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Introduction 

This book consists of three parts: fundamental knowledge, basic 

methods and typical problems. These three parts introduce the 

fundamental knowledge of solving combinatorial problems, the 

important solutions to combinatorial problems and some typical 

problems with often-used solutions in the high school mathematical 

competition respectively. 

In each chapter there are necessary examples and exercises with 

solutions. These examples and exercises are of the same level of 

difficulty as the China Mathematical League Competitions which are 

selected from mathematical competitions at home and abroad in recent 

years. Some test questions are created by the author himself and a few 

easy questions in China Mathematical Olympiad (CMO) and IMO are 

also included. In this book, the author pay attention to leading readers 

to explore, analyze and summarize the ideas and methods of solving 

combinatorial problems. The readers' mathematical concepts and 

abilities will be improved remarkably after acquiring knowledge from 

this book. 



This page intentionally left blankThis page intentionally left blank



Preface 

Combinatorial Mathematics has a long history. Thousands of 

years ago, some simple and interesting combinatorial problems started 

to be involved in the ancient Chinese masterpieces such as He Tu and 

Luo Shu. In the recent 20 years, owing to the rapid development of 

know ledge such as Computer Science, Coding Theory, Programming 

Theory, Digital Communication and Experimental Designing, a series 

of theoretical and practical problems need to be solved by discrete 

mathematics. Moreover, the questions which were raised by the logic 

of combinatorial mathematics itself and other branches of 

mathematics, has made the research about combinatorial mathematics 

to flourish and very rich. The problem-solving techniques and methods 

are daedal, transforming this ancient mathematical idea into a rigorous 

mathematical subject. 

The combinatorial questions in the mathematical competitions are 

always straightforward, but the people who solve these problems 

should be endowed with the power of acute observation, rich 

imagination and necessarily skills . There are no fixed methods that can 

be followed, and various questions of different level of difficulties are 

very rich. Hence, combinatorial questions have been included in 

different levels of intelligence test and mathematical competition. 

This book focus on the combinatorial problems in the mathematics 

competition, and consists of three parts: fundamental knowledge, 

basic methods and typical problems. This book is a translation from 

the author 's book of the same title (in Chinese), with a few amendments 

ix 
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and supplements. It not only emphasizes the fundamental knowledge 

of solving combinatorial problems in mathematical competitions, but 

also introduces to the readers the important solutions to combinatorial 

problems and some typical problems with solutions that are often used. 

In the choice of examples and exercises, except the questions 

which strikingly newer have been selected as far as possible, but the 

novel test questions which are the same difficult level as the China 

Mathematical League Competitions in the mathematical competition at 

home and abroad in recent yeas have been chosen deliberately. Some 

test questions created by the author himself and a few easy questions in 

China Mathematical Olympiad (CMO) and IMO are also included. In 

this book, the author pays attention to leading the readers to explore, 

analyze and summarize the ideas and methods of solving combinatorial 

problems. The readers' mathematical concepts and abilities will be 

improved remarkably after acquiring the knowledge from this book. 
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Chapter 1 

1.1 

Principles and Formulas 
of Counting 

Two Ba~ic Countin9 Princigles 

The Addition Principle 

If there are 11 I different objects in the first set, 11 2 objects in the 

second set, ... , and 11 In objects in the m th set, and if the different sets 

are disjoint, then the number of ways to select an object from one of 

the m sets is 11 I + 11 2 + ... + 11 In • 

The Multiplication principle 

Suppose a procedure can be broken into m successive (ordered) 

stages, with 11 I outcomes in the first stage, 11 2 outcomes in the second 

stage, ... , and 11 In outcomes in the m th stage. If the composite 

outcomes are all distinct, then the total procedure has 11 1112 ... 11 In 

different composite outcomes. 

Example 1 How many ways are there to choose 4 distinct positive 

integer numbers XI ' X2 ' x} ' X4 from the set S = {1, 2, ... ,499, 

500 } such that XI ' X2' X } , X4 is an increasing geometric sequence and 

its common ratio is a positive integer number? 

Solution Let a I , a I q, a 1 q2 , a 1 q } (a 1 , q E N+ , q ? 2) be the four 

. ~SOO 3 numbers whIch are chosen by us, then a 1 q } :;( 500, q :;( - :;( 1 500. 
a1 

Hence 2 :;( q :;( 7, and 1 :;( a 1 :;( [SqO}O J, that is the number of the 

geometric sequences with the common radio q is [SqO}O J. By the 

addition principle, the number of the geometric sequences satisfying 



2 Combinatorial Problems in Mathematical Competitions 

the conditions is 

7 

~ [5(~O ] = 62 + 18 + 7 + 4 + 2 + 1 = 94. 
q~2 q 

So the answer to the question is 94. 

Example 2 How many 4-digit odd numbers with distinct digits are 

there? 

Solution A 4-digit number is an ordered arrangement of 4 digits 

(leading zeros not allowed). Since the numbers we want to count are 

odd. the unit digit can be anyone of 1. 3. 5. 7. 9. The tens digit and 

the hundreds digit can be anyone of O. 1 •...• 9, while the thousands 

digi t can be anyone of 1. 2. . ..• 9. Thus there are 5 choices for the 

unit digit. Since the digits are distinct. we have 8 choices for the 

thousands digit. whatever the choice of the unit digit is. Then there 

are 8 choices for the hundreds digit. whatever the first 2 choices are. 

and 7 choices for the tens digit. whatever the first 3 choices are. Thus 

by the multiplication principle. the number of 4-digit odd numbers 

with distinct digits is equal to 5 x 8 x 8 x 7 = 2240. 

1. 2 Permutation Without Repetition and 

Permutation An ordered arrangement of n distinct objects taking 

m (m ~ n) distinct objects at a time is called a permutation of n 

distinct objects taking m distinct objects at a time. Since the objects is 

not repeated, the permutation is also called the permutation without 

repetition. and the number of "permutation of n distinct objects taking 

m distinct objects" is denoted by P;;, or 1\;;, * • then 

P;~ = n(n -1)(n -2)"'(n -m +1) n! 
en - m)!' 

* p~, (A;~) is also written as P;~ CA;;') in some countries. 
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where m ,::;;; n , and there is a convention O! = 1. 

Especially, when m = n, the permutation of n distinct objects 

taken n distinct objects is called all permutation of n distinct objects. 

The number of all permutation of n distinct objects is equal to 

P;: =n(n-1)(n-2)···2·1 =n! 

Combination An unordered selection of n distinct objects taking 

m (m ,::;;; n) distinct objects at a time is called a combination of n 

distinct objects taking m distinct objects at a time. Since the objects is 

not repeated, a combination of n distinct objects taking m distinct 

objects is also called a combination without repetition. The number of 

"combination of n distinct objects taking m distinct objects" is denoted 

by C:), then 

( n ) P" m 

m m! 

n(n -1)(n -2)···(n -m + 1) 

m! 
n! 

m!(n -m)!· 

Example 3 How many 5-digit numbers greater than 21300 are there 

such that their digits are distinct integers taken from {1, 2, 3, 4, 5}. 

Solution I We divide these 5-digit numbers satisfying the 

required conditions into 3 types: 

The number of 5-digit number whose ten thousands digit may be 

anyone of 3, 4 or 5 is equal to Pf pt. 

The number of 5-digit number whose ten thousands digit be 2 and 

thousands digit be anyone of 3, 4 or 5 is equal to Pf P~ . 

The number of 5-digit number of ten thousands digit be 2, and 

thousands digit be 1 is equal to P~ . 

By the addition principle, the number of 5-digit numbers 

satisfying the required conditions is equal to PI Pi + PI P~ + P~ = 96. 

Solution]I Since the number of 5-digit numbers with distinct 

digits taken from 1, 2, 3, 4, 5 equals P~, and there are only pt 

numbers (their ten thousands digit are equal to 1) not exceeding 

21300. Hence the number of 5-digit numbers satisfying the required 
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conditions equals p~ - Pi = 96. 

, 

1.3 Repeated Permutation and 
ReQeateel G0mbinati0f1 __ -.J 

Repeated Permutation An ordered arrangement of n distinct 

objects taking m objects at a time (each object may has a finite 

repetition number) is called a repeated permutation of n distinct 

objects taken m objects at a time. The number of this repeated 

permutation is equal to n '" . 

This conclusion could be proved easily by the multiplication principle. 

Repeated Combination An unordered selection of n distinct 

objects taking m objects (each object may has a finite repletion 

number) is called a repeated combination. The number of this 

( n + m - l) repeated combination is equal to m . 

Proof Denote the n distinct objects by 1, 2, ... , n. Then 

repeated combination of n distinct objects taken m objects has the 

following form: {iI ' i 2 , ... , i ",} (1 ~ il ~ i2 ~ ..• ~ i ", ~ n). Since 

the selections could be repeated, so that the equality holds. Set j I = 

ii' j 2 = i 2 + 1, ... , j ", = i ", + (m - 1), then 1 ~ j 1 < j 2 < ... < j '" ~ 

n + m - 1 , and the {j 1 , j 2 ' ••• , j ",} is just the combination without 

repetition of n + m - 1 distinct objects: 1, 2, ... , n + m - 1 taken m 

distinct objects . 

Hence the number of the required repeated combination equals 

All Permutation of Incomplete Distinct Objects Suppose that 11 

objects consist of k distinct objects ai' az, ... , a k with repetition 

numbersn l ' 112> ... , n ", (11 1 + 112 + ··· + n", = 11)respective!y, the all 

permutation of these n objects is called the all permutations of the 

incomplete distinct objects. We denote the number of all such 
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permutation by then 

n! 
n)!n2!'''nk!' 

Proof Let f denote the number of the all permutation satisfying 

the conditions, If we exchange the same objects in each kind for the 

mutually distinct objects and rearrange them, then we get n 1 ! n 2 ! .. 'n k ! all 

permutations of n distinct objects. By the multiplication principle, the 

number of the all permutation of n distinct objects is equal to f . n ) ! 
n 2 ! .. 'n k1. But the number of all permutation of n distinct objects is 

equal to n !. Hence f . n 1 ! n 2 ! "'n k! = n1. Thus 

Multiple Combination Let's classify n distinct objects into k (k < 
n) distinct kinds, such that there are n i objects in ith kind Ci = 1, 

2, ,,' , k, n ) + n 2 + .. , + n k = n). Then the number of the classify 

. ( n ) n' ways IS equal to = , ,.... ,. 
n),n2, ... ,nk n ) .n2. nk. 

Proof Since the number of ways of the n distinct objects taken n) 

distinct objects is equal to en) ). Then, the number of ways taking n 2 

distinct objects from the residual n - n) distinct objects is equal to 

n - n 
( 1) . If we continue like this and invoke the multiplication 

n2 

principle, we find that the number of distinct partitioned kinds equals 

( n ) C - n)) .. , C - n) - n 2 - .. , - n k-)) 

nl n2 nk 

n! (n -nl)! 

nl(n - n)! n2!(n -n ) -n2)! 

n! 

(n - n) - ... - n k-) ) ! 
nk!(n - n) - ... -nk)! 

Remark The counting formulas of all permutation of incomplete 



6 Combinatorial Problems in Mathematical Competitions 

distinct objects and multiple combination are the same, but their 

significance is different. We may prove the counting formula of the 

multiple combination by applying the same method of proving the 

formula of all permutation of incomplete distinct objects. 

Example 4 In how many ways can one chose 10 paper currencies 

from the bank and the volumes of these paper currencies are 1 Jiao, 5 

Jiao, 1 Yuan,S Yuan, 10 Yuan 50 Yuan and 100 Yuan respectively? 

(Remark: The Jiao and Yuan are the units of money in China. ) 

Solution We are asked to count the repeated combinational 

number of ways to take 10 paper currencies from 7 distinct paper 

currencies. Using the formula of repeated combinatorial number, we 

get that the number of required distinct ways equals 

(7 + 10 - 1) = (16) = 16 x 15 x 14 X 13 x 12 X 11 = 8008. 
10 6 lX2X3 X 4 x 5 x 6 

Example 5 Suppose that 3 red-flags, 4 blue-flags and 2 yellow-flags 

are placed on 9 numbered flagpoles in order (every flagpole hangs just one 

flag). How many distinct symbols consist of these flags are there? 

Solution Using the formula of all permutation number of 

incomplete distinct objects, we get that the number of distinct symbols 

( 9) 91 
equals = 314i21 = 1260. 3,4, 2 ... 

Example 6 How many are there to choose 3 pairs of players for 

the doubles from n ( ;? 6) players. 

Solution I The number of taking 6 players from n distinct 

players equals G). The 6 players is classified into three groups such 

that each group contains exactly 2 players and the number of methods 

equals ( 6 ), but the 3 groups are unordered, so the number 
2, 2, 2 

required ways is equal to 

n! 61 1 
6!(n - 6)! ·2!2!2! ·3! 

n! 
48(n - 6)!' 
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Solution ]I The number of ways of taking 6 players from n 

distinct players equals G). Within the 6 players, there are (~) ways 

to choose 2 players, and within the remaining 4 players there are (;) 

ways to choose 2 players. Finally, there are (~) ways to choose 2 

players with in the remaining 2 players. But the 3 pairs are unordered, 

so that the number of required ways is equal to 

G)(~) G)(~) n! 
3! 48 • (n - 6)!' 

Remark If we change this problem to the following problem 

"How many are there to choose 3 pair of player who serve as top seed 

players, second seed players and third seed players respectively, from 

n ( ~6) players?" Then the number of different ways equals 

Since these 3 pair players are ordered, it is not divided by 3 ! 

1. 4 Circular Permutation of Distinct Elements 
--and N!:"JlT'lber-0f N~e~eJ$:k!.§la~e~es§:- ====:...:::::::::.; 

Circular Permutation of Distinct Elements If we arrange the n 

distinct objects in a circle, then this permutation is called a circular 

permutation of n distinct objects. The number of circular permutation 

of n distinct objects equals p;: = (n - 1) ! . 
n 

Proof Since n linear permutations AlA2 ... A,,- l A " , A2A 3 ... 

A "A l , ... , A,Al .. ·A ,, -2A,,- l give rise to the same circular permutation 

and there are P;: linear permutations. Thus the number of circular 
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permuta tions of n distinct objects equals p;: = (n - 1) !. 
n 

Number of Necklace 

Suppose that a necklace consists of n distinct beads which are 

arranged in circle, then the number of distinct necklaces is 1 (if n = 1 

or 2) or ~ • (n -1)! (if n ~ 3). 

Proof If n = 1 or 2, then the number of necklace is 1. Assume 

that n ~ 3. Since a necklace can be rotated or turned over without any 

change, the number of necklaces is one-half of the number of circular 

permutation of n distinct objects, i.e. ~ • (n - 1)!. 

Example 7 How many ways are there to arrange 6 girls and 15 

boys to dance in a circle such that there are at least two boys between 

any two adjacent girls? 

Solution First, for every girl, we regard two boys as her dancing 

partner such that one is at the left of this girl and another is at the 

right. Since 6 girls are distinct, we can select 12 boys from 15 boys in 

P~ ~ ways. Next, every girl and her two dancing partners are considered 

as a group, each of residual 15 - 12 = 3 boys are also considered as a 

group. Thus the total of groups is 9, and we can arrange them in a 

circle in (9 - 1)! = 8! ways. By the multiplication principle, the 

number of permutations satisfying the conditions equals p~~ • 8! = 

15! • 8! 
3! 

1. 5 The Number of Solutions of the 

The number of Solutions of The Indefinite Equation The number of 

nonnegative integer solutions (Xl' X2' •.. , X",) of the indefinite 

(n +m - l) 
equation X l + X2 + "' + X", = n (m, n EN+) is equal to = 

m - 1 
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C + :l - 1). 

Proof We consider that each nonnegative integer solution (x I , 

X l' ... , X "' ) of the equation X I + X l + ... + x'" = 11 (177,11 E N+) 

corresponds to a permutation of 11 circles "0" and 177 - 1 bars" I " : 

Where X I is the number of circles "0" at the left of first bar" I " , X ,+1 

is the number of circles "0" between the i th bars" I" and the (i + 1) th 

bars" I", "', x '" is the number of circles "0" at the right of the (177 -

1 ) th bar "I" . Since the correspondence IS an one-to-one 

correspondence, the number of nonnegative integer solutions ( XI ' 

X l' ... , X "' ) of the indefinite equation XI + Xl + ... + X'" = 11 (177, 

11 E N+) equals the number of the permutations of 11 circles "0" and 

(11 - 177 +1) (l1 +m- 1) 
(m - 1 ) bars " I ", i. e . = . 

m - 1 11 

Remark The number of nonnegative integer solutions ( x I , 

Xl ' ... , X"' ) of the indefinite equation XI + X 2 + ... + x '" = 11 (m, 

11 E N+) is equal to the number of the repeated combinations from 11 

distinct objects taken m objects (each object may has a finite repletion 

number) . 

Corollary The number of positive integer solutions (X I ' X2 ' ... , 

x "' ) of the indefinite equation X I + X 2 + ... +x'" = 11 (m, 11 E N+, 71 ;;? 

m) equals (11 - 1 ). 
m - 1 

Proof Setting y ; = X; - 1 (i = 1, 2, "', m), we get y I + y 2 + ... + 
y ", = 11 - m. Thus the number of positive integer solutions (x 1 , 

X2 ' ... , X"' ) of the indefinite equation X I + X 2 + ... + x '" = 11 (m, 

11 E N+, 11 ;;? m) equals number of nonnegative integer solutions (y I , 

Y2' ... , y", ) of the indefinite equation YI + Y 2 + ... + Y ", = 11 - m, 1. e. 

( (71 - m) +m - 1) = (71 - 1). 
m - 1 m-1 
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Applying above formula, we give another solution of example 7. 

Second Solution of Example 7 Suppose that 15 boys are divided 

into 6 groups such that the leader of every group is a girl and there are 

at least two boys in every group. Denote the number of the boys in 

every group by X l ' X 2' '" , X 6 respectively, then 

XI + X2 + ... + X6 = 15 (x; E N+ andx; ~ 2, i = 1,2, ... , 6) . 

CD 

Setting y; = Xi - 2 (i = 1, 2, ... , 6), we get 

Y I + Y 2 + ... + Y 6 = 3 (y; E Z and y, ~ 0, i = 1, 2, ... , 6). (2) 

Thus the number of the integer solutions of CD is equal to the number 

( 3 + 6 - 1) (8) of the nonnegative integer solutions of (2), i. e. 6 -1 = 5 = 

G). Hence the 15 boys are divided into 6 groups such that there are at 

least two boys in every group in C) ways. We arrange the 6 groups in 

a circle in (6 - 1)! = 5! ways. (The leader of every group is a girl and 

her position is definite.) 15 boys stand in this circle in 15! ways. By 

the multiplication principle, we get that the number of the 

. Of ° ° I (8) I I 81·151 permutatIOns satls ylllg reqmrement equa s 3 • 5 .• 15. = . 3! '. 

Example 8 How many 3-digit integers are there such that the sum 

of digits of each integer is equal to 11 ? 

Solution We denote the hundred digit , ten digit and unit digit by 

the XI' X2' X3 respectively, then 

CD 

Setting y I = X I - 1, y 2 = X 2' Y 3 = X 3 , we get 

Thus the number of integer solutions of CD equals the number of 
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( 10 + 3 - 1) (12) nonnegative integer solutions of @, i. e. 3 _ 1 = 2 . But the 

3-digit numbers cannot consist of the following 5 integer solutions of 

CD : (11, 0, 0), (10, 1, 0), (10,0,1), (1, 10,0), (1,0,10), so that 

the number of the 3-digit numbers satisfying conditions equals (122) _ 

5 = 61. 

1. 6 ~he Incltlsiofl - EXQltlsiofl Principle 

The Inclusion - Exclusion Principle Let A I , A 2 , ••• , A" be n 

finite sets. We denote the number of elements of Ai by I A i I (i = 1, 

2, ... , n). Then 

" 
I A I U A 2 U ... U A" I = ~ I A i 1- ~ I Ai n A j I 

i=l J,;;;;i<j ... n 

+ ~ IAi nA j nA k 1- '" CD 
t ... i <jd.;;;n 

+ ( - 1) n-I I A I n A2 n .. , n A" I. 
Proof For any x EA I UA 2 U'" UA " , we show that x contributes 

the same count to each side of CD . 
Since x belongs to at least one set of A I , A 2 , ••• , A". Without 

loss of generality, let x belongs to A I , A 2 , ••• , Ak and not belong to 

other sets. In this case, x is counted one time in A I U A 2 U ... U A". 

k " k) But at the right side of CD , x is counted: ( ) times in ~ I A i I ,( times 
1 , ~ I 2 

in ~ I A n A j I, "', (k) times in ~ I A n A j n A k I, 
l .;;;i<j"'n 3 l .;;;i<j<koGI 

Consequently, at the right side of CD, x is counted 

C) - (~) + (~) - ... + ( _ 1)k - 1 (~) 

= (~) - ((~) - (~) + (~) - (~) - ... + ( _ 1)k(~)) 
= 1 - (1 - 1)k = 1 time. 
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Obviously for any .r EtA I UA2 U ... UA", at the left side and right side 

of CD .r is counted zero time. 

Therefore, for any element .r, at the two sides of CD .r is counted 

the same time and the equality CD is verified. 

Remark The above method to prove equality CD is called the 

contributed method. 

Successive Sweep Principle (Sieve Formula) Let S be a finite set, 

A, C SCi = 1,2, ... , 11) and denote the complement of A, in S by A, 

(i = 1, 2, ... , 71), then 

I AI n A2 n ... n A" I = I S I- I AI U A2 U ... U A" 

" 
= I S 1- I: I Ai I + I: I Ai n Aj I 

Proof Since 

I AI U A2 U ... U A" I = I 5 I-I AI U A2 U ... U A" I Q) 

By De Morgan's Laws, we obtain 

I A I U A2 U ... U A" I = I ~ n A 2 n ... n A" I @ 

Combining Q) and @ with CD, we deduce the equality (2) immediately. 

Example 9 Determine the number of positive integers less than 

1000 which are divisible by neither 7 nor 5. 

Solution Let S = {1, 2, ... , 999 }, A i = {k IkE 5, k is divisible 

by i}, Ci = 5 or 7). Then the answer to this problem is I As n A 7 I. 
Applying the sieve formula, we get 

I A s n A7 I = I S I-I As I- I A7 I +1 As n A 7 

= 999 - [9~9 ] - [9~9 ] + [59~9 7 ] 

= 999 - 199 - 142 + 28 = 686. 

Example 10 (Bernoulli-Euler problem of misaddressed letters) 

How many ways to distribute 11 distinct letters into 71 corresponding 
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envelops so that no letter gets to its corresponding envelops? 

Solution Removing the words" letter" and" envelops" from this 

problem, we really want to know that how many permutations of {1, 

2, ... , n } there are such that k is not at k th place for any k (1 < k < 
n )? These permutations are called the derangements, and we denote 

the number of derangements by D". 

Let S be the set of permutations of {1, 2, ... , n } and A i the set 

of permutations {a I' a2' ... , a,, } of {1, 2, ... , n} satisfying a i = l 

Ci = 1, 2, ... , n). Obviously, we have 

I S I = n!, I Ai I = (n -1) !, I Ai n Ai I = (n - 2)!, "', 

I Ai, n A i2 n .. · n Aik 1= (n - k)!(1 < i l < i2 < ... < ik < 71). 

By the sieve formula, we get 

D " = I ~ n A2 n ... n A" I = I S I-I Al U A 2 U ... U A" I 
" 

=1 S 1- ~ I Ai 1+ ~ I Ai n Ai I 

- ~ I A i n Ai n Ak I ... + ( - 1)" I A l n A 2 n ... n A" I 
!t;;;i<jdQI 

= nl - (n)(n - 1)1 + (n)Cn - 2)1 - (n)C n - 3)1 . 1 . 2 . 3 . 

+ "' + ( - 1)"(:)0! 

= n 1 (1 - -1 + -1 _ -1 + ... + C - 1)" ) 
. I! 2! 3! 71!' 

Permutation and its fixed point Let X = {1, 2, ... , n } , cp be a 

bijective mapping between X and X. Then cp is called a permutation 

on X and we usually write a permutation as follows: 

( 123 ... n) 
cp(1) cp(2) cp(3)"'cpCn) . 

For i EX, if cpCi) = i, then i is called a fixed point of permutation cp 

on X. 

From example 10, we have the following corollary. 
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Corollary The number of permutations with no fixed point of X 

is equal to 

D = n'(l - ~ +~- ~ + ... + ( - 1)") 
" . 1! 2! 3! n!· 

Example 11 Suppose that X = {I, 2, ... , n } and denote the 

number of permutations with no fixed point of X by i", the number 

of permutations with exactly one fixed point of X by g". Prove 1 i" -
g " 1 = 1. (The 14th Canadan Mathematical Olympiad) 

Proof Let g,,; denote the number of permutations with exactly 

one fixed point i (i = 1, 2, ... , n), then 

g" = g,,1 + g,,2 + ... + g"". 

By the above corollary, we have 

i" = D", g,,; = D,, -I(i = 1,2, ... , n) andg" = nD,, - I. 

Hence 

1 i" - g" 1 = 1 D " - nD ,, -1 1 

1 
( 

1 1 1 ( - 1)" ) 
= n! l - TI + 2! - 3! + ... +-n-!-

- n • (n - 1)' 1 - - + - - - + ... + -'---=--c_ ( 1 1 1 ( - 1) "- 1)1 
. 1! 2! 3! (n - 1)! 

1 

( - 1)" 1 = n!.-- ,- = 1. 
n. 

Example 12 A new sequence { a,,} is obtained from the sequence 

of the positive integers {I, 2, 3, ... } by deleting all multiples of 3 or 4 

except 5. Evaluate a200Y . 

Solution I (Estimate Value Method) Let a 2009 = n, 5 = {I, 

2, ... , n } , andA; = {k 1 k E 5, k is divisible by i } (i = 3,4,5), 

then the set of numbers which are not deleted is (A 3 nA4 nA s ) UA s. 

Applying the sieve formula, we get 

2009 = 1 (A 3 n A4 n As) U As 1 

= 1 A3 n A4 n As 1 +1 As 1 



Principles and Formulas of Counting 

=1 S I-I A3 I-I A4 I-I As 1+1 A3 n A41+1 A3 nAs I 
+1 A4 n As I-I A3 n A4 n As I +1 As I 

= n - [~ J- [~ J+ [3 : 4J+ [3 : 5J+ [4 : 5J- [3 X ~ X 5]. 

Applying the inequality a - 1 < [a ] ~ a, we obtain 

and 

2009 < n - (~ - 1 ) - (~ - 1 ) + 3 : 4 

2009 > n _.!J.- _.!J.- + (_n - - 1 ) + (_n - - 1 ) 
3 4 3X5 3x5 

+ (4 : 5 - 1) - 3 X ~ X 5 

3 
= Sn -3. 

Uniting CZ) and (3), we get 3343 ~ < n < 3353 ~. 

15 

CD 

If n is the multiple of 3 or 4 but not 5, then n is not a term in new 

sequence {a,,} , so the required n is only one of the following numbers: 

3345, 3346, 3347, 3349, 3350, 3353. 

Substituting these numbers to the equation CD, we know that n = 3347 

is the solution of equation CD, and the answer to this problem is 

unique. Hence a2lHO = 3347. 

Solution ]I (Combinatorial Analysis Method) Since the least 

common multiple of 3,4 and 5 is 60. Let So = {1, 2, ... , 60}, A, = 

{k IkE So, k is divisible by i}, Ci = 3,4, 5), then the set of numbers 

which are not deleted in So is (A 3 n A4 n As) U As. Applying the 

sieve formula, we get 



16 Combinatorial Problems in Mathematical Competitions 

I (A 3 n A4 n A) U A I = I A3 n A4 n As I +1 As I. 

=15 I-I A3 I-I A4 I-I As 1+1 A3 n A4 I 

+1 A3 n As 1+1 A4 n As I 

-I A3 n A4 n As I +1 As I 

= 60 - [6~) ] - [6~) ] + [3 6~ 4 ] + [3 6~ 5 ] 

, [ 60 ] [ 60 ] 
-t- 4x5 - 3X4x5 

= 36. 

Hence there are 36 terms of new sequence {a,,} in 5,,: 

Let P = {a l' a1' .•• , a36} and a" = 60k + r(k , r are the nonnegative 

integers and 1 ~ r ~ 60). Since (a", 12) = (60k + r, 12) = (r, 12) = 

1, or (a", 12) = (r, 12) ::;i: 1, but 5Ia", then 51 r. Hence rEP. 

On the other hand, for any positive integer with the form as 60k + 
r (k, r are the nonnegative integers and rEP). If (r, 12) = 1, so 

(60k + r, 12) = 1, thus 60k + r is a term of new sequence {a,,}. If (r , 

12) ::;i: 1, then 5 I r (since rEP ), so 5 I 60k + r, then 60k + r is also a 

term of new sequence {a,,} . 

Therefore new sequence {a,,} consist of all positive numbers with the 

form as 60k + r (k, r are the nonnegative integers and rEP). For the 

given k, we obtain 36 successive terms of new sequence {a,,} as r ranges 

over the set P. Note 2009 = 36 X 55 + 29, so a11W = 60 X 55 + a2'J. But 

a3f> = 60, a35 = 59, a3-1 = 58, a33 = 55, 

a32 = 53, a31 = 50, a311 = 49, a2~ = 47, 

thus a 211119 = 3300 + 47 = 3347. 

Exercise 1 

1 A teacher gave out n + 1 prizes to n students such that each 

student has at least one prize. Then the number of distinct sending 
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ways is ( ). 

(A) nP;:+! (B) (n + 1)P;: (C) P~+! (D) (n +l)p" 
2 " 

2 Suppose that a teacher selects 4 students from 5 boys and 4 

girls to form a debate team. If at least one boy and one girl must be 

selected, then the number of distinct selecting ways is ( ) . 

(A) 60 (B) 80 (C) 120 (D) 420 

3 If the 5-digit numbers greater than 20000 which are not the 

multiples of 5 have the following properties: their digits are distinct 

and each digit is one of the numbers 1, 2, 3, 4, 5, then the number of 

these 5-digit numbers is ( ) . 

(A) 96 (B) 76 (C) 72 (D) 36 

4 If the coefficients A and B of the equation of a straight line 

Ax + By = 0 are two distinct digits from the numbers 0, 1, 2, 3, 6, 7, 

then the number of distinct straight lines is 
----

5 If the base a and the variable x of the logarithm logax are two 

distinct digits from 1, 2, 3, 4, 5, 7, 9, then the number of distinct 

values of the logarithm logax is 
----

6 In a table tennis tournament, each player plays exactly one 

game against each of the other players. But during this process, there 

are 3 players who have withdrawn from the tournament and each of 

them participates in exactly two matches. If the total of matches is 50, 

then the number of matches whin the above 3 players is ( ) . 

(A) 0 (B) 1 (C) 2 (D) 3 

(China Mathematical Competition in 1994) 

7 Suppose that a, b, c in the equation of straight line ax + by + 
c = 0 are three distinct elements of set { - 3, - 2, -1, 0, 1, 2, 3} and 

the inclination of straight line is an acute angle. Then the number of 

distinct straight lines is . (China Mathematical Competition 

in 1999) 

8 A 2 X 3 rectangle is divided into six unit squares A, B, C, D, 

E, F. Each of these unit squares is to be colored in one of 6 colors 

such that no two adjacent squares have the same colors. Then the 
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number of distinct coloring ways is ___ _ 

9 Two teams A and B participate in a table tennis tournament. 

There are 7 players of each team to engage in this tournament in a 

determined order. Firstly. 1 st player of A team plays against 1" player 

of B team and the loser is eliminated. Afterward. the winner plays 

against 2nd player of another team. On subsequent steps. the play is 

similar. Thus the game does not end until all players of some team are 

eliminated. and another team wins. Then the number of the distinct 

processes of game is . (China Mathematical Competition in 

1988) 

10 In a shooting tournament. eight clay targets 

are arranged in two hanging columns of three each 

and one column of two. as pictured. A marksman is 

to break all eight targets according to the following 

rules: (1) The marksman first chooses a column from 

which a target is to be broken. (2) The marksman 
(loth problem) 

must then break the lowest remaining unbroken target in the chosen 

column. If these ruses are flowed. in how many different orders can 

the eight targets be broken. (8th American Invitational Mathematical 

Examination in 1990) 

11 How many ways are there to paint the five vertices of a 

regular quadrangular pyramid with 5 colors such that each vertex is 

exactly painted with one of 5 colors and the vertices with a common 

edge must be painted with different colors? 

(Remark A coloring is the same as another which is from the 

rotation of the former). 

12 It is given that there are two sets of real numbers A = {al • 

a2' •••• alOO} andB = {b l • b2 • •••• bso }. If there is a mapping j 

from A to B such that every element in B has an inverse image and 

jCal) ~j(a2) ~ ... ~j(alllll)' then the number of such mappings is 
( ) . 

( 100) (A) 
50 CB) G~) ( 100) (C) 

49 CD) G~) 
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(China Mathematical Competition in 2002) 

13 A natural number a is called a "lucky number" if the sum of 

its digits is 7. Arrange all "lucky numbers" in an ascending order, and 

we get a sequence al , a2' a3 , .... If an = 2005, then as" = ----

(China Mathematical Competition in 2005) 

14 How many ways are there to arrange n married couples in a 

line such that no man is adjacent to his wife? 

15 Suppose that all positive integers which are relatively prime 

to 105 are arranged into a increasing sequence: aI' a2' a3' .... 

Evaluate a l(JO(J. (China Mathematical Competition in 1994) 

16 How many n-digit numbers are there consisting of the digits 

1, 2, 3 with at least one 1, at least one 2 and at least one 3? 



and 

Pigeonhole Principle also is called Drawer Principle or Dirichlet's 

Principle. Pigeonhole Principle is a basic and important principle of 

combinatorial mathematics which is widely used to prove many 

existence problems. 

The First Pigeonhole Principle If m objects are put into n boxes, 

then at least one box contains [m ;; 1 ] + 1 or more objects, where [x] 

denotes the largest integer less than or equal to x. 

Proof The proof is by contradiction. If each of n boxes 

contained at most [m ;; 1] of the objects, then the total number of 

objects would be at most n [m ;; 1 ] ~ n • m ;; 1 = m - 1. Since we 

started with m objects, this is impossible. 

Corollary of The First Pigeonhole Principle Let m l' m 2' ••• , m" 

be n positive integers. If m 1 +m2 + ... +m" + 1 objects are put into n 

boxes, then the first box contains at least m 1 + 1 objects, or the 

second box contains at least m 2 + 1 objects, ... , or the nth box contains 

at least m n + 1 objects. 

Proof Proof by contradiction. If the first box contains at most 

m 1 objects, and the second box contains at most m 2 objects, ... , and 

the nth box contains at most m" objects, then the total of objects would 

be at most m 1 + m 2 + ... + m" Since we start with m 1 + m 2 + ... + 
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m " + 1 objects, it is impossible. 

The Second Pigeonhole Principle If m objects are put into n boxes, 

then at least one box contains [: ] or less objects. 

Proof Proof by contradiction . If each of n boxes contains at least 

[ : ] + 1 objects, then the total of objects would be least n ( [ : ] + 1 ) > 

n • m = m. Since we start with m objects, it is impossible. 
n 

Corollary of The Second Pigeonhole Principle Let m I ' m 2 ' •.• , 

m " be n positive integers. If ml + m 2 + ... + m " - 1 objects are put into 

n boxes, then the first box contains at most m I - 1 objects, or the 

second box contains at most m 2 - 1 objects, ... , or the nth box contains 

at most m" - 1 objects. 

Proof Proof by contradiction. If the first box contains at least 

m I objects, and the second box contains at least m 2 objects, ... , and 

the nth box contains at least m" objects, then the total of objects would 

be at least m I + m 2 + ... + m " Since we start with m I + m 2 + .. , + 
m" - 1 objects, it is impossible. 

Example 1 (Ramsey's Theorem) There are six points in a 3-

dimensional space no four points of which are coplanar. Two distinct 

points determine a line segment, and let each line segment be colored 

red or blue. Then there exist a triangle such that the 3 sides of this 

triangle are all colored red or blue. 

Proof Consider a given point A. By Pigeonhole Principle , of the 

5 line segments meeting A, either at least [5 ; 1 J+ 1 = 3 are colored 

red or at least 3 are colored blue. For the sake of argument let us 

suppose that there are 3 line segments AB, AC and AD are colored 

red. Consider the triangle BCD, if a side of D BCD, say BD, is 

colored red, then the 3 sides of D ABD are all colored red. Otherwise, 

the 3 sides of D BCD all are colored blue. This completes the proof. 

It seems convenient to list some basic concepts of the graph theory 

that will be used throughout the book. The set V" of n points in a 
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plane is called the set of vertices. A complete graph on n vertices, 

denoted by K" , consists of a set V" of vertices and a set E of edges (or 

sides) connecting each pair of distinct vertices in V. A closed broken 

line which consists of m edges of K" is called an m -sided polygon, and 

the 3-sided polygon is also called a triangle. Let each of edges of a 

complete graph K" be colored in one of m colors, then this graph K n is 

called an m -colored complete graph. Let each side of an m -sided 

polygon P be colored red (or blue), then this m-sided polygon P is 

called a red (or blue) m-sided polygon. Applying the concepts of the 

graph theory, the Ramsey's theorem can be described equivalently as 

follows. 

Ramsey's Theorem There exists a monochromatic triangle in a 2-

colored complete graph K 6. 

On the other hand, as in figure 2. 1, we can 

exhibit a 2-colored complete graph K 5 which has no a 

red triangle no a blue triangle (the solid lines colored 

red and the dashed lines colored blue). Generally, if 

there exists a smallest positive integer n with the 

following property: there exists a monochromatic 
Figure 2.1 

triangle in an m -colored complete graph K", then the smallest positive 

integer n is called Ramsey's number, denoted by Rn. So we getR 2 = 6 

from the above conclusion. But it is very difficult to find the Ramsey's 

numbers. We only know a few Ramsey's numbers: R2 = 6, R3 = 17, 

R4 = 65, .... 

Suppose that we represent a people with a point. If two people are 

mutually acquainted, then two corresponding points are connected by 

a red line segment, and if two people are mutually unacquainted, then 

two correspondent points are connected by a blue line segment. Thus 

the above Ramsey's theorem becomes the following Hangary's 

mathematical competition problem: Prove that among any 6 persons 

there exist 3 persons who form G) = 3 pair of mutually acquainted or 

mutually unacquainted persons. (Acquaintance is a symmetric 
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relation. ) 

Example 2 Let k be a given positive integer number. Find the 

smallest value of n such that among any n positive integer numbers 

there exist two numbers whose sum or difference is divisible by 2k . 

Solution Let aI' a2' ... , an be any n positive integers and their 

remainders modulo 2k be rl' r2' ••• , r n , then ri E S = {(), 1, 

2, ... , 2k - 1 }. Consider the following classifications of S: 

{ () }, {1, 2k - 1 } , {2, 2k - 2}, ... ,{ k - 1, k + 1} , {k } . 

If n ::?- k + 2, by the pigeonhole principle, among n integers r I , 

r2' ••• , rn there exists two numbers ri' rj Ci # j, i, j E S) which 

belong to the same group. So the sum or difference of ai and aj is 

divisible by 2k. 

On the other hand, it is not difficult to show that among k + 1 

numbers (), 1, 2, ... , k there are not two numbers a and b such that 

a + b or a - b is divisible by 2k. It follows that the required smallest 

value is k + 2 . 

Example 3 Let a be a positive real number and n be a positive 

integer. Prove that there exist two positive integers p and q satisfying 

the following inequality: I a _!i I < --.L. p np 

Proof Firstly, we prove the following proposition: Given n + 1 

real numbers xo' Xl' •.• , Xn E [0, 1), there exist i, j (0 < i <j < 
n) such that I Xi - X j I < ~. In fact, suppose that the interval [0, 1) 

n 

is divided into n small intervals: [ 0, ~), [ ~ , ~), ... , [n ~ 1, 1). 

By Pigeonhole Principle, there exist Xi' X j (0 < i < j < n) which 

belong to same small interval. Thus I Xi - X j I < ~. 
n 

Let m i = [ia J, i = 0, 1, . . . , n, then m, < ia < m i + 1 , i. e. 0 < 
ia - m i < 1. By the above proposition, there exist 0 < k < l < n such 

that I (la - m i) - (ka - m k) I < ~, i. e. I (l - k)a - em i - m k) 1< 
n 
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1 
n 

Set p = l - k, q = m I - m k , then p, q are positive integers and 

la _2...1 ~_1 . 
P np 

Remark Since p )'0 1, I a - ; I ~ ~. In other words, any real 

number can be approximated to arbitrary precision by a ration 

number. 

Example 4 Suppose that n numbers are deleted in the set S = {1 , 

2, ... , 2005 } such that among the remaining numbers, no number 

equals to the product of other two. Find the smallest positive integers 

n with the above properties. 

Solution Consider the following 43 triples of S: {44, 45, 44 X 

45 }, {43, 46, 43 X 46 }, {42, 47, 42 X 47 }, ... , { 3, 86, 3 X 86}, {2, 

87, 2 X 87 }. If the number of positive integers which are deleted in the 

S is less than 43, then among the remaining numbers, there exist three 

numbers in a triple such that one of them equals the product of the 

other two. Hence, we must delete at least 43 elements in S. 

On the other hand, if we delete the following 43 number: 2, 3, 

4, ... , 44 in S . Since the product of any two of the remaining 

numbers is at least 45 X 46 = 2070 or 1 X a = a (a E {45, 46, ... , 

2005 } ), among the remaining numbers, no number equals the product 

of the other two. Therefore the required smallest positive integers n 

is 43. 

Example 5 Suppose that at, a2' ... , a" (n )'0 4) are n distinct 

integers in open interval (0, 2n). Prove that there exists a non-empty 

subset S of {at, a2' ... , a,, } such that the sum of all elements in S is 

divisible by 2n. 

Proof (1) Case 1. n rf: {at, a2' ... , a,, }. Since 2n integers at, 

a2' ... , a " , 2n - at, 2n -a2 ' ... , 2n - a" E { 1, 2, ... , 2n - t}, by 

Pigeonhole Principle, it follows that there exist two of them who are 

equal. But no two of the numbers at, a2 ' ... , a" are equal and no two 

of the numbers 2n - at, 2n - a2' ... , 2n - a" are equal, so there is an 



Pigeonhole Principle and Mean Value Principle 25 

i and a j such that a i = 2n - a j. Since a i *- n, a j *- n, i *- j and a i + 
a j = 2n. In this case, the conclusion is valid. 

(2) Case 2. n E {al' a2' ... , an}. Without loss of generality, let 

an = n. Consider n -1 numbers al , a2' ... , a n-l (n - 1 ~ 3). If for 

any 3 numbersai <aj <ak' aj -ai andak -aj are divisible by n, then 

ak - ai = (ak - aj) + (aj - ai) ~ 2n. It is impossible. Hence there 

exist two numbers a i < a j (i , j E {1, 2, ... , n -1 } ) such that a j - a i 

is not divisible by n. Without loss of generality, let a 2 - a 1 be not 

divisible by 11. Consider the following n numbers: 

( I ) If the n numbers module n are distinct, then there exists one 

of these numbers which is divisible by n. Suppose that this number is 

kn (k E N+). If k is an even, then the conclusion is valid. If k is an 

odd, then k + 1 is an even and kn + an = (k + Un is divisible by 2n . 

The conclusion is also valid. 

( II) If there are two of the n numbers which are congruent with 

module n, then their difference is divisible by n. But a2 - a 1 is not 

divisible by n. Hence this difference is equal to the sum of some (at 

least one) of the numbers al' a2' ... , a n-l (n - 1 ~ 3). Thus this 

conclusion is also valid as ( I ) . 
Remark In this problem, the condition n ~ 4 is necessary. When 

n = 3, for set {1, 3, 4} the conclusion of this problem is not valid. 

Example 6 Let 49 students solve 3 problems and the score of each 

problem is one of these nonnegative integers 0, 1, 2, 3, 4, 5, 6, 7. 

Prove that there exist two students A and B such that for each of the 

problems the scores of A is not less than B. (The Problem Prepared 

for 29th IMO in 1988) 

Proof Suppose that there are two students A and B such that for 

first and second problem, their scores are the same. If the score of the 

third problem A get is not less than B's, then for each of the problems 

the scores of A is not less than B's. 

Now, suppose that for any two students, their scores of first and 
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second problems are not all the same and we represent each of the 49 

students by a point Ci, j) (0 ~ i, j ~ 7) in a plane where i , j are his 

(or her) scores of the first and second problems respectively. Thus the 

49 students correspond to 49 distinct integer points in plane. Set 

S = {(i,j) I i, j are integer numbers and 0 ~ i, j ~ 7 }; 

M\ = { Ci, j) Ci, j) ES,O ~ i ~7 ,j = Oori = 7,1 ~ j ~ 7 }; 

M2 = {Ci,j) (i, j) E S, 0 ~ i ~ 6, j =lori = 6, 2 ~ j ~ 7}; 

M3 ={ Ci,j) Ci, j) ES,O ~ i~5,j = 2ori = 5, 3 ~ j ~ 7}; 

M4 = {( i, j) Ci, j) E S, 0 ~ i ~ 4, j = 3 or i = 4, 4 ~ j ~ 7}; 

Ms ={ Ci,j) 1 (i, j) E S, = 2,3 and 4 ~ j ~ 7 } ; 

M6 = {Ci,j) I (i, j) E S, = 0, 1 and 4 ~ j ~ 7}. 

Thus the 49 integer points belong to the set 

By Pigeonhole Principle , there are at least [49 ;: 1] + 1 = 9 integral 

points all of which belong to the same set, denoted by M. Since 

I M 5 I = I M 6 I = 8, where 1M i I denote the numbers of elements in 

Mi' M is one of M \ , M 2 , M3 or M 4 • Since the 9 integral points in M 

correspond 9 distinct students whose score of the third problem are 0, 

1, 2, 3, 4, 5, 6, 7, there are at least two students whose scores of the 

third problem are the same. By the constructions of M \' M 2' M 3 or 

M 4' we know that there exists one (denoted by A) of the two 

students, such that for the first and second problems, the scores of A 

are not less than another student's (denoted by B). Therefore, for 

each problem, the scores of A are not less than B's. 

Example 7 Let nand r be two positive integers. Find the smallest 

positive integer m satisfying the following condition: For each 

classification of the set {1, 2, ... , m } into r subsets A I , A 2 , ••• , A r 

(A; n A j = 0, i =1= j ), there exist two numbers a and b in a subset 
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b 1 Ai C1 ~ i ~ r) such that 1 ~ - ~ 1 + - . 
a n 

Proof Denote the smallest value of m by m () e the value of m 0 can 

be obtained from the following analysis). Suppose that m < m (). Let 

Aj = {i I i -jemodr), i ~ m } ej = 1, 2, ... , r). Then for any two 

numbers a, b in a subset with a > b, we have b ~ a - r < m u - r. Thus 

~=l+a - b>l + r 
b b m o- r 

h al Hence when m II = nr + r, we ave b > 1 + -;;. Therefore the 

condition in the question cannot hold. Next, For m = m 0 = nr + r, 

consider the e r + 1) numbers nr, nr + 1, ... , nr + r. By Pigeonhole 

Principle, there exists a > b such that a and b are in the same subset. 

Then a - b ~ r, b ~ nr, so 

1 < ~ = 1 + a - b <: 1 + ~ ~ 1 + ~ = 1 + 1-. 
b b ~ b nr n 

Therefore, the required smallest value of m is m 0 = nr + r. 

Example 8 Let a space figure G consist of n e ~ 4) vertices, no 4 

vertices of which are coplanar and there are [~2 ] + 1 line segments 

connecting these vertices. Prove there exist two triangles with a 

common side in the figure G. 

Proof We will prove the statement by induction on n. For the 

basic case n = 4, suppose the 4 vertices are A, B, C, D and there are 

[~ J+ 1 = 5 line segments connecting these vertices. Thus only (;)-

5 = 1 pair of these vertices is not connected by a line segment. 

Without loss of generality, suppose that there is not a line segment 

connecting the vertices C and D . In this case, there exist two triangles 

ABC and ABD with a common side AB. Thus the basic case is proved. 

Now we assume that the statement is true for n = k ~ 4. For n = 

k + 1, let a space figure G consist of k + 1 vertices and there are 
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[ (k + 1)2] l' . h . Th h 4 + 1 me segments connectmg t ese vertlces. en t e sum 

of the line segments meeting each vertex equals 2 ( [(k : 1 )2] + 1 ). By 

Pigeonhole Principle, there are at most [k ~ 1 ( [(k : 1 )2] + 1) ] line 

segments meeting some vertex A. By deleting the vertex A and all line 

segments meeting vertex A, then among residual figure, there are k 

vertices and at least 

line segments connecting these vertices. 

If k = 2m (m ?': 2) is even, then 

If k = 2m -1 (m ?': 3) is odd, then 

In a word. there are at least [~ ] + 1 line segments connecting k 

vertices. By the inductive hypothesis, there exist two triangles with a 

common side. Thus the statement is proved. 

Remark If n ( ?': 4) is even, then this becomes a question in the 2nd 

selection examination for the national team of China. 

The mean value principle ( 1) Let a l' az, ... , an be n real 

1 numbers and A = -Cal +a2 + ... +an), then at least one of the 
n 
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numbers a 1 , a 2' ... , a" is greater than or equal to A and also at least 

one of these numbers is less than or equal to A . 

(2) Let al' a2' ... , a" be n positive real numbers and G 

:jala2 . .. a" , then at least one of the numbers al' a2' ... , an IS 

gerater than or equal to G and also at least one of these numbers is less 

than or equal to G. 

Proof ( 1) Min {a,} ~ A ~ Max {a, }, (2) Min {a,} ~ G ~ 
l,;;i,;;n 1,,;;i';;l1 l.;;iQl 

Max{a,}. 
1.;;io0I 

Example 9 Suppose that 10 distinct numbers 1, 2, 3, 4, 5, 6, 7, 

8, 9, 10 are arranged in a circle with any order. Show that there exist 

3 successive numbers whose sum is not less than 18. 

Proof Suppose that al' a2' ... , alll are 10 numbers 1, 2, 3, 4, 

5,6,7,8, 9, 10 in a circle. Without loss of generality, let al = 1, 

1 1 then3[(a2 +a3 +a+) +(as +a6 +a7) +(aH +a~ +allJ)] =3(2+3 + 

4 + ... + 10) = 534 = 18. By the mean value principle, one of a2 +a3 + 

a +, a 5 + a 6 + a 7 and a 8 + a 9 + a 111 is not less than 18. 

Example 10 Suppose that there are n (;? 4) distinct points in the 

plane and each pair of them is connected by a line segment. If among 

all lengths of these line segments, only n + 1 lengths equal d. Prove 

that there exists a point P such that there are at least 3 line segments 

meeting P their lengths all equal d. 

Proof Let n points be P l' P 2' ••• , P n and the number of the 

line segments meeting P, with length d be d, (i = 1, 2, ... , n). Then 

d 1 +d 2 + ... +d" = 2(n +1) 

and 

~ (d 1 + d 2 + ... + d,,) = 2 (n + 1) > 2. 
n n 

By the mean value principle, there existsd, ;?3, i.e. there are at 

least 3 line segments meeting P, their lengths all equal d . 

Example 11 Let fez) = CoZ" + C1Z,,-1 + ... + C,,-lZ + e" be a 
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polynomial of n degree with complex coefficients. Prove that there 

exists a complex number Zo such that I Zo 1<1 and I jCzo ) I ~ I CII 1+ 

I c" I. 
P f I L 2rr .. 2rr k 2k rr .. 2k rr roo et W = cos - + Ism -, W k = W = cos - + Ism -

n n n n 

Ck =0,1, ... , n-1), a =cosa+isina. CWecan determine the value 

ofafromthefollowinganalysis.) Thenw il =w" =l,w J *1 Cj =2, 

3, . . . , n - 1) and 

n-l 11-1 

~wi = ~WJk 
k~1I k~O 

1/-1 

1/-·1 

~ wi = n Cj = 0 or n) , 
k~O 

l-(wj)" 
------'-- = 0 (j = 2, 3, ... , n - 1) , 

1 -Wj 

~jCawk ) 
k~1I 

= nCcoa" +C,J. 

We may select the argument a of a such that the principle values of the 

arguments of clla" and c" are equal. (In fact, let the principle values of 

the arguments of CII and c" be a o and a" respectively, then we set a = 

( ~ C a" - a II ). ) Hence 

71-1 n-1 

~ I j(aWk) I ~I ~j(aWk) I 

=n I clla" +C" I 

= nC I CII 1·1 a I" +1 c" I) 

= nCI CII 1+1 C" I). 

By the mean value principle, there exists k II such that 

1/-1 

I j(awkl) I ~ ~ ~ I jCawk) I = I CII 1+1 c" I. 
n k~O 

Setzo =aWk' then I Zll 1= 1, and I jCz o ) I~I CII 1+1 C" I. This I) 

completes the proof. 

Proof II Let the complex number u satisfy that I u I = I CII 1+1 c" I 
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and u has the same argument with e". Let 

and the n complex roots of g (z) be Zj' zz • .••• z". Thus 

IZlzz"'Z 1=lc,,-ul =llc"I-lull =~=1 
" 1 Co 1 1 Co 1 1 Co 1 . 

By the mean value principle. there are a k 0 C1 ,s;;; k 0 ,s;;; n) such that 

1 Zk" I,s;;; ;;1 ZIZZ ••. Z" 1 = 1. Setzo =Zktl ' then 1 Zo 1,s;;;1 andg(zo) = 
f(zo) -u =0, i.e. 1 f(zo) 1 =1 u 1 =1 Co 1+1 c" I. This completes the 

proof. 

Exercise 2 

1 In a group of 17 scientists each scientist sends letters to the 

others. In their letters only three topics are involved and each couple 

of scientists makes reference to only one topic. Show that there exists 

a group of three scientists which send each other letters on the same 

topic. (6th IMO) 

2 Is it possible to choose (1) 4; (2) 5 distinct positive integers 

such that the sum of any three numbers of them is a prime? 

3 Given 7 points in ~ABC. no three of which are collinear. 

Prove that there exists 3 points of these points which determine a 

triangle with the area less than or equal to ! S 6.4BC. 

4 Let S = {I. 2, ... , 2009}. Find the largest positive integer n 

such that there is an n-elements subset A of S with the following 

property: the sum of any two numbers in A is not divisible by their 

difference. 

S Let M be the subset of S = {1, 2, ... , 2000} such that the 

differente of any two numbers of M is neither 5 nor 8. How many 

elements of M at most are there? 

6 Suppose that each of 7 boys has 3 brothers among the 
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remaining 6 boys. Prove that the 7 boys are all brothers. 

7 Suppose 10 persons buy 30 books at a book-shop satisfying the 

following conditions: 

( 1) Each of them buys 3 books, 

(2) Among the books which were bought by any two of them, 

there are at least one is same. Suppose the number of purchasers who 

bought some book is largest. Determine what that smallest value of the 

largest number is? (8th CMO) 

8 Every point in a plane is colored red or blue. Prove that 

(1) For any positive real number a there exists a triangle with the 

sides of lengths a , 13 a, 2a such that its 3 vertices all are colored red 

(or blue). 

(2) There exist two similar triangles such that 3 vertices of each of 

two triangles are colored in the same color. (The question (2) is a 

question of China Mathematical Competition in 1995) 

9 Suppose a convex polyhedron has 6 vertices and 12 edges. 

Prove that each facet is a triangle. 

10 Let the set S be a set with finite number of point in the 

plane. If the distances between any two points in S is determined, 

then the set S is called stable. Let M" be a set of n ( ~ 4) points in the 

plane and no three points of M" be collinear. Suppose that the number 

of pairs of points having the determined distances inM" is ~ n(n - 3) + 

4. Show that M" is stable. (China Shanghai Mathematical Competition 

in 1999) 



Let j(x) = C1 + x)". By applying the binomial theorem, we gain 

j(x) = ~ (n )Xk = (n) + (n)x + (n )X2 + ... + ( ~ )x"-t + (n )x'" 
k~O k 0 1 2 n 1 n 

Then j (x) corresponds to the sequence { (~), 0 ~ k ~ n }. Thus the 

function j (x ) (1 + x)" is called the generating function of the 

sequence { G) }. 
In general, for the finite sequence ao, aI' a2' ... , a", its 

generating function is defined to be the following polynomial: 

" 
j(x) = ~akxk =ao+atx+a2x2+·"+a"x". 

k~O 

For the infinite sequence ao, aj' a2' ... , a", ... , its generating 

function is defined to be the following formal power series: 

= 

j(x) = ~a"x" = all +atx +a2x2 + ... +a"x" + .... 
1I=() 

= = 

Letjex) = ~a"x'" g(x) = ~b"x" be two formal power series, we 

define 

(l)j(x) =g(x) if and only ifa" =b,,(n =0, 1, 2, ... ), 
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= 

(2) f(x) ±g(x) = L: (a" ±b,,)x", 
1!=0 

= 

(3) cf(x) = L: (ca,,)x" (c is a constant), 
11=0 

(4) f(x)g(x) 
00 

'" " L-Jcnx, 
" 

where c" = ~ akb,,-k' n 
k~O 

2, .... 

0, 1, 

When we solve the problems using the generating functions, 

besides the binomial theorem, we also need the following formulas: 

Formula I (The summation formula of the infinite geometric 

series with the common ratio q satisfying - 1 < q < 1) 

_1_ = :Sx" = 1 + x + x 2 + ... + x" + ... (-1 < x < 1). 
1 -x ,,~(), 

Formula ]I Let k be a positive integer, then 

=:s(k+n-1)X" 
,,~o k-1 

= 1 + ( k )x + (k + 1 )X2 + ... 
k-1 k-l 

+ (n +k -l)x" + ... 
k -1 

(-l<x<1). 

With the (k - 1) the derivative of the formula I at x and divided by 

(k - 1) ! , we get the formula II . 
Example! Letao =-1, al =1, a" =2a,,-l +3a,,-2+3"(n ~2). 

Find a". 

