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Preface 

This book is an outgrowth of the training of the German IMO team from a time 

when we had only a short training time of 14 days, including 6 half-day tests. This 

has forced upon us a training of enormous compactness. “Great Ideas” were the 

leading principles. A huge number of problems were selected to illustrate these 

principles. Not only topics but also ideas were efficient means of classification. 

For whom is this book written? 

For trainers and participants of contests of all kinds up to the highest level of 

international competitions, including the IMO and the Putnam Competition. 

For the regular high school teacher, who is conducting a mathematics club 

and is looking for ideas and problems for his/her club. Here, he/she will find 

problems of any level from very simple ones to the most difficult problems 

ever proposed at any competition. 

For high school teachers who want to pose the problem of the week, problem 

of the month, and research problems of the year. This is not so easy. Many fail, 

but some persevere, and after a while they succeed and generate a creative 

atmosphere with continuous discussions of mathematical problems. 

For the regular high school teacher, who is just looking for ideas to enrich 

his/her teaching by some interesting nonroutine problems. 

For all those who are interested in solving tough and interesting problems. 

The book is organized into chapters. Each chapter starts with typical examples 

illustrating the main ideas followed by many problems and their solutions. The 



vi Preface 

solutions are sometimes just hints, giving away the main idea leading to the solu- 

tion. In this way, it was possible to increase the number of examples and problems 

to over 1300. The reader can increase the effectiveness of the book even more by 

trying to solve the examples. 

The problems are almost exclusively competition problems from all over the 

world. Most of them are from the former USSR, some from Hungary, and some 

from Western countries, especially from the German National Competition. The 

competition problems are usually variations of problems from journals with prob- 

lem sections. So it is not always easy to give credit to the originators of the problem. 

If you see a beautiful problem, you first wonder at the creativity of the problem 

proposer. Later you discover the result in an earlier source. For this reason, the 

references to competitions are somewhat sporadic. Usually no source is given if I 

have known the problem for more than 25 years. Anyway, most of the problems 

are results that are known to experts in the respective fields. 

There is a huge literature of mathematical problems. But, as a trainer, I know 

that there can never be enough problems. You are always in desperate need of new 

problems or old problems with new solutions. Any new problem book has some 

new problems, and a big book, as this one, usually has quite a few problems that 

are new to the reader. 

The problems are arranged in no particular order, and especially not in increasing 

order of difficulty. We do not know how to rate a problem’s difficulty. Even the IMO 

jury, now consisting of 75 highly skilled problem solvers, commits grave errors 

in rating the difficulty of the problems it selects. The over 400 IMO contestants 

are also an unreliable guide. Too much depends on the previous training by an 

ever-changing set of hundreds of trainers. A problem changes from impossible to 

trivial if a related problem was solved in training. 

I would like to thank Dr. Manfred Grathwohl for his help in implementing 

various I4TpX versions on the workstation at the institute and on my PC at home. 

When difficulties arose, he was a competent and friendly advisor. 

There will be some errors in the proofs, for which I take full responsibility, 

since none of my colleagues has read the manuscript before. Readers will miss 

important strategies. So do I, but I have set myself a limit to the size of the book. 

Especially, advanced methods are missing. Still, it is probably the most complete 

training book on the market. The gravest gap is the absence of new topics like 

probability and algorithmics to counter the conservative mood of the IMO jury. 

One exception is Chapter 13 on games, a topic almost nonexistent in the IMO, but 

very popular in Russia. 

Frankfurt am Main, Germany Arthur Engel 
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Abbreviations and Notations 

Abbreviations 

ARO Allrussian Mathematical Olympiad 

ATMO Austrian Mathematical Olympiad 

AuMO Australian Mathematical Olympiad 

AUO Allunion Mathematical Olympiad 

BrMO British Mathematical Olympiad 

BWM German National Olympiad 

BMO Balkan Mathematical Olympiad 

ChNO Chinese National Olympiad 

HMO Hungarian Mathematical Olympiad (Kirschak Competition) 

IIM International Intellectual Marathon (Mathematics/Physics Competition) 

IMO International Mathematical Olympiad 

LMO Leningrad Mathematical Olympiad 

MMO Moskov Mathematical Olympiad 

PAMO Polish-Austrian Mathematical Olympiad 



X Abbreviations and Notations 

PMO Polish Mathematical Olympiad 

RO Russian Olympiad (ARO from 1994 on) 

SPMO St. Petersburg Mathematical Olympiad 

TT Tournament of the Towns 

USO US Olympiad 

Notations for Numerical Sets 

N or Z* the positive integers (natural numbers), i.e., {1,2,3,...} 

No the nonnegative integers, {0,1,2,...} 

N the integers 

Q the rational numbers 

Q?* the positive rational numbers 

9 the nonnegative rational numbers 

IR the real numbers 

R* the positive real numbers 

C the complex numbers 

Zy the integers modulo n 

Leen the imtegers 1, 2,-2.7 

Notations from Sets, Logic, and Geometry 

<=> iff, if and only if 

—— sinplies 

ACB Aisasubset of B 

A\ B A without B 

AB the intersection of A and B 

AUB the union of A and B 

aéA the element a belongs to the set A 

|AB| also AB, the distance between the points A and B 

box parallelepiped, solid bounded by three pairs of parallel planes 
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The Invariance Principle 

We present our first Higher Problem-Solving Strategy. It is extremely useful in 

solving certain types of difficult problems, which are easily recognizable. We will 

teach it by solving problems which use this strategy. In fact, problem solving 

can be learned only by solving problems. But it must be supported by strategies 

provided by the trainer. 

Our first strategy is the search for invariants, and it is called the Invariance Prin- 

ciple. The principle is applicable to algorithms (games, transformations). Some 

task is repeatedly performed. What stays the same? What remains invariant? 

Here is a saying easy to remember: 

If there is repetition, look for what does not change! 

In algorithms there is a starting state S and a sequence of legal steps (moves, 

transformations). One looks for answers to the following questions: 

1. Can a given end state be reached? 

2. Find all reachable end states. 

3. Is there convergence to an end state? 

4. Find all periods with or without tails, if any. 

Since the Invariance Principle is a heuristic principle, it is best learned by ex- 

perience, which we will gain by solving the key examples E1 to E10. 
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E1. Starting with a point S = (a, b) of the plane with O < b < a, we generate a 

sequence of points (Xn, yn) according to the rule 

Xn “ Yn ig 2XnYn 

2 ee Xn. + Yn , 
Olay One bY ene = 

Here it is easy to find an invariant. From Xn+1Yn+1 = XnJYn, for all n we deduce 

XnYn = ab for all n. This is the invariant we are looking for. Initially, we have 

yo < Xo. This relation also remains invariant. Indeed, suppose y, < x, for some 

n. Then xX,+4; is the midpoint of the segment with endpoints y,, x,. Moreover, 

Yn+1 < Xn+41 Since the harmonic mean is strictly less than the arithmetic mean. 

Thus, 

Xn — Yn Diced = Xn — Yn 

Xn + Yn 2 2 
ees Xn) > Yat! = 

for all n. So we have lim x, = lim y, = x with x? = ab or x = Vab. 
Here the invariant helped us very much, but its recognition was not yet the 

solution, although the completion of the solution was trivial. 

E2. Suppose the positive integer n is odd. First Al writes the numbers 1, 2,...,2n 

on the blackboard. Then he picks any two numbers a, b, erases them, and writes, 

instead, |a — b|. Prove that an odd number will remain at the end. 

Solution. Suppose S is the sum of all the numbers still on the blackboard. Initially 

this sum is S = 1+2+4---+2n = n(2n-+ 1), an odd number. Each step reduces S$ 

by 2 min(a, b), which is an even number. So the parity of S is an invariant. During 

the whole reduction process we have S = 1 mod 2. Initially the parity is odd. So, 

it will also be odd at the end. 

E3. A circle is divided into six sectors. Then the numbers 1, 0, 1, 0,0, 0 are writ- 

ten into the sectors (counterclockwise, say). You may increase two neighboring 

numbers by 1. Is it possible to equalize all numbers by a sequence of such steps? 

Solution. Suppose aj, ..., a are the numbers currently on the sectors. Then J = 

a, — a2 + a3 — a4 + Gs — Ge 18 an invariant. Initially J = 2. The goal J = 0 cannot 

be reached. 

E4. In the Parliament of Sikinia, each member has at most three enemies. Prove 

that the house can be separated into two houses, so that each member has at most 

one enemy in his own house. 

Solution. Initially, we separate the members in any way into the two houses. Let 

H be the total sum of all the enemies each member has in his own house. Now 

suppose A has at least two enemies in his own house. Then he has at most one 

enemy in the other house. If A switches houses, the number H will decrease. This 

decrease cannot go on forever. At some time, H reaches its absolute minimum. 

Then we have reached the required distribution. 
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Here we have a new idea. We construct a positive integral function which de- 

creases at each step of the algorithm. So we know that our algorithm will termi- 

nate. There is no strictly decreasing infinite sequence of positive integers. H is not 

strictly an invariant, but decreases monotonically until it becomes constant. Here, 

the monotonicity relation is the invariant. 

ES. Suppose not all four integers a, b,c, d are equal. Start with (a, b,c, d) and 

repeatedly replace (a, b,c, d) by (a — b,b — c,c — d,d — a). Then at least one 

number of the quadruple will eventually become arbitrarily large. 

Solution. Let P, = (Qn, bn, Cn, dn) be the quadruple after n iterations. Then we 

have a, + b; +¢n +d, = 0 forn > 1. We do not see yet how to use this invariant. 

But geometric interpretation is mostly helpful. A very important function for the 

point P,, in 4-space is the square of its distance from the origin (0, 0, 0, 0), which 

is a2 + b? + c? + d?. If we could prove that it has no upper bound, we would be 
finished. 

We try to find a relation between P,,,; and P,: 

a? tbe tet +424, = Ga — bn)? + (On — Ca)? + (Cn — Gn)? + (Gr — Gn)? 

= 2@? +b? +c? +d?) 

— 2anby — 2bnyCy — 2€ndn — 2d, ap. 

Now we can use a, + b, +c, +d, = 0 or rather its square: 

O = (an +bnt+cCn+dn)? = (Qn +n)” + (On +dn)” +2GnDn +2Andn +2DnCn+2Cndp. 

Adding (1) and (2), for a2,, + b2,, +c7,, +d?,,, we get “ 

2(a2 +b? +c? +d?) + (dn + en)? + (bn + dn) = 2a, +b, +c) +2). 

From this invariant inequality relationship we conclude that, for n > 2, 

at+bet+ce+4+d?>2 (a) +b} +c) +d). (2) 

The distance of the points P,, from the origin increases without bound, which 

means that at least one component must become arbitrarily large. Can you always 

have equality in (2)? 

Here we learned that the distance from the origin is a very important func- 

tion. Each time you have a sequence of points you should consider it. 

E6. An algorithm is defined as follows: 

Start: (x0, yo) withO < xo < yo. 

Xn + y 
= 0) =, Yn+1 = VXn+1Yn- OEP 'X, = 
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Figure 1.1 and the arithmetic mean-geometric mean inequality show that 

Yn — Xn 

4 Xn < Vn > Xn+1 < Ynti, Vat — Xn+1 < 

for all n. Find the common limit lim x, = lim y, = x = y. 

Here, invariants can help. But there are no systematic methods to find invariants, 

just heuristics. These are methods which often work, but not always. Two of these 

heuristics tell us to look for the change in x,/y, Or yy, — X, when going from n to 

n+ 1. 

(a) Xntt _  Xntt [Xn _ jl + %nlVn. (1) 

Ynti Xn Yn Yn 2 

This reminds us of the half-angle relation 

a 1+cosa@ 
COS eee 

2, 2 

Since we always have 0 < x,/y, < 1, we may set x,/y,. = cosa,. Then (1) 

becomes 
Qn e210) n 

COS Qn+1 meaty => a, = an — a) Ch, SOI 

which is equivalent to 
X, XO 

2” arccos —- = arccos —. (2) 
Yn Yo 

This is an invariant! 

(b) To avoid square roots, we consider y? — x? instead of y, — x, and get 

; y? a x2 

= Tt 2 oe es — Dy 2 
Yn+1 Ant = 4 = 24/52 Xn+1 = V¥ Yn — ~n 

2" |y2 — x2 = [93 — x2, (3) 
which is a second invariant. 

or 

Xn Xn+1  Yn+i Yn 

Fig. 1.1 Fig. 1.2. arccost = arcsins, s = V1 — ??. 
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From Fig. 1.2 and (2), (3), we get 

a? 
af Ye ix? WO AD XO Xn ps : 

arccos — = 2” arccos — = 2” arcsin -— —earCsinl 
Yo Yn Yn 2" Yn 

The right-hand side converges to ,/ yg — xo/y forn — oo. Finally, we get 

2 2 
Yo — Xo 

arccos(xo/ yo) 
(4) x>=y= 

It would be pretty hopeless to solve this problem without invariants. By the way, 

this is a hard problem by any competition standard. 

E7. Each of the numbers aj, ..., 4, is 1 or —1, and we have 

S = aa70304 + a2a3a4a5 + --- + a,a\a2a3 = 0. 

Prove that 4|n. 

Solution. This is a number theoretic problem, but it can also be solved by in- 

variance. If we replace any a; by —a;, then S does not change mod 4 since four 

cyclically adjacent terms change their sign. Indeed, if two of these terms are pos- 

itive and two negative, nothing changes. If one or three have the same sign, S 

changes by +4. Finally, if all four are of the same sign, then S changes by +8. 

Initially, we have S = 0 which implies S$ = 0 mod 4. Now, step-by-step, we 

change each negative sign into a positive sign. This does not change S mod 4. At 

the end, we still have S = 0 mod 4, but also S= n, 1.¢, 4|n. 

E8. 2n ambassadors are invited to a banquet. Every ambassador has at most n — 1 

enemies. Prove that the ambassadors can be seated around a round table, so that 

nobody sits next to an enemy. 

Solution. First, we seat the ambassadors in any way. Let H be the number of 

neighboring hostile couples. We must find an algorithm which reduces this number 

whenever H > 0. Let (A, B) be a hostile couple with B sitting to the right of A 

(Fig. 1.3). We must separate them so as to cause as little disturbance as possible. 

This will be achieved if we reverse some arc B A’ getting Fig. 1.4. H will be reduced 

if (A, A’) and (B, B’) in Fig. 1.4 are friendly couples. It remains to be shown that 

such a couple always exists with B’ sitting to the right of A’. We start in A and go 

around the table counterclockwise. We will encounter at least n friends of A. To 

their right, there are at least n seats. They cannot all be occupied by enemies of 

B since B has at most n — 1 enemies. Thus, there is a friend A’ of A with right 

neighbor B’, a friend of B. 
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BRA Dae, 

B A’ 
A A 

Fig. 1.3. Invert arc A’B. Fig. 1.4 

Remark. This problem is similar to E4, but considerably harder. It is the following 

theorem in graph theory: Let G be a linear graph with n vertices. Then G has a 

Hamiltonian path if the sum of the degrees of any two vertices is equal to or larger 

than n — 1. In our special case, we have proved that there is even a Hamiltonian 

circuit. 

E9. To each vertex of a pentagon, we assign an integer x; with sums = )- x; > 0. 

If x, y, z are the numbers assigned to three successive vertices and if y < 0, then 

we replace (x, y,z) by (x + y, —y, y +z). This step is repeated as long as there 

isa y <0. Decide if the algorithm always stops. (Most difficult problem of IMO 

1986.) 

Solution. The algorithm always stops. The key to the proof is (as in Examples 4 

and 8) to find an integer-valued, nonnegative function f(x;,..., xs) of the vertex 

labels whose value decreases when the given operation is performed. All but one 

of the eleven students who solved the problem found the same function 

5 
2 

f(%1, X25 X3, X4,X5) = > Gi —Xi42),  X6 =X, X7 =X. 
i=] 

Suppose y = x4 < 0. Then frew — fold = 25x4 < 0, since s > 0. If the algorithm 

does not stop, we can find an infinite decreasing sequence fp > fi > f2 >--- of 

nonnegative integers. Such a sequence does not exist. 

Bernard Chazelle (Princeton) asked: How many steps are needed until stop? He 

considered the infinite multiset S of all sums defined by s(i, 7) = xj +--+ +xj-1 

with 1 <7 < 5andj > i. A multiset is a set which can have equal elements. In this 

set, all elements but one either remain invariant or are switched with others. Only 

s(4, 5) = x4 changes to —x4. Thus, exactly one negative element of S changes to 

positive at each step. There are only finitely many negative elements in S, since 

s > 0. The number of steps until stop is equal to the number of negative elements 

of S. We see that the x; need not be integers. 

Remark. It is interesting to find a formula with the computer, which, for input 

a, b,c, d, e, gives the number of steps until stop. This can be done without much 

effort if s = 1. For instance, the input (n,n, 1 — 4n, n,n) gives the step number 

f(n) = 20n — 10. 
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E10. Shrinking squares. An empirical exploration. Start with a sequence S = 

(a, b, c, d) of positive integers and find the derived sequence S; = T(S) = (\a — 

b|, |b—c|, |c—d|, |d —a]). Does the sequence S, S, Sy = T(S), 83 = T(S2), ... 

always end up with (0, 0, 0, 0)? 

Let us collect material for solution hints: 

(0, 3, 10, 13) (3,7, 3, 13) B (4, 4, 10, 10) 

(0, 6, 0, 6) r> (6, 6, 6, 6) F (0, 0, 0, 0), 

(8, 17, 3, 107) (9, 14, 104, 99) F (5, 90, 5, 90) be 

(85, 85, 85, 85) (0, 0, 0, 0), 

(91, 108, 95, 294) +> (17, 13, 99, 203) +> (4, 86, 104, 186) 

(82, 18, 82, 182) t> (64, 64, 100, 100) +> (0, 36, 0, 36) > 

(36, 36, 36, 36) (0, 0; 0; 0). 

Observations: 

1. Let max S be the maximal element of S. Then max S;,; < max $;, and 

max S;,4 < max S$; as long as max S; > 0. Verify these observations. This 

gives a proof of our conjecture. 

2. S and tS have the same life expectancy. 

3. After four steps at most, all four terms of the sequence become even. Indeed, 

it is sufficient to calculate modulo 2. Because of cyclic symmetry, we need 

to test just six sequences 0001 + 0011 + 0101 + 1111 + 0000 and 

1110 +» 0011. Thus, we have proved our conjecture. After four steps at 

most, each term is divisible by 2, after 8 steps at most, by 27, ..., after 4k 

steps at most, by 2". As soon as max S < 2*, all terms must be 0. 

In observation 1, we used another strategy, the Extremal Principle: Pick the 

maximal element! Chapter 3 is devoted to this principle. 

In observation 3, we used symmetry. You should always think of this strategy, 

although we did not devote a chapter to this idea. 

Generalizations: 

(a) Start with four real numbers, e.g., 

2, 4 V3 e 

ee) nt —/3 e— V3 Np) 
ee m™—e Nene ma—e 

fe an Sia imme a=n/3 HV ee =a B42 os 3+ V2 
0 0 0 0. 
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Some more trials suggest that, even for all nonnegative real quadruples, we always 

end up with (0, 0, 0, 0). But witht > 1 and $ = (1,1f, t*, t?) we have 

T(S)=[¢-1,(¢-Dt,@-DP?,@-D@ +t4+1)). 

Ife =1?+1r+1,ie.,t = 1.8392867552..., then the process never stops because 

of the second observation. This ¢ is unique up to a transformation f(t) = at + b. 

(b) Start with S = (ao, aj, ..., Gn_1), 4; NONNegative integers. For n = 2, we 

reach (0, 0) after 2 steps at most. For n = 3, we get, for 011, a pure cycle of length 

3:011 b 101% 110+ O11. Forn = 5 we get 00011 b 00101 B O1I11b 

10001 +» 10010 + 10111 + 11000 & 01001 & 11011 % 01100 

10100 + 11101 b 00110 % 01010 + 11110 + 00011, which has a pure 

cycle of length 15. 

1. Find the periods for n = 6 (n = 7) starting with 000011 (0000011). 

2. Prove that, for n = 8, the algorithm stops starting with 00000011. 

3. Prove that, forn = 2’, we always reach (0, 0, ..., 0), and, forn 4 2’, we get 

(up to some exceptions) a cycle containing just two numbers: 0 and evenly 

often some number a > (). Because of observation 2, we may assume that 

a = 1. Then | a — b |= a+b mod 2, and we do our calculations in GF(2), 

i.e., the finite field with two elements 0 and 1. 

4. Letn 2’ and c(n) be the cycle length. Prove that c(2n) = 2c(n) (up to 

some exceptions). 

5. Prove that, for oddn, S = (0,0,..., 1, 1) always lies on a cycle. 

6. Algebraization. To the sequence (do, ..., d,-1), we assign the polynomial 

P(x) = Gn-1 +++: + aox"—! with coefficients from GF(2), and x” = 1. The 
polynomial (1 + x) p(x) belongs to T(S). Use this algebraization if you can. 

7. The following table was generated by means of a computer. Guess as many 

properties of c(n) as you can, and prove those you can. 

Tig E Sian pO aa ey Sy A Gy Pall 23 25 

Em) a3 Ml OSs S41 ae SONS 255) O09 NNGS me 04 ea 

n 27 29931 33 35 37 39 4] 43 

c(n) | 13797 47507 31 1023 4095 3233097 4095 41943 5461 

Problems 

1. Start with the positive integers 1, .. .., 4n — 1. In one move you may replace any two 

integers by their difference. Prove that an even integer will be left after 4n — 2 steps. 
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. Start with the set {3, 4, 5}. In each step you may choose two of the numbers a, b and 
replace them by 0.6a — 0.85 and 0.8a + 0.6b. Can you reach the goal (a) or (b) in 

finitely many steps: 

(a) {4, 6, 12}, (b) {x, y, z} with |x — 4], |y — 6], |z — 12| each less than 1/./3? 

. Assume an 8 x 8 chessboard with the usual coloring. You may repaint all squares (a) 

of a row or column (b) of a2 x 2 square. The goal is to attain just one black square. 

Can you reach the goal? 

. We start with the state (a, b) where a, b are positive integers. To this initial state we 

apply the following algorithm: 

while a < 0, doifa < b then (a, b) < (2a, b — a) else (a, b) < (a — b, 2b). 

For which starting positions does the algorithm stop? In how many steps does it stop, 

if it stops? What can you tell about periods and tails? 

The same questions, when a, b are positive reals. 

. Around a circle, 5 ones and 4 zeros are arranged in any order. Then between any two 

equal digits, you write 0 and between different digits 1. Finally, the original digits 

are wiped out. If this process is repeated indefinitely, you can never get 9 zeros. 

Generalize! 

. There are a white, b black, and c red chips on a table. In one step, you may choose 

two chips of different colors and replace them by a chip of the third color. If just one 

chip will remain at the end, its color will not depend on the evolution of the game. 

When can this final state be reached? 

. There are a white, b black, and c red chips on a table. In one step, you may choose 

two chips of different colors and replace each one by a chip of the third color. Find 

conditions for all chips to become of the same color. Suppose you have initially 13 

white 15 black and 17 red chips. Can all chips become of the same color? What 

states can be reached from these numbers? 

. There is a positive integer in each square of a rectangular table. In each move, you 

may double each number in a row or subtract 1 from each number of a column. Prove 

that you can reach a table of zeros by a sequence of these permitted moves. 

. Each of the numbers 1 to 10° is repeatedly replaced by its digital sum until we reach 

10° one-digit numbers. Will these have more 1’s or 2’s? 

The vertices of an n-gon are labeled by real numbers x), ..., x,. Let a,b, c,d be 

four successive labels. If (a — d)(b — c) < 0, then we may switch b with c. Decide 

if this switching operation can be performed infinitely often. 

In Fig. 1.5, you may switch the signs of all numbers of a row, column, or a parallel 

to one of the diagonals. In particular, you may switch the sign of each corner square. 

Prove that at least one —1 will remain in the table. 

Fig. 1.5 
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1. The Invariance Principle 

There is a row of 1000 integers. There is a second row below, which is constructed 

as follows. Under each number a of the first row, there is a positive integer f(a) such 

that f(a) equals the number of occurrences of a in the first row. In the same way, 

we get the 3rd row from the 2nd row, and so on. Prove that, finally, one of the rows 

is identical to the next row. 

There is an integer in each square of an 8 x 8 chessboard. In one move, you may 

choose any 4 x 4 or 3 x 3 square and add | to each integer of the chosen square. 

Can you always get a table with each entry divisible by (a) 2, (b) 3? 

We strike the first digit of the number 7!°”, and then add it to the remaining number. 
This is repeated until a number with 10 digits remains. Prove that this number has 

two equal digits. 

There is a checker at point (1, 1) of the lattice (x, y) with x, y positive integers. It 

moves as follows. At any move it may double one coordinate, or it may subtract 

the smaller coordinate from the larger . Which points of the lattice can the checker 

reach? 

Each term in a sequence 1, 0, 1, 0, 1, 0, .. . starting with the seventh is the sum of the 

last 6 terms mod 10. Prove that the sequence ..., 0, 1,0, 1, 0, 1, ... never occurs. 

Starting with any 35 integers, you may select 23 of them and add 1 to each. By 

repeating this step, one can make all 35 integers equal. Prove this. Now replace 35 

and 23 by m and n, respectively. What condition must m and n satisfy to make the 

equalization still possible? 

The integers 1, ..., 2m are arranged in any order on 2n places numbered 1, ..., 2n. 

Now we add its place number to each integer. Prove that there are two among the 

sums which have the same remainder mod 2n. 

The n holes of a socket are arranged along a circle at equal (unit) distances and 

numbered 1, ..., n. For what n can the prongs of a plug fitting the socket be numbered 

such that at least one prong in each plug-in goes into a hole of the same number (good 

numbering)? 

A game for computing gcd(a, b) and Icm(a, b). 

We start with x =a, y= b,u =a, v = b and move as follows: 

if x < y then, set y — y—x andv <—v+u 

if x > y, then setx < x —yandu <u+v 

The game ends with x = y = gcd(a, b) and (u + v)/2 = lem(a, b). Show this. 

Three integers a, b, c are written on a blackboard. Then one of the integers is erased 

and replaced by the sum of the other two diminished by 1. This operation is repeated 

many times with the final result 17, 1967, 1983. Could the initial numbers be (a) 2, 

DD A(a)) Soy BH 

There is a chip on each dot in Fig. 1.6. In one move, you may simultaneously move 

any two chips by one place in opposite directions. The goal is to get all chips into 

one dot. When can this goal be reached? 

Fig. 1.6 
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1. The Invariance Principle 11 

Start with n pairwise different integers x,,x2,...,%,,(n > 2) and repeat the fol- 

lowing step: 

Tiare
 (258 X2 + X3 aon). 

on a 

Show that T, T?, .. . finally leads to nonintegral components. 

Start with an m x n table of integers. In one step, you may change the sign of all 

numbers in any row or column. Show that you can achieve a nonnegative sum of any 

row or column. (Construct an integral function which increases at each step, but is 

bounded above. Then it must become constant at some step, reaching its maximum.) 

Assume a convex 2m-gon Aj, ..., Am. In its interior we choose a point P, which 

does not lie on any diagonal. Show that P lies inside an even number of triangles 

with vertices among Aj, ..., Arm. 

Three automata J, H, T print pairs of positive integers on tickets. For input (a, b), I 

and H give (a+ 1,6+ 1) and (a/2, b/2), respectively. H accepts only even a, b. T 

needs two pairs (a, b) and (b, c) as input and yields output (a, c). Starting with (5, 19) 

can you reach the ticket (a) (1, 50) (b) (1, 100)? Initially, we have (a, b), a < b. For 

what n is (1, n) reachable? 

Three automata J, R, S print pairs of positive integers on tickets. For entry (x, y), the 

automata J, R, S give tickets (x — y, y), (x + y, y), (y, x), respectively, as outputs. 

Initially, we have the ticket (1, 2). With these automata, can I get the tickets (a) 

(19, 79) (b) (819, 357)? Find an invariant. What pairs (p, g) can I get starting with 

(a, b)? Via which pair should I best go? 

n numbers are written on a blackboard. In one step you may erase any two of the 

numbers, say a and b, and write, instead (a + b)/4. Repeating this step n — 1 times, 

there is one number left. Prove that, initially, if there were n ones on the board, at 

the end, a number, which is not less than 1/n will remain. 

The following operation is performed with a nonconvex non-self-intersecting poly- 

gon P. Let A, B be two nonneighboring vertices. Suppose P lies on the same side 

of AB. Reflect one part of the polygon connecting A with B at the midpoint O of 

AB. Prove that the polygon becomes convex after finitely many such reflections. 

Solve the equation (x? — 3x + 3)? — 3(x* — 3x +3) +3 =x. 

Let a), a2,...,@, be a permutation of 1,2,...,n. If n is odd, then the product 

P = (a, — 1)(a) — 2)... (a, — n) is even. Prove this. 

Many handshakes are exchanged at a big international congress. We call a person 

an odd person if he has exchanged an odd number of handshakes. Otherwise he will 

be called an even person. Show that, at any moment, there is an even number of odd 

persons. 

Start with two points on a line labeled 0, 1 in that order. In one move you may add 

or delete two neighboring points (0, 0) or (1, 1). Your goal is to reach a single pair 

of points labeled (1, 0) in that order. Can you reach this goal? 

Is it possible to transform f(x) = x? + 4x +3 into g(x) = x? + 10x + 9 bya 
sequence of transformations of the form 

fx) xrfUd/x+1) or fH @-D’f1/@—-1))? 
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1. The Invariance Principle 

Does the sequence of squares contain an infinite arithmetic subsequence? 

The integers 1, ..., n are arranged in any order. In one step you may switch any two 

neighboring integers. Prove that you can never reach the initial order after an odd 

number of steps. 

One step in the preceding problem consists of an interchange of any two integers. 

Prove that the assertion is still true. 

The integers 1, ... , m are arranged in order. In one step you may take any four integers 

and interchange the first with the fourth and the second with the third. Prove that, 

if n(n — 1)/2 is even, then by means of such steps you may reach the arrangement 

n,n—1l,..., 1. Butifn(n — 1)/2 is odd, you cannot reach this arrangement. 

Consider all lattice squares (x, y) with x, y nonnegative integers. Assign to each its 

lower left corner as a label. We shade the squares (0, 0), (1, 0), (0, 1), (2, 0), G1, 1), 

(0, 2). (a) There is a chip on each of the six squares (b) There is only one chip on 

(0, 0). 

Step: If (x, y) is occupied, but (x + 1, y) and (x, y + 1) are free, you may remove 

the chip from (x, y) and place a chip on each of (x + 1, y) and (x, y + 1). The goal 

is to remove the chips from the shaded squares. Is this possible in the cases (a) or 

(b)? (Kontsevich, TT 1981.) 

In any way you please, fill up the lattice points below or on the x-axis by chips. By 

solitaire jumps try to get one chip to (0,5) with all other chips cleared off. (J. H. 

Conway.) The preceding problem of Kontsevich might have been suggested by this 

problem. 

A solitaire jump is a horizontal or vertical jump of any chip over its neighbor to a free 

point with the chip jumped over removed. For instance, with (x, y) and (x, y + 1) 

occupied and (x, y + 2) free, a jump consists in removing the two chips on (x, y) 

and (x, y + 1) and placing a chip onto (x, y + 2). 

We may extend a set S of space points by reflecting any point X of S at any space 

point A, A # X. Initially, S consists of the 7 vertices of a cube. Can you ever get 

the eight vertex of the cube into S? 

The following game is played on an infinite chessboard. Initially, each cell of an 

n Xn square is occupied by a chip. A move consists in a jump of a chip over a chip in 

a horizontal or vertical direction onto a free cell directly behind it. The chip jumped 

over is removed. Find all values of n, for which the game ends with one chip left 

over (IMO 1993 and AUO 1992!). 

Nine 1 x 1 cells of a 10 x 10 square are infected. In one time unit, the cells with 

at least two infected neighbors (having a common side) become infected. Can the 

infection spread to the whole square? 

Can you get the polynomial h(x) = x from the polynomials f(x) and g(x) by the 

operations addition, subtraction, multiplication if 

(a) f(x) =x? +x, g(x) = x7 +2; () f(x) = 2x? + x, e(x) = 2x: 
(C) fy = ao, ea ae 

Accumulation of your computer rounding errors. Start with x9 = 1, yo = 0, and, 

with your computer, generate the sequences 

5Xn — 12y, _ 12x, + 5yp 
iB ’ Yn4+1 = 13 . Xnt+1 = 
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1. The Invariance Principle 13 

Find x? + y? forn = 10, 10°, 10*, 10°, 10°, and 107. 

Start with two numbers 18 and 19 on the blackboard. In one step you may add another 

number equal to the sum of two preceding numbers. Can you reach the number 1994 

(IM)? 

In a regular (a) pentagon (b) hexagon all diagonals are drawn. Initially each vertex 

and each point of intersection of the diagonals is labeled by the number 1. In one step 

it is permitted to change the signs of all numbers of a side or diagonal. Is it possible 

to change the signs of all labels to —1 by a sequence of steps (IIM)? 

In Fig. 1.7, two squares are neighbors if they have a common boundary. Consider 

the following operation T: Choose any two neighboring numbers and add the same 

integer to them. Can you transform Fig. 1.7 into Fig. 1.8 by iteration of T? 

There are several signs + and — on a blackboard. You may erase two signs and 

write, instead, + if they are equal and — if they are unequal. Then, the last sign on 

the board does not depend on the order of erasure. 

There are several letters e, a and b on a blackboard. We may replace two e’s by one 

e, two a’s by one b, two b’s by one a, an a and a b by one e, an a and an e by one 

a, ab, and an e by one b. Prove that the last letter does not depend on the order of 

erasure. 

A dragon has 100 heads. A knight can cut off 15, 17, 21, or 5 heads, respectively, 

with one blow of his sword. In each of these cases, 24, 2, 14, or 17 new heads grow 

on its shoulders. If all heads are blown off, the dragon dies. Can the dragon ever die? 

Is it possible to arrange the integers 1, 1,2,2,..., 1998, 1998 such that there are 

exactly i — 1 other numbers between any two i's? 

The following operations are permitted with the quadratic polynomial ax? + bx +c: 

(a) switch a and c, (b) replace x by x + t where ¢ is any real. By repeating these 

operations, can you transform x? — x — 2 into x? — x — 1? 

Initially, we have three piles with a, b, and c chips, respectively. In one step, you may 

transfer one chip from any pile with x chips onto any other pile with y chips. Let 

d=y—x+1.Ifd > 0, the bank pays you d dollars. If d < 0, you pay the bank |d| 

dollars. Repeating this step several times you observe that the original distribution of 

chips has been restored. What maximum amount can you have gained at this stage? 

Let d(n) be the digital sum of n € N. Solve n + d(n) + d(d(n)) = 1997. 

Start with four congruent right triangles. In one step you may take any triangle and 

cut it in two with the altitude from the right angle. Prove that you can never get rid 

of congruent triangles (MMO 1995). 

Starting with a point S(a, b) of the plane with 0 < a < b, we generate a sequence 

(Xn, Yn) Of points according to the rule 

xo =a, Yo = b, Xn) = VS %XnYn+1> Yn+1 = VXnYn- 
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Prove that there is a limiting point with x = y. Find this limit. 

58. Consider any binary word W = aja---a,. It can be transformed by inserting, 

deleting or appending any word XXX, X being any binary word. Our goal is to 

transform W from 01 to 10 by a sequence of such transformations. Can the goal be 

attained (LMO 1988, oral round)? 

59. Seven vertices of a cube are marked by 0 and one by 1. You may repeatedly select 

an edge and increase by | the numbers at the ends of that edge. Your goal is to reach 

(a) 8 equal numbers, (b) 8 numbers divisible by 3. 

60. Start with a point S(a, b) of the plane with 0 < b < a, and generate a sequence of 

points S,,(%,, Y,) according to the rule 

xo = 4, yo = b, Xn4+1 = > Vn = 

Prove that there is a limiting point with x = y. Find this limit. 

Solutions 

1. In one move the number of integers always decreases by one. After (4n — 2) steps, 

just one integer will be left. Initially, there are 2n even integers, which is an even 

number. If two odd integers are replaced, the number of odd integers decreases by 

2. If one of them is odd or both are even, then the number of odd numbers remains 

the same. Thus, the number of odd integers remains even after each move. Since it 

is initially even, it will remain even to the end. Hence, one even number will remain. 

2. (a)(0.6a—0.8b)?+(0.8a+0.6b)* = a?+b’. Since a*+b?+c? = 3°+4?+12? = 137, 

the point (a, b, c) lies on the sphere around O with radius 13. Because 4*+6?+127 = 
147, the goal lies on the sphere around O with radius 14. The goal cannot be reached. 

(b) (x — 4)? + (y — 6)? + (z — 12)? < 1. The goal cannot be reached. 

The important invariant, here, is the distance of the point (a, b, c) from O. 

3. (a) Repainting a row or column with b black and 8 — b white squares, you get (8 — b) 

black and b white squares. The number of black squares changes by |(8 — b) — b| = 

|8 — 2b], that is an even number. The parity of the number of black squares does 

not change. Initially, it was even. So, it always remains even. One black square is 

unattainable. The reasoning for (b) is similar. 

4. Here is a solution valid for natural, rational and irrational numbers. With the invariant 

a+b =n the algorithm can be reformulated as follows: 

If a < n/2, replace a by 2a. 

If a > n/2, replace a bya —-b=a—(n—a)=2a—n=2a (mod n). 

Thus, we double a repeatedly modulo n and get the sequence 

24, 24312 ange.s, God): (1) 

Divide a by n in base 2. There are three cases. 

(a) The result is terminating: a/n = 0.d,dod3...d,:, d; € {0,1}. Then 2 = 0 
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(mod n), but 2’ #0 (mod n) fori < k. Thus, the algorithm stops after exactly k 

steps. 

(b) The result is nonterminating and periodic. 

a/n = 0.a1a2...Apd\d2...dydjdy...d,.... 

The algorithm will not stop, but the sequence (1) has period k with tail p. 

(c) The result is nonterminating and nonperiodic: a/n = 0.d,d)d;.... In this case, 

the algorithm will not stop, and the sequence (1) is not periodic. 

. This is a special case of problem E10 on shrinking squares. Addition is done mod 

2710 Oia lat lea (al +0=0+1 = 1. Let (x, x2,...,x,) be the original 

distribution of zeros and ones around the circle. One step consists of the replacement 

(1, -+., Xn) <— (%1 + X02, X2 + 3, ..., X, +1). There are two special distributions 

E=(1,1,...,1)and/ =(0,0,..., 0). Here, we must work backwards. Suppose 

we finally reach J. Then the preceding state must be E, and before that an alternating 

n-tuple (1, 0, 1, 0, ...). Since n is odd such an n-tuple does not exist. 

Now suppose that n = 2*q, q odd. The following iteration 

Citig Satis 385) 6 (CB areojeed eo cee e Pea) Saal OH ee hes) a> 8en aanein eee) 

<— (X +X. +43 4-4, X2 +3 4+X%4 +%5,...) — (X} +X5,X2 +%,...) << °° 

shows that, for g = 1, the iteration ends up with J. For gq > 1, we eventually arrive 

at I iff we ever get qg identical blocks of length 2*, i.e., we have period 2*. Try to 

prove this. 

The problem-solving strategy of working backwards will be treated in Chapter 

14. 

. All three numbers a, b, c change their parity in one step. If one of the numbers has 

different parity from the other two, it will retain this property to the end. This will 

be the one which remains. 

. (a, b,c) will be transformed into one of the three triples (a + 2,b — 1,c — 1), 

(a —1,b+2,c — 1), (a-—1,b —1,c + 2). In each case, J = a — b mod 3 is 

an invariant. But b — c = 0 mod 3 and a — c = 0 mod 3 are also invariant. So 

I = 0 mod 3 combined with a + b + c = 0 mod 3 is the condition for reaching a 

monochromatic state. 

. If there are numbers equal to | in the first column, then we double the corresponding 

rows and subtract 1 from all elements of the first column. This operation decreases 

the sum of the numbers in the first column until we get a column of ones, which is 

changed to a column of zeros by subtracting 1. Then we go to the next column, etc. 

. Consider the remainder mod 9. It is an invariant. Since 10° = 1 mod 9 the number 

of ones is by one more than the number of twos. 

. From (a — d)(b — c) < 0, we get ab+cd < ac + bd. The switching operation 

increases the sum S of the products of neighboring terms. In our case ab + bc + cd 

is replaced by ac + cb + bd. Because of ab + cd < ac + bd the sum S increases. 

But S can take only finitely many values. 

The product J of the eight boundary squares (except the four corners) is —1 and 

remains invariant. 
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The numbers starting with the second in each column are an increasing and bounded 

sequence of integers. 

(a) Let S be the sum of all numbers except the third and sixth row. S mod 2 is invariant. 

If S £0 (mod 2) initially, then odd numbers will remain on the chessboard. 

(b) Let S be the sum of all numbers, except the fourth and eight row. Then J = 

S mod 3 is an invariant. If, initially, 40 (mod 3) there will always be numbers 

on the chessboard which are not divisible by 3. 

. We have 7/9 = (—2)!9° = (—1)* = —1 mod9 . This digital sum remains 
invariant. At the end all digits cannot be distinct, else the digital sum would be 

O+1+---+9=45, which is 0 mod 9. 

. The point (x, y) can be reached from (1, 1) iff ged(x, y) = 2”, n € N. The permitted 

moves either leave gcd(x, y) invariant or double it. 

. Here, I(x, X2,...,%6) = 2x; + 4x2 + 6x3 + 8x4 + 10x5 + 12x56 mod 10 is the 

invariant. Starting with 7(1, 0, 1, 0, 1, 0) = 8, the goal /(0, 1, 0, 1, 0, 1) = 4 cannot 

be reached. 

. Suppose gced(m,n) = 1. Then, in Chapter 4, E5, we prove that nx = my + 1 has 

a solution with x and y from {1,2,...,m — 1}. We rewrite this equation in the 

form nx = m(y — 1) +m + 1. Now we place any m positive integers x), ..., Xm 

around a circle assuming that x, is the smallest number. We proceed as follows. Go 

around the circle in blocks of n and increase each number of a block by 1. If you 

do this n times you get around the circle m times, and, in addition, the first number 

becomes one more then the others. In this way, |Xmax — Xmin| decreases by one. This 

is repeated each time placing a minimal element in front until the difference between 

the maximal and minimal element is reduced to zero. 

But if gcd(x, y) = d > 1, then sucha reduction is not always possible. Let one of the 

m numbers be 2 and all the others be 1. Suppose that, applying the same operation 

k times we get equidistribution of the (m + 1 + kn) units to the m numbers. This 

means m + 1+ kn = 0 mod m. But d does not divide m + kn + 1 since d > 1. 

Hence m does not divide m + 1 + kn. Contradiction! 

We proceed by contradiction. Suppose all the remainders 0, 1,..., 2” — 1 occur. 

The sum of all integers and their place numbers is 

8; =20+2+...+2n)=2nQn+1)=0 (mod 2n). 

The sum of all remainders is 

So=O+14+...+2n-—1=n(Q2n—-1)=n (mod 2n). 

Contradiction! 

Let the numbering of the prongs be i), i2,..., in. Clearly i, +- +i, =n(n + 1)/2. 

If n is odd, then the numbering i; = n + 1 — j works. Suppose the numbering is 

good. The prong and hole with number i; coincide if the plug is rotated by i; — j 

(ori; — j +n) units ahead. This means that (i; — 1)+---+(@, —n) =1+2+---n 

(mod n). The LHS is 0. The RHS is n(n + 1)/2. This is divisible by n if n is odd. 

Invariants of this transformation are 

P : gcd(x, y) = gced(x — y, x) = ged(x, y — x), 
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Om venyu=2aby Rex > 0; ys0: 

P and R are obviously invariant. We show the invariance of Q. Initially, we have 

ab + ab = 2ab, and this is obviously correct. After one step, the left side of Q 

becomes either x(v-+u)+(y—x)u = xv+yu or(x—y)v+y(u+v) = xv+yu, thatis, 

the left side of Q does not change. At the end of the game, we have x = y = gcd(a, b) 

and 

x(u + v) = 2ab > (u+ v)/2 = ab/x = ab/ gcd(a, b) = |Icm(a, b). 

Initially, if all components are greater than 1, then they will remain greater than 1. 

Starting with the second triple the largest component is always the sum of the other 

two components diminished by 1. If, after some step, we get (a,b,c) witha < 

b < c, thence = a + b — 1, and a backward step yields the triple (a,b,b -a + 

1). Thus, we can retrace the last state (17, 1967, 1983) uniquely until the next to 

last step: (17, 1967, 1983) < (17, 1967, 1951) < (17, 1935, 1951) < --- <— 

(17, 15,31) <— (17, 15,3) <— (13,15,3) <— --- — (5,7,3) < 6,3, 3). The 

preceding triple should be (1, 3, 3) containing 1, which is impossible. Thus the triple 

(5, 3, 3) is generated at the first step. We can get from (3, 3, 3) to (5, 3, 3) in one step, 

but not from (2, 2, 2). 

Let a; be the number of chips on the circle #i. We consider the sum S = )°ia;. 

Initially, we have S = )°i x 1 = n(n + 1)/2 and, at the end, we must have kn for 

k € {1,2,...,n}. Each move changes S by 0, orn, or —n, that is, S is invariant mod 

n. At the end, S = 0 mod n. Hence, at the beginning, we must have S = 0 mod n. 

This is the case for odd n. Reaching the goal is trivial in the case of an odd n. 

Solution 1. Suppose we get only integer n-tuples from (x), ..., x,). Then the dif- 

ference between the maximal and minimal term decreases. Since the difference is 

integer, from some time on it will be zero. Indeed, if the maximum x occurs k times 

in a row, then it will become smaller than x after k steps. If the minimum y occurs m 

times in a row, then it will become larger after m steps. In a finite number of steps, 

we arrive at an integral n-tuple (a, a, ..., a). We will show that we cannot get equal 

numbers from pairwise different numbers. Supppose Z), ..., Z, are not all equal, but 

(21 + Z2)/2 = (@ + °Z3)/2 = = (|, Zi) 2. Thenez, = 7 ="z5°—=_--~ and 

Zy = 24 = % =-:-. Ifn is odd then all z; are equal, contradicting our assumption. 

For even n = 2k, we must eliminate the case (a, b, ..., a, b) with a £ b. Suppose 

Vine eke Ua Ae ee ee ale pes EPS ie) ales 

ee et td PD 2 

But the sums of the left sides of the two equation chains are equal, 1.e., a = b, that 

is, we cannot get the n-tuple (a, b,...,a, b) witha # b. 

Solution 2. Let X = (x1,..-,%n), TX = Y = (N1,-- +, Yn). Withn +1=1, 

n 1 n 1 n n 

Yoo = FGF + ahs + Ana) Sy GP taka tal tah) = Dod 
i=! t= =| t=] 

We have equality if and only if x; = x;+, for all i. Suppose the components remain 

integers. Then the sum of squares is a strictly decreasing sequence of positive integers 

until all integers become equal after a finite number of steps. Then we show as in 
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solution 1 that, from unequal numbers, you cannot get only equal numbers in a finite 

number of steps. 

Another Solution Sketch. Try a geometric solution from the fact that the sum of the 

components is invariant, which means that the centroid of the n points is the same 

at each step. 

If you find a negative sum in any row or column, change the signs of all numbers in 

that row or column. Then the sum of all numbers in the table strictly increases. The 

sum cannot increase indefinitely. Thus, at the end, all rows and columns will have 

nonnegative signs. 

The diagonals partition the interior of the polygon into convex polygons. Consider 

two neighboring polygons P,, P, having a common side on a diagonal or side XY. 

Then P;, P both belong or do not belong to the triangles without the common side 

XY.Thus, if P goes from P; to P), the number of triangles changes by t; — t2, where 

t, and ft) are the numbers of vertices of the polygon on the two sides of XY. Since 

t, + t. = 2m + 2, the number ft; — fh 1s also even. 

You cannot get rid of an odd divisor of the difference b — a, that is, you can reach 

(1, 50) from (5, 19), but not (1, 100). 

The three automata leave gcd(x, y) unchanged. We can reach (19, 79) from (1, 2), 

but not (819, 357). We can reach (p, q) from (a, b) iff gcd(p, g) = gced(a, b) = d. 

Go from (a, b) down to (1, d + 1), then, up to (p, q). 

From the inequality 1/a + 1/b => 4/(a + b) which is equivalent to (a + b)/2 > 

2ab/(a + b), we conclude that the sum S of the inverses of the numbers does not 

increase. Initially, we have S = n. Hence, at the end, we have S < n. For the last 

number 1/5, we have 1/S > 1/n. 

The permissible transformations leave the sides of the polygon and their directions 

invariant. Hence, there are only a finite number of polygons. In addition, the area 

strictly increases after each reflection. So the process is finite. 

Remark. The corresponding problem for line reflections in AB is considerably harder. 

The theorem is still valid, but the proof is no more elementary. The sides still remain 

the same, but their direction changes. So the finiteness of the process cannot be easily 

deduced. (In the case of line reflections, there is a conjecture that 2n reflections suffice 

to reach a convex polygon.) 

Let f(x) = x? — 3x +3. We are asked to solve the equation f(f(x)) = x, that is to 

find the fixed or invariant points of the function f o f. First, let us look at f(x) = x, 

i.e. the fixed points of f. Every fixed point of f is also a fixed point of f o f. Indeed, 

fx)=x => ff) = f@) => f(f@)) =x. 

First, we solve the quadratic f(x) = x, or x? — 4x +3 = 0 with solutions x; = 3, 

x2 = 1. f[f(x)] = x leads to the fourth degree equation x* —6x3+12x?—10x+3 = 
0, of which we already know two solutions 3 and 1. So the left side is divisible by 

x — 3 and x — 1 and, hence, by the product (x — 3)(x — 1) = x? — 4x + 3. This 

will be proved in the chapter on polynomials, but the reader may know this from 

high school. Dividing the left side of the 4th-degree equation by x* — 4x + 3 we get 

x? — 2x +1. Now x? — 2x + 1 = 0 is equivalent to (x — 1)* = 0. So the two other 
solutions are x3 = x4 = 1. We get no additional solutions in this case, but usually, 

the number of solutions is doubled by going from f[x] = x to f[f(x)] =x. 
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Suppose the product P is odd. Then, each of its factors must be odd. Consider the 

sum S of these numbers. Obviously S is odd as an odd number of odd summands. 

On the other hand, § = }°(a; —i) = }° a; — )>i = 0, since the a; are a permutation 

of the numbers 1 to n. Contradiction! 

We partition the participants into the set E of even persons and the set O of odd 

persons. We observe that, during the hand shaking ceremony, the set O cannot 

change its parity. Indeed, if two odd persons shake hands, O increases by 2. If two 

even persons shake hands, O decreases by 2, and, if an even and an odd person 

shake hands, |O| does not change. Since, initially, |O| = 0, the parity of the set is 

preserved. 

Consider the number U of inversions, computed as follows: Below each 1, write the 

number of zeros to the right of it, and add up these numbers. Initially U = 0. U does 

not change at all after each move, or it increases or decreases by 2. Thus U always 

remains even. But we have U = | for the goal. Thus, the goal cannot be reached. 

Consider the trinomial f(x) = ax? + bx +c. It has discriminant b? — 4ac. The first 

transformation changes f(x) into (a + b + c)x? + (b + 2a)x + with discriminant 

(b+ 2a) —4(a+b+c)-a=b* — 4ac, and, applying the second transformation, 
we get the trinomial cx? + (b — 2c)x + (a — b +c) with discriminant b* — 4ac. 
Thus the discriminant remains invariant. But x? + 4x + 3 has discriminant 4, and 

x* + 10x + 9 has discriminant 64. Hence, one cannot get the second trinomial from 

the first. 

