)%(4b* + 2b + 1)(4b% + 6b + 3),

and
y = b2(b + 1)(4b* + 2b + 1)(4b* + 6b + 3).

The proof is complete. O
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Algebraic Equations

31. Solve in real numbers the equation

V1019 —  — V2019 + z = 16.

Titu Andreescu, AwesomeMath Admission Tests 2019, Test B

Solution. Set u = /1019 — 2 and v = /2019 + 2. Then v — v = 16
and u? + v® = 3038. It follows that

(16 + v)? + 0% = 3038 <= o7 + v? + 320 — 2782 = 0,

1.e.,

(v —13)(v* + 14v + 214) = 0.

The quadratic factor has no real roots, so it follows that v = 13 and
u = 29, 80

V1019 — z = 29 and ¥/2019 + = = 13,
which gives © = 178. n

32. Solve in positive real numbers the equation

\/2020+¢E—m= 20,

Titu Andreescu, AwesomeMath Admission Tests 2020, Test A



Solution. We have /2020 + /z = z + 20 and, by squaring both sides,

2020 + vz = 22 + 40z + 400.
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Setting /x = y, we get y* + 40y? — y — 1620 = 0. Trying divisors of
1620 = 22 . 3% .5 for y we see that y = 5 satisfies the equation and, by
synthetic division, we obtain

(y — 5)(y* + 5y? + 65y + 324) = 0.
Because y is nonnegative, the only solution is y = 5. Hence z = y* = 25,
which satisfies the original equation. L
33. Solve in real numbers the equation:
Vil +32—4—z=v23-3x+2—1.
Adrian Andreescu - Mathematical Reflections, Problem S463
Solution. First, rewrite the equation as
(z—1)= V(- D(x+2)2- (z—1)2%(xz+2),
; af€—1 5 %
then note that denoting u = —y (x = —2 is clearly not a root, so
z + 2 # 0) we have u® = u — u?, with roots
u=0, u= we ) U = 1-v5
e = 2 7 == 2 ¥
which result respectively in
1+35 1-3v5
r=1, z=— 6 6 og=——- ]
4 4
34. Solve in real nuinbers the equation

\E/m+2+(m-1)ﬁ+ {/mﬂ—?—(mﬁl)\@: Vaz.

Titu Andreescu, AwesomeMath Admission Tests 2014, Test A

Solution. Using the identity

(a + b)® = a® + b3 + 3ab(a + b),



we get

dr = 2424+ (z— DV2+2+2— (2—1)vV2+3{/(z + 2)2 — 2(z — 1)2 ¥4z,
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implying

27 — 4 = 3/ (—x2 + 8z + 2)(4z) .

It follows that
(2 — 4)3

4

= 27(—2z> + 82° 4 2z),
yielding
2923 — 228z% — 302 — 16 = 0.

Looking for rational roots (which have the form ig where p divides 16
and ¢ divides 29), we find that = = 8 is a solution. Hence this equation

factors as

(z — 8)(292% + 4z + 2) = 0.
The quadratic factor 2922 + 42 + 2 does not have a real root. Hence
x = & is the unique answer. O

Solve in real numbers the equation
V2z+1++vbzx+1=+122+1+1.

Titu Andreescu

Solution. If z is a solution, then 2z + 1, 62 4+ 1 and 12z 4+ 1 must be
nonnegative. Having said that and taking into account that both sides
are positive, we can square each side and obtain the equivalent equation

24+14+62+142/22+1)6z+1)=122+1+1+ 212z +1.

Rearranging terms and dividing by 2, we obtain the equivalent equation

V1222 + 8z +1 = 2z + V12z + 1.

Taking the square of the last relation, we deduce that

1202 + 8z + 1 =4z? + 122 + 1 + 4212z + 1,

which simplifies to
22° — v =3vV12z + 1.

This gives the solution z = 0. Suppose that z # 0 is a solution. Dividing

by & yields
2e—=1=+12z4+1

and squaring the last relation gives us

47° — 4 +1 =122 + 1.
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This is equivalent to x? = 4z and has the solution z = 4 (remember that
we supposed that x # 0). It is easy to check that x = 0 and z = 4 are
solutions to the original equation. []

Chapter 17

36. Solve the equation

t+Vz+1)(z+2)+V/z+2)@+3)+ /(e +3)(z+1)=4

over all x > —1.

Titu Andreescu

Solution. Let f(z) denote the expression on the left side of the equa-
tion. Let

a=vVi+i4+vVz+2, b=+vVz+t2+vz+3

and

&= \W-I- \/m
Then we obtain the relations
(ab=f(z)+2=6
be= f(z)+3="7
lca= f(z)+1=5.

Since a?b?c® = (ab)(bc)(ca) = 210, it follows that

s

a? = (a’b?c?)/(bc)? = 3—,:)
Similarly, X .
4 |
2 __ e s B
b° = = and ¢ <
Writing these as
g = —30 fp= —42 and ¢ = —35
V210’ 210’ V210’
weEa 30+ 3 42 23
+ 35 —
2vVz+1l1=a+c—-b= =
y V210 210
d henc
and hence " @
| 840’
from which we obtain = = —-g% > —1.

This satisfies the given equation since we compute

529 232 1369 377 2209 472

r+ 1= == T4 2= = — r4+3=——=—

i A od . R | A A

!
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37.

38.

Solve in positive real numbers the equation

1
\f$4—4$+—2=1.
€T

Titu Andreescu - Mathematical Reflections, Problem J407

Solution. The given equation is equivalent to

1
zVrt—4dz =z — —.
x
Squaring both sides, we get
6 3 _ .2 L
r’—4zx" =2" -2+ —.
T
Hence,
3 2 T}*
— P — | .
(z ) (3:-{- ;1:)
Since 23 > 4, we have
P 1
T — 2=+ —.
T
So, z* — 22 = 2% + 1, which gives #? = (z + 1)?, ie., 2’ =z + 1.
1+ /5
SO = 2\/_. O

Solve in real numbers the equation

1 1
vz + \5/_=§+\/m+y+i.

Adrian Andreescu - Mathematical Eeflections, Problem J375

1
Solution. Let a = /z and b = ¥y. After transferring 3 to the left-

hand side and squaring both sides, we obtain that

a®+ b =a’ + b2+ 2ab—a—b.
But this is equivalent to (a + b)(a2 + b2 +1—a—b—ab) = 0, s0
one of the factors must be 0. However, if ¢ + b = 0, the left-hand

P et TSRS, (g iy (R ONREL RO, v I, ool (et P . ST R r IIEREI, Aty FORE o e, ooy, [ L. RO Ny LA, (o0 SR PSSty 8 Lo ey
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contradiction. Therefore, a? +b%*+1 = a+ b+ ab. This rearranges nicely
to (@ — 1)+ (b—1)* + (a — b)? = 0, from which we easily see that the
only solution is (a,b) = (1,1). Thus (z,y) = (1,1). ]

Chapter 17

39.

40.

Solve in real numbers the equation

2V —x22 —V1—-22+2Ve+ 22 =22 + 1.

Titu Andreescu - Mathematical Reflections, Problem S409

Solution. First, observe that we must have 0 < z < 1.
Now, let a = /1 —z, b= /r and c = /1 + z.

Then, we need to solve the following equation
a® <+ 4b® + ¢*
2

which is equivalent to (20 —a —¢) =04 2b—a —c=0.
Substituting a, b, ¢ we need to solve

WL =vV1—-z+V1+z.
Squaring both sides, we get

A =24+ 2vV1 —22 & 22 —1=+/1 -1z

Squaring the last equation, we obtain

2ab — ac + 2bc = & a? + 4b° + % — dab — 4be + 2ac = 0,

4
5’ —drx =0 z(5z-4)=02=0,z= =
Checking these values we can see that only @ = # satisfies the original

equation. L

4

1

Solve in real numbers the equation

\/$+\/m+\/$+\/ﬁ=2m.

Adrian Andreescu

Solution. Looking for rational solutions, trial and error yields the solu-
tion z = 3/4. We claim that this is the unique solution. Indeed, dividing
by x, we get the equivalent equation

1 1 1 3
2 Nty




A Ne elt-nand side 18 a decreasing mnciion ot @, nence uile equation nas
at most one positive solution. Because we found one already, this is the
unique solution. []

Chapter 18

Systems of Equations

41. Solve in real mumbers the system of equations
2%+ 7 =5y — 62
y? + 7 =10z + 3x
22 +T=—x+3y.
Adrian Andreescu
Solution. Summing up the three equations we obtain
z? +y* + 2% 4+ 21 = %z + 8y + 4z,
which can be written as
(-1 +@—49*+(z-2°=0.

For a sum of squares to equal zero, each individual square must equal
zero, and it follows that (z,y, z) = (1,4,2) is the only possible solution,
and it is easy to check that it is indeed a solution. i

42, Solve in real numbers the system of equations
sly+z—2°) =ylz+e—9°) =2lz+y—2’) =1
Titu Andreescu - Mathematical Reflections, Problem J313

Solution. We can write the equations as

(yte-at=2  [ytre=g+at
Yrag—g == yt+z=—-—+=x
T x



N

2+ —Y =

:ﬂ+y—z3=

|| g | yoa
=

70 Chapter 18
From the first equation we can see that y + z has the same sign as =z.
Therefore there is another variable having the same sign as x. Repeating
this for the other two equations we conclude that for each variable there
is another one having the same sign as it. Thus either all three are
negative or all three are positive.

If (z,y, 2) is a solution, then so is (-2, —y, —2). Hence we may assume
that all three variables are positive.
Using the AM-GM inequality we get
( 1 [ .1
y+z==42z>2%/z3= =2
& T
1 3 51
y FHT=—+Y 2 24/y’— =2
Y Yy
1 1
m+y=-+¢322ﬁﬁ-:2z
\ 2z e
Adding all three inequalities we get
204+ 2y + 2z = E_HE —l—g-i—y +E+z’ > 2¢ 4+ 2y + 2z.
1
Therefore all inequalities must be equalities and we get — +2z° = 2z and
z
similar equations for y and z.
The equation is equivalent to
-2 1=0@*-1)2=02=1.
Thus the unique solution of the system with z, y, z positive is x =y =
z = 1. The negative case produces x =y = z = —1. []
43. Find the side lengths a, b, ¢ of a triangle satisfying the system of equa-

tions

( abce -
—a+b+c
i abe — 60
Ja—b+c




l 696 - _ jap
' at+b-ec

Titu Andreescu, AwesomeMath Admission Tests 2012, Test A
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44.

Solution. Inverting the equations, we get the following system of equa-

tions;
K| 1 11
b w bk W
' ST N
ab ca be 60
1 1 L.
| @ @ ke - 120

By adding the three equations side by side, we get

1,1, 1 1
ab ca  be 20

Subtracting the first, the second and the third equation from this equa-

tion, we get
1 1 1 1 1 1

be 80" ca 60" ab 48’
respectively. Hence ab = 48, bc = 80, ca = 60. Multiplying these
equations, we get (abc)? = 230400, i.e., abc = 480.

Thus (a, b, c) = (6, 8, 10). ]

Find all 5-tuples (v, w,z,y, z) of integers satisfying the system of equa-
tions
4y —2uyz+ 320 = 2020
y2+yz——23$+3$y =
22420 —22y+3yz = w
v+w = Bd.

Titu Andreescu - Mathematical Reflections, Problem 0511

Solution. Summing the four equations we get (z + y + 2)% = 2025, so
r+ y+ z = +45. Substituting z = +45 — ¢ — ¢ into the first equation
we get

2% F 90y — (222 F 135z + 2020) = 0.

Viewed as a quadratic equation in y, the discriminant of this equation is
(4z F 135)%2 4 6035. Since it has an integer root, this discriminant must

be a square, say m?. Therefore,



(42 F 135 +m)(4z F 135 — m) = —6035 = —5- 17 - 71.

It is then easy to see that 8z 3 270 must equal £(6035 —1), (1027 - 5),
+(355 — 17) or £(85 — 71). They vield z = £788, 1184, +76, +32.

72 | Chapter 18

It is then routine to obtain the corresponding y, then the corresponding
z, and then the corresponding v and w. The 16 5-tuples (v, w, z,¥, 2)
obtained are

(3655037, —3655032, +788, £777, F1520);
(—1169236, 1169241, 788, F732, F11);
(187046, —187041, +184, +174, F313);
(—49597, 49602, £184, F129, F10);
(28793, —28788, 76, 69, F100);
(—3664, 3669, £76, 24, F7);
(6434, —6429, +32, +42, F29);
(—313, 318,32, +3, +10);

and one can check they all satisfy the system. ]

45. Solve in positive real numbers the system of equations

{(m+ﬁ§){:ﬂ+3y) = 8(9+8v3)
(y— Vay)(Bz +y) = s(g—sx/ﬁ).l

Adrian Andreescu - Mathematical Reflections, Problem J541

Solution. Adding the two equations we get (v/z — /)" = 144.

Subtracting the two equations we get

(VT - 3) (VT + V¥)* = 128V3.

Therefore, (v — /U, VI + /T) = (2/3,4) or (—2v/3, —4). The second
case is impossible since \/z+./y > 0, so we have r = (243)? = T+4/3
and y = (2—/3)? = T—4+/3. Tt is easy to check that they indeed satisfy
the system. ]

46. Solve in nonzero real numbers the system of equations

121x — 122y
4 _ .4 _
" # Y Aoy




122z 4+ 121y
2,02 4 o4 —
1m4+14:1:y +y* = iR

Titu Andreescu - Mathematical Reflections, Problerm S180

Systems of Equations 73

First solution. Note first that
where we have defined z + y = s and z — y = d, while

sd(s® + d?)

9 9 Sz-l—d?
2 ? '

dzy = s —d®, 2’4y’ = 5

$4_y4 = Sd(IE_I_yZ) =

Therefore, the system may be rewritten as

sd(s* + d?)(s* — d?) = 243d — s,
(s* — 5%d° + d)(s® + d*) = 243s + d.

We can then obtain
(243d — 5)(243s + d) = sd(s% + d?)(s* — d*)(2435 + d)

= (st — ?d® + d*)(s? + d*)(243d — s).

Since s%+d? > 0 (otherwise z = y = 0, in contradiction with the problem
statement ), it follows that

92435%d(s? — d?) + sd?(s? — d%) = 243d(s* — 52d2 + d*) — s(s* — s%d2 + db),

which after simplification yields s° = 243d°, or s = 3d. Substitution in
both equations yields d® = d, or since = # y (if = y # 0 the left-hand
side of the first equation would be zero, but the right-hand side would
not), we find that d° = 1,i.e., s=3 and d = 1 for z = 2, y = 1. These
values can be clearly shown to satisfy the system by plugging them into
the given equations, and no other solutions exist. O

Second solution. Since
(2t +142%y% +y") (22 +92) = 1222+ 121y, 4ay(z® —o*) = 1212 — 122y
and z, y # 0 then

(2" + 142y +3")(@* + v*)(z — y) — 4wy (z” — y")(z +)

= (1222 + 121y)(z — y) — (121z — 1224)(z + y) <



(@ +1°)((a* + 142 + ) (@ — y) — day(a® — ')z +p) =2 +¢° &
(z* +142% + ") (@ — y) — doy(z® - ) +y) =1 &
(z—y)P =1az—y=1.

74 Chapter 18
Let t = x4+ y then
2
; 1
z° —o* =1, m2+y2=t ;_ , dzy =t° —1,
t—1 =1
= ——70, 1212 — 122y = 121 — ——
121z — 122
and the equation z* — y* = T~ %Y becomes
4y
t(tt—1 t—1
¥=121—T¢t(t‘4—1)+t—1 — 242 &> =243 & t = 3.
Hence,
r—y=1
Se=2 p=1,
r+y=3
and we are done. ]
47. Solve in integers the system of equations

22y + y%z + 2%z — 3zyz = 23,
zy? + yz? 4 222 — 3zyz = 25.

Adrian Andreescu - Mathematical Reflections, Problem J413
Solution. Subtracting the first from the second equation:
(zy® +y2% + z2°) — (2°y + y'2 + 2%z) = 2.
Using the identity
(ay® +y2° + 22%) — (2®y + 4’2 + 2°) = (z — y)(y — 2)(z ~ 2),
we can rewrite this as
(z—y)(y—2)(z—z)=2

Considering that the product and the sum of z — y, y — z and 2z — &
are 2 and O respectively, we can conclude that those three integers are
9P 1 —1 111 eame order
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By cyclic symmetry, we may assume z—y = 2, y—2 = —land z—z = —1.
Since the left hand side of the second equation can be expressed as

2z —y) +y(z —2)(y - 2),

Systems of Equations 75

48,

the second eqguation becomes 4z — y = 25, and we have the solution
(z,y,2) = (9,7,8).

Restoring generality, we see that the integers solutions of the system are

(z,9,2) ={(9,7,8),(8,9,7),(7,8,9)}. .

Let a and b be distinct positive real numbers. Find all pairs of positive
real numbers (z,y) that are solutions to the system of equations

2t —yt =ax — by
z? —y? = Va? — b2,
Titu Andreescu - Korean Mathematics Competitions 2001

Solution. Because a and b are distinct numbers, z and y are distinct
as well.
The second equation can be rewritten as

a? — b2 = (a2 —42)3,

Solving both equations for a gives

a22? = b2y? + 2by(at — yb) + (2% — y?)’?

a’z? = ba? + 22(2? — )3,
Subtracting the first equation from the second yields
b?(z%—y?) — 2by(z? — 1) (& + 1) +22(2* — %)’ — (2 —*)*(*+4°)* = 0
which reduces to

b® —2by(z® + y°) — ¥*(z® — ¥*) (82 + ¢*) = 0.

Solving this quadratic equation in b yields b = 3® + 3z%y (and a =
2% + 3zy?) or b = % — 2%y (and a = z® — 2y?). The second alternative
is not possible because a = z(z% — ¢y?) and b = y(y* — ) cannot be
both positive. It follows that a = 2® + 3zy? and b = 3z%y + y°. Hence
a+b=(z+y)?and a — b= (z — y)*. The system now becomes

zt+y=+va+b
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r—y=+a—b

and its unique solution is

= (Vatb+Va=1)/2, y=(Va+tb-Va=p/2. D

Chapter 18

49. Solve the system of equations

r(z* — 522 4+ 5) =
y(y" —5y° +5) =2
2(z* = 52° +5) = z.

Titu Andreescu - Mathematical Reflections, Problem 5419

Solution. First, we seek real solutions in the interval [—2, 2].
Let © = 2cost, t € [0,7]. Then

y = 2(16cos®t — 20cos®t + G cost) = 2cosbt, =z = cosb(5t) = cos 25¢,

and so x = 2 cos 5(25t) = 2 cos 125¢.

Note that if we use the multiple-angle formulas or equivalently iterate
the formula above for cosbt three times, we will write cos 125t as a
polynomial of degree 125 in cost and hence in z. Thus we hope to find
125 solutions. Since the formula above gives cos 125t = cos t, implying

125t—t =2km, k=0,1,...,124 or 125+t =2k'm, k'=1,2,...,126,

we obtain 63 + 62 distinct solutions:

63

where we have excluded £ = 0 and &£ = 63 in the second formula since
2cos0 and 2cos 7 are already covered by the first formula.

2msk(62) k=0,1,...,62 and 2cosk(i),ﬁs’=1,...,ﬁz,

We do not need to look for more solutions since all 125 solutions we
found,

(2msk:— 2{:055&@ 2&:-525#62) k=0,1,... 62

and

(2msk— Zcos5k— 2m525k63) k=1,... 62

are distinct and we already saw that the given systern has at most
5-5-5 =125 solutions. ]

50. Solve in nonnegative real numbers the system of equations

| SO N = SO W
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{(\/E+ VY + Vvz)? — min(z,y, z) = 6.

Titu Andreescu - Mathematical Reflections, Problem 0265

Systems of Equalions T

First solution. Let /T = a, \/§ = b, /2 = c and assume
r = min(z, y, z).
5t 5 5

@ +l= G+ 0@ +1)  (be— 12+ (b+0)? =B+ op

and
(b4 c)? +2a(b+c) = 6.

3
Let b+c¢ =8> 0. Wehaveaggs—z-l,scr

6—s2\*  5—s2
< .
2s - g2
It follows that 36 — 1252 + s < 20 — 452, which reduces to (% —4)* < 0.
Hence s = 2 and be — 1 = 0, implying 6 = ¢ =1 and

) 5 1

- (1+1)(1+1)“1‘1I‘

a
_ | 1 .
The solutions are (z,y,2z) = (E’ 1, 1) and permutations. ]

1 1 1
Second solution. Clearly, (E’ 1,1), (I,E,,l)j and (1,1,;1-) are so-
lutions.
We show that these are the only solutions. Since the system is symmet-
rie, we may assume, without loss of generality, that z < y < z. Then

the system becomes

yz+ +3+1_L
43} 4 oz

6
KA Clah Sl v —~ v -2

e . ) ;- s | F T | 4 i ¥ LA i1 _ 1
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and applying the difference of squares identity, we get

O 6 5 §]
e~ 1) = (Vm+1+\/m+ﬁ)( $+1‘\/m+\/z)'.

Chapter 18

Applying Jensen’s inequality to the concave function f(¢) = v/t + 1,
we get

x!m+6+ﬁ=if(4m-1)+%§f(4m_l)

6 12 25
Elf dr — 1 i $+1’
2 H D

with equality if and only if 4z — 1 = 0.

