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Introduction

This book consists of three parts: fundamental knowledge, basic
methods and typical problems. These three parts introduce the
fundamental knowledge of solving combinatorial problems, the
important solutions to combinatorial problems and some typical
problems with often-used solutions in the high school mathematical
competition respectively.

In each chapter there are necessary examples and exercises with
solutions. These examples and exercises are of the same level of
difficulty as the China Mathematical League Competitions which are
selected from mathematical competitions at home and abroad in recent
years. Some test questions are created by the author himself and a few
easy questions in China Mathematical Olympiad (CMO) and IMO are
also included. In this book, the author pay attention to leading readers
to explore, analyze and summarize the ideas and methods of solving
combinatorial problems. The readers’ mathematical concepts and
abilities will be improved remarkably after acquiring knowledge from
this book.

vii
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Preface

Combinatorial Mathematics has a long history. Thousands of
years ago, some simple and interesting combinatorial problems started
to be involved in the ancient Chinese masterpieces such as He Tu and
Luo Shu. In the recent 20 years, owing to the rapid development of
knowledge such as Computer Science, Coding Theory., Programming
Theory, Digital Communication and Experimental Designing, a series
of theoretical and practical problems need to be solved by discrete
mathematics. Moreover, the questions which were raised by the logic
of combinatorial mathematics itself and other branches of
mathematics, has made the research about combinatorial mathematics
to flourish and very rich. The problem-solving techniques and methods
are daedal, transforming this ancient mathematical idea into a rigorous
mathematical subject.

The combinatorial questions in the mathematical competitions are
always straightforward, but the people who solve these problems
should be endowed with the power of acute observation, rich
imagination and necessarily skills. There are no fixed methods that can
be followed, and various questions of different level of difficulties are
very rich. Hence, combinatorial questions have been included in
different levels of intelligence test and mathematical competition.

This book focus on the combinatorial problems in the mathematics
competition. and consists of three parts: fundamental knowledge,
basic methods and typical problems. This book is a translation from
the author’s book of the same title (in Chinese), with a few amendments
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and supplements. It not only emphasizes the fundamental knowledge
of solving combinatorial problems in mathematical competitions, but
also introduces to the readers the important solutions to combinatorial
problems and some typical problems with solutions that are often used.

In the choice of examples and exercises, except the questions
which strikingly newer have been selected as far as possible, but the
novel test questions which are the same difficult level as the China
Mathematical League Competitions in the mathematical competition at
home and abroad in recent yeas have been chosen deliberately. Some
test questions created by the author himself and a few easy questions in
China Mathematical Olympiad (CMO) and IMO are also included. In
this book, the author pays attention to leading the readers to explore,
analyze and summarize the ideas and methods of solving combinatorial
problems. The readers’ mathematical concepts and abilities will be

improved remarkably after acquiring the knowledge from this book.
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rinciples and Formulas
‘Counting

1.1 Two Basic Counting Principles

The Addition Principle

If there are n, different objects in the first set, »n, objects in the
second set, ..., and n,, objects in the m™ set, and if the different sets
are disjoint, then the number of ways to select an object from one of
the m setsisn, +n, + -+ +n,,.

The Multiplication principle

Suppose a procedure can be broken into m successive (ordered)
stages, with n, outcomes in the first stage, n, outcomes in the second
stage, ..., and n, outcomes in the m™ stage. If the composite
outcomes are all distinct, then the total procedure has n,n, - n,
different composite outcomes.

Example 1 How many ways are there to choose 4 distinct positive
integer numbers x;, x>, x;, x4 from the set S = {1, 2, ..., 499,
500} such that x;, x,, x3, x, is an increasing geometric sequence and
its common ratio is a positive integer number?

Solution Leta,,a.qsa,q’s a1q’° (a,s ¢ € Nyvy, g =2) be the four

3
numbers which are chosen by us, thena,q’ <500, ¢ < iﬁ) < V/500.

1

Hence2 < g <7, and 1 < a, < [%@]. that is the number of the

geometric sequences with the common radio g is [%] By the

addition principle, the number of the geometric sequences satisfying
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the conditions is

7
Z[%ﬂ=62+18+7+4+2-}—1 =94,

q=2

So the answer to the question is 94.

Example 2 How many 4-digit odd numbers with distinct digits are
there?

Solution A 4-digit number is an ordered arrangement of 4 digits
(leading zeros not allowed). Since the numbers we want to count are
odd, the unit digit can be any one of 1, 3, 5, 7, 9. The tens digit and
the hundreds digit can be any one of 0, 1, ..., 9, while the thousands
digit can be any one of 1, 2, ..., 9. Thus there are 5 choices for the
unit digit. Since the digits are distinct, we have 8 choices for the
thousands digit, whatever the choice of the unit digit is. Then there
are 8 choices for the hundreds digit, whatever the first 2 choices are,
and 7 choices for the tens digit, whatever the first 3 choices are. Thus
by the multiplication principle, the number of 4-digit odd numbers
with distinct digits is equal to5 X 8 X8 X 7 = 2240.

1.2 Permutation Without Repetition and
Combination Without Repetition

Permutation An ordered arrangement of » distinct objects taking
m (m < n) distinct objects at a time is called a permutation of n
distinct objects taking m distinct objects at a time. Since the objects is
not repeated, the permutation is also called the permutation without
repetition, and the number of “permutation of » distinct objects taking
m distinct objects” is denoted by P}, or A", then

PL = nn —1)(n —2)eselnt —m +1) = —2
(n—m)!

» Pu(ApL) is also written as Py (A7) in some countries.
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where m < n, and there is a convention 0! = 1,

Especially, when m = n, the permutation of »n distinct objects
taken n distinct objects is called all permutation of » distinct objects.
The number of all permutation of »n distinct objects is equal to

P, =nn—1)(n —2)21=mn!

Combination An unordered selection of n distinct objects taking
m (m < n) distinct objects at a time is called a combination of n
distinct objects taking m distinct objects at a time. Since the objects is
not repeated, a combination of n distinct objects taking m distinct
objects is also called a combination without repetition. The number of
“combination of » distinct objects taking m distinct objects” is denoted

by (;), then

(”)=ﬂ=n(n—1)(n—2)"'(n—m +1) _ nl
m m m! mlin —m) !’

Example 3 How many 5-digit numbers greater than 21300 are there
such that their digits are distinct integers taken from {1, 2, 3, 4, 5}.

Solution [ We divide these 5-digit numbers satisfying the
required conditions into 3 types:

The number of 5-digit number whose ten thousands digit may be
any one of 3, 4 or 5 is equal to P{Pi.

The number of 5-digit number whose ten thousands digit be 2 and
thousands digit be any one of 3, 4 or 5 is equal to P{P3.

The number of 5-digit number of ten thousands digit be 2, and
thousands digit be 1 is equal to P3.

By the addition principle, the number of 5-digit numbers
satisfying the required conditions is equal to PP} + PiPj +P; = 96.

Solution |  Since the number of 5-digit numbers with distinct
digits taken from 1, 2, 3, 4, 5 equals P3, and there are only P}
numbers (their ten thousands digit are equal to 1) not exceeding
21300. Hence the number of 5-digit numbers satisfying the required



4 Combinatorial Problems in Mathematical Competitions

conditions equals P} — P{ = 96.

1.3 Repeated Permutation and
Repeated Combination

Repeated Permutation An ordered arrangement of » distinct
objects taking m objects at a time (each object may has a finite
repetition number) is called a repeated permutation of » distinct
objects taken m objects at a time. The number of this repeated
permutation is equal to n™.

This conclusion could be proved easily by the multiplication principle.

Repeated Combination  An unordered selection of =» distinct
objects taking m objects (each object may has a finite repletion
number) is called a repeated combination. The number of this
repeated combination is equal to (n +:: ; 1) .

Proof Denote the » distinct objects by 1, 2, -, n. Then
repeated combination of n distinct objects taken m objects has the
following form: {ii, iy ...y 2,0 (1 <&y <i, <+ <i, <n). Since
the selections could be repeated, so that the equality holds. Set j, =
i1y jo =iy 1y =y g, =1, +n—1),thenl1 <j, <j, <+ <j, <
n+m —1,and the {j;, j»» ..., j.! is just the combination without
repetition of n +m — 1 distinct objects: 1, 2, ..., n +m — 1 taken m
distinct objects.

Hence the number of the required repeated combination equals

(n +m — 1)
m ’

All Permutation of Incomplete Distinct Objects Suppose that n
objects consist of % distinct objects a,» a», ..., a, with repetition
numbers 7, nas ...y n,(ny +n,y + +n, =n) respectively, the all
permutation of these n objects is called the all permutations of the
incomplete distinct objects. We denote the number of all such
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n

permutation by

n
» then =
Mys Moy ooy Ny Mys N2y oa. s Ny

ol
nl!n2!“.n}z !.

Proof Let f denote the number of the all permutation satisfying
the conditions. If we exchange the same objects in each kind for the
mutually distinct objects and rearrange them, then we get n In,!+n, ! all
permutations of n distinct objects. By the multiplication principle, the
number of the all permutation of » distinct objects is equal to f « n,!
ny1++n,!. But the number of all permutation of »n distinct objects is

equal ton!. Hence f « n,!n,!n;! =nl. Thus

Mys Mas ooy My ”1!?72!'"”1:!

Multiple Combination Let’s classify » distinct objects into £ (k <
n) distinct kinds, such that there are n, objects in :™ kind (: = 1,
2, ...vkyn, +n, ++++n, =n). Then the number of the classify

n!

n
wasiseualto( )='—————.
y 4 Myps Moy vuus Mg nylnyleny,!

Proof Since the number of ways of the n distinct objects taken

distinct objects is equal to (: ) Then, the number of ways taking »,
i

distinct objects from the residual » — n, distinct objects is equal to

(n _H') . If we continue like this and invoke the multiplication

n;

principle, we find that the number of distinct partitioned kinds equals

(n )(n -'—n,)m(n —ny; —n; —---—~nt-1)

mny > my

nl (n —n)! e n—=ny — e —my)]!
nin —n))! nln—n, —nx)l nln—ny — e —ny)!
n!
”l!ﬂz!"‘ﬂk!.

Remark The counting formulas of all permutation of incomplete
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distinct objects and multiple combination are the same, but their
significance is different. We may prove the counting formula of the
multiple combination by applying the same method of proving the
formula of all permutation of incomplete distinct objects.

Example 4 In how many ways can one chose 10 paper currencies
from the bank and the volumes of these paper currencies are 1 Jiao, 5
Jiao, 1 Yuan, 5 Yuan, 10 Yuan 50 Yuan and 100 Yuan respectively?
(Remark: The Jiao and Yuan are the units of money in China.)

Solution We are asked to count the repeated combinational
number of ways to take 10 paper currencies from 7 distinct paper
currencies. Using the formula of repeated combinatorial number, we
get that the number of required distinct ways equals

(7+1l1—1)=(16)=16><15 X 14 X 13 X 12 X 11

10 6 1 X2X3X4X5%X6 — 8008,

Example 5 Suppose that 3 red-flags, 4 blue-flags and 2 yellow-flags
are placed on 9 numbered flagpoles in order (every flagpole hangs just one
flag). How many distinct symbols consist of these flags are there?

Solution  Using the formula of all permutation number of
incomplete distinct objects, we get that the number of distinct symbols

)z 91
3, 4,2/ 3!412!

Example 6 How many are there to choose 3 pairs of players for

the doubles from n (= 6) players.

equals — 1260.

Solution [ The number of taking 6 players from » distinct

players equals (:) The 6 players is classified into three groups such

)

that each group contains exactly 2 players and the number of methods

6
equals (2 5 2), but the 3 groups are unordered, so the number
required ways is equal to
(). 5. »)
6/\2,2,2 n! 6! nl

1 !
3 T 6l(n—6)1 212121 T3] 48(n —6)1"
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Solution I The number of ways of taking 6 players from =

6
distinct players equals (?) Within the 6 players, there are (2) ways
8]
_ . 4
to choose 2 players, and within the remaining 4 players there are ( )

2
ways to choose 2 players. Finally, there are (2) ways to choose 2

players with in the remaining 2 players. But the 3 pairs are unordered,
so that the number of required ways is equal to

GGG .

31 T8 (n -6

Remark If we change this problem to the following problem
“How many are there to choose 3 pair of player who serve as top seed
players, second seed players and third seed players respectively, from
n (=6) players?” Then the number of different ways equals

(GGG~ e

Since these 3 pair players are ordered, it is not divided by 3!

1.4 Circular Permutation of Distinct Elements
and Number of Necklaces

Circular Permutation of Distinct Elements If we arrange the =
distinct objects in a circle, then this permutation is called a circular
permutation of n distinct objects. The number of circular permutation

of n distinct objects equals% =n-11
Proof Since n linear permutations A A, - A,.i A,y A A;
AA L, s AVA A LA, give rise to the same circular permutation

and there are P! linear permutations. Thus the number of circular
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permutations of n distinct objects equals % =(n—DI
Number of Necklace
Suppose that a necklace consists of n distinct beads which are

arranged in circle, then the number of distinct necklacesis 1 (if n =1
or2) or 3+ (n =1 Gf n >3).

Proof If n = 1 or 2, then the number of necklace is 1. Assume
that » = 3. Since a necklace can be rotated or turned over without any

change, the number of necklaces is one-half of the number of circular
permutation of n distinct objects, i.e. % s (n—1)!.

Example 7 How many ways are there to arrange 6 girls and 15
boys to dance in a circle such that there are at least two boys between
any two adjacent girls?

Solution First, for every girl, we regard two boys as her dancing
partner such that one is at the left of this girl and another is at the
right. Since 6 girls are distinct, we can select 12 boys from 15 boys in
P}3 ways. Next, every girl and her two dancing partners are considered
as a group, each of residual 15 — 12 = 3 boys are also considered as a

group. Thus the total of groups is 9, and we can arrange them in a

circle in (9 — 1)! = 8! ways. By the multiplication principle, the
number of permutations satisfying the conditions equals Pi3 « 8! =
15! - 81

3t

1.5 The Number of Solutions of the
First Degree Indefinite Equation

The number of Solutions of The Indefinite Equation The number of

nonnegative integer solutions (x,, x>y ..., x,) of the indefinite
. . n+m—1
equation x| +x, ++- +z, =n (m, n € N.) is equal to ( 1 ) =
m -
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(n +m —1)
n ’

Proof We consider that each nonnegative integer solution (x,,
T3y ...y x,) of the equation ry + x5 +++ +x,, =n (n, n € N.)

”

corresponds to a permutation of »n circles “O” and m — 1 bars *

00---0 1 Q00 Q0--0

e Xy Lo

Where x, is the number of circles “O” at the left of first bar “|”, x4,
” and the (; + 1™
s ***y x, is the number of circles “O” at the right of the (m -

is the number of circles “O” between the i™ bars “
bars “|”
1)™ bar “ | 7. Since the correspondence is an one-to-one
correspondence. the number of nonnegative integer solutions (x,.
X1y ...s x,) of the indefinite equation >y +x, + =+ +x,, =n (m,
n € N.) equals the number of the permutations of »n circles “O” and

. . n—m+1 n+m—1
Gm —1) bars “[”, i.e. ( )—( )
m —1

n

Remark  The number of nonnegative integer solutions (x,
Tas ... s 2, ) of the indefinite equation >, +x, + ++ +x, =n (m,
n € N.) is equal to the number of the repeated combinations from »
distinct objects taken m objects (each object may has a finite repletion
number).

Corollary The number of positive integer solutions (x;, x2+ ... »
x,,) of the indefinite equationx, +x, ++++x,, =n (m, n EN,v n =
m) equals (?I . )

m — 1

Proof Settingy, =x;, —1 G =1, 2, =, m), wegety, +y, ++-+
y. = n — m. Thus the number of positive integer solutions (x,,
T3 ... x,) of the indefinite equation x| +x, + -+ +x, =n (m,
n € N., n = m) equals number of nonnegative integer solutions (y,,
Yas...s ¥ of the indefinite equation y, +y; ++++y, =n—m, l.e.

((n —m) im—l)_ (?1—1)
m — 1 m—1/
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Applying above formula, we give another solution of example 7.

Second Solution of Example 7 Suppose that 15 boys are divided
into 6 groups such that the leader of every group is a girl and there are
at least two boys in every group. Denote the number of the boys in
every group by x,, x,, ..., x, respectively, then

e +Iz +°"_L.rf, =, 15 (‘I‘,- E‘N+ aI‘ld.r,- _.229 .! . 19 29 Www ¥ 6).
@

Settingy, =x;, —2G =1, 2, ..., 6), we get
ity +r+ye=3(yi €Zandy, =20,i=1,2,...,6). @
Thus the number of the integer solutions of (D is equal to the number

5 . . 3+6—1 8
of the nonnegative integer solutions of @, i.e. ( 6—1 ) = (5) =

8
(3). Hence the 15 boys are divided into 6 groups such that there are at

8
least two boys in every group in (3) ways. We arrange the 6 groups in

a circle in (6 —1)! =51 ways. (The leader of every group is a girl and
her position is definite.) 15 boys stand in this circle in 15! ways. By

the multiplication principle, we get that the number of the
. o . 8y 81 + 151
permutations satisfying requirement equals (3) 51«15 = T

Example 8 How many 3-digit integers are there such that the sum
of digits of each integer is equal to 117

Solution We denote the hundred digit, ten digit and unit digit by
the =, x,, x; respectively, then

g +.1"3+I3=11 (J"l;lq b _,>.-{]g X3 2“). @
Settingy, =x; —1, y, = x,, y3 = x5, We get
Yit+ty:+y:s =10(y, =0, y, =0, y; =0), @

Thus the number of integer solutions of (D equals the number of
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10 +3 —1

3—1 )
3-digit numbers cannot consist of the following 5 integer solutions of
@: (11, 0, 0, (10, 1, 0), (10, 0, 1), (1, 10, 0), (1, 0, 10), so that

12
nonnegative integer solutions of @, i.e. ( = ( g ) But the

12
the number of the 3-digit numbers satisfying conditions equals ( 5 )—

5 =6l

1.6 The Inclusion — Exclusion Principle

The Inclusion — Exclusion Principle Let A,, A,, ..., A, be n
finite sets. We denote the number of elements of A, by | A, | (¢ =1,
2! P ??). Thcn

A, UA, U UA, =D 1A |- > A NA, |
=]

Isi<jzn

+ > 1A NA; NAg =+ @

lsicjckan
+(=D"' A NA; N NA, I

Proof For any xr €A, UA, U--UA,, we show that x contributes
the same count to each side of @.

Since x belongs to at least one set of A,, A,, ..., A,. Without
loss of generality, let x belongs to A,, A,, ..., A, and not belong to
other sets. In this case, x is counted one time in A, UA, U~ UA,.
But at the right side of @, x is counted: (ﬁ) timesin 2, | A, |, (i) times

=1
b
in 3 LA NA | () timesin D TA NA NA L -
Isi<jan 3 lai<j<ksn

Consequently, at the right side of @O, x is counted

RAIWEE
(-GGG eerr ()

=1—01—=1* =1 time.
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Obviously for any x ¢ A, UA, U---UA, , at the left side and right side
of O x is counted zero time.

Therefore, for any element x, at the two sides of @ x is counted
the same time and the equality (D is verified.

Remark The above method to prove equality (D is called the
contributed method.

Successive Sweep Principle (Sieve Formula) Let S be a finite set,
A, ©SG =1, 2,...,n) and denote the complement of A, in S by A,
(: =1,2,...,n), then

A, NA- N NA,| =|S|—|A UA, U UA, |

=ISI=2 1A 1+ 2 A NA, |

lgicjsn

_“‘+(_1)" |Al ﬂAE ﬂ " mA!r |-

)
Proof Since
A, UA, U UA, [=|S|-lA UA, U UA, | ®
By De Morgan’s Laws, we obtain
| Ay UA: U UA, |=lA NA; N NA, | @

Combining @ and @ with @, we deduce the equality @ immediately.
Example 9 Determine the number of positive integers less than
1000 which are divisible by neither 7 nor 5.
Solution LetS ={1,2,...,999}, A, ={k |k €8, k isdivisible
by i}, (i = 5 or 7). Then the answer to this problem is |A; NA; |.
Applying the sieve formula, we get

A_s ﬂA_?| =|S|_|A5|_|A?|"|A5 ﬂA;|

QQc gQgc QgC
-9 [22)- )+ [ 23]

=999 — 199 — 142 + 28 = 686.

Example 10  (Bernoulli-Euler problem of misaddressed letters)
How many ways to distribute » distinct letters into n corresponding
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envelops so that no letter gets to its corresponding envelops?

Solution Removing the words “letter” and “envelops” from this
problem, we really want to know that how many permutations of {1,
2, ..., n} there are such that & is not at 2™ place for any ¢ (1 <k <
n)? These permutations are called the derangements, and we denote
the number of derangements by D,.

Let S be the set of permutations of {1, 2, ..., n) and A, the set
of permutations {a,s a»s ...» a,} of {1, 2, ..., n} satisfyinga, =1
(z =1, 2, ..., n). Obviously, we have

|S |=H!s |A, |=(n—1)!! |A, ﬂAJ |=(n_2)!9 MRy
i.Axl ﬂAJE 1 == ﬂA,i |=(n =)V <iy <1y, <+ <ip <n).

By the sieve formula, we get

D,=lA, NA, N NA, I=IS|-|A UA, U UA, |
=1S|=-D) 1A |+ D) A, NA, |
i=1 lsi<ysn
— D0 A NA NA [+ (=D"A NA N NA, |
lsi<j<kan

n! —(’:)(n — 1)1 +(’2’)(n — 3y — (:)m —3)1

et 00 (Mo

n

_ S S SR SRR G 9 1)
"”!(1 TR )

n!

Permutation and its fixed point Let X = {1, 2, ..., n}, ¢ be a
bijective mapping between X and X. Then ¢ is called a permutation
on X and we usually write a permutation as follows:

( 1 2 3 n )
p(1) 9(2) (3)++p(n)/’

Fori € X, if (i) =i, then i is called a fixed point of permutation ¢
on X.
From example 10, we have the following corollary.
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Corollary The number of permutations with no fixed point of X

is equal to
_ 1,1 1, =D
Du =nt(1 =5 +g; —3p T )
Example 11  Suppose that X = {1, 2, ..., n} and denote the

number of permutations with no fixed point of X by f,, the number
of permutations with exactly one fixed point of X by g,. Prove | f, —
g. | = 1. (The 14™ Canadan Mathematical Olympiad)

Proof Let g, denote the number of permutations with exactly
one fixed point: (: =1, 2, ..., n), then

En — 8m +g;12 +eee +grm-
By the above corollary, we have

f,, =D,,q & ui =D,,—|(-’.: :1! 29 s o ¥ ?3) andg,, :?'ED,, B

Hence
|fn_gn :|D:J_HD::1i
S U R S 3
nt (1 TR l )
1 1 1 (— 1) ‘
ey — 1)1 — i el S e X .
n = =1 =55 +55 —57 + =7
—‘n!-(_”“‘—l.

Example 12 A new sequence {a,} is obtained from the sequence
of the positive integers {1, 2, 3,...} by deleting all multiples of 3 or 4
except 5. Evaluate a .

Solution | (Estimate Value Method) Let axy = n, S = {1,
2, ...,n},andA; ={k |k €8, k is divisible by i} (i =3, 4, 5),
then the set of numbers which are not deleted is (A; NA, NA;) UAs.
Applying the sieve formula, we get

2009 =| (A; NA, NAs)UA; |
=|A; NA, NA;s |+ A |
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=1S|"’|A3 |_EA4 |‘_|A5 |+|A3 ﬂ/-‘u i:‘H A, ﬂA5|
+[A4 ﬂAa |_IA3 ﬂA4 ﬂAa ]+|A5]

=n _[%}_[%]Jf'bi4]+[3§<5]+[4;5]_[3 XZXS]'

Applying the inequalitya —1 < [« ] < a» we obtain

@

2009 < n —(%—1)_(% _1)+3i4

I n _
s s 3w 1) )
3

= g?? +3!

and

Uniting @ and @), we get 3343 % < n < 3353 %

If » is the multiple of 3 or 4 but not 5, then n is not a term in new

sequence {a, |, so the required » is only one of the following numbers:
3345, 3346, 3347, 3349, 3350, 3353.

Substituting these numbers to the equation (D, we know that n = 3347
is the solution of equation (D, and the answer to this problem is
unique. Hence axp = 3347.

Solution ]| ( Combinatorial Analysis Method)  Since the least
common multiple of 3, 4 and 5 is 60. LetS, = {1, 2, ..., 60}, A, =
{k |k €8S,, kisdivisible by i}, (i =3, 4, 5), then the set of numbers
which are not deleted in S, is (A; N A; N As) U As. Applying the

sieve formula, we get
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| (A NANADUAs | =1 A NA NA;s [+ As .
:|S]_|A3 |_[ A4 |_|A5 i+|A3 ﬂA4[
+| A; NAs |+ Ay N A5 |
—As NA, NA; [+ As |

-0~ [9]-[2)+[5%:)+[5%)

60 60
+[4 xsl {3 ><4><5]

= 36,

Hence there are 36 terms of new sequence {a,} in S
a; =1,a: =2, a; =5, ay =7, =, ay, = 60.

Let P ={a,saxs ...+ asy}anda, =60k +r(k, r are the nonnegative
integers and 1 <<r < 60). Since (a, , 12) = (60k +r, 12) = (r, 12) =
1,or(a,, 12) = (r, 12) # 1, but 5|a, , then 5|r. Hencer € P.

On the other hand, for any positive integer with the form as 604 +
r (k, r are the nonnegative integers and» € P ). If (+, 12) =1, so
60k +r, 12) =1, thus 60k +r is a term of new sequence {a,}. If (r,
12) # 1, then 5|7 (sincer € P ), s05 | 60k +r, then 60k +r is also a
term of new sequence {a, } .

Therefore new sequence {a, | consist of all positive numbers with the
form as 60k +r (k, r are the nonnegative integers and » € P). For the
given k, we obtain 36 successive terms of new sequence {a,} as r ranges
over the set P. Note 2009 = 36 X 55 + 29, s0axw = 60 X 55 +a. But

A 36 = 60, ass = K9, iy = 58, as; = 55,
ax =53, ay =50, ayx =49, an =47,

thus dm =~ 33[]() + 47 = 3347.

Exercise 1

1 A teacher gave out n + 1 prizes to »n students such that each
student has at least one prize. Then the number of distinct sending
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ways is ( ).
+1
(A) 2P (B) (n + P! (C) P! (D) (” . )P;:

2 Suppose that a teacher selects 4 students from 5 boys and 4
girls to form a debate team. If at least one boy and one girl must be
selected, then the number of distinct selecting ways is ( )a

(A) 60 (B) 80 (C) 120 (D) 420

3 If the 5-digit numbers greater than 20000 which are not the
multiples of 5 have the following properties; their digits are distinct
and each digit is one of the numbers 1, 2, 3, 4, 5, then the number of
these 5-digit numbers is ( Hiq

(A) 96 (B) 76 (C) 72 (D) 36

4 If the coefficients A and B of the equation of a straight line
Ax +By =0 are two distinct digits from the numbers 0, 1, 2, 3, 6, 7,
then the number of distinct straight lines is

5 If the base a and the variable x of the logarithm log,x are two
distinct digits from 1, 2, 3, 4, 5, 7, 9, then the number of distinct
values of the logarithm log,x is .

6 In a table tennis tournament, each player plays exactly one
game against each of the other players. But during this process, there
are 3 players who have withdrawn from the tournament and each of
them participates in exactly two matches. If the total of matches is 50,
then the number of matches whin the above 3 players is ( ).

(A) 0 (B) 1 ()2 (D) 3

(China Mathematical Competition in 1994)

7 Suppose that a, b, ¢ in the equation of straight line ax +by +
¢ =0 are three distinct elements of set {—3, —2, —1, 0, 1, 2, 3} and
the inclination of straight line is an acute angle. Then the number of
distinct straight lines is . (China Mathematical Competition
in 1999)

8 A2 X3 rectangle is divided into six unit squares A, B, C, D,
E., F. Each of these unit squares is to be colored in one of 6 colors
such that no two adjacent squares have the same colors. Then the
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number of distinct coloring ways is

9 Two teams A and B participate in a table tennis tournament.
There are 7 players of each team to engage in this tournament in a
determined order. Firstly, 1* player of A team plays against 1% player
of B team and the loser is eliminated. Afterward, the winner plays
against 2™ player of another team. On subsequent steps, the play is
similar. Thus the game does not end until all players of some team are
eliminated, and another team wins. Then the number of the distinct
processes of game is . (China Mathematical Competition in
1988)

10 In a shooting tournament, eight clay targets
are arranged in two hanging columns of three each
and one column of two, as pictured. A marksman is
to break all eight targets according to the following
rules: (1)The marksman first chooses a column from

) . (10™ problem)
which a target is to be broken. (2) The marksman
must then break the lowest remaining unbroken target in the chosen
column. If these ruses are flowed, in how many different orders can
the eight targets be broken. (8" American Invitational Mathematical
Examination in 1990)

11  How many ways are there to paint the five vertices of a
regular quadrangular pyramid with 5 colors such that each vertex is
exactly painted with one of 5 colors and the vertices with a common
edge must be painted with different colors?

(Remark A coloring is the same as another which is from the
rotation of the former).

12 It is given that there are two sets of real numbers A = {a,,
azs ... ayw} and B = {by, by, ..., by }. If there is a mapping f
from A to B such that every element in B has an inverse image and

fla) < f(ay) <+ < f(an), then the number of such mappings is
( s

w(y) @) ©f) of)
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(China Mathematical Competition in 2002)

13 A natural number a is called a “lucky number” if the sum of
its digits is 7. Arrange all “lucky numbers” in an ascending order, and
we get a sequencea;s axs ass.... Ilfa, = 2005, thena;, =
(China Mathematical Competition in 2005)

14 How many ways are there to arrange n» married couples in a
line such that no man is adjacent to his wife?

15 Suppose that all positive integers which are relatively prime
to 105 are arranged into a increasing Sequence: a;, @z, Ais....
Evaluate a,,,. (China Mathematical Competition in 1994)

16 How many n-digit numbers are there consisting of the digits
1, 2, 3 with at least one 1, at least one 2 and at least one 37



2.1 Pigeonhole Principle

Pigeonhole Principle also is called Drawer Principle or Dirichlet’s
Principle. Pigeonhole Principle is a basic and important principle of
combinatorial mathematics which is widely used to prove many
existence problems.

The First Pigeonhole Principle If m objects are put into n boxes,

then at least one box contains [mT_l:I+ 1 or more objects, where [ ]

denotes the largest integer less than or equal to x.
Proof  The proof is by contradiction. If each of n boxes

m —

contained at most [ 1] of the objects, then the total number of

objects would be at most n[m n_]]é n e mn_1 = m — 1. Since we

started with m objects, this is impossible.

Corollary of The First Pigeonhole Principle Letm,, m,, ..., m,
be n positive integers. If m, +m, ++- +m, + 1 objects are put into n
boxes, then the first box contains at least m, + 1 objects, or the
second box contains at least m, +1 objects, ..., or the n'™ box contains
at least m, + 1 objects.

Proof Proof by contradiction. If the first box contains at most
m,; objects, and the second box contains at most m , objects, ..., and
the »™ box contains at most m, objects, then the total of objects would
be at most m, +m, + ++ +m, Since we start with m, +m, + - +
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m, + 1 objects, it is impossible.
The Second Pigeonhole Principle If m objects are put into » boxes,

then at least one box contains [%J or less objects.

Proof Proof by contradiction. If each of n» boxes contains at least

[%]4—] objects, then the total of objects would be least n ( E‘:i}f 1) >

n e % = m. Since we start with m objects, it is impossible.

Corollary of The Second Pigeonhole Principle Let m,, m,, ...,
m, be n positive integers. If m, +m, +-++m, —1objects are put into
n boxes, then the first box contains at most m, — 1 objects, or the
second box contains at most m, —1 objects, . .., or the n™ box contains
at most m, — 1 objects.

Proof Proof by contradiction. If the first box contains at least
m, objects, and the second box contains at least m, objects,..., and
the »™ box contains at least m, objects, then the total of objects would
be at least m, +m, + +- +m, Since we start with m, +m, + - +
m, — 1 objects, it is impossible.

Example 1 (Ramsey’s Theorem) There are six points in a 3-
dimensional space no four points of which are coplanar. Two distinct
points determine a line segment, and let each line segment be colored
red or blue. Then there exist a triangle such that the 3 sides of this
triangle are all colored red or blue.

Proof Consider a given point A. By Pigeonhole Principle, of the

5 line segments meeting A, either at least [5—;1]+ 1 = 3 are colored

red or at least 3 are colored blue. For the sake of argument let us
suppose that there are 3 line segments AB, AC and AD are colored
red. Consider the triangle BCD, if a side of ABCD, say BD, is
colored red, then the 3 sides of /ANABD are all colored red. Otherwise,
the 3 sides of ABCD all are colored blue. This completes the proof.
It seems convenient to list some basic concepts of the graph theory
that will be used throughout the book. The set V, of n points in a
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plane is called the set of vertices. A complete graph on »n vertices,
denoted by K, . consists of a set V,, of vertices and a set E of edges (or
sides) connecting each pair of distinct vertices in V. A closed broken
line which consists of m edges of K, is called an m-sided polygon, and
the 3-sided polygon is also called a triangle. Let each of edges of a
complete graph K, be colored in one of m colors, then this graph K, is
called an m-colored complete graph. Let each side of an m-sided
polygon P be colored red (or blue), then this m-sided polygon P is
called a red (or blue) m-sided polygon. Applying the concepts of the
graph theory, the Ramsey’s theorem can be described equivalently as
follows.

Ramsey’s Theorem There exists a monochromatic triangle in a 2-
colored complete graph K.

On the other hand, as in figure 2.1, we can
exhibit a 2-colored complete graph K which has no a
red triangle no a blue triangle (the solid lines colored

red and the dashed lines colored blue). Generally, if
there exists a smallest positive integer n with the N '

. . Figure 2. 1
following property: there exists a monochromatic
triangle in an m-colored complete graph K, , then the smallest positive
integer » is called Ramsey’s number, denoted by R,,. So we getR, =6
from the above conclusion. But it is very difficult to find the Ramsey’s
numbers. We only know a few Ramsey’s numbers: R, = 6, R, = 17,
R, =65,....

Suppose that we represent a people with a point. If two people are
mutually acquainted, then two corresponding points are connected by
a red line segment, and if two people are mutually unacquainted, then
two correspondent points are connected by a blue line segment. Thus
the above Ramsey’s theorem becomes the following Hangary’s
mathematical competition problem: Prove that among any 6 persons

,
there exist 3 persons who form (2) = 3 pair of mutually acquainted or

mutually unacquainted persons. ( Acquaintance is a symmetric
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relation. )

Example 2 Let k be a given positive integer number. Find the
smallest value of »n such that among any » positive integer numbers
there exist two numbers whose sum or difference is divisible by 2k.

Solution Leta,, a;, ..., a, be any n positive integers and their
remainders modulo 2% be ry, r2, ..., r,, thenr, € S = {0, 1,
2, ...+ 2k —1}. Consider the following classifications of S

{{)}9 {1; 2k _'1}9{2| 2k _2}9 e 9{k _'19 k +1}9{k}-

If »n = % + 2, by the pigeonhole principle, among n integers r,,
r2s ... r, there exists two numbers r;, r; (i # j, i, j € S) which
belong to the same group. So the sum or difference of a; and a; is
divisible by 2%.

On the other hand, it is not difficult to show that among & + 1
numbers 0, 1, 2, ..., & there are not two numbers a and & such that
a +bora — b is divisible by 2k. It follows that the required smallest
value isk +2 .

Example 3 Let o« be a positive real number and n be a positive
integer. Prove that there exist two positive integers p and g satisfying
1
np’

Proof Firstly, we prove the following proposition: Given n + 1
real numbers ro, x5 ..., x, € [0, 1), there existi, j (0 <i <j <

the following inequality: (¢ ——| <

n) such that | x; —x; | < % In fact, suppose that the interval [0, 1)

Jauoos [BR0 1)

By Pigeonhole Principle, there exist z;, x; (0 <

is divided into n small intervals: [0, i) ) [l, £

n n n
i <j < n) which
1

belong to same small interval. Thus | x;, —x; | <

Letm,- :[1;0‘]9 t=0,1,..., n,thenm,- ém <m4-+1,i.e. [)Q
i« —m; < 1. By the above proposition, there exist 0 <<k <</ < n such

that | (a —m,) — Cka —m ) |<%, . | € —~B)g=0mng =md | <
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%. Setp =1 —k, g =m; —m,;, then p, g are positive integers and

q 1
— g —,
o4 p‘mnp

1

Remark Since p =1, |a —— | < - In other words, any real

p
number can be approximated to arbitrary precision by a ration

number.

Example 4 Suppose that n numbers are deleted in the set S = {1,
2, ..., 2005} such that among the remaining numbers, no number
equals to the product of other two. Find the smallest positive integers
n with the above properties.

Solution Consider the following 43 triples of S: {44, 45, 44 X
45}, {43, 46, 43 X 46}, {42, 47, 42 X 47}, ...,{3, 86, 3 X 86}, {2,
87, 2 X87}. If the number of positive integers which are deleted in the
S is less than 43, then among the remaining numbers, there exist three
numbers in a triple such that one of them equals the product of the
other two. Hence, we must delete at least 43 elements in S.

On the other hand, if we delete the following 43 number: 2, 3,
4, ..., 44 in S. Since the product of any two of the remaining
numbers is at least 45 X 46 = 2070 or 1 Xa = a (a € {45, 46, ...,
2005}) , among the remaining numbers, no number equals the product
of the other two. Therefore the required smallest positive integers n
is 43.

Example 5 Suppose that a,, a»s ..., a,(n = 4) are n distinct
integers in open interval (0, 2n). Prove that there exists a non-empty
subset S of {a,, a>» ..., a,} such that the sum of all elements in S is
divisible by 2n.

Proof (1) Case1.n € {ai» ass ..., a,}. Since 2n integers a, ,
A2s «uvs Quy 20 —ay1s 20 —a3s ... 2n—a, €{1,2,...,2n—1}, by

Pigeonhole Principle, it follows that there exist two of them who are
equal. But no two of the numbers a,, a,, ..., a, are equal and no two

of the numbers 2n —a,, 2n —a,, ..., 2n —a, are equal, so there is an
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: and a j such thata; = 2n —a;. Sincea; #n, a; #n,i #j anda, +
a; = 2n. In this case, the conclusion is valid.

(2) Case 2. n € {a;s azs ..., a, ). Without loss of generality, let
a, = n. Considern —1 numbersa;, ass ..., a,.1(n —1 =3). If for
any 3 numbersa; <<a; <<a, a; —a;anda, —a; are divisible by n, then
ary —a; = (ay —a;) +(a; —a;) =2n. It is impossible. Hence there
exist two numbers a; <a;(i,j € {1,2,..., n—1})such thata; —a;
is not divisible by n. Without loss of generality, let a; — a, be not
divisible by n. Consider the following » numbers:

Aps das Ay '+"a35 ay +ag +a39 vees @) tasx oo T Qy-1.

( I ) If the n numbers module n are distinct, then there exists one
of these numbers which is divisible by ». Suppose that this number is
kn (b € N,). If %k is an even, then the conclusion is valid. If % is an
odd, thenk +1is an even and kn +a, = (k + 1)n is divisible by 2n .
The conclusion is also valid.

(II) If there are two of the » numbers which are congruent with
module 7, then their difference is divisible by n. But a, — a, is not
divisible by n. Hence this difference is equal to the sum of some (at
least one) of the numbers ay, a>s ... a,-y (n —1 = 3). Thus this
conclusion is also valid as ( [ ).

Remark In this problem, the conditionn = 4 is necessary. When
n =3, for set {1, 3, 4} the conclusion of this problem is not valid.

Example 6 Let 49 students solve 3 problems and the score of each
problem is one of these nonnegative integers 0, 1, 2, 3, 4, 5, 6, 7.
Prove that there exist two students A and B such that for each of the
problems the scores of A is not less than B. (The Problem Prepared
for 29" IMO in 1988)

Proof Suppose that there are two students A and B such that for
first and second problem, their scores are the same. If the score of the
third problem A get is not less than B’s, then for each of the problems
the scores of A is not less than B’s.

Now, suppose that for any two students, their scores of first and
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second problems are not all the same and we represent each of the 49
students by a point (i, j) (0 <, j <7) in a plane where ¢, j are his
(or her) scores of the first and second problems respectively. Thus the
49 students correspond to 49 distinct integer points in plane. Set

S ={(, j)|i,j are integer numbers and 0 < i, j <7};

M, ={G,j)|G,j)€ES,0<i<7,j=00ri=7,1<j<7};
M, ={G,j)|G,j)€ES,0<i<6,j=1ori =6,2<j<7};
M, ={G, )| G,j)€ES,0<i<5,j =20ri=5,3<;<7);
M, ={G,j)]U,j)ES,0<i<4,j =3o0ri =4,4<j <7}

M; ={G, )| G,5)€S,i=2,3and4<; <7};
M, ={(,j)| G,j)€ES,i=0,1and4 <j <7}.
Thus the 49 integer points belong to the set

S=M1 UM3 UMa UM4 UM: UM(,

By Pigeonhole Principle, there are at least [b]+ 1 = 9 integral

6
points all of which belong to the same set, denoted by M. Since
| M5 | = | M | =8, where | M, | denote the numbers of elements in

M, M isone of M,, M,, M;or M,. Since the 9 integral points in M
correspond 9 distinct students whose score of the third problem are 0,
1,2, 3,4,5, 6,7, there are at least two students whose scores of the
third problem are the same. By the constructions of M,, M,, M; or
M., we know that there exists one (denoted by A) of the two
students, such that for the first and second problems, the scores of A
are not less than another student’s (denoted by B). Therefore, for
each problem, the scores of A are not less than B’s.

Example 7 Let » and » be two positive integers. Find the smallest
positive integer m satisfying the following condition: For each
classification of the set {1, 2, ..., m} into r subsets A,, A, ..., A,

(A, NA; =, i +#j), there exist two numbers a and b in a subset
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A;(1 <i <r) such that 1 gii <1 +%.

Proof Denote the smallest value of m by m(the value of m, can
be obtained from the following analysis). Suppose that m < m,. Let
A; ={ili=jlmodr), i <m}(; =1,2,...,r). Then for any two
numbers a, b in a subset witha =6, we haveb <a —r <<m, —r. Thus

a a—b r
— =1+ :
b b =1 +m jy; —
Hence whenm, = nr + r, we have % >1+ % Therefore the
condition in the question cannot hold. Next, For m =m, = nr +r,
consider the (» +1) numbers nr, nr +1, ..., nr +r. By Pigeonhole

Principle, there exists @ =5 such that a and & are in the same subset.
Thena —b <r, b =nr, so

1<@ 1480 4L g1+l =141
b b b nr n
Therefore, the required smallest value of m ism, = nr +r.

Example 8 Let a space figure G consist of n( = 4) vertices, no 4
vertices of which are coplanar and there are [%—]+ 1 line segments
connecting these vertices. Prove there exist two triangles with a
common side in the figure G.

Proof We will prove the statement by induction on n. For the

basic case n = 4, suppose the 4 vertices are A, B, C, D and there are

2 4
[‘%]+ 1 = 5 line segments connecting these vertices. Thus only (2)—

5 =1 pair of these vertices is not connected by a line segment.
Without loss of generality, suppose that there is not a line segment
connecting the vertices C and D. In this case, there exist two triangles
ABC and ABD with a common side AB. Thus the basic case is proved.

Now we assume that the statement is true forn =& =4, Forn =
k + 1, let a space figure G consist of £ + 1 vertices and there are
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[(—k“jiiJ-i—l line segments connecting these vertices. Then the sum

of the line segments meeting each vertex equals 2([&%“]+ 1). By

Pigeonhole Principle, there are at most [k 3_1 ( [(k J; D? ]4— 1)] line

segments meeting some vertex A. By deleting the vertex A and all line
segments meeting vertex A, then among residual figure, there are %
vertices and at least

T I

line segments connecting these vertices.

If & =2m (m =2) is even, then

_ _ m +2
N = mm+1) 41 [m +2m+1]

=m(im +1) +1—m

=m?’+1 =[%}+1.

Ife =2m —1 Gmn =3) is odd, then

2
N =m3+1—[m+l]=m(m —1) 41 =[k—}+1,
m 4

o

In a word, there are at least [%]Jr 1 line segments connecting 4

vertices. By the inductive hypothesis, there exist two triangles with a
common side. Thus the statement is proved.

Remark Ifn(=4) is even, then this becomes a question in the 2™
selection examination for the national team of China.

2.2 The Mean Value Principle

The mean value principle (1) Let ay, @, ..., a, be n real

numbers and A = %(al +a, + -+ +a,), then at least one of the
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numbers a;, ass ... a, is greater than or equal to A and also at least
one of these numbers is less than or equal to A.

(2) Let ay» a2+ ..., a, be n positive real numbers and G =
Ja,a,...a,, then at least one of the numbers a,, as, ..., a, is
gerater than or equal to G and also at least one of these numbers is less
than or equal to G.

Proof (1) Min{a;} < A < Max{a;}, (2) Min{a;,} < G <

lsien lsisn Isisn
Max{a;}.
lsisn

Example 9 Suppose that 10 distinct numbers 1, 2, 3, 4, 5, 6, 7,
8, 9, 10 are arranged in a circle with any order. Show that there exist
3 successive numbers whose sum is not less than 18.

Proof Suppose that a,, a», ..., ay are 10 numbers 1, 2, 3, 4,
5, 6, 7, 8, 9, 10 in a circle. Without loss of generality, leta, =1,

then

0o | =

[(ay +a; +a,) +(as +as +a;) +(as +ao +aw)] = %(2 +3 +

4+ +10) = %4 = 18. By the mean value principle, one of a, +a; +

ass as +a, +a; andas +ay +ay is not less than 18.

Example 10 Suppose that there are n (= 4) distinct points in the
plane and each pair of them is connected by a line segment. If among
all lengths of these line segments, only » + 1 lengths equal d. Prove
that there exists a point P such that there are at least 3 line segments
meeting P their lengths all equal 4.

Proof Let n points be P,, P,, ..., P, and the number of the
line segments meeting P, with lengthd bed,(i =1, 2, ..., n). Then

d| +d3 + e +d,, = 2(?? +1)
and

l(a’] —?—dz i —}—d”) =M >2.
L n

By the mean value principle, there existsd; =3, i.e. there are at
least 3 line segments meeting P, their lengths all equal 4.
Example 11  Let f(z) = ¢coz" + ;2" ++ + ¢,z +c¢, be a
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polynomial of n degree with complex coefficients. Prove that there
exists a complex number 2, such that | z, |<1and | f(z,) | =] c, |+
| €5 Is

Proof | Letw = cn:)s%:-T +isin2n£, wr =w* =c052"%T + isin

2k

(b =0,1,...,n—1), a =cosfd +isinf. (We can determine the value
of @ from the following analysis.) Thenw" =" =1, 0’ #1 ( =2,
3,...,n—1)and

-l

DMwi=nG =0o0rn),

k=l

n-1 n=1 1_( n
_ aiy) .
wh = wht =———"—=0G=2,3,...,n—1),
k=) k=l) 1 Twj
n;t‘ n—1 n-1 n-1
Zf(awt) = cpa” Ewﬁ +cia! Zwﬁ_l + ety Zwk +c.n
k=l) k=l) k=0 k=)

= ?I(Cua" +Cn).

We may select the argument @ of « such that the principle values of the
arguments of cya” and ¢, are equal. (In fact, let the principle values of
the arguments of ¢, and ¢, be §, and 4, respectively, then we set§ =

(%(6,. —04). ) Hence

n-1

E | flaws) | =| if(awk) i

kal)
=n | coa” t+c, |
=n(lcylelal"+lc. D

= ??([ Co ]+l Cn l)-

By the mean value principle, there exists &, such that

n=1

| flaws) 1=+ 20 | flaws) [ =lev [+l e, 1.

ke=l)
Setzg = awy,» then | 2, | =1, and | f(zy) [=]| ¢¢ |+ ¢, |. This
completes the proof.
Proof | Let the complex number u satisfy that | « | =| ¢, |+| ¢, |
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and « has the same argument with ¢,. Let

g(z) = f(2) —u =coz" +c12" '+ +ec,92 +c, —u

and the » complex roots of g(z) be z,, 2>, ..., z,. Thus
| 2y, |=|cn—u1 _Heal=lull _lcol -1
| Co l l Co l | Cy ]

By the mean value principle, there are a &, (1 < &, < n) such that
| z¢, |<V/Tz122...2, | =1. Setzy =24, » then |z, | <landg(z,) =
f(zy) —u=0,i.e. | f(zy) | =|lul=|col+|c.|. This completes the
proof.

Exercise 2

1 In a group of 17 scientists each scientist sends letters to the
others. In their letters only three topics are involved and each couple
of scientists makes reference to only one topic. Show that there exists
a group of three scientists which send each other letters on the same
topic. (6™ IMO)

2 Is it possible to choose (1) 4; (2) 5 distinct positive integers
such that the sum of any three numbers of them is a prime?

3 Given 7 points in AABC, no three of which are collinear.
Prove that there exists 3 points of these points which determine a

triangle with the area less than or equal to %S&_ﬁu}(_‘.

4 LetS ={1,2,...,2009}. Find the largest positive integer n
such that there is an n-clements subset A of S with the following
property: the sum of any two numbers in A is not divisible by their
difference.

5 Let M be the subset of S = {1, 2, ..., 2000} such that the
differente of any two numbers of M is neither 5 nor 8. How many
elements of M at most are there?

6 Suppose that each of 7 boys has 3 brothers among the
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remaining 6 boys. Prove that the 7 boys are all brothers.

7 Suppose 10 persons buy 30 books at a book-shop satisfying the
following conditions:

(1) Each of them buys 3 books,

(2) Among the books which were bought by any two of them,
there are at least one is same. Suppose the number of purchasers who
bought some book is largest. Determine what that smallest value of the
largest number is? (8" CMO)

8 Every point in a plane is colored red or blue. Prove that

(1) For any positive real number a there exists a triangle with the

sides of lengths a, v3a, 2a such that its 3 vertices all are colored red
(or blue).

(2) There exist two similar triangles such that 3 vertices of each of
two triangles are colored in the same color. (The question (2) is a
question of China Mathematical Competition in 1995)

9 Suppose a convex polyhedron has 6 vertices and 12 edges.
Prove that each facet is a triangle.

10 Let the set S be a set with finite number of point in the
plane. If the distances between any two points in S is determined,
then the set S is called stable. Let M, be a set of n( = 4) points in the
plane and no three points of M, be collinear. Suppose that the number

of pairs of points having the determined distances in M, is %n(n —=3) +

4. Show that M, is stable. (China Shanghai Mathematical Competition
in 1999)



- — e

‘Generating Functions :\' by

3.1 The Concept of Generating Function

Let f(x) = (1 +x)". By applying the binomial theorem, we gain

for = 500 = () e v 7 oo+ (e

=0 0 1 2 n—1 n

Then f(x) corresponds to the sequence [(:), 0k <n } Thus the

function f(x) = (1 + x)" is called the generating function of the

sequenes (7))

In general, for the finite sequence ao, a;,» azs ..., a,, its
generating function is defined to be the following polynomial.

f(x) = Ea*xk =ay, ta,xr tax?®+ - +a,x".

k=0

For the infinite sequence aqy, a1y azs ... a,s ... its generating
function is defined to be the following formal power series:

f(x) = Dla,x" =a, +aix +ax> + +a,x" +

n=0)

Let f(z) = Za,‘r" ,glx) = Zb,,;r" be two formal power series, we

n=l) n=(}

define
(1) f(x) =g(zx)if and only ifa, =6,(n =0, 1,2, ...),
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(2) f(x) £g(x) = D) (a, £b,)z",

=i}

(3) cf(x) = > (ca,)x" (c is a constant),

nmi)

(4) f(x)glx) = Ec,,r", where ¢, = Ea,,b,r.b, n =0, 1,

n=0) k=0

3.2 Some Important Formulas

When we solve the problems using the generating functions,
besides the binomial theorem, we also need the following formulas:

Formula | (The summation formula of the infinite geometric
series with the common ratio ¢ satisfying —1 <q¢ < 1)

1
l—a

= D" =1tz +x2 etz o (—1 <z <1).

n="

Formula ]| Let £ be a positive integer, then

(1—z)* = i(k o _1)1”

n=l) k_]
k E+1
=1+( )x+( )x’
E—1 E—1
n+k—1
(" D ) ci<a<w.

With the (4 — 1) the derivative of the formula | at x and divided by
(k — 1)1, we get the formula [[ .

Example 1 Leta, =—1,a, =1, a, =2a,-, +3a,, +3"(n =2).
Find a,.