Solution Letf(x) =ao +alx +a2x2 + ... +a"x" +''', 
Then - 2xf(x) =- 2aox - 2alX2 - .. , - 2a,,-lx" -"', 

-3x2f(x) =-3aox2 - ... -3a,,-2 x " - .... 

Adding the above three equations and applyingao =-1, al = 1, a" 
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2a,,-1 + 3a,,-2 + 3" (n ~ 2), we have 

(1-2x -3x2 )j(x) =-1 +3x +32 x 2 + ... +3"x" + ... 
=_1+~=6x-1, 

1 -3x 1 - 3x 

j(x) 6x-1 =~+ B +_C_ 
(1 + x)( 1 - 3x ) 2 1 + x (1 - 3x ) 2 1 - 3x . 

Multiplying both sides of CD by 1 + x and setting x = - 1, we get 

35 

Multiplying both sides of CD by (1 - 3X)2 and setting x = ; , we obtain 

B = 6x -11 = ~ 
1 +x .r~t 4' 

Multiplying both sides of CD by x and setting x -+ 00, we obtain 

o = lim x(6x -1) 
.r-+oo (1 +x)(1 -3X)2 

= lim (Ax + Bx 2 + ~) 
.r_+00 1 + x (1 - 3x) 1 - 3x 

1 
=A -3C, 

HenceC = 3A 

j(x) 7 + 3 
16(1 +x) 4(1 -3X)2 

21 
16(1 -3x) 

00 00 +1 00 

=_2 ~(-l)"x" +~ ~(n )(3x)" _21 ~(3x)" 
16 ,,~n 4 n~n 1 16 ,,~() 

= ~[(4n -3) ·3,,+1 -7(-1)"J " 
~ 16 x . 
11=0 

Therefore we yield 

a" = 116 [(4n -3)·3,,+1 -7(-1)"J. 
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Example 2 Show that for all positive integers n, we have 

i= (2n + 1) (2,i )22,,-2i+1 = (4n + 2). 
i~() 2z z 2n + 1 

-1,,+2 (4n + 2 
Proof Firstly, in the equality C1 + x )-1,,+2 = ~ )Xk, the 

k~() k 

(4n + 2) coefficient of X 2,,+1 is equal to . On the other hand, in 
211 + 1 

the equality 

the coefficient of X 2,,+1 is equal to " (211 +1) (2i) ~ , 22,,+1-2i , • 

,~O 2l 1 
Hence 

i= (211 ~ 1) (2,i )22,,-2i+1 = (4n + 2). 
i~() 2l z 2n + 1 

Example 3 Show that [('~/2\ _ 1)k C : 1) (2n - ~k - 1) 

,,+1 (11 + 1) 
Proof Firstly, in the equality C1 + x) ,,+1 = ~ Xk, the 

k~O k 

.. . (n+1) (n+1) 1 coefflcient of X,,-l IS equal to n -1 = 2 = 2 n(n +1). On the 

other hand, in the equality 
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Hence 

Example 4 How many distinct ways are there to exchange n 

Yuan for 1 and 2 Yuan? 

Solution Suppose that there are a" distinct ways, then a" = 

~ 1 (where t 1 , t2 are nonnegative integers) and the generating 

function of a" is 

OD OD 

j(x) = ~a"x" = ~ ( ~ 1) x" 
n=() J/=() t 1+2t 2=n 

OD = = 
= ~ ~ XII +212 = (~Xll) ( ~ X212 ) 

1 1 1 
= l-x"1-x2 = (1+x)(1-x)2 

A +~+~ 
(1 - X)2 1 - x 1 + x· 

we get A + B + C = 1. Hence B = 1 - A - C = 1 - ~ - ~ 
2 4 

Therefore we have 

OD 

j(x) = ~a"x" 1 1 1 
20 _X)2 + 4(1 -x) + 4(1 +x) 

00 +1 = = 
=~~C )x"+!~x"+!~(-l)"x" 

11=0 1 11=0 11=0 

= ! ~[2n +3 + (-l)"]x". 
7l=() 

CD 

1 
4· 

It follows that a" = ! [271 + 3 + (- 1)"], i. e. there are ! [2n + 3 + 

( - 1)"] distinct ways. 

Example SCExample 8 in Chapter 1) How many 3-digit integers 
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are there such that the sum of digits of each integer is equal to 11 ? 

Solution We denote the hundred digit, ten digit and unit digit by 

the XI' X2' X3 respectively, then 

XI +X2 + X3 = 11 C1 :(;; XI :(;; 9,0 :(;;X2 :(;; 9, 0 :(;;X3 :(;; 9). CD 

Thus the required number of 3-digit integers equals the number of 

integer solutions of the linear equation CD. But the number S of 

integer solutions of the linear equation CD equals the coefficient of Xli 

of the following function: 

!(x) = (x +X2 + ... + x~)C1 +X + ... +X~)2 

= C1 +X + ... + X 9 )3 - C1 +X + ... + X 9 )2 

C1 - X III )2 

C1 _X)2 

the required number of 3-digit integers is 61. 

Exercise 3 

1 Find the general term a" of the following sequences of 

numbers using the generating functions: 

(1) au = 2, al = 5, a,,+2 = 3a,,+1 - 2a,,(n = 0,1, 2, ... ); 

(2)ao = 4, al = 3, a,,+2 = a,,+ 1 +6a" - 12 (n = 1,2, ... ). 

2 Prove that the following identities: 



The Generating Functions 

[ ,, / 2J (n + 1 ) (2n - 2k ) 
(3) ~ ( _ 1) k = n + 1; 

k- O k n 

(i = j ) , 

Ci *- j). 

39 



For a sequence {I,,}, if there is a positive integer k and an equation 

that connects I,,+k with its preceding k terms I,,+k-l , I,,+k-2' ••• , I" : 

CP(I,,+k' I,,+k-l' ••• , I,,) = 0, CD 

Then the sequence {I,,} is called a k order recurrence sequence of 

numbers and the equation CD is called the recurrence relation of {I,,}. 

Solving I ,,+k from the relation CD, we obtain 

X ll +k = cp(X ll +k-1' X n +k-2' ••• , x TI ). 

The equation CZ) is also called the recurrence relation of {I,,}. The 

firstk terms of {I,,}: 

are called the initial values of {I,,}. Obviously, the sequence {I,,} is 

determined uniquely by the recurrence relation CZ) and the initial values 

®. 
Suppose that the recurrence sequence {I,,} is determined uniquely 

by the initial values ® and the following recurrence relation: 

I,,+k = PII,,+k-1 + P2 I ,,+k-2 + ... + PkI" + q (PI' P2' ••• , Pk are 

constants and Pk "* 0), 

then the recurrence sequence {I,,} IS called the linear recurrence 

sequence of numbers (with constant coefficients) of order k. When 
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q - 0, the recurrence sequence {x,,} of numbers called homogeneous, 

otherwise it is non-homogeneous. 

4. 2 The Methods of Finding Solutions 

(1) The method of characteristic roots Consider the linear 

homogeneous recurrence relation (with constant coefficients) of 

second-order: 

X,,+2 = PX,,+1 + qx" (71 = 0, 1, 2, ... ; p, q are the constants and q * 0). 

If the geometric sequence {r"} (r * 0) is a solution of the recurrence 

relation CD, we have r"+2 = pr,,+1 +qr" , i. e. r is a root of the following 

quadratic equation: 

r2 = pr + q. 

The quadratic equation CD is called the characteristic equation of the 

sequence {x,,} and the roots of the equation (2) are called the 

characteristic roots of the sequence {x,,}. Conversely, if r is a root of 

the equation (2), then the geometric sequence {r"} is a solution of CD. 
If the two roots r 1 and r2 of equation (2) are distinct, then {r ;l} 

and {r2} are the solutions of CD and for any constants C 1 and C 2 , 

{C I r~ + C 2 rn also is the solution of CD. 
If the initial values x 1 = a, x 2 = bare given, the values of C 1 and 

C 2 are determined uniquely by the following system of equations: 

Therefore we get the unique solution x" = C 1 rll + C 2 r2 of CD with the 

initial values XI = a, X2 = b. 

If r = 1 p is a double root of equation (2), we get pr + 2q = 0 from 
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the following system of equations: 

Thus 

= O. 

nr" - pCn - 1)r,,-l - qCn - 2)r,, -2 

= nr,, -2Cr2 - pr - q) +r,,-2Cpr + 2q) 

= O. 

So {nr" } is a solution of CD and for any constants eland C 2' {C 1 r" + 

C 2 nr" } is also the solution of CD. Since the values of eland C 2 can be 

determined uniquely by the initial values XI = a, X2 = b. Therefore, 

we get the unique solution x" = C 1 r'{ + C 2 nr" of CD with the initial 

values Xl = a, X2 = b. 

Example 1 C The Fibonacci Sequence of numbers) The rabbits 

mature in a month after birth. Each month the female of a mature 

pair gives birth to a new pair of rabbits with opposite sexes. At first, 

there is a pair of newly born rabbits with opposite sexes and how many 

pairs of rabbits are there at the end of the nth month? 

Solution Suppose that at the end of the nth month there are a" 

pair of mature rabbits and b" pair of newly born rabbits. If at the nth 

month there are F" pair of rabbits, thenF" = a" +b". Buta" =a,,- l + 
b,,-l = F,,- l and b" = a,, -l = F,, -2' Thus we have 

F" = a" + b" = F,,- l + F,, -2. CD 

Obviously FII = 1 C Since we begin with only one pair of newly born 

rabbits.) and F 1 = 1 C Since at the end of first month, we only have 

one pair of mature rabbits. ). The characteristic equation of CD is r2 = 

1 Th h .. 1 + 15 1 - 15 Th r + . e c aractenstic roots are rl = - -2- ' r2 = --2-' us 

F = C (1 +15)" + c (1 - 15)" 
" 1 2 2 2 

Since F o = 1, Fl = 1, we get 
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Solving the system of equations, we get C 1 

Hence 

43 

1 -v's 
2v's . 

= _1 [( 1 +v's ),,+1 _ ( 1 -v's )"+1] = 
F" v's 2 2' n 0, 1, 2, ... 

Remark This sequence (2) is called the Fibonacci sequence of 

numbers and its first 10 terms are 

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, ... 

The problems concerning Fibonacci sequence of numbers often appear 

in mathematical competitions. 

Example 2 How many n-digit numbers with no pair of adjacent 

1 's are there which consist of 1, 2 and 3? 

Solution Assume that the number of required n-digit numbers is 

a". Obviously, a1 = 3, a2 = 32 - 1 = 8. We classify the n-digit 

numbers satisfying the conditions into two types: the number of n-digit 

numbers with the leading digit 1 and the second digit 2 or 3 is 2a,,-2 and 

the number of n-digit numbers with the leading digit 2 or 3 is 2a,,-1. By 

the addition principle, we get 

a" = 2a,,-1 + 2a,,-2 en ~ 3). CD 

The characteristic equation of CD is r2 = 2r + 2. The characteristic 

roots are r1 = 1 +/3, r2 = 1 -/3. Thus 

f . a2- 2a 1 W·h Let ao satis ya2 = 2a1 +2ao' l.e. a() = 2 = 1. It a() = 1, 

a1 = 3, we have 
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Solving the above system of equations, we get 

C I = 
2 + 13 C1 +13) 2 

213 4 

C2 
2 - 13 C1 - 13 )2 
213 413 

Therefore, a n = 1M [ C1 +13) '1+2 - C1 -13 )'1+2]. 
4'1 3 

(2) The Method of Substitution 

In fact, it may be very difficult to find the solution of some 

recurrence relations . We will illustrate several examples about the 

method of substitution to obtaining the solution of some recurrence 

relations. 

Example3 Finda n , ifal = 1, a n = ;a n- I + n 2 -15 ( n ~ 2). 

Solution Set undetermined constant a, b, c such that 

an + (an 2 + bn + c) = ; [an-I + (a(n _1)2 +b(n -1) +c)], 

1. e. 

+ ( - ~a )n 2 + (- -±-a - ~b)n + ( ~a - ~b - ~c ) 
3 33 333' 

2 Comparing it with a n = 3 an-1 + n 2 - 15, we get 

Thus 

4 1 --a - - b = 0, 
3 3 

2 2 1 -a - -b --c = -15. 
333 

= - 3, 

= 12, 

= 15. 

an + ( - 3n 2 + 12n + 15) = ; [a n- I +( - 3(n _ 1)2 + 12(n - 1) + 15) ]. 
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Setting b" = a" - 3n 2 + 12n + 15, we have 

2 
b" = 3b"-1 , b1 = a 1 - 3 + 12 + 15 = 25. 

Thus {b,,} is a geometric sequence with the leading term a 1 = 25 and 

2 (2)"-1 the common ratio q = 3' Hence we have b" = 25 3 . Therefore 

( 2 ) ,, - 1 , 
a" = 25 3 + 3n - - 12n - 15. 

Remark For the recurrence relation a" = pa,, - l + fCn), C n ~ 2, 

p * 0 is a constant and f C n) is a polynomial of degree k) . If P * 1, by 

applying the method of undetermined coefficient, we can determine 

the polynomial g C n) of degree k such that 

a " +gCn) =p[a,,- l + gCn - 1) ]. 

Settingb" = a" +g(n), we getb" = pb,,-l' thus 

It follows that 

If P = 1, i . e. a " = a,, - l + fCn), using the method of iteration, we 

could obtain to get 

a" = a,,-l + fen) 

= a ,,-2 + fen -1) + fCn) 

=a 1 + f(2) + f(3) + "' + fCn) 

or 

n n 

a" = a1 + ~Cak - ak-]) =a1 + ~fCk). 
k=2 k =2 

Solution Since a"+la,, = 4(a,, +1 - 1), then a,,+l 
4 

4 - a,,' 
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al/+l 
4 -2=---2 

4 -all 

all -2 
4 -all 

2(a ll - 2) 

2(a ll - 2) 
4 -all ' 

1 1 -----
all -2 2' 

Hence {~2} is a arithmetical sequence with the leading term ~ 2 
an at 

- 1 and the common difference d = - ~, Thus we get 

( -1) n+1 n a ll _2=-1+(n-n 2 =--2-=>a ll =2 0 n + 1, 

Therefore 

Remark In this example, 2 is the double roots of the equation 

x 2 = 4(x - 1), More generally, for the fractional recurrence equation 

aa II + b h . d aa 1 + b h f a ll +l = +d' w erec #0, a -bc #0, al # +d' T e roots 0 
call cal 

equation x = ax ++db are called the fixed points of this sequence {all} If 
ex 

the sequence {all} has only one fixed point p (i, e, p is a double root 

of the equationx(cx +d) = ax +b), Then 

1 
all - P 

1 2c 
+a +d' all-I - P 

If the sequence {a II} has two distinct fixed p and q, then 

a ll +l - p a - pc a ll -l - P 
=---0 

a ll +l -q a -qc all-I-q 

Example 5 

Prove that 

1 
n + 2 < a 1 + a 2 + ... + a II < n + 2. 
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Proof Witha,,+1 =a"C2-a,,+I),wegeta,,+1 = 2a+"l' Solving the 
a" 

, 2x b' f' d ' W' h equatlOn x = x + 1 ' we 0 tam two Ixe pomts XI = 0, X 2 = 1. It 

a n +l 
2a" d 1 2a" 1 a" - 1 a,,+1 - 1 1 =-+1 an a,,+1 - =-+1- =-+1' we get =-2 . 

all all a 71 a n+l 

a,,-l, {a,,-l}, , 'hI d' al-l --, 1. e, -- IS a geometnc sequence WIt ea mg term--
all an al 

and common ratio ; , Hence 

S' 1 2 1 1 
mce 2 < a 1 < 3' 2 < ~ - 1 < 1, 

1 1 1 
1 + 2" <;- < 1 + 2,,-1 ' 

" 

we get 

and 

~ +~ + .. , +~ < (1 +~)+ (1 +~)+ .. , + (1 +~) 
al a2 a" 1 2 2 

1 
= n + 2 - 2,,-1 < n + 2 

~ +~ + .. , +~ > (1 +~)+ (1 + \)+ .. , + (1 +~) 
al a2 a" 2 2 2 

111 
=n +1-- >n +1-- =n +-2' 

2" 2 

This completes the proof, 

Example 6 Find a", if a 1 = 1, a ,,+1 = 116 C 1 + 4a" + / 1 + 24a" ) 

(n ~1), 

Solution For eliminating the radical, natuarally, we set b" = 

/1 + 24a" , i, e, a" = 214 Cb;, - D, Substituting this to the original 



48 Combinatorial Problems in Mathematical Competitions 

recurrence relation, we obtain 

I.e. (2b,,+!)2 = Cb" +3)2, Sinceb" >0, so 

CD 

Thus {b" - 3} is a geometric sequence with the leading term 

b 1 - 3 = j 1 + 24a 1 - 3 = 2 

and the common ratio q = ;. Hence 

( 1 ) ,,-I 
b - 3 = 2 X - = 22-" =>b 

II 2 11 

Therefore 

Remark In the equation CD, 3 is the root of equation x = ; (x + 

3) and it is also called the fixed point of the function f (x) = ; (x + 

3), Generally, the recurrence relation of degree 1 with the constant 

coefficients: b,,+! = pb" +q (p, q are the constants and p * 1 ) can be 

reduced to 

b,,+l +-q- = P (b" +-q-), 
p-1 p-l 

where - -q- is the root of the equation x = px + q, 
p -1 

Example 7 The sequences {a,,}, {b,,} are defined as follows: 

au = 1} , a,,+1 = 1} '\h - J1 - a; , 

bo = 1, b,,+l = b1 eJb; +1 -1), n = 0,1,2, .... 
" 
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Prove that the following inequality holds: 

for each of n = 0, 1, 2, .... 

Proof Applying the mathematical induction, we easily get 0 < 

a" < 1, b" > O. Let a" = sin A" (0 < A" < ; , n ;?: 0) , then 

sinA,,+l = /} J 1 - '\11 - sin2A" = /} / 1 - cosA" = sin A2,. 

So A,,+l = ~A" (n ;?: 0) and Au = arcsin /} ~. Thus 

1 _ IT _ _ IT => . 1 . IT ( >: 0) ( 1 )" 
1\" - 4 2 - 2,,+2 a" = sin 1\" = sin 2,, +2 n :;o- • 

Similarly, letb" = tano",wecanobtainb" =tan2'~2 (n ;?: O). 

Since sin x < x < tan x (0 < x < ; ) , we get 

< IT < b ------ 2,, +2 < ~ < 2"+2b,,. a" 2,, +2 ,,----'" a" H 

(3) The Mathematical Induction 

The basic ideas to solve the problem about the recurrence relation 

of {x,,} by applying the mathematical induction are that 

(1) Use the recurrence relation and the initial values to compute 

the first several terms: Xl' X2' ••• , Xk and explore the general law of 

{x,, } . 

(2) Guess the expression of the general term of { x,, } or some 

properties of {x,, } . 

0) Prove that the conjecture in (2) is true with the mathematical 

induction. 

Example 8 Let a" denote the number of the positive integers N, 

whose sum of digits is n and digits are 1, 3 or 4. Prove that for any 

n = 1, 2, 3, .. . , a2" is a perfect square. (China Mathematical 
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Competition in 1991) 

Proof Among a" positive integers satisfying the conditions, the 

number of numbers with leading digit 1, 3 or 4 are a,, - I ' a,, -3 or a ,,-4 

respectively, then 

a" = a,, - I + a ,, -3 + a,,-4 en ~ 5) CD 
Obviously a I = 1, a2 = 1, a 3 = 2, a~ = 4. Combining this with CD , we 

can evaluate the first several terms as follows: 

11 1 2 3 4 5 6 7 8 9 10 11 12 . .. 

au 1 1 2 4 6 9 15 25 40 64 104 169 . .. 

law 11 1X2 22 2 X3 Y 3X5 52 5 X8 82 8X 13 1Y 

From the above table of numbers we guess that the following 

conclusion holds: Let {I,, } be the Fibonacci sequence, i. e. 1 1 = 1, 

12 = 2, 1,,+2 = 1,,+ I + I" e n ~ 1). Then the following conclusion 

holds: 

Using the mathematical induction, we prove that for any positive 

integer n the above conclusion @ is valid. 

For n = 1 and n = 2, we have 

and 

a~ = 22 = IL as = 6 = 2 X 3 = Id3' 

i. e. for n = 1 and n = 2 the formula @ is valid. We suppose that for 

n = k - 1 and n = k the formula @ is valid, then for n = k + 1, using 

the recurrence relation CD , the inductive hypothesis and the definition 

of the Fibonacci sequence, we get 

a2(k+ l) = a2k +l + a2k-l + a2k -2 = Iklk +l + Ik -l Ik + 1~ - 1 

= Idk+l + 1k-1 elk-1 + Ik) = Idk+l + 1k-1 Ik+l 

= Ik+ l Uk + 1 k-1 ) = 1~+1 , 



Recurrence Sequence of Numbers 

a2(k+l l-l- 1 = a2(k +ll + a2k + a2k - 1 = f~+1 + f~ + fk-lfk 

= f~+1 + fk (fk + fk - I) = f~ + 1 + fdk+l 

= fk+l Cfk+l + fk) = fk+l fk +2 ' 

51 

1. e. for n = k + 1 our conjecture (2) is true. There a 211 = f; is a perfect 

square for n = 1, 2, 3, .... This completes proof. 

Remark In this example, we also prove that 

is valid. 

In fact, from CD, we can deduce the following recurrence relation: 

Using the mathematical induction and the recurrence relation @ , we 

could prove that the conjecture Q) is true. We leave the detail of the 

proof to the reader. 

Example 9 Let the sequences {all}' {b ll } satisfy the following 

conditions: 

a ll +l = 7a ll + 6b ll -3, CD 

and 

b ll +1 = Sail + 7b ll - 4, 

n = 0, 1, 2, .... Prove that a II is a perfect square for n 0, 1, 

2, (China Mathematical Competition in 20(0) 

Proof I With CD we get 

1 
bll = 6(a ll+1 -7a ll + 3). 

Substituting Q) to (2) and rearranging we have 

a ll +2 = 14a ll +l - all - 6. 

By direct computation, we get 

all = 1 = 12 , al = 7all + 6bo - 3 = 4 = 22 , a2 = 14a 1 - ao - 6 = 49 = 72 , 

a3 = 14a2 - al -6 = 676 = 262 , a4 = 14a3 - a2 -6 = 9409 = 972 , •••• 
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and the sequence of numbers 1, 2, 7, 26, 97, ... satisfies the 

recurrence relation: do = 1, d I = 2, 

d,,+2 = 4d ,,+1 -d" Cn = 0,1, 2, ... ). 

Hence we guess that the formula a" = d;, is valid, where {d ,,} satisfies 

the recurrence relation ® . With the mathematical induction, we 

prove that this conjecture is true. 

For n = ° and n = 1, all = 1 = d~, al = 4 = df. Assume that for 

n = k - 1 and n = k , we have that aH = d~-I , ak = d~. Then for n = 

k + 1, we get 

But 

a k+1 = 14ak - ak-I - 6 = 14d~ - d ~ -1 - 6 

= (4d k -dk_I )2 - 2(d~ + d~-I - 4d kd k - 1 + 3) 

= d ~ +1 -2(d~ + d~-1 -4dkd k - 1 + 3). 

d~ + d~-I - 4dkdk-l +3 = d kC4d k - 1 - dk-2) + d~ - 1 - 4d k d k-1 +3 

= d~-1 -dk-2 C4d k- 1 -dk-2 ) +3 

= d~- I + d~ - 2 -4dk-ldk-2 + 3 

= df + d6 -4d1d u +3 

= 22 + 12 - 4 X 1 X 2 + 3 = 0. 

Thus ak+1 = d~+I . Therefore for each of n = 0, 1, 2, ... , a" = d;, is a 

perfect square. 

Remark The recurrence relation ® is also deduced by the method 

of undetermined coefficients. 

In fact, setting d ,,+2 = pd ,,+1 + qd" and combining this with d o 1, 

d 1 = 2, d 2 = 7, d 3 = 26, we get 

{2P + q =7, {P=4, 

7 P + 2q = 26. ::::;. q = - 1. 

Therefored"+2 =4d,,+1 - d"Cn = 0, 1, 2, ... ). 

Proof 1I Let x" = a" - ~ ( ~ is the root of the equation x 
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) 1 7 
14x -x -6 ,thenxo = 2' Xl = 2 and from @ we get 

X,,+2 = l4xn+l - x" (n ):: (J). 

Using the method of the characteristic roots, we easily get 

Thus 

x" = ~ C7 + 4)3)" + ~ C7 - 4)3)" 
4 4 

= ! (2 +)3)2" + ! (2 _)3)2". 

a" = ~C7 +4)3)" +~C7 -4)3)" +~ 
442 

= ~(2 +)3)2" + ~(2 _)3)2" + ~ 
442 

= [ ~ (2 +)3)" + ~ (2 -)3)" r. 

53 

Let ; (2 +)3)" = A" + E,,)3 (An' E" are the positive integers), then 

~ (2 -)3)" = An - En )3. 

Therefore a" = A~ is a perfect square. 

Example 10 Set N = (2 +)3)211114. Find the first digit at the left of 

the decimal point and the first digit at the right of the decimal point 

of N. 

Solution Set 

The characteristic equation is 

[r - (5 +216)J • [r - (5 -216)J = 0, 

i.e. r2 -lOr + 1 = O. Thus the sequence of numbers {x,,} satisfies the 

following recurrence relation: 

X,,+2 = 10x,,+1 - x" (n ):: D. 
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Thus 

Xl = (5 +2/6) +(5 -2/6) = 10, 

x, = (5 + 2/6)2 + (5 - 2/6)2 = 98 

are two positive integers and Xl < X2. Suppose that Xk-1 , Xk are two 

positive integers and X k-1 < X k , and with CD we deduce that for each of 

n = 1,2, ... , x" is a positive integer andx,,-l <x". Hence 

X" = 10x,,-1 - (10x,,-3 -X,,--I) = 10(x,,-1 -X,,-3) +x,,--I 

- X,,--I (moci10) 

Especially we obtain Xlli02 - X2 - 8 (mod10), i. e. the unit digit of 

X1II112 is 8. Since 0 < 5 - 2/6 < O. 2, thus 

1. e. 

0< (5 - 2/6)10112 < 0. 21002 = 0. 00833-1 < 0.01 33-1 = 0.00···01 
~ 

668 zeros 

X1002 =N+(5-2/6)ll}()2 =N+O.OO···O* * * ... 
~ 

669 zeros 

Since the unit digit of X WII2 is 8, therefore the first digit at the left of 

the decimal point of N is 7 and the first digit at the right of the 

decimal point of N is 9. 

Exercise 4 

1 Let the sequence ai' a2' ... , a", ... of positive integers 

satisfy the following conditions: 

(1) ja"a,,-2 - ja,,-la,,-2 = 2a,,-1; (2) an = al = 1. 

Find a". (China Mathematical Competition in 1993) 

2 Determine real number ao such that the sequence {a,,} which is 

determined by the recurrence relation an+l =- 3a" + 2" (n = 0, 1, 2, 

... ) is increasing. 
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3 Let the sequence a t . a 2' ., .• a" • ... satisfy at = ;. a t + 

a 2 + ... + a" = n 2a" • find a" (7th Canadian Mathematical Olympiad in 

1985) . 

4 Letao = 0. a 1 = 1. a" = 2a ,, - t + a ,,-2 Cn ~ 2). Prove that 2k la" if 

and only if 2k In. 
(Note: a I b express that b IS divisible by a). (The Problem 

Prepared for 29 th IMO) 

5 How many numbers of ways are there such that a 2 x n 

chessboard can be perfect covered by n 1 X 2 rectangles without gaps 

and without overlaps? 

6 Suppose a sphere is divided into a " regions by n big circles on 

this sphere. no three of which are concurrent. Find a" . 

7 How many n-digit numbers can be formed by the digits 1. 2. 

3. 4 such that the number of the digit 1 is even? 

8 Four men A. B. C and D pass a ball to each other satisfying 

the following requirement: every man who accepts the ball pass this 

ball to anyone of other three men at once. Suppose that A begin to 

pass the ball C as first time passing ball). In how many distinct ways 

can the ball return to A after 10 passes of the ball. 

9 Prove that for any nonnegative integer n. the number [ ( 1 + 
j3) 2"+l J is divisible by 2,,+1 . 

10 Prove that for any nonnegative integer n. the number 

" (2n +1) 2: 23k is not divisible by 35. 
k ~() 2k + 1 

11 There is a sequence { a ,,} satisfying a o 1. a,,+ l 

7a ,,+J45a~- 36 EN 
2 • n . 

Prove that: 

C 1) For each n E N. a " is a positive integer. 

(2) For each n E N. a"a,,+l - 1 is a perfect square . 

(China Mathematical Competition in 2005 ) 



When many situations are set m an investigative problem, we 

usually discuss each situations individually and find the solution. 

Summing and synthesizing these conclusions of the situations, we will 

obtain the solution of the original problem. That is the idea and 

method of classification. 

When we solve some problems applying the idea and method of 

classification, the following rules must be followed: 

(1) Each situation in the original problem must be contained in 

some class without omissions. 

(2) Any two classes are disjoint and do not have overlaps. 

(3) The classification must follow the same criterion. 

(4) The key to choose the classifying criterion is that the problem 

appearing in each situation could be solved more easily than the 

original problem. 

Example 1 How many 3-digit numbers can be formed from the 

digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 such that the sum of its digits is even 

and greater than or equal to 10? 

Solution The 3-digite numbers whose sum of the digits is an even 

only have the two following classes: each digit is even or one is even 

and the other two are odd. 

(1) When each digit is an even, the number of the 3-digit numbers 

is P~ - Pi = 48. 

(2) When one digit is an even and the other two are odds, the 
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number of 3-digit numbers is 

But among above the 280 numbers, there are following 42 

numbers with the sum of its digits less than 10: 

204,240,402,420; 206, 260, 602, 620; 103, 130,301,310; 

105, 150,501,510; 107, 170,701,710; 305, 350, 503, 530; 

123,132,213,231,312,321; 125, 152,215,251, 512, 521; 

134, 143,314,341, 413, 431. 

Therefore the number of 3-digit numbers satisfying the conditions 

equals 48 + 280 - 42 = 286. 

Example 2 Suppose a figure consists of 271 (n ~ 2) points (no four 

points of are coplanar) and there are n 2 + 1 line segments connecting 

these points. Prove that there exist 71 triangles in this figure. 

Proof We shall prove the statement by induction on n. For the 

basic case n = 2, suppose the 4 points are A, B, C, D and there are 

22 + 1 = 5 line segments connecting these vertices. 

Thus only (:) - 5 = 1 pair of these points is not connected by a 

line segment. Without loss of generality, suppose that there is no line 

segment connecting the points C and D. In this case, there exist two 

triangles: 6.ABC and 6.ABD. Thus the basic case is proved. 

Assume that the statement is true when n = k ~ 2. When n = k + 
1, let a space figure G consist of 2k + 2 points and there are (k + 1)2 + 
1 line segments connecting these points. Firstly, we prove that there 

exists at least one triangle. Let the two given points A and B be 

connected by a line segment and the number of line segments 

connecting the points A (or B) and 2k other points is a (or b). 

(1) If a + b ~ 2k + 1, then there are a point C (C differ from A 

and B) which is connected with A and B by the line segments. Thus 

there exists a triangle ABC. 
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(2) If a + b < 2k, by deleting the points A and B and all line 

segments meeting both A and B, then among residual figure, there are 

2k points and at least 

(k + 1)2 + 1 - 2k - 1 = k 2 + 1 

line segments connecting these points. By the induction hypothesis, 

there exist k triangles. 

Let LiABC be one of above triangles and n A. , n Born c denote the 

number of line segments connecting the points A, B or C and other 

2k - 1 points respectively. 

Case I : If n A + n B + n c ~ 3k - 1, there are at least k triangles 

with one side of three sides AB, BC or CA respectively. Adding the 

triangle ABC, we have at least k + 1 triangles. 

Case II: IfnA +nB +nc <3k -2, i.e. 

then among three numbers n A + n B' n B + n c and n c + n A. , there is at 

least one is not exceeding [6k 3- 4] = 2k - 2. Without loss of 

generality, assume n A. + n B < 2k - 2. After deleting two points A and 

B and all line segments meeting both A and B, then among residual 

figure, there are 2k points and at least (k + 1)2 + 1 - (2k - 2) - 3 = 

k 2 + 1 line segments connecting these points. By the induction 

hypothesis, there exist k triangles. Adding the triangle ABC, we have 

at least k + 1 triangles. Hence for n = k + 1, the conclusion is valid. 

This completes the proof. 

Remark In this example, we have two classifications and the first 

classification and the second classification are independent (the 

criterions of two classifications are distinct). In the following 

example, our second classification is the subclasses of the first 

classification. 

Example 3 Suppose 4 couples are seated on a bench to watch a 

movie such that any female is only adjacent to her husband or other 

female. How many different ways of seating are possible? 
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(The Problem Prepared for Japan Mathematical Olympiad in 1995) 

Solution Firstly, the number of ways of arranging 4 females is 

4!. If there are the males between two females, then the number of 

the males is at least 2 (their husbands) . Similarly, if there are females 

between two males, then there are at least 2 females. If seats of 

several females are consecutive, then we consider these females as a 

group. Thus unordered grouping ways of the females have the 

following 5 classes: 4, 3 + 1, 2 + 2, 2 + 1 + 1, 1 + 1 + 1 + 1. Since the 

isolated female must sit at two ends of the bench, the grouping way 1 + 
1 + 1 + 1 does not satisfy the condition. 

(1) When the grouping way of females is 2 + 1 + 1, the grouping 

way of males has only one class: 2 + 2. In this case, the mode of 

seating has on the only one class (The letters F and M express the 

female and the male respectively) : 

CD FMMFFMMF 

The number of way of arranging all males is only 1. 

(2) When the grouping way of females is 2 + 2, the modes of 

seating have the 4 following classes: 

CZ) FFMMMMFF 

® M F F M M M F F or F F M M M F F M 

® M M F F M M F F or F F M M F F M M 

® MFFMMFFM 

In the four classes above, the numbers of ways of arranging all 

males are 2!, 1, 1, and 1 respectively. The total ways is 2! + 1 x 2 + 
1 x 2 + 1 = 7. 

(3) When the grouping way of females is 3 + 1, the modes of 

seating have the 3 following classes: 

® F F F M M M M F or F M M M M F F F 

(J) M F F F M M M F or F M M M F F F M 

® M M F F F M M F or F M M F F F M M 

In the three classes above, the numbers of ways of arranging all males 

are 2!, 1, and 1 respectively. The total ways is 2 x (2! + 1 + 1) = 8. 

(4) When all of females are consecutive, the modes of seating 
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have the 3 following classes: 

® F F F F M M M M or M M M M F F F F 

® M F F F F M M M or M M M F F F F M 

@MMFFFFMM 

In the three classes above, the numbers of ways of arranging all 

males are 31 , 21, and 21 respectively. The total ways is 

31 X 2 + 21 X 2 + 21 = 18. 

Summarizing what we have described above, we obtain that the 

total ways of arranging 4 couples is 

41 X C1 + 7 + 8 + 18) = 24 X 34=816. 

Example 4 Suppose that a group of n (n ~ 6) persons satisfies the 

following conditions: (1) each person sends his regards to at most n -

[n i 2] persons by telephone; (2) Among any three persons, there 

are at least two persons sending their regards to each other by 

telephone. Prove that it is possible to divide these n persons into two 

disjoint sets such that any two persons in the same set send their 

regards to each other by telephone. 

Solution We represent a person with a point in the plane, no 

three points of which are collinear. If two persons send their regards 

to each other by telephone, then two corresponding points are 

connected by a red line segment, otherwise, connected by a blue line 

segment. Thus we obtain a figure G satisfying the following 

conditions: (1) There are at most n - [n i 2] red line segments 

meeting every point in G. (2) Among any three points in G, there are 

at least two points which are connected by a red line segment. Thus 

original problem is reduced to prove that it is possible to divide the n 

points in G into two disjoint subsets such that any two points in the 

same subset are connected by a red line segment. 

Let S denote the set of n points in G. By the given condition ( 1) , 

there are at least 
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n -1 - (n - [n i 2J) = [ ; J 
blue line segments meeting every point of 5. Suppose that the point A I 

and [n 12J points B I , B 2 , ••• , B Cn I2] are connected by the blue line 

segments and the point B I and [n 12J points A I' A 2 , ••• , A Cn/2] are 

connected by the blue line segments . Let 

51 = {AI' A 2 , ••• , A Cn!2]} 

and 

by the given condition (2), we know 51 n 5 2 = 0 and any two points 

in the same subset 5 i (i = 1, 2) are connected by a red line segment. 

Case I : When n = 2k is even, then the set 5 is divided into two 

disjoint subsets 5 I and 5 2 so that any two points in the same subset are 

connected by a red line segment. Thus the conclusion is valid. 

Case II : When n = 2k + 1 ~ 6 is odd, then k ~ 3. Since I 51 U 

52 I = 2k, then there is a point C in 5 which does not belong to 5 1 U 52. 

CD If C and Bl are connected by a blue line segment, denote 5~ = 

5 1 U {C } by the given condition (2), we know that any two points in 

each of 5/ and 5 2 are connected by a red line segment and 5 = 5 '1 U 

5 2' 5'1 n 52 = 0 . Thus the conclusion is valid. 

@ If C and Al are connected by a blue line segment, with the 

same reason in CD , the conclusion is also valid. 

Q) If C and each of A I and B I are connected by the red line 

segments, with the given condition (1), there are at least [ ; J = k ~ 3 

points and the point C are connected by the blue line segments and not 

all of these points belong to 5 I and not all of these points belong to 52. 

Without loss of generality, suppose that C and a point A i (2 ~ i ~ k) in 

5 1 are connected by a blue line segment and C and the two points B/, 

B j (2 ~ t < j ~ k) in 5 2 are connected by two blue line segments. We 

know at least [ ; ] = k points and the point Ai are connected by the 
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blue line segments and at least k ~ 1 of these points, except the point 

C, belong to 52. But there are only k ~ 2 points in 52' except two 

points B , , B j . So A i and one of two points B , , B} must be connected 

by a blue line segment. For convenience, we assume that the point Ai 

and the point B , is connected by a blue line segment. Thus any two of 

the three points C, Ai, B , are connected by a blue segment, which 

contradicts the given condition (2). This completes the proof. 

The method of fractional steps is that the original complex and 

difficult problem is transformed into a group of correlative "small 

problems". Among these "small problems", the solutions of the 

posterior problems often depend on the solutions of the anterior 

problems. When the last problem is solved, we obtain the solution of 

the original problem . 

Example 5 Find the smallest positive integer n such that among 

any n irrational numbers, there exist 3 irrational numbers such that the 

sum of any two of them is an irrational number, too. 

Solution Obviously, for the 4 following irrational numbers: 

~J2, ~J3, J2, J3 , any three of them contain two opposite numbers 

such that the sum of them equals zero and zero is not an irrational 

number. Hence the smallest positive number n satisfying the condition 

is greater than or equal to 5. 

Next, we will prove that among any 5 irrational numbers, there 

are at least 3 numbers such that the sum of any two of them is an 

irrational number . For convenience, we represent 5 irrational numbers 

with 5 points r, y, z, u, v in the plane (The point and the 

corresponding irrational number are represented by the same letter) 

and not three of them are collinear. If the sum of two numbers is a 

rational number, the two corresponding points are connected by a red 

line segment, otherwise, by a blue line segment. Thus we obtain a 
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figure G. and the original problem is reduced to prove that there exists 

a blue triangle in G. 

Firstly, we prove that there exists a monochromatic triangle in G. 

If among 4 line segment meeting some point there are at least 3 red (or 

blue) line segments, then there must be a monochromatic triangle. 

Hence, without loss of generality, we could assume that there are 

exactly 2 red and 2 blue line segments meeting every points in G. And 

there are 5 red and 5 blue line segments in G . Since there are only two 

red line segments meeting every point in G, then every point is a 

vertex of a close broken line. But every close broken line has at least 3 

line segments, hence 5 red line segments form a close broken line. 

Similarly, 5 blue line segments form a close broken line. For 

convenience, assume x yzuvx is a red close broken line, thus x + y, 

y + z, z + u, u + v, v + x are all rational numbers . Hence 

1 
x = 2"[(x + y) - (y +z) + (z +u) - (u +v) + (v + x )] 

IS a rational number, which contradicts the given condition . 

Consequently, there exists a monochromatic triangle. 

Secondly, we prove that there exists a blue triangle. Otherwise, 

there exists a red triangle. For convenience, assume that !':::,.xyz is a 

red triangle. Thus x + y, y + z, z + x all are rational numbers, and 

x = ~ [ ex + y) + (z + x) - (y + z) ] 

is a rational number, which contradicts the given condition. So there 

exists a blue triangle. Assume that !':::,.xyz is a blue triangle, i. e. there 

exist three irrational numbers x, y, z such that the sum of any two of 

them is an irrational number. 

Summarizing what we have described above, we obtain that the 

smallest positive integer n is 5. 

Example 6 Suppose that there are 2,, -1 n-term sequences in which 

each term is 0 or 1. If for any three these sequences, there exists a 

positive integer p such that the p th terms of them all are 1. Show that 
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there exists an unique positive integer k such that the k th terms of these 

2,, -1 sequences are all 1. (32 nd Moscow Mathematical Olympiad in 

1969) 

Proof LetS = {X I X = (XI' X2'",' x,,), Xi = Oor 1, i = 1, 

2, ... , n } and So represent the set of 2,, -1 n-term sequences satisfying 

the given conditions. Thus So is a proper subset of S. 

Firstly, we discuss the characters of So which are applied to prove 

the conclusion that we seek. For convenience, we need the following 

notes: for any X = (XI' X2' ••• , x,,), set X = (It, Xl' ••• , 

.r;;) , where 

X~ ={O, if Xi = 1, 
I i = 1,2, ... ,n, 

1, if X i = 0, 

and for any X = (XI' X2' ••• , x,,) and Y = (YI , Y 2 ' ••• , y,,), set 

Thus X and X • YES, if X, YES. With the given condition, for 

any X, Y, Z E So, we know X • y. Z -=F (0, 0, '" , 0). 

(1) We prove that for any XES, only one of the relations X E 

So andX E So is valid andO = (0,0, ... ,0) E So. 

Suppose that for any XES, X and X are paired. Thus the 2" 

elements of S form 2,, -1 pairs. If some X and X belong to So, then for 

anyY E So, X· X· Y = (0,0, ... ,0). This contradicts the given 

condition. Hence there are at most one of X, X belonging to So. Note 

that the number of the distinct pairs (X, X) is 2,, - 1 and the number of 

sequences in So is also 2,, -1, so there is exactly one of X, X belonging 

to So. Next, if (0, 0, ... , 0) E So, then for any X, Y E So we know 

0· X • Y = (0, 0, ... , 0). This contradicts the given condition. Thus 

° = (0, 0, ... , 0) E So. 

(2) Next we prove that if X, Y E So, then X • YES,). If Z = X • Y E 

So , from (1), we obtain Z = Z • Y E So, then 

X • y. Z = (X • X) • (y. Y) = (0, 0, ... , 0). 
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This contradicts the given condition. Thus X • YES". 

(3) Finally, we prove that let Xl' X 2 , ••• , Xr l be 2,,-1 distinct 

sequences in S" and X = X l · X 2 ••••• X r I , then there is just one term 

in X which equals 1 and the remaining n - 1 terms in X all equal zero . 

From (1) and (2), we know XES" and X 7"= (0, 0, ... , 0), i. e. 

there are at lease one term of X which equals 1. If there are at least 

two terms of X which equal 1, the two terms of each sequence in S" 

equal 1 and the remaining n - 2 terms of each sequence in S" all equal 1 

or O. Hence the number of the sequences in So does not exceed 2,,-2, 

which contradicts that there are 2,,-1 distinct sequences in So. 

Secondly, we come back to the original problem. With (3), we 

could assume that the k th term of X is equal to 1 and the other terms of 

X are all equal to zero, i. e. there exists an unique positive integer k 

such that the k th terms of all sequences in SI1 are all equal to 1 and all 

the other terms of are not equal to 1. This completes the proof. 

Remark This problem is equivalent to the following problem. 

Let I = {aI, a2' ... , a,, } be a set with n elements, and the set S" 

consist of 2,,-1 distinct subsets of I satisfying the following conditions: 

the intersection of any three elements (i. e. three subsets of I) in So is 

nonempty. Prove that the intersections of all elements (i. e. 2,,-1 

distinct subsets of I) in So have an unique element. In the above 

solution, the operations X and X • Y just correspond to the operations 

of the complement and intersection of the sets. Hence the readers 

could use the perations of the complement and intersection of the sets 

to complete the proof. 

Exercise 5 

1 Suppose that 4-digit numbers abed satisfy the following 

conditions: (1) a, b, e, d E {1, 2, 3, 4}; (2) a 7"=b, b 7"= e, e 7"= d, 

d 7"= a; (3) a is the smallest number in a, b, e, d. Then number of 
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4-digit numbers abed equals (China Mathematical 

Competition in 2(00) 

2 The 5-digit numbers with at least three distinct digits are 

formed from the digits 1, 2, 3, 4, 5, 6. How many these 5-digit 

numbers are there such that the digits 1 and 6 are nonadjacent? 

3 How many even integers with four different digits between 

4000 and 7000 are there? (11 5t American Invitational Mathematical 

Examina tion in 1993) 

4 There are 3 line segments whose lengths are 1, 2, 3 

respectively and the line segment with length 3 is divided into any n ( ?': 

2) line segments. Prove that among above n + 2 line segments, there 

must be 3 line segments which are three sides of a triangle. 

S Firstly, we select a subset X from set S = { 1, 2, ... , n}. Next 

we select another subset Y of S such that X is not a subset of Y and Y 

is not a subset of X too. How many ways are there to select X and Y 

orderly? 

6 In the rectangular coordinates system in plane, there are 9 

integerpointsAi(xi' Yi) (x" Yi EZ, i =1,2, ... ,9), no three of 

which are collinear. Prove that there exists a LA,AjAk C1 < i < j < 
k < 9) whose barycenter is an integer point too. 

7 There are n people in a committee such that among any 3 

people, there is a pair of mutually acquainted people. Find the 

smallest positive integer n such that there are 4 mutually acquainted 

people in these n persons? 

8 There are 7 given points in a plane such that among any three 

points, at least two points are connected by a line segment. Find the 

smallest number of connected line segments and draw a figure satisfying 

above requirement. (The Problem Prepared for 30th IMO in 1989) 

9 Suppose that the area of a convex hexagon AJA2A3A4A5A6 

equals S. Prove that there is at least a triangle LA iA jAk C1 < i < j < 

k < 7) with area not exceeding ~ S. 



The correspondence is not only a basic mathematical concept but 

also an important method and skill to solve the problems and prove the 

proposi tions. What is more, it is a bridge between the unfamiliar and 

familiar problems. By a correspondence, covert relations are often 

transformed into overt relations such that we could find the way to 

solve the problems. When we solve some problems by the 

correspondent method, the key is to construct a corresponding 

relation. However, we do not have a general way to follow. We shall 

illustrate various correspondent methods to solve the problems in 

several examples. 

The pairing method is that with some rules, all objects of the 

investigative problem are paired so that the computation becomes 

simple and it is easy to find the solution. 

Example 1 Let M be any k -element subset of set I = {1, 2, ... , 

n }. Assume that k elements of M are arranged in a decreasing order 

with il > i2 > ... > i k and il - i2 + i3 - ••• + (_1)k-lik is called the 

alternating sum of set M (For example, the alternating sum of set {1, 

2,4,6, 9} is9 -6 +4 -2 +1 = 6, and the alternating sum of set {S} 

is 5). What is the total of all the alternative sums? 

Solution Let the subsets of I be divided into two class A and B 

such that each subset in A contain the number n and each subset in B 

does not contain number n and definite the alternating sum of empty 
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set is zero. Let the set {al < a 2 < ... < a k < n } inA and the set {a l < 

a 2 < ... < a k } in B be paired, then the number of such pairs is 2,, -1 and 

the total of the alternating sums of any pairs: {a 1 < a2 < ... < a k < n } 

and {a 1 < a2 < ... < ak } is n. Therefore the total of all the alternating 

sums is S = 2,,-1 • n. 

Example 2 There is a set M = {1, 2, ... , lOOO }. For any 

nonempty X of M, let a x denote the sum of the greatest number and 

the smallest number in X. Then the arithmetic mean value of all a x is 

equal to . (China Mathematical Competition in 1991) 

Solution Let any nonempty subset X of M and X l = {1001 - x I 

x EX } be paired. Then Xl is also a nonempty subset of M and Xl -=1= 

X ~ if X -=1= XI. Thus all nonempty subsets of M are divided into two 

classes satisfying the following conditions: (1) X = Xl; (2) X -=1= Xl. 

For X = Xl, if x EX, then 1001 - x EX, hence 1001 - Xo is the 

largest number of X, when X o is the smallest number of X. In this 

case, 

a x = x II + (1001 - X II ) = 1001. 

For X -=1= Xl, assume that the smallest number and the largest 

number of X are Xo and Yo respectively, then the smallest and largest 

numbers of Xl are 1001 - Yo and 1001 - X o respectively. In this case, 

ax + ax' = Xo + Yo + (1001 - x u) + (1001 - Yo) = 2002. 

Summarizing what we have described above, we obtain the 

arithmetic mean value of all a x is equal to 1001. 

Example 3 Among any 133 positive integers, there are at least 

799 pairs of coprime positive integers. Prove that there exist 4 distinct 

positive integers a , b, c , d such that a and b, band c, c and d, d and 

a are relatively prime. 

Proof We represent 133 positive integers with 133 points A I , 

A 2 , ••• , A m in the plane. If two positive integers are relatively 

prime, then the two corresponding points are connected by a line 

segment, otherwise, not connected by a line segment. Thus we obtain 
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a graph G satisfying the following condition: there are at least 799 

edges connecting the 133 points in G. Hence the original problem is 

reduced to prove that there exists a quadrilateral with four vertices A , 

B, C, D and four edges AB, BC, CD, DA in G. Therefore we just 

need to prove that there exist two points Band D such that they are 

adjacent to both A and C. (Two points is called adjacent if they are 

connected by a line segment. ) 

If both of Band D are adjacent to the point A, then Band Dare 

paired, and (B, D) is called the pair belonging to the point A. 

Assume that there are d ; edges meeting the point A ; (i = 1, 2, ... , 

133), then 

CD 

and the total of pairs belonging to each of A l ' A 2 ' ••• , A 133 is 

equal to 

By Cauchy's inequality, we obtain 

133 133 133 

(~d ; ) 2 ~ ~12 ~dT ' 
i= l i= l j=l 

i. e. 

Substituting ® to (Z) and with CD , we know 

1 X 2 X 799 X (2 X 799 - 133) 
2 X 133 
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> 2 X\33 X 2 X 6 X 133 X (2 X 6 X 133 -133) 

133 ~ 132 = C~3). 

( 133) But the 133 points just form 2 pairs, hence the above 

counting in left-hand side is repeated. So there is at least one pair (B, 

D) belonging to two distinct points A and C, i. e. the points Band D 

are adjacent to both A and C. Thus the four points A, B, C, D 

correspond to four positive integers a, b, c, d satisfying that a and b, 

band c, c and d, d and a are relatively prime. This completes the 

proof. 

Example 4 Let 11 sets M l' M 2' ... , M 11 satisfy the following 

conditions: 

(1) IMi 1=5, i =1,2, ... ,11; 

(2) I Mi n M j 17'=0, 1 ~ i <j ~ II. 

DenoteT=M j UM2 U··· UMjj,andforanyx ET,let 

n(x) =1 {Mi Ix EMi , 1 ~i ~11} I, n = Max{n(x) Ix E T}. 

Find the smallest value of n. (Romania Mathematical Olympiad 

in 1994) 

Solution Let T == {Xj , X2' ••• , x"'} and we construct an m X 11 

table such that the number in the unit square in the i th row and the j th 

column is 

a i} = { 1 ' if Xi E M j , (i = 1, 2, ... , m; J = 1, 2, ... , 11). 
0, if Xi tf M j , 

II 

Thusn(xi) = ~aij represents that Xi belongs to n(xi) sets in 
j~j 

m 

M 1 , M 2 , ••• , M jl , where n = Max{n(xi)} and I M j I = ~aij 
l~l~m 

i=l 

represents the number of elements in set M j • Hence from the given 

condition (1), we obtain 
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m 11 11 

2:= 2:= aij 2:= I m j I = 11 X 5 = 55. 
i=l j= l j~1 

CD 

If x k is a common element of sets M; and M j (i < j ), then (M ; , 

M j ) is called a pair of sets belonging to the element x k. Thus the total 

of the pairs of sets belonging to each of XI , X2' ••• , X IIl is equal to 

In the other hand, from the given condition (2), for any (M; , 

M j) (i < j ), there exists ayE M; n M j' i. e. (M;, M j) is a set 

belonging to y. Thus this set (M;, M j) is computed once at least on 

the left-hand side of @ . But there are C21) = 55 pairs of sets formed 

by M I , M 2 , ••• , M Il' hence we know 

m (n(x)) 1 m 1 
55 :0:;;; 2:= ' :O:;;; 2(n - 1) 2:=n(xi) <2 X55 X(n - 1), 

,~I 2 , ~ I 

i.e. n~3. If n =3, then for any Xi E T, n(x ; ) < n = 3. Now we 

prove that there is no x; E T such that n (x;) :0:;;; 2. Proof by 

contradiction, and assume that there is a x;" E T, such that n (x;,,) :0:;;; 

2, then 

1 m 

55 :0:;;; 2 2:=n(x;)(n(x;) - 1) 
1= 1 

:0:;;; ~ (3 -1) X 55 + ~ X 2 X (2 - 3) = 54, 
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and this is a contradiction. Thus for any Xi E T, 11 (x i) = 3 => 3m 

55, which is impossible, so 11 ~ 4. 

Finally, when 11 = 4, there exist 11 sets satisfying the given 

conditions (1) and (2): 

MI =M2 = {l, 2, 3, 4, 5}, M3 = {1, 6, 7, 8, 9}, 

M.j = {l, 10, 11, 12, 13}, Ms = {2, 6, 9,10, 14} 

M6 = {3, 7,11, 14, 15}, M7 = {4, 8, 9,12, 15}, 

Ms = {5, 9,13,14, 15}, M9 = {4, 5,6,11, 14} 

M lo = {2, 7,11,12, 13}, Mil = {3, 6, 8,10,13). 

Therefore 11 (x i) < 4. 

Summarizing what we have described above, we conclude that the 

smallest value of 11 is 4. 

In the mathematical competitions, we apply not only the pairing 

method to the immediate count and the proof through the 

computation, but also apply it to solve a class of problems of two­

person game. These problems often involve the characters of the 

geometric figures (for example, the symmetry and so on) and the 

properties of numbers (for example, the divisibility, the congruence 

and so on). In a problem of game, some step is called a "live step", if 

the game will not be ended if this step is performed. Hence, if we 

have a step which could be performed when the rival performs a "live 

step", then we shall never be defeated. But in a finite game, if one is 

not be defeated then he (or she) will win without fail (assume that the 

game does not have a tie) . 

The common winning strategy 1S that all possible selective 

positions (or all possible selective numbers) are paired such that each 

pair a, b satisfying that when the opponent chooses some position (or 

some number), say a, then you just need to choose another position b 

(or another number b) . 

In problems of game involving the geometric figure, the common 

pairing method is defined by the characters of the geometric figures 

(for example, the symmetry, the adjacency and so on) and the rules of 
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game and we ought to occupy the symmetric center and the redundant 

positions in the figure. But in problems of games involving the 

properties of numbers, the common pairing method is defined by the 

characters of numbers (for example, the divisibility, the congruence 

and so on) and the rules of the game. 

Example 5 On an 8 X 8 chessboard, two players A and B set the 

chessmen in turn and every time one could set a chessman in several empty 

unit squares in the same row or in the same column (only one chessman in 

each gird). Assume that A goes first and then the players alternate. A 

player wins if another player could not set a chessmen any more. Who has a 

winning strategy? (21 st Russian Mathematical Olympiad in 1995) 

Solution We prove that the second player B has a winning 

strategy. Assume that at the kth step, the first player A sets m 

chessmen in m empty unit squares a I ' a 2' ... , am in the same row or 

in the same column, then the second player B just need to set m 

chessmen in m empty unit squares b l , b 2 , ••• , b m , where b i and a i are 

symmetrical about the center of the chessboard (i = 1, 2, ... , m). 

Therefore the second player B will win eventually. 

Example 6 Alice and Bob playa game on a 6 by 6 grid. On his or 

her turn, a player chooses a rational number not yet appearing in the 

grid and writes it in an empty square of the grid. Alice goes first and 

then the players alternate . When we have written the numbers in all 

squares, in each row, the square with the greatest number in that row 

is colored black. Alice wins if she can then draw a line from the top of 

the grid to the bottom of the grid that stays in black squares, and Bob 

wins if she cannot. (If two squares share a vertex, Alice can draw a 

line from one to the other that stays in these two squares. ) Find, with 

proof, a winning strategy for one of the plays. (33 rd USA 

Mathematical Olympiad in 2006) 

Solution Bob can win as follows. After each of his moves, Bob can 

ensure that the maximum number in each row is a square in A U B, where 

A = {Ct, 1), (1, 2), (1, 3), (2, 1), (2,2), (2,3), (3,1), (3, 2) } 
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B = {(3, 5), (4,4), (4,5), (4,6), (5,4), (5,5), 

(5,6), (6 ,4), (6 ,5), (6, 6) }, 

where (i , j ) is the unit square in the i th row and the j th column. 

In fact, Bob pairs each square of A U B with a square in the same 

row that is not in A U B, so that each square of the grid is in exactly 

one pair. Whenever Alice plays in one square of a pair, Bob will play 

in the other square of the pair on his next turn. If Alice moves with x 

in A U B, Bob writes y with y <x in the paired square . If Alice moves 

with x not in A U B, Bob writes z with z > x in the paired square in A 

U B. So after Bob's turn, the maximum of each pair is in A U Band 

thus the maximum of each row is in A U B . 

So when all the numbers are written, the maximum square in the 

6th row is in B and the maximum square in the 1 st row is in A. Since 

there is no path from A to B that stays in A U B, Bob wins. 