For three squares in arithmetic progression, we have aj — a} = aj — aj or (a3 — 
a>)(a3 + ar) = (a2 — a;)(a2 + a1). Since ay +a, < a3 +42, we must have az — a; > 

G3)— @o. 

Suppose that a?, a3, aj, ... is an infinite arithmetic progression. Then 

Oe Ga oe OA 3 es 

This is a contradiction since there is no infinite decreasing sequence of positive 

integers. 

Suppose the integers 1, ... , m are arranged in any order. We will say that the numbers 

i and k are out of order if the larger of the two is to the left of the smaller. In that 

case, they form an inversion. Prove that interchange of two neighbors changes the 

parity of the number of inversions. 

Interchange of any two integers can be replaced by an odd number of interchanges 

of neighboring integers. 

The number of inversions inn,..., 1 is n(n — 1)/2. Prove that one step does not 

change the parity of the inversions. If n(n — 1)/2 is even, then split the n integers 

into pairs of neighbors (leaving the middle integer unmatched for odd n). Then form 

quadruplets from the first, last, second, second from behind, etc. 

We assign the weight 1/2**” to the square with label (x, y). We observe that the total 

weight of the squares covered by chips does not change if a chip is replaced by two 

neighbors. The total weight of the first column is 

pel 
pe Serene p thandagc 
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The total weight of each subsequent square is half that of the preceding square. Thus 

the total weight of the board is 

Din: Eat 
2 

In (a) the total weight of the shaded squares is 23. The weight of the rest of the board 

is 13. The total weight of the remaining board is not enough to accommodate the 

chips on the shaded region. 

In (b) the lone piece has the weight 1. Suppose it is possible to clear the shaded 

region in finitely many moves. Then, in the column x = 0 there is at most the weight 

1/8, and in the row y = 0, there is at most the weight 1/8. The remaining squares 

outside the shaded region have weight 3/4. In finitely many moves we can cover 

only a part of them. So we have again a contradiction. 

I can get a chip to (0, 4), but not to (0, 5). Indeed, we introduce the norm of a point 

(x, y) as follows: n(x, y) = |x| + |y — 5]. We define the weight of that point by a”, 

where «a is the positive root of a? + a — 1 = 0. The weight of a set S of chips will 

be defined by 

W(S)= > a". 
pes 

Cover all the lattice points for y < 0 by chips. The weight of the chips with y = 0 

isa> + +2a° ¥°,., a! = a° + 2a4. By covering the half plane with y < 0, we have 
the total weight — 

a> + 2a4 
i =a?+2a? =1. (a? + 20*\(1 +a+a?4---)= 

We make the following observations: A horizontal solitaire jump toward the y-axis 

leaves total weight unchanged. A vertical jump up leaves total weight unchanged. 

Any other jump decreases total weight. Total weight of the goal (0, 5) is 1. Thus any 

distribution of finitely many chips on or below the x-axis has weight less than 1. 

Hence, the goal cannot be reached by finitely many chips. 

Place a coordinate system so that the seven given points have coordinates (0,0,0), 

(0,0,1), (0,1,0), (1,0,0), (1,1,0), (1,0,1), (0,1,1). We observe that a point preserves 

the parity of its coordinates on reflection. Thus, we never get points with all three 

coordinates odd. Hence the point (1,1,1) can never be reached. This follows from the 

mapping formula X +» 2A—X, orincoordinates (x, y, z)  (2a—x, 2b—y, 2c—z), 

where A = (a, b,c) and X = (x, y, z). The invariant, here, is the parity pattern of 

the coordinates of the points in S. 

Fig. 1.10 shows how to reduce an L-tetromino occupied by chips to one square by 

using one free cell which is the reflection of the black square at the center of the first 

horizontal square. Applying this operation repeatedly to Fig. 1.9 we can reduce any 

n Xn square toal x 1,2 x 2, or3 x 3 square. A | x | square is already a reduction 

to one occupied square. It is trivial to see how we can reduce a 2 x 2 square to one 

occupied square. 

The reduction of a3 x 3 square to one occupied square does not succeed. We are left 

with at least two chips on the board. But maybe another reduction not necessarily 

using L-tetrominoes will succeed. To see that this is not so, we start with any n 

divisible by 3, and we color the n x n board diagonally with three colors A, B, C. 
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Fig. 1.9 

Denote the number of occupied cells of colors A, B, C by a, b, c, respectively. 

Initially, a = b = c, 1.e.,a = b = c mod 2. That is, all three numbers have the 

same parity. If we make a jump, two of these numbers are decreased by 1, and one is 

increased by 1. After the jump, all three numbers change parity, i.e., they still have 

the same parity. Thus, we have found the invariant a = b = c mod 2. This relation 

is violated if only one chip remains on the board. We can even say more. If two chips 

remain on the board, they must be on squares of the same color. 

By looking at a healthy cell with 2, 3, or 4 infected neighbors, we observe that the 

perimeter of the contaminated area does not increase, although it may well decrease. 

Initially, the perimeter of the contaminated area is at most 4 x 9 = 36. The goal 

4 x 10 = 40 will never be reached. 

. By applying these three operations on f and g, we get a polynomial 

P (f(x), 8(%)) =x, (1) 

which should be valid for all x. In (a) and (b), we give a specific value of x, for 

which (1) is not true. In (a) f(2) = g(2) = 6. By repeated application of the three 

operations on 6 we get again a multiple of 6. But the right side of (1) is 2. 

In(b) f(1/2) = g(1/2) = 1. The left-hand side of (1) is an integer, and the right-hand 

side 1/2 is a fractional number. 

In (c) we succeed in finding a polynomial in f and g which is equal to x: 

C= tig fe 

We should get x? + y? = 1 for all n, but rounding errors corrupt more and more of 

the significant digits. One gets the table below. This is a very robust computation. No 

”catastrophic cancellations” ever occur. Quite often one does not get such precise 

results. In computations involving millions of operations, one should use double 

precision to get single precision results. 

Since 1994 = 18+ 19- 104, we get 18+ 19 = 37,37+ 19 = 56,...,1975+19 = 

1994. It is not so easy to find all numbers which can be reached starting from 18 

and 19. See Chapter 6, especially the Frobenius Problem for n = 3 at the end of the 

chapter. 
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(a) No! The parity of the number of —1’s on the perimeter of the pentagon does not 

change. 

(b) No! The product of the nine numbers colored black in Fig. 1.11 does not change. 

Color the squares alternately black and white as in Fig. 1.12. Let W 

1.0000000000 

1.0000000001 

1.0000000007 

1.0000000066 

1.0000000665 

1.0000006660 

1.0000066666 
Fig. 1.11 Fig. 1.12 

and B be the sums of the numbers on the white and black squares, respectively. 

Application of T does not change the difference W — B. For Fig. 1.7 and Fig. 1.8 

the differences are 5 and —1, respectively. The goal —1 cannot be reached from 5. 

Replace each + by +1 and each — by —1, and form the product P of all the numbers. 

Obviously, P is an invariant. 

We denote a replacement operation by o. Then, we have 

CS =]2, COWS, COX Sb, COD, WOIDS 7, OOD =. 

The o operation is commutative since we did not mention the order. It is easy to check 

that it is also associative, i.e.,(poqg)or = po(qor) forall letters occurring. Thus, 

the product of all letters is independent of the the order in which they are multiplied. 

The number of heads is invariant mod 3. Initially, it is 1 and it remains so. 

Replace 1998 by n, and derive a necessary condition for the existence of such an 

arrangement. Let p;, be the position of the first integer k. Then the other k has 

position p, + k. By counting the position numbers twice, we get 1 + ---+2n = 

(pit+ pit l+---+(pat pn+n). For P = >", pi, we get P = n(3n+1)/4, and 
P is an integer for n = 0, 1 mod 4. Since 1998 = 2 mod 4, this necessary condition 

is not satisfied. Find examples for n = 4, 5, and 8. 

This is an invariance problem. As a prime candidate, we think of the discriminant 

D. The first operation obviously does not change D. The second operation does 

not change the difference of the roots of the polynomial. Now, D = b? — 4ac = 

a’((b/ay’ — 4c/a), but —b/a = x; + x2, and c/a = x,x. Hence, D = a(x; — 
x)’, i.e., the second operation does not change D. Since the two trinomials have 

discriminants 9 and 5, the goal cannot be reached. 

Consider J = a? + b? + c* — 2g, where g is the current gain (originally g = 0). If 
we transfer one chip from the first to the second pile, then we get I’ = (a — 1)? + 

(b + 1)* +c? — 2g’ where g’ = g + b—a +1, thatis, J’ =a? —2a+14+0?+ 
2b+1-—2g—2b+2a—2=a?+b*+c? +g =1. Wesee that I does not change 
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in one step. If we ever get back to the original distribution (a, b, c), then g must be 

zero again. 

The invariant ] = ab + be + ca + g yields another solution. Prove this. 

The transformation d leaves the remainder on division by 3 invariant. Hence, modulo 

3 the equation has the form 0 = 2. There is no solution. 

We assume that, at the start, the side lengths are 1, p, g, 1 > p, 1 > q. Then all 

succeeding triangles are similar with coefficient p”q”. By cutting such a triangle of 

type (m,n), we get two triangles of types (m + 1, n) and (m,n + 1). We make the 

following translation. Consider the lattice square with nonnegative coordinates. We 

assign the coordinates of its lower left vertex to each square. Initially, we place four 

chips on the square (0, 0). Cutting a triangle of type (m, 1) is equvalent to replacing 

a chip on square (m,n) by one chip on square (m + 1,7) and one chip on square 

(m,n + 1). We assign weight 2~”~” to a chip on square (m, n). Initially, the chips 

have total weight 4. A move does not change total weight. Now we get problem 39 

of Kontsevich. Initially, we have total weight 4. Suppose we can get each chip on a 

different square. Then the total weight is less than 4. In fact, to get weight 4 we would 

have to fill the whole plane by single chips. This is impossible in a finite number of 

steps. 

Comparing xn41/%n With Yni1/Yn, we observe that x?y, = a”b is an invariant. If we 

can show that lim x, = lim y, = x, then x3 = a*b, or x = Va?b. 

Because of x, < y, and the arithmetic mean-geometric mean inequality, y,4+, lies to 

the left of (x, + y,)/2 and xn+1 lies to the left of (x, + Yn41)/2. Thus, %, < Xn41 < 

Yntt < Yn and Yni1 — Xnt1 < (Yn — Xn)/2. We have, indeed, a common limit x. 

Actually for large n, say n > 5, we have ./XnYn © (Yn + Xn)/2 and Yn41 — Xn41 © 

On > Xn)/4. 

Assign the number J/(W) = a; + 2a. +3a3+---+na, to W. Deletion or insertion of 

any word X XX in any place produces Z = b,b2---b, with 1(W) = 1(Z) modulo 

3. Since 1(01) = 2 and J(10) = 1, the goal cannot be attained. 

Select four vertices such that no two are joined by an edge. Let X be the sum of the 

numbers at these vertices, and let y be the sum of the numbers at the remaining four 

vertices. Initially, 7 = x — y = +1. A step does not change I. So neither (a) nor (b) 

can be attained. 

Hint: Consider the sequences x, = 1/x,, and t, = 1/y,. An invariant is 5,41) + 

2h = S_, + 2h) = 1 /a 4-2/0. 
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Coloring Proofs 

The problems of this chapter are concerned with the partitioning of a set into a 

finite number of subsets. The partitioning is done by coloring each element of a 

subset by the same color. The prototypical example runs as follows. 

In 1961, the British theoretical physicist M. E. Fisher solved a famous and very 

tough problem. He showed that an 8 x 8 chessboard can be covered by 2 x 1 

dominoes in 2+ x 901? or 12,988,816 ways. Now let us cut out two diagonally 

opposite corners of the board. In how many ways can you cover the 62 squares of 

the mutilated chessboard with 31 dominoes? 

The problem looks even more complicated than the problem solved by Fisher, 

but this is not so. The problem is trivial. There is no way to cover the mutilated 

chessboard. Indeed, each domino covers one black and one white square. If a 

covering of the board existed, it would cover 31 black and 31 white squares. But 

the mutilated chessboard has 30 squares of one color and 32 squares of the other 

color. 

The following problems are mostly ingenious imposibility proofs based on col- 

oring or parity. Some really belong to Chapter 3 or Chapter 4, but they use coloring, 

so I put them in this chapter. A few also belong to the closely related Chapter 1. 

The mutilated chessboard required two colors. The problems of this chapter often 

require more than two colors. 
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Problems 

10. 

11. 

2, 

. Arectangular floor is covered by 2 x 2 and 1 x 4 tiles. One tile got smashed. There is a 

tile of the other kind available. Show that the floor cannot be covered by rearranging 

the tiles. 

. Is it possible to form a rectangle with the five tetrominoes in Fig. 2.1? 

. A 10 x 10 chessboard cannot be covered by 25 T-tetrominoes in Fig. 2.1. These 

tiles are called from left to right: straight tetromino, T-tetromino, square tetromino, 

L-tetromino, and skew tetromino. 

See cae aE) con 
Fig. 2.1 

. An8 x8 chessboard cannot be covered by 15 T-tetrominoes and one square tetromino. 

. A 10 x 10 board cannot be covered by 25 straight tetrominoes (Fig. 2.1). 

. Consider ann x n chessboard with the four corners removed. For which values of n 

can you cover the board with L-tetrominoes as in Fig. 2.2? 

. Is there a way to pack 250 1 x 1 x 4 bricks into a 10 x 10 x 10 box? 

. Ana x brectangle can be covered by 1 x n rectangles iff n|a or n|b. 

. One corner of a (2n + 1) x (2n + 1) chessboard is cut off. For which n can you 

cover the remaining squares by 2 x 1 dominoes, so that half of the dominoes are 

horizontal? 

Fig. 2.3 shows five heavy boxes which can be displaced only by rolling them about 

one of their edges. Their tops are labeled by the letter T. Fig. 2.4 shows the same 

five boxes rolled into a new position. Which box in this row was originally at the 

center of the cross? 

Fig. 2.5 shows a road map connecting 14 cities. Is there a path passing through each 

city exactly once? 

S\ocaatdl 

ies 
ip mG Sy) 

Fig. 2.2 Fig. 2.3 Fig. 2.4 Fig. 2.5 

A beetle sits on each square of a 9 x 9 chessboard. At a signal each beetle crawls 

diagonally onto a neighboring square. Then it may happen that several beetles will 

sit on some squares and none on others. Find the minimal possible number of free 

squares. 
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Every point of the plane is colored red or blue. Show that there exists a rectangle 

with vertices of the same color. Generalize. 

Every space point is colored either red or blue. Show that among the squares with 

side | in this space there is at least one with three red vertices or at least one with 
four blue vertices. 

Show that there is no curve which intersects every segment in Fig. 2.6 exactly once. 

ris) 
Fig. 2.6 

On one square of a5 x 5 chessboard, we write —1 and on the other 24 squares +1. 

In one move, you may reverse the signs of one a x a subsquare witha > 1. My goal 

is to reach +1 on each square. On which squares should —1 be to reach the goal? 

The points of a plane are colored red or blue. Then one of the two colors contains 

points with any distance. 

The points of a plane are colored with three colors. Show that there exist two points 

with distance | both having the same color. 

All vertices of a convex pentagon are lattice points, and its sides have integral length. 

Show that its perimeter is even. 

n points (n > 5) of the plane can be colored by two colors so that no line can separate 

the points of one color from those of the other color. 

You have many 1 x 1 squares. You may color their edges with one of four colors 

and glue them together along edges of the same color. Your aim is to get anm x n 

rectangle. For which m and n is this possible? 

You have many unit cubes and six colors. You may color each cube with 6 colors 

and glue together faces of the same color. Your aim is to getar x s x t box, each 

face having different color. For which r, s, t is this possible? 

Consider three vertices A = (0,0), B = (0, 1), C = (1, 0) in a plane lattice. Can 

you reach the fourth vertex D = (1, 1) of the square by reflections at A, B, C or at 

points previously reflected? 

Every space point is colored with exactly one of the colors red, green, or blue. The 

sets R, G, B consist of the lengths of those segments in space with both endpoints 

red, green, and blue, respectively. Show that at least one of these sets contains all 

nonnegative real numbers. 

The Art Gallery Problem. An art gallery has the shape of a simple n-gon. Find 

the minimum number of watchmen needed to survey the building, no matter how 

complicated its shape. 

A7x7 square is covered by sixteen 3 x 1 and one 1 x | tiles. What are the permissible 

positions of the 1 x 1 tile? 

The vertices of a regular 2n-gon Aj, ..., Az» are partitioned into n pairs. Prove that, 

ifn = 4m +2 orn = 4m +3, then two pairs of vertices are endpoints of congruent 

segments. 

A 6x 6rectangle is tiled by 2 x 1 dominoes. Then it has always at least one fault-line, 

i.e., a line cutting the rectangle without cutting any domino. 
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Each element of a 25 x 25 matrix is either +1 or —1. Let a; be the product of all 

elements of the ith row and b; be the product of all elements of the jth column. 
Prove that a, +b) +--+ +5 + bo5 #0. 

Can you pack 53 bricks of dimensions 1 x 1 x 4 into a 6 x 6 x 6 box? The faces of 

the bricks are parallel to the faces of the box. 

Three pucks A, B, C are in a plane. An ice hockey player hits the pucks so that 

any one glides through the other two in a straight line. Can all pucks return to their 

original spots after 1001 hits? 

A 23 x 23 square is completely tiled by 1 x 1,2 x 2 and 3 x 3 tiles. What minimum 

number of | x 1 tiles are needed (AUO 1989)? 

The vertices and midpoints of the faces are marked on a cube, and all face diagonals 

are drawn. Is it possible to visit all marked points by walking along the face diagonals? 

There is no closed knight’s tour of a (4 x n) board. 

The plane is colored with two colors. Prove that there exist three points of the same 

color, which are vertices of a regular triangle. 

A sphere is colored in two colors. Prove that there exist on this sphere three points 

of the same color, which are vertices of a regular triangle. 

Given an m x n rectangle, what minimum number of cells (1 x 1 squares) must be 

colored, such that there is no place on the remaining cells for an L-tromino? 

The positive integers are colored black and white. The sum of two differently colored 

numbers is black, and their product is white. What is the product of two white 

numbers? Find all such colorings. 

Solutions 

i Color the floor as in Fig. 2.7. A 4 x 1 tile always covers 0 or 2 black squares. A 

2 x 2 tile always covers one black square. It follows immediately from this that it is 

impossible to exchange one tile for a tile of the other kind. 

Fig. 2.7 

. Any rectangle with 20 squares can be colored like a chessboard with 10 black and 10 

white squares. Four of the tetrominoes will cover 2 black and 2 white squares each. 

The remaining 2 black and 2 white squares cannot be covered by the T-tetromino. A 

T-tetromino always covers 3 black and one white squares or 3 white and one black 

squares. 

. A T-tetromino either covers one white and three black squares or three white and one 

black squares. See Fig. 2.8. To cover it completely, we need equally many tetrominoes 

of each kind. But 25 is an odd number. Contradiction! 
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4. The square tetromino covers two black and two white squares. The remaining 30 

black and 30 white squares would require an equal number of tetrominoes of each 

kind. On the other hand, one needs 15 tetrominoes for 60 squares. Since 15 is odd, 

a covering is not possible. 

5. Color the board diagonally in four colors 0, 1, 2, 3 as shown in Fig. 2.10. No matter 

how you place a straight tetromino on this board, it always covers one square of each 

color. 25 straight tetrominoes would cover 25 squares of each color. But there are 26 

squares with color 1. 

Fig. 2.8 

Alternate solution. Color the board as shown in Fig. 2.9. Each horizontal straight 

tetromino covers one square of each color. Each vertical tetromino covers four 

squares of the same color. After all horizontal straight tetrominoes are placed there 

remain a + 10, a + 10, a, a squares of color 0, 1, 2, 3, respectively. Each of these 

numbers should be a multiple of 4. But this is impossible since a + 10 and a cannot 

both be multiples of 4. 

Ee 
Eg 
‘a 
| 
ts 
| 
| 
a 
ca poe [re feel [re |e} SEEARSESSh 

6. There are n? — 4 squares on the board. To cover it with tetrominoes n* — 4 must be a 

multiple of 4, i.e., n must be even. But this is not sufficient. To see this, we color the 

board as in Fig. 2.11. An L-tetromino covers three white and one black squares or 

three black and one white squares. Since there is an equal number of black and white 

squares on the board, any complete covering uses an equal number of tetrominoes 

of each kind. Hence, it uses an even number of tetrominoes, that is, n* — 4 must be 

a multiple of 8. So, n must have the form 4k + 2. By actual construction, it is easy 

to see that the condition 4k + 2 is also sufficient. 
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Fig. 2.10 

7. Assign coordinates (x, y, z) to the cells of the box, 1 < x, y,z < 10. Color the 

cells in four colors denoted by 0, 1, 2, 3. The cell (x, y, z) is assigned color i if 

x + y+z =i mod 4. This coloring has the property that a 1 x 1 x 4 brick always 

occupies one cell of each color no matter how it is placed in the box. Thus, if the box 

could be filled with two hundred fifty 1 x 1 x 4 bricks, there would have to be 250 

cells of each of the colors 0, 1, 2, 3, respectively. Let us see if this necessary packing 

condition is satisfied. Fig. 2.10 shows the lowest level of cells with the corresponding 

coloring. There are 26, 25, 24, 25 cells with color 0, 1, 2, 3 respectively. The coloring 

of the next layer is obtained from that of the preceding layer by adding 1 mod 4. 

Thus the second layer has 26, 25, 24, 25 cells with colors 1, 2, 3, 0, respectively. The 

third layer has 26, 25, 24, 25 cells with colors 2, 3, 0, 1, respectively, the fourth layer 

has 26, 25, 24, 25 cells with colors 3, 0, 1, 2, respectively, and so on. Thus there are 

(26 + 25 + 24+ 25)-2+ 26+ 25 = 251 cells of color 0. Hence there is no packing 

of the 10 x 10 x 10 box by 1 x 1 x 4 bricks. 

. Ifn|a or n|b, the board can be covered by 1 x n tiles in an obvious way. Suppose 

n fa,ie.,a=q-n+r, 0 <r <n. Color the board as indicated in Fig. 2.9. There 

are bq + b squares of each of the colors 1, 2,..., r, and there are bg squares of 

each of the colors 1,..., n. The h horizontal 1 x n tiles of a covering each cover 

one square of each color. Each vertical 1 x n tile covers n squares of the same color. 

After the h horizontal tiles are placed, there will remain (bg + b — h) squares of 

each of the colors 1,...,7 and bg — h of each of the colors r + 1,..., n. Thus 

n|bq + b —h and n|bq —h. But if n divides two numbers, it also divides their 

difference: (bg + b —h) — (bq —h) = b. Thus, n|b. Space analogue: [fan a x b x c 

box can be tiled withn x 1 x | bricks, then n|a or n|b or n\c. 
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. Color the board as in Fig. 2.12. There are 2n? +n white squares and 2n? + 3n black 

squares, a total of 4n? + 4n squares. 2n? + 2n dominoes will be required to cover 

all of these squares. Since one half of these dominoes are to be horizontal, there will 

be n? +n vertical and n? +n horizontal dominoes. Each vertical domino covers one 
black and one white square. When all the vertical dominoes are placed, they cover 

n? +n white squares and n? + n black squares. The remaining n? white squares and 
n* + 2n black squares must be covered by horizontal dominoes. A horizontal domino 

covers only squares of the same color. To cover the n* white squares n’, i.e., n must 

be even. One easily shows by actual construction that this necessary condition is also 

sufficient. Thus, the required covering is possible for a (4n + 1) x (4n + 1) board 

and is impossible for a (4n — 1) x (4n — 1) board. 

Suppose the floor is ruled into squares colored black and white like a chessboard. 

Further suppose that the central box of the cross covers a black square. Then the 

four other boxes stand on white squares. It is easy to see that the transition T > T 

requires an even number of flips whereas a transition T —t requires an odd number 

of flips. Hence the boxes #1, 3, 4, 5 in Fig. 2.13 originally stand on squares of the 

same color. Now the squares occupied by boxes #1, 3, 5 are the same color, and so 

boxes #1, 3, 5 must have originated on squares of the same color. Since there are 

not three boxes which originated on black squares, these boxes must stand on white 

squares. Box #2 must have been flipped an odd number of times. It is now on a black 

square. Hence it was originally on a white square. Box #4 is now on a black square. 

Since it was flipped an even number of times, it was originally on a black square. 

Thus #4 is the central box. 

Color the cities black and white so that neighboring cities have different colors as 

shown in Fig. 2.14. Every path through the 14 cities has the color pattern bwbwb- 

wbwbwbwbw or wbwbwbwbwbwbwb. So it passes through seven black and seven 

white cities. But the map has six black and eight white cities. Hence, there is no path 

passing through each city exactly once. 

odd 

feven] odd [even 
Todd [odd 

Fig. 2.14 Fig. 2.15 

Color the columns alternately black and white. We get 45 black and 36 white squares. 

Every beetle changes its color by crawling. Hence at least nine black squares remain 

empty. It is easy to see that exactly nine squares can stay free. 

Consider the lattice points (x, y) with 1 < x <n+1, 1 < y < n™ +1. 

One row can be colored in n"*! ways. By the box principle, at least two of the 

(n"*! + 1) rows have the same coloring. Let two such rows colored the same way 

have ordinates k and m. For eachi € {1,..., +1}, the points (i, k) and (i, m) have 

the same color. Since there are only n colors available, one of the colors will repeat. 

Suppose (a, k) and (b, k) have the same color. Then the rectangle with the vertices 

(a,k), (b,k), (b,m), (a, m) has four vertices of the same color. 
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The problem can be generalized to parallelograms and to k-dimensional boxes. In- 

stead of the lattice rectangle with sides n and n"*', we have a lattice box with lengths 

d,—1, d,—1,...d, —1, and 

d, =n+1, dix = nud +]. 

. Denote by B the property that there is a unit square with four blue vertices. 

Case 1: All points of space are blue > B. 

Case 2: There exists a red point P,. Make of P; the vertex of a pyramid with equal 

edges and the square P P; P, Ps as base. 

Case 2.1: The four points P;, i = 2,3, 4,5 are blue => B. 

Case 2.2: One of the points P;, i = 2,3, 4,5 is red, say P). Make of P; P) a lateral 

edge of an equilateral prism, with the remaining vertices Pe, P7, Pg, Po. 

Case 2.2.1: The four points P;, j = 6,7, 8,9 are blue=> B. 

Case 2.2.2: One of the points P;, j = 6,7, 8,9 is red, say Pe. Then P;, P2, and Pe 

are three red vertices of a unit square. 

The map in Fig. 2.15 consists of three faces each bounded by five segments (labeled 

odd). Suppose there exists a curve intersecting every segment exactly once. Then it 

would have three points inside the odd faces, where it starts or ends. But a curve has 

zero or two endpoints. 

Color the board as in Fig. 2.16. Every permitted subsquare contains an even number 

of black squares. Initially if —1 is on a black square, then there are always an odd 

number of —1’s on the black squares. Rotation by 90° shows that the —1 can be only 

on the central square. 

If —1 is on the central square, then we can achieve all +1’s in 5 moves 

1. Reverse signs on the lower left 3 x 3 square. 

2. Reverse signs on the upper right 3 x 3 square. 

3. Reverse signs on the upper left 2 x 2 square. 

4. Reverse signs on the lower right 2 x 2 square. 

5. Reverse signs on the whole 5 x 5 square. 

Suppose the theorem is not true. Then the red points miss a distance a and the blue 

points miss a distance b. We may assume a < b. Consider a blue point C. Construct 

an isosceles triangle ABC with legs AC = BC = b and AB = a. Since C is blue, 

A cannot be blue. Thus, it must be red. The point B cannot be red since its distance 

to the red point A is a. But it cannot be blue either, since its distance to the blue point 

C is b. Contradiction! 

Call the colors black, white, and red. Suppose any two points with distance 1 have 

different colors. Choose any red point r and assign to it Fig. 2.17. One of the two 

points b and w must be white and the other black. Hence, the point r’ must be red. 
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Rotating Fig. 2.17 about r we get a circle of red points r’. This circle contains a 

chord of length 1. Contradiction! 

Alternate solution. For Fig. 2.18 consisting of 11 unit rods, you need at least four 

colors, if vertices of distance | are to have distinct colors. 

19. Color the lattices as in a chess board. Erect right triangles on the sides of the pentagon 

as longest sides. With the two other sides along the sides of the squares, trace the ten 

shorter sides. Since, at the end, we return to the vertex we left, we must have traced 

an even number of lattice points (on transition from one lattice point to the next the 

color of the lattice point changes). Hence the sum of shorter sides is even. The parity 

of the longer sides (i.e., the sides of the pentagon) is equivalent to the parity of the 

sums of the shorter sides. Hence the perimeter of the pentagon has the same parity 

as the sum of the shorter sides. 

20. Of n => 5 points, it is always possible to choose four vertices of a convex polygon. 

If we color two opposite vertices the same color, then no line will separate the two 

sets of points. 

21. Result: We can glue together an m x n rectangle iff m and n have the same parity. 

(a) m and n are both odd. Then we can glue together an | x n rectangle as in Fig. 

2.19. From these strips, we can glue together the rectangle in Fig. 2.20. 

(b) m and n are even. Consider the rectangles with odd side lengths of dimensions 

(m — 1) x (n — 1), 1 x (n — 1), (m — 1) x 1, and 1 x 1, respectively. They can be 

assembled into the rectangle m x n. 

(c) m is even, and n is odd. Suppose we succeeded in gluing together a rectangle 

m xX n Satisfying the conditions of the problem. Consider one of the sides of the 

rectangle with odd length. Suppose it is colored red. Let us count the total number 

of red sides of the squares. On the perimeter of the rectangle, there are n and in the 

interior there is an even number, since another red neighbor belongs to one red side 

of a square. Thus the total number of red sides is odd. The total number of squares 

is the same as the number of red sides, i.e., odd. On the other hand this number is 

mn, that is, an even number. Contradiction! 

Fig. 2.20 

22. The solution is similar to that of the preceding problem. 

23. Color the lattice points black and white such that points with odd coordinates are 

black and the other lattice points are white. By reflections you always stay on lattices 
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of the same color. Thus it is not possible to reach the opposite vertex of the square 

ABCD. 

Let P,, P>, P; be the three sets. We assume on the contrary that a, is not assumed 

by P;, a2 is not assumed by P>, and a3 is not assumed by P;. We may assume that 

a, > a >a; > 0. 

Fig. 2.21 

Let x; € P;. The sphere S with midpoint x, and radius a; is contained completely in 

P,U P3. Since a, > a3, S Z P3. Let x2 € P2MS.The circle {y € S|dQ2, y) = a} Cc 

P3, since P; does not realize ay. But in Fig. 2.21, a. < a; > r = ap\/1 — a3 /4a? > 

anvV/3/2, and a3 < ad) < wes < 2r. Thus a3 is assumed in P3. 

Another ingenious solution will be found in Chapter 4 (problem 67). It will be good 

training for the more difficult plane problem 68 of that chapter. Both solutions make 

nontrivial use of the box principle. 

The gallery is triangulated by drawing nonintersecting diagonals. By simple induc- 

tion one can prove that such a triangulation is always possible. Then we color the 

vertices of the triangles properly with three colors, so that any vertex of a triangle 

gets a different color. By trivial induction, one proves that the triangles of the trian- 

gulation can always be properly colored. Now we consider the color, which occurs 

least often. Suppose it is red. The watchmen at the red vertices can survey all walls. 

Thus the minimum number of watchmen is [n/3]. 

Color the squares diagonally by colors 0, 1, 2. Then each 3 x 1 tile covers each of 

the colors once. In Fig. 2.22 we have 17 zeros, 16 ones and 16 twos. The monomino 

must cover one of the squares labeled ”0”. In addition, it must remain a ”0” if we 

make a quarter-turn of the board. As possible positions there will remain only the 

central square, the four corners, and the centers of the outer edges in Fig. 2.22. A 

different coloring yields a different solution. We use the three colors 0, 1, 2 as in 

Fig. 2.23. That is, the squares colored 0 will be the center, the four corners, and the 

centers of the outer edges. The tiles | x 3 are of two types, those covering one square 

of color 0 and two squares of color 1 and those covering one square of color 1 and 

two squares of color 2. Suppose all squares of color 0 are covered by 1 x 3 tiles. 

There will be 9 tiles of type 1 and 7 tiles of type 2. They will cover 9-2 +7 = 25 

squares of color 1 and 7 - 2 = 14 squares of color 2. This contradiction proves that 

one of the squares of color 0 is covered by the 1 x | tile. 

Fig. 2.22 
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Suppose that all pairs of vertices have different distances. To the segment A pAg, we 

assign the smaller of the numbers | p — g | and 2n— | p — q |. We get the numbers 

1, ...,. Suppose that among these numbers there are k even and n —k odd numbers. 

To the odd numbers correspond the segments A, A,, where p, g have different parity. 

Hence, among the remaining segments there will be k vertices with odd numbers 

and k vertices with even numbers, with the segments connecting vertices of the same 

parity. Hence k is even. For the numbers n of the type 4m, 4m +1, 4m+2, 4m+3 

the number k of even numbers is 2m, 2m, 2m + 1, 2m + 1, respectively. Hence 

n= 4morn=4m +1. 

We consider an amazing proof due to S. W. Golomb and R. I. Jewett. Suppose we 

have a fault-free 6 x 6 square. Notice that each tile breaks exactly one potential 

fault-line. Furthermore (and this is the crucial observation), if any fault-line (say L 

in Fig. 2.24) is broken by just a single tile, then the remaining regions on either side 

of it must have an odd area, since they consist of 6 x ¢ rectangles with a single unit 

square removed. However, such regions are impossible to tile by dominoes. Thus 

each of the 10 potential fault-lines must be broken by at least two tiles. 

Fig. 2.24 

Since no tile can break more than one fault-line, then at least 20 tiles will be needed 

for the tiling. But the area of the 6 x 6 square is only 36 whereas the area of the 20 

tiles is 40. Contradiction! No such tiling of the 6 x 6 square can exist. 

Remark: A p x q rectangle can be tiled fault-free by dominoes iff the following 

conditions hold: 

(1) pq is even. (2) p> 5, q = 5. (3) (p,q) F ©, 9). 

Q,Q)...@o5 = bi b2...b25 = product of all elements of the matrix. Let a; + b) + 

ao +bo+...+45 +b25 = 0. To cancel, there must be the same number of positive 

and negative summands. If among the a; there are n negative terms, then among the 

b; there are 25 — n negative terms. The numbers n and 25 — n have different parity. 

Hence the products a; ...dz5 and b; .. . bys have different signs and cannot be equal. 

Contradiction. 

The 6 x 6 x 6 cube consists of 27 subcubes of dimensions 2 x 2 x 2. Color them 

alternately black and white as a chessboard. Then 14 subcubes will be colored black 

and 13 white, that is, there will be 112 black and 104 white unit cubes. Any 1 x 1 x 4 

brick will use up 2 black and 2 white unit cubes. 53 bricks will use up 106 white unit 

cubes. But there are only 104 white unit cubes. 

No! After each hit, the orientation of the triangle ABC changes. 

Suppose no 1 x 1 tile is needed. Color the rows of the square alternately black and 

white. There will be 23 more black than white unit squares. A 2 x 2 tile covers equally 

many black and white unit squares. A 3 x 3 tile covers three more unit squares of 

one color than the other. Hence the difference of the number of black and white unit 
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squares is divisible by 3. But 23 is not divisible by 3. Hence the assumption is false. 

So at least one 1 x 1 tile is needed. By actual construction, we prove that one | x 1 

tile is also sufficient. Put the 1 x 1 tile into the center and split the remaining board 

into four 12 x 11 rectangles. Each 12 x 11 rectangle can be tiled with a row of six 

2 x 2 and three rows of 3 x 3 tiles, each consisting of four tiles. 

No! On the walk, vertices and centers of faces are alternating, but a cube has 8 

vertices and 6 faces. This is exactly problem 11. 

Color the board with four colors a, b,c, d, as in Fig. 2.25. Every a-cell must be 

preceded and followed by a c-cell. There are equally many a- and c-cells, and all 

must lie on any closed tour. To get all of them, we must avoid the b- and c-cells 

altogether. Once a jump is made from a c-cell to a d-cell there is no way to get back 

to an a-cell without first landing on another c-cell. The existence of a closed tour 

would imply that there are more c-cells than a-cells. Contradiction! There exist eight 

open tours of a 4 x 3 board. Find all of them. 

Consider a regular hexagon together with its center. 

Inscribe a regular icosahedron into the sphere. Start coloring the triangles of its faces 

in two colors. No matter how you do it, there will be regular triples of vertices at 

distance 2 (along the edges) colored with the same color. 

Suppose m and n are both even. We color every second vertical strip. An L-tromino 

cannot be placed on the remaining squares. We prove that it is not possible to use 

a smaller number of colorings. Indeed, we can partition the rectangle into mn/4 

squares of size 2 x 2. We must color at least two cells in each such square. The 

answer is mn/2. 

Suppose n is even and m odd. We color every second strip in the odd direction, starting 

with the second. We prove that a smaller number of colorings is not sufficient. Indeed, 

from such a rectangle we may cut out n(m — 1)/4 squares of size 2 x 2, in each of 

which we must color at least two cells. The answer in this case is n(m — 1)/2. 

Suppose n and m are both odd and n > m. Since both directions are odd we take the 

one giving largest economy of colored cells. So we color (m — 1)/2 strips of size 

1 xn. We prove that we cannot get by with less colorings. It is sufficient to reduce the 

problem to a smaller rectangle. Cut off a big L leaving an (n — 2)(m — 2) rectangle. 

The big L can be cut into (m + n — 6)/2 squares of size 2 x 2 and one 3 x 3 square 

with one missing corner cell, i.e., a small L. We must color at least m + n — 6 cells 

in the squares and at least three cells in the small L. By induction, we get the answer 

n(m — 1)/2. 

Suppose m and n are two white numbers. We will prove that mn is white. Suppose 

k is some black number. Then m + k is black, that is, mn + kn = (m + k)n is white, 

and kn is white. If mn is black, then mn + kn is black. This contradiction proves 
that mn is white. 
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Suppose k is the smallest white number. From the preceding result, we conclude that 

all multiples of k are also white. We prove that there are no other white numbers. 

Suppose n is white. Represent n in the form gk +r, whereO0 <r < k. lIfr £0, 

then r is black since k is the smallest white number. But we have proved that gk is 

white. Hence, gk + r is black. This contradiction proves that the white numbers are 

all multiples of some k > 1. 
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The Extremal Principle 

A successful research mathematician has mastered a dozen general heuristic princi- 

ples of large scope and simplicity, which he/she applies over and over again. These 

principles are not tied to any subject but are applicable in all branches of math- 

ematics. He usually does not reflect about them but knows them subconsciously. 

One of these principles, the invariance principle was discussed in Chapter I. It is 

applicable whenever a transformation is given or can be introduced. If you have a 

transformation, look for an invariant! In this chapter we discuss the extremal 

principle, which has truly universal applicability, but is not so easy to recognize, 

and therefore must be trained. It is also called the variational method, and soon 

we will see why. It often leads to extremely short proofs. 

We are trying to prove the existence of an object with certain properties. The 

extremal principle tells us to pick an object which maximizes or minimizes some 

function. The resulting object is then shown to have the desired property by showing 

that a slight perturbation (variation) would further increase or decrease the given 

function. If there are several optimizing objects, then it is usually immaterial which 

one we use. In addition, the extremal principle is mostly constructive, giving an 

algorithm for constructing the object. 

We will learn the use of the extremal principle by solving 17 examples from 

geometry, graph theory, combinatorics, and number theory, but first we will remind 

the reader of three well known facts: 

(a) Every finite nonempty set A of nonnegative integers or real numbers has a 

minimal element min A and a maximal element max A, which need not be 

unique. 
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(b) Every nonempty subset of positive integers has a smallest element. This is 

called the well ordering principle, and it is equivalent to the principle of 

mathematical induction. 

(c) An infinite set A of real numbers need not have a minimal or maximal 

element. If A is bounded above, then it has a smallest upper bound sup A. 

Read: supremum of A. If A is bounded below, then it has a largest lower 

bound inf A. Read: infimum of A. If sup A € A, then sup A = max A, and 

if inf A € A, then inf A = min A. 

E1. (a) Into how many parts at most is a plane cut by n lines? (b) Into how many 

parts is space divided by n planes in general position? 

Solution. We denote the numbers in (a) and (b) by p, and s,, respectively. A 

beginner will solve these problems recursively, by finding p,z+; = f(pn) and 

Sn+1 = g(S,). Indeed, by adding to n lines (planes) another line (plane) we easily 

get 

Pn+1 = Pn tbs, Snt1 = Sn + Pn- 

There is nothing wrong with this approach since recursion is a fundamental idea of 

large scope and applicability, as we will see later. An experienced problem solver 

might try to solve the problems in his head. 

In (a) we have a counting problem. A fundamental counting principle is one- 

to-one correspondence. The first question is: Can I map the p, parts of the plane 

bijectively onto a set which is easy to count? The (5) intersection points of the n 

lines are easy to count. But each intersection point is the deepest point of exactly 

one part. (Extremal principle!) Hence there are (5) parts with a deepest point. The 

parts without deepest points are not bounded below, and they cut a horizontal line 

h (which we introduce) into n + 1 pieces (Fig. 3.1). The parts can be uniquely 

assigned to these pieces. Thus there are n + 1, or (5) + (/) parts without a deepest 
point. So there are altogether 

(ai Via) ae Petes itor iherpl lose be i 5} Parts of the plane. 

(b) Three planes form a vertex in space. There are tu) vertices, and each is a deepest 

point of exactly one part of space. Thus there are ('}) parts with a deepest point. 
Each part without a deepest point intersects a horizonal plane / in one of p, plane 

parts. So the number of space parts is 

»=(.)+C)+G)+G) 
GG) 

Fig. 3.1 Bigs 3208 Fig. 3.3 
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E2. Continuation of 1b. Let n > 5. Show that, among the s, space parts, there 
are at least (2n — 3)/4 tetrahedra (HMO 1973). 

Telling the result simplifies the problem considerably. An experienced problem- 

solver can often infer the road to the solution from the result. 

Let t, be the number of tetrahedra among the s,, space parts. We want to show 

that ¢, > (Qn — 3)/4. 

Interpretation of the numerator: On each of the n planes rest at least two tetra- 

hedra. Only one tetrahedron need rest on each of three exceptional planes. 

Interpretation of the denominator: Each tetrahedron is counted four times, once 

for each face. Hence, we must divide by four. 

Using these guiding principles we can easily find a proof. Let € be any of the 

n planes. It decomposes space into two half-spaces H; and HA). At least one half- 

space, e.g., H; , contains vertices. In H;, we choose a vertex D with smallest 

distance from € (extremal principle). D is the intersection point of the planes 

€1, €2, €3. Then €, €1, €2, €3 define a tetrahedron T = ABCD (Fig. 3.2). None of 

the remaining n — 4 planes cuts T, so that T is one of the parts, defined by the n 

planes. If the plane €’ would cut the tetrahedron 7, then €’ would have to cut at 

least one of the edges AD, BD, CD ina point Q having an even smaller distance 

from € than D. Contradiction. 

This is valid for any of the v planes. If there are vertices on both sides of a plane, 

at least two tetrahedra then must rest on this plane. 

It remains to be shown that among the n planes there are at most three, so that 

all vertices lie on the same side of these planes. 

We show this by contradiction. Suppose there are four such planes €,, €2, €3, 

€4. They delimit a tetrahedron ABCD (Fig. 3.3). Since n > 5, there is another 

plane €. It cannot intersect all six edges of the tetrahedron ABC D simultaneously. 

Suppose it cuts the continuation of AB in E. Then B and E lie on different sides 

of the plane «¢; = ACD. Contradiction! 

E3. There are n points given in the plane. Any three of the points form a triangle 

of area < 1. Show that all n points lie in a triangle of area < 4. 

Solution. Among all (5) triples of points, we choose a triple A, B,C so that 
AABC has maximal area F. Obviously F < 1. Draw parallels to the opposite 

sides through A, B, C. You get AA; B,C, with area F;} = 4F < 4. We will show 

that AA; B,C, contains all n points. 

Suppose there is a point P outside AA; B,C;. Then AABC and P lie on different 

sides of at least one of the lines A; B,, B,;C,, C; A,. Suppose they lie on different 

sides of B,C,. Then ABC P has a larger area than AABC. This contradicts the 

maximality assumption about ABC (Fig. 3.4). 

E4. 2n points are given in the plane, no three collinear. Exactly n of these 

points are farms F = {F\, Fo,..., F,}. The remaining n points are wells: 

W = {W,, Wo,..., Wn}. It is intended to build a straight line road from each 
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farm to one well. Show that the wells can be assigned bijectively to the farms, so 

that none of the roads intersect. 

Ci 

Cc A’ 

Ai C Bix low; Wn D 

Fig. 3.4 Fig. 3.5 Fig. 3.6 

Solution. We consider any bijection: f : F t+» W. If we draw from each F; 

a straight line to f(F;), we get a road system. Among all n! road systems, we 

choose one of minimal total length.Suppose this system has intersecting segments 

F;W, and F,W,, (Fig. 3.5). Replacing these segments by F, W,, and F; W,, the 

total road length becomes shorter because of the triangle inequality. Thus it has no 

intersecting roads. 

E5. Let Q be a set of points in the plane. Each point in Q is a midpoint of two 

points in &2. Show that Q is an infinite set. 

First proof. Suppose Q is a finite set. Then Q contains two points A, B with 

maximal distance |A B| = m. B isa midpoint of some segment C D with C, D € Q. 

Fig. 3.6 shows that |AC| > |AB| or |AD| > |AB|. 

Second proof. We consider all points in Q farthest to the left, and among those 

the point M farthest down. M cannot be a midpoint of two points A, B € Q since 

one element of {A, B} would be either left of M or on the vertical below M. 

E6. Jn each convex pentagon, we can choose three diagonals from which a triangle 

can be constructed. 

Solution. Fig. 3.7 shows aconvex pentagon ABC DE. Let BE be the longest of the 

diagonals. The triangle inequality implies |BD|+|CE| > |BE|+|CD| > |BE|, 

that is, we can construct a triangle from BE, BD, CE. 

E G 

Fig.37. 

E7. In every tetrahedron, there are three edges meeting at the same vertex from 

which a triangle can be constructed. 

Solution. Let AB be the /ongest edge of the tetrahedron ABCD. Since (|AC| + 

|AD|—|AB|)+(|BC|+|BD|—|BA|) = (|AD|+|BD|—|AB|)+(AC|+|BC|— 
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|AB|) > O then, either |AC| + |AD| — |AB| > 0, or |BC| + |BD| —|BA| > 0. 

In each case, we can construct a triangle from the edges at some vertex. 

E8. Each lattice point of the plane is labeled by a positive integer. Each of these 

numbers is the arithmetic mean of its four neighbors (above, below, left, right). 

Show that all the labels are equal. 

Solution. We consider a smallest label m. Let L be a lattice point labeled by m. 

Its neighbors are labeled by a, b, c,d. Thenm = (a+b+c+d)/4, or 

Gaver c+ daar. (1) 

Nowa >m,b>m,c >m,d > m.I{f any of these inequalities would be strict, we 

would havea+b+c+d > 4m which contradicts (1). Thusa =b=c=d=m. 

It follows from this that all labels are equal to m. 

This is a very simple problem. By replacing positive integers by positive reals, 

it becomes a very difficult problem. The trouble is that positive reals need not 

have a smallest element. For positive integers, this is assured by the well ordering 

principle. The theorem is still valid, but I do not know an elementary solution. 

E9. There is no quadruple of positive integers (x, y, z, u) Satisfying 

x2 me Nie = 3(2? 43 ne). 

Solution. Suppose there is such a quadruple. We choose the solution with the 

smallest x? + y. Let (a, b, c, d) be the chosen solution. Then 

a? + b? = 3(c? +d?) > 3a? +. b* = 3la, 3|b > a = 3a, b = 3b), 

a? +b? = Wat + bt) = 3(c? +d”) > c? +.d* = 3(at + Df). 

We have found a new solution (c, d, a), b;) with c* +d? < a* +b’. Contradiction. 
We have used the fact that 3|a” + b? => 3|a, 3|b. Show this yourself. We will 

return to similar examples when treating infinite descent. 

E10. The Sylvester Problem, posed by Sylvester in 1893, was solved by T. Gallai 

1933 in a very complicated way and by L.M. Kelly in 1948 in a few lines with the 

extremal principle. 

A finite set S of points in the plane has the property that any line through two 

of them passes through a third. Show that all the points lie on a line. 

Solution. Suppose the points are not collinear. Among pairs (p, L) consisting of 

a line L and a point not on that line, choose one which minimizes the distance d 

from p to L. Let f be the foot of the perpendicular from p to L. There are (by 

assumption) at least three points a, b, c on L. Hence two of these, say, a and b are 

on the same side of f (Fig. 3.8). Let b be nearer to f than a. Then the distance 

from b to the line ap is less than d. Contradiction. 
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c Se ea 8 a x 
Fig. 3.8 Fig. 3.9 

E11. Every road in Sikinia is one-way. Every pair of cities is connected exactly by 

one direct road. Show that there exists a city which can be reached from every city 

directly or via at most one other city. 

Solution. Let m be the maximum number of direct roads leading into any city, and 

let M be a city for which this maximum is attained. Let D be the set of m cities 

with direct connections into M. Let R be the set of all cities apart from M and the 

cities in D. If R = @, the theorem is valid. If X € R, then there is an E € D with 

connection X — E — M. If such an E did not exist, then X could be reached 

directly from all cities in D and from M, that is, m + 1 roads would lead into X, 

which contradicts the assumption about M. Thus, every city with the maximum 

number of entering roads satisfies the conditions of the problem (Fig. 3.9). 

E12. Rooks on ann x n x n chessboard. Obviously n is the smallest number of 

rooks which can dominate an n x n chessboard. But what is the number R, of 

rooks, which can dominate ann x n X n-chessboard? 

Solution. We try to guess the result for small values of n. But first we need a good 

representation for placing rooks in space. We place n layers of size n x n x 1 over 

ann xX n square, and we number them 1, 2, ...,. Each rook is labeled with the 

number of the layer on which it is located. Fig. 3.10 suggests the conjecture 

n= imod2: 

n2 & = R= | Bh hd vies Ognndas 

Now comes the proof. Suppose R rooks are so placed on the n> cubes of the 

board, that they dominate all cubes. We choose a layer L, which contains the 

minimum number of rooks. We may assume that it is parallel to the x;x2-plane. 

Suppose that L contains ¢ rooks. Suppose these t rooks dominate t; rows in the 
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X;-direction and ft) rows in the x-direction. We may further assume that t; > 

t2. Obviously t > t; and t > h. In the layer L, these rooks fail to dominate 

(n — t)(n — tz) cubes, which must be dominated in the x3-direction. We consider 

all n layers parallel to the x;x3-plane. In n — ft, of these not containing a rook from 

L, there must be at least (n — t;)(n — ty) rooks. In each of the remaining t; layers 

are at least t rooks (by the choice of t). Hence, we have 

03 2 

Bea ti i — oe £04 >(n-ny +t = = ee 

The right side assumes its minimum n?/2 for even n and (n? + 1)/2 for odd n. It 
is easy to see that this necessary ‘number is also sufficient. Fig. 3.11 gives a hint 

for a proof (MMO 1965, AUO 1971, IMO 1971). 