Solution Let f(x) =a, +a1x +asx> + +a,x" + -,

Then —2xf(x) =—2apx —2a,x% —++ —2a,,x" —

=32 f(x) =—3ayx® = —3a, 2" —

Adding the above three equations and applyinga, =—1, a, =1, a, =
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2ai!'] +3ar!—3 +3“ (n _.>-’ 2)! we haVC

(1 =2x =323 f(x) =—1+3x +32x% + oo +3"x" + -

¢ __6x—1
1 —3x 1 —3x"

=—1+

6r — 1 __A B C
(14+x)(1 —3x)? 1+I+(1-—3I)3+1—3I' @

flx) =

Multiplying both sides of D by 1 + x and settingx =—1, we get

_ _b6x—1_ s
A= =327 ler 16°
Multiplying both sides of D by (1 —3x)? and setting x = %, we obtain
_b6x —1 _3
B=T+z ~} 4°

Multiplying both sides of (D by x and setting x —~+ o, we obtain

T x(6x —1)
0= lim == a —32)°
T Ax Bx Cx
_:l_l.l;rlo(1+x (1—-31)2_!—1—3;)
a1~
=A-C.
_ __21
Hence C = 3A 16’
7 32
O =g+ T1ad 307 1601 =320
___l 3 —_— L _3_ = n_!_l "_.a 3 "
- 16%;( 1)z +4§( 1 )(31‘) 16%;(31)
_ i[(4n —3) « 3! —7(—1)"] .
16 e

n=l}

Therefore we yield

=_1_ e &l — "
a, 16[(4:1 3)+3 7(—1)"].
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Example 2 Show that for all positive integers n, we have

o /2n + 1y (21 . 4n +2
Z ( ) ( )23;! Zitl ( ).
i=0) 21 I: 2?‘1 + 1

dn+2

4n +2
Proof Firstly, in the equality (1 + z)*"* = E( nk )r", the

k=0

. 4n +2 )
is equal to (2 1). On the other hand, in

2n+1

coefficient of
n

the equality

2n+1

2n +1
A+ =[(1 +x2) +2 ] = Z( nk )(21‘)3"”_*(1 +x2)*t

k=(}

2n+1 k
_ Z (2?1;_ 1 )22“1—&12“1-& ( Z (f )Ize ) ,

k=) iml)

"\ (20 +1
the coefficient of x**! is equal to E( "

i=() 23
E” 2n +1y(2: ; 4n +2
( ] ) ( ] )22” = ( )'

i=l) 2i 1 2n +1

n+i-24 2i
2 ~]. Hence
1

[n1y/2) +1y (2n —2k — 1
Example 3 Show that >, (— D*(" ") (™" ) -
ki) k n
%H(?i‘ +1).
. . ) A |
Proof Firstly, in the equality (1 + x)""' = Z( P )x*, the
k=0

n +1 n+1 1
)=( )=En(n +1). On the

coefficient of ="' is equal to ( 5

n—1
other hand, in the equality

N “+]=(1_13)rr+1:("+1(ﬂ‘+“l) vk ac(ﬁ-i-j )
S i sl 0 (M ISP )(Z ) )o7),
the coefficient of ="' is equal to

[(n-1)/2] n—+—1)(?1+(?’1_‘l_2k))

3 (=D \ )
_ E (_1)k(n-r1)(2n—2k—1).

n
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Hence

-1
2, - 2n(n + 1),
Example 4 How many distinct ways are there to exchange n
Yuan for 1 and 2 Yuan?
Solution Suppose that there are a, distinct ways, then a, =

>, 1 (where t,, ¢, are nonnegative integers) and the generating

ty*25=n

function of a, is

flx) = Eaﬂr" = E( E 1)zx"

n=0) n=ll 1 +3t,=n

1=t l-Tin Y =()

= 1 - 1 — 1
T-x 1-x2 (1+x)(1-x)?
_ A B C
_(1—x)2+1—x+l+x' @
Thus A = 1 =l,C=¥ =1 Settingr =0in @
1+xle 2 A—x) e 47 ’
wegetA +B+C =1 Hence B=1-A—-C=-1-2-1 -1

Therefore we have

_ N1 1 )
Fhz) = Joar =ger——g d =t o

- +1 & -
- % Z(n )x“ +% Ex" —1—% 2(—‘1)"3:"

n=o 1 e n={

[2n +3 4+ (—1)"Jz".

It follows that a, — %[2;; +3+(—=1"], i.e. there are %[2;1 +3+

(—1)" ] distinct ways.
Example 5(Example 8 in Chapter 1) How many 3-digit integers
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are there such that the sum of digits of each integer is equal to 117
Solution We denote the hundred digit, ten digit and unit digit by
the x,. x,. x; respectively, then

Tttt =11 0<r, <9, 0<2,<9,0<2,<9). @D

Thus the required number of 3-digit integers equals the number of
integer solutions of the linear equation (). But the number S of
integer solutions of the linear equation (D equals the coefficient of '
of the following function.

f@) =@+x?+ - +2 )1 +2 +- +2%)?
= (1 4z etz — Lz Fuspr® )
(1 —=x") a—-z")*
(1—x)° (1 —x)?
+2
= (1 — 310 +3I2|1 _ 3:;) E (n ) "

n=A

+1
—-(1-=-2z" 4+ 2 (n ! )I"

SoS = ((“;2)—3(1 :2))— ((“;rl)—z(1 Jlrl))= 61. Therefore

the required number of 3-digit integers is 61.

Exercise 3

1 Find the general term a, of the following sequences of
numbers using the generating functions:

(Day =2,a, =5, ap>» =3a,,y —2a,(n =0, 1, 2, ...);

(2)ay =4, a, =3, a2 =a,s +6a, —12(n =1, 2, ...).

2 Prove that the following identities;

-

@ () +(() ==+ () - ()
= E(H)(n +1 —k)z (:L);
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(3) Lﬁ(ﬂ)*(" H)(Z" _2k)=n +1;

k=01 é n

- +k+
(4)2(—1)"-*2*(" v

)=n +1;
£=0 2k +1

(5) g(—l)k (:)(i) =(—1)"8,,, whered; =

1 G =j),
0 G #j).



o) Numbers

4.1 Recurrence Sequence of Numbers

For a sequence {x,}. if there is a positive integer £ and an equation
that connects x,., with its preceding b terms T, es-—1s Tyrk-25 20 s Tyt

@(I:ﬁk! Lptk=19 o ow y I") =0, CD

Then the sequence {x,} is called a £ order recurrence sequence of
numbers and the equation (D is called the recurrence relation of {x,}.
Solving x,+; from the relation (D, we obtain

Tyrk = @(I,ﬁkﬂ y Lytk=29% o003 .I',,). ®
The equation @ is also called the recurrence relation of {z,}. The

first £ terms of {x,}:

Xy =Q1y T3 =dazs ...y 1 =azla;y azs ..., a, are given constants)

©)

are called the initial values of {z,}. Obviously, the sequence {x,} is
determined uniquely by the recurrence relation @ and the initial values
.

Suppose that the recurrence sequence {x, } is determined uniquely
by the initial values @ and the following recurrence relation:

Ty+p = plxn"'é—] +p21u+§—2 = + pk-rn +q (p]! pZ’ - pk are
constants and p, # 0),

then the recurrence sequence {x,} is called the linear recurrence
sequence of numbers (with constant coefficients) of order #. When
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g =0, the recurrence sequence {x,} of numbers called homogeneous,
otherwise it is non-homogeneous.

4,2 The Methods of Finding Solutions
of Recurrence Relation

(1) The method of characteristic roots  Consider the linear
homogeneous recurrence relation ( with constant coefficients) of
second-order :

Tysz = PpTyer +qr,(n =0, 1, 2, ... p, g are the constants and g 7= ().

@

If the geometric sequence {r"} (r # 0) is a solution of the recurrence

relation D, we have r"*? = pr"*' +qgr", i.e. r is a root of the following
quadratic equation:

2 = pr +q. @

The quadratic equation (D is called the characteristic equation of the
sequence {x, and the roots of the equation (2 are called the
characteristic roots of the sequence {x,}. Conversely, if r is a root of
the equation @), then the geometric sequence {r"} is a solution of (D.

If the two roots r, and r, of equation @ are distinct, then {r}}
and {r%} are the solutions of (D and for any constants C, and C,,
{C,r! +C,r3} also is the solution of @D.

If the initial values x, =a, x, = b are given, the values of C, and
C, are determined uniquely by the following system of equations:

{Cl _"_C.‘z = as
C,ri +Csr. =5,

Therefore we get the unique solution x, = C,r} +C,r3 of @O with the

initial values r, = a., x, = b.

If r= %p is a double root of equation @, we get pr +2¢q =0 from
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the following system of equations:
{?‘ — %pe
r* —pr —q =0,

" —pn — 1D —qln —2)r"?
=ar" (G —pr —q) +r 2 (pr +2¢)
= (.

Thus

So {nr"} is a solution of M and for any constants C, and C,, {C,r" +
C,nr"} is also the solution of (D). Since the values of C, and C, can be
determined uniquely by the initial values x, = a, x> = b. Therefore,
we get the unique solution x, = C,r} + C,nr" of (O with the initial
valuesx, = a., x, = b.

Example 1 (The Fibonacci Sequence of numbers) The rabbits
mature in a month after birth. Each month the female of a mature
pair gives birth to a new pair of rabbits with opposite sexes. At first,
there is a pair of newly born rabbits with opposite sexes and how many
pairs of rabbits are there at the end of the »™ month?

Solution Suppose that at the end of the »™ month there are a,
pair of mature rabbits and b, pair of newly born rabbits. If at the n™
month there are F, pair of rabbits, then F, =a, +b,. Buta, =a,, +

b,-» = F,-y andb, = a,-, = F,-,. Thus we have

FH =da, +bn =F:r-l +Fﬂ'2' @
Obviously F,, = 1 (Since we begin with only one pair of newly born
rabbits.) and F, = 1 (Since at the end of first month, we only have

one pair of mature rabbits. ). The characteristic equation of @ isr? =

1 4+45 _1—45
— 3 2T T3

r + 1. The characteristic roots are r, = 2 =5 Thus

F, =C,(128) 4, (12}

Since F, =1, F; =1, we get
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C,+C, =1,
c1(1+2‘/§)+cz(1_2‘/§)=1.
Solving the system of equations, we getC, = 1;/_5, C, =— 12}%@.
Hence
F, = %{(1_2@)1 —~ (];2‘5«)]} n=0,1,2,... @

Remark This sequence @ is called the Fibonacci sequence of
numbers and its first 10 terms are

1,1, 2, 3,5, 8,13, 21, 34, 55, ...

The problems concerning Fibonacci sequence of numbers often appear
in mathematical competitions.

Example 2 How many n-digit numbers with no pair of adjacent
1’s are there which consist of 1, 2 and 3?

Solution Assume that the number of required n-digit numbers is
a,. Obviously, a; = 3, a, = 3> —1 = 8. We classify the n-digit
numbers satisfying the conditions into two types: the number of n-digit
numbers with the leading digit 1 and the second digit 2 or 3 is 2a,-, and
the number of n-digit numbers with the leading digit 2 or 3 is 2a,-,. By
the addition principle, we get

a, =2a, +2a,-(n =3). @
The characteristic equation of (D is »*> = 2r + 2. The characteristic
roots are r; = 1 +v/3, r, =1 —/3. Thus
a, =C,(1+/3)" +C,(1 —=/3)".

% — 1. Witha, = 1,

Let dy Satlsfy d = 2(1] +2au) i.e. dy =
a; =3, we have
{C] +C3 = 19

C,(1+J3)+C,(1 =J3) =3,
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Solving the above system of equations, we get

Cc.—2+3 _ (143
24 4
C.,—_2=V¥3 __ (1—y3)
) 2/3 4/3

1
Therefore, a, = ——| (1 +./3)"*? 1 =3y,
43 L ¢ ]

(2) The Method of Substitution
In fact, it may be very difficult to find the solution of some

recurrence relations. We will illustrate several examples about the

method of substitution to obtaining the solution of some recurrence

relations.
Ay +n2 =15 (n =2).

Example 3 Finda,, ifa, =1, a, = 3

Solution Set undetermined constant a, &, ¢ such that

2y &l iy 2 = %[a,,., +aln =1 +bn —1) +0)],

o= ot (Hapr (3o (G- 3-do)

Comparing it witha, = %a,‘ , +n? —15, we get

'_'.;—a=19
a_'_3a
_4 1, _
3(1 Bé U'y = 5—129
=15
) _; ___i - C .
34 3!9 3¢ = 15.

Thus
e &~ 4+ 121 415) = %[a,, L (=3 — 1) 1200 — 1) +15)].
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Setting b, = a, —3n’ +12n +15, we have

by = 2by1s by =a, —3 +12+15 = 25,

3
Thus {b,} is a geometric sequence with the leading term a;, = 25 and
n—1
the common ratio g = —% Hence we have b, = 25(%) . Therefore
n=1
a, =25(%)" +3n? —12n - 15.

Remark For the recurrence relationa, = pa, , +f(n), (n =2,
p #0is a constant and f(n) is a polynomial of degree k). If p 1, by
applying the method of undetermined coefficient, we can determine
the polynomial g(n) of degree & such that

a, +gn) = pla, +gn —1D].
Setting b, = a, +g(n), we geth, = pb,-,, thus
b, =bp""' =[a, +g(D)]p"".
It follows that
a, =[a, +g)]Ip"" —gln).

Ifp =1,1i.e. a, = a, + f(n), using the method of iteration, we
could obtain to get
a, = a, +fn)
=a,>+fn—1 +f()

=a; +f(Q2) +f(3) +++ f(n)

or
an =ar + D,y —ae1) =ay + 2, ).
s k=2
Example 4 Find a as...a,, ifa; =1, a,.1a, =4(@,+ —1) (n =1).

4
4 —a,

Solution Since a,«ja, = 4(a,+; — 1), thena,+ =

L]
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4 ~ 2(a, —2)

4—a, 4 —a,

Ay+1 _2 =

Thus

1 4—a, _ 1 1

a, -2 2(a,-2) a,—-2 2

Hence { . 1_ 2} is a arithmetical sequence with the leading term 1=

\ aq =2
— 1 and the common difference d =— -;- Thus we get
1 o _ —1 __n+1 _H5.,_nN
et (5 ) S a, =2~
Therefore

a,as**+a, = (2 -%)(2- %)(2 . %)...(z.n :_1)—_-?%'

Remark In this example, 2 is the double roots of the equation
x? = 4(x —1). More generally, for the fractional recurrence equation

aa, +0b
cay +d.

Aoy = M, wherec #0, ad —bc #0, a, #

ca. +d The roots of

equation x = g—::? are called the fixed points of this sequence {a, } If

the sequence {a,} has only one fixed point p (i.e. p is a double root
of the equation x(cx +d) = ax +b). Then

1 _ 1 2¢
a, —p Qw1 — P Ta¥a

If the sequence {a,} has two distinct fixed p and ¢, then

Ay '_‘,t’ _ a _pf " Ay _p
Q.1 —q a—qgc a,, —q’
1

ExampleS LBIE <a1 <%9 ap+ =a,.(2—a,‘+1), n=1, 29

Prove that

n +% <a;, ta; +++a, <n+2.
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Proof Witha,. =a,(2—a), We getan, =a2“;1. Solving the
equationx = %. we obtain two fixed points x; =0, x>, = 1. With
— 2{2» _ = 2{2” _— =au _1 A+ Hl =i i
A = - +1anda,,+1 1 41 Z 11 Ve get—-—-—~—"a“”
== ,i.e. {a"a“ ! } is a geometric sequence with leading term a’a_ !
ay n 1
and common ratio % Hence
a,,_l__éh“’"li"_! i— i_ iu—l
a, B ag (2) ja,,_1+(a] 1)(2) ’
S 2 1 1
Slnf.:e2<a.<3,2<a1 1<1,
1 1 1
1+2" <an <1+ 710
we get
1, 1 1 1 1 1
I <(t+)+(1+5)+ +(1-r2“_])
=n+2-zh <n+2

and

s ra e () ()t (1)

1 1 1
= — -+ _— —
n—+1 2">n.1 > n+2.
This completes the proof.
Example 6 Find a,, ifa, =1, ap; = %(1 +4a, + /1 +28a,)

(n =1).
Solution For eliminating the radical, natuarally, we set b, =

V1+24a,,i.€e. a, = 2i4(b3 — 1). Substituting this to the original
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recurrence relation, we obtain

1

1 2 . _
24”’"*' 13 16

1,
[1 +4 X506 1) +b,‘],

i.e. (2b,:,)* = (b, +3)%. Since b, >0, so

(by +3)=>buey —3 = (b, —3). 0

brr*‘ 1= 2

o |—

Thus {b, — 3} is a geometric sequence with the leading term
by =3 =1+24a, -3 =2

. Hence

ro =

and the common ratio g =
_— i ks — M2 n —_ M2 n
bo=3=2x(5) =27"=b, =2 +3,
Therefore
@y =22 —1) = L[ 43 —1] = L@@ +3.27 4 1)
) 247" 24 3 - ’
Remark In the equation (D, 3 is the root of equation x = — (x +

3) and it is also called the fixed point of the function f(x) = —(x +

I\J|v—k P | —

3). Generally, the recurrence relation of degree 1 with the constant
coefficients: b,+; = pb, +q (p, ¢ are the constants and p # 1) can be
reduced to

where — is the root of the equation x = px +gq.

Example 7 The sequences {a,}, {b,} are defined as follows:

dy =£9 A+ Zg‘V1_V1_ai .

2

bu =1, buﬂ :f(‘bi*—l _l)’ n=0,1,2,...
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Prove that the following inequality holds:
2"g, <m<2"?b,,

for eachofn =0, 1, 2, ....
Proof Applying the mathematical induction, we easily get 0 <

a, <1, b, >0, Leta, = sin;h({l = P %’ n 2()), then

SinA,+; = g\jl — /1 —sin’A, = g v 1 —cosA, = sin %

SoA,s = i.?{.,(n =0)andA, = arcsinﬂ = % Thus

2 2
A =£(i)" =L =4, =sind, =sin==5 (n =0)
" 4 2 2,,+3 H " 2,,+_‘g = .

1LY
2ii+2

Similarly, letb, = tanéd,, we can obtain b, = tan (n =0),

Since sinx <z <tanx ({) <z <%), we get

a, < 27752 <b,=>2"2q, < g <2"?,.

(3) The Mathematical Induction

The basic ideas to solve the problem about the recurrence relation
of {x,} by applying the mathematical induction are that

(1) Use the recurrence relation and the initial values to compute
the first several terms: x,, x>, ... . x; and explore the general law of
{x.}.

(2) Guess the expression of the general term of {x,} or some
properties of {x, }.

(3) Prove that the conjecture in (2) is true with the mathematical
induction.

Example 8 Let a, denote the number of the positive integers N,
whose sum of digits is #» and digits are 1, 3 or 4. Prove that for any
n=1, 2, 3, ..., a, Is a perfect square. (China Mathematical
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Competition in 1991)

Proof Among a, positive integers satisfying the conditions, the
number of numbers with leading digit 1, 3 or 4 are a,-1s a,-3 OT @,-4
respectively, then

Ay, = Ay-y +arr'3 +au—4(n 25) - @

Obviously a; =1, a, =1, a; =2, a, =4. Combining this with @, we
can evaluate the first several terms as follows:

n 1] 2 3 4 ) 6 7 8 9 10 11 12

ay 1] 1 2 4 6 9 15 | 25| 40 |64 104 | 169

law 12 ] 1x2 | 22| 2x3 [ 3| 3x5 |5 | 5%8 | 8 |8x13|13?

From the above table of numbers we guess that the following
conclusion holds: Let { f,} be the Fibonacci sequence, i.e. f; =1,
f2=2y furz = fun + fu(n = 1). Then the following conclusion
holds:

{aba:f"" n=1;2v3!-o“ ®
A 2+ =f'!f’r+l,

Using the mathematical induction, we prove that for any positive
integer n the above conclusion @) is valid.
Forn = 1andn = 2, we have

a2:13=f%,a3=2=1>(2=f|f29
and
a4:22=f§$35 =6=2X3=f-2f3$

i.e. forn = 1andn = 2 the formula @ is valid. We suppose that for
n =k —1landn =k the formula @ is valid, then forn =% +1, using
the recurrence relation O, the inductive hypothesis and the definition
of the Fibonacci sequence, we get

Aape1y = Aopsy T A1 T Ay-2 = f&f!;ﬂ +fﬁ-1fiz ‘f‘fﬁ 1

:fkfkﬂ +fk-l(fk-1 +fk) =f‘1;f§+] +fk—lf.t-+]
= fe1 (fe + for) = ffu ,
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Aop+nen = Ao+ T aAn taAn-1 = f%*‘l +f§ + fr1 [
= f%ﬂ +,f}:(fk +fk—|) = fﬁﬂ +f&fiz+|
=fk+1(fk+1 +fk) =fiz+lfk+2!
i.e. forn =k +1 our conjecture @ is true. Therea,, = f3 is a perfect

square forn = 1, 2, 3, .... This completes proof.
Remark In this example, we also prove that

dz, = (Ua3!1—1 +\|"a2"—4 )z(ﬂ :33) @

is valid.

In fact, from @, we can deduce the following recurrence relation:
Qogry = 202,42 +2a, — az-2. @

Using the mathematical induction and the recurrence relation @, we
could prove that the conjecture 3 is true. We leave the detail of the
proof to the reader.

Example 9 Let the sequences {a, }, {b,} satisfy the following

conditions:

a,v = la, +6b, —3, @
and

b,y = 8a, +7b, —4, @
n =0, 1, 2, .... Prove that a, is a perfect square for n = 0, 1,
2, .... (China Mathematical Competition in 2000)

Proof | With O we get

b, = %(a,,” — T, +3), ©)

Substituting @ to @ and rearranging we have
Gur2 = l4a,+1 —a, —6. @
By direct computation, we get

ay =1= 12, a, = Tay +6by —3 =4 =2, a> = lda, —ay —6=49 =7,
ay = l4a; —a; —6 =676 =26, a, = 14a; —a, —6 = 9409 =97, ...
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and the sequence of numbers 1, 2, 7, 26, 97, ... satisfies the
recurrence relation: d, = 1, d, = 2,

dra+2 :4dn+l _d"(n ={)| 1! 29 va ). @

Hence we guess that the formula a, = d; is valid, where {d,} satisfies
the recurrence relation 3. With the mathematical induction, we
prove that this conjecture is true.

Forn =0andn =1, a, =1 =d{, a; =4 =d?. Assume that for
n =k —1andn =k, we have thata,., =di-,» a, =d}i. Then forn =
k +1, we get

A+ =14a§—a§_[—6=14d§ _diq —6
== (4d§ _d§—|)2 _2(d§ +d§ 1 _4d,§d1~-1 +3)
zdg'ﬂ “2(0!% +di-y —4ddi-y +3).

But

di ﬂ‘di 1 "‘4d§dk-1 +3 = d§(4d§--1 _dk-g) +di_1 “'4d&d§-] +3
=di 1 “'d;:—g(“-dlﬁ—l _dk-g) +3
= di-] '*‘di—z _‘4dk—1dk—2 13

=d} +d} —4d,d, +3
=22 412 —4 X1 X2+3=0.

Thus a;sy = di+,. Therefore for eachofn =0, 1,2, ..., a, =disa
perfect square.

Remark The recurrence relation & is also deduced by the method
of undetermined coefficients.
In fact, setting d,.> = pd,+1 + qd, and combining this with d, = 1,
dy =2,d, =7, dy =26, we get

7p +2¢ =26.  lg =—1.

Therefore d, .. =4d,+; —d,(n =0, 1, 2, ...).

Proof T Letr, =a, — % (% is the root of the equation x =
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14xr — x v6) , thenx, = -:1?, xr = % and from @ we get

T y+2 = 14..1""+| _.In(ﬂ 20)

Using the method of the characteristic roots, we easily get

2y =57 +4/3) + (7 —4/3)

1
4
- ~l—(2 +J/3)n +%(2 —J3),

Thus

1 " i —_ n _1_
E(”“‘B) +247 443) +

ks
Il

1 In l . n i
T(H‘@) +4 Q2 J3) +3

[%(2 +3) + L2 —ﬁ)“T.

1
2
Let—12—(2 +/3)" =A, +B,V3 (A,, B, are the positive integers) , then

%cz —J3)" = A, —B, V3.

Therefore a, = A} is a perfect square.

Example 10 Set N = (2+v/3)*", Find the first digit at the left of
the decimal point and the first digit at the right of the decimal point
of N.

Solution Set

z, = Q43 + 2 —Y3)* = (5+2/6)" + (5 —2/6)".
The characteristic equation is
[r—G+2/6)][r—(G-2/6)] =0,

i.e. ¥ —10r +1 = 0. Thus the sequence of numbers {x, } satisfies the
following recurrence relation:

Tt = 1()1'““ _I,,(n > 1 ®
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Thus

x, = (5+2J6) +(5—2/6) =10,
xy = (5+2/6)* +(5—2/6)> =98
are two positive integers and x, << x,. Suppose that z,-,, x, are two

positive integers and x;, , <, and with (D we deduce that for each of

n=1,2,..., x,I1s a positive integer and x,-; < x,. Hence

Ty = 101»—1 _(1OIH—3 _In—-l) = 10(-1—:1—1 _Iri—_?) +In-4
= x,-4 (mod10)
Especially we obtain x 2 = x> = 8 (modl10), i.e. the unit digit of

T 18 8. Since 0 <5 —2/6 < 0.2, thus

0 < (5—2/6)"% < 0.2 =0.008* <0.01% =(.00-01
ki

668 zeros

i.e.

T =N +(5—=2/6)"™ = N +0.00:+:0 % % x -

664 zeros

Since the unit digit of xy. is 8, therefore the first digit at the left of

the decimal point of N is 7 and the first digit at the right of the
decimal point of N is 9.

Exercise 4

1 Let the sequence a,, a»s ..., a,, ... of positive integers
satisfy the following conditions:

(1) Va,an> — Vap1anr =2a,1; 2)ay =a; = 1.

Find a,. (China Mathematical Competition in 1993)

2 Determine real number a, such that the sequence {a,} which is
determined by the recurrence relationa,+; =— 3a, +2"(n =0, 1, 2,

...) Is increasing.
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1
_2_1 ﬂt+

a, ++++a, =n’a,, find a, (7" Canadian Mathematical Olympiad in
1985).

4 Leta, =0,a, =1, a, =2a,-; +a,-»(n =2). Prove that 2* |a, if
and only if 2 |n.

(Note: a | b express that & is divisible by a). (The Problem
Prepared for 29" IMO)

5 How many numbers of ways are there such that a 2 X =

3 Let the sequence a1y azs ... a,s ... satisfya;, =

chessboard can be perfect covered by n 1 X 2 rectangles without gaps
and without overlaps?

6 Suppose a sphere is divided into a, regions by n big circles on
this sphere, no three of which are concurrent. Find a,.

7 How many n-digit numbers can be formed by the digits 1, 2,
3, 4 such that the number of the digit 1 is even?

8 Four men A, B, C and D pass a ball to each other satisfying
the following requirement. every man who accepts the ball pass this
ball to any one of other three men at once. Suppose that A begin to
pass the ball (as first time passing ball). In how many distinct ways
can the ball return to A after 10 passes of the ball.

9 Prove that for any nonnegative integer n, the number [ (1 +
J3)>*17 is divisible by 2"*".

10  Prove that for any nonnegative integer n, the number

" 2n +1 . .
D ( )2-"z is not divisible by 35.
2k +1

k=)

11  There is a sequence {a,} satisfying ay = 1, a,+

7a, + +/45a% — 36
2 s+ 1 G N.

Prove that.

(1) For eachn € N, a, is a positive integer.

(2) For eachn € N, a,a,+; — 11s a perfect square.
(China Mathematical Competition in 2005)



5.1 Classification

When many situations are set in an investigative problem, we
usually discuss each situations individually and find the solution.
Summing and synthesizing these conclusions of the situations, we will
obtain the solution of the original problem. That is the idea and
method of classification.

When we solve some problems applying the idea and method of
classification, the following rules must be followed:

(1) Each situation in the original problem must be contained in
some class without omissions.

(2) Any two classes are disjoint and do not have overlaps.

(3) The classification must follow the same criterion.

(4) The key to choose the classifying criterion is that the problem
appearing in each situation could be solved more easily than the
original problem.

Example 1 How many 3-digit numbers can be formed from the
digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 such that the sum of its digits is even
and greater than or equal to 107

Solution The 3-digite numbers whose sum of the digits is an even
only have the two following classes: each digit is even or one is even
and the other two are odd.

(1) When each digit is an even, the number of the 3-digit numbers
isP} —P; =48,

(2) When one digit is an even and the other two are odds. the
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number of 3-digit numbers is

(f)(z)” - (Z)P = 280.

But among above the 280 numbers, there are following 42
numbers with the sum of its digits less than 10

204, 240, 402, 420; 206, 260, 602, 620; 103, 130, 301, 310;
105, 150, 501, 510; 107, 170, 701, 710; 305, 350, 503, 530;
123, 132, 213, 231, 312, 321; 125, 152, 215, 251, 512, 521;
134, 143, 314, 341, 413, 431.

Therefore the number of 3-digit numbers satisfying the conditions
equals 48 + 280 —42 = 286.

Example 2 Suppose a figure consists of 2n (n =2) points (no four
points of are coplanar) and there are n° + 1 line segments connecting
these points. Prove that there exist » triangles in this figure.

Proof We shall prove the statement by induction on n. For the
basic case n = 2, suppose the 4 points are A, B, C, D and there are

2? +1 =5 line segments connecting these vertices.
4
Thus only (2)— 5 = 1 pair of these points is not connected by a

line segment. Without loss of generality, suppose that there is no line
segment connecting the points C and D. In this case, there exist two
triangles: AAABC and AABD. Thus the basic case is proved.

Assume that the statement is true whenn =4 =2, Whenn =& +
1, let a space figure G consist of 2k +2 points and there are (£ +1 )+
1 line segments connecting these points. Firstly, we prove that there
exists at least one triangle. Let the two given points A and B be
connected by a line segment and the number of line segments
connecting the points A (or B) and 2k other points is a (or b).

(1) Ifa +b =2k +1, then there are a point C (C differ from A
and B) which is connected with A and B by the line segments. Thus
there exists a triangle ABC.
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(2) If a +b < 2k, by deleting the points A and B and all line
segments meeting both A and B, then among residual figure, there are
2k points and at least

(B +1)2+1—-2F—1 =k +1

line segments connecting these points. By the induction hypothesis,
there exist £ triangles.

Let AABC be one of above triangles and n 4, n 5 or n¢ denote the
number of line segments connecting the points A, B or C and other
2k — 1 points respectively.

Case | : If ny +np +nc =3k — 1, there are at least £ triangles
with one side of three sides AB, BC or CA respectively. Adding the
triangle ABC, we have at least £ + 1 triangles.

Case [[: If ny +npg +nc <3k —2,1.e.

(na +ng) +ng +ne) +(ne +n,) <6k —4,

then among three numbersny +np, ng +ncandne +n4, there is at

least one is not exceeding [6k3_4] = 2k — 2. Without loss of

generality, assumen, +npg <2k —2. After deleting two points A and
B and all line segments meeting both A and B, then among residual
figure, there are 2% points and at least (¢ +1)? +1 —(2k —2) —3 =
k* +1 line segments connecting these points. By the induction
hypothesis, there exist k triangles. Adding the triangle ABC, we have
at least £ + 1 triangles. Hence forn = £ + 1, the conclusion is valid.

This completes the proof.

Remark In this example, we have two classifications and the first
classification and the second classification are independent ( the
criterions of two classifications are distinct). In the following
example, our second classification is the subclasses of the first
classification.

Example 3  Suppose 4 couples are seated on a bench to watch a
movie such that any female is only adjacent to her husband or other
female. How many different ways of seating are possible?
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(The Problem Prepared for Japan Mathematical Olympiad in 1995)

Solution Firstly, the number of ways of arranging 4 females is
4!. If there are the males between two females, then the number of
the males is at least 2 (their husbands). Similarly, if there are females
between two males, then there are at least 2 females. If seats of
several females are consecutive, then we consider these females as a
group. Thus unordered grouping ways of the females have the
following 5 classes: 4, 3 +1, 2+2,2+1+1, 1 +1+1+1. Since the
isolated female must sit at two ends of the bench, the grouping way 1 +
1 41 + 1 does not satisfy the condition.

(1) When the grouping way of females is 2 +1 + 1, the grouping
way of males has only one class: 2 + 2. In this case, the mode of
seating has on the only one class (The letters F and M express the
female and the male respectively) .

OFMMFFMMF

The number of way of arranging all males is only 1.

(2) When the grouping way of females is 2 + 2, the modes of
seating have the 4 following classes:

@Q@FFMMMMFEFF

O@MFFMMMFForFFMMMFFM

O®MMFFMMFForFFMMFFMM

OMFFMMFFM

In the four classes above, the numbers of ways of arranging all
males are 2!, 1, 1, and 1 respectively. The total ways is2! +1 X2 +
1xX2+1=17.

(3) When the grouping way of females is 3 + 1, the modes of
seating have the 3 following classes:

®FFFMMMMForFMMMMFEFFF

OMFFFMMMForFMMMFFFM

@MMFFFMMForFMMFFFMM

In the three classes above, the numbers of ways of arranging all males
are 2!, 1, and 1 respectively. The total ways is2 X (2! +1 +1) =8,

(4) When all of females are consecutive, the modes of seating
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have the 3 following classes:
@QFFFFMMMMorMMMMFFFF
OMFFFFMMMorMMMFFFFM
OMMFFFFMM
In the three classes above, the numbers of ways of arranging all
males are 3!, 2!, and 2! respectively. The total ways is

31 X242 X2421 =18,

Summarizing what we have described above, we obtain that the
total ways of arranging 4 couples is

4! X (1 +7 +8 +18) = 24 X 34 = 816.

Example 4 Suppose that a group of n (n = 6) persons satisfies the
following conditions: (1) each person sends his regards to at most n —

[n ;_2] persons by telephone; (2) Among any three persons, there

are at least two persons sending their regards to each other by
telephone. Prove that it is possible to divide these » persons into two
disjoint sets such that any two persons in the same set send their
regards to each other by telephone.

Solution We represent a person with a point in the plane, no
three points of which are collinear. If two persons send their regards
to each other by telephone, then two corresponding points are
connected by a red line segment, otherwise, connected by a blue line
segment. Thus we obtain a figure G satisfying the following
conditions: (1) There are at most n — [n_—2—21 red line segments
meeting every point in G. (2) Among any three points in G, there are
at least two points which are connected by a red line segment. Thus
original problem is reduced to prove that it is possible to divide the n
points in G into two disjoint subsets such that any two points in the
same subset are connected by a red line segment.

Let S denote the set of n points in G. By the given condition (1),
there are at least
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1= (- [242)- [3]

blue line segments meeting every point of S. Suppose that the point A,
and (n/2] points By, B,, ..., B, are connected by the blue line
segments and the point B, and [»n/2] points A,, A,, ..., A are
connected by the blue line segments. Let

S| _—"{A|9 Aza ...eA:,,g]}’

and
SE = {Bla Bz! ] B[,,]'j}!

by the given condition (2), we know S, N S, = & and any two points
in the same subset S, (i = 1, 2) are connected by a red line segment.

Case | : Whenn = 2k is even, then the set S is divided into two
disjoint subsets S, and S, so that any two points in the same subset are
connected by a red line segment. Thus the conclusion is valid.

Casell : Whenn =2k +1 = 61s odd, thenk = 3. Since | S, U
S, | = 2k, then there is a point C in S which does not belong to S; U S..

@ If C and B, are connected by a blue line segment, denote S| =
S, U {C} by the given condition (2), we know that any two points in
each of S/and S, are connected by a red line segment and S = ST U
S,, 87 NS, = &. Thus the conclusion is valid.

@ If C and A, are connected by a blue line segment, with the
same reason in (), the conclusion is also valid.

@ If C and each of A, and B, are connected by the red line

n

2
points and the point C are connected by the blue line segments and not
all of these points belong to S, and not all of these points belong to S-.
Without loss of generality, suppose that C and a point A; (2 <<i <k) in

segments, with the given condition (1), there are at least [: :l =k =3

S, are connected by a blue line segment and C and the two points B, ,
B;(2 <t <j <k)in S, are connected by two blue line segments. We

know at least [%] = k points and the point A; are connected by the
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blue line segments and at least £ — 1 of these points, except the point
C, belong to S,. But there are only £ — 2 points in S,, except two
points B,, B;. So A; and one of two points B,, B; must be connected
by a blue line segment. For convenience, we assume that the point A;
and the point B, is connected by a blue line segment. Thus any two of
the three points C, A;, B, are connected by a blue segment, which
contradicts the given condition (2). This completes the proof.

5.2 The Method of Fractional Steps

The method of fractional steps is that the original complex and
difficult problem is transformed into a group of correlative “small
problems”. Among these “small problems”, the solutions of the
posterior problems often depend on the solutions of the anterior
problems. When the last problem is solved, we obtain the solution of
the original problem.

Example 5 Find the smallest positive integer n such that among
any n irrational numbers, there exist 3 irrational numbers such that the
sum of any two of them is an irrational number, too.

Solution  Obviously, for the 4 following irrational numbers:

—J2, =3, 2, /3, any three of them contain two opposite numbers
such that the sum of them equals zero and zero is not an irrational
number. Hence the smallest positive number » satisfying the condition
is greater than or equal to 5.

Next, we will prove that among any 5 irrational numbers, there
are at least 3 numbers such that the sum of any two of them is an
irrational number. For convenience, we represent 5 irrational numbers
with 5 points x, y, z, u, v in the plane (The point and the
corresponding irrational number are represented by the same letter)
and not three of them are collinear. If the sum of two numbers is a
rational number, the two corresponding points are connected by a red
line segment, otherwise, by a blue line segment. Thus we obtain a
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figure G. and the original problem is reduced to prove that there exists
a blue triangle in G.

Firstly, we prove that there exists a monochromatic triangle in G.
If among 4 line segment meeting some point there are at least 3 red (or
blue) line segments, then there must be a monochromatic triangle.
Hence, without loss of generality, we could assume that there are
exactly 2 red and 2 blue line segments meeting every points in G. And
there are 5 red and 5 blue line segments in . Since there are only two
red line segments meeting every point in G, then every point is a
vertex of a close broken line. But every close broken line has at least 3
line segments, hence 5 red line segments form a close broken line.
Similarly, 5 blue line segments form a close broken line. For
convenience, assume ryzuvr is a red close broken line, thus x + v,
y +z, 2 +u, u+wv, v+ are all rational numbers. Hence

. =%[(x +y) —(y +2) +(z+u) — (u +v) +(w+2)]

is a rational number, which contradicts the given condition.
Consequently, there exists a monochromatic triangle.

Secondly, we prove that there exists a blue triangle. Otherwise.
there exists a red triangle. For convenience, assume that Axyz is a
red triangle. Thusz +y, y +z, z +x all are rational numbers, and

o = %[u +y) +(z+1) —(y +2)]

is a rational number, which contradicts the given condition. So there
exists a blue triangle. Assume that Axyz is a blue triangle, i.e. there
exist three irrational numbers r, y. z such that the sum of any two of
them is an irrational number.

Summarizing what we have described above, we obtain that the
smallest positive integer n is 5.

Example 6 Suppose that there are 2" n-term sequences in which
cach term is 0 or 1. If for any three these sequences, there exists a
positive integer p such that the p terms of them all are 1. Show that
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there exists an unique positive integer £ such that the £"™ terms of these
2"" sequences are all 1. (32 ™ Moscow Mathematical Olympiad in
1969)

Proof LetS ={X|X =(xy,x2s...52,),x; =0o0rl,i =1,
2, ..., n}and S, represent the set of 2"' n-term sequences satisfying
the given conditions. Thus S, is a proper subset of S.

Firstly, we discuss the characters of S, which are applied to prove
the conclusion that we seek. For convenience, we need the following

notes: for any X = (x4, 2y ...y 2,)s st X = (T7y Tas vuus
x,), where
r’(}’ ]f..'r!=ls .
-r_rz% . 32152!...9?’19
-\1911-1;:09

and for any X = (xyy 22, ... 2,0 andY = (¥4 ¥4 ... 5 y.), set
XY =(x1y1s T2¥2s v s To¥a).

Thus X and X Y € S, if X, Y € S. With the given condition, for
any X, Y, Z € S,,weknow X «Y «Z (0, 0, ..., 0).

(1) We prove that for any X € S, only one of the relations X €
Spand X € S, is valid and 0 = (0, 0, ..., 0) & S,.

Suppose that for any X € S, X and X are paired. Thus the 2"
elements of S form 2" pairs. If some X and X belong to S, , then for
anyY € Sy, X + X «Y = (0, 0, ..., 0). This contradicts the given
condition. Hence there are at most one of X, X belonging to S,. Note
that the number of the distinct pairs (X, X) is 2""' and the number of
sequences in Sy is also 2"™', so there is exactly one of X, X belonging
to S,. Next, if (0, 0, ..., 0) € S,, then for any X, Y € S, we know
0«X Y =1(0,0,...,0). This contradicts the given condition. Thus

0 = ((]9 09 s e w B ()) & Sq].

(2) Next we prove that if X, YES,, thenX Y €S,. fZ=X.Y ¢
Sy, from (1), we obtainZ =Z +Y € S,, then

XeYeZ=(XX)e(Y-Y)=0(,0,...,0).
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This contradicts the given condition. Thus X « Y € S,.

(3) Finally, we prove that let X;, X,, ..., Xy be 2" distinct
sequences in S, and X = X, » X, »---+ X1, then there is just one term
in X which equals 1 and the remaining» — 1 terms in X all equal zero.

From (1) and (2), we know X € S;and X # (0, 0, ..., 0), i.e.
there are at lease one term of X which equals 1. If there are at least
two terms of X which equal 1, the two terms of each sequence in S,
equal 1 and the remaining n —2 terms of each sequence in S all equal 1
or 0. Hence the number of the sequences in S, does not exceed 2",
which contradicts that there are 2" ' distinct sequences in Si.

Secondly, we come back to the original problem. With (3), we
could assume that the £ term of X is equal to 1 and the other terms of
X are all equal to zero, i.e. there exists an unique positive integer k
such that the 2™ terms of all sequences in S, are all equal to 1 and all
the other terms of are not equal to 1. This completes the proof.

Remark This problem is equivalent to the following problem.
Let] = {a,, as» ..., a,) be a set with n elements, and the set S,
consist of 2" ' distinct subsets of I satisfying the following conditions:
the intersection of any three elements (i.e. three subsets of I) in Sy is
nonempty. Prove that the intersections of all elements (i.e. 2"
distinct subsets of I) in S, have an unique element. In the above
solution, the operations X and X + Y just correspond to the operations
of the complement and intersection of the sets. Hence the readers
could use the perations of the complement and intersection of the sets
to complete the proof.

Exercise b
1  Suppose that 4-digit numbers abcd satisfy the following

Conditions: (1)&9 b! Cs d 6 {19 29 30 4}; (2)0 ig)! b #C; ¢ -_r'(-_d'}
d #a; (3) a is the smallest number in a, b, ¢, d. Then number of
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4-digit numbers abcd equals . (China Mathematical
Competition in 2000)

2 The 5-digit numbers with at least three distinct digits are
formed from the digits 1, 2, 3, 4, 5, 6. How many these 5-digit
numbers are there such that the digits 1 and 6 are nonadjacent?

3 How many even integers with four different digits between
4000 and 7000 are there? (11" American Invitational Mathematical
Examination in 1993)

4  There are 3 line segments whose lengths are 1, 2, 3
respectively and the line segment with length 3 is divided into any n( =
2) line segments. Prove that among above n + 2 line segments, there
must be 3 line segments which are three sides of a triangle.

5 Firstly, we select a subset X fromsetS = {1, 2, ..., n}. Next
we select another subset Y of S such that X is not a subset of Y and Y
is not a subset of X too. How many ways are there to select X and Y
orderly?

6 In the rectangular coordinates system in plane, there are 9
integer points A, (x;y y;) (x;s ¥ €Zs 1 =1, 2, ..., 9), no three of
which are collinear. Prove that there exists a AAAA, (1 <@ < <
k < 9) whose barycenter is an integer point too.

7 There are n people in a committee such that among any 3
people, there is a pair of mutually acquainted people. Find the
smallest positive integer n such that there are 4 mutually acquainted
people in these n persons?

8 There are 7 given points in a plane such that among any three
points, at least two points are connected by a line segment. Find the
smallest number of connected line segments and draw a figure satisfying
above requirement. (The Problem Prepared for 30™ IMO in 1989)

9 Suppose that the area of a convex hexagon A;A,A;AA;A
equals S. Prove that there is at least a triangle AAA A, (1 <i <j <

k < 7) with area not exceeding %S.



The correspondence is not only a basic mathematical concept but

also an important method and skill to solve the problems and prove the
propositions. What is more, it is a bridge between the unfamiliar and
familiar problems. By a correspondence, covert relations are often
transformed into overt relations such that we could find the way to
solve the problems. When we solve some problems by the
correspondent method, the key is to construct a corresponding
relation. However, we do not have a general way to follow. We shall
illustrate various correspondent methods to solve the problems in

several examples.

6.1 Pairing Method

The pairing method is that with some rules, all objects of the
investigative problem are paired so that the computation becomes
simple and it is easy to find the solution.

Example 1 Let M be any k-element subset of set I = {1, 2, ...,
n}. Assume that & elements of M are arranged in a decreasing order
withi; >1i, >+ >i,andi, —i, +15; — =+ (—1)* "7, is called the
alternating sum of set M (For example, the alternating sum of set {1,
2,4,6,9)is9—6+4—2+1 =6, and the alternating sum of set {5}
is 5). What is the total of all the alternative sums?

Solution Let the subsets of I be divided into two class A and B
such that each subset in A contain the number » and each subset in B

does not contain number n and definite the alternating sum of empty
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set is zero. Let the set {a; <a, <+* <a, <n}in A and the set {a; <
a, <+» <a,)in B be paired, then the number of such pairs is 2" ' and
the total of the alternating sums of any pairs: {a; <a, <+ <a, <n}
and {a, <a, <+ <a,}is n. Therefore the total of all the alternating
sums is S = 2""" » n.

Example 2 There is a set M = {1, 2, ..., 1000}. For any
nonempty X of M, let a x denote the sum of the greatest number and
the smallest number in X. Then the arithmetic mean value of all « x is
equal to . (China Mathematical Competition in1991)

Solution Let any nonempty subset X of M and X' = {1001 —z |
z € X} be paired. Then X’ is also a nonempty subset of M and X’ #
X' if X  X,. Thus all nonempty subsets of M are divided into two
classes satisfying the following conditions: (1) X = X'; (2) X # X',
For X = X', if + € X, then 1001 —x € X, hence 1001 — z, is the
largest number of X, when x, is the smallest number of X. In this
case,

ax = x, + 1001 —xy) = 1001,

For X # X', assume that the smallest number and the largest
number of X are x, and y, respectively, then the smallest and largest
numbers of X’ are 1001 — y, and 1001 — z, respectively. In this case,

ax +Q’X' = Xy _i-yu +(1UU1 '_I”) T(l(](]l _yu) = 20{)2.

Summarizing what we have described above, we obtain the
arithmetic mean value of all « x is equal to 1001.

Example 3 Among any 133 positive integers, there are at least
799 pairs of coprime positive integers. Prove that there exist 4 distinct
positive integersa, &, ¢, d such thata and b, 6 and ¢, c and d, d and
a are relatively prime.

Proof We represent 133 positive integers with 133 points A, ,
Az, ...» A in the plane. If two positive integers are relatively
prime, then the two corresponding points are connected by a line
segment, otherwise, not connected by a line segment. Thus we obtain
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a graph G satisfying the following condition: there are at least 799
edges connecting the 133 points in G. Hence the original problem is
reduced to prove that there exists a quadrilateral with four vertices A ,
B, C, D and four edges AB, BC, CD, DA in G. Therefore we just
need to prove that there exist two points B and D such that they are
adjacent to both A and C. (Two points is called adjacent if they are
connected by a line segment. )

If both of B and D are adjacent to the point A, then B and D are
paired, and (B, D) is called the pair belonging to the point A.

Assume that there are d; edges meeting the point A; (G =1, 2, ...,
133), then

d-| +d2 +"'+d1‘\3 :/>2X7995 ®
and the total of pairs belonging to each of A, Asy ...y A is
equal to

133 d:_ 133 133

S5 =2 (e -2, ®

= 2 245 P

By Cauchy’s inequality, we obtain

133 133 133

(2d:) < 200 2dis

i=1 i=1
i.e.

133 133

Ddi >3 (25d)’. ®

im]

Substituting @ to @ and with @, we know

552 32 - 2]

133 133

= 55153 le( Ed,-)(gd.- —133)

1

_ % 799 X (2 X 799 — 133)
%133 <2 X799 x(
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1

>§_><’1_3—3 X2 X6 X133 X (2 X6 X133 —133)
_ 133 X132 _ (133)
2 2/

133
But the 133 points just form ( 5 ) pairs, hence the above

counting in left-hand side is repeated. So there is at least one pair (B,
D) belonging to two distinct points A and C, i.e. the points B and D
are adjacent to both A and C. Thus the four points A, B, C, D
correspond to four positive integers a, b, ¢, d satisfying that a and 4,
b and ¢, ¢ and d, d and a are relatively prime. This completes the
proof.

Example 4 Let 11 sets M, M,, ..., M, satisfy the following
conditions:

(D | M; |=5,i=1,2,..., 11;

) |M, NM; [#0,1<i<j<I11.

Denote T =M, UM, U+ UM, , and for anyxr € T, let

n(x) = {M, |lr eM;, 1<i<11} |, n =Maxin(z) | x € T}.

Find the smallest value of ». (Romania Mathematical Olympiad
in 1994)

Solution Let T ={zx,, 234 ...+ x,} and we construct anm X 11

table such that the number in the unit square in the ;™ row and the j*
column is

rls 1f.:r! EM}; i X
ar}'=‘{ (I=1529...!m;]—_-Ig2$...51]).

Ua lfI‘ EMJ,

11
Thus n(x;) = Ea.,- represents that x; belongs to n (x;) sets in
=1

"

M, M5, ..., My, where n = Max{n(z)} and | M, |= > a,
i=1

Isism

represents the number of elements in set M;. Hence from the given
condition (1), we obtain
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11 11

Dn) =3 Nay =3 ey =3 Im; [=11x5 =55,
=1 1 1

iml el i= i=] J=

@

If x, is a common element of sets M; and M; (i < j), then (M,,
M ;) is called a pair of sets belonging to the element x,. Thus the total
of the pairs of sets belonging to each of x, x>, ..., x, is equal to

Ny 1 & 1 .
;( 5 )_52”(1;)(”(11')_1)gj(”“l) gn(h)_ ®

In the other hand, from the given condition (2), for any (M,,
M;) (i <j), thereexistsay € M; N M;, i.e. (M;, M;) is a set

belonging to y. Thus this set (M,, M) is computed once at least on
11
the left-hand side of @). But there are ( 5 ) = 55 pairs of sets formed

by M,, M>, ..., M,;, hence we know

e ( ‘_)
SSQE(H: ) —(n—l) Zn(r) %XSSX(n—-l)»
i=1 =

i=1

i.e. n=3. If n =3, then for any x; € T, n(x;) <n = 3. Now we
prove that there is no x; € T such that n(z;) < 2. Proof by
contradiction, and assume that there is ax, € T, such thatn(z; ) <
2, then

m

55 <> Dnx)nlz) =1
=1

1 : _ . LY
== 2@ mx) =1 +5na ) m,) =1

i

—(n — 1) D n(x:) +—n(x, Yn(z,) =1

ISJ

=1i-1v Zn(x R LICIRICICI D

— o

< —(3—1) xX55 +— X2 X (2—3) =54,

(3]
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and this is a contradiction. Thus for anyx; € T, n(x;) =3=3m =
55, which is impossible, son = 4.

Finally, when n = 4, there exist 11 sets satisfying the given
conditions (1) and (2):

M] =M3 = {1, 21' 39 49 5}$ M3 — {19 69 73 8; 9}!
M_| e {1! 1{), 1]! 12! 13}! M5 = {2; 69 99 1(]9 14}

M(, :{39 71 11, 14, 15}’9 M? ={4! 81 99 129 15}9
Mti = {5, 9, 13, 14, 15}9 M(} :{49 59 6, 11; 14}
MHI = {29 70 111 12- ]3} ] M[] == {3; 6| 8'} 1“3 13).

Therefore n(x;) < 4.

Summarizing what we have described above, we conclude that the
smallest value of »n is 4.

In the mathematical competitions, we apply not only the pairing
method to the immediate count and the proof through the
computation, but also apply it to solve a class of problems of two-
person game. These problems often involve the characters of the
geometric figures (for example, the symmetry and so on) and the
properties of numbers (for example, the divisibility, the congruence
and so on). In a problem of game, some step is called a “live step”, if
the game will not be ended if this step is performed. Hence, if we
have a step which could be performed when the rival performs a “live
step”, then we shall never be defeated. But in a finite game, if one is
not be defeated then he (or she) will win without fail (assume that the
game does not have a tie).

The common winning strategy is that all possible selective
positions (or all possible selective numbers) are paired such that each
pair a, b satisfying that when the opponent chooses some position (or
some number), say a, then you just need to choose another position &
(or another number 4).

In problems of game involving the geometric figure, the common
pairing method is defined by the characters of the geometric figures
(for example, the symmetry, the adjacency and so on) and the rules of
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game and we ought to occupy the symmetric center and the redundant
positions in the figure. But in problems of games involving the
properties of numbers, the common pairing method is defined by the
characters of numbers (for example, the divisibility, the congruence
and so on) and the rules of the game.

Example 5§ On an 8 X 8 chessboard, two players A and B set the
chessmen in turn and everytime one could set a chessman in several empty
unit squares in the same row or in the same column (only one chessman in
cach gird). Assume that A goes first and then the players alternate. A
player wins if another player could not set a chessmen any more. Who has a
winning strategy? (21* Russian Mathematical Olympiad in 1995)

Solution We prove that the second player B has a winning
strategy. Assume that at the %" step, the first player A sets m
chessmen in m empty unit squares a;, @z, ... a, in the same row or
in the same column, then the second player B just need to set m
chessmen in m empty unit squares &,, b2, ... b, » where b; and a; are
symmetrical about the center of the chessboard (: =1, 2, ..., m).
Therefore the second player B will win eventually.

Example 6 Alice and Bob play a game on a 6 by 6 grid. On his or
her turn, a player chooses a rational number not yet appearing in the
grid and writes it in an empty square of the grid. Alice goes first and
then the players alternate. When we have written the numbers in all
squares, in each row, the square with the greatest number in that row
is colored black. Alice wins if she can then draw a line from the top of
the grid to the bottom of the grid that stays in black squares, and Bob
wins if she cannot. (If two squares share a vertex, Alice can draw a
line from one to the other that stays in these two squares.) Find, with
proof, a winning strategy for one of the plays. (33" USA
Mathematical Olympiad in 2006)

Solution Bob can win as follows. After each of his moves, Bob can
ensure that the maximum number in each row is a square in A U B, where

A={1, 1D, ,2,d,3,Q,n, 2,2, 2,3, G, D, G, 2)}
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and

B = {(39 5)9 (49 4)! (4! 5)! (4! 6)9 (59 4)9 (59 5)9
(5, 6), (6, 4), (6,5), (6, 6)},

where (i, j) is the unit square in the i" row and the ;" column.