Example 7 Two players A and B playa game. The player A goes 

first and then the players alternate. Each time the player deletes any 9 

numbers from the following 101 numbers: 1, 2, 3, ... , 101. After 

deleting numbers continually11 times, there are two numbers a and b 

(a > b ) which are not deleted, then the number of marks of A is a -

b. Prove that player A can got at least 55 marks no matter how B 

goes. (32nd Moscow Mathematical Olympiad in 1969 ) 

Proof Firstly, the player A deletes the following 9 numbers 47, 

48, 49 , ... , 55 and the remaining numbers are paired in 46 pairs { i , 

55 + i } (i = 1, 2, ... , 46) such that the difference of two numbers in 

the same pair is 55. When the player B deletes 9 numbers every time, 

then the strategy of A is to delete the 9 numbers such that the 18 

numbers deleted by A and B are paired in 9 pairs . Eventually, the two 

remaining numbers just are one of the above 46 pairs, so the difference 

of the two numbers equals 55 . Therefore the player A could get at 

least 55 marks. 

Example 8 On an infinite grid, two players A and B set 
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chessmen in the empty unit square in turn. The player A set the black 

chessmen and the player B set the white chessmen. The player A goes 

first and then players alternate. The first player A wins if there are 11 

black chessmen appearing in the continual unit squares at the same row 

or at the same column or at the same diagonal line. Prove that the 

second player B has a strategy such that the player A cannot win. 

(The Problem Prepared for C3S,h IMO in 1994). 

Proof As in figure 6. 1: We write the digits 0, 1, 2, 3, 4 in each 

unit square in a 4 X 4 grid and a adjacent 2 X 2 grid. As in figure 6. 2, 

each figure containing two unit squares writing same digits is called a 

domino. Obviously, any 11 continual unit squares in the same row or 

in the same column or in the same diagonal line must contain a 

domino. If A set a black chessman in a unit square of some domino 

then B set a white chessman in another unit square of this domino, 

thus A can not wins. (When A sets a black chessman in a unit square 

writing the digit zero, then B sets a white chessman in another 

adjoining unite square writing the digit zero. ) 

I 4 3 3 2 2 4 I 0 0 I 4 3 3 

I 4 2 2 3 3 4 I 0 0 I 4 2 2 

2 2 4 1 0 0 I 4 3 J 2 2 4 I 

3 3 4 I 0 () I 4 2 2 3 3 4 I 

0 0 I 4 3 -' 2 2 4 I 0 0 I 4 

0 () I 4 2 2 3 3 4 I 0 0 I 4 

3 3 2 2 4 I 0 0 I 4 3 3 2 2 

2 2 3 3 4 I 0 0 I 4 2 2 3 3 

4 I 0 0 I 4 3 3 2 2 4 I 0 0 

4 I 0 0 I 4 2 2 3 3 4 I 0 0 

I 4 3 3 2 2 4 I 0 0 I 4 3 3 

I 4 2 2 3 3 4 I 0 0 I 4 2 2 

Figure 6.1 Figure 6. 2 

6 . .2 Ma~Ril1g M~th0d 

Using the mapping method to solve the problems, we often apply 
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the following theorem. 

Theorem Let f: M - N be a mapping from the finite set M to 

the finite set Nand 1 M 1 and 1 N 1 denote the number of the elements 

of M and N respectively. 

(1) If f is an injective mapping (i. e. for any x, y EM, if x *- y, 

then f(x) *- f(y) ), then 1 M 1 < 1 N 1 ; 

(2) If f is a surjective mapping (i. e. for any yEN, there exists 

x EM, such that f(x) = y), then 1 M 1 ~ 1 N 1 ; 

(3) If f is a bijective mapping, or an one-to-one correspondence 

from M and N (i. e. f is an injective and surjective mapping) then 

IM I = I N I. 
When it is difficult to count the number of a finite set M, we try 

to construct a bijective mapping between M and another finite set N 

and it is easy to count the number of the finite set N. Thus we obtain 

the number of the set M from 1 M 1 = 1 N I . This is the mapping 

method applied to counting problem. In some problems involving the 

combinatorial proof, we often must construct the inequalities. Then, 

we may consider constructing an injective mapping or a surjective 

mapping to prove these problems. 

Example 9 Let n objects be arranged in a straight line and M be a 

subset of the n objects. If any two elements of M are non-adjoining, 

then the subset M is called a non-kind subset. How many non-kind 

subset with k elements are there? 

Solution Let the n objects be arranged in a straight line denoted 

by a I ' a2' ••• , all and {ail' ai2 ' ••• , aik } be a non-kind subset of the 

n objects C1 < i 1 < i2 < ... < i k < n). Thus we know i j + 1 - i j ~ 2 

(j = 1, 2, ... , k - 1) , and 

Hence i 1, i2 - 1, i3 - 2, ... , i k - (k - 1) is an increasing 

subsequence 1, 2, ... , n - (k - 1). Conversely, for every such 

increasing subsequence 
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the set containing the elements ai, ' ah+ 1 ' ••• , aik+ (k+l) is a non-kind 

set, thus we obtain an one-to-one correspondence between them. Since 

the number of ways to select the increasing subsequence j l' j 2' •.• , 

(n - k + l) 
j k from the sequence 1, 2, ... , n - k + 1 equals k ' the 

number of the required non-kind subsets containing k elements equals 

Example 10 Assume that no three diagonal lines intersect at the 

same interior point in a convex n-sided polygon. How many 

intersecting points of all diagonal lines in this polygon are there? 

Solution Since an intersecting point P is determined by two 

diagonal lines land m. Conversely, two intersecting diagonal lines l 

and m determine an intersecting point P. Therefore we may establish 

a one-to-one correspondence between P and (l, m). But two 

intersecting diagonal lines I and m are formed by connecting two 

vertex pairs (A, B) and (C, D) and for any four vertices of the 

convex n-sided polygon, there only exist two diagonal lines 

intersecting at an interior point in this polygon (as _- D 

in figure 6. 3). Hence we may establish an one-to- A _ - - -
, I m 

one correspondence between (I, m) and the four 

vertices group (A, B, C, D), i.e. P +--> (t, m) +--> 

(A, B, C, D). Consequently there are as many 

intersecting points of the diagonal lines in the 

\ 
\ 
\ 
\ 

p 

C --------- B 

Figure 6.3 

convex n-sided polygon as there are the four vertex groups formed by 

the n vertices of the polygon, i. e. G). 
Remark The result of this problem is an important conclusion of 

the combinatorial geometry which is often applied to solve more 

difficult counting problems of the combinatorial geometry. 

Example 11 Consider an equilateral triangle ABC with side 

length n, which is divided perfectly into little triangles with unit side 

length, as shown in figure 6.4. Find the number of the little 
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rhombuses with unit side length in the figure. 

Solution Firstly, we consider the little 

rhombuses whose sides are not parallel with BC. 

Extend the four sides of each little rhombus and 

intersect BC at four dividing points. (In an 

especial case, the second intersecting point and 

third intersecting point coincide with a vertex of 

A 

Figure 6. 4 

this rhombus.) For the convenience of computation, we extend AB 

and AC to the points B' and C' respectively such that BB' = CC' = 1 

and extend all parallel lines which intersect line segment B' C' at n + 2 

points of division, denoted by 0, 1, 2, ... , n + 1 (containing two end 

points B' and C') . Thus each little rhombus whose sides are not 

parallel with BC corresponds to four different points of division i, i + 
1, k, k + 1 on the line segment B' C'. Conversely, any four different 

points on the line segment B'C' correspond to a little rhombus whose 

sides are not parallel with BC. It is a one-to-one correspondence, and 

there exists a one-to-one correspondence between the order groups (i , 

i + 1, k, k + 1) (0 ~ i < i + 1 < k < k + 1 ~ 11 + 1 ) and the order groups 

(i + 1, k) (1 ~ i + 1 < k ~ 11) too. Consequently, the number of the 

little rhombuses whose sides are not parallel with BC equals G). By 

the symmetry, the required number of the little rhombuses is 3 G). 
Example 12 Let 5 be a finite set of points in a space with an 

orthogonal system of coordinates Oxyz. Let 5.7 , 5 y ' 5 z be the sets of 

orthogonal projection of 5 on the planes Oyz, Ozx, Oxy respectively. 

Prove that 

where I A I denotes the number of elements in the finite set A. (33 rd 

IMO) 

Solution For any (i , j , () E 5 z , let T i j = { (i , j , z) I (i, j , z) 

E 5 }. Obviously we know 5 = U T ij. By Cauchy's inequality, 
Ci.j.()) E S, 
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we obtain 

1 T i; 12 = 1 5 z 1 

Consider the set V =. U (T ij X T ij ), where 
(,. j. (I)ES, 

T ,j X T i) = {( (i, j , t 1 ) , (i , j , t 2 » 1 (i, j , t k) E 5, k = 1, 2}, 

thus 

IVI= ~ 
(i. j. (I)ES, 

We definite the mapping f:V -- 5" X 5 y as follows: 

V~«i, j, t 1), (i, j, t2»--«0, j, t 1), (i, 0, t2» E 5" x5y • 

We know easily that f is an injection, hence 

From CD and @, we obtain 

This completes the proof. 

Example 13 Assume that the family of sets D, consists of some 

ternary subsets of I = {1, 2, ... , n} such that any two elements of D, 

(i. e. two ternary subsets of I) have one common element at most. 

Prove that there exists a subset X of I satisfying the following 

conditions: (1) Any element of D, (i. e. , a ternary subset of J) is not 

the subset of X; (2) 1 XI:? [~J. 

Analysis We just need to find a subset X of I satisfying the 

condition (1) such that the number of the elements of X is maximal 

and the inequality 1 XI:? [~J holds. 

Proof A subset M of I is called a good subset if any element of D, 

(i. e. a ternary subset of J) is not the subset of M. Obviously the good 

subset is existent. (Since any binary subsets of I are all good subsets) 

and the number of the good subsets is finite. Suppose that the subset X 

of I is a good subset whose number of elements is the most and 1 X 1 = 
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k , then X satisfies the condition (1). Hence we just need to prove that 

X satisfies the condition (2). 

Denote Y = I\X, from the given condition (1), we know X oF I. 

It follows Y oF 0. Let Y = {Yl' Y 2' ... , Y,, -k} , since the number of 

the elements of X is maximal, then for any Y i E y, the set X U {Y i } is 

not a good subset, i. e. there exists a element A i of n ( i. e . a ternary 

subsets of l) such that A i eX U {Y i}. But A i ct X, thus there exist 

two elements Xii' Xi, E X such that Ai = {X ii ' Xi, ' Yi}. We define 

the mapping f : Y -- ~ as follows: Y::7 Yi -- {x i , ' X '2} E ~, where the 

family of sets ~ consists of all binary subsets of X, then f is an 

injective mapping. In fact. for any Y i ' Y j E y, Yi oF Y j , there exist 

two binary subsets {x ii ' X,, } , {X j I ' x h } E ~ such that A i = {x i i' X '2 • 

Y i } , A j = { x j I ' X j , ' Y j } E n. If f (Y i ) = f (Y j ), i . e. { x i, ' Xi 2} = 

{X) I • x h } , then the two ternary subsets A i and A j have two common 

elements. which contradicts the given condition. Therefore f is an 

injective mapping. It follows that 1 Y 1 ~ I ~ I . i. e. 71 - k ~ (:), 

[JkCk + 1) J ~[5z]. But 

k < Jk (k + 1) < k + 1, 

thus 

1 X 1 = k = [ J k Ck + 1) J ~ [ 5z]. 

Example 14 There are 40 persons at a conference. Every 19 

persons share exactly one common idol at the conference. CIf A is an 

idol of B, then B is not necessarily the idol of A, Also A is not his 

own idol ) . Prove that at this conference, there exists a set Til 

containing 20 persons such that for any PET II , P is not the common 

idol of the remaining 19 persons in T () . 

Proof Let 5 denote the set of 40 persons at this conference. A 

20-element subset T of 5 is called a good subset, if there is one person 

PET such that the unique common idol of the remaining 19 persons is 

P . Hence we just need to prove that there are at least one 20-element 
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subset of S which is not a good subset. It is equivalent to prove that 

the number of the good subsets smaller than (~~), the number of all 

20-element subsets of S. 

Let X denote the family of sets consisting of all good subsets of S 

and Y denote the family of sets consisting of all 19-e\ement subsets of 

S. Moreover, for any BEY, we use g (B) to denote the unique 

common idol of 19 persons in B. From the definition of the good 

subset we know that for any T EX, there is a person PET such that 

the unique common idol of the remaining 19 persons is p, i. e. 

g (T\ {P } ) = P. Thus we could definite a mapping f: X -- Y as 

follows: 

X::::!T -- T\ {P}. 

Then, we prove that f is an injective mapping. Indeed, for any 

T I' T 2 EX, T I * T 2' there are P I E T I' P 2 E T 2 such that 

g (T 1\ {P 1 }) = PI' g (T 2 \ {P 2 } ) = P 2 and f (T I) = T 1\ {P I }, f (T 2 ) = 
T 2 \ { P 2 } . If f ( T 1 ) = f ( T 2 ), i. e. T I \ { P I} = T 2 \ { P 2 } . Th us 

PI = g(T 1\ {P 1 } ) = g(T 2 \ {P 2 }) =Pz, 

and it is a contradiction. Thus f is an injective mapping. Consequently, we 

obtain that 

(40) (40) IX I ~ IYI= < . 
19 20 

Since the number of 20-element subsets of S equals (40), there is at 
20 

least one 20-e\ement subset T JJ of S which is not a good subset. 

Therefore for any PET "' the unique common idol of other 19 

persons is not P. This completes the proof. 

Example 15 Let the set M consist of 48 distinct positive integers 

whose prime divisors are smaller than or equal to 30. Prove that there 

are four distinct positive integers of M such that their product IS a 

perfect square. (49th Moscow Mathematical Olympiad in 1986) 
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Proof There are 10 primes not exceeding 30: PI = 2, P2 = 3, P3 = 

5, P .. = 7, Ps = 11, P6 =13, P7 = 17, PH = 19, P9 = 23, PIIJ = 29. 

Let 

Y = { p f 1 P 2 2 ••• P ttl" I a i = 0 or 1, i = 1, 2, ... , 10 } 

and X be the family of sets consisting of all binary subsets of M. 

For any {a, b } EX, the product ab could be written uniquely in 

the following form: ab = K;b • m ab, where K ab E N+, m ab E Y. Let 

{ a, b } correspond to the positive integer m ab , thus this 

correspondence forms a mapping j from X to Y. Since I X 1= (:8) = 

1128, I Y I = 210 = 1024, I X I > I Y I , j is not an injective mapping . 

Therefore there are {a, b } , { c, d } E X, {a, b } *' {c, d } such that 

m ab = jC {a, b } ) = jC {e, d, } ) =mcd. 

It follows that 

abed = K~bm ab .K ~dm cd = CKabK cdm ab )2 

is a perfect square. If a, b, e, d are distinct, then the conclusion 

holds. Otherwise, there are exactly two equal numbers in {a, b } and 

{e, d }. Without loss of generality, assume a *' e, and b = d, as 

abed = aeb 2 is a perfect square, we know ae is also a perfect square. 

Since I M\ {a, b } 1= 46, and (:6) = 1035 > 1024 = I Y I , in a similar 

way, there are two distinct binary subsets {a', b' } and {e', d '} of the 

family X\ { {e, d }} such that the product a'b'e 'd' is a perfect square. 

If a', b', e' , d' are distinct, then the conclusion holds. Otherwise, in 

a similar way, we may assume thata' *, e', b' = d' and a'e' is a perfect 

square. Consequently, there exist four disjoint numbers a, e, a' , e' E 

M such that aca'e' is a perfect square. This completes the proof. 

Besides the correspondent method of one-to-one, we also use the 

correspondent method of one-to-many. 

Example 16 Assume that there are n Cn ~ 6) points on a circle, 

and each pair of points is connected by a line segment, and any three 
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line segments do not intersect at the same interior point of this circle. 

Thus any three line segments which intersect at three points determine 

a triangle. Find the number of triangles which are determined by these 

line segments. (The Training Problem for National Team of China for 

32sd IMO) 

Solution Suppose that the points on the circle are called the 

exterior points, the intersecting points of any two line segments in the 

circle are called the interior points . Thus these triangles are divided 

into four groups: 

(1) In the first group of the triangles, the three vertices of every 

triangle are all the exterior points . Obviously, any three points on the 

circle correspond to just a triangle belonging to the first class . 

Therefore the number of first class of triangles is G). 
(2) In the second group of triangles, the two vertices of each 

triangle are the exterior points and the third vertex is a interior point. 

In this case, as the figure 6. 5(1), any four points AI' A 2 , A 3 , A-l on 

the circle correspond to 4 triangles L:,A I OA 2 , L:,A 20A 3 , L:,A 30A 4 , 

L:,A 4 0A I belonging to the second group . Therefore the number of 

second group of triangles is 4 (: ). 

(3) In the third group of triangles, the two vertices of every 

triangle are the interior points and the third vertex is an exterior 

point. In this case, as in figure 6. 5(2), any five points Al , A 2 , A 3 , 

A-l' A s on the circle correspond to 5 triangles L:,A IB 1B 2 , L:,A 2 B 2 B 3 , 

A l 

YfiJ 
A, A, 

®A6 

I EI E, A; 

A, E, A, 

A , 

(\) (2) (3) 

Figure 6. 5 
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L::,A3B3B4' L::,A4B4BS' L::,AsBsBI belonging to the third class. 

Therefore the number of the third class of the triangles is 5 G ). 
(4) In the fourth group of triangles, the three vertices of every 

triangle are all the interior points. In this case, as the figure 6. 5 (3) , 

any six points Al , A 2 , A 3, A 4 , A s , A6 on the circle correspond to a 

triangle L::,B 1 B2B3 belonging to the forth group. Therefore the number 

of the fourth group of the triangles is (:). 

Summarizing what we have described above, the required number 

of the triangles is 

Exercise 6 

1 Let S = {1, 2, ... , 100}. For any 55-element subset M of S, 

are there two numbers belonging to M such that their difference equals 
(1) 9; (2) 11 ? 

2 Let 11 - 1 (mod 4) and 11 > 1, and P = {a l' a 2' ••. , a,, } be 

any permutation of {1, 2, ... , 11 } , and let k p denote the largest 

subscript k satisfying the following condition: 

For all permutations p, find the sum of all the corresponding 

largest subscript k p • 

3 Let set M consist of the planar integral points (x, y) (1 :;( x :;( 

12, 1 :;( y :;( 12, x, yare the integers) and the points of M be colored 

with red, blue or black. Prove that there exists a rectangle with sides 

parallel to the x-axis or y-axis such that its four vertices belong to M 

and have the same color. 
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4 Set a chessman in a cell of an m X n chessboard. Two players 

move this chessman in turn with the following rule: Every time, one 

may move the chessman from one cell to another adjacent cell C if two 

cells have the common side, then they are adjacent), but one did not 

move it to the cell which it had arrived at. The player is defeated if he 

(or she) cannot move the chessman. 

(1) Suppose that the initial position of the chessman is the lower 

left cell. Who has a winning strategy? 

(2) Suppose that the initial position of the chessman is the 

adjacent cell of the lower left cell. Who has a winning strategy? 

5 Assume that we write the digits 1, 2, ... , n in order in n unit 

squares of 1 X n rectangle. Set three chessmen in three unit squares 

which are written with digits n - 2, n - 1, n such that each of three 

unit squares contains a chessman. The two players A and B play the 

game in turn. The player A goes first and then the players alternate. 

At every step, the player may moves one of three chessmen from one 

unit square to another empty unit square in which the writing digit is 

less. If one cannot move the chessman, then he (or she) is defeated. 

Prove that player A has a winning strategy. 

6 Consider an equilateral triangle ABC of side length n, which is 

divided into the equilateral triangles with the unit side length, as show 

in figure 6. 4. Let f ( n) denote the number of the parallelograms in 

the figure. Find fCn). 

7 Let S = {1, 2, ... , 1000} and A is a 201-element subset of S. 

If the sum of the elements of A is divisible by 5, then subset A is 

called a good subset. Find the number of all good subsets of S. 

8 In a math camp, any m students share exactly one common 

friend. m ~ 3. (If A is a friend of B, then B is a friend of A. Also, A 

is not his own friend.) Suppose a person P has the largest number of 

friends. Determine what that number is. (China National Team 

Selection Test for 31 st IMO in 1990) 

9 Let A, be the finite set, i 1, 2, ..., n. Prove that if 
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l~i<jQI 

I Ai n A} I h h . A (. I A i I. I A j I < 1, t en t ere eXIst a i E i' l 

such that a i * a} if i * j (1 ~ i < j ~ n). 

1,2, ... ,n) 

10 Prove that every sequence al' a2' ... , a ",n+ 1 of nm + 1 real 

numbers contains an increasing subsequence of length n + 1 or a 

decreasing subsequence of length m + 1. (The length of a sequence is 

the number of terms of this sequence. ) 

11 Suppose the sequences of length 15 consists of two letters a 

and b. How many different sequences will contain exactly five aa, 

three ab, three ba, and three bb subsequences in above sequences? 

12 Assume that n is even. How many ways are there such that 

we can select 4 distinct numbers a , b, c, d from the set { 1, 2, ... , n} 

satisfying a + c = b + d? (a, b, c, d are unordered. ) 

13 An n-term sequence (Xl' X2' ••• , xn) in which each term is 

either 0 or 1 is called a binary sequence of length n. Let an be the 

number of binary sequences of length n containing no three 

consecutive terms equal to 0, 1, 0 in that order. Let b n be the number 

of binary sequences of length n that contain no four consecutive terms 

equal to 0, 0, 1, 1 or 1, 1, 0, () in that order. Prove that bn+ l = 2a n for 

all positive integers n. (25 th USA Mathematical Olympiad in 1996) 



Chapter 7 Counting In Two Ways 
-""- -":""':"'- -" 

LetA = {a j , an ... , am } , B = {b j , b2 , ••• , b,,} be two finite 

sets. The Cartesian product of the two sets A and B is the set of 

ordered pairs with the form (a i ' bj ), i. e. 

Suppose that for any a i E A, c; = { (a i , b) 1 b E B } , (i = 1, 2, ... , 

m) and for any b j E B, D j = { (a, b j) 1 a E a } , (j = 1, 2, ... , n), 

then 

Tn n 

1 A X B 1 = ~ 1 c i 1 = .2.: 1 D j I. 

This equality is called the Fubini's principle or the principle of 

counting in two ways. 

When solving some problems referring to the computation of the 

quantitative relation, we usually use two different ways to count the 

objects and synthesize the computing results which are applied to find 

the answers of these problems. It is the principle of counting in two 

ways. 

Example 1 There are 1000 points in a square, and among these 

points and the vertices of the square, no three points are collinear. 

These points and the vertices of the square are connected by the line 

segments such that the square is divided perfectly into several 

triangles. (The sides of these triangles are all the connecting line 

segments and the sides of the original square, and any two connecting 

line segments have no common interior point except the end points). 

Find the number of the connecting line segments and the number of 
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the triangles in this figure. 

Solution Assume that there are l line segments and k triangles in 

this figure . On the one hand, in the k triangles, the sum of the 

interior angles is k • 180°. On the other hand, in the k triangles, the 

total of the interior angles whose vertices are 1000 interior points is 

1000 X 360° and the total of the interior angles whose vertices are the 

vertices of the square is 4 X 90°. Therefore 

k • 180° = 1000 X 360° + 4 X 90°, 

and k = 2002. 

Then, there are 3k sides in k triangle. On the other hand, each 

connecting line segment is a common side of two triangles and every 

side of the square is one side of some triangle. Therefore 3k = 2l + 4, 

3 and l = 2 k - 2 = 3001. 

Example 2 In a school there are b teachers and e students 

satisfying the following conditions: 

(1) Each teacher teaches exactly k students; 

(2) For any two distinct students, there are exactly h teachers 

teaching them. 

Prove that % 

01 ympiad in 1994) 

de - 1) 
k(k - 1)' (7th Hong Kong Mathematical 

Proof If a teacher T r teaches two students S i ' S j (i =I=- j), then 

T r' S;, S j form a triple {T r ; S;, S j } and assume the number of all 

the triples {T r ; Si ' Sj} isM. 

On the one hand, for any teacher T r ' he (or she) teaches k 

students, hence there are (~) triples {T r ; S i ' S j} containing T r , 

and there are exactly b ways to select T r ' and 

CD 

On the other hand, for any two students Si ' Sj (i =I=- j), there are 
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exactly h teachers who teach teaching them . Thus there are h triples 

{ T r; S " S j} containing these two students S " S j (i * j) and there 

are exactly (~) ways to selectS" Sj(i * j), and 

From CD and (2) , we obtain b (:) = h (~). Thus 

b 
h 

This completes the proof. 

de -1) 
k (k -1). 

Example 3 Suppose that a group of n persons satisfy the 

following conditions: for any n - 2 persons, the number of pairs of 

mutually acquainted persons are equal, and equals 3k (k is a positive 

integer) . Find all possible value of n. (China Mathematical 

Competition in 2000) 

Solution Assume that among all n persons, there are m pairs of 

mutually acquainted persons. Since n persons may form ( n ) (n -
n -2 

2) -element subsets, and for any (n - 2) -element subset, there are 3k 

pairs of mutually acquainted persons, hence among all (n - 2) -element 

subsets, the total of pairs of mutually acquainted persons equals 

On the other hand, in the above counting, every pair of mutually 

acquainted persons belongs to (n - 2) (n - 2) -element subsets, hence 
n -4 

every pair of mutually acquainted persons is counted repeatedly 

( n - 2) times, and 
n - 4 
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m 
n(n-l)·Y 

(71 -2)(71 - 3)' CD 

(1) If 71 is not a multiple of 3, i. e. (3, 71) = 1, then (n - 3, 71) = 

1, (71 - 3, Y) = 1 and (n - 2, 71 - 1) = 1, hence n - 3 I 71 - 1, i. e. 

n - 1 = 1 + _ 2_ is a positive integer, and 71 - 3 I 2. It follows that 
71-3 71-3 

71 - 3 ~ 2, 71 ~ 5. But 

n = 5. 

(
71 -2) k 

~ 3 
2 

~ 3, hence 71 ~ 5. Therefore 

(2) If n is a multiple 3, then 71 -2 is not a multiple of 3, i. e. (71 -

2, Y) = 1 and (71 - 2, 71 - 1) = 1, hence 71 - 2 I n, i. e. ~2 = 1 + 
71-

_2_ is a positive integer, and 71 - 2 I 2. It follows that 71 - 2 ~ 2, 71 ~ 
71 - 2 

4, and it contradicts the result 71 ~ 5 which is obtained in (1). 

From (1) and (2), we obtain that the unique possible value of n is 

5. When n = 5, assume that any two of 5 persons is a pair of mutually 

acquainted persons, thus among any 71 - 2 = 3 persons, there are 

exactly G) = 31 pair of mutually acquainted persons, where k = 1 is a 

positive integer. Hence the conditions of the problem are satisfied. 

Therefore the required 71 is 5. 

Example 4 Let 2 ~ r ~ ; , and m be the family of sets consisting 

of the r-element subsets of the set Z" = {1, 2, ... , n }. If the 

intersection of any two elements (i.e. two r-elements of Z,,) of mis a 

non-empty set, then I m I ~ (71 - 1) and the equality holds if m = {A I 
r - 1 

A is an r-element set of Z" and contains a fixed element x of Z,, } . 
(Erdos-Ko-Rado Theorem) 

Proof The number of ways to arrange the 71 elements of Z" in a 

circle is (71 - 1)!. For any circle permutation 1(j (j = 1, 2, '" , (71 -
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1) !), if the elements of set Ai E 9{ is consecutive in 1(j , then (Ai, 1(j) 

are paired and let S denote the set of these pairs. 

On the one hand, the intersection of any two elements (i. e. two 

r-element subsets of Z ,, ) of 9{ is a non-empty set, and 2 ~ r ~ ; , then 

for every permutation 1(j , there are at most r setsA i E 9{such that the 

elements of set Ai is consecutive in 1(j' i. e. there are at most r pairs 

(Ai, 1(j) containing 1(j and the number of 1(j is (n -1)!. Hence 

I S I ~ r. (n - 1)!. CD 

On the other hand, for every Ai, the number of the circle 

permutations 1(j in which the elements of set Ai is consecutive equals 

r! (n - r)! and the number of sets A is I 9{ I. Thus 

I 5 I = I 9{ I· r! (n - r) !. 

Combining CD with (2), we get 

I r.(n-1), =(n-1). 
19{ I· r!(n - r)! ~r· (n -1)!::=;> 19{ ~ r!(n -r)!· r-1 

When 9{ = {A I A is the r-element set of Z" and contains a fixed 

( n - 1) element x}, the number of elements of 9{ is , thus the equality 
r -1 

19{ I =(n -1) holds. 
r -1 

Remark Further we could prove that the condition of the 

equality in this problem is a sufficient and necessary condition. 

Example 5 Let set M = {Xl' X2' ... , X-l,, +3} and AI, A 2, ... , 

A-l,,+3 be its 4n + 3 subsets satisfying the following conditions: 

(1) Any n + 1 elements of M belong exactly to a subset A i C1 ~ 

~ 4n + 3); 

(2) I A i I ~ 2n + 1 (i = 1, 2, ... , 4n + 3). 

Prove that for any two subsets Ai, Aj C1 ~ i < j ~ 4n + 3), they 

have exactly n common elements. 

Proof We construct a (4n + 3) X (4n + 3) table such that the 
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number in the ith row and the jth column is 

{ 
1, if Xi E A j '. . 

a ij = 0,' 1 'J = 1, 2, ... , 4n + 3. 
tfXj tfA j , 

411+3 411+3 

Let ri = ~aij' l; = ~aij' then ri represents that the Xi belongs 
j=l i=l 

to the ri sets of AI, A 2 , ••• , A 4n +3 and lj represents the number of 

elements of A;, i. e. lj = 1 Aj I. From the given condition (2), 

we obtain 

411+3 411+3 4n+3 +11+341/+3 -!.n+3 

2.: ri 2.: 2.: a,j 2.: 2.: aij 2.: 1 Aj I?o: (4n + 3) (2n + 1). 
i=1 i=l j=l j~1 

CD 
If Xk is a common element of two subsets Ai, A; (i * j), then a 

triple {Xk ;Ai' A j } consists of Xk and Ai, A j . 

Let S denote the set of these triples. On the one hand, from the 

given condition (1), we obtain that for any two subsets Ai, Aj (i * 
j), 1 Ai n Aj 1 ~ n, thus there are at most n triples {Xk; Ai, A j } 

containing the two subsets Ai, Aj Ci * j), and 

( 4n + 3) 
1 S 1 ~ n 2 = n (4n + 3) (2n + 1 ) . 

On the other hand, every x k belongs to the r k subsets of A I , 

A 2 , ••• , A 4n +3 , thus there are (r;) triples {Xk; Ai, A j } containing 

Xk. Hence 

Cobiming CD, @, and CD and applying Cauchy's inequality, 

we obtain 
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1 ~J1+3 411 + 3 

= 2(4n +3)(2: rk )(2: rk - (4n + 3») 
k ~ 1 k~ 1 

1 
~ 2(4n + 3)· (2n +1)(4n + 3) [ (2n +1)(4n + 3) -(4n + 3) J 

= 11 (4n + 3) (211 + 1). 

Hence the equality holds in the above inequality, and the equality 

in (2) holds, i.e. for any two subsets A i , AjCl ~i < j ~ 411 +3), the 

equality I A i n A j 1= nCl ~ i < j ~ 411 +3) holds. 

Example 6 Let 11 and k be positive integers and let S be a set of n 

points in the plane such that: 

(1) No three points of S are collinear and 

(2) For every point P of S, there are at least k points of S 

equidistant to P. 

Prove that k < ~ + ffn. ooth IMO in 1989) 

Proof I Let S = {PI' P 1 , ••• , P,,}. From the given condition 

(2), we obtain that for any PiE S, there is a circle C i with the center 

P i such that there are at least k points of S on the circle C i (i = 1, 

2, ... , 11). Assume that there are exact! y r i points of S on the circle 

C i (i = 1, 2, ... , 11), and P i is the common point of the e i circles of 

C 1 , C 2' ••• , C" ( i = 1, 2, ... , 11). Thus 

1/ 11 

2: e i = 2: r i ~ kn. CD 
i= 1 i=1 

If the point P i of S is the common point of two circles C t ' C j 

(t #-j ) , then a triple {P i ; C t , C j } consists of Pi and C, C j . 

Let M denote the set of these triples. On the one hand, any two 

circles have at most two intersecting points, then there are at most two 

triples containing the two circles, thus 11 circles form at most 2 G ) 
triples, and 

I M 1~ 2G) = I1(I1-1). 



94 Combinatorial Problems in Mathematical Competitions 

On the other hand, the point Pi is the common point of the e, 

circles, thus there are (~) triples containing the point P, (i = 1, 

2, ... , n), and 

Cobiming CD, @, and (3) and applying Cauchy's inequality, 

we obtain 

1 
~ 2n (kn )(kn - n) 

1 
= 2nkCk -1), 

i. e. k 2 - k - 2(n -1) :S;; o. Consequently we arrive at 

k < 1 + /1 + S(n -1) < 1 + ffn = ~ + ~ 
~ 2 2 2 v' Ln. 

This completes the proof. 

Proof]I Let S = {P 1 , P 2' ••• , P,,}. From the given condition 

(2), we obtain that for any PiE S, there is a circle C i with the center 

Pi such that there are at least k points of S on the circle C i (i = 1. 

2 •...• n). 

The line segment with two end points belonging to S is called a 

good line segment. Obviously, the number of good line segments 

equals G). On the other hand, on every circle. there are at least (:) 

chords which are good line segments. thus the total of good line 
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segments on n circles are at least n (~). But some common chords are 

counted repeatedly in the above computation. Since n circles have at 

most G) common chords, there are at least n (~) - G) distinct chords 

which are good line segments. Summarizing what we have described 

above, we obtain 

1. e. 

k 2 - k - 2Cn -1) ~ o. 

Therefore we have that 

Remark C 1) With two proofs above, we see that the condition 

C 1) in this problem is a redundant condition; When we prove the 

problems using the principle of counting in two ways, since the 

difference of the counting objects which are selected by us, we often 

use distinct ways. In this problem, the second proof is more simple 

than the first proof. But from example 2, example 5 and the latter 

example, we will see that this way of counting triples is very effective. 

Example 7 Prove that 

t (n) ( n - k ) (2n + 1) 
k~O k 2k [ Cn -k) / 2] = n . 

Proof I On the one hand, the coefficient of x" in 

. (2n + 1) 
IS • 

n 
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On the other hand, 

(1 +X )2" +1 = (1 + X2 + 2x)"(1 + x) 

CD 

When n - k is odd, in the expression 

does not have a team containing x" and in the expression 

the team containing x" is 

( n )2"Xk+l ( n - k )X 2 .(,, -k-1) /2 
k Cn -k -1) / 2 

(n) ( n - k ) 2k X" 
k [ en - k) / 2] . 

When n - k is even, in the expression 

there does not have a team containing x " and in the expression 

the team containing x" is 

Thus the coefficient of x" at the right side of CD IS 

i= (n)2k([ n - k / ]). Therefore we know that 
k ~1J k (n - k) 2 
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~ (n) k ( n - k ) (2n + 1 ) 
k~t1 k 2 [ en - k) / 2 ] = n . 

Proof n We consider a combinatorial mode. There are 2n 

students, n boys and n girls, in a class with their teacher T. Let gl , 

g2' .. . , g" denote all the girls, and let b l , b2, ... , b" denote all the 

boys. For 1 ~ i ~ n, ( g; , b ; ) are paired. The class has n tickets to an 

exciting soccer game. 

We consider the number of ways to find n people to go the game. 

( 2n + 1 ) The obvious answer is n . On the other hand, we also calculate 

this number in the following way. For any fixed integer k, 1 ~k ~ n , 

we find k pairs from n pairs students and give each pair 1 ticket. 

There are G) 2k ways to find k pairs and pick one student from each 

pair to go to the game . We have n - k tickets left and n - k pairs of 

students left. We pick [n ; k ] pairs and give each of those pairs 2 

tickets. There are ([ n - k ]) ways to do so. Now we have already 
(n - k)/2 

assigned 5 = k + 2 [n ; k ] tickets. If n - k is odd , 5 = n - 1, and we 

assign the last ticket to teacher T, if n - k is even,S = n and we have 

assigned all the tickets already. It is not difficult to see that as k takes 

all the values from 1 to n, we obtain all possible ways of assigning the 

n tickets. Therefore, there are ~ (n ) 2k ( [ n - k ] ) ways to find n 
k ~t1 k (11 - k) / 2 

people to go the game . Hence 

" (n) ( 11 - k ) (2n + 1 ) ~ k 2k [ en - k) / 2 ] = 11 

as desired. 
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Exercise 7 

1 There are two students of the first grade who participated in 

the chess tournament of the second grade. Each player played exactly 

one game against each of the other players. In each game the winner 

was awarded 1 point, the loser got 0 point, and each of the two 

players earned 1/2 point if the game was a tie. The two students of the 

first grade earn 8 points in the aggregate, and each student of the 

second grade has same points as other student of second grade. How 

many students of the second grade participated in this tournament? 

How many points does each student of the second grade get? 

2 A square is divided into two polygons (containing the triangle) 

along a straight line, and one of the two polygons is also divided into 

two polygons along a straight line. Then, one of the three polygons is 

divided similarly and so on. If we get 47 46-side polygons with dividing 

the square n times, find the smallest value of n. 

3 Prove that among any n people, there exist two people A and 

B such that among the remaining n - 2 people, there are at least [ ; ] - 1 

people such that each of them and the two people A and B are either 

mutually acquainted or mutually unacquainted. (When n = 12, this 

problem is the examination problem of 48th Moscow Mathematical 

Olympiad) 

4 There are n distinct points in the plane. Prove that the number 

of point pairs with the unit distance is smaller than ~ +;; n -t . 

5 The n elements a l' a 2' ••• , a n are paired into n pairs P 1 , 

P 2 , ••• , P" satisfying P; and P j have a common element if and only 

if a; and a j are paired. Prove that each of the n elements a 1 , a2' ... , 

a" belong to just two element pairs. 

6 Using two methods, prove that for all positive integers, 
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the equality 

[ ,, /2J . ( n )(2i) (2n) ~2"-b . . = 
i~O n - 21 1 n 

holds. 



ChapterS Recurrence Method 

From example 1, example 2, and example 8 in chapter 4, we see 

that the basic steps to solve combinatorial problems using the 

recurrence method are: 

(1) To find the initial values of the sequence using the simple 

enumeration; 

(2) To establish a recurrence relation; 

(3) To find the solution by the recurrence relation. 

When solving some problem is difficult by the given recurrence 

relation, we often need to establish a new recurrence relation. In some 

case, establishing a new recurrence relation is also difficult, we may 

enumerate several especial cases and find the required recurrence 

relation by induction. 

Example 1 Let the permutation of positive integers 1, 2, ... , n 

satisfy the following condition: each number is greater than or less 

than all numbers in front of them. How many such permutations are 

there? (21 st Canadian Mathematical Olympiad in 1989) 

Solution Let a" denote the required number of permutations. 

Obviouslyal = 1, a 2 = 2. For n > 2, we consider the permutation in 

which the i'h number is n. As the permutation of n - i numbers behind 

n are determined uniquely, i. e . n - i, n - i - 1, ... , 2, 1 and the 

number of the permutations of the i - 1 numbers in front of n is a i - I 

Ci = 1, 2, ... , n andao = 1). Thus 

a" = 1 +al + a2 + ... + a,, -I ' CD 

and 
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a,,-l = 1 +al +a2 + ... +a,,-2. 

With CD - @, we obtain a" - a,,-1 = a,,-l' 1. e. a" 2a,,-I' 

Therefore a" = a 1 • 2,,-1 = 2,,-1. 

Example 2 There are n boys and n girls in the city A and each 

girl knows all the boys, and there are n girls: g 1 , g 2' ••• , g" and 2n -

1 boys: b1 , b2 , ••• , b2,,-1 in the city B such that the girl gi just knows 

each of the boysb 1 , bn ... , b2i - 1 Ci = 1, 2, ... , n). For anyr E {1, 

2, ... , n}, we select r girls and r boys in the city A as well as in the 

city B such that they are matched into r pairs of partners in a dance 

satisfying the following condition: the partner of the girl in each pair 

is known by herself. Let A (r) and B (r) denote the number of the 

distinct ways to select r girls and r boys in the city A and in the city B 

respectively. Prove thatA(r) =B(r). (The Problem Prepared for 38th 

IMO) 

Proof For convenience, let A" (r) and B" (r) denote A (r) and B 

(r) respectively. Since each girl knows all the boys in the city A, for 

n~l, 

CD 

Now we establish the recurrence relation of B" (r) for n ~ 3, 2 < 
r <no 

Case I : When g" is one of the r girls who are selected, then the 

number of the distinct ways to choose the remaining r - 1 pairs is 

B,,-1 (r -1). Since the partner of g" can be anyone of the remaining 

(2n -1) - (r - 1) = 2n - r boys, in this case, by the multiplication 

principle, the number of distinct ways is (2n - r )B,,-1 (r -1). 

Case II : When g" is not one of the r girls who are selected, then 

r < n and the r girls are selected from g l' g 2' ••• , g ,,- 1 and their 

partners are from b l' b2 , ••• , b2,d. In this case, the number of the 

distinct ways is B ,,-1 (r). 

Summarizing what we have described above, we conclude that for 

n ~3, 
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B" (r) = B,, - I (r) + (2n ~r)B"- 1 (r = 1)}, 
B" (n) - nB,, -1 (n 1) 

Where r = 1, 2, . . . , n - 1. 

Obviously A " (1) = n 2 = B" (1) andA 2 (2) = 2 = B2 (2). From CD, 
we know 

and 

From the above equalities, we have 

A" (r) = A,,-I (r) + (2n ~r)A"_ 1 (r = 1)} 
A" (n) - nA,,- 1 (n 1) 

From CZ) and Q) , we could deduce that the two sequences A" (r) 

and B" (r) have the same initial values and the same recurrence 

relation, hence for anyn E N+andr = 1,2, ... , n, A,,(r) = B ,,(r) . 

This completes the proof. 

Example 3 A circular disk is divided into n (n ~ 2) sectors 5 I , 

52' ... , 5" and each sector is colored with one of m colors such that 

the colors of any two adjacent sectors are different. How many 

distinct coloring ways are there? 

Solution Let the number of distinct coloring ways is a" (m). 

(1) Find the initial values. When n = 2, then 5 I could be colored 

with one of m colors, and 52 could be colored with one of the 

remaining colors, by the multiplication principle, we know 

(2) Find the recurrence relation. Since 5 1 could be colored with 

one of m colors, and 52 could be colored with one of m - 1 

colors, . .. , 5,,-1 could be colored with one of m - 1 colors, and 5" 

could be colored with one of m - 1 colors (the colors of 5" and 5 I may 
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be the same or distinct. ), there are m (m - 1 ),,-1 distinct ways. 

Case I : The colors of 5" and 5 1 are distinct. In this case, there 

are a" (m) distinct coloring ways. 

Case II : The colors of 5" and 51 are the same. In this case, 5" 

and 51 the sectors 5" and 5 1 are incorporated into a bigger sector, and 

we know that the colors of 51 and 52 are distinct, thus there are 

a,,-l (m) distinct coloring ways 

By the addition principle, we obtain 

CD 

(3) Finda,,(m). Letb,,(m) a" (m) F CD k 
(m -1)"· rom ,we now 

1. e. 

1 
b,,(m) -1 =---1(b"-1(m) -1). 

m -

( Where 1 is the root of the equation x + _I-Ix = ~ ) m - m -1· 

Thus 

[ m(m -1) J( 1 ),,-2 
= (m - 1)2 - 1 - m - 1 

=(-1)" em ~1)"-1' 

and 

a,,(m) = (m -1)" +(-1)"(m -1), 

1. e. there are (m - 1)" + (- 1)" (m - 1) distinct coloring ways. 

Example 4 How many ways are there to color the n + 1 vertices of 

an n-pyramid 5 - A1A2 ... A" with n + 1 colors such that each of the 
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vertices is colored with a color and two vertices with a common edge 

must be colored with different colors? CEspecially. when n = 4. this 

problem is the problem of China Mathematical Competition in 1995) 

Solution There are C ; 1) ways to select one from the n + 1 

colors to paint the vertex S . Since each of the n vertices AI' A 2 • •••• 

A" in the base must be colored with one of the remaining n colors such 

that each vertex is colored with a color and two vertices with a 

common edge must be colored with different colors. then from 

example 3. we obtain that the number of the coloring ways is a " Cn). 

By the multiplication principle. the required number of distinct ways is 

( n + 1) 1 a " Cn) = Cn + 1) [ Cn - 1)" + C- 1)" Cn - 1)]. 

CEspecially. when n = 4. the required number of the distinct ways is 

5[ 34 + 3J = 420. ) 

Example 5 A circle with the perimeter 24 is divided into 24 equal 

arcs . How many ways are there to choose 8 points from 24 points of 

division such that the length of the arc between any two points of 

division is not equal to 3 or 8? C CMO in 2001) 

Solution Let 24 points of division be denoted by 1. 2. . ..• 24. 

The 24 numbers are arranged into a 3 x 8 table as follows: 

1 4 7 10 13 16 19 22 

9 12 15 18 21 24 3 6 

17 20 23 2 5 8 11 15 

In the above table. the two adjacent numbers in each row 

correspond to two points C the first grid and the 8th grid in the same row 

are regarded as adjacent) and the length of the arc between them 

equals 3. and the two adjacent numbers in each column correspond to 

two points (the first grid and the third grid in the same column are 

regarded as adjacent) and the length of the arc between them equals 8. 
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Thus we choose at most one number in each column. But we must 

choose 8 numbers, hence we choose exactly one number in each 

column and the two numbers which are chosen in the two adjacent 

columns are not in the same row (the first column and the 8th column 

are regarded as adjacent). 

If we regard each column as a sector, and the first row, the 

second row and the third row of each column are regarded as 3 colors, 

then this problem is equivalent to the case of 11 = 8, m = 3 in the 

example 3. 

Hence the required number of ways to choose 8 points of 

division is 

Example 6 Let aI' a2' ... , a" be any permutation of 1, 2, ... , 

11 and let f (11) denote the number of the permutations satisfying the 

following conditions: 

(1) a l=l; 

(2) I ai -ai+l I :S;;2, i = 1, 2, ... ,11-1. 

It is possible that f(2004) is divisible by 3? 

Solution The permutation aI' a 2' ••• , a" is called a good 

permutation satisfying the conditions (1) and (2). Since al = 1, then 

a2 = 2 or 3. 

( I ) If a 2 = 2, then a 2 - 1, a 3 - 1, ... , a" - 1 is also a good 

permutation, and the number of these permutations is fen -1). 

( II) If a 2 = 3, a 3 = 2, then a 4 = 4, and a 4 - 3, a 5 - 3, ... , 

a" - 3 is also a good permutation, and the number of these 

permutations is f(n - 3). 

ClID Ifa2 =3, a3 ~4, letak+! be the first even in this permutation 

(from the left to right), then a l' an ... ak must be 1, 3, 5 •... , 

2k - 1 and ak+l = 2k or 2k - 2. Hence ak and ak+l are two adjacent 

positive integers. From the condition (2), we obtain that all the 

numbers behind ak+l are larger or less than ak+l. Since 2 is behind ak+l , 

ak+2' ak+3' ... , a" are all less then ak+l. Therefore this permutation is 
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unique, i. e. all positive odds less than or equal to n are arranged in an 

increasing order and then all positive even less than or equal to n are 

arranged in a decreasing order. 

Summarizing what we have described above, we obtain the 

following recurrence relation: 

f(n) = fen - 1) + fen - 3) + 1 (n ~ 4). 

Using the method of enumeration, we obtain f(1) = 1, f(2) = 1, 

f (3) = 2, and with the above recurrence relation, we may count the 

remainder with modulo 3 of this sequence, in the order of 

1, 1, 2, 1, 0, 0, 2, 0, 1, 1, 2, 1, 0, 0, 2, 0, ... 

Thus the period of this sequence is 8 (this conclusion can be 

proved easily by the mathematical induction), and 2004 = 125 X 8 + 4, 

and f(2004) = Hmod3), i. e. f(2004) is not divisible by 3. 

Example 7 Are there infinitely many pairs of positive integers 

(a, b) such thata I b2 + 1 andb I a 2 + 1? 

Analysis We enumerate several paIrs of the positive integers 

satisfying the condition as follows: 

a 1 2 5 13 34 ... 

a 2 + 1 2 5 26 170 1157 ... 

b 2 5 13 34 89 ... 

b' + 1 5 26 170 1157 7922 ... 

From the above table, we see that the values of a, b are exactly 

two adjacent terms of the following sequence: a ! = 1, a 2 = 2, a ,, +2 = 

3a,,+! - a " (n E N+) (This recurrence relation could be obtained by the 

following method: leta,,+2 = pa,,+! + qa". (Substitutinga! = 1, a2 = 2, 

a 3 = 5, and a 4 = 13 to the above expression, we obtain p = 3, q = - 1, 

thus a ,,+2 = 3a,,+ ! - a". ) and the equality a~ + ! + 1 = a"a,,+2 holds. 

Solution I Firstly, we prove the following lemma. 

Lemma 1 Leta! = 1, a2 = 2, anda ,,+2 = 3a ,,+1 - a,,(n E N+), 
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then a,;+1 + 1 = a "a ,,+2. 

Proof of lemma 1 When n = 1, 

a 3 = 3a 2 - a 1 = 3 X 2 - 1 = 5, 

a ~ + 1 = 22 + 1 = 1 X 5 = a 1 a 3 . 

107 

Suppose that when n = k, a~+1 + 1 = aka k+ 2 , and when n = k + 1 , 

we know 

a~ +2 + 1 = ak+2 Oa k+1 - a k ) + 1 

= 3ak+2 a k+1 - (akak +2 - 1) 

This completes the proof. 

Next, let a = a,,+1' b = a,, +2 (n E N+ ), then there are infinitely 

many pairs of positive integers (a, b) and 

is divisible by band 

is divisible by a. 

Remark In this problem, the values of a, b are exactly the 

adjoining odd terms of the following Fibonacci sequence: 

1, 1, 2, 3, 5, 8, 13,21, 34, 55, 89, . ... 

Therefore we could yield another proof of this problem. 

Solution]I Firstly, we prove the following lemma. 

L emma 2 Let fl = 1, f 2 = 1, and f ,,+2 = f,, +1 + f" ( n E N+), 

Proof of lemma 2 Since 

1211+ 1 = / 211 + !211 - 1 
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let an = 12'1-1 , we can deduce lemma 2 from lemma 1. 

Next let a = 12'1+1 , and b = 17.,,+3' then there exist infinitely many 

pairs of positive integers (a, b) such that a I b2 + 1 and b I a 7. + 1. 

Example 8 Are there infinitely many triangles such that the 

lengths of three sides are relatively prime positive integers and the 

areas are a perfect squares? 

Solution Suppose that there exists a such triangle with the lengths 

x, y, z of three sides (x, y, z are three relatively prime positive 

integers). Denote p = ; (x + y + z), then the area of the triangle is 

s = IpCp -x)(p -y)Cp -z). CD 

For convenience, let p - z = 1, i. e, z = x + y - 2, P = x + y -

1, P - x = y - 1. Substituting these to CD, we obtain 

s = I Cx - 1) Cy -1) (x + y -1). 

Let y -1 = (a -1).x (a E N+ ) , then x + y -1 = ax . Substituting 

these into (2), we obtain 

s = I(x -1)(a -l).x· ax =x la(a -1)(x -1). (] 

Since S must be a positive integer, we assume that x -1 = a Ca -

1). From (], we obtain 

S = x(x -1) = a(a -1)[aCa -1) + 1]. 

But such S is not always a perfect square, hence we assume that 

x - 1 = 4a (a -1), i. e. x = (2a _1)2, and 

S = a (2a - 2) C 2a - 1) 7. . 

Therefore we need to seek infinitely many positive integers a such 

that a and 2a - 2 are perfect squares. Obviously a = 9 is a solution. 

Generally, we could take a = a" where a" satisfies the following 

recurrence relation: al = 9, 2a n+l - 2 = 4a n C2a n - 2), i. e. a,,+1 = 

C2a n - 1)2. Thus for any n E N+ , an and 2a n - 2 are perfect squares. 

In fact, a 1 = 9 and 2a 1 -2 = 16 are the perfect squares. Assume that ak 
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and 2a k - 2 are the perfect squares, then a k+l = (2a k - 1)2 and 2a k+l -

2 = 4a k ( 2a k - 2) are also the perfect squares. Hence for any 71 E N+ , 

a " and 2a " - 2 are the perfect squares. 

We come back to the original problem. Assume that the lengths of 

three sides of the triangle are 

x = (2a" - 1) 2 , 

y = (a " - 1 h + 1 = (a " - 1) (2a" - 1) 2 + 1, 

z = x + y - 2 = a" (2a" _ 1) 2 - 1, 

then ( x , y) = 1, ( y , z) = 1, ( z , x) = 1, i.e . x , y , z are relatively 

prime and 

z - y = (2a " - 1) 2 - 2 > 0, 

y - x = ( a " - 2) ( 2a " - 1) 2 + 1 > O. 

That is z > y > x and 

x + y = a" (2a" - 1 ) 2 + 1 > a " (2a " - 1 ) 2 - 1 = z . 

Therefore there exists a triangle in which the lengths of three 

sides are x , y , z, and the area of this triangle is S = a" (2a" - 2) (2a" -

1)2 which is a perfect square . This completes the proof. 

Remark From example 7 and example 8, we could find that in 

the combinatorial number theory and the combinatorial geometry, we 

often need to prove that there exist infinitely many sequences of 

numbers or figures satisfying some conditions (these conditions often 

relate to the positive integers) . To seek the solutions of these 

problems, we could start with the especial cases or the simple cases, 

and apply the methods of exploration and induction to find the 

common rule . Afterward we could complete this proof by constructing 

the corresponding recurrence sequence. 

Exercise 8 

1 In an athletic meet, m medals were awarded during 71 days. 
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On the first day one medal and a seventh of the remaining were 

awarded. On the second day two medals and a seventh of the 

remaining were awarded, and so on, and on the n th day, the last n 

medals were awarded. How many days did the competition run over 

and how many medals had been awarded? (9th IMO) 

2 A plane is divided into two parts by an ellipse. A plane is at 

most divided into six parts by two ellipses. How many parts at most 

are there if the plane is divided by 10 ellipses? 

3 Let n ~ 2 be a positive integer. How many permutations {al' 

a 2' ••• , a,, } of {1, 2, ... , n } are there such that a i- a i+ 1 is divisible 

by i (i = 1, 2, ... , n -1) and find all these permutations. 

4 An n-term sequence in which each term is either 0 or 1 is 

called a binary sequence of length n . Let A be a binary sequence with 

the finite length, and f(A) represent a transformation such that each 

1 in A becomes 0, 1 and each 0 in A becomes 1, O. As an example, 

f((1, 0, 0,1» = (0,1,1, (), 1, (), 0,1). 

Find the number of pairs containing two consecutive 0 in P") ((1» , 

wheref(1) (A) = f(A), f (k+ t)(A) = f (k) (A), k = 1,2, .... 

5 An increasing sequence of numbers is called an alternative 

sequence if the first term is odd, the second term is even, the third 

term is odd, and the fourth term is even and so on. The empty set is 

also regarded as a alternative sequence. Let A (n) denote the number 

of the alternative sequences whose terms are taken from the set {1, 

2, ... , n}. Obviously,A(1) = 2, andA(2) =3. FindA(20). 

6 How many positive numbers less than 104 are there such that 

2" - n 2 is divisible by 7? (6 th Moscow Mathematical Olympiad) 

7 Are there infinitely many pairs (a, b) of the positive integers 

such that a 2 + b2 + 1 is divisible by ab? 

8 Are there infinitely many positive integers triple (a, b, e) 

such that a, b, e construct an arithmetic sequence (a < b < e) and 

ab + 1, be + 1, ea + 1 are all the perfect squares. 

9 Are there infinitely many triangles D ABC such that lengths of 
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three sides AB , BC, CA construct an arithmetic sequence consisting of 

the positive integers CAB < BC < CA) and the altitude on the side BC 

and area of LABC are two positive integers. 



According to the characters of the investigative problems, each 

investigative object is colored with one of several colors, thus many 

combinatorial objects (the points, the lines, the regions, ... ) and the 

combinatorial constructions (the angles with the same color sides, the 

angles with the distinct color sides, the triangles with three same color 

sides, the triangles with not all the same color sides, the pairs of the 

same color points, the pairs of distinct color points, ... ) are formed. 

Afterward, for the numbers and properties of these objects and 

constructions, we make an analysis and comparison in detail such that 

the answer of the investigative problem could be found easily. It is the 

coloring method. 

Example 1 When two adjacent unit squares are moved from a row of 

the 2 X 3 rectangle, the obtained shape is called an "L-shape". There is an 

8 X 8 chessboard. Is it possible to obtain a perfect cover of this chessboard 

using 7 2 X 2 squares and 9 "L-shapes"? (Reasoning is required. ) 

Solution Let each unit square in the odd rows of the 8 X 8 

chessboard be colored white and each unit square in the even rows of 

the 8 X 8 chessboard be colored black. Thus there are 32 white unit 

squares and 32 black unit squares in this chessboard. 

If we can obtain a perfect cover of this chessboard using 7 squares 

(2 X 2 ) and 9 "L-shapes", then each 2 X 2 squares covers 2 white unit 

squares and 2 black unit squares, and each "L-shape" covers 1 white 

unit square and 3 black unit squares or 3 white unit squares and 1 black 
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unit square. Assume that there are x "L-shapes" who cover 1 white 

unit square and 3 black unit squares, and the remaining 9 - x "L­

shapes" who cover 3 white unit squares and 1 black unit square. Thus 

the number of the black unit squares covered is 7 X 2 + 3x + (9 - x) = 

32, and x = ~. But ~ is not an integer, so it leads to a contradiction. 