Counsequently, 4o — 1 = 0 = /yz — 1. Substituting r = % and yz = 1
back into the system, we get y + 2z = 2 and /y + v/z = 2, which imply

y=z=1,since 2y +2) = (Vi+VE) + (Vi—v3) " 0



Chapter 19

Exponents and Logarithms

=gt gl
3 B
Titu Andreescu - AwesomeMath Admission Tests 2015, Test C

51. Solve the equation log

Solution. In order for the equation to have real solutions, we must have

r—1

2 5% >0, ie., (£)* > 1, which gives z < 0. We have =5 = 1077 .
Let 2° = a and 5* = b. Then

9
— BN =
(a ).loa.b,
l.e.,
29 a b 29
g 98 _ B9 B2 _
a“+b 1[}11?)=}-b+a 0

Set t = a/b > 1. Then the last equation becomes
10t? — 29t 4+ 10 = 0,

which gives £ = &%‘gﬂ Hence the only positive root 18 £ = %

So § = %, i.e., (%)'r = %, which gives z = —1. O

52. Prove that for all real numbers z, y, z at least one of the numbers
231,-_1; e 23.1:—:5 - 2y+z+1

23y—z i 23y—z - 23+:.':-+-1



23:—1‘ 4+ 233—1; . 2m+y+1
is nonnegative.

Adrian Andreescu - Mathematical Reflections, Problem J415

80 Chapter 19

Solution. Assume without loss of generality that z = max{x,y, 2z}, so
that in particular 2z > y + 2. Then by the AM-GM inequality

i —yy= I —i

23:1:—3; i 23m—z . 5 > 2‘,@,.r+z—}—1:|

Thus the first of the three numbers is nonnegative. O

83. Solve the equation
log(1 — 2% + 5% — 20" + 50%) = 2.

Adrian Andreescu - Mathematical Reflections, Problem S211

Solution. Let u := 2%, v := 5%, Then u,v > 0 and

log(1 — 2% + 5% — 20" 4+ 50°) = 2¢
& 1—27 + 5% — 20" 4 50% = 10*"
&1 —u+v—uv+uw? = u??
Sl-utv—vv+ur’—u?=0
< (l—w)(l+ww)—(u—v)(l+uv)=0
& {(1+w)l—uww—u+v)=0
& (1+uw)(1+v)(1—u)=0
Su=1

because 1 + uv, 1+ v > 0.

Hence 2% =1 < z = 0. Thus, z = 0 is only solution. [

54. For each positive integer k, let f(k) = 4% + 6% + 9%. Prove that for all
nonnegative integers m < n, f(2™) divides f(2").

Titu Andreescu - Mathematical Reflections, Problem O55

Solution. We proceed ]:uy induction of n. If n = 0, or n = 1 the result
holds. Assume that f(2') | f(2") for allz € {0,1,...,n}. Note that

o=k o+l gn+l o gntl

!



J= | = T T
_ (42n —|— 9211 —|— 6211)(42?1 + gzn _ 6211)
= f(2")(4" + 97" —6").

Thus by the inductive hypothesis, £(2¢) | f(27!) fori € {0,...,n+1}.00

Ezponents and Logarithms 81

55. Let m and n be positive integers. Prove that

56.

1 -1
=

T - T

for any positive real number z.

Titu Andreescu
Solution. Because x and m are positive, we have to prove that
z(z™ — 1) —m(z" — 1) >0,
or
(" — D[ e+ (") 2z +... 42~ m] > 0.

Define
E{z) = (a®™ Yo+ )™ %2 +...+2—m

and note that if x > 1, then 2™ > 1 and E(z) > 0, so the inequality
holds. In the other case, when z < 1, we have 2™ < 1 and E(z) < 0 and
again, the inequality holds, as claimed. ]

Find all positive integers n such that 27 4+ 3" + 13% — 14" is the cube of
an integer.

Titu Andreescu - Mathematical Reflections, Problem 0218

Solution. For n = 1, 2, we have

133> 97 4+ 37 + 139 — 14" > 13% — 142 = 2001 > 1728 = 125,

~ Thus 27 + 3" + 13® — 14" is clearly not the cube of an integer. Therefore

no solution exists for n < 2.

For n = 3, we have 2" + 3" + 13% — 14" = —512 = (-8)%, so n = 3
is a solution. No other solution exists for n = 3m a multiple of 3,
since 143 > 14%m — 133 — 33m _ 23m 5 (14m _ 1)3. because clearly
142™ = 196™ > 27™ 4 8™ 4+ 3. 14™ for all m > 1, while for all m > 2,
145 1482 139,

Assume that n > 4 is a solution, where 3 does not divide n. Note first
that 2" — 14" is a multiple of 8, and 3™ + 132 is even. thus it must be a



82

multiple of 8. But 13° =2197=5 (mod 8), so we conclude that 3" = 3

(mod 8), and n must be odd. Therefore, m = =£1 (mod 6), and we study
two cases:

o If n = 1 (mod 6) with n > 4, note that 13° = 2197 = —1 (mod 7),

while 2° = 3% = 1 (mod 7), s0 2" +3"+13%— 14" = 4 (mod 7). But the

Chapter 19

57.

remainders modulo 7 of all perfect cubes must be 0, 1, or 6 (by Fermat’s
Little Theorem a sixth power modulo 7 must be 0 or 1, hence a cube
must be 0 or +1), which is a contradiction.

o If n = 5 (mod 6), note that 13% = 2197 = 1 (mod 9), while 2° =
145 = 1 (mod 9), so 2" + 3" +13° — 14" = 32+ 1 — 14° = 4 (mod 9).
But the remainders modulo 9 of all perfect cubes must be 0, 1, or 8
(again Fermat’s Little Theorem implies a cube modulo 9 must be 0 or
+1), which is also a contradiction.

Therefore, there is only one solution, n = 3. ]

Let n be a positive integer and let a1, as,...,a, be real numbers in the
interval (0, %) Prove that

log; _q, (1 —nas) +log;_,,(1 —naz) +...+log;_, (1 —na1) = n,

Titu Andreescu - Mathematical Reflections, Problem J287

Solution. We begin with the following lemma.

Lemma. For every z € (0, %), we have
In(1 — nz) i,
in(l—-x) —

where In denotes the natural logarithm, and equality holds if and only
],

Proof. Since0<l—nz<l—z<1lforall zc (U, %), the natural loga-
rithms exist and are negative reals, so the proposed result is equivalent
to In(1 —nz) < nlin(l —z), or to (1 —nz) < (1 —=x)". This is Bernoulli’s
inequality, but for completeness sake we will prove it by induction on n.
The inequality is clearly true and with equality for all z € (O l) when

n
n = 1. If the result is true for n, note that
l-z)"' >0 -z)(l-nz)=1-(n+Dz+nz®>1—(n+ 1)z,

or the result is true for n+ 1, with strict inequality. The lemma follows.

Since
In(1 — nasg)

Txif1 — g} !

lﬂg]-—url (]' = nﬂ'E) =

!



and similarly for the remaining terms, by the AM-GM inequality, it
would suffice to show that

JIn(1 — nas) In(1 — nag) ... In(1 — nay)
In(1 —a1)In(l —ag)...In(1 —ay)

= N,
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98,

29.

which is clearly true since the radicand may be written as the product of
In(1 — na;)
In(1 — a;)
to n by the lemma. The conclusion follows, and equality holds if and
only if n = 1. []

n terms of the form , each one of them larger than or equal

_ | 497 489 i
Find the maximum of s - T 2016* over all real numbers z.

Titu Andreescu - AwesomeMath Admission Tests 2016, Test A

Solution. We have

49% " 18" oo — 42%+1 4 48%+1 — 201671
48 = 42 2016
(427t —1)(1—48%t1) +1
B 2016 '

If £ > —1, then 42** —1 > 0 and 1 —48%"1 < 0. If z < —1, then
497+l _ 1 <0 and 1 —48 > 0. So

(427 — (1 =48 41 <1

for all real numbers . Thus the maximum is Wlm and is achieved if and

only if z = —1. | []

Let i1 < ig < ...<tand 51 < jo < ... < jn be nonnegative integers
such that | 1 | |
21 42N =20 4 20,

Prove that [ < m.

Titu Andreescu and Marian Tetiva - Mathematical Reflections,
Problem 0537

First solution. In other words, we want to prove that from all the
representations of a positive integer n as a sum of powers of 2, the
smallest number of such powers is achieved by the base-2 representation
of n. By pufting together the powers with equal exponents from the
right-hand side of the equality
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21;1 +---—|—2ﬂ=2j1+..._|_2jm’

we also get the following rephrase of the statement of the problem: show
that if | |
no=2" 4 4 20 = 512K oo o5 0k

Chapter 19

where 1; < -+ < 4, k1 < -+ < kp, and sy,...,sp are nonnegative
integers, then we have [ < 51 + -+ - + 5.

If we denote by P(n) this form of the statement of the problem, we easily
see that P(1) is true, since there is precisely one possibility of expressing
1 as a sum of powers of 2, namely 1 = 2°, We intend to induct on n,
hence we assume further that P(f) is true for all 1 <¢ < n (with n > 2).
Let n > 2 be written as

no=2" 4o 424 =528 .. 4 5 0k
for some nonnegative integers i} < -+ < ¢, k1 < ++- < kp, and s1, ..., 8p,

and let us prove that | < 51+ -+ + 8;.

We first note that if we had i, < kj, then dividing by 21 would yield an
odd number equal to an even one:

14270 o 2070 = g oM L g 0

(as all the exponents of 2 are nonzero). The contradiction obtained
shows that we necessarily have k; < iy, and, by dividing with 2%, we
get,

T : . ) B
EH — i1k +2w—-k1 s _|_2M—k1 — 81+ Sg?kz_kl e e szkp ki

Now, if k1 = 11, these equalities imply

ﬂﬂ | 1 =7,
ﬁ . 1 pus 23‘3—&1 + P + 2’!;-&1 - (51 - 1)20 + ngkz—'kl _+__ o + Sp?kp k'l}

also yielding that s; is odd, therefore that s;—1 > (0. Moreover, we have

Tl
Eﬁ—lgﬂ—l{ﬂ,

and the induction hypothesis leads to
-1 (s1—1)+s2+ "+ i<s1+82+ -+ 8.
On the other hand, when k; < i1 all the exponents of 2 in

TL B . o _ I
E'E:T] Fy 4 gia—hkr 4 .. ou k1=51+522-"«'2 5‘31+..._|_3p2kp Jri*1?



are positive, hence s; must be even, and we obtain

zk—-‘::_T — 2'11 _kl_l + Qiz—kl—l _|__ T _I_ 21’,1—.!31_.1
o i 322‘32_"“_1 4 e szkp—kl—l
2 ;
Fzxzponents and Logarithms 35
with . i
25:14-1 = E <mn,

and the inductive hypothesis again implies

3
IS—+a++aop<sitat -+,

as desired. The proof is now complete. ]

Second solution. Assume on the contrary that [ > m. We cannot have
ix > gy for all k with 1 < k < m, hence there is a minimal k£ € {1,...,m}
such that g5 > 4. Thus

20 i 21 < 00 4Ll D1 ¢ Q1L < 9t o QWL < Ok,
Therefore 291 + +++ 4 2Im = 271 4 ... 4 2%-1 modulo 2**!, but
2 4 ... 4+ 2% =2 4 ... 4 2% modulo 2%
has a residue which is larger, a contradiction. Thus [ < m. ]

Third solution. Given any finite sum 27t 4 ... + 2Jm where T, .
are nonnegative integers, replace any two identical summands 27,27 with
29+1 " if possible, and iterate. The number of terms is a positive in-
teger which decreases with each substitution, hence this process must
eventually stop, which can only happen if no duplicates remain. Each
substitution leaves the total sum unchanged, so rearranging the terms
of the final sum in increasing order, we get a sum of distinet powers of
2 that equals 271 + ... 4+ 2Jm_ However, the only such sum is given by
the digits in the binary representation 2 + -+ 4+ 2% of 271 + «.. 4 2Im,
So the replacement process applied to any sum 27 + .- - + 2/m equaling
24 4 ... 4 2% will terminate with the same sequence of increasing val-
ues 241, ...,2%, Since the number of terms in the sum is nonincreasing
during the process, [ < m, L]

60. Prove that for z € R, the equations

= -
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T— %
92" = and 227 =

are equivalent.

Titu Andreescu - Mathematical Reflections, Problem J358

Chapter 19

Solution. First, we denote n = 92", (n > 1) and rewrite the given

equations as
n*—n—1=0

and
n—nt-1=0em—n+1)n*-—n-1)=0.

n? —n -+ 1 = 0 has no solutions in real numbers, and n3 —n —1=01s
equivalent to the first equation. Thus

| 2.'1.‘—1 . 1 2.1.‘+'.l . 1
2 = 5@ 1 and 2 = 53T ]

are equivalent. L
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Minima and Maxima

61. Let a, b, ¢ be positive real numbers such that a + b+ ¢ = 1. Find the
minimum of

a b 6
2(1—a+ T l—c) + 9(ab + bc + ca).

Titu Andreescu - AwesomeMath Admission Tests 2013, Test A

Solution. Observe that

a b e | a b ¢
2(1—a+1—b+1—c)_2(b+c+c+a+a+b)'

By the AM-GM Inequality,

9 2a
EG{&'FC)"‘ Bt e

9 2b

—b

5 (e+a)+ —

9 2c
§C(G+ b)—l_{l-l-b i

> 6a

> 6b

be.

Adding these three inequalities, we find that the minimum value is 6 and
it is achieved if and only ifa=b=¢ = 1/3. il



62. (i) Find the greatest real number 7 such that

1 1
s~ s S gty
ab_fr(l a b)

for all positive real numbers a and b.
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(ii) Find the maximum of zyz(2 — 2 — y — z) over all positive real
numbers z, y, 2.

Titu Andreescu - Mathematical Reflections, Problem J438
Solution. (i) By the AM-GM inequality,

1 1 2
E+EE—{;E;}
S0
11 Vab)’ ~ 27v/ab + 54
ab+27(1—a—3)2( )M
(x/@—kﬁ)(\/ﬁ—a)g
- Vab
= 0,

with equality when a = b = 3. Hence the greatest r is 27.
(ii) By the AM-GM inequality,

$+y+z+(_2—m—-y—z))4_ &

myz(?—-m—y——z)ﬂ( 1 T

1 ' 1
with equality when z =y =2 = 5" Hence the maximum is T [

63. Prove that for any real numbers a, b, ¢, d,
a® +b* + ? + d* + Vb min{a?, t?, ¢, d*} > (\/'5— 1) (ab+ be+cd + da).

Titu Andreescu - Mathematical Reflections, Problem 0421

First solution. Since the left hand side is linear in a2, b?, ¢2, d2, we can
agsume a, b, c, d = (.

The inequality is cyclic so we can also assume d = min{a, b, ¢, d}.
First case d =0

a2 4+ b2 4+ 02 A/ Bminda B2 2 0 > (\/5— 1\ (ab <+ bed
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a2+bz+c2—'(\/5—1) (ab+be) =a2+b—;+2—2+c2—(\/5—1) (ab+ be)
| zab(\/ﬁ~\/5+1)+bc(x/§—\/5+1)

which is true so the inequality holds true.
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Second case d # 0. The homogeneity allows us to take d = 1 and the
inequality becomes

f(ﬂ)iﬂz—(\/g—l)(b+1)c+a2+bz+1+\/§
. (\/g—l)(ﬂb-l-a)zﬂ, g by L

The derivative with respect to ¢ gives a minimum at

VvE—1

2

== (1+b)=c>1

and

2£(2) = b2 (—1+\/5)+b(2a+2\/5—2\/5a—6)+2a2
+2a — 2vba — 1 + 3vV5.

The last expression (let’s call it g(b)) has a minimum at

E —_— — 1
751 a+ 5
and i S :
o(B) = 5 (3— \/5) (-za+\/5+3) >0
and this completes the proof. ]

Second solution. It suffices to prove that

@’ + b2+ + (1 +V5)d?* > (V5 - 1)(ab+ be+ cd + da).
Completing the square in the variables a and ¢, we get

a® + b+ + (1 + vB5)d? — (V5 — 1)(ab + be + cd + da)

= (a+ (1 —VB)(b+d)/2)% + (c+ (1 — VB)(b+d)/2)
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+52 4 (1 + VB)d? — U _2‘/'5:’2

(b+d)*

= (a+ (1= vVB)(b+d)/2)2 + (c+ (1 — VB)(b+ d) /2)°
+(v5—2)(b— (1 +v5)d)? > 0. O

Chapter 20

64. Let a, b, ¢, d > —1 such that a + b+ ¢+ d = 4. Find the maximum of

(a? + 3)(b% + 3)(c® + 3)(d® + 3).
Titu Andreescu - Mathematical Reflections, Problem 5447

First solution. The maximum is 4! x 13 = 3328, achieved for
(a,b,c,d) = (7,—1,—1,—1) and permutations.

We first prove that if z, y > —1 satisfy ¢ + y < 6, then

(22 +3)(y° +3) < 4z +y+ 1)* +3).
Indeed, this is equivalent to

r2y? —2? —y? +1<8(z+1)(y+1)
which rewrites as

(z+Dy+1)({(z-1)y—-1)-8) <0
This is true, because 4+ 1> 0,y +1 > 0 and

(z=1)(y—1) < (“’“‘1;@’“1): (‘T;y—l):&

the last inequality being a consequence of
TTY

DS

_11:21

We apply this result with £ = a,y = b and then with = ¢,y = d. Note
that =, y > —1 and 2 +y < 6 in both cases by the hypotheses of the
problem; for instance,

4=a+b+c+d>a+b—2
yields a + b < 6. We obtain therefore
(a®+3)(b* +3) < 4((a+b+1)* +3)

and

(S +3)(d? +3) <4({c+d+1)% +3)

I | a che ey R - B CAr. 1 N P . e i A



(e + 30" +a)(c” +o)la" +o} s 10+ 0+ 1) +a)l{CTaT 1) T9I).

Applying the preliminary result with z =a+b+landy=c+d+1
(note that z, y > —1 and = + y = 6) yields

(a2+3)(B2+3)(2+3)(d?+3) < 64((a+b-+c+d+3)2+3) = 64.52 = 4113,
as desired, L]
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65.

Second solution. One can easily compute that
(=1)%4+3)((a+b+1)*+3)—(a®+3)(b*+3) = (a+1)(b+1)(T+a+b—ab).

Also if we write 7T+ a+b—ab=8 — (a —1)(b— 1), then we can easily
check that 7+a+b—ab > 4 > 0. There are three cases we need to look
at. If a, b < 1, then since we have a, b > —1, we get (a — 1)(b—1) < 4
and hence T4+ a+ b — ab > 4. If one of a, b is smaller than 1 and the
other is larger than 1, then (¢ —1)(b—1) < 0Oand 7T+a+b—ab > 8.
Finally if @, b > 1, then since a +b =4 — ¢ —d < 6, we have

G 2
8—(a—1)(b-1)23—(“+2“2) ga-(ﬁ;_z) >4

From this we conclude that
(=12 +3)((a+b+1)*+3) > (a®> +3)(b* +3),

(with equality only if @ = b = —1). This says that the product will only
increase if we replace the pair a, b with —1,a + b+ 1. Since this re-
placement preserves the sum and since we can apply the same argument
to any pair of values from a, b, ¢, d, we see that the maximum occurs
exactly when three of a, b, ¢, d equal —1 and the fourth equals 7 and in
this case the product is

43(72 +3) = 3328. n

Find the maximum of

(9b+4¢:_ﬁ) (913—1—4-:1 —6) (9a+4b —6),
a b c

over all positive real numbers a, b, c.

Titu Andreescu - Mathematical Reflections, Problem S449

Solution. The maximum is 72, achieved for a = b = ¢. To prove this it
3 P



suffices to show that
(9 + 4c — 6a)(9¢ + 4a — 6b)(9a + 4b — 6¢) < T2abe.
Let z = 9b+ 4¢ — 6a, y = 9¢+ 4a — 6b, z = 9a + 4b — 6¢c. We have

22 + 3y = 3¢, 2y + 3z = 35a, 2z +3r = 35b.

92 Chapter 20

This shows that at most one of z, 9, z can be nonpositive.
The desired inequality is reduced to

1
Tyz < ?(2&:’ + 3y)(2y + 32)(22 + 3z).

If precisely one of z, y, 2z is nonpositive, then this is obvious. If z, y, 2
are all positive, then, by the AM-GM inequality,

£ 1 ) 1
vValyd < g(m+m+y+y+y) =g(2m+3y);

1 1
vV ylzd < g(y+ y+z+z+2)= g(2y+ 3z),
1 1
V22 < g(z—l—z +rx+x+x)= 3(23—]—33:),
and by multiplication, the conclusion follows. O

66. Find all real numbers z, y, 2 > 1 satisfying
min(y/z + zyz,\/y + zyz,V/z+zyz) = v —1+Jy—1++vz — 1.
Titu Andreescu - USAJMO 2013, Problem 6

First solution. Let a, b, ¢ be nonnegative real numbers such that
r=1+a% y=14+band z2=1+ ¢

We may assume that @ > b > ¢, so that the condition of the problem
becomes
QI+AA+Q+a>)1+6) =(a+b+c)

The Cauchy-Schwarz inequality yields
(a+b+c)? <(1+(a+b)?)(c?+1).
Combined with the previous relation, this shows that
(1+a®)(1+b6%) < (a+b)?

which can also be written as (ab — 1)* < 0.

Hence ab = 1 and we must have equality in the Cauchy-Schwarz inequal-
v fhat g Al LAY — 1. Caaveranly 3 thoas ralaticone hald +hon an Aaoe
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the relation in the statement of the problem. So, the solutions of the
problem are .

2 2
L a 1
- 2 . i i
.&?—l—l—a,y—1+§,z—1+(ﬂ2+1) ,myz—1+(a+a) >5

for some a > 1, as well as their permutations. O
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Second solution. The key Lemma is:

Va—1+vb—1< Vab
for all a, b > 1. Equality holds when (a —1)(b—1) = 1.

This is proven easily.
Va—1+vVb—1=+va-1vV1+v1vb—-1
<la—-1+1)(B—1+1) =vab

by the Cauchy-Schwarz inequality. Equality holds when

a—1=f¢(a—1)(b—1)=1.