In fact, Bob pairs each square of A U B with a square in the same
row that is not in A U B, so that each square of the grid is in exactly
one pair. Whenever Alice plays in one square of a pair, Bob will play
in the other square of the pair on his next turn. If Alice moves with x
in A U B, Bob writes y with y <<z in the paired square. If Alice moves
with = not inA U B, Bob writes z with z > x in the paired square in A
U B. So after Bob’s turn, the maximum of each pair is in A U B and
thus the maximum of each row isinA U B .

So when all the numbers are written, the maximum square in the
6th row is in B and the maximum square in the 1st row is in A. Since
there is no path from A to B that stays in A U B, Bob wins.

Example 7 Two players A and B play a game. The player A goes
first and then the players alternate. Each time the player deletes any 9
numbers from the following 101 numbers: 1, 2, 3, ..., 101. After
deleting numbers continuallyl1 times, there are two numbers @ and b
(a > b ) which are not deleted, then the number of marks of A isa —
b. Prove that player A can got at least 55 marks no matter how B
goes. (32™ Moscow Mathematical Olympiad in 1969)

Proof Firstly, the player A deletes the following 9 numbers 47,
48, 49, ..., 55 and the remaining numbers are paired in 46 pairs {i,
55 +i} (i =1, 2, ..., 46) such that the difference of two numbers in
the same pair is 55. When the player B deletes 9 numbers every time,
then the strategy of A is to delete the 9 numbers such that the 18
numbers deleted by A and B are paired in 9 pairs. Eventually, the two
remaining numbers just are one of the above 46 pairs, so the difference
of the two numbers equals 55. Therefore the player A could get at
least 55 marks.

Example 8 On an infinite grid, two players A and B set
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chessmen in the empty unit square in turn. The player A set the black
chessmen and the player B set the white chessmen. The player A goes
first and then players alternate. The first player A wins if there are 11
black chessmen appearing in the continual unit squares at the same row
or at the same column or at the same diagonal line. Prove that the
second player B has a strategy such that the player A cannot win.
(The Problem Prepared for (35" IMO in 1994).

Proof As in figure 6. 1. We write the digits 0, 1, 2, 3, 4 in each
unit square in a 4 X 4 grid and a adjacent 2 X 2 grid. As in figure 6. 2,
each figure containing two unit squares writing same digits is called a
domino. Obviously, any 11 continual unit squares in the same row or
in the same column or in the same diagonal line must contain a
domino. If A set a black chessman in a unit square of some domino
then B set a white chessman in another unit square of this domino,
thus A can not wins. (When A sets a black chessman in a unit square
writing the digit zero, then B sets a white chessman in another
adjoining unite square writing the digit zero.)

vlala]a]2]2]a] oo 1]4a]3]3

Tj{4121213(3(41|0(0]01]4]2}2

22 al ool lal3]a]2]2]4]

313j4(1|0ojofr)4j2(2)1313]411

ofofila]alalz]2]al1]ofo]1]4

ofofrlal2f2]3]afal 1 ]ofo]i]4

{2 2a ool ]ala]a]2]2

22 3] a]al ol i]al2]2]3]3 1]

aftfolo]ifals]|s]2]2]af1]o]o

slifolofala]2la]3]a]1]0]0

a3 3|2]2]a] oo i ]a]3]3 4]

tlalaf2]3falal ool ]s]2]2
Figure 6. 1 Figure 6. 2

6.2 Mapping Method

Using the mapping method to solve the problems, we often apply



76 Combinatorial Problems in Mathematical Competitions

the following theorem.

Theorem Let f: M — N be a mapping from the finite set M to
the finite set N and |M| and | N| denote the number of the elements
of M and N respectively.

(1) If f is an injective mapping (i.e. forany x, y € M, ifx # y,
then f(x) # f(y) ), then | M |<| N [;

(2) If f is a surjective mapping (i.e. for any y € N, there exists
x € M, such that f(x) = y), then | M [=| N [;

(3) If f is a bijective mapping, or an one-to-one correspondence
from M and N (i.e. f is an injective and surjective mapping) then
|M|=|NI.

When it is difficult to count the number of a finite set M, we try
to construct a bijective mapping between M and another finite set N
and it is easy to count the number of the finite set N. Thus we obtain
the number of the set M from | M |=| N |. This is the mapping
method applied to counting problem. In some problems involving the
combinatorial proof, we often must construct the inequalities. Then,
we may consider constructing an injective mapping or a surjective
mapping to prove these problems.

Example 9 Let n objects be arranged in a straight line and M be a
subset of the n objects. If any two elements of M are non-adjoining,
then the subset M is called a non-kind subset. How many non-kind
subset with £ elements are there?

Solution Let the n objects be arranged in a straight line denoted
byai,axs...,a,and {a; s a;,s ..., a, }be a non-kind subset of the
n objects (1 < i, <i, <+ <i; <n). Thus we know i;,, —i;, =2
(G =1,2,...,k—1),and

Al-a<‘.‘11 <Ig_1<13 _“2<"<!§_(}3 "l)g??_(k_l)

Hence iy, 7; — 1, i3 — 2, ..., i; — (¢ — 1) is an increasing
subsequence 1, 2, ..., n — (k — 1). Conversely, for every such
increasing subsequence

I<jhi<j < <jy<n—(-1),
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the set containing the elements a; , @;,+15 ... @;,+u+n is a non-kind
set, thus we obtain an one-to-one correspondence between them. Since
the number of ways to select the increasing subsequence j;, j,» ..

. %

—k +1
j& from the sequence 1, 2, ..., n — & + 1 equals (n b ). the
number of the required non-kind subsets containing # elements equals
(n —k + 1)
b .

Example 10 Assume that no three diagonal lines intersect at the
same interior point in a convex n-sided polygon. How many
intersecting points of all diagonal lines in this polygon are there?

Solution  Since an intersecting point P is determined by two
diagonal lines / and m. Conversely, two intersecting diagonal lines /
and m determine an intersecting point P. Therefore we may establish
a one-to-one correspondence between P and ([, m). But two
intersecting diagonal lines / and m are formed by connecting two
vertex pairs (A, B) and (C, D) and for any four vertices of the
convex n-sided polygon, there only exist two diagonal lines
intersecting at an interior point in this polygon (as
in figure 6. 3). Hence we may establish an one-to-
one correspondence between (/, m) and the four
vertices group (A, B, C, D), i.e. P < ([, m) <
(A, B, C, D). Consequently there are as many

intersecting points of the diagonal lines in the
convex n-sided polygon as there are the four vertex groups formed by

1
the n vertices of the polygon, i.e. (;)

Remark The result of this problem is an important conclusion of
the combinatorial geometry which is often applied to solve more
difficult counting problems of the combinatorial geometry.

Example 11  Consider an equilateral triangle ABC with side
length n, which is divided perfectly into little triangles with unit side
length, as shown in figure 6.4. Find the number of the little
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rhombuses with unit side length in the figure. 4
Solution  Firstly, we consider the little
rhombuses whose sides are not parallel with BC.

Extend the four sides of each little rhombus and 3B o
intersect BC at four dividing points. (In an 579 ¢
especial case, the second intersecting point and Figure 6. 4

third intersecting point coincide with a vertex of

this rhombus. ) For the convenience of computation. we extend AB
and AC to the points B” and C’ respectively such that BB" = CC" =1
and extend all parallel lines which intersect line segment B'C” at n + 2
points of division, denoted by 0, 1, 2, ..., n +1 (containing two end
points B" and C’). Thus each little rhombus whose sides are not
parallel with BC corresponds to four different points of divisioni, i +
1, k, k + 1 on the line segment B'C". Conversely, any four different
points on the line segment B'C” correspond to a little rhombus whose
sides are not parallel with BC. It is a one-to-one correspondence, and
there exists a one-to-one correspondence between the order groups (i,
i+1, ks B +1) (0<<i{ <i+1<k<k+1<n-+1)and the order groups
G +1, k) (1 <i+1<k <n)too. Consequently, the number of the

little rhombuses whose sides are not parallel with BC equals (;) By

the symmetry, the required number of the little rhombuses is 3(; )

Example 12 Let S be a finite set of points in a space with an
orthogonal system of coordinates Oxyz. Let S,, S,, S. be the sets of
orthogonal projection of S on the planes Oyz, Ozx, Oxy respectively.
Prove that

IS IP<|S.[+]S, [+]S.]1,
where |A| denotes the number of elements in the finite set A. (33
IMO)

Solution For any (i, j, 0) € S.,letT,; ={G,j,2) | G,j, =)
€ S}. Obviously we know S = U T;. By Cauchy’s inequality,

(i, j. IDES,
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we obtain
ISI< 2 e > [T, 1P=IS.| X [T~ @
(i Ju IIJGS: (ivjs u}eS: (. joMES,
Consider the set V = -Laj)eg (Ty; xT;), where

T,‘j XT,‘_, = {((Ia]v f])v(f!jo f;)) | (iqjs f.t) ES; k =1, 2}‘

thus

[Vi= > |T;l.

i j MES,
We definite the mapping f:V — S, X S, as follows:
V(s jst)s Gy jot)) =0, jst),s Gy 0,8)) €8S, XS,.
We know easily that f is an injection, hence
| VILIS, XS, | =[S, || S, . )
From (D and @, we obtain
1S 12 <|S; || S, |]S.I.

This completes the proof.

Example 13  Assume that the family of sets () consists of some
ternary subsets of I = {1, 2, ..., n} such that any two elements of Q
(i.e. two ternary subsets of I) have one common element at most.
Prove that there exists a subset X of I satisfying the following
conditions: (1) Any element of ) (i.e., a ternary subset of I) is not

the subset of X; (2) | X | =[v2n].
Analysis We just need to find a subset X of I satisfying the
condition (1) such that the number of the elements of X is maximal

and the inequality | X | = [ +/2n ] holds.

Proof A subset M of I is called a good subset if any element of ()
(i.e. a ternary subset of I) is not the subset of M. Obviously the good
subset is existent. (Since any binary subsets of I are all good subsets)
and the number of the good subsets is finite. Suppose that the subset X
of I is a good subset whose number of elements is the most and | X | =
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ks then X satisfies the condition (1). Hence we just need to prove that
X satisfies the condition (2).

DenoteY = I\ X, from the given condition (1), we know X # I.
[t followsY #= . LetY = {y,s ¥2» ...+ Y./ since the number of
the elements of X is maximal, then for any y; € Y, theset X U {y,;}1s
not a good subset, i.e. there exists a element A, of ( (i.e. a ternary
subsets of I) such that A, € X U {y;}. But A, & X, thus there exist
two elements x; , x;, € X such that A; = {z, , x,,, y;}. We define
the mapping f:Y — 3 as follows: Y3y, — {x; . x,,} € 3. where the
family of sets 3 consists of all binary subsets of X, then f is an
injective mapping. In fact, for any y,, y;, € Y, y; # y;, there exist
two binary subsets {z; + x;, }+{x; + x;,} € Ssuch thatA; ={x; , z,,,
Yitr Aj =17z, ¥i) € QI f(y) = f(y;),ie {xi» xi,} =
{z; + ;,}, then the two ternary subsets A; and A; have two common
elements, which contradicts the given condition. Therefore f is an

| k
injective mapping. It follows that | Y |<| S |. i.e. n — & < (7)

[VE(GR +1)] =[v2n]. But
< VEER+1) <k +1,

thus

| X =k =[VEG+D]1=[V2n].

Example 14  There are 40 persons at a conference. Every 19
persons share exactly one common idol at the conference. (If A is an
idol of B, then B is not necessarily the idol of A, Also A is not his
own idol). Prove that at this conference, there exists a set T,
containing 20 persons such that for any P € T, P is not the common
idol of the remaining 19 persons in T,.

Proof Let S denote the set of 40 persons at this conference. A
20-element subset T of S is called a good subset, if there is one person
P € T such that the unique common idol of the remaining 19 persons is
P. Hence we just need to prove that there are at least one 20-clement
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subset of S which is not a good subset. It is equivalent to prove that
40
the number of the good subsets smaller than (2(]), the number of all

20-element subsets of S.

Let X denote the family of sets consisting of all good subsets of S
and Y denote the family of sets consisting of all 19-element subsets of
S. Moreover. for any B € Y, we use g (B) to denote the unique
common idol of 19 persons in B. From the definition of the good
subset we know that for any T € X, there is a person P € T such that
the unique common idol of the remaining 19 persons is P, i. e.
g(T\{P}) = P. Thus we could definite a mapping f:X — Y as
follows:

X2T — T\{P}.

Then, we prove that f is an injective mapping. Indeed, for any
T,,T, € X, T, # T,, there are P, € T,, P, € T, such that
g(T\\{P,}) =P,, g(T,\{P )—P,andf(T)-T\ s f(Ty) =
T,\{P,} .Iff(T1)-—f(T3)q1.€. T\{P,} =T,\{P Thus

and it is a contradiction. Thus f is an injective mapping. Consequently, we
obtain that

IXléiY|=(:2)<(;3).

40
Since the number of 20-element subsets of S equals (2”), there is at

least one 20-element subset T, of S which is not a good subset.
Therefore for any P € T,, the unique common idol of other 19
persons is not P. This completes the proof.

Example 15 Let the set M consist of 48 distinct positive integers
whose prime divisors are smaller than or equal to 30. Prove that there
are four distinct positive integers of M such that their product is a
perfect square. (49" Moscow Mathematical Olympiad in 1986)
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Proof There are 10 primes not exceeding 30: p; = 2, p, =3, p; =
5, p4 375 Pa = 119 pf, = 139 P? :17| pP. = 199 plj =23$ Pu: :29.
Let

Y = {p5r p352 = p la; =0o0r1,i =1,2,..., 10}

and X be the family of sets consisting of all binary subsets of M.

For any {a, b} € X, the product ab could be written uniquely in
the following form: ab = K2, « m, , where K, € N., m,, € Y, Let
{a, b} correspond to the positive integer m,, thus this

48
)
1128, | Y [=2" =1024, | X | >|Y |, f is not an injective mapping.
Therefore there are {a, b}, {c, d} € X,{a, b} # {c, d} such that

ma = fHa, b}) = flc,d,}) =my.

correspondence forms a mapping f from X toY. Since | X | = (

It follows that
abcd = Kiymy » Kymy = (KyKumg)?

is a perfect square. If a, b, ¢, d are distinct, then the conclusion
holds. Otherwise, there are exactly two equal numbers in {a, &} and
{c, d}. Without loss of generality, assume a # ¢, and b = d, as
abed =ach® is a perfect square, we know ac is also a perfect square.

46
Since | M\{a, b} | = 46, and ( 5 )= 1035 > 1024 =| Y |, in a similar

way, there are two distinct binary subsets {a’, 5"} and {¢’, d’} of the
family X\ {{c, d}} such that the product a’6’c’d" is a perfect square.
Ifa’, 6", ¢’, d" are distinct, then the conclusion holds. Otherwise, in
a similar way, we may assume thata’ #c¢’, 4" =d " and a’c’ is a perfect
square. Consequently, there exist four disjoint numbersa, ¢, a’, ¢’ €
M such that aca’c’ is a perfect square. This completes the proof.

Besides the correspondent method of one-to-one, we also use the
correspondent method of one-to-many.

Example 16 Assume that there are n (n = 6) points on a circle,
and each pair of points is connected by a line segment, and any three
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line segments do not intersect at the same interior point of this circle.
Thus any three line segments which intersect at three points determine
a triangle. Find the number of triangles which are determined by these
line segments. (The Training Problem for National Team of China for
32¢ IMO)

Solution  Suppose that the points on the circle are called the
exterior points, the intersecting points of any two line segments in the
circle are called the interior points. Thus these triangles are divided
into four groups:

(1) In the first group of the triangles, the three vertices of every
triangle are all the exterior points. Obviously, any three points on the
circle correspond to just a triangle belonging to the first class.

n
Therefore the number of first class of triangles is (3)

(2) In the second group of triangles, the two vertices of each
triangle are the exterior points and the third vertex is a interior point.
In this case, as the figure 6. 5(1), any four points A, A,, As. A, on
the circle correspond to 4 triangles AA;OA,, AA,OAs, AAOA;,
AA,OA, belonging to the second group. Therefore the number of

n
second group of triangles is 4(4).

(3) In the third group of triangles, the two vertices of every
triangle are the interior points and the third vertex is an exterior
point. In this case, as in figure 6.5(2), any five points A, Ay A,
A,, A, on the circle correspond to 5 triangles AA, BB, AA:B, B,
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AA;B;B,, ANAB,Bs, /AAsB;B;, belonging to the third class.

. n
Therefore the number of the third class of the triangles is 5(5).
(4) In the fourth group of triangles, the three vertices of every
triangle are all the interior points. In this case, as the figure 6.5(3),
any six points A,, A,, As, Ay, As, A, on the circle correspond to a

triangle /AB, B, B; belonging to the forth group. Therefore the number
n
of the fourth group of the triangles is (6)

Summarizing what we have described above, the required number

()ra)+s(5)+ (6)

of the triangles is

Exercise 6

1 LetS = {1, 2,..., 100}. For any 55-element subset M of S,
are there two numbers belonging to M such that their difference equals
(1) 95 (2) 117

2 Letn =1(mod4)andn >1,and P = {a,, a5 ..., a,} be
any permutation of {1, 2, ..., n}, and let k, denote the largest
subscript & satisfying the following condition:

ay +ag 4 e +a§ <ﬂ§+1 +a_§+3 e -|—a,,.

For all permutations P, find the sum of all the corresponding
largest subscript &,,.

3 Letset M consist of the planar integral points (z, y) (1 <x <
12, 1 <y <12, x, y are the integers) and the points of M be colored
with red, blue or black. Prove that there exists a rectangle with sides

parallel to the x-axis or y-axis such that its four vertices belong to M
and have the same color.
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4 Set a chessman in a cell of an m X n chessboard. Two players
move this chessman in turn with the following rule: Every time, one
may move the chessman from one cell to another adjacent cell (if two
cells have the common side, then they are adjacent), but one did not
move it to the cell which it had arrived at. The player is defeated if he
(or she) cannot move the chessman.

(1) Suppose that the initial position of the chessman is the lower
left cell. Who has a winning strategy?

(2) Suppose that the initial position of the chessman is the
adjacent cell of the lower left cell. Who has a winning strategy?

5 Assume that we write the digits 1, 2, ..., n in order in » unit
squares of 1 X n rectangle. Set three chessmen in three unit squares
which are written with digits» —2, n — 1, n such that each of three
unit squares contains a chessman. The two players A and B play the
game in turn. The player A goes first and then the players alternate.
At every step, the player may moves one of three chessmen from one
unit square to another empty unit square in which the writing digit is
less. If one cannot move the chessman, then he (or she) is defeated.
Prove that player A has a winning strategy.

6 Consider an equilateral triangle ABC of side length n, which is
divided into the equilateral triangles with the unit side length, as show
in figure 6.4. Let f(n) denote the number of the parallelograms in
the figure. Find f(n).

7 LetS =1{1,2,..., 1000} and A is a 201-element subset of S.
If the sum of the elements of A is divisible by 5, then subset A is
called a good subset. Find the number of all good subsets of S.

8 In a math camp, any m students share exactly one common
friend. m =3. (If A is a friend of B, then B is a friend of A. Also, A
is not his own friend.) Suppose a person P has the largest number of
friends. Determine what that number is. (China National Team
Selection Test for 31% IMO in 1990)

9 Let A, be the finite set, ¢ = 1, 2, ..., n. Prove that if
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A NA; ) )
E M <1, then there exista; € A;, G =1, 2, ..., n)
1si<j=n ] Ai |.| AJ' |
such thata; #a; ifi #;5 (1 <i <j <n).
10 Prove that every sequence @, @ss ... Qs Of nm + 1 real

numbers contains an increasing subsequence of length » + 1 or a
decreasing subsequence of length m + 1. (The length of a sequence is
the number of terms of this sequence. )

11 Suppose the sequences of length 15 consists of two letters a
and 6. How many different sequences will contain exactly five aa,
three ab, three ba, and three b6 subsequences in above sequences?

12 Assume that » is even. How many ways are there such that
we can select 4 distinct numbers a, &, ¢, d from the set {1, 2, ..., n}
satisfyinga +~c¢ =b +d? (a, b, ¢, d are unordered. )

13 An n-term sequence (z;, x5, ... x,) in which each term is
either 0 or 1 is called a binary sequence of length n. Let a, be the
number of binary sequences of length » containing no three
consecutive terms equal to 0, 1, 0 in that order. Let 4, be the number
of binary sequences of length n that contain no four consecutive terms
equalto 0, 0, 1, 1 or 1, 1, 0, 0 in that order. Prove thatb,., = 2a, for
all positive integers n. (25" USA Mathematical Olympiad in 1996)
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LetA = {al! A2y eou aur}'} B = {(71, bzq vaas 9 bﬂ} be two finite
sets. The Cartesian product of the two sets A and B is the set of
ordered pairs with the form (a;, b;), i.e.

AXB={(a;» ;) |1 <i<m,1<j <n}.

Suppose that for anya, € A, C;, = {(a,» b) |b €B},(i =1,2, ...,
m) and for anyb; € B, D; ={(a, b;) |a €a}, (G =1,2, ..., 1),
then

n

|AXB|=>1C:1=>)1D;|.
i=1

j=1

This equality is called the Fubini’s principle or the principle of
counting in two ways.

When solving some problems referring to the computation of the
quantitative relation, we usually use two different ways to count the
objects and synthesize the computing results which are applied to find
the answers of these problems. It is the principle of counting in two
ways.

Example 1 There are 1000 points in a square, and among these
points and the vertices of the square, no three points are collinear.
These points and the vertices of the square are connected by the line
segments such that the square is divided perfectly into several
triangles. (The sides of these triangles are all the connecting line
segments and the sides of the original square, and any two connecting
line segments have no common interior point except the end points).
Find the number of the connecting line segments and the number of
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the triangles in this figure.

Solution Assume that there are / line segments and % triangles in
this figure. On the one hand, in the % triangles, the sum of the
interior angles is £ « 180°. On the other hand. in the £ triangles, the
total of the interior angles whose vertices are 1000 interior points is
1000 % 360° and the total of the interior angles whose vertices are the
vertices of the square is 4 X 90°, Therefore

ko« 180° = 1000 x 360° +4 x 90°,

and £ = 2002,

Then, there are 3% sides in £ triangle. On the other hand. each
connecting line segment is a common side of two triangles and every
side of the square is one side of some triangle. Therefore 3k =2/ +4,

and | = %k —2 = 3001.

Example 2 In a school there are & teachers and ¢ students
satisfying the following conditions:

(1) Each teacher teaches exactly £ students;

(2) For any two distinct students, there are exactly ~ teachers
teaching them.

b _ e —1D th o
Prove that p PG =D (7" Hong Kong Mathematical

Olympiad in 1994)

Proof If a teacher T, teaches two students S;. S; (i # j), then
T,,S:, S; form a triple {T,; S;, S;} and assume the number of all
the triples {T,; S;, S;} is M.

On the one hand, for any teacher T,, he (or she) teaches %

k
students, hence there are (2) triples {T,; S;, S, } containing T,,
and there are exactly & ways to select T, , and
k
M=5(7).
5 @

On the other hand, for any two students S;, S; (i #j), there are
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exactly h teachers who teach teaching them. Thus there are A triples
{T,; S;+ S;} containing these two students S;, S; (i # j) and there

C
are exactly (2) ways to select S;, S;(z # ;). and

k
From (D and (@), we obtain b(z) =h (;) Thus

)
b _\2/ _cle—1D
h

( ) k(R —1)
2

This completes the proof.

Example 3  Suppose that a group of n persons satisfy the
following conditions: for any n — 2 persons, the number of pairs of
mutually acquainted persons are equal, and equals 3" (k is a positive
integer). Find all possible value of n. (China Mathematical
Competition in 2000)

Solution Assume that among all n persons, there are m pairs of
mutually acquainted persons. Since n persons may form (n ?12) (n —
2) -element subsets, and for any (n — 2) -element subset, there are 3
pairs of mutually acquainted persons, hence among all (n —2) -element
subsets, the total of pairs of mutually acquainted persons equals

¥ ")
n—2
On the other hand, in the above counting, every pair of mutually
—2
acquainted persons belongs to (n 4) (n —2) -element subsets, hence
5y 52
every pair of mutually acquainted persons is counted repeatedly

n—2\ .
( ) times, and
n—4
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_3;2(:3?12) Sk(;) _ naln—1) 3

(::j) (n2—2) C(n=2)(n —3)

@

(1) If n is not a multiple of 3, i.e. (3, n) =1, then(n =3, n) =
1, (n —3,3) =1and(n —2,7n—1) =1, hencen —3 | n — 1, i.e.

n—1 _ 2
n—3_l+n—3

is a positive integer, and n — 3 | 2. It follows that

-2
n—3<2,n < 5. But (Hz )23” = 3, hence n = 5. Therefore

n =25,

(2) If n is a multiple 3, then» —2 is not a multiple of 3, i.e. (n —

2,3) =1and(n —2,n—1) =1, hencen —2 | n, i.e. 1132 =1+

g is a positive integer, and n —2 | 2, It follows thatn —2 <2, n <

4, and it contradicts the result n = 5 which is obtained in (1).

From (1) and (2), we obtain that the unique possible value of # is
5. Whenn =5, assume that any two of 5 persons is a pair of mutually
acquainted persons, thus among any n — 2 = 3 persons, there are

3
exactly (2) = 3' pair of mutually acquainted persons, where & = 1is a

positive integer. Hence the conditions of the problem are satisfied.
Therefore the required » is 5.

Example 4 Let2 <r < % » and R be the family of sets consisting

of the r-element subsets of the set Z, = {1, 2, ..., n). If the
intersection of any two elements (i.e. two r-elements of Z,) of Ris a

n
non-empty set, then | R | < (
o

A'is an r-element set of Z, and contains a fixed element = of i P
(Erdés-Ko-Rado Theorem)

Proof The number of ways to arrange the » elements of Z, in a
circle is (n — 1) 1. For any circle permutation (G =1,2,...,(n —

1
) ) and the equality holds if R= {A |
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1) 1), if the elements of set A; € Ris consecutive in x; , then (A, x;)
are paired and let S denote the set of these pairs.
On the one hand, the intersection of any two elements (i.e. two

r-element subsets of Z,) of Ris a non-empty set, and2 <r < % then

for every permutation r; , there are at most r sets A; € Rsuch that the
clements of set A; is consecutive in =;, i.e. there are at most r pairs
(A;,=n;) containing x; and the number of =; is (n —1)!. Hence

1S |<re(n—11 )

On the other hand, for every A,;, the number of the circle
permutations x; in which the elements of set A; is consecutive equals
r1(n —r)! and the number of sets A, is | R |. Thus

|ST=IRlrin —r. @)
Combining O with @, we get

B .
| B ]enlln =)l Sr » tn — 1= | g e Eoim =10 _ (" )

rli(n —r)! r —1

When R= {A | A is the r-element set of Z, and contains a fixed
n—1 .
element x}, the number of elements of Ris ( ) ) , thus the equality
P =

n—1

(wi=("" ) holds.

# —1

Remark Further we could prove that the condition of the
equality in this problem is a sufficient and necessary condition.

Example 5 Let set M = {xys Z2s ... s Tuezy and Ayy Ay ool
A .3 be its 4n + 3 subsets satisfying the following conditions:

(1) Any n + 1 elements of M belong exactly to a subset A; (1 <
i <4n +3);

QA |=Z2n+1G =1,2,..., 4n +3).

Prove that for any two subsets A;, A; (1 <i <j <4n +3), they
have exactly » common elements.

Proof We construct a (4n + 3) X (4n + 3) table such that the
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number in the i row and the j™ column is

1, lf Toij S AJ' LIS .
a; = . 1!}=1v2|...g4ﬂ+3.
[)9 lf I)' e A)' ]
dn+d dn+3
Létry ™= Za,j , L; = Dla,, then r; represents that the x, belongs
j=1 i=1

to the r; sets of A;, A,, ..., A,.; and /; represents the number of

elements of A;, i.e. {; =| A; [. From the given condition (2),
we obtain
dn+d dn+3 dn+3 Antd dntd dn+3
Zr; = ai =E a; ZE |A; | = 4n +3)2n +1).
i=1 i=1 =1 jul  iml j=1
@

If x, is a common element of two subsets A;, A; (i # j). then a
triple {x:;A;, A;} consists of z, and A;, A;.

Let S denote the set of these triples. On the one hand, from the
given condition (1), we obtain that for any two subsets A;, A, (i #
j)s 'Ai N A; [< n, thus there are at most n triples {x,; A,, A,}
containing the two subsets A;, A; (i # j), and

[SI<n

4n +3
(” )=n(4n+3)(2n+1). ®

On the other hand, every x, belongs to the r; subsets of A,,

Ass...s Ays,y thus there are (r;) triples {xy; A;, A;} containing

x;. Hence
) 4n+3 ri 1 dn+3 4n+3
FSI“Z( )=—( ri—Zm)_ ®
b 2 245 E-1

Cobiming D, @, and @ and applying Cauchy’s inequality,
we obtain

1 dn+3 4nt3
n(dn +3)C2n +1) =— (D> ,r} — re)
2 k=1 k=1
4n+3 dn+d
1 1 \ 2
- L _
/2(4?1 -1-3( U) ]rk)
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43 4nt3

r ri — (4n +3)
2(4n 5 (2 (,,Z_} ! )

k=1

1
T e S
~ 2(4n +3)

=n(4n +3)(2n + 1),

«(2n +1)Un +3)[2n +1)4n +3) — (4n +3) ]

Hence the equality holds in the above inequality, and the equality
in @ holds, i.e. for any two subsets A;, A; (1 <i <j <4a +3), the
equality | A, NA; |=n(1 <i <j <4n +3) holds.

Example 6 Let»n and £ be positive integers and let S be a set of n
points in the plane such that.

(1) No three points of S are collinear and

(2) For every point P of S, there are at least £ points of S
equidistant to P.

Prove that k <% + /2. (30" IMO in 1989)

Proof | LetS ={P,, P,, ..., P,}. From the given condition
(2), we obtain that for any P; € S, there is a circle C; with the center
P; such that there are at least £ points of S on the circle C; (: = 1,
2, ..., n). Assume that there are exactly r; points of S on the circle
C,i =1,2,...,n),and P, is the common point of the e; circles of
Ci,Csry....C,¢ =1, 2, ..., n). Thus

i}e; - i}r‘- = kn. @
i=1 i=1

If the point P; of S is the common point of two circles C,, C,
(¢t #j). then a triple {P;; C,, C;} consists of P, and C,, C;.

Let M denote the set of these triples. On the one hand, any two
circles have at most two intersecting points, then there are at most two

. n
triples containing the two circles, thus » circles form at most 2(2)

triples, and

|M|g2(;)=n(n—1>. ®
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On the other hand, the point P; is the common point of the e,
€; . .o = 3
circles, thus there are (2) triples containing the point P,(i = 1,

29 aws § ?T)g and
n e* " N M
M= (7)== 3 (2 -2, ®
i=1 2 2 im] i=1
Cobiming @, @, and @ and applying Cauchy’s inequality,
we obtain

n(n —1) ;%(i}e% - De)
i=1

i=1

n

>3 (7(3e) - e,

i=1 i=1

= (e (Sei—n)

= Ly 5 Chm — )
2n

=%nk(k—‘l),

i.e. k> —k —2(n —1) < 0. Consequently we arrive at

L/ —
k£1+ 1—0—28(71 1)<1—|—2v8n ___%4_\/5.

This completes the proof.

Proof I LetS ={P,, P,, ..., P,}. From the given condition
(2), we obtain that for any P; € S, there is a circle C; with the center
P; such that there are at least 4 points of S on the circle C, (i =1,
25 wus s M)

The line segment with two end points belonging to S is called a
good line segment. Obviously, the number of good line segments

k
equals (; ) On the other hand, on every circle, there are at least (2)

chords which are good line segments, thus the total of good line
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. k
segments on n circles are at least »n (2) But some common chords are
counted repeatedly in the above computation. Since »n circles have at
n k ny ..
most (2) common chords, there are at least n (2)— (2) distinct chords

which are good line segments. Summarizing what we have described
above, we obtain

i.e.
B2 —k —2(n—1) <0,

Therefore we have that

/1 + — }
k€1_'_ 128(1'1 1)<1“—2\/8ﬁ':%+m.

Remark (1) With two proofs above, we see that the condition
(1) in this problem is a redundant condition; When we prove the
problems using the principle of counting in two ways, since the
difference of the counting objects which are selected by us, we often
use distinct ways. In this problem, the second proof is more simple
than the first proof. But from example 2, example 5 and the latter
example, we will see that this way of counting triples is very effective.

Example 7 Prove that

n

E(n)?( n—k )=(2n+1).

w0 \k [(n —k)/2] n

Proof | On the one hand, the coefficient of x" in

2t 2n +1
(1 _|_‘I.)2n"l —_ Z( 7 )Ik
k=l

. (2?? +1
1S )

n
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On the other hand,

A+ =0 +2?+20)"(1 +2)

=i} (”)(237)*(1 +22)"* o (1 + 1)

_Z( )2*x*(1 +zyt 4D (k)z*x**‘u + ),

k=0 k=0

When n — £ is odd, in the expression

n=k

(Z)zklk(l__rz)nk =( )2k kz(?r—k) 3

1=l]

does not have a team containing =" and in the expression

(:)2kxk+l(1 + 2k 3( )2k t+l§(n _k) 2i

i=0}

the team containing x” is

(B2 Sl = (R

Whenn — % is even, in the expression
n—k

([Jescee (e S

there does not have a team containing =" and in the expression

n-k

(:)2&%1 £ 22y =( )2* *Z(T _k) 2

the team containing x" is

(o (b = G e

Thus the coefficient of z" at the right side of @ is

i

ny _, n—k
; (k)z ([(,7 —k)/z])‘ Therefore we know that
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Z(?i)zk( n—k )=(2n+])
reTiY - [(n —k&)/2] n ’

Proof [ We consider a combinatorial mode. There are 2n
students, n boys and n girls, in a class with their teacher T. Let g,,
g2s ... g, denote all the girls, and letb,, b, ..., b, denote all the
boys. For1 <i <n, (g;, b;) are paired. The class has n tickets to an
exciting soccer game.

We consider the number of ways to find » people to go the game.
2n +1

). On the other hand, we also calculate
n

The obvious answer is (

this number in the following way. For any fixed integerk, 1 <k <n,
we find £ pairs from = pairs students and give each pair 1 ticket.

There are (: )2* ways to find £ pairs and pick one student from each
pair to go to the game. We have n — k tickets left and » — k& pairs of

n—

students left. We pick [ 3 k] pairs and give each of those pairs 2

n—=k

tickets. There are ([( /2]
n -

) ways to do so. Now we have already

assigned S =k +2[~n—;g] tickets. If n —kisodd, S =n —1, and we

assign the last ticket to teacher T, if n —k is even, S = n and we have

assigned all the tickets already. It is not difficult to see that as %4 takes

all the values from 1 to n, we obtain all possible ways of assigning the

n tickets. Therefore, there are E (n )2" ( nok ) ways to find »
T \k [(n—k)/2]

people to go the game. Hence

i

Z(n)?( n—k ):(2n+1)

k=0) k [(ﬂ _k)/zj n

as desired.
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Exercise 7

1 There are two students of the first grade who participated in
the chess tournament of the second grade. Each player played exactly
one game against each of the other players. In each game the winner
was awarded 1 point, the loser got 0 point, and each of the two
players earned 1/2 point if the game was a tie. The two students of the
first grade earn 8 points in the aggregate, and each student of the
second grade has same points as other student of second grade. How
many students of the second grade participated in this tournament?
How many points does each student of the second grade get?

2 A square is divided into two polygons (containing the triangle)
along a straight line, and one of the two polygons is also divided into
two polygons along a straight line. Then, one of the three polygons is
divided similarly and so on. If we get 47 46-side polygons with dividing
the square »n times, find the smallest value of n.

3 Prove that among any n people, there exist two people A and

B such that among the remaining n — 2 people, there are at least [%]— 1

people such that each of them and the two people A and B are either
mutually acquainted or mutually unacquainted. (When n = 12, this
problem is the examination problem of 48" Moscow Mathematical
Olympiad)

4 There are n distinct points in the plane. Prove that the number

of point pairs with the unit distance is smaller than % +‘[2g '3
5 The n elements a,, ass ..., a, are paired into n pairs P,,
Py, ..., P, satisfying P; and P; have a common element if and only

if a; and a; are paired. Prove that each of the n elementsa,, as, ... s
a, belong to just two element pairs.

6 Using two methods, prove that for all positive integers,



Counting in Two Ways

the equality

S (, ") 0= ()

i={)

holds.
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From example 1, example 2, and example 8 in chapter 4, we see
that the basic steps to solve combinatorial problems using the
recurrence method are:

(1) To find the initial values of the sequence using the simple
enumeration;

(2) To establish a recurrence relation;

(3) To find the solution by the recurrence relation.

When solving some problem is difficult by the given recurrence
relation, we often need to establish a new recurrence relation. In some
case, establishing a new recurrence relation is also difficult, we may
enumerate several especial cases and find the required recurrence
relation by induction.

Example 1 Let the permutation of positive integers 1, 2, ..., n
satisfy the following condition: each number is greater than or less
than all numbers in front of them. How many such permutations are
there? (21% Canadian Mathematical Olympiad in 1989)

Solution Let a, denote the required number of permutations.
Obviously a;, = 1, a, = 2. Forn > 2, we consider the permutation in
which the i"™ number is n. As the permutation of n —i numbers behind
n are determined uniquely, i.e. n —i, n —¢ — 1, ..., 2, 1 and the
number of the permutations of the i — 1 numbers in front of n is a;-,
(z =1,2,...,nanday, = 1). Thus

ay, =1+a1 +a2 +"'+a,,-1, ®

and
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a,-y =1+a, +a, ++ +a,-. @

With @ — @, we obtain a, — a,-y, = a,1, 1. €. a, = 2a,-.
Thereforea, =a, « 2" =2"1,

Example 2 There are n boys and » girls in the city A and each
girl knows all the boys, and there are » girls: g, g2, ..., g, and2n —
1 boys: by b>5 ... by, in the city B such that the girl g, just knows
each of the boysb,, b>, ..., by (i =1,2,...,n), Foranyr € {1,
2, ..., n}, we select r girls and r boys in the city A as well as in the
city B such that they are matched into » pairs of partners in a dance
satisfying the following condition: the partner of the girl in each pair
is known by herself. Let A (r) and B (r) denote the number of the
distinct ways to select » girls and » boys in the city A and in the city B
respectively. Prove that A (r) = B(r). (The Problem Prepared for 38"
IMO)

Proof For convenience, let A, (r) and B, () denote A(r) and B
(r) respectively. Since each girl knows all the boys in the city A, for
n=1,

Y (n1)?
A"(”=(,) AR T CE TNk O

Now we establish the recurrence relation of B, (r) forn =3, 2 <
r =< n.

Case | : When g, is one of the r girls who are selected, then the
number of the distinct ways to choose the remaining » — 1 pairs is
B, -1 (r —1). Since the partner of g, can be any one of the remaining
(2n —1) — (r —1) = 2n — r boys, in this case, by the multiplication
principle, the number of distinct ways is (2n —r)B,-; (r —1).

Case [ : When g, is not one of the » girls who are selected, then
r< n and the r girls are selected from g,, g>, ..., g, and their
partners are from &,, b5, ... b2-3. In this case, the number of the
distinct ways is B, (r).

Summarizing what we have described above, we conclude that for
n =3,
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B,(r) =B, (r) +Q@2n —r)B,.(r — 1)}’ ®

B,(n) =nB,.y(n —1)

Wherer =1, 2, ..., n —1.
Obviously A, (1) =»n* =B, (1) and A,(2) =2 = B,(2), From D,

we know

_ [(n —1D)IT?
A (D) = F T I 1

and

T [(n =D
At (r = 1) [((h = PG =D

From the above equalities, we have

AH(?") =A,,.;(r)+(2n—r)A,,q(?’—l)} @

A,(n) =nA,-;(n —1)

From @ and @), we could deduce that the two sequences A, (r)
and B, (r) have the same initial values and the same recurrence
relation, hence for anyn € Noandr =1, 2, ..., n, A,(r) =B, (r).

This completes the proof.

Example 3 A circular disk is divided into n (n = 2) sectors S, ,
S>, ..., S, and each sector is colored with one of m colors such that
the colors of any two adjacent sectors are different. How many
distinct coloring ways are there?

Solution Let the number of distinct coloring ways is a, (m).

(1) Find the initial values. Whenn = 2, then S, could be colored
with one of m colors, and S, could be colored with one of the
remaining colors, by the multiplication principle, we know

a(m) =m(m —1).

(2) Find the recurrence relation. Since S, could be colored with
one of m colors, and S, could be colored with one of m — 1
colors, ..., S, could be colored with one of m — 1 colors, and S,
could be colored with one of  —1 colors (the colors of S, and S, may
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be the same or distinct. ), there are m(m — 1)""" distinct ways.

Case [ : The colors of S, and S, are distinct. In this case, there
are a, (m) distinct coloring ways.

Case [l : The colors of S, and S, are the same. In this case, S,
and S, the sectors S, and S, are incorporated into a bigger sector, and
we know that the colors of S, and S, are distinct, thus there are
a,-; (m) distinct coloring ways

By the addition principle, we obtain

a,(m) +a,(m) =mGn — 1" " (n =2). @
(3) Find a,(m). Letb,(mn) =%(_—m-l% From O, we know
by (m) +——b,1 (m) = =2,
m —1 m — 1
i.e.
ba(m) —1 =— ——(b,, (m) —1).
m —1
. . 1 m
(thre] is the root of the equation x + —— 1 = =1 )
1 n
Thus
ba(m) =1 = (bs(m) =D (- —==)
[ am) 3 e
_[(m~1)2 1]( m—l)
CtmGn—1) 71\
_[(m~1)3 1]( mwl)
e S 1
==L (m — 1)’
and

a,(m) =(m —1D" +(—=1D"(m —1),

i.e. there are (m —1)" + (—1)"(m — 1) distinct coloring ways.
Example 4 How many ways are there to color then +1 vertices of
an n-pyramid S — A, A, =+ A, with n + 1 colors such that each of the
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vertices is colored with a color and two vertices with a common edge
must be colored with different colors? (Especially, when n = 4, this
problem is the problem of China Mathematical Competition in 1995)

n+1
Solution There are ( 1 ) ways to select one from the n + 1

colors to paint the vertex S. Since each of the n vertices A;, A,, ...,
A, in the base must be colored with one of the remaining n colors such
that each vertex is colored with a color and two vertices with a
common edge must be colored with different colors, then from
example 3, we obtain that the number of the coloring ways is a, (n).
By the multiplication principle, the required number of distinct ways is

+1
(” 1 )a”(n) e D[ =1 + (=D — D],

(Especially, when n = 4, the required number of the distinct ways is
5(3* +3] = 420.)

Example 5 A circle with the perimeter 24 is divided into 24 equal
arcs. How many ways are there to choose 8 points from 24 points of
division such that the length of the arc between any two points of
division is not equal to 3 or 8?2 (CMO in 2001)

Solution Let 24 points of division be denoted by 1, 2, ..., 24.
The 24 numbers are arranged into a 3 X 8 table as follows:

1 4 7 10 13 16 19 22
9 12 15 18 21 24 3 6
17 20 23 2 5 8 11 15

In the above table, the two adjacent numbers in each row
correspond to two points (the first grid and the 8" grid in the same row
are regarded as adjacent) and the length of the arc between them
equals 3, and the two adjacent numbers in each column correspond to
two points (the first grid and the third grid in the same column are
regarded as adjacent) and the length of the arc between them equals 8.
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Thus we choose at most one number in each column. But we must
choose 8 numbers, hence we choose exactly one number in each
column and the two numbers which are chosen in the two adjacent
columns are not in the same row (the first column and the 8" column
are regarded as adjacent).

if we regard each column as a sector, and the first row, the
second row and the third row of each column are regarded as 3 colors,
then this problem is equivalent to the case of n = 8, m = 3 in the
example 3.

Hence the required number of ways to choose 8 points of
division is

ag(3) =2 +(—1)% « 2 = 258,

Example 6 Leta,. a>. ..., a, be any permutationof 1, 2, ...,
n and let f(n) denote the number of the permutations satisfying the
following conditions:

(M a, =1;

2 |a; —ain |€£2,1=1,2,...,n—1,

It is possible that f(2004) is divisible by 37

Solution  The permutation a,, a>, ..., a, is called a good
permutation satisfying the conditions (1) and (2). Sincea; = 1, then
a, = 2or 3.

(I)Ifa, =2, thena, —1, a; — 1, ..., a, — 1is also a good

permutation, and the number of these permutations is f(n —1).

() Ifa =3, a; =2, thenay =4, anday, —3, a; — 3, ...,
a, —3 is also a good permutation, and the number of these
permutations is f(n —3).

(Il Ifa, =3, a; =4, leta,., be the first even in this permutation
(from the left to right), thena,, a»y ... a; must be 1, 3, 5, ...,
2k —1 and a;+ = 2k or 2k — 2. Hence a; and a;., are two adjacent
positive integers. From the condition (2), we obtain that all the
numbers behind a,.; are larger or less than a,+;. Since 2 is behind a;+,

Qps2s Apezs « .. s a, are all less then az.,. Therefore this permutation is
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unique, i.e. all positive odds less than or equal to n are arranged in an
increasing order and then all positive even less than or equal to n are
arranged in a decreasing order.

Summarizing what we have described above, we obtain the

following recurrence relation:
f) =fr—D+fn—=3+1n=4.

Using the method of enumeration, we obtain f(1) =1, f(2) =1,
f(3) =2, and with the above recurrence relation, we may count the
remainder with modulo 3 of this sequence, in the order of

1,1,2,1,0,0,2,0, 1,1, 2,1, 0, 0, 2, 0y =+~

Thus the period of this sequence is 8 (this conclusion can be
proved easily by the mathematical induction), and 2004 = 125 X8 +4,
and f(2004) = 1(mod3), i.e. f(2004) is not divisible by 3.

Example 7 Are there infinitely many pairs of positive integers
(a, b) such thata | 6> +1andbd | a® +17

Analysis We enumerate several pairs of the positive integers
satisfying the condition as follows:

a 1 2 5 13 34
a® +1 2 5 26 170 1157

b 2 5 13 34 89
b +1 5 26 170 1157 7922

From the above table, we see that the values of a, # are exactly
two adjacent terms of the following sequence: a, =1, a; =2, a,:2 =
3a,+1 —a,(n € Ny) (This recurrence relation could be obtained by the
following method: leta,.» = pa,.«; +qa,. (Substitutinga, =1, a, =2,
as; =5, anda, = 13 to the above expression, we obtainp =3, ¢ =—1,
thusa,.> = 3a,+; —a,.) and the equality a?., +1 = a,a,., holds.

Solution | Firstly, we prove the following lemma.

Lemma 1 Leta, =1, a» =2, and a,;+> = 3a,+ —a,(n € N.),
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thCl‘l a,‘:-t—] + ] = Audy+2.
Proof of lemma 1 Whenn =1,

as :361'.3_(11 =3X2-1 =59
a§+1 :22_!_1 =1><5=a,a3.

Suppose that whenn =k, ai.; +1 = azai», and whenn =k +1,
we know

air +1 = ap:Bag —ax) +1
=3apa+; — (@gaper — 1)
=3a+2a 41 _aﬁﬂ

=dp+ (3&,54-3 = ﬂp]) = Ap+2E+3.

This completes the proof.
Next, leta = a,vis b = a,+2(n € N.), then there are infinitely
many pairs of positive integers (a, ) and

a’+1=aiq +1 =a,a,:2 =a,b
is divisible by & and
bz +1 = ai"‘? +1 = Ap+1Qp+y = A y+3

is divisible by a.
Remark In this problem, the values of a, b are exactly the
adjoining odd terms of the following Fibonacci sequence:

1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, ....

Therefore we could yield another proof of this problem.

Solution |  Firstly, we prove the following lemma.

Lemma 2 Letf, =1, f, =1,and f,.o = fur +fu(n € No),
then fi+1 +1 = far 1 fues.

Proof of lemma 2 Since

fart = fon + [
= fa-1 T fa-2 + Faus
=2fou-1 + (fa1 = fa-3)
=3fau-1 — fau3»
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leta, = fi,-1. we can deduce lemma 2 from lemma 1.

Next leta = f5,.1, andb = f,,.5, then there exist infinitely many
pairs of positive integers (a, ) such thata | 4> +1andb | a® +1.

Example 8 Are there infinitely many triangles such that the
lengths of three sides are relatively prime positive integers and the
areas are a perfect squares?

Solution Suppose that there exists a such triangle with the lengths
x, y, z of three sides (x, y, z are three relatively prime positive

integers). Denote p = %(z -+ +z), then the area of the triangle is

S=Vplp—x)p—3y(p—2). @

For convenience, letp —2 =1,i.e,z =x+y—2, p=x+y—
1, p —x = y — 1. Substituting these to ), we obtain

S=Via-DG -Dkx+y—1. @

Lety =1 =(a =1Dx(a €N,), thenz +y —1 =ax . Substituting
these into @), we obtain

S=V(x-1D@—Dxsar =x vala —1D(z —1). @

Since S must be a positive integer, we assume thatx —1 = a(a —
1). From 3, we obtain

S=x(x—1) =ala —Dlala —1) +1].

But such S is not always a perfect square, hence we assume that

xr—1=4a(a —1),1i.e. xr = (2a —1)2, and
S =aa —2)(2a —1)2.

Therefore we need to seek infinitely many positive integers a such
that @ and 2a — 2 are perfect squares. Obviously a = 9 is a solution.
Generally, we could take « = a, where a, satisfies the following
recurrence relation: a;, =9, 2a,.; —2 = 4a,(2a, —2), i.e. Ay =
(2a, —1)%. Thus for anyn € N., a, and 2a, — 2 are perfect squares.
In fact, a; =9 and 2a, —2 = 16 are the perfect squares. Assume that a
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and 2a, —2 are the perfect squares, then as., = (2a; —1)2 and 2a,., —
2 = 4a;(2a; —2) are also the perfect squares. Hence for anyn € N, ,
a, and 2a, — 2 are the perfect squares.

We come back to the original problem. Assume that the lengths of
three sides of the triangle are

I (2(1" _1)29

y =(a, =Dz +1 = (a, —1)(2a, —1)? +1,
z=x+y—2=aq,Qa, —1)2 —1,

then (x, y) =1, (3, 2) =1, (2, ) =1,i.e. x, y, z are relatively
prime and

z—y =Q2a, —1)?—-2>0,
y—x="(a, —2)2a, —1)*+1=>0.

Thatisz >y > r and
r+y=a,2a, =1 +1>a,2a, —1)> —1 = z.

Therefore there exists a triangle in which the lengths of three
sides are =, y, z, and the area of this triangle is S = a, (22, —2)(2a, —
1) which is a perfect square. This completes the proof.

Remark From example 7 and example 8, we could find that in
the combinatorial number theory and the combinatorial geometry, we
often need to prove that there exist infinitely many sequences of
numbers or figures satisfying some conditions (these conditions often
relate to the positive integers). To seek the solutions of these
problems. we could start with the especial cases or the simple cases,
and apply the methods of exploration and induction to find the
common rule. Afterward we could complete this proof by constructing
the corresponding recurrence sequence.

Exercise 8

1 In an athletic meet, m medals were awarded during » days.
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On the first day one medal and a seventh of the remaining were
awarded. On the second day two medals and a seventh of the
remaining were awarded, and so on, and on the n th day, the last n
medals were awarded. How many days did the competition run over
and how many medals had been awarded? (9" IMO)

2 A plane is divided into two parts by an ellipse. A plane is at
most divided into six parts by two ellipses. How many parts at most
are there if the plane is divided by 10 ellipses?

3 Letn =2 be a positive integer. How many permutations {a, ,
dss ...y a,rof {1, 2, ..., n} are there such thata, —a,., is divisible
by: (i =1, 2, ..., n—1) and find all these permutations.

4 An n-term sequence in which each term is either 0 or 1 is
called a binary sequence of length n. Let A be a binary sequence with
the finite length, and f(A) represent a transformation such that each
1 in A becomes 0, 1 and each 0 in A becomes 1, 0. As an example,

S, 0, 0, D) =(0, 1, 1, 0, 1, 0, 0, 1),

Find the number of pairs containing two consecutive 0 in £’ ((1)),
where fV(A) = f(A), fXV(A) = f2 A,k =1,2,.

5 An increasing sequence of numbers is called an alternative
sequence if the first term is odd, the second term is even, the third
term is odd, and the fourth term is even and so on. The empty set is
also regarded as a alternative sequence. Let A (n) denote the number
of the alternative sequences whose terms are taken from the set {1,
2, ..., n}. Obviously, A(1) =2, and A(2) = 3. Find A (20).

6 How many positive numbers less than 10* are there such that
2" —n? is divisible by 77 (6™ Moscow Mathematical Olympiad)

7 Are there infinitely many pairs (a, &) of the positive integers
such thata® +56° + 1 is divisible by ab?

8 Are there infinitely many positive integers triple (a, b, ¢)
such that @, b, ¢ construct an arithmetic sequence (¢ < b < ¢) and
ab 41, bc +1, ca + 1 are all the perfect squares.

9 Are there infinitely many triangles /AABC such that lengths of
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three sides AB, BC, CA construct an arithmetic sequence consisting of
the positive integers (AB << BC << CA) and the altitude on the side BC
and area of AABC are two positive integers.



9.1 Coloring Method

According to the characters of the investigative problems, each
investigative object is colored with one of several colors, thus many
combinatorial objects (the points, the lines, the regions, ...) and the
combinatorial constructions (the angles with the same color sides, the
angles with the distinct color sides, the triangles with three same color
sides, the triangles with not all the same color sides, the pairs of the
same color points, the pairs of distinct color points, ...) are formed.
Afterward., for the numbers and properties of these objects and
constructions, we make an analysis and comparison in detail such that
the answer of the investigative problem could be found easily. It is the
coloring method.