Therefore there is no perfect cover satisfying the conditions of the problem. 

Example 2 Let a 23 X 23 ground is covered with 1 X 1, 2 X 2, 3 X 

3 ceramic tiles. How many 1 X 1 ceramic tiles are used at least? 

(Assume that each ceramic tile cannot be divided into little tiles. ) 

Solution Let the 23 X 23 square ground be divided into 232 unit 

squares (1 xl) , and all unit squares of the 1 st, 4th , 7th , ••• ,19th , 22th 

column are colored black, and other unit squares are colored white, 

then each 2 X 2 ceramic tile covers 2 white unit squares and 2 black unit 

squares or 4 white unite squares, and each 3 X 3 ceramic tile covers 3 

black unit squares and 6 white unite squares. Assume there is no a 1 Xl 

ceramic to use. No matter how many 2 X 2 and 3 X 3 ceramic tiles are 

used, the number of white unit squares which are covered in the 23 X 

23 ground is even. But the number of white unit squares in the 23 X 23 

ground equals 15 X 23 which is odd. It is a contradiction. Therefore the 

number of the 1 X 1 ceramic tiles is used at least one. 

On the other hand, as in figure 9. 1, we know that the 12 X 11 

rectangle ground may be covered with 2 X 2, 3 X 3 ceramic tiles and as 

in figure 9. 2, the 23 X 23 ground be covered with only one 1 X 1 ceramic 

tile and four 12 X 13 rectangles which consist of the 6 ceramic tiles (2 X 

2) and 12 ceramic tiles (3 X 3). 

3 3 3 2 3m; 3 2 
3 2 

2 
3 2 

12X 11 II X 12 

IX I 

II X 12 12X II 

3 3 3 2 

Figure 9. 1 Figure 9. 2 
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Summarizing what we have described above, the required smallest 

value of the number of the 1 x 1 ceramic tiles is 1. 

Example 3 Suppose there are 30 persons attending a parliament. 

and any two persons are friends or political opponents. and each 

person has 6 political opponents exactly. Three persons form a triple 

and a triple is called a good triple if any two persons of the triple are 

friends or opponents. Find the number of the good triples. (24th USSR 

Mathematical Olympiad) 

Solution Let us represent 30 persons with 30 points in space, no 

four points of which are coplanar. If two persons are friends then the 

two corresponding points are connected by a red line segment, 

otherwise, by a blue line segment. Thus the number of the good triple 

equals the number of the monochromatic triangles 0. e. the three sides 

of the triangle are colored with the same color). If the two sides of an 

angle have distinct colors. then the angle is called a distinct color 

angle. Thus there is not a distinct color angle in each monochromatic 

triangle and there are exactly two distinct color angles in each triangle 

which is not a monochromatic triangle. Since the number of the blue 

line segments meeting each point is 6, and the number of the red line 

segments meeting each point is 23, the number of the distinct color 

angle of every point is 23 X 6 = 138. The total of the distinct color 

angles in figure is 138 X 30 = 4140. Therefore the number of the 

triangles which is not the monochromatic triangles is equal to ~ X 4140 = 

(30) 2070 and the number of the monochromatic triangles is equal to 3 -

2070 = 1990. Thus the number of the good triples is 1990. 

Example 4 Assume that among eight persons, neither 3 persons 

who are mutually acquainted nor 4 persons who are mutually 

unacquainted. How many pairs of mutually acquainted persons are 

there at least? How many pairs of mutually unacquainted persons are 

there at least? 

Solution Let us represent 8 persons with 8 points in the plane. If 
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two persons are mutually acquainted then the two corresponding points 

are connected by a red line segment, otherwise by a blue line segment. 

Thus we obtain a 2-colored complete graph K 8 and from the given 

conditions, we conclude that there is no a red triangle and a blue 

complete graph K 4 in this 2-colored complete graph K 8 . 

If there are at least 6 blue sides meeting some point, by Ramsey's 

theorem, in the 2-colored complete graph K 6 whose 6 vertices are ends 

of these 6 blue sides, there exists a red or blue triangle. But the blue 

triangle leads to a blue complete graph K. , and it contradicts the given 

conditions. Hence in this complete graph K 8 ' the number of the red 

sides meeting every point is at least 2, and there are at least ~ x 2 x 

8 = 8 red sides in this graph K 8 . 

If there are at least 4 red sides meeting some point, then the 

complete graph K. whose 4 vertices are ends of the 4 red sides is blue 

or has at least a red side. But having a red side leads to a red triangle 

and it contradicts the given conditions. Hence there are at most 3 red 

sides meeting every point of K 8 ' and there are at more ~ X 3 x 8 = 12 

red sides. 

(1) If there are exactly 8 red sides in the graph K H , then there are 

exactly 2 red sides meeting every point. Hence the 8 red sides construct 

one or two cycles (the closed broken line). If there are two cycles, 

and there are exactly two red sides meeting every point, and the two 

cycles have no common vertex and since there is no red triangle in this 

graph. Hence each cycle is a red 4-side polygon. If two red 4-side 

polygons A IA2A3A. and AsA6A 7AS consist of the 8 red sides, then 

there is blue complete graph K. with the vertices A I ' A 3 , A s , A 7 • If 

the red 8-side polygonA IA 2 ···A H consists of the 8 red sides, then there 

is also a blue complete graph K. with the vertices AI' A 3 , As, A 7 • 

They all contradict the given conditions. Hence there are at least 9 red 

sides in this graph K 8 . 

(2) Assume there are exactly 9 red sides in the graph Kg. Since 
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there are at least 2 and at most 3 red sides meeting every point and 

there is not a red triangle in this K H' K H could be one of the figure 9. 3 

(a) or the figure 9. 3 (b). (The solid line segments represent the red 

sides, but we do not draw the blue sides.) In the figure 9. 3(a), the 

dashed line segment represents that the line segment A2A7 may is 

replaced by the line segment A 2 A 6 • It is easy to find that in the figure 

9.3(a) and 9.3 Cb), there is the blue complete graph K. with the 

vertices Al , A 3 , As, A 7 • It contradicts the given conditions. 

Therefore there are at least 10 red colored sides in this K 8. 

e 
Al 

f' 
~~ -------- :: A, 

8 00 AJ 

As 
lAg 

A, As A6 A, 

Figure 9. 3Ca) Figure 9. 3(b) Figure 9. 4Ca) Figure 9. 4(b) 

On the other hand, in the figure 9. 4 ( a) and 9. 4 ( b), there is 

neither a red triangle nor a blue complete graph K •. 

Summarizing what we have described above, we obtain that in the 

2-colored complete graph K H' there are at least 10 red sides and at 

most 12 red sides, i. e. among 8 persons, there are at least 10 pairs of 

the mutually acquainted persons and at most 12 pairs of the mutually 

acquainted persons. Hence there are at least G) -12 = 16 pairs of the 

mutually unacquainted persons. 

According to the characters of the investigative problems, the 

investigative objects are evaluated with distinct numbers respectively, 

and we analyze, compute and compare these numbers in detail such 

that the answer of the investigative problem could be found easily. It 
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is the evaluation method. 

Example 5 When a unit square is moved from a 2 X 2 square, the 

obtained shape is called a "r-shape". Use some "r-shapes" to cover a 

5 X 7 rectangle, and each "r-shape" covers exactly 3 unit squares. 

Assume that the overlaps are allowed and without gaps and each" r­

shape" does not exceed the sides of the 5 X 7 rectangle. Is it possible 

that each unit square of the 5 X 7 rectangle is covered by the same 

number of "r-shapes". Justify your answer. (22sd Russia Mathematical 

Olympiad) 

Solution Suppose that we write - 2 or 1 in each unit square of the 

5 X 7 rectangle as in figure 9. 5, then the sum of any three numbers in 

the square which are covered by a "r-shape" is an nonnegative 

number. Hence no matter how many times the numbers are covered by 

the "r-shapes", the sum of all numbers which are covered by these "r­

shapes" (if one number is covered n times then it is computed n times 

in this sum) is also a nonnegative number. On the other hand, the 

sum of the numbers in the figure 9.5 

rectangle is12 X(-2) +23 Xl =-1. If 

each unit square is covered k times, 

then the total of all numbers which are 

covered by these "r -shapes" is equal to 

- k. It is a contradiction. Therefore it 

is impossible that each unit square of 

the 5 X 7 rectangle is covered by the 

same number of "r-shapes". 

-2 

1 

-2 

1 

-2 

1 

1 

1 

1 

1 

-2 1 -2 1 -2 

1 1 1 1 1 

-2 1 -2 1 -2 

1 1 1 1 1 

-2 1 -2 1 -2 

Figure 9. 5 

Example 6 A regular hexagon is divided into 24 equilateral 

little triangles by lines parallel to its sides. 19 different real numbers 

are assigned to the 19 vertices of 24 little triangles. Show that at 

least 7 of 24 triangles have the property that numbers assigned to its 

vertices may construct a decreasing sequence in clockwise. (19th USSR 

Mathematical Olympiad) 

Proof The 24 triangles are divided into two parts: in the part 

(1), three real numbers assigned to the vertices of the triangles may 
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construct a decreasing sequence in clockwise and the remalOlOg 

triangles belong to the part (2). Assume that the number of the 

triangles in the part (1) is N, then the number of the triangles in the 

part (2) is 24 - N. For every side of the little triangles, we draw a 

arrow from the vertex corresponding to a big number to the vertex 

corresponding a smaller number (implies decreasing!) and we write 

- 1 on the left side of this arrow and 1 on the right side of this arrow. 

(The right side indicates that the direction of this arrow is clockwise 

and the left side indicates that the direction of this arrow is counter­

clockwise! ). Thus the sum of three a a 

numbers in every triangle in the part 

( 1) is 1 + 1 + ( - 1) = 1 and the sum in 

the part (2) is 1 + ( -1) + ( - 1) = - 1 

as in figure 9. 6. Hence the total of 

the numbers in the 24 triangles is 

bll ~II 
I - I 

ebb c 

(1) 

N + (24 - N) X ( - 1) = 2N - 24. 

(a>b>c) 

Figure 9. 6 

(2) 

On the other hand, the sum of the two numbers in the two sides 

of every short line segments in the regular hexagon is ( - 1) + 1 = 0, 

and among 12 short line segments on the sides of the regular hexagon 

which are the sides of 12 little regular triangles respectively, there is at 

least one short line segment such that the number in the interior side of 

the regular hexagon is 1. Hence the total of the numbers on the sides 

of the regular hexagon is at least 11 X ( - 1) + 1 = - 10. 

Summarizing what described above, we gather that 2N - 24 ~ 

- 10, i.e. N ~ 7. This completes the proof. 

Remark Example 6 may be generalized to the 

following conclusion: let a polygon be divided 

perfectly into little triangles such that each vertex 

of every triangle is not an interior point of sides of 

another triangle. (as figure 9. 7) Suppose that the 

total number of little triangles is n and the number 

of the triangles with a side on the sides of this Figure 9. 7 
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polygon is m and n - m is even. We write any distinct real numbers at 

these vertices. Prove that among n triangles, there are at least ~ C n -

m) + 1 triangles such that three real numbers written at the vertices of 

every triangle could be arranged in the decreasing sequence in 

clockwise. 

Example 7 There are 20 boys and 20 girls, standing face to face 

in two concentric circles and there are exactly 20 persons in each circle 

with no stipulation on the number of the boys and girls. Let each 

person in outer circle and the opposite one person in inner circle be 

paired. If two persons in the same pair are a boy and a girl, then they 

form a pair of partners. Prove that it is possible to rotate persons in 

inner circle to proper position so that the number of pairs of partners 

is at least 10. 

Proof Let 20 persons in inner Cauter) circle be labeled clockwise 

with the numbersa;Cb;) Ci = 1,2, ... ,20) in clockwise order, such 

that for the boys, ai Cb;) is 1, and for the girls, a; Cb,) is -1. To rotate 

persons in inner circle such that the person with the label a 1 in inner 

circle and the person with label b i in outer circle are opposite and let 

20 

Si = ~akb'+k-1Ci = 1, 2, ... ,20; b j +21J =b j ). 

k~l 

Without loss of generality, assume that the number of girls is 

greater than or equal to the number of boys in inner circle, thus the 

number of boys is greater than or equal to the number of girls in outer 

circle, which implies 

al +a2 + ... +a20 ~O, 

b1 +b2 + ... +b 20 ~O. 

Thus 

By the mean value principle, there exists an ill (1 ~ i II ~ 20) such 

that Si ~ o. It means that in the expression alb; + a2b,,}+1 + ... + 
() 0 
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a 2u bi,,+19 Cb j + 2U = bj ), the number of terms which equal -1 are not less 

than the number of terms which equal 1, so there are at least 10 pairs 

of partners. 

Example 8 All the grids of an m X n chessboard (m ? 3, n ? 3) 

are colored with red or blue. Two adjacent grids (with a common side) 

are called a good couple if they are of different colors. Suppose that 

there are S good couples, and explain how to determine whether S is 

odd or even. Does it depend on certain specific color grids? 

(Reasoning is required.) (4th China Western Mathematical Olympiad 

in 20(4) 

Solution Classify all grids into three parts: the grids at the four 

corners, the grids along the border-lines C not including four corners) , 

and the other grids. Fill all red grids with label number 1, all blue 

grids with label number - 1. Denote the label numbers filled in the 

grids in the first part by a, b, c and d, in the second part by Xl , 

X2' ••• , X2m+2,,-H' and in the third part by Yl' Y2' •••• Y(m-2)(,,-2). For 

any two adjacent grids we write a label number which is the product of 

two label numbers of the two grids on their common edge. Let H be 

the product of all the label numbers on the common edges. There are 2 

adjacent girds for every grid in the first part. thus its label number 

appears twice in H. There are 3 adjacent grids for every grid in the 

second part. thus its label number appears three times in H. There are 

4 adjacent grids for every grid in the third part. thus its label number 

appears four times in H. Therefore. 

If X I X 2'" X 2m+2n-8 = 1. then H = 1, and in this case the number of 

good couples is even. If XIX2'''X2m+2,,-8 =-1, then H =-1, and in this 

case the number of good couples is an odd. It shows that whether S is 

even or odd is determined by the colors of the grids in the second part. 

Moreover. when the number of blue grids in the second part is odd. 

then S is odd. Otherwise S is even. 
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Remark Obviously, we can use the evaluation method in solving 

example 1 and example 2. Moreover the coloring method can be used 

in example 5. 

Exercise 9 

1 Is it possible to cover an 11 x 12 rectangle with 19 rectangles of 

1 X 6 or 1 X 7? (Reasoning is required. ) 

2 When two adjacent unit squares are removed from a row of the 

(2 row) X (3 column) rectangle, the obtained shape is called an "L­

shape" . 

(1) Suppose that an m X n (m > 1, n > 1) chessboard has a perfect 

cover with some " L-shapes". Show that mn is divisible by 8. 

(2) Find all positive integers m, n (m > 1, n > 1) such that an 

m X n chessboard has a perfect cover with some "L-shapes". 

3 Find the smallest positive integer n such that among any n 

persons, there exist 5 persons who can be divided into two triples with 

a common member and in every triple, three persons are either all 

mutually acquainted or all mutually unacquainted. 

4 Find the smallest positive integer n such that among any n 

persons, there exist 4 persons who can be divided into two triples with 

two common members and in every triple, three persons are either all 

mutually acquainted or all mutually unacquainted. 

5 There are 9 mathematicians at a conference, each speaks at 

most three languages. For any three mathematicians, at least two 

persons speak a common language. Show that there are three 

mathematicians who know a common language . (7th American 

Mathematical Olympiad) 

6 Prove the conclusion of example 1 using the evaluation 

method. 

7 There are two same cogwheels A and B. The cogwheel B is set 

on a horizontal plane and the cogwheel A is set over the cogwheel B 
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such that these two cogwheels are coincident. (Thus the projection of 

two cogwheels is the projection of a whole cogwheel. ) Afterwards, we 

knock off any four pairs of coincident teeth. 

If two cogwheels have 14 teeth respectively, is it possible to rotate 

the cogwheel A to proper position so that the projection of two 

cogwheels is the projection of a whole cogwheel? 

If two cogwheels have 13 teeth respectively, then does the 

conclusion also hold? Justify your answer. (The Selective Examination 

for 5th CMO in 1990) 



If it is difficult to prove some conclusions directly, then we may 

consider using the reduction to absurdity. The basic idea of the method 

is that it leads to a contradiction from the negation of the conclusion 

and the contradiction implies that the conclusion is true. 

Example 1 Let ABCDE be a convex pentagon on the coordinate 

plane. Each of its vertices are lattice points (i. e. the abscissa and 

ordinate of the point are all integers.) The five E 

diagonals of ABCDE form a convex pentagon 

A1B1C1D1E1 inside of ABCDE (Figure 10.1). 

Prove that the con vex pentagon AlB 1 C 1 D 1 E 1 A L'--::Jf--;:;--r-""7JD 

contains a lattice point on its boundary or within 

its interior. (26th Russia Mathematical Olympiad 

in 2000) Figure 10. 1 

Proof Suppose the statement is false. Since the area of any 

lattice polygon is either an integer or a half-integer, it implying that 

there is a counterexample to the statement with minimal area. Assume 

the convex pentagon with minimal area is ABCDE. Without loss of 

generality, assume that 

S6ABC = Min{S6ABC' S6BCD' S6CDE' S6DEA' S6EAB}. 

We claim that triangle AC 1 D1 has no lattice point on its edges or its 

interior, except A. By the assumption, there is no lattice point on 

C 1 D 1. Suppose, for sake of contradiction, there is a lattice point A I 
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either on AC 1 or AD l' or the interior of the triangle AC 1 D l' Then 

pentagon A'BCDE is a convex lattice pentagon with smaller area than 

the pentagon ABCDE. Furthermore, the corresponding inner 

pentagon is contained within pentagon A 1 B 1 C 1 D 1 E 1 , implying that it 

does contain a lattice points. But then pentagon A'BCDE has smaller 

area than pentagon ABCDE and satisfies the same requirements 

contradicting the minimal definition of pentagon ABCDE. By the 

same reason, triangle CA 1E 1 has no lattice points on its edges or 

within its interior, except C. 

Next, S6ABC ~ S6DBC and S6ABC ~ S6EAB' thus the distance from 

the point D to the straight line BC is greater than or equal to the 

distance from the point A to the straight line BC and the distance from 

the point E to straight line AB is greater than or equal to the distance 

from the point C to the straight line AB. Therefore the triangle B 1 AC 

contains another vertex 0 of the parallelogram with two adjacent sides 

BA and BC on its edges or within its interior. Since A, B, C are all 

lattice points, then 0 is also a lattice point. But the triangle AC 1D 1 

has no lattice points on its edges or within its interior, except A and 

the so does triangle CA 1 E 1 except C. Hence the pentagon 

A 1 B 1 C 1 D 1 E 1 contains a lattice point 0 on its boundary or its interior, 

and it is a contradiction. This completes the proof. 

Remark When we prove the conclusions concerning lattice 

points, we often start with a convex lattice polygon satisfying required 

conditions with minimal area. 

Example 2 Three vertices of 6ABC are colored red, blue and 

black respectively. The line segments connecting any some interior 

points and the vertices of 6ABC construct many little triangles and the 

vertices of these little triangles are just these interior points and the 

vertices of 6ABC . Suppose every vertex of the little triangles is 

colored with one of the three colors mentioned. Prove that no matter 

how to color these vertices, there exists a triangle whose vertices are 

colored with three different colors. 

Proof Suppose the statement is false. Then there is no triangle 
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whose three vertices are colored with three different colors. The side 

of the triangle whose two ends are colored with red and blue is called a 

red-blue side. Assume that the number of all red-blue sides in DABC 

is k. Since every red-blue side in D ABC is a common side of two 

triangles and exactl y one of the three sides of D ABC is a red- blue side, 

the total of red- blue sides in all little triangles is 5 = 2k + 1. On the 

other hand, suppose that the number of little triangles whose three 

vertices are red, red and blue or red, blue and blue is P. Since every 

such triangle has two red- blue sides, and the remaining triangles has no 

red-blue side (Since there is no triangle whose three vertices are red, 

blue and black. ), 5 = 2p. We obtain 2p = 2k + 1, i. e. an even = an 

odd, and it is a contradiction. Hence the statement is true. 

Example 3 There are 2004 girls seating at a circular table. They 

playa deck of 2004 cards. Initially, the girl G has all 2004 cards in her 

hand. If some girl has at least two cards (more than one card) in her 

hand, then she must send a card to each of the girls at her left and 

right. The game is ended if and only if each of 2004 girls only has one 

card in her hand. Prove that it is impossible to end the game. 

Proof Suppose the statement is false. Let 2004 girls be labeled 

with 1, 2, ... , 2004. If the girl i has a card A after some several times 

of sending the cards, then we definite that the card A has the floating 

value i. Assume that the total of the floating values of 2004 cards is 5 k 

after the k Ih sending cards and the 151 girl has all 2004 cards initially. 

Thus 5 0 = 2004. If in the k Ih sending cards, the 1'1 girl send a card to 

each of the 2sd girl and the 20041h girl, the floating value increases 

(2 - 1) + (2004 - 1) = 2004, 

i. e. 

If in the k Ih sending cards, the 20041h girl sends a card to each of 

the 1 sl girl and the 2003sd girl, the floating value decreases 

(2004 - 1) + (2004 - 2003) = 2004, 
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1. e. 

If in the k th sending cards, the i th girl sends a card to each of the 

Ci - 1) th girl and the (i + 1) th girl, the floating value increases 

[i - Ci -1) ] + [i - Ci + 1) ] = 0 (2 ~ i ~ 2(03), 

i.e. 5 k = 5 k - l • Thus we get 5 k is a multiple of 2004 from 5 u = 2004. If 

the game is ended after some several times of sending cards, then the 

total of the floating values of 2004 cards is 

5 = 1 + 2 + ... + 2004 = 1002 X 2005, 

5 is not a multiple of 2004, and it is a contradiction. Hence it IS 

impossible to end the game. 

Remark From the above proof, we know that the conclusion also 

holds if the number 2004 is changed to any even 2m (m E N+). The 

key of the proof is applying the unchanged property that 5 k is a 

multiple of 2m. 

Example 4 Let 2004 points AI, A 2, ... , A 11111+ be arranged 

clockwise in a circle. Initially, the labeled number in Al is 0, labeled 

numbers in A2 , A 3 , ••• , A 20U+ are all 1. The operation is allowed: the 

player takes any point A j' if the labeled number in A j is 1, then 

labeled numbers a, band c in points A j-I , A j and A j+1 are changed to 

1 - a, 1 - b, 1 - c simultaneously (Au = A 2UIl4 , and A 2UIl5 = A I). Is it 

possible that labeled numbers in points AI, A 2 , ••• , A 2UIl+ are all 

changed to O? 

Solution It is not possible. For sake of contradiction, assume that 

the labeled numbers in points AI, A 2 , ••• , A 2UII+ are all changed to 0 

after m operations. Since the parity of two numbers C1 - a) + C1 - b) + 
(1 - c) = 3 - (a +b +c) and a +b +c are different, the parity of the total 

of labeled 2004 numbers is changed after an operation. But the total of the 

2004 labeled numbers is 2003 (odd!) initially, thus m is also odd. 

Next, assume that the number of operations starting from the 

point A, is Xi C1 ~ i ~ 20(4) and the number of changing the labeled 
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2004 

number in the point Ai is Y i ' Then ~X i = m, Y j = Xj - \ + X j + X j+\ 
i=l 

(1 ~ j ~ 2004, Xo = X 2004 , X20US = X t ) and m = Y2 + Ys + Y s + ... + Y2003 . 

But 668 numbers Y 2 ' Y s ' ... , Y2U03 are all odds, and their sum is even. It 

contradicts that m is odd. Therefore it is not possible that the labeled 

numbers in points A \ , A 2 , ••• , A 2004 are all changed to O. 

Remark From the above proof, we know that the conclusion also 

holds if the number 2004 is changed to the number 6m em E N +). 

Example 5 Is it possible that the integer set is divided into three 

disjoint subsets such that for any integer n, three numbers n, n - 50, 

and n + 2005 belong to three distinct subsets respectively? 

Solution It is not possible. For sake of contradiction, assume that 

the integer set is divided into three disjoint sets such that for any 

integer n, three numbers n, n - 50, and n + 2005 belong to three 

distinct subsets respectively. Assume that sign m<-+k expresses m and k 

belong to the same subset, and m ~ k expresses m and k belong to 

distinct subsets and the sign e p, q, r) E:3 expresses three integers p, q, 

r belong to three distinct subsets respectively. If we use n - 50 or n + 2005 to 

substitute each n in (n, n - 50, n + 2005) E:3 respectively, then 

en - 50, n - 100, n + 1955) E:3, 

and 

(n + 2005, n + 1955, n + 2 • 2005) E:3. 

Thus we obtain n + 1955 ~n - 50, and n + 1955 ~n + 2005, 

and it follows n + 1955<-+n. So we know en - 50, n - 100, n) E:3 from 

(n - 50, n - 100, n + 1955) E:3. Ifweusen - 50to substitute each n 

in en - 50, n - 100, n) E:3, we know en - 100, n - 150, n - 50) E:3. It 

follows n<-+n - 150 from n ~n - 50 and n ~n - 100. Starting with 

n<-+1955 and n<-+n - 150, we deduce the following relation. 

0<-+1955<-+2 x 1955<-+· .. <-+50 x 1955 = 652 x 150 - 50<-+651 X 

150<-+"'<-+150 - 50<-+ - 50. 
But n ~n - 50, so 0 ~ - 50, and it IS a contradiction. 
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Therefore no partition of the integer set satisfies the given conditions. 

18. 2 f Me Extreme Prjflci~l~ 

Starting with the extreme elements (The greatest number or 

smallest number; the greatest distance or smallest distance; the 

greatest area or smallest area; the team (team member) whose score is 

the greatest or smallest and so on), we deduce that the conclusion is 

true or starting with the negation of the conclusion and applying the 

extreme elements, we deduce a contradiction which implies that the 

conclusion holds. It is the method of solving problem applying the 

extreme principle . 

Example 6 There are three schools and the number of students of 

each school is n. Suppose that any student is mutually acquainted with 

n + 1 student of the other schools. Prove that there is a student in each 

school such that the three students are mutually acquainted. 

Proof As there are 3n students in the three schools, we choose a 

student A satisfying that among the students in some of other two 

schools, the number of students acquainted with A is maximal. 

Assume this maximal number is k, then k ~ n. Without loss of 

generality, assume that this student A belongs to the first school, and 

he (or she) is mutually acquainted with k students of the second 

school, then among students in the third school, the number of the 

persons acquainted with A is n + 1 - k ;;:: 1, i. e. A is acquainted with at 

least one student C in the third school. 

If C is acquainted with some student B in the second school, and 

B is acquainted with A, then three students A, B, and C are mutually 

acquainted. Hence the conclusion holds. Otherwise, among the students in 

the second school, the number of students acquainted with C is at most n -

k. Therefore among the students in the first school the number of students 

acquainted with C is at least n + 1 - (n - k) = k + 1. It contradicts the 

above assumption that k is maximal. This completes the proof. 

Example 7 In a football tournament, each team played exactly 
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one game against each of the other teams. In each game the winner 

was awarded 2 points and the loser gets 0 point. If the game is a tie, 

each of the two teams earned 1 point. Assume that the score of the 

team A is maximal (the scores of other teams is less than the score of 

A), but the number of games in which A wins is minimal. Find the 

smallest value of the number of teams in this tournament. (16th All 

Russian Mathematical Olympiad) 

Solution Suppose that the score of the A team is maximal, and 

the number of games A wins is n, and the number of games in which 

A ties its competitor is m, then the total score of A team is 2n +m. By 

the given conditions, the number of games other teams wins is at least 

n + 1. Hence the score of each of other teams is at least 2 (n + 1). and 

2n + m > 2(n + 1), m ;::?: 3, i. e. A ties at least three teams. Hence 

there is a team B such that B ties A, and it follows that the score of B 

is at least 2(n + 1) + 1, and 2n + m > 2(n + 1) + 1, m ;::?: 4. 

Assume that there are S teams in this tournament, then the A 

team wins once at least, otherwise, the score of A is at most S - 1 and 

the score of each of other teams is less than S - 1. Then the total 

scores of S teams is less than S (S -1). But the total scores of Steams 

is 2(~) = S(S -1), and it is a contradiction. Thusm ;::?:4, n ;::?: 1, i.e. 

A team plays at least 5 tournaments, and it follows that the number of 

teams in this football tournament is at least 6. 

A B C D E F score 

A - 1 1 1 1 2 6 

B 1 - 2 0 0 2 5 

C 1 0 - 0 2 2 5 

D 1 2 2 - 0 0 5 

E 1 2 0 2 - 0 5 

F 0 0 0 2 2 - 4 

On the other hand, as above table, 6 teams A, B, C, D, E, F 
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satisfy the condition of this problem: the score of the team A is 

maximal (The scores of other teams is less than the score of A) but the 

number of games A wins is minimal. 

Summarizing what we have described above, the smallest value of 

the number of teams in this football tournament is 6. 

Exercise 10 

1 There are n (~5) members in some committee and n + 1 triples 

satisfying that not all members in any two triples are the same. Prove 

that there exist two triples with just a common member. (8 th American 

Mathematical Olympiad) 

2 On an 8 X 8 chessboard, there are 9 chessmen occupying a 3 X 3 

square in the bottom left corner of this chessboard and every chessman 

occupies a 1 X 1 square. The only one allowed move is jumping over one 

adjacent occupied square to another unoccupied one (The direction of 

the jump may be horizontal, vertical or diagonal). Is it possible that 

the 9 chessmen also occupy a 3 X 3 square in (1) the top left corner, 

(2) the top right corner of this chessboard after several jumps? 

3 Suppose n (> 1) is odd and k l' k 2' ••• , k" are given positive 

integers. For every permutation a = (a 1 , a 2' ••• , a,,) of n numbers 1 , 

" 
2, ... , n, we denote Sea) = 2..:k ia,. Prove that there exist two 

i=l 

permutations band c such that S (b) - S (c) is divisible by 71!. (2nd 

IMO) 

4 There are 17 persons at a conference and each person has just 

four acquaintances. Prove that there exist two persons such that they 

are mutually unacquainted and have no common acquaintance. 

S There are n persons at a conference and each person has 8 

acquaintances. Suppose that each pair who is mutually acquainted has 

exactly four common acquaintances and each pair who is mutually 

unacquainted has exactly two common acquaintances. Find all positive 
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integer n satisfying the given conditions. 

6 In a tennis club 20 members play 14 games and each player 

plays at least one game. Prove that there exist 6 games involving 12 

different players (18th American Mathematical Olympiad) 

7 There is a football tournament between 20 teams. Find the 

smallest value of number n of games such that among any three teams 

there exists a game between two teams after n games. 

8 At a volleyball tournament each team played exactly one game 

against each of the other teams. Assume that the game is not a tie. If 

the team A wins the team B or the team A wins the team C and the 

team C wins the team B, then we call that the team A excels the team 

B. If one team excels all other teams, then this team is called the 

champion. Is it possible that there exsit exactly two champions in 

the end? 
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We carry out some adjustments (or some transformations) 

according to the requirement of the question such that the distance 

between the existing conclusion and the ultimate objective is less and 

the aim will be attained step by step. Thus we may rest assured that 

the final objective is reached through finite adjustments (or finite 

transformations). This is called the local adjustment method. Using 

the local adjustment method we can solve the following problems: 

( 1) To prove that some combinatorial objects have given 

characteristics; 

(2) To solve combinatorial extremum problems; 

(3) To prove that there exist some combinatorial objects which 

have the given properties; 

(4) To solve problems about attaining objectives by one's 

operation. 

Example 1 In an n X n (n ~ 4) square table each unit square is 

written with 1 or - 1. The product of n numbers in distinct rows and 

columns is called a basic-term. Let S denote the total of all basic­

terms. Prove that for any such table, S is divisible by 4 (China 

Mathematical Competition in 1989) 

Proof Obviously, for any such table, the number of all basic­

terms is n!. Assume that the unit square in the i th row and the j th 

column is written with the number a ij C1 ~ i, j ~ n, n ~ 4). Since the 

number of basic-terms containing a ;j equals (n - 1)! , if the sign of the 

number a ij is changed (i. e . changes from 1 to - 1 or from - 1 to 1), 

then the number of the basic-terms whose signs are changed equals 

(n - 1)1. Suppose that the number of basic-terms which changes from 
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- 1 to 1 is h, and the number of basic-terms which changes from 1 to 

- 1 is (n - 1) ! - h and the total of all basic terms is changed from 5 to 

5', thus the increment 2,5 of 5 is 

2,5 = 5' - 5 = 2h - 2[ (n - 1)! - h J = 4h - 2 (n - 1) !. 

Since n ~ 4, then 5' - 5 is divisible by 4, i. e. when the sign of 

some a 'j is changed, the increment 2,5 of 5 is the multiple of 4. 

If all the numbers a ij in the table are 1, then the total of all basic­

terms is 5 = n ! (n ~ 4) , and it is a multiple of 4. If not all the numbers 

a ij in the table are 1, then each - 1 in this table can be changed to 1 

one by one and every time, the increment 2,5 of 5 is a multiple of 4. 

Hence after several adjustments, all the numbers a ij in the table are 

changed to 1 and then the total of all basic-terms is n!, which is a 

multiple of 4. Therefore the total of all basic-terms in the original 

table is a multiple of 4. This completes the proof. 

Example 2 Suppose that 2008 is written as the sum of some 

distinct positive integers such that the product of these positive 

integers is maximum, find this maximum value. 

Solution Since the number of ways that 2008 can be written as a 

sum is finite, there exist a case such that the product of these positive 

integers attains maximum. Suppose that when 2008 is divided into the 
k 

sum of k distinct positive integers a I , a 2' ••• , a k , their product II a i 

i=1 

is maximal. We denote this division by 5 = {a I' a 2' ... , ak } ' (a I < 

a 2 < ... < a k ). Let ~ 5 expresses the sum of all numbers in 5 and 

II 5 expresses the product of all numbers in 5. Thus 5 has the 

following properties: 

(1) There is at most one positive integer a E [ a i ' a2J anda rl: 5. 

In fact, assume that a, b E [ a I , a k J (a < b), a, b rl: 5 and a - 1 E 5, 

b + 1 E 5. 

Set 

5' = (5\ {a - 1, b + 1}) U {a, b } , 
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then 

and 

ITs' 
ITs 

~s' = ~s = 2008 

ab 
Ca -1) (b + 1) 

ab 
-------'-'-=----- > 1, 
ab - Cb -a) -1 

then IT s' > IT S. 

then 

and 

It contradicts that IT S is maximal. 

(2)al *1. Infact,ifal =l,letS'=(S\{l,ak}) U{ak+1}, 

~S' = ~S = 2008 

IT S' 
-- = ak + 1 > 1, IT s' > IT S. IT S 1 • ak 

It contradicts that IT S is maximal. 

(3) al = 2 or 3. 

Ci) Hal =4and5 E S, putS' = CS\{5}) U {2, 3}, then 

~S' = ~S = 2008 

IT S' 
and -- = 2 X5 3 > 1, IT s' > IT S. 

ITs 
It contradicts that IT S is maximal. 

(ii) Hal =4andj tl: S Cj =5,6, ... , t -1), butt E S (t ~6), 

so let 

S' = (S\{4, t}) U {2, 3, t -1}, 

then 
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2:s' = 2:s =2008 

and 

IT s' = 2 x 3 x (t - 1) 

IT S 4t 

4t + 2(t - 3) - --'-----'--'- > 1, 
4t 

then IT S' > IT S. 

It contradicts that IT S is maximal. 

(iii) Ha l ~ 5, setS' = (S\ {al } ) U {2, a l - 2}, then 

2: S' = 2: S = 2008 

and 

then IT s' > IT S. 

It contradicts that IT S is maximal. 

From (1), (2) and (3), we know that if a I = 3, then 

3 + 4 + 5 + ... + n - t = 2008, 

1. e. 

(n - 2)(n + 3) = 4016 + 2t. 

Hence n = 63, and t = 5, i. e. S = {3, 4, 6, 7, ... , 63 }. Set 

S' = (S\{7 } ) U {2, 5}, 

then 

2: S' = 2: S = 2008 

and 

IT S' ITs = 2 ;5 > 1, ITs' > ITS. 
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It contradicts that II S is maximal. Therefore there is a 1 = 2, i. 

e. when 

S = {2, 3, 4, 5, 6, 8, 9, ... , 63}, 

II S · . h· h 1 63' attams maXImum w IC equa s 7. 
Example 3 There are 14 persons playing the" Japanese chess 

game", and each player plays a game against each of the other 13 

players and the game has no tie. For three players A, Band C, if A 

wins B, B wins C and C wins A, then the triple (A, B, C) is called a 

"triangle combination". Find the maximum of number of the "triangle 

combinations". (2002 Japan Mathematical Olympiad) 

Solution Let A1 , A 2 , ••• , A1-1 represent 14 persons and Ai win 

a, other players (i = 1, 2, ... , 14). If three players do not form a 

"triangle combination", then among the three players, there is a 

player who wins the others. Hence the number of triples which are not 

the "triangle combinations" is £ (a i
) (with the convention (2) = 

,~1 2 0 

(~) = 0) and the number of the "triangle combinations" is S = (~4)_ 

1-1 (a) 1-1 (a ) ~ '. Thus S attains maximum if and only if ~ i 

i~l 2 ,~1 2 
is a 

minimum. Next, we prove that if attains mmimum, then 

I ai - aj I ~ 1 (1 ~ i < j ~ 14). 

In fact, assume that there exist ai -aj ~2 (i # j , 1 ~ i, j ~ 14), 

and set a ~ = a i - 1, a; = a j + 1, a ~ = a k (k # i , j , 1 ~ k ~ 14) , then 

but 



Hence 
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(a ';l)+(a j ; 1) _((a2,)+(a;)) 

=_ ((a , ;l)_(a;)) 
=- [ Ca , - 1) - aj] 
=- (a ,-aj)+l 
~- 2 + 1 ~- 1. 

I ~ (a) which contradicts that ~ , is minimal. 
' ~ I 2 

137 

From f: (a ,) = 91 and I a, - aj I ~ 1(1 ~ i, j ~ 14), we obtain 
' ~ I 2 

that among ai' a2' ... , al~' there are seven 6s and seven 7s, thus the 

minimal value of £ (a , ) equals 
, ~ I 2 

and the maximal value of 

equals C3
4 ) - 252 = 112. 

On the other hand, when 1 ~ i ~ 7, let A , win A '+l , A '+2' ... , 

A '+6 and A '+7' A'+8 ' ... , A '+13 win A , (with convention Aj+l ~ = A j ), 

and when 8 ~ i ~ 14, let A , win A'+I' A '+2' ... , A'+7 and A '+8 ' 

A '+8 ' ... , A'+13 win A, Cwith the convention A )+H = A j ), then in this 

case, the equality S = c - f: (a,) = 112 holds. 
' ~ I 2 
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Summarizing what we have described above, we obtain that the 

maximal value of the number of the "triangle combinations" 

equals 112. 

Example 4 Suppose that several heaps of little balls are laid 

around a circle and the numbers of balls in each heap are all the 

multiples of 3 (the numbers of balls in each heap may be different). 

Each time, the following adjustment is allowed: Each heap is divided 

into three equal parts and one part is remained while the other two 

parts are sent to the left and right heaps respectively. If the number of 

balls in some heap is not a multiple of 3, then we take one or two little 

balls from the bag which is supplied to this heap such that the number 

of balls in this heap is a multiple of 3. Then, the adjustment is similar. 

Is it possible that with several adjustments, the number of balls in each 

heap is equal? 

Solution Suppose that the maximum of the numbers of balls in 

the heaps is 3m and the minimum is 311 before some adjustment, so 

m > 11. then the following conclusions hold. 

(1) After an adjustment, the number of balls in each heap is also 

less than or equal to 3m and more than or equal to 311 . 

In fact, suppose that there are 3l balls in some heap, and there 

are 3k and 3h balls in its left and right heaps respectively Om ~ 3l ~ 

311, 3m ~ 3k ~ 311, 3m ~ 3h ~ 311). Thus after an adjustment, the 

number of little balls in this heap equals l + k + h satisfying that 3m ~ 

l + k + h ~ 311. If l +k + h is not a multiple of 3 (i.e. 3m > l + k + 

h > 311 ), then we supply one or two balls to this heap such that the 

number of balls in this heap is a multiple of 3 which satisfies the 

number of balls in this heap is less than or equal to 3m and more than 

or equal to 311 . 

(2) If the number of balls in some heap is more than 311, then 

after an adjustment, the number of balls in this heap is also more than 

311. 

In fact, as (1), if 3l > 311, 3k ~ 311 , and 3h ~ 311, then l + k + 

h > 311. 
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(3) There is at least one heap in which the number of balls equals 

3n, after an adjustment, the number of balls in this heap is more than 

371. 

In fact, there is a heap in which the number of balls equals 371 , 

the number of balls in the heap on its left or right is more than 3n. 

The signs is the same as (1), without loss of generality, and assume 

that 3k > 371, 3l = 371, and 3h :): 371, then l + k + h > 3n. 

Hence after an adjustment, the number of heaps in which the 

number of balls equals 3n is decreasing. Therefore with several 

adjustments, the numbers of balls in each heap will be more than 371. 

But all the numbers of balls in the heaps are less than or equal to 3m, 

thus the difference f between the maximum and minimum of the 

numbers of balls in these heaps is decreasing. Consequently, with 

several adjustments, this result must be f = 0, i. e. the numbers of 

balls in these heaps are equal. 

Remark To solve problems about attaining objects by one's 

operation, we often construct a objective function f whose value is a 

nonnegative integer. If the object is not attained, then we may carry 

out some proper adjustments such that the value of the objective 

function f is decreasing. Since the value of the objective function f is 

a nonnegative integer, the process of adjustments can not be infinite. 

We have proved that with several adjustments, the object must be 

attained. In this problem, the objective function is f = 3m - 3n. 

Example 5 There are at least four candy bars in n (n :): 4) boxes. 

Each time, one is allowed to take a candy from each of any two boxes 

and put the two candies to the third box. Is it possible that all the 

candies are in a box after several operations. (9 th CMO in 1994) 

Solution I It is always possible to all the candy bars into one 

box. We will prove our statement by induction on m, the number of 

candy bars. For the base case m = 4, there are at most 4 nonempty 

boxes. We disregard all other empty boxes and consider all possible 

initial distributions: 

(1) (1, 1, 1, 1), (2) (1,2,1, 0), (3) (2,2,0,0), (4) (1,3, 
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0, 0). 

For distribution (1)-(4), we proceed as follows: 

(1) (1, 1, 1, 1) - (3,1, 0, 0) - (2, 0, 2, 0) - (1,2,1, 0)-

(0,4,0,0); 

(2) (1, 2, 1, 0) - (0, 4, 0, 0); 

(3) (2,2,0,0) - (1,1,2,0) - (0,0,4,0); 

(4) (1,3,0,0) - (0,2,2,0) - (2, 1, 1,0) - (4,0,0,0). 

Thus the base case is proven. 

Now we assume that the statement is true for some positive integer 

In ~ 4. If we give m + 1 candy bars, we mark one of them and called it 

special. We first ignore the special candy bar and just consider the 

other In candies. By the induction hypothesis, we can put all m candy 

bars into one box . If this box also contains the special candy bar, we 

are done. If not, we put two empty boxes and proceed as follows: 

(1,771,0,0) - (0, m - 1, 2, 0) - (2, In - 2,1, 0) - (2, m-

3,0,2) - (1, 171 - 1, 0,1)-(0,171 + 1, 0, 0). 

Now all candy bars are in one box and our induction is complete. 

Solution II We first prove that through finite operation, we can 

put all candy bars into two or three boxes. 

In fact, if the number of nonempty boxes is at least three. We 

take any three nonempty boxes A, B, C and assume there are a, b, c 

(0 < a ~ b ~ c) candy bars in the three boxes respectively and proceed 
as follows: 

(a, b, c) - (a - 1, b - 1 , c + 2) - (a - 2, b - 2, c + 4) 
u - 2 times 

- - (0, b - a, c + 2a ) , 

1. e. the numbers of nonempty boxes decrease one at least. Thus with 

several operations we can put all candy bars into two or three boxes. 

Next, without loss of generality, we assume that all candy bars 

are put into three boxes A, B, and C and there are a , b, c (0 ~ a ~ 

b ~ c) candy bars in A, Band C respectively. We take an empty box 

(Since n ~ 4, this empty box is existential) and denote this 

distributions by (a, b, c, 0). If two numbers in a, band c are equal, 
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then from the above proof, we know that with several operations, we 

can put all candy bars into one box. Hence we just consider the case: 

a > b > c ~ o. It is also divided into the two following cases: 

( 1) If a = c + 2, then b = c + 1, and a + b + c = 3c + 3 ~ 4, i. e. 

c ~ 1. We proceed as follows: 

(c + 2, c + 1, c, 0) - (c + 1, c, c, 2) - (c, c + 2, c, 1)-
c+ 1 times 

(c-1, c+2, c+2, 0)-(c+1, c+1, c+1, 0)_ _ 

(3c + 3, 0, 0, eJ). 

(2) If a > c + 2, we carry out an operation as follows: (a, b, c) _ 

(a -1, b -1, c +2). Since a >b >c and a >c +2, then a -1 > 

b - 1 ~ c, and a - 1 ~ (c + 3) - 1 = c + 2. The maximum of numbers 

of candy bars in three boxes is decreasing but the minimum is not 

decreasing. Therefore with several operations, we can get one of the 

two following cases: the numbers of candy bars in two boxes are equal 

or as case (1). From the above proof, we know that with several 

operations, we can put all candy bars into one box. 

Exercise 11 

1 There are 271 points on the line segment AB and they are 

symmetrical about the midpoint M of AB. Among these points, 71 

points are colored red and the other 71 points are colored blue. Prove 

that the sum of distances from the point A to all red points equals the 

sum of distances from the point B to all blue points 

2 We add the sign" +" or" -" to each of the numbers 1, 2, ... , 

2005 such that their algebraic sum IS nonnegative and reaches the 

minimum. Find the expression. 

3 There are 1989 points m space, no three of which are 

collinear. They are divided into 30 groups such that the numbers of 

elements in any two groups are distinct. We take a point from each of 

any three groups which determine a triangle. Find the numbers of 
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elements in each group such that the number of these triangles reaches 

maximum. (The 4th CMO) 

4 If an m X m square could be divided into 7 rectangles satisfying 

that any two of them have no common interior point and the lengths of 

14 sides in these rectangles are 1, 2, 3, 4, 5, 6, 7, 8, 9,10,11, 12, 

13 and 14. Find the maximum of positive integer m. 

5 Consider the permutation (al' a2' ... , a2(1) of numbers 1, 

2, ... , 20. For this permutation, we can swap any two numbers. The 

ul tima te aim is that with several swaps (a 1 , a 2' ••• , a 2(1) changes to 

(1,2, ... ,20). Suppose that for each permutation a = (al' a2' ... ' 

a20)' we denote the minimum of swaps to achieving the aim with ka . 

Find the maximum of k a • 

6 There are 2n + 1 players Pl' h, ... , P2n+l in a table tennis 

tournament, and each player plays a game against each of the other 2n 

players and the game has no tie. Suppose that the player Pi WInS Wi 

times. Find the maximum and minimum of 5 
i=l 



To prove that some statements in combinatorial mathematics are 

true, we often use the construction method. The construction methods 

are divided into two classes: the direct construction method and 

inductive construction method. If it is difficult to construct a object 

satisfying the given conditions, then we may start with the following 

aspects: 

(1) We analyze the structures of the object which must be 

constructed by us and then we will construct this object satisfying all 

conditions according to these structure (the combinatorial analysis 

method) ; 

(2) We construct some parts satisfying partial conditions and then 

the object which must be constructed by us will consist of these parts 

(the method of consisting of parts) ; 

(3) We construct an object satisfying parts of required conditions 

and then we carry out some adjustments step by step such that the 

object satisfies all conditions (the method of stepwise adjustment). 

If some object concerning a positive integer n must be constructed 

by us, and it is difficult to construct this object directly, we could 

construct it by using the inductive construction method. 

Example 1 Is there a set Mil of infinitely many circles in the 

rectangular coordinates system satisfying the following conditions? 

(1) Any two circles in Mil and their interiors have at most one 

common point; 

(2) Each rational point in the x-axis is on some circle in Mil' 

Solution For any rational points Cr, 0) in the x-axis, where r 
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Z (p and q are two coprime integers, q > 0), we draw a circle above 
q 

the x-axis with the radiusR r >0 such that this circle and the x-axis are 

tangent at the point (r, 0) and we denote this circle by Cr(R,). The 

set consisting of these circles is denoted by Mo. Obviously, the set M 0 

satisfies the condition (2). To make the set MIJ satisfy the condition 

(1), we analyze the conditions which must be satisfied by R, . 

Let C r i (R ri ) Ci = 1, 2) be any two circles in the set M IJ , because 

the two circles are above the x-axis and they are tangent to the x-axis, 

the two circles intersect if and only if their central distance is less than 

the sum of the radii of two circles, i. e. 

Setting r i = Pi (p i and q i are two coprime integers and q i > (), 1 = 
qi 

1, 2), we obtain 

If we take R" -k1, (k ~ 2), then from CD we obtain 
qi 

CD 

If r1 * r2' then the left part of above inequality IS a positive 

integer, and it is a contradiction. Therefore as long as we take Rr = 

k!2 (k ~ 2), the set Mil satisfies all the conditions of the problem. 

Thus we have proved that there exist a set with infinitely many circles: 

Mo = {C r (R r ) I r = ~ , Rr = k!2 (k ~ 2), P, 

and q are two coprime integers, q > o} 

satisfying the conditions (1) and (2) of the problem. Obviously the 

number of such set MIJ is infinite. 
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Example 2 Is it possible that the set N+ of positive integers IS 

divided into two disjoint sets A and B satisfying the following 

conditions: 

(1) Any three distinct numbers of A cannot form an arithmetic 

sequence. 

(2) Any infinite numbers of B cannot form an infinite arithmetic 

sequence with the common difference d # O? 

Analysis LetA = {aI' a2, a3' ... ) (al <a2 <a3 < ... ) and 

B = N+ \A satisfy the above conditions (1) and (2). If three distinct 

numbers a, 6, c (a < 6 < c) of A form an arithmetic sequence, then 

26 = a +c >c. Thus as long asai+1 ~2ai Ci = 1,2,3, ... ), any three 

numbers of A cannot form an arithmetic sequence, and it is not 

difficult to construct a such set A. To make the set B satisfies the 

above condition (2), we just need to let at least one term of the 

infinite arithmetic sequence {a +nd)(n = 0, 1, 2, ... ) belong to the 

set A, for any a, d E N+. 

Solution Let (a, d) denote the infinite arithmetic sequence with 

the first term a and the common difference d. We arrange all 

arithmetic sequences of positive integers with the common difference 

d #Oinfollowingorder: (1,1), (1, 2), (2, 1), (1, 3), (2,2), (3, 

1), ... , according to the following rule: If a +d <a' +d' or a +d = 

a' + d' and a < a', then (a, d) is arranged in front of (a', d'). 

Thus we construct the sequence as follows: Let a I = 1, if a I , 

a2' ... , a" have been chosen, then among (n + 1)th arithmetic 

sequence, we take a number which is greater than 2a" as a,,+1. Let A = 

{aI, a2' ... , a", ... ), sincea,,+1 >2a", then any three numbers of A 

cannot form an arithmetic sequence. Next, we set B = N+ \A, and 

there are at least one term in each of infinite positive integer 

arithmetic sequences with the common difference d # {} belonging to 

A. Thus any infinite numbers of B cannot form an infinite arithmetic 

sequence with the common difference d # {}. This prove that there 

exist two sets A and B satisfy the conditions (1) and (2) of the 

problem. 
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Example 3 Is there a finite set M of points in the plane satisfying 

for each point P of M, there exist just three points of M such that the 

distances from these three points to P are proximate? 

Analysis Let Mil be a set of points in the place. Assume for the 

point P E Mil, there exist exactly three points of Mo such that the 

distances from these three points to P are proximate, then the point P 

is called a good point of set Mil. As in figure 12. 1, the rhombus 

consisting of two regular triangles has four vertices, the set Mil 

consisting of the four vertices just has two good points, thus this set 

Mo does not satisfy the condition of the problem. 

<1> 
Figure 12.1 Figure 12.2 

Next, as in figure 12. 2, we will construct a figure G which 

consists of m such rhombuses and m line segments such that it satisfies 

the condition of the problem. (The length of side of the rhombuses 

equals the length of each of these line segments.) Each point in this 

figure G is a good point as long as 

CD 

By the formula of the sum of interior angles of a convex polygon, we 

obtain that 

m • 12Ct +2m(a +60°) = (3m -2) • 180°=?a = 150° - 180°. (2) 
m 

Substituting (2) to CD, we know 3 < m ~ 6. Thus m = 4, 5 or 6. So 

a = 105°, ifm = 4; a = 114°, ifm = 5 ora = 120°, ifm = 6. 

Solution Three sets of points (figure 12. 3) all satisfy the 

condition of the problem. (In figure 12.3, for any point p, we use 

solid lines to connect P and the three points proximate P. ) 
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Figure 12.3 

Remark In this solution, the method of conslstmg of parts is 

used. Obviously the unions of some such sets as in figure 12. 3 all 

satisfy the conditions of the problem as long as the minimal distance 

between any two points from such sets is greater than the minimal 

distance between any two points of each set as in figure 12. 3. 

Moreover when we use the construction method to solve an existence 

problem, we often give the solution and omit the process of designing 

and exploring of the construction . 

Example 4 Assume that there are 2000 points in the plane. Prove 

that the 2000 points could be covered by some circular figures 

satisfying the following conditions: 

( 1) The sum of the diameters of these circles does not exceed 

2000; 

(2) The distance between any two circle figures is greater than 1. 

Proof Firstly, we prove that there are several circular figures 

satisfying the condition (1). In fact, we take 2000 circular figures 

with the diameter 1 such that the center of each circle is a given point. 

Thus the 2000 circular figures cover 2000 given points and the sum of 

diameters of these circles is 2000. 

Next, if two circular figures have the common 

points, as in figure 12. 4, then we carry out an 

adjustment. As in figure 12.4, we use a bigger 

circular figure 0 3 take the place of the two circular 

figures Oland O 2 , and the centers of circles 0 3 , 0 1 

and O 2 are collinear and two circles Oland O 2 are Figure 12.4 
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tangent internally to the circle 0 3 , Obviously the diameter of the 

circle 0 3 does not exceed the sum of diameters of two circles Oland 

O 2 and the distance from the given points in the circle 0 3 to the 

circumference of 0 3 is greater than or equal to ~. If there are two 

circles with the common points, then we proceed with the same 

adjustment. Thus with several adjustments, we obtain that the sum of 

diameters of the circular figures without common point does not 

exceed 2000 and they cover the given 2000 points and the distance 

from each point to the circumference of the circular figure which 

covers this point is greater than or equal to ~. Let the minimum of 

distances between any two circular figures be d, then d > O. 

If d > 1 , then the conclusion holds. If 0 < d < 1 , then we proceed 

with an adjustment as follows: we use the circular figure with the same 

center whose radii is reduced by ~ - ~ to take the place of the original 

circular figure. Thus these new circular figures cover the 2000 given 

points and the sum of the diameters of them does not exceed 2000 and 

the distance between any two of them is greater than or equal to 

( 1 d ) 1 d + 2 2 - 3 = 3 d + 1 > 1. 

This completes the proof. 

Example 5 Is there an infinite sequence of positive integers a 1 < 
az < a3 < ... such that for any integer A, there are at most finitely 

many primes in the sequence {a" + A} :':1. 
Analysis If 1 A 1 ~ 2, then n 1 + A is a composite number when 

n ~ 1 A I. Thus when 1 A 1 ~ 2, we set a" = n 1 , then there are at most 

finitely many primes in the sequence {a" + A } n~l. If A = ± 1, by the 

formula of factorization, we take an = Cn 1)3, then an + A is also a 

composite number, 

Solution Set a" = C n 1 ) 3. If A = 0, then there is not a prime in 

the sequence of numbers {an} = {Cn!)3}. If 1 A 1 ~2, then a" +A = 
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(n !)3 + A (n = 1, 2, 3, ... ) is a composite number (the multiple of 

A) when n ~ 1 A I. If A = ± 1, then 

au + A = Cn!) 3 ± 1 = en! ± 1) X[ Cn!) 2 =f n! + l J 

is a composite number when n ~ 3. Hence for any integer A, there are 

at most finitely many primes in the sequence {au + A }:l' 

Example 6 Prove that for any positive integer n ~ 2, there exist n 

distinct positive integers aI' a2' a 3' ... , au such that for any 1 :0( i < 
j :0( n, a i + a j is divisible by a i- a j . 

Analysis We know the conclusion is true when n = 2. Assume 

that when n = k, there exist k positive integers aI' a2' a 3' ... , a k 

satisfying the condition of the problem. When n = k + 1, set bi = a i + 

,<. C1 :0( i :0( k), and bk + 1 = ,<. CA is undetermined). To make bi + bj = 

a i + a j + 2,<. be divisible bybi -bj = a i - a j ' it is necessary that A is 

divisible bya i - a j C1 :0( i < j :0( k) and to make bi + bk + 1 = a i + 2,<. be 

divisible by b i - bk+ 1 = a i C1 :0( i :0( k), it is necessary that A is divisible 

by a i . Hence the proof is complete, if we set 

k 

,<. = IT a i IT Ca i - a j ). 
i= l l ~i<j~ 

Proof When n = 2, we easily know the conclusion is true. 

Assume that when n = k, there exist k positive integers a I' a2 ' a 3 ' 

... , a k such that for any 1 :0( i < j :0( k, ai + a j is divisible bya i - a j . 

Whenn = k + 1, setb i = a i + ,<. C1 :o( i :o( k), andbk+ 1 = ,<.where 

k 

,<. = ITai II (a i - a j )' 
i=l l <5;i<j~ 

then ifl :o( i < j :o( k, bi + bj = ai + a j + 2,<. is divisible bybi - b j 

a i - a j . When 1 :0( i :0( k, bi + bk = a i + 2,<. is divisible by bi - bk = a i . 