Now assume that z = min(z,y, z). Now note that, by the Lemma,
Ve —14+y—1+vVz—1< Ve -1+ yz < Vzlyz+ 1) = Vzyz + z.
So equality must hold. So (y —1)(z —1) =1 and (z — 1)(yz) = 1.

If we let z = ¢, then we can easily compute that

c _cg-l—c—l

= e
Yy 2

g—1’
Now it remains to check that z < y, 2.

But by easy computations,

2 o
g = +c{2: 1£c=z<::>(cg—1)(c—l)2{],

which is obvious. Also

2
C c—1 C

= =g <5 P > 1}
4 e ST B
which is obvious, since ¢ > 1.
& te=1 €
So all solutions are of the form ( 3 vz I,C), and all permuta-
tions for ¢ > 1. [

Remark. An alternative proof of the key Lemma is the following;:



By AM-GM,
(ab—a—b+1D)+1=(a-1)(b—1)+1>2y/(a—1)(b—1)
ab>(a—1)+ (b—1)+2y/(a—1)(b—1).
Now taking the square root of both sides gives the desired.
Equality holds when (@ — 1)(b—1) = 1.

94 Chapter 20

Third solution. Without loss of generality, assume that
r = min(z, Yy, z).

Leta=+vz—1,b=+v7—1landc=+v2z—1. Thenz = a’+1, y = b*+1

and z = ¢® + 1. The equation becomes
@+ 1)+ @+ D2+ 1)+ 1) =(a+b+0)%
Rearranging the terms, we have
(14 a®)(bc—1)*+ [a(b+c) — 1] = 0.

Therefore bc = 1 and a(b+ ¢) = 1. Express a and b in terms of ¢, we

have
P St and b= 1
c? 41 c
Since a = ﬁ < min (%, El-) = min(e¢, b), a is the smallest among a, b and
¢. Then
4 2 2 1
$=c + 3¢+ 1 < and z=c2+1.

CE R
Let ¢? = ¢, we have the solutions for (z, v, z) as follows:

#24+3+1 t+1
t+1
((t+1)2’ t ’*)

and permutations for all £ > 0. ]

67. Let a, b, ¢ be real numbers greater than or equal to 1. Prove that

. (10a® —-5a+1 106> —=5b+1 10¢* —be+1
min , . < abe.
b2 —5b+10 " ¢?2—5¢+4+ 10" a2 —5Ba + 10

Titu Andreescu - USAJMO 2014, Problem 1
Solution. Since (a —1)° >0,

a® —5a* +10a® —10a2 +5a—1>0



or
10a® — 5a + 1 < a’(a® - 5a + 10).

. - 2 -
1
Since a? — 5a + 10 = (ﬂ-—%) —I—Ia >0,

’ 2
10a 5{1-'_1{{13.
a? —5a+10 ~
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Also note that
10a* —Ba+1 =10 " 2+3 >0
) a = a 1 2 :
We conclude that 5
10a — ba+1 3
< < a’.
0= a? — 5a + 10 =4
Similarly,
1062 — Bb+ 1
& < B
0= b2 —5b+ 10 —
10c? —5c+1 _ 4
< <
0 2 —5.+10 =€
So
10ﬂ2_5ﬂ+1 1052_55"'1 1062_'5!2_1_1 333
< a”b’c
a? — ba + 10 b2 — 5b+ 10 c2 —5¢c+ 10
or
10a® —5a + 1Y [/10b* —5b+ 1Y (10c* — 5c+ 1 "
< (abe)®.
b2 —5b+ 10 ¢z —be+10 a? — ba + 10
Therefore,
2 + 2
. (10& ba+1 106 —=5b+1 10c¢* — Hc+ 1) < abe. —

b2 —5b+10" 2 —-b5c+ 10" a? —5a+ 10

68. Let ai,a9,...,a, (n > 3) be real numbers such that
g . 2 2 2
a+ar+...+a,>n and ay+as+...+a, =n".

Prove that max(a;,ag,...,an) > 2.

Titu Andreescu - USAMO 1999, Problem 4

TFiret enliitian Firet gannnoas aoll +he a0 are nogitive T hoat
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. 2 2
max(aj, ..., an) > \/“”;‘”” > /n>2.

Suppose, on the other hand, that without loss of generality,

ap2a3 2 ...2020>ap 1 2 ... 2 Gy,

Chapter 20

with 1 < k < n. If a; > 2 we are done, so suppose that a1 < 2. Then

k
Z:ﬂi {_: Qka

=]

T

Z —a; < 2k — n.

i=k+1
Since —a; is a positive real for all k£ + 1 < i < n, it follows that

n n 2
Z a,fg ( Z —ﬂ-f) E(‘Zk’-—ﬂ)z.

i=k+1 t=k+1

Then

k
AR ey . L Zaf/k

i=1

> (nz— Zn: uf) /k

i=k+1
2 _ (91 \2
S (2k — n)
2 K
= 4(n— k).

Since k < n, 4(n — k) > 4. Tt follows that max(aq,...,a,) > v4 =2, as
desired. [l

Second solution. Assume the contrary and suppose each a; is less
than 2.

Without loss of generality let a; < as < a3z <...<a, <2, and let k be
the largest integer such that a; <0 and 0 < ap, if it exists, or 0 if all
the a; are non-negative.

If £ = 0, then (as n > 4)

wrl wr



i:ag-{iﬁl:élnﬂng,

i=1 i=1

a contradiction. Hence, assume n > k > 1. Then

k i
Zai‘f_n— Z a; >n—2(n—k) =2k —n.
i=1 i=k+1
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Because a; < 0 for i < k, both sides of the inequality are non-positive,
so squaring flips the sign. But we also know that a;a; = 0 for i,7 < k,

S0
k

.k: 2
Zu? < (Z ai) < (2k —n)?® = 4k* — 4kn + n?,
i=1

=1

which results in

m k n
Zaf = Zaf+ Z a? < 4k* — dkn +n? + 4(n — k)
i=1 i=1 i=k+1

= n? —4(k —1)(n —k) < n?,

a contradiction to our given condition. The proof is complete. ]

69. For n > 2 let a,, a2, ...,a, be positive real numbers such that

1

1 1 iy2
(ﬂ1+ar2+---+ﬂln) _+_+¢!*+_ ‘:_: H—I'— .
a; az g, 2

Prove that max(ay,as,...,6,) < 4min(a, a9, ...,an)-

Titu Andreescu - USAMQO 2009, Problem 4

First solution. Assume without loss of generality that a1 > as > ... >
an. Now we seek to prove that a; < 4a,,.

By the Cauchy-Schwarz Inequality,

1 1 1
(an+az+asz+...+an-1+a1) (—+—+...+—)
a; a4 Uy

2
E(“‘%+n—2+\!ﬂ'
1\* Oy aq #
(n+—) 3_:*(1,‘——1—?1—-2—%1,:‘-—]
2 ay an



nt 5 ?n /I b I
\,’al \;’un
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a
0> (a1 —4ap) (al - *43) :
Since a1 = an, clearly
( - E"—‘i) >0
a’l 4 ¥
dividing yields:
0> (a1 — 4day,) = da, > a;
as desired. U
Second solution. Assume without loss of generality that a1 > ag >
. > ay. Using the Cauchy-Bunyakovsky-Schwarz inequality and the
inequality given,
n-3) (24244 L
a1 +as+...+ an + otn 1 o T T
i +4an) L sy e
—(z“‘}‘ﬂ?‘l‘..."‘ﬂ-n_l L ﬂl &2 .« uw ﬂln
1 2
= (— + 1 —2+ 2)
2
1\ 2
(oo
> (a) +ag + +)(1+1+ —1—)
= \ay a9 _— iy - - e .
(Note that n — 2 > 0 since n > 2 as given!)
3 :
This implies that 3a, — % > (0 & 4a, > a; as desired. [
70. Let a, b, ¢ be positive real numbers such that a +b+c = 4~/abc. Prove

that
92(ab + be+ ca) + 4min(a?, b2, ¢?) > a® + b* + 2.

Titu Andreescu - USAMO 2018, Problem 1

First solution. Without loss of generality, assume that a < b < ¢. Add

ey .Y 4 L i R S T ot M0 [P | o i e bl ONCe Pty Lyt Dot gl oyt (I . FURaT peEed LT R0t LA
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ala+b+c)+bc)> (a+b+c)

3
4““3”*‘*5 > 0 VT,

The last inequality is true by the AM-GM Inequality. Since all these
steps are reversible, the proof is complete. O

Minima and Mazima 99

Second solution. Given the homogeneity, we may assume that
abe =1,
so a+b+c¢ = 4. Let a = min(a, b, ¢). The inequality can be rewritten as
(a+b+c)? +4a® > 2(a® +b° + %),

which reduces to 8 4+ a2 > b? + ¢®. Because

bﬂ+c2=(b+c)2—2bc=(4—a)2-3,

a
it suffices to prove that

2
B4a® = 16 —Bada*——.
a
This is equivalent to 2(2a—1)? > 0, which is clearly true. Equality holds
for a =1/2, bc =2, and b+ ¢ = 7/2, that is

I FhnfTT Tl
(@bo)=|5—F 7

and permutations. " L]
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Chapter 21

Inequalities

71. Prove that for any nonnegative real numbers a, b, ¢ the following in-
equality holds:

(a —2b+4c)(—2a + 4b+ c)(da + b — 2c) < 2Tabe.

Adrian Andreescu - Mathematical Reflections, Problem J379

Solution. Set variables z, y, z such that

a—2b+4c==zx
—2a+4db+c=y
4a+b—2c=2z
Note that
- 2z 4=z
9
2
G Y , and
9
2z +y
[
9
Therefore, our given inequality transforms into
(2z +y)(2y + 2)(22 + ) > 2Tzyz ()

Now observe that the left hand side of (%) is always nonnegative since
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a, b, c are nonnegative. If zyz < 0, the inéduality i8 -tl'i‘ﬂ'ﬂl; SO We assume
zyz > 0. Thus either exactly two or zero of z, y, 2 are negative. If two

of them are negative, say z < 0, y <0, z > 0, then ¢ = rrl <0, a
contradiction. Hence z, y, z are positive, so by the AM-GM inequality

(22 4+ ) (2y + 2) (22 4+ ) > 3/ 2%y - 3/ y22 - 3V 222 = 2Tzy2.

BEquality holds if and only if s =y =2, 0ra =b=c. O |

Chapter 21

72.

Let a, b, ¢, d be nonnegative real numbers such that a®+b2+c? +d? = 4.
Prove that

1 1 1 1
e + o
5—vab 5—+bc 5—+ved 5-—

Titu Andreescu - Mathematical Reflections, Problem 0393
First solution. First, note that 5 — vab, 5 — vVbe, 5 — ved, 5 —/da are

positive, since
= ,‘1112+£:ﬁ2 \/7

ﬂ—I-b.anf:l < L + : for
:1:—|~y 2r 2y

= I

Next, using the inequalities vab <

z, y > 0, we obtain

1 - | 2 o I 1

5—Vab 5 0th =5 _at5-b-2(6—a) 26-0)
2

Writing similar inequalities for the other terms and adding them, it
suffices to prove the stronger inequality

We seek a t such that

<ta?—t+1

5—a

for all ¢ < 2 (note that since a® +b% +c*+d?> =4 we havea, b, ¢, d < 2).
We already have equality for @ = 1 and hence we want a = 1 to be
double root. We obtain ¢t = £ and so




which reduces to (a — 1)%(a — 3) < 0 and thus holds whenever a < 3.
The conclusion now follows.

Equality holds if and only ifa=b=c=d = 1. L]
Second solution. Using the AM-GM inequality we get

4>a®+b*>2b and hence ab< 2.

Inequalities 103
Hence we have ]
\/ﬂ_biﬁ (1)
Using (1) we get
2
1 1 1 (\/L'E—l)
=—~+_(vﬁ—1)+
5—+vab 4 16 16 (5 — Vab)
2
1 Vab -1
£~+~(x/£5—1)+( )
4 16 3
16 (5—5)
=i(2.ab+3\/a_b+23).
112
Similarly,
1 1
<= (2. 9
S (2 bc+3\/E+23) (2)
1 1
< ;
=<1 (2 cd+3x/£+23) (3)
1 i
< s ,
cooe £ 55 (2 da+3\/d_a+23) (4)

Adding (1), (2), (3), (4) and using the AM-GM inequality we get

1 | | 1
+ + +
5—+vab 5—+vbc 5—+ved 5—+da
(Q(ab+bc+cd+ da)+3(\/@+ Ve + Ved + x/da) +92)

= ((a2+b2)+(bg+cz)+(c2-|—d2)+(d2+a,2)
+3(Z%%ﬂ-1-1)+92)
1

s /D | 3:’:1_2 P a2 o e o onaag?2 v oy nﬁ\ 4

{:1
-

b2

VAN
B
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Equality holds only ifa =b=c=d = 1. O

104

Third solution. By symmetry in the problem, it suffices to show that

1 1
+
5—+vab 5—+cd

<

B2 —

Chapter 21

73.

After multiplying by the product of denominators (clearly positive since

R 2
ab, cd < kb ;CQ Ta = 2) and rearranging terms, this inequality is

5 — 3vab — 3ved + Vabed > 0.

Now, using the AM-GM and the AM-QM inequalities, we have

2 2 2

equivalent to

Thus we can define § = 2 — v/ab— Ved, and

2 _ah—
Vabcd=2—25+5 ng Od,

hence it suffices to show that
2425+ 6%—ab—cd >0,

which is clearly true since, by the AM-GM inequality, we have

a? + b% + 2 + d? B
- —

and 26 + 6% > 0. Note that equality requires § = 0, and simultaneously
a=>band ¢=d, which results ina =b=c = d.

ab+ cd < 2

The conclusion follows, equality holds if and only ifa=b=c¢c=d =1,

1
in which case all terms on the left hand side are —. 1

4
Let a1, ....a, be positive real numbers such that

var++vas+...++ap =a1 +az+ ...+ ap.
Prove that

a?+14+4/aZ+1+...++/a2+1<nv2.

Titu Andreescu - Mathematical Reflections, Problem (0343

a‘-ﬁl“*:n“ T P . r’i [ren—— a": | 1 1":‘!_ e WL i T -n'l:!' "1‘\& r‘-',ﬂ'\l'lﬂ-l"i-tr
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Schwarz inequality,

ﬁ/a%+,1+...+\/a§,7+=\/(a1+x/2%71+1)(a1—ﬂ+1)
F.ot \/(an + V2 +1)(an — V2an +1)
<\(A+VZA+n)A-VEA+n) = V22— (n—AP <nv3. O
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T4, Let a, b, c be positive real numbers such that
Z+P+E+(a+b+e)? <4
Prove that

ab+1 be+ 1 ca+ 1
> 3.
(a+b)2+ (4!:l+1r:)EJF (c+a)? —

Titu Andreescu - USAJMO 2011, Problem 1

Solution. Rearranging the condition yields that
a2+b2+c2+ab+bc+mc£2.

Now note that

20b + 2 . 20b+ a® + b% + ¢ + ab+ be+ ac
(a+b)? ~ (a+b)?
(a-l—b)2+ (e+a)(c+ b)

(a + b)?

Summing this for all pairs of {a,b, ¢} gives that

2ab+ 2 (c+a)(c+b)
Z(+b)9“ Z (a+b)? = 6,

eyc
where the last inequality follows from the AM-GM inequality. Dividing
by 2 gives the desired inequality. []

75. Let a, b, ¢ be positive real numbers. Prove that

a3+3-b3+ b3 + 3¢° P ¢ + 3a?
Sa + b ab+ ¢ oc+ a

> %{az + b2+ c2).

Titu Andreescu - USA JAMO) 2012. Problem 3



’

First solution. By Titu’s Lemma, which is a form of the Cauchy-
Schwarz Inequality, we have

Z (a1+ﬂz+ .+ ag)?
by = bi+ba+...+b,

i=1

for any sequences of positive reals a; and b;.

106 Chapter 21

Splitting up the left-hand side and adding some extra factors to make
the numerators perfect squares, and then applying Titu’s lemma to all
six terms, we have

cyc
a* 9qt
a z 5a? + ab +Z 15ac + 3a?
eyc cye

- 16(a? + b% + ¢%)?
~ 8(a? + b2 + ¢?) + 16(ab + be + ca)

16(a® + b2 +c?)2 2 g
2 A TR ) —(a +b% + %),

where for the second equality we have used
a® +b% +¢* > ab+bc+ ca,
which follows from expanding

(a—b)2+(b—c)*+(c—a)>0. []

Second solution. By the Cauchy-Schwarz Inequality,
Z il'?' 4 b3 n bg " bS
cyc-ﬁa—l—h ba+b ba+b Dda+b

2
(Za2+b2+b2+b2)

cyc

5
(Z a(ba + b) + b(5a + b) + b(ba + b) + b(5a + b])

cyc

(4{12 1+ 4b2 + 4(:2)2




"~ (8a2 + 8b2 + 8¢2) + (16ab + 16bc + 16ca)

S 16 (a2+bg+c:')2
= (8a2 + 8b2 + 8¢2) + (8a? + 8b?) + (8b? + 8c?) + (8c? + 8a?)

(by AM-GM) ,
| =§(a2+b2+cg)
as desired. ]
Inequalities 107

76. Let a,b,c > 0 and satisfy
a® + b2+ + abe = 4.

Show that
0 < ab+ bc+ ca — abe < 2.

Titu Andreescu - USAMO 2001, Problem 3

First solution. First we prove the lower bound.

Note that we cannot have a, b, ¢ all greater than 1. Therefore, suppose
a < 1. Then

ab + be + ea — abc = a(b+¢) + be(1l —a) > 0.

Now, without loss of generality, we assume that b and ¢ are either both
greater than 1 or both less than one, so

(b—1)(c—1)>0.

From the given equation, we can express a in terms of b and ¢ as

V(4—b)(4—¢c?) —be
5 :

il =

Thus,

ab+bec+ca—abc=—a(b—1)(c—1)+a+bc<a+be

(4 —0%)(4 —c?) + be
~ 5 :

From the Cauchy-Schwarz Inequality,

V{4-b%)(4—¢c?) +be g VA= +b)(4—c?+c?)
2 N 2 -

This completes the proof. []

2.




Second solution. The proof for the lower bound is the same as in the
first solution.

Now we prove the upper bound. Let us note that at least two of the

* three numbers a, b, and ¢ are both greater than or equal to 1 or less than
or equal to 1. Without loss of generality, we assume that the numbers
with this property are b and ¢. Then we have

(1—b)(1—c) > 0.

108 Chapter 21

The given equality a2+ b% + ¢ + abc = 4 and the inequality b* +c* > 2bc
imply that

a® + 2be + abe < 4,
or

be(2+a) < 4 — a®.
Dividing both sides of the last inequality by 2 + a yields

be < 2 — a.
Thus,
ab+bc+ca—abe<ab+2—-a+ac(l—b)=2—a(l4+bc—b—c)
=2—a(l=-b)(1—-¢) <2,

as desired.

The last equality holds if and only if b = c and a(1—b)(1 —¢} = 0. Hence
equality for the upper bound holds if and only if (a,b,c) is one of the
triples (1,1,1), (0,v2,v2), (v2,0,v2), and (v2,v/2,0). Equality for
the lower bound holds if and only if (a, b, ¢) is one of the triples (2,0,0),
(0,2,0) and (0,0,2). =

Third solution. The proof for the lower bound is the same as in the
first solution.

Now we prove the upper bound. It is clear that a, b, ¢ < 2. If abe = 0,
then the result is trivial. Suppose that a, b, ¢ > 0. Solving for e yields
—be+ /b2 —4(b2 + 2 —4) —be++/(4—b)(4—¢?)
8= == :

2 2

This asks for the trigonometric substitution b = 2sinwu and ¢ = 2sinw,
where 0° < u,v < 90°. Then

a = 2(— sinusin v + cosucosv) = 2 cos(u + v),
and if we set u = B/2 and v = C/2, then
a = 2sin(A/2), b= 2sin(B/2), and ¢ =sin(C/2),

where A, B, and C are the angles of a triangle. We have



. A B
ab—:ismasmg

= stiuﬂtangsinBtang = 2\/sinAtan§SinBtan§

B A
< sinAtanwg—- ‘l_‘SiﬂBtaﬂE
A+C B+C

5 -+ sin B cot 5

= gin A cot

Inequalities 109

where the inequality step follows from AM-GM. Likewise,

B+A . C+A
be < sin B cot + sin C' cot 5

B C+B
sl + sin C' cot _2|- .

ca < sin A cot

Therefore

A—;B —I—(sinB+sinC’)cotB;G
C+ A

2
( A-B A+ B B—-C B+C
= 2 | cos

ab + be + ca < (sin A + sin B) cot

+ (sin C + sin A) cot

5 COS 5 -+ COS 5 COS 5

C—-A C+A>

cos
2 2

— 2(cos A + cos B + cos C)

B G
=6—4 (sinlgé + gin? — + sin? ,..)

-+ CoSs

2 2 2
=6 — (a® + b* + %) =2 + abe,

as desired. . [

77. Let a, b, ¢ be positive real numbers. Prove that

(2a + b+ c)* (2b+ ¢+ a)? (2¢+ a + b)?
202+ (b+c¢)? 208+ (c+a)® 232+ (a+b)? ~

Titu Andreescu and Zuming Feng - USAMO 2003, Problem 5

First solution. Since all terms are homogeneous, without loss of gen-
erality we may assume that a + b+ ¢ = 3.