Remark. The exact number of rooks which dominate ann x n x n x n board and 

other higher dimensional boards does not seem to be known. Here good bounds 

would be welcome. 

E13. Seven dwarfs are sitting around a circular table. There is a cup in front of 

each. There is milk in some cups, altogether 3 liters. One of the dwarfs shares 

his milk uniformly with the other cups. Proceeding counter-clockwise, each of the 

other dwarfs, in turn, does the same. After the seventh dwarf has shared his milk, 

the initial content of each cup is restored. Find the initial amount of milk in each 

cup (AUO 1977, grade 8). 

Solution. Every 8th grader, 53 altogether, guessed the correct answer 6/7, 5/7, 

4/7, 3/7, 2/7, 1/7, 0 liters. The answer is easy to guess because of an invariance 

property. Each sharing operation merely rotates the answer. But only 9 students 

could prove that the answer is unique. The solutions were quite ingenious and 

required just a few lines. We prefer, instead, a solution based on a general principle, 

in this case, the extremal principle. 

Suppose the dwarf #i has the (maximal) amount x; before starting to share his 

milk. The dwarf Max has the maximum amount x to share. The others to the right 

of him have x), x2, ..., X6 to share. Max gets x; /6 from dwarf #i. Thus, we have 

— 28 Gee Se 63 Sr OPN POG Se Os 
6 ; (1) 
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where x; < x fori = 1,...,6. If the inequality would be strict only once, we 

could not have equality in (1). Thus 4; = x2, = 13 = x4 = %5 = x6 = 4, that 

is, each dwarf shares the same amount of milk. We easily infer from this that, 

initially, the milk distribution is 0, x/6, 2x/6, 3x/6,4x/6, 5x/6, 6x /6. From the 

sum 3 liters, we get x = 6/7. 

E14. The Sikinian Parliament consists of one house. Every member has three 

enemies at most among the remaining members. Show that one can split the house 

into two houses so that every member has one enemy at most in his house. 

Solution. We consider all partitions of the Parliament into two houses and, for 

each partition, we count the total number E of enemies each member has in his 

house. The partition with minimal E has the required property. Indeed, if some 

member would have at least two enemies in his house, then he would have one 

enemy at most in the other house. By placing him in the other house, we could 

decrease the minimal EZ, which is a contradiction. 

We have solved this problem already in Chapter 1 by a variation of the invariance 

principle which we call the Principle of the Finiteness of a Decreasing Sequence 

of Nonnegative Integers. So the Extremal Principle is related to the Invariance 

Principle. 

E15. Can you choose 1983 pairwise distinct positive integers < 100000, such that 

no three are in arithmetic progression (IMO 1983)? 

All hints to the solution are eliminated in this problem. So we must recover them. 

We need some strategic idea to get the first clues. Let us construct a tight sequence 

with no three terms in arithmetic progression. Here, the extremal principle helps 

in finding an algorithm. We use the so-called greedy algorithm: Start with the 

smallest nonnegative integer 0. At each step, add the smallest integer which is not 

in arithmetic progression with two preceding terms. We get 

e (, 1 (translate this by 3), 

e 0, 1, 3, 4 (translate this by 9), 

e 0, 1, 3, 4, 9, 10, 12, 13 (translate this by 27), and 

e 0, 1, 3, 4, 9, 10, 12, 13, 27, 28, 30, 31, 36, 37, 39, 40 (translate this 
by 81). 

We get a sequence with many regularities. The powers of 3 are a hint to use the 

ternary system. So we rewrite the sequence in the ternary system, getting 

OF 1, LO. TES TOOR LOTS LO. Lie LOO seas 

This is a hint to the binary system. We conjecture that the constructed sequence 

consists of those ternary numbers, which miss the digit 2, i.e., they are written in 

the binary system. Our next conjecture is that if we read the terms of the sequence 
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da, in the binary system, we get n. Read in the ternary system, we get a,. The 

solution to our problem is 

41983 = 411110111111, = 111101111113 = 87844. 

It is quite easy to finish the problem. Five of our six team members gave this 

answer, probably, because in training I briefly treated the greedy algorithm as a 

construction principle for good but not necessarily optimal solutions. This is one 

of the innumerable versions of the Extremal Principle. 

E16. There exist three consecutive vertices A, B, C in every convex n-gon with 

n > 3, such that the circumcircle of AABC covers the whole n-gon. 

Among the finitely many circles through three vertices of the n-gon, there is a 

maximal circle. Now we split the problem into two parts: 

(a) the maximal circle covers the n-gon, and 

(b) the maximal circle passes through three consecutive vertices. 

We prove (a) indirectly. Suppose the point A’ lies outside the maximal circle 

about AABC where A, B, C are denoted such that A, B, C, A’ are vertices of 

a convex quadrilateral. Then the circumcircle of AA’ BC has a larger radius then 

that of AA BC. Contradiction. 

We also prove (b) indirectly. Let A, B, C be vertices on the maximal circle, 

and let A’ lie between B and C and not on the maximal circle. Because of (a), it 

lies inside that circle, but then the circle about AA’ BC is larger than the maximal 

circumcircle. Contradiction. 

E17. nJ/2 is not an integer for any positive integer n. 

We use a proof method of wide applicability based on the extremal principle. 

Let S be the set of those positive integers n, for which nv/2 is an integer. If S is 

not empty, it would have a least element k. Consider (/2 — 1)k. Then 

(/2 — 1)kV2 = 2k — kV2, 

and, since k € S, both (./2 — 1)k and 2k — k/2 are positive integers. So, by 

definition, (/2 — 1)k € S. But (./2 — 1)k < k, contradicting the assumption that 

k is the least element of S. Hence S is empty, which means that J/2 is irrational. 

Problems 

1. Prove that there are at least (2n — 2)/3 triangles among the p, parts of the plane in 

Example #1. 

2. In the plane, n lines are given (n > 3), no two of them parallel. Through every 

intersection of two lines there passes at least an additional line. Prove that all lines 

pass through one point. 
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. If n points of the plane do not lie on the same line, then there exists a line passing 

through exactly two points. 

. Start with several piles of chips. Two players move alternately. A move consists in 

splitting every pile with more than one chip into two piles. The one who makes the 

last move wins. For what initial conditions does the first player win and what is his 

winning strategy? 

. Does there exist a tetrahedron, so that every edge is the side of an obtuse angle of a 

face? 

. Prove that every convex polyhedron has at least two faces with the same number of 

sides. 

. (2n + 1) persons are placed in the plane so that their mutual distances are different. 

Then everybody shoots his nearest neighbor. Prove that 

(a) at least one person survives; (b) nobody is hit by more then five bullets; 

(c) the paths of the bullets do not cross; _d) the set of segments formed by the bullet 

paths does not contain a closed polygon. 

. Rooks are placed on the n x n chessboard satisfying the following condition: If the 

square (i, j) is free, then at least n rooks are on the ith row and jth column together. 

Show that there are at least n?/2 rooks on the board. 

. All plane sections of a solid are circles. Prove that the solid is a ball. 

10. A closed and bounded figure ® with the following property is given in a plane: Any 

two points of ® can be connected by a half circle lying completely in ®. Find the 

figure ® (West German proposal for IMO 1977). 

Of n points in space, no four lie in a plane. Some of the points are connected by 

lines. We get a graph G with k edges. 

(a) If G does not contain a triangle, then k < |n?/4]. 

(b) If G does not contain a tetrahedron, then k < |n*/3]. 

. There are 20 countries on a planet. Among any three of these countries, there are 

always two with no diplomatic relations. Prove that there are at most 200 embassies 

on this planet. 

. Every participant of a tournament plays with every other participant exactly once. 

No game is a draw. After the tounament, every player makes a list with the names 

of all players, who 

(a) were beaten by him and _ (b) were beaten by the players beaten by him. 

Prove that the list of some player contains the names of all other players. 

. Let O be the point of intersection of the diagonals of the convex quadrilateral ABC D. 

Prove that, if the perimeters of the triangles ABO, BCO, CDO and DAO are equal, 

then ABCD is a rhombus. 

There are n identical cars on a circular track. Together they have just enough gas 

for one car to complete a lap. Show that there is a car which can complete a lap by 

collecting gas from the other cars on its way around. 

. Let M be the largest distance among six distinct points of the plane, and let m be the 

smallest of their mutual distances. Prove that M/m > J3. 

A cube cannot be divided into several pairwise distinct cubes. 
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In space, several planets with unit radius are given. We mark on the surface of each 

planet all those points from which none of the other planets are visible. Prove that 

the sum of the areas of all marked points is equal to the surface of one planet. 

In a plane, 1994 vectors are drawn. Two players alternately take a vector until no 

vectors are left. The loser is the one whose vector sum has the smaller length. Can 

the first player choose a strategy so that he does not lose? 

Any two of a finite number of (not necessarily convex) polygons have a common 

point. Prove that there is a line which has a common point with all these polygons. 

Any convex polygon of area | is contained in a rectangle of area 2. 

n > 3 points, which are not all collinear are given in a plane. Show that there exists 

a circle passing through three’ of the points, the interior of which does not contain 

any of the remaining points. 

Take the points A,, B, C), respectively on the sides AB, BC, CA of the triangle 

ABC. Show that if |AA;| < 1, |BB,| < 1, |CCj| < 1, then the area of the triangle 

is < 1/3. 

Of 2n + 3 points of a plane, no three are collinear and no four lie on a circle. Prove 

that we can choose three of the points and draw a circle through these points, so that 

exactly n of the remaining 2n points lie inside this circle and n outside. (ChNO.) 

Consider a walk in the plane according to the following rules. From a given point 

P(x, y) we may move in one step to one of the four points U(x, y+2x), D(x, y—2x), 

L(x —2y, y), R(x +2y, y) with the restriction that we cannot retrace a step we just 

made. Prove that, if we start from the point (1, 4/2); we cannot return to this point 

any more (HMO 1990). 

Solve E8 of Chapter 1 with the extremal principle. 

Among any 15 coprime positive integers > 1 and < 1992, there is at least one 

prime. 

Eight points are chosen inside a circle of radius 1. Prove that there are two points 

with distance less than 1. 

n points are given in a plane. We label the midpoints of all segments with endpoints 

in these n points. Prove that there are at least (2n — 3) distinct labeled points. 

The base of the pyramid A, --- A,S is a regular n-gon A, --- A, with side a. Prove 

that ZSA,;A, =--- = ZSA,, A, implies that the pyramid is regular. 

On a sphere, there are five disjoint and closed spherical caps, each less than one-half 

of the surface of the sphere. Prove that there exist on the sphere two diametrically 

opposite points, which are not covered by any cap. 

Find all positive solutions of the system of equations 

2 2 ms) ES ee) 
Xi +%2=%3, XX =X, AX +X=Xs5, X4+X5 =X, Xs +X = Xz. 

Find all real solutions of the system (x + y)? =z, (y +z =x, (z+x) =y. 

Let E be a finite set of points in 3-space with the following properties: 

(a) E is not coplanar. (b) No three points of E are collinear. 

Prove: Either there are five points in E, which are vertices of a convex pyramid the 

interior of which is free of points of EZ, or there exists a plane, which contains exactly 

three points of E. 
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Six circles have acommon point A. Prove that there is one among these circles which 

contains the center of another circle. 

We choose n points on a circle and draw all chords joining these n points. Find the 

number of parts into which the circular disk is cut. 

Each of 30 students in a class has the same number of friends among his class mates. 

What is the highest possible number of students, who learn better than the majority 

of their friends? Of any two students one can tell which one is better (RO 1994). 

A set S of persons has the following property. Any two with the same number of 

friends in S have no common friends in S. Prove that there is a person in S$ with 

exactly one friend in S. 

The sum of several nonnegative reals is 3, and the sum of their squares is > 1. Prove 

that you may choose three of these numbers with sum > 1. 

Several positive reals are written on paper. The sum of their pairwise products is 1. 

Prove that you can cross out one number, so that the sum of the remaining numbers 

is less than V2. 

m chips (m > n) are placed at the vertices of a convex n-gon. In one move, two chips 

at a vertex are moved in opposite directions to neighboring vertices. Prove that, if 

the original distribution is restored after some moves, then the number of moves is 

a multiple of n. 

It is known that the numbers a;,...,a, and b;,..., 6, are both permutations of 

1, 1/2, ..., 1/n. In addition, we know that a; + b} > a2 +b). >--- > a, + dy. 

Prove that a, + b, <4/m for all m from 1 ton. 

Fifty segments are given on a line. Prove that some eight of the segments have a 

common point, or eight of the segments are pairwise disjoint (AUO 1972). 

There are n students in each of three schools. Any student has altogether n + 1 

acquaintances from the other two schools. Prove that one can select one student 

from each school, so that the three selected students know each other. 

Solutions 

. Use the ideas of E2, which treats the more complicated space analogue. 

. Suppose not all lines pass through one point. We consider all intersection points, and 

we choose the smallest of the distances from these points to the lines. Suppose the 

smallest distance is from the point A to the line /. At least three lines pass through 

A. They intersect / in B, C, D. From A drop the perpendicular AP to /. Two of 

the points B, C, D lie on the same side of P. Suppose these are C and D. Suppose 

|CP| < |DP|. Then the distance from C to AD is smaller than the distance from A 

to /, contradicting the choice of A and /. (This argument is exactly the one used by 

L.M. Kelly.) 

3. Again, this is a variation of Sylvester’s problem. 

. It is my move. It all depends on the largest pile. Suppose it contains M chips. As 

long as M > 1,1 can move. Trying small numbers shows that I must occupy the 
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position M = 2* — 1. No matter how my opponent splits the piles, he must leave a 

position with 

Dyes BG Pay peek al 

On my next move, I can occupy the position M = 2*~! — 1. If I continue in this way, 

I will finally move to M = 2' — 1 = 1, and my opponent has lost since he cannot 

move. So the first player wins if, initially, M does not have the form 2* — 1. 

. Suppose AB is the longest edge of a face ABC. Then the angle at C is at least as 

large as those at A and B. Hence the angles at A and B are acute. 

. Let F be the face with the largest number m of edges. Then, for the m + 1 faces 

consisting of F and its m neighbors, there are only the possibilities 3, 4,... , m as 

the number of edges. These are only m — 2 possibilities. Thus, at least one number 

of edges must occur more than once. 

. (a) All mutual distances are different. Hence there exist two persons A and B with 

minimum distance. These two persons will shoot each other. If any other person 

shoots at A or B, someone will survive since A and B have used up three bullets. If 

not, we can ignore A and B. We are left with the same problem with n replaced by 

n — 1. Repeating the argument, we either find a pair at whom three shots are fired, 

or if not, we arrive, finally, at three persons, and for this case (n = 1), the theorem 

is obvious. 

C B 
A B (By AG. 

E B P S 
A 

D co AGL DD MN 

Fig. 3.12 Fig. 3.13 Fig. 3.14 

(b) Suppose the persons A, B, C, D,... shoot at P (Fig. 3.12). A shoots at P and 

not at B,so|AP| < |AB|. B shoots at P and not at A,so|BP| < |AB|. Thus, AB is 

the largest side in the triangle ABP. The largest angle lies opposite the largest side. 

Hence, y > a,y > Bor2y >a+6,3y >a+B+y,y > 60°. Thus any two 

bullet paths meeting at P make an angle greater than 60°. Since 6 x 60° = 360°, 

five bullet paths at most can meet at P. 

(c) Suppose the paths of two bullets cross with A shooting at B and C shooting 

at D (Fig. 3.13). Then |AB| < |AD| and |CD| < |CB| imply |AB| + |CD| < 

|AD| + |CB|. On the other hand, by the triangle inequality, |AS| + |SD| > |AD| 

and |BS| + |SC| > |BC| > |AB| +|CD| > |AD| + |BC|. Contradiction! 

(d) Suppose there is a closed polygon ABCDE...MN (Fig. 3.14). Let |AN| < 

|AB|, that is, N is the nearest neighbor of A. Then |AB| < |BC|, |BC| < |CD\, 

|ICD| < |DE|,..., |MN| < |NA|, that is, |AB| < |NA|. Contradiction! The 

assumption |AN| > |AB| also leads to a contradiction. 

. Among the 2n rows and columns, we choose one with the least number of rooks. 

Suppose it is a row. Suppose k is the number of rooks in this row. If k > n/2, then 

each row has at least n/2 rooks, and there are at least n*/2 rooks on the board. 
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= 

Fig. 3.15 

Suppose k < n/2. There are at. least n — k free squares in this row, and there are at 

least (n — k)* rooks in all columns through a free square. The remaining k columns 

have each at least k rooks. Hence on the board, there are at least 

(n—kyP +k? 

rooks. We must show that this is greater than or equal to n?/2. But 

eee n> (n — 2k)? weal, 27/2 if n is even, 

Page AN al ie er 9 orem 1S Ay ee Yatinn eee 

Existence. If n is even, we occupy the black squares with n?/2 rooks. If n is odd, 

there are (n? + 1)/2 squares which have the same color as the four corner squares. 

We occupy the squares of the same color with rooks. 

. The shortest proof runs as follows. Consider the largest chord of the solid. Any 

section through this chord is a circle whose diameter is the chord. Otherwise the 

circle and the solid would have a larger chord. Thus the solid is a ball and one of its 

diameters is the selected chord. 

This proof is not complete. We did not prove that a longest chord exists. In fact, if 

the surface of the solid did not belong to the solid, a longest chord would not exist. 

So we assume that the solid is a closed and bounded set. Then we can apply the 

theorem of WeierstraB: A continuous function defined on a closed and bounded set 

always assumes its global maximum and minimum. 

This theorem belongs to higher mathematics, but at the IMO you can use it. The proof 

is not considered to have a gap if you cite the theorem. There are also elementary 

proofs which are slightly longer (see HMO 1954). 

We choose two points A, B in ® with maximum distance and draw the circle C with 

diameter AB and midpoint M. We will prove that ® is the disk with boundary C. 

The line AB partitions C into two semicircular arcs C, and C; (Fig. 3.15). Now 

C, C ® or C; C ®. Suppose C, C ®. A point X left of AB and outside of C cannot 

belong to ®. Indeed, X M intersects C, in Y. Then |XY| > |AB|. For a point U to 

the right of AB and outside one of the circles about A and B with radius |AB| we 

have |AU| > |AB| or |BU| > |AB|. Hence the area outside AE BDA in Fig. 3.15 

does not contain points of ®. 

Now we choose any point Z inside C and draw the segment AZ. The perpendicular 

to AZ in Z intersects C, in C and C; in D. (C and D cannot both lie on C, or on 

C;. Why?) The semicircular arc over AC not through Z does not completely lie in 

®, since the tangent to C in A is a secant of this semicircular arc and intersects 
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it in A and also in F. The arc bounded by A and F lies outside AEBDA. Thus 
the semicircular arc over AC through Z lies completely in @. Hence Z € ®. This 

implies that every interior point of C lies in ®. Since® is closed, C C ®. No point 

of ® can lie outside of C, since this would contradict the maximality of | AB]. 

(a) We choose a point p joined with a maximum number m of other points. Then all 

points are partitioned into two sets A = {pj,..., Pm} and B = {p, qi, .--, Gn—m-1}- 

A consists of the points joined to p. Any two points in A are not joined since G has 

no triangle. In B are the points not joined to p and p. For the total number of edges, 
we have 

n> n 2 k ah < —_— =>=—_— — aes <—., < m(n Mg 4 5 m) = 

We can get equality for even n, if m = n/2. Otherwise m = (n + 1)/2, and we get 

(n + 1)/2 and (n — 1)/2 for the two partitions. (b) See chapter 8 on the induction 

principle. 

This is problem 11a with n = 20. Notice that two embassies belong to each pair of 

countries. 

Let A be a participant who has won the maximum number of plays. If A would not 

have the property of the problem, then there would be another player B, who has 

won against A and against all players who were beaten by A. So B would have won 

more times than A. This contradicts the choice of A. 

Let us suppose that |AO| > |BO| and |DO| > |BO|. Let B, and C, be the reflec- 

tions of B and C at O. Denote by P(X Y Z) the perimeter of the triangle X Y Z. Since 

the triangle B; OC, lies inside the triangle AOD, wehaveP(AOD) > P(B,OC,) = 

P(BOC). There is equality only if B} = D and C; = A. HenceABC D is a paral- 

lelogram, |AB| —|BC| = P(ABO) — P(BCO) = 0, that is, ABCD is a rhombus. 

An additional car with a sufficiently large tank starts somewhere on the circle. At 

each car, it buys up all the gas. At some point A, the level of gas in his tank is lowest. 

Then A must be another car. The car in A is able to complete a round trip. Another 

solution uses induction (Chapter 8, problem 2). 

Among six points in the plane, there are always three which form a triangle with 

maximum angle > 120°. For this triangle, the ratio of the longest to the shortest side 

is > V3. This will be proved. Consider the convex hull of the six points. If it consists 

of a triangle ABC, then join any interior point D with A, B and C. One of the three 

angles at D is > 120°. If the convex hull is a quadrilateral ABC D, then any of the 

other two points E lies inside one of the triangles ABC and ADC. Suppose E lies 

inside ABC. Then one of the triangles EAB, EBC, ECA has an angle > 120°. 

If the convex hull is a pentagon, then the sixth point F lies inside a triangle of the 

triangulation of the pentagon by the diagonals from one vertex. Suppose F lies inside 

AACD. Soin E to the vertices of ACD. One of the triangles EAC, ECD, EDA 

has an angle > 120°. If the six points are the vertices of a convex hexagon, then one 

of the interior angles is > 120°. If the inside point lies on a diagonal, then we can 

even do better. In that case, M:m >2 > /3. We have thus proved that there is a 

triangle with largest angle > 120°. In such a triangle, we assume a < B < y. Then, 

Coe sin sin y sin y sin y ya ‘ 
SS = 2sin— > 2sin 60° = V3. 

a sina sin me sin(90° — £ cos % 2 
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Suppose the cube is dissected into a finite number of distinct cubes. Then its faces 

are dissected into squares. Choose the smallest of these squares. Turn the cube so 

that the face with the smallest square becomes the bottom. It is easy to see that the 

smallest square cannot lie at the boundary of the bottom. Thus it is the bottom of 

a “well” surrounded by larger cubes. To fill this well, we need still smaller cubes, 

and so on, until we reach the top face, which is dissected into still smaller squares. 

Contradiction! 

This is obviously true for two planets. Now suppose that O,,..., O, are the centers 

of the planets. What do we need to prove? It is sufficient to prove that, for each 

unit vector a, there is a unique point X on some planet #i, so that OX = a, from 

which none of the other planets is visible. We first prove that X is unique. Suppose 

OX — 0;¥ and from X and Y no other planet is visible. But we have already 

considered the case of two planets. It showed that, if the planet number j is not 

visible from X, then the planet number / is visible from Y. Contradiction! 

We prove the existence of the point X. We introduce a coordinate system with axis 

Ox in the direction of the vector a. Then that point of the given planets with largest 

x-coordinate is the point X. 

Suppose the sum of the 1994 vectors is d. Introduce a coordinate system such that 

the axis Ox has the direction of the vector a. If a = 0, then use any direction. At 

each move, the first player chooses the vector with largest abscissa. At the end, he 

will have an abscissa which is not smaller than that of his opponent. His ordinate 

will be the same as that of his opponent, since the sum of all ordinates will be 0. 

Hence, the first player will not lose with this strategy. 

Take any line g in a plane, and project all polygons onto g. We get several segments 

any two of which have acommon point. Consider the left endpoints of these segments 

and, of these, the one farthest to the right. We get a point R belonging to all segments. 

The perpendicular to g through R intersects all polygons. 

Let AB be the largest diagonal or side of the polygon. Draw perpendiculars a, b 

to AB through A and B. Then the polygon lies completely in the convex domain 

bounded by the lines a and b. Indeed, let X be any vertex of the polygon. Then 

AX < AB and XB < AB. Enclose the polygon in the smallest rectangle K LMN 

with KL and MN having common points C and D with the polygon. |KLMN| = 

2|ABC| + 2|ABD| = 2|ABCD)|. Since the quadrilateral lies completely inside the 

convex polygon with area 1, we have |K LMN| < 2. 

Consider two of the points with minimal distance. Then there are no additional 

points inside the circle with diameter AB. Let C be one of the remaining points with 

maximal angle ACB. Then there are no points of the point set inside the circle 

through A, B, C. But they could all lie on the circle. 

We may assume that Za > 2B > dy. We consider two possibilities: 

(1) AABC is acute, i.e., 60° < Za < 90°. Since hy < |BB,| < landh, < |CC,| < 

1, we have |ABC| = ch,/2 = hyh./2sin a < 1/3. In fact, the sine is monotonic 

from 0° up to 90°. 

(2) ABC is not acute. Then a > 90°, |AB| < |BB,| < 1, |AC| < |CC,| < 1. 

Hence, |ABC| < |AB|-|AC|/2 < 1/2 < 1/V3. 

Take any two points A, B such that all the remaining points lie on the same side of the 

line AB. Order these points X;, X2,... X24; so that ZAX;B > 4AX;4,B, for all 
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i = 1,...,2n. Then the circle through A, X,4;, B contains the points X;,...X,. 

The remaining n points lie outside this circle. No two points X; lie on the same 

circle, or else we would have four points on a circle, which contradicts our basic 

assumption. 

It is easy to verify that, if P is not on one of the lines x = 0, y = 0, y = x, y = —x, 

then exactly one of the four possible steps leads us closer to the origin O, whereas 

the other three lead us away from O. Since the ratio of P’s coordinates is irrational 

at the start, the above rule remains valid during the whole walk. 

Suppose that, after a series of steps PoP, ...P, = Po, we are back at the point 

Po(1, V2). If P; is the farthest point of the closed path from O, then d(OP;_;) < 

d(OP;) > d(OP;,;), and thus the only possible step from P; to the origin takes us 

back to P;_;. This is a contradiction, since we are not allowed to retrace a step. 

Consider all arrangements of the 2n ambassadors around the round table. Count 

the number of hostile pairs for each arrangement. Let H be the minimum of these 

numbers. Then H = 0. Indeed, suppose H > 0. Then, applying one step of the 

reduction algorithm described in E8 of Chapter 1, we can further decrease this 

minimal value. Contradiction! 

Suppose the 15 positive integers n;,..., 5 satisfy the conditions of the problem 

and are all composite. We denote by p; the smallest prime divisor of n;, and by 

p the largest of the p;. Because the numbers n,,...,7 5 are coprime, the primes 

Pi,---» Pis are all distinct. Hence p > 47 (47 is the 15th prime). Hence for n, for 

which p is the smallest prime, we have n > p* > 47* > 1993. Contradiction! Here 

we used almost any problem just to show the ubiquity of the underlying extremal 

principle. 

At least seven points are different from the center O of the circle. Hence the smallest 

of the angles ZA; OA; is at most 360°/7 < 60°. If A and B correspond to the smallest 

angle, then |AB| < 1, since |AO| < 1,|BO| < 1 and ZAOB cannot be the largest 

angle of AAOB. 

Let A and B be two of the n points with largest distance. The midpoints of the 

segments connecting A (or B) with all the other points are all distinct, and they lie 

in the circle with radius |A B|/2 with center A(or B). We get two circles with one 

common point. Hence there are at least 2(n — 1) — 1 or 2n — 3 distinct points. 

Construct BAC = a ina plane, where a = ZSA,A, = --: = LSA, Aj, and 

|AB| = a. Then, for eachi = 1,...,, we construct the points S; on the ray AC 

such that AAS;B = AAS;A;4,. Suppose not all points S; coincide, and let S; be 

the nearest point to B and S, be the point with largest distance from B. Since 

|S, S7| = |S,B a SB, we have |S, A = SA > |S, B = 5, B|, ee |S,-1B =< S;-1 B| = 

|S,B — S,B|. But on the right side of this inequality is the difference between the 

largest and smallest number, and on the left side the difference between two numbers 

between them. Contradiction! Hence the points S; coincide, i.e., S is equidistant from 

the vertices A;,..., A, of the base. 

Consider a spot of greatest radius, and draw a concentric circle of a slightly larger 

radius and still not intersecting any of the other spots. Reflect the five spots in the 

center of the sphere. It is easy to see that the reflected spots will not cover the whole 

sphere. Any uncovered point of the sphere and its diametrically opposite point will 

suit. 
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Let x and y be the largest and the smallest of the numbers x), ..., x5. Then, from 

the corresponding equations, we get x” < 2x and y? > 2y. Since x > 0, y > 0, we 

get 2 < y < x < 2. Hence the system has the unique solution x; = x2 = x3 = %4 = 

X5 = Dp 

Since the system is symmetric in x, y, z, we may assume x'> y, x > z. The last 

two equations imply y + z > z+x or y > x. Thus x = y. Similarly x = z. The 

equation 8x3 = x has three real roots x = 0, x = +1/2V2. 

The number of pairs (A, P) of points A € E and planes P containing three points 

of E \ A is finite. Hence there is such a pair with minimal distance between A and 

Pe 

If P contains just three points of E, then we are finished. Otherwise, there are four 

points Az, A3, Ay, As in EM P, such that the quadrilateral Q = A,A3A4As contains 

no additional points from E. Now suppose that Q is not convex. We may assume 

that A> is inside the triangle A3A4As5. The parallels to the sides of this triangle 

through A> partition Q into pairs of half planes. One can always find such a half 

plane that, except for the projection A; of A onto P, contains one additional point 

from {A3, Ay, As}, sayA3. Then the distance between A> and the plane P3 through 

A, Ag and As is smaller than the distance between A, and the plane P3, and this 

is smaller than |AA,| by the Pythagorean theorem. This contradicts the minimality 

property of the pair (A, P). Hence Q is convex. The minimality property implies 

immediately that the pyramid A; A,A3A4As does not contain any additional points 

or EF. 

Join A to the centers O; of the six circles. Let O,; AO, be the smallest of the angles 

O; AO. Prove that the segment O; O2 lies completely in one of the circles. 

Proceed as in E1. 

We call a student good if he learns better than the majority of his friends. Let x 

be the number of good students and k the number of friends of each student. The 

best student in class is the best of k pairs, and any other good student of at-least 

[k/2] +1 => (k + 1)/2 pairs. Hence, the good students are the best in at least 

k+(x—1)(k+1)/2 pairs. This number cannot exceed the number of all pairs of friends 

in the class, which is 15k. Hence k+(x —1)(kK+1)/2 < 15k, orx < 28-k/(k+1)+1. 

We observe that (k + 1)/2 < 30 — x ork < 59 — 2x, since the number of students, 

who are better than the worst among the good ones, does not exceed 30 — x, that 

is, x < 28 - (59 — 2x)/(60 — 2x) + 1, or x” — 59x + 856 > 0. The greatest integer 

x < 30 satisfying the last inequality is x = 25. Find an example showing that 25 

can be attained. 

Consider a person with a maximal number n of friends. We conclude that all his 

friends have different numbers of friends > 0, but < n. There are n possibilities 

1,...,n friends. Hence all possibilities are realized. In particular, there exists a 

person with exactly one friend. 

Set x} > X2 > X3 > +++ > xX,. Suppose x; + x2 + x3 < 1. Then x} +: x2 + x3 — 

(x1 — x3)(1 — x1) — (42 — 3)(1 — x2) < 1 or x? + x? +. 03(3 — xy — x2) < 1, or 
xT A xd + x3(%3 +++ +xn) < 1 or x? +x} +2 +---x?2 < 1. This contradiction 
proves the theorem. 
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Let x, be the largest of the numbers x,,..., x,. Then 

(x2 ++-- +2, = ye + se 2x;X;. (1) 
2<i<j<n 

Adding the inequalities x? < 2x,x; fori = 2 ton and inserting the estimate Pe 

into (1), we get 

Cpe ey) < 2m + se ZAK pi Mh DB Ea 

2<i<j<n l<i<j<n 

es 

Hence: (5 4 <3 4 4,)? <2, 0rxy be tx, < 4/2. 

See Chapter 9, problem 39 for another proof. 

Number the vertices of the n-gon clockwise. Suppose that a; moves are made from 

the ith vertex. From the conditions of the problem, we have 

eee GE Pe ae ial 
2) D, c D 

Suppose that a; is the maximum of the a;. Then a; = (a2 + a,)/2 implies ay = 

ay, = ay. Similarly, ag = (a; + a3)/2 implies a; = a) = a3, and so on, that is 

a, = ay = --- Gy, and the total number of moves is na. 

For every m (1 < m <n) among the m pairs (a;, b;), one of the inequalities a, > b, 

or by > ay is satisfied at least in m/2 pairs. 

For instance, let b, > a, at least in m/2 pairs. If b; is the smallest of these b;,, then 

b, < 2/m. Hence a, + bh < 2b; < 4/m, and since i < m, we have a, + by, < 

a+b, < 4/m. 

Let [a;, b;] be the segment with the smallest right endpoint. If more than 7 segments 

contain b,, then we are finished. If this number is < 7, then at least 43 segments lie 

completely to the right of b;. From these segments, select [a2, b] with the smallest 

right endpoint. Then either b, belongs to 8 segments, or there exist 36 segments 

to the right of b). Continuing in this way either we find a point belonging to eight 

segments, or we find seven pairwise disjoint segments [a), b;], ... , [a7, b7] such that 

to the right of [a;, b,] lie at least (50 — 7k) segments, i.e., to the right of [a7, b7] lies 

at least one segment [dg, bg]. 

Similarly we can prove that, among (mn-+ 1) segments one can select (m+ 1) pairwise 

disjoint segments or (n + 1) segments with a common point. This is a special case 

of the 

Theorem of Dilworth: /n a partially ordered set of mn +1 elements, there is a chain 

of (m + 1) elements or (n + 1) pairwise incomparable elements. 

From the 3n students, take one who has a maximum number k of acquaintances 

from one of the two other schools. Suppose it is student A from the first school, who 

knows k students from the second school. Then A knows (n + 1 — k) students from 

the third school, n + 1 —k > 1 since k < n. Consider student B from the third 

school, who knows A. If B knows at least one student C from the k acquaintances 

of A in the second school, then {A, B, C} is a triple of mutual acquaintances. But if 

B knows none of the k acquaintances of A in the second school, then, in this school 

he does not know more than (n — k) students, and hence, in the first school, he does 

not know less than n + 1 — (n —k) = k + 1 students, which contradicts the choice 

of k. 
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The Box Principle 

The simplest version of Dirichlet’s box principle reads as follows: 

If (n + 1) pearls are put into n boxes, then at least one box has more than one 

pearl. 

This simple combinatorial principle was first used explicitly by Dirichlet (1805— 

1859) in number theory. In spite of its simplicity it has a huge number of quite 

unexpected applications. It can be used to prove deep theorems. F.P. Ramsey made 

vast generalizations of this principle. The topic of Ramsey Numbers belongs to the 

deepest problems of combinatorics. In spite of huge efforts, progress in this area 

is very slow. 

It is easy to recognize if the box principle is to be used. Every existence problem 

about finite and, sometimes, infinite sets is usually solved by the box principle. 

The principle is a pure existence assertion. It gives no help in finding a multiply 

occupied box. The main difficulty is the identification of the pearls and the boxes. 

For a warmup, we begin with a dozen simple problems without solutions: 

1. Among three persons, there are two of the same sex. 

2. Among 13 persons, there are two born in the same month. 

3. Nobody has more than 300,000 hairs on his head. The capital of Sikinia has 

300,001 inhabitants. Can you assert with certainty that there are two persons 

with the same number of hairs on their heads? 

4. How many persons do you need to be sure that 2 (3, g) persons have the 

same birthday? 
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5. If gs + 1 pearls are put into s boxes, then at least one box has more than q 

pearls. 

6. A line / in the plane of the triangle ABC passes through no vertex. Prove 

that it cannot cut all sides of the triangle. 

7. A plane does not pass through a vertex of a tetrahedron. How many edges 

can it intersect? 

8. A target has the form of an equilateral triangle with side 2. 

(a) If it is hit 5 times, then there will be two holes with distance < 1. 

(b) It is hit 17 times. What is the minimal distance of two holes at most? 

9. The decimal representation of a/b with coprime a, b has at most period 

(b — 1). 

10. From 11 infinite decimals, we can select two numbers a, b so that the decimal 

representation of |a — b| is finite or has infinitely many zeros. 

11. Of 12 distinct two-digit numbers, we can select two with a two-digit differ- 

ence of the form aa. 

12. If none of the numbers a,a+d,...,a+(n — 1)d is divisible by n, then d 

and n are coprime. 

The next eleven examples show typical applications of the box principle. 

E1. There are n persons present in a room. Prove that among them there are two 

persons who have the same number of acquaintances in the room. 

Solution. A person (pearl) goes into box #i if she has 7 acquaintances. We have n 

persons and n boxes numbered 0, 1, ..., 7 — 1. But the boxes with the numbers 0 

and n — | cannot both be occupied. Thus, there is at least one box with more then 

one pearl. 

E2. A chessmaster has 77 days to prepare for a tournament. He wants to play 

at least one game per day, but not more then 132 games. Prove that there is a 

sequence of successive days on which he plays exactly 21 games. 

Solution. Let a; be the number of games played until the ith day inclusive. Then 

l<a, <...< a9es132> 22s ap4 2 rand =e 7 153. 

Among the 154 numbers aj, ..., 477, a4; + 21,...,a77 + 21 there are two equal 

numbers. Hence there are indices i, j, so that aj = a; + 21. The chessmaster has 

played exactly 21 games on the days #7 +1, 7 +2,..., 1. 

E3. Let a}, a2, ..., 4, be n not necessarily distinct integers. Then there always 

exists a subset of these numbers with sum divisible by n. 
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Solution. We consider the n integers 

3 =, S24; +2, S3=a{+a,+43,..., Sn =a, +an+---+a. 

If any of these integers is divisible by n, then we are done. Otherwise, all their 

remainders are different modulo n. Since there are only n — 1 such remainders, two 

of the sums, say s, and sg with p < q, are equal modulo n, that is, the following 

difference is divisible by n. 

Sq —Sp =Qpi1 +... +g. 

This proof contains an important motive with many applications in number 

theory, group theory, and other areas. 

E4. One of (n + 1) numbers from {1, 2, ..., 2n} is divisible by another. 

Solution. We select (n + 1) numbers a),..., 4,4; and write them in the form 

a; = 2*b; with b; odd. Then we have (n + 1) odd numbers b;,..., b+; from the 

interval [1, 2n — 1]. But there are only n odd numbers in this interval. Thus two of 

them p, q are such that b, = b,. Then one of the numbers ap, ag is divisible by 

the other. 

ES. Let a, b € N be coprime. Then ax — by = 1 for some x, y € N. 

Solution. Consider the remainders mod b of the sequence a,..., (b — 1)a. The 

remainder 0 does not occur. If the remainder 1 would not occur either, then we 

would have positive integers p,g,0 < p <q <b, sothat pa=qa (mod b). 

But a and b are coprime. Hence we have b|q — p. This is a contradiction since 

0 <q-—p < b. Thus there exists an x sothatax =1 (mod D), that is, ax=1+by, 

orax — by = 1. 

E6. Erdos and Szekeres. The positive integers 1 to 101 are written down in any 

order. Prove that you can strike 90 of these numbers, so that a monotonically 

increasing or decreasing sequence remains. 

Solution. We prove a generalization: For n > (p — 1)(gq — 1) + 1 every sequence 

of n integers contains either a monotonically increasing subsequence of length p 

or a monotonically decreasing subsequence of length q. 

We assign the maximal length L,, of a monotonically increasing sequence with 

last element m and the maximal length R,, of amonotonically decreasing sequence 

beginning with m to any number m in the sequence. 

This assignment has the property that, for two different numbers m and k there 

must be Ly, 4 Ly or Rm # Rx. This follows easily from the fact that either m > k 

orm <k. Allpairs (Lm, Rm) withm = 1,2,...,n are distinct. Assuming that no 

such subsequences exist, L,, can assume only the values 1, 2,..., p — 1 and Ry, 

only the values 1, 2,..., gq — 1. This gives (p — 1)(q — 1) different boxes for the 

pairs. But n > (p — 1)(q — 1) + 1 and the box principle leads to a contradiction. 

E7. Five lattice points are chosen in the plane lattice. Prove that you can always 

choose two of these points such that the segment joining these points passes through 
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another lattice point. (The plane lattice consists of all points of the plane with 

integral coordinates.) 

Solution. Let us consider the parity patterns of the coordinates of these lattice 

points. There are only four possible patterns: (e,e),(e,0), (0,e), (0,0). Among the 

five lattice points, there will be two points, say A = (a,b) and B = (c, d) with 

the same parity pattern. Consider the midpoint L of AB, 

b= (*$5,°3*). Dre 

a and c as well as b and d have the same parity, and so L is a lattice point. 

E8. In the sequence 1, 1, 2, 3,5, 8,3, 1,4, ... each term starting with the third is 

the sum of the two preceding terms. But addition is done mod 10. Prove that the 

sequence is purely periodic. What is the maximum possible length of the period? 

Solution. Any two consecutive terms of the sequence determine all succeeding 

terms and all preceding terms. Thus the sequence will become periodic if any pair 

(a, b) of successive terms repeats, and the first repeating pair will be (1, 1). 

Consider 101 successive terms 1, 1, 2, 3, 5, 8,3, .... They form 100 pairs (1, 1), 

(1, 2), (2, 3), .... Since the pair (0, 0) cannot occur, there are only 99 possible 

distinct pairs. Thus two pairs will repeat, and the period of the sequence is at most 

99. 

E9. Consider the Fibonacci sequence defined by 

Oy =r Ny Vinee aay Seal le 

Prove that, for any n, there is a Fibonacci number ending with n zeros. 

Solution. A term a, ends in n zeros if it is divisible by 10”, or, if a, = 0 mod 10”. 
Thus we consider the Fibonacci sequence modulo 10”, and we prove that the term 

0 will occur in the sequence. Take (107” + 1) terms of the sequence a), a2,... mod 

10”. They form 102” pairs (1, a2), (a2, a3), ..., but the pair (0, 0) cannot occur. 

Thus there are only (107 — 1) possible pairs. Hence one pair will repeat. So the 

period length is at most (10” — 1). As in E8, the first pair to repeat is (1, 1). 

I did Daten ak Gig, bea li 
a) 

period 

Then a, = 1 — 1 = 0. Thus, the term 0, will occur in the sequence. In fact, it is 

the last term of the period. 

E10. Suppose a is prime to 2 and 5. Prove that for any n there is a power of a 

ending with 000...01. 
eee comme 

n 

Solution. Consider the 10” terms a, a”, a?, ..., a!®". Take their remainders mod- 

ulo 10”. The remainder 0 cannot occur since a and 10 are coprime. Thus there are 
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only (10” — 1) possible remainders 

bo 2 rt LOL, 

Hence, two of the terms a;, a,(i < k) will have the same remainder, and so their 

difference will be divisible by 10”: 

10" a" als <> 10" 1a' (a = 1. 

Since ged(10”, a‘) = 1, we have 10” |a*-' — 1 or a‘? —1 = q * 10", ora*®! = 
q x 10" + 1. Thus, a*~ ends in 000...01 (n digits). 

E11. Inside a room of area 5, you'place 9 rugs, each of area 1 and an arbitrary 

shape. Prove that there are two rugs which overlap by at least 1/9. 

Suppose every pair of rugs overlaps by less than 1/9. Place the rugs one by one 

on the floor. We note how much of the yet uncovered area each suceeding rug will 

cover. The first rug will cover area 1 or 9/9. The 2nd, 3rd, ..., 9th rug will cover 

area greater than 8/9,..., 1/9. Since 9/9 + ...+ 1/9 = S, all nine rugs cover 

area greater than five. Contradiction! 

Ramsey Numbers, Sum-Free Sets, 

and a Theorem of I. Schur 

We consider four related competition problems: 

E12. Among six persons, there are always three who know each other or three who 

are complete strangers. 

This problem was proposed in 1947 in the Ktirschak Competition and in 1953 in 

the Putnam Competition. Later, it was generalized by R.E. Greenwood and A.M. 

Gleason. 

E13. Each of 17 scientists corresponds with all the others. They correspond about 

only three topics and any two treat exactly one topic. Prove that there are at least 

three scientists, who correspond with each other about the same subject. 

E14. In space, there are given py, = |en!| + 1 points. Each pair of points is 

connected by a line, and each line is colored with one of n colors. Prove that there 

is at least one triangle with sides of the same color. 

E15. An international society has members from six different countries. The list 

of members contains 1978 names, numbered 1,2, ..., 1978. Prove that there is 

at least one member whose number is the sum of the numbers of two members 

from his own country or twice as large as the number of one member from his own 

country (IMO 1978). 

The first two problems are special cases of the third with n = 2 andn = 3. 

One represents the persons by points. In the first problem, each pair of points is 
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joined by a red or blue segment depending on the corresponding persons being 

acquaintances or strangers. In the second problem each pair of points is joined by 

ared, blue, or green segment if the corresponding scientists exchange letters about 

the first, second, or third topic, respectively. The relationship of the fourth problem 

to the third will be recognized later. 

Before solving the problems, we introduce some notation. We select p points 

in space with no four lying in the same plane, and we join each pair of points by 

a segment (or curve). We get a so-called complete graph G, with p vertices, (5) 

edges, and (2) triangles. We color each edge with one of n colors and call this an 
n-coloring of the Gp. If Gp contains a triangle with all sides of the same color 

then we call it monochromatic. We also say that G, contains a monochromatic 

G3. Now, we solve E12, E13, and E14. 

Solution of E12. The edges of a Ge are colored red or blue. Take any of the six 

points and call it P. At least 3 of the 5 lines which start at P are of the same color, 

say red. These red lines end at 3 points A, B, C (Fig. 4.1 ). If any side of the 

triangle ABC is red, we have a red triangle. If not, ABC is a blue triangle. In both 

cases, we have a monochromatic triangle. Fig. 4.2 shows that with 5 points and 

2 colors there need not exist a monochromatic triangle. Here sides and diagonals 

have different colors. 

Fig. 4.1 Fig. 4.2 

Solution of E13. The vertices of a G7 are colored red, blue, or green. Let P be one 

of the 17 points. At least six of the 16 lines which start at P are of the same color, 

say red. These red lines end at six points Aj, ..., Ag. If any pair of these points is 

connected by a red line, we have a red triangle. If not, we have six points connected 

pairwise with lines of two colors. By the preceding problem, among the triangles 

formed by these six points, there will be a unicolored triangle. Now we construct 

a coloring of the G6 without a monochromatic triangle. Let G be the elementary 

abelian group of order 16 with the generating elements a, b, c, d. The reader needs 

no group theory. He needs to know only thata+a=b+b=c+c=d+d=0. 

We partition the nonzero elements of G into three sum-free subsets 

A; = {a,b,c,d,a+b+c+d}, 

Ar = {a+b,a+c,c+d,a+b+c,b+c+d}, 

A3 ={b+c,a+d,b+d,a+c+d,a+b+d}, 

that is, the sum of two elements of A; does not lie in A;. 

We assign the colors 1, 2,3 (red, blue, green) to the sets A;, A>, A3. In Gi6 

we label each vertex with another group element. The edge xy, which connects x 
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with y, we label with x + y. If x + y lies in A;, then we color this edge with color 

i. If x + y and y + z lie in the same A; then sides xy and yz in the triangle xyz 

have the same color. Since the sets are sum-free, (x + y) + (y + z) = x +z lies 

in another set, that is, the side xz has another color. The constructed coloring has 

no monochromatic triangle. 

Solution of E14. We know already that p; = 3, p2 = 6, p3 = 17. We consider the 

complete graph with smallest p4 so that any of its 4-colorings results in 17 edges 

at each vertex. This gives py = 66. Similarly, we get ps = 327, pp = 1958. In 

general, we get 

Pat) 1 Patt —— © (p, — 1) + —., 
eee (P ey 

Pra P= Or 1p, — 1) 1. 

With g, = pn — 1, we get 

q = 2, Qn+1 = (Heth Gn sels 

Qn+1 ‘-, Qn 1 

(pte Nie ry Veen) teal ie 
Gr—2, 

From this, we easily get 

it il 1 1 
Gp=—n' Weer ey) Pe ee : 

We recognize the truncated series for e in the parenthesis. Thus, 

Qn 
C= Ins 

n! 

Oe ae a Lite eee 
l= ea out a ater (eT) oa 

Hence, , 

Gn = en =< G, + =} 
n 

that is, g, = Len!], or 

Pn = \en!| + 1. 

For a G, colored with n colors, we have a special case of Ramsey’s theorem: 

If di,.+-,9n = 2 are integers, there is a minimal number R(q\,.--,4n), SO 

that, for p => R(qi, ---, Qn) for at least onei = 1,...,n, Gp contains at least one 

monochromatic G4q,. 

The numbers R(q1,..., Gn) are called Ramsey Numbers. Obviously 

R(q, 2) = R(2, q) = q. Apart from these trivial cases, there are only seven Ramsey 

Numbers known. We know that R(3, 3) = 6, R(3, 3, 3) = 17, and 

RG RG, 3; 4-450) = pen! |e be 

n times 3 
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In addition, we know that R(3, 4) = 9, R(4, 4) = 18, RG, 6) = 18, R(3, 5) = 14, 

R(B, 7) = 23, and R(4, 5) = 25. The last number was found in 1993. It required as 

much as a total of 11 years of processor time on as many as 110 desktop computers. 

This may be the limit of computer power. 

Each Ramsey Number leads to an interesting and tough problem. For example, 

R(3, 4) = 9 says that any 2-coloring of a Go forces a red triangle (G3) or a blue 

tetrahedron (G4). We make of this problem 39. 

We will now solve E15. Afterwards, we will illustrate its mathematical back- 

ground. In this problem we are asked to show that the set {1, 2, ..., 1978} cannot be 

partitioned into six sum-free subsets. We can replace 1978 by the smaller number 

L957. 

Assumption: There is a partitioning of {1,..., 1957} into six sum-free subsets 

ARBHG,D PELE: 

Conclusion: One of these subsets, say A, has at least 1957/6 = 3261/6, 1.e. 

327 elements 

QS ae 3977) 

The 326 differences a327 — a;,i = 1, ... , 326 do not lie in A, since A is sum-free. 

Indeed, from a327 — a; = a; follows a; + aj; = 4327. So they must lie in B to 

F. One of these subsets, say B, has at least 326/5 = 65 1/5, that is 66 of these 

differences 

by <b cS dos < bee. 

The 65 differences beg — b;, i = 1, ..., 65 lie neither in A nor in B since both sets 

are sum-free. Hence they lie in C to F. One of these subsets, say C, has at least 

65/4 = 16+ 1/4, 1.e., 17 of these differences 

Cl COR rere eG 1176 

The 16 differences c\7 —c;,i = 1, ..., 16 do not lie in A to C, that is, in D to F. 

One of these subsets, say D, has at least 16/3 = 5 1/3 that is, 6 of these differences 

d, < dy <... < do. The 5 differences ds — d; do not lie in A to D, that is, in E 

or F’. One of these, say E, has at least 2.5, that is, 3 elements e; < e2 < e3. The 

two differences f, = e3 — e2, fo = e3 — e; do not lie in A to E. Hence they lie in 

F . The difference g = fz — f; does not lie in A to F. Contradiction! 

There is a close connection between E15 and E14 for n = 6. A subset A of the 

positive integers or an abelian group is called sum-free, if the equation x + y = z 

for x, y,z € A is not solvable. Of course, we may also have x = y. In connection 

with the Fermat Conjecture, in 1916 Isai Schur considered the following problem: 

What is the largest positive integer f(n) so that the set {1,2,..., f(n)} can be 

split into n sum-free subsets? 