The proof is complete. Hence for n ~ 2, there exist n distinct positive 

integersal' a 2' a 3' ... , a u such that for any 1 :o( i < j :o( n, a i + a j is 

divisible by a i- a j . 

Example 7 Is there a set M satisfying the following conditions: 

(1) There are exactly 2008 positive integers in the set M; 
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(2) Each number of M and the sum of any numbers of M can be 

represented with the form m k (m, k E N+ and k ;;" 2). 

Analysis Obviously the set {1, 2, 3, ... , 2008} does not satisfy 

the condition (2). We find a positive integer d such thatM = {d, 2d, 

3d, ... , 2008d} satisfies the condition (2). Since each number of M 

and the sum of any numbers of M belong to the set 

s = {d, 2d, . . . , 2008 ; 2009 d } , 

we just need to find a positive integer d such that each number of S is 

represented with the form m k em, k E N+ and k ;;" 2). Generally, we 

. 2008 X 2009 
use n Instead of 2 and construct the set S satisfying the 

above conditions by the inductive construction method. 

Solution Firstly, we prove the following lemma. 

Lemma For any positive integer n, there is a positive integer d" 

such that each number of M = {d", 2d", ... , nd,,} could be 

represented with the form m k (m, k E N+ and k ;;" 2). 

Proof of Lemma When n = 1, we know that the conclusion holds 

when d 1 = Y. Assume that for n E N+, the conclusion holds, i. e. 

there exists a positive integer d" such that id" = m 7i (m i , k i E N+ and 

k i ;;"2, i = 1, 2, ... , n). Setd,,+l =d,,[(n +1)d,,]k, wherek is the 

common multiple of kJ' k2' ... , k" and let k = kiqi C1 ~ i ~ n), then 

and 

id,,+l =id,,[Cn+1)d,,]k 

=m 7i [(n + 1)d,zJkiQi 

={m;[(n +1)d,,]qki (1 ~i ~n) 

Hence the lemma is proved. 

Now we come back to the original problem. Let no 

2008 X 2009 'th th I 
2 ' WI e emma we obtain that there exists a positive 
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integer d"o such that the each number of set 5"0 = {d"l1 ' 2d"o' ... , 

n od" u } can be represented with the form m k (m , k E N+ , and k ~ 2). 

Thus the set M = {d" o ' 2d"o' ... , 2008d n ll } satisfies the conditions 

(1) and (2) of the problem. 

Remark In this problem, the positive integer d ,,+1 is found 

according to the following steps: when i = 1, 2, ... , n, to apply the 

induction hypothesis, d,,+l must be a multiple of d" and (n +Dd,,+1 can 

be represented with the form m k when d,,+1 has the form d n [(n + 

1)d,,]k and id,,+l = mji [en + 1)d,,]k (i = 1, 2, ... , n) can be 

represented with the form m k i when k is a multiple of k i (i 1 , 

2, ... , n), i. e. k is the common multiple of k 1' k2' ... , k". 

Exercise 12 

1 Prove that we can fill some distinct perfect square numbers in 

each grid of the m x n rectangle such that there is exactly a perfect 

square number in each grid and the sum of all numbers in each row and 

column are all perfect squares 

2 For any positive integer n, are there n points, not all of which 

are collinear in the plane such that the distances between any two 

points are positive integers? 

3 When a unit square is moved from a 2 x 2 square, the obtained 

shape is called an "L-shape". Is it possible that the following m X n 

rectangle is divided perfectly into many"L-shapes"? 

(1) m X n = 2003 x 2005; (2) m x n = 2005 x 2007. 

4 There are four straight lines in a plane, and any two lines are 

intersecting and no three lines are intersecting at a point. Thus three 

intersection points determine two line segments on each straight line. 

Is it possible that the lengths of these eight line segments are (1) 1, 2, 

3, 4, 5, 6, 7, 8? or (2) distinct positive integers? 

5 Prove that the set of all positive integers can be partitioned 

into 100 disjoint nonempty subsets such that if three positive integers 
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a, b, c satisfy a + 99b = c, then at least two of them belong to the 

same subset. (26th Russia Mathematical Olympiad in 2000) 

6 Prove that there exist infinitely many positive integers n, such 

that the set S" = {1, 2, ... , 3n } can be partitioned into three disjoint 

subsets A = { a 1 , a 2' ••• , a" } , B = {b 1 , b 2' ••• , b n } and C = { C 1 , C 2 , 

... , c,,} such that for anyi = 1,2, ... , n, a; +b; = C; holds. 

7 For any positive integer n, is there a finite set M of points in 

the plane such that for each point P EM, there are exactly n points 

A 1 , A 2 , ••• , A" E M such that the distance between P and A; Ci = 1, 

2, ... , n) is equal to 1. 

8 Prove that every positive integer n, except a finite number of 

them, can be represented as a sum of 2004 positive integers: n = a 1 + 
a2 + ... + a 200-1 , wherea t < a2 < ... < a 20()-I and a; I a ;+ l Ci = 1,2, ... , 

20(3). (2004 CMO) 



Chapter1S 
Combinatorial Counting 
Problems 

The combinatorial counting problems are common in the mathematical 

competition, and the basic methods of solving combinatorial counting 

problems are as follows: 

(1) Enumeration method (The part behind Example 1 in Chapter 5); 

(2) Applying the fundamental counting principles and formulas 

(Examples 1 - 7 in Chapter 1 and Examples 1, and 3 in Chapter 5); 

(3) Pairing method, mapping method and general corresponding 

method (Examples 1 - 2, 9 - 11 in Chapter 6) ; 

(4) Counting in two ways (Examples 1 - 7 in Chapter 7); 

(5) Recurrence method (Examples 1 - 5 in Chapter 8); 

(6 ) Applying the inclusion - exclusion principle (Examples 9 - 12 

in Chapter 1); 

(7) Applying the formula of number of nonnegative integer 

solutions of the indefinite equation X I + X2 + ... + X k = n (Examples 7 

(Solution II) and 8 in Chapter 1); 

(8) Applying the generating function (Examples 4 - 5 in Chapter 3). 

For more complex combinatorial counting problems, sometimes, 

we may apply several distinct methods simultaneously to find their 

solutions, and for some other problems, we may give several distinct 

solutions with different methods. 

Example 1 Each pair of the vertices of a cube determines a straight 

line. Among these straight lines, how many pairs of noncoplanar lines 

which are not perpendicular are there? (Mathematical summer Camp 

of Hunan Province of China in 2000) 

Solution If two noncoplanar straight lines are not perpendicular, 

then they are called a good pair of straight lines. As 1 edge and 6 
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straight lines (2 main diagonal lines and 4 facet diagonal lines) form 

the good pairs of straight lines, the number of good pairs of 12 edges is 

equal to 12 X 6 = 72. Next, 1 facet diagonal line and 8 straight lines (4 

edges and 4 facet diagonal lines) form the good pairs of straight lines, 

thus the number of good pairs of 12 facet diagonal lines is equal to 12 X 

8 = 96. Finally, 1 main diagonal line and 6 straight lines (6 edges) 

form the good pairs of straight lines, thus the number of good pairs of 

4 main diagonal lines is equal to 6 X 4 = 24. 

Since each pair is counted twice in the above counting, then the 

number of required good pairs equals 

~ (72 + 96 + 24) = 96. 

Example 2 Let al' a2' ... , a wo be any permutation of {1901, 

1902, ... , 2000 }. Given such a permutation, we form the sequence of 

partial sums: 

51 =a l ' 5 2 = al + a 2' 5 3 = al + a 2 + a 3' 

5 100 = al + a 2 + ... + a lOll . 

How many of these permutations will contain no terms of the sequence 

51' 5 2' ... , 5 100 that is divisible by three? (32nd Canadian 

Mathematical Olympiad in 2000) 

Solution Let 

M = {1901, 1902, "', 2000 } = Ko U Kl U K 3, 

where K i = {n I n E M and n - i (mod 3) } (i = 0 , 1, 2), then 

I K () I = I K 1 I = 33, I K 2 I = 34. Let a : = a i (mod 3), 0 ~ a : ~ 2 Ci = 

1, 2, ... , 100), thus the permutations 5' = {a'l' a '2 ' ••• , a I lOll } 

determine whether the permutations 5 = {a l ' a2' ... , a,, } will have 

the given property. Since 5 I contains 33 of the number 0, 33 of the 

number 1 and 34 of the number 2, if each of partial sums 51' 5 2' ... , 

5 100 is not divisible by 3, then the sequence consisting of 67 elements 1 

or 2 of 5 I must be 1, 1, 2, 1, 2, 1, 2, ... , 1, 2 or 2, 2, 1, 2, 1, 2, 

1, ... , 2, 1. But I K 2 I = I K 1 I + 1, hence only the second case is 
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possi ble. Since each 0 could be put in any position except a ~ ( =F 0), the 

number of ways to arrange 33 of the number 0 equals G~). Therefore, 

the number of permutation satisfying conditions equals 

( 99) • 33' • 33' • 34' = 99! • 33! • 34! 
33 . .. 66!' 

Example 3 We use six distinct colors to color the six side facets of 

a cube such that each facet is colored with one of 6 colors and two 

facets with a common edge must be colored with different colors. How 

many distinct coloring ways are there? (Remark A coloring is the same 

as another which is from the rotation or rolling of the former . ) 

(China Mathematical Competition in 1996) 

Solution Since three facets with a common vertex must be colored 

with three distinct colors, at least three colors are used. It is divided 

into the four following cases: 

(1) When 6 colors are used, we upturn a facet colored with some 

color. We choose a color from the remaining colors to color the base 

facet in (~) ways. Afterward we use the remaining colors to color four 

other facets in (4 - 1)! ways. Therefore when 6 colors are used, the 

number of distinct coloring ways equals (~). (4 - 1)! = 30. 

(2) When 5 colors are used, the number of ways to take 5 colors 

from 6 colors is (~). In this case, there is a pair of opposite facets are 

colored with the same color. We choose a color from 5 colors to color 

a pair of opposite facets in (~) ways. Afterward we use the remaining 

colors to color four other facets in ; • (4 - 1)! ways (it is the number 

of the necklaces containing 4 distinct beads) . Therefore when 5 colors 

are used, the number of distinct coloring ways equals 
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(~). C)· ~ . (4 - 1)! = 90. 

(3) When 4 colors are used, the number of ways to take 4 colors 

from 6 colors is C). In this case, each of two pairs of opposite facets 

is colored with the same color and the third pair of facets are colored 

with distinct colors. We choose two colors from 4 colors to color the 

third pair in (;) ways. Afterwards we use the remaining colors to 

color four other facets such that each of two pairs of opposite facets is 

colored with same color, and there is only one way Cit is the number of 

the necklace containing 2 distinct beads). Therefore when 4 colors are 

used, the number of distinct coloring ways equals C)· (:). 1 = 90. 

(4) When 3 colors are used, the number of ways to take 3 colors 

from 6 colors is (~). In this case, each of three pairs of opposite 

facets is colored with the same color. Afterward we use the 3 colors to 

color these three groups the three pairs of opposite facets such that 

each pair is colored with the same color, and there is only one way. 

Therefore when 3 colors are used, the number of distinct coloring 

ways equals G)· 1 = 20. 

Summarizing what we have described above, we get that the 

number of distinct colored ways equals 30 + 90 + 90 + 20 = 230. 

Example 4 Assume that no three diagonal lines intersect at a 

interior point in a convex n-sided polygon. Thus the convex n-sided 

polygon is divided into several little regions by these diagonal lines. 

How many little regions are there in this convex n-sided polygon? 

(The selective examination for the 5th National Team of China) 

Solution I Suppose that among these little regions , there are n 3 

triangles, n ~ convex quadrilateral, ... , and n m convex m -sided 
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polygon, then the total of little regions is 

On the one hand, the total of vertices of all little regions is 3n 3 + 
4n 4 + ... + mn "'. On the other hand, the total of intersecting points of 

all diagonal lines in the convex n-sided polygon is G) and each 

intersecting point of the diagonal lines is the common vertex of four 

little regions (Since no three diagonal lines intersect at a interior 

point) and each vertex of the convex n-sided polygon is the common 

vertex of n - 2 litter regions. Hence we obtain 

Next, the total sum of interior angles of all little regions is 

n 3 • 180° + n 4 .360° + ... + n ", • (n", - 2) • 180°, 

CD 

On the other hand, the sum of interior angles of the n -sided 

polygon is (n - 2) • 180° and the sum of interior angles at G) 
intersecting points of diagonal lines is G) . 360°, Hence 

n 3 . 180° + n4· 3600 + ... +n", • (m - 2).1800 

o (n) 0 = (71 - 2) • 180 + 4 • 360 , 

1. e. 

With [CD - (2)J/2, we obtain 

S = 71 3 +714 + ... + n", 

= G) + ; (71 - 1)(71 -2) 

=-.1(n - 1)(n -2)(n 2 - 3n +12), 
24 
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Solution II If we delete a diagonal line every time, then the 

number of regions decreases a i + 1, where a i equals the number of 

intersecting points of this diagonal line with the other diagonal lines. 

If all (;) - n = ~ n C n - 3) diagonal lines are deleted step by step, 

finally the number of the remaining regions is one. Therefore the 
n(n-3) '2 1/(11-3)/2 

required number of regions equals 1 + ~ Cai +1). But ~ ai equals 
i=1 i=l 

C) C it is the number of the intersecting points of all diagonal lines in 

the convex n-sided polygon), so 

1/(11-3)/2 

S = 1 + ~ Cai + 1) 
i=1 

=1+C)+~nCn-3) 

1 
= 24(n -1)(n -2)(n 2 -3n +12). 

Solution][ Let the S denote the number of little regions. 

Adding the exterior region of the convex n-sided polygon, we obtain a 

planar graph with F = S + 1 regions and the number of its vertices 

equals C) + n. Let E denote the number of its edges. Since the 

number of edges meeting each intersecting point of the diagonal lines 

in the convex n -sided polygon is 4, and the total is 4 C) and the 

number of edges on the diagonal meeting the each vertex of the convex 

n -sided polygon is n - 3, and the total is n (n - 3). But in the above 

counting. each edge is counted twice. Adding n edges of the convex n­

sided polygon. we obtain 
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By Euler's formula V + F - E = 2, we obtain 

S=F-1=E-V+1 

Solution N Let the convex n-sided polygon be divided into a" 

smaller regions by these diagonal lines, thus a 3 = 1, and a 4 = 4. If we 

add a point P" and two line segments P "P ,,-1 , P "P 1 to the convex (n -

1)-sided polygon P 1P 2 ••• P,,-l' then we obtain a convex n-sided 

polygon and the polygon increases a triangle region P n-1 P nP 1. If we 

add n - 3 diagonal lines P "P 2' P "P 3' ••• , P "P,,-2, then the number of 

increasing regions equals the sum of n - 3 and the number of the 

intersecting points on the n - 3 diagonal lines, 1. e. (n4)-(n-41)+ 

(n - 3) . Thus we obtain 

a" = a,,-l + 1 + ( C) - C ~ 1) ) + (n - 3) 

=a,,-l +(C)-C ~l))+(n -2) (n ~5). 

For convenience, leta2 =0, (!) = C) =0, then forn =3, 4, the 

above equality also holds. Therefore 

" 
a" = a2 + ~ (ak - ak-l) 

k~3 

= C)+ ~ (n -1)(n -2) 

= 214(n -l)(n -2)(n 2 -3n +12). 
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Example 5 Suppose that aI' a2' a3' a4' as is a permutation of 1, 

2, 3, 4, 5 satisfying that for any i = 1, 2, 3, 4, each permutation of 

aI' a2' ... , a j is not a permutation of 1, 2, ... , i . Find the number 

of these permutations. (2000 Shanghai Mathematical Competition in 

China) 

Solution I Obviously a I *- 1. 

(1) When a I = 5 and ala3a4aS is a permutation of 1, 2, 3, 4, and 

the permutation 5a 2a3a4aS satisfies the condition of the problem. In 

this case, the required number of the permutations is 4! . 

(2) When al = 4, the number of permutations with the form 

a2a3a4a S is 4!. But the permutations with the form 4 x x x 5 do not 

satisfy the condition of the problem and the number of these 

permutations is 3!. Hence in this case, the required number of the 

permutations is 4! - 3 ! . 

(3) When a I = 3, the number of permutations with the form 

ala3a4aS is 4!. But the permutations with the forms 3 x x x 5 or 3 x x 54 do 

not satisfy the condition of the problem. Hence in this case, the 

required number of the permutations is 4! - 3! - 2! . 

(4) When a I = 2, the number of permutations with the form 

a2a 3a4aS is 4! . But the permutations with the forms 215 x x , 21453, 2 

x x 54 or 2 x x x 5 do not satisfy the condition of the problem. Hence 

in this case, the required number of the permutations is 4! - 2! - 1 - 2! 

- 3!. 

Summarizing what we have described above, the required number 

of the permutations equals 

4! + (4! - 31) + C4! - 3! - 21) + C4! - 2! - 1-2! - 31) 

= 24 + 18 + 16 + 13 = 71. 

Solution ]I Let the set of the permutations of 1, 2, 3, 4, 5 be S 

andA j = {Cal, a2' a 3' a4' as) 1 (aI, a2' a3' a4' a s ) E Sand (aI, 

a 2 ' ... , a j) is a permutation of 1, 2, ... , i (i = 1, 2, 3, 4) }. Thus 

the required number of the permutations is 1 x-;- nA 2 nA3 nA 4 I. We 
obtain that 
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1 S 1=5!, I AI 1= 4!, I A21 = 2! ·3!, IA3 1= 3! .2!, 

I A4 1= 4!, I AI nA2 1=3!, I AI nA31= 2! .2! , 

1 AI n A4 1 = 3!, 1 Al n A3 1 = 2! • 2!, 1 A2 n A4 1 = 2! • 2! , 

1 A3 n A4 1 = 3!, 1 AI n A2 n A 3 1 = 2!, 

1 A I n A2 n A 4 1 = 2!, 1 A I n A3 n A4 1 = 2! , 

1 A2 n A3 n A4 1 = 2!, 1 AI n A2 n A3 n A4 1 = 1. 

161 

Applying the inclusion - exclusion principle, we obtain that the 

required number of the permutations equals 

1 Jf;" n A2 n A3 n A4 1 
4 

= 1 s 1- ~ 1 Ai 1 + ~ 1 Ai n Aj 1- ~ 1 Ai n Aj n Ak 1 
i= l 

+ 1 A I n A2 n A 3 n A4 1 

= 5! - (4! + 2! • 3! + 3! • 2! +41) + (3! +2! • 2! +3! 
+ 2! • 2! +2! • 2! +31) - (2! +2! +2! + 21) + 1 

= 120 - 72 + 30 - 8 + 1 = 71. 

Remark The reason why the equality 1 AI n A3 1 = 2! • 2! holds 

is that the permutations in the set A I nA3 have the forms 1 x x 45 and 

1 x x 54. The reason why the equality 1 A I n A4 1 = 3! holds is that the 

permutations in the set A I nA4 have the form 1 x x x 5 and so on. 

Example 6 Let M (p X 1994, 7 P X 1994) be a point in the 

rectangular coordinate plane, where p is a prime. Find the number of 

rectangular triangles satisfying the following conditions. 

( 1) The vertices of the triangle are all 

integral points and the point M is the vertex of 

right angle; 

(2) The incenter of the triangle is the 

ongm. 

Analysis As in figure 13. 1, the rectangular 

triangle MAE with the inradius r satisfies the 

conditions (1) and (2). Drawing two 

A 

Y y ' 

lA-''---__ .r ' 

B 

Figure 13. 1 
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perpendicular lines of MA and MB from 0, and the feet of 

perpendicular lines are points C and D respectively. Thus OC = OD = 

MC = MD = r = _1-0M and Rt~MAB is determined uniquely by 
/2 

BD = u and AC = v. We could find the number of required 

rectangular triangles if we establish the indefinite equation of u and v 

with conditions (1) and (2) and find the number of positive integral 

solutions of this indefinite equation. Therefore if we establish a 

corresponding relation, an unfamiliar problem may be translated into 

a familiar and easy problem. 

Solution To facilitate counting, the origin 0 is parallel translated 

to the point M, and we establish a new coordinate system x'My'. In 

the new coordinate system, the coordinates of points M and incenter 0 

are (0, 0) and ( - p X 1994, -7p X 1994) respectively. 

Thus 

I OM 1= !(p X 1994)2 + C7p X 1994) = P X 1994 X 5/2. 

Suppose that ~MAB with the inradius r satisfies the conditions 

(1) and (2). Drawing two perpendicular lines of MA and MB from 0, 

and the feet of perpendicular lines are points C and D respectively. 

Assume that the slope of AM is k, thus we get the slope of OM as 

follows: 

, 7p X 1994 
k = = 7. 

P X 1994 

Since 0 is the incenter of ~MAB, and LOMA = 45°, by the formula 

of included angle between two straight lines, we obtain 

° k' -k 
1 = tan 45 = 1 -k'k 

7 -k 
1 -7k' 

3 
i. e. k = 4 and from MB -.l MA, we obtain that the slope of MB IS 

4 
3· Thus we suppose that the coordinates of A and Bare 
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A ( - 4t, - 3t) , and B Ot', - 4t'). Since C3, 4) 1 and A, Bare 

integral points, then t and t' are two positive integers. It follows that 

MA = 5t, MB = 5t' and 

r = MC = MD = MOcos 45° = P X 1994 X 5. 

Denote BD = u, and AC = v, then 

u = MB - MD = 5 (t' - p X 1994) , 

and 

v = MA - MC = 5(t -p X 1994). 

Denote L.OBD = a, and L.OAC = 13, then 

a +13 = ; ( L.MAB + L.MBA) = 45° , 

r r tan a = -, tan 13 = - and 
u v 

r = tana = tan(45° - 13) 
u 

1 - tan 13 
1 + tan 13 

v - r 
v + r' 

Hence u 
rev + r) 

v - r 

2r2 
Denote v - r = m, - = n, then u = 

m 

rem + 2r) . 
= r + n. Hence m and n are all multiples of 5. Denote 

m 

m il = ~ , nil = ~ , then m il ' n il are two positive integers and 

= m • ..!!.- = 2r2 = 1.-(p x 1994 X 5)2 = 23 X 9772 X p2 CD m il n il S 5 52 52 . 

Since each pair of the positive integers (m Il ' n il ) corresponds to 

only one pair of positive integers (u, v) = (n + r, m + r), we just 

obtain a triangle MAE satisfying the conditions of the problem. Hence 

the number S of triangles satisfying the conditions of the problem 

equals the number of the positive integer solutions (m Il' nil) of 

equation CD. 
(1) If P #- 2, P #- 997, then all solutions of equation m () • n () = 
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{
m II = 2i X 997 j X pk , 

n () = 23- i X 9972- j X p2-k , 

where i = 0, 1, 2, 3, j = 0, 1, 2, k = 0, 1, 2. 

Thus the number of the positive integer solutions (mil, nil) of equation 

CD equals 4 X 3 X 3 = 36. 

(2) If P = 997, then all solutions of equation mil· nil = 23 X 997' 

are 

{
m 0 = 2i X 9971 , 

no = 23 - i X 997'-j, 

where i = 0, 1, 2, 3, j = 0, 1, 2, 3, 4. 

Thus the number of the positive integer solutions (mo, no) of equation 

CD equals 4 X 5 = 20. 

(3) If P = 2, then all solutions of equation mo· no = 25 X 9972 are 

where i = 0, 1, 2, 3, 4, 5, j = 0, 1, 2. 

Thus the number of the positive integer solutions (mil, nil) of equation 

CD equals 6 X 3 = 18. 

Summarizing what we have described above, we obtain that the 

number of rectangular triangles satisfying conditions (1) and (2) is 

{
36 (p #2, P #997), 

S = 20 (p = 997), 

18 (p = 2). 

Solution II With the signs in solution I , we obtain that MA = 

5t, ME = 5t ' (t, t ' are positive integers) and r = p X 1994 X 5. Denote 

r 
r II = 5 = 2 X 997 X p, thus 
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Applying the conclusions of the plane geometry, we know that 

AB =MA +MB - 2r = St + St ' -10ro' 

S } t 2 + t'2 =S(t + t ' - 2rll)' 

Squaring and rearranging the equality, we obtain 

(t -2ro)(t' -2ru) = 2d = 23 X 9972 X p2. 

Denotemo = t - 2rn, andno = t ' -2ro, then 

165 

Therefore the number S of triangles satisfying conditions of the 

problem equals the number of the positive integer solutions (m o, no) 

of the infinite equation ®. As the solution I , we find 

{
36 (p * 2, P * 997) , 

S = 20 (p = 997) , 

18 (p = 2). 

Exercise 13 

1 Each pair of the vertices of a cube determines a straight line. 

(1) Among these straight lines, how many pairs of straight lines are 

not in the same plane are there? (2) How many pairs of straight lines 

are mutually perpendicular in part (1)? 

2 An equilateral triangle ABC of side length n is divided into n 2 

equilateral triangles of side length 1 by lines parallel to its sides. 

(1) How many equilateral triangles are there? (2) How many 

rhombuses are there in this figure? 
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3 In a tournament each player played exactly one game against 

each of the other players. In each game the winner was awarded 2 

points, the loser got 0 point, and each of two players earned 1 point if 

the game was a tie. After the completion of the tournament, it was 

found that exactly half of the points earned by each player were 

earned in the games against the ten players with the least number of 

points. (In particular, each of the ten lowest scoring players earned 

half of her/his points in the games against the other nine of the ten). 

How many players are there? (3nd American Invitational Mathematical 

Examination in 1985) 

4 There are 18 points III the plane, no three of which are 

collinear. Every two points are connected with a line segment and 

every line segment is colored with red or blue. Assume that the 

number of red line segments meeting the point A is an odd and the 

numbers of red line segments meeting each of other 17 points are 

different. Find the number of triangles whose three sides are red and 

the number of triangles whose two sides are red and the third side is 

blue and whose vertices are the given 18 points. 

5 The permutation (n 1 , n 2' n 3' n 4' n 5 , n (;) of 1, 2, 3, 4, 5, 6 

has the following property for any i = 1, 2, 3, 4, 5, each permutation 

nl' n2' ... , ni is not the permutation of 1, 2, ... , i. Find the 

number of these permutations. (1991 British Mathematical Olympiad) 

6 The 4 X 4 X 4 cube consists of 64 unit cubes. Then 16 unit 

cubes are selected and colored red such that each 1 X 1 X 4 rectangular 

solids consisting of 4 unit cubes in this 4 X 4 X 4 cube contains exactly a 

red unit cube. How many ways to select 16 unit cubes are there? 

Justify your answer. (14th CMO) 
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In mathematical competition, we often prove that there exist 

some combinatorial constructions with some given properties. To solve 

these problems, we may use the following methods. 

(1) Reduction to absurdity and the extreme principle (Examples 

1,3, and5-7, in Chapter 10); 

(2) The pigeonhole principle, mean value principle and overlap 

principle of figures (Examples 1 - 3, and 5 - 11 in Chapter 2) ; 

(3) Counting method (Examples 3, and 13 - 15 in Chapter 6, 

Examples 7 - 8 in Chapter 8); 

(4) Colored method and Evaluation method (Examples 1, 5 - 7 in 

Chapter 9); 

(5) Mathematical inductive method (Example 8 in Chapter 2, 

Example 2 in Chapter 5, Example 7 in Chapter 12); 

(6) Combinatorial analytical method (Examples 3 - 6 in Chapter 5); 

(7) Construction method (Examples 1 - 7 in Chapter 12). 

Sometimes, we not only prove that some combinatorial constructions 

satisfying the given conditions are existential but also determine that 

the number of these combinatorial constructions is changed within a 

definite range. Thus we should prove some inequalities concerning the 

number of the combinatorial constructions. Using the above methods 

(1)-(6), we can prove some inequalities in combinatorial problems. 

Examples 12 - 13 in Chapter 6 and Example 4, and 6 in Chapter 7 are 

examples about proving the inequalities in the combinatorial problems. 

Furthermore, we will show some other examples of the methods to 

prove the inequalities in the combinatorial problems in the following 

depiction. 
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Example 1 Suppose that we put 9 small squares with area ~ in 

the planar figure F with area 1 at random. Prove that there exist at 

least two small squares such that the area of their intersection is not 

1 
less than 45 . 

Proof Suppose the 9 small squares are AI, A 2 , ••• , A 9 and 
9 

denote the area of A i by IA i I Ci = 1, 2, ... , 9). Since ~ I Ai 1= 
1=1 

~ > 1, there exist two small squares overlapping. If for any 1 ~ i < 

j ~ 9, I A i n Aj 1< 415' then the area of part which is covered by AI, 

A 2 , • .• , A 9 equals 

9 

~ ~ I A i 1- ~ I A i n A j 
i=l 

1 (9) 1 > 9 x "5 - 2 x 45 = 1. 

But AI' A 2 , ••• , A 9 are all contained in the planar figure F with the 

area 1, hence 

and it is a contradiction. Therefore there exist two small squares A i 

and A j C1 ~ i < j ~ 9) such that I Ai n A j I ~ 415' 

Remark In Example 1, we prove it by contradiction and the 

following overlap principle of figures. 

Overlap principle of figures Suppose that we put n planar figures 

A I ' A 2 , ••• , A" with areas 5 1, 5 2' ... , 5 " respectively in a planar 
figure F with the area 5. 

(1) If 51 + 52 + ... + 5" > 5 then there are two planar figures A i 

and A j (1 ~ i < j ~ n) with common interior points. 
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(2) If 5 1 + 5 1 + ... + 5" < 5, then there exists at least one point P E 

F which does not belong to each of the planar figures A 1 , A 2 , ••• , A" . 

Example 2 Suppose that in a certain society, each pair of persons 

can be classified as either amicable or hostile. We shall say that each 

member of an amicable pair is a friend of the other, and each member 

of a hostile pair is a foe of the other. Suppose that the society has n 

persons and q amicable pairs, and that for every set of three persons, 

at least one pair is hostile . Prove that there is at least one member of 

the society such that the number of amicable pairs in the set of his(or 

her) foes is less than or equal to q ( 1 - ~;) C24th United States of 

America Mathematical Olympiad in 1995) 

Proof I Let n persons be a l' a1' ... , a" and the set of 

amicable pairs be 5 among these persons. Let the number of friends of 

" 
a i be d, (i = 1, 2, ... , n), thus b d i = 2 I 5 I = 2q. 

i=l 

We construct an n X n table such that the number in the ith row 

and the j th column is 

{ 1 if i * j and (a i ' aj) is an amicable pair, 

Xij = 0: if i = J or i * j and (ai' aj) is a hostile pair, 

where i, j = 1, 2, ... , 71. 

Thus 

d i 

" 

" b X ji (i = 1, 2, ... , n), 

and ~ x ijd j expresses the number of the amicable pairs satisfying that 
j ~ l 

among these pairs, there is a person who is ai or the friend of ai (Since 

for every set of three persons, at least one pair is hostile, the counting 

" 
in this expression is not repeated). Hence I 5 I - b x ijd} is the number 

j~l 

of amicable pairs among the foes of ai' By Cauchy's inequality, 

we obtain 
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71 11 11 11 

~ ~:rijdj ~ (~:rij )d j 
1=1 j=1 j=l 1=1 

n 

Thus 

By the mean value principle, we know that there exists ill C1 :S;; 

" 4q2 . 
til :S;;n) such that ~:riojdJ ;;?--" l.e. 

j~l n-

So the number of amicable pairs in the set of his (or her) foes is 

less than or equal to q ( 1 ~ ;;). 

Proof II Denote n persons by n points AI, A 2 , ••• , A". If two 

persons are amicable, then two corresponding points are connected by 

a red line segment. If two persons are hostile, then two corresponding 

points are connected by a blue line segment, thus we obtain a 2-colored 

complete graph K". Let d i denote the number of red edges meeting 

the point Ai' i. e. the Ai has d i friends, thus the number of blue edges 

meeting the point A i is n ~ 1 ~ d i' i. e. A i has n ~ 1 ~ d i foes Ci = 1 , 

2, ... , n). Hence 

" 
~di = 2q. CD 
i=l 

Suppose that the number of triangles with two blue sides and a red 

side is A, and the number of triangles with two red sides and a blue 

side is B. According to the given conditions, there is not a triangle 
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with three red sides, hence 

B = i=(di ) CWhend i =00r1, (d2
i ) = 21diCd, -1) =(l). (2) 

,~1 2 

If a vertex of an angle is A, (i = 1, 2, ... , n) and colors of its 

two sides meeting A i are different, then this angle is called a different 

color angle. Thus total of the different color angles equals 

n 

2(A +B) = bdiCn -l-di ). 
i=l 

With CD, (2) and CD and by Cauchy's inequality, we obtain 

1 n 

A = 2 bdiCn -l-di )-B 
i=l 

11 n 

= ; bdi - bdf 
i=l 1=1 

4q2 (4q2 ) = nq - - = nq 1 - -, . 
n n-

Suppose that CB j , B k ) is an amicable pair among the foes of A,. 

thus the triangle A iB j B k has two blue sides and a red side. We use Ii 

denote the number of triangles which has two blue sides A,B} , AiBk 

and a red side BjB k , thus there are Ii amicable pairs among the foes 
n 

of Ai and bI, = A. From @) we obtain 
i=l 

1 n 1 (4q ) -b I i=-A<ql--;. 
n i~l n n-

By the mean value principle, we know that there exists a Ii 

satisfying I, < q ( 1 - ~;), i. e. foes of Ai include q ( 1 - ~;) or fewer 
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amicable pairs. 

Example 3 Suppose that each integral point III the plane is 

colored with one of the three colors - red, blue and green and every 

color is used. Prove that there exists a rectangular triangle such that 

three vertices of this triangle are colored with different colors. (30th 

Russian Mathematical Olympiad) 

Proof When all integral points in vertical lines have the same 

colors, we take anyone integral point A (Assume that A is colored 

red). Draw two straight lines I t and l 2 from point A such that the 

angles between the vertical line and the two straight lines equal 45°, 

and we take a blue integral point B lying on I t and a green integral 

point C lying on l2 respectively (Since there exist vertical lines of blue 

and green points and these vertical lines and It Cl 2 ) intersect at integral 

points, we can take the points Band C). Thus 6 ABCsatisfies the 

requirement of the problem. Analogously, when all integral points in 

each horizontal line have the same color, the conclusion is also true. 

If there exists a vertical line l such that all points of l are colored 

with two different colors (red and blue), then we take any green point 

C outside l and draw one perpendicular line of l from C. Thus the 

perpendicular line intersects l at an integral point A. (Assume that A 

is colored red). Take a blue integral point B on l, thus 6 ABC 

satisfies the condition of the problem. 

If there exists a vertical line l such that all points of this vertical 

line are colored with three different colors (red, blue and green), 

then we take any horizontal line m such that the points of m are at 

least colored with two different colors. Assume the intersecting point 

A of land m is colored red, we take a blue integral point B of m and 

a green integral point C on l of l, thus 6ABC satisfies the condition 
of the problem. 

Example 4 Let S be a set with 2002 elements, and let N be an 

integer with 0 ~ N ~ 22002 • Prove that it is possible to color every 

subset of S either blue or red so that the following conditions hold: 

(a) The union of any two red subsets is red; 
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(b) The union of any two blue subsets is blue; 

(c) There are exactly N red subsets. (31" United States of 

America Mathematical Olympiad) 

Proof We prove that this can be done for any n-element set, 

where 71 is a positive integer, 5" = {1, 2, ... , n } and for any integer 

N" with 0 ~ N" ~ 2". 

We induct on n. The base case n = 1 is trivial. Assume that we can 

color the subsets of 5" = {1, 2, ... , 71} in the desired manner, for any 

integer N" with 0 ~ N" ~ 2". We show that there is a desired coloring 

for 5,,+1 = {1, 2, ... , 71 + I } and the integer N,,+ I with 0 ~ N,,+ I ~ 

2,,+1. We consider the following cases. 

(1) 0 ~ N,,+I ~ 2". Applying the induction hypothesis to 5" and 

N" = N,,+I , we get a coloring of all subsets of 5" satisfying conditions 

(a), (b), (c). All uncolored subsets of 5,, +1 contain the element 71 + 
1, we color all of them blue. It is not hard to see this coloring of all 

the subsets of 5,,+1 satisfying conditions (a), (b), (c). 

(2) 2" + 1 ~ N,,+ I ~ 2,,+ 1. Without loss of generality, let N,,+I = 

2" + k (k = 1, 2, ... , 2" ). By case (1), we know that there exists a 

coloring of the subsets of 5" satisfying conditions (a) and (b) and 

having k red subsets. All uncolored 2" subsets of 5,,+1 contain the 

element n + 1, and we color all of them red. Then, the conditions (a) 

and (b) are satisfied and the number of red subsets equals 2" + k 

N,,+I' i. e. the condition (c) is satisfied. Thus our induction is 

completed. 

Example 5 Assume that 5 is a finite point set whose elements are 

colored with red or blue and A I , A 2 , ••• , A6R are the 5-element 

subsets of 5 satisfying the following conditions: 

(1) There is at least one red point in each of AI, A 2 , ••• , A 6R ; 

(2) For any three points in 5, there exists exactly one subset A ; 

containing the three points. Is there a subset A; containing four or five 

red points? Prove your conclusion. 

Solution I Assume that 5 contains 71 elements, then 5 has G) 
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3-element subsets and each 3-element set is contained in exactly one of 

AI' A 2 , ••• , A 6H • On the other hand, each Ai has G) 3-element 

subsets, and the total of 3-element subsets of AI' A 1 , ••• , A6R is 

68G)· Thus we know that G) = 68G), i. e. n = 17. 

Assume that there are r red points in S, and each of Al , A 2 , ... , 
A6H contains at most three red points. A 3-element subset B of S is 

called a red 3-element subset, if B contains exactly one red point and 

two blue points. Thus the total of red 3-element subsets of S is C) 
( 17 - r) 

2 . On the other hand, for any three red points, there exists 

exactly one 5-element subset Ai containing the three red points, hence 

there are C) 5-element subsets with three red points and each such 5-

element subsets contains C) G) = 3 red 3-element subsets. Next, each 

of the remaining 68 - C) 5-element subsets contains exactly one or 

two red points and each such 5-element subsets contains (~) (~) = 6 or 

(~) C) = 6 red 3-element subsets, hence the total of red 3-element 

subsets is 3 (;) + 6 ( 68 - C) ). Thus we obtain that 

Rearranging the equality above, we obtain r3 -18r2 +137r = 408, 

thus 

3 - r3 -3r2 +2r = rer -1)(r -2) (mod 5). 
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But when r - 0, 1, 2, 3, 4 (mod 5) , the equality above does not hold. 

It leads to a contradiction. Therefore we have proved that there is a 

subset Ai containing four or five red points. 

Solution n From solution I , we know I S I = 17. Assume that 

the red points in S are P l , P 2 , •••• P r • and each of A l , A 2 • •••• 

A6H contains at most three red points. Let k i denote the number of 5-
element subset containing the red point Pi (1 < i < r). On the one 

hand. the number of 3-element subsets of S containing the red point 

Pi equals C26 ) = 120. On the other hand, there are (~) = 6 3-element 

subsets containing the red point Pi in each of 5-element subsets 

containing the red point Pi' Hence 6k i = 120. i. e. k i = 20 C1 < i < 
r). Let k ij denote the number of 5-element subset containing the red 

points Pi and P j (1 < i < j < r). On one hand, the number of 3-

element subsets of S containing the red points Pi and P j equals (\5) = 

15. On the other hand. there are C) = 3 3-element subsets containing 

the red points Pi and P j in each of 5-element subsets containing the 
red points Pi and P j . Thus3k ij = 15. i. e. kij = 5 C1 <i <j <d. Let 
k ijk denote the number of 5-element subset containing the red points 
Pi' P j andPk(l <i <j <k <r). By the given conditions, we know 
k ijk = 1. and with the hypothesis, anyone of A l • A 2 , •••• A6R does 
not contain 4 or 5 red points in {P l' P 2 • •••• P r }. On one hand. 
from the given condition (1). we know that each of A l , A 2 • ••• , A68 

contains at least one red point. On the other hand, by the inclusion -

exclusion principle. we know that among A l' A z , ... , A68 the 

number of sets containing at least one red point equals 

r 

2: k i - 2: k ij + 2: k ijk 
i=l 
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Thus 

1. e. 

r3 - 18r2 + 137r = 408. 

The the remaining steps are the same as solution I . 

Example 6 Let A be an n-element set and A I' A z , ••• , Am be 

the subsets of A satisfying that anyone of A I , A 2 , 

subset of any other. Prove that 

... , A m is not a 

where I A; I denote the number of elements of the set A i C1 ~ i ~ m) , 

( I ~i I) = I Ai I ! (: ~ I A i I)!" (China Mathematical Competition in 

1993) 

Proof (1) The inequality in (1) is equivalent to the following 

inequality: 

m 

~ I A i I !(n -I A i I)! ~ n!" CD 
i "" l 

On one hand, the number of all permutations of n elements of A 

equals n !. On the other hand, for each subset A i , we construct all 

permutations of n elements of A as follows: 

where Xj X 2"""X Ai l is a all permutation of elements of Ai and YIYZ """ 

Yu- IA i i is a all permutation of elements of Ai (A i is the complement of 

A i in A). Thus the number of permutations with the form as 0 equals 

IAi I! (n - IAi I)!. 
Next, we prove that if i =F j, then the all permutations 

corresponding to A i and A j are different. In fact, assume that any all 
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permuta tion corresponding to A j is 

I I I I I I 
X I X 2 ••• x 1 Y 1 Y 2'" Y ,,-Aj 

Assume when i '* j , (2) and ® are the same, then Xl 
, 

= Xl' X2 = 

x ~ •...• X Ai = X;\ • i. e. Ai c A j if 1 Ail ~ 1 A j 1 or x I = x; • X z = 

x; • ... ,x I = XIA • i. e. Aj cAi if 1 Aj 1 < 1 Ai I. It contradicts the 
} 

given condition. Therefore we yield 

m 

2: 1 Ai 1 !(n -I Ai I)! ~n!. 
i=l 

Thus we deduce 

~1. 

(2) With (1) and Cauchy's inequality, we obtain 

Remark Applying the inequality in (1), we can prove the 

Sperner Theorem as follows. 

Sperner Theorem Let A be one n-element set, and AI, A z , ... , 

Am be the subsets of A satisfying that anyone of Al , A 2 , ••• , Am is 

not a subset of any other. Then the maximum of m is ([n ~2J) . 
Proof By the inequality in Example 6 (1), we know 

Since the maximum in {C)· G), ... , (]} is ([n~2J)' 
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m 

m ~ .z.= _-----.:;1 _ _ ~ 1, 

( [n~2] ) i~ l C~il ) 

i.e. m ~ ( n ). On the other hand, the number of [ n / 2J-element 
[n / 2] 

subsets of A equals ( n ) and anyone of these subsets is not a 
[n / 2] 

subset of any other. Thus we have proved that the maximum of m 

Example 7 In a competition, there are a contestants and b 

judges, where b ~ 3 is odd. Each judge rates each contestant as either 

"pass" or "fail". Suppose k is a number such that, for any two judges, 

k b -1 their ratings coincide for at most k contestants. Prove that --;; ~ -:U;-. 

(39th IMO) 

Proof Let A 1 , A 2 , ••• , A a denote a contestants and B 1 , 

B 2 , ••• , Bb denote b judges. If ratings of two judges B i , B j (i =1'=- j) 

coincide with the ratings of the contestant Am' thsen Am , B i , B j form 

a triple {Am; B i' B j} and assume that the number of all triples is M. 

On one hand, since for any two judges B i ' B j ' their ratings 

coincide with at most k contestants', there are at most k triples 

con taining B i ' B j' and there are exactI y (~) ways to select B i , 

B j • Hence 

On the other hand, for any contestant A m' assume that there are 

x judges whose ratings are "pass" for the contestant Am and there are 

y judges whose ratings are "fair" for the contestant Am. Thus x + y = 

b and there are (~) + (~) triples containing Am , and there are a ways 
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to select Am' and M = a ( (~) + (~) ). Since 

(~) + (~) = x (x 2- 1) + Y (y 2- 1) 

and b ;?: 3 is odd, 

It follows that 

= (x +y)2 +(x _y)2 - 2(x +y) 

4 

_ b2 - 2b + (x - y)2 

4 

(b _1)2 - 1 
4 

From CD and (2), we obtain 

( b - 1)2 ~ k .b(b - 1) 
a 2 "'" 2' 

i. e. ! ;?: b 2~ 1. This completes the proof. 

Exercise 14 

1 For which integers n ;?: 5 is it possible to color the vertices of a 

regular n-sided polygon using at most 6 colors such that any 5 

consecutive vertices have different colors? (2000 Austrian - Polish 

Mathematical Olympiad) 

2 Every cell of a 100 X 100 board is colored with one of 4 colors 
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so that there exactly 25 cells of each color in every column and in every 

row. Prove that one can choose two columns and two rows so that the 

four cells where they intersect are colored in four different colors. 

C26th Russian Mathematical Olympiad in 20(0) 

3 There are 1001 cities in some country n and any two of them 

are joined by one unidirectional road. Every city has exactly 50() 

unidirectional roads out of this city and there are exactly 500 

unidirectional roads into this city. Republic r containing 668 of the 

cities secedes from n. Prove that it is possible to travel between any 

two cities in this republic r without leaving the republic r. (30th 

Russian Mathematical Olympiad) 

4 If the set M = A l U A 2 U ... U A" and Ai n A j = 0 (1 ~ i < 
j ~ n) • then the sets AI. A z • .••• A" are called the n-partition of M. 

Assume that AI. A 2 • •••• A " and B I • B 2 • •••• B" are two n­

partitions of M and for any two disjoint sets Ai and B j C1 ~ i • j ~ n) • 

2 

the inequality I A i U B j I ~ n holds. Prove that I M I ~ n2 . 

5 A mathematical competition consists of two parts (first test 

and second test) and 28 questions in total. Each payer solved exactly 7 

questions. Each pair of questions was solved by just two players. Show 

that one player solved either nil or at least 4 questions in the first test. 

(13 th United States of America Mathematical Olympiad) 

6 Assume that there are n points in space. no four points of 

which are coplanar and there are q line segments connecting these n 

points. Prove that there exist at least :: ( q - n4
2

) triangles which 

consist of these line segments. 

7 Let a space figure consist of n vertices and l lines connecting 

these vertices. withn =q2+q + l.l ~ ~q(q + 1)2 + 1.q ~ 2.q EN+. 

Suppose the figure satisfies the following conditions: any four vertices 

are non-coplanar. and every vertex is connected by at least one line. 

and there is a vertex which is connected by at least q + 2 lines. Prove 
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that there exists a space quadrilateral in the figure, I. e. a 

quadrilateral with four vertices A, B, C, D and four lines AB, B C, 

CD, DA in the figure. (China Mathematical Competition in 2003) 

8 Let X" = {1, 2, 3, ... , n 2 - n }. Prove that X" can be 

partitioned into two disjoint nonempty subsets S" and T" such that 

each of S" and T" does not contains n elements a\, a2' ... , a " (a\ < 

) . f . ::::::: a k - \ + ak+\ a2 < ... < a" sahs ymga k "'" 2 (k = 2,3, ... , k - 1). (2008 

CMO) 



Chapter1!) 
Combinatorial Extremum 
Problems 

The combinatorial extremum problems are important and interesting in 

the mathematical competitions. We describe this class of problems as 

follows. 

Let 9t be the set of some combinatorial constructions and ~ be the 

subset of 9t with the elements satisfying the given condition P. Every 

element A of 9t corresponds to an unique real numberm = j (A). Our 

problem is that when A E~. find the maximum or minimum of t(A). 

In the combinatorial extremum problems. the arguments usually 

are discrete combinatorial constructions such as positive integers. sets 

or graphs and so on and the relation of function often is not written in 

analytical expressions. Hence it is different to solve combinatorial 

extremum problems and algebraic extremum problems. 

The basic steps of solving the combinatorial extremum problems 

list as follows. 

(1) Explore the maximum (or minimum) mo of the required 

problem; 

(2) Prove that for all A E~. m = j(A) ";;; m o ( ~ mu); 

(3) Construct a A u E ~ such that j(AI) = m n holds . Thus we 

obtain that when A E ~. the maximum (or minimum) of t (A) is 

j(Au) = m o. 

For some combinatorial extremum problems. we may proceed 

with the following steps (2)'. (3)' substituting the above steps (2). 

(3) . 

(2)' Prove that any A of 9tsatisfying thatm = JCA) ";;; m u( ~ mu) 

belongs to~ (i.e. A satisfies the given condition P); 



Combinatorial Extremum Problems 183 

(3)' When m > m 0 ( < m 0) , we construct an Au E 9t such that m = 

j(Ao) > m n « m n) and Ao t/:: ~ C i. e. A o does not satisfy the given 
condition P) . 

When we solve the problem, the steps (1) and (2) (or (1) and 

(3)') often are followed simultaneously, i. e. we explore and find the 

maximum Cor minimum) m o of the required problem with analysis and 

proof or construction. 

When 9t (or ~ ) is a finite set, the set of m = jCA) is also finite. 

Hence there exists a combinatorial construction A o such that j CAn) is 

the maximum C or minimum) of j C A). In this case, we assume that 

jCA) take the maximum Cor minimum) jCA o) at A = A o , afterwards 

we often use the method of successive adjustment to find the necessary 

conditions which are satisfied by Au. If A satisfying these necessary 

conditions is unique, then this A is the A u we want and the 

corresponding jeAn) is the required maximum Cor minimum). If there 

are only few A satisfying these necessary conditions, we denote A I , 

A 2 , ••• , A k , then we compute the corresponding values j CAl)' 

j CA 2 ), ••• , j C A k ), thus the required maximum (or minimum) of 

j(A) equals Max{jCA,) } CorMin{jCA , ) }). 
I~ir;.k l :r;;,ir,;;, k 

With the above analysis, we know that to find the solution of a 

combinatorial extremum problem, the proof and construction are 

necessary. We could consult the ways introduced in Chapters 10 - 12 to 

proceed with proof and construction. The main ways of exploring the 

extremum as follows. 

(1) The method of estimating value. The usual ways of estimating 

extremum list as follows: constructing especial examples, considering 

especial cases, carrying out the whole estimate, considering extreme 

cases, and starting with opposite cases and so on. (Example 4 in 

Chapter 2; Example 5 in Chapter 5 and Problem 5 in Exercise 11); 

(2) The method of combinatorial analysis. CExamples 2 and 7 in 

Chapter 2; Examples 2 and 4 in Chapter 9; Example 8 in Chapter 10) ; 

(3) Counting method C Example 4 in Chapter 6; Problem 2 in 
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Exercise 7) ; 

(4) Adjustment method (Examples 2 and 3 in Chapter 11); 

(5) Mathematical induction method (Problem 4 in Exercise 11). 

Example 1 Let M = {1, 2, ... , 1995} and the set A eM satisfy 

the following condition: for any x E A, and 15x f/:: A. Find the 

maximum of I A I. (China Mathematical Competition in 1995) 

Solution Since x E A, and 15x f/:: A, if 15x > 1995, i. e. x > 133, 

then 15x f/:: A, then we know {134, 135, ... , 1995} cA. Next if x E 

A, and 15x f/:: A, when 15x < 134, i. e. x < 9, thus we know {1, 

2, ... , 8} cA. Therefore the set 

A = { 1, 2, ... , 8 } U {134, 135, ... , 1995 } 

satisfies the condition: for any x E A, and 15x f/:: A and 

I A I = 1995 - 033 - 8) = 1870. 

On the other hand, let A be any subset of M and A satisfying the 

given condition. Since for any x E {9, 10, 11, ... , 133 }, there is at 

most one of x and 15x belonging to A , 

I A I ~ 1995 - 033 - 8) = 1870. 

Summarizing what we have described above, we get that the 

maximum of I A I equals 1870. 

Example 2 Assume that a rectangle whose side lengths are 

positive integers m, 71 is perfectly divided into several squares whose 

side lengths are positive integers and sides are parallel to the 

corresponding sides of the rectangle. Find the minimum of the sum of 

sides of all squares. (China Mathematical Competition in 2001) 

Analysis Without loss of generality, assume that m ;?- 71, and we 

construct a special partition as follows. Firstly, we divide the m X 71 

rectangle into squares with side length 71 and an 71 X r l rectangle (0 < 
rl < 71) Next, we divide the 71 X r1 rectangle into squares with side 

length rl and an rl X r2 (0 < r2 < rl) rectangle. We continue this 

process till the rectangle is perfectly divided into little squares without 

remainder. Obviously, the process of dividing above is equivalent to 
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the division algorithm of the two positive integers m and n. 

Solution Without loss of generality, assume thatm ~ n and j(m, 

n) denote the minimum of sum of sides of all squares. With the 

division algorithm of the two positive integers m and n, we know that 

there exist several positive integers ql , q2' ... , qk+1 and rl , r2' ... , 

rk such that 

In = q l n + r l( O < rl < n), 

Thus firstly we divide the m X n rectangle into ql n X n squares 

and an n X r l rectangle. Next, we divide the n X rl rectangle into q2 

rl X rl squares and an rl X r2 rectangle ..... For the kth step, we 

divide the rk-l X rk-2 rectangle into qk rk-l X rk-l squares and an rk X 

rk-l rectangle. Finally, for the (k + 1)th step, we divide the rk X r k-l 

rectangle into qk +1 rk X r k squares without remainder. 

With this partition, the sum of side lengths of all obtained squares 

equals 

= m + n - rk = m + n - (m, n). 

Thus j(m, n) ~ m + n - (m, n). 

On the other hand, by the mathematical induction, we prove that 

for any partition satisfying the condition, the sum b", . " of side lengths 

of all squares is greater than or equal to m + n - (m, n). 

Without loss of generality, assume that m ~ n. If m = 1, then n = 

1, and in this case, there is only one square. Hence the sum of side 

lengths of all square equals 1 = m + n - (m, n). Obviously, 
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b1.l?':l =m +n -em, n). 

Suppose that when m ~k, for any 1 ~ n ~m, b m ." ?':m +n - (m, 

n) is valid. When m = k + 1, if n = k + 1, obviously, we obtain bm ." ?': 

k + 1 = m + n - (m, n). If 1 ~ n ~ k , suppose that the m X n rectangle 

is divided into p squares with side lengths aI' a 2' ••• , a p (a I ?': 

a2 ?,:'" ?':a p ) respectively. Obviously, al ~n. 

(1) If a I < n, assume that in the rectangle ABCD, AB = CD = 

m, BC =AD = n. If the straight line l between AD and BC is parallel 

line of AD, then l passes through at least two squares (or l coincides 

with one sides of these squares). Hence 

a I + a 2 + ... + a p ?': AB + CD = 2m ?': m + n ?': m + n - (m, n). 

( 2) If a I = n , we remove an n X n square from the m X n rectangle 

and remain an (m -n) X n rectangle which is divided into p -1 squares 

with side lengths a2' a3' ... , a p respectively. By the inductive 

hypothesis, we obtain 

Soal +a2 + ... +ap?,:m +n -em, n). 

With (1) and (2), it implies that 

Summarizing what we have described above, we know 

f (m, n) = min b m." = m + n - (m, n). 

Remark If there are several especial rectangles whose side 

lengths are given positive integers and we perform some especial 

partitions, then we may guess the required minimum in general case. 

Then, the inequality f(m, n) ~m +n -em, n) is also proved by the 

mathematical induction method. 

Example 3 Let A be a set of 200 different positive integers, and 

any three different positive integers of A be the lengths of three sides 

of a non-obtuse triangle. In this case, we say that the triangle is 

determined by the set A, and the sign S (A) denote the sum of 
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perimeters of all different triangles which are determined by the set 

A. Find the minimum of S (A ). (Two congruent triangles are 

regarded as the same) . 

Solution LetA = {al' a2, ... , a ZOO} ,a l < a 2 < ... <a200,a i E 

N+ (1 ~ i ~ 200). We know a i' a j , ak (1 ~ i < j < k ~ 200) are the 

lengths of three sides of a non-obtuse triangle if and only if a 1 + a] ? 

aL It is equivalent to af + a~ ? a~Il(). Thus 

= 396a 2 + 1982 

? 396(al + 1) + 1982 , 

i.e. af - 396a l - 39600 ?O. Hence 

al ? 198 + J1982 + 39600 ?478. 7, 

so a l ? 479, and it implies that a i ? 478 + i (i = 1 , 2, ... , 200) . 

LetA o = {479, 480, 481, ... ,677, 678 }, then when A = {aI' 

a2'",' a ZOIl} Cal < a2 < ... < a201l ) satisfies the condition of the 

problem, we need a i ? 478 + i Ci = 1, 2, ... , 200). Thus SeA) ? 

S(AII)' On the other hand, obviously, A ll = {479, 480, 481, ... , 

677, 678 } satisfies the condition of the problem. (Since for any three 

numbers ai' aj , ak Cai < aj < a k ) E A o, we know aT + a; ? 4792 + 

48l? > 6782 ? aL ) Hence the minimum of S (A) equals 

S(Ao) L..: (a + b + c). 
a, b. CE..A.() 

a m . b#: . c#.J. 

( 199) 
For any a E A ll , the number of ways to select b, c is 2 ' hence 

( 199) a is counted 2 times in S (All)' Since a is any number of All, 

( 199) every number of A o is counted 2 times in S (An). Therefore 
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= (199) '" a SCAn) L..J 
2 a<AI) 

678 

= 1- X 199 X 198 X ~ i 
2 ; ~~79 

= 2 279 405 700. 

So that the required minimum of S CA) is 2 279 405 700. 

Example 4 Find the greatest positive integer n such that there are 

n different real numbers Xl' X 2' ••• , X" satisfying that: for any 1 ~ 

i < j ~ n, the inequality 

holds. 