Then the left-hand side becomes



(a+3)?% a’+6a+9 (1 8a + 6 )
22a2+(3_a)2_23{12—6ﬂ,+9_z 3+3a2-—ﬁ¢1+9 '

- Notice that
30> —6a+9=3(a—1)*+6>6,

S0
8a + 6 8a + 6
< i
3062 —6a+9~ 6
110 Chapter 21
So
> (a+3)? {Z 1, 8a+6 _1+8(a+b+c)+18_8
202+ (3 —a)? — 3 6 N 6 -
as desired. -

Second solution. Given a function f of three variables, define the
cyclic sum

Z fp,q,7) = fw,q,7) + f(g,r, ) + f(r,p,9).
cye

Splitting the 8 among the three terms yields the equivalent form

4a? — 12a(b+ ¢) + 5(b + ¢)?
Z 3[2a% + (b + ¢)?] 20. 2)

eye

The numerator of the term shown factors as (2a — z)(2a — 5x), where
z = b+ c¢. We will show that

(2a — x)(2a — 5z) 5, 4(2a — x)

3202 +22) ~ 3(a+x) 3)

Indeed, (3) is equivalent to |
(2a — z)[(2a — 5z)(a + z) + 4(2a* + z%)] > 0,
which reduces to
(2a — 2)(10a® — 3az — %) = (20 — 2)%(5a + z) > 0,
which is evident. We proved that

402 — 12a(b+ c) + 5(b + ¢)* 4(2a —b —c)
[ :} - 1
3[2a% + (b + ¢)?] — 3(a+b+e)

1 FESsy 11 T™ %% 4 1T 'Yy sy 07 Y EoN T .9 e
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Third solution. Since, the inequality is homogeneous we may assume
thata+b+c=1and0<a, b, c< 1.

The first term on the left-hand side of the inequality can then be written

as
(a+1)*  a*+2a+1

fea)= 2024+ (1 —a)? 3a2-2a+1

Inequalities 111

78.

Note that equality holds when @ = b = ¢ = 1/3. A simple sketch of f(z)
on [0, 1] suggests that the curve lies below the tangent line at z = 1/3,
which has the equation

_ 12z +4
yﬂr 3 !

So we claim that

a?+2a+1 = 12a + 4

— for 0 < a < 1.
i Sl F e

f(a)

Upon clearing the denominators, this is equivalent to

360% — 15a® —2a+ 1 > 0.

Note that since the curve and the line intersect and are tangent at 1/3,
(3a — 1)? must be a factor. Using this we find that the inequality factors
as

36a® —15a° —2a+1=(3a—1)%(4a+1) >0

and hence holds for 0 < a < 1. Adding the similar inequalities for b and
c gives

Fla) + F0) + (o) < 22T Jin s -

Let a, b, and ¢ be positive real numbers. Prove that

(@®—a?+3)(B° -2 +3)(c—c®+3) > (a+b+c)°.

Titu Andreescu - USAMO 2004, Problem 5

Solution. We first note that for positive z,2° + 1 > z° + 2°. We may
prove this in the following ways:

e Since 2 and 2® must be both lesser than, both equal to, or both
greater than 1, by the rearrangement inequality,

$2-$3+1-12m2*1+1-m3.
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e Since zZ — 1 and z* — 1 have the same sign,
0< (@~ 1)z*-1) =223 -22 +1,
with equality when z = 1.

e By weighted AM-GM,

2
5$5+§2m2

Chapter 21

Adding these gives the desired inequality. Equivalently, the desired in-
equality is a case of Muirhead’s Inequality.

It thus becomes sufficient to prove that
(@3 +2)(BP + 20 +2) > (a+ b+ o).
We present two proofs of this inequality:

e By Holder's Inequality,
(m11+mia2+my3)(ma1 +maa + ma3z)(ms +msza +ms3)

We get the desired inequality by taking m1 1 = a2, mgs = b3, mag3 = ¢4,
and m;y = 1 when o # y. We have equality if and only ifa = b= ¢ = 1.

e Take z = +/a, y = Vb, and z = 1/c. Then some two of z, y, and z are
both at least 1 or both at most 1. Without loss of generality, say these
are ¢ and y. Then the sequences (z,1,1) and (1,1,y) are oppositely
sorted, yielding

(2 +14+ 1)1 +1+4°%) >3z + 1 +9°)
by Chebyshev’s Inequality.
By the Cauchy-Schwarz Inequality we have
@®+14+%0+2°4+1) > (27 +9° + 2°)°

Applying Chebyshev’s and the Cauchy-Schwarz Inequalities each once
more, we get

W'+ +2Y) 2 @+ ety + 2
and
B+ + DN z+y+2)> (@ +y°+ 222
Multiplying the above four inequalities together yields
(2° 4+ 2)(y° + 2)(2° +2) > (& + y* + 2%)°,
as desired, with equality if and only if t =y =2 = 1. Ll



79. Find the minimum possible value of
a b % d
b?’+4+ c'3+4+d3+4+a3+4
given that a, b, ¢, d are nonnegative real numbers such that

a+b+c+d=4.
Titu Andreescu - USAMO 2017, Problem 6

Inequalities 113

Solution. We observe the identity

1 . 1 i
B4+4— 4 12
since
12— (3-b)B*+4) =bb+1)(b—2)%2>0.
Moreover,

2
ab+bc+cd+da=(a+c)(b+d) < ((ﬂ+c}+(b+d)) = 4.

2
Thus
a a+b+c+d ab+be+ed+ da I 2
> > - >1—-==.
b3 + 4 4 12 3 3
eyc
This minimum -§~ is achieved at (a,b,e¢,d) = (2,2,0,0) and permuta-
tions. 1

80. Let n be a positive integer. Find the largest constant ¢, > 0 such that,

for all positive real numbers zy, ..., x,,
LR : by =, 1 1
oz (ri+...tzp)? T &y T @a | BiRaeatmn]

Titu Andreescu and Dorin Andrica - Mathematical Reflections,
Problem U193

Solution. If we set z; = 1/n for all k, then we get

" nd +1
=R




Conversely, we will show that the inequality holds with

. ond+1
T M)
hence this is the largest such constant. By homogeneity we can normalize
by setting
TL
EE:$¢==1.
i=1
114 | Chapter 21

Let ag = 1/z;. Then we have the inequalities

T mn Z
nZaﬁ = (Zak)
k=1 =1

T

Zai > n?

k=1
n n
Y af+n’>2

ap +Nn° 2 2an Q.
k=1 k=1

The first of these is Cauchy-Schwarz, the second is the Power Mean
inequality, and the third is simply expanding

i

Z(ak —n)? > 0.

EH

Taking n® + 1 times the first, (n? + 1)(n — 1)/n times the second, and
(n? + 1)/n times the third and summing gives after a little algebra

(n? +1)° (iaﬁ + 1) > (n®+1) (iﬂ,;ﬁ— 1) :
k=1 ;

|
Unwinding definitions, this is exactly the requested bound for

B n° + 1
RGEDE

Cn
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Sequences and Series

81. Let sy, 389,...,895 be the squares of some 25 consecutive integers. Prove

that
81+8y+ ...+ 835

25
is also the square of an integer.

— 92

Titu Andreescu, AwesomeMath Admission Tests 2007, Test C
Solution. Let s; = n?, s = (n+1)?, ..., so5 = (n+ 24)°. Then

s1+sa+...+8% - ?‘L2+(ﬂ+1)2+...+(ﬂ+24)2__

5F 52 = oF 52
25n2 : 1.94,.95.
_ dn®+424-25n+ 52425 49‘52
25
= n®+24n + 196 — 52
(n+12)%,
and the problem is solved. [

82. Let n be a positive integer. Evaluate Z



==L

Titu Andreescu - Mathematical Reflections, Problem 5481
Solution. By synthetic division,

(n+ k) k*+3nk?+ 302k + n®

=k+4+4n + 3n2*rk,

nd+ k3 k2 — nk + n2
h
where  gkem
= k%2 —nk+n2
116 Chapter 22

Notice that

o 2(n—1i)—n oon=2i ”
LT -2 —nn—0)+n2 P-ni+tnz
Thus
Z""k — 12?111 —i = Tn _TU+ZTﬂ-? == £ B ZT::
k=1 i=0 1=1
SO |
& 1
3=
k=1
Therefore,
i T
(n+k)* 5 n(n + 1) n(9n + T)
; T 13 —Z_;(F‘.:+4n+3n ¥ )= 5 +3n = 5
O
83. Let ap =1 and apt1 =agp ... -a,+ 3 for n > 0. Prove that

an+ /1 —anany1 =1 foralln>1.

Titu Andreescu, AwesomeMath Admission Tests 2010, Test A

Solution. Observe that ap+1 = (@, —3)a, +3 = a2 — 3a,,+ 3 is an easy
consequence of ane 1 =ag- ... a, + 3.

Therefore

ant+/1 — andni1 = ant+3Y/1 —an(a2 — 3a, + 3) = ap+/(1 —a,)3 =1,

and we are done. ]

84. Let a1 = ay = 97 and



Aral = Gnln—i -+ \/(u% —1)(a?_;-1), n>1.
Prove that

(a) 2+ 2ay, is a perfect square.
(b) 24 +/2+ 2ay, is a perfect square.

Titu Andreescu - USAMO Shortlist 1997

Sequences and Series 117

Solution. The expressions a? — 1 and 2 + 2a ask for the substitution

1 . 1

1 1)?
The equality 3 (bﬂ + b%) = 97 implies (b + E) = 196, hence
1
i e 14.

1) ? 1
Setting b = ¢? yields (c—l— E) = 16, thus ¢ + o= 4. Let ¢ =24 /3.
We will prove by induction that

1 1
ﬂﬂ'zﬁ(chﬂ+c4Fn) i ﬂazl?

where F, is the n'® Fibonacci number.
Indeed, this is true for n = 1, n = 2 and, assuming that

| 1
ak=§(cm+m)1 k<n

1 ap, 1 4F, 1
Grr™ g ("f + C4F“) (ﬂ o c4fn~1

L ( 4k, 1 4F,_ 1 L ap oy 1
"1 (C - C4F“) (C AR ) T\ T T aEEn )

Then

implies

1 I 3*
2+ 2a, = 2+ A 4 = (cﬂf‘"ﬂ + chﬂ)

and

1 1 &E
c2n cin



These formulas solve the problem since ¢™ + c_;‘*- is an integer for all

positive integers m. This follows by either noting that since % = 2—4/3,
the binomial theorem gives

|m/2]
1 m
m =T kaom—2k
c +£:m 2 .,;:D (Zk)S 2 ;

or by noting that the sequence z,, = ™ + i satisfies xgp = 2, 1 = 4,
and z,, = 4%, 1 — Tn_o for n > 2. Ll
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85. Let a be a real number greater than 1. Evaluate

1 2a 4q3 8a’

— — +---
a?—a+1 a4—a2+1+a3——a4—i—1 al® —af +1

Titu Andreescu - Mathematical Reflections, Problem U247

Solution. Let

n o ok—1,2%1—1
Sam= ) 0 =
k=1
Since
1 1 B 2a
a2—a+1 a?+a+1 at+a2+1
B 2a i 2a . 43
at—a2+1  a*+a?+1 a8 +at+1
| Qﬂ—lﬂB“"l—l 211:—1&2'”_1—-1 O 2" 1
- +(=1)" = (—1)*+

agn_agn—l_l_l a2ﬂ+ﬂgn+1+1 a2ﬂ+1+agn _|_1

Summing up the two columns, we get

on 2n—1
Sn - 1 = (_1)ﬂ+1 n+1 = n .
a®+a+1 a2 402" +1
Now,
on {12“ —1 on GT" on
n-+1 —_
0 | o | S = o
i)
and — (0 as n — 00. So,

a?"



o= a?® — a2t 41 wﬂ]lﬂasn:ﬂg—}—a—'—l -
o . DO ) #
86. Fvaluate 33—
' et et (4 5+ 1)
=1 j=1
Titu Andreescu - Mathematical Reflections, Problem U61
Sequences and Series 119

First solution. For each 1,

5! B 1
C+i+1) GHDE+)...(GHi+1)

_1( 1 - 1 )
T \G+HDG+2).. G+ G+2DG+3) ... (f+i+1) )
Thus

o0 o0 i1 00 ' 00 4!
Zz(i+j+1)! =2, “'Z(Hgfﬂ)l

i=1 j=1 i=1 j=1
> 1 = 1 — (1 1
= ' . = — _ — = ]_,_ D
Z(E i(z‘+l)!) Zi(z‘-{-l) Z(g i+1)
i=1 1=1 =1
Second solution. Recall that the Beta function gives
®i 4 : ilj!
t'(1 -ty dt = —— :
./u ( ) (i+4+ 1)

Therefore we compute

em il o [T ;
23 i o, v

= i=1 j=1
1 & 1
=[ IR ﬁ:fﬁ=L 0
Jo 1=t 1—(1—1¢) 0
87. Evaluate "
2 L S

=0

Titu Andreescu - Mathematical Reflections, Problem U320



-

Solution. Denote for all non-negative integer N,

N on
SN:ZQZ“_|_]_'

mi=I()

We show that for all positive integer N, we have

2N—|—1

SN=1-22N+1_1'

120 Chapter 22
The result is clearly true for N =0 and N =1, since
1 2 2 2 4 g
So=—-=1—-—-=1-— R —=]1l-—=1— —=,.
073 3 1’ C1TR0TE 15 9% 1
If the result is true for N — 1, then for N we have
ol w22 41— (22 ~7) g
Sy =5v_1+ v =1 7 2 =1-— = .
247 +1 (227 +1)(227 - 1) REA = ]
Hence by induction the result is true for all non-negative integer V.
It follows that
w o %

_— i =1 - ]_[ — — i =3
2y = Am Sv-=1-fim e =1 lm =
n=0

since as it is well known, the exponential function increases much more
rapidly than the linear function, and where we have defined z = 2%,
The conclusion follows. [l
88. Evaluate -
5" 16n? — 12n + 1
— 92!
—~  n(dn 2)!

Titu Andreescu and Oleg Mushkarov - Mathematical Reflections,

Problem U322
Solution. Note that
16n” —12n+1  4n(4n — 3) L1
n(dn—2) «a@n-2)!  n(dn —2)!
dn — 3 dn — 1
- :
dn—2)1 T Tan)

1 1 1 1
= ((4n. —3)  @n_2)  @n_11 (Tﬂj“!) '



Therefore,

o) S 00
n(dn — 2)!

==l

1 1 1 1
((-:m 3 @n—2)!  @n-1! (4n):)

Sequences and Series 121

89. Evaluate the following sum

Z 3?1(23“—1 £ 1)

P2+ 1

n=0

Titu Andreescu - Mathematical Reflections, Problem U344

Solution. For n a nonnegative integer,

" +2) 3 %, (2% £ (2T =) d® " ¢
4% 49 ] R 83" —1
3n+1
T 9wy

So for N a nonnegative integer, by a telescoping sum, we have
Z 37 (21 +1) i 1 s metl
43" 428" 41 2\2%" -1 23+ —1
n=0 n=>0

1 3N+1

Since 2% is much bigger than x for large x, this implies

n(H3"—1 N41
Z:3(2 +1)_hm£(1_ 3 1)=

f 4B 42+ 1 N2 pEHL,

4
o

90. Evaluate

Z( 1)"(n —fn+l)3
n>2 2+ (n+2)!

Titu Andreescu - Mathematical Reflections, Problem U457
Solution. We have

(-1)*(n? 4+ n—1)3 Z ~1)*(n?+n—-1)°
Z n—2) 4+ (n4+ 20 (R—Q)'fl—lr(ﬂ—l n(n+ {n + 2))




=z 5 ' N=a

Z(( )*(n?+n—1)° Z{ D™"(n?+n-1)

= 2){(n? +n —1)2 = (n —2)!
(D=8 |~ (D m=2) g (1)
T; (n—2)! 6; (n—9) 51;(?1-2)!
_1 6.5 4 =
€ [ €

122 | Chapter 22
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Polynomials

91. Consider the polynomials with complex coeflicients

P(z)=z"+az" '+ +a,and Q(z) =z" +b1a" '+ -+ b,

having zeros x1,x9,..., T, and :E%, :1::%, e ,m.-;ri respectively.

Prove that if ay + a3 +as+ ... and as + a4 + ag + ... are real numbers,
then by + by + --- + b, is also a real number.

Titu Andreescu - Revista de Matematicd din Timigoara, Problem 2864

Solution. Since
P(z) = (3—21) - (z — n)

and
(-1)"P(—z)=(z+x1) - (& + x),

we have
(-1)"P(2)P(~z) = (2* = a) - - (2 — 2}) = Q(z?),

The hypothesis implies that a; +ag+- - -+an and a3 —as+- - -+(—1)""tay,

-



92.

are real numbers, so that (1) and £{—1) are real numoers. Hence
Q(1) = (=1)"P(1)P(—1) i a real number. Therefore by + by +---+ b,
is a real number. ]

Find all pairs a and b of distinet positive integers for which there is a

- polynomial P with integer coeflicients such that

124

P(a®) + 7(a + b%) = P(®) + 7(b+ a?).

Titu Andreescu - Mathematical Reflections, Problem U421

Chapter 28

93.

Solution. Rewriting the given equation as
P(a®) — P(b®) = T(b+a% —a—b%) = T(a—b)(a+b—1),
and recalling that since P(z) has integer coefficients, we have
a® - b’ | P(a®) - P(¥"),

we conclude that
ad —b | T(a—b)a+b-1).

Since a # b, this implies that
a’+ab+b* | T(a+b—1).
We can assume that ¢ > b. Then we have
T(a+b—1) > a®+ab+b® = (a+b—1){a+1)+b*—b+1 > (a+b—1)(a+1)

= Tawag4al =60

Hence b < a < 6. Further simple calculation shows that b =1, a = 2
and b= 3, a = 5 are the only possibilities.

Ifa=2b=1ora=1, b= 2, we can take P(x) = 2z.
fa=5b=30ra=3, b=>5, we can take P(z) = x.
Hencewe havea =2, b=1;a=1,0=2;a=5,b=3;0ora =3, b = 5.0

Let P be a nonconstant polynomial with integer coeflicients. Prove that
for each positive integer n there are pairwise relatively prime positive
integers ki, ko,...,kn > 1 such that kjks - ...k, = |P(m)| for some
positive integer m.

Titu Andreescu - Mathematical Reflections, Problem U450

!



First solution. We argue by induction, the case n = 1 being obvious.
Suppose that we found pairwise relatively prime integers kq,..., k, and
a positive integer m such that

klkz * aieve kn = |P(m)|

For a positive integer j, let

P 2
:Ej=m+j(k1k2*...-fi:n)2 anda,j= ‘ (:ﬂ‘j”.
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Note that P(z;) — P{m) is divisible by z; — m, thus also by
(kika ... kn)? = |P(m)]%.

Hence a; is an integer and a; = +1 (mod k1kg - ... - k). In par-
ticular k1,...,kn,a; are pairwise relatively prime for all j. Since P
is not constant, there is j such that a; > 1 (each of the equations
Pim+ x(ky ... ky)?) = bP(m), for b = 0,1, has finitely many solu-
tions). Setting kypy1 = a; and m' = z;, we obtain

kikg ... kny1 = |P(m')],
as desired. []

Second solution. By Schur’s theorem there exists distinet prime num-
bers pi,po, ..., pn and positive integer m;j, ms,..., my, such that

P(m;) =0 (mod p1)
P(mg) =0 (mod p2)
P(myp) =0 (mod py).
By the Chinese Remainder Theorem, exist positive integer m such that

m=m; (mod pp)
m =mg (mod ps)

m=m, (mod p,).

We have Vi € {1,2,...,n}: m =m; (mod p;), hence we get

P(m) = P(m;) =0 (mod p;).

S RE| = = 7  m i . T



A40Us ppa... Py AlVidc /i1 ). Nence we sel
|[P(m)| = pi'py” ... pp" - 4,
where ay,a9,...,a, >0 and A € N. Choosing
kl :p‘]_h? ko =P§2w-- ?kﬂ-"*l Zp:i_lli K =p?z,n ' A‘!

we have
k1kg . ...-kﬂ = !P(??Ir)l

and for 7 # j that (k;, k;) = 1. ]

126 Chapter 23

94. Let x1, 29, 3,24 be roots of the polynomial 2018z% + 23 + 201822 — 1.
Evaluate

(2 — 21+ 1) (25 — z2 + 1) (2] — 23+ 1) (2] — 24 + 1).

Titu Andreescu - Mathematical Reflections, Problem U451

First solution. From Vieta's formula we obtain

Zml = —1/2018,
ciyc

Zﬂ:lmg = 1,

cyc

Z X1LoaX3g — 0,
cyc
L1Toialy = —1/2018.
On the other hand, since
(2° —z+ 1) = (z — w)(z - @),

where w = (1 + \/—_3) /2,
[[ -2+ 1) = [[(@1 ~w)(z1 —@)

eye ciye

= (mlmgiﬂgmq — W E T1T9T3 gy Z E1Ey — w? E T -|-w4)

cyc cyc eye

- ($1$2$3£ﬂ4 — EZmlmgﬂ:g + W’ Z TiLo — o Z 1+ E‘l)

[P clC chyc



B L e ! L o2 1
“\ 2018 7Y Too8s Y\ T2018 T Tao01 ¥

Second solution. Let a # ) be a real number and 1, 22, 23, x4 be the
roots of the polynomial

P(z) = az* + 23 + a2? — 1.

Polynomials 127

We want to evaluate the expression

4
E=(}-o1+1) (@2 —20+1) (22 —z3+1) (2] —2a+1) = H(mf—mi—l—l).
i=1

We use complex numbers. Let

T e
w=cc-s§+tsm—,

3

which is a primitive cube root of —1. Then we have the relations
w2 —w+1=0, and w® = —1.
Moreover, we have the splitting
*—z+1=(z—w)(zx—w).

From this splitting we have

4

E = H(It —w)(x; — ).

i=1
In order to compute this product we consider the splitting
P(z) = a(z — 21)(z — 22)(z — z3)(z — x4).
It follows that P(w)P(w) = a®E, and therefore

_ Pw)P(w)
=

E

We have

P(w) = aw* + w® + aw?® — 1 = —aw + aw® — 2

omar e i e o 4 ™ &% i RN



— Wi — L)y 4 — 7\ T &)
Taking the conjugate, we also have

P(@) = —(a +2).