Example 1 When two adjacent unit squares are moved from a row of
the 2 % 3 rectangle, the obtained shape is called an “L-shape”. There is an
8 X 8 chessboard. Is it possible to obtain a perfect cover of this chessboard
using 7 2 X 2 squares and 9 “L-shapes”? (Reasoning is required. )

Solution Let each unit square in the odd rows of the 8 X< 8
chessboard be colored white and each unit square in the even rows of
the 8 X 8 chessboard be colored black. Thus there are 32 white unit
squares and 32 black unit squares in this chessboard.

If we can obtain a perfect cover of this chessboard using 7 squares
(2 X2 ) and 9 “L-shapes”, then each 2 X 2 squares covers 2 white unit
squares and 2 black unit squares, and each “L-shape” covers 1 white
unit square and 3 black unit squares or 3 white unit squares and 1 black
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unit square. Assume that there are x “L-shapes” who cover 1 white
unit square and 3 black unit squares, and the remaining 9 — x “L-
shapes” who cover 3 white unit squares and 1 black unit square. Thus

the number of the black unit squares covered is7 X2 +3x +(9 —x) =

C

8
32,andxr = % But % is not an integer, so it leads to a contradiction.

Therefore there is no perfect cover satisfying the conditions of the problem.

Example 2 Let a 23 X 23 ground is covered with 1 X1, 2 X2, 3 X
3 ceramic tiles. How many 1 X 1 ceramic tiles are used at least?
(Assume that each ceramic tile cannot be divided into little tiles. )

Solution Let the 23 X 23 square ground be divided into 237 unit
squares (1 X 1) , and all unit squares of the 1%, 4*®, 7, ..., 19", 22®
column are colored black, and other unit squares are colored white,
then each 2 X2 ceramic tile covers 2 white unit squares and 2 black unit
squares or 4 white unite squares, and each 3 X 3 ceramic tile covers 3
black unit squares and 6 white unite squares. Assume there isnoal X1
ceramic to use. No matter how many 2 X 2 and 3 X 3 ceramic tiles are
used, the number of white unit squares which are covered in the 23 X
23 ground is even. But the number of white unit squares in the 23 < 23
ground equals 15 X 23 which is odd. It is a contradiction. Therefore the
number of the 1 X 1 ceramic tiles is used at least one.

On the other hand, as in figure 9. 1, we know that the 12 X 11
rectangle ground may be covered with 2 X 2, 3 X 3 ceramic tiles and as
in figure 9. 2, the 23 X 23 ground be covered with only one 1 X1 ceramic
tile and four 12 X 13 rectangles which consist of the 6 ceramic tiles (2 X
2) and 12 ceramic tiles (3 X 3),

3 3 32

12x 11| 11X12

X1

11x12 | 12X11

[PV PU T P Y]
B2 b b B b D

3 3 32
Figure 9. 1 Figure 9. 2
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Summarizing what we have described above, the required smallest
value of the number of the 1 X 1 ceramic tiles is 1.

Example 3 Suppose there are 30 persons attending a parliament,
and any two persons are friends or political opponents, and each
person has 6 political opponents exactly. Three persons form a triple
and a triple is called a good triple if any two persons of the triple are
friends or opponents. Find the number of the good triples. (24™ USSR
Mathematical Olympiad)

Solution Let us represent 30 persons with 30 points in space, no
four points of which are coplanar. If two persons are friends then the
two corresponding points are connected by a red line segment,
otherwise, by a blue line segment. Thus the number of the good triple
equals the number of the monochromatic triangles (i.e. the three sides
of the triangle are colored with the same color). If the two sides of an
angle have distinct colors, then the angle is called a distinct color
angle. Thus there is not a distinct color angle in each monochromatic
triangle and there are exactly two distinct color angles in each triangle
which is not a monochromatic triangle. Since the number of the blue
line segments meeting each point is 6, and the number of the red line
segments meeting each point is 23, the number of the distinct color
angle of every point is 23 X 6 = 138, The total of the distinct color
angles in figure is 138 X 30 = 4140. Therefore the number of the

triangles which is not the monochromatic triangles is equal to% X 4140 =

: 30
2070 and the number of the monochromatic triangles is equal to ( )—

2070 = 1990. Thus the number of the good triples is 1990.

Example 4 Assume that among eight persons, neither 3 persons
who are mutually acquainted nor 4 persons who are mutually
unacquainted. How many pairs of mutually acquainted persons are
there at least? How many pairs of mutually unacquainted persons are
there at least?

Solution Let us represent 8 persons with 8 points in the plane. If
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two persons are mutually acquainted then the two corresponding points
are connected by a red line segment, otherwise by a blue line segment.
Thus we obtain a 2-colored complete graph Ky and from the given
conditions, we conclude that there is no a red triangle and a blue
complete graph K in this 2-colored complete graph K.

If there are at least 6 blue sides meeting some point, by Ramsey’s
theorem, in the 2-colored complete graph K whose 6 vertices are ends
of these 6 blue sides, there exists a red or blue triangle. But the blue
triangle leads to a blue complete graph K, and it contradicts the given
conditions. Hence in this complete graph K5, the number of the red

sides meeting every point is at least 2, and there are at least% X2 X

8 = 8 red sides in this graph K.

If there are at least 4 red sides meeting some point, then the
complete graph K, whose 4 vertices are ends of the 4 red sides is blue
or has at least a red side. But having a red side leads to a red triangle
and it contradicts the given conditions. Hence there are at most 3 red

sides meeting every point of Ky, and there are at more % X3 X8 =12

red sides.

(1) If there are exactly 8 red sides in the graph Ky, then there are
exactly 2 red sides meeting every point. Hence the 8 red sides construct
one or two cycles (the closed broken line). If there are two cycles,
and there are exactly two red sides meeting every point, and the two
cycles have no common vertex and since there is no red triangle in this
graph. Hence each cycle is a red 4-side polygon. If two red 4-side
polygons A;A>A;A, and AsA¢A,A; consist of the 8 red sides, then
there is blue complete graph K, with the vertices Ay, Ay As, A, If
the red 8-side polygon A, A,++*A consists of the 8 red sides, then there
is also a blue complete graph K, with the vertices A, Az, As, Al
They all contradict the given conditions. Hence there are at least 9 red
sides in this graph K.

(2) Assume there are exactly 9 red sides in the graph Ks. Since
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there are at least 2 and at most 3 red sides meeting every point and
there is not a red triangle in this K5, Ky could be one of the figure 9. 3
(a) or the figure 9.3(b). (The solid line segments represent the red
sides, but we do not draw the blue sides.) In the figure 9.3(a), the
dashed line segment represents that the line segment A,A; may is
replaced by the line segment A,A,. It is easy to find that in the figure
9.3(a) and 9.3(b), there is the blue complete graph K, with the
vertices A;, As, As, A;. It contradicts the given conditions.
Therefore there are at least 10 red colored sides in this K.

4, Aq 4, 4,

A, 4, 4, A,

) A, 4 4,
Figure 9. 3(a) Figure 9. 3(b) Figure 9. 4(a) Figure 9. 4(b)

On the other hand, in the figure 9.4 (a) and 9.4 (b), there is
neither a red triangle nor a blue complete graph K.

Summarizing what we have described above, we obtain that in the
2-colored complete graph Ky, there are at least 10 red sides and at
most 12 red sides, i.e. among 8 persons, there are at least 10 pairs of
the mutually acquainted persons and at most 12 pairs of the mutually

8
acquainted persons. Hence there are at least (2)— 12 = 16 pairs of the

mutually unacquainted persons.
9.2 Evaluation Method

According to the characters of the investigative problems, the
investigative objects are evaluated with distinct numbers respectively,
and we analyze, compute and compare these numbers in detail such
that the answer of the investigative problem could be found easily. It
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is the evaluation method.

Example 5 When a unit square is moved from a 2 X 2 square. the
obtained shape is called a “I’-shape”. Use some “I'-shapes” to cover a
5 X 7 rectangle, and each “I-shape” covers exactly 3 unit squares.
Assume that the overlaps are allowed and without gaps and each “I'-
shape” does not exceed the sides of the 5 X 7 rectangle. Is it possible
that each unit square of the 5 X 7 rectangle is covered by the same
number of “I™-shapes”. Justify your answer. (22* Russia Mathematical
Olympiad)

Solution Suppose that we write —2 or 1 in each unit square of the
5 X 7 rectangle as in figure 9. 5, then the sum of any three numbers in
the square which are covered by a “I'-shape” is an nonnegative
number. Hence no matter how many times the numbers are covered by
the “I™-shapes”, the sum of all numbers which are covered by these “I'-
shapes” (if one number is covered » times then it is computed » times
in this sum) is also a nonnegative number. On the other hand, the
sum of the numbers in the figure 9.5
rectangle is 12 X(—2) +23 X1 =—1. If
each unit square is covered k times,

=211 |=211|—2]1|—-2

1 1] 1 1|1 1 1

then the total of all numbers which are |—2[ 1 |=2] 1 |—=2] 1 |~2
covered by these “I-shapes” is equal to 1O L U O O O O O
— k. It is a contradiction. Therefore it | -2| 1 |—2| 1 |—-2| 1 |-2

is impossible that each unit square of ]
. Figure 9.5

the 5 X 7 rectangle is covered by the

same number of “I-shapes”.

Example 6 A regular hexagon is divided into 24 equilateral
little triangles by lines parallel to its sides. 19 different real numbers
are assigned to the 19 vertices of 24 little triangles. Show that at
least 7 of 24 triangles have the property that numbers assigned to its
vertices may construct a decreasing sequence in clockwise. (19" USSR
Mathematical Olympiad)

Proof The 24 triangles are divided into two parts: in the part

(1), three real numbers assigned to the vertices of the triangles may
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construct a decreasing sequence in clockwise and the remaining
triangles belong to the part (2). Assume that the number of the
triangles in the part (1) is N, then the number of the triangles in the
part (2) is 24 — N. For every side of the little triangles, we draw a
arrow from the vertex corresponding to a big number to the vertex
corresponding a smaller number (implies decreasing!) and we write
— 1 on the left side of this arrow and 1 on the right side of this arrow.
(The right side indicates that the direction of this arrow is clockwise
and the left side indicates that the direction of this arrow is counter-
clockwise!). Thus the sum of three

a o
numbers in every triangle in the part
(1) is1+1+(—1) =1 and the sum in
the part (2) is1+(—1)+(—1) =—1 . K & .
as in figure 9. 6. Hence the total of (1 )
the numbers in the 24 triangles is (@>b>c)
N +(24 —N) X (—1) =2N —24, e

On the other hand, the sum of the two numbers in the two sides
of every short line segments in the regular hexagon is (— 1) +1 = 0,
and among 12 short line segments on the sides of the regular hexagon
which are the sides of 12 little regular triangles respectively, there is at
least one short line segment such that the number in the interior side of
the regular hexagon is 1. Hence the total of the numbers on the sides
of the regular hexagon is at least 11 X (—1) +1 =—10.

Summarizing what described above, we gather that 2N — 24 =
—10, i.e. N = 7. This completes the proof.

Remark Example 6 may be generalized to the
following conclusion: let a polygon be divided
perfectly into little triangles such that each vertex
of every triangle is not an interior point of sides of
another triangle. (as figure 9. 7) Suppose that the
total number of little triangles is » and the number

of the triangles with a side on the sides of this
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polygon is m and n —m is even. We write any distinct real numbers at

these vertices. Prove that among » triangles, there are at least %(n —

m) + 1 triangles such that three real numbers written at the vertices of
every triangle could be arranged in the decreasing sequence in
clockwise.

Example 7 There are 20 boys and 20 girls, standing face to face
in two concentric circles and there are exactly 20 persons in each circle
with no stipulation on the number of the boys and girls. Let each
person in outer circle and the opposite one person in inner circle be
paired. If two persons in the same pair are a boy and a girl, then they
form a pair of partners. Prove that it is possible to rotate persons in
inner circle to proper position so that the number of pairs of partners
is at least 10.

Proof Let 20 persons in inner (outer) circle be labeled clockwise
with the numbersa;(b;) (z =1, 2, ..., 20) in clockwise order, such
that for the boys, a,(4;) is 1, and for the girls, a; (5;) is —1. To rotate
persons in inner circle such that the person with the label a, in inner
circle and the person with label &; in outer circle are opposite and let

20

S; = Eakb;ﬂ,_](i — 1-, 2, e 2(), b_,r_)n = b,)

k=1
Without loss of generality, assume that the number of girls is
greater than or equal to the number of boys in inner circle, thus the
number of boys is greater than or equal to the number of girls in outer
circle, which implies

a, +a2 s +a11] g”’
b] +Ll}2 +"' +b3u 2().

Thus
S, +8, 4 +8, =(a;, +as +F+ax)b, +bs + +by) <O

By the mean value principle, there exists anz, (1<, <20) such
that S; < 0. It means that in the expression a,b; + axb;+ + =+ +

ty
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axnbi +19(b;s20 = b;), the number of terms which equal — 1 are not less
than the number of terms which equal 1, so there are at least 10 pairs
of partners.

Example 8 All the grids of anm X n chessboard (m =3, n = 3)
are colored with red or blue. Two adjacent grids (with a common side)
are called a good couple if they are of different colors. Suppose that
there are S good couples. and explain how to determine whether S is
odd or even. Does it depend on certain specific color grids?
(Reasoning is required.) (4™ China Western Mathematical Olympiad
in 2004)

Solution Classify all grids into three parts: the grids at the four
corners, the grids along the border-lines (not including four corners),
and the other grids. Fill all red grids with label number 1, all blue
grids with label number — 1. Denote the label numbers filled in the
grids in the first part by a, &, ¢ and d, in the second part by x,,
T2y ov. s Toge2e-ss and in the third part by vy v24 ... s Yow-200-2. FOr
any two adjacent grids we write a label number which is the product of
two label numbers of the two grids on their common edge. Let H be
the product of all the label numbers on the common edges. There are 2
adjacent girds for every grid in the first part, thus its label number
appears twice in H. There are 3 adjacent grids for every grid in the
second part, thus its label number appears three times in H. There are
4 adjacent grids for every grid in the third part, thus its label number
appears four times in H. Therefore,

H = (ab(‘d )3 (Il.l‘"g 00T I+ In-8 )" (y 1¥Y2*"" Yim-2tn-2 )4

:(IIIE...IE::J+Err'H)3-

If xyx2°x3+20-8 = 1, then H = 1, and in this case the number of
good couples is even. If x, 2, x2,+2.-5 =—1, then H =—1, and in this
case the number of good couples is an odd. It shows that whether S is
even or odd is determined by the colors of the grids in the second part.
Moreover, when the number of blue grids in the second part is odd,
then S is odd. Otherwise S is even.
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Remark Obviously, we can use the evaluation method in solving
example 1 and example 2. Moreover the coloring method can be used
in example 5.

Exercise 9

1 Is it possible to cover an 11 X 12 rectangle with 19 rectangles of
1 X6o0r1 xX77 (Reasoning is required. )

2 When two adjacent unit squares are removed from a row of the
(2 row) X (3 column) rectangle, the obtained shape is called an “L-
shape”.

(1) Suppose that anm Xn (m >1, n >1) chessboard has a perfect
cover with some “L-shapes”. Show that mn is divisible by 8.

(2) Find all positive integers m, n (m > 1, n > 1) such that an
m X n chessboard has a perfect cover with some “L-shapes”.

3 Find the smallest positive integer » such that among any n
persons, there exist 5 persons who can be divided into two triples with
a common member and in every triple, three persons are either all
mutually acquainted or all mutually unacquainted.

4 Find the smallest positive integer n such that among any n
persons, there exist 4 persons who can be divided into two triples with
two common members and in every triple, three persons are either all
mutually acquainted or all mutually unacquainted.

5 There are 9 mathematicians at a conference, each speaks at
most three languages. For any three mathematicians, at least two
persons speak a common language. Show that there are three
mathematicians who know a common language. (7" American
Mathematical Olympiad)

6 Prove the conclusion of example 1 using the evaluation
method.

7 There are two same cogwheels A and B. The cogwheel B is set
on a horizontal plane and the cogwheel A is set over the cogwheel B
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such that these two cogwheels are coincident. (Thus the projection of
two cogwheels is the projection of a whole cogwheel. ) Afterwards, we
knock off any four pairs of coincident teeth.

If two cogwheels have 14 teeth respectively, is it possible to rotate
the cogwheel A to proper position so that the projection of two
cogwheels is the projection of a whole cogwheel?

If two cogwheels have 13 teeth respectively, then does the
conclusion also hold? Justify your answer. (The Selective Examination
for 5" CMO in 1990)



_:_;\.__.\t,.iion to Absurdity
the Extreme Principle ___

10. 1 Reduction to Absurdity

If it is difficult to prove some conclusions directly, then we may
consider using the reduction to absurdity. The basic idea of the method
is that it leads to a contradiction from the negation of the conclusion
and the contradiction implies that the conclusion is true.

Example 1 Let ABCDE be a convex pentagon on the coordinate
plane. Each of its vertices are lattice points (i. e. the abscissa and
ordinate of the point are all integers.) The five E
diagonals of ABCDE form a convex pentagon
A,B,C,D,E, inside of ABCDE (Figure 10. 1). ‘k
Prove that the convex pentagon A,B,C,D.E, 4 'qu
contains a lattice point on its boundary or within V’ﬁ
its interior. (26" Russia Mathematical Olympiad B C
in 2000) Figure 10.1

Proof Suppose the statement is false. Since the area of any
lattice polygon is either an integer or a half-integer, it implying that
there is a counterexample to the statement with minimal area. Assume
the convex pentagon with minimal area is ABCDE. Without loss of
generality, assume that

Spasc = Min{Sascs Sascps Sacoes Sapeas Sapas ).

We claim that triangle AC,D, has no lattice point on its edges or its
interior, except A. By the assumption, there is no lattice point on

C.D,. Suppose, for sake of contradiction, there is a lattice point A’
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either on AC, or AD,, or the interior of the triangle AC,D,. Then
pentagon A'BCDE is a convex lattice pentagon with smaller area than
the pentagon ABCDE. Furthermore, the corresponding inner
pentagon is contained within pentagon A, B,C,D,E,, implying that it
does contain a lattice points. But then pentagon A’'BCDE has smaller
area than pentagon ABCDE and satisfies the same requirements
contradicting the minimal definition of pentagon ABCDE. By the
same reason, triangle CA,E, has no lattice points on its edges or
within its interior, except C.

Next, S, apc =< Sppse and S, apc = S, paps thus the distance from
the point D to the straight line BC is greater than or equal to the
distance from the point A to the straight line BC and the distance from
the point E to straight line AB is greater than or equal to the distance
from the point C to the straight line AB. Therefore the triangle B, AC
contains another vertex O of the parallelogram with two adjacent sides
BA and BC on its edges or within its interior. Since A, B, C are all
lattice points, then O is also a lattice point. But the triangle AC,D,
has no lattice points on its edges or within its interior, except A and
the so does triangle CA,E, except C. Hence the pentagon
A,B,C,D,E, contains a lattice point O on its boundary or its interior,
and it is a contradiction. This completes the proof.

Remark  When we prove the conclusions concerning lattice
points, we often start with a convex lattice polygon satisfying required
conditions with minimal area.

Example 2 Three vertices of ANABC are colored red, blue and
black respectively. The line segments connecting any some interior
points and the vertices of AABC construct many little triangles and the
vertices of these little triangles are just these interior points and the
vertices of AABC . Suppose every vertex of the little triangles is
colored with one of the three colors mentioned. Prove that no matter
how to color these vertices, there exists a triangle whose vertices are
colored with three different colors.

Proof Suppose the statement is false. Then there is no triangle
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whose three vertices are colored with three different colors. The side
of the triangle whose two ends are colored with red and blue is called a
red-blue side. Assume that the number of all red-blue sides in AABC
is k. Since every red-blue side in AABC is a common side of two
triangles and exactly one of the three sides of AABC is a red-blue side,
the total of red-blue sides in all little triangles is S = 2k + 1. On the
other hand, suppose that the number of little triangles whose three
vertices are red, red and blue or red, blue and blue is P. Since every
such triangle has two red-blue sides, and the remaining triangles has no
red-blue side (Since there is no triangle whose three vertices are red,
blue and black.), S = 2p. We obtain2p = 2k +1, i.e. an even = an
odd, and it is a contradiction. Hence the statement is true.

Example 3 There are 2004 girls seating at a circular table. They
play a deck of 2004 cards. Initially, the girl G has all 2004 cards in her
hand. If some girl has at least two cards (more than one card) in her
hand, then she must send a card to each of the girls at her left and
right. The game is ended if and only if each of 2004 girls only has one
card in her hand. Prove that it is impossible to end the game.

Proof Suppose the statement is false. Let 2004 girls be labeled
with 1, 2, ..., 2004, If the girl i has a card A after some several times
of sending the cards, then we definite that the card A has the floating
value i. Assume that the total of the floating values of 2004 cards is S,
after the £™ sending cards and the 1* girl has all 2004 cards initially.
Thus S, = 2004. If in the £™ sending cards, the 1* girl send a card to
each of the 2¥girl and the 2004™ girl, the floating value increases

(2 —1) + (2004 — 1) = 2004,
i.e.
S, =S, +2004.

If in the £#™ sending cards, the 2004™ girl sends a card to each of
the 1% girl and the 2003* girl, the floating value decreases

(2004 — 1) + (2004 —2003) = 2004,
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Se = Si-1 — 2004,

If in the £™ sending cards, the i™ girl sends a card to each of the
(i —1)™ girl and the (i +1)™ girl, the floating value increases

L—G-D]+—-G+D] =0 2<i<2003),

1.e. Sy = S;-i. Thus we get S, is a multiple of 2004 from S, = 2004, If
the game is ended after some several times of sending cards, then the
total of the floating values of 2004 cards is

S =1+2+--+2004 = 1002 X 2005,

S is not a multiple of 2004, and it is a contradiction. Hence it is
impossible to end the game.

Remark From the above proof, we know that the conclusion also
holds if the number 2004 is changed to any even 2m (m € N,). The
key of the proof is applying the unchanged property that S, is a
multiple of 2m.

Example 4  Let 2004 points A;, A,, ..., A be arranged
clockwise in a circle. Initially, the labeled number in A, is 0, labeled
numbersin Ay, As, ..., Ay are all 1. The operation is allowed: the

player takes any point A;, if the labeled number in A; is 1, then
labeled numbers a, b and ¢ in points A; ;, A; and A}, are changed to
1—a,1—=0b,1—csimultaneously (A, = Ay, and Axys = A ). Is it
possible that labeled numbers in points A, A,, ..., A are all
changed to 07

Solution It is not possible. For sake of contradiction, assume that
the labeled numbers in points A;, A,, ..., Ay, are all changed to 0
after m operations. Since the parity of two numbers (1 —a) + (1 —b) +
(1 —¢) =3—(a+b+c)anda +b +c are different, the parity of the total
of labeled 2004 numbers is changed after an operation. But the total of the
2004 labeled numbers is 2003 (odd!) initially, thus 7 is also odd.

Next, assume that the number of operations starting from the
point A; isx; (1 <i <2004) and the number of changing the labeled
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2004

number in the point A; is y;. Then Zx,— =m, y;, =x;-1 tx; +tx;n

=1
(1 <j <2004, xy =xams Taws =x1)andm =y, +ys5 +ys + =+ + yas.
But 668 numbers y2» yss ... s Yaos are all odds, and their sum is even. It
contradicts that m is odd. Therefore it is not possible that the labeled
numbers in points A; s Ay, ... s Ay are all changed to 0.

Remark From the above proof, we know that the conclusion also
holds if the number 2004 is changed to the number 6m (m € N.).

Example 5 s it possible that the integer set is divided into three
disjoint subsets such that for any integer n, three numbers n, n — 50,
and n -+ 2005 belong to three distinct subsets respectively?

Solution It is not possible. For sake of contradiction, assume that
the integer set is divided into three disjoint sets such that for any
integer n, three numbers n, n — 50, and n + 2005 belong to three
distinct subsets respectively. Assume that sign m<«>k expresses m and &
belong to the same subset, and m <“>k expresses m and & belong to
distinct subsets and the sign (p, ¢, r) € 3 expresses three integers p, g,
r belong to three distinct subsets respectively. If we use » —50 ora +2005 to
substitute each n in (n, n —50, n +2005) € 3 respectively, then

(n —50, n — 100, n +1955) € 3,
and
(n +2005, n +1955, n +2 + 2005) € 3.

Thus we obtain n + 1955 <—>n — 50, and n + 1955 ~>n + 2005,
and it follows n +1955<n. So we know (n —50, n —100, n) € 3 from
(n —50, n —100, n +1955) € 3. If we use n —50 to substitute each n
in (n —50, n — 100, n) €3, we know (n —100, n —150, n —50) € 3. It
follows n<»n — 150 from n <“>y — 50 and n <—>n — 100. Starting with
n<>1955 and n<>n — 150, we deduce the following relation.

(06>195532 X 19554>+++«>50 X 1955 = 652 X 150 — 50<>651 X
150« ++=«>150 — 50«> —50.

But n <—>n — 50, so 0 < — 50, and it is a contradiction.
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Therefore no partition of the integer set satisfies the given conditions.

10. 2 The Extreme Principle

Starting with the extreme elements (The greatest number or
smallest number; the greatest distance or smallest distance; the
greatest area or smallest area; the team (team member) whose score is
the greatest or smallest and so on), we deduce that the conclusion is
true or starting with the negation of the conclusion and applying the
extreme elements, we deduce a contradiction which implies that the
conclusion holds. It is the method of solving problem applying the
extreme principle.

Example 6 There are three schools and the number of students of
each school is n. Suppose that any student is mutually acquainted with
n +1 student of the other schools. Prove that there is a student in each
school such that the three students are mutually acquainted.

Proof As there are 3n students in the three schools, we choose a
student A satisfying that among the students in some of other two
schools, the number of students acquainted with A is maximal.
Assume this maximal number is k£, then %2 < n. Without loss of
generality, assume that this student A belongs to the first school, and
he Cor she) is mutually acquainted with £ students of the second
school, then among students in the third school, the number of the
persons acquainted with A isn +1—% =1, i.e. A is acquainted with at
least one student C in the third school.

If C is acquainted with some student B in the second school, and
B is acquainted with A, then three students A, B, and C are mutually
acquainted. Hence the conclusion holds. Otherwise, among the students in
the second school, the number of students acquainted with C is at most n —
k. Therefore among the students in the first school the number of students
acquainted with C is at least n +1 — (n — k) = % + 1. It contradicts the
above assumption that & is maximal. This completes the proof.

Example 7 In a football tournament, each team played exactly
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one game against each of the other teams. In each game the winner
was awarded 2 points and the loser gets 0 point. If the game is a tie,
each of the two teams earned 1 point. Assume that the score of the
team A is maximal (the scores of other teams is less than the score of
A), but the number of games in which A wins is minimal. Find the
smallest value of the number of teams in this tournament. (16" All
Russian Mathematical Olympiad)

Solution Suppose that the score of the A team is maximal, and
the number of games A wins is n, and the number of games in which
A ties its competitor is m , then the total score of A team is2n +m. By
the given conditions, the number of games other teams wins is at least
n +1. Hence the score of each of other teams is at least 2(z +1), and
2n +m >2(n +1), m =3, i.e. A ties at least three teams. Hence
there is a team B such that B ties A, and it follows that the score of B
is at least 2(n +1) +1,and2n +m >2(n +1) +1, m =4,

Assume that there are S teams in this tournament, then the A
team wins once at least, otherwise, the score of A is at mostS — 1 and
the score of each of other teams is less than S — 1. Then the total
scores of S teams is less than S(S —1). But the total scores of S teams

S
is 2(2) =S5(S —1), and it is a contradiction. Thusm =4, n =1, i.ec.

A team plays at least 5 tournaments, and it follows that the number of
teams in this football tournament is at least 6.

A B C D E F score
= 1 1 1 1

(39
(=)

—
|
[\ ]
=

|31 =]

| 2
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Eluo|la|lu|luwn

On the other hand, as above table, 6 teams A, B, C, D, E, F
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satisfy the condition of this problem: the score of the team A is
maximal (The scores of other teams is less than the score of A) but the
number of games A wins is minimal.

Summarizing what we have described above, the smallest value of
the number of teams in this football tournament is 6.

Exercise 10

1 There aren (=5) members in some committee and n +1 triples
satisfying that not all members in any two triples are the same. Prove
that there exist two triples with just a common member. (8™ American
Mathematical Olympiad)

2 On an8 X8 chessboard, there are 9 chessmen occupying a3 X3
square in the bottom left corner of this chessboard and every chessman
occupies a 1 X 1square. The only one allowed move is jumping over one
adjacent occupied square to another unoccupied one (The direction of
the jump may be horizontal, vertical or diagonal). Is it possible that
the 9 chessmen also occupy a 3 X 3 square in (1) the top left corner,
(2) the top right corner of this chessboard after several jumps?

3 Supposen (>1)isodd and &, k5, ..., k, are given positive
integers. For every permutationa = (a;, a2, ... s a,) of n numbers 1,

2, ..., n, we denote S(a) = Ek;au Prove that there exist two

i=1
permutations »# and ¢ such that S(b) — S(¢) is divisible by »n1. (2™
IMO)

4 There are 17 persons at a conference and each person has just
four acquaintances. Prove that there exist two persons such that they
are mutually unacquainted and have no common acquaintance.

5 There are n persons at a conference and each person has 8
acquaintances. Suppose that each pair who is mutually acquainted has
exactly four common acquaintances and each pair who is mutually
unacquainted has exactly two common acquaintances. Find all positive
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integer n satisfying the given conditions.

6 In a tennis club 20 members play 14 games and each player
plays at least one game. Prove that there exist 6 games involving 12
different players (18" American Mathematical Olympiad)

7 There is a football tournament between 20 teams. Find the
smallest value of number n of games such that among any three teams
there exists a game between two teams after n games.

8 At a volleyball tournament each team played exactly one game
against each of the other teams. Assume that the game is not a tie. If
the team A wins the team B or the team A wins the team C and the
team C wins the team B, then we call that the team A excels the team
B. If one team excels all other teams, then this team is called the
champion. Is it possible that there exsit exactly two champions in
the end?
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 Local Adjustment Method___.

We carry out some adjustments (or some transformations)
according to the requirement of the question such that the distance
between the existing conclusion and the ultimate objective is less and
the aim will be attained step by step. Thus we may rest assured that
the final objective is reached through finite adjustments (or finite
transformations). This is called the local adjustment method. Using
the local adjustment method we can solve the following problems:

(1) To prove that some combinatorial objects have given
characteristics;

(2) To solve combinatorial extremum problems;

(3) To prove that there exist some combinatorial objects which
have the given properties;

(4) To solve problems about attaining objectives by one’s
operation.

Example 1 In ann X»n (n = 4) square table each unit square is
written with 1 or — 1. The product of » numbers in distinct rows and
columns is called a basic-term. Let S denote the total of all basic-
terms. Prove that for any such table, S is divisible by 4 (China
Mathematical Competition in 1989)

Proof Obviously, for any such table, the number of all basic-
terms is n!. Assume that the unit square in the :"™ row and the ;™
column is written with the numbera; (1 <i, j <n.n =4). Since the
number of basic-terms containing a; equals (n — 1)1, if the sign of the
number a; is changed (i.e. changes from 1 to —1 or from — 1 to 1),
then the number of the basic-terms whose signs are changed equals
(n — 1) 1. Suppose that the number of basic-terms which changes from
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—1to1ish, and the number of basic-terms which changes from 1 to
—1is(n —1)! —h and the total of all basic terms is changed from S to
S’, thus the increment AS of S is

AS =8 =S =2h—2[(n —1D! —h] =4h —2(n — 1.

Since n = 4, then S — S is divisible by 4, i.e. when the sign of
some a;; is changed, the increment AS of S is the multiple of 4.

If all the numbers a;; in the table are 1, then the total of all basic-
terms is S =n!(n =4), and it is a multiple of 4. If not all the numbers
a; in the table are 1, then each — 1 in this table can be changed to 1
one by one and every time, the increment AS of S is a multiple of 4.
Hence after several adjustments, all the numbers a; in the table are
changed to 1 and then the total of all basic-terms is n!, which is a
multiple of 4. Therefore the total of all basic-terms in the original
table is a multiple of 4. This completes the proof.

Example 2  Suppose that 2008 is written as the sum of some
distinct positive integers such that the product of these positive
integers is maximum, find this maximum value.

Solution Since the number of ways that 2008 can be written as a
sum is finite, there exist a case such that the product of these positive
integers attains maximum. Suppose that when 2008 is divided into the

k
sum of % distinct positive integersa,, a»s ... s ax, their product Ha,-
iml

is maximal. We denote this division by S = {a1, a2+ ...+ ap}s (a; <

a, < -+ < ay). Let >, S expresses the sum of all numbers in S and

|1 S expresses the product of all numbers in S. Thus S has the
following properties:

(1) There is at most one positive integera € [a,, a,]anda ¢ S.
In fact, assume thata, b € [a,, a; J(a <b), a, b & Sanda —1 € S,
b+1¢€8S.

Set

S =(S\{a —1,6+1}) Ufla, b},
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>1,

then
218" = >1S =2008
and
IIs’ ab ab
1Is T @-DGFD  ab—(b—a) —1
then [[S" = [] S.

It contradicts that [[ S is maximal.

(D a, #1. Infact, ifa, =1, letS" = (S\{1, ax}) U {ax +1},

then
2.8 =278 =2008
and
HS! g ‘I‘l !
m =i = 11s" = 1]]s.
It contradicts that || S is maximal.
(3)a, =2or 3.

(i) Ifa; =4and5 € S, putS” = (S\{5})

2,8 =218 =2008

Sf
andTU[-g~%~x—3>l, IIs >1Is.

It contradicts that [ ] S is maximal.

(i) Ifa, =4and; ¢ S (j =5, 6, ...,
so let

U {2, 3}, then

t—1,butt €S (t+ =6),

then



Local Adjustment Method 135

278" =278 =2008

and
IIS _2x3xa-1 _a+20-3 _,
1Is 4t 4t ’
then [[S" > []S.

It contradicts that [] S is maximal.
(iii) If a; =5, set S" = (S\{a}) U {2, a; —2}, then

D18 = >7S8 =2008

and
IS 2a, =2 ai+@a, —4
= = >1,
IIS a a,
thcn||S'> HS

It contradicts that || S is maximal.
From (1), (2) and (3), we know that if a; = 3, then

344+5++n—1t =2008,
18y
(n —2)(n +3) = 4016 + 2.
Hence n = 63, andt =5,i.e. S = {3, 4, 6,7, ..., 63}. Set
S" = (S\{7} U {2, 5},

then

23S =25 =2008

and

IIs" 2xs ;
‘—=—>1g S > So
s 5 11 11
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It contradicts that || S is maximal. Therefore there isa, = 2, i.
e. when
S={2,3,4,5,6,8,9,..., 63},
63!

11 S attains maximum which equals e

Example 3  There are 14 persons playing the “Japanese chess
game”, and each player plays a game against each of the other 13
players and the game has no tie. For three players A, B and C, if A
wins B, B wins C and C wins A, then the triple (A, B, C) is called a
“triangle combination”. Find the maximum of number of the “triangle
combinations”. (2002 Japan Mathematical Olympiad)

Solution Let A,, A,, ..., A, represent 14 persons and A, win
a; other players (i = 1, 2, ..., 14). If three players do not form a
“triangle combination”, then among the three players, there is a
player who wins the others. Hence the number of triples which are not

4o, 2
the “triangle combinations” is > ( 5 ) (with the convention ((J) =
i=1

14
( ) = {}) and the number of the “triangle combinations” is S = ( 3 )“

&1 14 a;
2(2) Thus S attains maximum if and only if 2(2) Is a
i=1 i=]

14 a;
minimum. Next, we prove that if Z ( 2) attains minimum, then

i=1
la;, —a; | <100 <i <j <14).
In fact, assume that there exista; —a; =2 (i #j, 1<i, j <14),
and Seta§=a,- _19 a;=a;- 'i‘l! a:.=ag(k ¢i’9}.9 1 a"‘/‘;k g14), thcn

14 14
Sai=Dla, = (14)=91.

=1 i=1 2

but
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- (", -G G))
("))

=—[(a; —1) —a;]

=—(a,- '_CI;') “‘l

L2141 51,

Hence
2(3)=2(3)

14

a;\y . .
which contradicts that ( 5 ) is minimal.

i=1

14 a;
From 2(2)=91 and | a, —a, | <1(1 <i, j <14), we obtain
i=1

that among a;s a>s ... ay;, there are seven 6s and seven 7s, thus the
14

a;
minimal value of > ( 5 ) equals

7(;’)+7(Z)=25z

and the maximal value of

14
equals ( 5 )—252 =112,

On the other hand, when1 <</ <7, let A, win Ay Ay ...
AisandAjrs Aigs ... s Aiss win A, (with convention A .y = A;),
and when 8 < i < 14, let A; win A,y Aoy ...y Ajy and Ay,
Aivgs ... s Ay win A, (with the convention Aj,,; = A;), then in this

*

14

. a'
case, the equality S = ¢ — E ( 5 )= 112 holds.

i=1
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Summarizing what we have described above, we obtain that the
maximal value of the number of the * triangle combinations”
equals 112.

Example 4 Suppose that several heaps of little balls are laid
around a circle and the numbers of balls in each heap are all the
multiples of 3 (the numbers of balls in each heap may be different).
Each time, the following adjustment is allowed: Each heap is divided
into three equal parts and one part is remained while the other two
parts are sent to the left and right heaps respectively. If the number of
balls in some heap is not a multiple of 3, then we take one or two little
balls from the bag which is supplied to this heap such that the number
of balls in this heap is a multiple of 3. Then, the adjustment is similar.
Is it possible that with several adjustments, the number of balls in each
heap is equal?

Solution Suppose that the maximum of the numbers of balls in
the heaps is 3m and the minimum is 3n before some adjustment, so
m > n. then the following conclusions hold.

(1) After an adjustment, the number of balls in each heap is also
less than or equal to 3m and more than or equal to 3n.

In fact, suppose that there are 3/ balls in some heap, and there
are 3k and 3h balls in its left and right heaps respectively (3m =3[ =
3n, 3m =3k =3n, 3m = 3h = 3n). Thus after an adjustment, the
number of little balls in this heap equals/ +#% +h satisfying that 3m =
l+k+h=3n. Ifl +k +his not a multiple of 3 (i.e. 3m >1 +k +
h > 3n), then we supply one or two balls to this heap such that the
number of balls in this heap is a multiple of 3 which satisfies the
number of balls in this heap is less than or equal to 3 and more than
or equal to 3n.

(2) If the number of balls in some heap is more than 3n, then
after an adjustment, the number of balls in this heap is also more than
3n.

In fact, as (1), if 3/ > 3n, 3k = 3n, and 3h = 3n, then! +k +
h > 3n.
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(3) There is at least one heap in which the number of balls equals
3n, after an adjustment, the number of balls in this heap is more than
3n.

In fact, there is a heap in which the number of balls equals 3n,
the number of balls in the heap on its left or right is more than 3n.
The signs is the same as (1), without loss of generality, and assume
that 3k > 3n, 3/ = 3n, and3h =3n, then! +k +h > 3n.

Hence after an adjustment, the number of heaps in which the
number of balls equals 3» is decreasing. Therefore with several
adjustments, the numbers of balls in each heap will be more than 3x.
But all the numbers of balls in the heaps are less than or equal to 3m,
thus the difference f between the maximum and minimum of the
numbers of balls in these heaps is decreasing. Consequently, with
several adjustments, this result must be f = 0, i. e. the numbers of
balls in these heaps are equal.

Remark To solve problems about attaining objects by one’s
operation, we often construct a objective function f whose value is a
nonnegative integer. If the object is not attained, then we may carry
out some proper adjustments such that the value of the objective
function f is decreasing. Since the value of the objective function f is
a nonnegative integer, the process of adjustments can not be infinite.
We have proved that with several adjustments, the object must be
attained. In this problem, the objective function is f = 3m — 3n.

Example 5 There are at least four candy bars inn (n = 4) boxes.
Each time, one is allowed to take a candy from each of any two boxes
and put the two candies to the third box. Is it possible that all the
candies are in a box after several operations. (9" CMO in 1994)

Solution ] It is always possible to all the candy bars into one
box. We will prove our statement by induction on m, the number of
candy bars. For the base case m = 4, there are at most 4 nonempty
boxes. We disregard all other empty boxes and consider all possible
initial distributions:

() (1, 1,1, D, (2 (1, 2,1, 0, (3) (2,2, 0, 0), (4) (1, 3,
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0, 0).

For distribution (1)-(4). we proceed as follows:

(M a,1,1,1) =G, 1,0,00 > 2,0,2, 00 —(1,2,1,0) —
0, 4, 0, 0);

(2) (1, 2,1, 00 = (0, 4, 0, 0);

(3) (2, 2,0, 0 = (1,1,2,0 — (0, 0, 4, 0);

(4) (1,3,0,0) >(0,2,2,0) =>(2,1,1,0) = (4, 0, 0, 0).

Thus the base case is proven.

Now we assume that the statement is true for some positive integer
m =4, If we give m +1 candy bars, we mark one of them and called it
special. We first ignore the special candy bar and just consider the
other m candies. By the induction hypothesis, we can put all m candy
bars into one box. If this box also contains the special candy bar, we
are done. If not, we put two empty boxes and proceed as follows:

1,m, 0,0 =>O,m—1,2,00>Q2,m—2,1,0) > (2, m—
3,002) > Uom—1,0, 1) =0, m +1, 0, 0).

Now all candy bars are in one box and our induction is complete.

Solution [  We first prove that through finite operation, we can
put all candy bars into two or three boxes.

In fact, if the number of nonempty boxes is at least three. We
take any three nonempty boxes A, B, C and assume there area, b, ¢
(0 <a <b <¢) candy bars in the three boxes respectively and proceed
as follows:

(aybye)—>(a—1,b—1,c+2)>(a—2,b—2,c+4)

a=2 times

—- o > (0,b—a.c+2a),

i.e. the numbers of nonempty boxes decrease one at least. Thus with
several operations we can put all candy bars into two or three boxes.
Next, without loss of generality, we assume that all candy bars
are put into three boxes A, B, and C and there area, b, ¢ () <a <
b < c¢) candy bars in A, B and C respectively. We take an empty box
(Since n = 4, this empty box is existential) and denote this
distributions by (a, b, ¢, 0). If two numbers in a, b and ¢ are equal,
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then from the above proof, we know that with several operations, we
can put all candy bars into one box. Hence we just consider the case:
a >b >c =0. Itis also divided into the two following cases:

(1) Ifa =c+2,thenb =c +1,anda +b6 +c =3c +3 =4, i.ec.
¢ = 1. We proceed as follows:

(c+2,c+lyc, M) —>(c+1s¢y¢y2)>C(cyc+2,¢, 1) —

o+ 1 times

(("-1'("3-2,(‘4—2; [])_'(f+1-(+_19(+1q[))_’ AR =W
(3¢ +3, 0, 0, O).

(2) If @ > ¢ +2, we carry out an operation as follows: (a, b, ¢) —
(@a—1,b—1,c+2). Sincea >b >canda >c +2, thena —1 >
b—1=c,anda —1 = (¢ +3) —1 = ¢ +2. The maximum of numbers
of candy bars in three boxes is decreasing but the minimum is not
decreasing. Therefore with several operations. we can get one of the
two following cases: the numbers of candy bars in two boxes are equal
or as case (1). From the above proof, we know that with several
operations, we can put all candy bars into one box.

Exercise 11

1 There are 2n points on the line segment AB and they are
symmetrical about the midpoint M of AB. Among these points, n
points are colored red and the other » points are colored blue. Prove
that the sum of distances from the point A to all red points equals the
sum of distances from the point B to all blue points

2 We add the sign “ +” or “ —” to each of the numbers 1, 2, ...,
2005 such that their algebraic sum is nonnegative and reaches the
minimum. Find the expression.

3 There are 1989 points in space, no three of which are
collinear. They are divided into 30 groups such that the numbers of
elements in any two groups are distinct. We take a point from each of
any three groups which determine a triangle. Find the numbers of
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elements in each group such that the number of these triangles reaches
maximum. (The 4" CMO)

4 If anm Xm square could be divided into 7 rectangles satisfying
that any two of them have no common interior point and the lengths of
14 sides in these rectangles are 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13 and 14. Find the maximum of positive integer m.

5 Consider the permutation (a,, a» ..., ax) of numbers 1,
2, ..., 20. For this permutation, we can swap any two numbers. The
ultimate aim is that with several swaps (a;, a>, ..., as) changes to
(1, 2, ..., 20). Suppose that for each permutationa = (a;s ass ...

ax) s we denote the minimum of swaps to achieving the aim with £, .
Find the maximum of %, .

6 There are 2n + 1 players p;s pas ... s pa+ In a table tennis
tournament, and each player plays a game against each of the other 2n
players and the game has no tie. Suppose that the player p; wins w;,

2n+l

times. Find the maximum and minimum of S = > w?.
i=1
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~ Construction Method

To prove that some statements in combinatorial mathematics are
true, we often use the construction method. The construction methods
are divided into two classes: the direct construction method and
inductive construction method. If it is difficult to construct a object
satisfying the given conditions, then we may start with the following
aspects:

(1) We analyze the structures of the object which must be
constructed by us and then we will construct this object satisfying all
conditions according to these structure (the combinatorial analysis
method) ;

(2) We construct some parts satisfying partial conditions and then
the object which must be constructed by us will consist of these parts
(the method of consisting of parts);

(3) We construct an object satisfying parts of required conditions
and then we carry out some adjustments step by step such that the
object satisfies all conditions (the method of stepwise adjustment).

If some object concerning a positive integer n must be constructed
by us, and it is difficult to construct this object directly, we could
construct it by using the inductive construction method.

Example 1 Is there a set M, of infinitely many circles in the
rectangular coordinates system satisfying the following conditions?

(1) Any two circles in M, and their interiors have at most one
common point;

(2) Each rational point in the r-axis is on some circle in M.

Solution For any rational points (r, 0) in the r-axis, wherer =
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b

“ (p and q are two coprime integers, ¢ > (), we draw a circle above
q

the r-axis with the radius R, >0 such that this circle and the x-axis are
tangent at the point (r, 0) and we denote this circle by C, (R,). The
set consisting of these circles is denoted by M. Obviously, the set M
satisfies the condition (2). To make the set M, satisfy the condition
(1), we analyze the conditions which must be satisfied by R, .

LetC, (R, ) (i =1, 2) be any two circles in the set M, because
the two circles are above the x-axis and they are tangent to the r-axis.,
the two circles intersect if and only if their central distance is less than
the sum of the radii of two circles, i.e.

V(i =r)? + (R, —R,)) <R, +R,,&(r; —r))* <4R, R,,.

]

Setting r; '—:; (p: and g, are two coprime integers and g, >0, i =

1, 2), we obtain

(pr1q2 — p2q1)? < 4qi @i R, R,,. @
If we take R, = é—, (k = 2), then from O we obtain
, _ 4
(prg2 — pagqy) <EE < 1.

If r; # r,, then the left part of above inequality is a positive
integer, and it is a contradiction. Therefore as long as we take R, =
1
kq’

Thus we have proved that there exist a set with infinitely many circles:

(k = 2), the set M, satisfies all the conditions of the problem.

M, = {C,(R)

y4 1
= Rr: -,(i% ;2)' .
"y kq* P

and g are two coprime integers, g > ()

satisfying the conditions (1) and (2) of the problem. Obviously the
number of such set M, is infinite.
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Example 2 [s it possible that the set N. of positive integers is
divided into two disjoint sets A and B satisfying the following
conditions;

(1) Any three distinct numbers of A cannot form an arithmetic
sequence.

(2) Any infinite numbers of B cannot form an infinite arithmetic
sequence with the common difference d # 0?

Analysis Let A = {a,, a>, ass ...} (a; <a, <a; < -++) and
B = N. \A satisfy the above conditions (1) and (2). If three distinct
numbersa, b, ¢ (a <b <c¢) of A form an arithmetic sequence, then
2b=a +c¢ >c. Thusaslong asa;+; =2a,(: =1, 2, 3, ...), any three
numbers of A cannot form an arithmetic sequence, and it is not
difficult to construct a such set A. To make the set B satisfies the
above condition (2), we just need to let at least one term of the
infinite arithmetic sequence {a +nd}(n =0, 1, 2, ...) belong to the
set A, foranya, d € N..

Solution Let (a, d) denote the infinite arithmetic sequence with
the first term « and the common difference d. We arrange all
arithmetic sequences of positive integers with the common difference
d # 0 in following order: (1, 1), (1, 2), (2, 1), (1, 3), (2, 2), (3,
1), ..., according to the following rule: Ifa +d <a' +d’ ora +d =
a' +d anda <a’, then (a, d) is arranged in front of (a’, d”).

Thus we construct the sequence as follows: Let a; = 1, if a,,
a>s ... a, have been chosen, then among (n + 1)™ arithmetic
sequence, we take a number which is greater than 2a, asa,+;. LetA =
{@ys @ss vuus Ays ... }ssinc€a,s >2a,, then any three numbers of A
cannot form an arithmetic sequence. Next, we set B = N, \A, and
there are at least one term in each of infinite positive integer
arithmetic sequences with the common difference d # 0 belonging to
A. Thus any infinite numbers of B cannot form an infinite arithmetic
sequence with the common difference d # 0. This prove that there
exist two sets A and B satisfy the conditions (1) and (2) of the

problem.
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Example 3 Is there a finite set M of points in the plane satisfying
for each point P of M, there exist just three points of M such that the
distances from these three points to P are proximate?

Analysis Let M, be a set of points in the place. Assume for the
point P € M, there exist exactly three points of M, such that the
distances from these three points to P are proximate, then the point P
is called a good point of set M,. As in figure 12. 1, the rhombus
consisting of two regular triangles has four vertices, the set M,
consisting of the four vertices just has two good points, thus this set
M, does not satisfy the condition of the problem.

Figure 12. 1 Figure 12, 2

Next, as in figure 12.2, we will construct a figure G which
consists of m such rhombuses and m line segments such that it satisfies
the condition of the problem. (The length of side of the rhombuses
equals the length of each of these line segments.) Each point in this
figure G is a good point as long as

90° < o < 120°. )

By the formula of the sum of interior angles of a convex polygon, we
obtain that

m + 120° +2m(a +60°) = (3m —2) » 180°=>q = 150° — 8L (3

m

Substituting @ to O, we know3 <m <6. Thusm =4, 5or 6. So
a =105, ifm =4; ¢ =114°, if m =50ra = 120°, it m = 6.

Solution  Three sets of points (figure 12.3) all satisfy the
condition of the problem. (In figure 12.3, for any point P, we use
solid lines to connect P and the three points proximate P.)
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Remark In this solution, the method of consisting of parts is
used. Obviously the unions of some such sets as in figure 12.3 all
satisfy the conditions of the problem as long as the minimal distance
between any two points from such sets is greater than the minimal
distance between any two points of each set as in figure 12.3.
Moreover when we use the construction method to solve an existence
problem, we often give the solution and omit the process of designing
and exploring of the construction.

Example 4 Assume that there are 2000 points in the plane. Prove
that the 2000 points could be covered by some circular figures
satisfying the following conditions:

(1) The sum of the diameters of these circles does not exceed
2000;

(2) The distance between any two circle figures is greater than 1.

Proof Firstly, we prove that there are several circular figures
satisfying the condition (1). In fact, we take 2000 circular figures
with the diameter 1 such that the center of each circle is a given point.
Thus the 2000 circular figures cover 2000 given points and the sum of
diameters of these circles is 2000.

Next, if two circular figures have the common
points, as in figure 12.4, then we carry out an
adjustment. As in figure 12.4, we use a bigger
circular figure O; take the place of the two circular

figures O, and O,, and the centers of circles O3, O,

and O, are collinear and two circles O, and O, are Figure 12. 4
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tangent internally to the circle O;. Obviously the diameter of the
circle O; does not exceed the sum of diameters of two circles O, and
O, and the distance from the given points in the circle O; to the

circumference of O; is greater than or equal to % If there are two

circles with the common points, then we proceed with the same
adjustment. Thus with several adjustments, we obtain that the sum of
diameters of the circular figures without common point does not
exceed 2000 and they cover the given 2000 points and the distance
from each point to the circumference of the circular figure which

covers this point is greater than or equal to —21" Let the minimum of

distances between any two circular figures be . thend = 0.
Ifd > 1, then the conclusion holds. If 0 <<d <1, then we proceed
with an adjustment as follows: we use the circular figure with the same

center whose radii is reduced by% —%— to take the place of the original

circular figure. Thus these new circular figures cover the 2000 given
points and the sum of the diameters of them does not exceed 2000 and
the distance between any two of them is greater than or equal to

d+2(3-%)=ta+1>1,

This completes the proof.

Example 5 Is there an infinite sequence of positive integersa, <
a; <<as << -+ such that for any integer A, there are at most finitely
many primes in the sequence {a, +A}Z,.

Analysis If | A | =2, thenn! + A is a composite number when
n =| A |. Thus when | A | =2, we seta, =n!, then there are at most
finitely many primes in the sequence {a, + A}, If A == 1, by the
formula of factorization, we take a, = (n!)?, thena, + A is also a
composite number,

Solution Seta, = (n!)’. If A = 0, then there is not a prime in
the sequence of numbers {a,} = {(n!)*}. If | A | =2, thena, +A =
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(n!) +A (n =1, 2,3, ...) is a composite number (the multiple of
A) whenn =| A |. IfA =x1, then
a, tA =P 1= +1) X[ Fn! +1]

is a composite number when»n = 3. Hence for any integer A, there are
at most finitely many primes in the sequence {a, +A};,.
Example 6 Prove that for any positive integer n =2, there exist n

distinct positive integers a;, a;» a3, ... » a, such that forany 1 <: <
J <n, a; +a; is divisible by a; —a;.