Analysis 

C1 + X;Xj)2 ~ O. 99(1 + xn (1 + xl) 

¢:::i100Cl + X;X j)2 ~ 99(1 + xf) (1 + xl) 

¢:::i99[Cl + XT)(l + x]) - Cl + X;Xj)2] ;;? C1 + X,Xj)2 

¢:::i99Cx; _ Xj)2 ;;? (1 +X;Xj )2 

I 
x; - Xj I >- 1 ¢:::i ~ --. 
1 + x;Xj v09 

Thus naturally, we associate the left side of the above inequality 

with the formula from trigonometry: 

tan a - tan [3 
tanCa - [3) = . 

1 + tan a tan [3 

Solution For n different real numbers Xl' X2' ... , X,,, assume 

thatx ; = tan8 ; ( - ~ <8; < ~ i = 1, 2, ... , n), and without loss 

of generality, assume that 8 1 < 8 2 < ... < 8". Thus when 8" - 8 1 > 
n - l TC. 
--TC = TC -- , wlth8" - 8 1 < TC, we obtain n n 
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n -1 . 
When 8" - 8 1 ";;--rr, wIth 

n 

we obtain that there exists an i C1 ,,;; i ,,;; n - 1) such that 0 < 8 i+l 

189 

8 i ,,;; .2I.. It implies that tan2 (8 i+ l - 8 i) ,,;; tan .2I.. From above 
n n 

conclusion we know that there always exist 1 ,,;; i < j ,,;; n such that 

1. e. 

tan2 (8 j - 8 i) ,,;; tan2 .2I., 
n 

( 2 rr) ( Xj - Xi )2 _____ . 2 rr cos - ~ Sin -
n l+xjXi n 

Adding (cos2 :) C1 + X jX i )2 in the two sides, we yield 

= (cos2 ~) C1 + x7)( 1 + xl) , 

and when n ~ 32, 

Hence when n ~ 32, then for n different real numbers Xl' 

X 2' ••• , X"' there are two real numbers Xi' X j satisfying that 

So when n ~ 32, there are not n different real numbers Xl' 

X2' ••• , X" such that for any 1 ,,;; i < j ,,;; n, the inequality 



190 Combinatorial Problems in Mathematical Competitions 

holds. 

On the other hand, we take 31 real numbers Xi = tan ( i8) ( i = 1 , 

2, ... , 31), where 8 = arctan ~, then 
v 99 

__ 1 __ /99 10 ~=> ~ 
tan 8 - /99 - 99 < 99 < 31 ° < 8 < 31· 

It implies that when 1 ~ i < j ~ 31, then 

8 ~ (j - i)8 ~ 308 < 3301IT = IT - 3~ < IT - 8. 

Thus for any 1 ~ i < j ~ 31, we obtain 

2 

8(Xj - X i ) >-: ~ 
1 + X X ::0-- 99 J , 

So there exist 31 different real numbers XI' X2' ••• , X31 which 

satisfy the condition of the problem. Therefore the required maximum 

of n is 31. 

Example 5 Let M = {1, 2, ... , 40 }. Find the smallest positive 

integer n for which it is possible to partition Minto n disjoint subsets 

such that whenever a, band c (not necessarily distinct) are in the 

same subset, a * b +c . (Belarus Mathematical Olympiad in 2000) 

Solution If n = 4, then we divide the set Minto 4 disjoint 

subsets: 

A = {5 , 6 , 7, 8, 9, 32, 33, 34, 35, 36} , 

B = {14, 15, 16, . .. ,25,26, 27 }, 

C = {2, 3, 11, 12,29,30,38, 39 }, 

D = {1, 4, 10, 13,28,31, 37, 40 }, 

thus for any three numbers a, b, c (not necessarily distinct ) which 
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belong to the same subset, and a oF b + c. Hence the required smallest 

positive integer n < 4. Next, Assume, for sake of contradiction, that 

it is possible to partition Minto 3 subsets A, Band C with the desired 

property. Without loss of generality, assume that I A I ~ I B I ~ I C I , 

thus 

3 I A I ~ I A I + I B I + I C I = 40 , 

and I A I ~ 14. Assume that a 1 < a2 < ... < a 1-1 are the elements of A. 

Thus each difference b i = a 1-1 - a i (1 < i < 13) is in B U C but cannot 

be in A, otherwise (a i) + (a 1-1 - a i ) = a 1-1' and it is a contradiction. By 

the Pigeonhole Principle, among 13 numbers b 1 > b 2 > ... > b 13 , there 

[ 13-1J are at least -~-2- + 1 = 7 belonging to B or C. 

Without loss of generality, assume that b 1, b2 , ... , b 7 E B. 

Similarly, each of b 1 - b z , b 1 - b 3 , bz - b3 , cannot be in A or B. 

Therefore the differences b 1 - b 2 = a 2 - a l' h1 - b3 = a 3 - a l ' and 

bz - b3 = a3 - a 2 arein C . However, settinga = a3 -a 1,b = a 2-a 1' 

c = a 3 - au we obtain a = b + c and a, b, c E C, and it is a 

contradiction . Therefore , it is impossible to partition M into three 

disjoint subsets with the desired property. Summarizing what we have 

described above, the required smallest positive integer n equals 4. 

Example 6 Let 5 = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, A 1 , 

A z , . .. , A k be the subsets of S satisfying the following conditions: 

(1) I A 1 ~ 5C1 < i<k);(2) IAi nAj 1< 2C1 < i<j < k). Find 

the largest value of k. (The Examination Problem for The National 

Team of China for 35th IMO) 

Solution I We construct a 10 X k table such that the number in 

the i th row and the j th column is 

Xi} = { 1, if i E A j. ' 

0 , if i E A ) , 
(i = 1, 2, ... , 10; j = 1,2, .,. , k). 

k 10 

Let r i = ~ X ij , l j ~ X ij , then r i respects that i belongs to r i 
j =l ;=1 

sets of A1 , Az, ... , Ak and l j equals the number of elements of Aj , 
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I. e. l j = 1 A j I . With the given condition (1), we know 

k 

~ 1 A j 1 ~ Sk. CD 
i=l i =1 j=l j = l 

Hi E A, n A j (t =l=j), then i andA " A j form a triple {i; At' 

A}} and let 5 denote the number of these triples. 

On one hand, since i belongs to r i sets of A 1 , A 2 , ••• , A k , there 

are (r; ) triples {i; At, A j} containing i (with the convention C) = 

(~) = 0). Hence 

On the other hand, for any two sets At, Aj (t =1= j), there are 

1 A, n Aj 1 elements belonging to At n A j , hence there are 1 At n Aj 1 

triples {i; A" A j } containing A" A j , and it implies that 5 = 

~ 1 At n Aj I . With the given condition (2), we obtain 
l ~l<j,;k 

5 

With CZ) , Q) and Cauchy's inequality and CD, we know 

k (k - 1) ~ ~ 1 A , n A j 1 

l~t <it;;k 

1 10 10 

= 2(~r7 - ~r7) 
1=1 1=1 

~ 210 X Sk X (Sk - 10) 

5 = 4 kCk - 2), 
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so k ~ 6. 

Next, the following 6 subsets of M satisfy the conditions (1) and 

(2) of the problem: 

At = { 1, 2, 3, 4, 5}, A2 = {l, 2, 6, 7, 8}, A3 = {l, 3, 6, 9, 10 } , 

A. = {2, 4, 7, 9, 10 } , As = {3, 5, 7, 8, 10 }, A6 = {4, 5, 6, 8, 9 }. 

Summarizing what we have described above, we obtain the 

required greatest value of k equals 6. 

Solution n We may construct 6 subsets of M satisfying the 

conditions (1) and (2) of the problem as solution I . Thus k ~ 6. 

Next, for sake of contradiction, assume that k ~ 7, then from 
k 

condition (1), we obtain ~ 1 A i 1 ~ 5k ~ 35. Thus there exists an 
i =1 

element of M which belongs to at least 4 subsets of At, A 2 , ••• , A k • 

Without loss of generality, assume that r belongs to four subsets: AI' 

A 2 , A 3 , A •. Thus for any 1 ~ i < j < t ~ 4, 

By the inclusion - exclusion principle and the given conditions (1) 

and (2), we obtain 

• 
= ~ 1 A i 1- ~ 1 A i n A j 1 + ~ 1 A i n A j nAt 1 

= 20 - 12 + (4-1) =11, 

and it is a contradiction . Therefore, our original assumption IS 

incorrect, and it is impossible that k ~ 6. 

Summarizing what we have descried above, the required greatest 

value of k is 6. 

Example 7 Let MO be a city in firmament which consists of 99 
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space stations, and there are many tube routes connecting any two 

space stations. Assume that among these routes, there are exactly 99 

routes which are bidirectional main routes and the remaining routes are 

strictly unidirectional. If four space stations satisfy that there is a 

route such that along this route, we could arrive at any space station 

from the others, then the set of the four space stations is called the 

mutual group of four stations. 

Please design a scheme such that the number of the mutual groups of 

four stations is the greatest and find the greatest number. (The 14th CMO) 

Solution We consider a more general case: there are n space 

stations and n routes which are bidirectional main routes where n ~ 3 is 

an odd and put In = ~ (n - 3). In this problem, n = 99 and In = 48. 

(1) If in a group of four stations, there is a station, called A, 

such that the routes connecting this station and three other stations are 

unidirectional and the initial station of these routes is the station A , 

then this set of four stations is not a mutual group of four stations. We 

use the sign S to denote the set of such groups of four stations which 

are not the mutual through groups of four stations and use the sign T 

to denote the set of the remaining groups of four stations which are not 

the mutual groups of four stations. Thus the number of the mutual 

group of four stations equals 

N" = (:)-1 S I-I T I. 

Assume the space stations are labeled 1, 2, ... , n and the number of 

unidirectional routes with initial station i is Xi' then I S I = .i= (X,) and 
i~l 3 

Xl + X 2 + ... + X" = G) -n = ~ n (n - 3) = Inn. 

N" attains the greatest value when I S I and I T I take the smallest 

values. Firstly, we prove that I S I ~ n (~ ). In fact, if I S I attains the 
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smallest value, then for any 1 ~ i < j ~ n, I Xi - Xj I ~ 1. If there 

exist 1 ~i < j ~n such thatxj -Xi ~ 2, then setting x; =X i +1, and 
II /I 

x~ = Xj - 1, X'k = Xk (k *' i, j), we obtain :SX" = :SXi. Denote 
i=l i=l 

" I 

I 5 ' I = :s (X i ) , then 
,~I 3 

I 5 I-I 5' I = (~,) + (X; ) _ (X; ) _ (~~ ) 

(~' ) + (X; ) _ (X i 3+ 1 ) _ (X j 3- 1 ) 

= (X j 3- 1 ) _ (~' ) > 0 

(since (Xj - 1) - x, ~ 1), and it contradicts that 15 I attains the 

smallest value. SincexI +X2 + ... + x" = Inn, when XI = X2 = ... = x" = 

In, 15 I attains the smallest value, and it implies that I 5 I ~ n (~ ) , so 

the equality holds if and only if XI = X2 = ... = x" = In. Therefore 

N,,=G)-15 1-I T I 

= 11sn(n - 3) (n2 + 6n - 31). CD 

(2) Next, the following scheme indicates that the equality in CD holds. 

Firstly, we arrange the space stations clockwise with serial 

numbers 1, 2, ... , n at n points AI' A 2 , ••• , A" in a circle. Assume 

that the routes between two adjacent stations in this circle are the 

bidirectional main routes, i. e. the bidirectional main routes are the 

following n routes: 
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~ 

Foranyi, j E {1, 2, ... , n}, i oI:-j, if the arc AiAj from A, to 

Aj in clockwise contains odd points, we definite that the route 

between Ai and Aj is strictly unidirectional from A, to Aj :Ai -- A j . 

Since n is an odd, then just one of the arcs from Ai to Aj and from Aj 

to Ai in clockwise contains odd points. Hence the above definition has 

not the contradiction. 

According to the above definition, the number of the strictly 

unidirectional routes from A, to other points equals m = 1 (n - 3) , 

hence I S I = n (~). We will prove that I T I = 0 in this scheme. 

If there the two space stations in a group of four stations such that 

the route between them is a bidirectional main route, then we know 

that this group of four stations is a mutual group of four stations. 

Hence if the group of four stations A, B, C, D is not a mutual group 

of four stations, then the routes between any two stations of A, B, C, 

D are strictly unidirectional. Assume the numbers of space stations 

between A and B, Band C, C and D, and D and A are a, b, c, d 

respectively, then a + b + c + d = n - 4 is an odd. It implies that the 

number of odds in a, b, c, d equals 1 or 3. 

( I ) If a is odd and b, c, d are even then A--B--D--C--A, i. e. A, 

B, C, D construct a mutual group of four stations. (As in figure 15. 1) 

Figure 15.1 

d~h 
~ 

c 

Figure 15.2 

( II) If a is even and b, c, d are odd, and the routes from B to 

A, C, or D are strictly unidirectional routes with the initial station B 

and such group of four stations is not a mutual group of four stations 

which belonging set S. (As in figure 15.2) 
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From the above discussion, we obtain that I T I = 0 m this 

scheme, hence 

Summarizing what we have described above, we obtain that the 

greatest value of number of mutual groups of four stations equals 

G) - n(~) - O = 118nCn - 3)(n 2 + 6n - 31). 

Especially, when n = 99, we conclude that the greatest number of 

mutual groups of four stations in this problem equals 

(9:) _ 99(~8) = 2052072. 

Example 8 Let the set U = {1, 2, ... , n } , where n ;? 3. A subset 

S of U is said to be split by an arrangement of elements of U if an 

element not in S occurs in the arrangement somewhere between two 

elements of S. For example, 13452 splits { 1, 2, 3} but not {3, 4, 5}. 

Find the greatest positive integer m such that for any m subsets, each 

containing at least 2 and at most n - 1 elements of U, there is an 

arrangement of U which splits all of the m subsets (The Problem 

Prepared for 39th IMO in 1998). 

Solution For n = 3, there is not an arrangement of {1, 2, 3 } 

which splits two subset { 1, 2} and { 1, 3}simultaneously, but for any a 

2-element subset A = { i , j } of {1, 2, 3}, there is an arrangement { i, 

k, j } of {1, 2, 3 } which splits A . Hence when n = 3, the greatest 

value of m equals 1. Similarly , when n = 4, we may obtain that the 

greatest value of m equals 2. In general case, we prove that the 

required greatest value of m equals n - 2. 

Firstly, by mathematical induction method, we prove that for any 

n - 2 subsets in U = {1, 2, ... , n } , there exists an arrangement of U 

which splits these n - 2 subsets. 

In fact, for the basic case n = 3, we have proved the conclusion is 
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true. Assume for n ;?: 3, the conclusion is true. Assume U = {1, 

2, ... , n, n + 1} and 91 is a family of n - 1 subsets of U, each 

containing at least 2 and at most n elements of U. Suppose that 91 

contains k 2-element subsets and l n-element subsets. Then k + l ~ n -

1. Since at most k elements of U can appear two or more times in the k 

2-element subsets. Hence, the number of elements which appear at 

most once among the k 2-element subsets is at least 

(n + 1) - k ;?: (n + 1) - (n - 1 - l) = l + 2. 

If l = 0, then there is not a n -element subset in 91. If l ;?: 1, then 

there are just 1 elements which are not contained in some of the l n­

element subsets. (Since for each n-element subset in U, there is only 

one element of U which does not belong to it. ) Hence among the l + 2 

elements, there is an element belong to all the n-element subsets of U. 

Thus we have proved that there is an element a in each of n-element 

subsets of U, but at most one of the 2-element subsets of U. 

Without loss of generality, assume that a = n + 1 , otherwise we 

rearrange the elements of U. When the element n + 1 is removed, all 

n -element subset in U become (n - 1) -element subsets of {1, 2, ... , 

n} (or there is not an n-element subset of U), and there are at most 

one of the 2-element subset becomes a singleton. 

If we have such a subset {i}, then the induction hypothesis 

guarantees the existence of a permutation 11: of {1, 2, ... , n} that 

splits all the other n - 2 subsets (with n + 1 taken out). By adding n + 
1 to 11: anywhere away from i, we have a permutation of {1, 2, ... , 

n + 1} which splits all en -i)-element subsets in U. (Note that all of 

the other subsets that contain n + 1 which were already split before 

adding n + 1 remain split. ) 

If we do not have such a singleton, choose any subset S among the 

en - 1 )-element subsets. By the induction hypothesis, we have a 

permutation 11: of {1, 2, ... , n} that splits all the other n - 2 subsets. 

If n + 1 tf S, adding n + 1 to 11: between two elements of S, we have a 

permutation of {1, 2, ... , n + 1} which splits all (n - 1) -element 
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subsets in U. Otherwise, if 11 + 1 E S, if 11: does not already split S, we 

may add 11 + 1 on either the left or right end of 11: to split S. This 

completes our induction. 

On the other hand, for any 11 ~ 3, there is not a permutation of 

{ 1, 2, ... , 11} which split all of following 11 - 1 subsets: {1, 2}, {1, 

3}, {1, 4}, ... , and {1, 11}. In fact, if the permutation 11: splits the 

subsets: {1, 2}, {1, 3}, {1, 4}, ... , and {1, 11 - 1 }, then 11: just has 

the two following forms: 11:1 

{a2 a 3"'a n-1 111 }, where {a2a3"'an-l} is any permutation of 2,3, ... , 

11, but 11:1 and 11:2 cannot split the subset {1, 11}. 

Summarizing what we have described above, the required greatest 

value of m equals 11 - 2. 

Exercise 15 

1 Assume that for a finite set A, there exists a function f: N+­

A which has following property: If i, j E N+ and Ii - j I is a prime, 

then f (i) =F f (j ). What is the smallest number of elements that A can 

have? 

2 M is a finite set of real numbers such that given three distinct 

elements from M, we can choose two of them whose sum also belongs 

to M. What is the largest number of elements that M can have? (26 th 

Russian Mathematical Olympiad in 20(0) 

3 LetM = {1, 2, 3, ... ,19, 20}, and A l , A 2 , ••• , An be 

different non-empty subsets of M such that when i =F j, I Ai n Aj I ~ 

2. Find the largest value of 11. 

4 Given positive integer 11 ~ 3, find the smallest positive integer 

m satisfying that if we partition the set S = {1, 2, ... , m} into any 

two disjoint subsets, then there are 11 positive integers Xl' X2' •.. , Xn 

(not necessarily distinct) belonging to the same subset such that Xl + 
X2 + ... +Xn-l = X n • 

5 In a mathematical competition, there are 8 players and 11 two-
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choice (yes or no) questions. Assume for any two questions (A, B) 

(where (A, B) is an order pair), there are exactly two persons whose 

answers are (yes, yes), two persons (yes, no), two persons (no, yes) 

and two persons (no, no). Find the largest value of n. Justify your 

answer. 

6 Let setS = {1, 2, 3, ... ,2005), andA = {aI, a2' ... , ak} 

be a subset of 5, and the sums of any two numbers in A are not a 

multiple of 125. Find the largest value of k. 

7 LetP ={P I , P 2 , ••• , P I99.j} be a set of the planar points, no 

three points of which are collinear. The set P is partitioned into 83 

subsets such that there are at least three points in each subset. Assume 

that any two points in the same subset are connected by a line segment 

and any two points in distinct subset are not connected by a line 

segment. Thus we get a figure G, and the distinct partitions 

correspond to distinct figures. Let the sign m (G) denote the number 

of triangles whose three vertices are the points in P. (1) Find the 

smallest value mil of m (G); (2) Assume that figure G * is a figure such 

that the equality m (G *) = m II holds. If the line segments in G * are 

colored with four distinct colors and every line segment is colored with 

a color. Prove that there is a coloring scheme such that when G * is 

colored, and there is not a triangle whose three side have the same 

color and its vertices is in P. (China Mathematical Competition m 
1994) 

8 There are 2000 circular pieces of paper with the same radii 

without overlapping on a table, and some circles are circumscribed. 

Find the smallest number of colors such that each circular piece of 

paper is colored with a color, and any two circles which are 

circumscribed are colored with distinct colors. (The Selective 

Examination for National Team of China for the 30th IMO) 

9 For integer n ?: 4, find the minimal integer f (n ), such that 

for any positive integer m, in any subset with fCn) elements of the set 

{m, m + 1, m +2, ... , m +n -1} there are at least 3 mutually prime 

elements. (China Mathematical Competition in 2004) 
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Exercise 1 

1 With the given condition, we know that there is exactly one 

student who gets 2 prizes and each of the remaining n - 1 students who 

gets exactly 1 prize, then the number of distinct ways to award prizes 

( n + 1 ) 
IS 2 P;:. Answer: D. 

2 The number of distinct of selecting ways is C) G) + G) (;) + 

C) (~) = 120. Answer: C. 

3 Firstly, the unit digit of 5-digit numbers which are not the multiple 

of 5 is one of 1, 2, 3, 4. Thus the number of such 5-digit numbers is 4 x 4 ! , 
among these numbers, the number of 5-digit numbers not exceeding 20000 

whose leading digit is 1 and unit digit is one of 2, 3, 4 is 3 x 3 !. Hence the 

number of 5-digit numbers satisfying the conditions of the problem is 4 X 

4! - 3 X 3! = 78. Answer: B. 

4 The number of ways of selecting 2 numbers A and B from 6 

digits is P~. But in the above computation, the straight lines 

corresponding to the following cases are the same straight line: (1) A = 0, 

B = 1 , 2, 3, 6, 7; (2) B = 0, A = 1 , 2, 3, 6, 7; (3) A = 1 , B = 2 and 

A = 3, B = 6; (4) A = 1 , B = 3 and A = 2, B = 6; (5) A = 2, B = 

1andA =6,B =3; (6)A =3,B =1andA =6,B =2. Hence the 

number of distinct straight lines is p~ - 2(P~ - 1) - 4 = 18. 

S The number of ways of selecting 2 numbers a and x from 7 
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digits 1, 2, 3, 4, 5, 7, 9 is P~ . But the base a can not equal 1 and the 

countings are repeated in the following cases: (1) X = 1 and a = 2, 3, 

4,5,7, 9 ; (2) log24 = log)9; (3) log-l2 = log93; (4) log)2 = log94; 

(5) log23 = log-l9. Hence the number of distinct values of log,x is 

Pi - (~) - ((~) - 1 )- 4 = 27. 
6 Assume that there are n players and the number of games 

among the 3 players is r . Thus 50 = C ; 3) + (3 X 2 - r) , this is (n -

3 ) (n - 4) = 88 + 2r. Thusr = 1, n = 13. Answer: B. 

7 a suppose that the inclination is e, then tan e = - b > 0. 

Without loss of generality, assume that a > 0, b < 0. ( 1) When c = 0, 

we choose a in (~) ways and b in C) ways respectively. But we ought 

to delete two repeated cases (Since three equation x - y = 0, 2x -

2y = 0 , 3x - 3y = 0 correspond to a straight line) . Hence in this case, 

the number of distinct straight lines is (~) C) -2 = 7; (2) When c of:-

0, we choose a in C) ways , b in C) ways and c in (:) ways 

respectively. Hence in this case, the number of distinct straight lines is 

(~) C) (:) = 36. Therefore the number of straight lines satisfying the 

conditions is 7 + 36 = 43. 

8 As figure, A and B are colored in p~ = 30 ways. If C and B 

are colored with the same color, then C and D are colored in (:) 

ways; If C and B are colored with distinct colors, then C and D are 

colored in (~) (;) ways. Hence C and D arc colored in ~ 

(:) + (:) (:) = 21 ways . Similarly, E and F are colored ~ 
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in 21 ways. By the multiplication principle we obtain that the number 

of distinct coloring ways satisfying the conditions is 30 X (21) 2 = 

13 230. 

9 Firstly, we find the number of distinct processes of the game 

A wins. Assume that ith player of A wins Xi times Ci = 1, 2, ... , 7), 

then X t + X 2 + ... + X 7 = 7. Thus the number of distinct processes of 

game A wins equals the number of nonnegative integer solutions of the 

(7 + 7 - 1) (13) indefinite equation X l + X 2 + ... + X 7 = 7, and it is 7 _ 1 = 6 . 

Similarly , the number of distinct processes of the game B wins also 

equals (1:) . So the number of distinct processes of the game equals 

2C:) = 3432. 

10 Since the marksman break eight targets in 8! ways and the 

orders of the targets in every column are determined, the required 

b f . 8' 56· num er 0 ways 1S 2! • 2 i . 3! = O. 

n Obviously, we need at least three colors. (1) If 5 colors are 

all used, then we take one color from 5 colors to color the above 

vertex in C) ways. Afterward, we use the remaining 4 colors to color 

4 vertices in base facet in (4 - i)! = 3! ways. In this case, there are, 

in all, (~). 3! = 30 ways; (2) If 4 colors are used, then we choose 4 

colors from 5 colors in C) ways and use one of the 4 colors to color 

the above vertex in (~) ways. Afterward, we use the remaining 3 

colors to color 4 vertices in base facet. In this case, one pair of the 

opposite vertices in base facet is colored with the same color. We 

choose a color to color one pair of the opposite vertices in base facet in 
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( 3
1 

) ways, and use the remaining 2 colors to color the remaining two 

vertices in base facet in I! = 1 way . In this case, there are, in all, 

e) C) (~). 1 = 60 ways; (3) If 3 colors are used, we take 3 colors 

from 5 colors in (~) ways and use one of the 3 colors to color the above 

vertex in C) ways . Afterward, we use the remaining 2 colors to color 

4 vertices in base facet. In this case, each pair of the opposite vertices 

in base facet is colored with the same color, and the number of the 

coloring ways is I! = 1. In this case, there are, in all, (~) (~) • I! = 30 

ways. Summing up the above , we obtain that the number of ways 

satisfying conditions is 30 + 60 + 30 = 120. 

12 We might as well suppose b l < b2 < ... < b511 , and divide 

elements a I ' a2 ' ... , a 11111 in A into 50 nonempty groups according to 

their order . Define a mapping f : A --B, so that the images of all the 

elements in the i th group are b i (i = 1, 2, .. . , 50) under the mapping. 

Obviously, f satisfies the requirements given in the problem. 

Furthermore, there is a one-to-one correspondence between all groups 

so divided and the mappings satisfying the condition. So the number of 

mappings f satisfying the requirements is equal to the number of ways 

of dividing A into 50 groups according to the order of the subscripts. 

Let Xi denote the number of elements of the i th group, then the 

number of ways of dividing A is equal to the number of positive integer 

solutions of the indefinite equation XI + X2 + ... +XSII = 100, and it is 

( 100 - 1) = (99 ). Then there are, in all, (99) h . 
50 - 1 49 49 suc mappmgs. 

Answer: D. 

13 Since the number of non-negative integer solutions of 

. (In + k - 1 ) equation XI +X2 + ... +Xk = In IS , when xi ~ 1 and xi ~ In 
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o (i ~ 2), the number of integer solutions, is (m + k - 2 ), the 
m -1 

( k + 5) number of lucky numbers with k digits is P (k) = 6 . We know 

2005 is the minimum lucky number of the type 2abc and P(1) = (~) = 

1, P(2) = G) = 7, and P(3) = G) = 28. Note that the number of 

four digits lucky numbers of the type 1abc is the number of 

.. 1 . (6+3-1) nonnegative mteger so utlOns of a + b + c = 6, i. e. 6 = 28. 

Thus 1 + 7 +28 +28 + 1 = 65 and 2005 is the 65 th lucky number, i. e. a6S 

= 2005, SOn =65, 5n =325. Furthermore, P(4) = G) =84, P(5) = 

( 10) s 
= 210, and ~ P (k) = 330. Therefore the last six lucky numbers 

6 k~1 

with 5 digits, from the largest to the smallest, areaJJIJ = 70000, a12Y = 

61000, am = 60100, aJ27 = 60010, aJ26 = 60001, am = 52000. So the 

325 th lucky number is am = as" = 52000. 

14 Let 5 denote the set of all permutations of the n pair married 

couples in a line and A, denote the set of all permutations in which the 

ith pair married couple is adjacent. By the inclusion-exclusion 

principle, the number of all permutations satisfying the condition of 

the problem equals 

" 
InA, 1=1 5 I-~ lA, 1+ ~ lA, nAj 1-· .. +(-1)" InA, I 

1=1 i=1 hi<jQ/ i=1 

= (2n)! - C)· 2 • (2n -1)! + G)· 22 • (2n - 2)! - ... 

+ (- 1)k G). 2k • (2n - k)! + ... + C)· 2" • n !. 

15 Let a IIJIlIl = 11 , 5 = {I, 2, ... , 11}, and A, = {k IkE 5, and 

k is a multiple of i} (i = 3,5,7). Since 105 = 3 X 5 X 7, then (k. 
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1(5)Rk is not multiple of 3, 5 and 7. By the inclusion-exclusion 

principle and the given conditions, we obtain that 

lOOO = I A3 n As n A7 I 

=1 s I-I A3 I-I As I-I A7 1+1 A3 n As 1+1 A3 n A7 I 
+1 As n A7 I-I A3 n As n A7 I 

= n - [; J- [~ J- [; J+ [3 ~ 5J+ [3 ~ 7 J 

+[5 ~7J-[3 X~ X7]. 

With a-I < [a] < a, and CD, we obtain that 

(n n n) ( n n n) 1000 > n - :3 + 5 + 7 + 3 x 5 - 1 + 3 x 7 - 1 + 5 x 7 - 1 

and 

1000 < n - (~ -1 + ~ -1 + ; - 1) + (3 ~ 5 + 3 ~ 7 + 5 ~ 7 ) 

-(3X~X7-1). 

CD 

3 1 
Itmeans2178 4 <n <2194 16. Sincen and 105 are coprime, so 

n is one of 2179,2182,2183,2186,2188,2189,2192, and 2194. 

Among these numbers, there is only n = 2 186 which satisfies the 
equation CD, soa1ll01J = 2186. 

16 Let S denote the set of the n-digit numbers consisting of the 

digits 1, 2 and 3. Ai = {m I m E S, and each digit of m is not i} (i 

1, 2, 3). Thus the number of required n -digit numbers equals 

I Al n A2 n A3 I = I S I-I Al I-I A2 I-I A3 1+1 Al n Az I 
+1 Al n A3 1+1 A2 n A3 I-I Al n A2 n A3 I 

= 3" - (2" + 2" + 2") + (l" + 1" + 1") - 0 

= 3" - 3 • 2" + 3. 
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Exercise 2 

1 Let 17 points A; (i = 1, 2, ... , 17) in a circle represent 17 

scientists. If a couple of scientists makes reference to the first (second 

or third) topic, then the line segment connecting two corresponding 

points is colored red (blue or green). By Pigeonhole Principle, of 16 

line segments meeting A; at least [16 3- 1] + 1 = 6 is colored with the 

same color. Without loss of generality, suppose that the line segments 

AJA2' AIA3' ... , AJA7 are colored red. If among six points A 2 , 

A 3 , ••• , A 7, there are two points A; , Aj (2 ~ i <j ~ 7) such that the 

line segment connecting the two points is colored red, then there is a 

red triangle AIA,Aj' Otherwise, the line segments connecting each 

pair of six points A 2 , A 3 , ••• , A7 are all colored with blue or green, 

by the Ramsey's theorem, there exists a monochromatic triangle, i. e. 

there exists a group of three scientists whose letters are about the same 

topic. 

2 ( 1 ) Numbers 1, 3, 7, and 9 satisfy the conditions of the 

problem. (2) Consider the remainders of any 5 positive integers with 

modulus 3. If three remainders 0, 1, and 2 all appear, then the sum of 

the three numbers is divisible by 3, so it is not a prime. If at more two 

of the three remainders 0, 1, and 2 occur, then by Pigeonhole 

Principle, at least [5 ; 1] + 1 = 3 numbers whose remainders with 

modulus 3 are equal, hence the sum of the three numbers is divisible by 

3, and it is not a prime. Summing up the above, there are not five 

numbers such that the sum of any three of these numbers is a prime. 

3 As figure, the triangle ABC is divided into two triangles: 

DAEF and DCDE and a parallelogram BDEF. 
A 

By Pigeonhole Principle, there exist at least 

[ 7 - 1] .. f' S h -3- + 1 = 3 pomts m same 19ure. 0 t e area 

of triangle whose vertices are this three points is ~ 
B D C 
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1 
less than or equal to 4' 

4 Assume that M = {3k + 1 I k = 0, 1, 2, ... , 669}, then M c 

S, M =F S and I M I = 670. Since the difference of any two numbers in 

M is a multiple of 3, and the sums of any two numbers in M is not a 

multiple of 3, the sum of any two numbers in M is not divisible by 

their difference. So the required largest value is not less than 670. 

Next, let S be partitioned into the following 670 subsets: {1, 2, 3}, 

{4, 5, 6}, p, 8, 9}, ... , {2005, 2006, 2007} , {2008, 2009}. We 

take any 671 numbers from M, by Pigeonhole Principle, at least 

[67~7~ 1 J+ 1 = 2 belongs to the same subset and their difference does 

not exceed 2. Assume that the two numbers is a and b and a > b. If 

a - b = 1, then a -+- b is divisible by a - b. If a - b = 2, then a and b 

are odds or evens. Hence a + b is an even, and a + b is also divisible 

by a - b. Therefore the required largest positive integer equals 670. 

5 We first prove that given any set of 13 consecutive positive 

integers from S, at more 6 of these 13 integers can be elements of M. 

We prove this fact for the set T = {1, 2, 3, ... , 13}, but the same 

proof works for any set of 13 consecutive positive integers. Consider 

thefollowing13subsetsofT: {l, 6}, {2, 7},{3, 8},{4, 9}, {5, 10}, 

{ 6, 11}, p, 12}, { 8, 13}, {1, 9}, {2, 10}, {3, 11}, { 4, 12}, and {5, 

13}, then each number of T belongs to just two subsets. For any 7 

numbers of T which belong to the above 14 subsets, and by Pigeonhole 

Principle, at least two numbers belong to the same subset whose 

difference equals 5 or 8. Hence any 7 numbers of T are not all to 

belong to M. On the other hand, it is easy to find a 6-element subset 

that satisfies the key property of M (i. e. , no two numbers differ by 5 

or 8). One such set is T' = {1, 2, 4, 5, 8, 11}. We also find that T' 

has the remarkable property of allowing for a periodic continuation. 

This is, if Z denotes the set of integers, then M' = {13n + kin E Z, 

k = 1, 2, 4, 5, 8, 11} also has the property that no two elements in 

the set differ by 5 or 8. Moreover, since 2000 = 13 X 154 - 2, so at 
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most 154 X 6 = 924 numbers of M satisfy that no two number differ by 

5 or 8. Thus set M = M' n S has the property that no two elements in 

the set differ by 5 or 8 and I M I = I M' n S I = 924. Summing up the 

above, we get obtain that the largest number of elements of Mis 924. 

6 For sake of contradiction, assume that two persons A and B 

are not brothers, then each of the remaining 5 persons and at most one 

of {A, B} are brothers. (Otherwise, three persons A, B, and Care 

brothers, and it is a contradiction. ) By Pigeonhole Principle, one of 

{A, B} has at most [ ; ] = 2 brothers among the remaining 5 persons. 

Thus this person has at most 2 brothers among the remaining 6 

persons, and it contradicts the given condition. This completes the 

proof. 

7 Assume that the number of purchasers of some book is largest 

and it is k. If k ~ 4, since 4n * 30 (n E N+), then it is impossible that 

the numbers of purchasers of each book are all 4. Assume that some 

person P buys 3 books: a, band c, and the sets of purchasers of a, b 

and care M a, Mb and Me respectively, and I Ma I ~ 3, I Mb I ~ 4, 

I Me 1~4. 

Since P E Man M b n Me' I Man M b l;?o 1, I Man Mel ;?o 1 , 

1Mb n Me l;?ol Ma n Mb n Me l;?o 1 and from the given condition 

(2), we know I Ma U Mb U Me 1= 10. By the inclusion-exclusion 

principle, we obtain that 10 = I Ma U Mb U Me I = I Ma 1+1 Mb 1+ 

I Me I -I Ma n Mb I-I Ma n Me 1- (I Mb n Me I-I Ma n Mr, n 
Me I) ~ 3 + 4 + 4 - 1 - 1 - () = 9 - 1 - 1 - 0 = 9, and it is a 

contradiction, thus k ;?o 5. On the other hand, we denote books by the 

numbers: 1, 2, 3, ... and the books which are brought by the 10 

persons are: {1, 2, 3}, {1, 2, 3}, {1, 4, 5}, {1, 6, 7}, {2, 4, 6}, 

{2, 4, 6}, {2, 5, 7}, {3, 4, 7}, {3, 5, 6}, and{3, 5, 6}respectively, 

then the given conditions in the problem are satisfied and k = 5 holds. 

Therefore, the required smallest value is 5. 

8 (1) Firstly, we prove that for any real number a, there exist 

two points such that the distance between the two points equals 2a and 
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this two points are colored with the same color. In fact, we choose a 

red point A and draw a circle with the center A and radius 2a. If there 

is a red point on this circle, then the conclusion holds. Otherwise, the 

points on this circle are all blue. Thus on this circle, two end points of 

one side of inscribed regular hexagon are all blue and the distance 

between the two points equals 2a. Thus the conclusion also holds. 

Next, let AB = 2a and A, B be red points. We draw a circle with 

diameter AB and denote 6 vertices of inscribed regular hexagon of this 

circle by A, C, D, B, E and F respectively. If one of C, D, E, F, 

say C, is a red point, then three vertices of Rt,6,ABC are all red and 

BC = a, CA = J3a, and AB = 2a, so the conclusion is valid. 

Otherwise, three vertices of Rt,6,CDF are all blue and CD = a, DF = 

J3a, and EC = 2a, so the conclusion is also valid. 

(2) Proof I Taking a = 1 , and a = 1995 respectively in (1), we 

obtain two right-angle triangles satisfying the given conditions in the 

problem. This completes the proof. 

Proof 1I We draw two circles with the same center 0, and 

choose any 9 points on the little circle. By Pigeonhole Principle, at 

least [9 ; 1] + 1 = 5 points of the 9 points are colored with the same 

color. Let 5 points A, , A 2 , A 3 , A 4 , As on the little circle be colored 

red. We draw ray OA i (i = 1, 2, 3, 4, 5) and denote the intersecting 

points of OA i and the greater circle by B i (i = 1, 2, 3, 4, 5). By 

Pigeonhole Principle, at least [5 ; 1] + 1 = 3 points B i, ' Bi2 ' and B i3 

C1 ~ i, < i2 < i3 ~ 5) are colored with the same colors. Thus two 

triangles 6A i, A iz Ai3 and 6B i, Bi2 Bi3 satisfy the given conditions in 

the problem. This completes the proof. 

9 Suppose the convex has F facets, E edges and V vertices, then 

V = 6, and E = 12. Substituting them to Euler's formula, we obtain 

that F = E +2 -V = 12 +2 -6 = 8. Assume that there are Xi edges on 
H 

the ith facet Ci = 1,2, ... ,8), thus Xi ;;::3 and 2...: Xi = 2E = 24, i. e. 
l~' 
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8 8 

~ 2..: x, = 3. If there is some x; > 3, then.1 2..: x; > 3, and it is a 
; ~1 8 ;~1 

contradiction. So x ; = 3 Ci = 1, 2, ... , 8), and each facet is a 

triangle. 

10 We proof by induction on n. When n = 4, the number of 

pairs of points which have the determined distances in M, is.1 ·4(4 -
2 

3) + 4 = 6. But 4 points just form (;) = 6 pairs of points, so M . is 

stable. Suppose that when n = k (k ~ 4), the conclusion holds. Then 

when n = k + 1, assume that the number of pairs of points which have 

the determined distances in M k+ 1 is 1 (k + 1) (k - 2) + 4, then the sum 

of pairs of points which have the determined distances meeting every 

poin t in M k+ 1 equals (k + 1) (k - 2) + 8. By the mean value principle, 

there exists a point A such that the number of pairs of points which 

have the determined distances meeting point A is l ~ k I I [ (k + 1) 

7 - k . 7 - k . 
(k - 2) + 8J = k - 1 + k + l' Smce k + 1 < 1, l ~ k - 1. Deletmg the 

point A, we know among the remaining figure, there are k points and 

the number of pairs of points which have the determined distances is at 

least ~ ( k + 1)(k - 2) + 4 - (k - 1) = ~ k(k - 3) + 4. Applying the 

inductive hypothesis, we obtain the set consisting of the k points is 

stable and there are at least ~ (k + 1) (k - 2) + 4 - (~) = 3 points: B, 

e and D of the k points such that the distances between A and each of 

B, e and D are determined. Assume thatAB = x, Ae = y, andAD = 

z ( x , y , z are determinate real numbers), then A is unique. In fact, 

if there is another point A' 0:/= A such that A'B = x, A'e = y, and 

A'D = z , then the three points B, e and D are on the perpendicular 

bisector of AA', and it contradicts the given conditions. Thus we 

complete the proof. 
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Exercise 3 

then 

With CD + @ + CD and the given recurrence relation, we obtain 

(1 - 3x + 2x 2)fex) = 2 -x , so 

fex) 2 -x 2 -x 
1 - 3x + 2x 2 (1 -x)( 1 - 2x) 

00 00 

= _ 3 ___ 1_ = 3 ~ e2x)" - ~ x" 
1 - 2x 1 -x 

1/~O 

00 

= ~ (3 • 2" - 1)x" . 
11=0 

Hence a" = 3 • 2" - 1. 

then 

so 

(2) Let fex) = all +alx + a2x2 + ... +a"x" + "' , CD 

--.lL = 12 + 12x + 12x 2 + ... + 12x" + .... @ 
1 - x 

With CD + @ + CD + @ and the given recurrence relation, we obtain 

12 
(1 - x - 6x 2)fex) + 1 _ x = 16 + 11x, 

fex) 4 - 5x - llx 2 

Cl - x - 6x 2 ) C1 - x) 

4 - 5x - llx 2 

Cl - x )( 1 + 2x ) C1 - 3x ) 

= ----.:L + _B_ + _C_ 
1 - x 1 + 2x 1 - 3x' 
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4 - 5x - 11x2 I 4 - 5x - 11x2 I 
Then A = C1 + 2x )( 1 _ 3x) I-I = 2, B = = 1 , - C1 - x )( 1 - 3x) p -1 

4 - 5x - 11x2 I c = = 1 
C1 - x) C1 + 2x) I~1 ' 

so 

f( ) = _2_ + _1_ + _1_ 
x 1 - x 1 + 2x 1 - 3x 

00 00 00 

= 2 L:x" + L: ( - 2x)" + L: Ox)" 
11 =0 

00 

= L: (2 + (- 2)" + 3" h". 
n=1I 

Hence a" = 3" + ( - 2)" + 2. 

2 ( 1) On one hand, the coefficient of x" in C1 + x )2" 

2" (2n (2n L: )Xk is ). On the other hand, the coefficient of x" in 
k~ () k n 

C1 + X ) 2" = C1 + x)" C1 + x)" = (t (n )x' ) (t (n )xi ) 
,~O 1 J~O } 

" (n)( n) "(n)2 is 2: . = 2: . 
,~O 1 n - 1 , ~ () 1 

So t cf = (2n). 
i~O I n 

(2) On one hand, the coefficient of X"+I in (1 + X )2" = t (2n )Xk 
k ~() k 

is ( 2n ). On the other hand, the coefficient of X" + I in 
n + 1 

" (n) ( n ) is 2: . So 
k~ I k n + 1 - k 

(3) On one hand, the coefficient of x" in 
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( n + 1) is n = n + 1. On the other hand, the coefficient of x" in 

IS 

[,,'2J (n)(n+(n-2k)) [,,/2J (n)( n ) 
~ ( - 1)k = ~ ( - 1)" . 
k~1I k n k~1I k 71 + 1 - k 

So 

~=(_1)k(n)(271-2k)= ( 271 ). 

k~() k n n + 1 

(n+k+l) (71+k+l) (4) Note that = and the coefficient of X,,-k in 2k+l 71-k 
,,+k+1 . 71 + k + 1) 

(2 - x ),,+k+l = ~ (-1)' ( . • 2,,+k+1-;X; 

1=0 1 

IS 

(71+k-l) (71+k+l) (-l),,-k .2,,+k+1-(,,-k) = (-1),,-k22k+1 , 

n-k 71-k 
" 

so the coefficient of x" in j(x) = ~ (- x + 2),,+k+1 • Xk is 

On the other hand, in the equality 

j(x) = (2 -X),,+I(1-X)-2 

k~1I 

= [1 + (1 - x) J,,+1 (1 - X)-2 
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Only last two terms contain the term x" and the sum of coefficients of 

x " of the two terms is 

(n+l) (n +l) 
n + 1 = 2(n + 1). 

So 

(5) When k ~ p, the coefficient of xP in (1 + X ) k = ± (n )X i is 
l ~(j I 

(:) and when k < p, the coefficient of x P in (1 + X)k = ~ C )X i is 

zero, so the coefficient of x P in 

is t ( - 1)k C) ( k ). On the other hand, the coefficient of x P in 
k ~p k P 

j(x) =[l - (1 + x) J" = ( - 1)"x" 

is 

( - 1 )"0 P, " {
O, 

( - 1)", p = n. 

So 

Exercise 4 

1 Two sides are divided by j a,, ~ I a ,, ~ 2 in (1), we obtain J a" = 
a'l - l 
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1 + 2Ja"-1 . Set b" = fa:: , then b" = 1 + 2b,, -1 , i. e. b,,+1 + 1 = 2(b,, -1 + 
a ll-2 ,y~ 

1 ). So b" + 1 = (b 1 + 1) • 2" -1 = 2". This is ~ = (2" - 1) 2 , so 

2 

a ll - 1 

" a'l a,, - l a2 II (2k )' a" =-· - ·····-·a l = - 1-. 
an - I a n - 2 a 1 k= l 

Both sides are divided by 2"+1, we obtain that a,,+1 
2"+1 

a" + 1 S b a" h b 3 b + 1 T 2 ' et " = T' t en ,,+1 =- 2" 2' I.e. 

2. 
2 

1 
5 

- ~ (b" - ~ ) (Note that ~ IS the root of equation x = - ~ x + 

1 2)' Thus 

and 

b" 5 

a" = 2"b" = 2" [ (all - ~ ) ( - ~ )" + ~ ] 

= ( - 3)" [ (ao - ~ ) + ~ (- ; r J. 

Since ( 2)" 1 -3 --0 (n-- oo ) , ifa ll - S *0, andn is great enough, 

then a" and ( - 3)" (a u - ~ ) have the same sign. Hence {a,, } is 

increasing if and only if ao = ~. 

3 Let 5" = a 1 + a2 + ... + a" , then 

a" = 5" - 5,,-1 = n 2a" - (n -1)2 a ,, _I' 

n - 1 
i.e.a " = n + la "- I' So 
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_ all an-l a2 a n - - • -- •.••• - • at 
a n - l a n -2 a, 

_n - l n - 2 n-3 1 1 
- n + l·-n- ·n-l·····3·2 

1 
n(n + 1)' 

4 The characteristic equation is r2 - 2r - 1 = 0, and the 

characteristic roots arerl.2 = 1 ± J2. Soa" = cI(l +J2 )" + c2(1-

J2)'" From au = 0, and a I = 1, we know that CI = _1_, C2 = _ _ 1_. 
2J2 2J2 

Thus 

a" = _l_Cl +J2)" _ _ l-Cl - J2)". 
2J2 2J2 

Set Cl + J2)" = A " + B" J2 (A ", B" E N+), then (1 -J2 )" 

A" -B"J2, a" =B", and A;' -2B~ = (-1)". It implies A" is odd. 

Let n = 2k (2t + 1) (k, t are nonnegative integers). Thus we need to 

prove that B" is a multiple of 2k but not 2k+l. We prove by induction on 

n. When k = 0, then n = 2t + 1 is odd, and A " is also odd, so 2B;, = 

A;' +1 = 2 (mod4). ThusB" is odd, and it means thatB" is a multiple 

of 2() but not 21. Assume that when k = m, B" is a multiple of 2111 but 

not 2"' +1 , and when k = m + 1, with (A" + B" J2)2 = (1 +J2)2" = A 2" + 

J2B2" , we obtain B 2" = 2A"B 2" and since A" is odd, B2111 is a multiple 

of 2"'+ I but not 2111 +2 , and 2n = 2k+ I (2t + 1). Therefore we complete the 

proof. 

S Assume that there are a" distinct ways. Obviously, a I = 1, 

a 2 = 2. When the chessboard is 2 x n, if we use 1 x 2 rectangles to 

cover two small squares on the leftmost column, then there are a,,-I 

distinct ways to cover the remaining 2 X (n - 1) rectangles on the 

chessboard, and if we use two 1 X 2 rectangles to cover the leftmost 

2 X 2 square on the chessboard, then there are a,, -2 distinct ways to 

cover the remaining 2 X (n - 2) rectangles on the chessboard. Thus a" = 

a,,-1 + a,, -2. From example 4, we obtain 
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=_1 [(1 +J5)"+1 _ (1 -J5 )"+1] 
a" J5 2 2' 

6 Obviously, a 1 = 2. Since the sphere is divided into a,, -1 regions 

by n - 1 big circles, and no three of circles are concurrent, the number 

of intersecting points of the nth great circle and the n - 1 big circles is 2 

(n - 1) and the nih big circle is divided into 2 (n - 1) arcs by these 

intersecting points. Hence each original region is divided into two 

regions by these arcs, and the number of incremental regions is 2 (n -

1), and this is a" = a,,-I + 2(n - 1). Therefore 

n n 

a" = a 1 + ~ (ak - ak-l) = 2 + 2 ~ (k - 1) 

= 2 + 2 • n (n 2- 1) = n 2 - n + 2. 

7 Obviously, a 1 = 3. Among the n -digit numbers satisfying the 

given conditions, the number of n-digit numbers with leading digit 1 is 

4,,- I _ a ,, _ 1 and the number of n-digit numbers with leading digitk = 2, 

3 or 4 is 3a,,-, , thus 

a" = 4,, -1 - a,,-I + 3a,, - 1 = 2a,,-, + 4,, -1 . 

Both sides are divided by 4" : ::: = ~ • :::=11 + ! ' and set b" 

then b" = 1 b,,-, + ! ' i. e. b" - ~ = 1 (b,,_, - 1 ). 
So 

b" 
1 
2 

Therefore 

a" = 4" b = 4" (_1_ + --L ) = --L (2" + 4" ) " 2" +1 2 2 . 

a" 
~' 

8 Assume that the ball returns to A after n times in a" distinct 

ways . It can be easily concluded that a 1 = 0, and a2 = 3 and there are 

3,,-1 distinct ways to pass the ball n - 1 times continually. These ways 
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are divided into two classes: (1) the ball returns to A after the (n -

1)th times in a ,, - I distinct ways and (2) the ball is passed to one of B, 

C, D after the (n - 1) th times but the ball returns to A after the nth 

. . d" H + - 3,, -1' a " 1 a ,, -I_ tIme m a" Istmct ways . encea ,, - I a " - ,l.e. y. +3 · 3,, -1 -

~. Setb" =~:: , thusb" + ~ b,, - I = ~ ,i.e. b" - ! =- ~ . (b"-I - !). 
(Note that ! is the root of the equation x + ~ x = ~. ) Hence b" 

1 ( 1) ( 1 ) ,, -1 ( 1) ( 1 ,,-I 4 = b I - 4 . - 3 = - 4 - 3 ) ,and 

a" = 3"b" = 3" [( - ! )( - ~ ),,-1 + ! ] = ! 0 " + ( - 1) " • 3) . 

Especially, aj() = ! (Y ' + ( _ 1) IU ·3) = 14763. 

9 Let a" = C1 +13 )2,,+1 + C1 - 13 )2"+1 = C1 + 13 )(4 + 213 )" + 

C1 -13)(4 - 213 )" , and 

b = ~ = 1 +13 (2 + '3)" + 1 -13 (2 - '3)" " 2"+ I 2 v .J 2 v.J . 

Thus the characteristic roots corresponding to { b,,} are 2 ± 13 , 

and the characteristic equation is [r - (2 + 13) J[r - (2 -13)J = 0, 

i . e . r2 - 4r + 1 = O. So { b,,} satisfies the recurrence relation: b" = 

. 1 +13 1 -13 4b ,, -1 - b,, -2 ( n ~ 2), wIth bll = - 2- + - 2- = 1, and 

Since bll , b l are positive integers, assume that b,,-2 ' b,, -I ( n ~ 2) 

are positive integers. then b" = 4b ,, -1 - b,,-2 is also a positive integer. 

For any nonnegative integer n. b" is a positive integer. We obtain for 

any nonnegative integer n. a " is divisible by 2"+1. Since 0 <- C1 -

13)2,,+1 < 1, a" = Ci + 13)2"+1 + 0 - 13)2,,+1 = [ 0 +13 )2"+1]. So [ Ci + 
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13)2"+1 ] is divisible by 2,,+1. 

10 Assume that x" = i= (211 +1)23k = _1_ i= (211 +1)(J8)2k+l, 
k ~ 1I 2k + 1 J8 k~1I 2k + 1 

1 "(211 + 1) and y" = - ~ (J8)2k, then x" + y" 
J8 k~1I 2k 

= _1_(J8 + 1)2,,+1, and 
J8 

= ~8 ( Is - 1 ) 2,,+ 1. So X,,-Yn "-IO V O 

x" = _1_[ (J8 + 1)2..+1 + (J8 _ 1)2,,+1 ] 
412 

= _1_[ (J8 + 1) (9 + 412)" + (J8 - 1) (9 - 412)" J. 
412 

Hence the characteristic roots of x" are 9 ± 412, and the characteristic 

equation is 

[r - (9 + 412) ] [r - (9 - 412) ] = 0, 

i.e. r2 - 18r +49 = O. Thus {x,,} satisfies the recurrence relation: 

x" = 18x,,-1 - 49x,,-2' 

and 2X,, - 1 = 36x ,,-2 - 98x,, -3 . 

CD - 8): x" = 20x,, - 1 - 85x,,-2 + 98x,,-3 - 3X,,-3 (mod 5). 

Hence x" is divisible by 5 if and only if x ,, - 3 is divisible by 5. Since 

each of x II = 1, XI = (~). 211 + G) . 23 = 11, and 

is not divisible by 5, hence for any nonnegative integer 11, x" === 3X,,-3 

(mod 5) is not divisible by 5. Next, 

x" = 18x,, - 1 - 49x,, -2 - 4X,,-1 (mod 7). 

Hence x" is divisible by 7 if and only if X,, - 1 is divisible by 7. Since 

Xn = 1 is not divisible by 7, x" - 4Xn-l (mod 7) is not divisible by 7. As 
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(5, 7) = 1, we know for any nonnegative integer n, I" is not divisible 

by 35. 

11 (1) By assumption, we obtain that a 1 = 5 and {a,,} is strictly 

increasing with 

Square both sides, and we yield 

CD - (2) (since a,,+1 - a" > 0): 

a 1l +1 = 7a ll - au-I. 

It follows that with all = 1, al = 5 and Q) a" is a positive integer 

for each n E N+. 

(2) From CD, we obtain 

(a n+l + a,,)2 = 9(a"a n+l - 1), 

so 

-1 _ (an+1 +a n )1 
a n a n +l - 3 

By (1), an and a n+l are positive integers and an ~an+l is a rational 

b S· (an+l+an)2 1···· d' num er. Ince 3 = ana '1+1 - IS a posItlve Integer, an so IS 

an + a n+l Th l' h f' 3 . us a"a n +l - IS t e square a an Integer. 

Exercise 5 

1 When there are exactly two distinct digits in abed, the number 

of ways of taking two distinct digits from 4 distinct digits is (;), and 

the less digit must be the first digit or the third digit, while the bigger 
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number must be the second digit or the fourth digit, i. e. the 4-digit 

number is determined uniquely by the two digits. Hence in this case, 

the number of distinct 4-digit numbers is (;) = 6. When there are 

exactly three distinct digits in abed, the number of ways of taking 

three distinct digits from 4 distinct digits is C), and the less digit must 

be the first digit. If the first digit and third digit are the same, then p~ 

4-digit numbers are formed by the three digits. If the second digit and 

the fourth digit are the same, then p~ 4-digit numbers are formed by 

the three digits. Hence in this case, the number of distinct 4-digit 

numbers is C) (P~ + PD = 16. When there are exactly four distinct 

digits in abed, the less digit must be the first digit, the other three 

digi ts could be arranged in p~ ways. Hence in this case, the number of 

distinct 4-digi t numbers is Pi = 6. Summing up the above, the required 

number of distinct 4-digit numbers is 6 + 16 + 6 = 28. 

2 Let 5" denote the set of the n-digit numbers consisting of 1,2, 

3, 4, 5, and 6 in which the digits 1 and 6 are nonadjacent. Let 

A" c 5" denote the set of n-digit numbers in which there are at least 

three distinct digits and E" c 5" denote the set of n-digit numbers in 

which there are at most two distinct digits. Set s" = I 5" I , a" = I A" I , 
and b" = I E" I, thena" = s" -b" and we obtain SI = 6, S2 = 62 -2 = 

34 and 

bs = 6 + ( (~) -1 ) (25 - 2) = 426. 

Let X" c 5" denote the set of n-digit numbers with the leading 

digit 1 or 6 and letY" cS" denote the set of n-digit numbers by leading 

digit 2,3, 4 or 5. Set I" = I X" I, Yn = I Y" I, then we obtain the 

following three recurrence relations: 

Sri = Xn + YlI' 

I" = I,,-1 + 2Y,,-1 , 
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and 

y " = 45 ,, -1 . 

Substituting ® to CD and @ , we obtain 

5" = I" + 45,, -1 , 

and 

I" = I,, - I + 85,, -2 . 

From @ , we know 

I" = s" - 45 ,,-1 , ® 

Substituting ® to ® , we obtain 5" = 55,,-1 + 45,, -2, Combining 51 = 

6, 52 = 34, we could obtain 53 = 194, 5-l = 11 06, and 55 = 6306. 

Therefore the required number of 5-digit numbers is 

a s = 55 - b5 = 6306 - 426 = 5880. 

3 The number of 4-digit numbers with thousands digit 4 or 6 is 

2 X 4 X 8 X 7 = 448 and the number of 4-digit numbers with thousands 

digit 5 is 1 X 5 X 8 X 7 = 280. Therefore the required number of evens 

with 4-digit is 448 + 280 = 728. 