So, "
p=BtE
(1
10107
— — _ O]
In our problem, a = 2018 and F 10092
Chapter 23

Third solution. Let M denote the matrix

0 1 0 0

0 0 1 0

M=1 "9 09 o0 1
|t O =1 =g |

p(z) =2+ —=2° + 2° — ——,

and therefore x1, 2, x3. ¥4 are the eigenvalues of M. Since M has distinct
eigenvalues, it is diagonalizable. Thus we can write M = PDP~ !, where
D is a diagonal matrix with diagonal entries [z1, z3, 3, Z4].

Now consider the matrix

N=M?>-M+1I=(PDPY)YPDP)-PDP '+ PIP!
= P(D*~D+I)P7".

Then N is a diagonalizable matrix that has eigenvalues:
:r:%-:.trl+1, :T:%*—*:Eg-l-l, mg—m3+1, .1:3-3;4—!—1.
Since the product of these eigenvalues is the determinant of N, we have
det N = (22 — 21 + 1)(22 — 29 + 1)(23 — 23 + 1}(m§ —dg41),

Hence the requested product is

1 -1 1 0 1 -1 1 2019
0 1 -1 1 0 1 —1 1
detN=| L. g ¢ -BI= . 0 0 0
2019 1 2019 2019 2019 1 2019 2019
T 20182 2018 32018 20187 20182 2018 2018 5018
1 -1 1 2019 ‘ 0 -1 1 2019
_ — 1 "—'1 ]. el 0 0 2020
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1 2019 —2019 | 0 2020 0
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95. Let a, b, ¢, d be real numbers such that b—d > 5 and all zeros z1, x2, x3,

and z4 of the polynomial P(z) = 2% 4 az® + bx? 4 cx + d are real. Find
the smallest value the product (22 + 1)(x3 + 1)(25 + 1)(z% + 1) can take.

Titu Andreescu - USAMO 2014, Problem 1
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Solution. If z,, 29, x5, 24 are the roots of P(x), we can write

P(:r) = (:I: = ml)(:ﬂ = .Tg)(m = 3:3}(:1? — :174].

We have
4 4
[[Ei+1) = [k —i)(z+1)
k=1 k=1
= P(i)P(—1)
= (1-b+d—ila—c)(1—-b+d+i(a—c))
= (b—d—-1)?*+(a-¢)*
> 16,
and the equality is attained when b—d = 5 and a = c. (]

96. Let P(z) = 2" 4+ a12™" 1 + ...+ apn_1z + 1 be a polynomial whose roots
T1,%2,...,Tn are real and positive. Prove that for any positive real
number ¢

(8 —tzy + 22)(t® —tzo +23) - ... - (£ —twy + 22) > 22| P(3)).

Titu Andreescu - Mathematical Reflections, Problem U529

Solution. Firstly, we show that n must be even. For if n was odd, the
product of the positive real roots of P(x) would be —1, an absurdity.
Next, note that t* — tx; + oy = (£ — :ri-)z + tz; which by the AM-GM
inequality (which we may use as t,z; € R7), is greater than or equal to
2|t — x;]y/Tz;. Multiplying these inequalities (note that both sides of all
inequalities are non-negative) for i = 1, 2,...,n, and using

Ti
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we obtain

T

T
[I(# —ta; +22) > 272 T] |(2 — @)

el i=1

T
Hmi = "3 |1P(t)],
1=1

as desired.

Let us also consider when equality holds. Equality holds if and {:r]ﬂj; if

(t—z) =t = 2 -3tr;+a27 =0 > t=

(3 +/5)z;
2

Chapter 28
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for all i = 1,2,...,n. For the polynomial P(z), this means that P(x)
has either only one root or two roots which are at %"'—Et. In the first
case, since the root is positive and the constant coefficient of P(x) is 1,

we must have P(z) = (x—1)" for even n and equality holds at ¢ = %
In the second case, because the constant term of P(zx) is 1, this forces n

—2k)/
even, t = (ﬁ%—"—@){n n, and

k

& 2k
34 5 2(n—k)/n 345 2k/n
Plg)= | z= T —

2
for some integer £ with 1 < k < n. 1

Let P(z) = z*+ax®+bz?+cx+858 be a polynomial with real coefficients
all whose roots are real numbers greater than 1. Prove that

a+b+ c <2021,
AwesomeMath Admission Tests 2021, Test B, Part 11
Solution. We have P(z) = (z — z1)(z — 22)(z — z3)(x — x4) and
a4 = T1To9x3Ty = 8H8.
Multiplying the inequalities (24)% > 4(zz — 1) for k= 1,2,3, 4, yields
(a1)? > 4*P(1).

It follows that

852

2880 > 7

> P(1)=14+a+b+ c+ 858,



implying
a+ b+ c < 2021.

98. Let a, b, ¢, d be real numbers such that all solutions to the equation

2P 4 ax +bxd +ex® + de+1022=0
are real numbers less than —1. Prove that a4+¢ < b+ d.

Titu Andreescu - Mathematical Reflections, Problem U547

- Polynomials 131

99.

Solution. Let P(z) = z® + az* + bz® + cz? + dz + 1022 and let
T1, To, T3, T4, T5 be the roots of P(z). Observe that

4(—1 —zp) < J}i

forall k = 1,2,...,5, so by multiplying side by side all of these equalities,
we get
1024P(—1) < (—1022)2.

It follows that —1+a—b+c¢—d+ 1022 < 1021, hence the conclusion.[]

For integral m, let p(m) be the greatest prime divisor of m. By conven-
tion, we set p(&1) = 1 and p(0) = oo. Find all polynomials f with inte-
ger coefficients such that the sequence {p(f(n?)) —2n)},cz>0 is bounded
above. (In particular, this requires f(n?) 0 for n > 0.)

Titu Andreescu and Gabriel Dospinescu - USAMO 2006, Problem 3

First solution. Let f(z) be a non-constant polynomial in z of degree
d with integer coefficients, suppose further that no prime divides all the
coeflicients of f (otherwise consider the polynomial obtained by dividing
f by the ged of its coefficients). We further normalize f by multiplying by
—1, if necessary, to ensure that the leading coefficient (of 2%) is positive.

Let g(n) = f(n?), then g(n) is a polynomial of degree 2 or more and
g(n) = g(—n). Let g1,...,gr be the factorization of g into irreducible
factors with positive leading coeflicients. Such a factorization is unique.
Let d(g;) denote the degree of g;. Since g(—n) = g(n) the factors g; are
either even functions of n or come in pairs (g;, h;) with

gi(—n) = (=1)¥9) py(n).

Tet o) = oc. n(+1) = 1. For anv other intecer m let n{m) be the
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largest prime factor of m.

Suppose that for some finite constant C' and all n > 0 we have
p(g(n)) —2n < C.

Since the polynomials g; divide g, the same must be true for each of the
irreducible polynomials g;.

A theorem of T. Nagell implies that if d(g;) > 2 the ratio p(gi.(n)) /n
is unbounded for large values of n. Since in our case the p(g;(n))/n is
asymptotically bounded above by 2 for large n, we conclude that all the

Chapter 25

irreducible factors g; are linear. Since linear polynomials are not even
functions of n, they must occur in pairs

gi(n) = asn + b,  hi(n) = an — b;.

Without loss of generality, b; > 0. Since the coeflicients of f are relatively
prime, so are a; and b;, and since p(0) = oo, neither polynomial can have
any non-negative integer roots, so a; > 1 and thus b; > 0.

On the other hand, by Dirichlet’s theorem, a; < 2, since otherwise the
sequence a;n + b; would yield infinitely many prime values with

p(gi(n)) = ayn + b; > 3n.

So a; = 2 and therefore b; is a positive odd integer. Setting b; = 2¢; + 1,
clearly p(gi(n)) — 2n < 2¢; + 2. Since this holds for each factor g;, it is
true for the product g of all the factors with the bound determined by
the factor with the largest value of ¢;.

Therefore, for suitable non-negative integers ¢;, g(n) is a product of
polynomials of the form 4n? — (2¢; + 1)2. Now, since g(n) = f(n?), we
conclude that f(n) is a product of linear factors of the form 4n—(2¢;+1)2.
Since we restricted ourselves to non-constant polynomials with relatively
prime coefficients, we can now relax this condition and admit a possibly
empty list of linear factors as well as an arbitrary non-zero integer mul-

tiple M. Thus for a suitable non-zero integer M and k > 0 non-negative
integers ¢;, we have

k
fn)=M J]¢4n - (2e: +1)%). O

=1

Second solution. The polynomial f has the required properties if and



only 1t
flz) = c(dz — a%){fim — a.%) oo (4 — a%),. ()

where a1, a9, ..., a are odd positive integers and ¢ is a nonzero integer.
It is straightforward to verify that polynomials given by (*) have the
required property. If p is a prime divisor of f(n?) but not of ¢, then
p|(2n — a;) or p|(2n + a;) for some j < k. Hence

p — 2n < max{ai,as,...,ax}.

The prime divisors of ¢ form a finite set and do not affect whether or not
the given sequence is bounded above. The rest of the proof is devoted
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to showing that any f for which {p(f(n?)) — 2n},>0 is bounded above
is given by (*).

Let Z[x] denote the set of all polynomials with integer coefficients. Given
f € Z|z], let P(f) denote the set of those primes that divide at least one
of the numbers in the sequence {f(n)},>0. The solution is based on the
following lemma.

Lemma. If f € Z[z] is a nonconstant polynomial then P(f) is infinite.

Proof. Repeated use will be made of the following basic fact: if a and
b are distinct integers and f € Z[z], then a — b divides f(a) — f(b). If
f(0) = 0, then p divides f(p) for every prime p, so P(f) is infinite. If
f(0) = 1, then every prime divisor p of f(n!) satisfies p > n. Otherwise
p divides n!, which in turn divides f(n!) — f(0) = f(n!) — 1. This yields
p|l, which is false. Hence f(0) = 1 implies that P(f) is infinite. To
complete the proof, set g{z) = f(f(0)z)/f(0) and observe that g € Z|[x]
and ¢(0) = 1. The preceding argument shows that P(g) is infinite, and
it follows that P(f) is infinite.

Suppose f € Z[z] is nonconstant and there exists a number M such that
p(f(n?)) — 2n < M for all n > 0. Application of the lemma to f(z?)
shows that there is an infinite sequence of distinct primes {p;} and a
corresponding infinite sequence of nonnegative integers {k;} such that
pj|f(k2) for all j > 1. Consider the sequence {r;} where

r; = min{k; (mod p;),p; —k; (mod p;)}.
Then 0 < 73 < (p; —1)/2 and pﬂf(ﬂ"f) Hence
2r; + 1 < p; < p(f(r7)) £ M + 25,

sol <p;j—2r; £ M for all 7 > 1. It follows that there is an integer

1 T | T =~ m &y 1 L % P, v ¥ e - f e e T™ 1
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a1 such bilab 1 > ] = ¥ Jdlil 4] = Py — &7 4 100 HUDILELY 1ally J. LGl

m = deg f. Then

pild™f(((p; — a1)/2)?) and 4™f(((z —a1)/2)?) € Z[z].

Consequently, p;|f((ai/ 2)?) for infinitely many 7, which shows that
(a1/2)? is a zero of f. Since f(n?) # 0 for n > 0, a; must be odd.
Then f(z) = (4z — a1)*g(x), where g € Z[x]. (See the note below.)

Observe that {p(g(n?))—2n},>o must be bounded above. If g is constant,
we are done. If ¢ is nonconstant, the argument can be repeated to show
that f is given by (x). O
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Remark. The step that gives f(z) = (4o — a9)g(x) where g € Z[z] fol-
lows immediately using a lemma of Gauss. The use of such an advanced
result can be avoided by first writing f(z) = 7(4x — a?)g(z) where r is
rational and g € Z[z]. Then iterating the argument gives

f(-'F):C(*i:r—a?)...(4m_ﬂ%)

where ¢ is rational and the a; are odd. Consideration of the leading
coefficient shows that the denominator of ¢ is 2° for some s = 0 and
consideration of the constant term shows that the denominator is odd.
Hence ¢ is an integer.

Let P be a polynomial of degree 5, with real coefficients, all of whose
zeros are real. Prove that for each real number a there is a real number
b such that

b*P(a) + 4bP'(a) + 5P"(a) = 0.
Titu Andreescu - Mathematical Reflections, Problem U203

First solution. We will prove the following more general result:

Let P be an n!* degree polynomial (n > 2) with real coefficients and
only real zeros, and let C, D be real numbers such that

nC? > 4(n—-1)D > (n—1)C.
Then, there is at least one real number b such that
b*P(a) + CbP'(a) + DP"(a) = 0.

The real b is unique if and only if nC? = 4(n — 1)D and P has all zeros
equal, otherwise exactly two real b’s exist. Clearly, the original proposed
problem is a particular case with n = 5, C = 4 and D = 5, and since



5C? = 80 = 16D, equality holds in the proposed problem if and only if
P has five equal real zeros. Let z;, i = 1,2,...,n be the zeros of P, then
P'(a) = SP(a), P"(a) = 2T'P(a), where we have defined

T

S=Z“~iv T = Z Ugthy, uizﬂ_lz‘:
i

i ' 1<i<3<n

and each wu; is a real number because a is not a zero of P, hence S, T are
also real. Therefore, for any real C, D, the quadratic equation in b,

b*P(a) + CbP'(a) + DP"(a) = 0,
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has real solutions if and only if the discriminant A > 0, where
A = C%(P'(a))? — 4DP(a)P"(a) = (C?S% — 8DT)(P(a))?,

or since g is not a zero of P, if and only if C*S% — 8DT > 0. Now, note
that

T
C2§2 —8DT =C?Y w2 - (4D -C% ) 2uwy

i=1 1<i<j<n

(P-4 —-D)Y W+ (4D -CF) Y (w20,

i=1 1<i<1<n

with equality if and only if nC? = 4(n — 1)D, and simultaneously all u;
are equal. This last condition is clearly equivalent to all zeros of P being
equal. L

Remark. Note the the condition P/(a) # 0 is not necessary. Indeed,
note that if 4(n — 1)D > (n — 1)C%, then D > 0, while when S = 0,
then 27 = 8% — (w¥+ ...+ u2) <0, or 2DT < 0, and b = +v/—2DT
is indeed always real and a solution of ¥*P(a) + CbP'(a) + DP"(a) = 0
when P'(a) = 0.

Second solution. Let a € R be such that P(a) # 0. It suffices to show
that the discriminant D = 16[P'(a)]* — 20P(a)P"(a) of the quadratic
equation 22P(a)+ 4z P (a)+5P"(a) = 0 is nonnegative, or, equivalently,
that

4[P'(a))* > 5P(a)P"(a).

More generally, we show that if n > 2 is an integer, P is a polynomial

of degree n with real coefficients and real roots and a € R is such that
P(a) # 0, then we have



(n — 1)[P'(a)]* = nP(a)P"(a). (1)

Let P(z) = c(z —r1)(x —713)...(x — ry), where ¢,ry,72,...,7, € R and
c# 0. If a € R is such that P(a) # 0, then it is easy to see that

Plla) < 1
P{ﬂ) o ; a—7rT; {2)
e P'@)P) - [P@P 1
(0)P(a) — [P'(a)]* _ B
[P(a)]? - 2 (@ —ri)*
136 Chapter 25
Hence,

o= [Fa] L

or, equivalently,

P”(ﬂ,) B T
Pla) (Za—n) Z(m—r)g (3)

i=1

We apply the Cauchy-Schwarz inequality to get

(i&—r) (Zl ) (Z(a—r)ﬁ) =03 rE

=] =1 i=1

The above inequality can be written equivalently as

(r=1) (Zﬂ,lﬁ) zn(zar) _ﬂz(a—r)2’

=1 1=1 g

or, using (2) and (3),

o (5 58

which is equivalent to (1). ]
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Functional Equations

101. Find all functions f : R* — R such that

I (z?nj) =1—xzf(x), for all z € R*,

Adrian Andreescu - AwesomeMath Admission Tests 2016, Test B

201
Solution. By using the substitution z — —-%:-E, we get

f@) = 1-22¢ (57)
= 1-=2(1-2f(2)
= 1—2[;£+2016f(;r:),

1 /2016
50 f(&) = 5oz ( 2 1)' .
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138

Y &

Let f: R — R be a function such that f(f{(z)) = 20z — 19 for all z € R.
(a) Evaluate f(1).

(b) Prove that such a function exists.

Titu Andreescu - AwesomeMath Admission Tests 2019, Test A

Solution. Observe that f(f(1)) = 1. Set z = f(1). Then

F(1) = F(f(f(1))) = 20f(1) = 19,

Chapter 24

103.

which gives f(1) = 1. For the second part, set f(z) = az + b. Then
F(f(z)) = flax + b) = alaz +b) + b= a’z +ab+ b,

so it suffices to put a? = 20 and ab+ b = —19. Therefore we can choose

a =20 and =1 — v/20. O

Consider a function f : (0,00) — R and a real number a > 0 such that
f(a) = 1. Prove that if

a

F@)f @)+ f (%) f (5) — 2f(zy) for all z, y € (0, 00),

then f is a constant function.

Titu Andreescu - Revista de Matematicd din Timisoara, Problem 2849

Solution. Setting x =y = 1 yields

F2(1) + f*(a) = 27(2)

and (f(1) —1)? =0so f(1) = 1. Substituting y = 1 gives

F@ W)+ (2) fla) = 2f()
or 4
f(x)-—_—f(;), z >0,

Take now y = -:—: and observe that

F@)f (2) +1(2) f(z) = 2f(a).



Consequently,

F@f(2) =1,

o

therefore f2(z) = 1 and hence f(z) = 1, for all z > 0.
Now set z =y = /1, that gives

PO+ 7 () =210

and because the left-hand side is positive, it follows that f is positive
and so f(x) =1 for all z. Thus f is a constant function, as claimed. [
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104. Determine all functions f : Z — Z satisfying

F& + 4 + 2% = (F(2))* + (f@)° + (£(2))°

for all integers z, y, 2.

Titu Andreescu - The American Mathematical Monthly, Problem 10728

Solution. The only solutions are f(z) =0, f(z) = z, and f(x) = —z.
First, it is clear that these three are solutions.

Next, setting z = y = 2z = 0, we find f(0) = 3(f(0))°, the only integer
solution of which is f(0) = 0. Next, with y = —z and 2z = 0, we obtain

£(0) = (F(2))* + (f(—=))® + (£(0))°.
This yields f(—z) = —f(x), so f is an odd function.
With (z, 9, 2) = (1,0,0), we obtain
FA) = (£(1)° +2(£(0))° = f(1)°; thus f(1) € {-1,0,1}.

Continuing with (z,y,2) = (1,1,0) and (z,y,z) = (1, 1, 1) yields

f(2) =2(f(1))® =2f(1) and f(3)=3(f(1))* =3f(1).

To continue, we need a lemma.

3

Lemma. If z is an integer greater than &, then x° can be written as the
3

sum of five cubes that are smaller in magnitude than x°.

Proof. We have

43=33+33+23+13+13’
5% =) 8P 1P 1) 4 (1)

el o]



6 =5"4+4"4+3"+0" +0°,
B LB L7301 LB

If x = 2k + 1 with k& > 3, then

28 = 2k +1)* = 2k = 1) + (k+4)° + (4 - k)* + (=5)° + (-1)°,

~and all of {2k — 1,k + 3,|4 — k|,5,1} are less than 2k + 1. If z > 3

is an arbitrary integer, then write £ = my, where y is 4 or 6 or an
odd number greater than 3 and m is a natural number. Express y°
as y> + ¥3 + y3 + yi + 2. The number 2 can then be expressed as

(my1)? + (my2)® + (mys)® + (mya)® + (mys)®. O
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Since f is an odd function and f(1) € {—1,0,1}, it suffices to prove
that f(z) = 2f(1) for every integer . We have proved this for |z| < 3.
For z > 4, suppose that the claim is true for all values with magnitude
smaller than z. By the lemma,
g7 = :r:%+$§+:r§+$g+:r§,
where |z;| < z for all i. After writing
z° + (~24)° + (~25)° = 2} + 25 + 23,
we apply f to both sides. By the stated condition of f and the oddness
of f, we have
(f(@)° = (f(2a))® = (F(26))* = (f(21))® + (f(22))® + (£ (3))*.
Therefore, the inductive hypothesis yields
5 5
(F(@)* =D (2:f))° = (F(1))* D ad = (F(1))%.
i=1 i=1
Thus f(z) = zf(1), and the result follows by induction. ]
105.

Find all polynomials P with complex coefficients such that
P(a) + P(b} = 2P(a + b),
whenever a and b are complex numbers satisfying

a® +5ab+ b2 = 0.

Titu Andreescu and Mircea Becheanu - Mathematical Reflections,

Ty T g T Aivn
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First solution. Let (a,b) be a pair of nonzero numbers which satisfy
the condition a? + 5ab + b% = 0. Then

a —-5++21
b 2 (1)

Let A = i*g“—ﬂ Then for every real number ¢, the pair (a,b) = (M, )
satisfies the given condition. Let

Ple)= Zﬂ:imi

=0
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be a polynomial which is a solution of the problem. Then we have:

T
iai)\it{' + iﬂ.if‘i‘ = QZ&—.&(A + 1),

=0 i=0 i=0

for all numbers ¢, hence as polynomials in ¢. Taking the coefficient of ¢
on both sides shows that whenever a; # 0, we have the condition:

14+ X =201+ A (2)

This is true for i = 0,3 and it fails for i = 1 and i = 2. We will show
that it cannot happen for 1 > 3.

Suppose it holds for ¢ > 0. We will first show that i is necessarily
odd. From (2), it follows that X is a root of the rational polynomial
f(z) =2(x+1)*—z* — 1. But ) is a root of g(z) = z* + 5z + 1, which is
therefore its minimal polynomial. So g(z) divides f(z) in Z[z], that is,

Az + 1) —z* — 1= (z° + 5z + 1)h(z),

for some polynomial h(x) with integer coefficients. Putting z = —1 in
this equality, we obtain —(—1)’—~1 = —3h(—1), showing that (—1)' = —
(mod 3), so ¢ is odd.