Analysis We know the conclusion is true when n = 2. Assume
that whenn = k&, there exist £ positive integers a,, az, azs ... ax

satisfying the condition of the problem. Whenn =k +1, setb;, =a, +
A (1 <i<k), andbs; =2 (X is undetermined). To make b, +b;, =
a; +a; + 2 be divisible by b, —b; = a; —a;, it is necessary that A is
divisible by a; —a;(1 <i <j <k) and to make b, +b+y =a; +21 be
divisible by b; — b,y =a,;(1 <i < k), it is necessary that A is divisible
by a;. Hence the proof is complete, if we set

k£
= Ha; H Gy —a; ),
i=1

Isicjsk
Proof When n = 2, we casily know the conclusion is true.
Assume that when n = %, there exist £ positive integers a;, a»s ass
. » a; such that for any 1 <i <j <k, a; +a; is divisible by a; —a;.

Whenn =k +1.seth, =a; +A (1 <i <k), and by, = A where
&
= Ha,- H (a; —a;),
i=1 Isi<jsk

thenif1 <i <j <k, b, +b;, =a, +a; +21 is divisible by b; —b; =
a; —a;. When1 <i <k, b; +b, =a; +2x is divisible by b; —b, = a,.
The proof is complete. Hence for n = 2, there exist » distinct positive
integers a;» ax» azs ..., a, such that forany 1 <i <j <n, a; +a;is
divisible by a; —a;.
Example 7 Is there a set M satisfying the following conditions:
(1) There are exactly 2008 positive integers in the set M;
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(2) Each number of M and the sum of any numbers of M can be
represented with the formm*(m, £ € N, and £ = 2).

Analysis Obviously the set {1, 2, 3, ..., 2008} does not satisfy
the condition (2). We find a positive integer d such that M = {d, 2d,
3d, ..., 2008d } satisfies the condition (2). Since each number of M
and the sum of any numbers of M belong to the set

2008 X 2009

S= dgzdg..-s 2

dy,

we just need to find a positive integer d such that each number of S is
represented with the formm*(m, £ € N, and & = 2). Generally, we

£ 2008 X 2009
2

use n instead o and construct the set S satisfying the

above conditions by the inductive construction method.

Solution Firstly, we prove the following lemma.

Lemma For any positive integer n, there is a positive integer d,
such that each number of M = {d,, 2d,, ..., nd,} could be
represented with the formm* (m, # € N, and b = 2).

Proof of Lemma Whenn = 1, we know that the conclusion holds
whend, = 3, Assume that for n € N., the conclusion holds, i.e.
there exists a positive integer d, such thatid, = m*% (m,, k, € N. and
ki =2,i=1,2,...,n). Setd,.; =d,[(n +1)d,]*, where £ is the
common multiple of £y, k», ..., k,and letk =k.,q.(1 <i <n), then

idyy = id,[(n +1)d, }*
=m%[(n +1d, 5%
={m,[(n+Dd, 51 <i <n)
and
(n +T)d”+1 = [(n + l)d“]&fﬂ.

Hence the lemma is proved.

Now we come back to the original problem. Let n, =

2008 X 2009 . s . .
— 5 with the lemma we obtain that there exists a positive
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integer d,, such that the each number of set S, = {d. , 2d,,

nod,, } can be represented with the formm*(m, k € Ny, and k = 2).
Thus the set M = {d, , 2d, , ..., 2008d, } satisfies the conditions
(1) and (2) of the problem.

Remark In this problem, the positive integer d,., is found
according to the following steps: wheni =1, 2, ..., n, to apply the
induction hypothesis, d,.; must be a multiple of d, and (n +1)d,., can
be represented with the form m* when d,., has the form d,[(n +

1d, ) and id,sy = m% [(n + D4, )* G =1, 2, ..., n) can be

represented with the form m* when % is a multiple of 4, (i = 1,

2, ..., n),i.e. k is the common multiple of &2,, ks, ..., k,.
Exercise 12

1 Prove that we can fill some distinct perfect square numbers in
each grid of the m X n rectangle such that there is exactly a perfect
square number in each grid and the sum of all numbers in each row and
column are all perfect squares

2 For any positive integer n, are there » points, not all of which
are collinear in the plane such that the distances between any two
points are positive integers?

3 When a unit square is moved from a 2 X 2 square, the obtained
shape is called an“L-shape”. Is it possible that the following m X n
rectangle is divided perfectly into many“L-shapes”?

(1)m Xn = 2003 x2005; (2) m Xn = 2005 X 2007,

4 There are four straight lines in a plane, and any two lines are
intersecting and no three lines are intersecting at a point. Thus three
intersection points determine two line segments on each straight line.
Is it possible that the lengths of these eight line segments are (1) 1, 2,
3, 4,5, 6,7, 87 or (2) distinct positive integers?

5 Prove that the set of all positive integers can be partitioned
into 100 disjoint nonempty subsets such that if three positive integers
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as b, csatisfya +996 = ¢, then at least two of them belong to the
same subset. (26" Russia Mathematical Olympiad in 2000)

6 Prove that there exist infinitely many positive integers », such
that the set S, = {1, 2, ..., 3n} can be partitioned into three disjoint
subsets A ={a s azs...sa,}s B={bys by, ...,b,)andC = {¢,, 3,

.» ¢,y such that for anyi =1, 2, ..., ns a;: +b;, = ¢; holds.

7 For any positive integer n, is there a finite set M of points in
the plane such that for each point P € M, there are exactly n points
Ay Asy ... s A, € M such that the distance between P and A, (i =1,
2, ..., n)isequal to 1.

8 Prove that every positive integer n. except a finite number of
them, can be represented as a sum of 2004 positive integers: n = a, +
a; +e +asy, wherea, <a, <-* <aypsanda; lan GG =1,2,...,
2003). (2004 CMO)



The combinatorial counting problems are common in the mathematical
competition, and the basic methods of solving combinatorial counting

problems are as follows:

(1) Enumeration method (The part behind Example 1 in Chapter 5);

(2) Applying the fundamental counting principles and formulas
(Examples 1 -7 in Chapter 1 and Examples 1, and 3 in Chapter 5);

(3) Pairing method, mapping method and general corresponding
method (Examples 1 -2, 9-11 in Chapter 6);

(4) Counting in two ways (Examples 1 -7 in Chapter 7);

(5) Recurrence method (Examples 1 -5 in Chapter 8);

(6) Applying the inclusion - exclusion principle (Examples 9 - 12
in Chapter 1);

(7) Applying the formula of number of nonnegative integer
solutions of the indefinite equation x, +x; +++ +x; = n (Examples 7
(Solution [[) and 8 in Chapter 1);

(8) Applying the generating function (Examples 4 - 5 in Chapter 3).

For more complex combinatorial counting problems, sometimes,
we may apply several distinct methods simultaneously to find their
solutions, and for some other problems, we may give several distinct
solutions with different methods.

Example 1 Each pair of the vertices of a cube determines a straight
line. Among these straight lines, how many pairs of noncoplanar lines
which are not perpendicular are there? (Mathematical summer Camp
of Hunan Province of China in 2000)

Solution If two noncoplanar straight lines are not perpendicular,
then they are called a good pair of straight lines. As 1 edge and 6
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straight lines (2 main diagonal lines and 4 facet diagonal lines) form
the good pairs of straight lines, the number of good pairs of 12 edges is
equal to 12 X6 = 72. Next, 1 facet diagonal line and 8 straight lines (4
edges and 4 facet diagonal lines) form the good pairs of straight lines,
thus the number of good pairs of 12 facet diagonal lines is equal to 12 X
8 = 96. Finally, 1 main diagonal line and 6 straight lines (6 edges)
form the good pairs of straight lines, thus the number of good pairs of
4 main diagonal lines is equal to 6 X 4 = 24,

Since each pair is counted twice in the above counting, then the
number of required good pairs equals

%(72 +96 +24) = 96.

Example 2 Let a,, a>» ..., ain be any permutation of {1901,
1902, ..., 2000}. Given such a permutation, we form the sequence of
partial sums;

1 =4y Sg = & +a2! 83 =a, +a3 +a39 "t

S:un =a, ta; +- +aum.

How many of these permutations will contain no terms of the sequence
Siy Say ..., Siw that is divisible by three? (32™ Canadian
Mathematical Olympiad in 2000)

Solution Let

M = {1901, 1902, -+, 2000} = K, UK, U K;,

where K, = {n | n € Mand n =i (mod 3)} (: =0, 1, 2), then
| Ko |=1K,|1=33, | K,|=34. Leta/=a;(mod 3), 0 <a/<2 (i =
1, 2, ..., 100), thus the permutations S" = {a’}, a5y ..., @'}
determine whether the permutations S = {a,, a,, ..., a,} will have
the given property. Since S’ contains 33 of the number 0, 33 of the
number 1 and 34 of the number 2, if each of partial sums S;, S», ...,
S is not divisible by 3, then the sequence consisting of 67 elements 1
or Z.of 8" moet e 15 15 2 15 2% 18 2y oo 5 1o 2 0525 2 1y 25 152
1,...+2, 1. But | K, | =] K, |+ 1, hence only the second case is
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possible. Since each 0 could be put in any position except a; (s 0), the
99

number of ways to arrange 33 of the number 0 equa]s(33). Therefore,

the number of permutation satisfying conditions equals

(22) 331+ 331 + 341 = %ﬁi‘

Example 3 We use six distinct colors to color the six side facets of
a cube such that each facet is colored with one of 6 colors and two
facets with a common edge must be colored with different colors. How
many distinct coloring ways are there? (Remark A coloring is the same
as another which is from the rotation or rolling of the former.)
(China Mathematical Competition in 1996)

Solution Since three facets with a common vertex must be colored
with three distinct colors, at least three colors are used. It is divided
into the four following cases:

(1) When 6 colors are used, we upturn a facet colored with some

color. We choose a color from the remaining colors to color the base
facet in (?) ways. Afterward we use the remaining colors to color four
other facets in (4 —1)! ways. Therefore when 6 colors are used, the
number of distinct coloring ways equals (?) 4 —1)! = 30.

(2) When 5 colors are used, the number of ways to take 5 colors

6
from 6 colors is ( ) In this case, there is a pair of opposite facets are

=

J

colored with the same color. We choose a color from 5 colors to color

5
a pair of opposite facets in (1) ways. Afterward we use the remaining

colors to color four other facets in —;— « (4 —1)! ways (it is the number

of the necklaces containing 4 distinct beads). Therefore when 5 colors
are used, the number of distinct coloring ways equals
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(3) When 4 colors are used, the number of ways to take 4 colors
6 . .
from 6 colors is (4) In this case, each of two pairs of opposite facets

is colored with the same color and the third pair of facets are colored
with distinct colors. We choose two colors from 4 colors to color the

4 .
third pair in (2) ways. Afterwards we use the remaining colors to

color four other facets such that each of two pairs of opposite facets is
colored with same color, and there is only one way (it is the number of
the necklace containing 2 distinct beads). Therefore when 4 colors are

6 4
used, the number of distinct coloring ways equals (4) (2) 1 =90,
(4) When 3 colors are used, the number of ways to take 3 colors
6
from 6 colors is (3) In this case, each of three pairs of opposite

facets is colored with the same color. Afterward we use the 3 colors to
color these three groups the three pairs of opposite facets such that
cach pair is colored with the same color, and there is only one way.
Therefore when 3 colors are used, the number of distinct coloring

6
ways equals (3) 1 = 20.

Summarizing what we have described above, we get that the
number of distinct colored ways equals 30 + 90 + 90 + 20 = 230,

Example 4 ~ Assume that no three diagonal lines intersect at a
interior point in a convex n-sided polygon. Thus the convex n-sided
polygon is divided into several little regions by these diagonal lines.
How many little regions are there in this convex n-sided polygon?
(The selective examination for the 5" National Team of China)

Solution I  Suppose that among these little regions, there are #,
triangles, », convex quadrilateral, ..., and n, convex m-sided
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polygon, then the total of little regions is
S=ny+ns++ +n,.

On the one hand, the total of vertices of all little regions is 3n; -+
4n, + -+ +mn, . On the other hand, the total of intersecting points of

all diagonal lines in the convex n-sided polygon is (Z)and each

intersecting point of the diagonal lines is the common vertex of four
little regions (Since no three diagonal lines intersect at a interior
point) and each vertex of the convex n-sided polygon is the common
vertex of n — 2 litter regions. Hence we obtain

n
3ny +4ny + o +mn, =4(4)+n(n—2). 6))

Next, the total sum of interior angles of all little regions is
nsy o 180° +ny « 360° + =+ +n, » (n, —2) « 180"

On the other hand, the sum of interior angles of the n-sided

n
polygon is (n — 2) + 180° and the sum of interior angles at (4)
n .
intersecting points of diagonal lines is (4) + 360", Hence

ny e+ 180° +n, o 360° 4+ +n,, ¢+ (m —2) + 180°

— (n—2) + 180° + (’;) 360°,

n
ny +2ny +o+0n —2)n, =(n—2)—0—2(4). )

With [@D —®]/2, we obtain

S =ny+ny tetn,

= (n)—}'i(n -1(n —2)
4 2

= 2"—4(33 —1)(n —2)(n? —3n +12).
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Solution [ If we delete a diagonal line every time, then the
number of regions decreases a; + 1, where a; equals the number of
intersecting points of this diagonal line with the other diagonal lines.

If all (;)— n = %n(n — 3) diagonal lines are deleted step by step,

finally the number of the remaining regions is one. Therefore the
nin=3).2 n(n=3)/2
required number of regions equals 1 + E (a; +1). But Z a; equals
i=1 i=]

(:) (it is the number of the intersecting points of all diagonal lines in

the convex n-sided polygon), so

nin=3)/2

S=1+ > (a;+1)

-1

B n 1 B

—1+(4)+2n(n 3)

1l _ _ RN
24(n Din —2)(n 3n +12).

Solution [T Let the S denote the number of little regions.
Adding the exterior region of the convex n-sided polygon, we obtain a
planar graph with F = S + 1 regions and the number of its vertices

n
equals (4) + n. Let E denote the number of its edges. Since the
number of edges meeting each intersecting point of the diagonal lines
in the convex n-sided polygon is 4, and the total is 4 (:) and the

number of edges on the diagonal meeting the each vertex of the convex
n-sided polygon is n — 3, and the total is n(n — 3). But in the above
counting, each edge is counted twice. Adding n edges of the convex n-
sided polygon, we obtain

E - %[4(:)+n(n —3)]-1-?1 - 2(Z)+ (Z)
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By Euler’s formulaV +F — E = 2, we obtain
S=F—-1=FE-V+1

=20+ )= ()

1. _ _ 2 _
= 24(n Dn —2)(n 3n +12).

Solution IV  Let the convex n-sided polygon be divided into a,
smaller regions by these diagonal lines, thusa; =1, anda, = 4. If we
add a point P, and two line segments P, P, ,, P,P, to the convex (n —
1)-sided polygon P,P, - P,.;, then we obtain a convex n-sided
polygon and the polygon increases a triangle region P, , P, P,. If we
add n —3 diagonal lines P,P,, P,P;, *--, P,P,.,, then the number of
increasing regions equals the sum of n — 3 and the number of the

n n —1
intersecting points on the n — 3 diagonal lines, i.e. (4) — ( P )+

(n —3) . Thus we obtain

8y =auq +1 +((1)—(”;1))+<n —3)

- +((2)—(" ;1))4-(?1 —2) (n =5).

2 3
For convenience, leta, =0, (4) = (4) =(, then forn =3, 4, the

above equality also holds. Therefore

a, =a,+ i}(ak —Q-1)
k=3
-0+ g[((i)— (k 4_1))+(!a —2)]
- (:)-4—%(?’: ~1)(n —2)

_ 1. — 2 -
—24(n Din —2)(n 3n +12).
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Example 5 Suppose thata,, a», a3, a,s, as is a permutation of 1,
2, 3, 4, 5 satisfying that for any: =1, 2, 3, 4, each permutation of
@iy azs ...» a;is not a permutation of 1, 2, ..., 7. Find the number
of these permutations. (2000 Shanghai Mathematical Competition in
China)

Solution |  Obviouslya, # 1.

(1) Whena, =5 and a,asa,as is a permutation of 1, 2, 3, 4, and
the permutation 5asa;a;as satisfies the condition of the problem. In
this case, the required number of the permutations is 4!.

(2) When a, = 4, the number of permutations with the form
asasasas is 4!. But the permutations with the form 4 X x x5 do not
satisfy the condition of the problem and the number of these
permutations is 3!. Hence in this case, the required number of the
permutations is 4! —31.

(3) When a, = 3, the number of permutations with the form
a>aza,as is 4!. But the permutations with the forms 3 x X x5 or 3% x54 do
not satisfy the condition of the problem. Hence in this case, the
required number of the permutations is 4! — 31 — 21,

(4) When a, = 2, the number of permutations with the form
a,asasas is 4. But the permutations with the forms 215 % x, 21453, 2
X X54 or 2X X X5 do not satisfy the condition of the problem. Hence
in this case, the required number of the permutations is4! —21 —1 —21
-3

Summarizing what we have described above, the required number
of the permutations equals

41 + (41 =31 + (41 =31 —21) + (41 =21 —1 =21 —31)
=24 +18 +16 +13 = 71.

Solution |  Let the set of the permutations of 1, 2, 3, 4, 5 be S
andA,-={(a,, Aas A3y Ay a5)|(a1, Aas A3y Cd‘..;gﬂs) ESand (a”
Ao ...9“{) lsapermutatlonofl‘ 29 ---!i(?- =19 2! 39 4)}. ThuS

the required number of the permutations is |A; NA, NA, NA,|. We
obtain that
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]S|=5!, |A1 [=4!; |A3|=2!'3!9 |A3|=3!'2!,
IA4|=4!s |A1 ﬂAz |=3!9 |A1 ﬂA3[=2!‘2!s

AT NAs =31, A, NA; |=2121, | A, NA, |=21.21,

rAJ ﬂA4|:3‘! |A| nAz ﬂA3|=2‘,

A, NA, NA, =21, A, NA, NA,|=2,
A, NA; NAs =21, |A, NA, NA, NA,|=1.

Applying the inclusion - exclusion principle, we obtain that the

required number of the permutations equals

A, NA, NA; NA, |

4

=ISI-2 1A+ > 1A NA 1= > A NA NA, |

i=1 lsicjsd Isi<j<ksd

+] Ay NA, NA; NA, |

=51 — (4] 421 « 31 +31 21 +41) + (31 +21 + 21 +3
+21 020 +21 021 +31) — (21 +21 421 +21) +1

=120—-72+30—-8+1 =171,

Remark The reason why the equality | A,

N A;|=2!+2!holds
is that the permutations in the set A, NA; have the forms 1x x45 and
1x x54. The reason why the equality | A, N A, | = 3! holds is that the

permutations in the set A; MA, have the form 1X X X5 and so on.

Example 6 Let M (p X 1994, 7p X 1994) be a point in the

rectangular coordinate plane, where p is a prime. Find the number of

rectangular triangles satisfying the following conditions.

(1) The vertices of the triangle are all
integral points and the point M is the vertex of
right angle;

(2) The incenter of the triangle is the
origin.

Analysis As in figure 13. 1, the rectangular
triangle MAB with the inradius » satisfies the
conditions (1) and (2). Drawing two

c
v
A 0]

Figure 13. 1
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perpendicular lines of MA and MB from O, and the feet of
perpendicular lines are points C and D respectively. ThusOC = OD =
MC =MD = r = éOM and Rt/AMAB is determined uniquely by
BD =u and AC = wv. We could find the number of required
rectangular triangles if we establish the indefinite equation of « and v
with conditions (1) and (2) and find the number of positive integral
solutions of this indefinite equation. Therefore if we establish a
corresponding relation, an unfamiliar problem may be translated into
a familiar and easy problem.

Solution To facilitate counting, the origin O is parallel translated
to the point M, and we establish a new coordinate system z'My’. In
the new coordinate system, the coordinates of points M and incenter O
are (0, 0) and ( — p X 1994, —7p X 1994) respectively.

Thus

|OM | = /(p X1994)7 + (7p X 1994) = p X 1994 X 5,2,

Suppose that AMAB with the inradius » satisfies the conditions
(1) and (2). Drawing two perpendicular lines of MA and MB from O,
and the feet of perpendicular lines are points C and D respectively.
Assume that the slope of AM is k, thus we get the slope of OM as
follows:

, 7p X199

p X 1994

Since O is the incenter of AMAB, and ZOMA = 45°, by the formula
of included angle between two straight lines, we obtain

_k -k _ 7—F

1= P o= 7 = N
e L e

3

i.e. k =
i.e 7}

and from MB | MA, we obtain that the slope of MB is

4
k, =3 Thus we suppose that the coordinates of A and B are
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A(—4t, —3¢t) , and B(3t', —4¢"). Since (3, 4) = 1and A, B are

integral points, then ¢ and ¢" are two positive integers. It follows that
MA =5t, MB =5¢" and

r = MC = MD = MOcos 45° = p X 1994 X5,
Denote BD = u, and AC = v, then
u =MB —MD =5" —p X1994),
and
v=MA —MC =5 —p X1994),
Denote ~OBD = o, and ZOAC = 3, then

a +f = T(LMAB + ZMBA) = 45°,
tang = —, tanp = ~ and
u v

r

1 —tan —
— =tana = tan(45° —p) = B _o—r

u 1 +tang v +r’
Hence u = M. Denote v — r = m, r - n, then u =
v —r m
% = r +n. Hence m and n are all multiples of 5. Denote
my = %, ny = %, then m,, n, are two positive integers and
m on _2rr _ 2 c PRI N s
mugny _g'“'s_'— 52 —?(9X1)94X5) = 27 X 977° X p-. ®

Since each pair of the positive integers (m, n,) corresponds to
only one pair of positive integers (u, v) = (n +r, m +r), we just
obtain a triangle MAB satisfying the conditions of the problem. Hence
the number S of triangles satisfying the conditions of the problem
equals the number of the positive integer solutions (mg, n,) of
equation .

(D) If p #2, p # 997, then all solutions of equation m, * n, =
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2® X 997% X p? are

{mn - 2’ X997J ka ]
ny =271 X997%7 X p*F,

where: =0, 1,2,3,j =0,1,2,k =0, 1, 2,
Thus the number of the positive integer solutions (m,, n,) of equation
D equals 4 X3 x 3 = 36,

(2) If p = 997, then all solutions of equationm, * n, = 2° X 997*
are

my = 2" X997/,
{nu =277 X997+,
where: =0, 1, 2,3, ; =0, 1, 2, 3, 4.
Thus the number of the positive integer solutions (m,, n,) of equation
D equals 4 X5 = 20.
(3) If p =2, then all solutions of equationm, « n, = 2° X997 are

{m n o= 2" X 997j )
ng = 2% X997%/,

where: =0, 1, 2,3,4,5,; =0, 1, 2.
Thus the number of the positive integer solutions (m,, n,) of equation
@D equals6 X3 = 18.

Summarizing what we have described above, we obtain that the
number of rectangular triangles satisfying conditions (1) and (2) is

36 (p #2, p #997),
S =<20(p =997,
18 (p = 2).

Solution [ With the signs in solution [ , we obtain that MA =
5ty MB =5¢" (¢, t'are positive integers) and r = p X 1994 X 5. Denote

ro =% =2 X997 X p, thus

AB = VMA? +MB? =5/ +:7,
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Applying the conclusions of the plane geometry, we know that
AB = MA +MB —2r = 5¢ +5I’ —10r¢ »
1€

54t +1¢2 '—_5(I+f!_2?’n)9

ViR +17? =t 41t —2r,.
Squaring and rearranging the equality, we obtain
(t =2ry) (' —2ry) =2r] =2° X997% X p2.
Denote m, =t —2r,, andn, =t —2r,, then
mon, = 2rf =23 X997% X p2, @

Therefore the number S of triangles satisfying conditions of the
problem equals the number of the positive integer solutions (m,, n,)
of the infinite equation @. As the solution [ , we find

36 (p #2, p #997),
S =<20 (p =997),
18 (p = 2).

Exercise 13

1 Each pair of the vertices of a cube determines a straight line.
(1) Among these straight lines, how many pairs of straight lines are
not in the same plane are there? (2) How many pairs of straight lines
are mutually perpendicular in part (1)?

2 An equilateral triangle ABC of side length n is divided into »n”
equilateral triangles of side length 1 by lines parallel to its sides.
(1) How many equilateral triangles are there? (2) How many
rhombuses are there in this figure?
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3 In a tournament each player played exactly one game against
each of the other players. In each game the winner was awarded 2
points, the loser got 0 point, and each of two players earned 1 point if
the game was a tie. After the completion of the tournament, it was
found that exactly half of the points earned by each player were
earned in the games against the ten players with the least number of
points. (In particular, each of the ten lowest scoring players earned
half of her/his points in the games against the other nine of the ten).
How many players are there? (3™ American Invitational Mathematical
Examination in 1985)

4 There are 18 points in the plane, no three of which are
collinear. Every two points are connected with a line segment and
every line segment is colored with red or blue. Assume that the
number of red line segments meeting the point A is an odd and the
numbers of red line segments meeting each of other 17 points are
different. Find the number of triangles whose three sides are red and
the number of triangles whose two sides are red and the third side is
blue and whose vertices are the given 18 points.

S The permutation (n,, n,, n3s ny, ns, ng) of 1, 2,3, 4,5, 6
has the following property for any: =1, 2, 3, 4, 5, each permutation
nmis n2, ..., n; is not the permutation of 1, 2, ..., i. Find the
number of these permutations. (1991 British Mathematical Olympiad)

6 The 4 X 4 X 4 cube consists of 64 unit cubes. Then 16 unit
cubes are selected and colored red such that each 1 X 1 X 4 rectangular
solids consisting of 4 unit cubes in this 4 X 4 X 4 cube contains exactly a
red unit cube. How many ways to select 16 unit cubes are there?
Justify your answer. (14™ CMO)
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In mathematical competition, we often prove that there exist
some combinatorial constructions with some given properties. To solve
these problems, we may use the following methods.

(1) Reduction to absurdity and the extreme principle (Examples
1, 3, and 5-7, in Chapter 10);

(2) The pigeonhole principle, mean value principle and overlap
principle of figures (Examples 1 -3, and 5- 11 in Chapter 2);

(3) Counting method (Examples 3, and 13 - 15 in Chapter 6,
Examples 7 - 8 in Chapter 8);

(4) Colored method and Evaluation method (Examples 1, 5-7 in
Chapter 9);

(5) Mathematical inductive method (Example 8 in Chapter 2,
Example 2 in Chapter 5, Example 7 in Chapter 12);

(6) Combinatorial analytical method (Examples 3 - 6 in Chapter 5) ;

(7) Construction method (Examples 1 -7 in Chapter 12).

Sometimes, we not only prove that some combinatorial constructions
satisfying the given conditions are existential but also determine that
the number of these combinatorial constructions is changed within a
definite range. Thus we should prove some inequalities concerning the
number of the combinatorial constructions. Using the above methods
(1)-(6), we can prove some inequalities in combinatorial problems.
Examples 12 - 13 in Chapter 6 and Example 4, and 6 in Chapter 7 are
examples about proving the inequalities in the combinatorial problems.
Furthermore, we will show some other examples of the methods to
prove the inequalities in the combinatorial problems in the following
depiction.
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: 1.
Example 1 Suppose that we put 9 small squares with area 3 in

the planar figure F with area 1 at random. Prove that there exist at
least two small squares such that the area of their intersection is not
less than E
Proof Suppose the 9 small squares are A,, A,, ..., Ay and
9
denote the area of A; by |A;| (G =1, 2, ..., 9). Since E | A; | =
i=1

% > 1, there exist two small squares overlapping. If for any 1 < i <

i <9 |A: NA; |<%, then the area of part which is covered by A, ,
Ay, ...y Ay equals
|A| UAz U UA, |

>DV 1A - D) 1A NA, |
i=1

lsicjsy

>9xi—(9)xi =1
5 2/ 45 ’

But Ay, A,, ..., Ay are all contained in the planar figure F with the
area 1, hence

Ay UA, U UAy |<1

and it is a contradiction. Therefore there exist two small squares A,

1
45°

Remark In Example 1, we prove it by contradiction and the

and A; (1 <i <j <9 suchthat| A, NA, |=

following overlap principle of figures.

Overlap principle of figures Suppose that we put » planar figures
Ais Ays ooy A, with areas S, S,, ..., S, respectively in a planar
figure F' with the area S.

(D If Sy +S; +++ +8S, > S then there are two planar figures A,
and A; (1 <i <j <n) with common interior points.
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() IfS, +S; +-++8S, < S, then there exists at least one point P €
F which does not belong to each of the planar figures A, A,, ..., A,.

Example 2 Suppose that in a certain society, each pair of persons
can be classified as either amicable or hostile. We shall say that each
member of an amicable pair is a friend of the other, and each member
of a hostile pair is a foe of the other. Suppose that the society has »
persons and g amicable pairs, and that for every set of three persons,
at least one pair is hostile. Prove that there is at least one member of
the society such that the number of amicable pairs in the set of his(or

4
her) foes is less than or equal to g (1 ___‘Z) (24™ United States of

2
n

America Mathematical Olympiad in 1995)
Proof ]| Let n persons be a,, a», ..., a, and the set of
amicable pairs be S among these persons. Let the number of friends of

a; de,(I =1y 25 c0un ??)9lhuszd,: =2|S‘=2q.
i=1

We construct an n X n table such that the number in the i™ row
and the j™ column is

[1, if i #j and (a;, a;) is an amicable pair,
‘Ifi =

0,if7 =j ori #j and (a;, a;) is a hostile pair,

Wheref‘;}‘ =1, 29 ceas N
Thus

d,‘ — i:.r;j = i‘r;,(f = 19 20 “aw 9 ?i')!
j=1

j=1

and E x;d; expresses the number of the amicable pairs satisfying that
Jj=1
among these pairs, there is a person who is a; or the friend of a; (Since

for every set of three persons, at least one pair is hostile, the counting

in this expression is not repeated). Hence | S | — > x,d, is the number
J=1

of amicable pairs among the foes of a;. By Cauchy’s inequality,
we obtain
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"

Z i = Z(Z}Iu)d;'
j=1 i i=

Thus

_;_Z .I';J;d_;'_.>/ o

n
i=1  j=1 n-

44’

By the mean value principle, we know that there exists i, (1 <

2

n 4q .
iy < n) such that Ex,-n,-a')- =—,l.e.
2

=1

-

n 4q? 4
IS 1= D rd; <qg -5 =q(1-22).

j=1 ¥ n-

So the number of amicable pairs in the set of his (or her) foes is
4q

less than or equal to g (1 T )

Proof | Denote n persons by » points A,, A,, ..., A,. If two
persons are amicable, then two corresponding points are connected by
a red line segment. If two persons are hostile, then two corresponding
points are connected by a blue line segment, thus we obtain a 2-colored
complete graph K, . Let d; denote the number of red edges meeting
the point A;, i.e. the A; has d, friends, thus the number of blue edges
meeting the point A; isn —1 —d;, i.e. A, hasn —1 —d, foes (i =1,
25 ..., n). Hence

"

d;, = 2q. @

i=1
Suppose that the number of triangles with two blue sides and a red

side is A, and the number of triangles with two red sides and a blue
side is B. According to the given conditions, there is not a triangle
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with three red sides, hence

1

d; d;
B = z( ) (Whend; =0or1, ( )=id;(di -1 =0. @
b2 2 2

If a vertex of an angle is A, (i =1, 2, ..., n) and colors of its
two sides meeting A, are different, then this angle is called a different
color angle. Thus total of the different color angles equals

2(A +B) = D)di(n —1—d)). ®

i:'ll
With D, @ and @ and by Cauchy’s inequality, we obtain

1

A=

Md(n—1—-d)—B
i=1

=1 Sam-1-ad -3 Sdi(d; — 1)
=1 i=1

2

4q° 4q°
=nq——q—=?1q(1——q—,). @
n n-

Suppose that (B;, B;) is an amicable pair among the foes of A,.
thus the triangle A,B;B; has two blue sides and a red side. We use x;
denote the number of triangles which has two blue sides A.B;, A:Bx
and a red side B;B;, thus there are x; amicable pairs among the foes

of A; and D, x; = A. From @ we obtain

i=]

n 4
1 ZI,- = %A éq(l —-—q).

n’
By the mean value principle, we know that there exists a x;

4 4
satisfying x; éq(l ——?), i.e. foes of A; includeq(l —(i) or fewer
n- mn
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amicable pairs.

Example 3  Suppose that each integral point in the plane is
colored with one of the three colors — red, blue and green and every
color is used. Prove that there exists a rectangular triangle such that
three vertices of this triangle are colored with different colors. (30™
Russian Mathematical Olympiad)

Proof When all integral points in vertical lines have the same
colors, we take any one integral point A (Assume that A is colored
red). Draw two straight lines /, and [, from point A such that the
angles between the vertical line and the two straight lines equal 45°,
and we take a blue integral point B lying on /; and a green integral
point C lying on /, respectively (Since there exist vertical lines of blue
and green points and these vertical lines and /, (/) intersect at integral
points, we can take the points B and C). Thus /A\ABCsatisfies the
requirement of the problem. Analogously. when all integral points in
each horizontal line have the same color, the conclusion is also true.

If there exists a vertical line / such that all points of / are colored
with two different colors (red and blue) , then we take any green point
C outside / and draw one perpendicular line of / from C. Thus the
perpendicular line intersects / at an integral point A. (Assume that A
is colored red). Take a blue integral point B on /, thus AABC
satisfies the condition of the problem.

If there exists a vertical line / such that all points of this vertical
line are colored with three different colors (red, blue and green),
then we take any horizontal line m such that the points of m are at
least colored with two different colors. Assume the intersecting point
A of I and m is colored red, we take a blue integral point B of m and
a green integral point C on / of /, thus AABC satisfies the condition
of the problem.

Example 4 Let S be a set with 2002 elements, and let N be an
integer with 0 << N < 22 Prove that it is possible to color every
subset of S either blue or red so that the following conditions hold.

(a) The union of any two red subsets is red;
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(b) The union of any two blue subsets is blue;

(c) There are exactly N red subsets. (31% United States of
America Mathematical Olympiad)

Proof We prove that this can be done for any n-clement set,
where 7 is a positive integer, S, = {1, 2, ..., n} and for any integer
N, with0 < N, <2,

We induct on n. The base case n = 1is trivial. Assume that we can
color the subsets of S, = {1, 2, ..., n} in the desired manner, for any
integer N, with 0 <N, <<2". We show that there is a desired coloring
for S,., = {1, 2, ..., n + 1} and the integer N,., with0 < N,., <
2""'. We consider the following cases.

(1) 0 < N,+; <2". Applying the induction hypothesis to S, and
N, = N,.1. we get a coloring of all subsets of S, satisfying conditions
(a), (b), (¢). All uncolored subsets of S,., contain the element n +
1, we color all of them blue. It is not hard to see this coloring of all
the subsets of S,.; satisfying conditions (a), (b), (c).

(2) 2" +1 < N,+1 < 2", Without loss of generality, let N,., =
2" +k(k =1,2,...,2"). Bycase (1), we know that there exists a
coloring of the subsets of S, satisfying conditions (a) and (b) and
having 4 red subsets. All uncolored 2" subsets of S,.; contain the
element » +1, and we color all of them red. Then, the conditions (a)
and (b) are satisfied and the number of red subsets equals 2" + £ =
N,:1s 1. e. the condition (c¢) is satisfied. Thus our induction is
completed.

Example 5 Assume that S is a finite point set whose elements are
colored with red or blue and A,, A,. ..., Ay are the 5-element
subsets of S satisfying the following conditions:

(1) There is at least one red point in each of A, A,, ..., A

(2) For any three points in S, there exists exactly one subset A,
containing the three points. Is there a subset A; containing four or five
red points? Prove your conclusion.

n
Solution |  Assume that S contains » elements, then S has (3)
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3-element subsets and each 3-element set is contained in exactly one of
5
Ay Asy ... Ag. On the other hand, each A, has (2) 3-element
subsets, and the total of 3-element subsets of A;, A-, ..., Agx IS
5 n 5y .
68( ) Thus we know that ( )= 68( ), i.e.n =17.
2 3 2

Assume that there are r red points in S, and each of A;, A,, ...,
A contains at most three red points. A 3-element subset B of S is
called a red 3-element subset, if B contains exactly one red point and

two blue points. Thus the total of red 3-element subsets of S is (;)

(17 —r
2

exactly one 5-clement subset A, containing the three red points, hence

). On the other hand, for any three red points, there exists

there are (;) 5-element subsets with three red points and each such 5-
. {3\ /2
element subsets contains (1 ) (2) = 3 red 3-element subsets. Next, each
r
of the remaining 68 — (3) 5-clement subsets contains exactly one or
. . 1y /4
two red points and each such 5-element subsets contains ( ) ( ) =6o0r
2\ /3
( )(2) = 6 red 3-element subsets, hence the total of red 3-element

1

- r r
subsets is 3(3) +6(68 — (3)) Thus we obtain that

(5 +slos = ()= ()7, 7)

Rearranging the equality above, we obtain r* —187> +137r =408,
thus

3=r"-3r+2r =r(r —1)(+ —2) (mod 5).
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But whenr =0, 1, 2, 3, 4 (mod 5), the equality above does not hold.
It leads to a contradiction. Therefore we have proved that there is a
subset A; containing four or five red points.

Solution [ From solution [ ., we know | S | = 17. Assume that
the red points in S are P,, P, ..., P,, and each of A,, A,, ...,
Ags contains at most three red points. Let k; denote the number of 5-
element subset containing the red point P; (1 < i << r). On the one

hand, the number of 3-element subsets of S containing the red point
16 4
P; equals ( 2)) = 120. On the other hand, there are (2) = 6 3-element

subsets containing the red point P; in each of 5-element subsets
containing the red point P;. Hence 6k; = 120, 1i.e. k; =20 (1 <: <
r). Let k; denote the number of 5-element subset containing the red
points P; and P; (1 < i < j < r). On one hand, the number of 3-

15
element subsets of S containing the red points P; and P; equals ( ) ) =

3 ..
15. On the other hand, there are (1) = 3 3-element subsets containing

the red points P; and P, in each of 5-element subsets containing the
red points P; and P;. Thus3k; =15,1i.e. k; =51 <i <j <r). Let
k., denote the number of 5-element subset containing the red points
P,, P, and P, (1 <i <j <k <r). By the given conditions, we know
ki = 1, and with the hypothesis, any one of A;, A,, ..., A does
not contain 4 or 5 red points in {P,, P,, ..., P,}. On one hand,
from the given condition (1), we know that eachof A;, A,, ..., A
contains at least one red point. On the other hand, by the inclusion -
exclusion principle, we know that among A,, A,, ..., Ag the
number of sets containing at least one red point equals

SThi— kg + 3 ks
=1

lsi<jsr lsigy<ksr

(3} ()

L — 187 +1370),

Il
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Thus

—é-(r" — 1872 +137r) = 68,

i.e.
r* — 1872 +137r = 408.

The the remaining steps are the same as solution [ .
Example 6 Let A be an n-element set and A,, A,, ..., A, be

the subsets of A satisfying that any one of A,, A,, ..., A, is not a
subset of any other. Prove that
L 1 m ?? X
DY —— <y, »3(, 1 )=m,
(D ; " ( ; |A, | m
| A? |!

where |A; | denote the number of elements of the set A, (1 <i <m),

(| ‘: |)__ | A, |1(,:z E_| A DI (China Mathematical Competition in

1993)
Proof (1) The inequality in (1) is equivalent to the following
inequality;

DUIA 1~ A DY <nl. )

i=1
On one hand, the number of all permutations of » elements of A

equals n!. On the other hand, for each subset A,, we construct all
permutations of n elements of A as follows:

TN T A V1 Y2 Yu-iA ) 0 @

where z,z,*x 4| is a all permutation of elements of A; and y,y,
Yu-1a, is a all permutation of elements of A, (A, is the complement of
A, in A). Thus the number of permutations with the form as () equals
AT (= [ADL.

Next, we prove that if i/ # j, then the all permutations
corresponding to A; and A; are different. In fact, assume that any all
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permutation corresponding to A; is

f ’ ’ ’ ’ !’
T1X2 T A1 Y12 Y n-lA; - ©)

Assume wheni # j, @ and @ are the same, thenz, =z}, 7, =

Tas eves XA, :'.1"!’_-\‘_ Ji.e. A, A If | A |<|A; |orx, =1y X3 =

Y eeasxia =xia s 06. Aj SAGIE | A | <[ Ail. It contradicts the
given condition. Therefore we yield

T

I

STA N = A DI <nl.
im]
Thus we deduce

m

>
“{ia)

(2) With (1) and Cauchy’s inequality, we obtain

<L

"

m m

eI iy
Z( 2(2 p ( n =m?.
e\ 1A )2 A )
Remark Applying the inequality in (1), we can prove the
Sperner Theorem as follows.
Sperner Theorem Let A be one n-element set, and Ayy Ay ..o

A, be the subsets of A satisfying that any one of A, A,. ...+ A, ls

. n
not a subset of any other. Then the maximum of m is ( )

(n/2]
Proof By the inequality in Example 6(1), we know

_i—1—él.
“(1a1)

i n
Since the maximum in {(1), (2),

() (Gran)
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—'-ﬂ——éi——l———éh
" {1 a1)

). On the other hand, the number of [n/2]-element

([3:;2])

i.e. m <Z( "
T S \[ny/2]

subsets of A equals ( and any one of these subsets is not a

[an])

subset of any other. Thus we have proved that the maximum of m

is ( 5 )

[n/2]

Example 7 In a competition, there are a contestants and b
judges, where b = 3 is odd. Each judge rates each contestant as either
“pass” or “fail”. Suppose & is a number such that. for any two judges,

their ratings coincide for at most £ contestants. Prove that aﬁ = b 2; 1.

(39" IMO)

Proof Let A,, A,, ..., A, denote a contestants and B,,
By, ..., B, denote b judges. If ratings of two judges B,, B, (i # j)
coincide with the ratings of the contestant A,, , thsen A,,, B,, B, form
a triple {A,,; B;, B,} and assume that the number of all triples is M.

On one hand, since for any two judges B;, B;, their ratings
coincide with at most % contestants’, there are at most & triples

. b
containing B;, B;, and there are exactly (z)ways to select B,

B;. Hence
Mgk(b). 0

On the other hand, for any contestant A,,, assume that there are
x judges whose ratings are “pass” for the contestant A,, and there are
¥ Judges whose ratings are “fair” for the contestant A, . Thus = t+y =

T
b and there are (2) + (;;) triples containing A, , and there are a ways
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to select A,,, and M = a ( (;)‘l— (z)) Since

(I)+ (z) _ 1(12—1) +y(y2—1)

_ (@+9) +lx —5)* =20z +3)
4

b* —2b +(x —y)?
4

b>—2b _ (b—1)*—1
4 4

=

L]

and b =3 is odd.,

GGz -5

It follows that

M=a((§)+(§))>a(i)—;1)z. ®

From @ and @, we obtain

a(b?)f gk.b(bz—l)’

’ R _b—1 .
_— T ——
e - =>"5 This completes the proof.

Exercise 14

1 For which integers n =5 is it possible to color the vertices of a
regular n-sided polygon using at most 6 colors such that any 5
consecutive vertices have different colors? (2000 Austrian - Polish

Mathematical Olympiad)
2 Every cell of a 100 X 100 board is colored with one of 4 colors
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so that there exactly 25 cells of each color in every column and in every
row. Prove that one can choose two columns and two rows so that the
four cells where they intersect are colored in four different colors.
(26™Russian Mathematical Olympiad in 2000)

3 There are 1001 cities in some country () and any two of them
are joined by one unidirectional road. Every city has exactly 500
unidirectional roads out of this city and there are exactly 500
unidirectional roads into this city. Republic I" containing 668 of the
cities secedes from (). Prove that it is possible to travel between any
two cities in this republic I' without leaving the republic I". (30®
Russian Mathematical Olympiad)

4 IfthesetM =A, UA, U UA,andA; NA, =J 1 <i <
j =n), thenthesets A, A,, ..., A, are called the n-partition of M.
Assume that A, A,, ..., A, and B,, B,, ..., B, are two n-
partitions of M and for any two disjoint sets A; and B, (1 <i, j <n),
n’
3
S A mathematical competition consists of two parts (first test

the inequality | A, U B, | = n holds. Prove that | M | >

and second test) and 28 questions in total. Each payer solved exactly 7
questions. Each pair of questions was solved by just two players. Show
that one player solved either nil or at least 4 questions in the first test.
(13" United States of America Mathematical Olympiad)

6 Assume that there are n points in space, no four points of
which are coplanar and there are ¢ line segments connecting these »

2

. . 4 .
points. Prove that there exist at least 3_q( —5_1—) triangles which
n

consist of these line segments.

7 Let a space figure consist of n vertices and / lines connecting
these vertices, withn =q* +q +1, ( B%q(q +1)2+1,¢ =2, q €N..

Suppose the figure satisfies the following conditions: any four vertices
are non-coplanar, and every vertex is connected by at least one line.,
and there is a vertex which is connected by at least ¢ + 2 lines. Prove
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that there exists a space quadrilateral in the figure, i. e. a
quadrilateral with four vertices A, B, C, D and four lines AB, BC,
CD, DA in the figure. (China Mathematical Competition in 2003)

8 LetX, =1{1,2,3, ..., n? —n}. Prove that X, can be
partitioned into two disjoint nonempty subsets S, and T, such that
each of S, and T, does not contains n elements a,, a>» ... a,(a; <

ar <+ <a,) satisfyinga, <AL (h =2, 3, ., k—1). (2008

CMO)



The combinatorial extremum problems are important and interesting in

the mathematical competitions. We describe this class of problems as
follows.

Let Rbe the set of some combinatorial constructions and 3 be the
subset of R with the elements satisfying the given condition P. Every
element A of Rcorresponds to an unique real numberm = f(A). Our
problem is that when A € 3, find the maximum or minimum of f(A).

In the combinatorial extremum problems, the arguments usually
are discrete combinatorial constructions such as positive integers, sets
or graphs and so on and the relation of function often is not written in
analytical expressions. Hence it is different to solve combinatorial
extremum problems and algebraic extremum problems.

The basic steps of solving the combinatorial extremum problems
list as follows.

(1) Explore the maximum (or minimum) m, of the required
problem;

(2) Prove that forall A € 3, m = f(A) <m,(=m,);

(3) Construct a A, € 3 such that f(A,) = m, holds. Thus we
obtain that when A € 3, the maximum (or minimum) of f(A) is
fCAY) = m,.

For some combinatorial extremum problems, we may proceed
with the following steps (2)', (3)' substituting the above steps (2),
(3).

(2)" Prove that any A of Rsatisfying thatm = f(A) <m,(=m,)
belongs to 3 (i.e. A satisfies the given condition P);
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(3)" Whenm >m,(<m,), we construct an Ay € Rsuch thatm =
fCA) >my(<m,)and A, ¢ S (i.e. A, does not satisfy the given
condition P).

When we solve the problem, the steps (1) and (2) (or (1) and
(3)") often are followed simultaneously, i.e. we explore and find the
maximum (or minimum) m, of the required problem with analysis and
proof or construction.

When R (or 3 ) is a finite set, the set of m = f(A) is also finite.
Hence there exists a combinatorial construction A, such that fC(AY) is
the maximum (or minimum) of f(A). In this case, we assume that
f(A) take the maximum (or minimum) f(A,) at A = A,, afterwards
we often use the method of successive adjustment to find the necessary
conditions which are satisfied by A,. If A satisfying these necessary
conditions is unique, then this A is the A, we want and the
corresponding f (A,) is the required maximum (or minimum). If there
are only few A satisfying these necessary conditions, we denote A, ,
Ass ...y Ay, then we compute the corresponding values f (A,),
fCAY, ...y f(AL), thus the required maximum (or minimum) of
f(A) equals I\l{-l,%g({f(A")} (or l}‘/{ii?{f(A,-)}).

With the above analysis, we know that to find the solution of a
combinatorial extremum problem, the proof and construction are
necessary. We could consult the ways introduced in Chapters 10 - 12 to
proceed with proof and construction. The main ways of exploring the
extremum as follows.

(1) The method of estimating value. The usual ways of estimating
extremum list as follows: constructing especial examples, considering
especial cases, carrying out the whole estimate, considering extreme
cases, and starting with opposite cases and so on. (Example 4 in
Chapter 2; Example 5 in Chapter 5 and Problem 5 in Exercise 11);

(2) The method of combinatorial analysis. (Examples 2 and 7 in
Chapter 2; Examples 2 and 4 in Chapter 9; Example 8 in Chapter 10);

(3) Counting method (Example 4 in Chapter 6; Problem 2 in
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Exercise 7);
(4) Adjustment method (Examples 2 and 3 in Chapter 11);
(5) Mathematical induction method (Problem 4 in Exercise 11).
Example 1 LetM = {1, 2, ..., 1995} and the set A & M satisfy
the following condition: for any + € A, and 152 ¢ A. Find the
maximum of |A |. (China Mathematical Competition in 1995)
Solution Sincex € A, and15x ¢ A, if 150 >1995,i.e. x > 133,

then 15x € A, then we know {134, 135, ..., 1995} C A. Nextifx €
A,and 15 ¢ A, when 15 < 134, i.e. x < 9, thus we know {1,
2, ..., 8} C A. Therefore the set

A o {19 21 ‘e ¥ 8} U {1349 1359 P 1995}

satisfies the condition: for anyx € A, and 15> ¢ A and
| A | =1995 — (133 —8) = 1870.

On the other hand, let A be any subset of M and A satisfying the
given condition. Since for any x € {9, 10, 11, ..., 133}, there is at
most one of xr and 15z belonging to A,

| A | <1995 — (133 —8) = 1870.

Summarizing what we have described above, we get that the
maximum of |A | equals 1870.

Example 2  Assume that a rectangle whose side lengths are
positive integers m, n is perfectly divided into several squares whose
side lengths are positive integers and sides are parallel to the
corresponding sides of the rectangle. Find the minimum of the sum of
sides of all squares. (China Mathematical Competition in 2001)

Analysis Without loss of generality, assume that m = n, and we
construct a special partition as follows. Firstly, we divide the m X n
rectangle into squares with side length » and an n X r, rectangle (0 <
ri < n) Next, we divide the n X r, rectangle into squares with side
length », and an r; X r, (0 << r, < r,) rectangle. We continue this
process till the rectangle is perfectly divided into little squares without
remainder. Obviously, the process of dividing above is equivalent to
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the division algorithm of the two positive integers m and n.

Solution Without loss of generality, assume thatm =n and f(m,
n) denote the minimum of sum of sides of all squares. With the
division algorithm of the two positive integers m and n, we know that
there exist several positive integers gis gas ... s geey @nd ryy ras ... s
ri such that

m=qn+r(0<<r, <n),
n=gqyr tra(0<r, <r).

Fi = gara +r_;(0<r3 <r3)!

re-2 = Qete- +."§(U <?’§ <?‘§-|)9
Ye-1 = Qe+l

Thus firstly we divide the m X n rectangle into ¢, n X n squares
and an n X r, rectangle. Next, we divide the n X r, rectangle into g
ri X r;squares and an r; X r, rectangle ..... For the ™ step, we
divide the ry-; X r-, rectangle into g, r,-; X r,-; squares and an r, X
ri-1 rectangle. Finally, for the (¢ + 1)™ step, we divide the r, X ry
rectangle into q..; r. X r; squares without remainder.

With this partition, the sum of side lengths of all obtained squares
equals

qin tqgary Tqsry Tt TGty
— (m _r1)+(?f - ?’3) +(rt _rj) +"‘+(rk 2 _rl:) T re-1
=m-+n—r, =m-+n—0n,n).

Thus f(m, n) <m +n — (Gn, n).

On the other hand, by the mathematical induction, we prove that
for any partition satisfying the condition, the sum b,,. , of side lengths
of all squares is greater than or equal tom +n — (m, n).

Without loss of generality, assume thatm =n. If m =1, thenn =
1, and in this case, there is only one square. Hence the sum of side
lengths of all square equals 1 =m +n — (m, n). Obviously,
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b]‘t _‘>.-1 =m +n_(m9 ?3).

Suppose that whenm <k, foranyl <n <m, b,., =m +n—(m,
n) is valid. Whenm =% +1, if n =k +1, obviously, we obtainb,,, , =
k+1=m+n—C(m,n). If 1 <n <k, suppose that the m X n rectangle
is divided into p squares with side lengths a,, a>y ..., a, (a; =
a, =+ =a,) respectively. Obviously, a; < n.

(1) If a; < n, assume that in the rectangle ABCD, AB = CD =
m, BC =AD =n. If the straight line / between AD and BC is parallel
line of AD, then [ passes through at least two squares (or / coincides
with one sides of these squares). Hence

a, ta; +++a, ZAB+CD =2m =m +n =m +n — (m, n).

(2) Ifa; =n, we remove an n X n square from the m Xn rectangle
and remain an (m —n) Xn rectangle which is divided into p — 1 squares
with side lengths a,, a3, ..., a, respectively. By the inductive
hypothesis, we obtain

a) ~az ++a, =Z0m —n) +n—=Gn —n,n) =m—=(n, n).

Soa, ta; +++a, =m+n—=0n, n).
With (1) and (2), it implies that

Ibm.w 2“] —i-az + e +ap 2 m +?I - (m, ??).
Summarizing what we have described above, we know
fim, n) = minb,., =m +n — (m, n).

Remark If there are several especial rectangles whose side
lengths are given positive integers and we perform some especial
partitions, then we may guess the required minimum in general case.
Then, the inequality f(n, n) <m +n — (m, n) is also proved by the
mathematical induction method.

Example 3 Let A be a set of 200 different positive integers, and
any three different positive integers of A be the lengths of three sides
of a non-obtuse triangle. In this case, we say that the triangle is
determined by the set A, and the sign S (A) denote the sum of
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perimeters of all different triangles which are determined by the set
A. Find the minimum of S (A). (Two congruent triangles are
regarded as the same).