4 Let the lengths of n line segments be aI' a2 ' . .. , a" 

respectively. Firstly, if there exists some a k > 1, then 1, 2 , and ak are 

lengths of the sides of a triangle . Secondly, assume that a I :s;:; a2 :s;:; ••• :s;:; 

a " :s;:; 1 , if a ,,- I > ~, then a ,,- I + a " > 1, thus 1, a ,, - I' a" are the 

lengths of the sides of a triangle. If a ,, - I :s;:; ~ and there exists k such 

that a k +ak+1 > a k+2' then a k , a k+1 , ak+2 are the lengths of the sides of 

a triangle. If a,, - I :s;:; ~ and for any k , the inequalitya k + a k+1 :s;:; a k+2 

1 holds, then ak :s;:; 2ak+2 . Thus when n is odd, 

al + a 2 + ... + a " :s;:; 2(a z + a-l + .,. + a,, - I) + a " 

( 1 1 1 ) :s;:; 2 2 + 4 + ... + 2(,, - 1l /2 + 1 < 3. 
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When n is even, 

a l+ a 2+ "' + a " 

:(; 2(al + a 3 + ... + a ,, - I ) + a " 

< 2 - + - + ... + - , + 1 ( 1 1 1 ) 
"'" 2 4 2,11 2 

< 3, 

and this is a contradiction. This completes the proof. 

S Since the number of subsets of S is 2" , then the number of 

ways to select subsets X and Y orderly is pf = 2" (2" - 1). When X c 
Y( X * Y) , and set I Y I = i (1 :(; i :(; n), then the number of ways to 

select Y is (;). Since X is the proper subset of Y , then there are 2; -

1 ways to select X , and the number of ways to select X c Y(X * Y) 

is 

" (n) ~ . (2; - 1) = 3" - 2" . 
i=tl l 

Similarly, the number of ways to select Y e X (Y * X) is 

" (n) ~ . (2; - 1) = 3" - 2" . 
i=t) l 

Therefore we yield that required number of ways to select X and 

Y orderly is 

2" (2" - 1) - 2 (3" - 2" ) = 22" - 2 • 3" + 2" . 

6 We know that among any five integers, there are three 

numbers whose sum is a multiple of 3 and the coordinates of the 

barycenter of /\ A AA is (II + Il + I3 Y t + Y 2 + Y 3 ) 
L:; , } k 3' 3 . 

(1) If among the abscissas of all A ; there are five numbers which 

have the same remainders with module 3, then without loss of 

generality, assume that I I = I 2 - I 3 = I -l = Is (mod 3). Since among 

Y I ' Y2 ' Y3 ' Y -l' and Y s there are three numbers, say Y;' Yj ' Yk C1 :(; 
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i < j < k ~ 5) , whose sum is a multiple of 3. Thus the barycenter of 

6 A;A jA k is an integral point. 

(2) Similarly, if among the ordinate of A i there are five numbers 

which have the same remainders with module 3, then the conclusion 

holds too. 

(3) If all the remainders with module 3 of any five abscissas of A i 

are not the same, and so are the ordinates. Then, the remainders of 

X i and Yi (i = 1, 2, ... , 9) range over 0, 1 and 2 respectively, so 

there are at least two remainders of Xi (or Y i ) appear 3 times. Without 

loss of generality, assume that 

X l - Xl - X 3 - 0 (mod 3) , 

x~ = Xs - X6 == 1 (mod 3). 

If Yl - Yl - Y3 (mod 3) or Y~ - Ys - Y6 (mod 3), then the 

conclusion holds. Otherwise, with module 3, the remainders of Y 1 , Y 2 

and Y 3 take at least two distinct values a, f3 ( a =F f3 and a, f3 E {O, 1, 

2 }) and we set {a, f3, y } = {a, 1, 2 }. Similarly, with module 3, the 

remainders of Y~' Y s and Y 6 take at least two distinct values a and f3, 
or a and y, or f3 and y. In other words, with module 3 the remainders of 

Yl' Y2' Y 3 ' Y~' Y s and Y6 are classified two possible cases: (1) These 

remainder take all values of {a, f3, y } = {a, 1, 2 }; (2) These 

remainder take values of a and f3, but each value takes 2 - 4 times. In 

this case, we take k E {7, 8, 9 } such that X k = 2 (mod 3), then there 

exist 1 ~ i ~ 3 < j ~ 6 such that 

Xi + X j + X k - 0 + 1 + 2 = 0 (mod 3) 

and 

Y i + Y j + Y k a + f3 + y == 0 (mod 3) , 

or 

Y i + Y j + Y k - a + a + a - 0 (mod 3) 

or 

Y k - f3 + f3 + f3 = 0 (mod 3) . 
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Therefore the barycenter of 6A,AjAk is an integral point. This 

completes the proof. 

7 We use 11 points (no four of which are coplanar) to represent 11 

persons. If two persons are mutually unacquainted then the two 

corresponding points are connected by a red line segment. Otherwise, 

points are connected by a blue line segment. Thus we obtain a 2-

colored complete graph K n in which there is not a red triangle and the 

problem is equivalent to find the smallest positive integer 11 such that 

there exists a blue complete graph K. in K", i. e. there exist four 

points A, B, C, D in K" such that each pair of points is connected a 

blue line segment. Firstly, as figure, in a 2-colored complete graph K H 

(the solid lines is colored red and the dashed lines is colored blue), 

there is neither red triangle nor blue complete 

graph K.. If we delete some points and all line 

segments meeting these points in this graph, and 

in the remaining graph, there is neither a red 

triangle nor blue complete graph K.. So the 

required smallest positive integer 11 ~9. When 11 = 

9, we consider the following three cases: 

(1) There exists a point A I such that there are 4 red line 

segments, say AIA2' AIA3' AlA., AlAs, meeting A l . With the 

given conditions, we know, the line segments connecting each pair of 

four points A 2 , A 3 , A., As are colored blue, thus the conclusion 

holds. 

(2) There exists a point Al such that there are at most 2 red line 

segments meeting AI, i. e. there are at least 6 blue line segments, say 

A1A2' AIA3' AlA., AlAs, AIA6' and AIA7' metting AI. 
Considering the complete graph K6 with 6 vertices A 2 , A 3, A., As, 

A 6 , A 7 , and Ramsey's theorem (Example 1 in Chapter 2), we obtain 

that there exists a red or a blue triangle in this complete graph K 6. But 

from the given conditions, we know there is not a red triangle in the 

graph, hence there must exist a blue triangle, say 6A2A3A., in the 

graph, and there exists a blue complete graph K. with four vertices: 
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A 1 , A 2 , A J , A-I. Hence in this case, the conclusion also holds; 

(3) The numbers of red line segments meeting each of points are 

all 3, thus the total of red line segments in the graph is 3 X 9 = 27 '* a 
2 2 

positive integer, and it is a contradiction, i. e. the case (3) is 

impossible. 

This completes the proof. 

8 As shown in the figure, there are 9 line segments connecting 7 

points, such that the condition is satisfied, hence the required smallest 

number of line segments n ~ 9. If there are 8 line segments connecting 

7 points, then we prove that there exist three points 

such that no line segments connect the three points. 

Since there are 16 end points in the 8 line segments, by 

the mean value principle, there exists a point A such 

that there are at most [186 ] = 2 line segments meeting 

A. 

(1) If there is at most one line segment meeting A, then there are 

at least other 5 points disjoint with A. Thus there exist at least (~) - 8 = 2 

disjoint pairs of the 5 points. Assume that two points C and Dare 

disjoint, then there is not a line segment connecting three point A , B 

and C. 

(2) If there are two line segments AB and AC meeting A. 

(a) If there are 6 line segments connecting other 4 points D, E, 

F, G, then there is not a line segment connecting three B, C and D. 

(b) There are at most 5 line segments joining other 4 points D, 

E, F, G, then there exist at least (~) - 5 = 1 disjoint pair of other 4 

points D, E, F, G. Assume that two points D and E are disjoint, 

then there is not a line segment joining the three points A, D and E. 

Summing up the above, we obtain that the requires smallest 

number of line segments is 9. 
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9 Let the intersection points of the diagonal 

lines A jA-l and A2A, , A2A, and A3A6' A3A6 and 

A IA-l be M j , M 2 , M 3 respectively. Firstly, 

among the six triangles: 6AIA2M2' 6A 2 A 3 M j , 

M 3A -lM I' M-lAsM3' MsA6M3 and M6AjM2, 

there exists a triangle, say 6A 1 A2M 2' whose 
A, 

1 
area is less than or equal to (; S. We prove this by the mean value 

principle and the following fact: the sum of the areas of this six 

triangles does not exceed the area S of hexagon A jA2A 3A-lAsA6. 

Therefore we obtain that 

Exercise 6 

1 (1) Consider the following 91 number pairs: {i, i + 9} , i = 1, 

2,3, ... ,91. Thus each element of the set { 1, 2, 3, ... , 9} U {92, 

93, ... , 100} belongs to exactly one of the above 91 pairs and each of 

other 82 numbers belongs to two of the above 91 pairs. Hence 55 

numbers belong to at least (55 - 18) X 2 = 92 pairs of the above 91 

pairs. By Pigeonhole Principle, there are at least two numbers 

belonging to a pair, hence the their difference equals 9. (2) Among 

the following 55 numbers: 1, 2, 3, ... , 11; 23, 24, 25, ... , 33; 45, 

46,47, ... ,55; 67, 68, 69, ... ,77; 89, 90, 91, ... ,99, there are 

not two numbers whose difference equals 11. 

2 Let 11 = 4m + 1 (m E N+). For any permutation p = {aj, 

... , an } of {1, 2, " . , 11 } , with the definition of k p' we know 

CD 
and 

aj + a, + ... + ak +1 ;;:: ak +2 + ak +3 + ... + a". - p p p 
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But the equality in (2) cannot hold, otherwise, 

1 
2(al + a ,+ ··· + ak+l) = al + a2 + ··· + a " = -211(11 + 1) 

- p 

= (4m + 1) (2m + 1) , 

i.e. an even = an odd, and it is a contradiction. Hence (2) became 

a l + a, + ... + a k + 1 > a k +2 + a k +3 + ... + a". 
- p p p 
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Thus for the permutation pi = {a", a,,-I , ... , a 2al } with reverse 

order of p, from CD and (3) , we know kp' = 11 - (k p + 1) i. e. k p' + 
k p = 11 - 1. Let each permutation p of {1, 2, ... , n } and the 

permutation pi with its reverse order be matched into a pair, then the 

number of these pairs is '~!. Therefore the required sum of k p S equals 

(n - 1) '11! 

2 

3 Without loss of generality, assume that the number of red 

points in M is the largest and is at least [12 X ~2 - 1] + 1 = 48 by 

Pigeonhole Principle. Assume that the number of red points with 

ordinate i isa i (i = 1,2, ... ,12), thenal + a 2 + ... + a1 2 ;;? 48. Let 

every two red points in the i th row be matched into a pair, thus we 

know there are (~ i ) = ; a i (a i - 1) pairs of red points in the ith row. 

Thus the sum of pairs of red points equals 

1 ;;? 24 ·48(48 - 12) = 72. CD 

On the other hand, if there is no rectangle satisfying the 
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condition, then the projections of all pairs of red points on the x - axis 

are different, hence the number of all pairs of red points does not 

exceed the number of pairs consisting of 12 points (x, 0) (x = 1, 

2, ... , 12) on the x - axis, i. e. e22) = 66. It contradicts CD. Thus 

the conclusion is true. 

4 (1) An obvious pairing method is that the two adjacent cells 

are matched into a pair, i. e. using 1 X 2 rectangles to cover the 

chessboard. If mn is an even, then the chessboard could be covered 

perfectly by l~n 1 X 2 rectangles. Player A may move the chessman 

within the same 1 X 2 rectangle every time, hence A wins eventually. 

If mn is odd, then the chessboard could be covered perfectly by 

mn - 1 
2 1 X 2 rectangles except the left lower cell. Hence player A just 

can enter into another adjacent 1 X 2 rectangle at first step, and player 

B may move the chessman within the same 1 X 2 rectangle every time, 

and B wins eventually. 

(2) We prove that no matter what mn is, player A wins 

eventually. If mn is even, with the same reason above, we know that 

the conclusion holds. If mn is odd, we also use mn 2- 1 1 X 2 rectangles 

to cover the chessboard except the left lower cell and every cell is 

colored black or white such that any two adjacent cells are colored 

with distinct colors. Thus every time, player A can move the chessman 

within the same 1 X 2 rectangle from the black cell into the white cell, 

and player B could move the chessman from the white cell to the black 

cell of the adjacent 1 X 2 rectangle. In this case, there will be no 

chessman entering the left lower cell. Therefore the player A wins 

eventually. 

5 Starting with the second small square of the 1 Xn rectangle, let 

two small squares with numbers 2k and 2k + 1 be matched into a pair 

(k = 1, 2, ... , [n ~ 1 ] ). Among the three chessmen in the small 
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squares with numbers n - 2, n - 1 and n, there are exactly two 

chessmen in a pair. Firstly, the player A move the third chessman in 

the square with number n (or n - 2 ) into the square with number 1, if 

n is an even C or odd), then this chessman cannot be moved again. 

Afterwards, when the player B moves one chessman of the remaining 

two chessmen into some square p, the player A always moves another 

chessman into square Q such that C p, Q) comprises a pair. Thus A 

wins eventually. 

6 Using an analogous method as in Example 11, we could obtain 

( n + 2) 
fCn)=3 4 . 

7 Let all 201-element subsets of 5 be divided into 5 classes 5 0' 

5 1,5 2 ,53,5-1, where5 k = {A II A 1= 201, and5 1 A.1 - kCmod5), 

where 5 1A.1 denotes the sum of elements of A }, Ck = 0,1,2,3,4). 

We construct a mapping f: 50 - 5 k C 1 :;( k :;( 4) as follows: if A = {ai, 

a 2' • • • , a 201 } E 5 0' then 

fCA) = {a l +k, a2 +k, ... , a 2111 + k} 

and if some a i + k > 1000, then we use a , + k - 1000 to take the place 

of a i + k . Thus 

201 201 

~ Ca i + k) ~a i + 201k = k(mod5), 
i=l i=1 

l.e. fCA) E 5 k • Obviously, the mapping f is a bijection, so 1 5 k 1= 

I 5 0 I C1 :;( k :;( 4). Thus 

1 1 (1000) I 5 11 1= sC I 50 1+1 51 1+1 52 1+1 53 1+ 1 5-1 I) = 5 201 ' 

1 (1000) i. e. the number of good subsets is -5 . 
201 

8 First we observe that P must have at least m friends, since for 

any set of m people, their common friend has at least m friends. Now 

we prove that P cannot have more than m friends. Proof by 

contradiction. Let 5 be the set of P's friends, and 5 = {B 1 , B 2 , ••• , 
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B k } . We have by assumption k ~ m + 1. We claim that for each (m - 1) 

-element subset 5: of 5 there exists an unique person C i E 5 who is a 

common friend of all the people of 5:. Consider any such subset 5: = {B i , ' 

B i2 , ... , B i"'_l } . Adding P to this set gives a set of size m, and thus by 

the given condition there exists an unique friend C i who is a common 

friend of P, B i, ' B '2 ' ... , B i",_, . Since by definition 5 is the set of 

all friends of P, so C i E 5. Now we claim that for any two distinct 

(m - 1) -element subset 5 ; and 5; of 5, the two corresponding persons 

C i and C ) are distinct. Assume for a contradiction that this is not the 

case, that is, there exist 5'i ' 5'j C 5 (5 'i oF 5 'j ) with C i = C j . Take 

any m-element subset of 5; U 5 ~ , then the people in this set have two 

distinct friends C, and P, contradicting the given condition . It follows 

that each (m - 1) -element subset 5' i of 5 corresponds to a unique 

person C , E 5:. Thus j is an injective mapping from 9t to 5, where 9t 

is a family of all (m - 1) -element subsets of 5. Hence I 9t I ~ I 5 I , 

l.e. ( k ) ~ k. Butk ~ m + 1 andm ~ 3, i.e. 2 ~ m - 1 ~ k - 2, 
m - 1 

so (m ~ 1) ~ (~) > k, and this is a contradiction . Therefore the 

required largest number is m. 

9 Setting 5 = {l, 2, ... , n } and T = Al U A2 U ... U A " , we 

consider all mappings j: 5 -- T satisfying the following condition: for 

any i E 5, j (i) E A, (i = 1, 2, ... , n), let M denote the set 

consisting of such mappings j. Thus I M I = I A 1 I· I A 2 I •...• I A" I. 
We claim that there is at least an injective mapping in M. If j EM is 

not an injective mapping, then there exist i, j E 5, i oF j such that 

j(i) = j(j). Thus for such j, thejCi) = j(j) takes at most I A i n 
A j I distinct values, and j(k) (k oF i, j) takes at most I A k I distinct 

values. Hence for de terminated i, j E 5 Ci oF j) the number of the 

mappings satisfying j (i) = j (j) is at most 

" 
I A i n A j I · II 

k =l ,k*i.j 

I A I - I Ai n A j I 
k - I A i 1. 1 A j I · 1 M I. 
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Hence the number of mappings in M which are not injective 
mappings is at most 

l :;;; i < j Q/ 

I Ai n Aj I I I I 
I Ai 1.1 A j I • M < M I. 

It follows that there is at least an injective mapping f n E M. Let 

f oCi) = aiC i = 1,2, ... , n), then ai EA i Ci = 1,2, ... , n) and for 

any i, j E S (i * j) , a i = fll C i) * fll (j) = a j . 

10 We construct a mapping f as follows. Let any term a i of the 

sequence correspond to an ordered pair C X i ' Y i ), where x i is the 

number of terms of the increasing subsequence with leading term a i 

and the longest length, and Y i is the number of terms of the decreasing 

subsequence with leading term a i and the longest length. Assume that 

the conclusion is false , then 1 < Xi < n, 1 < Yi < In . Set X = {ai , 

Q 2 ' ••• , anlJl+ lj~ and 

y = { ( Xi ' Yi) I 1 < X i < n, 1 < Yi < In, and X i ' Y i E N+} , 

then I X I = Inn + 1 > Inn = I Y I , so f is not an injective mapping. 

Hence there are ai ' a j E X (i * j) such that 

CXi' Y i ) = f(ai) = f(aj) = ( X j , Yj). 

But Xi ?o X j + 1 if a i < a j or Y i ?o Y j + 1 if a , > a j , and thus, a 

contradiction. This completes the proof. 

11 We use (a) and (b) to denote several consecutive a' s and 

several consecutive b' s in the sequence respectively. Thus the 

sequences satisfying the given condition just have the following two 

forms: (I) (a )(b )(a )(b) ( a) ( b)(a ) , (II) (b ) (a )(b)(a )(b )(a )( b) . 

Thus each sequence with form as ( I ) or ( II ) contain three ab ' s and 

three ba ' s. Hence with the condition of the problem, we will need to 

place 5 a 's into the (a ) 's and 3 b 's into the (b) 'so Applying the 

formula of the repeated combination (Chapter 1, 1. 3), we obtain that 

the number of permutations satisfying the condition to be 



234 Combinatorial Problems in Mathematical Competitions 

in the case ( I ) and 

in the case ( II ). The desired answer is 560 + 420 = 980. 

12 Without loss of generality, let a > 6 > d. From a + c = 6 + 
d, we know c < d. Consider the ways to select three number a > 6 > 
c from S = {1, 2, ... , 11 } satisfying a + c - 6 oft 6, and the number of 

ways to select three numbers a > 6 > c from S = {1, 2, ... , 11 } 

is G), where the number of ways satisfying a + c - 6 = 6, i . e. a + 

( 11 / 2) c = 26 (a and c have same parity) is 2 2 . Let 

B = { (a, 6, c) I 11 ~ a > 6 > c ~ 1, a + c - 6 oft 6 } , 

then I B I = G) -2 C ~2). For any (a, 6, c ) E B , set d = a + c - 6, 

then 4-element group (a, 6, c, d) satisfies the condition of problem. 

But each 4-element group (a, 6, c, d) corresponds to two triples (a, 

6 , c) and (a, d, c) (since d > c ), hence the required number of ways is 

1 1 ((11) (11 / 2)) 1 2 I B 1= 2 3 - 2 2 = 2411 (11 - 2)(11 - 5). 

13 For any binary sequence of length 11 + 1 Y = {Y I' Y" , ... , 
Y ,,+ I } , let it correspond to a binary sequence of length 11 x = {x I , 

.1' 2' ••• , x,,} such that 

x, - Y; + Y ;+ I (mod 2), i = 1, 2 , . . . , 11. CD 

Obviously x is determined uniquely by y . On contrary, for each 

binary sequence of length 11 x = {XI ' .1'2 ' ••• , x,,} and Y I = 0 or 1, it 

corresponds to a binary sequence of length 11 + 1 Y = {Y I ' Y 2 ' ••• , 

Y ,,+ I } such that 

Y;+I = Y ; +.1'; (mod 2) , = 1, 2, ... ,11. 
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Since Yi + Y,+l - Y, + Yi + Xi = Xi (mod 2), the correspondence (2) 

is exactly the inverse correspondence CD. Under the correspondence 

CD, the four consecutive terms 0, 0, 1, 1 and 1, 1, 0, 0 become the 

three consecutive terms 0, 1, o. On contrary, under the correspondence 

(2), the three consecutive terms: 0, 1, 0 become the four consecutive 

terms: 0, 0, 1, 1 or 1, 1, 0, (). Therefore each binary sequence of 

length II without the three consecutive terms: 0, 1, 0 corresponds just 

two binary sequence of length n + 1 without the four consecutive 

terms: 0, 0, 1, 1 or 1, 1, 0, 0, and we obtain b n + 1 = 2a n • 

Exercise 7 

1 Assume that there are n students of the second grade and the 

point of each student of the second grade is k. Thus all students get 8 + kn 

( n + 2) points in the aggregate. On the other hand, there are 2 

tournaments, and the sum of points in each tournament is 1, so 

( 11 + 2) 2 = 8 +k11, i. e. 11 1 - (2k - 3)11 -14 = O. Hence 14 is a multiple 

of 11. Thus 11 = 1, 2, 7 or 14. Since 11 = 1, 2, k < 0 is impossible and 

11 = 7, k = 4 or 11 = 14, k = 8 are possible, there are 7 students of the 

second grade and the points of each student is 4 or there are 14 

students of the second grade and the points of each student is 8. 

2 Assume that the required smallest value is k. Since the sum of 

the interior angles of the quadrilateral equals 3600 and the sum of the 

interior angles of the polygon (or triangle) that obtain after a division 

increases at most 3600
• Assume that we obtain k + 1 polygons after k 

divisions and the sum of the interior angles of these polygons is 

Sk' then 

Sk ~ (k + 1) • 36Ct. CD 

On the other hand, the sum of the interior angles of 47 46-sided 

polygons is 
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47(46 - 2) • 180° = 47 X 44 X 180° 

and the sum of the interior angles of the remaining (k + 1) - 47 = k -

46 polygons (or triangles) is at least (k - 46).180°, so 

Sk ~ 47 X 44 X 360° + (k - 46) • 180°. 

From CD and (2), we obtain 

(k + 1) • 360° ~ 47 X 44 X 180° + (k - 46) • 180°. 

Thus k ~ 47 X 43 - 1 = 2020. Now we give a division to illustrate 

thatk = 2020 is attainable. Firstly, we obtain 47 quadrilaterals after 46 

divisions. Secondly, for each quadrilateral, we obtain a 46-sided 

polygon and 42 triangles after 42 divisions. Thus the total number of 

divisions is 46 +47 X 42 = 47 X 43 -1 = 2020, and we obtain 47 46-sided 

polygons and 1974 triangles. Therefore the required smallest value of 

n is 2020. 

3 Assume that the conclusion is false, and for any two persons A 

and B of 71 persons, among the remaining n - 2 persons the number of 

persons who know one of A, and B is exactly k, then k ~ ; . 

Otherwise, among the remaining n - 2 persons, there are at least 

n-2 - k > n - 2 - - -1 = -- 1 ( n ) n 
~ 2 2 

persons such that each of them are either mutually acquainted or 

mutually unacquainted with A and B. It contradicts the above 

assumption. 

For any two persons A, B, among the remaining n - 2 persons, if 

there is a person C who knows one of A and B, then (C; A, B) forms 

a triple and denote the number of such triples by S. On the one hand, 

there are G) ways to select two persons A, and B from n persons, 

and there are at least ; triples containing A and B, thus 
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CD 

On the other hand, for any person C , (i = 1, 2, ... , n) of n 

persons, assume that C, knows k , persons in the remaining n - 1 

persons, thus the number of triples containing C, is k , (n - 1 - k , ). So 

" 
S = 2..:k,(n - 1 -k,) 

i=l 

11 1/ 

= (n -1) 2..:k, - 2..:M 
i=1 i=1 

= ~ [ (n (n 2- 1»)" - ( ~>, - n (n 2- 1) )" ] 

It contradicts CD . This completes the proof. 

4 Let the set of given points be I = {P I ' P 2 , ••• , P,, } and the 

number of pairs of I with unit distance is E. We draw the circle C, 

with the center P , and unit radius (i = 1, 2, ... , 71) and assume that 

" 
there are e, points of I in the circle C, Ci = 1, 2, ... , 71). Thus 2..: e, = 

1=1 

2E. The line segment is called a good line segment, if its two end 

points belong to I. On one hand, there are G) good line segments. 

On the other hand , there are (~. ) chords of the circle C , which are 

good line segments, so there are t (e , ) chords of 71 circle which are 
' ~ l 2 

all good line segments. But some good line segments as the common 

chord of two circles are counted repeatedly. Since there are at most 

G) common chords of 71 circles, the number of distinct good line 
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"(e) (71) segments is at least ~ '- . Thus we know 
, ~ I 2 2 

By Cauchy's inequality, we obtain 

1 1/ 1/ 

2C) ? 2(~eT - ~ei) 
2 i ~ 1 , ~ I 

? ~ [7~ (t e , )2 - t ei ] 

= 2~ (4E 2 - 271E) , 

E < 71 + 71 / 871 - 7 < 71 + 71 ffn = ~ + J2 1 
~ 4 ~ 4 4 2 71 • 

5 Let A = {a 1 , a 2' • • • , a" }, P = {P I , P 2 ' • • • , P,, }. Assume 

that the element a i of A is regarded as a point in the plane (i = 1, 

2, ... , 71) and the pair {a i' a j} of elements in A as the line segment 

joining two points a , and a j (1 ,,;; i < j ,,;; 71 }. Thus the problem is 

equivalent to proving that each point of A is a common end point of 

just two line segments of P. Assume that the number of line segments 

starting with a i is d i Ci = 1, 2, ... , 71), then 

" 
~ d , = 2 I P I = 271. CD 
i= l 

If the point a k of A is a common end point of two line segment P i 

and P j of p, then {a k ; P i ' P j} is regarded as a triple, and let the 

" (d) number of such triples be S. Thus S = ~ ' . On the other hand, a i 
i ~ l 2 

and aj are joined by a line segment if and only if Pi and P j have a 

common end point a k forming a triple { a k ; Pi' P j } . Hence the 

number of triple {a k ; P i ' P j } equals the number of line segments 
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joining the points of A, i. e . S = 11. Thus 

~ ~ [ ~ (t d ;)2 - t d ;] 

= 2~ [ 411 2 - 211 2] = 11 , 

1. e . the equality in this inequality holds. By the necessary and 

sufficient condition that yield equality in Cauchy's inequality hold, we 

obtain d 1 = d 2 = ... = d " . Combining the equality with CD , we obtain 

d 1 = d 2 = ... = d" = 2. It means that each point of A is a common end 

point of only two line segments of P. 

6 Proof I On one hand, the coefficient of x" in (1 + x )2" = 

t (2~1)x ; iS(2n). 
,~\I 1 11 

On the other hand, 

Since there exists a team x" in 

( 11 ) (2x ),,-k t (k )X2' , 
11 - k ;~ 1 1 

if and only if k is even and when k = 2i, the coefficient of x " is 

( 11 .)2,,-2; (2i)in ( 11 )(2x )"-k(1 + x2) k andO < i < [!l..-]. So the 
11 - 21 1 11 - k 2 

coefficient of x" in (1 + x )2" is also 

[," 2J ( 11 ) . (2 i ) 2..: . 2,,-2, . . 
; ~\I 11 - 21 1 

Hence we obtain 

> 2J ( 71 ) . (2 i ) (271 ) 2..: . 2,,-2, . = . 

,~\I 71 - 21 1 11 
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Proof II On one hand, the number of ways to select n persons 

as the deputation from n couples is (~:1). On the other hand, we 

calculate this number in the following way. For any integer i 

(0 ~ i ~ [; J), we select i couples in C) ways. Afterwords we 

select n - 2i couples from the remaining n - i couples and select a 

( n - 1 ) 
person from each couple in . 2,,-2, ways. Hence for any integer i, 

11 - 21 

we obtain 

(n)( 11 -£)2,,-2i 
1 n - 21 

( 71 .)( £)2"-2i 
n - 21 21 

ways to select n persons as the deputation and may equals 0, 1, 

2, ... , [n /2]. Therefore there are 

[n"2J ( 71 ) . (2 i ) 2...: . 2,,-2, . 
i~() 71 - 21 1 

ways to select n persons as the deputation. Hence 

Exercise 8 

1 Suppose an medals be awarded at the k th day, then 

1 1 
a1 = 1 +7(m -1) = 7(m +6), 

1 
ak =k +7(m -a1 -a2 - ... -ak-1 -k), CD 

and 
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1 =l+-(-a -1) 7 k , 

( 6 )k-l 1 (6 k-\ 
a k - 6 = (a 1 - 6) 7 = 7 7) (m - 36) , 

241 

n 1 n 6 k-1 [6 n ] 
m = ~ak = 7(m -36) ~ (7) +6n = (m -36) 1 - (7) +6n, 

k~l k~l 

. 7n . 
1. e. m = 6n- 1 (n - 6) + 36. Smce on, 6n- 1) = 1, 6n- 1 1 (n - 6). We 

could prove that when n > 1 , 6n - 1 > 1 n - 6 I. Hence we obtain n = 6, 

and m = 36. So the competition last for 6 days and 36 medals are 

awarded. 

2 Let the plane be divided into at most an parts by n ellipses. 

Add an ellipse such that the number of the divided parts of the plane 

by these ellipses attains maximum, thus the (n + 1)th ellipse intersect 

each of the given n ellipses at 4 points and the 4n intersecting points 

are distinct. Thus the (n + 1) th ellipse is divided into 4n arcs and every 

original region is divided into two parts by each arc. Hence we obtain 

a n+1 = an +4n anda1 = 2, and 

1/-1 

an = a1 + ~ (ak+1 - ak) 
k~l 

1/-1 

=a1 + ~ (ak+1 - ak) 
k~l 

11-1 

= 2 + ~ 4k = 2n 2 - 2n + 2. 
k~l 

Especially, a 111 = 182. 

3 Let the permutation {a l' a2' ... , an} that satisfies the given 

condition be called a good permutation with length n and denote the 



242 Combinatorial Problems in Mathematical Competitions 

number of such good permutations by 5 n . Since n - 1 I a n-1 - an and 

I a n-1 - an I ~ n - 1, I a n-1 - an I = n - 1. It foLLows that (a n-l , an) = 

(1, n) or (a n-1' an) = (n, 1). If (a n-1' an) = (1, n), then {a1' 

a2' ... , a n-1} is a good permutation with length n - 1 . If (a n-1 , an) = 

(n, 1), then {a 1 -1, a2 -1, ... , a n-1 -1} is a good permutation with 

length n - 1 . Hence each good permutation with length n corresponds 

to a good permutation with length n -1 . This correspondence is a one­

to-one correspondence, so 5 n = 5 n - 1 • Obviously 52 = 2 (There are just 

two good permutations {1, 2}, {2, 1} with length 2), hence for any 

positive integer n ~ 2, the number of permutations satisfying the given 

condition is 5 n = 2. When n = 2m, there are two good permutations 

with length n as follows: 

{m, m +1, m -1, m +2, m -2, m +3, 2, 2m - 1, 1, 2m}, 

and 

{m + 1 , m, m + 2, m - 1, m + 3, m - 2, ... , 2m - 1, 2, 2m, 1}. 

When n = 2m + 1, there are two good permutation with length n 

as follows: 

{m +1, m, m +2, m -1, m +3, m -2, ... , 2:m -1, 2, 2m, 1, 2m +1}, 

and 

{m + 1, m + 2, m, m + 3, m - 1, m + 4, ... , 2m, 2, 2m + 1, 1}. 

4 Set An = Fn) (( 1» and let b n denote the number of pairs 

containing two consecutive teams 0, 0 in An' and Cn denote the 

number of pair containing two consecutive teams 0, 1 in An. With the 

given condition, we know through the transformation f only the pair 

0, 1 in A n- 1 could become the pair 0, 0 in An and only the number 1 or 

the pair 0, 0 in Ad could become the pair 0, 1 in A n - 1 • With the 

definition of f, we obtain that there are 2n - 2 teams in A n - 2 and half of 

these teams are is, so bn = Cn-1 = 2n-3 + bn-2• We obtain 

3 - {20 + b 1 , if n - 1 (mod 2), 
bn = 2n- + 2n-o + ... + 

21 + b2 , if n = O(mod 2), 
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where b l = 0, and b2 = 1. It follows that b" = ~ [2 ,, - 1 + ( - 1)" ]. 

5 Let X " be the set of the alternative sequences whose terms are 

from the set {1, 2, ... , n }. Thus I X " I = A(n ) . Whenn = 1, X I = 

{ 0 , {1}} , then A (1) = 2. When n = 2, X 2 = {0 , {1}, {1 , 2} } , then 

A(2) = 3. For any {al' a2' ... , am } EX", by the definition, a l = 1 

ora l ~ 3isanodd. Whenal = 1, {a2 - 1, a 3 - 1, ... , am -1} E 

X ,, - 1 . In this case, let 

f 
{al ' a2' ... , am } -----+ {a 2 - 1, a 3 - 1, ... , am - I } , 

thus f is a bijective mapping from X~ll to X,, - l , where X~I) c X" and 

the leading team of each sequence in X;,I) isal = 1, and I X~1) I = I X ,, - l I = 

A(n - 1). When the odda l ~ 3, {al - 2, a 2 - 2, ... , am - 2} E X ,, -2. 

In this case, let 

f 
{al' a 2' ... , a m} -----+ {a l - 2, a2 - 2, ... , am - 2}, 

h f · b· · · . f X m X h X m X d t us IS a lJectIve mappmg rom " to ,, -2 ' were " c " an 

the leading team of each sequence in X~2) is the odd a 1 ~ 3. Hence 

I X~2) I = I X ,, -2 I = A (n - 2), 

and 

A (n) = I X" I = I X ;, 1l I + I X ;,21 I = A (71 - 1) + A (n - 2) . 

It is the recurrence relation of the Fibonacci sequence. Since A (1) 

F 2 ,andA(2) = F 3 ,A(n) = F ,,+I ,specially,A(20) = F 2I • The first 

21 terms of the Fibonacci sequence are 1,2,3,5,8, 13,21,34,55, 

89,144,233,377,610,987,1597,2584,4181, 6765,10946, and 

17711, SoA(20) = F2I = 17711. 

6 Letb" = 2", c" = 71 2 , anda" = b" -c" = 2" - n 2 • Since 

b,,+3 = 2,,+3 = 8 • 2" - 2" = b" (mod 7), 

and 
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a n+21 = bn+21 - Cn+21 - b n - Cn = an (mod 7). 

Butamongal' a2' .•• , an, just 6 terms: a2 =0, a4 =0, a5 =7, 

a6 = 28, a III = 924, and a 15 = 32 534 are multiples of 7. Since 9 999 = 

476 X 21 + 3 and among a I' a2 and a3' just a2 = 0 is a multiple of 7, 

there are 476 x 6 + 1 = 2857 positive numbers n less than 104 such that 

2n - n 2 is a multiple of 7. 

7 Using a analogous method in Example 7, firstly, we could 

prove the following conclusion: Let al = 1, a2 = 2 and a n+2 = 3a n+l -

an (n E N+ ), then 

(We leave the details of the proof to the reader. ) Thus we know that 

there are infinitely many distinct pairs (a, b) = (an' an+l) (n E N+) of 

positive numbers such that a 2 + b2 + 1 is divisible by ah. 

8 Solution I Let al = 1, a2 = 4, a n+2 = 4a n+l - an (n ~ 1), 

bn = 2a n+1 and Cn = a n+2' then 

en -bn =a n+2 -2a n+l =2a n+l -a" =bll -an' 

1. e. an' b n and Cn (an < bn < c n ) construct an arithmetic sequence. 

Then, we prove that 

Since a 3 = 4a 2 - a 1 = 15, then 

alCI + 1 = 1 X 15 + 1 = 14 = a~. 

Assume 

a n-IC n-l + 1 = an-lan+l + 1 = a;, 

then 

anC n + 1 = a na n+2 + 1 

= a n (4a n+1 -an) +1 

= 4a na n+l - a~ + 1 

= a n +l (4a n -an-I) = a~+l. 
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Thus for all n E N+ , a"e" + 1 = a ;'+l holds, and 

=Ca 7l +1 - a ll)2, 

b"e" + 1 = (a ,,+1 - a ,,+1)2. Hence there exist infinitely many triples (a, 

b, e,) = (a " , b" , e,,) such that ab + 1, be + 1 and ea + 1 are all perfect 

squares and a " , b" , e" ( a" < b" < e" ) construct an arithmetic sequence . 

Solution]I Let (2 +/3)" = A" + B" /3 (An' B n are two positive 

integers , n E N+), then (2 - /3)" = An - Bn /3, A ;' - 3B; = 1. Let a = 

2Bn - A", b = 2Bn and e = 2B" + A", then a, b, e (a < b < e) 

construct an arithmetic sequence and ab + 1 = (A " - B,,)2, ae + 1 = 

B~ , and be + 1 = (A n + B n)2. Hence there are infinitely many triples 

( a, b, e ) = ( 2B n - A " , 2B n' 2B" + A " ) 

such that ab + 1, be + 1 and ca + 1 all are perfect squares. 

9 Let AB = a - d , BC = a, and LA = a + d (a, d E N+ and 

a > d) , and let 5 denote the area of LABC, h a the altitude on the 

side BC in LABC. Thus 

5 = J 3; ( ~ + d). ~ . (~ - d) 

= ; a • J 3 [ ( ~ f -d 2 J. 
Since 5 is an integer, a must be an even. Set a = 2x (x E N+), 

then 5 = x j3 (x 2 - d 2) , h a = 25 = j 3(x 2 - d 2 ) , and h ~ = 3( x 2 -
a 

d 2 ), so ha must be a multiple of 3. Let ha = 3y (y E N+), then x 2 -

3y2 = d 2 • For convenience, we take d = 1, thus 

x 2 - 3 y 2 = 1, 

and (x, y) = (2, 1) is a solution of CD . Let 
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(2 + J3)" = x" + y" J3 (x,,, y", n E N+), 

then (2 -J3 )" = x" - y" J3 and x~ - 3y~ = 1, i . e. (x, y) (x,,, 

y" ) (n E N+ ) is the positive integer solutions of CD. Since 

X,,+I + y,,+1 J3 = (2 + J3),,+1 

= (2 +J3 )(x" + y" J3) 

= (2x" + 3y,,) + Cx" + 2y,,)J3, 

{ X,, +I = 2x" + 3y", {XI = 2, 
and 

y,,+1 = x" = 2y", y" = 1. 

Eliminating y", we obtainx,,+l = 4x,,+1 - x"' XI = 2, Xl = 7. Set 

AB = 2x" - 1, BC = 2x" , and CA = 2x" + 1, (n = 1, 2, 3, ... ) , then 

AB, BC, and CA (AB < BC < CA) construct an arithmetic sequence 

consisting of coprime positive integers and the area of LABC is 

5 = X /3Cx 2 - 1) = 3x"y", 

and the altitude on the side BC in LABC is 

So the area and the altitude on the side BC in LABC are two 

positive integers. Therefore there exist infinitely many L ABC 

satisfying the given condition in the problem. 

Exercise 9 

1 As figure, the 11 X 12 rectangle is colored with black and white 

such that no two black cells are covered by a 1 X 7 or 1 X 6 rectangle. 

Since there are twenty black cell in this figure, 

they are cannot be covered by nineteen 1 X 7 or 1 X 

6 rectangles. Therefore we have proved that the 

11 X 12 rectangle cannot be covered by nineteen 

1 X 7 or 1 X 6 rectangles. 
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2 ( 1) Suppose that the m X n chessboard can be covered by 

several" L-shapes", then m ~ 2 and n ~ 2. Since each "L-shape" 

contains 4 unit cells, mn is a multiple of 4. Without loss of generality, 

assume that m is even. Let the n unit cells in the odd rows be colored 

black and n unit cells in the even rows be colored white. Thus each "L­

shape" covers either three white unit cells and a black unit cell or three 

black unit cells and a white unit cell. In other words, the number of 

black cells or white cells which are covered by an "L-shape" is odd. If 

mn is not a multiple of 8, thenmn = 4(2k + 1) (k E N+) . If them X 

71 chessboard is covered by several" L-shapes", the number of the" L­

shapes" must be 2k + 1 . But the sum of odds whose number is odd is 

also odd. It implies that there are odd number of black cells and odd 

number of white cells in the m X n chessboard. But the number of 

black cells and the number of white cells are2(2k + 1) , which is even, 

and this is a contradiction. Therefore we have proved that if the m X n 

chessboard is covered by several "L-shapes", then m71 is a multiple of 8. 

(2) From (1), we know that the m X n chessboard can be covered 

by several "L-shapes" then m71 is a multiple of 8. We will prove that 

this condition is also sufficient. 

(a) if m and 71 are two evens, then one of m, n is a multiple of 4 

since mn is a multiple of 8. Without loss of generality, let m = 2m I , 

and 71 = 4n I (m I , 71 I E N+ ), then the m X n chessboard can be divided 

into m 171 12 X 4 rectangles. Since each 2 X 4 rectangle can be covered by 

two "L-shapes" (As figure (a», the m X n chessboard can be covered 

by 2m I n I "L-shapes". 

(b) If one of m and 71 is odd, then another is a multiple of 8. 

Without loss of generality, let m = 2m I + 1, 71 = 8711 (m, n E N+ ) , 

then the m X n chessboard can be divided into two parts, where one 

part is a 2 (m I - 1) X 871 I chessboard, and another part is a 3 X 871 I 

chessboard. Since the first part can be divided into 2(m I - 1)n I 2 X 4 

rectangles and the second part can be divided into 71 13 X 8 rectangles 

and each 3 X 8 rectangle can be covered by 6 "L-shapes", (As figure 

(b» the m X n chessboard could be covered by several "L-shapes". 
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EHE 11111111 
(a) (b) 

3 We represent n persons with n points. If two persons are 

acquainted, the two corresponding points are connected by a red line 

segment, otherwise, connected by a blue line segment. Thus we obtain 

a 2-colored complete graph K " and the problem is equivalent to find 

the smallest positive integer n such that there exist two monochromatic 

triangles with a common vertex in the 2-colored complete graph K" . 

As figure, in the 2-colored complete graph K 8 (the 

solid lines represent the red lines but we do not 

draw the blue lines), there is not a blue triangle 

but 8 red triangles and any two of these 8 red 

triangles have a common side or do not have a 

common vertex. 

Hence the required smallest positive integer 11 ;;, 9. Let 9 vertices 

of the 2 - colored complete graph K ~ be A I ' A 2 , ••• , and A ~ , and the 

number of red and blue line segments meeting A 1 be r i and 8 - r i (i = 

1, 2, ... , 9) respectively. Assume that a red line and a blue line 

meeting some same point form a distinct color angle, thus the number 

of the distinct color angles of the vertex A i is r i (8 - r i ) (i = 1, 

2 , ... , 9). If a triangle has red and blue sides, then this triangle is 

called a distinct color triangle. Since there are two distinct angles in 

each distinct color triangle, in the 2-colored complete graph K ~ , the 

number of distinct color triangles is 

9 9 2 

~ '" . (8 - . ) ,;:: ~",(ri+ 8 - r i ) 
? L..J r , r, "" 2 L..J 2 
- 1=1 i= l 

= ~ X 9 X 16 = 72 2 . 

Hence in the 2-colored complete graph K ~ , the number of the 

same color triangles is at least 
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G) -72 = 84 -72 = 12. 

The 12 triangles have 36 vertices, but there are just 9 points in 

K 9. By Pigeonhole Principle, there are at least [36;; 1 ] + 1 = 4 

triangles with common vertices. Among the 4 triangles, if there are 

two triangles with a common vertex, then the conclusion holds, 

otherwise the 4 triangles have a common side, so all sides of the four 

triangles are colored with the same color. Without loss of generality, 

assume that 6A1A2A3' 6A1A2A., 6A1A2AS and 6A1A2A6 are all 

red triangles. 

Consider the complete graph K. with four vertices A 3, A., As 

and A 6 , and if one side of K., say A3A., is colored red, then 

6A1AJA. and 6A1A2AS are two red triangles which have a common 

vertex AI. Thus the conclusion holds. Otherwise, all sides of this K. 

are blue, and the red triangle 6A1A2A3 and blue triangle 6AJA.As 

are two triangles with a common vertex A 3 • 

Thus the conclusion also holds. Summing up the above, we 

conclude that the smallest positive number n is 9. 

4 Just as the third problem, this problem is equivalent to finding 

the smallest positive integer n such that there exist two monochromatic 

triangles with a common side in the 2-colored complete graph K II. As 

figure K 9 (the solid (red) lines and the dashed (blue) lines are 

constructed in two distinct figures respectively), 

there are 6 red triangles and 6 blue triangles, and 

any two monochromatic triangles do not have a 

common side. 

Hence the required smallest positive integer n ?': 

10. Using an analogous way with the third problem, 

we could prove that there are at least 20 

monochromatic triangles in a 2-colored complete 

graph K 10 and these triangles have 60 sides. 
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( 10) But the number of sides in the K III is 2 = 45. By Pigeonhole 

[ 60-1J h' . 1 Principle, there are at least 45 + 1 = 2 monoc romatlc tnang es 

with a common side. Summing up the above we obtain that the 

smallest positive number n is 10. 

5 We represent 9 mathematicians with 9 points. If two 

mathematicians can speak the ith language, the two corresponding 

points are connected by a line segment with the ith color. Otherwise 

the line segment connecting the two corresponding points are not 

colored. 

( I ) If any two points are connected by a line segment with some 

color, and the number of colors of line segments meeting each point is 

at most 3, so by Pigeonhole Principle, there are at least [ 8 ~ 1 J + 1 = 

3 line segments, say AIA2' AIA3' and AlA., meeting the point Al 

with the same color. So AI, A 2 , and A3 can speak the same language. 

( IT ) If there exist two points Al and A2 such that the line segment 

connecting the two points are not colored and with the given 

condition, we know among any three points, there exist two points 

such that the line segment connecting the two points are colored with 

some color, thus for any pointA;(i =3,4,5,6,7,8,9), there are 

at least one of A;AI and A;A2 is colored with some color. By 

Pigeonhole Principle, there exists one point of A 1 and A 2 , say A I , 

such that there are at least [7 ; 1 J + 1 = 4 line segments meeting A I 

which are colored. But there are just three colors, so there must be 

two line segments, say AlA3 and AlA., which are colored with the 

same color. So that AI, A 3, A. can speak the same language. This 

completes the proof. 

6 We write 1 in each unit square of the odd rows and - 1 in each 

unit square of the even rows of the 8 X 8 chessboard. If there exists a 

perfect cover satisfying the given condition, then the sum of numbers 
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which are covered by a 2 x 2 square is 2 X ( - 1) + 2 X 1 = 0 and the sum 

of numbers which are covered by an "L-shape" is either 3 Xl + ( - 1) = 

2 or 3 X ( - 1) + 1 = - 2. 

Assume that there are x "L-shapes" and each cover 4 numbers 

whose sum is 2, and each of the remaining (9 - x) "L-shapes" covers 4 

numbers whose sum is - 2, then the sum of number which are covered 

by these figures is 7 X 0 + 2x + (- 2) (9 - x) = 4x - 18, but the sum of 

numbers in this 8 X 8 chessboard is 32 X 1 + 32 X ( - 1) = 0, so 4x -

18 = 0, x = i is not an integer, and this is a contradiction. 

Hence there is not a perfect cover satisfying the given condition. 

7 When two cogwheels have 14 teeth respectively, assume that 

each tooth of the cogwheel A (B) is assigned an integer ai(b i ) (i = 1, 

2, ... ,14) in clockwise. For the tooth knocked off, let ai (b i ) = 1, 

otherwise a i (b,) = O. We turn the cogwheel A clockwise such the first 
14 

tooth of A and the ith tooth of B are in gear and let S i = ~akbk+i - 1' 
k~l 

(i = 1, 2, ... , 14; bj + 14 = b j ), thus Si = 0 indicates that the 

projection of two cogwheels is the projection of a whole cogwheel. If 

for any i (1 < i < 14) , S i "* 0, then S 1 = 4, S) ~ 1. Thus 

14 

~S, ~ 4 +13 = 17. 
i=1 

But 

14 14 14 

~Si (~ai ) (~bi ) = 4 X 4 = 16, 
i= l i=1 i=l 

and this is a contradiction . Hence there exists an i o (1 < i o < 14) such 

that S i = O. So if we turn the cogwheel A clockwise such that the first 
II 

tooth of A and the illh tooth of B are coincident, then the projection of 

two cogwheels is the projection of a whole cogwheel. When the two 

cogwheels have 13 teeth respectively, the conclusion does not hold. In 

fact, assuming that the teeth knocked off are the first, the second, the 

fifth and the seventh tooth clockwise and assume that we must turn C £; 
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tooth clockwise such that the i th tooth of A and the j th tooth of Bare 

coincident. From the following table, we know that whether we turn i 

Ci = 1, 2 , . . . , 13) tooth of A, this case always appears that the tooth 

knocked off of A and the tooth knocked off of B are coincident, 

hence the projection of two cogwheels cannot be the projection of a 

whole cogwheel. 

~ 1 2 5 7 

1 13 1 4 6 

2 12 13 3 5 

5 9 10 13 2 

7 7 8 11 13 

Exercise 10 

1 Proof by contradiction. Assume that any two triples have two 

common members or do not have a common member. If two triples A 

and B have common members, then they have exactly two common 

members: a and b. If triples Band C have two common members, 

then at least one of a , and b belongs to C . Hence triples A and C have 

also two common members, and all triples are divided into several 

classes such that any two triples in the same class have exactly two 

common members and any two triples in distinct class do not have a 

common member. Now we prove that the number of triples k in the 

same class is less than or equal to the number of persons h in these 

triples . Obviously, h ~ 3. Whenh = 3, k = 1. Whenh ~ 4, k ~ 2, and 

assume that {x , a, b } and {y , a, b } are two triples in this class, then 

other triples in this class just have the following forms: {x , y , a } , {x , 

y , b } or {a, b, z } , where we could choose z in h - 4 ways at most, 

hence k ~ 4 + (h - 4) = h. Thus the total number of triples is less than 

or equal to total number of persons, i. e. n + 1 ~ n, and this is a 
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contradiction. This contradiction implies that the conclusion is true . 

2 Each of two cases is impossible. Assume that the rows in this 

chessboard are numbered with 1, 2, ... , 8 from bottom to top and the 

columns in this chessboard are numbered with 1, 2, ... , 8 from left to 

right. Let the square in the ith row and the /h column be assigned with 

(i , j) and the sum of ordinates of 9 chessmen be S. If the 9 chessmen 

occupy the 3 X 3 square in top left (or top right) corner, then S 

increases 3(6 + 7 + 8 - 1 -2 -3) = 45, i. e . the parity of S changes. On 

the other hand, when some chessman moves once, the sum S increases 

either 2 (if the direction of the jump is vertical or diagonal) or 0 (if 

the direction of the jump is horizontal), i. e. the parity of S does not 

change, so this is a contradiction. Thus we prove that each of the two 

cases is impossible. 

3 For sake of contradiction, assume that for any two 

permutations band c (b =F c) , S (b) - S (c) is not a multiple of n !, 

thus S (a) ranges over a perfect complete system of residues with 

modulus n !, if a ranges over all n! permutations of 1, 2, ... , n. Let 

(J denote the set of all permutations of 1, 2, ... , n, thus 

,,! 1 
~S(a) ~k = 2 en!(n! + 1) (modn!). 
aEa k =l 

Sincen > lisanodd, ~S(a) - ~ en! (modn!),i.e. ~S(a) 
aEa a Ea 

is not a multiple of n !, which contradicts 

1/ II , 

~S(a) == ~ ~kia, = ~ki (~a,) = n. 
(n + 1) ~ 

2 X LJk i 

aEo a Ea i= l i = l aEo 

- 0 (mod n!). 

Hence the conclusion holds. 

4 We use 17 points to represent 17 persons. 

Assume that two points are connected by a line D, 

segment if and only if two corresponding persons D, 

are mutually acquainted, thus we obtain a graph G 

with 17 vertices. If two persons are acquainted (i. e. 

i=l 

A, 

B3 
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the two corresponding points are connected by a line segment) or have 

a common acquaintance (i. e. the two corresponding points spanning 

an angle) then we say that the two corresponding points are 

associated. Thus the problem is equivalent to proving there exist two 

points which are not associated. 

For the sake of contradiction, assume that any two points are 

associated, i. e. for any two points they are connected by a line 

segment or spanning an angle. There are ~ X 17 X 4 = 34 line segments 

and 17 G) = 102 angles and 34 + 102 = 136 = (~), which equals the 

number of two-points groups of 17 points. 

Hence for any two points, they are connected by a line segment or 

construct a unique angle, and one of the two cases occurs. Thus 

neither a triangle nor a quadrangle occurs in the graph G. Consider 

any point X, then the point X and four points A, B, C, Dare 

connected by four line segments XA, XB, XC, XD. Thus any two of 

A, B, C, D are not connected by a line segment and each of A, B, 

C, D and other three points, except X, A, B, C and D, are 

connected by line segments respectively. At this time, there are 16 line 

segments and 4 three-point groups: {A j , A 2 , A 3 }, {B j , B 2 , B 3 }, 

{ C 1 , C 2' C 3 }, {D l' DuD 3} in the figure (as figure). Hence we 

need to connect 34 - 16 = 18 line segments. 

Since any two points of a three-point group are not connected by a 

line segment, it is allowed that each point and any point of other 

three-point groups are connected by a line segment. Thus we obtain a 

5 - point cycle containing the point X, as long as we connect a line 

segment (as figure: XAA 2 B j BX and XBB 3 C 3 CX ) and there are 

exactly 18 5-point cycles containing the point X. Hence there are 

18 X 17 5 . t I . h' f' b 18 X 17 . . 5 -pom cyc es m t IS Igure, ut 5 IS not an mteger, and 

this is a contradiction. 

This completes the proof. 
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5 Assume that there exist n persons satisfying the given 

conditions, and let the 8 acquaintances of some person x be x I , 

X2' .•• , XH' Since x and XH are acquainted, then they have 4 

common acquaintances. Without loss of generality, assume that 

the common acquaintances of x and x s are x I' X 2' X 3' X 4' thus 

X7 and Xs are unacquainted. Since x and X7 are acquainted, then 

they have 4 common acquaintances which are 4 persons of XI' X2' 

X 3' X 4' X 5' X 6. Hence among the 4 common acquaintances, 

there are at least 2 persons of x I , X 2' X 3' X 4. Assume that the 2 

persons are Xl and X2 Thus X7 and Xs are unacquainted, but they 

have 3 common acquaintances x, Xl' X2' which contradicts the 

given conditions. So there is no positive number n satisfying the 

given conditions. 

6 Assume the pair of players playing the i th game is (a, , b i) (i = 

1, 2, ... , 14) and M = {Cai' b,) I i = 1, 2, ... , 14}. A subset S of 

M is called a good subset, if the players belonging to player pairs of S 

are distinct. Obviously, good subset exists. (Since one-element subset 

of M is a good subset) and the number of good subsets is finite. Hence 

there exists a good subset Mo such that number of elements of Mo is 

the largest. 

Assume that there are r pairs of players belonging to Mo. We just 

need to prove r :?: 6. If r ~ 5, then any two of the remaining 20 - 2r 

players, except 2r players in M o ' do not playa game. (Since if Ca, b) 

plays a game, then Mo U {(a, b)} is also a good subset, which 

contradicts the definition of Mil. ) Thus each of the 20 - 2r players 

plays a game against one of the 2r players in Mo. 

Hence the number of games at least is r + (20 - 2r) = 20 - r :?: 15. 

It contradicts that the total of games is 14. Therefore there exist 6 

games such that 12 players who play these games are distinct. 

7 Assume that among any three teams, there exist two teams 

playing a game after S games, and the team A plays k games and k is 

the smallest. Thus each of teams B I' B 2' •.• , B k which plays a 

game against A play at least k games. Let the remaining 19 - k teams 
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except A, B" Bn ... , Bk beC" C 2 , ... , C' 9-k. Thus for any 

two teams C i and C j (1 ~ i < j ~ 19 - k) , there exist two teams of 

A, C i and C j playing a game. But team A and each of teams C i and 

C j do not playa game, hence two teams C i and C j playa game, i. 

e. each of C " C 2' ••• , C ' 9 - k play 18 - k games against 18 - k 

other teams. 

Hence 

s ;;?: ; [k (k + 1) + (19 - k ) (18 - k ) ] = (k - 9) 2 + 90 ;;?: 90. 

On the other hand, if 20 teams are divided into two groups, each 

group has 10 teams such that any two teams in a group playa game and 

any two teams in distinct group do not playa game, then the number 

of games is 2 (120) = 90, and for any three teams, there are two teams 

belonging to a group which played one game against each other . 

Summing up the above, we obtain that required smallest number of 

games is 90. 

8 Firstly, we prove that the champion exists. Assume that team 

A wins k times and k is the largest, then team A is the champion. 

Otherwise, there exists a team B such that A does not excel B, i. e. B 

wins A or B wins the k teams which are defeated by A. Thus B wins 

at least k + 1 times, which contradicts that k is the largest. With the 

same reason, we could prove that for any group of teams, there exists 

a team which excels the other teams. Assume that there exist two 

champions A and B and A wins B. All teams are divided into three 

groups: Each of the first group is defeated by A, and each of the 

second group wins A, but it is defeated by B, and each of the third 

group wins A and B . 