Now, since 0 < A+ 1 < 1, the function p(¢) = 2(1 + \)* decreases as
i increases. The function ¢(i) = 1+ #* can be written, for ¢ odd, as
g(i) = 1+ (=1){(=t)* = 1 — (—t)*. Since 0 < —X < 1, it increases as i
increases. So the equation (2) has at most one solution for ¢ odd. Since
we saw that ¢ = 3 is a solution, it is the only solution. Thus we have

shown that the solutions to this problem are exactly the polynomials
ag + azzs. [l

Second solution. Let M be any complex number, and let

T - Y Py C: e



a = IVl + — 2 ana 0= .M - 2'
Then a? + b2 = 5M?, and ab = —M?, so a? + Bab + b% = 0 for all such
complex values of a, b. Note further that a4+ b= M - /3. Let now n be
the degree of P(a), and consider

P(a) N P(b) _ 2P(a+b)l

cp,M™ ¢, M" Cp M

where ¢, is the leading coefficient in P(x). Letting M — oo, the limit
of the previous expression becomes

G () (5"
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so the degree n of P must satisfy
B+vi\" . (B-vT\"_,
2/3 2/3 '
Note now that
— 1
ﬁ+ﬁ;§, 0> 5 ﬁ}——.
2/3 4 2v/3 3
Indeed, the first inequality is equivalent, after some algebra, to
2v/7 > 3V3,

which after squaring becomes 28 > 27, clearly true, while for the second
inequality, the upper bound is obvious, and the lower bound is equivalent
to 5 > /21, again clearly true. It follows that, for all n > 4 even, we
have

VE+vi\" (VB=vA\", (VT 5 625
23 2v/3 2v/3 44 256

Moreover,

VB+VT\ | (VBT 2_2(3+7)_'§%2
23 ) T\ 28 ) - '

12 3
Thus the only possibility for n even is n = 0. Conversely, any constant
polynomial P(z) = k trivially satisfies

2.

P(a) + P(b) = k+ k = 2k = 2P(a +b).

On the other hand, if n > 5 is odd, then



R ”’+ Vi “}55 2101
2/3 2/3 -

Thus if n is odd, we must have n < 3. Furthermore, n = 1 does not hold

snee A+l A=l _
2/3 "3

whereas for n = 3, we have

(\/§+ ﬁ)3+ (ﬁ—ﬁ)3= 24\/g+16ﬁ+24x/§— 16v/7 _

1« 2,

2.

24/3 2/3 24+/3 24+/3
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Thus n = 3 is the only possible odd degree for P. Note that
Q(z) = P(z) — csa®

has a degree lower than 3, and by linearity must satisfy the same relation.
It follows that all polynomials P which satisfy the condition given in the

problem statement are
P(z) = Az® + B,

where A, B are any complex constants. Indeed, for any such polynomial,
and a, b such that a® + 5ab + b% = 0, we have

P(a) + P(b) = A(a + b)(a® — ab+ b°) + 2B
= A(a + b)(a® — ab+ b? + a® + 5ab + b°) + 2B
= A(a + b)(2a* + 4ab + 2b*) + 2B
= 2A(a+b)° + 2B = 2P(a+1b). O

106. Find all polynomials P(z) for which
P(a + b) = 6(P(a) + P(b)) + 15a%b*(a + b),
for all complex numbers a and b such that a? + b* = ab.

Titu Andreescu and Mircea Becheanu - Mathematical Reflections,
Problem U484

First solution. Let

: 1 +iv/3
_ Tl _
1? € 2 !

which is a primitive sixth root of unity. The condition a® + b? = ab
factors as (@ — nb)(a — n~tb) = 0, hence it is equivalent to b = na or

A — mh Qivon +ha mirvran acttatinan e oorvrrmot™e It oa avd b owo apno; that
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the hypothesis is equivalent to
P((1+n)a) = 6(P(a) + P(na)) + 15n%(1 + n)a®

for all complex a.

We first look for a solution of the form Py(z) = Cz>. We see that this
is a solution if and only if

(141)°C = 6(1+7°)C + 157*(1 +n),
which simplifies using 1 +n = v/3e™% and 1 4+ n® = —/3e>™/6 to give
9v/3e>™°C = —6v/36"™/°C + 15/3¢”™/°

Chapter 2/

and hence to C = 1.

If we now write P(z) = Q(z) + z°, we see that Q satisfies

Q((1+n)a) =6(Q(a) + Q(na))

for all complex a. It suffices to find all monomials Q(z) = 2™ which
satisfy this condition. The general solution for ) will then be all linear
combinations of these monomials. Thus we want to find all n such that

(1+n9)"=6(1+n").

Since |14 17| = /3 the norm of the left hand side of this equation is 3™/ 2.
However the norm of 1+ 7" cycles through the values (2,+/3,1,0,1,/3)
for n = 0,1,2,3,4,5 modulo 6. Thus the norm of the right hand side
is always one of 0,6,6+/3,12. Hence there are no solutions and the only
possibility is @ = 0 and hence P(z) = xz°. O

Second solution. Letting a =b=0 yields P(0)=12P(0), so P(0)=0.
Clearly, P £ 0. Thus

P(z) = cpz” + ...+ 1z,

with n > 1 and ¢, # 0.

Suppose that a? + b* = ab. We claim that for each & > 1, there is a
constant fj such that

a* +b* = f(a+ b)*.

Indeed, f; = 1, and since



a’ +b? = (a+b)* —2ab = (a + b)* — 2(a® + b?),
1
fa= 5
Inductively, for £ > 2,
ﬂ,k+l 1 bk+l e (ﬂﬂﬁ g bk)(a S b) i ﬂb(mk_l 4 bk—l)

i
= fk(ﬂ 1 b)k+1 oz §fk—1(ﬂ+ b)k-l-l,

107.

that is,
' 1
fre1 = Jr — gfk_b
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; 1 : ‘ .
In particular, f3 = 0 and f; = 5 f5- Using a generating function we

can also obtain

k k
£ s V3+i) | [VB—i
T\ 23 w3 )
Therefore, for k > 6,

V341
2v/3

Equating coefficients of (a + b)* in

16/ <12

g 1 \* 19
=12( )5—{:1.

S

Pla+b) =6(P(a)+ P(b)) + g(ﬂ + b)°,

we get (1 —6fx)cx = 0 for all & # 5, thus ¢ = 0 for all k& # 5.
For k =5 we get

5] 2 5
C5=6f5t‘.15+§ =—§{25+§, so c5=1.
In conclusion, P(z) = z° is the only solution. O]

Find all polynomials P with real coefficients such that

P(z)  P(y)  P()
Yz 2T TY

= Pz —y) + Py — 2) + P(z — x)

holds for all nonzero real numbers x, y, z satisfying 2zyz =z +y + z.

FrT%4 A T T i T a T ™ ~ L ok o B B B o o T T . T ey = 5 5 —
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Solution. If P(z) = ¢ for a constant ¢, then

clet+y+z)
Y2 B

3c.

We have 2¢ = 3¢. Therefore ¢ = (0.

Now consider the case of non-constant polynomials. First we have
zP(z) + yPly) + 2P(z2) = zyz(P(z —y) + P(y — 2) + P(z — 1))

for all nonzero real numbers z, ¥y, z satisfying 2zyz = = +y + z. Both
sides of the equality are polynomials (of z, ¥, 2). They have the same

!
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values on the 2-dimensional surface 2zyz = z+y + z, except for some 1-
dimensional curves in it. By continuity, the equality holds for all points
on the surface, including those with z = 0. Let z = 0, we have y = —x
and z(P(z) — P(—xz)) = 0. Therefore P is an even function.

x+y

Sy 1 We have

(Here is a sketch of an elementary proof. Let z =

z+Yy T+ Y
zP(z) + yP(y) + o = (my = 1)

: T+ 1 4
= mygi;_yl (P(m -y)+ P (y ~ 2% _Jl) . (2my _’9‘1 i a:)) ,
This is an equality of rational expressions. By multiplying (2zy — 15¥
on both sides for a sufficiently large N, they become polynomials, say
A(z,y) = B(z,y) for all real z,y with z # 0, y # 0, z +y # 0 and
2xy — 1 # 0. For a fixed z, we have two polynomials (of y) having same
values for infinitely many y. They must be identical. Let y = 0, we have

2N+ (P(z) - P(—x)) = 0.)

Notice that if P(z) is a solution, then so is eP(z) for any constant c. For
simplicity, we assume the leading coefficient of P is 1:

48 2
P(z) =z" 4+ ap_92" " + +»- +a22" + ap,
where n is a positive even number.

1 1
Lety=—,z=w+5,Wehave
x

RTP(I)+%P(£—)+ (m+%)}3(m+%)



_ (Hé) (p (g:_%) +P(—x]+P(%)).

Simplify using P(z) = P(—x),

(e 1) (p(+2) -2 (e-1)) - Zp+op (L),

Expand and combine like terms, both sides are of the form

- = - —n+1
O ST L R et e S T - Yt eppiz M

They have the same values for infinitely many z. They must be identical.
We just compare their leading terms. On the left hand side it is Inz"™ L,
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There are two cases for the right hand sides: If n > 2, it is 2™ L. If
n =2, it is (1 + ap)z. It does not work for n > 2. When n = 2, we have
4 = 1 + ap, therefore ag = 3.

The solution is P(xz) = c¢(z? + 3) for any constant c. []

Let Z be the set of integers. Find all funections f : Z — Z such that
()’

£

2f(2F () - 2) + 921 22 — F)) = 2 + £(uf(v))

for all z,y € Z with x # 0.

Titu Andreescu - USAMO 2014, Problem 2

Solution. First we prove that f(0) = 0. Assume on the contrary, that
f(0) # 0. Plug in z = 2f(0) (which we can do because we assumed that

f(0) # 0), and y = 0. What you get eventually reduces to:

(2f(0)))2
f(0)

which is a contradiction since the left-hand side is divisible by 2 but
not 4.

4£(0) — 2 = (f

Then plug y = 0 into the original equation and simplify using this fact.
We get
22 f(~2) = f(a)?.
Thus
2 f(z) = 2*(~2)* f(~(~=))

s 3 R .



= f(@)"

Therefore, f(z) must be 0 or 2.

Now either f(z) is 22 for all x or there exists a # 0 such that f(a) = 0.
The first case gives a valid solution. In the second case, we let ¥ = a in
the original equation and simplify to get:

)2
rf(—z) +a’f(2z) = f(j) i
But we know that 5
148 Chapter 24
S0
a’f(2z) = 0.

Since a is not 0, f(2z) is 0 for all z (including 0). Now either f(z) is
0 for all z, or there exists some m # 0 such that f(m) = m?. Then
m must be odd. We can let z = 2k in the original equation, and since

f(22) is 0 for all z, several terms cancel and we get:

v f(4k — f(y) = f(yf (W)
for k # 0.

Now, let ¥ = m and we get:
m?f(4k — m®) = f(m?).

Now, either both sides are 0 or both are equal to m®. If both are m®
then:
m?(4k — m?)? = m®

which simplifies to:
4k —m? = +m?.

Since k # 0 and m is odd, both cases are impossible, so we must have:
m? f(4k —m?) = f(m?) = 0.

Then we can let & be anything except 0, and get f(z) is 0 for all z = 3
(mod 4) except —m?. Also since z°f(—z) = f(z)?, we have f(z) = 0
= f(—z) =0, s0 f(z)is 0 for all z =1 (mod 4) except m?. So f(z) is
0 for all = except £m?. Since f(m) # 0, m = &m?. Squaring, m? = m*
and dividing by m, m = m3. Since f(m?) = 0, f(m) = 0, which is a
contradietinn far i £ 1 Hovmover i wia 1l in » — 1 with FI1Y = 1 and
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y as an arbitrary large number with f(y) = 0 into the original equation,
we get 0 = 1 which is a clear contradiction, so our only solutions are

f(z) =0 and f(z) = z°. N
109. Find all functions f : R — R such that for all real numbers z and y,
(f(z) +=y) - flz—3y) + (f(y) +3y) - fBz —y) = (flz+ )"
Titu Andreescu - USAMO 2016, Problem 4
First snlutiﬁn. Step 1: Set z = y = 0 to obtain f(0) = 0.
Step 2: Set z = 0 to obtain f(y)f(—y) = f(y).
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In particular, if f(y) # 0 then f(y) = f(—y).
In addition, replacing y — —t, it follows that f(t) =0 = f(—t) =0 for
all t € R.

Step 3: Set = = 3y to obtain [f(y) + 3v%|f(8y) = f(4y)2.

In particular, replacing y — ¢/8, it follows that f(¢) = 0 = f(¢/2) =0
for all t € R.

Step 4: Set y = —z to obtain f(4z)[f(z) + f(—z) — 22%] = 0.

In particular, if f(x) s 0, then f(4z) # 0 by the observation from Step 3,
because f(4z) =0 = f(2z) =0 = f(z) = 0. Hence, the above equation
implies that 22? = f(z) + f(—=z) = 2f(x), where the last step follows
from the first observation from Step 2.

Therefore, either f(z) =0 or f(z) = z* for each z.

Looking back on the equation from Step 3, it follows that f(y)-+3y* # 0
for any nonzero y. Therefore, replacing y — t/4 in this equation, it
follows that f(t) =0 = f(2t) = 0.

Step 5: If f(a) = f(b) =0, then f(b—a) = 0.
This follows by choosing z, y such that z — 3y = a and 3z —y = b. Then
b—a
5
so plugging x,y into the given equation, we deduce that

r(57) 0

‘Therefore, by the third observation from Step 4, we obtain f(b—a) =0,
as desired.

Wtor B TF £ 20 +hearn £+ = 1 — + — [

rT+y=
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Suppose by way of contradiction that there exists an nonzero ¢ with
f(t) = 0. Choose z,y such that f(z) # 0 and z + y = . The following
three facts are crucial:

1. f(y) # 0. This is because (z + y) —y = =z, so by Step 5, f(y) =0
= f(z) = 0, impossible.

2. f(z—3y) # 0. This is because (z+y)—(z—3y) = 4y, so by Step 5 and

~ the observation from Step 3, f(z —3y) =0 = f(4y) = 0= f(2y) =0

= f(y) = 0, impossible.

3. f(3z —y) # 0. This is because by the second observation from Step
2, fBz —y) = 0= f(y — 3z) = 0, and we have already seen that

flx —3y) # 0.

Chapter 24

By the second observation from Step 4, these three facts imply that

f@¥) = y* and f(z —3y) = (¢—3y)" and f(3z —y) = 3z —y)". By
plugging into the given equation, it follows that

(2% + zy)(z - 3y)2 + (v* + 2y)(B3z —y)? = 0.

But the above expression miraculously factors into (z + y)*. This is
clearly a contradiction, since t = x +y % 0 by assumption. This com-
pletes Step 6.

Step 7: By Step 6 and the second observation from Step 4, the only
possible solutions are f = 0 and f(z) = z? for all z € R. It’s easy to
check that both of these work, so we're done. [l

Second solution. We follow the first solution through the first four
steps. At that point, we know that f(z) = 0 or z? for all z. In particular,
this means that 0 < f(z) < 2 for all z.

Step 5: We now assume f(a) = 0, f(b) = b? for some a, b # 0. Since
Step 2 showed that f(z) is an even function, we may assume a, b > 0.
Since Step 4 showed that f(¢) = 0 implies f(2¢) = 0, we may assume
that a > b > 0.

Now we apply the functional equation with z = a and y = 3a — b. The
result is

a(3a —b) - £(3b — 8a) + (f(3a — b) + a(3a—b)) - b* = (f(4a — b))*.

Since f(3b—8a) > 0, f(3a —b) = 0, and a > b > 0, the left-hand side is
positive, and therefore f(4a — b) # 0, and hence f(4a — b) = (4a — b).
Since f(3b— 8a) < (3b— 8a)? and f(3a — b) < (3a — b)?, this gives

(4a — b)* < a(3a — b)(3b — 8a)? + ((3a — b)? + a(3a — b))b*.
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functional equation) to a?(3b — 8a)? < 0, which is a contradiction.

Thus if there is any nonzero x with f(xz) = 0, then Step 5 implies that
we have f = 0, and if there is no such nonzero z, then f(z) = z? for all
x € R. Again we can check that these work, so we are done. o

110. Find all functions f : (0,00) — (0, co) such that

f(“fi) +f(y+%)+f(z+i) —1

for all z, y, 22> 0 with xyz = 1.

Titu Andreescu and Nikolai Nikolov - USAMO 2018, Problem: 2

Functional Equations 151

Solution. Let xz = b/¢, y = ¢/a, z = a/b. Then the problem becomes

Let

f0=9(77) ien 00)=F (7))

Thus g : (0,1) — (0,1) and Zg( a
cyc

b g) = 1, or equivalently

gla) + g(b) + g(c) =1

for all @, b, ¢ such that a+b+¢ = 1. We will prove that the function g is
linear. We first prove that g is linear over the interval [1/8,3/8|. First,
whenever a + b < 1, we have

§ gl ) =g(a>+g<b)=2g(“;b).

Hence g satisfies Jensen’s functional equation over (0,1/2). Now, define
h:[0,1] = R by

) =g (2 ) - (1= 01/8) ~ t-g(3/8).

Then h also satisfies Jensen’s functional equation but over [0,1]. We
have also arranged that h(0) = h(1) = 0, hence h(1/2) = 0 as well.
Since

he)=he)+h(2) =2n(E+ XY =nlt+L) +no =n(t+L)
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for any t < %, we find h is periodic modulo % It follows that by defining

h(t) = h{t—|t]), one can extend h to a function h : R — R, and h satisfies
Jensen’s functional equation on all of R. Since h(ﬂ) 0, it is well-known
that this implies that h is additive (because h(m +y) = Zh((m +y)/2) =
(m) + h(y ) for all real numbers x and y). But h is bounded below on
0, 1] since g > 0, and since h is also additive, it follows that & is linear
“and hence A = 0. Thus h is the zero function. So, the function g is linear
over [1/8,3/8], thus we may write g(z) = kz+£, valid for 1/8 < = < 3/8.
Since 3¢g(1/3) =1, it follows k + 3¢ = 1. For 0 < z < 1/8 we have

g(z) = 2¢g(0.15) — g(0.3 — z) = 2(0.15k + £) — (k(0.3 —z) + £) = kz + £,

152 Chapter 2

so g is linear over (0,3/8) as well. Finally, for 3/8 < x < 1, we use the

given equation
e + Lo + g(z)
=4 5 I\ "5 g

=¢-Q($)=1—2(- ;I ):kﬂ:JrE

since : ; 2 & 155 < % Thus, ¢ is linear on R.

Putting this together, we deduce that

1-%
g(z) = kx4 ——
3
for some k € [—1/2,1], and so
k 1—k
f(z) = x+ 1 ¥ g

for some k € [1/2,1]. All such functions satisfy the given conditions. [J



Chapter 25

Matrices and Determinants

111. (a) Compute the determinant

T Yy z v
¥ B g Z
% W & B
A U

(b} Prove that if the numbers abed, bade, cdab, dcba are divisible by a
prime p, then at least one of the numbers

a+b+ec+d, a+b—c—d, a—b+c—d, a—b-c+d,

is divisible by p.

Titu Andreescu - Romanian Mathematical Olympiad 1978

Solution. (a) Adding the last three columns to the first one yields that
x4+ vy -+ z+ v divides the determinant.
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Adding the first and second columns and subtracting the last two
columns implies that o 4y — 2 — v divides the determinant.
Analogously we can check that x —y+ 2z —v and z — y — z + v divide

the determinant, and taking into account that it has degree 4 in each of
the variables, the determinant equals

Me+ytzt+o)lzt+ty—z—v)z—y+z—v)(z—y—2+v),

where A is a constant.
Because the coefficient of z* is equal to 1, we have A = 1 and so

w

=(z+y+2+v)(z+y—z—v)(@—y+z—v)(@—y—2+v).

B CR -

o> S = TR
TR S n

2
Y
£
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112.

(b) As shown above, we have

d
C

b
a

—(a+b+ctd)a+b—c—d)a—b+c—d)a—bc+d),

On the other hand, multiplying the first column by 1000, the second by
100, the third by 10 and adding all these to the fourth, we obtain on
the last column the numbers abed, bade, cdab, deba. Because all those
numbers are divisible by the prime number p, it follows that p divides
A and therefore p divides at least one of the numbers a + b + ¢ + d,
a+b—c—d,a—b+ec—d,a—b—c+d. [

A=

20 o8
0 R B g
e T T

Let A and B be 2 x 2 matrices with real entries satisfying
(AB — BA)" = Iy
for some positive integer n. Prove that n is even and (AB — BA)* = I».

Titu Andreescu - Romanian Mathematical Olympiad 1987

Solution. To simplify our work, we note that in general, for any two
square matrices A and B of arbitrary dimension, the trace of AB — BA
is zero. We can therefore write |

AB—BAz(ﬂ b).
T —a

But then (AB — BA)? = kI, where k = a? 4 be. If n = 2m + 1 is odd,
then we conclude that

Fooas s avamd (8 b\
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and this cannot equal I since it has trace zero. Therefore, n is even.
The condition from the statement implies that &k is a root of unity. But
there are only two real roots of unity and these are 1 and —1. The
squares of both are equal to 1. It follows that (AB — BA)* = kI = I,

and the problem is solved. L]
113. Let P be a complex polynomial of degree n > 2 and let A and B be
2 x 2 complex matrices such that AB # BA and P(AB) = P(BA).
Prove that P(AB) = cls for some complex number c.
Titu Andreescu and Dorin Andrica - Mathematical Reflections,
Problem UT75
Matrices and Determinants 155
Solution. Let ¢t = tr(AB) = tr(BA) and d = det(AB) = det(BA) then
the characteristic polynomial of AB and BA are the same and
(AB)? = tAB ~dl; and (BA)*=tBA —dl,.
This means that any power of (AB)* with k > 2 can be reduced to a
linear combination of AB and I and that (BA)* can be reduced to a
linear combination of BA and Is with the same coefficients. Hence there
are complex numbers ¢; and ¢ such that
P(AB) =1 AB + eo1s, P(BA] = ¢ BA + cols,
and
P(AB) — P(BA) =c¢;(AB—BA) =0
which means that ¢; = 0 because AB # BA and finally
P(AB) = P(BA) = eals. ]
114. Prove that for any A, B € M3(C),

tr(AB — BA)*?

det(AB — BA) = 3

Titu Andreescu - Revista de Matematica din Timisoara, Problem 6377

Solution. Let X = AB — BA. By the Cayley-Hamilton Theorem, we
have X3 +aX?+bX +cl3 = 0. If we denote by \j, Az, Az the eigenvalues
of X, then



= —lA1T A2 T A3} = —1IIA
b A Ag + AsAs + Az
¢ = —AjAoAz = —det X.