Solution LetA = {ai, asy...» auots @ <ar <** <axpsa; €
N (1 <7 <200), We know a;, aj, a; (1 <i <j <k <200) are the
lengths of three sides of a non-obtuse triangle if and only if a} +a; =
ai. It is equivalent to ai +a3 = a3y. Thus

2 2 kel
ai = dasn —as

; (ag + 198)2 —a§

396a, +198?
= 396(a, +1) +198%,

i.e. a —396a, — 39600 = 0. Hence

a; =198 + +/198% +39600 = 478.7,

soa;, =479, and it implies thata; =478 +i (i =1, 2, ..., 200).

Let A, = {479, 480, 481, ..., 677, 678}, then when A = {a,,
Qrs onvs aan) (@) < ay < **+ < aay) satisfies the condition of the
problem, we needa;, =478 +i (i =1, 2, ..., 200). Thus S(A) =
S(A,). On the other hand, obviously, A, = {479, 480, 481, ...,
677, 678} satisfies the condition of the problem. (Since for any three
numbers a;, a;» a;(a; <a; <a;) € Ay, we know a} +a; =479° +
480% > 678% =a}.) Hence the minimum of S(A) equals

S(Ay) = D3 (a+b+o)

ay b, cedy
awlr, bec. cva

199
For anya € A,, the number of ways to select b, ¢ is ( 5 ), hence
99
a is counted ( . ] times in S(A,). Since a is any number of A,

199
every number of A, is counted ( 5 ) times in S(A,). Therefore
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199
S(Ay) :(

)2

2 aed,

678
1

=E><199><198><Z£
=479

= 2279 405 700.

So that the required minimum of S(A) is 2 279 405 700.
Example 4 Find the greatest positive integer n such that there are
n different real numbers z,, x,, ..., x, satisfying that. for any 1 <
i < j < n, the inequality
(1 +xx;)* <0.99(1 +2HDA +x2)
holds.
Analysis
(1 +z2,x;)? <0.9901 + 23 (1 +2?)
10001 +2,2;)* <991 +27)(1 +x2)
S9[A +xHU +x3) — (1 +2,x;)?] = (A + .z )F
S9(x; —x;) = U +x.x;)?

1
/99

Ty — &

= =
‘ 1 +.I',:IJ; ‘
Thus naturally, we associate the left side of the above inequality

with the formula from trigonometry:

taneg —tanf

tan(ag —fB) = ;
1 +tanatanp

Solution For » different real numbers «, , X2y v..s X, asSUmMe

that x; =tané, (—% <8, <% it =1,2,..., n),andwithout loss

of generality, assume that §, < §, < -+ < §,. Thus when§, — g, >
n—1

—n = n"-:—. with @, — @, < n, we obtain
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tan’(f, —@,) < tan’ %

When 8, —6, <”Z—1rx, with

6',. _51 = (9n _6rr—l) +(€,‘-: _‘ﬁn—z) = e ‘;‘(92 _31)s
we obtain that there exists an ¢ (1 <<i <n — 1) such that 0 < §,.;, —
0, gf. It implies that tan’(f,,, — #,) < tan % From above

conclusion we know that there always exist 1 << ¢ < j < n such that

tan’(§; —0,) < tan’ f,

Adding (cos -n—)(l +x;x:)? in the two sides, we yield
A +xzx) = (cos2 %)[(x,- -z + U +xx:)%])

= (COS‘ )(1 +xHU +xD),

and whenn = 32,

cost B =1 —sin® T >1 —(—)2 > 1 —(%0)2 ~ 0. 99

Hence when n = 32, then for n different real numbers x,,
ZTas ... I, there are two real numbers x;, x; satisfying that

So when n = 32, there are not n different real numbers x,,

Zas ... x, such that for any 1 <i <j < n, the inequality
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(A +xx,;)* <0.99(1 +2)) 1 +x7)

holds.
On the other hand, we take 31 real numbers x; = tan(if) ( =1,
2, ..., 31), where§ = arctan 19 , then
_ 1 _ /% _10 P
tanﬁ—\/@ =799 <99<31=:*()<5<31

It implies that when 1 <i < j < 31, then

) : 3(]'1'r= Ed -
0<(G —1)0< 306<’5‘1 T — 31<rt a.

Thus for any 1 <: < j < 31, we obtain

tan’(j —i)0 = tan’d

X; — X : 1
et Mt N o
{:)(1 —O—I,-x‘-) =99
(1 +xx;)? <0.99U0 +x2H) (A +x7).
So there exist 31 different real numbers x,, x>+ ... s x3 which

satisfy the condition of the problem. Therefore the required maximum
of n is 31.

Example 5 LetM = {1, 2, ..., 40}. Find the smallest positive
integer n for which it is possible to partition M into n disjoint subsets
such that whenever a, & and ¢ (not necessarily distinct) are in the
same subset, a # b +¢. (Belarus Mathematical Olympiad in 2000)

Solution If » = 4, then we divide the set M into 4 disjoint
subsets:

A =1{5,6,7, 8,9, 32, 33, 34, 35, 36},
B = {14, 15, 16, ..., 25, 26, 27},
c ={2, 3, 11, 12, 29, 30, 38, 39},
D = {1, 4, 10, 13, 28, 31, 37, 40},

thus for any three numbers a, &, ¢ (not necessarily distinct) which
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belong to the same subset, anda # b +c. Hence the required smallest
positive integer n << 4. Next, Assume, for sake of contradiction, that
it is possible to partition M into 3 subsets A, B and C with the desired
property. Without loss of generality, assume that | A | =| B |=|C |,
thus

3|A|=|A |+|B|+]|C|=40,

and | A | =14, Assume thata, <a, < *+ <a,, are the elements of A.
Thus each difference b; =ay —a; (1 <i <13)isin B U C but cannot
be in A, otherwise (a;) +(a,; —a;) =a,, and it is a contradiction. By
the Pigeonhole Principle, among 13 numbers b, > b, > *** > b3, there
—1
2
Without loss of generality, assume that &,, b>, ..., b; € B.
Similarly, each of b, — b5, by — b5, by — bs, cannot be in A or B.
Therefore the differences by — b, = a> —a,;+» by —b; = a; —a;, and

are at least [13 :|+ 1 = 7 belonging to B or C.

b, —b; = a; —a, are in C. However, settinga =a; —a,,b =a, —a;»
c =as; —a>, we obtaina = b +c anda, b, ¢ € C, and it is a
contradiction. Therefore, it is impossible to partition M into three
disjoint subsets with the desired property. Summarizing what we have
described above, the required smallest positive integer n equals 4.

Example 6 Let S = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, A,,
Ay, ..., A, be the subsets of S satisfying the following conditions:
(M A =250 <i<k); (D) A NA; <201 <i<j<k). Find
the largest value of k. (The Examination Problem for The National
Team of China for 35" IMO)

Solution |  We construct a 10 X k& table such that the number in
the i™ row and the j™ column is

G=1,2,...,10; 7 =1,2, ..., k).

A

[1,ifz‘ €A,
0,ifi ¢ A,

11

k
Letr; = Er;,— , L= Zxﬂ- , then », respects that i belongs to r;
i=1

sets of Ay, Asy ..., Ap and [, equals the number of elements of A;,
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i.e. {; =| A; |. With the given condition (1), we know

10 110 k 10

Eﬁzzz—%:ZZIU=Z|A,¢25&. @

=1 j=1 J=1 i=1
Ifi € A, NA; (t #j), theni and A,, A, form a triple {i; A,,
A;} and let S denote the number of these triples.
On one hand, since i belongs to r; setsof A,, A,, ..., A, there

g 0
are (2) triples {i; A, A,} containing i (with the convention ( 1) -

1
( ): 0). Hence
2

10 10 1

s=3(})=3 (-3 ®

i=1 i=1

On the other hand, for any two sets A,, A; (+ # j), there are
| A. N A, | elements belonging to A, N A;, hence there are | A, N A, |
triples {i; A,, A, } containing A,, A;, and it implies that S =

> |'A, NA; |. With the given condition (2), we obtain

lsr<"j=k

s= |A,nAj|g2(};)=k(k—1). ®

lmtejck

With @, @ and Cauchy’s inequality and @, we know

R(E—1 = >, | A NA, |

ltejk

1 10

(2ri=2rh)

f=1

E\Jl'—-

10 10

%(1()(2 2 )

=1 i=]

10 10

= 35(2r) (2 —10)

1 _
20 X5k X (5 —10)

— 3 _
—4k(k 2),
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sok <0,
Next, the following 6 subsets of M satisfy the conditions (1) and
(2) of the problem:

A] = {19 29 39 4, 5}! A2 = {1! 29 69 79 8}9 A3 = {19 3, 6! 99 1(]}9
A4 = {2, 41 79 99 1(]}s A5 — {39 59 79 89 10}, Af, = {4; 55 69 8, ()}.

Summarizing what we have described above, we obtain the
required greatest value of k£ equals 6.

Solution [ We may construct 6 subsets of M satisfying the
conditions (1) and (2) of the problem as solution [ . Thusk =6,

Next, for sake of contradiction, assume that & = 7, then from

.
condition (1), we obtain >, | A, |= 5k = 35. Thus there exists an

i=1
element of M which belongs to at least 4 subsets of A,, Ay, ..., As.
Without loss of generality, assume that » belongs to four subsets: A,
A,y Asy A, Thusforany 1 <i <j <t <4,

[A: NA; NA, =]l A NA, NA; NAs|=1.

By the inclusion - exclusion principle and the given conditions (1)
and (2), we obtain

1sigjsd Isigjarsd

_|A1 nAg nAj mA-i]

s axs— (2 (1)1

=20—-12+M4—1) =11,

and it is a contradiction. Therefore, our original assumption is
incorrect, and it is impossible that & < 6.

Summarizing what we have descried above, the required greatest
value of & is 6.

Example 7 Let MO be a city in firmament which consists of 99
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space stations, and there are many tube routes connecting any two
space stations. Assume that among these routes, there are exactly 99
routes which are bidirectional main routes and the remaining routes are
strictly unidirectional. If four space stations satisfy that there is a
route such that along this route, we could arrive at any space station
from the others, then the set of the four space stations is called the
mutual group of four stations.

Please design a scheme such that the number of the mutual groups of
four stations is the greatest and find the greatest number. (The 14" CMO)

Solution We consider a more general case: there are n space

stations and n routes which are bidirectional main routes where n =3 is

an odd and putm = %(n —3). In this problem, n = 99 and m = 48.

(1) If in a group of four stations, there is a station, called A,
such that the routes connecting this station and three other stations are
unidirectional and the initial station of these routes is the station A,
then this set of four stations is not a mutual group of four stations. We
use the sign S to denote the set of such groups of four stations which
are not the mutual through groups of four stations and use the sign T
to denote the set of the remaining groups of four stations which are not
the mutual groups of four stations. Thus the number of the mutual
group of four stations equals

No=(G)-1s1-1T1.

Assume the space stations are labeled 1, 2, ..., » and the number of

Ca Gi @ i . i
unidirectional routes with initial station 7 is x,, then | S | = E ( ) and

i=1

7
xy txy e+, = (;)—n =—;—n(n —3) = mn.

N, attains the greatest value when | S| and | T | take the smallest

values. Firstly, we prove that | S | 2?’:(?;?). In fact, if |S| attains the
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smallest value, then forany1 <i <; <n, | 2, —z, | < 1. If there
exist 1 <i <j <nsuch thatz; —z, =2, then setting z; = x; +1, and

!_ ) " . . . n n
r;j=x; =1y xy=x, (b #1i, j), we obtain E:ﬂ-= 21;. Denote

i=1 i=1
1

|S" | = Z(z:),then

s G)-
(Y
Z(Ij3_1)—(l;)>n

(since (xr; — 1) —x; = 1), and it contradicts that | S| attains the

smallest value. Since x; +x, +++* +x, =mn, whenz, =z, =+ =71, =
. - . - rn
m, | S| attains the smallest value, and it implies that | S | = » ( 5 ) y SO

the equality holds if and only if x; = x, =+ = z, = m. Therefore

No=(7)-Is1-IT|

4
n m
<)
4 3
= %n(n—?a)(n3 +6n - 31). D

(2) Next, the following scheme indicates that the equality in (D holds.
Firstly, we arrange the space stations clockwise with serial
numbers 1, 2, ..., natn points A,, A,, ..., A, in a circle. Assume
that the routes between two adjacent stations in this circle are the
bidirectional main routes, i.e. the bidirectional main routes are the

following n routes:

A1A39 A2A39 IR | AN']AN’ AuAI-
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Foranyi, j € {1, 2, ..., n}t, i #j,if thearcﬂjfromA,- to
A; in clockwise contains odd points, we definite that the route
between A; and A; is strictly unidirectional from A, to A; :A; — A;.
Since n is an odd, then just one of the arcs from A; to A; and from A;
to A; in clockwise contains odd points. Hence the above definition has
not the contradiction.

According to the above definition, the number of the strictly

unidirectional routes from A, to other points equals m = %(n —3);

hence | S | =n (?: ) We will prove that | T | = 0 in this scheme.

If there the two space stations in a group of four stations such that
the route between them is a bidirectional main route, then we know
that this group of four stations is a mutual group of four stations.
Hence if the group of four stations A, B, C, D is not a mutual group
of four stations, then the routes between any two stations of A, B, C,
D are strictly unidirectional. Assume the numbers of space stations
between A and B, B and C, C and D, and D and A are a, b, ¢, d
respectively, thena +b6 +¢ +d =n —4is an odd. It implies that the
number of odds ina, b, ¢, d equals 1 or 3.

(I)Ifaisoddandb, ¢, d are even then A>B—~D—~C—A, i.e. A,
B, C, D construct a mutual group of four stations. (As in figure 15. 1)

a B a B
4 4
d b d b
D
b C
(s tr L4
Figure 15. 1 Figure 15. 2

(II) If a is even and b, ¢, d are odd, and the routes from B to
A, C, or D are strictly unidirectional routes with the initial station B
and such group of four stations is not a mutual group of four stations
which belonging set S. (As in figure 15. 2)
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From the above discussion, we obtain that | T | = 0 in this

n m
51 (2)a(2)
4 3
Summarizing what we have described above, we obtain that the
greatest value of number of mutual groups of four stations equals

scheme, hence

n m 1 ,
( )—n( )—(J =—n(n —3)Y(n* +6n —31).
4 3 18
Especially, whenn =99, we conclude that the greatest number of
mutual groups of four stations in this problem equals
(99

48
)—99( )=2052072.
4 3

Example8 Let thesetU ={1, 2, ..., n}, wheren =3. A subset
S of U is said to be split by an arrangement of elements of U if an
element not in S occurs in the arrangement somewhere between two
elements of S. For example, 13452 splits {1, 2, 3} but not {3, 4, 5}.
Find the greatest positive integer m such that for any m subsets, each
containing at least 2 and at most n» — 1 elements of U, there is an
arrangement of U which splits all of the m subsets (The Problem
Prepared for 39* IMO in 1998).

Solution For n = 3, there is not an arrangement of {1, 2, 3}
which splits two subset {1, 2} and {1, 3}simultaneously, but for any a
2-element subset A = {7, j} of {1, 2, 3}, there is an arrangement {i,
k, j} of {1, 2, 3} which splits A. Hence when n = 3, the greatest
value of m equals 1. Similarly, when n = 4, we may obtain that the
greatest value of m equals 2. In general case, we prove that the
required greatest value of m equals n — 2.

Firstly, by mathematical induction method, we prove that for any
n —2 subsets inU = {1, 2, ..., n}, there exists an arrangement of U
which splits these n — 2 subsets.

In fact, for the basic case n = 3, we have proved the conclusion is
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true. Assume for n = 3, the conclusion is true. Assume U = {1,
2,...sn, n + 1} and Ris a family of » — 1 subsets of U, each
containing at least 2 and at most n elements of U. Suppose that R
contains £ 2-element subsets and / n-element subsets. Thenk +/ <n —
1. Since at most £ elements of U can appear two or more times in the 4
2-element subsets. Hence, the number of elements which appear at
most once among the £ 2-element subsets is at least

n+D—-k=2+D)——-1-10)=1+2

If [ = 0, then there is not a n-element subset in R. If / =1, then
there are just |1 elements which are not contained in some of the [ n-
element subsets. (Since for each n-element subset in U, there is only
one element of U which does not belong to it. ) Hence among the { +2
elements, there is an element belong to all the n-element subsets of U.
Thus we have proved that there is an element a in each of n-element
subsets of U, but at most one of the 2-element subsets of U.

Without loss of generality, assume thata = n + 1, otherwise we
rearrange the elements of U. When the element » + 1 is removed, all
n-element subset in U become (n — 1)-element subsets of {1, 2, ...,
n} (or there is not an n-element subset of U), and there are at most
one of the 2-element subset becomes a singleton.

If we have such a subset {i}, then the induction hypothesis
guarantees the existence of a permutation = of {1, 2, ..., n} that
splits all the other n —2 subsets (with » +1 taken out). By adding n +
1 to = anywhere away from i, we have a permutation of {1, 2, ...,
n + 1} which splits all (n — 1)-element subsets in U. (Note that all of
the other subsets that contain » + 1 which were already split before
adding » + 1 remain split.)

If we do not have such a singleton, choose any subset S among the
(n — 1)-element subsets. By the induction hypothesis, we have a
permutation = of {1, 2, ..., n} that splits all the other n — 2 subsets.
Ifn+1¢& S, adding n +1 to = between two elements of S, we have a
permutation of {1, 2, ..., n + 1} which splits all (» — 1)-element
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subsets in U. Otherwise, if n +1 € S, if « does not already split S, we
may add n + 1 on either the left or right end of = to split S. This
completes our induction.

On the other hand, for any n = 3, there is not a permutation of
{1, 2, ..., n} which split all of following » — 1 subsets: {1, 2}, {1,
3}, {1, 4}, ..., and {1, n}. In fact, if the permutation = splits the

subsets: {1, 2}, {1, 3}, {1, 4}, ..., and {1, n — 1}, then = just has
the two following forms: m = {lna,a;:a,,} or mn, =
{asas+-+a,-nl1}, where {a,a;***a,-, } is any permutation of 2, 3, ...,

n, but m and n cannot split the subset {1, n}.
Summarizing what we have described above, the required greatest
value of m equals n — 2.

Exercise 15

1 Assume that for a finite set A, there exists a function f:N,—
A which has following property: If ;. j € Niand [i —j | is a prime,
then f (i) # f(j). What is the smallest number of elements that A can
have?

2 M is a finite set of real numbers such that given three distinct
elements from M, we can choose two of them whose sum also belongs
to M. What is the largest number of elements that M can have? (26"
Russian Mathematical Olympiad in 2000)

3 LetM =1{1,2, 3, ..., 19, 20}, and A,, A,, ..., A, be
different non-empty subsets of M such that wheni #;, | A; NA; | <
2. Find the largest value of n.

4 Given positive integer n = 3, find the smallest positive integer
m satisfying that if we partition the set S = {1, 2, ..., m/ into any
two disjoint subsets, then there are n positive integers x,, 2, ... s T,
(not necessarily distinct) belonging to the same subset such that x, +
xa o i, = Es

5 In a mathematical competition, there are 8 players and n two -
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choice (yes or no) questions. Assume for any two questions (A, B)
(where (A, B) is an order pair), there are exactly two persons whose
answers are (yes, yes), two persons (yes, no), two persons (no, yes)
and two persons (no, no). Find the largest value of n. Justify your
danswer.

6 LetsetS ={1,2,3,...,2005),andA = {a,s azs ... ar}
be a subset of S, and the sums of any two numbers in A are not a
multiple of 125. Find the largest value of %.

7 LetP ={P,, Py, ..., P} be aset of the planar points, no
three points of which are collinear. The set P is partitioned into 83
subsets such that there are at least three points in each subset. Assume
that any two points in the same subset are connected by a line segment
and any two points in distinct subset are not connected by a line
segment. Thus we get a figure G, and the distinct partitions
correspond to distinct figures. Let the sign m (G) denote the number
of triangles whose three vertices are the points in P. (1) Find the
smallest value m, of m(G); (2) Assume that figure G* is a figure such
that the equality m(G*) = m, holds. If the line segments in G* are
colored with four distinct colors and every line segment is colored with
a color. Prove that there is a coloring scheme such that when G* is
colored, and there is not a triangle whose three side have the same
color and its vertices is in P. (China Mathematical Competition in
1994)

8 There are 2000 circular pieces of paper with the same radii
without overlapping on a table, and some circles are circumscribed.
Find the smallest number of colors such that each circular piece of
paper is colored with a color, and any two circles which are
circumscribed are colored with distinct colors. ( The Selective
Examination for National Team of China for the 30" IMO)

9 For integer n = 4, find the minimal integer f(n), such that
for any positive integer 2, in any subset with () elements of the set
{mym+1,m+2,..., m+n—1)} there are at least 3 mutually prime
clements. (China Mathematical Competition in 2004)



Solutions to Exercises

P i |

Exercise 1

1 With the given condition, we know that there is exactly one
student who gets 2 prizes and each of the remaining n» — 1 students who
gets exactly 1 prize, then the number of distinct ways to award prizes

oo (n +1
18 ( 5 )P:. Answer: D.

.. . . 5y /4 5\ /4
2 The number of distinct of selecting ways is (I ) (3)+ (2) ( )+

(;) (T) = 120. Answer: C.

3 Firstly, the unit digit of 5-digit numbers which are not the multiple
of 5isoneof 1, 2, 3, 4. Thus the number of such 5-digit numbers is 4% 4!,
among these numbers, the number of 5-digit numbers not exceeding 20000
whose leading digit is 1 and unit digit is one of 2, 3, 4 is 3x3!. Hence the
number of 5-digit numbers satisfying the conditions of the problem is 4 X
4! —3 X3! =78. Answer; B.

4 The number of ways of selecting 2 numbers A and B from 6
digits is P5. But in the above computation, the straight lines
corresponding to the following cases are the same straight line: (1) A =0,
B=1,2,3,6,7; 2)B=0,A=1,2,3,6,7; (3)A=1,B =2and
A=3,B=6;4)A=1,B=3andA =2,B=6;(5)A=2,B=
landA =6,B =3; (6)A =3,B =1andA =6, B =2, Hence the
number of distinct straight lines is P§ —2(P} —1) —4 = 18,

5 The number of ways of selecting 2 numbers a and x from 7
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digits 1, 2, 3, 4, 5, 7, 9 is P;. But the base a can not equal 1 and the
countings are repeated in the following cases; (1) x = landa = 2, 3,
4,5,7,9; (2) log4 = log;9; (3) log,2 = logy3; (4) log;2 = logy4;
(5) log»3 =log,9. Hence the number of distinct values of log,x is

= ()= () 1)-s -

6 Assume that there are n players and the number of games
among the 3 players is ». Thus 50 = (” ;3)+ (3 X2—r), thisis (n —
3)(n —4) =88 +2r. Thusr =1, n = 13. Answer: B.

7 suppose that the inclination is @, then tan § =— % = (.
Without loss of generality, assume thata >0, b < 0. (1) Whenc =0,
we choose a in (::) ways and & in (?) ways respectively. But we ought

to delete two repeated cases (Since three equation r — y = 0, 2z —
2y =0, 32 —3y =0 correspond to a straight line). Hence in this case,

3y /3
the number of distinct straight lines is (1 ) (1)— 2 =7;(2) Whenc #

3 3 4
0, we choose a in (1) ways, b in (1) ways and ¢ in (1) ways
respectively. Hence in this case, the number of distinct straight lines is

3\ /3 /4
(1)(1 ) (1) = 36. Therefore the number of straight lines satisfying the

conditions is 7 + 36 = 43,
8 As figure, A and B are colored in P§ = 30 ways. If C and B

) 5
are colored with the same color, then C and D are colored in (1)
ways; If C and B are colored with distinct colors, then C and D are

(4 (4
colored in (1 )(1) ways. Hence C and D are colored in

5\ (4\ (4 o
(1)+(1)(1)=21 ways. Similarly, E and F are colored | B | D | F
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in 21 ways. By the multiplication principle we obtain that the number
of distinct coloring ways satisfying the conditions is 30 X (21)* =
13 230.

9 Firstly, we find the number of distinct processes of the game
A wins. Assume that :™ player of A wins x, times (i =1, 2, ..., 7),
thenx, +x, +++ +x; = 7. Thus the number of distinct processes of
game A wins equals the number of nonnegative integer solutions of the
indefinite equation x, +x; +++ +x; =7, and it is (7 ;rzl_ 1) = (163)'
Similarly, the number of distinct processes of the game B wins also

13
equals ( 2 ) So the number of distinct processes of the game equals

13
2( )_, 3 432,

6

10 Since the marksman break eight targets in 8! ways and the
orders of the targets in every column are determined, the required

. ]
number of ways is %

11 Obviously, we need at least three colors. (1) If 5 colors are

= 560.

all used, then we take one color from 5 colors to color the above
5 ..

vertex in (1 ) ways. Afterward, we use the remaining 4 colors to color

4 vertices in base facet in (4 —1)! = 3! ways. In this case, there are,

5
in all, (1 ) « 31 = 30 ways; (2) If 4 colors are used, then we choose 4
. (5
colors from 5 colors in (4) ways and use one of the 4 colors to color

4 i s
the above vertex in (1) ways. Afterward, we use the remaining 3

colors to color 4 vertices in base facet. In this case, one pair of the
opposite vertices in base facet is colored with the same color. We
choose a color to color one pair of the opposite vertices in base facet in
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3 - -
(1) ways, and use the remaining 2 colors to color the remaining two
vertices in base facet in 1! = 1 way. In this case, there are, in all,

5\ 4\ (3
(j) (1)(1) 1 = 60 ways; (3) If 3 colors are used, we take 3 colors

E
from 5 colors in (3)ways and use one of the 3 colors to color the above

3 -
vertex in (1 ) ways. Afterward, we use the remaining 2 colors to color

4 vertices in base facet. In this case, each pair of the opposite vertices
in base facet is colored with the same color, and the number of the

5y /3
coloring ways is 1! = 1. In this case, there are, in all, (;) (1) 11 =30

ways. Summing up the above, we obtain that the number of ways
satisfying conditions is 30 + 60 + 30 = 120,

12 We might as well suppose &, < b, < *++ < bs,, and divide
elements a;» a>s ...y @y in A into 50 nonempty groups according to
their order. Define a mapping /: A—B, so that the images of all the
elements in the :™ group are 6, (i =1, 2, ..., 50) under the mapping.
Obviously, f satisfies the requirements given in the problem.
Furthermore, there is a one-to-one correspondence between all groups
so divided and the mappings satisfying the condition. So the number of
mappings f satisfying the requirements is equal to the number of ways
of dividing A into 50 groups according to the order of the subscripts.
Let x; denote the number of elements of the i™ group, then the
number of ways of dividing A is equal to the number of positive integer
solutions of the indefinite equation =, +x, + =+ + 25, = 100, and it is

100 —1 99 _ 99
( 50 —1 ) = (49). Then there are, in all, (49) such mappings.
Answer; D.
I3 Since the number of non-negative integer solutions of

. . (m Ttk —1
equation x; +x, ++ +x, =m is ( ), whenr, =1landx, =
m
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m-+k—2

0 (z = 2), the number of integer solutions, is (
m —1

), the

. k+5
number of lucky numbers with % digits is P (k) = ( p ) We know
2
- . — 6
2005 is the minimum lucky number of the type 2abc and P (1) = (6) -

7 8
1, P(2) = (() — 7, and P(3) = (6) — 28. Note that the number of
9]

four digits lucky numbers of the type 1labc is the number of

(6-1—3—1)

nonnegative integer solutions of a +b +¢ =6, i.e. = 28.

Thus 1 +7 +28 +28 +1 =65 and 2005 is the 65" lucky number, i.e. a;

9
= 2005, son =65, 5n =325, Furthermore, P(4) = (6)=84, P(5) =

10 2
( z ) = 210, and Z P (k) = 330. Therefore the last six lucky numbers
k=]

with 5 digits, from the largest to the smallest, are as; = 70000, asy =
61000, asx = 60100, azy = 60010, az = 60001, azs = 52000, So the
325™ lucky number is ass = as, = 52000.

14 Let S denote the set of all permutations of the » pair married
couples in a line and A, denote the set of all permutations in which the
i"™ pair married couple is adjacent. By the inclusion-exclusion
principle, the number of all permutations satisfying the condition of
the problem equals

INA I =1SI=2 1A+ X 1A NA; ==+ D" [N A |

i=1 lsi<psn

= (2n)! —(’;)-2- 2n — 1! —0—(;).23 « (2n —2)1 — et

n
)-2" enl,
n

+(—1)*(:)-2* .« Qn— b)) +---+(

15 Letal[lun :noS :{ls 21' TR . ?T}| andA, :{k |k ES! and
k is a multiple of i} (i = 3, 5, 7). Since 105 = 3 X5 X 7, then (k,
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105)&*k is not multiple of 3, 5 and 7. By the inclusion-exclusion

principle and the given conditions, we obtain that

1000 =| Ay NA; NA; |
=|S|—|As|—|As |=| A; |+ As NAs |+ As NA, |
“"|A5 DA? i_|A3 ﬂAs ﬂA? J

-5 -5 -5 5] 55
+[5?>1<7]_' [3><?5?><7-“ D

Withae —1 <[a] <a, and @, we obtain that

I()U()>n—(% +% +%)+(3§5-1+3’;7_1+5;7_1)
- (75%3)
and
1000 <n —(F ~14+5 ~14+5 —1)+ (355 +3% +5%7)

n_,_ -_—
- (3 X5 X7 1)'
It means 2178 % <n <2194 % Since » and 105 are coprime, so

n is one of 2179, 2182, 2183, 2 186, 2 188, 2189, 2192, and 2 194.
Among these numbers, there is only n = 2 186 which satisfies the
equation M, s0 @ = 2 186.

16 Let S denote the set of the n-digit numbers consisting of the
digits 1, 2and 3. A; = {m | m € S, and each digit of m isnot i} (; =
1, 2, 3). Thus the number of required »-digit numbers equals

[A_i ﬂA_z ﬂZ;| =|S|_IA1 |_]A3 |_]A3 |+IA1 ﬂAzl
+|A1 ﬂAa |+IA2 nAa |_|A1 ﬂAz ﬂA31
=3 =@ 42" +2) + 1"+ 1" +1") —0
=3 —3.2" 43,
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Exercise 2

1 Let 17 points A; (i =1, 2, ..., 17) in a circle represent 17
scientists. If a couple of scientists makes reference to the first (second
or third) topic, then the line segment connecting two corresponding
points is colored red (blue or green). By Pigeonhole Principle, of 16
16 —1

line segments meeting A; at least [ ]+ 1 = 6 is colored with the

same color. Without loss of generality, suppose that the line segments
AAyy AVAs, ...y AJA; are colored red. If among six points A,,
As, ..., A;, there are two points A, , A; (2 <i <j <7) such that the
line segment connecting the two points is colored red, then there is a
red triangle A;A;A;. Otherwise, the line segments connecting each
pair of six points A,, A;, ..., A; are all colored with blue or green,
by the Ramsey’s theorem, there exists a monochromatic triangle, i.e.
there exists a group of three scientists whose letters are about the same
topic.

2 (1) Numbers 1, 3, 7, and 9 satisfy the conditions of the
problem. (2)Consider the remainders of any 5 positive integers with
modulus 3. If three remainders 0, 1, and 2 all appear, then the sum of
the three numbers is divisible by 3, so it is not a prime. If at more two
of the three remainders 0, 1, and 2 occur, then by Pigeonhole

Principle, at least [5—;}* 1 = 3 numbers whose remainders with

modulus 3 are equal, hence the sum of the three numbers is divisible by
3, and it is not a prime. Summing up the above, there are not five
numbers such that the sum of any three of these numbers is a prime.
3 As figure, the triangle ABC is divided into two triangles:
ANAEF and ACDE and a parallelogram BDEF .
By Pigeonhole Principle, there exist at least

A

[7—; L } +1 = 3 points in same figure. So the area F, E

of triangle whose vertices are this three points is
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less than or equal to %

4 Assume thatM = {3k +1 |k =0, 1,2, ..., 669}, thenM C
S, M #Sand| M | =670, Since the difference of any two numbers in
M is a multiple of 3, and the sums of any two numbers in M is not a
multiple of 3, the sum of any two numbers in M is not divisible by
their difference. So the required largest value is not less than 670.
Next, let S be partitioned into the following 670 subsets: {1, 2, 3},
{4, 5, 6}, {7, 8, 9}, ..., {2005, 2006, 2007}, {2008, 2009}. We
take any 671 numbers from M, by Pigeonhole Principle, at least

[67;;7;). L :|—1' 1 = 2 belongs to the same subset and their difference does

not exceed 2. Assume that the two numbers is « and b anda > b. If
a —b =1, thena +b is divisible by a —b. Ifa —b =2, then a and b
are odds or evens. Hence a + b is an even, and a -+ & is also divisible
by a —b. Therefore the required largest positive integer equals 670.

S We first prove that given any set of 13 consecutive positive
integers from S, at more 6 of these 13 integers can be elements of M.
We prove this fact for the set T = {1, 2, 3, ..., 13}, but the same
proof works for any set of 13 consecutive positive integers. Consider
the following 13 subsets of T': {1, 6}, {2, 7},{3, 8},{4. 9}, {5, 10},
{6, 11}, {7, 12},{8, 13}, {1, 9}, {2, 10}, {3, 11},{4, 12}, and {5,
13}, then each number of T belongs to just two subsets. For any 7
numbers of T which belong to the above 14 subsets, and by Pigeonhole
Principle, at least two numbers belong to the same subset whose
difference equals 5 or 8. Hence any 7 numbers of T are not all to
belong to M. On the other hand, it is easy to find a 6-element subset
that satisfies the key property of M (i.e., no two numbers differ by 5
or 8). One such setis T" = {1, 2, 4, 5, 8, 11}. We also find that T"
has the remarkable property of allowing for a periodic continuation.
This is, if Z denotes the set of integers, thenM’ = {13n +k | n € Z,
k =1,2,4,5, 8, 11} also has the property that no two elements in
the set differ by 5 or 8. Moreover, since 2000 = 13 X 154 — 2, so at
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most 154 X 6 = 924 numbers of M satisfy that no two number differ by
5 or 8. Thus set M = M’ N S has the property that no two elements in
the set differ by 5or8and | M | =| M' N S | = 924, Summing up the
above, we get obtain that the largest number of elements of M is 924.

6 For sake of contradiction, assume that two persons A and B
are not brothers, then each of the remaining 5 persons and at most one
of {A, B} are brothers. (Otherwise, three persons A, B, and C are
brothers, and it is a contradiction. ) By Pigeonhole Principle, one of

{A, B} has at most [%] = 2 brothers among the remaining 5 persons.

Thus this person has at most 2 brothers among the remaining 6
persons, and it contradicts the given condition. This completes the
proof.

7 Assume that the number of purchasers of some book is largest
and it is k. If £ <4, since 4n # 30 (n € N, ), then it is impossible that
the numbers of purchasers of each book are all 4. Assume that some
person P buys 3 books: a, & and ¢, and the sets of purchasers of a, 6
and ¢ are M, , M, and M, respectively, and | M, | <3, | M, |<4,
| M. | <4,

SinceP e M, NM, "M., | M, NM, |=1, | M, N M, |=1,
M, "M, |=|M, NM, N M, |=1and from the given condition
(2), we know | M, UM, U M, | = 10. By the inclusion-exclusion
principle, we obtain that 10 =| M, UM, UM, [=| M, |+ M, |+
IM. | =M, NM, |[-IM, N M. |-(M, "M, |-IM, "M, N
M. D) <3+4+4-1-1-0=9—-1—-1—-0=9,anditisa
contradiction, thus £ =5. On the other hand, we denote books by the
numbers: 1, 2, 3, ... and the books which are brought by the 10
persons are: {1, 2, 3}, {1, 2, 3}, {1, 4, 5}, {1, 6, 7}, {2, 4, 6},
{2, 4, 6}, {2,5,7}, {3, 4,7}, {3,5, 6}, and{3, 5, 6}respectively,
then the given conditions in the problem are satisfied and £ = 5 holds.
Therefore, the required smallest value is 5.

8 (1) Firstly, we prove that for any real number a, there exist
two points such that the distance between the two points equals 2a and
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this two points are colored with the same color. In fact, we choose a
red point A and draw a circle with the center A and radius 2a. If there
is a red point on this circle, then the conclusion holds. Otherwise, the
points on this circle are all blue. Thus on this circle, two end points of
one side of inscribed regular hexagon are all blue and the distance
between the two points equals 2a. Thus the conclusion also holds.
Next, let AB = 24 and A, B be red points. We draw a circle with
diameter AB and denote 6 vertices of inscribed regular hexagon of this
circle by A, C, D, B, E and F respectively. If one of C, D, E, F,
say C, is a red point, then three vertices of Rt/AABC are all red and

BC =a, CA = J3a, and AB = 2a, so the conclusion is valid.
Otherwise, three vertices of Rt/ ACDF are all blue andCD =a, DF =

V3a, and EC = 2a, so the conclusion is also valid.

(2) Proof | Takinga =1, anda = 1995 respectively in (1), we
obtain two right-angle triangles satisfying the given conditions in the
problem. This completes the proof.

Proof T We draw two circles with the same center O, and

choose any 9 points on the little circle. By Pigeonhole Principle, at
g —

least [)—2—1]4—1 = 5 points of the 9 points are colored with the same

color. Let 5 points A,, A,, A;, A,, A; on the little circle be colored

red. We draw ray OA, (i =1, 2, 3, 4, 5) and denote the intersecting

points of OA; and the greater circle by B,(i = 1, 2, 3, 4, 5). By

Pigeonhole Principle, at least [5—5—1] +1=3points B, , B;,, and B,

(1 <i, <1i, <1i; <5) are colored with the same colors. Thus two
triangles AA; A;, A;, and AB; B;, B;, satisfy the given conditions in
the problem. This completes the proof.

9 Suppose the convex has F facets, E edges and V vertices, then
V =6, and E = 12. Substituting them to Euler’s formula., we obtain
that F =E +2—V =12+42—6 =8, Assume that there are z; edges on

8
IhC ilh faCCt (I :ly 2! P 8)! thus.r,; 2331’1(1 z.r,- =2E :240 i.C.

I=1
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8

1 . :

3 Dz, = 3. If there is some z; > 3., thcn% Dixi >3, anditisa
i=1 =1

contradiction. So xr; =3 (G =1, 2, ..., 8), and each facet is a

triangle.
10  We proof by induction on ». When n = 4, the number of

pairs of points which have the determined distances in M, is-;— «4(4 —

. . 4
3) +4 = 6. But 4 points just form (2) = 6 pairs of points, so M, is

stable. Suppose that whenn» =k (£ = 4), the conclusion holds. Then
whenn = k& + 1, assume that the number of pairs of points which have

the determined distances in M., is %(k +1)(k —2) +4, then the sum

of pairs of points which have the determined distances meeting every

point in M., equals (¢ +1)(# —2) +8. By the mean value principle,

there exists a point A such that the number of pairs of points which
1

have the determined distances meeting point A is [ < P 1[(le + 1)
(k—2)+8] =k —1+2=% since L% <1, <k —1. Deleting the
R +1 k+1 = ’

point A, we know among the remaining figure, there are k£ points and
the number of pairs of points which have the determined distances is at

least%(k +1(k—2) +4—(k —1) = Tk(k —3) +4. Applying the

inductive hypothesis, we obtain the set consisting of the & points is
k

stable and there are at least %(k +1)(k —2) +4— (2) = 3 points: B,

C and D of the k points such that the distances between A and each of
B, C and D are determined. Assume that AB =x, AC =y, and AD =
2 (z+ y, z are determinate real numbers) , then A is unique. In fact,
if there is another point A’ # A such that A'B = z, A'C = y, and
A’D = z, then the three points B, C and D are on the perpendicular
bisector of AA’, and it contradicts the given conditions. Thus we

complete the proof.
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Exercise 3
1 (1) Let f(x) =ay, +a,x +axr?++ +a,x" + -, @D
then
—3xf(x) =—3a,x —3a,x’ —3a,x’ — = —3a,x" — -, @
227 f(x) = 2a4x? +2a,x% +2a,x* + o0 +2a,2" + oo, ©)

With @ + @ + @ and the given recurrence relation, we obtain
(1 —3x +2x)f(x) =2—x, 50

_ 2 —x _ 2—x
S =S T ad—od -0

_ 3 1 _a.x N L
~ e Y2 3>2Qx) =Dz

n=(] n=0}

=D>1(3+2" —1z".

n=(

Hencea, =3 +2" —1.

(2) Let f(x) =a, tayx +a>x? ++ +a,x" + -, 0
then

_.I'f(.r) =*a‘.x—alrz —ag.l"j_"'__an—l-rn Tttt ®

—6x% f(2) =—6ayx’ —6a,x’ —6a,z* —+ —6a, 2" ++, @

- = 124122 +1227 4o+ 1227 + e, ®

With @ +@ + @ + @ and the given recurrence relation, we obtain

(1 =z =62 f () + 712 = 16 +11x,
4 —57r —11z*
(1—z2 =622 —2)
_ 4 —5xr —11x?
(1 —2)(1 +2x)(1 —3z)
A n B n C
-z 14+2x 1-3x

SO f(x) =
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4 —bx —11x?
ThenA = =503

C= 4 —5x —11x2
(1 —ax)il +22)

- _ _4—5z —11x? N
:-1“2’3 (1 —x2)(1 —3x) | =4 1,

T=—

=i ;

L
=5
SO

_ 3 1 1
f@) =1 55 YT,

=2Dx" + D (—22)" + D>, (3x)"
n=() n=l] =i}

= >, Q2+ (=2)" +3)x".

Hencea, = 3" +(—2)" +2,
2

n

2

(1) On one hand, the coefficient of =" in (1 + x)* =
2 2

( : )x” is ( " ) On the other hand, the coefficient of =" in
k=0 n

"

A+ = +2)U +2) = (Z (’:)_—r)(z (;’)1)
=S )=50)

i=l) 1
2

=301 - ()

n

.. ) 2 2n
(2) On one hand, the coefficient of ™' in (1 +2)* = > ( b ):r"
k=)
is ( 41 ) On the other hand, the coefficient of "' in
n

n

A+2)% =1 +2)U +2)" = (Z}) (T)x}(z ("))
2O

2G0T

n+1

(3) On one hand, the coefficient of x" in
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(1 +2)m = f}(” e

k=0 k

+1
is (n ) = n + 1. On the other hand, the coefficient of x" in
n

arom =G = (e () (2(77))
is

i’f(_l)k(n)(n +(n—2k)) i’}](_l)“( )( n )

£ n £t n+1—k%k

So

[n23

e ()= 17)

k=) n n+1

+k 41 +& +1
(4) Note that (ﬂ ) — (ﬂ

2% +1 )
neks1 n+k+1

@—ar = 5 (=1

=l i

) and the coefficient of " ™* in
0 —

) i 2:J+§+|"EIJ'

n+k—1

n+k -+'l)
n—k ’

(_l)ﬂ_k( n —k

)‘ 2;:*»&"1"(:1 .3 I (_ 1)rr—§ 22&‘*1 (

so the coefficient of " in f(x) = D) (—z +2)"**1 « ¥ s

k=l)

_ i(—l)"*?*”(n +k +l)-

k=l) n _k
On the other hand, in the equality
flx)=Q—2)""(1 —2)7?
=1+ -] —2x)?
B (n +1
0
n+1 n+1
(" a0+ (1T Ja-on,
n+1

n

— n=1 es n+1 SR § | e
A—z)" +-+ : (1 =x)? +
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Only last two terms contain the term x”" and the sum of coefficients of
x" of the two terms is

(” H)T(”Tl):z(n +1).

n

So

-  anhesis n+k+1 _
DI(—=1)"*2 (n +1).
o 2k +1

b

n
(5) When £ = p, the coefficient of z* in (1 +2)* = 3 (

] )x‘ is
=0+ 1
k

k
(p) and when &£ < p, the coefficient of z# in (1 +z)* = > (

=0 1

n

) )I" is
zero, so the coefficient of x# in

Flm) = > (—1)*(:)(1+x>*

k=l)
n k
is D) (—1* " . On the other hand, the coefficient of x” in
k=p k/\p

fx) =1 —-U+2)]" =(=1"z"
is
0, P Fn,

(=150 = {(—1)“ p=n

So

(") (i)= (—1)"8 p. .

Exercise 4

1 Two sides are divided by +/a, 1a, > in (1), we obtain faa—" -
n-1
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142 [9=t Seth, =. /a“" ,thenb, =1+2b,,,i.€. by +1 =2(b, , +
Ay-2 n-1

1). Sob, +1 = (b, +1) « 2" =27 This is 2%~ = (2" —1)?, so

-

a, =2 G, L, T @ -1
k=1

Ay dy-2 a,
2 Both sides are divided by 2"*', we obtain that '(’;::,‘ =— % .
a, . 1 _ -3 1 S S
o -+ 2. Set }),‘ o . then b,,+| 2}),, + > s 1. C. b,“-] 5
_3(p -1 ot o ¥ ; -3
5 (b,. 5 ) (Note that 5 Is the root of equation x 3 +
3. Thus
1 i _; n __1- _l n
by ?"(b" :;)( 2) (a” 5)( 2)’
and

oo =2 =2 (0 3)(-3) +4]

- (-2 (-2)]

Since (—%) —>0 (n—>00), ifa, —~15— # 0, and n is great enough,

thena, and ( — 3)” (au —%) have the same sign. Hence {a,} is

increasing if and only if a, = %

3 LetS, =a, +a> ++ +a,, then
a, =8, —S,-1 =n’a, —(n —1)a,.,,

. 7 —1
1.¢. a, = n—_ﬁa“.“ So
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q. =G G a2 _n—1 n—2 n—3 1 1

- . . t ] = s ——— » . v 5 — g

Q-1 Ay a, n+1 n fi =1 3 2
el
n(n +1)°

4 The characteristic equation is »* — 2r — 1 = 0, and the

characteristic roots are r., = 1 £v2. Soa, = ¢, (1 +v/2)" +¢,(1 —

V2)". Froma, =0, anda, =1, we know that €y =—1—-, Gy = —1—_
22 2J2
Thus
1 1
a, = ——=1 +y2)" ———1 —/2)".
22 242

Set (1 +v2)" = A, +B, V2 (A,, B, € N,), then (1 —y2)" =
A, —=B,V2,a, =B,,and A2 —2B} = (—1)". It implies A, is odd.
Letn = 2%(2t +1) (k, ¢t are nonnegative integers). Thus we need to
prove that B, is a multiple of 2* but not 2**'. We prove by induction on
n. Whenk =0, thenn =2 +1is odd, and A, is also odd, so2B: =
A5 +1=2 (mod4). Thus B, is odd, and it means that B, is a multiple

of 2’ but not 2'. Assume that when # = m, B, is a multiple of 2" but
not 2"*', and whenk =m +1, with (A, +B,v2)> = (1 +/2)* = A,, +
V2B, , we obtain B,, = 2A,B., and since A, is odd, B, is a multiple

of 2"*' but not 2"*?, and 2n = 2*"'(2¢ +1). Therefore we complete the
proof.

5 Assume that there are a, distinct ways. Obviously, a;, = 1,
a, = 2. When the chessboard is 2 X n, if we use 1 X 2 rectangles to
cover two small squares on the leftmost column, then there are a,-;
distinct ways to cover the remaining 2 X (n — 1) rectangles on the
chessboard, and if we use two 1 X 2 rectangles to cover the leftmost
2 X 2 square on the chessboard, then there are a,-, distinct ways to
cover the remaining 2 X (n —2) rectangles on the chessboard. Thusa, =

a,- +a,». From example 4, we obtain
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o - 415" 0587

6 Obviously, a, = 2. Since the sphere is divided into a,-, regions

by n — 1 big circles, and no three of circles are concurrent, the number
of intersecting points of the »™ great circle and the n — 1 big circles is 2
(n — 1) and the n™big circle is divided into 2(n — 1) arcs by these
intersecting points. Hence each original region is divided into two
regions by these arcs, and the number of incremental regions is 2(n —
1), and this isa, = a,-, +2(n —1). Therefore

ay =ay + 2 (ay —apy) =2+2 D)k —1)
k=2 k=2

:2+2_n(n—l)

> =n?—n+2.

7 Obviously, a; = 3. Among the n-digit numbers satisfying the
given conditions, the number of n-digit numbers with leading digit 1 is
4""'—a,-, and the number of n-digit numbers with leading digit # = 2,
3or4is3a, ., thus

a, = 4"_1 T Ay _i_ 3allr-l = 2(1,,—] —l— 4“—]-
1 11 Ffa_"=_1_.a!r‘l i - :{h
Both sides are divided by 4 T > * + 1’ and set b, 2’
O (O N Y PR |
then b,, = Zb”_] + 4 « 1.E. bra 2 2 (bu-l 2 )-
So
1 _ R U R - R R TR R L
b 2_({" 2)(2) _(4 2)(2) oo
Therefore

ay =40, =4 (5 +5) = 2@ +an.

8 Assume that the ball returns to A after » times in a, distinct
ways. It can be easily concluded thata, = 0, anda, = 3 and there are

3""! distinct ways to pass the ball » — 1 times continually. These ways
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are divided into two classes: (1) the ball returns to A after the (n —
1™ times in a,-; distinct ways and (2) the ball is passed to one of B,
C, D after the (» - 1)™ times but the ball returns to A after the »™

time in a, distinct ways. Hencea, , +a, =3"",i.e. 2 +% 3” il =

)-

(Note thdt — is the root of the equation = + %r = % ) Hence &6, —

S
a =35, =¥[(-1)(-3) +1]-te s,

Especially, a\y = %(3‘“ +(—1)" « 3) = 14 763.

| —=

e b, —d ==L (b, -

Setb" - a" L] thqu,‘ . bn 1 4 3

1 =
3 3 3 3

=

9 Leta, = (1 +V3)" +1 =V3)"" = (1 +/3)4 +2/3)" +
(1 —v3)(4 —2/3)", and

b, =2‘f,:, 1J“F(z +v3)" + ‘F(2 3,

Thus the characteristic roots corresponding to {b,} are 2 +/3,
and the characteristic equation is [» — (2 +v3)][r — (2 —/3)] =0,

i.e. > —4r +1 = 0. So {b,} satisfies the recurrence relation: b, =

4byy —bys (n =2), withb, = +2‘/§ pl _2‘5 =1, and

b, —1+J_(2+f)+ [(2 —J3) =5.

Since b, , b, are positive integers, assume that b, 5, b, (n = 2)
are positive integers, then b, = 4b,, —b,-, is also a positive integer.
For any nonnegative integer n, b, is a positive integer. We obtain for
any nonnegative integer n, a, is divisible by 2"*'. Since 0 <— (1 —

V3 <1y, = (A HBP +A =Y =[A+/3)* ] So[(1+
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J/3)¥*' ] is divisible by 2",
2n +1
2k +1

2n +1
10 Assume that r, = g(Zk +1) 2

2( )<J§>u+',

e
5

2n +1
" )(«/g)”,thenr,, + y, =J%(ﬁ+l)2"*’,and

_ 1N
andy,,—\/g g( "

Ty = Yn =_1'(\/§_1)2"+I. So

V8
20 = —[(B + 1> + (/8 —1)=*1]
42
=L B +DO+42) + (B -1 -42)].
42

Hence the characteristic roots of x, are 9 +42, and the characteristic
equation is

[r = +4/2)][r —(9—-4y2)] =0,

i.e. r’ —18r +49 = 0. Thus {x,} satisfies the recurrence relation:
x, =18x,-; —49x, >, )
and 2IH—1 = 361”'2 - 98-1.:1—3- @

@ — @: X, = 2[)I,,-1 - 851,, 2 +98I,,-3 = 3.1”,,-3 (mod 5)
Hence z, is divisible by 5 if and only if z, ; is divisible by 5. Since

3 3
cach of 2y = 1; &y = (1)-2“ +(3)- 2 =11, and

5 5 5 -
o= (02 (0)e 2+ )22 =149
1 3 5
is not divisible by 5, hence for any nonnegative integer n, x, = 3z,
(mod 5) is not divisible by 5. Next,
Iy, = 181,:--1 — 49.1",,,—2 = 4I,,—| (mod 7).

Hence z, is divisible by 7 if and only if x,-, is divisible by 7. Since
xy = 1is not divisible by 7, x, =4z, , (mod 7) is not divisible by 7. As
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(5, 7> =1, we know for any nonnegative integer »n, x, is not divisible
by 35.

11 (1) By assumption, we obtain thata, = 5and {a,} is strictly
increasing with
2a,e —7a, = +/45a2 —36.
Square both sides, and we yield
aty —7a.a.m +a2+9 =0, )
a: —7a.,1a, +ai, +9 =0. @
@D —® (sincea,e —a, >0);
Auey = 7Q, —Ay-1. ©)

It follows that witha, = 1, a; = 5and @ a, is a positive integer
for eachn € N..
(2) From (D, we obtain

(arr""l +au)2 = g(arrarﬁl _"1)’

SO

-

a,+ ta
a,ay+ —1 = ( ”+13 ”) .