We know only 4 values of the Schur function f(n). By trial, one finds f(1) = 

1, f(2) = 4, f(3) = 13. In 1961 Baumert found f(4) = 44 with the help of a 

computer. A sum-free partition of {1,..., 44} is 

Sy; = {1, 3,5, 15, 17, 19, 26, 28, 40, 42, 44}, 
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So = {2, 7,8, 18, 21, 24, 27, 33, 37, 38,43}, 

53 = {4, 6, 13, 20, 22, 23, 25, 30; 32, 39, 41}, 

oa = 419; 10, 11, 12514) 165297 31, 34, 35, 36}. 

Schur found the following estimates 

3" — 1 
at) sient 1. 

Now, we show that each partition of the set {1,..., |en!]} into n subsets has at 

least one subset in which the equation x + y = z is solvable. 

Suppose 

Dt ere tue, Ag As Uc LAG 

is a partition into n parts. We consider the complete graph G with |en!| + 1 points, 

which we label 1, 2,..., [en!|+1. Wecolor G withn colors 1, 2,...,. The edge 

rs gets color m, if |r — s| € A». According to E13 G will have a monochromatic 

triangle, that is, there exist positive integers r, s,t suchthatr <s <t < |en!|+1, 

so that the edges rs, rt, st all have the same color m, that is, 

s—r,t—s,t—reéeApm. 

Because (s —r)+(t —s) =t —r, A,» is not sum-free. This implies 

f@) sent! —1- 

In particular, 

f() < [720e| — 1. 

This is a simpler proof of E15. There, we may replace 1978 by 1957. 

We recall the Ramsey Number R,,(3). This is the smallest positive integer such 

that every n-coloring of the complete graph with R,,(3) vertices forces a monochro- 

matic triangle. We have already proved that 

R,(3) < len!| +1. 

Thus, we have an upper estimate for f(n) by means of R,,(3). We prove that 

R,(3) = fm) + 2. 

The proof coincides with the previous one. Let Aj, Az,..., A, be a sum-free 

partition of {1,2,..., f(n)} and suppose that G is a complete graph with the 

f(n) + 1 vertices 0,1,..., f(n). We color the edges of G with n colors 1,...,n 

by coloring edge rs with color m if |r — s| € Am. Suppose we get a triangle 

with vertices r,s,t and with edges of color m. We assume r < s < ¢. Then 

t—s,t—r,s—r € Am. But, (t —s)+(s —r) =t —,T, and this contradicts the 

assumption that A,, is sum-free. Hence R, > f(n) + 1, q.e.d. 
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In problem 43, we will prove 

a = | 
f(n) = 

Thus, we have 

=-Ri(ee= ent |\sl, 
6 li ts) 

p) 

that is, 

3=2G) <3, 6522.3) 26, 15.5833) 517, 42,5 KsG) =.66. 

Because of Baumert’s result, we know that even 44 < R4(3) < 66. The first three 

upper bounds are exact. The fourth is not. For about 20 years, it has been known 

that R4(3) < 65, that is, 

44 < R4(3) < 65. 

Problems 

13% 

14. 

13). 

16. 

Nee 

18. 

IG). 

20. 

P| 

22. 

n persons meet in a room. Everyone shakes hands with everyone else. Prove that 

during the greeting ceremony there are always two persons who have shaken the 

same number of hands. 

In a tournament with n players, everybody plays with everybody else exactly once. 

Prove that during the game there are always two players who have played the same 

number of games. 

Twenty pairwise distinct positive integers are all < 70. Prove that among their 

pairwise differences there are four equal numbers. 

Let P,..., Py be nine lattice points in space, no three collinear. Prove that there is 

a lattice point L lying on some segment P; Py, i # k. 

Fifty-one small insects are placed inside a square of side 1. Prove that at any moment 

there are at least three insects which can be covered by a single disk of radius 1/7. 

Three hundred forty-two points are selected inside a cube with edge 7. Can you place 

a small cube with edge | inside the big cube such that the interior of the small cube 

does not contain one of the selected points? 

Let n be a positive integer which is not divisible by 2 or 5. Prove that there is a 

multiple of n consisting entirely of ones. 

S is a set of n positive integers. None of the elements of S is divisible by n. Prove 

that there exists a subset of S such that the sum of its elements is divisible by n. 

Let S be a set of 25 points such that, in any 3-subset of S, there are at least two 

points with distance less than 1. Prove that there exists a 13-subset of S which can 

be covered by a disk of radius 1. 

In any convex hexagon, there exists a diagonal which cuts off a triangle with area 

not more then one sixth of the hexagon. 
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If each diagonal of a convex hexagon cuts off a triangle not less than one sixth of its 

area, then all diagonals pass through one point, are divided by this point in the same 

ratio, and are parallel to the sides of the hexagon. 

Among n + | integers from {1, 2,..., 2n} there are two which are coprime. 

From ten distinct two-digit numbers, one can always choose two disjoint nonempty 

subsets, so that their elements have the same sum (IMO 1972). 

Let k be a positive integer and n = 2‘~'. Prove that, from (2n — 1) positive integers, 
one can select n integers, such that their sum is divisible by n. 

Let a}, ---, a, (n = 5) be any sequence of positive integers. Prove that it is always 

possible to select a subsequence and add or subtract its elements such that the sum 
is a multiple of n?. 

In a room with (m — 1)n + 1 persons, there are m mutual strangers (in the room) or 

there is a person who is acquainted with n persons. 

Does the theorem remain valid, if one person leaves the room? 

Of k positive integers with a; < a7 <... <a, <nandk > |(n+1)/2], there is 

at least one pair a;, a, such that a; + a, = a,. 

Among (ab + 1) mice, there is either a sequence of (a + 1) mice of which one is 

descended from the preceding, or there are (b + 1) mice of which none descends 

from the other. 

Let a, b, c, d be integers. Show that the product of the differences b—a, c—a,d—a, 

c — b,d —b,d —c is divisible by 12. 

One of the positive reals a, 2a, ..., (w—1)a has at most distance 1/n from a positive 

integer. 

Two of six points placed into a3 x 4 rectangle will have distance < /5. 

In any convex 2n-gon, there is a diagonal not parallel to any side. 

From 52 positive integers, we can select two such that their sum or difference is 

divisible by 100. Is the assertion also valid for 51 positive integers? 

Each of ten segments is longer than 1 cm but shorter than 55 cm. Prove that you can 

select three sides of a triangle among the segments. 

The vertices of a regular 7-gon are colored white or black. Prove that there are vertices 

of the same color, which form an isosceles triangle. What about a regular 8-gon? For 

what regular n-gons is the assertion valid? 

Each of nine lines partitions a square into two quadrilaterals of areas in the ratio 2:3. 

Then at least three of the nine lines pass through one point. 

Among nine persons, there are three who know each other or four persons who do 

not know each other. The number nine cannot be replaced by a smaller one. 

R(4, 4) = 18 yields the problem: Among 18 persons, there are four who know each 

other or four persons who do not know each other. For 17 persons this need not be 

true. 

R(3, 6) = 18 gives the problem: Among 18 persons, there are three who know each 

other, or six who do not know each other. Try to get an estimate of R(6, 3) from 

below and above. 
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Erdés proved two estimates for R(r, s), which we formulate as the next two problems. 

Prove that 

R(r,s) < R(r —1,5)+ R(r, s — 1). (1) 

With the help of (1), prove that 

R(r, s) < (Piters 
r-—1 

Split the set {1, 2, ..., 13} into three sum-free subsets. Prove that {1, ..., 14} cannot 

be split into three sum-free subsets. 

Prove that the set {1, 2,..., (3” — 1)/2) can be split into n sum-free subsets. 

The set {1,..., 9} is split in any way into two subsets. Prove that in at least one 

subset, there are three numbers of which one is the arithmetic mean of the other two. 

The sides of a regular triangle are bicolored. Do there exist on its perimeter three 

monochromatic vertices of a rectangular triangle? (IMO 1983). 

From the set {1, 2,..., 2n +1}, select a sum-free subset A with a maximum number 

of elements. How many elements does A have? 

If the points of the plane are colored red or blue, then there will be a red pair with 

distance 1, or there are 4 collinear blue points with distance 1. 

If a G4 is colored with two colors, there will be a unicolored quadrangle. 

A three colored Gg contains a monochromatic quadrilateral. 

The next problems are rather tough. They treat a theorem of Jacobi and its applica- 

tions. Solutions for 50 to 57 and 59 are missing. 

Fig. 4.3 shows a circle of length 1. A man with irrational step length a (measured 

along the circumference) walks around the circle. The circle has a ditch of width 

€ > 0. Prove that, sooner or later, he will step into the ditch no matter how small € 

will be. 

Prove that there is a power of two, which begins with 6 nines, that is, there are 

positive integers n, k such that 

999999 x 10 < 2” < 10, 

k + log 999999 <n log2 <k+6. 

Hint. Here € = 6 — log 999999 and the step length is a = log 2. Similarly, one can 

show that, for irrational log a, there is a power of a which begins with any prescribed 

digit sequence. 

Let a, be the number of terms in the sequence 2', 2”, ... , 2”, which begin with digit 
1. Prove that 

1 n 
le a elon 

iD al 

and, hence, 

pi = lim “ = log 2 © 0.30103. 
no n 

One sometimes says that a randomly chosen power of two begins with 1 with prob- 

ability log 2 ~ 0.30103. 
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Fig. 4.3 

The line y = ax with irrational a passes through no lattice point except (0, 0), but 

it comes arbitrarily close to some lattice points. 

Prove that there is a positive integer n such that sinn < 107!° (or 10~* for any 
positive integer k). 

Let w/z be irrational. Show that, always, sin na +cos na < 2 but comes arbitrarily 

close to to 2 if n runs through the positive integers. 

There is a point set on the circle which, by rotation, goes into a part of itself. 

An infinite chessboard consists of 1 x 1 squares. A flea starts on a white square and 

makes jumps by a to the right and 6 upwards, a, 8, w/B being irrational. Prove that, 

sooner or later, it will reach a black square. 

The function f(x) = cos x + cos(x V2) is not periodic. 

Remark. We consider the sequence a, = na—|na|,n = 1,2,3,.... with irrational 

a. The theorem of Jacobi says that the terms of the sequence @,, are everywhere dense 

in the interval (0, 1). In 1917 H. Weyl showed that the sequence is equidistributed 

in the interval (0, 1), that is, let 0 < a < b < 1, and let H,,(a, b) be the number of 

terms a@;, 1 <i <n, which lie in the interval (a, b). Then 

_ H,(a, b) 
line=————— = 
noo n 

b—-a. 

The distribution of the golden section w = (/5 — 1)/2 is amazingly uniform. 

We conclude the topic with problems mostly of a geometrical flavor. 

61. 

62. 

63. 

64 

65. 

There are 650 points inside a circle of radius 16. Prove that there exists a ring with 

inner radius 2 and outer radius 3 covering ten of these points. 

There are several circles of total length 10 inside a square of side 1. Show that there 

exists a straight line which intersects at least four of these circles. 

Suppose n equdistant points are chosen on a circle (n > 4). Then every subset of 

k = |./2n + 1/4 + 3/2| of these points contains four points of a trapezoid. 

Several segments of a segment of length 1 are colored such that the distance between 

any two colored points is # 0.1. Prove that the sum of the lengths of the colored 

segments is < 0.5. 

A closed disk of radius 1 contains seven points with mutual distance > 1. Prove that 

the center of the disk is one of the seven points (BrMO 1975). 
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4. The Box Principle 

(a) Prove that there exist integers a, b, c not all zero and each of absolute value less 

than one million, such that 

lat+ bV2+cV3| < 107". 

(b) Let a, b, c be integers, not all zero and each of absolute value less than one 

million. Prove that 

la+ bV/2 + cV3| > 107?! (Putnam 1980). 

Prove that, among any seven real numbers y;,..., 7, there exist two, such that 

i — yj 1 ee Yj = 
0 < ——_ < : 

yi, ND 

Prove that, among any 13 real numbers, there are two, x and y, such that 

Ix — y| < (2 — V3)|1 + xy]. 

The points of a space are colored in one of three colors. Prove that at least one of 

these colors realizes all distances, that is, for any d > 0, there are two points of this 

color with distance d. 

The points of a plane are colored in one of three colors. Prove that at least one of 

these colors realizes all distances, that is, for any d > 0, there are two points of this 

color with distance d. 

Twelve percent of a sphere is painted black, the remainder is white. Prove that one 

can inscribe a rectangular box with all white vertices into the sphere. 

The cells of a7 x 7 square are colored with two colors. Prove that there exist at least 

21 rectangles with vertices of the same color and with sides parallel to the sides of 

the square. 

The Sikinian road system is such that three roads meet at each intersection. Prove the 

following property of the Sikinian road system: Start at any intersection A,, and drive 

along any of the three roads to the next intersection A. At A2 turn right and go to 

the next intersection A. At A; turn left, and so on, turning left and right alternately. 

Then you will eventually return to your starting point Aj. 

Thirty-three rooks are placed on an 8 x 8 chessboard. Prove that you can choose five 

of them which are not attacking each other. 

The n positive integers a) < a) < --- < a, < 2n are such that the least common 

multiple of any two of them is greater than 2n. Prove that a; > |2n/3}. 

Any of the n points P},..., P, is a smaller distance from point P than from all the 

other points P;. Prove that n < 15. 

A plane is colored blue and red in any way. Prove that there exists a rectangle with 

vertices of the same color. 

Let aj,...,@199 and b;,..., bio be two permutations of the integers from 1 to 

100. Prove that, among the products a;b;, .. . , @jq9 190, there are two with the same 

remainder upon division by 100. 

The length of each side of a convex quadrilateral ABC D is < 24. Let P be any point 

inside ABC D. Prove that there exists a vertex, say A, such that |P A| < 17. 
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A positive integer is placed on each square of an 8 x 8 board. You may select any 
3 x 3 or 4 x 4 subboard and add 1 to each number on its squares. The goal is to get 

64 multiples of 10. Can the goal always be reached? 

The numbers from 1 to 81 are written on the squares of a 9 x 9 board. Prove that 

there exist two neighbors which differ by at least 6. 

Each of m cards is labeled by one of the numbers 1, ...,m. Prove that if the sum 

of the labels of any subset of the cards is not a multiple of m + 1, then each card is 

labeled by the same number. 

Two of 70 distinct positive integers < 200 have differences of 4, 5, or 9. 

A 20 x 20 x 20 cube is built of 1 x 2 x 2 bricks. Prove that one can pierce it by a 

needle without damaging one of the bricks. 

Solutions 

13: 

14. 

Sy 

16. 

Whe 

18. 

19. 

The solution is the same as for E1. 

The same problem as problem 13. Handshakes are replaced by contests. 

Denote the 20 integers a; to aa9. Then 0 < a; < --- < ayo < 70. We want to prove 

that there is ak, so that a; — a; = k has at least four solutions. Now 

0. < (a — a1) + (@3 — a2) +--+ + (A0 — 419) = An — a; < 68. 

We will prove that, among the differences a;,; — a;, i = 1,..., 19, there will be 

four equal ones. Suppose there are at most three differences equal. Then 

3-14+3-2+3-34+3-4+43-5+4+3-6+7 < 68, 

that is, 70 < 68. Contradiction! 

Generalization of E7. Consider the three coordinates mod 2. There are 2? = 8 pos- 

sible binary 3-words. Since there are nine words altogether, at least two sequences 

must be identical. Thus there are two points (a, b, c) and (r, s, t) with integral mid- 

point M = ((a+7r)/2, (b+ s)/2, (c+ t)/2). 

Subdivide the unit square into 25 small squares of side 1/5. There will be three 

insects in one of these squares of side 1/5 and diagonal /2/5. A circumcircle of this 

square has radius /2/10 < 1/7. If we circumscribe a concentric circle with radius 

1/7, it will cover this square completely. 

Subdivide the cube into 7* = 343 unit cubes. Since there are altogether only 342 

points inside the large cube, the interior of at least one unit cube must remain empty. 

Consider then integers1, 11, ..., 11---1 mod n. There aren possible remainders 

0, 1,..., n—1.If0 occurs, we are finished. If not, two of the numbers have the same 

remainder mod n. Their difference 111---100---0 is divisible by n. Since n is not 

divisible by 2 or 5, we can strike the zeros at the end and get the number consisting 

of ones and divisible by n. 
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We use the same motive. Consider the sums 

Ohi Gh se thy Ohl ar Ose C2) a5 35 Gl GP ED Ie 0°? ar Oe 

If any of the n sums is divisible by n, then we are done. Otherwise, two of the sums 

a,+...+a; anda, +---+ a; have the same remainder upon division by n. Suppose 

j > i. Then the difference a;4; + --- + a; is divisible by n. 

In the proof, we change 25 and 13 to 2n + 1 and n + 1, respectively. 

Let A and B be two points of S with maximum distance. If |AB| < 1, a disk with 

center at A and radius 1 covers all 2n + 1 points, and we are finished. Now suppose 

that |AB| > 1. Let X be any point in S\{A, B}. In the 3-subset {A, B, X} there are 

two points with distance less than 1. So either |AX| < 1 or |BX| < 1. Hence any 

point of S lies in one of the disks of radius 1 about A and B. One of these disks must 

contain at least n + 1 of the 2n + 1 points. 

If the main diagonals (which do not cut off a triangle) pass through one point, then 

everything is clear. The main diagonals partition the hexagon into six triangles of 

which at least one has area not surpassing one-sixth of the hexagon. Suppose it is 

AOBC in Fig. 4.4. Then one of the triangles ABC and BCD has area < the area 

of BCO. But suppose the main diagonals form a triangle P QR in Fig. 4.5. Then it 

is even easier to find such a triangle. Prove this yourself. 

This follows somehow from the preceding proof. In fact this problem was made up 

from the preceding one. 

Among n + 1 integers from 1,..., 2n, there are two successive integers. They are 

coprime. 

A set S of 10 numbers with two digits, each one < 99 has 2'° = 1024 subsets. 

The sum of the numbers in any subset of S is < 10 - 99 = 990. So there are fewer 

possible sums than subsets. Thus there are at least two different subsets S; and S$, 

having the same sum. If S$; 1 S; = @, then we are finished. If not, we remove all 

common elements and get two nonintersecting subsets with the same sum of their 

elements. 

Use induction from n to 2n, which corresponds to induction from k to k + 1. 

(1) For n = 1, the statement is correct. 

(2) Suppose that, from 2n — 1 integers, we can always select n with sum divisible 

by n. Of the 2(2n) — 1 positive integers, we can select n numbers three times, which 

are divisible by n. After the first selection, there will remain 3n — 1 numbers, after 

the second selection, 2n — 1 numbers. Let the sum of the first choice be a - n, the 

sum of the second choice be b - n, and the last choice be c - n. At least two of the 

numbers a, b, c have the same parity, e.g., a and b. Then an + bn = (a + b)n is 

divisible by 2n, since a + b is even. 

Remark. The more general theorem that, from any 2n — 1 positive integers, one can 

always select n with sum divisible by n is more difficult to prove. Start by proving 

it for n = p, where p is a prime. Then prove it for n = pq, where p, q are primes. 

Consider all subsets {i;, ..., i,} of the set {1,..., 1}. Let SQ, ..., ie) = ai, +e--+ 

a;,. The number of such sums is 2” — 1. Since 2” — 1 > n? for n > 5, two of these 

sums will have the same remainder upon division by n*. Their difference will be 

divisible by n*. This difference has the form deGs, cb Gyicks saat ag forsome taecl 

and some selection of indices s;,..., s;. 
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Fig. 4.5 Fig. 4.6 

We must prove that there are m mutual strangers in the room or n + 1 mutual 

acquaintances. 

We will repeat the following step: Select any person left in the room and remove his 

strangers. This is repeated n times. At each step at most m — 1 persons are removed. 

There will be at least 1 person left. The persons selected and any of the persons left 

are n + | mutual acquaintances. 

The k — | pairwise different positive integers a2 — a,, a3 —d),..., @, — a, together 

with the given pairwise different integers together are 2k — 1 > n positive integers, 

all of which are < n. Hence the two sets have at least one common element, i.e., at 

least once, we have a, — a, = a;, or a; + a; =4a,. 

Draw an arrow from each mouse to its immediate descendant. The mice split into 

trees. If each tree has at most a vertices, then there must be at least b + 1 trees. 

Taking one mouse from each tree, we get b + 1 mice of which none descends from 

the other. 

Put the four numbers into two boxes depending on their parity. In the worst case, 

the boxes have two elements each. Then the difference in each box is even. Thus we 

have two even differences, giving two factors 2 for the product. In all other cases, 

we have more factors 2. 

Now, consider the four numbers modulo 3. We have three boxes and four numbers. 

Thus at least one box contains two numbers. Their difference is a multiple of 3. So 

the product of all six differences is divisible by 12. 

Considering the fractional parts of these numbers, we get n — | reals in the interval 

[0, 1]. Subdivide this unit interval into n equal parts, each of length 1/n. If one of 

the n points falls into the first interval, than we are finished. Otherwise, two points, 

say {ia} and {ka}, fall into the same interval. Then the point {(k — i)a} is a distance 

< 1/n from 0. 

Split the 3 x 4 rectangle into 5 parts, as in Fig. 4.6. At least one part will contain two 

of the six points. Their distance will be < /S. 

A 2n-gon has 2n(2n —3)/2 = n(2n —3) diagonals. The number of diagonals parallel 

to a given side is < n — 2. Hence the total number of diagonals parallel to some 

side is at most 2n(n — 2). Since 2n(n — 2) < n(2n — 3), one of the diagonals is not 

parallel to any side. 

We consider 51 boxes. Into box 0, we put the numbers ending in 00. Into 1, we put 

the numbers ending in 01 or 99, into box 2 we put the numbers ending in 02 or 98, 

and so on. Finally, into box 49, we put the numbers ending in 49 or 51, and into box 

50 the numbers ending in 50. Two of the 52 numbers will be in the same box. Their 

difference (if they have the same end) or their sum (otherwise) ends in 00. Among 

51 numbers, such a pair need not exist. For instance, 1, 2, ..., 49, 50, 100. 
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Suppose the segments a), ..., dio are such that 

l<a, <@<a@<-:: <a <S5. 

Assume that no triangle can be constructed. Then a3 > a; +a) > 2,a4 => a2 +43 > 

142 =3,d5 > ajta, > 24+3=5,a5 > a4tas > 8,a7 > a5 +a >54+8 = 13, 

ag => ag +a, > 8+ 13 = 21, da) > a7 + ag > 34, ajo > Ag + ao > DNA 4 1555 

1.€., iq > 55. Contradiction! 

Since the number of vertices is odd, there must be two neighbors of the same color, 

say black. Number the vertices such that these black vertices have numbers 2 and 3. 

If 1 or 4 are also black, then we have a monochromatic isosceles triangle. Otherwise, 

1 and 4 are white. Now, either 2, 3, and 7 are vertices of a black isosceles triangle, 

or 3, 4, and 7 are vertices of a white isosceles triangle. The same argument works 

for any odd n with n > 5. Forn = 6 andn = 8, there are colorings which avoid 

monochromatic isosceles triangles. See Fig. 4.7 and Fig. 4.8. Forn = 4k +2,k > 1, 

we can ignore every second vertex and use the argument for a n-gon with an odd 

number of vertices. What about the other cases? 

Let us number the vertices 1, ... , n. If there are no two neighbors of the same color, 

then the colors must alternate bwbwb - - -. The first, third, and fifth vertices are black 

and at equal distances. So they form an isosceles black triangle. Otherwise, there are 

two neighboring vertices of the same color. Suppose | and 2 are black. Starting with 

these, we draw the tree of all possibilities avoiding three vertices of the same color 

at equal distances. See Fig. 4.9. The tree stops growing, reaching at most length 8. 

If we take any 9 successive integers, there will always be 3 numbers in arithmetic 

progression. So forn > 8, there will always be an isosceles black or white triangle. 

What about the 8-gon? There are three paths of length 8. On closing them to a ring, 

we observe that both paths bbwwbbww and bwwbbwwb give the same solution. So 

the solution in Fig. 4.8 is unique. We started with the black color. By starting with 

the white color, we get the same solution with colors interchanged but color change 

merely rotates the solution by 90°. 

Pa eter Cas 
Fig. 4.7 Fig. 4.8 Fig. 4.9 

Suppose a square has side a. Two quadrilaterals are trapezi with altitudes a. Their 

areas are in the same ratio as their midlines. There are four points on the midlines 

of the square which divide them in the ratio 2 : 3. The nine lines must pass through 

these four points. Because of the box principle, at least three lines will pass through 

one of the four points. 

See solution of problem 42 below. 

See solution of problem 42 below. 

See solution of problem 42 below. 
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42. We consider the complete graph with R(r — 1, r)+ R(r, s — 1) vertices whose edges 

are colored red and black. We select one vertex v and consider 

V, =set of all vertices, which are connected to v by a red edge. |V;| =n). 

V, =set of all vertices, which are connected to v by a black edge. |V2| = np. 

my +n2+1= R(r —1,5)+ Rr, 5 — 1). From n, < R(r, s — 1), we conclude that 

nz = R(r, s — 1). This implies that V, contains a G, or G,_,, and together with v, 

we have a G,. 

n,; = R(r —1,s) implies that V, contains a G, or a G,_,, and together with V,a G,. 

Thus, we have 

R(r, s) < Rr —1,s5)+ Rr, s — 1), 

with the boundary conditions R(2,s) =s, R(r, 2) =r. For symmetry reasons, we 

also have R(r, s) = R(s,71r). 

If R(r — 1, s) and R(r, s — 1) are both even, then 

R(r, s) < R(r —1,5)+ R(r, s — 1). 

Indeed, set R(r — 1,s) = 2p, R(v, s — 1) = 2q, and consider the complete graph 

with 2p + 2q — 1 vertices. Select one vertex v, and consider the three cases 

(a) At least 2p red edges are incident with v. 

(b) At least 2g black edges are incident with v. 

(c) 2p — 1 red and 2g — 1 black edges are incident with v. 

In the first case, we have a G, or, together with v, a G,. Similarly in case (b) we 

have a G, or, together with v, a G,. Case (c) cannot be valid for every vertex of the 

two colored graph, since we would have (2p + 2q — 1)(2q — 1) red endpoints, i.e., 

an odd number. But every edge has 2 endpoints, so there must be an even number of 

red endpoints. Thus there is at least one vertex at which (a) or (b) is violated, and in 

both cases, we have a sharp inequality. 

With R(2,4) = 4, R(3, 3) = 6, we get R(3, 4) < R, 4) + RG, 3) = 10. Thus 

RG, 4) < 9, R(4, 4) < RG, 4)4+ RG, 3) = 9+9 = 18. Fig. 4.10 contains neither a 

triangle of thin lines nor a quadrilateral of thick lines. The center does not belong to 

the Gs. This proves that R(3, 4) = 9. We prove that R(4, 4) > 18. Indeed, take 17 

equally spaced points 1,..., 17 ona circle. Join 1 to 7, 7 to 13, ..., always skipping 

5 points. You get a Gy7 colored black and invisible. It does not contain an invisible 

Gz or a black G4. 

Fig. 4.10 

R(,5) < R(?2,5)+ RG, 4) =54+ 9 = 14. Fig. 4.11 shows that R(3, 5) = 14. This 

G3 with colors black and invisible does not contain a triangle or five independent 

points. Independent points are joined by invisible lines. 
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R(6, 3) < R(5, 3) + R(6, 2) = 14+ 6 = 20 since 14 and 6 are both even. One can 

prove that R(6, 3) = 18. With our crude estimates, we missed the exact bound. Try 

to find a coloring which proves that R(6, 3) > 17. 

This follows from the equality C(r, s) = C(r — 1, s) + C(r, s — 1) for the binomial 

coefficients. 

See the next problem. 

We want to give a lower bound for the Schur function f(n), which is the smallest 

number so that the integers 1, 2,..., f(n) can be arranged in n sum-free rows. If the 

table with n rows 

KU XD oss AAI Ujfis Us «<< 

has sum-free rows, then the n + 1 rows 

3X1 Ok — 1e. 3X0, 300 — Ly 3X3, os — ul, 3X45 304 lene ln eerie, Sy OIL) ok 

1 4 
give a similar table for the integer 3 f(n) + 1. For n = 2, from the table , ,, 

the new table 

we get 

By dy As, IU 

6, 5, 9, 8 

eA Oe 

In any case, we have f(n + 1) => 3f(m) +1, and since f(1) = 1, we have f(2) > 4, 

f (3) = 13, f(4) = 40. Thus, we get 

’ s) 

f(n)>14+343*+---4+3"1 =(3" — 1/2. 

Try to draw a tree with vertices of two colors while avoiding an arithmetic progres- 

sion. You will not get beyond depth 8. 

Suppose there is no right triangle with vertices of the same color. Partition each side 

of the regular triangle by two points into three equal parts. These points are vertices 

of a regular hexagon. If two of its opposite vertices are of the same color, then all 

other vertices are of the other color, and hence there exists a right triangle with 

vertices of the other color. Hence opposite vertices of the hexagon are of different 

color. Thus there exist two neighboring vertices of different color. One pair of these 

bicolored vertices lies on a side of the triangle. The points of this side, differing from 

the vertices of the hexagon, cannot be of the first or second color. Contradiction. 

Let M = {1,2,...,2n + 1}. The subset {1, 3, ..., 2m + 1} consists of n + 1 odd 

numbers. It is sum-free, since the sum of two odd integers is even. Consider a 

maximal sum-free subset T = {a,, ..., ax} with a; < --- < a,. Because 0 < 

a2 —- a, < a,-a, < +++ < aq—a < 2n+1—a, < 2n+1 the set S = 

{az — a, a3 — a, ..., Ax — a;} is a subset of M with k — 1 elements. S and T are 

disjoint. Indeed, if, for some (i, 7) with i € {2,...,k}, j € {1,...,k}, we had 

a; — a, = aj, then we would have a; = a; + a). Contradiction, since T is sum- 

free. Thus we have (k — 1) +k = |S|+|T| = |SUT| < |M| = 2n + 1. From 

2k —1 < 2n + 1, we have k < n+ 1. Thus no sum-free subset of M has higher 

cardinality than the subset of odd integers above. There is another sum-free subset 

{n+1,n+2,...,2n + 1}. Try to prove that these are the only maximal sum-free 

subsets of M. 
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Consider a rhombus ABCD consisting of two equilateral triangles ABD and BC D 

of side 1. We color its vertices black, white, and red trying to avoid two vertices of 

the same color at distance 1. Color B and D black and white, respectively. Then A 

and C must both be red. Rotating the rhombus about A, the point C describes a circle 

of radius /3 consisting entirely of red points. This circle has a chord of length 1, 

which has red endpoints. 

Take a circle of length 1, and, on this circle, take any point O as origin. If a is any 

positive irrational number, we measure off the points a, 2a, 3a,... from O in the 

same direction. The points will be automatically reduced mod 1. We get a point set 

S with the property of going by rotation into a part of S. Rotating this set by ma we 

get S\{0, a, ..., (m—1)a}. 

LetA = J/2. Now suppose that f(x) has period T. Then cos(x+7)+cos(Ax +AT) = 

cos x + cos Ax for all x. In particular, for x = 0 we get cos T + cos AT = 2. This 

implies T = 27k, AT = 27n, or AX = n/k € Q, which is a contradiction. 

We observe that the point P belongs to a ring with center O iff the point O belongs to 

a congruent ring with center P. Thus it is sufficient to prove the following fact. If we 

consider all such rings with centers in the given points, then one of these points will 

be covered by at least 10 rings. These rings lie inside a circle of radius 16 + 3 = 19 

with area 19° = 3617. Now, 9 - 3612 = 3249z, but the sum of the areas of all 

rings is 650 - 52 = 3250z. 

Orthogonally project all circles onto side AB of a unit square. A circle of length / 

will project into a segment of length //z. The sum of the projections of all circles is 

10/2. Since 10/m > 3 = 3AB, there is a point on AB belonging to the projections 

of at least four circles. The perpendicular to AB through this point intersects at least 

four circles. 

The sides and diagonals of a regular n-gon have n directions. This is easy to see. 

Any k of the points are endpoints of (5) chords. The box principle tells us that, if the 

number of chords is greater than n, there will be two parallel chords. From (5) = it 

we getk > 1/2+ /2n+ 1/4 andk = |,/2n + 1/44 3/2]. 

Cut a unit segment into 10 segments of length 0.1, put them into a pile above each 

other, and project them onto a segment. Since the distance between any two colored 

points is 4 0.1, the colored points of neighboring segments cannot project into one 

point. Hence, the colored points of more than 5 segments cannot be projected into a 

point. Hence the sum of the projections of the colored segments (which is the sum 

of their lengths) is at most 5 x 0.1 = 0.5. 

Suppose a center O is not one of seven points. Then there are two of the seven points 

P and Q such that POQ < 60°. Hence |PQ| < 1. Complete the details. 

(a) Let S be the set of 10!* real numbers r + s\V/2 + t/3 with each of r, s, t € 

{0,1,..., 10°—1}, and let d = (1+/2+/3)10°. Then each x € S is in the interval 
0 < x < d. This interval is partitioned into 10!8—1 small intervals (k—l)e < x < ke 

withe = d/(d'*~') andk taking on the values 1, 2, ... , 10'8—1. By the box principle, 
two of the 10!8 numbers of S must be in the same small interval and their difference 
a + b./2 + cV/3 gives the desired a, b, c since c < 107!!. 

(b) Let Fy = a+ b/2 + cV3 and Fy, F;, F, be the other numbers of the form 

a+b/2+c¥/3. Using the irrationality of /2 and \/3 and the fact that a, b, c are 

not all zero, one shows that no F; is zero. The product P = F; F) F;F4 is an integer 
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since the mappings V2 —J/2 and /3 +» —/3 leave P invariant. Hence | P| > 1. 

Then |F;| > 1/(F)F3F4) > 107?! since | F;| > 107’ for each i. 

This problem contains all necessary hints for a solution. It is a problem for the 

box principle, since all existence problems about finite sets somehow rely on the 

box principle. Furthermore, it contains the hint to the addition theorem for tan, and 

0 = tan 0, 1//3 = tan(s/6) give the missing hints for the boxes. So we set 

y; = tan x;, y; = tan x, and get 

4 
tan O < tan(x; — x;) < tan Fe 

Because tan is monotonically increasing everywhere, we get 

The y; can lie anywhere in the infinite interval -co < y; < oo. But the x; are 

confined to the interval —z/2 < x; < 2/2. For at least two of the seven x; we have 

O < x; — x; < 2/6. The original inequality follows from this. 

y 

yt, 
X4X5X6 X77) X 

y3 

v2 

yi 

Fig. 4.12 

This problem is treated similarly. The addition theorem is slightly hidden, and we 

must recognize that 2 — /3 = tan (m/12). 

Suppose that none of the three colors A, B, C possesses the required property, 

that is, they do not realize the distances a, b, c, respectively. We may assume 0 < 

a <b <c. Let Aj, Az, A3, Aq be the vertices of an a-tetrahedron. Similarly, 

let By, Bo, Bz, Bg and C,, Cr, C3, C4 be the vertices of a b-terahedron and c- 

tetrahedron, respectively. By an x-tetrahedron, we mean a regular tetrahedron with 

edge x. The position vectors of the vertices A;, B;, C; will be denoted by G;, b;, Ci 

respectively. Pj ;, is the point with the position vector a; + bj + Cx. 

For each of the 16 index pairs (i, j), the four points P;j;, Pij2, Pij3, Pjj4 are the 

vertices of a c-tetrahedron. It originated from the original c-tetrahedron by translation 
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with a; + bs Each of these 16 c-tetrahedra can have at most one point of color C, 

so that of the 64 index triples (i, j, k), at most 16 belong to points P; jk Of color C. 

Similarly, consideration of the b-tetrahedra with vertices P;1,, P;2x, P:3x, P:a, Shows 

that at most 16 of the 64 index triples (i, j, k) belong to B-colored points. 

Thus at least 32 of the index triples (i, j, k) belong to A-colored points P,; jk. At least 

two points of color A belong to the same of the 16 (not necessarily pointwise distinct) 

a-tetrahedra. Thus we have two points with color A. Contradiction! 

We consider the configuration in Fig. 4.13 consisting of four equilateral triangles 

A,A2Aa, A2A3Aa, A,AsAz7, AsA6A7 with side d and, in addition, |A3A6| =d.We 

observe that, of any three points, of the configuration, at least two are at distance d. 

Suppose that none of the three colors A, B, C possesses the required property. That 

is, they do not realize the distances a, b, c, respectively. Consider three configu- 

rations C,, C2, C3 not realizing distances a, b, c. We can always place them such 

that no four points of different configurations are vertices of a parallelogram. De- 

note the vertices of the configurations by A;, B;, C;, i, j,k =1,...,7. Let O be 

any point of the plane. Consider all possible sums OA; AF OB; =f OCE We get 7° 

points of the plane. These 7° points can be considered as three sets cosisting of 49 

a-configurations, 49 b-configurations, or 49 c-configurations. Of the 343 points, at 

least 115 are of the same color, say A. Then among the 49 a-configurations, there 

are some with three points of color A. If not, the number of points of the color A 

would be at most 2 - 49 = 98. Thus the assumption that the color A is not realized 

leads to a contradiction. 

Consider three pairwise orthogonal planes a, 6, y through the center O of a sphere. 

If we reflect the black parts of the sphere at a, B, y, then at most 8-12 = 96% 

of the sphere becomes black. There will remain white points. Let W be any white 

point. Reflecting it ata, B, y we get eight white vertices of a box. 

The theorem is probably valid for an inscribed cube. In addition, we can increase the 

black parts to 50% — e, if we succeeded in proving that we could find four points 

of a rectangle in the white parts. Then we reflect this rectangle in the center of the 

sphere, getting a box with 8 white vertices. 

We call those pairs of the table in the same row of the same color good pairs. Suppose 

there are k white and 7 — k black cells in some row. Then there are 

HER) Ce ak 421 

good pairs.This term is minimal for k = 3 and k = 4 and is equal to 9. Thus there 

are at least 9 good pairs in each row, and in the whole square, at least 63. We call 

two good pairs in the same columns and of the same color concordant. Any two 

such pairs form a suitable rectangle. To estimate the number of concordant pairs, we 

observe that there are 7 -6/2 = 21 pairs of columns and two different colors, that is, 

there cannot exist more than 2 - 21 = 42 discordant good pairs. Hence, considering 

the 63 good pairs one-by-one, not less than 63 — 42 = 21 of these will be concordant 

with one of the preceding ones. (The number 21 is exact.) 
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Fig. 4.13 
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Fig. 4.15 Fig. 4.16 

Since the road system is finite, you will eventually traverse some road section AB for 

the fifth time. Then you will have traveled this section at least three times in the same 

direction, say from A to B. Hence you have traversed one of the two continuations 

BC and BD at least twice in the same direction, say from B to C (Fig. 4.14.). But the 

part A + B — C uniquely determines your future path because it tells you where 

you are in the left-right-left-right-sequence. The fact that you have traversed these 

two road sections at least twice in the same direction means that your path is periodic. 

We must show that this is a pure period, i.e., the situations depicted in Fig. 4.15 and 

Fig. 4.16 cannot occur. In Fig. 4.15 (circuit of odd length), when returning to F you 

must turn right to B, but then from B, you must turn left and get out of the circuit. 

In Fig. 4.16 (circuit of even length), when returning to B, you must turn left and go 

to A instead of C. 

Color the board diagonally in 8 colors as in Fig. 4.17. Since 33 = 4-8 + 1, at least 

one of the 8 colors is occupied by 5 rooks. These 5 rooks do not attack each other. 

Suppose that a, < |2n/3]|. Then 3a, < 2n. The set {2a), 3a), ao, ...a,} consists of 

n+ 1 integers < 2n, of which none is divisible by another. This contradicts E4. 

£P;PP; > 60° for alli # j. Otherwise P;P; would not be the longest side in 

AP P; P;. Hence the n spherical caps on the unit sphere with center P, which for P; 

contain all points Q of the unit ball with ZP;PQ < 30° are disjoint. The surface 

of such a cap is 2mrh = 27(1 — cos30°) = 2(2 — /3). The total area of the n 

spherical caps cannot surpass the area of the sphere. Hence, 

n-n(2—V3) <4n >n < a = 472 + V3) =84 V48 < 8+ V49 = 15. 

Choose any 7 collinear points. At least 4 of these points are of the same color, say 

red. Call them Rj, Ry, R3, R4. We project these points onto two lines parallel to the 

first line to S),..., $4 and 7;,..., 74. If two S-points or two T-points are red, then 

we have a red rectangle. Otherwise, there exist 3 blue S-points and 3 T-points, and 

hence, a blue rectangle. 

Suppose all the 100 products are different mod 100. In particular, there will be 50 

odd and 50 even products. The 50 odd products use up all odd a; and all odd b;. 

The even products are the products of two even numbers, so they are all multiples 

of 4. But then among the products there will be no numbers of the form 4k + 2. 

Contradiction! 
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Suppose all 4 distances of P to the vertices are > 17. Join P to A, B, C, D. Then 

at least one of the 4 angles at P is > 90°. Suppose it is ZAPB. Then |AB|? > 

|PA|? + |PB|?. The left side of this inequality is less then 24? = 576, and the right 
side > 17? + 17? = 578, or 576 > 578. Contradiction! 

Not always! Consider all the numbers mod 10. How many boards can we get starting 

with all zeros? We have (8 — 3 + 1)? + (8 —4+ 1)? = 61 subboards of dimensions 

3 x 3 and 4 x 4, i.e., we can reach at most 10°! 8 x 8 boards. But there are altogether 
10% choices. Take one of these choices we cannot reach from the board of zeros. 

This one must be taken as the starting board. 

Assume the contrary. Then, if there exists a path of k steps from one cell to the 

next, the sum of the differences of the numbers on these cells is at most 5k. But the 

difference between | and 81 is 80, and the number of steps between the cells on 

which these numbers are located is not more than 16. Since 5 - 16 = 80, we can 

attain these bounds just once. On every other path from 1 to 81, there will be pairs 

of neighbors differing at least by 6. 

Let a; be the label of card #k. None of the sums }~7_, a is a multiple of m + 1, and 

they are all distinct mod m + 1. Otherwise a difference of two of the sums, again a 

sum of a,, would be a multiple of m + 1. We have az = s2 — sj. If a2 would have 

the same remainder as sum s,, (3 < q < m), then s, — az, a sum of a, would 

be 0 mod m + 1. Since all the remainders 1,...,m occur among the remainders 

of the s,, we have either a7 = s. modm-+1 or a = s; mod m + 1. Because of 

0 < a, < m+1, we can have only a) = 5, i.e., a; = ao. By cyclic rotation of the 

a,, we conclude that all the a, are equal. 

Let a), ..., 70 be the given numbers. None of the 210 numbers aj, ..., @79, a) + 

4,...,a7+ 4, a, +9,..., a7 + 9 exceeds 209. By the box principle two of them, 

say a; + x anda; + y, are equal (x # y), where x and y can have the values 0, 4, or 

9. Hence, the difference between a; and a; is 4, 5, or 9. 
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Enumerative Combinatorics 

What is a good Olympiad problem? Its solution should not require any prerequisites 

except cleverness. A high school student should not be at a disadvantage compared 

to a professional mathematician. During its first participation in 1977 in Belgrade, 

our team was confronted by such a problem. But first we give a definition. 

Let a, a2, ..., Gm be asequence of real numbers. The sum of g successive terms 

will be called a qg-sum, for example, a; + aj41 +--+ + j49-1. 

E1. Jn a finite sequence of real numbers, every 7-sum is negative, whereas every 

11-sum is positive. Find the greatest number of terms in such a sequence. (6 points) 

In our short training of 10 days, we did not treat any problem even distantly 

related to this one. I was quite amazed that most of the jury considered this prob- 

lem easy and suggested merely 6 points for its solution. Only one member of our 

team gave a complete solution, and another gave an almost complete solution. On 

the other hand, our team worked very well with the most difficult problem of the 

Olympiad, which was worth 8 points. They tackled it with the ubiquitous extremal 

principle. 

E1 is, indeed, simple. It belongs to a large class of problems with almost au- 

. tomatic solutions. It does not require much ingenuity to write successive 7-sums 

in separate rows. Then one sees immediately that g-sums crop up automatically in 

successive columns. Hence continue with row sums until we get 11-sums colum- 

nwise. By adding the row sums, we get a negative total. By adding the column 

sums, we get a positive total. Contradiction! 
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a+ats:sseta <0 Sit sp +---+ 5S <0 

a +a3 +---+ ag <0 Sot sp +---+ Soi <O 

ay, +ay2+---+a17 < 0 Sp + Spy + ++ + Sp 41-1 < 0 

Fig. 5.1 Fig. 5.2 

Thus, such a sequence can have at most 16 terms (Fig. 5.1). Some cleverness is 

required to construct such a sequence for 16 terms: 

Dy Ds 1a Dy, See Diva Se Ss = 1 ye se Oe De 

One could also construct the sequence more systematically. Here are a few related 

problems: 

E2. Replace 7, 11 by p,q with gcd(p,q) = 1. Then the maximal length is < 

p+q —2, as was proved by John Rickard (GB) at the IMO. 

E3. In addition, one can also require that every r-sum is equal to 0. 

E4. If gcd(p, q) = d, then the maximal length is < p +q —d — 1. Proof: We 

set p = dr, g = dt with gcd(r, t) = 1, and consider the real sequence a; with 

p+q-—d=(r-+t-—1)d terms. Denote the nonoverlapping 1—, 2—, ... , d-sums 

by 51, 52, 53, ---, St42-1- We write the negative p-sums until in rows the positive 

q-sums appear in columns, a contradiction (Fig. 5.2). 

ES. In a sequence of positive real numbers every p-product is < 1, and each q- 

product is > 1. By using logarithms, we see that such a sequence can have at most 

length m = p+q-—d-1l. 

E6. In every sequence of positive integers, each 17-sum is even, and each 18-sum 

is odd. How many terms can such a sequence have at most? 

E7. Let a; =revenues—expenditures in month i for the budget of Sikinia. If a; < 0, 

there is a deficit in month #i. We consider the sequence aj, a2, ... , @\2. Suppose 

every 5-sum is negative. Then it is possible that we have a surplus for the whole 

year. Deficits and surpluses can be arbitrarily prescribed. The deficits and the final 

surplus can be astronomical. 

Ideally an IMO problem should be unknown to all students. Even a similar 

problem should never have been discussed in any country. What was the status 

of E1 in July 1977? Years later, I was browsing in Dynkin—Molchanov—Rosental— 

Tolpygo: Mathematical Problems, 1971, 3rd edition with 200,000 copies sold. 

There, I found problem 118: 

(a) Show that it is not possible to write 50 real numbers in a row such that every 

7-sum is positive, but every 11-sum is negative. 

(b) Write 50 numbers in a row, so that every 47-sum is positive, but every 11-sum 

is negative. 
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The origin of the problem was MMO 1969. The motive of E1 was well known 

in Eastern Europe, so it should not have been used at all. 

This problem belongs to combinatorics in a wider sense. Such problems are very 

popular at the IMO since the topic is not so easy to train for. On the other hand, 

enumerative combinatorics is easy to train for. It is based on a few principles 
every contestant should know. 

The most general combinatorial problem-solving strategy is borrowed from 

algorithmics, and it is called 

Divide and Conquer: Split a problem into smaller parts, solve the problem 

for the parts, and combine the solutions for the parts into a solution of the whole 

problem. 

This Super principle or paradigm consists of a whole bundle of more spe- 

cial principles. For enumerative combinatorics, among others, these are sum rule, 

product rule, product-sum rule, sieving, and construction of a graph which accepts 

the objects to be counted. Divide and Conquer summarizes these and many other 

principles in a catchy slogan. 

Let |A| denote the number of elements in a finite set A. If |A| =n, we call A 

an n-set. A sequence of r elements from A is called an r-word from the alphabet 

A. In enumerative combinatorics, we count the number of words from an alphabet 

A which have a certain property. 

1. Sum Rule. If A = A; U Az U---U A, is a partition of A into r subsets 

(blocks, parts), then |A| = |A,|+|A2|+---+]|A,|. Applying this rule, we 

try to split A into parts A;, so that finding | A;| is simpler. 

This rule is ubiquitous and is used mostly subconsciously. One task of a 

trainer is to point out its use as frequently as possible. 

2. Product Rule. The set W consists of r-words from an alphabet A. If there 

are n; choices available for the ith letter, independent of previous choices, 

then |W| = njn2---n,. 

3. Recursion. A problem is split into parts which are smaller copies of the 

same problem, and these in turn are split in even smaller copies,..., until 

the problem becomes trivial. Finally, the partial problems are combined to 

give a solution to the whole problem. 

Besides the Divide and Conquer Paradigm, there are some other paradigms 

in enumerative combinatorics. 

4. Counting by Bijection. Of two sets A, B, we know |B|, but | A| is unknown. 

If we succeed in constructing a bijection A <> B, then |A| = |B|. A proof 

which shows |A| = |B| by such an explicit construction is called a bijective 

proof or combinatorial proof. Sometimes, one constructs a p — q bijection 

instead of a 1-1 bijection. 

5. Counting the same objects in two different ways. Many combinatorial iden- 

tities are found in this way. 
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The product-sum rule is mostly used simultaneously in the form: Multiply along 

the paths and add up the path products. 

Here, the objects to be counted are interpreted as (directed) paths in a graph. 

For instance, in Fig. 5.3 the number of paths from S (start) to G (goal) are 

|W] = a,b, + dob2 +.€3b34+---. 

We derive some simple results with the product rule: 

An n-set has 2” subsets. 

There are n! permutations of an n-set. 

Fig. 5.3 

The number of s-subsets of an n-set will be denoted by (3): We find this number 

by counting the s-words with different letters from an n-alphabet in two ways. 

(a) Choose the s letters one by one which can be done in n(n — 1)---(n—s +1) 

ways. 

(b) Ans-subset is chosen and then ordered. This gives (”)-s! possibilities. Thus, 

(")-“ eee a= n! 

Hares s! bas s =) Sas iGo! 

E8. 2n players are participating in a tennis tournament. Find the number P,, of 

pairings for the first round. 

First solution (Recursion, Product Rule). We choose any player S. His partner 

can be chosen in 2n — 1 ways. (n — 1) pairs remain. Thus, 

ae): 

Ppl" 
y= On) b eS P= Cn Cn S38): oat (1) 

Second solution (Suggested by (1)). Order the 2 players in a row. This can 

be done in (2n)! ways. Then make the pairs (1, 2), (3, 4), ...,(2n — 1, 2n). This 

can be done in one way. Now we must eliminate multiple counting by division. 

We may permute the elements of each pair, and also the n pairs. Hence, we must 

divide by 2”n!. 

Third solution. Choose the n pairs one by one. This can be done in 

Riles ata 
ways. Then, divide the result by n! to eliminate the ordering of the pairs. 
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In this simple example, we see a tricky trap of enumerative combinatorics. 

Subconsciously, we introduce an ordering and forget to eliminate it by division 

with an appropriate factor. This error can be eliminated by training. 

E9. Convex n-gons. 

(a) The number d,, of diagonals of a convex n-gon is equal to the number of 

pairs of points minus the number of sides: 

a, = (5) <n = “O=. 
2 2) 

(b) In Fig. 5.4, the number s,, of intersection points of the diagonals is equal to 

the number of quadruples of vertices (bijection): 

--() 

Fig. 5.4 

(c) We draw all diagonals of a convex n-gon. Suppose no three diagonals pass 

through a point. Into how many parts 7, is the n-gon divided? 