Now, —a = trX = tr(AB — BA) =tr(AB) — tr(BA) =0, so

tr(X?) = tr(—aX?—bX —cl3)
—a - tr(X%) —b-tr(X) — ¢ tr(d3)

—: tI'(I 3)
= —J3c
= Jdet X,
and the conclusion follows. ]
156 | Chapter 25

115. Let

4 -3 2
A=115 -10 6 }|.
10 -6 3

Find the least possible n for which one entry of A™ is 2019.

Titu Andreescu - Mathematical Reflections, Problem U480

First solution.

4 —3 o\"
(15 ~10 6)
10 —6 3 |
1(040 = B 0)”(-620)
== 2 12 0 g —1 1 1 0 0
% 382)({} B =1 5 —3 2

{0 40 (=)™ 0 0 6 2 0
(3R (T A k) (F 3)
3 8 3 0 0 (=1)" 5 —3 2
5(—1)""1n 4 (—1)" 3(—1)"n 2(—~1)""1n
= 15(—1)""1n (1) —9(—1)P=1n 6(—1)""'n .
10(—1)""1n, —6n(—1)""  4(-1)""lp 4 (—1)"

Since 2 12019, 51 2019 and 3 | 2019, it is sufficient to investigate three
entries, 5(—1)""'n + (—=1)%, 3(—1)"n, and 4(—-1)""1n + (—1)". After
annoying calculation, we obtain that only when n = 505 does 2019
appears as an entry of the matrix. Therefore the desired n = 505. [



Second solution. Let A = B — Is. We notice that B? = 03, hence
A% =(B~L)* = (~1)®UnB 4 (—1)*;.

The conclusion follows as in the first solution. 1

116. Let A, B, C be matrices of order n such that
ABC =BCA=A+B+C.

Prove that A(B+ C) = (B + C)A.

Titu Andreescu - Mathematical Reflections, Problem U493

Matrices and Determinants 1567

Solution. The condition BCA = A+ B + C implies
B+ C=BCA- A.
Then

A(B+C)=A(BCA—- A) = ABCA— A? = (ABC)A — A?
= (BCA)A— A% = (BCA - A)A = (B+O)A,

as desired. ]

117. Let X, Y, Z be n X n matrices such that
X+Y+Z2=XY+YZ+ ZX.

Prove that the equalities

XYZ=X7Z-7ZX,
YZX =YX - XY,
ZXY =2Y -Y_Z.

are equivalent.

Titu Andreescu - Gazeta Matematica Contest 1985
Solution. Assuming that X +Y +7Z = XY +YZ + ZX, we see that

XYZ=XZ-2X
is equivalent to

XYZ+ X+ Y+ Z=XZ-ZX+XY+YZ+ ZX.
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and the matrices X — I,, Y — I, and Z — I, are invertible. Taking a
circular permutation of the factors (i.e., by multiplying to the right by
the factor and to the left by its inverse), we obtain, for example,

(Z - In)(X - In)(y - In) = —1Ip.

Thus
LXY - XY-Z2Y-ZX+X+Y+Z=0,,

which is equivalent to ZXY = ZY — Y Z. This proves that the first
equality from the group of three implies the last. Permuting the letters,

we obtain that the three equalities are equivalent. iy
158 Chapter 25
118. Let p and ¢ be real numbers such that z? 4+ pz + ¢ # 0 for every real

number z. Prove that if n is an odd positive integer, then

XE ‘I‘p.X +Q’In ?é Oﬂ,
for all real matrices X of order n X n.
Titu Andreescu and 1.D. Ton - Romanian Mathematical Olympiad
Solution. Assume X2+ pX +ql, = O, for some n x n matrix X. This
equality can be written in the form
2
p )2 _Pp -4,
(X +30) =26
Taking determinants on both sides and using the fact that
det(AB) = det A - det B,
we obtain X -
P \NE =4
det (X +21,))" =
(det (X +3 ( i )

The left side is nonnegative, and the right side is striptl}r negative by

hypothesis. This contradiction ends the proof. 1
119. Let A be a n x n matrix such that A" = I,,.

Prove that A% — A + I, is invertible and find its inverse.

Titu Andreescu - Mathematical Reflections, Problem U453



120.

Solution. We have A% = A and so

Li=A'— A4 5, =A2(A° - L)+ A%~ A4 1,
= (4 - A+ LY A A+ L)(A° — L) + L),

which shows that A2 — A + I, is invertible and its inverse is equal to
AS 4+ A — A% - A% + I,,. i

Let A be a square matrix of order n for which there is a positive integer
k such that kA*+! = (k+1)A*. Prove that A — I, is invertible and find
its inverse.

Titu Andreescu - Mathematical Reflections, Problem U29

Matrices and Determinants 159

Solution. Note that
EAR(A — L) — (A% — L) = kA" —{e+ DA  + I, = I,
and
A T [l = EOANR 4 A5 A A4,

Thus
(A—1I,)(kAF — A1 A2 | _T)=1,,

which shows that (A —1I,,) is an invertible matrix and its inverse is equal
tokAb— g1 gk2, . . F 0
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Bonus Problems

B1. Let p be a prime congruent to 2 mod 7. Solve in nonnegative integers
the system of equations

T(z +y+ 2)(zy + yz + z2z) = p(2p* — 1)
T0zyz + 21(z — y)(y — 2)(z — ) = 2p(p® — 4).

Titu Andreescu - Mathematical Reflections, Problem S339

Solution. Note first that

(22 —y)(2y—2) (22— 1) = 2zy? + 222 + 292 — 49”2 — da’y — 422z + Tryz

2

= 10zyz + 3(zy” + 222 + y2° — y?z — 2%y — 2%x)

“(ﬁy2 + yzz —+ 2 -} &"‘2’.1} -+ fuzz + 2% + 3zyz)
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e T rpa f b -

=10zyz+3(z—y)y—2)(z—z) — ([t + y+ 2)(zy + yz + 23)

_2p(p*—4)—p(2p°-1) _

= - = —p,
and since p is prime, it follows that one of 2z — y, 2y — 2z, 22 — ¢ is
either p or —p, and the other two are either 1 or —1. Now, note that the
first equation is invariant under exchange of any two variables, and the

second equation is invariant under cyclic permutation of the variables.
Thus without loss of generality, we may assume

2z—y|l=p and |2y—z{=|22—2z|=1.

Now, note that (2e—y)+(2y—2)+(2z—z) = z+y+2,s0if 22—y = —p,
then 2y -2 =22—zx==xl,and z+y+2=1+2—-p <0, and since z, ¥, 2

Chapter 26

B2i

are non-negative, we would have z = y = z = 0, absurd. It follows that
2 — y = p, and 2y — 2 = —(22 — ) = £1, yielding two possible cases.

Case 1. 2y — z = 1 and consequently 2z —z = —1, or z = %5+ and

g %l'—l. It follows that x = 3 (mod 4) for y,z to be integers. Thus
there is an integer k such that z =4k +3,y=k+1,and 2 = 2k + 1.
But thenp=z+y+2=Tk+5=5 (mod 7), in contradiction with the
problem statement. No solution exists is this case.

Case 2. 2y — 2z = —1 and consequently 2z —z = 1, or z = %‘—1 and
y = Z7+. Tt follows that z = 1 (mod 4) for y, z to be integers. Thus
there is an integer k such that x = 4k + 1, y =k, and 2 = 2k + 1. This
gives p=x+y+z=T7k+2 =2 (mod T7), as desired. Direct substitution
shows that this form for z, y, z is indeed a solution for any non-negative
integer k, including & = 0 which corresponds to p = 2.

Restoring generality, we conclude that
(z,9,2) = (4k + 1,k,2k+ 1), (k, 2k + 1,4k + 1), (2k + 1,4k + 1, k),

where k is a non-negative integer integer such that p = 7k + 2 is prime,
are all solutions. O

Let (a,b,¢,d, e, f) be a 6-tuple of positive real numbers satisfying simul-
taneously the equations:

(242 — 662 — Tc® + 9d® = —1

; 9a2 + T2 +6c +2d%2 =¢
902 — Th? — 62 +2d% = f

k252+552+782+9d2 = ef.




Prove that az—bz—c2+d2=0ifandﬂnlyif7-%=§.

Titu Andreescu - Mathematical Reflections, Problem 5211

Solution. Add the product of the second and third equations with the
product of the first and fourth equations. This allows us to use the
difference of squares identity as follows:

0=ef+(—1ef
= (9a? + 2d%)? — (T6? + 6¢%)? + (2a? + 9d%)* — (60 + Tc?)?
= E&’.E')(a2 + b2+ +dH)(a® — b - +d?) — 98a”d® + 2b°C7.

Since a, b, ¢, d > 0, a +b‘3+62+d27&0 Hencea - —c+d?=0if

and only if 98a%d? = 2b%¢?, that is, 7 - A d' O
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B3. Find all integers n > 3 such that among any n positive real numbers
ai, as, ..., 0y with

max(ai,ag,...,a,) < n-min(a,ag,...,ay),
there exist three that are the side lengths of an acute triangle.

Titu Andreescu - USAMO 2012, Problem 1

Solution. First;, we define the Fibonacci numbers to be
Fi=F,=1 and Fy=Fz 1+ Fpo
for k£ > 3.

If the chosen n is such that F}, < n?, then choose the sequence a, such
that ap = /F}, for 1 < k < n. It is easy to verify that such a sequence
satisfies the condition that the largest term is less than or equal to n
times the smallest term. Also, because for any three terms

z=+F, y=vF, z=+F
with a < b < ¢,
2ty =Fo+ B < B+ Fy=Fy < F=2°
z,1, z do not form an acute triangle. Thus, all n such that F, < n? do

not work.

Now, we will show that the bound above is sharp. Since we can always
assume the sequence is non-decreaging, this means we must show that if
a1 < --- < ay is any sequence such that

an < v Fy - aq,
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We will prove this by induction on n.

The base case n = 3 is easy, since F3 = 2, we have af < 2a? < a? + a2
and hence there is an acute triangle with side lengths aq, as, a3.

For the induction step, if ap_9 < /Fn_2+a1 or an—1 < /Fn—1-aj. then
by the induction hypothesis, we can choose three terms from aj,...,a,-2

or ai,...,an—1 that form the side lengths of an acute triangle. Thus we
may assume a2 _, > F,_oa? and a2_, > F,_1a%. However this gives

9 2 2 2 2 2
ap < Fnay = Fp_ga1 + Fr_107 < a5 _9+ a5y,

and hence a,—3, an—1,ay, form the side lengths of an acute triangle.

Now, note that Fip = 144 = 122 and Fi3 = 233 > 169 = 13%. It is easy
to verify by strong induction that F,, > n? for all n > 13. Thus, n > 13
is the desired solution set. .

Chapter 26

B4. A computer had randomly assigned all labels from 1 through 64 to an

8 x 8 electronic board. Then it did it also randomly for the second time.
Let ny be the label of the square that had been originally assigned k.
Knowing that ny7 = 18, find the probability that

|ﬂ,1—1|—{—lﬂg—-2‘+...+|ﬂﬁ4—ﬁ4l=2018.

Titu Andreescu - Mathematical Reflections, Problem 0450

Solution. There are 63! choices of ng satisfying the given condition
nit = 18.

Note that we can write the sum

|ﬂ1—1|+|ﬂ3—2|—|—...—l—|ﬂ54—64|

64

) " (max(k, ng) —min(k, ng))

k=1

Thus the sum is a sum of 64 terms with coefficient +1 and 64 terms
with coefficient —1 and these terms taken together give every value in
1,2,...,64 exactly twice. Without the restriction niy = 18 the maxi-
mum of

Ing — 1| 4 |ng — 2| + ... + |ngqs — 64|

18 therefore

(-1—-1-2-2—...—32-32)+(33+334+34+34+...+64464) = 2048.

g = - T = T = I 1 [l
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{’nl: ng, ... :n32} = {33: 34,..., 64}

and
{na3, n34,...,ne4} =11,2,...,32}.

Since we are told that ni7 = 18, it follows that 18 = max(17, n17) must
be included among the positive terms. Hence one of the values 33, ..., 64
must be moved to the negative terms. If we move the smallest, namely
33, then we will lower the sum to exactly 2048 — 2 - 15 = 2018. Thus to
achieve the desired sum, this must be the value we move. Thus we must

have _
{n1,no,...,n16,M18,...,n32} = {34, 35, ...,64}.

This can be done in 31! ways.
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B5l-

There must also be some k > 33 with np = 33 (hence min(k, ng) = 33
gives one of the negtaive terms). This implies that

LR o FBL A {0 2L R s LT 19 e 323

This can be done (independently of the previous choice) in 32 - (31!)
ways. Thus there are 32 - (31!) - (31!) permutations with ni7 = 18 and
the sum equal to 2018. Hence the desired probability is

39 (311)(311)/63! = —— 0

63\
32
Find all polynomials P(z) with integral coefficients such that
P(P'(z)) = P'(P(x))
for all real numbers .

Titu Andreescu - Revista de Matematica din Timisoara, Problem 3902

Solution. We are looking for a polynomial with integral coefficients
P(z)=aoz" + a1z 14+ ---+a, ag#0.
We have

P'(z) =naoz™ t+ (n— Va2 + -+ apn_g
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and by identifying the coefficient of 2{"~1" in the relation

P(P'(z)) = P'(P(z)),

we obtain
n+41 : ; T ;)
Hence
]
ay = nn—1

and since ag is an integer, we deduce that n = 1 and a5 = 1. Then
P(z) =z + a1, P'(z) =1 and P(P'(z)) = P'(P(x)) yields 1 +a; = 1
or a; = 0. Therefore P(z) = x is the only polynomial with the desired
property. N
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B6. Let a, b, ¢ be positive real numbers. Prove that

1 1 1 - at+b+t+c

+ + .
1 1 1 =

adbk—— 1 Bhgta—tl ehghbieg] HEHERL
abe abe abce

Titu Andreescu - Mathematical Reflections, Problem O193

1
First solution. With the notation d = == the inequality becomes
abc

3" 1 1 1
< 1.
a+b+d+1+b+c+d+l+c+a+d+1+&+b+c+1"
Let 2 = ¥a,y = vb,z = ¥c,w = ¥d. Then zyzw = vabed = 1 and it

suffices to prove that

1
< 1. 1
bW srorr e g (1)
But 2% + y? + 2% > 2%y% + y?2° + 2%z? s0

m4+y4+ z4+w2y2+y232+22$2

m4+y4+z43_=*

2
7 4 4222 N gt + 222 N A 4 222
- 2 2 2

> :rgyz -+ ygz:ﬂ -+ zE:r:y. = xyz(:n o i z),

where we used the AM-GM inequality three times. The same result
follows from the rearrengement inequality. Hence




o " e e B s s T T ) T s eias

1
Cory(zt+y+ 2+ w)
B w
_m+y+z+w
and so
1 w
< = ],
Zm4+y4+z4+myzw"zm+y+z+w |

as desired. : L]

1

Second solution. Let d = et Then the desired inequality can be
abc

rewritten as

1 1 1 1
< I
a+b+c+1+a+b+d+1+a+c+d+1+b+c+d+1*
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for positive a, b, ¢, and d with abed = 1. Let f(a,b,c,d) denote the
left-hand side of the inequality. By syminetry, we may assume d is the
largest of the four. Note that for ¢t > v/ab we have

2 1 1 _(a+b—2\/ﬁ)(t—¢a_b)}0
t++vab t+a t+b  (t+a)t+b)(t+Vab)

Therefore using the inequality above with

t=c+d+1>d+1>max(a,b) > Vab

for the last two terms and the AM-GM inequality a + b > 2+/ab for the
first two terms, we see that

Fla,b,c,d) < f(vab,Vab,c,d).

Iterating this and using symmetry in a, b, and ¢, we conclude that for

fixed d = max(a, b, ¢,d), f is maximized when a = b = ¢. Writing d = z°,

this gives

t 11 3z — 1)%(z? + 22 + 2)
— e ) (- i =
1 f(a!bicjd)—]‘ f(m!m?mjm) (3+$)(I4+$+2) — ¥
which yields the desired inequality. Cl

B7. let 1 <njy<ng <---<mng < ... beasequence of integers such that
no two are consecutive.
Prove that for all positive integers m between n; + ns + - - - + nyy, and
ny + ng + ++ -+ ny,aq there is a perfect square.



Titu Andreescu - Gazeta Matematica, Problem O:113

Solution. It is easy to prove that between numbers a > b > 0 such that

V@ — Vb > 1 there is a perfect square — take for example ([v/b] + 1)2.
Thus it suffices to prove that

Vi Fimp— v+ g >1, m2>1.

This is equivalent to

n1 4+ A 1 > (L+ vV Fna + o+ 1)

which simplifies to

M+l > 1+ 2vni+ng+ -+ 10y, m>1
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We prove this induction on m.

For m = 1 we have to prove that no > 1+ 2,/n1. Indeed,
ne>n+2=1+14n1)>142n,.

Assume that the claim holds for some m > 1. Then

Romii — 13 O/ o i
50 (Nm+1 — 1)% > 4(ng + -+ + ny) hence

(M1 + 1)2 >4(ny + -+ Bmar1)-

This implies nm1+1 > 24/n1 + - - - + nm+1, and since ng 90— N1 = 2,
it follows that

Nt > 1 +2\/n1 + < N1,
as desired. ]

B8. Let a, b, ¢, d be real numbers such that a + b+ ¢ 4+ d = 2. Prove that
a b c d 8

e

<7
el T bl T E It E—3+1"3

Titu Andreescu - Mathematical Reflections, Problem 0231

Solution. Substituting

1 1 1 1
9’ g =



the inequality becomes

4:{:+2+4y+2+4z+2+4w+2{§
422 +3 4y +3 42243  4w2+3 3

with & +y + z + w = 0, which is equivalent to

2z -1)2 (2y-1)2  (2z2—1)? 5 (2w — 1)*
422 4+ 3 492 43 422 +3 4w? +3

A%

¢
5
Because

dg¥ = G (y+ 2 +w)* < 322+ 3(y* + 2% + w?),
we have |

(22 —1)° g (2z — 1)
4z2+3 — 3?4y’ + 2 +w?+1)
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B9.

with equality if and only if = = %— or y = z = w. Summing this and the

analogous inequalities and noting that since  +y + 2 4+ w = 0,
2z —12+2y—12+ (22— 12+ (2w —-1)* =d(2® +9* + 22 +w? + 1),

the conclusion follows.

The equality holds if and only if 2 =y =z =w=0orz =y =2 =3
and w = —%1, up to permutation. This means a = b =c=d = % or
three of the numbers a, b, ¢, d are equal to 1 and the other to —1. ]

Let n be an odd integer greater than or equal to 5. Prove that
TL . T 9 T L gi—1 Tt
(1)-3()+#() - +o)
is not a prime number.

Titu Andreescu - Korean Mathematics Competitions 2001

Salution. Let N:(“)-5(“)+52(”)—---+5”—1(”).Then
1 2 3 i
s n\  .ofn 3(m\ _ M) _ B N
BN =] 1+5(1) 5 (2)+5 (3) +5 (n) 14 (—1 + B)".

Hence

e - L o ot & [r9ﬂ+nt (2“—2'{-1\2]
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r m—1 2 1 n—1 2

(QT - 1) 4 on- ] [(2“2—' + 1) +2”—1] .
Because n is greater than or equal to 5, both factors of the numerator
are greater than 5. One of them is divigible by 5, call it 5N7, N7 > 1, the

other being Ny. Thus N = N;jN,, where N1 and N» are both integers
greater than 1, and we are done. [

Find all pairs (z,y) of nonnegative integers such that z°+ 3y and y?+ 3z
are simultaneously perfect squares.

Titu Andreescu

Chapter 26

B11.

Solution. The inequalities
?+3y = (z+2)?% y +3z>(y+2)°
cannot hold simultaneously because summing them up yields
0 2 xby-4+8,

which is false. Hence at least one of z°+3y < (z+2)? or y*+3z < (y+2)*
is true. Without loss of generality assume that 22 + 3y < (2 + 2)%
From z? < 2% + 3y < (z + 2)? we derive 22 + 3y = (z + 1)%, hence
3y =2x+ 1. Thus ¢ = 3k + 1 and y = 2k + 1 for some integer k > 0
and 5o y? + 3z = 4k* + 13k + 4. If k > 5, then

(2k +3)2 < 4k + 13k + 4 < (2k + 4)°

s0 y° + 3« cannot be a square. It is easy to check that for k € {1,2,3,4},
y? 4+ 3z is not a square. For k = 0, y2 + 3z = 4 = 22 and we get the
solution z = y = 1. For k = 5, y* + 3z = 13° and we get the solution
=16, y=11.

Therefore the solutions are (z,y) € {(1,1), (16,11),(11,16)}. O]

Let n > 1 be an integer. Prove that there is no irrational number a such

that ’\"/a + v a? :Hi-+ {‘/a_— v a? — 1 is rational.