A+

e + p .
By (1), a, and a,., are positive integers and 6“43— is a rational

ntl +au

+ a 2 . _— . .
number. Since ( 3 ) =a,a,.; —11s a positive integer, and so is

ay + A p+1

3 Thus a,a,., — 1 is the square of an integer.

Exercise 5
1 When there are exactly two distinct digits in abed » the number
4
of ways of taking two distinct digits from 4 distinct digits is (2) , and

the less digit must be the first digit or the third digit, while the bigger
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number must be the second digit or the fourth digit, i.e. the 4-digit
number is determined uniquely by the two digits. Hence in this case,

4
the number of distinct 4-digit numbers is (2) = 6. When there are
exactly three distinct digits in abed, the number of ways of taking

4
three distinct digits from 4 distinct digits is (3) » and the less digit must

be the first digit. If the first digit and third digit are the same, then P3
4-digit numbers are formed by the three digits. If the second digit and
the fourth digit are the same, then P3 4-digit numbers are formed by
the three digits. Hence in this case, the number of distinct 4-digit

4
numbers is (3)(P§ + P3) = 16. When there are exactly four distinct

digits in abed , the less digit must be the first digit, the other three
digits could be arranged in P; ways. Hence in this case, the number of
distinct 4-digit numbers is P = 6. Summing up the above, the required
number of distinct 4-digit numbers is 6 + 16 +6 = 28,

2 Let S, denote the set of the n-digit numbers consisting of 1, 2,
3, 4, 5, and 6 in which the digits 1 and 6 are nonadjacent. Let
A, =S, denote the set of n-digit numbers in which there are at least
three distinct digits and B, < S, denote the set of n-digit numbers in

which there are at most two distinct digits. Sets, =[S, |, a, =| A, |,
and b, =| B, |, thena, =5, —b, and we obtains; =6, s, =6> —2 =
34 and

bs =6+((§)—1)(25 — ) = 426,

Let X, = S, denote the set of n-digit numbers with the leading
digit 1 or 6 and letY, =S, denote the set of n-digit numbers by leading

digit 2, 3, 4 or 5. Setz, =| X, |, y, =|Y, |, then we obtain the
following three recurrence relations:

5!! ZI:r—’_yrr! (D
©)

Xy =By T 2Lg=in
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and
Yn = 4551, Q
Substituting @ to O and @, we obtain
S, =, T45,-1» @
and
Ty = oot +85,-2. ®
From @, we know
T = B — F55iie ®

Substituting ® to &, we obtains, =5s, ; +4s,,. Combinings, =
6, s; = 34, we could obtain s; = 194, s, = 1106, and ss = 6306.
Therefore the required number of 5-digit numbers is

&ds = S _b;'. = 6306 — 426 = 5880,

3 The number of 4-digit numbers with thousands digit 4 or 6 is
2 X4 X8 X7 = 448 and the number of 4-digit numbers with thousands
digit 51is 1 X5 X8 X7 = 280. Therefore the required number of evens
with 4-digit is 448 + 280 = 728,

4 Let the lengths of »n line segments be a,y a.s ..., a,
respectively. Firstly, if there exists somea, >1, then 1, 2, and a, are
lengths of the sides of a triangle. Secondly, assume thata; < a, < * <

a, <1,if a,-, > %, then a,-, +a, > 1, thus 1, a,-,, a, are the

lengths of the sides of a triangle. If a,-; < % and there exists & such

that a; +as = apss, then ags ager s azsr are the lengths of the sides of

a triangle. Ifa,; < % and for any & , the inequality a; +a;+; < ass

holds, thena, < %a“g . Thus when 7 is odd,

a, ta> +++a, <2a, tay ++ +a,-) t+a,

gz(% +-}I+--- +ﬁ)+1 23,
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When n is even,

ay +a, ++ +a,
< 2(a, +a; ++++a,,) +a,
1 1 1

<y +ytriam

)+1
<3,

and this is a contradiction. This completes the proof.

5 Since the number of subsets of S is 2", then the number of
ways to select subsets X and Y orderly is P =2"(2" —1), When X C
Y(X #Y),andset | Y |=i (1 <i<n), then the number of ways to

. (n
select Y is ( .

)‘ Since X is the proper subset of Y , then there are 2' —
i

1 ways to select X . and the number of ways to select X CY(X #Y)
is

E (?.i)(Z" —1) = 3" —n.

im) 21

Similarly, the number of ways to selectY C X (Y # X) is

Z(n)Q —1) =3 —n,

i=l) [

Therefore we yield that required number of ways to select X and
Y orderly is

2:r(2u . 1) _2(3:4 _2:1) — 22» _2 i 3» + 2:1.

6  We know that among any five integers, there are three
numbers whose sum is a multiple of 3 and the coordinates of the

barycenter of NAA;A; is (rl +133 + z; ¥ ..__J;f %5, )

(1) If among the abscissas of all A, there are five numbers which
have the same remainders with module 3, then without loss of
generality, assume thatx, =x, =x; =x, =z5 (mod 3). Since among

Yi» Y25 Y35 Ys» and ys there are three numbers, say y;, y;,» y, (1 <



Solutions to Exercises 225

1 <j <tk <5), whose sum is a multiple of 3. Thus the barycenter of
ANAGA A, Is an integral point.

(2) Similarly, if among the ordinate of A, there are five numbers
which have the same remainders with module 3, then the conclusion
holds too.

(3) If all the remainders with module 3 of any five abscissas of A,
are not the same, and so are the ordinates. Then, the remainders of
xiand y; ¢ = 1, 2, ..., 9) range over 0, 1 and 2 respectively, so
there are at least two remainders of r, (or y,;) appear 3 times. Without
loss of generality, assume that

r, =1, =13 =0 (mod 3),

Ty =15 =x¢ =1 (mod 3).

If y, =3y, = y;(mod 3) or y, = y5 = y, (mod 3), then the
conclusion holds. Otherwise, with module 3, the remainders of y;, ¥y
and y, take at least two distinct values a, 8 (a #pBanda,p € {0, 1,
2}) and we set {a, B, ¥} = {0, 1, 2}. Similarly, with module 3, the
remainders of y,, ys; and y, take at least two distinct values « and 3,
or « and y, or B and y. In other words, with module 3 the remainders of
Vis ¥as ¥3s ¥as s and y, are classified two possible cases: (1) These
remainder take all values of {a, B, ¥} = {0, 1, 2}; (2) These
remainder take values of « and f, but each value takes 2 - 4 times. In
this case, we take £ € {7, 8, 9} such that x, =2 (mod 3), then there
exist 1 < <3 <<j < 6such that

ri+x;+x, =0+1+2=0 (mod 3)

and

yi+yj +tys =a+f+y =0 (mod3),
or

yi+y; +y: =a +a +a =0 (mod 3)
or

yi =p +p+p =0 (mod3).
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Therefore the barycenter of AA;A;A; is an integral point. This
completes the proof.

7 We use n points (no four of which are coplanar) to represent n
persons. If two persons are mutually unacquainted then the two
corresponding points are connected by a red line segment. Otherwise,
points are connected by a blue line segment. Thus we obtain a 2-
colored complete graph K, in which there is not a red triangle and the
problem is equivalent to find the smallest positive integer n such that
there exists a blue complete graph K, in K, ., i.e. there exist four
points A, B, C, D in K, such that each pair of points is connected a
blue line segment. Firstly, as figure, in a 2-colored complete graph K
(the solid lines is colored red and the dashed lines is colored blue).
there is neither red triangle nor blue complete
graph K,. If we delete some points and all line
segments meeting these points in this graph, and
in the remaining graph, there is neither a red
triangle nor blue complete graph K,. So the
required smallest positive integer n =9. Whenn =

9, we consider the following three cases:

(1) There exists a point A, such that there are 4 red line
segments, say A;A,, AjAs, AjA;, AjAs, meeting A,. With the
given conditions, we know, the line segments connecting each pair of
four points A,, A;, A,, As are colored blue, thus the conclusion
holds.

(2) There exists a point A, such that there are at most 2 red line
segments meeting A, , i.e. there are at least 6 blue line segments, say
AiAs, AlAs, AVAL, AAs, AJAg, and AA;, metting A,.
Considering the complete graph K, with 6 vertices A,, A;, A,, As,
Ags A;, and Ramsey’s theorem (Example 1 in Chapter 2), we obtain
that there exists a red or a blue triangle in this complete graph K. But
from the given conditions, we know there is not a red triangle in the
graph, hence there must exist a blue triangle, say AA,A3A,, in the
graph, and there exists a blue complete graph K, with four vertices.
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Ayvs Ayy As, Ay Hence in this case, the conclusion also holds;
(3) The numbers of red line segments meeting each of points are

all 3, thus the total of red line segments in the graph is 3K 27

2 2
positive integer, and it is a contradiction, i. e. the case (3) is
impossible.

#a

This completes the proof.

8 As shown in the figure, there are 9 line segments connecting 7
points, such that the condition is satisfied, hence the required smallest
number of line segments n << 9. If there are 8 line segments connecting
7 points, then we prove that there exist three points

such that no line segments connect the three points. A

Since there are 16 end points in the 8 line segments, by

the mean value principle, there exists a point A such

1 . .
that there are at most [é]] = 2 line segments meeting

A.

(1) If there is at most one line segment meeting A, then there are
5
at least other 5 points disjoint with A. Thus there exist at least (2) —8=2

disjoint pairs of the 5 points. Assume that two points C and D are
disjoint, then there is not a line segment connecting three point A , B
and C.

(2) If there are two line segments AB and AC meeting A.

(a) If there are 6 line segments connecting other 4 points D, E,
F, G, then there is not a line segment connecting three B, C and D.

(b) There are at most 5 line segments joining other 4 points D,

- 4
E, F, G, then there exist at least (2)— 5 = 1 disjoint pair of other 4

points D, E, F, G. Assume that two points D and E are disjoint,
then there is not a line segment joining the three points A, D and E.
Summing up the above, we obtain that the requires smallest

number of line segments is 9.
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9 Let the intersection points of the diagonal
lines AA; and A,As, A,As and AsA,, A3A, and
AA; be M, M., M, respectively. Firstly,
among the six triangles: ANA A M,, ANAA;M
AAAM,, AAASM;, AAsAM; and ANAGA M, ,
there exists a triangle, say AA,A;M,, whose

area is less than or equal to %S. We prove this by the mean value

principle and the following fact: the sum of the areas of this six
triangles does not exceed the area S of hexagon A, A,A A A A,.
Therefore we obtain that

lg

min{Saa, 4,4, » Saaa,a, ) <Saaam, < 7

Exercise 6

1 (1) Consider the following 91 number pairs: {i, i +9},: =1,
2, 3, ..., 91. Thus each element of the set {1, 2, 3, ..., 9} U {92,
93, ..., 100} belongs to exactly one of the above 91 pairs and each of
other 82 numbers belongs to two of the above 91 pairs. Hence 55
numbers belong to at least (55 — 18) X 2 = 92 pairs of the above 91
pairs. By Pigeonhole Principle, there are at least two numbers
belonging to a pair, hence the their difference equals 9. (2) Among
the following 55 numbers: 1, 2, 3, ..., 11; 23, 24, 25, ..., 33; 45,
46, 47, ..., 55; 67, 68, 69, ..., 77; 89, 90, 91, ..., 99, there are
not two numbers whose difference equals 11.

2 Letn =4m +1 Gm € N.). For any permutation p = {a,,
azs...sa,}of {1, 2, ..., n}, with the definition of #,, we know

ar tay +rr tap, <apw tage to ta, @
and

ay ta; +e Fagg Zasee tags o ta,, )
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But the equality in @ cannot hold, otherwise,

2(a, +a> + +akp+1) =g, +a; +-+a, = %n(n +1)
=m+1C2m +1),

i.e. an even=an odd, and it is a contradiction. Hence @) became

aq ‘!‘({2 + s +akp+1 >akp+2 +akp+3 s A +au- @

Thus for the permutation p” = {a,s a,-1» ... a»a;} with reverse
order of p, from O and @, we knowk, =n —(k, + 1) i.e. b, +
k, =n —1. Let each permutation p of {1, 2, ..., n} and the

permutation p’ with its reverse order be matched into a pair, then the

number of these pairs is 7 Therefore the required sum of k,s equals
(n—1) *«n!
B —

3  Without loss of generality, assume that the number of red
points in M is the largest and is at least [&X—;&_—qﬁ— 1 = 48 by
Pigeonhole Principle. Assume that the number of red points with
ordinate i isa,(: =1, 2, ..., 12), thena, +a, +-+ +a;; =48. Let

th

every two red points in the ™ row be matched into a pair, thus we

[ . . .
know there are (2 ) - %a,-(a,- — 1) pairs of red points in the i" row.

Thus the sum of pairs of red points equals

B(0)- 1St~ S

V2 i=1 i=1
12

>%[%<2a o]

i=1

1
-4 2 a; —12)

i=1
1

- . — = 72
=5, 48148 —12) =72, )

On the other hand, if there is no rectangle satisfying the
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condition, then the projections of all pairs of red points on the x — axis
are different, hence the number of all pairs of red points does not
exceed the number of pairs consisting of 12 points (x, 0) (x =1,

. 12 .
2, ..., 12) on the = — axis, 1.e. ( 5 ) = 66. It contradicts ). Thus

the conclusion is true.

4 (1) An obvious pairing method is that the two adjacent cells
are matched into a pair, i. e. using 1 X 2 rectangles to cover the
chessboard. If mn is an even, then the chessboard could be covered

perfectly by ? 1 X 2 rectangles. Player A may move the chessman

within the same 1 X 2 rectangle every time, hence A wins eventually.

If mn is odd, then the chessboard could be covered perfectly by

mn — 1
2

can enter into another adjacent 1 X 2 rectangle at first step, and player

1 X 2 rectangles except the left lower cell. Hence player A just

B may move the chessman within the same 1 X 2 rectangle every time,
and B wins eventually.

(2) We prove that no matter what mn is, player A wins
eventually. If mn is even, with the same reason above, we know that
the conclusion holds. If mn is odd, we also use @2———1

to cover the chessboard except the left lower cell and every cell is

1 X 2 rectangles

colored black or white such that any two adjacent cells are colored
with distinct colors. Thus every time, player A can move the chessman
within the same 1 X 2 rectangle from the black cell into the white cell,
and player B could move the chessman from the white cell to the black
cell of the adjacent 1 X 2 rectangle. In this case, there will be no
chessman entering the left lower cell. Therefore the player A wins
eventually.

5 Starting with the second small square of the 1 Xn rectangle, let
two small squares with numbers 2k and 2k +1 be matched into a pair

(k =1,2,..., [n 2_1]). Among the three chessmen in the small
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squares with numbers n — 2, n — 1 and n, there are exactly two
chessmen in a pair. Firstly, the player A move the third chessman in
the square with number n (orn —2 ) into the square with number 1, if
n is an even (or odd), then this chessman cannot be moved again.
Afterwards, when the player B moves one chessman of the remaining
two chessmen into some square P, the player A always moves another
chessman into square Q such that (P, Q) comprises a pair. Thus A
wins eventually.

6 Using an analogous method as in Example 11, we could obtain

. n+2
fn) = 3( A )
7 Let all 201-element subsets of S be divided into 5 classes Sy,
S,.5,.5;.S,. whereS;, ={A || A |=201,and S 4, = k(mod5),
where S 4, denotes the sum of elementsof A }, (& =0, 1, 2, 3, 4).

We construct a mapping f:S, — S, (1 <k <4) as follows: if A = {a;,
Ars wua s azm} < Su! then

f(A) :{Lh +kg as +k9...9alul_'_k}

and if some a; +£ > 1000, then we use a, +% — 1000 to take the place
of a; +% . Thus

201 2

Sa; +k) = Dja; +201k =k(mod5),
f=] i=1

i.e. f(A) € S;. Obviously, the mapping f is a bijection, so | S; | =
| Sy | (1 <k <4). Thus

1()()0)

_ 1 + | L D=+
| S I ==5Cl Su |+ S [+ Sz [+ S5 [+ S, D) 5(201

1000
i.e. the number of good subsets is %( 201 )

8 First we observe that P must have at least m friends, since for
any set of m people, their common friend has at least m friends. Now
we prove that P cannot have more than m friends. Proof by
contradiction. Let S be the set of P’s friends, and S = {B,, B, ...,
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B, }. We have by assumption £ = m + 1. We claim that for each (m — 1)
-element subset S/ of S there exists an unique person C; € S who is a
common friend of all the people of S/. Consider any such subset S; ={(B; ,
Bi, . ..., B; ). Adding P to this set gives a set of size m, and thus by
the given condition there exists an unique friend C; who is a common
friend of P, B; , B,,, ..., B; _
all friends of P, so C; € S. Now we claim that for any two distinct

.. Since by definition S is the set of
(m — 1) -element subset S} and S; of S, the two corresponding persons
C; and C; are distinct. Assume for a contradiction that this is not the
case, that is, there exist S’;, S, © S (S’;% S’)) with C, = C,. Take
any m-element subset of S; U S/, then the people in this set have two
distinct friends C; and P, contradicting the given condition. It follows
that each (m - 1) -element subset S’; of S corresponds to a unique
person C; € S;. Thus f is an injective mapping from ® to S, where ®
is a family of all (m - 1) -element subsets of S. Hence | R|<| S |,

k
{8 ( 1)@&». Butk >m+1landm =3, i.e. 2<m —1 <k —2,
-

SO (mil) = (i) > k, and this is a contradiction. Therefore the
required largest number is m.

9 SettingS ={1,2,...,n}andT =A, UA, U+ UA,, we
consider all mappings f:S — T satisfying the following condition: for
any: € S, f(i) € A; (G =1, 2, ..., n), let M denote the set
consisting of such mappings /. Thus [ M | =[ A, |«| A, |« <] A, |.
We claim that there is at least an injective mapping in M. If f € M is
not an injective mapping, then there exist i, j € S, i # j such that
fG) = f(G). Thus for such f, the f(i) = f(j) takes at most [ A; N
A, | distinct values, and f(k)(k # i, j) takes at most | A, | distinct
values. Hence for determinated i, j € S(; # j) the number of the
mappings satisfying (i) = £(;) is at most

I A, NA,; |
A NA; | Ay | = 71—
| k-1j.[.£j[.._jl el | A, I'lA} | |M]
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Hence the number of mappings in M which are not injective
mappings is at most

Rl A,‘ A}
Z.' NA, |

TA T4, 1" MI<IMI.

lsi<Zjan

It follows that there is at least an injective mapping f, € M. Let
foli) =a;(i =1,2,...,n), thena, €A, (G =1, 2, ..., n)and for
anyi, j € S G #j)ya; = fui) # fu(j) =a;.

10 We construct a mapping f as follows. Let any term a, of the
sequence correspond to an ordered pair (x;, y,), where x; is the
number of terms of the increasing subsequence with leading term a;
and the longest length, and y, is the number of terms of the decreasing
subsequence with leading term a; and the longest length. Assume that
the conclusion is false, then1 <z, <n, 1 <y, <m. Set X = {a,,

A2 oeo s Apyer: and
Y={(Gi,y) |1 <x; <n, 1<y, <m,and x;, y; € N, },

then | X | =mn +1 >mn =|Y |, so f is not an injective mapping.
Hence there are a;, a; € X (i # j) such that

(x5 ¥i) = fla;)) = fla;) = (zj, y;).

Butr;, =x; +1ifa; <ajory, =y, +1ifa; >a;, and thus, a
contradiction. This completes the proof.

11 We use (a) and (b) to denote several consecutive a’s and
several consecutive b’s in the sequence respectively. Thus the
sequences satisfying the given condition just have the following two
forms: (1) (a)(b)(a)(b)(a)(b)(a), (1) (b)(a)(b)(a)(b)(a)(b).
Thus each sequence with form as ( 1) or ([l ) contain three ab’s and
three ba’s. Hence with the condition of the problem, we will need to
place 5 a’s into the (a)’s and 3 &’s into the (4)’s. Applying the
formula of the repeated combination (Chapter 1, 1. 3), we obtain that
the number of permutations satisfying the condition to be

(4 -%2—1)(3;*;—1): (:)(Z)=56()



234 Combinatorial Problems in Mathematical Competitions

in the case ( [ ) and

P Q) -

in the case ([[ ). The desired answer is 560 + 420 = 980,

12 Without loss of generality, leta > 6 >d. Froma +¢ =56 +
d s we know ¢ << d. Consider the ways to select three numbera > 6 >
¢ fromS = {1, 2, ..., n} satisfyinga +¢c —b # b, and the number of
ways to select three numbersa > b6 > ¢ from S = {1, 2, ..., n}

is (;) where the number of ways satisfyinga +¢c —b = b, i.e. a +

/2
¢ = 2b (a and ¢ have same parity) is 2(n2 ) Let

B={la,bysc)|n=a>b>c=1,a+c—b#b),

:)__2(?3£2

then 4-element group (a, b, ¢, d) satisfies the condition of problem.

then|B|=( ) For any (a, b. ¢) € B, setd =a +c —b,

But each 4-element group (a, b, ¢, d) corresponds to two triples (a,
b, ¢) and (a, d, ¢) (sinced > ¢ ), hence the required number of ways is

L |=%((;)—2(”£2))=21—4n(n ~2)(n —5),

13 For any binary sequence of lengthn +~ 1y = {y,, y>, ...,

Ya+1 ) let it correspond to a binary sequence of length n x = {z,,
ZTas ... s x,} such that
J-‘sEyf+y;+1(mod2),i=1, 2y ... N, ®

Obviously « is determined uniquely by y. On contrary, for each
binary sequence of length nx = {x,, x5, ..., x,}andy, =0or 1, it
corresponds to a binary sequence of lengthn + 1y = {y,, ys, ...,
Va1 ) such that

Yinn =y; tx;(mod 2), 71 =1, 2, ..., n. @)
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Since y; +y,y =y, +y;, +x; =x,(mod 2), the correspondence @
is exactly the inverse correspondence (D. Under the correspondence
(D, the four consecutive terms 0, 0, 1. 1 and 1, 1, 0. 0 become the
three consecutive terms 0, 1, 0. On contrary, under the correspondence
@, the three consecutive terms: 0, 1, 0 become the four consecutive
terms: 0, O, 1, 1 or 1, 1, 0, 0. Therefore each binary sequence of
length n without the three consecutive terms: 0, 1, 0 corresponds just
two binary sequence of length » + 1 without the four consecutive
terms: 0, 0, 1, 1or1, 1, 0, 0, and we obtain b,., = 2a,.

Exercise 7

1 Assume that there are n students of the second grade and the
point of each student of the second grade is k. Thus all students get 8 + kn

n—+2
points in the aggregate. On the other hand, there are ( 5 )
tournaments, and the sum of points in each tournament is 1. so
n +2
( , ) =8+kn,i.e. n? —(2k —3)n —14 = 0. Hence 14 is a multiple

of n. Thusn =1, 2, 7or 14. Sincen =1, 2, k < 01is impossible and
n =7,k =40rn =14, k =8 are possible, there are 7 students of the
second grade and the points of each student is 4 or there are 14
students of the second grade and the points of each student is 8.

2 Assume that the required smallest value is 2. Since the sum of
the interior angles of the quadrilateral equals 360° and the sum of the
interior angles of the polygon (or triangle) that obtain after a division
increases at most 360°. Assume that we obtain £ + 1 polygons after %
divisions and the sum of the interior angles of these polygons is
Sis then

Se < (& +1) + 360°. )

On the other hand, the sum of the interior angles of 47 46-sided
polygons is
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47(46 —2) « 180° = 47 X 44 X 180°

and the sum of the interior angles of the remaining (¢ +1) —47 =k —
46 polygons (or triangles) is at least (¢ —46) + 180°, so

S, =47 X 44 X 360° + (B —46) « 180°.
From (O and @), we obtain
(B +1) «360° =47 x 44 x 180° + (k — 46) « 180",

Thus & =47 X 43 —1 = 2020. Now we give a division to illustrate
thatk = 2020 is attainable. Firstly, we obtain 47 quadrilaterals after 46
divisions. Secondly, for each quadrilateral, we obtain a 46-sided
polygon and 42 triangles after 42 divisions. Thus the total number of
divisions is 46 +47 X42 =47 X43 —1 = 2020, and we obtain 47 46-sided
polygons and 1974 triangles. Therefore the required smallest value of
n is 2020.

3 Assume that the conclusion is false, and for any two persons A
and B of n persons, among the remaining n — 2 persons the number of

persons who know one of A, and B is exactly k£, then & 2%.

Otherwise, among the remaining n — 2 persons. there are at least
-9 —y (M 4\
n—2—k>n-2-(3 1)=2 1

persons such that each of them are either mutually acquainted or
mutually unacquainted with A and B. It contradicts the above
assumption.

For any two persons A, B, among the remaining n —2 persons, if
there is a person C who knows one of A and B, then (C; A, B) forms
a triple and denote the number of such triples by S. On the one hand,

n
there are (7) ways to select two persons A, and B from n persons,

and there are at least % triples containing A and B, thus
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>£(H)
S - 2 2 - @
On the other hand, for any person C, (i = 1, 2, ..., n) of n

persons. assume that C; knows k; persons in the remaining n — 1
persons, thus the number of triples containing C, isk,(n —1 —k,). So

S=>kn—1—k)
i=]
= (n —1)2.{’5 — i}kf
i=1 i=1
<=3k =L (D%,
=1 i=1

n

_ [(:n(,ﬁ—'l))1 (E‘& ri(?z—l)) 7‘

(n —1)° n ("
T w2l
<20

It contradicts D. This completes the proof.

4 Let the set of given points be I = {P,, P,, ..., P,} and the
number of pairs of I with unit distance is E. We draw the circle C,
with the center P; and unit radius (: = 1, 2, ..., n) and assume that

there are e, points of I in the circle C;(i =1, 2, ..., n). Thus ) e, =

2E. The line segment is called a good line segment, if its two end

points belong to I. On one hand, there are (;) good line segments.
On the other hand, there are (2) chords of the circle C,; which are

n e‘_ . A
good line segments, so there are Z (2) chords of n circle which are
i=1

all good line segments. But some good line segments as the common
chord of two circles are counted repeatedly. Since there are at most

?.ll . - - -
( ) common chords of n circles, the number of distinct good line
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"y e n
segments is at least > (2 )— (2 ) Thus we know

2()-G)=<()

By Cauchy’s inequality, we obtain

2(3)=4(Set - e

[L(Se) -3 ]

= EHE" —2nE),

I\J1—~

/

i.e. 2E? —nE —n*(n —1) <0, so

E<nttn \/48?1 =7 g.!.'-’r-rfr4 8n =%+\/7§”%'

5 LetA ={a;sass...va,}s P={P,, Py, ..., P,}. Assume
that the element a; of A is regarded as a point in the plane (: =1,
2, ..., n)and the pair {a,, a;} of elements in A as the line segment
joining two points a; and a; (1 < i < j < n}. Thus the problem is
equivalent to proving that each point of A is a common end point of
just two line segments of P. Assume that the number of line segments
starting with a; isd,(: =1, 2, ..., n), then

D.d; =2| P |=2n, D

i=1
If the point a, of A is a common end point of two line segment P,
and P; of P, then {a;; P;, P;} is regarded as a triple, and let the

" d‘_
number of such triples be S. Thus S = Z ( 5 ) On the other hand, a
i=1

and a; are joined by a line segment if and only if P, and P, have a

common end point a, forming a triple {a,; P,, P;}. Hence the
number of triple {a,; P;, P;} equals the number of line segments
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joining the points of A, i.e. S = n. Thus

3(%)-1(Sa-3a)

-
-

i. e. the equality in this inequality holds. By the necessary and
sufficient condition that yield equality in Cauchy’s inequality hold, we
obtaind, =d, =+ =d,. Combining the equality with (U, we obtain
d, =d> =++=d, =2. It means that each point of A is a common end
point of only two line segments of P.

6 Proof I On one hand, the coefficient of x" in (1 +2)* =

B (i),

el i
On the other hand,

2n

(1+2)* =1 +2x +2)" = Z(
=0 ‘M =

n

k)(zxwu zt)F,

Since there exists a team x" in

( . k)(z.;»)"*m $z2 P - (H " k)(zxwg(f)x%

n - -

if and only if & is even and when k¢ = 2i, the coefficient of z" is

.
( " ]2"'1*'(")111( " )(21)"'*(]*rz)*and()éié[i} So the
n—=Fk 2

n—2i l

coefficient of x"in (1 + x)*" is also

[n2] n L (21

2(, "2 ()
FETRAY / N 2i

Hence we obtain

ziz(rr j2£)2”_2r (2: ) - (2: )

=l
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Proof T  On one hand, the number of ways to select n persons
as the deputation from » couples is (2:) On the other hand, we
calculate this number in the following way. For any integer i
(U <i < [%]), we select : couples in (J:) ways. Afterwords we

select n — 27 couples from the remaining n — i couples and select a

7 —
person from each couple in ( 2_)2" * ways. Hence for any integer 7,
n —

we obtain

AN IS

ways to select n persons as the deputation and i may equals 0, 1,
2, ..., [n /2]. Therefore there are

{n/2]

20,2 )

1=}

ways to select n persons as the deputation. Hence

[n

S( ") =)

Exercise 8

1 Suppose a, medals be awarded at the £ day, then

a; =1 —l—%(m -1 =%(m +6),

1

a§=k+7

(.’?’1 Tdy T Az Tttt T g __k)-} ®
and

Apey = F —l—l—%[m—m—az —rr—a — (R + DL @
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® -0

A+ —aAp = 1 +%(_a£ _1)9

i.e. Ap+y —6 = L;(a;: _6). SO

k=1

t:“\h—6=(a]—6)(%)H - ) m —36),

(5

~|—=

and
m = Eak = 20m —36)2 (%)H +6n = n =301 (2" ]+en.

ie.m = {"—l(n —6) +36. Since (7", 6"™') =1, 6" | (n —6). We

could prove that whenn >1,6"" >|n —6|. Hence we obtainn =6,
andm = 36. So the competition last for 6 days and 36 medals are
awarded.

2 Let the plane be divided into at most a, parts by n ellipses.
Add an ellipse such that the number of the divided parts of the plane
by these ellipses attains maximum, thus the (n + 1)™ ellipse intersect
each of the given n ellipses at 4 points and the 4n intersecting points
are distinct. Thus the (n +1)™ ellipse is divided into 4n arcs and every
original region is divided into two parts by each arc. Hence we obtain
a,» =a, +4nanda, = 2, and

n-1

a, = a1 + Z(ak-‘-l —d )

n=1

=i +Z(a}(+g _ak)
k=1

n=1

=2+ D 4k =2n> —2n +2.

Especially. a,, = 182.
3 Let the permutation {a,, a>, ..., a,} that satisfies the given
condition be called a good permutation with length » and denote the
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number of such good permutations by S,. Sincen —1 | a,-, —a, and
| ap-y —a, | <n—1, | ap-y —a, | =n —1. It follows that (a,-,, a,) =
(1, n) or Cay-yys a,) = (n, . If (ay-yy a,) = (1, n), then {a,,
aszs ... a, ) is a good permutation with length»n — 1. If (a,-, a,) =
(n, 1), then{a, —1,a,—1,...,a, —1}isa good permutation with
length n —1 . Hence each good permutation with length » corresponds
to a good permutation with length»n —1 . This correspondence is a one-
to-one correspondence, so S, = S,-;. Obviously S, = 2 (There are just
two good permutations {1, 2}, {2, 1} with length 2), hence for any
positive integer n = 2, the number of permutations satisfying the given
condition is S, = 2. Whenn = 2m, there are two good permutations
with length n as follows;

mim+1,m—1,m=+2,m—2,m+3, ,2,2m—1,1, 2m),
and
m+1t,mm+2,m—1,m+3,m—2, =, 2m —1, 2, 2m, 1.

Whenn = 2m +1, there are two good permutation with length »
as follows:

m+t,mym+2,m—1,m+3,m—2, -, 2n—1, 2, 2m, 1, 2m +1},
and
{m +15 m 'L29 m, m +39 m _15 m +49 ey 2??1-, 29 2m +l; 1}.

4 Set A, = f*((1)) and let b, denote the number of pairs
containing two consecutive teams 0, O in A,, and ¢, denote the
number of pair containing two consecutive teams 0, 1 in A,. With the
given condition, we know through the transformation f only the pair
0, 1in A,-, could become the pair 0, 0 in A, and only the number 1 or
the pair 0, 0 in A,-, could become the pair 0, 1 in A,_,. With the
definition of f, we obtain that there are 2" 2 teams in A,-, and half of
these teams are 1s, sob, =c,, = 2"? +b,.,. We obtain

2" +b, if n =1(mod 2),

by =2"3 25 4 ... +<{ _
2" +b,, if n =0(mod 2),



Solutions to Exercises 243

where b, = 0, and b, = 1. It follows that b, = i[z"" +(—1D"].

3
5 Let X, be the set of the alternative sequences whose terms are
from the set {1, 2, ..., n}. Thus | X, |=A (). Whenn =1, X, =
(&, {1}}, thenA(1) =2. Whenn =2, X, ={J, {1}, {1, 2}}, then
A(2) =3. Forany{a,, a»s ..., a,} € X,, by the definition, a, =1
ora; =3isanodd. Whena; =1, {a; —1,a3; —1, ..., a, — 1} €
X,-1. In this case, let

f

{a19 a.‘!?...9“:}!}'_’{‘12_1’0'3_‘1‘---‘am_1}9

thus f is a bijective mapping from X{" to X,-,, where X" < X, and
the leading team of each sequence in X" isa; =1,and | X;" |=| X, | =
A(n —1). When the odda; =3, {a; =2, a2—2, ...y an —2} € X,.
In this case, let

; £
1y s 3y ouw s a,,,}——"‘{a1 — 2y as — 2y s in 3 B _2}9

thus f is a bijective mapping from X to X,-,, where X;” C X, and
the leading team of each sequence in X,” is the odda, = 3. Hence

| X:IEEJ | :| er-Z | ZA(?I _2)9
and

A = X, =1 XP |+ XP |=An—1) +An —2).

It is the recurrence relation of the Fibonacci sequence. Since A(1) =
F,,and A(2) = F5, A(n) = F,.,, specially, A(20) = F5. The first
21 terms of the Fibonacci sequence are 1, 2, 3, 5, 8, 13, 21, 34, 55,
89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6765, 10 946, and

17711, So A(20) = F,, = 17711,
6 Letb, =2",c, =n’,anda, =b, —c, =2" —n?. Since

bn*‘.’r = 2,'+3 —i 8 . 2” = 2” = b“(mod 7) [}

and

2 ==
= Cn

Cu+1 = (?’i +7)2 =n
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Ay+1 = brr*‘.’!] T Oy = bn =0, T dy, (mOd 7).

But among a;, as» ..., as, just 6 terms: a; =0, a; =0, as =7,
as =28, a,y =924, anda; = 32534 are multiples of 7. Since 9999 =
476 X 21 + 3 and among a,, a: and a3, justa, = 0 is a multiple of 7,
there are 476 X 6 +1 = 2857 positive numbers n less than 10" such that
2" —n?is a multiple of 7.

7 Using a analogous method in Example 7, firstly, we could
prove the following conclusion: Leta, =1, a, =2 anda,+>» = 3a,+ —
a,(n € N.), then

30‘.,;61,,” :ai +a£+1 +1(?’3 € N.).

(We leave the details of the proof to the reader.) Thus we know that
there are infinitely many distinct pairs (a, ) = (a,, a,+,)(n € N,) of
positive numbers such that a® +54? + 1 is divisible by ab.

8 Solution I Leta, =1, a, =4, a,ex = 4a,s; —a,(n =1),
b, =2a,., andc, = a,.», then

Cy _bn = Ay+2 _2an+1 =2a"+1 —d, :b,‘ — Qs

i.e. a,, b, and ¢, (a, < b, < c,) construct an arithmetic sequence.
Then, we prove that

a,cp +1 =a,a: +1 =al,,.

Since a; = 4a, —a, = 15, then

ac; +1=1X15+1 =14 = 43,

Assume

n-1Coy 1 =a,a,4 +1 =a?,

then
a.c, +1 =a,a,+ +1
=a,da, —a,) +1

= 4aﬂaﬂ+] '_aﬁ +1

= 4anan+1 _ (a,,_la,,” +I) +1

2

= Ayt (4au _arr-l) = Qyey.
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Thus for alln € N, , a,c, +1 = a2., holds, and

a,,b,‘ +1 =a, * 2a,,+‘ +(a,3,+| ‘—a,,a,,+3)
= ai*’] _a:r(au‘*] —2‘2::"*1)
2
= dy+i _a!r(zau*'l _an)

= (arr*'l —da, )2 1
bucn +1 = (a,+» —a,+ ). Hence there exist infinitely many triples (a ,

b, cy) =C(a,, b, c,)such thatab +1, bc +1andca +1 are all perfect

squares anda, » b, ¢, (a, <b, <c,) construct an arithmetic sequence.
Solution [ Let (2 +v/3)" = A, + B, /3 (A,, B, are two positive

integers, n € N.), then (2 —/3)" = A, —B, V3, A} =3B = 1. Leta =
2B" _A,,9 {IJ = 28" andf = 2B,, +Ang then 7 b! C (a <b < C)
construct an arithmetic sequence andab +1 = (A, — B,)?*, ac +1 =

B2, andbc +1 = (A, + B,)?. Hence there are infinitely many triples
(aq I’Jy (') = (2B" _A,r! 2B,,9 ZB,, _I'_A,‘)

such thatab + 1, bc + 1 and ca + 1 all are perfect squares.

9 LetAB =a—d,BC =a, and CA =a +d (a, d € N. and
a >d), and let S denote the area of ANABC, h, the altitude on the
side BC in ANABC. Thus

s=y5(54) 5+ (54)

s a 2_ 2
—2¢ 3[(2) d }

Since S is an integer, a must be an even. Seta = 2z (x € N.),
then § =z V3(x? —dP) s he =2 = /37 —d) » andhi =3(a? =

d?), so h, must be a multiple of 3. Leth, =3y (y € N.), thenx? —

3y? = d?. For convenience, we taked = 1, thus

x2—3y* =1, @

and (x, y) = (2, 1) is a solution of D. Let
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(2 +'\/§)” = Xa +y,,\/§(1.,9 Vus 1 e N+)9

then (2 —/3)" =z, —y, V3 andx2 —3y2 =1, i.e. (x, y) = (z,,
v,)(n € N.) is the positive integer solutions of (D). Since
Ty +yn+!\/3 = (2 +'\/§)”J_]
= Q+V3)(x, +y.43)
= Qx, +3y,) +(x, +2y.)3,
{I,‘H = 2.3_',, + 3_}’,, ’ {I] == 2g
and
y!r+] =Ir, = 2_}1:;9 yn = 1.
Eliminating y,, we obtain x,+> = 4x,+; —x,, x, =2, 1, = 7. Set
AB :2.7.‘,, _15 BC =2.I'N-} andCA =2.I'” +1| (ﬂ :19 2| 3;... )! then

AB, BC, and CA (AB < BC << CA) construct an arithmetic sequence
consisting of coprime positive integers and the area of AABC is

S=x+v3(x?—1) =3x,9.>
and the altitude on the side BC in AABC is

B =% = /3 =d%) = 3y..

So the area and the altitude on the side BC in AABC are two
positive integers. Therefore there exist infinitely many AABC
satisfying the given condition in the problem.

Exercise 9

1 As figure, the 11 X 12 rectangle is colored with black and white
such that no two black cells are covered by a1 X 7 or 1 X 6 rectangle.
Since there are twenty black cell in this figure,
they are cannot be covered by nineteen 1 X7 or 1 X ' ' u
6 rectangles. Therefore we have proved that the H

11 X 12 rectangle cannot be covered by nineteen

1 X7 or1 X6 rectangles. =
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2 (1) Suppose that the m X n chessboard can be covered by
several “L-shapes”, then m = 2 and n = 2. Since each “L-shape”
contains 4 unit cells, mn is a multiple of 4. Without loss of generality,
assume that m is even. Let the n unit cells in the odd rows be colored
black and » unit cells in the even rows be colored white. Thus each “L-
shape” covers either three white unit cells and a black unit cell or three
black unit cells and a white unit cell. In other words, the number of
black cells or white cells which are covered by an “L-shape” is odd. If
mn is not a multiple of 8, thenmn = 4(2k +1) (£ € N,). If them X
n chessboard is covered by several “L-shapes”, the number of the “L-
shapes” must be 2k + 1 . But the sum of odds whose number is odd is
also odd. It implies that there are odd number of black cells and odd
number of white cells in the m X n chessboard. But the number of
black cells and the number of white cells are 2(2% +1) , which is even,
and this is a contradiction. Therefore we have proved that if the m Xn
chessboard is covered by several “L-shapes”, then mn is a multiple of 8.

(2) From (1), we know that the m X n chessboard can be covered
by several “L-shapes” then mn is a multiple of 8. We will prove that
this condition is also sufficient.

(a) if m and »n are two evens, then one of m, n is a multiple of 4
since mn is a multiple of 8. Without loss of generality, letm = 2m,,
andn =4n,Gn,, n, € N.), then the m Xn chessboard can be divided
into m n,2 X4 rectangles. Since each 2 X 4 rectangle can be covered by
two “L-shapes” (As figure (a)), the m X n chessboard can be covered
by 2m n,"“L-shapes”.

(b) If one of m and n is odd, then another is a multiple of 8.
Without loss of generality, letm =2m, +1, n =8n,(m, n € N.),
then the m X n chessboard can be divided into two parts, where one
part is a 2(m, — 1) X 8n, chessboard, and another part is a 3 X 8n,
chessboard. Since the first part can be divided into 2(m, —1)n, 2 X 4
rectangles and the second part can be divided into 7,3 X 8 rectangles
and each 3 X 8 rectangle can be covered by 6 “L-shapes”, (As figure
(b)) the m X n chessboard could be covered by several “L-shapes”.
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(a) (b)

3 We represent n persons with » points. If two persons are
acquainted, the two corresponding points are connected by a red line
segment, otherwise, connected by a blue line segment. Thus we obtain
a 2-colored complete graph K, and the problem is equivalent to find
the smallest positive integer » such that there exist two monochromatic
triangles with a common vertex in the 2-colored complete graph K, .
As figure, in the 2-colored complete graph K (the
solid lines represent the red lines but we do not
draw the blue lines), there is not a blue triangle
but 8 red triangles and any two of these 8 red Z
triangles have a common side or do not have a
common vertex.

Hence the required smallest positive integer n = 9. Let 9 vertices
of the 2 - colored complete graph K, be A,, A,, ..., and Ay, and the
number of red and blue line segments meeting A, be x; and 8 -z, (i =
1.2, ..., 9) respectively. Assume that a red line and a blue line
meeting some same point form a distinct color angle, thus the number
of the distinct color angles of the vertex A, is z;(8 — x,) (; = 1,
2, ...+ 9). If a triangle has red and blue sides, then this triangle is
called a distinct color triangle. Since there are two distinct angles in
each distinct color triangle, in the 2-colored complete graph K, , the
number of distinct color triangles is

9 9
%Z] (8—z) < %Z}(I +8_I) _%xt)xm:n.

Hence in the 2-colored complete graph K,, the number of the
same color triangles is at least
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9
(3)—72 —84—72 = 12,

The 12 triangles have 36 vertices, but there are just 9 points in

K,. By Pigeonhole Principle, there are at least [369_1]+ 1 =4

triangles with common vertices. Among the 4 triangles, if there are
two triangles with a common vertex, then the conclusion holds,
otherwise the 4 triangles have a common side. so all sides of the four
triangles are colored with the same color. Without loss of generality,
assume that AAALA;, AAALA,, AAALAS and AAALA, are all
red triangles.

Consider the complete graph K, with four vertices A;, A,, A;
and A, and if one side of K,, say A ;A,, is colored red. then
AATAA, and AAALA; are two red triangles which have a common
vertex A,. Thus the conclusion holds. Otherwise, all sides of this K,
are blue, and the red triangle /AA;A,A; and blue triangle AA;A A5
are two triangles with a common vertex A;.

Thus the conclusion also holds. Summing up the above., we
conclude that the smallest positive number » is 9.

4 Just as the third problem, this problem is equivalent to finding
the smallest positive integer n such that there exist two monochromatic
triangles with a common side in the 2-colored complete graph K, . As
figure K, (the solid (red) lines and the dashed (blue) lines are
constructed in two distinct figures respectively),
there are 6 red triangles and 6 blue triangles, and
any two monochromatic triangles do not have a
common side.

Hence the required smallest positive integer n =
10. Using an analogous way with the third problem,
we could prove that there are at least 20
monochromatic triangles in a 2-colored complete
graph K, and these triangles have 60 sides.
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10 _
But the number of sides in the K, is ( 5 ) = 45. By Pigeonhole

60 —1
45

with a common side. Summing up the above we obtain that the

Principle, there are at least [ 14’ 1 = 2 monochromatic triangles

smallest positive number 7 is 10.

5 We represent 9 mathematicians with 9 points. If two
mathematicians can speak the i™ language, the two corresponding
points are connected by a line segment with the i™ color. Otherwise
the line segment connecting the two corresponding points are not
colored.

( [ ) If any two points are connected by a line segment with some
color, and the number of colors of line segments meeting each point is

at most 3, so by Pigeonhole Principle, there are at least [%} +1 =

3 line segments, say A;A,, A;A;, and A A,, meeting the point A,
with the same color. So A,, A, and A; can speak the same language.

C ) If there exist two points A; and A, such that the line segment
connecting the two points are not colored and with the given
condition, we know among any three points, there exist two points
such that the line segment connecting the two points are colored with
some color, thus for any point A; (i =3, 4, 5, 6, 7, 8, 9), there are
at least one of A;A, and AA, is colored with some color. By

Pigeonhole Principle, there exists one point of A, and A,., say A,,
such that there are at least F%]F 1 = 4 line segments meeting A,

which are colored. But there are just three colors, so there must be
two line segments, say A;A; and A,A,, which are colored with the
same color. So that A,, A;, A, can speak the same language. This
completes the proof.

6 We write 1 in each unit square of the odd rows and -1 in each
unit square of the even rows of the 8 X 8 chessboard. If there exists a
perfect cover satisfying the given condition, then the sum of numbers
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which are covered by a2 X2 square is2 X (—1) +2 X1 = 0 and the sum
of numbers which are covered by an “L-shape” is either 3 x1+(—1) =
20r3 X(—1) +1 =—2,

Assume that there are r “L-shapes” and each cover 4 numbers
whose sum is 2, and each of the remaining (9 —x) “L-shapes” covers 4
numbers whose sum is -2, then the sum of number which are covered
by these figures is7 X0 +2x +(—2)(9 —x) = 4x — 18, but the sum of

numbers in this 8 x 8 chessboard is 32 X1 +32 X (—1) =0, so4xr —
(&

18 =0, r = % is not an integer, and this is a contradiction.
Hence there is not a perfect cover satisfying the given condition.
7 When two cogwheels have 14 teeth respectively, assume that
each tooth of the cogwheel A (B) is assigned an integer a; (b;) (i =1,
2, ... 14) in clockwise. For the tooth knocked off, leta; (6;) =1,
otherwise a; (b;) = 0. We turn the cogwheel A clockwise such the first

14
tooth of A and the i"™ tooth of B are in gear and let S, = E apbivio1s
k=1

(l =1, 2, ... 14; L‘}):ﬂ_; = (I)J:)a thus S, = () indicates that th(’:
projection of two cogwheels is the projection of a whole cogwheel. If
forany: (1 <i <14), S, #0, then S, =4, S; = 1. Thus

14

D18 =4+13 =17.

f=}
But

14

14 14
MS = (Dla) (b)) =4 x4 =16,
i=1 i=1

=1
and this is a contradiction. Hence there exists an 7,(1 <7, < 14) such
that S;, = 0. So if we turn the cogwheel A clockwise such that the first
tooth of A and the i tooth of B are coincident, then the projection of
two cogwheels is the projection of a whole cogwheel. When the two
cogwheels have 13 teeth respectively, the conclusion does not hold. In
fact, assuming that the teeth knocked off are the first, the second, the
fifth and the seventh tooth clockwise and assume that we must turn C;
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tooth clockwise such that the i™ tooth of A and the ;" tooth of B are
coincident. From the following table, we know that whether we turn ¢
(i =1,2,..., 13) tooth of A, this case always appears that the tooth
knocked off of A and the tooth knocked off of B are coincident,
hence the projection of two cogwheels cannot be the projection of a

whole cogwheel.

B
Oy 1 2 5 7
A
1 13 1 4 6
2 12 13 3 5
5 9 10 13 2
7 7 8 11 13
Exercise 10

1 Proof by contradiction. Assume that any two triples have two
common members or do not have a common member. If two triples A
and B have common members, then they have exactly two common
members: a and b. If triples B and C have two common members,
then at least one of a, and & belongs to C. Hence triples A and C have
also two common members, and all triples are divided into several
classes such that any two triples in the same class have exactly two
common members and any two triples in distinct class do not have a
common member. Now we prove that the number of triples % in the
same class is less than or equal to the number of persons A in these
triples. Obviously, h =3. Whenh =3, £k =1, Whenh =4, b =2, and
assume that {x, a, b} and {y. a, b} are two triples in this class, then
other triples in this class just have the following forms: {x, v, a},{x,
ys b} ori{a, b, z}, where we could choose z in h — 4 ways at most,
hence £ <4 +(h —4) = h. Thus the total number of triples is less than
or equal to total number of persons, i.e. n + 1 < n, and this is a
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contradiction. This contradiction implies that the conclusion is true.

2 Each of two cases is impossible. Assume that the rows in this
chessboard are numbered with 1, 2, ..., 8 from bottom to top and the
columns in this chessboard are numbered with 1, 2, ..., 8 from left to
right. Let the square in the i™ row and the j" column be assigned with
(i, j) and the sum of ordinates of 9 chessmen be S. If the 9 chessmen
occupy the 3 x 3 square in top left (or top right) corner, then S
increases 3(6 +7 +8—1—2—3) =45, i.e. the parity of S changes. On
the other hand, when some chessman moves once, the sum S increases
either 2 (if the direction of the jump is vertical or diagonal) or 0 (if
the direction of the jump is horizontal), i.e. the parity of S does not
change, so this is a contradiction. Thus we prove that each of the two
cases is impossible.

3 For sake of contradiction, assume that for any two
permutations b and ¢ (b # ¢) , S(b) — S(c) is not a multiple of » !,
thus S (a) ranges over a perfect complete system of residues with
modulus » !, if a ranges over all n! permutations of 1, 2, ..., n. Let
o denote the set of all permutations of 1, 2, ..., n, thus

nl

SIS =Dk ==+ al(nl + 1 (modn).
k=1

aEg

Sincen > 1is an 0dd, 3)S(a) == +n! (modnD), i.e. 2;S(a)

aeg aes

is not a multiple of n!, which contradicts

MS(a) = D ke = Dk (Dai) = &('”2}—” X ki
i=1

agq agg  i=1 aeq i=1

=0 (modn!).

Hence the conclusion holds.

4 We use 17 points to represent 17 persons.
Assume that two points are connected by a line
segment if and only if two corresponding persons
are mutually acquainted, thus we obtain a graph G

with 17 vertices. If two persons are acquainted (i. e.
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the two corresponding points are connected by a line segment) or have
a common acquaintance (i.e. the two corresponding points spanning
an angle) then we say that the two corresponding points are
associated. Thus the problem is equivalent to proving there exist two
points which are not associated.

For the sake of contradiction, assume that any two points are
associated, i. e. for any two points they are connected by a line
segment or spanning an angle. There are % X 17 X4 = 34 line segments

7 17 .
and 17(2) = 102 angles and 34 + 102 = 136 = ( 3 ), which equals the
number of two-points groups of 17 points.

Hence for any two points, they are connected by a line segment or
construct a unique angle, and one of the two cases occurs. Thus
neither a triangle nor a quadrangle occurs in the graph G. Consider
any point X, then the point X and four points A, B, C, D are
connected by four line segments XA, XB, XC, XD. Thus any two of
A, B, C, D are not connected by a line segment and each of A, B,
C, D and other three points, except X, A, B, C and D, are
connected by line segments respectively. At this time, there are 16 line
segments and 4 three-point groups: {A,, A,, A}, {B,, B,, B;},
{Ciy Csy Cs}y (D1, Dy, Dy} in the figure (as figure). Hence we
need to connect 34 — 16 = 18 line segments.

Since any two points of a three-point group are not connected by a
line segment, it is allowed that each point and any point of other
three-point groups are connected by a line segment. Thus we obtain a
5~ point cycle containing the point X, as long as we connect a line
segment (as figure: XAA,B;BX and XBB,C;CX ) and there are

exactly 18 5-point cycles containing the point X. Hence there are

X : . . . .
18 5 L5 5-point cycles in this figure, but E—?—” 1s not an integer, and

this is a contradiction.

This completes the proof.
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5  Assume that there exist n persons satisfying the given
conditions, and let the 8 acquaintances of some person x be x,,
Zys ...» xy. Since x and xy are acquainted, then they have 4
common acquaintances. Without loss of generality, assume that
the common acquaintances of x and s are x,, x>, x5, x4, thus
x5 and xy are unacquainted. Since x and x; are acquainted, then
they have 4 common acquaintances which are 4 persons of x,, x>,
T3y XTys Iss Te. Hence among the 4 common acquaintances,
there are at least 2 persons of x,, x>, x3, x;. Assume that the 2
persons are x, and x, Thus x; and x4 are unacquainted, but they
have 3 common acquaintances x, x,, x,, which contradicts the
given conditions. So there is no positive number » satisfying the
given conditions.

6 Assume the pair of players playing the ™ game is (a;, b;) (i =
1.2, ... 14 andM = {(a;» b)) | i =1, 2, ..., 14}. A subset S of
M is called a good subset, if the players belonging to player pairs of S
are distinct. Obviously, good subset exists. (Since one-element subset
of M is a good subset) and the number of good subsets is finite. Hence
there exists a good subset M, such that number of elements of M, is
the largest.

Assume that there are r pairs of players belonging to M,,. We just
need to prove r = 6. If r <5, then any two of the remaining 20 — 2r
players, except 2r players in M, , do not play a game. (Since if (a., b)
plays a game, then M, U {(a, b)} is also a good subset, which
contradicts the definition of M. ) Thus each of the 20 — 2r players
plays a game against one of the 2r players in M.

Hence the number of games at least isr + (20 —2r) =20 —r =15,
It contradicts that the total of games is 14. Therefore there exist 6
games such that 12 players who play these games are distinct.

7 Assume that among any three teams, there exist two teams
playing a game after S games, and the team A plays # games and % is
the smallest. Thus each of teams B,, B,, ..., B, which plays a
game against A play at least & games. Let the remaining 19 — & teams
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except A, By, B,, ..., BybeC,, Cs5 ... Ciy,. Thus for any
two teams C, and C; (1 <i <j < 19 — k), there exist two teams of
A, C,and C, playing a game. But team A and each of teams C, and
C; do not play a game, hence two teams C; and C; play a game, i.
e. eachof C;y, Cyy ..., Cioy play 18 — k games against 18 — &
other teams.