Solution. We start with one part, the n-gon. One part is added for each 

diagonal, and one more part is added for each intersection point of two 

diagonals, that is, 

r ne n i n 
ike af 

2) 4 

(d) (p—q-application.) We draw all diagonals of a convex n-gon P.. Suppose that 

no three diagonals pass through one point. Find the number T of different 

triangles (triples of points). 

Solution. The sum rule gives T = 7p + T; + T2 + T3, where 7; is the 

number of triangles with i vertices among the vertices of P. This partition 

is decisive since each 7; can be easily evaluated. The following Figs. 5.5a to 

5.5d show the trivial counting. They show how we can assign some subsets 

of the vertices of P to the four types of triangles. The figures show that the 

assignments are 1:1, 1:5, 1:4, 1:1. Thus, we have 

r= (6) +5(5) +400) +G) 
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(a) (b) (c) (d) 
Fig. 5.5 

E10. Find a recursion for the number of partitions of an n-set. 

Solution. Let P,, be the number of partitions of the n-set {1,...,}. We take 

another element n + 1. Consider a block containing the element n + 1. Suppose 

it contains k additional elements. These elements can be chosen in @ ways. The 

remaining n — k elements can be partitioned into P,,_, blocks. Since k can be any 

number from 0 to n, the product-sum rule gives the recursion 

Swift La 7: 
1 Bee ee [eae 122, n+l a ia n—k 2s (") 

Here, we have defined Pp = 1, that is, the empty set has one partition. We get the 

following table from the recursion: 

EOC IN 2 Oe 3 ae FAO ES 6 oD 8 2) 10 

Pe 2 Se 1S 52. 202. 87 ALA ZIT RIS o7S 

E11. Horse races. In how many ways can n horses go through the finish? 

Solution. Without ties the answer is obviously n!. Let H, be the corresponding 

answer with ties. We have H; = 1 and H> = 3. For H3, we need some deliberation. 

The outcomes can be denoted by 3, 2 + 1, 1 + 1 + 1. These are all partitions 

of the number 3. The first element 3 means that a block of three horses arives 

simultaneously. 2+ 1 means that a block of two and a single horse arrive. 1+1+1 

signifies three horses arriving at different moments. The block of three can arrive 

in one way. The two blocks in 2 + 1 can arrive in two ways, and the single horse 

can be chosen in three ways. In 1 + 1 + 1, the individual horses can arrive in six 

ways. The product-sum rule gives H;3 = 1+ 2-3+3! = 13 ways. 

To find H4, consider all partitions of 4 and take into account the order of the 

various blocks. We have 4 = 3+1=2+2=2+4+1+1=1+4+1+1+41. Taking 

into account the distinctness of the elements and the order of the blocks, we get 

H4y=1+4-24+3-2+6-3!+44! = 75. Now the computation of Hs and Hg 

becomes routine. For example, for Hs, we have 

5=44+1=34+2=3+1T+1=2+2+1 

=24+14+14+1=14+14141+41, 

Hs =1+5-2!+10-2!+10-3!+5-3-3!+10-4!+5! = 541. 
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Define Ho = 1. Then we get the recursion H, = )“7_, (7) H,-~. The closed for- 

mula below uses S(n, k) =number of partitions of an n-set into k blocks=Stirling 

number of the second kind. 

H, = esr, k)k! 
r=0 

E12. Here the Stirling numbers of the second kind come up quite naturally. Let us 

find a recursion for S(n, k). 

There are n persons in a room. They can be partitioned in S(n, r) ways into r 

parts. I come into the room. Now there are S(n + 1, r) partitions into r parts. There 

are two possibilities: 

(a) I am alone in a block. The other n persons must be partitioned into r — 1 

blocks. This can be done in S(n, r — 1) ways. 

(b) Ihave r possibilities to join one of the r blocks. Thus, 

S(n+1,r) = S(n,r —1)+rS(n,r), S@5 10) = N05) — tk 

This is the analogue of the well-known formula 

as) mer Gea)e olohety)at 
To prove this, consider the number of r-subsets of an (n+ 1)-set. We partition 

them according to the element n + 1. Of these, (”) will not contain that 
element, and ( ay will. 

It helps for a beginner to compute a few Stirling numbers S(n,k) for some values 

of n and k by using only the product-sum rule. Suppose we want to find S(8, 4). 

This is the number of ways of splitting an 8-set into 4 blocks. There are 5 types of 

partitions: 5+1+1+1,4+24+141,3+34+141,34+242+1,24+2+2+42. 
See Fig. 5.6, where the 5 types are separated by 4 vertical lines. 

Miele eeten ibe LH 
Fig. 5.6 

1. In the first type, we choose the three 1-blocks in ($) = 56 ways. 

2. The second type is determined by first choosing the 4-block and then the 

2-block, which can be done in (°)(3) = 70 - 6 = 420 ways. 
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3. To find the contribution of the third type, we first choose the two 1-blocks 

in (3) = 28 ways. Then we must choose the first 3-block in (°) = 20 ways. 
The second 3-block is now determined. But there is no first block. We have 

introduced the ordering, which must be eliminated on dividing by 2. So we 

have 28 - 10 = 280 ways for the third type. 

4. For the fourth type, we first choose the 3-block in (3) = 56 ways. Then we 
choose the 1-block in 5 ways. Finally, we must partition the remaining four 

elements into two pairs (order does not count), which can be done in 3 ways. 

Thus, there are 56 - 5 - 3 = 840 ways. 

5. The fifth type is determined by splitting the 8-set into 4 pairs. This is the 

tennis player problem for 8 players. There are 7- 5-3-1 = 105 cases. 

6. Altogether, we have S(8, 4) = 56 + 420 + 280 + 840 + 105 = 1701. 

E13. Cayley’s formula for the number T,, of labeled trees with n vertices. 

A tree is anonoriented graph without a cycle. It is called labeled if its vertices are 

numbered. First, we want to guess a formula for 7,,. A labeled tree with one vertex 

is just a point. It can be labeled in one way. There is also just one labeling for a tree 

with two vertices since the tree is not oriented. But there are three labelings for 

three points. There are three choices for the middle point. The two other points are 

indistinguishable. For a tree with four vertices, there are two topologically different 

cases: a chain with four points. There are 12 distinct labelings for the chain. In 

addition, there is a star with one central point and three indistinguishable points 

connected with the center. There are four choices for the center. This determines 

the star. Thus, 7, = 16. Now, let us take a tree with five vertices. There are three 

topologically different shapes: a chain, a star with a central point and four points 

connected to the center, and a T-shaped tree. See Fig. 5.7. There are 5!/2 = 60 

labelings for the chain. The center of the star can be labeled in five ways. Now, let 

us look at the T. The intersection point of the horizontal and vertical bar can be 

chosen in five ways. The two points for the vertical tail can be chosen in six ways. 

They can be ordered in two ways. Now the T-shaped tree is determined. So there 

are 5-6-2 = 60 T-shaped trees. Altogether we have T; = 60+5+60 = 125. Now, 

look at the table below. The table suggests the conjecture 7;, = n”~* = number of 

(n — 2)-words from an n-alphabet. 

4 5 it gk 

1 16m e125 

3 

a a 3 

We want to test this conjecture for n = 6. If it turns out that it is valid again, then 

we gain great confidence in the formula, and we will try to prove it. This time we 

have six topologically different types of trees. See Fig. 5.8. 

1. There are 6!/2 = 360 distinct labelings for the chain. 
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1 tals alta os ae 
Fig. 5.7 Fig.:8 

2. Now take the Y-shape with the vertical tail consisting of three edges. We 

can choose the center in six ways. The points for the tail can be chosen in 

(;) = 10 ways. The order of the three points in the tail can be chosen in 
3! = 6 ways. This determines the labeling of the Y-shape. So there are 360 

possible labelings for this type of a tree. 

3. Now comes the Y-shape with a vertical tail of one edge. The center can be 

chosen in six ways. The endpoint of the vertical tail can be chosen in five 

ways. The two other pairs of points can be chosen in three ways. Each can 

be ordered in two ways. The product rule gives 6-5-3-2-2 = 360. 

4. The intersection point of the cross with a tail of two edges can be chosen in 

six ways. The three points with distance 1 from the center can be chosen in 

(;) = 10 ways. The remaining two points go into the tail and can be labeled 
in two ways. Again, the product rule gives 6 - 10-2 = 120. 

5. Now comes the double-T. The two centers can be chosen in C) = 15 ways. 

The two points for one end of the edge connecting the two centers can be 

chosen in (3) = 6 ways. The two other points go to the other endpoint. So 

there are 15 - 6 = 90 distinct labelings for a double-T. 

6. The center of the star can be chosen in 6 ways. This determines the labeling 

of the star. 

Thus, we have Ts = 360-3 + 120+ 90+6 = 67. 
This is a decisive confirmation of our conjecture. Now, we try to prove it by 

constructing a bijection between labeled trees with n vertices and (n — 2)-words 

fromthe set {k, 2,634;n}: 

Coding Algorithm. In each step, erase a vertex of degree one with lowest number 

together with the corresponding edge and write down the number at the other end 

of the crossed-out edge. Stop as soon as only two vertices are left. 

For the tree in Fig. 5.9, we have the so-called Priifer Code (7,7,2,2,7). 

Decoding Algorithm. Write the missing numbers under the Code word in increasing 

order the missing numbers, the so called anticode (1,3,4,5,6). Connect the two first 

numbers of code and anticode and cross them out. If a crossed-out number of the 

code does not occur any more in the code then it is sorted into the anticode. Repeat, 
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until the code vanishes. Then, the two last numbers of the code and anticode are 

connected. 

For Fig. 5.9, the algorithm runs as follows (Fig. 5.10): 

wz Ut 68 
Numbers missing in the code are the vertices of degree one. 

E14. We want to generate a random tree. Take the spinner in Fig. 5.11 and spin 

it (n — 2) times. There are n"~? possible and equiprobable cases. The missing 

numbers correspond to the vertices of degree one. How many missing numbers are 

to be expected? 

Obviously, 

1 n—2 

P(# X is missing) = P[(n — 2) — times not X] = (1 _ *) ; 
n 

Hence, the expected number X of the missing numbers is 

1 n—2 

B(n) = EX) =n (1-2) & 

We can check this formula by Fig. 5.8 for computing Tg. 

200) SF 12024 490 At O° O22 
E(6) = ee. 

216 216 

For n = 6, the above formula gives 

5 \e OLD 
E(6)=6-{-} =—. 

6 216 

E15. Counting the same objects in two ways. 

e Let us count the triples (x, y, z) from {1,2,...,n +1} with z > max{x, y}. 

Divide and Conquer! There are k”, of such triples with z = k+1. Altogether 

there are 17 +2? + - --n? such triples. Again Divide and Conquer, but a little 
differently and deeper. Triples with x = y <z,x < y <z,y <x <zare 

Cees 
Hence, we get 
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e Now, we count the quadruples (x, y, z, uv) with u > max{x, y, z}. Simple 
counting leads to 

1342? 4---4n3. 

After partitioning, sophisticated counting gives 3+1, 2+1+1, 1+1+1+41. 
As above, 

Al no n+1 
S aesta2s ole : Gee lessens) 31555) 

Hence, we get 

piesa Heoecatal Doe (+02) 
e We count all quintuples (x),..., x5) from {1,2,...,n + 1} with x5 > 

max;<4 x;. The simple counting again gives 

172. A. 

Sophisticated counting uses the partitions 4+ 1,3+1+1,2+2+41, 

2+1+1+4+1,1+1+1+1+1. Thus, we get 

a0 || eal n+l n+1 
oe tei’ ) 14 36 24 

ie pas 5a oa a 5 

e Now we can prove the general formula 

1 Pasar 2m — SOS, de ji 

E16. The number of binary n-words with exactly m O1-blocks is ( yanat 

Solution. The result is the number of choices of a (2m + 1)-subset from an (n + 1)- 

set. Why (2m + 1) elements from (n + 1) elements? This result may direct us to 

10-words. Look at the transitions 0 — 1. There should be exactly m of these. But 

the number of 1 — 0 transitions can be m — 1, m, orm + 1. It would be nice to have 

exactly m + 1 transitions from | to 0. But we can always extend the word by a | at 

the beginning and a 0 at the end. Then we always have exactly (m + 1) transitions 

from 1 to 0. Altogether, we have an (n + 2)-word with n + 1 gaps. From these gaps, 

we freely choose 2m + 1 places for a switch. This can be done in (s. 2) ways. 

This is a very good example of the construction of a bijection. 

E17. Find a closed formula for S, = )-y_, (j)k’- 

Here is a sophisticated direct counting argument: The sum is the number of 

ways to choose a committee, its chairman, and its secretary (possible the same 
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person) from an n-set. You can choose the chairman = secretary in n ways, and 

the remaining committee in 2”~! ways. The case chairman # secretary can be 

chosen in n(n — 1) ways and the remaining committee can be chosen in 2”~? ways. 

The sum is 

hoe an lo = ea Le 

Thus, we have the identity 

an in 
k= k? =n(n + 1)2”-?. (P= LG )eanern 

The alternative would be an evaluation of the sum by transformation. It requires 

considerably more work and more ingenuity. 

£020 £0) 
=> tra(; 2 AER pee (t tlk 

k= 

n—2 n—\ in 

= n(n — iS | +o (ho :) =nin —1)2" 24-25. 

Kel 

SQ)-- k=0 

It can be proved by counting the number of subsets of an n-set in two ways. The 

left side counts them by adding up the subsets with 0, 1, 2,..., elements. The 

right side counts them by the product rule. For each element, we make a two-way 

decision to take or not to take that element. 

E18. Probabilistic Interpretation. Prove that 

“ kvl ey Eee ket) 26 

We will solve this counting problem by a powerful and elegant interpretation of 

the result. First, we divide the identity by 2”, getting 

ik 
oh \or- Yime=1 

This is the sum of the probabilities 
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Now, 

_lfntk\) 1, ifn+k\ 1 
Pee oct 5 |. 1 lace et EO 

with the events 

Ax = (n + 1) times heads and k times tails, and 

By = (n + 1) times tails and k times heads. 

See Fig. 5.12, which shows the corresponding 2n + 2 paths starting in O and 

ending up in one of the 2n + 2 endpoints, n + 1 vertical and n + 1 horizontal ones. 

Here, we used the standard interpretation 

heads —> one step upward, tails — one step to the right. 

In Chapter 8, we give a much more complicated proof by induction. 

E19. How many n-words from the alphabet {0, 1, 2} are such that neighbors differ 

at most by 1? 

Fig. 5.13 

We represent the problem by the graph in Fig. 5.13. Each walk through the graph 

along the directed edges generates a permissible word. Missing arrows indicate 

that you may traverse the edge in both directions. 

Let x, be the number of n-words starting from the starting state. Then the 

corresponding number from state 1 is also x,. By symmetry, the number of n- 

words starting in 0 or 2 is the same. We call it y,,. From the graph, by the sum rule 

we read off, 

Xn = Xn-1 te 2Vpots (1) 

Yep = Vipsi qe eG ike (2) 

From these difference equations we get 2y,_1 = Xn —Xn_-1 and 2y, = Xn41—Xn. 

Putting the last two equations into (2), we get 

Xnt+1 = Die Pia ei (3) 

Initial conditions are x} = 3, x2 = 7. From x2 = 2x; + x0, we see that, by defining 

xo = 1, the recurrence is satisfied. We start with x9 = 1, x; = 3. The standard 
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method for solving a difference equation is to look for a special solution of the 

form x, = i”. Putting this into (3), for A, we get, 

7 -224-1=0 

with the two solutions 

Ay =14+ V2, 2 =1- V2. 

Thus, a general solution of (3) is given by 

Xn =a(1 + 72)" + (1 — V2)". 

For n = 0 and n = 1, we get the equations for a, b: 

at+b=1, a(l+V2)+b(1— V2) =3 

with the solutions 

Le ONE ee 
QI; Sc, ane 2iorh 

Thus, 

(ey eel 
in Sy 26 Pe 

E20. Find the number C,, of increasing lattice paths from (0, 0) to (n,n), which 

never are above the first diagonal. A path is increasing if it goes up or to the right 

only. 

Fig. 5.14 shows how we can easily make a table of the numbers C,, with the help 

of the sum rule. By looking at the table, we try to guess a general formula. Besides 

looking at C,,, it is often helpful to consider the ratio C,,/C,—1. This helps, but still 

it may be difficult. In our case, the ratio p, = C,/ (=) of C,, to all the paths from 

(0, 0) to (n, n) is most helpful. 

n 

0) a 

1 2/1 = 6/3 
p, 5/2 = 10/4 
3 14/5 1/4 
4 42/14 = 18/6 1/5 
5 132/42 = 22/7 1/6 
6 429/132 = 26/8 1/7 
q 1430/429 = 30/9 1/8 

Fig. 5.14 

So we guess the formula 
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This is a probabilistic problem. Among all (e ti) paths from the origin to (n,n), we 

considered the good paths which never cross the line y = x. A fundamental idea 

in probability tells us that: if you cannot find the number of good paths, try to 

find the number of bad paths. For the bad paths, we guess 

is 1 en n (2n n 2n(2n—1 

n ne Nn =C)-AtCG) 

— 4h fant 2n (2n-—1 2n 

=o, 1) “sail n Well 

Here we used the formulas (7) = 2(/_,) and (‘) = (,”,) in each direction. This 
result is easy to interpret geometrically. Indeed, the number of bad paths is the 

number of all paths from (—1, 1) to (n,n). Here (—1, 1) is the reflection of the 

origin at y = x + 1. Now, we construct a bijection of the bad paths and all paths 

from (—1, 1) to (n,n). Every bad path touches y = x + 1 for the first time. The 

part from O to y = x + 1 is reflected at y = x + 1. It goes into a path from (—1, 1) 

to (n,n), and any path from (—1, 1) to (n, n) crosses y = x + 1 somewhere for 

the first time. If you reflect it at y = x + 1, you get a bad path. Thus, we have 

a bijection between bad paths and all paths from (—1, 1) to (n, n). This so-called 

reflection principle is due to Desiré André, 1887. 

C,, are called Catalan numbers. They are almost as ubiquitous as the Pascal 

numbers G ). In the problems at the end of this chapter, you will find some more 

occurences of Catalan numbers. 

By, 

E21. Principle of Inclusion and Exclusion (PIE or Sieve Formula). 

This very important principle is a generalization of the Sum Rule to sets which 

need not be disjoint. Venn diagrams show that |A U B| = |A|+|B|—|AN B| and 

|AUBUC|=|A|+ |B] +|C| —|AN B|-|BNC|—-|CNA|+|ANBNC|. 

We generalize to n sets as follows. 

fAr We Ul = Sola — a NA; + >> 1A; 0A; 2 Ag 
i<j i<j<k 

yen fe see Ty: Fall 

Proof. Suppose an element a is contained in exactly k of the n sets A;. How often 

is it counted by the right side? Obviously, 

sea ature ()-C)eQore rear 
time. So it is counted exactly once. This proves the PIE. 

As an example, we consider all n! permutations of 1, 2,...,n. If an element i 

is on place number i, then we say i is a fixed-point of the permutation. Let p, be 
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the number of fixed point free permutations and q, the number of permutations 

with at least one fixed point. Then p, =n! — qn. 

Let A; be the number of permutations with i fixed points. Then, 

dn = At Us U Al = (‘Je —1)!- (So —IlpeF cy ("o 

AS i Nea | 

pan(G- pt gg tt) ek, where e = 2.71828... 

Problems 

1. Each of the faces of a cube is colored by a different color. How many of the colorings 

are distinct? 

2. n persons sit around a circular table. How many of the n! arrangements are distinct, 

i.e., do not have the same neighboring relations. 

3. Find the sum S, = )°y_, (j)k?. Hint: The sum can be interpreted as the number 
of ways of selecting a committee, a chairman, a vice-chairman, and a secretary, not 

necessarily different persons, from an n-set. 

4. Let R, be the number of ways to place n undistinguishable rooks peacefully on an 

n x n chessboard. Moreover, let H,,, Q,, M,, D, be the number of those placings, 

which are invariant with respect to a half-turn, a quarter-turn, reflection at a diagonal, 

and reflection at both diagonals. Find formulas for R,, H,, Q,, and find recursions 

fon... Dis 

5. 2n objects of each of three kinds are given to two persons, so that each person gets 

3n objects. Prove that this can be done in 3n” + 3n + 1 ways. 

6. Of 3n+ 1 objects, n are indistinguishable, and the remaining ones are distinct. Show 

that one can choose from them n objects in 27” ways. 

7. How many subsets of {1, 2,...,} have no two successive numbers? 

8. (a) Is it possible to label the edges of a cube by 1, 2,..., 12 so that, at each vertex, 

the labels of the edges leaving that vertex have the same sum? 

(b) A suitable edge label is replaced by 13. Now, is equality of the eight sums 

possible? 

9. In how many ways can you take an odd number of objects from n objects? 

10. The vertices of a regular 7-gon are colored black and white. Prove that there are three 

vertices of the same color forming an isosceles triangle. For which regular n-gons is 

the assertion valid? 

11. Can you arrange the numbers 1, 2,...,9 along a circle, so that the sum of two 

neighbors are never divisible by 3, 5, or 7? 

12. Four noncoplanar points are given. How many boxes have these points as vertices? 

A box is bounded by three pairs of parallel planes (AUO 1973). 
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C R 

B Q 

A 

(a) (b) e (c) 
Fig. 5.15 

13. In how many ways can you select two disjoint subsets from an n-set? 

14. Let b(0) = 1 and b(n) =number of partitions of n into powers of 2 for n > 1. Find 

recursions for b(7), and compute a table up to b(40). 

15. A permutation p of the set {1, ..., } is called an involution, if p o p = identity. 

Find a recursion for the number ¢, of involutions of {1,...,}. Also find a closed 

formula in the form of a sum. 

16. Let f(7) be the number of n-words without neighboring zeros from the alphabet 

{O, 1, 2}. Find a recursion and a formula for f(n). 

17. Figs. 5.15a,b,c show three configurations: the complete fourside, the Pappus—Pascal 

configuration, and the Desargues configuration. In how many ways can you permute 

their points, so that collinearity is preserved? 

In the next four problems, you will find some occurrences of Catalan numbers. Your 

task will be to find an interpretation as good paths. 

18. 2n points are chosen on a circle. In how many ways can you join pairs of points by 

nonintersecting chords? 

19. In how many ways can you triangulate a convex n-gon? 

20. In how many ways can you place parentheses in a nonassociative product of n factors? 

21. How many binary trees with n-labeled leafs are there? 

22. Find combinatorial proofs of the following formulas. Use bijection or counting the 

same objects in two ways. 

(2)-€)-£0) 
© ()-stt's)9G)-O---6)-0)~ 
0 HOT) CP ee2)- C0") 

23. How many games are needed to find the winner in a tennis tournament with n players, 

if the KO-system is used? Use bijection. 
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24 

2) 

26. 

Payfe 

28. 

7B), 

30. 

Ble 

32; 

SB), 

34. 

3D; 

36. 

Si) 

38. 

39: 
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How many 5-words from the alphabet {0, 1, .. . , 9} have (a) strictly increasing digits, 

(b) strictly increasing or decreasing digits, (c) increasing digits, (d) increasing or 

decreasing digits? 

In Lotto, 6 numbers are chosen from {1, 2, ... , 49} with ed possible 6-subsets. How 

many of these subsets have at least a pair of neighbors? 

Let F(n, r) = number of n-permutations with exactly r cycles = Stirling number 

of the first kind. Prove the recurrences 

Fin+1,r)=Fin,r-—1)+nF(,r), Fa,)=(a-1!, Fan) =1. 

Euler’s ¢-function of a positive integer n is defined as follows: 

o(n) = the number of positive integers < n which are prime to n. 

Prove that 
ie 1 

oon) =n] (1 ff -), 
i=l Pi 

where P}, P2,---, Pm are all distinct prime divisors of n. Use PIE. 

Letim:> nn, Bae (lym) Be = een}, TheamappingsttromyB, onto. Bb, 

are called surjections. Find the number s(m, n) of surjections from B,, onto B,. Use 

PIE. 

Let a), a2, a3... be the infinite sequence 1, 2, 2, 3,3, 3,..., where k occurs k times. 

Find a, = f(n) in closed form. | | and [ ] are permitted. 

Let 1 < k <n. Consider all finite sequences of positive integers with sum n. Suppose 

that the term k occurs T(n, k) times in all these sequences. Find T(n, k). 

Consider a row of n seats. A child sits on each. Each child may move by at most one 

seat. Find the number F,, of ways they can rearrange. 

Consider a circular row of n seats. A child sits on each. Each child may move by at 

most one seat. Find the number a, of ways they can rearrange. 

Consider all n-words from the alphabet {0, 1, 2, 3}. How many of them have an even 

number of (a) zeros, (b) zeros and ones? 

Does a polyhedron exists with an odd number of faces, each face having an odd 

number of edges? 

Can you partition the set of positive integers into infinitely many infinite subsets, so 

that each subset is generated from any other by adding the same positive integer to 

each element of the subset? 

Given are 2001 pairwise distincts weights a; < a2 < --- < @jqo9 and b} < by < 

- < bj09,. Find the weight with rank 1001 by 11 weighings. 

Consider all 2” — 1 nonempty subsets of the set {1, 2, ..., 2}. For every such subset, 

we find the product of the reciprocals of each of its elements. Find the sum of all 

these products. 

Find the number x, of n-words from the alphabet A = {0, 1, 2}, if any two neighbors 

differ at most by 1. 

How many n-words from the alphabet {a, b, c, d} are such that a and b are never 

neighbors? 
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41. 

42. 

43. 

45. 

46. 

47. 

48. 
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What is the minimum number of pairwise comparisons needed to identify the heaviest 

and second heaviest of 128 objects? 

Prove that 139 comparisons are sufficient to identify the objects of ranks 1, 2, 3 in 

a set of 128 objects, if no two of them have the same weight. 

Three of 128 objects are labeled A, B, C. You are told that A has rank 1, B has rank 

2, and C has rank 3. How many comparisons do you need to check this? 

A tramp has a coat of area 1 with five patches; each patch has area > 1/2. Prove that 

two patches exist with common area > 1/5. 

. Does the set {1, ..., 3000} contain a subset A of 2000 elements such that x ¢ A > 

2x ¢ A (APMO)? , 

Let 1 < r <n and consider all subsets of r elements of the set {1,2,...,}. Each 

of these subsets has a smallest member. Let F'(n, r) denote the arithmetic mean of 

these smallest numbers; prove that 

1 
F(n,r) = a (IMO 1981). 

There are at most 2”/(n + 1) binary n-words differing in at least 3 places. 

We call a permutation (x;,...,X2,) of the numbers 1, 2,..., 2 pleasant if |x; — 

Xi+1| =n for at least onei € {1,..., 2m — 1}. Prove that more than one-half of all 

permutations are pleasant for each positive integer n (IMO 1989). 

Define the sequence a, by }> dm 4a = 2". Prove that n|a,. 

Along a one-way street there are n parking lots. One-by-one n cars numbered | to 

n enter the street. Each driver i heads to his favorite parking lot a;, and, if it is free, 

he occupies it. Otherwise, he continues to the next free lot and occupies it. But if 

all succeeding lots are occupied, he leaves for good. How many sequences a; are 

such that every driver can park (M.D. Haiman, J. Algebraic Combinatories, 3, 17-76 

(1994) and SPMO 1996)? 

Solutions 

Alp Call the six colors 1, 2, 3, 4, 5, 6. Put the cube on the table so that face 1 is at the 

bottom. Consider face 2. If it is at the top then we can rotate the cube about a vertical 

axis so that face 3 is in front. Now the cube is fixed. There are 3! = 6 ways to 

complete the coloring. Now, suppose that face 2 is a neighbor of 1. The we rotate the 

cube so that 2 is in front. Now the cube is fixed, and the coloring can be completed 

in 4! = 24 ways. Altogether, there are 6 + 24 = 30 distinct colorings of the cube by 

six colors. 

. Rotations and reflections at a line through the center conserve neighboring relation- 

ships. Thus we have n!/2n = (n — 1)!/2 distinct arrangements for n > 2. 

. Wecan choose the three VIP’s all different, and the whole committee in n(n — 1)(n — 

2)2"-3 ways. If all the VIP’s are the same person, then we have n2”~' different 
committees. There are three choices for exactly two of the VIP’s to be the same 

person. Then we have 3n(n—1)2"~? choices. Altogether, we have S,, = n*(n+3)2"?. 
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4. (a) R, =n!. Interpret the placings as permutations. 

(b) Consider a 2n x 2n board. In the first column, the rook can be placed in 2n ways. 

Then, the rook in the last column is also fixed. We are left with an (2n — 2) x (Qn —2) 

board to be filled. Thus Hy, = 2nH>,_2, or Ho, = 2”n!. Ina (2n + 1) x Qn+ 1) 

board, the central cell remains fixed and must be occupied by a rook. Then we are 

left with a 2n x 2n board. Thus, Hoy1,; = Ao, = 2"n!. 

(c) First, consider a 4n x 4n board. In the first column, there are 4n — 2 ways to 

place a rook, since the corner cells must be left free. Then 4 rows and 4 columns 

are eliminated, and we are left with a (4n — 4) x (4n — 4) board. Thus, Q4, = 

(4n — 2) Q4n—4, OF Oa, = 2”(2n — 1)(2n —3)---3-1. Ina (4n +1) x (4n + 1) board, 

the central cell is fixed and must be occupied. We are left with a 4n x 4n board, 

1.€., Qani11 = Qn. It is easy to see that Q4ni2 = Qan43 = 0. Indeed, except for the 

central cell, the rooks come up in quadruples. 

(d) If the rook is placed on the diagonal in the first column, we are left with a 

(n — 1) x (n — 1) board. If it is placed on some of the other (n — 1) cells, then we 

are left with a (n — 2) x (n — 2) board. Thus M, = M,_; + (n — 1)M,,_2. 

(e) In the first column of a 2n x 2n board, there are two ways to place the rook on a 

diagonal and 2n — 2 other ways. In the first case we are left with a (2n — 2) x (2n —2) 

board and in the second case, with a (2n — 4) x (2n — 4) board. Hence, D2, = 

2Drn-9 +1 2n — 2)Do,-4, Dat = Don. 

. First solution. The result 3n? + 3n + 1 = (n + 1)? — n? is striking and allows a 
geometrical interpretation. One person gets x-+y+z = 3n objects withO < x,y,z < 

2n. These are triangular coordinates for an equilateral triangle with altitude 3n.x, y, z 

can be interpreted as lattice points (make a figure). The hexagon in the figure can be 

interpreted as the projection of the cube with edge n + | from which a cube of edge 

n is subtracted. This solution is due to Martin Harterich, a gold medallist of the IMO 

1987/89. 

Second solution. If the first person gets n — p (p € No) objects of the first kind, 

then the person can get g to 2n objects of the second kind. The remaining ones are 

objects of the third kind. The sum is 

n(n + 1) 
d2n- p+) =Qnt+Da+)-—> 
p=0 

If the first person gets n + g (k € N) objects of the first kind, then the person gets 0 

to (2n — q) objects of the second kind, since the person gets 3n objects altogether. 

The sum is 

Y\n —g +1) =n(2n+1)- of. 
Gal 

The sum altogether is (2n + 1)(n + 1) +n(2n + 1) —n(n + 1) = 3n? +3n +1. 

(3 + ') Fe + ') 
" re 

n n—1 

2 

0 

ways. We add to this number the same number 

‘ente Mise ll eral 
de Anis 

fae DaPe 2n + 1 

and get 2*”*'. Thus there are 2?” ways to choose n objects. 

. We can take n objects in 
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We interpret the subsets as n-words from the alphabet {0, 1}. Let a, be the number 

of binary words with no two successive ones. The words can start either with 0 and 

may continue in a,_; ways, or they start with 10 and may continue in a,_ ways. 

Thus, ad, = Gn—1 + Gn—2, a) = 2, ay = 3. Thus, a, is the Fibonacci number F420. 

. (a) Suppose there is such a numbering. Let the sum of the edge labels for each vertex 

be s. Then the sum of all vertex sums is 8s. In this sum, each edge label occurs twice. 

Thus 2(1 + --- + 12) = 8s, or s = 19.5. Since s is a positive integer we have a 

contradiction. 

(b) Replace one number in the numbering of the edges by 13, and call the replaced 

number by 7. Then we have 2(1 + --- + 12 + 13) — 2r = 8s, or 91 —r = 4s, 

that is, r € {3, 7, 11}. This necessary condition is also sufficient. Try to find a 

corresponding labeling for some value of r. 

. There is a bijection between subsets with an even and odd number of elements. 

Indeed, consider any element, say 1. Let A be any subset. If it contains 1, then we 

assign the subset A\{1} to it. If it does not contain 1, then we assign the subset 

A U {1} to it. This bijection proves that exactly one-half of all 2” subsets contain an 

odd number of elements, that is, 2”~!. 

. The solution will be found in Chapter 4. 

Write the nine numbers along a circle, and draw a line between any two numbers for 

which the sum is not 3, 5, or 7. We get a graph, for which we must find a Hamiltonian 

circuit. Now, such a circuit is easy to find since 1, 2, and 4 have only two neighbors. 

OnergetsmN3y 855, GY 27954. 7. 

This problem is instructive, since besides Divide and Conquer, we practice space 

geometry and spacial intuition. First, we solve the analogous plane problem. Three 

noncollinear points are given in the plane. How many parallelograms are there with 

vertices in these points? 

This problem is considerably simpler and at first does not help much for the space 

analogy. The answer is 3. The fourth vertex of the parallelogram is obtained by 

reflecting each of the given vertices A, B, C at the midpoint of the side of AABC 

to A;, By, Cj. 

First solution. Of the 8 vertices we single out four noncoplanar ones. There are four 

distinct ways of doing this (Divide and Conquer). In Fig. 5.16 (a) to (d) 3, 2, 1, 0 

faces have three of the four fixed points. Such faces will be called rigid, since they 

can be constructed from their three points. 

(a) Three rigid faces have a common vertex A. In this case there are four boxes. 

(b) Two rigid faces have a common edge AB. Any two points can play the role of 

AB. The choice of AB can be done in six ways. Then we can decide in two ways 

which point is joined to B. In this case there are 12 boxes. 

(c) There is one rigid face with three points and the fourth vertex D’ must lie opposite 

D. Each of the four vertices can be D, and each of the other three can be D’. Then 

the box is constructible. We have 12 boxes again. 

(d) There is no rigid face. The selected vertices are the vertices of a tetrahedron 

inscribed in the box. The box is uniquely determined. Through each edge of the 

tetrahedron, we draw the plane parallel to the opposite edge. 
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Dp! 

pee A A pine 
(c) (d) (a) (b) 

Figs 16 

Aj 

C B 

B, ny C\ 

Fig. 5.17 

There are altogether 4 + 12 + 12 + 1 = 29 boxes. 

Second solution. Look at the plane problem in Fig. 5.17. The answer three can be 

obtained as follows. The midlines of the future parallelogram are lines equidistant 

from the three vertices. If we have two midlines, then we can easily find the missing 

vertex of the parallelogram. We draw parallels to the given points. There are three 

straight lines equidistant from the three given points. One can select 2 lines from 

them in three ways. 

Now to the space problem. The midplanes of the box we want to find are equidistant 

from all 8 vertices and satisfy the following conditions: 

(1) Each is equidistant from the four points. 

(2) All three planes pass through a point. 

On the other hand, if we can find a triple of planes satisfying (1) and (2), then the 

box with these midplanes is uniquely constructible. Through the four points draw 

all distinct planes parallel to each plane of the triples, and the box is ready. __ 

How many planes are equidistant from four noncoplanar points K, L, M, N? Ex- 

actly 7. It suffices to decide which points lie on one side of a plane. There are four of 

the type 1 | 3 and three of the type 2 | 2. Three planes out of seven can be selected 

in 35 ways. Each triple satisfies condition (1). Which triples are “bad,” i.e., do not 

satisfy (2)? They are parallel to a line. There are six of these, as many as the number 

of edges of the tetrahedron, that is, 35 — 6 = 29. Why? 

Third solution. Of the 8 vertices, we can single out four in 70 ways, of which there 

are 6+6 = 12 coplanar quadruples. Thus, we are left with 70 — 12 = 58 noncoplanar 

quadruples. But to every such quadruple, there is a complementary quadruple which 

gives the same box. Hence, we are left with 29 boxes. 

For an ordered pair (A, B) of disjoint subsets, we define the characteristic function 

Laine Ae 

HCareay Ve ie Sere yee 

0 otherwise. 

Then the function f is ann-word from the alphabet {0, 1, 2}. The number of possible 

functions is 3”. There are 2” words from {0, 2} (A empty), 2” n-words from {0, 1} (B 
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empty), and 1 word consisting entirely of zeros. Then A and B are both empty. Thus, 

the number of ordered disjoint pairs is 3” — 2” — 2” + 1. The number of unordered 
pairs is 

3” + 1 
ans & Die g(n) = 

Check this for n = 4 by drawing pictures. 

Consider some examples: b(0) = 1 by definition. 29 = 1 > b(1) = 1.2 = 2! = 
141, 62) =2,3 =24+1=14141, b6@)=2.4=7 =2427 = 

2'+14+1=14141+4+1, b4)=4.5=2?41=2'42'41=2'414141= 
1i+1+1+1, bG)=4. 

We observe that (a) b(2n) = b(2n + 1) and (b) b(2n) = b(2n — 2) + b(n). Proof 

of (a): Every partition of 2n + 1 has a last summand 1. If we take it away, we get a 

partition of 2n. Proof of (b): A partition of 2 has either a smallest element 2 or two 

ones. There are b(n) of the first kind and b(2n — 2) of the second kind. 

Let t,, be the number of involutions of {1,..., 1}, ie, the permutations p such that 

p o pis the identity. Add another element n + 1. It can be a fixed point in f, ways. 

It is not a fixed point in nt,_; ways, that is, 

GAL — it? ft jth 

The closed formula for t, is 

[n/2] 2k)! 
=> e\i us 

2k} 2*k! 
k=0 

Interpretation of this formula: From n elements, we select 2k. This can be done in Ce) 

ways. Then we partition them into k unordered pairs in (2k)! /(2* - k!) ways. The re- 

maining n—2k points are fixed points. This must be summed fork = 0,1,..., |[n/2]. 

Thus, we get 
|n/2} n 

A= -1-3-5---(2k —1). x bis ( ) 

The words can begin with 1, 2 and continue in f(n — 1) ways, or they can start 

with 01, 02 and continue in f(n — 2) ways. Thus we have the recurrence f(n) = 

2f(n —1)+2f(n — 2) with f(1) = 3, f(2) = 8. From the recurrence, we get 

f(O) = 1. Thus, finally, we have 

f(n) =2f(n—-1)+2f(n—2), fO=1, fC) =3, f2 =8. 

The characteristic equation of this difference equation is A? -2A—2 = 0. Thus we get 

hi2 = 143. Now, it is easy to find a close formula of the form f(n) = aA} + bas. 

We get a, b from initial conditions. Do it. 

Answer (a) 24. (b) 108. (c) 120. We show how to get (b): Label the 9 points of the 

configuration A, B,C, P, Q, R, L, M, N so that ABC and PQR are as in Fig. 

5.15b. We want to relabel the configuration such that collinearity is conserved. There 

are nine ways to choose A. Say A is fixed. For B, there are six places left, since A 

and B are collinear. For P, there are only two ways. Now the places of all the other 

points are fixed. So, there are 6 - 4 - 2 = 108 possible collineations. 
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b 
b € 

ee 

d. RSS 
le 

¢ 
Ss 

ee 

Fig. 3.18 

(a) (bd) (c) 

Fig. 5.19 

Draw suitable chords between pairs of points. Go around the circle in any sense, 

Meeting a diagonal first, we label its endpoint by } (for beginning). Meeting it for 

the second time, we label the endpoint by ¢ (for end). For Fig. 5.18, we get the 

word bbbeebbbeeee. This is a good path in the sense of E14 using the interpretation 

b — to the right and e —> up. Thus, we have a bijection between good paths and 

words. Hence, the number of possible ways is 

l = 
C= : 

n+ p 

Let J, be the number of distinct triangulations of an n-gon. We try to find a recurrence 

for 7,,. Consider a triangle A; A, Ay. It splits the polygon into a &-gon and an (2 + 

| — k)-gon. Define T, = 1. Then, 

ks = 737,-4 + reve = eo: RTs Sa is Y Ma 

Fig. 5.19 shows some triangulations giving Ty = 1, = 2, Ts = 3, % = 14. This 

is a strong indication that, generally, we have Ty... = C,. We can also find the next 

number 77 = 42 by means of the recursion. But it is not obvious how to get from 

the recursion to the closed formula, See the next problem. 

There is one way to set parentheses in one or two factors: (4) ). (ye). For three 

factors we have two ways: ((%).X2)X3) and (4, (x3). For 4 factors we have 5 ways: 

(COX LX2)N3)X4)y (X23) ys (AAD WsXa)). C(QLWRKs) LQ). (Er (Ks kk). Hence, 

@y, = 1, Gg 1 eS 2g = 3 

To get a recursion for a,,, take the last multiplication (ay +++ a ea +++ ky). Here, & 

can run | tom — 1. Summing the results, we get 

Gy, = Gy Ay_) + Q2Ag—2 + +++ + Q-1Q. 

We have a; = Th = 1, ag = T3 = 1, a3 = T = 2, ay = Ts = 5, We have the same 

recursion with the same initial conditions, giving the same result. Thus, we conjecture 

that a,4, = Ths. = C,. Hence, there should be a hidden interpretation by good paths 

of a random walk. It uses the following interpretation: Ignore the last element x,. 

Now, scan the parenthesized expression from left to right. Whenever we come to an 
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open parenthesis, go one step to the right; for every x;, go one sep up. Notice that we 
ignore the closed parentheses. If they were al) deleted, al) multiplications would sii 

be uniquely determined. Another interpretation is even more Gro, Ngnone the x, 
but keep all parentheses. Now, we can use Fig. 5.20 get we) tommed expressions 
leading from state 0 back to 0 in 2n steps. 

) ) J J 

Fig. 5.20 

Fig. 5.21 gives a one-to-one mapping of parenthesized expressions and binary wees. 

b ¢ b c 

d g 

g d 

a(be)d) (Abe) 

Fig 521 

(a) From a set of n people choose an s-committee and in the commitice 2 Chairman. 
We count in two ways: 

(i) Choose the committee in (") ways, and in the committee choose 2 chaizsnan in 8 
ways. 

(ii) Choose a chairman in n ways, then the ordinary members in ((—') ways. Tous, 

n(7o)=*- (")= = (1)=3(0-4) 
(b) Choose a subset of n persons from n men and n women. The leit side partitions 

this number according to the numbers i of women (men). The middle term comms the 
n-subsets on a 2n-set. In the right side, we use the bijection subst complement. 

(c) From an n-set, select an r-subset and in the r-subset 2 k-subcosmmitice. This 

gives the left side. We can also choose the k-subcommittce from the n-1, then. the 

remaining (r — k) committee members in (” Tt) ways. 

(d) From the n-set, select an s-subset, and, from the remaining persons, 2 contsoller 

who must not be in the subset. You can first choose the subset, then, from the 

complementary subset, choose the controller. You can also choose the contzoller, 
then from the remaining n — 1 the s-subset. 

(e) This says that the number of even subsets equals the number of odd subsets. 

We have done this already. Another proof uses the binomial thessem (1 + xf = 

Yo (()%*- Setting x = —1, we get 

o-a-=S-(7) = (6)+(3)+-= (1)+(G)+-- 

(f) The right side gives the number of r-subsets of 2 01 with (n + r + 1) dements. 

The left side gives the same subsets (beginning a the end), but sorted as follows: 

those without element 1, with 1 but without 2, with 1. 2 but without 3, with 1, 2, 3 

but without 4,..., with 1, 2, 3....7, but without r + 1. 
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(n — 1) games. 1 plays against 2, the winner against 3, the winner against 4, and so 

on. There is no shorter way. Indeed, there must be (n — 1) losers. 

(a) (3) = 252. (b) 512. (c) We can choose five digits from ten digits with repetition 

in ('°*2-") = (') = 2002 ways. (d) 2- 2002 — 10. In the last result, we must subtract 
10 for the 10 words of the form aaaaa, which are both increasing and decreasing. 

We find the number of 6-subsets with no neighbors. We think of the 49 numbers as 

a row of 49 balls, the 43 unselected balls, white, the six selected balls black. No two 

black balls must be neighbors. Thus we have 44 places for them. One can select six 

places from them in (2) ways. Thus, there are altogether 

49 44 

6 6 

subsets with at least one neighbor. These are 49.5% of all subsets. 

Add another point n + 1. There are two possibilities. First, (n + 1) is a fixed point 

(1-cycle). Then, the remaining n points must be arranged in (r — 1) cycles. This can 

be done in F(n, r — 1) ways. Second, the point is included in some cycle. In this 

case, there are already r cycles, which can be built in F(n, 7) ways. In how many 

ways can the new point be included in a cycle? It can be put in front of any of the n 

points. This can be done in n ways. Thus, 

Fin+1,r)=F(n,r—1)+nF(,r), Fa,1)=(n-1)!, F(n,n)=1. 

Let A; be the subset of all numbers from {1, ..., n} divisible by p;. Then, the number 

of numbers from 1 to n divisible by some prime is 

n n n 
JA; UA, U---UA,| = —_ — + ee, 

Ns aes 2» Pi Pj Pk 

The number of elements not divisible by any of the primes p;,..., Pm 1S 

n n 1 ray ly ld Si (1-—). 
X Pi dy Pi Pj I] Pi 

Let A; be the set of mappings in which the element i € B,, is not hit by an arrow 

from B,,. Then the number of nonsurjections is 

AU Aa UU Add = (Ton = 9" = (Sin 2)" oo m>n. 

If we subtract this number from the number n” or from ()(n — 0)” of all mappings 
from B,, to B,, then we get s(m,n). For m > n, we get 

s(m, n) = Qi ~oy" — (ie = 1)" $---= 2) (‘Jo — iy", 
i=0 

First solution. We want to have a, = k if 

k(k — 1) ne eee ely 

2) 2 
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Since n is an integer, this is equivalent to 

k(kK-1) 1 k(kK+1) 1 5 1 : 1 
5 1 gees fom th von Shh pis2ns k Beta 

that is, 

1 1 1 
Disraeli Visa hah. 

Hence, a, = |V2n + 1/2], which is the nearest integer to /2n. 

Second solution. We want to have a, = k if k(k — 1)/2 < n < k(k + 1)/2. The 

equation k(k + 1)/2 =r can be solved for (positive) k: 

we leew or 
= 3 : 

Hence, 

—l+vVJ1+8n —-l+v¥/1+8n —1++/1+8n 
ean amen Sale aera p< aisha ae ed & 

The two results have different form, but are equivalent. 

Consider a row of n points. These points form (n — 1) gaps. We can insert vertical 

bars into these gaps in 2”~! ways. In this way, we get all sequences with sum n. To 

find the number T (n, k) of all terms k in all these sequences, first we draw a sequence 

of n points. Then we pack k successive points into a rectangle and place vertical bars 

to the right and left of it. 

pak lo | Perel eee, il AN SS 

First case. The packed points do not contain an endpoint. The packing can be done 

(n —k —1) ways. There will remain (n — k — 2) gaps between the nonpacked points. 

One can insert at most one vertical bar into each gap in 2”-*~* ways. Thus we get a 

sequence with one packed term k. 

Second case. The packed points contain an endpoint. This can occur in two ways, 

and there are now (n — k — 1) gaps, into which we can insert bars in 2”-*—! ways. 

Altogether, one gets 

Teil) eh pl a gach 2 ea = UtoesketsB2e Ne: 

Example: Withn = 6,k = 2, the formula gives T (6, 2) = 28. All sequences with sum 

6, which contain at least one 2 are (2, 2, 2), (4,2), (2,4), (G, 2, 1) and permutations, 

(2, 2, 1, 1) and permutations, (2, 1, 1, 1, 1) and permutations. The number of twos 

in these sequences is T(6, 2) =3+1+1+6+1245= 28. 

Consider children and seats numbered 1, ..., n. Let a, be the number of rearrange- 

ments. There are a,_; rearrangements with the first child staying in its place. If child 

1 moves to 2, then 2 must move to 1. There are a,_2 such rearrangements. Thus we 

have:dse— 1072 edo, ai lay — 2, Thus).¢,, — -F,,1, where s,.15) the 7th 

Fibonacci number. 
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Let b, be the number of seatings. There are three cases: 

(a) Child 1 remains seated. There will be a,_, seatings of this kind. 

(b) 1 and 2 are interchanged. There are a,» such seatings. 

(c) All the children move one seat to the right or left. There are two such seatings. 

We get by, = Gn—1 + Gn_-2 +2 = a, +2 = Fiz: +2 Seatings. 

Suppose e, and o, are the number of n-words with an even and odd number of 

zeros, respectively. By partitioning the words according to the first digit, we get the 

recurrences @, = 3€,-1 +On-1, On = €n—1 + 30n_1. This is a linear mapping from 

(€n—1, On—1) tO (€n, On) With matrix € a Its eigenvalues i, 2 satisfy the equation 

3—-iX | 

I aye 2 - 
or (A — 3)? —1 =0, or A, = 4, Ay = 2. Find a closed formula for e,. Try to solve 

the problem for an even number of zeros and ones. 

Alternate solution. The number of n-words from {0, 1, 2, 3} with an even number of 

ZerOS 18 
n n 

L= n gn-2 an—4 ae E,=3+ (5) +(4) + 
and with an odd number of zeros 

n n O, a 3n-1 an-3 5 bie 

(J+ G)-+ 
Adding and subtracting we get 

E, +O, =(3+ 1)" =4", E,-— On = (3-1) = 2". 

Adding and subtracting again, we get 

4n Qn qr _ gn 

DD) By TED) Sp : OO 5 

Let e; be the number of edges of the ith face. Then, )> e; is an odd number of odd 

summands. This number is odd. On the other hand, every edge in the sum is counted 

twice. So, it must be an even number. This contradiction proves the nonexistence of 

such a polyhedron. 

Yes, it is possible. First, consider two subsets A, B of positive integers. We include in 

A all positive integers with zeros at even positions (starting at the right). We include 

in B all positive integers with zeros at odd positions. Every positive integer can be 

uniquely represented in the formn = a+b, a € A, b € B. The partition of the 

positive integers N = A; U Az U A;3--- is as follows: A; = A, and we get each 

A,(k = 2,3,...) from A by adding to its elements b; € B, i.e., Ar, A3,... are the 

translations of A by corresponding elements of the set B. 

Let dsop > 5501. Of the weights aso1, ..., @i000, Which are heavier than the 1001 

weights a1, ...,@so0, 51,..-, bso1, and thus cannot be the median, we take away 

4513, 4514, ---, Aio00- Of the weights b;,..., bsoo, which are lighter than the 1002 

weights bso1, ..-, bi001, 4so0, ---, 41000, and which cannot contain the median, we 

eliminate b,, ..., b4go. The median is now the 512th lightest. In 10 weighings, we 
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can now reduce the number of weights to 1 as follows: We have pairwise distinct 

weights c) < +--+ < cy and d, < --+ < dy», (J = 2*~'), and we must find the 

21 lightest weight. First, we compare c; with d). If c; > d), then cj41,..., Cy are 

heavier than the 2/ weights c,,..., c), d;, ... , d; and can be eliminated; the weights 

d,,...,d, are lighter than the (2/ + 1) weights ¢;,..., Cz, dj41,...ds; and can be 

eliminated. There will remain / weights of each sort, of which we are to find the /- 

lightest. Similarly we proceed with the case c; < d;. In the case dso9 < bs509, We must 

invert all inequality signs in the preceding case and replace “lightest” by “heaviest.” 