Titu Andreescu - Romanian IMQ TST 1977

Solution. Assume by way of a contradiction, that there is an irrational
number a such that

-:-}.J'Ir P Yo - J'Ir o ————

§



A= 1\a++va*—1+ \a—va*—1is rational.

Define a = Va + xfgz — 1 and observe that Vu —va2 -1 = é.

1 1
Hence A = a+ " is rational. We prove that o™+ % ig rational. Indeed,

12
a + — = (Ct -+ —') — 2 1s rational
s

and

g 1 %" 1\ ..
o'+ —==la+—| —3 f:H—E is rational.
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1. . e
it follows by induction that o + — is rational for all positive integers

o

1 .
k, hence o™ + o is rational. Thus @ + Va2 —1+a —+va?—1=2a is
rational, which is false. The solution is complete. O

Let a, b, ¢ be positive real numbers such that
a+ b+ c = abe.

Prove that at least two of the inequalities

2,8, 6. 2,3,6,, 2.3,
a b ¢ b ¢ a c

_|_

W
(

o |

are true,

Titu Andreescu - USA IMO TST 2001

First solution. Assume on the contrary, that at least two of the num-

b 5 3 6 2 3 6 2 3 6
el d HAaRpR SRl
a b ¢ b ¢  a c a b

are less than 6. Without loss of generality, assume that the first and the
lagt are less than 6. Then,

EJrE*I—E«:::IZ.
a b ¢

Also, since b+ ¢ > a(bc — 1), we have

}_}bc—l
a_ b+ec
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It Tollows that
blbe—1)

J §
b+ ¢ b

<12,

_.|_

1.e.,
5b%¢% 4 12be — 12b%¢ — 12bc® + 9¢* + 8b* < 0. (1)

Completing the squares, we get
| (2bc — 2b — 3¢)? + b2 (c — 2)% < 0,

a contradiction. This proves the conclusion. To obtain equalities, that
is, two of the numbers

2 3 6 2 3 6 2 3 6

a b ¢ b ¢ a ¢ a b

are equal to 6, we must have ¢ —2 =0, 2be — 2b— 3¢ = 0, that is, ¢ = 2,
b= 3, a = 1. Therefore, the equalities hold if and only if (a, b, ¢) is one
of the triples (1, 3,2), (3,2,1), (2,1, 3). O

Chapter 26

Second solution. As before, when we arrive at (1), we rewrite it as a
quadratic form in b. This yields

(5c® ~ 12¢ + 8)b? — 12¢(c — 1)b + 9¢2 < 0,

which is impossible, because the leading coefficient

6\ 4
"r:z—12c—|—8=5(c—g) foz.

is always positive and the discriminant
A = (12¢(c — 1))* — 36¢%(5¢® — 12c + 8) = —36¢%(c — 2)°
is always nonpositive. (]

Third solution. Set « = 1/a, y = 1/b, z = 1/c. It suffices to prove
that at least two of the following inequalities

2r+3y+62=26, 2y+3z+6x>6, 2243x+6y=>6
are true, where
&, 9,2 == Q, Ty +yz+zx = 1.

Assume on the contrary, that at least two of the given inequalities are
false. Without loss of generality, we may assume that 22 + 3y + 6z < 6
and 2y + 3z + 6z < 6. Then,

144 > ((2z + 3y + 62) + (2y + 32 + 62))*
= (8z+ 5y +92)°

Fa | g i Fa Tt i P B ? " Fait | Q i Fatal



— Wkl T OULY T a9y T OlZ I JUYZ T laaZl
= 64z° — 6dzy + 16y° + 9y — Bdyz + 8127 + 144(zy + yz + 2z)
= (8z —4y)2 + (3y — 92)% + 144 > 144,

contradiction. Thus, our assumption is false and at least two of the

desired inequalities must be true. To obtain equalities, that is, two of
the numbers

2 3 6 2 3 6 2 3 6
—oafraiqeim,  eideia o =, o e e
a b ¢ b e a ¢ a b
are equal to 6, we must have 8z —4y =3y — 92 =0, or
grbie={1/z) (/) (1fz) =251 23
Therefore, the equalities hold if and only if

(a,b,¢) = (1,3,2),(3,2,1),(2,1,3). O
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B13. Find the real numbers a, b, ¢, d, e € [—2,2] such that

a+b+c+d+e=0
S+t +dP+e=0
a® + b + ¢+ d° + € = 10.
Titw Andreescu - Romanian Mathematical Olympiad 2002

T 1.3 1.3
Solution. Because 5% §b’ 56 §d’ € € [—1, 1], there are real numbers

x, Y, 2, t, u such that
a=2cosz, b=2cosy, c=2cosz, d=2cost, e=2cosu.
Using thé identity
2cosba = (2cos )’ — 5(2cosa)® + 5(2cos ),

we obtain
2cos5z = a® — 5a° + 5a

and the analogous relations. Summing them up yields

ZZCC}S5HJ=Z&5—5Z&3+5ZG=1D
ZCDS5;‘E=5.

Hence
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coS bz = cosdy = cosHz = cosdHt = cosdHu = 1,

V-1 5+1

5 v 8
From the relation a+b+c+d+e = 0, it follows that one of the numbers
is 2, two of them 3%_—1 and the other two —i%’—l* It is easy to check

that for these numbers Z a =0. C

and therefore a, b, ¢, d, e € < 2,

Let p be an odd prime. The sequence (ap)n>0 18 defined as follows:
ap=0,a1=1,....,a, 2 =p—2and, for alln > p—1, a, is the least
integer greater than a, 7 that does not form an arithmetic progression
of length p with any of the preceding terms. Prove that, for all n, a,, is
the number obtained by writing » in base p — 1 and reading it in base p.

Titu Andreescu - USAMO 1995

Chapter 26

Solution. We will say that a subset of N is p-progression-free if it does
not contain an arithmetic progression of length p. Denote by b, the
number obtained by writing n in base p — 1 and reading it in base p.
One can easily prove that a, = b, for all n = 0,1,2,... by induction,
using the following properties of the set B = {bg,b1,...,bn, ...} (whose
proofs we postpone):

1° B is p-progression-free;

2° If b1 < a < by for some n > 1, then the set {by,b1,...,bp_1,a} is
not p-progression-free.

Indeed, assume 1° and 2° hold. By the definition of a; and b, we have
ar = by for k =0,1,...,p— 2. Let a = by for all & < n — 1, where
n > p—1. By 1°, the set

{a’ﬂta'la ceeyn—1, bn} = {bﬂ?bli < any bﬂ—l& bﬂ;}

is p-progression-free, so a, < b,. Also, the inequality a, < by is impos-
sible, in view of 2°. Hence a,, = b, and we are done.

So it suffices to prove 1° and 2°. Let us note first that B consists of all
numbers whose base p representation does not contain the digit p — 1.
Hence 1° follows from the fact that if a,a 4+ d,...,a+ (p — 1)d is any
arithmetic progression of length p, then all base p digits occur in the
base p representation of its terms. To see this, represent d in the form
d = p™k, where gcd(k,p) = 1. Then d ends in m zeros, and the digit &
preceding them is nonzero. It is easy to see that if a is the (m+1)st digit
of a (from right to left), then the corresponding digits of a, a + d, ...,
a 4+ {p — 1)d are the remainders of o, &« + 4,.... a+ (p — 1)d modulo



P, regpectiﬁely. It remains to note that o, -+ 5,..., a + (p = 1)d is a
complete set of residues modulo p, because 9§ is relatively prime to p.
This finishes the proof of 1°.

We start proving 2° by the remark that b,—; < a < b,, implies a ¢ B.
Since B consists precisely of the numbers whose base p representations
do not contain the digit p — 1, this very digit must occur in the base p
representation of a. Let d be the number obtained from a be replacing
each of its digits by O if the digit is not p — 1, and by 1 if it is p — 1.
Consider the progression

a—(p—1)d,a—(p-2)d,...,a—d,a.

As the definition of d implies, the first p — 1 terms do not contain p — 1
in their base p representation. Hence, being less than a, they must
belong to {bg,b1,...,b,—1}. Therefore the set {bg, b1,...,by_1,a} is not
p-progression-free, and the proof is finished. [
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B15.

B16.

Prove that for each positive integer n, 33" + 1 is the product of at least
2n + 1 not necessarily distinct primes.

Solution. We will prove this by induction on n. The property is true
for the base case n =1as 3>+ 1=2:2.7. Assume that it is true for n
and let 33" = m. By the inductive hypothesis, m + 1 is the product of
at least 2n + 1 not necessarily distinct primes and

3T l=mf 1= (m+1)(m2-m+l).

n 2
Because m? —m+1= (m+1)? - 3m and 3m = (33%) ,m2—m+1

factors into two nontrivial parts, and so confributes at least two new
primes. This proves the inductive step. U]

Let g : N — N be a one-to-one function such that N\ g(N) is infinite.
Let n > 2 be an arbitrary positive integer. Does g admit a functional
n®™ root, that is there a function f: N — N such that

fo..of=g,

where f appears n times?

Titu Andreescu and Marian Tetiva - Mathematical Reflections,
Problem U495

Solution. The result is not necessarily true.
Consider the function g : N —» N defined by



9(0) =1, g(1) =0, and g(k) = 2k

for all k£ > 2, and let n = 2. Note that g is clearly one-to-one because 0,
1 are the respective images of 1, 0, and each even integer larger than or
equal to 4 is the image of its half, the image of g not taking any other
value. Note also that N \ g(N) is infinite because it contains exactly 2
and all odd integers larger than or equal to 3. Assume that a functional
square root f exists, and let f(0) = u. Note that u 5 0 because otherwise
we would have

1 = g(0) = f(f(0)) = f(0) =0,
- contradiction. Note that v # 1 because otherwise we would have

f(1) = £(£(0)) = g(0) = 1,

leading to 0 = g(1) = f(f(1)) = f(1) = 1, contradiction.
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Therefore u > 2, hence

1 =g(0) = £(f(0)) = f(u),
and
2u = g(u) = f(f(w)) = f(1),
thus 0 = g(1) = f(f(1)) = f(2u), and finally
u= f(0) = f(f(2u)) = g(2u) = 4u,

a confradiction since u # (). Hence in this case, a functional square root
of g does not exist. L

Remark. Consider the additional hypothesis g(z) > z for all z € N.
With this added hypothesis, let

F=A{z: g(z) =z}

be all the fixed points of g and let z1 g, x2,0.... be the elements which
are not in the image of g, that is, the elements of N\ g(N). Starting with
each of these we can define a chain of values by repeatedly applying g:

i =gltin). B = gl )i

These chains cannot cycle and cannot merge since g is one-to-one.

(If &; m = @it With (i,m) # (@', m’) and m,m’' > 0, then



g(Tim-1) = (@i my—1),

contrary to g being one-to-one. Having x;p = =y, would contradict
T; p not being in the image of g.) It is easy to see that these chains and
the fixed points F' cover all of N. Indeed if we start from any y € N
and it is neither fixed nor in N\ ¢(N), then we can find a y; < y such
that g(y1) = y. Clearly y; is not a fixed point of g and if it is not in the
image, then we can find yy with g(y—2) = yy. Continuing in this way we
build a decreasing sequence y = yp > y1 > ..., which must terminate.
Hence there is some y,, which zp ¢ for some k and hence y = zj .

To build a functional n-th root f of g we define: f(z) = z if z € F;
f(Zpm) = Tpgam if k is not a multiple of n; and f(2rm) = Trt1—nms1
if £ is a multiple of n. Clearly, if z € F, then

fo...of(z)=g(=)
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If we apply f to zy , n times, then on n— 1 of the steps we will increase
k by 1 and leave m unchanged. On the other step we will decrease k by
1 — n and increase m by 1. Therefore the net effect will be to leave &
unchanged, but increase m by 1. Hence

fo...of(Tkm)= Thmi1 = 9(Tk,m)-

Without the assumption that g(z) > z for all z, iterating g on
N, breaks the natural numbers not only into fixed points, and one-
sided infinite chains beginning at the points not in the image of g
(as above), but can also cycles of finite length (the counterexample
above has a cycle of length 2) and infinite “cycles”, that is, sequences
ooy Y—2,Y—1, Y0, Y1, Y2, . - - such that g(y;) = y;1 for all integer i. The ex-
istence of a functional n-th root puts restrictions on all the cycles whose
length is not relatively prime to n (where we count infinity as being a
multiple of n for any integer n) and on the number of one-sided infinite
chains. 1f the cycle length c is not relatively prime to n, then let m be the
product of all primes dividing ged(e, n) taken with the multiplicity with
which they divide n. (For example if n = 360 and ¢ = 70, then the ged
is 10. Since 2 divides n three times and 5 once, we take m = 40.) Then
the required condition on cycles of length ¢ is that the number of them
must be a multiple of m (where again infinity counts as a multiple of any
integer). The restriction on one-sided infinite chains is that the number
of them must be a multiple of n. (The hypothesis above that N\ g(N)
is infinite guaranteed that this condition held.) If the numbers of cycles
of every finite length, the number of infinite cycles, and the number of
one-sided infinite chains all satisfv these coneruence conditions then a
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functional n-th root exists.

The counterexample above has 1, hence an odd number, of cycles of
length 2 so it cannot have a functional square root.

Let (an)n>0, (bn)n>0, (Cn)n>0 be sequences of positive integers defined
byao=1,bo =co=0and (1 + 2+ V4)" = an+b, 2+, ¥4, n > 1.
Prove that

i s if n=0 (mod3)
2% ) (:')ak= bo¥2, if n=2 (mod 3)
= ecnv4, if n=1 (mod 3)

and find similar relations for (b,)n>0 and (¢,)n>0.

Titu Andreescu and Dorin Andrica - Revista de Matematicd din
Timisoara, Problem C6:3
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Solution. We have
] 3 2 a 4 1
an +bnV2+ VA= (1+ V24 V4" = (V2(1 ﬂza\/;): V1))

=2 32+ VA+2)" =251+ (1 + V2+ V4)"
—9-% i (”’)(1 +V24+ Ve =273 i (ﬂ){ak+bﬁ/§+cﬁ/«1},

k=0 5 k=0 k
hence "
ot oVt ¥I=28 Y (1o
k=0
T T
n n 3 n mn q
+(2 E;-G(k)bk) \/§+(2 a;(k)ck) V4. (1)

We study three cases.
(i) If n =0 (mod 3), then 275 & Q, hence

T n m
_n T i n - n _
2°3 E (k)ﬂ.;ﬂ = i, 2 8 E (k‘)bk =Dg, & 3 E (k) Ck = Cn.» (I]

(ii) If n = 2 (mod 3), then - Q. Multiplying; the relation (1) by
2% = xa/ﬁ, we obtain

an VI + By + 2830, = 27523 (”) G
— k



4 (2*}. : Zn: (2) bk) V2 + (z_ﬂﬁﬂ zn: (Z)%) V4, (2)

k=0 k=0
then , .
0 =% (ﬂ)uk =2y, 275 Y (ﬂ)bk = ¢,
E k
k=0 k=0
L)
275 ) (k)c;g = 20,
k=0
Hence
Tt T
243 (3o =082 28 (3 )= ea¥
k=0 ) k=0 (1)
_n n (n
k=0 k 4
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(iii) if n =1 (mod 3), then 275" ¢ Q. By multiplying the relation (1)

by 2% — /2. we obtain

Tr
— 14 Tl
an V2 + by, V4 + 2¢, = 2 31§ ()ak

k=0 k

+ (Z%ﬂ Zn: (E) bk.) V2 + (2__?-_1 z“: (:) Ck) V4, (3)

then o o
—n+1 (e —n-41 T
2 3 (k) {Ik = Zcﬂrj 2 2 Z (k)bk' == ﬂ’ﬂ-)
k=0 k=0
—ntl e /N
255 (3)or =t
k=0
Hence

(111)

[ Oy n=0 (mod 3)



2% ) (:)ak= i b2, n=2 (mod 3)

e cnv4, n=1 (mod 3)
b n=0 (mod 3)
o2 i (n) by — cnv2, n=0 (mod 3)
k
. k=0 Qn, .
75 n=1 (mod 3)
and
[ ¢p, n=0 (mod 3)
n an, _
5—3 Z (n) 6 = | ﬁ’ n=0 (mod 3)
k=0 k bﬂ
h \3—@, n=1 (1110(1 3)
and we are done. ]
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B18. Let n be a positive integer and let N be the number of increasing

arithmetic progressions with & terms from the set {1,2,...,n}.
Prove that i ,
Np < —qu-l- (ﬂ-l_E) g+ 1-—k,

—1
where ¢ = !:_ 1].

Titu Andreescu and Dorin Andrica - Revista de Matematica din
Timigoara, Problem C4:2

Solution. Though the problem statement does not say so explicitly, we
will assume n > k, so there is at least one such progression.

Suppose one of the arithmetic progressions we are counting starts at
a > 1 and has common difference d > 1. Then the final term will be
a-+d(k—1) < n. Since a > 1, this gives 1 +d(k — 1) < n and hence
= =4

d< : 1 It follows that the maximum value for d is g = [E = 1] .
For fixed d, a can take on any value in {1,2,...,n — d{(k — 1)}, hence
there are n — d(k — 1) arithmetic progressions with common difference
d. It follows that

1)(k = 1)
k)

q
N;.::Z(n—d(;;;_l)) =nq-—q(Q+
d=1

Comparing this to the desired bound, we see that it suffices to show that
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(k—2)¢° +kq+2—2k>0. (1)

If k = 2, this reduces to 2(¢ — 1) > 0, which is true by assumption. If
k > 2, then the left-hand side of (1) is a quadratic polynomial in ¢ with
roots

_ —2(k—1) 3k —4 _
n="—F— = ] — and ¢9 = 1.
Since g1 < 1 = g2 and the leading coefficient of the quadratic is positive,
it follows that inequality (1) holds for ¢ > 1 and k& > 2. [

(i) Let a,c be nonnegative real numbers and let f : [a,b] — [¢,d] be a
bijective increasing function.
Prove that

> U+ > [ (k)] = n(Gy) = [b]ld] — a(a)ode)

a<k=b c<k<d
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where k is integer, n(Gs) is the number of points with nonnegative in-
teger coordinates on the graph of f and a: R — Z is defined by

| =] if xeR\Z
“(‘T)_{mﬂ if z€Z

(ii) Evaluate
ﬂ!ﬂ2+1!
—1+v/1+8k
S, = ; [ 5 ] .

Titu Andreescu and Dorin Andrica - Asupra unor clase de identitati,
Gazeta Matematica, No. 11(1978), pp.472-475

Solution. (i) For a bounded region M of the plane we denote by n{M)
the number of points with nonnegative integral coordinates in M.
The function f is increasing and bijective, hence continuous. Consider

the sets

My={(z,y)eR?a<z<bh 0<y< flz)},
My = {(z,y) eR*|c<y<d, 0<z< f (g},
My = {(z,y) ER®| 0< 2 <b, 0<y < d},

My = {(z,y) ER} 0<x<a, 0<y< e}

ok



o |
c T\F\)F = e
Q a €

Then

n(Mi)= Y (L+[f(K)]) = bl —ale)+ Y [f(K),
a<k<b

a<k<b
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n(My) = Y (A+[f 1R =M —ale)+ Y [FHE),

c<k<d e<k<d
n(Mz) = ([b] + 1)([d] + 1), n(Mas)= (afa)+ 1)(a(c) + 1).
We have
n(Mi) + n(Mz) — n(M; N M) = n(M; U Ms),
hence

(M) +n(Ms) — n(Gg) = n(Ms) — n(Ms),

and the conclusion follows after a little algebra.

1
(ii) Consider the function f : [1,n] — {1, n(n;— )],
z(x+1)
The function f is increasing and bijective. Note that n(G) = n and
_ —1+4+414 8z
Applying formula i) we obtain
" ﬂfn2+l] ; .
k(k+1 -1+ 1+ 8k 1
] ey, sty
k=1 . k=1 . 4



hence

nin41

2 " 52 n
Z [ l+«.2/1+8k]: (n2+1)-|—n—%2k(k+l)
k=1

k=1

_ ni(n+1) g nin+1) nr+1D@2n+1)  n(n’+2) .
B 9 4 12 B 3

B20. (i) Let a,c be nonnegative real numbers and let f : [a,b] — [, d] be a
bijective decreasing function.
Prove that

N EI- Y U] = Blade) — [da(a),

a<k<b c<k<d

where k is integer and « is the function defined in previous problem.
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(ii) Prove that

for all integers n > 1.

Titu Andreescu and Dorin Andrice - Gazeta Matematica, Problem O:48

Solution. (i) For a bounded region M of the plane we denote by n(M)
the number of points with nonnegative integral coordinates in M.

The function f is decreasing and bijective, hence continuous. Consider
the sets

N ={(z,y) eR*|a<z<bh c<y< flz)}
:{(m,y)&‘[ﬁg e M a*_i:l:ﬂf-l(y)}-,

N3 ={(z,y) eR*|a<z<bh 0<y<cl,
={(g:,y)ER2 0<z<a, c<y<d}
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O T ; EJ :Ir:
Then
Y. A+[fRD) =B —al@+ ) [f(k)]=n(N1)+n(Ns),
a<k=<b a<k<h
Y A+ R =d-ale)+ ) [FK)] = n(Na) + n(Ny),
c<k<d e<k<d

n(Na) = ([t] - a(a))(a(c) + 1), n(Ny) = ([d] — o)) (ala) + 1).

Chapter 26

Also notice that N; and Ny are in fact the same set, hence
n(Ny) = n(Ns). It follows after a little algebra that

YO EI- D I HR)] = [bade) — [dala),
a<k<h e<k<d

as desired.
2

(ii) Consider the function f : [1,7] — [1,n?], f(z) = 1;—2

Note that f is decreasing and bijective and

@) = ==
Using formula i), we obtain
" [n? %l m 5

hence

as desired. | ]



	DocScanner 31-Mar-2024 10-10 am
	kupdf.net 120-awesome-algebra-problems