Hence

S B%Ek(k F1) +(19 —k)(18 —k)] = (k —9)2 +90 > 90,

On the other hand, if 20 teams are divided into two groups, cach
group has 10 teams such that any two teams in a group play a game and
any two teams in distinct group do not play a game, then the number

10
of games is 2( 5 ) = 90, and for any three teams, there are two teams

belonging to a group which played one game against each other.
Summing up the above, we obtain that required smallest number of
games is 90.

8 Firstly, we prove that the champion exists. Assume that team
A wins & times and & is the largest, then team A is the champion.
Otherwise, there exists a team B such that A does not excel B, i.e. B
wins A or B wins the £ teams which are defeated by A. Thus B wins
at least £ + 1 times, which contradicts that % is the largest. With the
same reason, we could prove that for any group of teams, there exists
a team which excels the other teams. Assume that there exist two
champions A and B and A wins B. All teams are divided into three
groups: Each of the first group is defeated by A, and each of the
second group wins A, but it is defeated by B, and each of the third
group wins A and B.

(1) If the third group is non-empty, then there exists a team C
which excels the other teams in the third group and C wins A and B,
so C is also a champion.

(2) If the third group is empty, and B is the champion, then the
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second group is non-empty. Thus there exists a team C which excels
the other teams in the second group and C wins A, and A wins B. So
C is also a champion. Summing up the above, we know that there exist
at least three champions. Therefore it is impossible that there exist
exactly two champions.

Exercise 11

1 Let S,(Sp) denote the sum of distances from the red points
(blue points) to the point A (B). We consider a special case: n blue
points are at the left of the midpoint M and » red points are at the
right of the midpoint M. In this case, obviously, we obtain S, = Sj.
The general case is that at least one red point C is at the left of M and
at least blue point D is at the right of M. We take a red point C at the
left of M and a blue point D at the left of M. If we swap C with D,
then the sum of distances from the red points to point A is S’y = S, +
CD and the sum of distances from the blue points to the point B is
S% =Sp +CD. Thus S’ — S = Sa — S; is a constant.

Therefore we could carry out finitely many adjustments such that
the above special case occurs, and the conclusion holds.

2 Firstly, we prove that this algebraic sum is odd. Since

1+2+-+++2005 = 1003 X 2005

is odd and for any two integer a and b, the parity of a +b anda —b are
the same, any algebraic sum of 1, 2, ..., 2005 is odd. Since
1+(Q2-3—-4+5 +(6—7—8+9) +--
+ (2002 — 2003 — 2004 +2005) =1,

the required smallest value is 1.
3 Letn,s n2s ...y ny denote the number of points in 30 groups

respectively, then n,, n>, ..., ny are distinct and n, +n, + - +
ns = 1989, and the total of triangles is S = Z nn;n;. Since the
Tsicj<ke3l

number of ways to partition the groups is finite, the maximum of S
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exists. Without loss of generality, assume thatn, <<n, <+ <ny,.
Firstly, we prove that if S reaches the maximum, then the
following properties hold: (1) npey —n, <2 (b =1, 2, ..., 29). In
fact, if there exists a &, such hatn, .+, —n, =3, (1 <k, <29).
For convenience, assume by, = 1, i.e. n, —n, =3, and set n, =
ny +1, ny=n, —1, ny =n; (3 <k <30), and assume that the total of

triangles corresponding to the division of {n, n%, ..., n%} is S,
then from
S =nn, 2 ny +ny +n,) Z nn; + z nnng
Isk=30 Jeigiedl gy <k<30
and ny+n5=n, +n, we obtain that
S" =S = nt—nn,) Z ny =[n,—(n, +1)] z ny >0,
Jeked) Jgkg3l

i.e. S" > S, which contradicts that assumption that S reaches the
maximum.

(2) There is at most one &, such that ny ., —n, = 2. In fact, if
there exists £, <k, such that n, «i —ny, =2, nyu — ng, = 2, and set
nk, =ni +1, 0y, =ny, — 1, n;=n,G # k,, k,). With the same
reason, we obtain that the total S” of triangles corresponding to the

division of {n’;, n’5, ..., n'y} is greater than S, so this is a
30
contradiction. Since )7, = 1989, it is impossible that 7., —n, = 1

(k =1,2, ..., 29 holds. Otherwise n,, n>, ..., ns construct an
arithmetical sequence with the common difference 1, so

30

1989 = D> in, = 15(n, +ny)
=1

is divisible by 15, and it is a contradiction. Hence there is a &, such
Ihat?u"ﬂ _nku :2¢ i.e- 3(] numbersarenlg 1, +1; sew 8 My +'(k1]_
D, ny +Cky+1), ... s ny +30. Thus

1989 + £, = X30 X (ny +1+n, +30) =152a, +31).

o=
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So ky, =6, n, =51, Therefore we couclude that when the numbers
of points in 30 groups are 51, 52, 53, 54, 55, 56, 58, 59, ..., 81, the
total number of triangles reaches the maximum.

4 Consider the general case: assume that a;, a>s ..., a 1S a
permutation of 1, 2, ..., 2n, and find the largest value of S = a,a, +
asa, + - +as-ia,, » proof by induction on n. Whenn =1, S, =1X
2. Whenn =2,

S, < Max{1 X2+4+3X4,1X3+2xX4,1X4+2X3} =1X2+3 X4
Assume thatn = %, and
Sy <1 X243 X4+ +2k—1)Q2k),
then whenn =k +1,
Sier =ajas tasa; + 0 T ana Ay,

(1) If 2 + 1, and 2k + 2 appear in the same term of the above
expression, say

Aap+e1dag+2 = 2k +1)(2k +2),
then by the inductive hypothesis, we obtain that

S;;H = aaa> +03a4 -+ oo T Q-1 2% +(2k +‘l)(2& +2)
<1 X243 X4+ + 2k —1(2k) + 2k +1)(2k +2);

(2) If 2k +1, and 2% +2 appear in two distinct terms of the above
expression, say ax-1 = 2k +1, ax+ = 2k +2, then we note that

[a?_kagk+3 + 2k + 1) (2k +2)] - [(2k +1)a2k + (2}3 +2)a3;,+2:|
== I:agg- — (2& +2)]:a3;,+3 —(2k + 1)] >0,

thus

S&+| < ad> +a3a4 i +a3,¢ag.@+3 +(2k ""1)(2& —1—2)
K1 X24+3X4+-+Qk—1DQ2k) + 2k +1D(2k +2),

and we have proved that for alln € N.,

S, <1X2+43X4+-+Q2n—1Q2n).
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Back to the original problem, if there exists a partition satisfying

the given requirement, then
m? <1 X2+3X4-+-+4+13 X 14 = 504,
som <[ +/504 ] =22 and from the following two figures, we know that

m = 22 can be achieved. Therefore the required the largest value of m
is 22.

9 13 13 9
12 14 12 14
4 2
3 3 14
3 1 1
10 ; 3 10 7 8
5 6 11 11 6 5
5 Obviously, for any permutationa = (ay, ass ..., axn) of 1,
2, ..., 20, we need 19 swaps at most such that the permutation a
becomes (1, 2, ..., 20D, hence £, << 19. Now we prove that for the
permutationa = (2, 3, ..., 20, 1), the permutation « could be
changed to (1, 2, ..., 20), then we need at least 19 swaps. For

convenience, we introduce the concept of circuit loop: assume that the
number at the 61" position of the permutation is ., and the number at
the 6" position of the permutation is b5, ..., and the number at the
bty position of the permutation is b,, and the number at the b

position of the permutation is &,, then
b, —> by —> e — b, - b,

is called a circuit loop. Especially, if the number at the b position of
the permutation is #,, then &, —>b, 1s called a circuit loop too. Thus
each permutation could be divided into several disjoint circuit loops.
Let f(a) denote the number of the circuit loops in the permutation a.
We observe the change of f(a) after a swap.

(1) If we swap two numbers b, , b; (i <j) in a circuit loop, then
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the loop
by —=>by =+ —>b, > b,

is divided into two loops:

by =>by = —>biy > b; =bjs = —>by = b
and
bi = by —r b b,
(2) If we swap two numbers b, and ¢, in two distinct circuit loops:

by > by > > b, > b,

and

€y, —% £ =% =00 = ~*Cqa

then this two loops become a single loop:

Cy _“‘bz—""“‘""bk —> by =y 0, 0

Therefore, the value of f(a) either increase 1 or decrease 1 after
a swap. Note thata = (2, 3, ..., 20, 1) just has a circuit loop:1—>
2—>«e—>20—>1, and (1, 2, ..., 20) has 20 circuit loops (1, 1), (2,
2), ..., (20, 20), thus to obtain (1, 2, ..., 20) froma = (2,
3, ..., 20, 1), we need at least 19 swaps. Summing up the above, we
conclude that the required maximum of k&, is 19.

6 Since there is not a tie, and there is exactly one winner in a

2n+]

game, »,w; equals the total of games, i.e.
i=]

In+l 2ﬂ+1
Sw, = | , )= ncan + 1,
i=1

By Cauchy’s inequality, we obtain

2n+l 2n+1 2n+1

n2(2n +1)% = (Z]w,-)1 < (21)(Pwl) =@ +DS,

i=]
s0S =n2(2n +1). On the other hand, assume that wheni +; (i <j)
is an odd, p; wins p, , and wheni +; (: <j) is even, p, wins p,, then
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foranyi (1 <i <2n +1) ,w, =n. ThusS =n?(2n +1). Hence the
required smallest value of S is n?(2n + 1) . To find the largest of S,
assume that w, Zw, =+ Zw+. [fw; <2n,i.e. there are some p,

. ’ " .
who wins p,, and setw) =w, +1, wi=w; — 1. wi=w,;(G #i, k,
2n+1

1<i<2n+1)andS" = > w'?, Thus

i=1
S =8 =(w, + 1) +(w;, —1)? —w? —w} =2(w, —w,;) +2 > 0.

When w', < 2n holds, we carry out the same adjustment. Since S is
strictly increasing after a adjustment, we obtainw, = 2n after finitely
many adjustments. Now, we rearrange the 2n + 1 numbers w;, wy, ... s
W+ Such thatw, Zw, =+ Zwy,.,. Fromw, =2n, we know w, <
2n — 1. Whenw, < 2n — 1 holds, we carry out the same adjustment.
Thus we obtain w, = 2n — 1 eventually. Then, the adjustment is
similar. Thus we obtain

S<On)?+C@Cn =12+ +224+12+0 = =n@n +1)4n +1).

1
3

On the other hand, assume that for any 1 <i <j < 2n + 1, p,
wins p;, thenw, =2n +1—i (1 <i <2n +1)). In this case,

2n+1

Dwl =57 X Qn+Dn +1)

2n+1

holds. Therefore the maximum of S = Zuz is %n(2n +14n +1).
i=1

Exercise 12

1 Assume that m X n numbers af b; (i =1, 2, ..., n; j =1,
2, ..., m) are filled in each grid of them Xn table such that each grid
contains a number (as figure). The sums of all numbers in each row

m

n
and cach column are perfect squares, as long as »,a? and »)b? are
i=1 i=1

perfect squares. Note that (£ +1)? = (2k +1) +£*, we assume that a;,
isodd and a», a3y ..., a, areeven and0 <a, <a, <+ <a, ;. Let
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i=1

and a, =M, then >)a? = (M + 1)>. Then to make these numbers
i=1

distinct we increase the difference of any two numbers in each row.
For example, we setb, > 2a, and b, is odd, and b, b;, ..., b,-, are

m—1

even and b,.; >ba,(i =1, 2, ..., m —2). Denoting >,b? =2S +1
i=1
m—1
and setting b,, = S, we obtain »,6? = (S + 1), Thus we casily prove
i=1

that the above way of filling numbers satisfies the given condition of
the problem.

2 2 2 2 212 2 2 3 2
aibi asbi a;bi a7 abi
2 kl 2 3 212 2 3 2 2
aibs asb3 a;bs ay-1b3 aubs
2 3 2 3 2 2 3 3 3 3
aib; azb; a;b; az-1b; anb?
272 272 22 RS 22
aibm,- asby- was a,bm-l Ll =11 azbii-
2 kl 2 2 72 2 2 2 2
aib;, asb;, a;b;, az-1b;, azb;,

2 LetP = (0, 2ab), Q = (a®> —b*, 0) (a,

b are two integers), then 2:%38 3x2
282 ] ) 2)(3 ]
| PQ | = v(a? —b*)? + (2ab)* = a® +b> 2x3
. . ) 3X2[3x2|3%2
is an integer. Take the point P,(0, 2m ) in the ZX3

y-axis, wherem = pips... p. (Prs Pas ... P
are distinct primes) and Q; (a7 — b7, 0) in the x-axis, where a, =
PiPar.. Pis by = pispisan.. paG =1,2, ..., n—1). Obviously, n
points P,, Qi» Q. ..., Q,, satisfy the condition of the problem.

3 (1) Since 2003 X 2005 is not divisible by 3 and there are 3 unit
squares in an “L-shapes”, the 2003 X 2005 rectangle cannot be divided
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perfectly into several “L-shapes”.
(2) Since the 2 X3 and 7 X9 rectangle can be divided perfectly into
several “L-shapes”. (as figure), and

2005 X 2007 = 1998 X 2007 +7 X 2007
= (2 X3)(999 X 669) + (7 X9) X223,

the 2005 X 2007 rectangle can be divided perfectly into several “L-
shapes”.

4 (1) Assume that the lengths of 8 line segments are 1, 2, 3, 4,
5, 6, 7, 8, respectively in the figure (a). Since any side is greater
than the absolute of the difference of other two sides in a triangle, if a
triangle is not an isosceles triangle and the lengths of its three sides are
all positive integers, then the length of any side of this triangle is
greater than 1. Hence the line segment with length 1 is AB or AF.
Without loss of generality, assume AB = 1. From1 = AB >| BE — AE |,
we know BE = AE. By the cosine theorem in AABE and ADEF, we
obtain

_ BE?* + AE? — AB? 1

cosE =""BE.AE ' T2aE*

and

DF? = DE? + EF? —2DE +« EFcos E

= DE? +EF? —2DE + EF (1 _2A1E3)

_ DE? +EF? —pE . o EF _ DE
= DE* +EF* —2DE - EF + 5L . DE

But EE and % are two positive fractions less than 1 and the

other terms in the above expression are all positive integers, and this is
a contradiction. Hence there does not exist 4 straight lines that satisfy
the condition of problem.

(2) We start from the rectangular triangle with three sides 3, 4,
5, to find positive integers & > 1, m, and n such that the figure (b)
satisfies the condition of the problem. By the property of the similar
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triangles, we obtain
(5+4k) tm:(n+3) =4 +5k):tn:(m+3k) =3:4:5,

Thus 5 + 4k and 4 + 5k are all multiples of 3 and we obtain that
k =4, m = 28, n = 32 is a solution. Therefore there are 4 straight
lines satisfying the condition of problem (as figure (c)).

IS sk 3N 20
'Bk '12
n 32
m 23
(b) (c)

5 We construct 100 subsets as follows: A, = (& | kF =i — 1
(mod 99), £ € N,and k& is even}, wherei =1, 2, ..., 99, andA,,, =
{k |k € N, k is odd}. Note that if the positive integers a, b, ¢ satisfy
a +99b = ¢, then the number of odd numbers among a, b, ¢ is 2 or 0.
If two of a, b, ¢ are odd, then the two numbers belong to A, ; If a.,
b, ¢ are even, anda = ¢ (mod 99), so a, ¢ belong to the same subset
A (1 <ip <99).

6 Proof | Whenn =1, takeA = {1}, B ={2}, C = {3}, thus
the conclusion holds. Assume that for n € N. , the conclusion holds, i.
e. thesetS, = {1, 2, ..., 3n} can be partitioned into three disjoint
subsets A = {a;s ass vvns ants B = {biy by ...y by} C = {cy,
€+ ...+ C,)such thata; +6;, =c;(i =1, 2, ..., n}, then fordn €
N, , assume that the set S,, = {1, 2, ..., 12n} could be partitioned
into the following three disjoint subsets: A" = {a’;, a5y ... s @'}
B' ={b\, byy ... bW}y C" ={c\schs ... cin}, where

ai=2i—1G=1,2,...,30), awme=2a,k =1,2, ..., 1),
b: =9n +1—1 (I =19 29 . ] 3")! bguﬂ-:z{)&(k =1, 2, ..., ”)’
{':’ =9 +i (4 =1, 2, ..., 3n), c;,,+,\.=2(‘g,(k =1,2,..., n),

then for any i (1 <i <4n) , the equalitya;+b; = c; holds. Therefore
there exist infinitely many positive integers n = 1, 4, 4°, 4°,...
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satisfying the condition of the problem.

Proof | Whenn =1, take A = {1}, B = {2}, C = {3}, thus the
conclusion holds. Assume that for n € N., the conclusion holds, i.e.
the set S, = {1, 2, ..., 3n} can be partitioned into three disjoint
subsets A = {ais @2y .uns@n}s B={b1sbss...s b} C={c1ycas...
¢, )} such thata; +b, =c;(G =1, 2, ..., n) then for3n +1 € N.,
assume that the set S3,«; = {1, 2, ...3(3n + 1)} could be partitioned
into the following three disjoint subsets: A" = {@s @y vuus @i }s
B’ ={byy byy .y binr}s C' ={cls Chaours Counr}» Wherea; = 3a; —
1, b,=3b,y ci=3c; =1 (i =1, 2, ...s 1) api=3a;, by =3b; +1,
i =3¢ F1 G =1,2y ... s 1)y @ei =3a; + 1, b =3b; — 1, o =
3¢, (i =1,2y ... 5 7)y @ser =1, bayey =91 +2, and ¢3,4) =9n +3, then
a'+bi=¢.G =1, 2, ..., 3n + 1) holds. Therefore there exist
infinitely many positive integersn = 1, 4, 13, 40, 121, ...,i.e. n =

1

5(3* —1) (k =1, 2, 3,...) satisfying the condition of the problem.

7 Whenn =1, let M, be a set containing two end points of the
line segment with length 1, then M, satisfies the condition of the
problem. Assume that whenn = % , there exists a set M, with finitely
many points such that for any P € M, , there are exactly £ points A, ,
Ass ...s Ay € M, such that the distance between P and A; cquals
length 1 (: =1, 2, ..., k)andlet | M, | =m,. Whenn =% +1, we
draw m, circles whose centers are m, points of M, respectively and the
radius are all equal to 1. Afterward, we connect the center and the
intersection point in each circle, and connect any two points of M.

Since the number of connecting line segments are finite, there
exists a straight line / not parallel to any connecting line segment. We
translate the set M, into the set M} along the direction of / such that
the distance between any point P of M, and the corresponding point
P’ of M is 1.

Thus M, N M; = & and for any P € M, U M, there are exactly
k +1 points Py, Py, ..., Pwu, € M, N M/ satisfying the distance
between P and each of P,, P,, ..., Py, is1, i.e. whenn =% +1,
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the set M,,, = M, U M, satisfies the condition of the problem. Hence
for any n € N., there exists a set M, of points satisfying the condition
of the problem.

8 We are going to prove a more general result: For any positive
integer m =2, there exists n,, € N. such that when n =n,, , there are m
positive integers @, as» ... a,, satisfyingn =a, +a, + =+ +a,,
a; <a» <+ <a,anda; |as G =1,2,....,m—1). Whenm =2,
n=1+n—1), thenn, = 3.

Assume that the conclusion is true whenm =k, i.e. there exists a
ny € N.such that when n = n,, there are & positive integers b,
bys ... by satisfyingn = b, +by 4+ +byy by <by <+ <b,andb; | by
(i =1,2,.... k=1, thenforn =k +1, letng =2"""2n, +1),

Thus for any positive integer n = 2"(2s + 1) = ngy = 2747
(2n, +1), we obtain2s +1 =2n, +10or2" =2, If 25 +1 =2n, +
1,1i.e. s =n,, by the induction hypothesis, we know that there are &
positive integers b, s b>, ..., by satisfyings = b, +b, +- +byy by <
by, <+ <bg,andb; | b (G =1,2, ...,k —1).

Then

n=2 42y =2 +2r+](61 +bg T +b.@) =day, Tdz = +E8 +ag-+] ’

wherea; =2 ,anda;, =2""'6,.,(i =2, 3, ..., k +1)satisfyinga, <
a; < v <ammanda; |awmli =1, 2, ..., ). 2 22", je.r =
2n, +1, then there is»; = 0 or 1 such thatr =2p +r,;(p € N.) and
fromr =2p +r, =2n, +1, weyield p =n, and

22 —1=0Q+D)—-1=Z20+p)—1=p =n,.
By the induction hypothesis, we conclude that there are & positive

integers b, 5 b2 ... by such that2? —1 =b, +b; deee by by by <eee <
bkg b,|b,‘+1(£ =1,2, ... B —1). Then

n=20Qs+1) =225 +1) +(27 —21)(2s + 1)
=21 (25 +1) +21(2s + 127 +1) X (by +by +++ +by)

= iy +ag o mha ';_a_§+1 .
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wherea, =27 (25 +1), and
a; =2 2s+1DQR +1)bi- (4 =2,3, ...k +1)

satisfyinga, <a, <+ <aw anda; | ain(G =1, 2, ..., k). The
proof is complete.

Exercise 13

1 This solution is analogous to Example 1. By the method of
enumeration, we could obtain that the answer of (1) to be 174 and
answer of (2) to be 78.

2 (1) The number of the regular triangles with the length of side
k and its head upward is

Ty =1+2++[n—(—-1]

(n—k+1Dn—k+2)

1
2
=%[(n —k+1)Xn—k+2)n—F+3)
—(n—k)n —k+1Dn—k+2)].

So the number of the regular triangles with heads upward is
S] = E.I'j_- = %?’1(?’1 +1)(?’-‘ +2).
k=1

The number of the regular triangles whose length of sides is { and
head is downward is

=142+ +mn—-214+1)

=L —o1 + . n
=Sa-2+De -2+ (1< <[2]).
When n = 2m is even, the number of the regular triangles whose

head is downward is
[n/2] m

Sz=2y;=%
!

=1

[@m =21 +2)2—@Qm —2l+2)]



Solutions to Exercises 269

= > 2m =1 +1)?=Gm—1+1D]
=1

m m

=230 = 2]l
=1 =1

=2 X %m(m +1)C2m +1) ——;-m(m +1)

= %m(m +1)dm —1)

- 2—14ncn +2)(2n — 1).

Whenn = 2m —11is odd, we could obtain

=3y, %E (2m —201)2m —21 +1)
=1 1=
m—1 m—1

*2Z(m —1)? +Z}<m —1)

(m —1)mQ2m —1) +Em(m —-1)

Il

(m —Dmm +1)

(n —D(n +1)2n +3).

Therefore the required number of regular triangles is

%n(n +2)(2n +1), if n is even,
=85 +8; = :
—8—??(an +3n — 1), if n is odd.

(2) Since the bottom half of each rhombus whose sides are not
parallel to BC is a regular triangle with head downward. This is a one-
to-one correspondence. So the number of the rhombuses whose sides
are not parallel to BC equals S,. Therefore the required number of

rhombuses is
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-%n(n +2)@2n — 1), if n is even,

h %(n*l)(nﬁ-l)(Zn +3),if n is odd.

3 Assume that a total of n players participated in the tournament.

ﬂ . .
Thus the n players gathered a total of 2(2) = n(n — 1) points in the

10 . )
tournament. Similarly, the 10 losers get 2( 5 ) = 90 points 1n games

among themselves. Since this accounts for half of their points, they
must have a total of 180 points. In games among themselves the n — 10
winners similarly gathered

n—10
2( 5 )= (n —10)(n —11)

points. This also accounts for only half of their total number of points
(the other half coming from games against the losers), so their total
was 2(n —10)(n — 11) points. Thus we have the equation

n(n —1) =180 +2(n —10)(n —11),

i.e. n® —41n +400 = 0. It follows thatn = 250rn = 16. Butn = 16
is rejected, since we must have that 2(n —10)(n —11) +(n —10) =180 =
10. Therefore n = 25, i.e. there were 25 players in the tournament.
Finally we show that such a tournament exists. Since n = 25, we
have 15 winners and 10 losers. Every game that the winners play
among themselves results in a tie, giving each 15 —1 = 14 points from
games played with other winners. Likewise, all the games played
among the losers results in tie, giving each of the 10 losers 9 points.
For the ten games played by each winners against the losers, six are
wins, two are losers, and two are ties, giving the winners another 14
points from games played with losers. This gives each loser three wins,

nine losses, and three ties in games against winners, adding up to 9
more points.
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Thus each of the 25 players receives exactly half of his/her points
in games against the losers, which is what we want.

4 Assume that there are m triangles with 3 red sides, n triangles
with 2 red sides and 1 blue side, p triangles with 2 blue sides and 1 red
side, and g triangles with 3 blue sides. Since the numbers of line
segments meeting each point, except point A, are distinct, then they
are either 0, 1, ..., 16 0or1, 2, ..., 17. In first case, assume that the
number of red line segments meeting the point A is 2t — 1, then the
total of red line segments in the figure equals

%(n Fldee 1642k —1) =17 X4 +h ——

which is not an integer, and this is a contradiction. Thus the possible
case is the second case. Let B, B, ..., By; denote 17 other points
except A, and the number of red line segments meeting B; be: (i =1,
2, ..., 17). Thus B, is connected with 17 other points by the red line
segments and B, is connected with B,; by the red line segment.
Similarly, fori = 1, 2, ..., 8, By, is connected with 17 — i other
points except B,. B,, ..., B; by the red line segments and B, is
connected with 7 points By, Byss ... s B by the red line segments.
Hence the point A is connected with 9 points By7s Biss ... » By by the
red line segments. The remaining line segments in figure are blue. The
angle consisting of two red (blue) line segment meeting the same point is
called a red (blue) angle, thus in this figure, the total of red angles is
17

Im +n = Z (;)—F (9)

i=1 2

- (215 )-G)1G) 0

=3

- (138)+(Z)=852.

And the total of blue angles is

5ip =3 (172_k)+ (2): (137)+ (i) — 708, @

k=1
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And the total of red line segments is
%(3m+2n+p)=—;—(1+2+---+17—|—9)=81. ®
And the total of blue line segments is

%(NHP*&;) =%(16+15.*"-+11+8) =72, @

Combining @, @, @ and @, we obtain thatm = 204, n =240, p =
204, and g = 168, so the number of triangles with three red sides is 204
and the number of triangles with two red sides and one blue side
is 240.

5 This solution is analogous to two solutions in the Example 5.
We could obtain the answer of the problem is 461.

6 We take the base of the 4 X 4 X 4 cube as the plane of
reference. The 4 X 4 X 4 cube is divided into 4 sheaves such that each
sheaf is a4 X 4 X 1 rectangular solid which is parallel to the plane of
reference. Let the 4 sheaves are assigned with the numbers 1, 2, 3, 4
(from bottom to top).

We project all red cubes into the plane of reference and each
projective small square is assigned with the number of sheaf of this red
cube. Thus we obtain a 4 X 4 table of numbers in which each grid is
assigned with one of {1, 2, 3, 4} and 4 numbers situated in the same
row or same column construct a permutation of {1, 2, 3, 4}. Such4 x
4 table of numbers is called a 4 X 4 Latin square. On the contrary, each
4 X 4 Latin square corresponds to a unique coloring way, and this
correspondence is bijective.

Hence the problem is equivalent to find the
number of 4 > 4 Latin square. Let a; denote the
number in the unit square at the i row and the j® | © |2 |4 |4
column of a4 X4 table (i, j =1, 2, 3, 4). Forany | ¢ |ax axn|au
permutation {a, b, ¢, d} of {1, 2, 3, 4}, firstly, | d |aw|as|au
we consider the following case: a\y =a, ay, =a» =

by a3 =ay =c,anday =ay =d (as figure).
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(1) If a, =a, then a, and as; are just equal to d, a», and a,; are
just equal to ¢. Thus a;; may be equal to a or b, and the values of a3, ,
a s ay are determined uniquely when the value of a;; is determined.
Hence in this case, there are 2 Latin squares.

(2) If az, = ¢, then there is only one case: ay = asn =d, ay =
ap =a, ay =ays =bandas; =ayu =a, Hence in this case, there is
1 Latin square.

(3) If a» = d, with the same reason as (2), in this case, there is
1 Latin square. Thus number of Latin squares as figure is exactly 4.
The number of such permutations {a, b, ¢, d} of {1, 2, 3, 4} is 4!,
and if {a, b, ¢, d} is determined, and swap any two of the second
row, the third row and the fourth row, we could obtain 3! distinct
Latin squares. Therefore the total of 4 X 4 Latin squares is 4! X 3! X
4 =576, so the required number of distinct coloring ways is 576.

Remark Let the number of n X n Latin square be L, , thenL, =
nl(n —1)1, and we know that/, =1, =15 =1, [, =4, [; = 56,
le = 9408, [; = 16942080,... When n =5, the computation of /, is
very complicated, so it is proper that we taken = 4 as a problem of the
mathematical competition.

Exercise 14

1 Let the colorsbea, &, ¢, d, ¢, f. Denote by S, the sequence
as b, c,d, e, andby S, the sequence a, b, c, d, e, f. If n € N.can
is represented in the form 5z +6y (x, y € N:), then n satisfies the
condition of the problem: we may place = consecutive S; sequences
followed by y consecutive S, sequences around the polygon. Setting y
equal to 0, 1, 2, 3 or 4, we find that » may equal any number of the
form 5x, 5x +6, 5x +12, 5z + 18, and 5= + 24. The only numbers
greater than 4 not of these forms are 7, 8, 9, 13, 14 and 19.

We prove that none of these numbers has the required property.
Assuming a contradiction that a coloring exists for n equal to one of 7,
8, 9, 13, 14 and 19. There exists a number £ such that 6k <<n <<6(k +
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1). By Pigeonhole Principle, at least [%]* 1 =k + 1 vertices of

the n-sided polygon have the same color. Between any two points of
these vertices are at least 4 others, because any 5 consecutive vertices
have different colors. Hence, there are at least 54 + 5 vertices, and
n = 5k +5. However, this inequality fails whenn = 7, 8, 9, 13,
14, and 19.

2 Let the colorsused be A, B, C, D. We call an unordered pair
of squares is sanguine if the two squares lie in the same row and are of
distinct colors. Every row gives rise to 6 « 25% sanguine pairs (given by

4
(2) possible pairs of colors and 25 squares of each color). Thus

summing over all the rows, there is a total of 100 « 6 « 257 sanguine
pairs. On the other hand, each such pair is simply the intersection of

100
one row with a pair of distinct columns. Because there are ( 5 ) =

100 X 99

5 pair of columns, some pairs of columns contains at least

[mo X6 X25% —1

100 X 99/2 ]ﬂ =76

sanguine pairs. Thus some pairs of the fixed columns form sanguine
pairs at least 76 rows. We henceforth ignore all other rows and
columns. We may as well assume that only a 76 X 2 board is four
colored, in which each row contains two different colors and no color
occurs more than 25 times in each column. For each row, consider the
pair of colors it contains.

If the pairs {A, B} and {C, D} each occur in same row, we are
done. Likewise for {A, C}, {B, D} and {A, D}, {B, C}. Thus,
suppose that at most one pair of colors from each of these three sets
occurs. Assume the number of the sanguine pairs containing color A is
the largest. We can easily see that we have only the following
possibilities;

(1) Either {A, B}, {A, C} and {A, D} are the only pairs that



Solutions to Exercises 275

can occur, or (2) {A, B}, {A, C} and {B, C} are.
In the first case, each of the 76 rows contains a square of color A,

implying that one column has at least [-7% J +1 = 38 squares of color

A, a contradiction.

In the second case, the squares of each column can are colored in
at most three colors A, B, C. There can only be 25 squares of each
color A, B, C in each column, for a total of at most 150 squares-but
there are 2 X 76 = 152 squares in total, a contradiction. This completes
the proof.

3 For sake of contradiction, assume that the conclusion is false.
So for two cities X and Y in I', there is no oriented road without
leaving the republic I" connecting them. Let A and B denote the set of
cities in I" satisfying that for any S € A, there is an oriented road from
X to S without leaving the republic I'(assume X € A), otherwise, S €
B. ObviouslyY € B = J. Thus for any X, € A andY, € B, the road
connecting X, and Y, must start from Y, to X,, otherwise, there is an
oriented road from X, to Y,, and X - X, =Y, € B, so it is a
contradiction.

let| A|=a, |B|=b,thena +b =668. Ifa =b, thena =334 =

b . : "
b. Since there are (2) oriented roads connecting the cities of B, there

b
is a city Z € B such that at least ?1)- (2) = %(b —1) oriented roads from

Z to other cities of B. But there are a oriented roads from Z to the
cities of A. Thus the number of oriented roads starting from city Z is

at least

_at(a+b) —1_ 3344668 —1

00,
2 = > 23

a+5b -1
and it contradicts the given condition. If a < b, thena << 334 < b.

a - .. .
Since there are (2) oriented roads connecting the cities of A, there is
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a city W € A such that at least ai (;) = %(a — 1) oriented roads from

other cities of A to W, and there are 4 oriented roads from the cities
of B to W. Thus the number of oriented roads to the city W is at least

_b+(a ;—b) —1 >334+g68—1 ~ 500,

1. _
b+2(a 1)

and it also contradicts the given condition. Thus the conclusion holds.
4 Letk =min{|A, |, |B;|,1<1i,j <n}, and without loss of
generality, let | A; | =k&. Since B,, B,, ..., B, are disjoint, there are
at most k£ B; such that A; N B; # &, and there are at least n — £ B;
such that A, N B, = J. Assume that among B,, B,, ..., B, there
are m sets which are not disjoint with A,, then m < k. By the given
condition: | B; U A, | = n and the definition of #, we obtain

IM| =|UB, |=mk+&—m)n—| A D
=mk +(n—m)n—k) =nln —k) —mn —2k).

If n =2k, then

[

S —B) —h(n —2b) = o (B ) o0
IM | =n(n —k) —k(n —2k) 2Tz(z k) >

(]

n

Ifn <2, then | M|=|UA |=>] A [>nk >Z.

f=]

S Assume that there are n persons A,, A,, ..., A, and 28
problems Ty, T, ..., Ty in this competition, while 7 problems
T,, Ty,..., T, are the problems of first test. If A, has solved two
problems T, and T;, then {A;; T,, T,} forms a triple and assume
that the set of all triples is S. By the given condition, we obtain | S | =

7 28
n( )=2( ),thusn=36.
2 2

Next, for any T, assume that there are » persons, say A,, A,, ...,
A,, who have solved T, thus each of A,, A,, ..., A, has also solved
other 6 problems except T, and there are 6r triples of S containing
T;. On the other hand, for any T;(j # i, 1 <j < 28), there are
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exactly two persons who have solved the two problems T, and T),.
(Since the two persons have solved T';, they belong to {A,, Az, ...,
A, }.) Thus there are 2 X 27 triples containing T, and 6r = 2 X 27,
i.e. r = 9 and it means that each problem is solved by 9 persons.
Assume the conclusion is false, the number of problems solved of
each is 1, 2 or 3 in the first test. Let =, vy, z denote the number of
persons who have solved 1, 2 and 3 problems respectively, then

r t+y+z =36, )

If each person A; and a problem T; in the first test which is
solved by A, are paired, then the number of such pairs is

xr +2y +3z = 9m. @

(Since each problem is solved by just 9 persons.) Moreover, the
number of triples containing two first test problems is

2 3 m
=+ —
(z)y ' (2)2 2(2)' ®
From @, @ and @, we obtain x = m?> —19m + 108, y =—2m?* +
29?2
29m — 108, and z = m* —10m +36, where y =—2(m __E)) —2—83 <

0, and it contradicts that y is a nonnegative integer. Thus the
conclusion of the problem is true.

6 Letn pointsbe A,, A, ..., A,. If two points are connected
by a line segment. then this line segment is colored red, otherwise,
connected by a blue line segment. Thus we yield a 2-colored complete
graph K, with g red sides and the problem is equivalent to prove that
there exist at least ;Ti- (q — 1_;) red triangles (i.e. triangles with three
red sides).

Assume that there are d; red line segments meetingA, andn —1 —

d. blue line segments meeting A; (i =1, 2, ..., n), then >.d: =2q.
i=1

Assume that there are o red triangles, 8 triangles with two red sides
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and one blue side, and y triangles with one red side and two blue sides.
If an angle consists of two red sides meeting a point, then this angle is
called a red angle.

Similarly, if an angle consists of a red and a blue sides meeting a
point, then this angle is called a different color angle, thus the number

of red angles is
n d{_
3(2' +ﬁ = E ( )s @
i=1 2
and the number of different angles is
2B+7) = > di(n —1—d)). ®
i=1
From @3, we know
ﬁgﬁ-er:%Ed,-(n—l—d,). @
=1

Substituting @ to @, applying Cauchy’s inequality and @,
we obtain

This completes the proof.

7 LetV ={Ay, Ay, ..., A,,} be the set of all the n vertices,
B; the set of all vertices adjacent to the vertex A, (i.e. connected with
A, by a line in the figure), and the number of the elements in B;
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=l
denoted by | B; | =b;. Obviously, »,b; =2/ andb, <n—1,i =0, 1,
i=1

2, ...+ n — 1. If there exists i such that &, = n — 1, without losing

generality, we assume thati = 0, then the number of lines connecting
the n — 1 points in By is

I —b, Z%Q(q-rl)z +1—(n—1
=“;—(q +1Dnm =1 +1—n—1)
3
23(?‘:“ 1) +1—-n—1

n—1 n—1
> -
5 +1/[ . ] 1,

That means there exists a point A; (0 < ¢ < n — 2) which is
connected to other two points A;, A, € B,, so there must be a space
quadrilateral A,A;A A, in the figure. Next, we consider the case
whenb, <n—2 @G =0,1,2,...,n—1)and we may assume thatg +

< bu.

We will give the proof by reduction to absurdity. If there is no
such quadrilateral in the figure, B; and B; share no vertex-pair when
i #j, then

B, NB, 1<10<i<j<n—1.

So| B, NBy|=b;—1G =1,2,...,n—1). Then the number
n—1

G i =, n —b,
of vertex-pairs in V' N B, is equal to ( 5 ) > > (the number of

i=1

vertex-pairs in B; N By)

2i(l& ﬂB_n|) "‘(6 —1)

i=] 2 i=

=%E(b — 1) (b, —2)

1 —3p. +
=32 (b3 b; +2)
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n-1 -

1
;L[ 1 (Eb,)2—3zb;+2(n-l)]
2 i=l

n—1"%
- 2(?171_1)[23;, —( D] [25" —2tn -D]
= 2(”1—_1)(23 —bo—n +1)(2] —by —2n +2)
25_(_:7_1:_1_)(??(1 —q+2—by) s (ng—q+3—by).

b, —1
(Lct( , )=u. if &, =1or2.)SO

n—=Dn—b))n—by—1) =g —q+2—b)ng—q—n+3—by),
that is

qglg +Dn —b)(n —by —1) =(ng —q +2—by)(ng —q —n +3 —by).

@
On the other hand
(ng—q—n+3—by) —gln —b, — 1) )
=(@—1Dby—n+3=2@—1)(g+2)—n+3=0,
and
(ng —q +2—by) —(g+1n —by) 3

As (n —by) (g +1) and (n —b, —1)q are positive integers, we then
have

(?Tq -q +2 “b.;)(nq —qg —n +3 “bn) >q(q -+ 1)(?? _bu)(?? —b" _1),

from @ and @, which contradicts . This completes the proof.
8 Let

A,& :{kz_k +1‘ kl _k +29..-9k2}g
B.@ ={k2+15 k2+29...9k2+k}9k :19 29 v @ =1

and S, = Ai. T, =U Bi thusS, UT, = X,,andS, N T, = 2.

Now, we prove that S, and T, are two sets satisfying the condition of
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the problem.

Whenn =3, S; = {1} U {3, 4}, and T; = {2} U {5, 6}.
Obviously, each of S;, and T ; does not contain three elements a,, a,,

+

as(a; <a, < a,) such thata, < a—‘?g—j. Assume that whenn = k&,
each of S,., and T, does not contain k elements a,» ass ... axla; <
a» <+ <a,) such thata; ga‘—;‘{—‘ (i=2,3,.... k=1, i.e.
d;-1 —a; éa; _ﬂu](!. == 19 29 . ] k _1).

When n = £ + 1, if the conclusion is false, assume that S,., = S;
U A, contains £ + lelements a,s @zs ... i Cay <as <0 <ag)
such that

a; —dai- ‘-<~=€l’-j+1 _aj(-i =29 39 e k).

Thus we know a;» ap; € A,, otherwise, a,, azs...» ax € S;
(Q[ <@y <= <a¢)anda,- —da;- éam _a‘(f' =2, Fy ias y k)y Which

contradicts the induction hypothesis. Since | A; | =, then at least one

of @iy @ss ... ary belongs to Sy, and assume a;-; € S; is the largest
(2%1’@&). Thusa;,agn EA;Z anda,'+|_a4'=-<‘.|A;‘- |_1 =k’_19
a; —dadi— 2[ Bkl h"“] — kq i.c- a;, — di :/>k = Qi — iy and lt

contradicts our assumption.

Hence S;., does not contain £ + 1 elements a,,» a>» ... Qi+
satisfying the condition of the problem. With the same reason, we
know T ., does not contain & + 1 elementsa,, a>s ... arn € T rni
satisfying the condition of the problem. This completes the proof.

Exercise 15

1 Since the differences of any two of 1, 3, 6, 8 are primes, from
the given condition, we know f (1), f(3), f(6), f(8) are distinct
numbers belonging to A, thus | A | = 4. On the other hand, for any
r €N, letxr =4k +r, (R €N, r =0, 1,2, 3), f(x) =randA =
{0, 1, 2, 3}. Thus forany =, y € No»if | x —y | isa prime and f(x) =
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f(y), then4| |x -y/|, and it contradicts that | x —y | is the prime.
Hence the above function f. N, —> A satisfies the condition of the
problem and | A | = 4, hence 4 is the smallest number of elements in A.

2 M={-3, -2, —1,0,1, 2, 3} contains 7 elements, and we
claim that it has the required property. Given three distinct elements
belonging to M, if some two of them are of opposite sign. then their
sum is in M ; if one of them is zero, then the sum of it and either of
the other elements is in M. The only other triples of elements of M are
{—3, —2, —1}and {1, 2, 3}; in first case, we choose —2and — 1 ,
and in second case, we choose 1 and 2.

Next we claim that 7 is the largest number of elements that M can
have. Suppose that there are at least three positive elements belonging
to M, and let & < ¢ be the largest two. Given any other positive
elementa € M, one of sumsa + b, a + ¢ and b + ¢ must lie in M.
However, the latter two cannot because they exceed ¢, the maximal
element. Hencea +b € M, and this sum exceeds 4, so it must equal c.
Therefore a = ¢ — b, implying that there is at most one other positive
clement in M besides 4 and ¢. Thus, M cannot have more than three
positive elements. Likewise, M cannot have more than three negative
elements. M might also contain 0. Therefore 7 is the maximum
number of elements that M can have.

3 The total of sets of one-element subsets, two-element subsets
and three-element subsets is

20 20 20

(] )#(2)+(3)=135().
and they all satisfy the given condition. Hence the required largest
value of n is greater than or equal to 1350. Let B,, B,, ..., B, are
distinct subsets of M, and wheni #j, | B, N B, | <2. If one of B, ,
B,, ..., B, has at least four elements, without loss of generality, let
| Bi |=4anda € B;, then (B;\{a}) N B, has at least three elements,
hence (B;\{a}) ¢ {(B,, B,, ..., B,}, because any two of B,,
B,. ..., B, have at most two common elements.
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We swap B, and B;\{a}, thus the new family of subsets also
satisfies the given condition, and we continue the swap. Eventually,
each subset in the family of subsets has at most three elements. and the
number of subsets is unchanged. Thus

20 20 20
né( )+( )-r( )=]35();
1 2 3

and the required largest value of n is 1350.

4 IfS = {1, 2,..., m} does not satisfy the condition of the
problem, then there exist twosets A and B(A UB =S, ANB =)
such that for any » — 1 numbers (not necessary to be distinct) of A
(B), their sum does not belong to A (B). Without loss of generality,
let1 € A, then

1+1++++1=n—1€B,

as long asm =n —1, and

n—1)+nm—1) +e+—1)=n—-17 €A,

as long asm = (n —1)°. If n € A, then
ntn+eetn+1=mx-1D*eB,
and this is a contradiction. If n € B, then
n+n+ectnt+tn—1)=n*—n+1€A,
as long asm =n? —n +1. But

141+ +1+n—1>=n>—n—1€B,
_—

n—=2

and this is a contradiction. Hence whenm =n’ —n —1, the setS = i,
2, ..., m) has the given property of the problem. Next, let
Sn={1329...9?32_ﬁ_2}7

A — {]s 29 e s 1 '_2} U {(?3 _1)20(?1 _])2 +19 . ] ?32 -n _2}
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and
B__’{?T"'I!na-..u(?3_1)2_1}9
thenA UB =S,,andA N B = . Thus for anyx,, 135 ..., 2, €

A9 | gf: g'" grn-]s if:(.‘,,-1 én _29 thCn
n—1<z, +x,++z,, <nln—2)<n—1)>2,
i.e. xy tx; ++x,, € A. Ifx,., >n—2, thenx,., = —1)?, and

r tx,+rFr,, =1+l 41+ 1) =02 —n—1,

n=—2

andx. +.I'3 T+ e T™Xy-1 @A.

Hence A does not contain n numbers z,, z,, ..., x, (not
necessary to be distinct) satisfying x, +x, +++ +x,, = x,. Likewise,
we could prove that B does not contain » numbers x,, 35 ..., 1,
(not necessary to be distinct) satisfying x; +x> + =+ +x,, = x,. So

the set S, cannot satisfy the condition of the problem. Therefore the
required smallest value of n isn? —n — 1.

5 Let 8 players be pys p2s ... ps and let n two-choice (yes or
no) questionsbe A, A,, ..., A,. Construct an 8 Xn table of numbers
as follows: the number in the i™ row and the ;™ column is

Xy

B {1, if for A;, the answer of p; is yes,
0, if for A;, the answer of p, is no,
(f =1| 2!...98;_}. =1929...9??).

n
Thus the sum of numbers in the i" row isa, = Er,-j which repress
j=1

that for a; questions of A;, A,, ..., A,, the answers of p; are “yes”

8
and the sum of numbers in the j™ column is b, = Er,-j which repress
im

that for questions A, , the answers of b; persons are “yes”. From the
given condition, we know there are exactly four 1s and four Os in each
column, hence b, = 4 and

5
a; = Z x; = Doz = Db = 4n. @

& L] n n
i=1 =1

j=1 j=1 =1 j=1
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Note that, if for any column, all 1s are changed to 0 and all Os are
changed to 1, then the table also has the given property. Hence,
without loss of generality, assume that all numbers in the first row are

1s. Thusa, = n, Za,- = 3n. If for the pair of questions (A;, A,),

the answers of p; are (yes, yes), then {p,; A;, A,} forms a triple.
By the given condition, we obtain that the number of triples is

i(a')=2(2)=n(ﬂ —1).

i=1 2

Applying Cauchy’s inequality and @D, we yield

n(n —1) = i(“*)= (a')"'i(a")

Y2 2 2 '\ 2

8

SIS LR

i=2

>—1-rr(r:—l)1"—[ (Z ) ia;]

>
% (n —1) -‘-—[(3??)' —7Gm)]
2 _

7 (4?? 7)9

son < 7. Now we give an example to illustrate thatn = 7 is attainable
as follows. Hence the required largest value of n is 7.

A, A, A; A, As Ag A
b 1 1 1 1 1 1 1
b 1 0 0 0 0 1 1
b3 1 0 0 1 1 0 0
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6 LetS;, ={n|ln€Sandn =i (mod125) (i =0, 1,2, ...,
124), then

1Sy =18 =] S |=|Si|=|8Ss | =17,
and
|S” |=| S6 |:[ S? |='" :| 5134 |=16_

Obviously, there is at most one number of S, in A and there exists
at most one of sets S; and S,»;-; whose elements are all in A. When the
number of elements in A attains maximum, all the elements of sets S, ,
S, S5, Sy, S; must be in A. Hence A contains at most

14+ S, [+ S, [+ +]| S | =145 %17 +57 X 16 = 998
elements. On the other hand,
A = {125} US1 US: U'“ Usﬁz

satisfies the given condition of the problem and | A | = 998, Hence the
required largest value of % is 998.

7 (1) Since the number of ways of partitioning is finite, then
there exists a figure G such thatm (G) =m, holds. Let figure G consist
of point sets X, X», ..., Xesandm(G) =m, hold. Let X, contain x,

B3 B3
points. then Zr,- =199%4, andm, = 2 (z ) Using the same way as in
i=1

i=1

Example 7, we could prove that forany 1 <i <j <83, |z, —x; |<1.
Note

1994 =83 X 24 +2 =81 X 24 +2 x 25,
and when m(G) = m, holds, among x,, x>, ..., xs. there are 81

numbers which equal 24 and 2 numbers which equal 25. Therefore
24\ 25
my =81( )+2( )=168544.
3 3

(2) From (1), we know that G* consists of 83 sub-figures G; ,
G7 s ..., G, where each of G, G5, ..., Gy contains 24 points,
and each of G, , G contains 25 points and for any 1 <<i <<j <83,G;
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and G, are not connected by a line segment. Let point set X, consist
of points of G (i =1, 2, ..., 83). For G, set

Xoo =P, UP, UP; UP, UPs, P, NP; = 1 <i <j <5,

and | P, | =5 (1 <i <5). Each P, is colored as figure (a), and the
line segments connecting two distinct P, and P, are colored as figure
(b), where a, b, ¢, d repress four distinct colors. , thus we obtain a
4 —colored graph Gy which does not contain the triangle whose three
sides have the same color, and Gy, is colored in the same way as Gy;.

Finally, for G; (1 </ <<81), we add a point M to G , and M and
each point in G, is connected by a line segment, then we obtain a new
figure G, . The new figure G is colored in the same way as Gg;, and
we delete the point M and line segments meeting M from the new
figure G, . Thus we yield the coloring way of G, . Obviously G, does
not contain the triangle whose three sides have the same color. This
completes the proof.

8 If we use just three colors, then assume that as figure, among
11 circular pieces of paper. 6 circular pieces of paper are colored with
one of the 3 colors, thus each of A, B, C is colored with 1 or 3 color
and A, C have the same color but A, C and B have distinct colors.
Thus D has a color different from A and B, and D is colored with 2

color. With the same reason, E has a color different from C and B.

09290
X006

hence E also is colored with 2 color. However, D

and E are circumscribed, and their colors must be

distinct, which is a contradiction. It means that

just three colors are not enough. Now, we prove
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that for » circular pieces of paper, four colors are enough. Whenn <
4, it is obvious. Assume that whenn = & = 4, the conclusion is true,
then whenn = £ + 1, the convex hull of centers of # + 1 circles is a
convex polygon. Assume that A is one vertex of this convex polygon,
thus A is the center of some circle.

We could prove that there are at most three circles B, C, D
which are circumscribed with the circle A. To move this circle A, by
the induction hypothesis, we know each of the remaining % circular
pieces of paper can be colored with one of four colors such that any
two circles which are circumscribed are colored with distinct colors.
Return the circle A, and A could be colored with the fourth color
except three colors of B, C, D. Hence for n circular pieces of paper,
four colors are enough. Especially, for » = 2000, four colors are
enough. Therefore the required smallest number of colors is 4.

9 At first, we verify that equations f(4) = 4, f(5) =5, and
f(6) =5 hold.

Whenn = 4, consider {m, m +1, m +2, m +3}. If m is odd,
thenm, m +1, m + 2 are mutually prime. If m is even, then m + 1,
m + 2, m -3 are mutually prime. Thus f(4) <4, But from the set {m ,
m 41, m +2, m +3}, choose a 3-element subset consisting of two
evens and one odd, we know these three numbers are not mutually
prime, which implies that f(4) = 4,

Whenn =5, consider {m, m +1, m +2, m +3, m +4) . If m is
even, thenm, m +2, m + 4 are all evens. Then any 3 numbers from
the 4-element subset {m, m +1, m +2, m +4)} are not mutually prime,
so f(5) > 4, But from the 5-element universal set we can find out 3
numbers which are mutually prime. Thus £(5) = 5.

Whenn = 6, the elements of the set {m, m +1, m +~2, m + 3,
m +4, m +5} are 3 odd and 3 even. If we choose a 4-element subset
consisting of 3 even and 1 odd, then among the subset there are not 3
numbers which are mutually prime. Thus £(6) > 4. Consider the 5-
clement subset, if among these 5 elements there are 3 odd, then these
3 numbers must be mutually prime. If these 5 elements are 3 even and
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2 odd, then among these 3 even, there is at most one number which is
divisible by 3, and there is at most one number which is divisible by 5.
Hence among these 3 even there is one number which is neither
divisible by 3 nor 5. The even and the other 2 odd are mutually prime,
which implies that f(6) = 5.

Whenn >6,setT, ={t|t<n+1and2|tor3|t¢}. Then T,
is a subset of {2, 3, ..., n +1}, and any 3 elements in T, are not
mutually prime. By the inclusion-exclusion principle, we have

= [ )

So

[ _n+1 n+17 [n+1
oo 21 T = [ T [
Assume n = 6k TFy ¥ 2{)9 1v 2! 3| 4'} 59 thcn
n+1 n+17 an+1 _ r +1 r+171_[r+1
i o I e At b el el
It is easy to verity that

i i N ey

If r=0,1, 2, 3, we can divide n = 6k +r numbers into & groups:
{msm+1,...om=+5), {m+6, m+7,....m+11}, ..., im +
6(k —1), m +6k —5, ..., m +6k —1} and left with » numbersm +
6k, ...+ m+6k +r —1. Among 4k +r +1 numbers, there are at least
4k +1 numbers which are contained in the above & groups. Thus there
is at least one group which contains 5 numbers. Since f(6) =5, there
are 3 numbers which are mutually prime. If » =4, and 5, we can prove
similarly that there are 3 numbers which are mutually prime. Hence,

ro =[P e e e
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