(1) If the third group is non-empty, then there exists a team C 

which excels the other teams in the third group and C wins A and B , 

so C is also a champion. 

(2) If the third group is empty, and B is the champion, then the 
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second group is non-empty . Thus there exists a team C which excels 

the other teams in the second group and C wins A, and A wins B. So 

C is also a champion. Summing up the above, we know that there exist 

at least three champions. Therefore it is impossible that there exist 

exactly two champions. 

Exercise 11 

1 Let 5 A. (5 B ) denote the sum of distances from the red points 

(blue points) to the point A (B). We consider a special case: n blue 

points are at the left of the midpoint M and n red points are at the 

right of the midpoint M. In this case, obviously, we obtain 5 A. = 5 B . 

The general case is that at least one red point C is at the left of M and 

at least blue point D is at the right of M. We take a red point C at the 

left of M and a blue point D at the left of M. If we swap C with D, 

then the sum of distances from the red points to point A is 5 ~ = 5 A. + 
CD and the sum of distances from the blue points to the point B is 

5 ~ = 5 B + CD. Thus 5 :4. - 5~ = 5 A. - 5 B is a constant. 

Therefore we could carry out finitely many adjustments such that 

the above special case occurs, and the conclusion holds. 

2 Firstly, we prove that this algebraic sum is odd . Since 

1 + 2 + ... + 2005 = 1003 x 2005 

is odd and for any two integer a and b, the parity of a + b and a - b are 

the same, any algebraic sum of 1, 2, ... , 2005 is odd. Since 

1 + (2 - 3-4 + 5) + (6 - 7 - 8 +9 ) + ... 

+ (2002 - 2003 - 2004 + 2005) = 1, 

the required smallest value is 1. 

3 Let n 1 , n 2 ' ••• , n 30 denote the number of points in 30 groups 

respectively, then n l ' n 2 ' ••• , n 30 are distinct and n 1 + n 2 + ... + 

n 30 = 1989, and the total of triangles is 5 = ~ n in j n k . Since the 

number of ways to partition the groups is finite, the maximum of 5 
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exists. Without loss of generality, assume that n 1 < n 2 < ... < n 30 . 

Firstly, we prove that if 5 reaches the maximum, then the 

following properties hold: (1)n k+ l -n k ~ 2 (k = 1, 2, ... ,29). In 

fact, if there exists a k o such hatnk,, +1 - nk" ?o 3, C1 ~ k o ~ 29) . 

For convenience, assumek o = 1, i.e. 71 2 - 711 ?o 3, and set 71'1 = 

n 1 + 1, n~ = 712 -1, 71~ = 71 k (3 ~ k ~30), and assume that the total of 

triangles corresponding to the division of {n 'I' n~, ... , n ']o } is 5' , 

then from 

and n ~ + n; = 711 + n 2 we obtain that 

i. e. 5 ' > 5, which contradicts that assumption that 5 reaches the 

maximum. 

(2) There is at most one kll such that n k,,+1 - n k" = 2. In fact, if 

there exists k l < k2 such thatn k\+1 -n k\ = 2, n k2 +1 - n k2 = 2, and set 

n:\ = nk\ + 1, n 'k2 = nk 2 - 1, n'; = 11 ; (i 7'=- kl' k 2 ). With the same 

reason, we obtain that the total 5' of triangles corresponding to the 

division of { 71 '1' n'2' ... , n'311} is greater than 5, so this is a 
311 

contradiction. Since ~ n ; = 1989, it is impossible that n k+1 - 11 k = 1 
i=l 

(k = 1, 2, ... , 29) holds . Otherwise n I ' n 2 ' ••. , n 311 construct an 

arithmetical sequence with the common difference 1, so 

30 
1989 = ~n ; = 15(711 +71 30) 

i=l 

is divisible by 15, and it is a contradiction. Hence there is a ko such 

that 11 k,,+ 1 - n ko = 2, i. e . 30 numbers are n l ' 711 + 1, ... , 71 1 + Ck o -

1), 711 + (k o + 1), ... , 711 + 30. Thus 

1 
1989 + k II = 2 x 30 x (71 I + 1 + 71 I + 30) = 15 (2711 + 31 ). 
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So k () = 6, n I = 51. Therefore we couclude that when the numbers 

of points in 30 groups are 51, 52, 53, 54, 55, 56, 58, 59, ... ,81, the 

total number of triangles reaches the maximum. 

4 Consider the general case: assume that aI' a2' ... , a2" is a 

permutation of 1, 2, ... , 2n, and find the largest value of 5 = a I a2 + 

a 3a4 + ... + abl- la2" , proof by induction on n. When n = 1, 51 = 1 x 
2. When n = 2, 

52 ~ Max{ 1 X 2 + 3 x 4, 1 x 3 + 2 x 4, 1 X 4 + 2 x 3} = 1 X 2 + 3 x 4. 

Assume that n = k, and 

5 k ~ 1 x 2 + 3 X 4 + ... + (2k - 1) (2k), 

then when n = k + 1, 

(1) If 2k + 1 , and 2k + 2 appear in the same term of the above 

expression, say 

then by the inductive hypothesis, we obtain that 

5k+1 = al a 2 + a3 a 4 + ... + a2k-1a2k + (2k + 1) (2k + 2) 

~ 1 X 2 + 3 X 4 + ... + (2k - 1) (2k) + (2k + 1) (2k + 2) ; 

(2) If 2k + 1 , and 2k + 2 appear in two distinct terms of the above 

expression, saya2k-1 = 2k + 1, a2k+l = 2k + 2, then we note that 

[a2k a 2k+2 + (2k + 1) (2k + 2) J - [(2k + 1)a2k + (2k + 2)a2k+zJ 

= Calk - (2k + 2)[a 2k+Z - (2k + 1)J > 0, 

thus 

5 k+l < al a Z +a3 a 4 + ... + a 2ka 2k+2 +(2k + 1)(2k + 2) 

~ 1 X 2 + 3 X 4 + .. , + (2k - 1)( 2k) + (2k + 1) (2k + 2) , 

and we have proved that for all n E N+ , 

5" ~ 1 X 2 + 3 X 4 + ... + (2n - 1) C2n). 
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the loop 

is divided into two loops: 

and 

(2) If we swap two numbers b\ and c\ in two distinct circuit loops: 

and 

Cl~C2~···~Cm~ C l' 

then this two loops become a single loop: 

Therefore, the value of jCa ) either increase 1 or decrease 1 after 

a swap. Note that a = (2, 3, '" , 20, 1) just has a circuit loop: 1-

2-' "-20-1, and (1, 2, .. . , 20) has 20 circuit loops C1 , 1), ( 2, 

2) , . . . , (20, 20), thus to obtain (1, 2, ... , 20) from a = (2, 

3, .. . , 20, 1), we need at least 19 swaps. Summing up the above , we 

conclude that the required maximum of k a is 19 . 

6 Since there is not a tie, and there is exactly one winner in a 
211 + 1 

game , ~ w; equals the total of games, i. e. 
i=l 

2,,+\ (2n + 1) 
~w; = = n(2n + 1). 
;~\ 2 

By Cauchy's inequality, we obtain 

211 +1 211 +1 211+1 

n 2 (2n + 1) 2 = (~W;) 2 ~ (~12 )(~wn = (2n + 1)5, 
j=l i=l 

so 5 ?;:; n 2 (2n + 1). On the other hand, assume that when i + j Ci < j) 

is an odd, P; wins Pi ' and when i + j Ci < j) is even, Pi wins p ; , then 
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for any i (1 < i < 2n + 1) , W i = n. Thus 5 = n 1 (2n + 1). Hence the 

required smallest value of 5 is n 2 (2n + 1) . To find the largest of 5, 

assume thatwl ;?o W2 ;?O ••• ;?o W2,,+I. If WI < 2n, i.e. there are some Pk 

whowinsPl' andsetw~ = wl + 1, W:=Wk - 1. w; = w i (i =/:- i, k, 
211+1 

1 < i < 2n + 1) and 5' = 2.: w'T , Thus 
j=1 

5' - 5 = (WI + 1)2 + (Wk _ 1) 2 -WT - w~ = 2(Wl - W k ) + 2 > 0. 

When W'I < 2n holds, we carry out the same adjustment. Since 5 is 

strictly increasing after a adjustment, we obtain W 1 = 2n after finitely 

many adjustments. Now, we rearrange the 2n + 1 numbers WI , W2' ... , 

W 2,,+ 1 such that W 1 ;?o W 2 ;?o ••• ;?o W 2,,+1. From WI = 2n , we know W 2 < 
2n - 1. When W2 < 2n - 1 holds, we carry out the same adjustment. 

Thus we obtain W2 = 2n - 1 eventually. Then, the adjustment is 

similar. Thus we obtain 

On the other hand, assume that for any 1 < i < j < 2n + 1, Pi 

wins P j ' then Wi = 2n + 1 - i (1 < i < 2n + 1) ). In this case, 

2,,+1 1 
2.:wT = 3n x (2n + 1)(4n + 1) 
;=1 

2,,+1 1 
holds. Therefore the maximum of 5 = 2.: W T is 3n (2n + 1) (4n + 1). 

;= 1 

Exercise 12 

1 Assumethatm X n numbersaTbJ( i = 1,2, ... , nj j = 1, 

2, ... , m) are filled in each grid of the m X n table such that each grid 

contains a number (as figure). The sums of all numbers in each row 
11 m 

and each column are perfect squares, as long as 2.: a f and 2.: b; are 
;=1 i=1 

perfect squares. Note that (k + 1)2 = (2k + 1) + k 2 , we assume that a 1 

is odd and a 2 ' a 3' ••• , a ,, - 1 are even and 0 < a 1 < a 2 < ... < a ,, - 1. Let 
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11-1 

~a7 = 2M + 1(M E N+) , 
i=ol 

II 

and all = M, then ~ a~ = CM + 1)2. Then to make these numbers 
[=1 

distinct we increase the difference of any two numbers in each row. 

For example, we set b l > 2a ll and b l is odd, and b 2 , b 3 , ••• , b ll - l are 
m-1 

even and b i+ I > b ia II C i = 1, 2, ... , m - 2). Denoting ::8 M = 2S + 1 
£=1 

m-l 

and setting b", = S, we obtain ~ b; = CS + 1)2. Thus we easily prove 
£=1 

that the above way of filling numbers satisfies the given condition of 

the problem. 

a;bT a~bT ayb; 

afbs a~b~ aJb~ 

albT a~bT aJb; 

afb;l-t a3b;l-t a Jb;l-t 

afb~l 2' , 
al();;z alb;, 

2 LetP = CO, 2ab), Q = Ca 2 -b2 , 0) Ca, 

b are two integers), then 

is an integer. Take the point Po CO, 2m ) in the 

y-axis, where m = PI P2 . .. PII CPI , P2' ... , PII 

a~-l hI a~bT 

a~-l b~ a~h~ 

a;-tbr a~bT 

a~-l b;'I-1 a;h~1-1 

a;-lb~n a~b;1 

are distinct primes) and Qi CaT - bT, 0) in the x-axis, where ai = 

P1P2 ... Pi' bi = Pi+1P,+2 ... p"Ci = 1,2, ... , n -1). Obviously, n 

points Po, Ql , Q2, ... , Q,,-l satisfy the condition of the problem. 

3 C 1) Since 2003 X 2005 is not divisible by 3 and there are 3 unit 

squares in an "L-shapes", the 2003 X 2005 rectangle cannot be divided 
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perfectly into several "L-shapes" . 

(2) Since the 2 X 3 and 7 X 9 rectangle can be divided perfectly into 

several "L-shapes". (as figure), and 

2005 X 2007 = 1998 X 2007 + 7 X 2007 

= (2 X 3)(999 X 669) + C7 X 9) X 223, 

the 2005 X 2007 rectangle can be divided perfectly into several "L­

shapes" . 

4 (1) Assume that the lengths of 8 line segments are 1, 2, 3, 4, 

5, 6, 7, 8, respectively in the figure (a). Since any side is greater 

than the absolute of the difference of other two sides in a triangle, if a 

triangle is not an isosceles triangle and the lengths of its three sides are 

all positive integers, then the length of any side of this triangle is 

greater than 1. Hence the line segment with length 1 is AB or AF. 

Without loss of generality, assume AB = 1. From 1 = AB > I BE - AE I , 

we know BE = AE. By the cosine theorem in 6.ABE and 6.DEF, we 

obtain 

and 

cos E 
BE 2 + AE 2 - AB2 1 

2BE • AE = 1 - 2AE2 ' 

DP = DE 2 + EP - 2DE· EFcosE 

= DE2 +EP - 2DE· EF(l - 2A~2) 

= DE 2 +EP - 2DE. EF + EF • DE 
AE BE' 

B EF d DE " f . ut AE an BE are two pOSItive ractIOns less than 1 and the 

other terms in the above expression are all positive integers, and this is 

a contradiction. Hence there does not exist 4 straight lines that satisfy 

the condition of problem. 

(2) We start from the rectangular triangle with three sides 3, 4, 

5, to find positive integers k > 1, m, and n such that the figure (b) 

satisfies the condition of the problem. By the property of the similar 
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triangles, we obtain 

(5 + 4k) : m : (n + 3) = (4 + 5k) : n : (m + 3k) = 3 : 4 : 5. 

Thus 5 + 4k and 4 + Sk are all multiples of 3 and we obtain that 

k = 4, m = 28, n = 32 is a solution. Therefore there are 4 straight 

lines satisfying the condition of problem (as figure (c». 

A 3 5 3 5 
4 4 

E n 32 
III 28 

(a) (b) (c) 

5 We construct 100 subsets as follows: A, = {k I k = i - 1 

(mod99), k E N+andk is even }, wherei = 1, 2, ... ,99, andA ltI1J = 

{k IkE N+ , k is odd } . Note that if the positive integers a, b , c satisfy 

a +99b = c , then the number of odd numbers among a, b, c is 2 or O. 

If two of a , b, c are odd, then the two numbers belong to A IOU ; If a , 

b, c are even, and a = c (mod 99 ), so a, c belong to the same subset 

A i" C1 ~ i o ~ 99) . 

6 Proof I When n = 1, take A = {1} , B = {2}, C = {3} , thus 

the conclusion holds. Assume that for n E N+ , the conclusion holds, i. 

e. the set 5 11 = {1, 2, ... , 3n } can be partitioned into three disjoint 

subsetsA = {ai, au ... , a ll}, B = {b l , b2' ... , b ll } , C = {CI' 

C2 ' ... ' CII} such that ai + b i = c, (i = 1, 2, ... , n } , then for4n E 

N+ , assume that the set 5 -111 = {1, 2, ... , 12n } could be partitioned 

into the following three disjoint subsets: A ' = {a '1 ' a '2 ' . .. , a '-III} , 

B' = { b ~ , b;, ... , b: II } , C' = {c~ , c; , ... , C~II} ' where 

a ; = 2i - 1 (i = 1, 2, ... , 3n), a ;1I+k = 2ak (k = 1, 2, ... , n ) , 

b : =911 + 1 - i Ci = 1, 2, ... , 3n), b;lI+k = 2b k (k = 1, 2, ... , n), 

c; = 911 + i (i = 1, 2, . .. ,311), C;II+k = 2Ck (k = 1, 2, ... , n), 

then for any i C1 ~ i ~ 4n) , the equality a : + b: = c: holds. Therefore 

there exist infinitely many positive integers n = 1, 4, 42 , 43 , ••• 
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satisfying the condition of the problem. 

Proof n When n = 1 , take A = {1 }, B = {2}, C = {3 } , thus the 

conclusion holds. Assume that for n E N+ , the conclusion holds, i. e. 

the set 5" = {1, 2, ... , 3n } can be partitioned into three disjoint 

subsets A = {a1 , a1' ... , a,,}, B = {b 1 , b1, ... , b,, } , C = {C1 , C1' ... , 

c,,} such thata; + b; = C; (i = 1,2, .. . , n) then for 3n + 1 E N+, 

assume that the set 5 3,,+ 1 = {1, 2, ... 3(3n + 1)} could be partitioned 

into the following three disjoint subsets: A' = {a '1' a'1' ... , a '3,,+1 } , 
, {" ' } C' { " '} h '3 B = b 1,b2 , ••• ,b3,,+1 ' = C1,C2, ... ,C 3,,+1 'W erea; = a ;-

1, b: = 3b ; , c: = 3c ; - 1 (i = 1,2, ... , n) a:,+; = 3a ; , b:,+; = 3b ; + 1, 

c:,+; = 3c ; + 1 (i = 1,2, ... , n), a~,,+; = 3a; + 1, b~,,+; = 3b ; - 1, c~,,+; = 

3c ; (i = 1,2, ... , n), a;,,+1 = 1, b;,,+ 1 =9n + 2, andc;,,+1 = 9n + 3, then 

a: + b'; = c', (i = 1, 2, ... , 3n + 1) holds. Therefore there exist 

infinitely many positive integersn = 1,4,13,40,121, ... , i.e. n = 

~ (3 k - 1) (k = 1, 2, 3 .... ) satisfying the condition of the problem. 

7 When n = 1, let M 1 be a set containing two end points of the 

line segment with length 1, then M 1 satisfies the condition of the 

problem. Assume that when n = k , there exists a set M k with finitely 

many points such that for any P E M k , there are exactly k points A 1 , 

A 2 , ••• , A k EM k such that the distance between P and A ; equals 

length 1 (i = 1, 2, ... , k) and let I M k I = m k . When n = k + 1 , we 

draw m k circles whose centers are m k points of M k respectively and the 

radius are all equal to 1. Afterward, we connect the center and the 

intersection point in each circle, and connect any two points of M k. 

Since the number of connecting line segments are finite, there 

exists a straight line l not parallel to any connecting line segment. We 

translate the set M k into the set M~ along the direction of l such that 

the distance between any point P of M k and the corresponding point 

p' of M~ is 1. 

Thus M k n M~ = 0 and for any P E M k U M~ , there are exactly 

k + 1 points P l' P 2' ••• , P k+ 1 E M k n M'k satisfying the distance 

betweenP and each ofP 1 , P 2 , ••• , P k + 1 is 1, i.e. whenn =k + 1, 
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the set M k+1 = M k U M~ satisfies the condition of the problem. Hence 

for any n E N+ • there exists a set M II of points satisfying the condition 

of the problem. 

S We are going to prove a more general result: For any positive 

integer m ~2. there exists ninE N+ such that when n ~n m' there are m 

positive integers al' a2' ...• am. satisfying n = a1 + a2 + ... + am. 

a 1 < a'. < ... < a m and a; I a;+ I Ci = 1. 2 •...• m - 1). When m = 2. 

n = 1 + (n - 1). then n 2 = 3. 

Assume that the conclusion is true when m = k. i. e. there exists a 

n k E N+ such that when n ~ n k' there are k positive integers b1 • 

b2 • •••• bk satisfying n = bl + b2 + ... + bk • b1 < b2 < ... < bk and b, I b;+1 

Ci = 1. 2 ..... k - D. thenforn = k + 1, letn k+1 = 22I1 k+l (2n k +D . 

Thus for any positive integer n = 2' (25 + 1) ~ n k+1 = 2211k +1 • 

(2n k + 1) • we obtain 25 + 1 ~ 2n k + 1 or 2' ~ 2211 k +1. If 2s + 1 ~ 2n k + 
1. i. e. s ~ n k • by the induction hypothesis. we know that there are k 

positive integers bl • b2 • •••• hk satisfying s = hi + b2 + ... +bk • bl < 
b2 < ... < bk • andh; I b;+I( i = 1, 2 ..... k -1). 

Then 

whereal =2r .anda; =2r+l b;_I (i = 2.3 •...• k+1)satisfyingal < 
a2 < ... < a k+1 anda ; I a ;+1 (i = 1, 2 •...• k). If 2' ~ 22I1 k +l. i.e . r ~ 

2n k + 1. then there is rl = 0 or 1 such that r = 2p + rl (p E N+) and 

from r = 2p + rl ~ 2n k + 1. we yield p ~ n k and 

2P - 1 = (1 + 1) p - 1 ~ (1 + p) - 1 = P ~ n k . 

By the induction hypothesis. we conclude that there are k positive 

integers b1 • b2 • •••• hk such that 2P - 1 = hi + b2 + ... + hk • b1 < b2 < ... < 
bk • b; Ib;+1 (i = 1, 2 ..... k - D. Then 

n = 2'( 25 + 1) = 2 r l (2s + 1) + (2' -2'1 )(25 + 1) 

= 2 '1 (25 + 1) + 2r , (25 + 1)(2P + 1) X (hi + b2 + ... + bk) 
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where al = 2 r 1 (25 + 1), and 

ai = 2r1 (25 +1)(2P +1)b i - 1(i = 2,3, ... , k +1) 

satisfyingal <a2 < ... <ak+l andai I ai+l(i = 1, 2, ... , k). The 

proof is complete. 

Exercise 13 

1 This solution is analogous to Example 1. By the method of 

enumeration, we could obtain that the answer of (1) to be 174 and 

answer of (2) to be 78. 

2 (1) The number of the regular triangles with the length of side 

k and its head upward is 

Xk = 1 + 2 + ... + [n - (k -1) ] 

1 
= 2(n -k +1)(n -k +2) 

1 
= 6[(n -k + 1) X (n -k +2)(n -k +3) 

- (n -k)(n -k + l)(n -k +2)]. 

So the number of the regular triangles with heads upward is 

The number of the regular triangles whose length of sides is land 

head is downward is 

YI = 1 +2 + ... +(n -2l +1) 

= ~ (n - 2l + 1) (n - 2l + 2) (1 ~ l ~ [ ; J). 
When n = 2m is even, the number of the regular triangles whose 

head is downward is 

[n!2] 1 m 

52 = ~Yi = 2 ~[(2m -2l +2)2 - (2m -2l +2)J 
,~1 1~1 
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m 

= ~ [2(m - l + 1)2 -em -l + 1)J 
1~1 

1 1 = 2 X 6 m (m + 1) (2m + 1) - 2m (m + 1) 

1 = 6m(m + 1)(4m - 1) 

1 = 24n(n + 2)(2n - 1). 

When n = 2m - 1 is odd, we could obtain 

m - l m- l 

= 2 ~ (m _ l) 2 + ~ (m - l) 

1 1 
= 3(m - 1)m(2m - 1) + 2 m (m - 1) 

1 = 6(m - 1)m(4m + 1) 

1 = 24(n -l)(n + 1)(2n +3). 

Therefore the required number of regular triangles is 

{ 
~ n(n + 2)(2n + 1), if n is even, 

5 = 51 + 5 2 = 
~ n (2n 2 + 3n - 1), if n is odd. 

269 

(2) Since the bottom half of each rhombus whose sides are not 

parallel to BC is a regular triangle with head downward. This is a one­

to-one correspondence. So the number of the rhombuses whose sides 

are not parallel to BC equals 52 ' Therefore the required number of 

rhombuses is 
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J-.1 n (n + 2)(2n - l), ifnls even, 

o 1 r (" ~ 1)(" " 1) (2" + 3) • if" i, odd. 

3 Assume that a total of n players participated in the tournament. 

Thus the n players gathered a total of 2 G) = 11 (n - 1) points in the 

( 10) . , 
tournament. Similarly, the 10 losers get 2 2 = 90 pomts m games 

among themselves. Since this accounts for half of their points, they 

must have a total of 180 points. In games among themselves the n - 10 

winners similarly gathered 

( 11 -10) 2 2 = (n - l0)(11 - 11) 

points. This also accounts for only half of their total number of points 

(the other half coming from games against the losers ) , so their total 

was 2(n - 10)(11 - 11) points. Thus we have the equation 

n (n - 1) = 180 + 2 (11 - 10) (11 - 11) , 

1. e. 11 2 - 4111 + 400 = O. It follows that 11 = 25 or 11 = 16. But 11 = 16 

is rejected, since we must have that 2(11 -10) (n - 11) -:- (11 - 10) ~ 180 -:-

10. Therefore 11 = 25, i. e . there were 25 players in the tournament. 

Finally we show that such a tournament exists. Since 11 = 25 , we 

have 15 winners and 10 losers . Every game that the winners play 

among themselves results in a tie, giving each 15 -1 = 14 points from 

games played with other winners. Likewise , all the games played 

among the losers results in tie, giving each of the 10 losers 9 points. 

For the ten games played by each winners against the losers, six are 

wins, two are losers, and two are ties, giving the winners another 14 

points from games played with losers. This gives each loser three wins, 

nine losses, and three ties in games against winners, adding up to 9 

more points. 
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Thus each of the 25 players receives exactly half of his/her points 

in games against the losers, which is what we want. 

4 Assume that there are m triangles with 3 red sides, n triangles 

with 2 red sides and 1 blue side, p triangles with 2 blue sides and 1 red 

side, and q triangles with 3 blue sides. Since the numbers of line 

segments meeting each point, except point A, are distinct, then they 

are either 0, 1, ... , 16 or 1, 2, ... , 17. In first case, assume that the 

number of red line segments meeting the point A is 2k - 1 , then the 

total of red line segments in the figure equals 

1 . 1 - (0 + 1 + ... + 16 + 2k - 1) = 17 X 4 + k - -
2 2 

which is not an integer, and this is a contradiction. Thus the possible 

case is the second case. Let B 1 , B 2' ••• , B 17 denote 17 other points 

except A, and the number of red line segments meeting B i be i (i = 1, 

2, ... , 17). Thus B 17 is connected with 17 other points by the red line 

segments and B 1 is connected with B 17 by the red line segment. 

Similarly, for i = 1, 2, ... , 8, B 17-i is connected with 17 - i other 

points except B l' B 2' ••. , B i by the red line segments and B, is 

connected with i points B 17 , B 16 , ••• , B 1S- i by the red line segments. 

Hence the point A is connected with 9 points B 17 ' B 16 ' • • • , By by the 

red line segments. The remaining line segments in figure are blue. The 

angle consisting of two red (blue) line segment meeting the same point is 

called a red Cblue) angle, thus in this figure, the total of red angles is 

And the total of blue angles is 

p + 3q = i: (17 - k ) + (8 ) = (17) + (8 ) = 708. CZ) 
k ~ 1 2 2 3 2 
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And the total of red line segments is 

1 1 
16 Om + 2n + p) = 2 (1 + 2 + ... + 17 + 9) = 81. (3) 

And the total of blue line segments is 

1 1 
16(n +2p +3q) = 206 + 15 + ... + 11 +8) = 72. @ 

Combining CD, (2), (3) and @, we obtain that m = 204, n = 240, P = 

204, and q = 168, so the number of triangles with three red sides is 204 

and the number of triangles with two red sides and one blue side 

is 240. 

5 This solution is analogous to two solutions in the Example 5. 

We could obtain the answer of the problem is 461. 

6 We take the base of the 4 X 4 X 4 cube as the plane of 

reference. The 4 X 4 X 4 cube is divided into 4 sheaves such that each 

sheaf is a 4 X 4 X 1 rectangular solid which is parallel to the plane of 

reference. Let the 4 sheaves are assigned with the numbers 1, 2, 3, 4 

(from bottom to top). 

We project all red cubes into the plane of reference and each 

projective small square is assigned with the number of sheaf of this red 

cube. Thus we obtain a 4 X 4 table of numbers in which each grid is 

assigned with one of {1, 2, 3, 4} and 4 numbers situated in the same 

row or same column construct a permutation of {1, 2, 3, 4}. Such 4 X 

4 table of numbers is called a 4 X 4 Latin square. On the contrary, each 

4 X 4 Latin square corresponds to a unique coloring way, and this 

correspondence is bijective. 

Hence the problem is equivalent to find the 

number of 4 X 4 Latin square. Let aij denote the 

number in the unit square at the ith row and the j'h 

column of a 4 X 4 table (i, j = 1, 2, 3, 4). For any 

permutation {a, b, c, d} of {1, 2, 3, 4), firstly, 

we consider the following case: a \ \ = a, a \2 = a 2\ 

b, a\3 = a3\ = c, and a 1-1 = a41 = d (as figure). 

a 

b 

c 

d 

b 

an 

a32 

a42 

c d 

an a::::4 

a33 a34 

a43 aH 
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(1) If a22 = a , then a23 and a32 are just equal to d, a24 and a42 are 

just equal to c. Thus a33 may be equal to a or b, and the values of a34 , 

a43' a44 are determined uniquely when the value of a33 is determined. 

Hence in this case, there are 2 Latin squares. 

(2) If a22 = c, then there is only one case: a23 = a32 = d, a24 = 

a42 = a, a34 = a43 = band a33 = aH = a, Hence in this case, there is 

1 Latin square. 

(3) If a 22 = d , with the same reason as (2), in this case, there is 

1 Latin square. Thus number of Latin squares as figure is exactly 4. 

The number of such permutations {a, b, c, d} of {1, 2, 3, 4} is 4!, 

and if {a, b, c, d} is determined, and swap any two of the second 

row, the third row and the fourth row, we could obtain 3! distinct 

Latin squares. Therefore the total of 4 x 4 Latin squares is 4! x 3! x 
4 = 576, so the required number of distinct coloring ways is 576. 

Remark Let the number of n X n Latin square be L", then L" 

n!(n -1)!l" and we know that l1 = l2 = l3 = 1, l4 = 4, l5 = 56, 

l6 = 9408, l7 = 16942080, ... When n ~ 5, the computation of l" is 

very complicated, so it is proper that we take n = 4 as a problem of the 

mathematical competition. 

Exercise 14 

1 Let the colors be a, b, c, d, e, J. Denote by 51 the sequence 

a, b, c, d, e, andby52 thesequencea, b, c, d, e, J. Ifn EN+can 

is represented in the form 5x + 6y (x, y E N+), then n satisfies the 

condition of the problem: we may place x consecutive 51 sequences 

followed by y consecutive 52 sequences around the polygon. Setting y 

equal to 0, 1, 2, 3 or 4, we find that n may equal any number of the 

form5x, 5x +6, 5x +12, 5x +18, and5x +24. The only numbers 

greater than 4 not of these forms are 7, 8, 9, 13, 14 and 19. 

We prove that none of these numbers has the required property. 

Assuming a contradiction that a coloring exists for n equal to one of 7, 

8, 9, 13, 14 and 19. There exists a number k such that6k <n <6(k + 
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1). By Pigeonhole Principle, at least [n ~ 1 J+ 1 = k + 1 vertices of 

the n-sided polygon have the same color. Between any two points of 

these vertices are at least 4 others, because any 5 consecutive vertices 

have different colors. Hence, there are at least 5k + 5 vertices, and 

n ? 5k + 5. However, this inequality fails when n = 7, 8, 9, 13, 

14, and 19. 

2 Let the colors used be A, B, C, D. We call an unordered pair 

of squares is sanguine if the two squares lie in the same row and are of 

distinct colors. Every row gives rise to 6 • 25 2 sanguine pairs (given by 

(;) possible pairs of colors and 25 squares of each color). Thus 

summing over all the rows, there is a total of 100 • 6 • 25 2 sanguine 

pairs. On the other hand, each such pair is simply the intersection of 

100 
one row with a pair of distinct columns. Because there are ( 2 ) = 

100 x 99 . fl' fl' I 2 palr 0 co umns, some pairs 0 co umns con tams at east 

[ 100 X 6 X 25 2 -lJ+l = 76 
100 x 99/ 2 

sanguine pairs. Thus some pairs of the fixed columns form sanguine 

pairs at least 76 rows. We henceforth ignore all other rows and 

columns. We may as well assume that only a 76 x 2 board is four 

colored, in which each row contains two different colors and no color 

occurs more than 25 times in each column . For each row, consider the 

pair of colors it contains. 

If the pairs {A, B } and {C, D } each occur in same row, we are 

done. Likewise for {A, C }, {B, D } and {A, D } , {B, C }. Thus, 

suppose that at most one pair of colors from each of these three sets 

occurs. Assume the number of the sanguine pairs containing color A is 

the largest. We can easily see that we have only the following 
possibilities: 

(1) Either {A, B } , {A, C } and {A, D } are the only pairs that 
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can occur, or (2) {A, B } , {A, C } and {B, C } are. 

In the first case, each of the 76 rows contains a square of color A , 

. l' h [76 - 1 ] imp ymg t at one column has at least -2- + 1 = 38 squares of color 

A, a contradiction. 

In the second case, the squares of each column can are colored in 

at most three colors A, B, C. There can only be 25 squares of each 

color A, B, C in each column, for a total of at most 150 squares-but 

there are 2 X 76 = 152 squares in total, a contradiction. This completes 

the proof. 

3 For sake of contradiction, assume that the conclusion is false. 

So for two cities X and Y in r, there is no oriented road without 

leaving the republic r connecting them. Let A and B denote the set of 

cities in r satisfying that for any SEA, there is an oriented road from 

X to S without leaving the republic rCassume X E A), otherwise, S E 

B. Obviously Y E B #- 0 . Thus for any X tEA and Yt E B, the road 

connecting X t and Yt must start from Yt to X t , otherwise, there is an 

oriented road from X t to Yt , and X -- X t -- Yt E B, so it is a 

contradiction. 

Let I A I = a, I B I = b, then a + b = 668. If a ~ b, then a ~ 334 ~ 

b. Since there are (~) oriented roads connecting the cities of B, there 

is a city Z E B such that at least i (~) = ~ Cb - 1) oriented roads from 

Z to other cities of B. But there are a oriented roads from Z to the 

cities of A. Thus the number of oriented roads starting from city Z is 

at least 

a + ..l Cb _ 1) = a + Ca + b) - 1 ~ 334 + 668 - 1 > 500, 
2 2 2 

and it contradicts the given condition. If a < b, then a < 334 < b. 

Since there are (~) oriented roads connecting the cities of A, there is 
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a city W E A such that at least ~ (~) = ~ ( a -1) oriented roads from 

other cities of A to W, and there are b oriented roads from the cities 

of B to W. Thus the number of oriented roads to the city W is at least 

b + -1 Ca - 1) = b + Ca + b) - 1 > 334 + 668 - 1 > 500, 
2 2 2 

and it also contradicts the given condition. Thus the conclusion holds. 

4 Letk = min{ I A i I , I B j I , 1 <0 i, j <0 n } , and without loss of 

generality, let I A I I = k. Since B I , B 2 , ••• , B n are disjoint, there are 

at most k B j such that A I n B j *- 0 , and there are at least n - k B j 

such that AI n B j = 0 . Assume that among B I , B 2 , ••• , B n, there 

are m sets which are not disjoint with A I ' then m <0 k. By the given 

condition: I B j U A I I ~ n and the definition of k, we obtain 

= mk + (n - m )( n - k) = n (n - k ) - m (n - 2k ) . 

If n ~2k, then 

2 2 n 2 
I M I ~ n (n - k) - k (n - 2k) = n2 + 2 (; - k) ~:2 ' 

If n < 2k, then I M I = I i~ A. I = i= I A i I ~ nk > ;2. 
;=1 

5 Assume that there are n persons AI, A 2 , ••• , A n and 28 

problems T I ' T 2 ' '" , T 28 in this competition, while m problems 

T I ' T 2 ' ••• , T m are the problems of first test. If A k has solved two 

problems T i and T j ' then {A k ; T " T j} forms a triple and assume 

that the set of all triples is S. By the given condition, we obtain I S I = 

n G) = 2(228 ), thus n = 36. 

Next, for any T i ' assume that there are r persons, say A I , A 2 , ••• , 

A r , who have solved T i , thus each of A I , A 2 , ••• , A r has also solved 

other 6 problems except T i' and there are 6r triples of S containing 

T i · On the other hand, for any T j Cj *- i , 1 <0 j <0 28) , there are 
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exactly two persons who have solved the two problems T ; and T j • 

(Since the two persons have solved T;, they belong to {AI, A 2 , ••• , 

Ar }. ) Thus there are 2 X 27 triples containing T;, and 6r = 2 X 27 , 

i. e. r = 9 and it means that each problem is solved by 9 persons. 

Assume the conclusion is false, the number of problems solved of 

each is 1, 2 or 3 in the first test. Let x, y, z denote the number of 

persons who have solved 1, 2 and 3 problems respectively, then 

x + y + z = 36. 

If each person A; and a problem T j ill the first test which is 

solved by A ; are paired, then the number of such pairs is 

x +2y + 3z = 9m. 

(Since each problem is solved by just 9 persons.) Moreover, the 

number of triples containing two first test problems is 

From CD , @ and Q) , we obtain x = m 2 -19m + 108, y = - 2m 2 + 
? ( 29)2 23 29m - 108, andz = m- - 10m + 36, wherey = -2 m -4 -8 < 

0, and it contradicts that y is a nonnegative integer. Thus the 

conclusion of the problem is true . 

6 Let n points be AI, A 2 , ••• ,A". If two points are connected 

by a line segment, then this line segment is colored red, otherwise, 

connected by a blue line segment. Thus we yield a 2-colored complete 

graph K " with q red sides and the problem is equivalent to prove that 

there exist at least ~~ (q - n4
2

) red triangles (i. e. triangles with three 

red sides). 
Assume that there are d ; red line segments meetingA ; and n - 1 -

" 
d ; blue line segments meeting A ; (i = 1, 2, ... , n), then ~ d; = 2q. 

i=l 

Assume that there are a red triangles, f3 triangles with two red sides 
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and one blue side, and y triangles with one red side and two blue sides. 

If an angle consists of two red sides meeting a point, then this angle is 

called a red angle. 

Similarly, if an angle consists of a red and a blue sides meeting a 

point, then this angle is called a different color angle, thus the number 

of red angles is 

" (d) 3a +f3 = ~ " 
i~l 2 

and the number of different angles is 

" 
2(f3 + y) ~di(n -1-dJ. 

i=l 

From ®, we know 

1 n 

f3 ~f3 +y = 2 ~di(n -1 -dJ. 
1=1 

Substituting @) to CV, applying Cauchy's inequality and CD, 
we obtain 

= ~ [~(2 )2 - ~ (2 ) ] = 4q ( _ n 2 ) 
3 n q 2 q 3n q 4· 

This completes the proof. 

7 Let V = {An, AI' ... , A,,-l} be the set of all the n vertices, 

Bi the set of all vertices adjacent to the vertex Ai (i. e. connected with 

A, by a line in the figure), and the number of the elements in B i 
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7/ - 1 

denoted by I Ei I = bi. Obviously, 2:bi =2l andb i ~ n - 1, i = 0, 1, 
;=1 

2, ... , 11 - 1. If there exists i such that b i = n - 1, without losing 

generality, we assume that i = 0, then the number of lines connecting 

the n - 1 points in Eo is 

l - bo ~ ;q(q + 1)2 + l - (n - 1) 

1 
= "2 (q + 1) (11 - 1) + 1 - (11 - 1) 

3 
~ "2(n -1) + l - (n - 1) 

= 11 ~1 +1 ~ [11 ~lJ+1. 

That means there exists a point A i (0 ~ i ~ 11 - 2) which is 

connected to other two points Aj ,Ak E Ell, so there must be a space 

quadrilateral A Il A jA.Ak in the figure. Next, we consider the case 

when b i ~ 11 - 2 Ci = 0, 1, 2, ... , 11 - 1) and we may assume that q + 
2 ~ b ll . 

We will give the proof by reduction to absurdity. If there is no 

such quadrilateral in the figure, E i and E j share no vertex-pair when 

i *- j , then 

So I E i n Bo I ~ b i - 1 Ci = 1,2, ... , n - 1). Then the number 

of vertex-pairs in V n Bil is equal to (the number of 

vertex-pairs in Bi n B Il ) 

,, - 1 ( I Bi n Bo I ) ,, - 1 (b i - 1) 
~ 2: ~ 2: 

i~1 2 i~1 2 
,, - 1 

= ; 2: (b i - 1) (b i - 2) 
;=1 

,, - I 

= ; 2: (bT - 3b , + 2) 
;=1 
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n-l n-l 

~ ~[n~1(~bi)2-3~b,+2(n-1)J 
n-l 11-1 

= 1 [~bi-(n-1)}[~bi-2(n-1)J 
2(n -1) ,~l i~l 

1 
2(n _1)(2l-bo -n +1)(2l-bo -2n +2) 

1 
~ 2(n _l)(nq -q +2 -bo)' (nq -q +3 -bo ). 

(Let (b i ; 1 ) = 0, if b i = 1 or 2. ) So 

(n -1) (n - bl)(n - bl) -1) ~ (nq - q + 2 - bo )(nq - q - n + 3 - bl)' 

that is 

q(q + 1)(n -bo)(n -bo -1) ~ (nq -q +2 -bl)(nq -q -n +3 -bo). 

CD 
On the other hand 

(nq -q -n +3 -bo ) -q(n -bo -1) 

= (q -1)bl) - n + 3 ~ (q -1) (q + 2) - n + 3 = 0, 

and 

(nq -q +2 -bo) - (q + D(n -bl) 

= qbl) - q - n + 2 ~ q(q + 2) - q - n + 2 = 1 > O. 

As (n -bo)(q +1) and (n -bo -1)q are positive integers, we then 

have 

(nq -q +2 -bo)(nq -q -n +3 -bl) >q(q +1)(n -bo)(n -bl) -1), 

from (2) and ®, which contradicts CD. This completes the proof. 

8 Let 

Ak = {k 2 -k +1, k 2 -k +2, ... , k 2 }, 

Bk = {k 2 +1, e +2, ... , k 2 +k}, k = 1, 2, ... , n-1 

n-l n-l 

andS" =UAk' T" =UBk,thusS" UT" =X",andS" nT" =0. 
k~l k~l 

Now, we prove that S" and T" are two sets satisfying the condition of 
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the problem. 

When n = 3, 5 3 = {1} U { 3, 4 }, and T 3 = {2 } u {5 , 6}. 

Obviously, each of 5 3 ' and T 3 does not contain three elements a I' a2' 

a3(a l < a2 <a3) such thata 2 ~ al ;a3. Assume that whenn = k, 

each of 5 k , and T k does not contain k elements a I' a 2 ' ... , a k (a I < 

a2 < ... <ak) such thata ; ~a;- I ;a;+l Ci = 2,3, ... , k -1) , i.e. 

a;-I -a; ~ a; -a;+ICi = 1, 2, ... , k - 1). 

When n = k + 1, if the conclusion is false, assume that 5 k+ 1 = 5 k 

U A k contains k + 1 elements a i ' a2' .. , , ak+1 Ca l < a2 < ... < a k+ l) 

such that 

a ; -a;- I ~ai+ l -a,Ci = 2,3, ... , k). 

Thus we know ak' ak +1 E A k , otherwise, a i ' a2"" , ak E 5 k 

(al < a2 < ... <ak ) anda; -a;-l ~a'+1 - a ; Ci = 2,3, .. , , k), which 

contradicts the induction hypothesis. Since 1 A k 1 = k , then at least one 

of al , a2' ... , ak-J belongs to 5 k , and assume a i-I E 5 k is the largest 

(2 ~ i ~ k). Thus ai' a i+1 E Ak and a ;+l - a ; ~ 1 A k 1- 1 = k - 1, 

a; - a ;- I ~ 1 Bk-J 1 + 1 = k, i. e. a , - a i-I ~ k > a;+1 - a i ' and it 

contradicts our assumption . 

Hence 5 k+1 does not contain k + 1 elements a I' a2' ... , ak+1 

satisfying the condition of the problem. With the same reason, we 

know T k+ 1 does not contain k + 1 elements a I' a2' ... , a k+ 1 E T k+1 

satisfying the condition of the problem. This completes the proof. 

Exercise 15 

1 Since the differences of any two of 1, 3, 6, 8 are primes, from 

the given condition, we know f (1), f (3), f C 6), f (8) are distinct 

numbers belonging to A, thus 1 A 1 ~ 4. On the other hand, for any 

x E N+ , let x = 4k + r, (k EN, r = 0, 1, 2, 3), f (x) = r and A 

{(), 1, 2, 3}. Thus for any x, y E N+ , if 1 x - y 1 is a prime and fCx) = 
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fCy), then 41 Ix - y I , and it contradicts that I x - y I is the prime. 

Hence the above function f: N+ - A satisfies the condition of the 

problem and I A I = 4, hence 4 is the smallest number of elements in A. 

2 M = {-3, -2, -1, 0,1,2, 3} contains 7 elements, and we 

claim that it has the required property. Given three distinct elements 

belonging to M, if some two of them are of opposite sign, then their 

sum is in M ; if one of them is zero, then the sum of it and either of 

the other elements is in M. The only other triples of elements of Mare 

{ - 3, - 2, - 1} and {1, 2, 3}; in first case, we choose - 2 and - 1 , 

and in second case, we choose 1 and 2. 

Next we claim that 7 is the largest number of elements that M can 

have. Suppose that there are at least three positive elements belonging 

to M, and let b < c be the largest two. Given any other positive 

element a EM, one of sums a + b, a + c and b + c must lie in M. 

However, the latter two cannot because they exceed c, the maximal 

element. Hence a +b EM, and this sum exceeds b, so it must equal c. 

Therefore a = c - b, implying that there is at most one other positive 

element in M besides band c. Thus, M cannot have more than three 

positive elements. Likewise, M cannot have more than three negative 

elements. M might also contain O. Therefore 7 is the maximum 

number of elements that M can have. 

3 The total of sets of one-element subsets, two-element subsets 

and three-element subsets is 

( 20) (20) (20) + + = 1350, 
123 

and they all satisfy the given condition. Hence the required largest 

value of 71 is greater than or equal to 1350. Let B l' B 2' ••• , B" are 

distinct subsets of M, and when i '* j, I Bin B j I ~ 2. If one of B 1 , 

B 2' ••• , B" has at least four elements, without loss of generality, let 

I B, I?: 4 and a E B i , then CBi\ {a}) n Bi has at least three elements, 

hence CB i \ {a}) tic {B 1 , B 2 , ••• , B,,}, because any two of B 1 , 

B 2 , ••• , B" have at most two common elements. 
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We swap Bi and Bi \ {a}, thus the new family of subsets also 

satisfies the given condition, and we continue the swap. Eventually, 

each subset in the family of subsets has at most three elements, and the 

number of subsets is unchanged. Thus 

(20) (20) (20) n ~ 1 + 2 + 3 = 1350, 

and the required largest value of n is 1350. 

4 If 5 = {1, 2, ... , m } does not satisfy the condition of the 

problem, then there exist two sets A and B (A U B = 5, A n B = 0) 
such that for any n - 1 numbers (not necessary to be distinct) of A 

(B), their sum does not belong to A (B). Without loss of generality, 

let 1 E A, then 

1 + 1 + .. ·+1 = n - 1 EB, 
~ 

7/ - 1 

as long as m ;? n - 1, and 

(n - 1) + (n - 1) + .•. + (11 - 1) = (n - 1)" E A, 

71-1 

as long as m ;? (11 - 1)2. If 11 E A, then 

11+11+"'+11+1 =(11 -1)" EB, 
v 

1/-2 

and this is a contradiction. If nEB, then 

11-2 

as long as m ;? 11 2 - 11 + 1. But 

1 + 1 + "'+1+(n-1)2 = 11" - 11 - 1 E B, 
-------,r--

11- 1 

and this is a contradiction. Hence when m ;? 11 2 - n - 1 , the set 5 = { 1 , 

2, ... , m } has the given property of the problem . Next, let 

51) = {1, 2, ... , 112 - n - 2 } , 

A = {1, 2, ... ,11 - 2) U { (11 -1)2,(n _ 1)2 + 1, ... , n 2 -n - 2) 
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and 

B = { n - 1, n, ... , (n _1)2 -1}, 

thenA U B = 51)' and A n B = 0. Thus for any Xl , X2' ••• ' X,, - l E 

A, Xl ~ X2 ~ ••• ~X"- l' ifX ,, -1 ~ n -2, then 

n -1 ~X l +X2 + ... + X n-l ~ n(n - 2) < (n _ 1)2, 

i. e. Xl + X2 + ... + X,, - l tt A. If X,, - l > n - 2, then X,, - l ;:: (n -1)2, and 

Xl + X2 + ... + X,, - l ;:: 1 + 1 + ... + 1 + (n _1)2 = n 2 - n - 1, 
'-----.r------' 

and Xl + X2 + ... + X,,-l tt A. 

Hence A does not contain n numbers X I' X 2' .•• , X" (not 

necessary to be distinct) satisfyingxl + X2 + ... + X,,-l =x" . Likewise, 

we could prove that B does not contain n numbers Xl' X2' ••. , X" 

(not necessary to be distinct) satisfying Xl + X2 + ... + X,, - l = X". So 

the set Su cannot satisfy the condition of the problem. Therefore the 

required smallest value of n is n 2 - n - 1. 

S Let 8 players be PI ' P 2 ' •.• , Ps and let n two-choice (yes or 

no) questions be AI, A 2 , ••• , A". Construct an 8 X n table of numbers 

as follows: the number in the i th row and the j th column is 

.x ij 
= )1, if for Aj' the answer of P, is yes, 

1o, if for Aj' the answer of P, is no, 

Ci = 1, 2, '" , 8; j = 1, 2, ... , n). 

" 
Thus the sum of numbers in the i th row is a I = ~ X Ij which repress 

j~ l 

that for a, questions of AI, A 2 , ••• , A", the answers of P, are "yes" 
s 

and the sum of numbers in the j lh column is b j = ~ X u which repress 
i=1 

that for questions A j , the answers of bj persons are "yes". From the 

given condition, we know there are exactly four 1s and four Os in each 
column, hence b j = 4 and 

8 8 " " 8 " ~a, ~~xu ~~Xij ~bj = 4n. CD 
i = l i = l j~ l j ~ l i=1 j ~l 
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Note that, if for any column, all is are changed to 0 and all Os are 

changed to 1, then the table also has the given property. Hence, 

without loss of generality, assume that all numbers in the first row are 

" 
1s. Thus at =n, L..:ai =3n. If for the pair of questions CAj' A k ), 

the answers of Pi are (yes, yes), then {Pi; Aj' A k } forms a triple. 

By the given condition, we obtain that the number of triples is 

Applying Cauchy's inequality and CD, we yield 

= ~nCn -1) +1~[C3n)2 -7C3n)] 

2 
= 7nC4n -7), 

so n ~ 7. Now we give an example to illustrate that n = 7 is attainable 

as follows. Hence the required largest value of n is 7. 

Al A2 A3 A. As A6 A7 

PI 1 1 1 1 1 1 1 

P2 1 0 0 0 0 1 1 

P3 1 0 0 1 1 0 0 

p. 1 1 1 0 0 0 0 

Ps 0 1 0 1 0 1 0 

P6 0 1 0 0 1 0 1 

h 0 0 1 1 0 0 1 

PH 0 0 1 0 1 1 0 
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6 Let5 i = { n 1 n E 5andn - i (mod125 ) }Ci = 0, 1, 2, ... , 

124 ) , then 

1 5 1 1 =1 5 1 1 =1 5 3 1 =1 5-1 1 =1 5 5 1 = 17, 

and 

1 5 0 1 = 1 5 6 1 = 1 5 7 1 = ... = 1 5 11-1 1 = 16. 

Obviously, there is at most one number of 5 0 in A and there exists 

at most one of sets 5 i and 5 J25 - i whose elements are all in A . When the 

number of elements in A attains maximum , all the elements of sets 5 I , 

5 2' 5 3' 5 -1 ' 55 must be in A. Hence A contains at most 

1 +1 5 1 1+ 1 5 2 1+ "' +1 5 62 1= 1 + 5 X 17 + 57 X 16 = 998 

elements. On the other hand, 

A = {125 } U 5 1 U 51 U ... U 5 62 

satisfies the given condition of the problem and 1 A 1 = 998. Hence the 

required largest value of k is 998. 

7 (1 ) Since the number of ways of partitioning is finite , then 

there exists a figure G such that m (G ) = m 0 holds. Let figure G consist 

of point sets XI ' X 1 , ••• , X 83 andm (G) = m 0 hold . Let X i contain Xi 

83 83 (X' ) 
points, then 2:: X i = 1994, and m 0 = 2:: ' . Using the same way as in 

i~1 i~ 1 3 

Example 7, we could prove that for any 1 ~ i < j ~ 83, 1 Xi - X ] 1 ~ 1. 
Note 

1994 = 83 X 24 + 2 = 81 X 24 + 2 X 25, 

and whenm(G) = m o holds , among X I ' X2 ' ••• , XS3 ' there are 81 

numbers which equal 24 and 2 numbers which equal 25. Therefore 

(2) From (1), we know that G * consists of 83 sub-figures Gt , 

G2* , • •• , GS'3, where each of Gt , G2* , ••• , Gs*, contains 24 points, 

and each of Gs'2 , Gs; contains 25 points and for any 1 ~ i < j ~ 83 , G: 
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fja 
b b 

b 
b b 

a a 

a 

(a) (b) 

and G/ are not connected by a line segment. Let point set X , consist 

of points of G;" (i = 1, 2, ... , 83). For G~*3 ' set 

X 83 = P I U P 2 U P 3 U P 4 U P 5 ' P i n P j = 0 C1 ~ i < j ~ 5) , 

and I P i 1= 5 C1 ~ i ~ 5) . Each P i is colored as figure (a), and the 

line segments connecting two distinct P i and P j are colored as figure 

(b), where a, b, c , d repress four distinct colors. , thus we obtain a 

4 - colored graph GX} which does not contain the triangle whose three 

sides have the same color, and GX2 is colored in the same way as GX3 . 

Finally, for G;' C1 ~ i ~ 81), we add a point M to G;" , and M and 

each point in G;' is connected by a line segment, then we obtain a new 

figure G;" . The new figure G;" is colored in the same way as GS3 ' and 

we delete the point M and line segments meeting M from the new 

figure G;" . Thus we yield the coloring way of G;" . Obviously G,* does 

not contain the triangle whose three sides have the same color. This 

completes the proof. 

8 If we use just three colors, then assume that as figure, among 

11 circular pieces of paper, 6 circular pieces of paper are colored with 

one of the 3 colors, thus each of A, B, C is colored with 1 or 3 color 

and A, C have the same color but A, C and B have distinct colors. 

Thus D has a color different from A and B, and D is colored with 2 

color. With the same reason, E has a color different from C and B, 

hence E also is colored with 2 color. However, D 

and E are circumscribed, and their colors must be 

distinct, which is a contradiction . It means that 

just three colors are not enough. Now, we prove 
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that for n circular pieces of paper, four colors are enough. When n ~ 

4, it is obvious. Assume that when n = k ?: 4. the conclusion is true, 

then when n = k + 1, the convex hull of centers of k + 1 circles is a 

convex polygon. Assume that A is one vertex of this convex polygon. 

thus A is the center of some circle. 

We could prove that there are at most three circles B, C, D 

which are circumscribed with the circle A. To move this circle A. by 

the induction hypothesis, we know each of the remaining k circular 

pieces of paper can be colored with one of four colors such that any 

two circles which are circumscribed are colored with distinct colors. 

Return the circle A, and A could be colored with the fourth color 

except three colors of B, C, D. Hence for 71 circular pieces of paper. 

four colors are enough. Especially, for n = 2000, four colors are 

enough. Therefore the required smallest number of colors is 4. 

9 At first, we verify that equations 1 (4) = 4, 1 (5) = 5, and 

1(6) = 5 hold. 

When n = 4, consider {m, m + 1, m + 2, m + 3} . If m is odd, 

then m, m + 1, m + 2 are mutually prime. If m is even, then m + 1, 

m +2, m+3aremutuallyprime. Thus1(4)~4. But from the set {m, 

m + 1, m + 2, m + 3} , choose a 3-element subset consisting of two 

evens and one odd, we know these three numbers are not mutually 

prime, which implies that 1(4) = 4. 

When n = 5. consider {m. m + 1. m + 2. m + 3, m + 4} . If m is 

even. then m. m + 2, 1/1 + 4 are all evens. Then any 3 numbers from 

the 4-element subset {m. m +1, m +2. m +4} are not mutually prime, 

so 1(5) > 4. But from the 5-element universal set we can find out 3 

numbers which are mutually prime. Thus 1(5) = 5. 

When n = 6, the elements of the set {1/1, m + 1, m + 2, m + 3, 

m + 4, m + 5} are 3 odd and 3 even. If we choose a 4-element subset 

consisting of 3 even and 1 odd, then among the subset there are not 3 

numbers which are mutually prime. Thus 1(6) > 4. Consider the 5-

element subset, if among these 5 elements there are 3 odd, then these 

3 numbers must be mutually prime. If these 5 elements are 3 even and 
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2 odd, then among these 3 even, there is at most one number which is 

divisible by 3, and there is at most one number which is divisible by 5. 

Hence among these 3 even there is one number which is neither 

divisible by 3 nor 5. The even and the other 2 odd are mutually prime, 

which implies that f(6) = 5. 

When n > 6, set T" = {t 1 t ,-:;:; n + 1 and 2 1 t or 3 1 t }. Then T" 
is a subset of {2, 3, ... , n + 1 }, and any 3 elements in T" are not 

mutually prime. By the inclusion-exclusion principle, we have 

1 T" 1 = [n i 1 J + [n ~ 1 J - [n ~ 1 J. 
So 

fen) ?1 T" 1+ 1 = [n i 1J+[n ~1J_[n ~ 1J + 1. 

Assume n = 6k + r, r = 0, 1, 2, 3, 4, 5, then 

[n i 1J+[n ;lJ_[n ~lJ+ l =4k +[r i 1J+[r ; 1J_[ r ;1J + 1. 

It is easy to verity that 

[ri 1J+[r;1J_[r;lJ = {r, ifr ~O'~' 2, 3, 
r - 1, If r - 4, 5. 

If r = 0, 1, 2, 3, we can divide n = 6k + r numbers into k groups: 

{m, m + 1, ... , m + 5}, {m + 6, m + 7, ... , m + 1t}, ... , {m + 
6 Ck - 1), m + 6k - 5, ... , m + 6k - 1} and left with r numbers m + 
6k, ... , m + 6k + r -1. Among 4k + r + 1 numbers, there are at least 

4k + 1 numbers which are contained in the above k groups. Thus there 

is at least one group which contains 5 numbers. Since f(6) = 5, there 

are 3 numbers which are mutually prime. If r = 4, and 5, we can prove 

similarly that there are 3 numbers which are mutually prime. Hence, 

fCn) = [n i 1J+ [n i 1J-[n t 1J+ 1. 
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