If we multiply the product (1 + 1/1) (1 + 1/2)---(1 + 1/n), we get 2” summands. 

Each summand is the product of the reciprocals of one of the 2” subsets of {1,..., n}. 

If we throw away the 1, which corresponds to the empty set, we get the sum we want. 

It is 
Bye Me n+1 
ee 1—l=n. 

para es) n eg ‘ 

From the graph in Fig. 5.22, we read off the recurrences x, = x,-; + 2y,_; and 

Vial noi. bromithe first we ety, 21 = Xn Xp andy, — xp — Xn 

Yn Xn Yn 

Fig. 5.22 

Inserting this in the second recursion, we get 

Xne1 = 2% +Xn-1, WM =H], Ayn =1£ V2. 

Find a closed expression for x,,! 

From the graph in Fig. 5.23, we read off the recurrences 

xn = 2X Dy iat yn Zager Yn-1- 

By eliminating y, and y,_;, we get the recurrence x,4; = 3x, + 2X,- with the 

characteristic equation 47 = 3) + 2. Find closed expressions for x,y. 

Fig. 5.23 

We play a seven-round KO-elimination tournament. 

First Round: The 128 objects are separated into 64 pairs, and the lighter component 

in each pair is eliminated. 

Second Round: The 64 winners play 32 games, and 32 are eliminated, and so on. In 

the seven rounds, 127 comparisons are made, and the object of rank 1 is identified. 

Candidates for rank 2 are the seven objects that lost, one in each round, to the rank 1 

object. These seven candidates play an elimination tournament and find the winner 

in six additional comparisons. Thus, the objects of rank 1 and rank 2 can be identified 

in 127 + 6 = 133 comparisons. 
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The object of rank 1 is determined in seven rounds as in the preceding problem. This 

requires 127 comparisons. Candidates for rank 2 are the seven objects that lost to 

the rank 1 object. We number them from 1 to 7 such that #i was eliminated in the ith 

round. The object with rank 2 is determined in a second tournament as follows. #1 

is compared with #2, the winner with #3, the winner with #4, and so on. The winner 

of the last round is the object of rank 2. This required six comparisons. 

Candidates for rank 3 are the objects which lost to the object of rank 1 and/or rank 2. 

They may not have been matched against the rank 1 object; however, they must have 

lost against rank 2, or else they would still be candidates for rank 2. But the rank 2 

object has won at most seven comparisons. Indeed, suppose #i is the object of rank 

2. Then it won (7 — i) games against #i + 1, #i + 2,---, #7, and one more against 

#i —1ifi > 1. Thus, the rank 2 object has won altogether eitheri -1+7—i+1=7 

ori —1+7-—i = 6 games. Hence, there are at most seven candidates for third rank. 

The heaviest of these can be found in six comparisons. Thus, we find the objects of 

rank 1, 2, 3 in at most 127 + 6 + 6 or 139 comparisons. 

To check this, 127 comparisons are sufficient. First, ignore A, B, C. Among the 

remaining 125 objects, we find the heaviest object D in 124 comparisons. Then D 

plays against C and loses, C loses against B, and B against A. 127 comparisons 

are also necessary, because each object, except that of rank 1, must lose at least one 

match. 

Use the PIE to get the necessary estimate. A hard problem. 

We generalize slightly. A set S of integers is called double-free (D.F.) if x ¢€ S > 

2h oS. Wetvi (102 een andey (72) — max{lAllsAlG@ Was DoE nen: 

using the PIE, we get 

f@)=n=—(|n/2\ + \n/4) — |n/8) + |n/16) —---. 

We subtract the even integers from n, then add the multiples of 4, subtract the 

multiples of 8, and so on. For n = 3000, we get 1999. The answer is no! 

E.T.H. Wang (Ars Comb. 1989) proved that f(n) = [n/2] + f (|n/4]). Solve the 

problem for n = 3000 by this formula. 

Try to solve the problem about the maximal triple-free subset of T,,. A triple-free set 

A has the property x € A > 3x ¢ A. 

Let (") denote the number of r-element subsets of an n-set. The sum of the least 
elements of the r-element subsets of {1, ..., n} is (") F(n, r). Consider the mapping 
from the set of (r + 1)-element subsets of {0, 1, ... , n} to the set of r-element subsets 

of {1,...,} which strips the least element off each such (r + 1)-element subset. 

Clearly, under this mapping, each r-element subset of {1, ... , 2} occurs as an image 

exactly i times, where i is its least element. Hence, counting the (r + 1)-element 

subsets of {0, 1,...,} both directly and via the mapping, 

ees 41 
i a aT (")ran Ee fe ine /(*) =(n+)/(r + 1). 

n+l Here, we used the fact (1!) = "+t (") which can be found by counting in two ways, 
without knowing a formula for ("). 

This proof is due to Dr. M. F. Newmann from the Australian National University. It 
requires no computation. 



46. 

47. 

5. Enumerative Combinatorics IIB) 

An identical proof using the language of graph theory was sent to me by Cecil 

Rousseau of Memphis State University. It runs as follows. 

Consider the bipartite graph in which the black vertices are the (r + 1)-element 

subsets of {0,...,n}, the white vertices the r-element subsets of {1,...,n} anda 

black vertex X is adjacent to the white vertex Y obtained by deleting the smallest 

element from X. Our bipartite graph has ("*) black vertices, (”) white vertices, _ 

and ("*1) = +1 (") edges. Note that the degree of a white vertex is the value of 
its least element. Thus, the desired average minimum element is the average degree 

(n + 1)/(r + 1) of a white vertex. 

The proofs by the students used computation with binomial coefficients. Find such 

a proof. It is easy. Also try to proye the following generalization. 

The arithmetic mean of the k-th largest elements of all r-subsets of the n-set 

(deen jis 
pe Il 

F(k,n,r) = k——. 
Vert) r+1 

The simplest proof uses probability. Take (n + 1) equally spaced points on a circle 

of length (n + 1). Choose (r + 1) of the (n + 1) points at random. The chosen points 

split the circle into (r + 1) parts. By symmetry each part has the same expected 

length (n + 1)/(r + 1). Cut the circle at the (r + 1)th chosen point and straighten 

it into a segment of length (n + 1). Then I have 7 chosen points along the points 

{1,2,...,n}, and the expected value of the distance of the minimal selected point 

from the origin (one of the endpoints) is (n + 1)/(r + 1). By the same symmetry 

argument, the distance from the origin to the k-th largest point is 

poe Il 
Jip) Si———.. 
Con) r+l1 

Suppose there are altogether p words w;, (i = 1,2,..., p) of length n differing 

at least in three places. We write them in one line. Under each of these words, we 

write the column of all words differing from the top word by exactly one letter. 

The words of any two columns differ at least by one letter. We have p columns of 

(n + 1) different words which is at most 2”, the number of all binary n-words. Hence 

p(n+1) <2’,orp <2"/+1). 

For k € {1,...,n}, let Ay be the set of all permutations of {1,..., 2} with k and 

k +n in neighboring positions. For the set A = U?_, Ax of all pleasant permutations 

the PIE yields 

IAL =S1Adl— > Ae Alt YO ARN ADM Am| =e) 
k=1 k<l<n k<l<m<n 

This is a series of monotonically decreasing alternating terms. Hence, 

|AL= doll — >> 1Ae 9 All. 
k=1 k<l<n 

We have |Ax| = 2(2n — 1)! since there are (2n — 1)! possibilities to arrange the 

elements x # k, x € {1,..., 2m} and two posibilities for the order (k, k +n) or 

(k +n, k). We have |AyM.A;| = 2? -(2n —2)!. Indeed, there are (2n — 2)! possibilities 
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to arrange the 2n — 2 objects x 4 k, x #1, and then, 2? possibilities for the order of 

the two pairs {k, k +n} and {1,1 +n}. Thus, we get 

|A| > Y > 2@n Bey) 
n= 

‘ Se Ca — 2)! = 2n(2n — 1)! — (5) winior=ie cia 

k<l 

By using the whole series (1), one can prove that on > 1—e! =0.632. 

A binary n-word W is repeating if it can be split for some d|n into d identical blocks. 

Any n-word can be generated by repeating its unique longest nonrepeating initial 

block. Hence, the given recurrence counts the number of nonrepeating n-words. 

Now, the claim follows from the obvious fact that from a given nonrepeating n-word 

cyclic shifting yields n distinct nonrepeating n-words. 

Answer: (n + 1)"~!. Add an (n + 1)st parking lot and extend the street to a circuit 

leading from the (7 + 1)st to the first lot. There are (n + 1)” sequences a; since each 

driver has n + 1 choices. One lot will remain empty. The sequence a; is good, i.e., it 

solves the original problem if the place (n + 1) remains empty. Split the sequences 

a; into (n + 1)""! groups of n + 1 each. One group comprises all cyclic shifts of a 

sequence and only one of these is good. This can be extended to a proof of Cayley’s 

theorem on the number of labeled trees with (n + 1) vertices. 
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Number Theory 

Number Theory requires extensive preparation, but the prerequisites are very finite. 

One usually can use the prerequisites 1 to 19 without proof. Here all variables stand 

for integers. The strategies are acquired by massive problem solving. At first the 

problems are far below a hard competitive level. But if you do most of the problems 

you are fit for any competition. 

1. If b = aq for some g € Z, then a divides b, and we write a|b. 

2. Fundamental Properties of the Divisibility Relation 

Daa bmbihers a |ics 

Il. d|a, d|b>d|ax + by. Especially d|a+b, d|a—b. 

Ill. If any two terms ina + b = c are divisible by d, the third will also be 

divisible by d. 

3. Division with Remainder. Every integer a is uniquely representable by the 

positive integer b in the form 

a=bq+r, 0<r<b. 

q and r are called quotient and remainder upon division of a by b. 

4. GCD and Euclidean Algorithm. Let a and b be nonnegative integers, not 

both 0. Their greatest common divisor and least common multiple will be 

denoted by gcd(a, b) and Icm(a, b), respectively. Then 

gcd(a, 1) = 1, gced(a,a) =a, gcd(a,0) =a, ged(a, b) = gcd(b, a). 
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a and b will be called relatively prime or coprime, if gcd(a, b) = 1. With 

gcd(a, b) = gcd(b, a — b), (4) 

we can compute gcd(a, b) by subtracting repeatedly the smaller of the two 

numbers from the larger one. The following example shows this: 

gcd(48, 30) = gcd(30, 18) = ged(18, 12) = gcd(12, 6) = gcd(6, 6) = 6. 

The Euclidean algorithm is a speedup of this algorithm, and it is based on 

a=bq+r => gcd(a, b) = gcd(b, r) = gced(b, a — bq). (5) 

Theorem. The gcd(a, b) can be represented by a linear combination of a and 

b with integral coefficients, that is, there are x, y € Z, so that gcd(a, b) = 

ax + by. 

Special case: /f a and b are coprime, then the equation ax + by = | has 

integral solutions. 

. eca(a, Db) Icm(a,.b) =a =D. 

. A positive integer is called a prime if it has exactly two divisors. 

. Euclid’s Lemma. /f p is a prime, p|ab > p|aor p|b. 

. Fundamental Theorem of Arithmetic. Every positive integer can be 

uniquely represented as a product of primes. 

. There are infinitely many primes since p /(n! + 1) for any prime p <n. 

.n!+2,n!+3,...,n!-+ 7 are (n — 1) consecutive composite integers. 

. The smallest prime factor of a nonprime n is < /n. 

. All primes p > 3 have the form 6n + 1. 

. All pairwise prime triples of integers satisfying x* + y? = z? are given by 

f= le au, Vie 2uv. z=u'4+v’, gcd(u, v) = 1, u #~ v mod 2. 

Congruences. a = bmodm © m|a—b@®a-—-b=qmSa=b+ 

qm <> a and b have the same remainder upon division by m. Congruences 

can be added, subtracted, and multiplied. 

Suppose a = b mod m and c = d mod m. Then 

a+c=b+dmodm, and ac=bd mod m, 
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This has several consequences: 

a=bmodm=>a’'=b' modm and 

a=bmodm => f(a) = f(b) mod m, 

where 

Cae k ye ha tee ct ae Oy. de, 

In general we cannot divide, but we have the following cancellation rule: 

gcd(c,m) = 1, ca =cbmodm >a =b mod m. 

Fermat’s Little Theorem (1640). Let a be a positive integer and p be a 

prime. Then 

a? =a mod p. 

The cancellation rule tells us that we can divide by a if gcd(a, p) = 1, 

getting 

gcd(a, p) = 1 => a?"! = 1 mod p. 

Fermat’s theorem is the first nontrivial theorem. So we give three proofs. 

First proof by induction. The theorem is valid for a = 1, since p|1? — 1. 

Suppose it is valid for some value of a, that is, 

pla? —a. (6) 

We will also show that p|(a + 1)? — (a + 1). Indeed, 

p-l 

+ -@4y=ar+y (Pla 41-@+ (7) 
1 

i=l 

or 
p-l 

(+1 —(a+t=ar—a4 (Pla, (8) 
i=] 

Now p|(?) for 1 <i < p—1. Also since pla? — a, we have p|(a + 1)? — 
(a+ 1). 

Second proof with congruences. We may multiply congruences, that is, 

from c; = d; mod p fori = 1,...,n follows 

Cp C2 +++ Cy = A - dy--++ Cy mod p. (9) 

Now, suppose that gcd(a, p) = i. We form the sequence 

a, 20, 30,22), Ap ha. (10) 
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No two of its terms are congruent mod p, since 

i-a=k-a (mod p)>i=k mod p>i =k. 

Hence, each of the numbers in (7) is congruent to exactly one of the numbers 

Leeson ep (11) 

Applying (6) to (7) and (8) gives 

Bie ales cae (plat a2 (p — 1) mod p. 

We may cancel with (p — 1)! since (p — 1)! and p are coprime. Thus, 

a? =11mod p: 

Third proof by combinatorics. We have pearls with a colors. From these we 

make necklaces with exactly p pearls. First, we make a string of pearls. There 

are a? different strings. If we throw away the a one-colored strings a? — a 

strings will remain. We connect the ends of each string to get necklaces. We 

find that two strings that differ only by a cyclic permutation of its pearls 

result in indistinguishable necklaces. But there are p cyclic permutations of 

p pearls on a string. Hence the number of distinct necklaces is (a? — a)/p. 

Because of its interpretation this is an integer. So 

p\a?—-a. 

The converse theorem is not valid. The smallest counterexample is 

341 |2°4' — 2, 

where 341=31 - 11 is not a prime. Indeed, we have 

980) 9 a O( 09" 1) a (ers al ye OO Ge 9 A ie 

The Fermat—Euler Theorem. Euler’s ¢-function is defined as follows: 

¢(m) = number of elements from {1, 2,..., m} 

which are prime to m. 

gcd(a,m) = 1 => a®” = 1 mod m. 

The Function Integer Part. |x| = greatest integer < x = integer part of 

x.x mod 1 = x — |x| = {x} = fractional part of x. 

(a) [x+y] = Lx] + Ly]. We have equality only ifx mod 1+ y mod 1 < 1. 

(b) LLxJ/n|= |x/n]. This is an important special case of the formula | (x + 

m)/n| = ((\x] +m)/n]. Here m and n are integers. 

(c) |x + 1/2] = the integer, which is nearest to x. More precisely, n < x < 

n+ 1/2=> lye l/l Apa) 2 = x ne sy 2 aan 1, 

(d) The prime p divides n! with multiplicity e = [n/p|+|n/p?|+ |n/p?|+ 
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Divisibility 

The most useful formula in competitions is the fact thata —b | a" —b” for all n, and 

a+b|a" +b" for odd n. The second of these is a consequence of the first. Indeed, 

a" +b" = a" —(—b)" for oddn, which is divisible by a—(—b) = a+b. In particular, 

a difference of two squares can always be factored. We have a*—b* = (a—b)(a+b). 

But a sum of two squares such as x” + y* can only be factored if 2xy is also a 
square. Here you must add and subtract 2xy. The simplest example is the identity 

of Sophie Germain: 

a* + 4b* = a* + 4a’b? + 4b4 — 4a?b? = (a? + 2b?) — (2ab)’ 
= (a’ + 2b* + 2ab)(a* + 2b — 2ab). 

Some difficult Olympiad problems are based on this identity. For instance, in the 

1978 Kiirschak Competition, we find the following problem which few students 

solved. 

El.n > 1 => n* +4" is never a prime. 

If n is even, then n* + 4” is even and larger than 2. Thus it is not a prime. So we 

need to show the assertion only for odd n. But for odd n = 2k + 1, we can make 

the following transformation, getting Sophie Germain’s identity: 

hoa eS Wt aa ant 4 20s 

which has the form a* + 4%. 
This problem first appeared in the Mathematics Magazine 1950. It was proposed 

by A. Makowski, a leader of the Polish IMO-team. 

Quite recently, the following problem was posed in a Russian Olympiad for 8th 

graders: 

E2. Is 4° + 5454 a prime? 

Only few saw the solution, although all knew the identity of Sophie Germain 

and some competitions problems based on it. In fact, it is almost trivial to see that 

4x45 fe 5454 = 545+ +4. (Avo 

which is the left side of Sophie Germain’s identity. 

Now, consider the following recent competition problem from the former USSR: 

E3.n ¢ No => f(n) = 2” + 2?"" +1 has at least n different prime factors. 

Here, we use the lemma x* +x? +1 = (x? +1)? —x? = (x?7—x4+1)(x? +41). 

With x = 2?" ', we get 

ee 2) Oe eT): 

Both right-hand side factors are prime to each other. If they had an odd divisor 

q > 1, then their difference 2 - 27"' = 2?" '+! would have the same factor. If we 
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already know that 27" + 2?”"' + 1 has at least n prime factors, then by induction 

22" + 22" 4 1 has at least n + 1 prime factors. 

Remarks. For n > 4, the number has at least n + 1 different prime factors, since 

gee f= OT 6 hon ee ae Fae en OAL 

The product of the last two terms is f(5). Thus f (5) has six factors and f(n) has at 

least n + 1 factors. The problem also shows that there are infinitely many primes. 

We can solve the following competition problem with the same paradigm. 

E4. Find all primes of the form n" + 1, which are less then 10". 

For n = | andn = 2, we get primes. An oddn > 1 yields an evenn” + 1 > 2. 

So n must be even, i.e.,n = 27 2+). Since 

QH(2k+1) 

Dee aa ee 

the exponent of n cannot have an odd divisor. Thus n = 2”, or 

a ey 

Fort = 0, 1, 2wegetn”+1 = 5, 257, 16'°+1 = 2%+1 > 16-1000°+1 > 101°. 
So there are no other primes besides 2, 5, and 257. 

Let us consider some more competition problems. 

2 

E5. Can the number A consisting of 600 sixes and some zeros be a square? 

Solution. If A is a square, then it ends in an even number of zeros. By canceling 

them we get a square 2B, B consisting of 300 threes and some zeros, with B ending 

in 3. Since B is odd, 2B cannot be a square. It has only one factor 2. 

E6. The equation 15x? — 7y* = 9 has no integer solutions. 

Solution. 15x” — 7y? = 9 > y = 3y, > 15x? — 63y? = 9 = 5x? — 21y? = 
3 => x = 3x, = 45x? — 21y? = 3 = 15x? —Ty? = 1 => y? = —1 mod 3. This 
is a contradiction since y7 = 0 or 1 mod 3. 

E7. A nine-digit number, in which every digit except zero occurs and which ends 

in 5, cannot be a square. 

Solution. Suppose there is such a nine-digit number D, so that D = A?. A = 

10a +5 => A* = 100a? + 100a + 25 = 100a(a + 1) + 25. Consequences: 

(a) The next to last digit is 2. 

(b) The third digit from the right in D is one, which can be the final digit in 

a(a + 1), that is 0, 2, or 6. See the table below: 
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a Onn WSS, 4 ¥50164 7. 8d29 

Case Dod tO. 0 2.36 2. 0 0° 2. .6) 2. 0 

But 0 cannot occur, and 2 has already occurred. Hence, the third digit is a 6. 

From D = 1000B + 625 follows that 125|D. Since D = A” we have 5*|D. Thus 

the fourth digit from the right in D must be 0 or 5. But 0 cannot occur, and 5 has 

already occurred. 

E8. There is no polynomial f(x) with integer coefficients, so that f(7) = 11, 

pra) = 13, 

Solution. Let f(x) = )~Y_,a;x', a; € Z. Then a — b| f(a) — f(b), that is, 
fC1) — f(7) is divisible by 11 — 7 = 4. But f(11) — f(7) = 2. Contradiction! 

E9. For every positive integer p, we consider the equation 

diol 1 
=> = — —. (1) 
x Jy P 

We are looking for its solutions (x, y) in positive integers, with (x, y) and (y, x) 

being considered different. Show that if p is prime, then there are exactly three 

solutions. Otherwise, there are more then three solutions. 

Solution. We have x > p, y > p. Hence, we set x = p+q, y = p+r in(1) and 

get 
1 1 1 > 

= =— > p =G@r. 
a Pt MTD 

If p is a prime, the only solutions will be (1, p”), (p, p), (p”, 1), that is, for (x, y), 
there are the three pairs of solutions (p+ 1, p(p+1)), 2p, 2p), (p(p +1), p+1). 

If p is composite, then there will be obviously more solutions. 

E10. / start with any multidigit number a, and generate a sequence aj, az, a3.... 

Here ay», comes from a, by attaching a digit 4 9. Then I cannot avoid the fact 

that ay, is infinitely often a composite number. 

Solution. My strategy is to attach digits so as to get only finitely many composite 

digits. I cannot use 9 at all, and I can use 0, 2, 4, 6, 8, 5 only finitely often. Of the 

other digits 1,3, 7, I may use 1 and 7 but finitely often because they change the 

remainder mod 3. Each time J attach 1 or 7 three times I get a number divisible by 

3. So I am forced from a place upward to attach only threes. If at some moment I 

have a prime p, then after attaching at most p threes, again I get a multiple of p. 

I know that gcd(10, p) = 1. Hence, among 1, 11, 111,..., 111... 11 there is at 
- Se 

least one multiple of p. p 

Remark. If I could use 3 and 9, then I could not tell if I could get only primes 

from some n upwards. For instance, with a; = 1, I get the following primes of 

length 9: 1979339333, 1979339339. 

E11. In the sequence 1,9, 7,7, 4, 7,5, 3,9, 4, 1,..., every digit from the fifth on 

is the sum of the preceding digits mod 10. Does one of the following words ever 

occur in the sequence. 
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(a) 1234 (b) 3269 (C1977 (d) 0197? 

Solution. We reduce all digits mod 2 and get 111101111011110.... To the words 

1234 and 3269 correspond 1010 and 1001. Both patterns do not occur in the 

reduced sequence. For (c) we observe that there are only finitely many possible 

4-words. Hence, some word abcd will repeat for the first time: 

1977...abcd...abcd. 
———— 

period p 

Four successive digits determine the next digit, but they also determine the preced- 

ing digit. Hence the sequence can be extended indefinitely in both directions. This 

extended sequence is purely periodic. In each period of length p lies one word 

1977. This word is the first one to repeat, if you start with 1977. 

This is an important observation. First, we show that the sequence must repeat. 

Then we show invertibility, which garantees a pure cycle (Fig. 6.1). For (d) we 

extend the sequence to the left by one term and get 0197. 

(a) Pure cycle for invertible operation (b) Noninvertible operation 

Fig. 6.1. The two types of behavior of iterates x > f(x). 

Remark. Computer experimentation shows that if we start with four odd digits, 

the period length will be p = 1560 = 5 - 312. Starting with four even digits, we 

get period p = 312. If we start with at least one 5 and only zeros, the period will 

be p ="5. 

E12. The equation 

x* + y* +27 = 2xyz (0) 

has no integral solutions except x = y = z = 0. Show this. 

First Solution. Let (x, y, z) 4 (0, 0, 0) be an integral solution. If 2*, k > 0 is the 

highest power of 2, which divides x, y, z, then 

x=2'xi, y= 2, geidhei, 272 2 yy? 4 2 ee ae 

xt typ +27 = 2 xyz. (1) 

The right side of (1) is even. Hence, the left side is also even. All three terms on 

the left cannot be even because of the choice of k. Hence, exactly one term is even. 

Suppose x; = 2x2, while y, and z; are odd. Hence, 

gk+2 
yp+zt = X2y121 — 4x = 0 mod 4. 
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This contradicts y? + z7 = 2 mod 4. 

Second Solution: By infinite descent. On the left side of (0), exactly one term is 

even or all three terms are even. If exactly one term is even, then the right side is 

divisible by 4, the left only by 2. Contradiction! Hence all three terms are even: 

Mis Ty ye a= 274 and 

xt ty? +22 = 4x1 y121. (2) 

From (2), with the same reasoning we get x; = 2x2, y) = 2y2, z} = 2z2 and 

x5 + y3,+ 25 = 8x2y222. (3) 

Again, from (3) follows that x2, y2, z2 are even, and so on, that is 

x = 2x, = 2?xp = 23x3 = ++ = "Ky =e, 

y =2y, = 2?’y = Py; =--- = 2"y, =-e-, 

2=27 = 2H = 23 =: = 2G =e, 

that is, if (x, y, z) is a solution, then x, y, z are divisible by 2” for any n. This is 

only possible for x = y = z = 0. 

Remark. The equation x* + y* + z? = kxyz has only fork = 1 andk = 3 
infinitely many solutions, as will be shown later. 

E13. Show that f(n) = n> +n* + 1 is not prime forn > 1. 

First Solution: By trial, conjecture, and verification. 

T-7 (3-250 21561 =: P29 
———— 

(n?-+n+1)(n3—n+1) 

Second Solution: Factoring. We have f(1) 4 0, f(—1) 4 0. Thus, there is no 

linear factor. We try a quadratic and cubic factor. Either 

nitnt+1=(n? +an 4 1)(n? + bn? +cn4+ 1) 

or 

no +n*+1=(n? +an—1)(n? + bn? + cn — 1). 

We investigate the first case. By expanding the right side, we get 

ntnt+1=n>+(atb)n*+(abtct+ In? +(act+b4+1n?+a+ten+l. 

Comparing coefficients, we get four equations for a, b, c: 

a+b=1, ab+c+1=0, ac+b+1=0, a+c=0 

with solutionsb = 0, a@=1, c=-—1.Thus,n>+n*4+1=(n?+n4+1)n>- 
n + 1). The second case leads to an inconsistent system of equations. 
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Third Solution: By third roots of unity. Let @ be the third root of unity, i.e., 

wo? = 1. Then w? +@+4+ 1 = 0. Since + @4 +1 = w +a + 1, we see that 
w? + w + 1 is a factor of the polynomial. So n? +n + 1|n> +. n* + 1. By long 
division of n> + n* + 1 by n? +n + 1, we get the second factor n? —n + 1. 

The next two problems are among the most difficult ever proposed at any com- 

petition. 

E14. Ifn > 3, then 2” can be represented in the form 2” = 7x? + y* with odd x, y. 

Solution. This is a very interesting and exceedingly tough problem which was 

proposed at the MMO 1985. It is due to Euler, who never published it. It was 

taken from his notebook by the proposers. No participant could solve it. It became 

a subject of controversy among mathematicians. A prominent number theorist 

wrote in the Russian journal Mathematics in School that it was well beyond the 

students and required algebraic number theory. I proposed it to our Olympiad 

team. One student Eric Miiller gave a solution after some time, which I did not 

understand. I asked him to write it down, so that I could study it in detail. It took 

him some time to write it down, since he solved not only this problem but along 

with it also over a thousand other problems on 434 pages, all the problems posed 

by the trainers in three years. I found the solution of our problem. It was correct. 

Figure 6.2 shows the first 8 solutions, which can easily be found by guessing. 

Now study this table closely. Before reading on, try to find the pattern behind the 

table. 

Pai ee Oe Te Se oma 
x. | MOnie nies hoe ISIS STIS das 
aie (ore sie Te fie Or Visemat 

Fig. 6.2 

Our hypothesis is that one column somehow determines the next one. How can 

I get the next pair x;, y,; from the current x, y? This conjecture is supported by 

similar equations, for instance the Pell—Fermat equation where we get from one 

pair (x, y) to the next by a linear transformation. Let us start with x,. How can I 

get from (x, y) to x;? We get x; from the first pair (1,1) by taking the arithmetic 

mean. From the second pair (1,3), the mean 2 is not an odd integer. So let us take 

the difference |x — y|/2 = 1. Again we are successful. Some more trials convince 

us that we should take (x + y)/2 if that number is odd. If that number is even, we 

should take |x — y|/2. After guessing the pattern behind x, we will try to guess the 

pattern behind y. There is a 7 before x” in the equation. So we could try (7x + y)/2 

and |7x — y|/2. The pattern seems to hold for the table above. 

To support our conjecture, we observe that exactly one of 

a x- x ~ 
— or | 5 YI is odd since aa aa a = max(w, y): 

Exactly one of 

TX 1x = ‘ ! Sa 
ele or | | is odd since ea a a YI 

D 4 mo 7 = max (7x, 9). 
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In addition, we have 

Xuate 7x — re = 
Bem il ene el kg eae EEN) i pay oe Ae) ro 2 2 2 
rae ty eek = aed = odd => ae Md - Doth ese! Sat) Sue ah 

So we have the following transformations: 

Sito (2 ="). Tit yre (A 7). 
Dene a2 or G2 

Now we prove our conjecture by induction. Itis valid forn = 3. Suppose 7x?+y? = 
2” for any n. By applying S, we get 

Wx + y)? + (7x — yy? 
4 

Similarly we can proceed with transformation T. 

The next problem was submitted in 1988 by the FRG. Nobody of the six members 

of the Australian problem committee could solve it. Two of the members were 

Georges Szekeres and his wife, both famous problem solvers and problem creators. 

Since it was a number theoretic problem it was sent to the four most renowned 

Australian number theorists. They were asked to work on it for six hours. None of 

them could solve it in this time. The problem committee submitted it to the jury of 

the XXIX IMO marked with a double asterisk, which meant a superhard problem, 

possibly too hard to pose. After a long discussion, the jury finally had the courage 

to choose it as the last problem of the competition. Eleven students gave perfect 

solutions. 

= 14x° + 2y" = 2x? Hy?) = 22" = 2" 

E15. Ifa, b, g = (a* + b*)/(ab + 1) are integers, then q is a perfect square. 

Solution. We replace a, b by x, y and get a family of hyperbolas 

x* + y* —gxy —q =0, (1) 

one hyperbola for each g. They are all symmetric to y = x. Let us fix g. Suppose 

there is a lattice point (x, y) on this hyperbola H,. There will also be a lattice point 

(y, x) symmetric to y = x. For x = y, we easily get x = y = g = 1. So we may 

assume x < y. See Fig. 6.3. If (x, y) is a lattice point then for fixed y the quadratic 

in x has two solutions x, x, with x +x, = gy, x; = gy — x. So x, is also an 

integer, that is, B = (gy — x, y) is a lattice point on the lower branch of H,. Its 

reflection at y = x is a lattice point C = (y, gy — x). Starting from (x, y), we 

can generate infinitely many lattice points above A on the upper branch of H, by 

means of the transformation 

PPAR ey) er (y, yak). 

Again, starting at A, we keep x fixed. Then (1) is a quadratic in y with two 

solutions y, y, such that y + y; = qx, or y;) = qx — y. So y, is an integer and 
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D = (x, gy —x) isa lattice point on the lower branch of H,. Its reflection at y = x 

is the lattice point E = (qx — y, x) on the upper branch. Starting in A, we can use 

the transformation 

S: (x, y) > (qx -—y,x) 

to get lattice points on the upper branch below A. But this time, there will be only a 

finite number of them. Indeed, each time S is applied, both coordinates will strictly 

decrease. Can it be that x becomes negative while y is positive? No! In this case 

(1) becomes 

xy? +g |xyli—g = 0. 
So on the last step, we require that x = 0, and, from (1), g = y” which was to be 

shown. 
C(y, gy — x) 

B(qy — x,y) 

E(qx ¥ Van 

D(x, qx — y) 

Fig. 6.3 

In Fig. 6.3, we have drawn the hyperbola for gq = 4. In fact, we replaced it with 

its asymptotes because the deviation from the asymptotes is negligible for large x 

or y. 

Until now we have not proved that there exists a single lattice point on H,. The 
existence was not required. The theorem is valid even if a single lattice point does 

not exist on any of the hyperbolas, But we can easily show the existence of one 

lattice point for each perfect square g, The point (x, y, g) = (c, c?, c”) is a lattice 
point since 

x+y? of + 66 ‘ 
=q> 

xy+1 ; c+] 

E16, The Pell-Fermat Equation, 

We want to find all integral solutions of the equation 

x? = dy? = (1) 

Here the positive integer d is not a square. We may even assume that it is square- 

free. If it were not square-free then we could integrate its square factor into y. 

We associate the number x + y/d with every solution (x, y). We have the basic 

factorization 

x? —dy* = (x — yVd)(x + yVd). (2) 
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It follows from (2) that the product or quotient of two solutions of (1) is again 

a solution of (1). If x and y are positive, then it follows from (1) that x + y/d 

and x — yVd are positive. In addition, the first one is > 1 and the second < 1. 

We consider the smallest positive solution x9 + yoV/d. Then we will show that all 

solutions are given by (xp + yoVd)",n € Z. We will prove this by the ingenious 

method of descent. Suppose there is another solution u + v/d which is nota power 

of xo + yoVd. Then it must lie between two succeeding powers of xo + yoVd, that 

is, for some n, 

(xo + yoV'd)" < u+vvd < (xo + yoy". 

Multiplying with the solution (xo — yoVd)", we get 

1 < (u + vVd)(xo — yoV'd)" < x0 + yo". 

The middle term of the inequality chain is a solution and because it is larger than 

1, it is a positive solution. This is a contradiction because we have found a positive 

solution which is smaller than the smallest positive solution. Thus every solution 

is a power of the smallest positive solution. So we have only to find the smallest 

positive solution. It can be found by exhaustive search if x9 and yo are small. At 

the IMO, only such cases have come up so far. But there is an algorithm for finding 

the smallest solution by developing Jd into a continued fraction. 

The equation x* — dy? = —1 does not always have a solution. One can often 

tell by congruences that it has no solutions. If it has solutions, we can try to find 

the smallest one (xo, yo) by guessing. Then (xp + yoVd)**t! gives all solutions. 
We could also find the smallest solution by continued fractional expansion of Jd. 

The following examples have automatic solutions. They use one of the following 

obvious ideas: between any two consecutive positive integers (squares, triangular 

numbers), there is no other positive integer (square, triangular number). 

E17. Let a and B be irrational numbers such that 1/a + 1/B = 1. Then the 

sequences f(n) = |an| and g(n) = [Bn], n= 1, 2,3, ... are disjoint and their 

union is N. 

You cannot miss the proof: 

lam l= 60) = 4 > 9 <.on.<g¢-+ 1,\9 — pn <¢g +1. 

Here we use the fact that a, 6 are irrational. 

n m 1 1 

CE ae Gey’ qt+l a 
m 

SS ete 

q 

Adding the two inequalities, we get 

m+n m+n 
i fae =>m+t+n<qtl,q<mtn>q<mt+n<qtl. 

q 
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This is a contradiction. Thus, |am]| 4 | Bn]. 

First, we observe that a or f is in (1,2), because a > 2, B > 2 implies 

~ +4 < 1, a contradiction. 

Now suppose that (g,q + 1) with g > 2 contains no element of the f(7) or 

g(n), that is, 

am<q<qtl<a(m+1), Bnon<q<qt+1<fm+)), 

m 1 m+ 1 n 1 n+1 
—<—-— < —, < < : 
CE Oe Re Gave tgske 

Adding the two inequality chains, we get 

m+n mt+tn+2 
< 1 < —— S>min<q<qt+l<m-+n-+2. 

q bse 

Again, this is a contradiction, because there is no place for two successive positive 

integers between m + n andm +n + 2. 

E18. The function f(n) = |n + ./n + 1/2] misses exactly the squares. 

Suppose [n + ./n + 1/2] 4m. What can we say about m € N? 

1 
n+/n+5 <m_ and 

1 1 
Ciat cl ei sa cnn Ras ie Sch Dak Aires n+l, 

1 1 
n<(m—ny —(m—n) +7 meas Car 

<(m =n) —(m—n) <n $5, 

(m—ny’ —(m—n)=n>m=(m—ny. 

Now we make a simple counting argument: There are exactly k squares < k? +k 

and exactly k? integers of the form [n + ./n + 1/2]. Thus [n + ./n + 1/2| is the 
nth nonsquare. 

E19. The sequence |n+ V2n+ 1/2], n =1,2,... misses exactly the triangular 

numbers. 

Suppose m is not assumed. Then, 

1 1 
EIN iar <m,m+1 PLONE ARNE CG 2 Poe 

1 
SY Sei ee a 

2n < (m—n)? —(m—n) +2 < 2n+2, 
a 

even 

(m —n) —(m —n) = 2n > (m—n) + (m—n) = 2m, 

ap ieee Gal) m—n+1 

, p) @ 2 
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A counting argument similar to the one in the preceding example shows, that 
exactly the triangular numbers are omitted. 

Problems 

ie 

2, 

. (a) 6|n?+5n. (6) 30|n5—n. (c) Forwhichnis 120|n5—n? 

. (a) 3a, 3|b & 3\a? +B’. (0) 7Jla, 7|b & Tha? +07. (c) 21\ae@4+bh s 

a—c\ab+cd>a-—c|ad+be. 

a=b=1mod2>a*+b’ notasquare. 

441|a* +b’. 

.n=1mod2>5n? =1mod8 s 8|n? - 1. 

. 6lat+b4+cS$6|A4+b 4%. 

Derive divisibility criteria for 9 and 11. 

. Let A = 3!% + 41. Show that 7| A. Find A mod 11 and A mod 13. 

. Show that 3n — 1, 5n 42, 7n —1, 7n — 2, 7n + 3 are not squares. 

. Ifn is not a prime, then 2” — 1 is not a prime. 

. If has an odd divisor, then 2” + 1 is not prime. 

. 641 | 232 + 1. No calculator allowed! 

. (ajn > 2 => 2” —1isnotapowerof3. (b)n > 3 => 2” + 1 is not a power of 3. 

. A number with 3” equal digits is divisible by 3”. 

. Find all primes p, g, so that p? — 2q” = 1. 

. If2n + 1 and 3n + 1 are squares, then 5n + 3 is not a prime. 

. If pis prime, then p? = 1 mod 24. 

. 9a* +b? +c? > 9|a* —b? or 9| b? —c? or 9|a* —c’. 

. n=O0mod 2 > 323 | 20" + 16” — 3” — I. 

. 121 fn? +3n +5. 

. If p and p* +2 are primes, then p? + 2 is also prime. 

A? Hae 

. How many zeros are at the end of 1000!? 

. Among five integers, there are always three with sum divisible by 3. 

. Using x7 + y? +z? #7 mod 8, find numbers which are not sums of 3 squares. 

. The four-digit number aabb is a square. Find it. 

. Can the digital sum of a square be (a) 3, (b) 1977? 

. 1000---001 with 1961 zeros is composite (not prime). 

. Let O(n) be the digital sum of n. Show that O(n) = Qn) > 9|n. 

. The sum of squares of five successive positive integers is not a square. 

. Letn = pi! p; --- p% , p; be distinct primes. Then n has (a; + 1) - - - (a, +1) divisors. 
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32) 

33: 

34. 

3h). 

36. 

37. 

38. 

69) 

40. 

41. 

42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 

Dl 

52: 

2h 

54. 

Spb 

56. 

ail 

58. 

59} 

60. 

61. 

62. 

6. Number Theory 

Among n + 1 positive integers< 2n, there are two which are coprime. 

Among n + 1 positive integers < 2n, there are p, g such that plq. 

(12n + 1)/(30n + 2) and (21n + 4)/(14n + 3) are irreducible. 

Show that gcd(2n + 3,n + 7) = 1 forn 44 mod 11, and = 11 forn = 4 mod 11. 

gcd(n,n + 1) = 1, ged(2n — 1, 2n + 1) = 1, ged(2n, 2n + 2) = 2, ged(a, b) = 

gcd(a, a + b), gcd(5a + 3b, 13a + 8b) = gcd(a, b). 

(a) gcd(a, b) = gcd(2* — 1,2? -1). (b)n =ab > 27 -1|2"-1. 

(a) gcd(6, n) = 1 => 24|n?—1. (b) p,q primes > 3 implies 24| p? — q’. 

(a) p, p +10, p+ 14 are primes, (b) p, p +4, p + 14 are primes. Find p. 

(a) p,2p+1,4p+1are primes (b) p and 8p* + 1 are primes. Find p. 

13 |\a + 4b => 13|\10a+ 5. 19|/3x + 7y => 19|43x + 75y. 17|3a + 2b => 

17|10a + b. 

If p > 5 is a prime, then p? = 1 or p* = 19 mod 30. 

x? + y* = x*y? has no integral solutions besides x = y = 0. 

120 | n> — 5n? + 4n. 9|4" + 15n — 1. 

Let m > 1. Then exactly one of the integers a,a+1,...,a+m — 1 is divisible by 

m. 

Find all integral solutions of x? + y? + z* = x?y?. 

Find the integral solutions of (a)x+y=xy (b)x* — y? = 2xyz. 

Find all integral solutions of (a) x? —3y? = 17, (b) 2xy + 3y? = 24. 

Find the integral solutions of x? + xy + y* = x?y? and x? + y*+ 27 +u? = 2xyzu. 

Find all integral solutions of x + y = x? — xy + y’. 

Let p = Pi P2--: Pn, n > 1 be the product of the first n primes. Show that p — 1 

and p + 1 are not squares. 

QA + A203 + +++ + An_-1A, + a,a, = 0 with a; € {1, —1}. Show that 4|n. 

Three brothers inherit n gold pieces weighing 1, 2,...,n. For what n can they be 

split into three equal heaps? 

Find the smallest positive integer n, so that 999999 -n = 111---11. 

Find the smallest positive integer with the property that, if you move the first digit 

to the end, the new number is 1.5 times larger than the old one. 

With the digits 1 to 9, construct two numbers with (a) maximal (b) minimal product. 

Which smallest positive integer becomes 57 times smaller by striking its first digit. 

If ab = cd, then a* + b? + c? + d? is composite. Generalize (BWM 1970/71). 

Find the four-digit number abcd such that 4 - abcd = dcba. 

Find the five-digit number abcde such that 4 - abcde = edcba. 

Ifn > 2, paprime, and 2n/3 < p <n,thenp (7). 

The sequence a, = /24n + 1,n €N, contains all primes except 2 and 3. 
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(a) There are infinitely many positive integers which are not the sum of a square and 
a prime. 

(b) There are infinitely many positive integers, which are not of the form p + a** 

with p a prime and a, k positive integers. 

Different lattice points of the plane have different distances from (V2; 3): 

Different lattice points of space have different distances from (/2, /3, 3). 

A number a is called automorphic if a* ends in a. Apart from 0 and 1, the only 

one-digit automorphic numbers are 5 and 6. Find all automorphic numbers with (a) 

2, (b) 3, (c) 4 digits. Do you see a pattern? 

For any n, there is an n-digit number with 1 and 2 as the only digits and which is 

divisible by 2”. In which other number system does this hold? 

Is n a sum of two squares, then also 2n is. 

n is an integer, andn > 11 > n? — 19n + 89 is not a square. 

Every even number 2n can be written in the form 2n = (x + y)* +3x + y with x, y 

nonnegative integers. 

m|(m — 1)!+ 1 => misa prime. 

How often does the factor 2 occur in the product (n + 1)(n + 2)---(2n)? 

If a, m,n are positive integers with a > 1, thena”+1|a"+1>m|n. 

Let (x, y, z) be a solution of x? + y? = z?. Show that one of the three numbers is 

divisible by (a)3 (b)4 (c)S. 

We can choose 2‘ different numbers from 0, 1, 2,..., 3 — 1, so that three numbers 

in arithmetic progression will not occur. 

Can you find integers m,n with m? + (m + 1)? =n*4+(n+41)*? 

Let n be a positive integer. If 2 + 2./28n? + 1 is an integer, then it is a square. 

The equation x? + 3 = 4y(y + 1) has no integral solutions. 

A 20-digit positive integer starting with 11 ones cannot be a square. 

9\a*+ab+b>>3\a, 3d. 

Find the smallest positive integer a, so that 1971 | 50” + a - 23” for odd n. 

There are infinitely many composite numbers in the sequence 1, 31, 331, 3331,.... 

Find all positive integers n, so that 3|n - 2” — 1. 

If m is a positive integer, then m(m + 1) is not a power > 1. 

Every positive integer > 6 is sum of two positive integers > 1, with no common 

divisor. 

If x? + 2y? is an odd prime, then it has the form 8n + 1 or 8n + 3. 

Let a, b be positive integers with b > 2. Show that never is 2° — 1/27 +1. 

Can the product of three (4) consecutive integers be a power of an integer? 

If you move the last digit of a number to the front, then it becomes nine times larger. 

Find the smallest such number. 
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6. Number Theory 

Find all pairs of integers (x, y), such that 

P4x°ytxy+y? =80?4+xyt+ y? +1). 

Find all pairs of nonnegative integers (x, y), such that x? + 8x? — 6x +8 =’. 

Ifn € N and 2n + 1 3n + 1 are squares, then 40|n. 

Do there exist positive integers, so that x? + y? = 468*? 

3851980 + 181989 is not a square. 

11422 +33 4... +4 1983! is not a power m* with k > 2. 

y? = x> +7 has no integral solutions. 

Find the three last digits of 7”. 

Find pairwise prime solutions of 1/x + 1/y = 1/z. 

Find pairwise prime solutions of 1/x? + 1/y* = 1/2’. 

The product of two numbers of the form (a) x? + 2y? (b) x? — 2y? (c) x? + dy’ 

(d) x? — dy? again has the same form (d is not a square). 

Hint: x? — dy? = (x + yVd)(x — yVd), x2 +.2y? = (x t+iyVd)(x — iyVad). 

Show that 11987 + 21987 4... + n!%87 is not divisible by n + 2 forn € N. 

For what integers m, n is the equation (5 + 3/2)" = (3+ 5/2) valid? 

Solve x? — y> = xy + 61 in positive integers. 

Does x? + y? = 24 have prime solutions x, y, z? 

Find all numbers with the digits 1..9 containing every digit exactly once and with 

the initial part divisible by n, n € 1..9. 

X, y, Z are pairwise distinct integers. Show that (x — y)> + (y — z)P +(z —x) is 
divisible by 5(x — y)(y — z)(z — x). 

Find the smallest positive integer ending in 1986 which is divisible by 1987. 

Show that 1982 | 222 -- - 22 (1980 twos). 

The integers 1, ..., 1986 are writen in any order and concatenated. Show that we 

always get an integer which is not the cube of another integer. 

Find the eight last digits of the binary expansion of 27!%°°, 

The next to last digit of 3” is even. 

For no positive integer m is (1000” — 1) | (1978” — 1). 

For which positive integers do we have )°7_, k | [];_, k? 

a,b,c,d,e€Z, 25|a°+b>+c+d> +e = 5|abcde. 

Find a pair of integers a, b so that7 Jab(a + b), but 7’ |(a +b)’ — a’ —b’. 

Find the first digits before and behind the decimal point in (/2 + /3)!98°. 

The product of two positive integers of the form a” + ab + b? has the same form. 

If ax? + by* = 1, with a,b, x, y € Q, has a rational solution (x, y), then it has 
infinitely many rational solutions. 

Show that x(x + 1)(x + 2)(x + 3) = y* has no solution for x, y € N. 
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a,b,c,d,e € N are such that a* + b+ + c+ + d+ = e+. Show that among the five 
variables (a) at least three are even, (b) at least three are multiples of 5, (c) at least 

two are multiples of 10. 

Show that, if m ends with the digit five, then 1991 | 12” +9” + 8” + 6”. 

Find all pairs (x, y) of nonnegative integers satisfying x? + 8x? — 6x +8 = y°. 

Find all integral solutions of y? + y = x4 4+ x3 +274 x. 

There are infinitely many pairwise prime integers x, z, y such that x”, z”, y? are in 
arithmetic progression. 

Each of the positive integers a), ..., a, is less than 1951. The least common multiple 

of any two of these is greater than 1951. Show that 

Find the smallest integer of the form | f(m,n)| with 

(a) f(m,n) = 36” — 5". (b) f(m,n) = 12" — 5". 

Find infinitely many integral solutions of (x? +x +1)(y?+y+1)=2?+z+4+1. 

Let 2? = (x? — 1)(y? — 1) +n x, y € Z. Are there solutions for 

(ajn = 1981. (b)n = 1985. (c)n = 1984 (IMO Jury 1981)? 

Ifa, b, (a® +ab+c’)/(ab + 1) = 4 are integers, then q is a perfect square. 

(a) Ifa, b, (a* + b*)/(ab — 1) = gq are integers, then g = 5. 

(b) a® + b? — 5ab + 5 = O has infinitely many solutions in N. 

No prime can be written as a sum of two squares in two different ways. 

Find infinitely many solutions of 

(a2) x +y?+2? =3xyz (b) x? + y? +2? = xyz. 

Two players A and B alternately take chips from two piles with a and b chips, 

respectively. Initially a > b. A move consists in taking from a pile a multiple of the 

other pile. The winner is the one who takes the last chip in one of the piles. Show 

that 

(a) If a > 2b, then the first player A can force a win. 

(b) For what a can A force a win, if initially a > ab. (This is the game Euclid, which 

is due to Cole and Davie. See Math. Gaz. LIII, 354-7 (1969). and AUO 1978.) 

If n € N and 3n + 1 and 4n + | are perfect squares, then 56|n. 

Fifty numbers a), a2,..., dso are written along a circle; each of the numbers is +1 

or —1. You want to find the product of these numbers. You may find the product 

of three consecutive numbers in one question. How many questions do you need at 

least? 

Here is a generalization you can work on: Along a circle are written n numbers, 

each number being +1 or —1. Our aim is to find the product of all n numbers. In 

one question, we can find the product of k successive numbers q; - - - aj,-1. Here 

Gn+1 = 4, and so on. How many questions q(n, k) are necessary to find the product? 

Let n € N. If 4” + 2” + 1 is a prime, then n is a power of 3. 
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(a) If the positive integers x, y satisfy 2x? +x = 3y*+ y thenx — y,2x+2y +1, 

3x +3y + 1 are perfect squares. (PMO 1964/65.) 

(b) Find all integral solutions of 2x? +x = 3y? + y. 

(a) Let a, be the last nonzero digit in the decimal representation of the number n!. 

Does the sequence a), a, 43, ... become periodic after a finite number of steps 

(USSR proposal for IMO 1991)? 

(b) Let d, be the last nonzero digit of n!. Prove that d,, is not periodic, that is, p and 

no do not exist such that d,4, = d, for alln > no (USSR proposal for IMO 1983). 

Prove that the positive integer (517° — 1)/(5*° — 1) is composite. 

Integers a, b, c, d, e are such thatn |a+b+c+dte,n|@+b+C4+a@+e 

for the odd integer n. Prove that n | a> + b> +c? + d° + & — Sabcde. 

For each positive integer k, find the smallest n such that 2*|5" — 1. 

If p, ¢ are positive integers, then 

titer 1 fi ai lp jee ey ag ee a= = 2S 1979) p (IMO1979). 
a WaT ca 1318 * 1319 ¢ Ip ( ) 

If the difference of the cubes of two consecutive integers can be represented as a 

square of an integer, then this integer is the sum of the squares of two consecutive 

integers (R.C. Lyness). 

There are infinitely many powers of 2 in the sequence |n /2). 

Let gcd(a, b) = 1. The Central Bank of Sikinia issues only a- and b-Kulotnik coins. 

What amounts can you pay if you can get (a) change (b) no change? 

In Sikinia there are three types of weights: 15, 20, and 48 Slotnik. What weights can 

you measure (a) two sidedly (b) one sidedly? 

Leta, b, c € Nwith gcd(a, b) = gcd(b, c) = gced(a, c) = 1. Prove that 2abc —ab— 

bc —ca is the largest integer which cannot be expressed in the form xbc + yca+zab, 

where x, y, z are nonnegative integers (IMO 1983). 

Prove that the number 1 280 000 401 is composite (IIM 1993). 

Do there exist positive integers x, y, such that x + y, 2x + y and x + 2y are perfect 

squares? 

For what smallest integer n is 3" — 1 divisible by 2!9?°? 

a,b € N are such that (a + 1)/b + (b+ 1)/a € N. Let d = gcd(a, b). Prove that 

d* <a+b (RO 1994). 

Does there exist a positive integer which is divisible by 

notation does not contain any zero? 

Prove that n(n + 1) divides 2(1* + 2‘ + --- + n*) for odd k. 

2! and whose decimal 

Let P(n) be the product of all digits of a positive integer n. Can the sequence nj, 

defined by ny4; = ny + P(n,) and initial term n,; € N be unbounded for some n; 

(AUO 1980). 

Let D(n) be the digital sum of the positive integer n. 

(a) Does there exist ann such that n + D(n) = 1980? 

(b) Prove that at least one of any two successive positive integers can be represented 

in the form E,, = n + D(n) (AUO 1980). 
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Several different positive integers lie strictly between two successive squares. Prove 

that their pairwise products are also different (AUO 1983). 

Find the integral solutions of 19x? — 84y? = 1984 (MMO 1984). 

Start with some positive integers. In one step you may take any two numbers a, b 

and replace them by gcd(a, b) and Icm(a, b). Prove that, eventually, the numbers 

will stop changing. 

The powers 2” and 5” start with the same digit d. What is this digit? 

Ifn =a? +b? +c’, thenn? = x? + y? + z*, where a, b,c, x,y,z EN. 

For infinitely many composite n, we have n|3”~' — 2”-' (MMO 1995). 

The equation x? + y* + z7 = x3 + y? + 23 has infinitely many integer solutions 
(MMO 1994). 

Prove that there exist infinitely many positive integers n such that 2” ends with n, 

Le., 2” = ---n (MMO 1978). 

There are white and black balls in an urn. If you draw two balls at random, the 

probability is 1/2 to get a mixed couple. What can you conclude about the contents 

of the urn? 

A multidigit number contains the digit 0. If you strike it the number becomes 9 times 

smaller. At which position is this 0 located? Find all such numbers. 

If you are condemned to die in Sikinia, you are put into Death Row until the last day 

of the year. Then all prisoners from Death Row are arranged in a circle and numbered 

1,2,...,n. Starting with #2 every second one is shot until only one remains who is 

immediately set free. How do you find the place of the sole survivor? 

(a) Find a number divisible by 2 and 9 which has exactly 14 divisors. 

(b) Replacing 14 by 15 there will be several solutions, replacing 14 by 17 there will 

be none. 

The positive integer k has the property: for allm ¢€ N: k|m = k|m,. Here m and 

m, are mutual reflections like 1234 and 4321. Show that k | 99. 

Let p and q be fixed positive integers. The set Z of integers is to be partitioned into 

three subsets A, B, C such that, for every n € Z, the three integers n, n + p, and 

n+ q belong to different subsets. What relationships must p and q satisfy? 

A positive integer is the product of n distinct primes. In how many ways can it be 

represented as the difference of two squares? 

Solutions 

. (ab + cd) — (ad + bc) = a(b — d) — c(b—d) = (a—c)(b—4d). 

. An even square is divisible by 4. 

. (a)n?+5n =n? —n+6n =(n—1)n(n+1)+6n. (b) The three first factors of 

n> —n =n(n —1)(n+ 1)(n* + 1) are successive integers. Divisibility by 5 follows 

from Fermat’s theorem. (c) If n is odd, n° — n is divisible by 120. 
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. (a) For any x, x? = 0 mod 3 or x? = 1 mod 3. 

(b) For any x, x? = 0 or 1 or 4 mod 7. 

(c) This follows from (a) and (b). 

~n=2q4+1 an? =4q? +4q4+1=4q(qt+I4+1 = 8r +1. Every odd square is 
1 mod 8. This fundamental fact is used very often. 

6. (a8 —a)+(b? — b) + (c? —c) is divisible by 2 and 3, i.e., 6. 

7. 10 = 1 mod 3,10 = —1 mod I, n = 3, 410 > n = Dy d mod3, n= 

14. 

fo: 

16. 

PM 

¥- d;(—1)' mod 11. 

. 7 | A since 105 is odd. 35 = 1 mod 11, 4° = 1 mod 11. 31% + 4! = (3°)?! + 

(4°)? =14+1=2 mod 11. 

. Show it by squaring the remainders of 3, 5, 7 modulo 3, 5, 7, respectively. 

. This follows from a — b| a” — b”. 

. This follows from a + b| a” + b” for odd n. 

. 641 = 544+ 24 = 5-27 + 1 divides both 5* - 278 + 2°? and 54 - 278 — 1. Then it also 
divides their difference 2°” + 1. 

. (a) Suppose n > 2. We want to show that never 2” — 1 = 3”. For odd m we have 

2" = 3" 41 = (34+ 193"! 43"? +--+ 1). The last factor is an odd number of 

odd summands. This is a contradiction. 

Next suppose m = 2s is even. Then 2” = 1+375 = (9)' +1 = 8q +2. Contradiction, 

because it is not a multiple of 4. 

(b) Suppose n > 3. For odd m, we get 2” = 3" —1 = (3 —1)3""!+---+1). The 

last factor is an odd number of odd summands. Contradiction! 

Next suppose m = 2s iseven. Then 3° = 2a+1, 2”+1 = (3°)*, 2” = (2a+1)*-1 = 
4a(a + 1). Here a or a + 1 is odd. Thus a = 1, 2” = 3* — 1. Hence, there is no 

solution for n > 3. 

Prove it by induction. 

p must be odd. p = 3 and g = 2 are solutions as well as p = 5 and g = 3. 

Suppose both p and q are greater than 3. Then both are = +1 mod 6. Then we have 

(+1)? — 2(£1)* = 1, —1 = 1 mod 6. Contradiction. 

n+1=a*, 3nt+1=3? > 5n4+3 = 42n4 1) — Bn 1) = 42 -B = 

(2a + b)(2a — b). Hence 2a — b = 1 > (b — 1)? = —2n. Thus 2a —b £1. 

. For p > 3, we have p = 6n + 1, and the theorem is valid for such numbers. 

. x? = 0, 1, 4, 7, mod 9. Thus (a”, b?, c”) is (0,0,0), (1,1,7), (1,4,4) or (4,7,7), or 

permutations of these. Two elements of each of these triples are equal. So their 

difference is 0. 

. 323 = 17-19. Prove by congruences divisibility by 17 and 19. 

We prove: If n?+3n +5 is divisible by 11 then it is not divisible by 121.n?+3n+5 = 

n? —8n+ 16 = (n — 4) mod 11. Thus, 11|n? +3n+5ifn = 11k +4. But then 

n? + 3n+5 = 121k(k + 1) + 33. This is not divisible by 121. Another solution 

uses n* + 3n +5 =(n —4)(n +7) + 33. 

p must be odd. p = 3 gives p>? +2 = 11, p> +2 = 29. For p > 3, we have 

p = 6n £1, and p? + 2 is divisible by 3. 
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The number of two’s in 1! is LSJ LEH LE) 4. < $434 ete<n. 

The number of fives in 1000! is 200+40+8+1=249. The number of two’s is enough 

to match each 5 to get a 10. Thus, 1000! ends in 249 zeros. 

We consider three boxes 0, 1, 2. We put a number into the box i if its remainder on 

division by 3 is 7. Either there will be 3 numbers in some box, and then we have three 

numbers with sum 0 mod 3, otherwise, there will be at least one number in each box. 

Then the sum of these numbers is divisible by 3. 

We must show that x? + y? + z? = 8s + 7 has no integral solutions. If x, y, z 
are even the two sides have different parity. If two are even, and one is odd, then 

we have 8p + 1 + 4a? + 4b? = 8¢ 4+ 7, or 4(p — t) + 2a? + 2b* = 3, that is, 

even=odd, a contradiction. Suppose only one term on the left is even. Then we 

have even=odd. Finally, in the case all three terms on the left side are odd, we have 

8p +1+8¢+14+8r+1 = 8t+4+7, or 2p + 2g + 2r — 2t = 1, or even=odd. 

So every parity combination on the left side leads to a contradiction. All numbers of 

the form 8 + 7 are not representable as sums of three squares. But that is not all. 

We will prove by finite descent that all numbers of the form 4”"(8t + 7) are not sums 

of three squares. Suppose x? + y* + 2? = 4"(8t + 7). Then we can show as above 
that x = 2x), y = 2y,, z = 2z, . This implies x? + y? + zj = 4"-1(8¢ + 7). And 

again x1, yj, Z; are even. Finally, we arrive at ue + y? ate ies = 8t+7, which has no 

integral solutions. It can be proved by a complicated argument that any integer not of 

the form 4”(8¢ + 7) can be represented as a sum of three squares. So we have found 

all numbers which are not sums of three squares, although we have not proved it. 

Suppose n? = aabb. Then n* = 1100a + 11b = 11(100a +b) = 1199a +a +d). 
Since n? is divisible by 11”, we see that 11|a +, that is,a + b = 11. Since n? isa 

square, b cannot be 0, 1, 2, 3, 5, 7, or 8. Checking the remaining digits we see that 

only 7744 = 887 fits. We can eliminate b = 5 since a square ends with 25. 

(a) No, a square divisible by 3 is also divisible by 9. (b) Same argument. 

The number 101° + 1 = (10°)? + 1 is divisible by 10°* + 1. 

If the digital sums of two numbers are equal then their difference is a multiple of 9. 

Hence their difference 2a — a = a is divisible by 9. 

(n—2P +(n—1)? +77 4+(n4+1% +(0 42) = 5(n? + 2). So 5|n? 4 2, that is, 
n? = 5q — 2. But a number of the form 5g — 2 is not a square. 

For each of the n primes p;, we have a; + 1 choices for the number of primes p; to 

be included into the divisor. 

Two of (n + 1) positive integers < 2n are consecutive. They are coprime. 

Represent these (n + 1) numbers < 2n in the form 2*(2m + 1). There are only n odd 

numbers in the interval 1..2n. Thus two of the odd divisors of the representations 

are equal. Then one of the two corresponding numbers is divisible by the other. 

gcd(30n + 2, 12n + 1) = ged(12n + 1, 6n) = ged(6n, 1) = 1. ged(21n +4, 14n + 

3) = gcd(14n + 3, 7n + 1) = ged(7n + 1, 1) = 1. 

gcd(2n + 3,n +7) = gcd(n+7,n — 4) = gcd(n — 4, 11) = lifn #4 mod 11. 

gcd(5a + 3b, 13a + 8b) = ged(Sa + 3b, 3a + 2b) = ged(3a + 2b, 2a + b) = 

gcd(2a + b,a +b) = ged(a + b, a) = ged(a, b). 
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ged(2*—1, 2—1) = ged(2*—2°, 2°—1) = gcd[2°(2?- > -1), 27-1) = gcd(2?~? — 

1, 2? — 1). This is one step of Euclid’s algorithm on the exponents. 

If p and q are primes > 3, then p = 6m +1, andg = 6n+1. p?’—q? = 

(6m + 1)? — (6n  1)° = 36(m? — n”) — 12(4m £n) = 12(m + n)(3(m — n) + 1). 

On the right side, either m +n or 3(m — n) + 1 are even. Thus 24 | p* — q’. 

p, p +10, and p + 14 belong to three different residue classes mod 3. So one of 

these numbers is divisible by 3. So only p = 3 gives the primes 3, 13, 17. The same 

is true for the second example. 

For p = 3, we have 2p + 1 = 7 and 4p +1 = 13. For p > 3, one of the three 

numbers is divisible by 3. This follows if we put p = 6n + 1, or even simpler by 

looking at the numbers mod 3. Then we get p, —(p — 1) and p + 1 which belong to 

three different residue classes mod 3. 

For p = 3, we have 8p? + 1 = 73. For p > 3, we have 8p* + 1 = —(p? — 1) mod 3. 
The last number is —(p — 1)(p + 1) mod 3. Thus we have three different residue 

classes mod 3. So for p > 3 p or (p — 1)(p + 1) is divisible by 3. 

This follows from 10(a + 4b) — (10a +b) = 39b, 43(3x +7y) —3(43x +75) = 38y, 

10a + 2b) — 3(10a + b) = 17b. How do you get these linear combinations 

systematically? 

We write p in the form p = 30g +r with r € {7, 11, 13, 17, 19, 23, 29}. Then 

p’ =r’ mod 30. A simple check with the seven possible values gives the result. 

x? y? = xy? & xy? — x2 =y? 41=16 0? -DO?-D=lexsy=O0, 

Another solution uses parity and infinite descent starting from the fact that both x 

and y must be even. 

(a) n° —5n?+4n = n(n*—5n*+4) = n(n?—4)(n?—-1) = (n—2)(n—1)n(n+1)(n4+2). 
The product of five consecutive integers is divisible by 5!. 

(b) f(x) = 4” + 15n — 1 = 0 mod 3, but this is not enough, We use induction, 

f(O) = 0, so 9| f(O). Suppose 9 | f(n) for any n. Then f(n + 1) =4-4"+ 15n + 

I5S—1=3-4" 44" 4+ 15n —1+15 = f(n) + 34” +5), which is divisible by 9 

since 4” + 5 = 0 mod 3. 

These are m consecutive integers. 

If each of x, y, z is odd, we have 3 = 1 mod 8. If any one of x, y, z is odd, we have 

odd=even. If x and y are odd and z even we have 2 = 1 mod 4. If any of x, y is odd 

and the other together with z even, we have 1 = 0 mod 4. Thus each of x, y, z is 

even. This starts an infinite descent with the only solution x = y = z = 0, Another 

solution is based on (x? — 1)(y? — 1) = z* +1. 

(ax+y=xy => (* — Dy — 1) = 1. Thus x = y = 2. Solve (b) yourself, 

(a) This is x? = —1 mod 3 and has no solution. Solve (b) on your own, 

(a) Use infinite descent. (b) Use infinite descent. 

Transform the equation into the form (x — 1)? + (y — 1)? + (x — y)? = 2. It has the 

solutions (0,0), (1,0), (0,1), (2,1), (1,2), (2,2). 

p —1=6p3p4--+ Pn — 1 = 6P — 1 is not a square. No solution for p + 1. 

We have proved a similar result by invariance. We could do this in the same way. 

But here we do it by number theory. One-half of the terms are +1 and one half are 
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—1. Thus n = 2k. But a;a;;; = —1 if and only if the two factors are of opposite 

sign, that is, k is the number of changes of sign in the sequence ), 42, ---, An, dQ}. 

The changes from +1 to —1 are as often as those from —1 to +1. Thus k = 2m, and 

n= 4m. 

Another solution runs as follows. Set p; = a;a;4,. One half of the p; are equal to —1. 

Consider p, p2 +++ Pn = (—1)*. But in this product every a; occurs exactly twice. So 

the product is 1. Thus k = 2m. That isn = 4m. 

1+2+---+n=n(n+1)/2 must be divisible by 3, that is, 3 | or 3|n + 1. This 

necessary condition is also sufficient if n > 3. Show this. 

The given equation is equivalent to (10° — 1)n = (10 — 1)/9 > n = (10k — 
1)/9(10° — 1) with k = 6m. Then’n = (1 + 10° +--- + 106"-)/9. The numerator 
becomes a multiple of 9 if m = 9. Thus, the smallest n is 

10% —1 
(are a 

9(10° — 1) 

Let d be the first digit. Then the number is n = 10*d +r. We get 

3(10‘d +r) k k Ag labs 1On-- d 3d - 10° -6:3r = 20r +: 2a: dB 10" = 2) = 17r, 

that is, 

17|3- 10 —-2 > 3-10 = 2 mod 17 = 10‘ = 12 mod 17 

with the smallest solution k = 15, d=1: 

Bs IO! =D 200 = 2 
= —— > = —__——__, 

17 Lane) 
(a) Suppose you have two positive integers a, b witha > b indecimal notation. You 

want to append the digit c to the end of either a or b to make the largest possible 

product. Since (10a + c)b — (106+ c)a = c(b — a) < 0, you should append c to the 

smaller number. Using this result, we construct the largest product in a sequence of 

optimal steps: a = 9642, b = 87531. We leave (b) to the reader. 

Let x be the leftmost digit, and let y be the number resulting from crossing off that 

digit. Then 10”"x + y = 57y, 10"x = 56y. The right side has the factor 7. Hence the 

left side has the factor 7. But 10” is not divisible by 7. Since x < 10, x = 7. Thus 

10" = 8y, y = 10"/8 = 125-10" 7, n =3,4,5,---. 10° x+y =7-10° +125. 

10"-3 = 7125 - 10"~>. There are infinitely many solutions 7125 - 10"~7, n > 3. The 
smallest solution is 7125. We get the other solutions by attaching zeros to 7125. 

r 

We prove the more general theorem: Let a, b, c,d € N, and letn € N. If ab = cd, 

then a" + b” + c” + d” is not a prime. Proof: 

Chet oy 
seca Decca gain a eqeCal 6s 59) Sa 11S oe, SING 

CoD Wey 

or 

A=, CS, = Vs, =, BP EIN, 

Thus, 

Gee baa +d" =u"x" +v"y" +u"y” + vx" =(u" +0")(x" + y”). 

Now uv”? +v" > 1, x" + y" > 1. Thus a” + b” +c” +d” is not a prime. 
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abcd -4 = dcba > a < 3, since 3000 - 4 = 12000 has five digits. But dcba is 

even. Thus a must be even, i.e., a=2. From 2bcd - 4 = dcb2, we get d > 8, and the 

product d - 4 ends in 2. Thus d = 8. The result 2bc8 - 4 = 8cb2 or 

8000 + 400b + 40c + 32 = 8000 + 100c + 10b + 2. = 390b + 30 

=e =13b 2a. 

The right side is even, and 2c < 18. Thus b must be odd and smaller than 2, i.e., 

IAC a0Gde— eS 

Find the unique solution, as in the preceeding problem. 

This is because p and 2p, but not 3p, are factors of (2n)!. 

First let us find out for what values of n the terms a, are positive integers. a, € N if 

and only if there exists ag € N such that 24n + 1 = q? or 

P-1_@= q+) 
eae 24 

Since n € N the denominator must cancel. Hence q must be odd. Then g — 1 and 

q + 1 are consecutive even numbers, and one of them is a multiple of 4. So the 

product (q — 1)(q + 1) is divisible by 8. In addition, either g — 1 or g + 1 must be a 

multiple of 3. Hence there is an s € N such that g + 1 = 6s org = 6s + 1. Then 

a5 04 
n= Ser oe 

and a, = 6s + 1. But every prime from 5 on has the form 6s + 1. 

(a) We will show that all numbers of the form (3k + 2) are not of this form. Suppose 

(3k + 2)? = n? + p. Then p = (3k + 2)? —n? = (3k +n + 2)(3k +n — 2). This is 

a nontrivial decomposition of p. 

(b) We leave this to the reader. 

If the lattice points (a, b) and (c, d) are equidistant from (J 21 /3), then 

1 1 
(@-V2) +-3Y =C- V2 +d- zy, 

or 

ac +6 a? — =(b—d) = W2(a~ 6). (1) 

The left side is rational. So the right side must also be rational. Thus, 

Wh = (6 (2) 

Hence, b? — d? — 2(b — d)/3 = 0, (b — d)(b +d) — 2b — d)/3 = 0, 

-dib+d—~)=0. (3) 

b+d—2/3 4 O since b + d is an integer. So b = d. Thus, (a, b) = (c, d). 

Do this problem in the same way as the preceding one. 
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(a) a? ends ina, i.e., a” —a ends in 00, or 100 | a(a— 1). Buta—1 anda are relatively 

prime. So one is a multiple of 4, the other of 25. 

(i) a = 25q. Since a < 100, a — 1 = 25g — 1 is a multiple of 4 only for g = 1. 

Thus, a =25, a? = 625. 

(ii)a—1 = 25g, a = 25q +1 isa multiple of 4 only forg = 3. Thus,a = 76, a? = 

5776. Hence, 25 and 76 are the only two-digit automorphic numbers. 

(b) a* — a = a(a — 1) is divisible by 1000 = 8 - 125. So one is a multiple of 8, the 

other of 125. 

(i) a = 125g, a—1 = 125g — 1 = 120g + (Sq — 1), 8|a—1, 8|5q — 1 with the 

only solution g = 5. (Note: q < 8 since a < 1000.) Thus, a = 625, a* = 390625. 

(ii) a— 1 = 125g, a = 125q +.1 = 120g + 5q + 1. Since 8|5g + 1, the only 

solution is g = 3. Thus, a = 376, a* = 141376. Hence, 376 and 625 are the only 

three-digit automorphic numbers. 

(c) a(a — 1) = a(a — 1) is divisible by 10000, or 16 - 625. 

@) a = 625q, a — 1 = 625q — 1 = 624g + q — 1, 16|a, 16|q —1, ¢g = 17, 

a = 625 - 17 = 10625 > 10000. But a must have four digits. There is no solution 

in this case. 

(ii)a—1 = 625934 = 625¢+-1 = 6249+4 +1, 16/ia, 16|¢+1,.9¢:=.15,a = 9376. 

There is only one 4-digit automorphic number: a = 9376, a* = 87909376. 

(d) We tabulate these results together with one extrapolation: 

25 

2° (27, 28 also) 
27 

0625 9376 10001 

90625 09376 100001 

22112 

122112 

212A 

n divisor of a, 

- - sum 1 XB 

5 6 11 DD woe 

25 76 101 3 112 | 23 (27 also) 

625 376 1001 4 2112 | 2+ (25 and 2° also) 

5 

6 

7 

We get the right table above by experimenting: 

This table suggests that the numbers a, are constructed as follows: a; = 2, dn4; = 

la, if 2"+! Ya, (ie., prepend digit 1 to ay). dn4; = 2a, if 2”*' | a, (ie., prepend 

digit 2 to a,). Suppose a, = d,dy,_1--+dzd,, where d; = 1 or 2, and 2” | ap, Le, 

Gi — ILO, 

Gi) 2"** YX a,,1.e,, b, is odd: We get a,4, = 1a, = 10° + a, = 10° +'2"b, = 

2"(5" + b,) = 2"t'c, since 5” + b, is odd. 

(ii) 2"*! | a,, i.€., dn = 2"*1, We get dna, = 2a, = 2-10" +2"4'b, = 2"*1(5" +-5,). 

Note: The theorem is valid for all bases of the form 4k +2, k EN. 

yan > «ty? + — yy? =2n. 
The tactical idea is to show that n? — 19n + 89 lies between two consecutive squares. 

Indeed, 

n2 —19n +89 =n? — 18n + 81 —(n — 8) = (n — 9)? —(n — 8) < 1-9)" 
Soe) 

>0 

n2 —19n + 89 = n? —20n + 100+ (n — 11) = (n — 10)? +n—11 > (rn — 10) 
——— 

>0 

(n — 10)? <n? —19n + 89 < (n — 9). 
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n=(xt+tyP+3x+yHtyPtaty+2x=+yatyt)+2x, 

1 x+ty+l n= EME eax ( ; ) 

The first formula shows that the right side is, indeed, even. The second formula shows 

how to find x, y. First, straddle n by two consecutive triangular numbers T, = (5) 

and T,4; = (=) as follows T, <n < T,4,. Thenn = 7,+.x withz =x+y-+1. 

For instance, let n = 1000. Then n = (*) +10.Sox = 10, x +y+1 = 45 which 

implies x = 10, y = 34. One could also find x, y explicitly in terms of n. 

This simple theorem is best proved by proving the contraposition: 

m not prime > m j{(m —1)!+1, 

which is obvious. If m is not prime, it can be decomposed into m = pq with 

1 < p <mand1 <q <m. Thenm isa divisor of (m — 1)! and cannot be divisible 

by the next number. To prove the converse is slightly more difficult. Both the theorem 

and its converse give Wilson’s theorem. 

Use induction to prove that the factor 2 occurs exactly n times. 

Leta,b,m,n EN, gcd(a, b) = 1, a > 1. We will prove three lemmas. 

(a) Let m = qn with odd q. Then a” + b” |a" +b”. 

(b) Letm = qn +r, q odd and0 <r <n. Thena” +b" fa" +b”. 

(c) Letm =sn+r, s even,0O<r<n.Thena”’+b" fa" +b”, that is, with odd 

q we have the more precise statement: 

a” +b" |a" +b" Sm=gqn. 

Proof. (a) a?” + b%” = (a")4 + (b") is divisible by a” + b” for odd q. 
(b) q” ae b” = quit ae pantr = a’ (a%” ak bi”) ail bi" (b” —s aay 

From (a), we see that the first term on the right is divisible by a” + b”. The second 

term is not divisible by a” +b” since gcd(b%", a” +b”) = 1 and|b’ —a’ | < a" +b". 

Thus the sum is not divisible by a” + b”. 

(c) If s is even, then g —s is odd. With s = g +1, we write a” +b” = a"*" 4. pont” 
=: qiqut + hat pnts = artt(ar ah bi”) + bat" (pb? +q"”) Se bI a" (b" +a’). The first 

two terms are divisible by a” + b”, the third is not. Indeed, gcd(b?"a", a” + b”) = 1, 

and 0 < b’ +a’ <a" +b". This proves the stronger statement above. 

(a) Suppose none of the numbers is divisible by 3. Then 1 + 1 = 1 mod 3, which is 

a contradiction. 

(b) Suppose that none of x, y, z is divisible by 4. Suppose x and z are odd and 

y = 4q +2. Then we have 1 + 4 = 1 mod 8. This is a contradiction. 

(c) Suppose none of the three numbers is divisible by 5. Then we have +1 + 1 = 

+1 mod 5. Contradiction. 

Take from the numbers 0, 1, ... , 3 — 1 all those 2* different numbers which contain 

no 2’s in their ternary expansion. These will not be in arithmetic progression. Indeeed, 

suppose a+c = 2b forsomea, b, c consisting only of the digits 0 and 1. The number 

2b consists only of the digits 0 and 2. Hence a and c must match digit for digit, and 

SOMds—= 10) — 16) 
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This and the next three problems have automatic solutions. You just make obvious 

transformations and always look for patterns. First multiply, collect terms, and cancel 

factor 2: 

m+(m4+ 12 =n*4+(n4+ 1) 3 m2 +m =n! +2n3 4 3n? 4+ 2n, 

m +m=(n? +nP +2? +n) > m+m41 a(n? +n)? +2An24+n)4+1 

>m+m4+1=(n?+n+1). 

The right side is a square, the left is not because it lies between two consecutive 

squares: 
2 m <m+m+1<m’?+2m4+1=(m+1). 

2+ 2/28n? +1 =m => 4(28n? +1) = m2 —4m +453 m = 2k > 28n? +1= 
Ka eel 

=> 28n? =k? —2k > k = 2q = 28n’ = 4q? — 4q = Tn’? = G(q —- 1). 

Here q and q — | are relatively prime. 

(i) gq = 7x’, gq—1 = y? => 7x? — y? = 1. This case cannot occur, because 
y? # —1 mod 7. 

Gijg = 472 -¢ — 1 = 7y-. In this case, m = 2k = 4g = 4x7 = Ox). So we 
have solved the problem. We were not required to show that there is a solution. 

Only if there is a solution, it must be a square. We have done just that. There are in 

fact infinitely many solutions. Eliminating g by subtraction we get the Pell-Fermat 

equation x* — 7y” = 1. We find the smallest positive solution by inspection. It is 

Xo = 8, yo = 3. Thus all solutions are given by 

Xn + yaV7 = (84+3V7)". 

P43 =4 t+) 5343 $4 447 9 P44=Qyt I? ox 
(2y+1 —4=(2y —1)2y +3). 

But gcd(2y + 3, 2y — 1) = ged(2y — 1,4) = 1. Thus, 2y -1 =u’, 2y+3 = 
v>, v’ — uv? = 4. But no two cubes can differ by 4. So there is no solution. 

TAVIT11119 100 = x TT 107 af 10?" (igi! = 110? = 9% 

(10!! — 1)10° + 9- 10°. 

Now (10!° — 1)? < 107° — 10° < 9x, (10!°+ 1)? > 107° +8- 10° > 9x. But there 

is just one square between (10!° — 1)? and (10'° + 1)*. So 9x = 107°. But 10” is 

not divisible by 9. 

A 

We transform the left side as follows: a2 + ab + b* = (a —b)* +3ab> 

3|\a—b>9|3ab >3\aor3|b and 3|a—b=>3|a and 3b. 

Since 1971 = 27 - 73 with gcd(73, 27) = 1, for odd n, we have 

50” + 23"a = (—4)" + (-4)"a = —4"(a + 1) mod 27 > a = —1 mod 27, 

50" + 23"a = (—23)" + 23"a = 23"(a — 1) mod 73 > a = 1 mod 73, 
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that is, a = 73x + 1 anda = 27y — 1, or 73x — 27y = —2. The last equation has 

infinitely many solutions. We must pick the one with smallest a. 

73 = 73 1+ 270, 27 = 1320 = 27 a S09 Sl 27 oe) 

= $=)73 6) 427-353 73- Sa 214A 8) 

= PS 73 ET) 27 19 S27 S83 I 2719) 

Starting with the third equation, you get equation #n by subtracting equation #(n — 1) 

as often as possible from equation #(n — 2) so as to get a possible left side. From 

the last equation, we get one solution x» = 7, yo = 19. Thus all solutions are 

given by x = 7+ 27t, y = 19+ 73t. We get the smallest positive a fort = 0: 

a= 137 27-19 — 1 512. 

Multiplying by 3 and adding 7, we get 10” for the mth term. Thus a, = (10” — 7)/3. 

From 10? = —2 mod 17, we get 10° = 16 = —1 mod 17. From this, we get 

10° = —10 =7 mod 17 and 10!° = 1 mod 16. Hence 17 | (1p. 7)/3, that is, 

(10!*+° — 7)/3 is composite for k = 0, 1, 2,.... On the other hand, a, is prime for 

n = 1,2,3,4,5, 6, 7, 8. There is also an infinite sequence divisible by 19. Find it. 

neven>n-2"”—l=n—-1=0mo0d3>n=6k+4. 

nodd >n-2”-1=0=-n-1=0m0d3>n=6k+5 (kK EN). 

Since gcd(m + 1, m) = 1, we require that m+ 1 =a", m = b". ora” —b" =1. 

But no two powers differ by 1. 

4n = (2n—1)+(2n-+1). Here the two sums on the right side are two odd consecutive 

numbers and have no common divisor. For odd numbers, we have 2n+1 = n+(n+1). 

Finally, ifn is odd, then 2n = (n—2)+(n+2) with gcd(n—2, n+2) = ged(4, n—2) = 

ik 

Since x? + 2y? is a prime, x must be odd, and x? = 1 mod 8. If y is even, then 
2y? = 0 mod 8 and x” + 2y? = 1 mod 8. If y is odd, then y? = 1 mod 8, and 
x? £ 2y" = 3 mod 8. 

From b > 2, we conclude that a > b. Froma = qb +r, 0 <r < b, and 

27+1 _ 90-6 Pie oe es | 

ee ee i 

we conclude 

27 +1 27 +1 27 +1 Sa ga—2b ee 

P= 1 “ Dek ag np atl soning tee 

(a) (n — 1)n(n + 1) = (n? — 1)n = m*. Since gcd(n? — 1,n) = 1, we must have 
n> —1=a*, n=b*, bk —a* = 1, There are no solutions in N. 

(b) Suppose x(x + 1)(x + 2)(x +3) = (x? + 3x)(x? + 3x +2) = y*. Then gcd(x? + 
3x +2, x? + 3x) = gced(x? + 3x, 2) = 2, gcd((x? + 3x)/2, (x? + 3x + 2)/2) = 1. 
Then (x? + 3x)/2 = a*, (x? + 3x + 2)/2 = bk and bk — a‘ = 1. No two kth powers 
of positive integers have difference 1. 

The digit block with the last digit removed is b. Then 10b + 9 = 9- 10" + b. 

The solution can be found in Chapter 10, problem 63. 
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There is no general method visible, but we observe that x and y do not differ much. 

Indeed, y? — (x + 1)? = 5x? —9x +7 > Oand (x +3) — y3 = x2 +33x +19 > 0. 
That is, x + 1 < y < x +3. Since x and y are integers we must have y = x + 2. 

Replacing y by x + 2, we get 2x(x — 9) = 0 with solutions x, = 0, y,; = 2, and 

X2 = 9 y2 = 11. The pairs (0, 2) and (9, 11) do satisfy the original equation. 

(a)2n+1=x?, 3n+1= y?. The first equation implies that x is odd, i.e.,n = 4m 
is even. The second equation implies 3n = 8m, or n = 8m). Thus, n = 0 mod 8. 

We still have to show that n = 0 mod 5. Now the quadratic residues can only be 

0, 1, 4 mod 5. Thus, modulo 5, we have 

n=1>x%x7=2n+1=3, n=2> y?=3n+1=2, 

Re3Sx =n l=2, n=4S y* =3n +1 =3. 

These are all contradictions. Thus n = 0 mod 5. So we have proved n = 0 mod 40. 

(b) The first two equations imply 3x” —2y? = 1. We can transform this equation into 
a Pell equation by the transformation x = u+2v, v = u+3v. We get u? —6v? = 1 

with the smallest positive solution up = 5, vo = 2. Thus all solutions are given by 

Un + UnV6 = (5 + 2/6)". The solution x9 = 9, yo = 11 with y2 — x2 =n = 40 
corresponds to uo, vo. 

One can also directly guess the smallest solution x9 = 9, yo = 11. Then all solutions 

are given by x,V/3 + yrV2 = (973 + 11/2)". 

Note that 468 = 5° + 7°. Thus 468* = 468 - 4687 = (5 - 468)? + (7 - 468). 

385198 + 181980 is congruent to 2 mod 13, but 2 is not a quadratic residue mod 13. 
To see this, we consider the table 

Kane OMe 2 fee Aakers. 6 

2h My as haa 0 ee, ae RP ere se 

We need not go beyond 6 since x = 7 = —6 mod 13, and so on until 12 = —1 mod 

13 since we get the same quadratic residues in inverse order. Now 385 = —5 mod 

13, 18 = 5 mod 13, 5* = (—5)* mod 13. Since 1980 is a multiple of 4, we have 

the result. A smaller module will not do since we would get a possible quadratic 

residue. 

Find the sum modulo 4. The terms of the sum are a periodic sequence with period 

1, 0, —1, 0 of length 4, that is, the sum is a multiple of 4. If the sum would be of the 

form m* with k > 3, then it would be divisible by 8. Let us look at the sum modulo 

8. If n is even, and n + 2, then n* is a multiple of 8. If n is odd, then n* = n mod 8. 

Thus the sum is modulo 8 27 +1+3+5+---+1983 = 984068 = 4, which is not 

a multiple of 8. 

y? =x9478 ytl = x2 +8 = (x +2)(x? —2x +4). First we observe that, if x is 
even then y* = 7 mod 8. But we know that an odd square is congruent to 1 modulo 

8. Thus, x must be odd. But x? — 2x + 4 = (x — 1)? +3 = 4k +3. Thus this factor 
has a prime factor of the same form because the factors of the form 4k + 1 are closed 

under multiplication. But it is known that odd numbers can have only prime factors 

of the form 4k + 1 (except 2). We will prove this well known fact. Let q be a prime 

factor of y? + 1. Then y* = —1 mod q. Because of Fermat’s theorem, we also have 

y?-! = 1 mod q. From y” = —1 mod q, we get y* = 1 mod q by squaring. Hence 

4|q-1=>4q =4k +1. This is a contradiction. 
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We must find x = 7%? mod 1000 or 7x = 7! mod 1000. But (1000) = 

1000(1 — 1/2)(1 — 1/5) = 400, 7*° = 1 mod 1000. Since 10000 = 25 - 400, 

we have 7x = 1 mod 1000. Thus we have to find the inverse of 7 mod 1000. This 

can be done in a standard way by solving the equation 7x + 1000y = 1 with the Eu- 

clidean algorithm. But in this particular case, we use the fact that 1001 = 7-11-13, 

which is well known by a high school student since his teacher uses it for many tricks. 

Now, obviously, 1001 = 1 mod 1000. But 1001 = 143-7. so 143-7 = 1 mod 1000. 

Huse sas 

Multiplying by xyz, we get yz +xz = xy. Letx =da, y = db with gcd(a, b) = 1. 

Then hes 

a+b 

Now gcd(a, b) = ged(a,a + b) = gcd(b, a + b) = gcd(ab, a + b) = 1, that is, 

dbz + daz = d’ab > (a+b)z =dab>z=d- 

d=k(a+b), z=kab, x=ka(at+b), y=kb(a+ Db). 

Since gcd(x, y, z) = 1, we have k = 1, and finally, 

x=a(a+b) y=D(a+b) z=ab. 

Indeed, 
1 1 1 

+ ee 
a(la+b) b(ia+b) ab 

Multiplying with x? y?z?, we get (yz)* + (xz)? = (xy)*. Using the formulas in item 
13, we get yz = u? — v’, xz = 2uv, xy = wu? + v’, gcd(u, v) = 1,u ¥ v mod 2. 
With xyz = k, we get 

kx =2Quvo(u?+v7), ky =(u? +07)? — 0’), kz = Quv(u? — v’). 

Using the hint, we proceed as follows: 

(x? — dy’)(u? — dv”) = (x + yVd)(x — yVd)u + vVd)(u — vVd) 

= (x + yVd)u — vV d(x — yVd)(u + vV a) 

= (xu — dvy — (xv — yu)Vd))(xu —dvy +(xv— yu)Vd)) 

= (xu — dvy) — d(xv — yu). 

Similarly, we proceed with x? + dy”. Another approach is via matrices and deter- 
minants. The matrix 

x eye 

» 

is a matrix with determinant x? — dy’. If we are familiar with multiplication of 

matrices, then 

& “en ( 1 _ [xutdyv d(xv + yu) 

Voy v uj) | xv+tuy xutdyv | 

If A, B are two matrices, then the determinant of the product is the product of 

determinants, i.e., det(A B) = det(A)det(B). Applying this rule to our matrices, 

we get (x? — dy?)(u* — dv”) = (xu + dyv)’ — d(xv + yu)’. Similarly, we proceed 
with other similar so-called quadratic forms in two variables. 
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PAA Nee oe P -+n}987) = (791987 4.91987) 4. 2 (21987 4.711987) 4-9 = (n+2)P+2, 

where P is an integer. This follows from a + b| a* + b* for odd k. Thus n + 2 does 
not divide the sum. 

(5 + 3/2)" = (33+ 5/2)" > (5 — 3/2)" = (3 — 5/2)". The only solution is 
m=n = Osince0 <5 — 3/2 <1, but 5./2—3 > 1. 

Assume x > y. Thenx =d+y, d > 1, and (3d — 1)y* + 3d? — d)y +d? = 61. 
From this, we infer that d < 3. d = 1 yields 2y? + 2y -60 =0, y>+ y—30=0 
with y = 5 x = 6. The other two possible values d = 2, d = 3 yield no solutions 

in positive integers. Because of the symmetry of the original equation in x and y, we 

have an additional solution x = 5, y = 6. 

From y? = 24 — x? = (z* —x)(z? +x), we have either 2? —x = 1, 22 +x = y3,or 

z22—x=y, 2?+x = y*. From the first system, we get x = z?—1 = (z—1)(z +1). 
Wie = = ore Ps SS). y? = 5, a contradiction. Upon addition, the 

second system leads to the contradiction y? = 22’. 

The fifth place is a 5. The places #2, 4, 6, 8 are even. The others must be odd. For 

ddd3d, to be divisible by 4, we must have dy = 2 or 6. ded7dg and hence also 

dzdg should be divisible by 8. Thus dg = 2 or 6. Hence d>, ds = 4 or 8. Now, 

d,d>d; is divisible by 3, and dd)d3d45dg is divisible by 6. For dp, there are just two 

possibilities: dy = 4, d) = 8. The first posibility leads to two numbers which are not 

divisible by 7. The second possibility d) = 8 leads to the only solution 381654729. 

(x — yP +(y — z)? + (z — x) is zero forx = y, y = z, z = x. So the terms 

x—y, y—Z, z—x can be factored out. To see that 5 is also a factor, we observe 

that, by multiplying the parentheses, the terms x°, y>, z> cancel. The remaining 

terms all are multiples of 5. This proves the assertion. 

We have 10000x + 1986 = 1987z, x,z € N. With y = z — 1 we get 10000x — 

1987y = 1. This equation has infinitely many solutions x, y, and the smallest is 

x = 214. Thus the answer is 2141986. 

Dividing by 2, we get 991| 11---1. But 11---1 = (10!%8° — 1)/9. Now 101980 — 
1980 1980 

1 = (10°! — 1)(10”! + 1). Since 991 is a prime, by Fermat’s theorem, we have 
991 | 10°?!-! — 1. This proves the assertion. 

Can 1-101 +2-10% +3-10% +---+ 1986-10 be a cube x*? Cubic residues of 
x are just 0, 1, —1. Since 10 = 1 mod 9, we getx? =1+24+3+4+---+1986= 
1987 - 1986/2 = 1987 - 993 = 7-3 = 3 mod 9. So x? = 3 mod 9. But 3 is not 

a cubic residue mod 9. Thus we have proved the theorem. Without the very nice 

criterion for divisibility by 9, we would be completely lost. 

(256) = 128, 1986 = 128 - 15 + 66. The theorem of Euler—Fermat tells us that 

271986 = 27% mod 256. Now 27% = (—39)? = (—15)!® = (—31)® = (-63)4 = 

129? = 1 mod 256 > 27° = 27? = —39 = 217 mod 256. Writing 217 in the 
binary system, we get the last 8 digits 11011001». 

We do this problem by induction. For the first values of n, 3” has an even next to the 

last digit. Suppose 3” = Bed where d is one of the digits 1, 3, 7, 9 and e stands for 

an even digit. B is the initial block of digits which do not interest us. If you multiply 

d by 3, you will always have an even carry of 0 or 2. Adding this to e, we again 

get an even digit, sometimes with a carry which affects only the third digit from the 

right. 
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1000” — 1 | 1978” — 1 implies that 1000” — 1 divides the difference 1987” — 1000”, 

or 2”(989" — 500”). But 1000” — 1 is odd. Thus 1000” — 1 | 989” — 500”. But this 

is obviously wrong since 1000” — 1 > 989” — 500”. 

n!/n(n + 1)/2 =2-2-3---(n—1)/(n+ 1). Ifn +1 = p, a prime, then the answer 

is obviously no!, except for n = 1. In all other cases, the answer is yes! We will 

prove the yes!, since it is less obvious. Supposen+1= pq>3 (p<q,q>1). 

First case: 1 < p < q < (n+ 1)/2 < n —1. In this case, p and g are in distinct 

factors of (n — 1)!. 

Second case: p = q. For n = 3, we have (1 +2+3)|(1 - 2-3). Otherwise, we have 

n>3andg>2>q(q-2)>1> qq > 2q +1. Withn +1 = q’, we have 
n+1+q? >q?+2q+1=>7n > 2q. Thus (n — 1)! contains the factors q and 2q. 

We prove the contraposition 5 abcde > 25 Jao +b>+0+da +e. 

(5k £1) = (Sky £ 5(5k)* + 10(5k)? + 10(5k) +5-5k +1. 

(5k +2) = (Sky + 5(5k)* +2 + 10+ (5k)? - 27 + 10(5k)? - 27 ++.5-5k-24*+2°. 

Thus, (5k + 1)° = +1 mod 25 and (Sk + 2)? = +7 mod 25. Addition of 5 of the 

four numbers +1, —1, +7, —7 never gives 0 or +25, or 35 = 5-7. 

(a+b)’ —a’—b’ = Tab(a+b)(a? +ab+b?). Thus we must have 7° | a? +ab+b?. 

For a = 18, b = 1, we have 7? = a* + ab + b’. There are also more systematic 

ways to a solution. 

See Chapter 14.4, example E1 for a solution. 

(a? + ab + b*)(c* + cd +d’) = (a — wb)(a — b)(c — wd)(c — Dd) 

= (ac — bd)’ + (ac — bd)(ad + bc — bd) + (ad + be — bd)’. 

Here w = e@*)/@) is the third root of unity with @? = —1—o. 

Another solution uses matrices. 

ax” + by* = 1 is an ellipse. If (xo, yo) is a rational point of the ellipse, we choose 
a line Ax + By + C = 0 through (xo, yo) with A, B, C € Q which intersects the 

ellipse in a second point (x1, y,) with x, y; € Q. By rotating the line about (xo, yo), 

we get infinitely many rational solutions. 

x(x + 1)(e + 2)(x + 3) = y* > (x? 4 3x)(x? + 3x + 2) = y?. Both factors on the 
left are even and their halves have difference 1. Thus, their gcd is 1. This implies 
that they are both squares: 

Dbi-ainen ian.) B PR aandele 
x? + 3x x? +3x +2 2 Ke Rem tek. pila 

The last equation has no solutions in positive integers. 

(a) First, we check that m* = 0 or 1 mod 16. The right side is 0 or 1 mod 16. Hence 

there must be at least three even numbers on the left side. 

(b) It is easy to check that m* = 0 or 1 mod 16. Since the right side is at most 

1 mod 16, at least 3 numbers divisible by 5 will be on the left side. 

(c) At least 3 of 4 on the left side are multiples of 2, and the same number are 

multiples of 5. Hence two will be multiples of 10. 



Pat 

WP, 

123: 

124. 

125; 

6. Number Theory 151 

12” + 9” + 8" + 6” = (3" + 4")(3" + 2”). Since m = 10a + 5 = 5(2a + 1), we 

have 4” +3” = 4°@a+1) + 3502+) and 4° + 35 | 4" 43”, Similarly 3° +25 | 3" +2". 

But 4° + 3° = 1024 +243 = 1267 = 7-181, 35+2° = 243432 = 275 = 25-11. 

Now 1991 = 11 - 181. Hence, we have divisibility by 181 - 11 = 1991. 

We have y? — (x + 1)? = 5x? —9x +7 > Oand (x +3)? — y? = x7 4+33x+19 > 0. 
Hence x + 1 < y < x +3, and, since the variables are integers, we have y = x +2. 

Using this in the original equation we get 2x(x — 9) = O with solutions x; = 0, 

X2 = 9, y) = 2, y = 11. We check that (0, 2) and (9, 11) indeed satisfy the original 

equation. 

The left side of the equation y? + y = x4 + x3 + x? + x is almost a square. Just 
multiply by 4, and add 1, and you get 

Ay ay | = 4x4" 1 dy? 4 dy? Ay Qy41) =45*-FAx 4-4y* 45 41, 

The LHS is a square. We try to show that the RHS lies between two successive 

squares. 

T(x) = 4x* + 4x34 4x? + dy + 1 = Qn? $x) Cx + DOS 1), 

PG ere an eA Ag ee Ovex bl) x(x — 2): 

For x < —1lorx > 0, we have (3x + 1)(x + 1) > 0 and T(x) > (2x? + x)*. For 

x <Oorx > 2, we have T(x) < (2x7 +x +1). Forx < —1 orx > 2, we have 

(Qe ery y= Ox + 1): 

We need to check only the cases x = —1, 0, 1, 2. We get 

@x=-l1>y?+y=0>y=0, y=-l 

Oa — 0S" 9—01 >> = 0) y=—1 

(c)x =1=> y* + y = 4 with no integral solutions 

(d)x=2> y+y=305 y=-6, y=S. 
The integral solutions are (—1, 1), (-1, 0), (0, -1), (0,0), (2, -6), (2,5). 

x?, z*, y? are in arithmetic progression if z* — x? = y” — z’, ie., 

x? + y? = 222 (y— x) +(e + yy)? = (22). 

y-x=w-—v, x+y=2uv, 2z =u? +v* follows from this. Addition and 
subtraction of the first two equations gives 

Quv — u? + v? wu? — v* + 2uv u> + v* 
DS eT ET re ae 5 hee 

2 2 2 

Here u and v must have the same parity, so the numerators are even. 

The number of integers from 1 to m, which are multiples of b is |m/b]. From 

the assumption, we know that none of the integers 1,..., 1951 is simultaneously 

divisible by two of the numbers a ,...,d@,. Hence the number of integers among 

1, ..., 1951 divisible by one of a), ..., a, is 

L1951/a,] +---+ |1951/a,]. 
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This number does not exceed 1951. Hence 

1951 
dP Soweata tes ora eae agate DOR <n+1951 <2-1951, 
ay an ay an 

1 1 

ay an 

This problem was used at the MMO 1951. It is due to Paul Erdés. The 2 can be 

replaced by 6/5, but even this is not the best possible bound. 

(a) The answer is 36 — 5? = 11. The last digit of 36° = 6* is 6, the last digit of 5” 
is 5. Hence |67* — 5”| ends with 1 or 9. The equation 6 — 5” = 1 has no solutions 
since otherwise we would have 5” = (6* — 1)(6* + 1), but 6* + 1 is not divisible by 

5. Fork = 1, m = 2, we get 36° — 5" = 11. 

(b) | f (1, 1)| = 7. We prove that | f(m, n)| cannot assume smaller values. It cannot 

take the values 6, 5, 3, 0 since 12 and 5 are prime to each other. Because 12” is 

even and 5” is odd, it cannot take the values 4 and 2. Now we will exclude the value 

[fanx)| = 1. ftn,n) =1> 5" =—Imod4, and fim,n)=1> 12%= 

2 mod 4. This contradicts 12” = 0 mod 4. Now, suppose f(m,n) = —1. Then 

5°=1mod3 Sn=2k > 127 = (5% + 15% —D, 5*§ =1mod45 %+4+1 

= 2 mod 4. Thus 5‘ + 1 is only divisible once by 2. From 12” = (5* + 1)(5* — 1), 

we conclude that 5* +1 = 2-3", 5 —1 = 2?"-13™-¥, Only one of 5* + 1 and 
5* — | must contain a factor of 3, since their difference is 2. But v = 0 would imply 

541 =2 3k =0=>n = 0, whichis acontradiction, since 0 ¢ N. Second case: 

ve=ms> 5*-1=27"-!, 541 =2-3". The difference 2 = 2-3-2715 

3” — 4”~! — |. This is not valid for any positive integer m. 

The identity (x? + x + 1)(x? —x +1) = x+4+ x? +1 gives infinitely many solutions 
(n. =n, n-) 

(a) We have z* = (x? — 1)(y? — 1) +5 mod 8. Since z? = 0, 1, 4 mod 8,x7 -1= 
0,3, 7 mod 8; (x7 — 1)(y? — 1) ="0, 1, 5 mod 8, and (x? — DG? — 1)+5 = 

2, 5, 6 mod 8, we have z? # (x? — 1)(y? — 1) +5 mod 8. 

(b) Consider the equation mod 9 : z* = (x — 1)(y? — 1) +5 mod 9. We have z? = 

0, 4, 7 mod 9, x? — 1 = 0, 3, 6, 8 mod 9, (x? — 1)(y? — 1) = 0, 1, 3, 6 mod 9, 

(x? — 1)? — 1) +5 =2, 5, 6, 8 mod 9. Thus, z” # (x? — 1)(y? — 1) +5 mod 9. 

(c) n = 1984. Simplifying, we get x? + y? + z* — x?y? = 1985. The idea is to 
find a representation x* + y? = 1985. Then z = xy gives a solution. By looking at 

the last digits of squares, we quickly get one of the solutions 77 + 447 = 1985 and 

3174327 = 1985 bytrial and error. Thus (x, y, z) = (7, 44, 7-44) and (31, 32, 31-32) 

are solutions. (There are infinitely many solutions.) 

Proceed exactly as in E15. 

Proceed similarly to E15. 

Suppose there is a prime p such that p = a* +b? = c? +d? witha > b,c > 
d, a #c. We assume that a > c. Then p? = a?c? + b?d* + a?d? + b*c? has two 
representations 

p’ = (ac + bd + (ad — bc)’ = (ad + bc)? + (ac — bd). 
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Since 

(ac + bd)(ad + bc) = (a’ + b?)cd + (c? +. d*)ab = p(ab + cd), 

either p|ac + bd or p|ad + bc. If p|ac + bd, then from the first representation 

for p’, we get ad — bc = 0, ad = be, a/c = b/d. Since a > c, we have b > d, 

and a* + b? > c* + d*. Contradiction. 

But if p | ad+bc, then from the second representation for p, we get that a/b = d/c, 
which implies d > c. But we have assumed that c > d. Contradiction. 

One can show that 
ac + bd 

C= 

gcd(ac + bd, ab + cd) 

is a divisor of p such that 1 < t < p. 

Consider the equation x* + y* + z? = 3xyz. One solution is easy to guess by 
inspection. It is the triple (1, 1, 1). Now, suppose that (x,y,z) is any solution. Keep 

y and z fixed. Then it is a quadratic in x with two solutions x and x, satisfying 

X+X, = 3yz or x; = 3yz — x. Thus x; is also an integer. With the triple (x, y, z) 

satisfying this equation, there will be another triple (3 yz —x, y, z) which should also 

satisfy the equation. Indeed, 

(3yz—xy +y?+2? = 33yz—x)yz => 9y?z?—6xyz+x°+y* +z? = Dy*z*—3xyz. 

This simplifies to x? + y? +z” = 3xyz. Thus we have found infinitely many solutions 
of this equation. 

pti Minnie 25 wall ain34e 289 — 233 1610) 429 $1698 49854194) 433 
Dalen eo. 5 3) eae eG) 93g Best. 90 go" 1 8 
Zeelay te 1 1 1 1 1 2 2 2 5 3); 

If (x, y, z) satisfies the equation x? +y?+ 2? = 3xyz, then (3x, 3y, 3z) will satisfy 

the equation x” + y? + z* = xyz. 

See Chapter 13, problem 34. 

3n+1=x*,4n+1 = y’, y? —x? =n = y odd > neven > x odd } 8|n. 
Here we used the fact that, if x and y are odd, then 8|y? — x”. Now 4x? — 3y? = 
4(3n + 1) — 3(4n + 1) = 1. Thus 4x? — 3y? = 1. Setting w = 2x, we finally get 
w? — 3y* = 1. This Pell equation has the solutions (2 + /3)" = w, + 1 3Yp. But 

only the first, third, fifth,... solution has an even w,,. So we start with the solution 

2 + 3 and multiply repeatedly by (2 + V3)? = 7+ 4/3. In this way, we get all 

solutions with even w,. We get the recursions 

(iG) = AG a We ae ae Waa) Senay aS ac 

From Xp41 = 7Xn + 6Yn = —Yn (mod 7) and yn41 = 8X, + 7yn = Xn (mod 7), 

we get y2,, —x2,, =x? —y, =n =0 (mod 7). Hence, 7|n. 

One product remains unknown after 49 questions, e.g., @;a2a3. We switch the signs of 

all numbers a; withi #0 (mod 3), except a;. This does not change the answers to 

the 49 questions, but the product does change, since a; a2a3 changes its sign. Hence 49 

questions do not suffice. But if we know the answers to 50 questions giving the prod- 

UCtS A} 4703, 47034, ..., A4g449A50, 4945041, 4504142, then, by multiplying, we get 

3 3 3 —— . se Ay Ay + G3 +++ Asq = Ay * 2-++ Aso. 
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Let 3* be the greatest power of 3 which is contained in n. We write n = 3*(3s +r) 

with r = 1, 2. In the following proof we use the lemma: 

xo xl” pa foralls Ng, 7 e412). 

We have 

6s+2r 3s+r 
qn a Qn a l= 43‘ Gs+r) afi 93*s+r) ae es (2*) a (2*) Ai 1 

2 

Because of the lemma, the last value is divisible by (2*) - 2" + 1. Since this 

divisor is different from 1 and 4” + 2” + 1 is a prime, we conclude that 

6s+2r 3s+r 2 

(2*) +4 (2*) eg eS bes oe 

Hence, 3s +r = 1, ors =Oandr = 1. Thus,n = 3‘,a power of 3. 

Now we prove the lemma. We prove that the polynomials 

Pn(x) = x on t2 sont ae 1, Qn(X) = x or t4 Fe alee =i 1 

vanish at the roots of x? + x + 1. Indeed, the roots of the last polynomial are the 

third roots of unity @, w*. But o"*? = "+? = @ and w"*4 = w*"t! = w. Thus, 

Pr(@) = @ ++ 1andg,(@) =o? +o+1. 

(a) From 2x”? +x = 3y?+ yy, we get x? = x —y+3x?—3y? = (x— y)3x+3y+41), 

y? = x —y+2x? —2y* = (x — y)(2x + 2y + 1). Since 3 + y) + 1 and 
2(x + y) + 1 are prime to each other, and x — y = gcd(x?, y”) = gcd(x, y)’, the 
integers 3x + 3y + 1 = b? and 2x +2y +1 =a’ must also be squares. This proves 

(a). 
(b) With x = d-b, y=d_-a, gcd(a, b) = 1, we get d? = x — y. From (a) we get 

3a* — 2b? = 1 andd? =db—da > d =b—a, x =(b—a)b, y = (b—a)a. The 

solutions of 3a? — 2b? = 1 can be obtained from 

(V3+ v2)" =a,v3 +b,v2 
by powering or, simpler, by recurrences. From 

GIL byt a= (av3 fs b,V2) (5 - 2V'6) 

we get Qn41 = 5a, +4b,, Dns, = 6a, + 5b,, a; = 1, b; = 1. The next solution 

a — 9b — il yieldsx> = 22> sy7— 18:3 

(b) There are more 2’s then 5’s in n! forn > 1. Hence for n > 2, the last nonzero 

digit d,, of n! is even. 

Let p be a period of d,, that is, for n > no, di4p = dn. We have p > 3. Choose m 

such that (p — 1)! < 10” and np = 10” — 1. We have 

! 

aver =10%a+10u), 1<a<9. 

But 

(n + p)! 
n! 

= (n+ 1)-+-(n +’p) = 10" (10" 4/1)---(10" + p = 1) 

= 10"(p — 1)! mod 107" => 2Ia. 
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On the other hand, 

n!=10"(d+10v), (n+p)! =10°(d+10w), with even digit d 

(n + p)! =n!10%(a + 10u) > 10°(d + 10w) = 10"(d + 10v) - 107(a + 10u) 

=>dz=ad (mod 10). 

From this it follows that a = 6. Similarly, the last nonzero digit of 2. 10"(2- 10" + 

1)---(2-10"+ p—1) is 6. But this number is congruent to 2-10(p—1)! mod 107”, 

which implies that the last nonzero digit is 2. In fact, 6-2 = 2 mod 10. Contradiction! 

With x = 5*°, the number becomes 

el 
i = 0 x? x? ye a 1) = See 1) 

For x = 5”, this result is a difference of two squares, which can be factored into 

two factors, both greater than 1. 

For the first time, we use the auxiliary polynomial P(t) = #°+ pt*+qt?+rt?+st+u 
with roots a, b, c, d, e. Hence Ae) ah P(b)+ P(c)+ eg) + P(e) = 0. We conclude 

thata>+---+e4+ piatt+:---+e)+q@t---+e8)4+ra@t---+e)+ 
Pe aa hade ==4()) ieee = ee ee ae =ab+ac+ 

ad+ae+bc+bd+be+cd-+ce+de, that is,n | p and alson | qg. The second 

relationship follows from 2g = (a+---+e)* —(a* +--+’). We also conclude that 
n|ao+b>+c+4+d° +e —Sabcde. 

Where did we use the fact that n is odd? 

5" + 1 ends with 26 and is divisible by 2, but not by 4. 577+! — 1 = (5 — 1)(5%7 + 

-. + 5 + 1) is divisible by 4 but not by 8, since the last parentheses have an odd 

number of odd summands. For p > 1, we conclude from factoring 

SCI) _ ogee (ea ac 1) (oe eat Ee 1) 

that the numbers of the form 5?”@4+)) — 1 have in their factoring exactly one factor 
2 more than 52” 24+) — 1. Hence, 52’4+) — 1 is divisible by 2?*?, but not 2?+3. 
Hence, the answer is n = 2*~?. 

Denote the sum by s. Then we have 

1319 4 659 1 1319 4 

Se Digit? aie LNG k=l k=1 k=660 

989 989 
1 aac) Pi 

= + 1979 = 1979. — 
De) (; a k 2, Moh aint k) qd 

The denominators k(1979 — k) are prime to 1979, since this number is a prime. Thus 

the gcd of the denominators is not a multiple of 1979, and hence the numerator is a 

multiple of 1979. 

Multiplying (x + 1)? — x? = 3x? + 3x+1 = y? by 4, we get 3(2x + 1) = 
(2y — 1)(2y +1). Since 2y — 1 and 2y + | are coprime, we must consider two cases 

(gcd(m, n) = 1): 

(a)2y—1=3m?, 2y+1l=n?. (b)2y-1l=m’, 2y+1 =3n’. 



156 

144. 

145. 

6. Number Theory 

The first case leads to n? — 3m? = 2 which has no solution since it implies n? = 
—1 mod 3. In the second case, we set m = 2k + | and get 

2y = 4 44k 4+2=2[k+1P +8], 

which implies y = (k + 1)? + k?. 

In the binary form J/2 = by.b; --- by, b; € {0, 1}, there are infinitely many i’s such 

that b; = 1. If b, = 1, then setting m = [2'"!./2| = bo -- - by_1, we have 

1 
UND =e a Fata DN ze 

Multiplying by 2 and adding /2, we get 

PAGE Tt Lo 
2 

2 < (m+ Iwi <4 

i.e., ((m + 1)V/2] is 2*, ged. 

(a) We know the answer from item #5. Since gcd(a,b) = 1, we can solve the 

Diophantine equation ax + by = | in infinitely many ways. Multiplying by the 

integer z, we get z = a(xz) + b(yz). Thus we can represent any integer by a and b. 

(b) By experimenting with small values of a, b, we get the result: 

If m, n are integers such that m +n = ab —a — b, then exactly one of m, n is 

representable, the other not. 

In the identity ax’ + by’ = a(x’ — bt) + b(y’ + at), we can choose ¢ such that 

0 < x’ — bt < b — 1. Hence we assume that, in 

m=ax+by, n=au+bv, 

we have O < x < b—1land0O <u < b—1.Fromax+by+au+bv =ab—a-—b, 

we get 

ab—a(x+u+1)—bv+y+1)=0 (1) 

and hence b|x + u + 1. From the assumption about x and u, we get 

1<x+u+1<2b-1, 

and thus x +u-+1 = b. From (1), we conclude that y-+v+1 = 0. Hence exactly one 

of the two numbers y, v is negative, the other nonnegative. Obviously, the smallest 

representable number is 0 with x = y = 0. Thus the largest nonrepresentable number 

is ab — a — b. All negative integers are not representable. Hence all integers from 

ab —a —b +1 on upward are representable. 

This result is due to Sylvester. It is a special case of the problem of Frobenius: 

Given are n positive integers ay, ..., A, with gcd(a\,...@,) = 1. Find the largest 

number G,,, which cannot be represented in the form a,x, +---+a,X, with x; > 0. 

Until recently, not even the case n = 3 was solved. Now several people have claimed 

to have solved the case n = 3. A look at their solutions shows that they did not find a 

formula for G3. Rather they gave a “simple” algorithm for finding G3. Its description 

comprises several pages. In this sense also, the general case has a solution. A formula 

for G, does not seem to exist even for case n = 3. 
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(a) One Slotnik can be weighed since 1 = 2 - 48 — 15 — 4-20. 

(b) This is an instance of the case n = 3 of the problem of Frobenius. Since a 

general solution is not known, we must use ingenuity to find the largest integer not 

representable in the form 

48x +20y+15z, x, y,z>0. (2) 

We can write this in the form 3(16x +5z)+20y. Here 16x +5z takes all integral values 

from 16-5 — 16 —5+ 1 = 60 upward. We write the first term in the form 3(t + 60) 

and get 3¢ + 20y + 180. Now 3t + 20y takes all values from 3-20 —3 —20+ 1 = 38 

upward. Hence 48x + 15z + 20y takes all value from 218 upward. So G3; = 217 

is the largest value not assumed by 48x + 20y + 15z. We have made two uses of 

Sylvester’s result to arrive at our conclusion. 

We make two applications of Sylvester’s result: 

bcx + cay + abz = c(bx + ay) + abz = c(ab-—a—b+1+t)+abz 

abe —ac—bc+c+ ct+abz 
——$ 

abc—c—ab+1+u 

Hence, bex + cay +abz = 2abc —ab—bc —ca+1+u. Heret, u are nonnegative 

integers. We conclude that all integers from 2abc — ab — bc — ca + 1 upward can be 

expressed in the form bcx + cay + abz. We prove that 2abc — ab — bc — ca cannot 

be so represented. Suppose 

bcx+cay+abz = 2abc—ab—bc—ca => bc(x+1)+ca(y+1)+ab(z+1) = 2abc. 

(1) 
We conclude that a|x + 1 > a <x +1. Similarly, b < y+ 1 andc < z+ 1. Now 

(1) implies 3abc < 2abc, a contradiction. 

With a = 20, we have 1280000401 = a? +a” + 1. The polynomial a’ + a? + 1 has 
the factor a2 +a +1 since w’ +a? +1 =0* +w +1, where w is the third root of 

unity. Hence 1280000401 is divisible by 421. 

Suppose x + y = a”, 2x + y = b*, x + 2y = c’. Adding the last two equations, 
we get 

3a* = b? +c’. (1) 

A square can only be 0 or 1 mod 3. This implies that b and c are both divisible by 

3. But then a is also divisible by 3. Hence (a/3, b/3, c/3) satisfies (1). By infinite 

descent, only the triple (0, 0, 0) satisfies (1). 

For n = 1, the integer 37’ — 1 is divisible by 2°. Consider the identity 

gr = (3" -1)3" +1); 3% 41=(-1)"+1=2 (mod 4). 

This shows that just one factor 2 is added by increasing n by 1. Thus 3?" — 1 has 

exactly n + 2 factors 2. 

Since (a + 1)/b + (b+ 1)/a = (a +b? +a + b)/ab and d’|ab, we also have 
d?\a2 +b? +a+b. But also d*|a? + b?. Hence, d*|a + b ord? <a+b. 

The solution to problem 66 is an example containing just the digits 1 and 2. 
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Adding S,., = 1 +2 + ---n* and S,, =n* + (n— 1) +--+ + 1*, we get 

2Sn¢ = (1K +n) + (2+ —- 17) +---4+ 0% +14). 

Since k is odd, we have (n + 1)|2S,,;. To prove that n|2S, ;, we may ignore the last 

term in S,, and add 1* + ---(n — 1) to(n — 1) + --- 1*. We get n|2S,,,, and since 

gcd(n,n + 1) = 1, we conclude that n(n + 1)|2S,, x. 

No! The sequence n,; becomes constant starting with some index p, so thatn, = 

Np+1 = +++. Indeed, we have ny < mez) < mq + 9° for all k, where c(n,) is the 

number of digits of n,. Suppose that the sequence n,; is not bounded for some choice 

of n,. We choose a positive integer N, such that 10” > n, and 9% < 10%~!. Such 

a choice is always possible. The unboundedness of n, implies that nz > 10% from 

some number k on. Hence among the numbers n;, < 10%, there is a largest, say np. 

But then 

10” < np; <n, +9 < 10" +9" = 10% + 10%". 

This means that n,,; starts with 10, and P(n,,;) = 0. Thus ny = np4; for all 

k > p +1. This contradicts the unboundedness of the sequence n,;. In other words, 

starting with any 7,, the sequence n; does not change from some number k on. 

(a) Answer: 1962 + D(1962) = 1980. How to guess this will be seen from (b). 

(b) Ifn ends with 9, then E,,,, < E,, if not, E,.; = E, +2. For any positive integer 

m > 2, we choose the largest NV, for which Ey < m. Then Ey 4; > m, and the last 

digit of N is not 9. Thus either Ey.; =m or Eys; =m+1. 

Letn? <a<b<c<d<(n+1),ad = bc. Then 

d—a <2n. (1) 

Our aim is to produce a contradiction to (1). From ad = bc, we conclude that 

al((a+d)—(b+c)] = (a —b)(a —c) > 0. Hence, 

a+d>b-e. 

Now (a + dy — (d —a)* = 4ad = 4be < (b +c). We conclude that 

@=ay = (a@+dy¥ —@+0' =@+d4+b4+0a4+d-—b=o 

Each term of the first factor on the RHS is larger than n*, and the second is > 1. 

Thus we have d — a > 2n, which contradicts (1). 

Write the equation in the form 19(x3 — 100) = 84(y? +1). The right side is a multiple 
of 7, hence also the left side, i.e., x? — 2 = 0 mod 7. But x? 4 2 mod 7. 

Since a - b = gcd(a, b) - Icm(a, b) and a + b < ged(a, b) + Icm(a, b), the product 

of all the numbers is invariant while the sum increases or does not change. This is 

an invariance problem using number theory. 

Suppose 2” and 5” begin with the digit d and have r + 1 and s + 1 digits, respectively. 

Then, forn > 3, we have d-10" < 2” < (d+1)-10" andd-10° < 5" < (d+1)-10°. 

Multiplying these inequalities, we get d? - 10"*° < 10" < (d+ 1)? - 10’+ or 
d? < 10" < (d+1)*. From 1 < dandd+1 < 10, we getn —r—s =1,ie., 

d* < 10 and (d+ 1) > 10. This implies d = 3. The smallest example is 25 = 32 
and’ 5>: 13125; 
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We check that x = a? + b? — c*, y = 2bc, z = 2ca. We may assume a > b > c. 
Then x > 0. 

We look for divisors of the same form 3* — 2*. Set k = 2',n = 3% —27,t > 2. 
We use the fact that, for k ¢ N and distinct integers x, y, we have x — y|x* — y*. 
Now, to prove that n|3”~' — 2”, it is sufficient to prove that the exponent n — 1 is 
divisible by 2°, i.e., 2'|3” — 1 (since 2'|2”'). 

By induction, we prove that we have 2'+?|3” — 1 for all t € N. For t = 1, this is 
clear. Suppose it is true for some t. Then 32" — 1 = (3? + 1)(3” — 1). The first 
factor is divisible by 2; the second by 2‘*? by the induction hypothesis. 

Get rid of two cubes by setting z = —x. We get 2x” + y? = y?, 2x? = (y — ly’, 
ie., 5+ must be a square ¢?. Then y = 21? + 1, x = ¢(227 + 1). 

Hint: The smallest n for which 2” = ---n is 36: 27° = ---736. From here on, 
we use induction. Suppose 2” = ---dn, where d is the digit to the left of n, then 

Piglet ee 

Leta, bandn = a+b be the number of white balls, black balls and balls, respectively. 

We may assume that a > b. Then 

ie.,a = (n+ Jn)/2, b = (n — /n)/2, and the number of balls must be a square 

gainen a= (";*).and b= (2). 
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Inequalities 

Means 

Let x be a real number. The most basic inequalities are 

x7 > 0) (1) 

S 2 
Aiea, (2) 

rt 

We have equality only if x = 0 in (1) or x; = 0 for alli in (2). One strategy for 

proving inequalities is to transform them into the form (1) or (2). This is usually 

a long road. So we derive some consequences equivalent to (1). With x = a — b, 

a>0,b > 0, we get the following equivalent inequalities: 

b 
a? +b? > 2ab @ Ya" +b) > (a+ by @ 2 +— >? 

a 

1 a+b a2 + b2 
ee Ne Oe ; 

Xx yy D 

Replacing a, b by /a, /b, we get 

b 2ab ate Jab & 2" Jab & Va = 
2 a+b 

In particular, we have the inequality chain 

2ab b 24 pb 
min(a, b) < = ee < Jab < = < pai < max(a, b). 

a+b 2 
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This is the harmonic-geometric-arithmetic-quadratic mean inequality, or the HM- 

GM-AM-OQM inequality. By repeated use of the inequalities above, we can already 

prove a huge number of other inequalities. Every contestant in any competition 

must be able to apply these inequalities in any situation that may arise. Here are a 

few very simple examples. 

El. 2. > > 2 for all x. This can be transformed as follows. 

Sg oe) x I ee 
xe +1 5 se II a Vx2+1 

E2. Fora, b, c, > 0, we have (a + b)(b + c)(c + a) => 8abc. Indeed, 

lee y PR Ree ca 

K3. Ifa; > O0tort—1,...,n and djao= --a, = 1, then 

(+a) + @2)-+- (1 +a,) > 2”. 

Dividing by 2” we get 

1+a, 1+ a) _ Ato 
5 5 2 oy n/ Oy [Gq =f O0r ay = A 

E4. For a, b, c, d > 0, we have /(a+c)(b+d) > Jab + Vcd. Squaring and 

simplifying, we get ad + bc > 2./abcd, which is x + y > 2,/xy. 

ES. Show that, for real a, b, c, 

a’ +b? +c >ab+be+ca. (3) 

First proof. Multiplying by 2, we reduce (3) to (2): 

2a” + 2b* + 2c? — 2ab — 2bc — 2ca > 0 & (a — bY + (b—c¥ + (c—ay = 0. 

Second proof. We have a? + b? > 2ab, b? +c? > 2bc, c? +.a* > 2ca. Addition 
and division by 2 yields (3). 

Third proof. Introduce ordering or assume that some element is extremal. Since 

the inequality is symmetric ina, b, c, assume a > b > c. Then 

a’ +b*+c? >ab+be+ca & ala —b)+ bb —c) —cla—c) 

>0< a(a—b)+ b(b—-c) 

—c(a—b+b—c)>0@a(a—b)+b(b—-c) —c(a — b) —c(b—c) 

>0+@ =a = by +6 =c) = 0. 
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The last inequality is obviously correct. Here it is enough to assume that a is 

the maximal or minimal element. Note also the replacement of —c(a — c) by 

—c(a —b+b —c). This idea has many applications. 

Fourth proof. Let f(a, b,c) = a? + b? +c? — ab — bc — ca. Then we have 

f (ta, tb, tc) = t? f(a, b,c). Hence, f is homogeneous of degree two. For t ~ 0, 

we have f(a,b,c) > 0 © f(ta, tb, tc) => 0. Therefore, we may make various 

normalizations. For example, we may seta = 1,b = 1+x,c = 1+ y and get 

x? + y* —xy = (x — y/2)* + 3y?/4 > 0. More proofs will be given later. 

E6. We start with the classic factorization 

abe —3abe = (a+b+c\a? +b? +c? —ab—bce—ca). (4) 

Because of (3), for nonnegative a, b, c, we have 

atb+c_, 
patie 3 22 

This is the AM-GM inequality for three nonnegative reals. 

Generally, for n positive numbers a;, we have the following inequalities: 

a+b+c>3abe Satb+c > 3Vabe & abc. (5) 

oe Sate bie a; +-:-+a? 
HNIC Gp), Se et 1 Oy = 

reas (= oa n n 

< max(q;). 

The equality sign is valid only if aj = --- = a,. We will prove these later. At the 

IMO, they need never be proved, just applied. 

E7. Let us apply (5) to Nesbitt’s inequality (England 1903): 

a b G 5) 
eS Ped 

ba G1 O16 Gb > 2 
(6) 

It has many instructive proofs and generalizations and is a favorite Olympiad 

problem. Let us transform the left-hand side f(a, b, c) as follows. 

Rial AROS ala Yi =a13 
b+c atc a+b 

=(+b+o(44+4+7)-3 

Liat+b)+b+o++O(Aa+et+a)-3 (7) 

First proof. In (7), we seta +b=x,b+c=y,a+c =z and get 

‘et Panes | 
2fla,b)=(xty+o(- 4-42) -6 

x x We ies iy, Dene ee oe Sa 
Ay ee ee 
Ce 

=2 22 >2 
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We have equality for x = y = z, thatis,a =b=c. 

Second proof. The AM-HM Inequality can be transformed as follows: 

3 de ee 
ili an iii Sp Asay les VO a A phos 

3 ieee uv w 

From (7), we get 

1 | 
a Oe f(4,b,0.)2 5 5 

Let us prove the product form of the AM-HM inequality 

1 l . 
(QE eet) (See ee Pall 

Qa, an 

Multiplying the LHS, we get n times | and (5) pairs x; /x; +xj/x;, each pair being 
at least 2. Hence the LHS is at least n + 2(5) =n’. 

Third proof. We apply the inequality u + v + w > 3./uvw to both parentheses 

of (7) and get 

1 } 2 pee GB Be arnaroc —3=-. Bey OE INS NEC ENO oc), Se 

Fourth proof. We have f(a, b,c) = f(ta, tb, tc) fort # 0, that is, f is homoge- 

neous ina, b, c of degree 0. We may normalize toa + b+ c = 1. Then, from the 

AM-HM inequality, we get 

1 1 1 
fQ;b, 0) = —— + 

9 3 
ee —3>-—-3=-. 

a+b b+c cca 2 2 

E8. Inequalities for the sides a, b, c of a triangle are very popular. In this case, the 

Triangle Inequality plays a central role. During the proof you must use the triangle 

inequality or else the inequality is valid for all triples (a, b, c) of positive reals. 

That includes all triangles, of course. 

The triangle inequality occurs in four equivalent forms: 

lLa+b>c, b+c>a, cta>b. 

Hl. a>|b—c|l, b> \la-—el, c> |la—Dl. 

Il. (a+b—c)\(b+c—a\jlc+a—b)>0. 

IV.a=y+z, b=z+x, c=x-+ yy, where x, y, z are positive. 
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If we know that c = max(a, b,c), then a + b > c alone suffices. The other 

two inequalities in I are automatically satisfied. We prove the equivalence of I and 

Ill. If I is valid, then III is also valid. Suppose III is valid. Then all three factors 

are positive, which is I, or exactly two factors are negative. Suppose the first and 

second factor are negative. Adding a+ b—c < 0 andb+c-—a < 0, we get 

2b < 0, which is a contradiction. 

E9. In a triangle ABC, the bisectors AD, BE, and C F meet at the point I. Show 

that 
ie An Baar Cone ts 
Se (1) An VAD. Pin CFor 27 

Solution. This was the first problem of IMO 1991. To avoid trigonometry, we use 

the following simple geometric theorem (Fig. 7.1): 

A bisector of a triangle divides the opposite side in the ratio of the other two 

sides. 

Fig 7 

Hence, p = CD = (ab)/(b +c), q = DB = (ac)/(6 + c). Thus, we have 

Al... medic Arias Al “ b+c 

Tome te Ce RTD ae be. 

Similarly, 
BI at+ec CT vs a+b 

BE. witch dae aC Bar pact bakic. 

Applying the GM-AM inequality to the numerator,we get f(a, b,c) = 

Bi BI Clo (ath le +a) ¥ 8 ei 
AD BES igre (a+b+cy ~ (a+b+c) 3 

which is 8/27. This is the right side of the inequality chain. To prove the left side, 

we use the triangle inequality 

(a+b—c\at+c—b\(b+c—a)>Q0. (2) 

For a more economical evaluation, we introduce the elementary symmetric func- 

tions 

u=at+b+c, v=ab+bc+ca, w=abce. (3) 
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Putting (3) into (2), we get 

—u>+4uv — 8w > 0. (4) 

On the other hand, 

eile (GDC) (5) 4 

gives 

—u> + 4uv — 4w > 0. (6) 

Now (4) is obviously correct. Hence, (6) is also correct. Here we profitably used 

the elementary symmetric functions. They are useful in cases when we are dealing 

with functions which are symmetric in their variables. 

Here is the simplest proof of (5): Seta = y+z,b =z+x,c =x +y (Fig. 

7.2). Withr = x/(x +y+z),s=y/a+y+2Z),t =z/%+y+2Z), we get 

Fig. 7.2 

apse ey Cee le ee Si ute eal 
fia,b,c)=40 +N 451+) = 30 +1l+rstst+tr+rst) > §. 

E10. We consider three problems: 

a+b>+c3 +3abe > ab(a+b)+ be(b +c) +ca(c +a), (1) 

ab +e —a)+b-(e+b—a)+e@ +b —¢).= 3abe, (2) 

(a+b—c)\(b+c—a)(c+a-—b) < abe. (3) 

The first is from the AUO 1975, the second is from the IMO 1964. (1) was to be 

proved for all a, b, c > 0, and (2) was to be shown for the sides of a triangle. In 

fact, all three are equivalent. Show this yourself. But (2) becomes simpler since 

we may use the triangle inequality. 

Let us prove (1). It is symmetric in a, b, c. So we may assume a < b < c. In 

addition the inequality is homogeneous of degree three. So we may stretch it by a 

factor t so thata = 1. Thenb = 1+x, c=1+y, x > 0, y > 0. By plugging this 

into (1) and with the usual reductions, we get the following chain of equivalences. 

+ytxrt+y>xrytxytry exetyi +x? —xyt+y? —xy(x+y) 
> 0 x? +y? + — y)? txy — xy) 

> 0 (x + yx? — xy + y? — xy) + xy 
>0S@+y+Da-yy’t+xy>0. 
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The last inequality is obvious. We get u> — 4uv + 3w > 0 if we introduce the 
elementary symmetric functions. This helps if we know some simple inequalities 
for u, v, w. 

E11. The Cauchy—Schwarz Inequality (CS Inequality). For all real x, we have 

ee +b; =x? ee a 2x Sat + 3 > 0. 

ca i=l i=l i=l 

This quadratic polynomial is nonnegative, i.e, it has discriminant D < 0. We get 

one of the most useful inequalities in mathematics, the Cauchy—Schwarz Inequality 

(ayby + +++ + anby)? < (ay +--+ +.42)(b} +--+» +02). 

Using the vectors ad = (aj, ..., dn), be (b;,..., bn), we get 

> a 2 > aa (4-6) < lar ier. 

We have equality exactly if a and b are linearly dependent. 

With this inequality, we prove the AM-QM inequality for n real numbers. 

(l-a,+---+1-a,) < (7? +-:-+1%)@?+---+4?). 

Taking square roots of both sides and dividing by n, we get the result. 

As another example, we find the maximum of the function y = a-sinx +b-cos x 

mora = 0, b> 0, 0-=x <= 1/2. 

(a-sinx + b-cosx)’ < (a* + b*)\(sin® x + cos? x) = a* +b’. 

The maximum Va? + b? will be attained if a/b = sin x/ cos x = tanx. 

E12. Rearrangement Inequality. Finally, we consider an interesting and powerful 

theorem which enables us to see the validity of many inequalities by inspection. 

Let a),...,@, and by,...,b, be sequences of positive real numbers, and let 

C1,..., Cn be a permutation of bj, ..., b,. Which of the n! sums 

S=aycy +-+- + ann 

is extremal, i.e., maximal or minimal? 

Consider an example. Four boxes contain $10, $20, $50, and $100 bills respec- 

tively. From each box, you may take 3, 4, 5, and 6 bills, respectively. But you have 

free choice of assigning the boxes to the numbers 3,4,5,6. To get as much money 

as possible, you use the greedy algorithm: Take as many $100 bills as you can, 

i.e. six. Then take as many $50 bills as you can, i.e. five. Then you take four $20 

bills, and finally three $10 bills. You get the least amount of money if you take 

three $100 bills, four $50 bills, three $20 bills, and six $10 bills. 



168 7. Inequalities 

Theorem. The sum S = a,b, +--+ Anb, is maximal if the two sequences aj, ..-, An 

and b,, ..., b, are sorted the same way. S is minimal if the two sequences are sorted 

oppositely, one increasing, the other decreasing. 

Proof. Let a, > a;. We consider the sums 

S = ayCy +++ +O, e, ++ + OsCs +° ++ + ncn, 

S’ = aycy ++++ + ,Cs $+ Fascy +++ + Anen. 

We get S’ from S by switching the positions of c, and c,. Then 

So S.—= ApOy + Asp — ply — As€s = (Ap —G,\(Ce— Cr): 

Consequently, 

CoC Ss SS. CS es = S 

E13. Let us prove the AM-GM inequality for n numbers. Suppose 

= a Sy LL SFE Eero 
ees, C Sf X19 Xny a,= 7, a= oe OS eee 

Xyo0°%, 1 1 1 
an = a eal, bh = 3) by =F -+es bn = =H 1. 

The sequences a; and b; are oppositely sorted. Hence we have 

ayby +++ + anby < aybyn + agby +. a3b2 +--+ + anbn-1, 

Disha eet yie tb gly ae opie tee 
EM iecteeetatae Gr 

= YB Gi 248 1RE 

n 

E14. Finally we derive the Chebyshev inequality. Let aj, ..., a, and b;,..., b, be 

similarly sorted sequences (both rising or both falling). Then 

a,b; + arbo qr eos + anbn, 

ayby + anb3 +--+ +anby, 

ayb3 + agb4g +--+ + anbo, 

aby +++++anbyn > ayby +anby +--+ + anby_}. 

Adding the inequalities, we get 

nab, + +++ +anbn) > (a, ++ ++ + andy +++ +d), 

Ate tan bites +bn arbi +++: +anbn 
n n n 

This is the original Chebyshev inequality for means. Similarly, we can prove for 

oppositely sorted sequences a; and b; that 

Oy Dy er a, OF Sac teee On Oe geet os 

n n n 
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We introduce a new notation for the scalar product: 

Qa, a2 a3 
i Be | =aj,b + anbo + a3b3. 

E15. Then 

3 3 an) ae a i € > > > 
a+b+e fife hate a eae b+b*c+c“a. 

E16. For any positive a, b, c, the two sequences (a, b, c) and (1/(b +c), 1/(e + 

a), 1/(a + b)) are sorted the same way. Thus, we have 

a b G a 1) Cc 
1 1 1 ze 1 1 1 ; 

b+cecctaa+tb ctaa+bb+ec 

a b G a b G 
1 1 1 Ea 1 1 1 

b+cectaa+tbhb a+bb+cct+a 

Adding the two inequalities, we get 

a b G 
2 + ain = 3h 

b+ce cta a+b 

which again is Nesbitt’s inequality E7. 

E17. Leta; > 0, i =1,..,n ands =a, +---+d,. Prove the inequality 

a a a n 1 2 ee n > : 

S—a S—-Q@ 5S — Ay n—1 

Obviously, the sequences aj, ---, a, and 1/(s — a;), ---, 1/(s —a,) are sorted the 

same way. Therefore, 

ay an aj a2 an 
1 ores 1 = 1 1 tae 1 A (Ke eee) 

Silt Seay S—Ax S — Aki Sie NC 

Adding these (n — 1) inequalities gives the result. 

E18. Find the minimum of sin? x/ cos x + cos? x/sinx,0 <x < 1/2. 

The sequences (sin® x, cos? x) and (1/sinx, 1/cosx) are oppositely sorted. 

Thus, 

sin? x cos? x sin’ x cos? x 1a ; 
1 1 1 1 = Shi 3¢ > COM res — Ihe 

cosx sinx sinx cosx 

IV 
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E19. Prove the inequality a4 + b4 + c* > a?be + b’ca + c?ab. 

We use an extension of the scalar product to three sequences: 

2 b? C2 a b? ce 

> b a 

Cc b 

In the first matrix, the three sequences are sorted the same way, in the second, not. 

Recently, the following inequality was posed in the Mathematics Magazine. 

E20. Let x1, ..., X, be positive real numbers. Show that 

as yet ene ttl > xX1X2... Xn (Ky +X. +--+ +X). 

The proof is immediate. Rewrite the preceding inequality as follows: 

xX} Xn xX) Xn 

X{ Xn = X2 Xj 

X| Xn X{ Xn 

E21. Triangular Inequalities. In this section we discuss inequalities for a triangle. 

Our students acquire all their knowledge about the geometry and trigonometry of 

the triangle from E21/22. 

We will denote the sides of a triangle by a, b, c. The opposite angles will be 

denoted by a, 6, y. The area will be denoted by A, the inradius by r and the 

circumradius by R. Two indispensable theorems are the Cosine Law: 

c? =a*+b*—2abcosy (and cyclic permutations). 

and the Sine Law: 
a b G 

=k. 
sina sinB — siny 

The area of the triangle is 

A= ays siny = ~bcsina = cae sin B. 
2 2 2 

We start with an inequality, which we will prove and sharpen in many ways. 

Prove that, for any triangle with sides a, b, c and area A, 

a+b? +c? >4/3A (IMO 1961). 

The inequality is due to Weitzenbéck, Math. Z. 5, 137-146, (1919). 

Main idea: We conjecture that we have equality exactly for the equilateral tri- 

angle. This conjecture is the guide to most of our proofs. 
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Fig. 7.3 

First proof. An equilateral triangle with side c has altitude £./3 . Any triangle with 

side c will have an altitude perpendicular to c of length £/3 + y. It splits c into 

parts 5 — x and 5 + x. Here x, y are the deviations from an equilateral triangle. 
Then we have (see Fig. 7.3) 

a 4b ae 443A 

=($-x) +(S+2) +2(v+$v3) +e? —2v3e(y + £3) 

=o Ee yO) 

We have equality iff x = y = 0, i.e., for the equilateral triangle. 

Second proof. This is a more geometric version of the preceding solution. Let 

a <b <c. Weerect the equilateral triangle ABC’ on AB and introduce p = |CC’ | 

as the deviation from an equilateral triangle. The Cosine Law yields 

p* =a’ +c” — 2ac cos (B — 60°) 

= a” +c” — 2ac (cos B cos 60° + sin B sin 60°), 

2 Te. OME Raa p’ =a’ +c’ —accosB 3ac sin B 

1 
=a’ + b* — 273A — — (ac cos B), 

2_——— 

a*+c*—b? 

Di PB peer) Deserves 
ee! ae Bea: +b 7s ABA g, 

since the square p” is not negative. We have equality exactly if p = 0, that is, 

=D =: 

Third proof. This is a proof by contradiction. We assume 4A./3 > a? + b? +c? 
and by equivalence transformations we get 

1 
4AV3>a24+07 +c? S 2besina > THe rlerar 

Now we use the Cosine Law 2bc cosa = b? + c* — a”. Square and add the last 

two relations. We get the contradiction 

ab? +b +ca > at t+btt+c so (a? — be (b? _ ey (es _ a’) a () 
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Fourth proof. Using Heron’s formula and the AM-GM inequality, we get 

16A? =(at+b+c\(—a+tb+c)a—b+c)a+b—c) 
b 3 

ctatb+o(*2*) 

2 2 2 DEO) 
Ree =v3(“*5**) as +b ce 

3./3 3 3 

ora? +b? +c? > 4AV/3. We have equality exactly fora =b=c. 

Fifth proof. 

2 > 1 1 1 
a+b’4+c’ >ab+be+ca=2A | —-+- oe : 

sina sinB- siny 

Now we use the fact that f(x) = 1/sin x is convex. Convexity implies that 

3 
fla) + FB) + fy) = 3p EY F Sa 60) Se 

sin 60 

that is, 

a” ibe te 4AV3. 

Sixth proof. We prove a slight generalization. 

Da? Oh? +204 = (Geb) Hille e bic ay 4 abe hc + 2ce 

= (a — by + (Gexey +(e—a)* 
oe 

Q 

1 1 1 
+4a(< ee i 

sina sinB siny 
———————EEEEe\ 

>2V/3 

We get a generalization 

+R +> 2 44ay3. 

Seventh proof. We replace a? in a? + b? + c? by b* + c? — 2bc cosa and get 

a’ +b? +c? —4AV3 = 2(b’ +c?) — 2be cosa — 2bcV3 sina = 2(b? +c’) 

2 

= 2[b* + c* — 4bc cos (60° — a)| 

> 2(b? +c”) — 4be = 2(b — cy’. 

1 3 
Ane 5 cosa + vf sina 
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We have equality exactly for b = c and a = 60°. In this caseea = b=c. 

Eighth proof. The Hadwiger-Finsler inequality (1937). This is a strong general- 
ization. 

a’ = b* +c* —2becosa 

(= cy + 2bc(1 — cosa) 

i 

1p = cy AA ee 
sin @ 

= (b — cy +4Atan 5. 

Here we used 1 — cosa = 2 sin” a sina = 2 sin . cos ab that is, 

Gp baa by Ab = cy ic =a) + 4A («an $ +n 4tan ©), 

Since a/2, 6/2, y/2 < 1/2, the function tan is convex. Thus, we have 

a+Bt+y 
tan S tan E+ tan > 3tan = 3tan 30° = V3. 

Z 

We have equality fora = B = y = 60°. Then we have 

Phe = aaah) 4+(6 a) La Ay 3. 

Ninth proof. We have the following equivalence transformations: 

a+b? +c? > 4AVv3, 
(a? + b? + ¢?)’ >3(a+b+c\a—b+c)\(-a+b+c)\a+b-—c), 

Ge el ea eee | (2a*b? ed) ad be a Cc) f 

4a* + 4b4 + 4c4 — 4a7b* — 4b?c? — 4a*c* = 0, 

(a — 2)? + (2 — 22) + (2 - a)’ 0. 

Tenth proof. We try to invent a triangular inequality which becomes an exact 

equality for the equilateral triangle. Such an inequality is 

CED EO nm (OE y eat 

Squaring, we get 

ae +b* +c? > ab+be+ca. 

We decide to introduce the area of the triangle. We use 

2A 2A 2A 
ab=——,  be= —F ca = ——.. 

sin y sin a sin B 
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Replacing the right side by the right sides of these formulas, we get 

1 1 1 
P+P +e > ab+be+ea=2A(- PS ar = i) 

sina sinB- siny 

From here we proceed as in the fifth proof. 

Eleventh proof. Again, we prove the Hadwiger—Finsler inequality 

GieeD e 443 +a —by + bocy (ea). 

We transform this inequality into the form 

a —(b—c) +b? = (cay +c? —-@—by = 443, 
(a—b+c\at+tb—c)+(b-—c+aj(b+c—a) 

+(c—a+b)(c+a—b) = 4AV3. 

Here we set x = —a+b+c,y =a—b+c,z=a+b-—c. Although the sides a, 

b, c must satisfy the triangle inequality, the new variables x, y, and z must merely 

be positive. For the RHS of the last inequality, we have 

4AV3 = /3(x + y + z)xyz. 

RY a Ce Oe Vez. 

Dividing by xyz and then setting u = 1/x, v = 1/y, w = 1/z we get 

So we get 

EE) 
u+u+w > J/3(uv + vw t+ wu). 

Squaring and simplification gives the well known inequality 

ur + + w? >uv+tovw+wu. 

We give just two proofs of another classic inequality for triangles. 

E22. Let R and r be the radii of the circumcircle and incircle of a triangle. Then 

Ie = Dp 

First proof. The area of a triangle is A = rs, where s is the semiperimeter. From the 

Sine Law a = 2R sina, we get abc = 2Rbc sina = 4RA, that is, R = abc/4A. 

Hence, 

R _ sabe _ sabc 

r sae k. 4s(s — a)(s — b)\(s —c) 

3 2abc 

~ (at+b—cla—b+c\-at+b+c)’ 
R » 2abc & 

r  fa2b2c? 
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We have equality exactly fora +b—c=a-—b+c=-a+b+c>a=bD=c. 

Second proof. This brilliant proof is due to the Hungarian mathematician Adam, 

who died prematurely. He considers the circumradius of the triangle of midpoints 

which is R/2. Now, almost obviously, 

Ri2Z ror Re or. 

Indeed, by three stretches with factors 0 < 41, 42, 43 < 1, the circumcircle of the 

midpoints can be transformed into the incircle. The centers of the stretches are the 

three vertices of the triangle. 

E23. Carlson’s Inequality. We start with the Cauchy—Schwarz inequality 

(aby ++ +anbnY < (QP +---+a2)(BR+---+B2). (CS) 
We have equality exactly if (a), ---,a,) = A(bi,--+, bn). CS gives 

1 Ive 
(ay beta)? = (ar -er tayo =) 

1 Ch 

1D DD 1 l 
< (ajcy +--+ +a;c7) oy nas acl is } 

Cy Ch 

With 

C= : + ie ee ce 

we get 

(a1 +--+ + an? < Cy (ajc +++ Fancy). (1) 
With c, =n, we have 

(a, +++ tan) < Cy (aj + 2?a5 +--+ +n7a7). 

With 

imate De Pia lab = EAS ollie, a eee pi n—2> — forn ; ) + 53.4 ape 6” 6 

we have 
2 

fh 
G+. foe | (aj + 2a; +--+ n%a). 

This is Carlson’s inequality (1934) which cannot be made sharper by replacing x 

by a smaller constant. Carlson posed c? = t + n?/t and got 

1 
aot. -t+ac= Pata. mtar a?+---ta2, Q=a?+2aj+---+n’a‘. 

Because of (1), he got 

(aig? te) = Ce (p+ 2), 
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Ca Di py a vt pa 2 +22 pepe 

In Fig. 7.4, we have 

£ = S/0OM,-1|-|OM,|- sino, = 50? + (n— 1? V0? +n? - sind, 
Q t L 
SUN ogy = = ae 

Y Sftualyvern te 

Ste Oy t 
t?-+n2 

t IU Ge SP ees ra) SOL tne meen een 

(Giebe eas) = (P+). 

We sett = ./Q/P and gettP + Q/t = 2./PQ. Thus, 

(a) +a, +++: +a, <2J/PQ, 
(a, +++-+an)* <n? (a? +--- +42) (af +2azZ+---+n’az). (2) 

This is the second of several Carlson inequalities, each odder than the other. 

M, 

M 1 n—1 

M i 2 

a My 

O ay Mo 
t 

Fig. EAS M; Mj 41 =i 

Three Problems on Convexity 

E24. Consider the following problem of the US Olympiad 1980: 

a b G 
Ua, bee 0 = = = 
kee Pacesih bolt ah ee 

+(1—a\l—b)Ul—e) <1: 

A manipulative solution requires enormous skills, but there is a solution without 

any manipulation. Denote the left side of the inequality by f(a, b, c). This function 

is defined on a closed convex cube, and f(a, b, c) is strictly convex in each variable 

since the second derivative in each variable is strictly positive. Hence, f assumes 

its maximum | at the extremal points, that is, the 8 vertices (0, 0,0), ..., (1, 1, 1). 

They are the only points of the closed cube, which are not midpoints of two other 

points of the cube. This proof would be accepted at the IMO if one cites the Theorem 

of Weierstraf that a continuous function on a bounded and closed domain assumes 

its maximum and minimum. 
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Consider the following problem of the Allunion Olympiad 1982 in Odessa: 

E25. The vertices of the tetrahedron K LMN lie inside, on the edges, or faces 

of another tetrahedron ABCD. Prove that the sum of the lengths of all edges of 

KLMN are less then 4/3 of the sum of the edges of ABCD. 

This problem is probably even more difficult than the preceding one. Only 

four students solved it, two with high school mathematics, and two with college 

geometry. We consider the college level solution, which is quite simple. ABC D 

is a convex, bounded, and closed domain. K, L, M, N € ABCD. The function 

f(K,L,M,N)=|K—L|+|K—M|+|K—N|4+|L—M|4+|L-—N|4+|M-N| 

is continuous in its domain. Because of the strict convexity of f, it follows that 

it assumes its maximum at the vertices. Thus we have a finite problem. The strict 

convexity of f follows from the strict convexity of the distance function. This 

is an immediate consequence of the triangle inequality. The inequality cannot 

be amproved, because for Baa C. = AD A AK. = Lie A, Mo= N= 

D, we have equality. In the vicinity of this degenerated tetrahedron, we have 

nondegenerated tetrahedra with the sum of edges of K LM N as near to 4/3 of the 

sum of the edges of ABC D as we please. 

The high school methods were based on the ingenious use of the triangle in- 

equality. 

E26. A finite set P of n points (n => 2) is given in the plane. For any line 1, denote 

by S(1) the sum of the distances from the points of P to the line 1. Consider the set 

L of the lines 1 such that S(1) has the least possible value. Prove that there exists 

a line of L, passing through two points of P. 

We observe that some line in L passes through a point of P. Indeed, displacing 

a line parallel to itself, we can reach a point in P without increasing S(/). Choose 

a line] € L passing through a point A of P, and rotate / about A. Let ¢ be the 

angle of rotation, and let g,, k = 1, 2,...,n be the values of @ for which / passes 

through a point A; of P (A, # A). Let a, = |A,A|. Then the sum of the distances, 

when / is rotated through @, is 

n—1 

S() = > ax| sin(d — ox)I. 
k=1 

The function S(¢) is a sum of concave functions whenever ¢ is restricted to an 

interval [@x, dx+1]. Hence, S(p) is concave (as a sum of concave functions) in 

each such interval. Thus, S(@) cannot attain its minimum at an internal point of 

[¢x, x41]. Hence, it assumes its minimum for some ¢x. 

E27. Trigonometric Substitution. Prove that, for positive reals, 

Jab+Vcd < /(at+d)\(b +c). 
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We transform into the form 

a b LG: d 
‘ +) | —<——. << J 

a+d bd+c b+cec a+d 

Setting a/(a + d) = sin’ a, b/(b +c) = sin’ B (O < a, B < §), the inequality 
takes the form sina sin B + cosacosB < 1, i.e., cos(a — B) < 1. 

Strategies for Proving Inequalities 

10. 

Nig 

We 

13: 

14. 

Try to transform the inequality into the form }° p;, pi > 0, e.g., pi = ee 

. Does the expression remind you of the AM, GM, HM, or QM? 

. Can you apply the Cauchy—Schwarz inequality? This is especially tricky. 

You can apply this inequality far more often than you think. 

. Can you apply the Rearrangement inequality? Again, this theorem is much 

underused. You can apply it in most unexpected circumstances. 

. Is the inequality symmetric in its variables a, b, c, ...? In that case, assume 

a< b~<e <.... Sometimes one can assume that a is the maximal 

or minimal element. It may be advantageous to express the inequality by 

elementary symmetric functions. 

. An inequality homogeneous in its variables can be normalized. 

. If you are dealing with an inequality for the sides a, b, c of a triangle, think 

of the triangle inequality in its many forms. Especially, think of setting 

a=x+y,b=y+zandc=z+x withx, y,z>0. 

. Bring the inequality into the form f(a, b,c,... > 0. Is f quadratic in one 

of its variables? Can you find its discriminant? 

. If the inequality is to be proved for all positive integers n > no, then use 

induction. 

Try to make estimates by telescoping series or products: 

(a2 — a1) + (43 — 2) +--+ +n —Gn-1) = Gn -G1, ——->> =—. 

If ayxj +++: + a,x, =, then x; --- xX, is maximal for a,x; = --- = a,Xpn. 

If x} +++ x, =c, then ayx; + +--+ a,X, is minimal for a,x; = --- = ayXp.- 

Max x; > d if the mean of the x; is > d. 

One of several numbers is positive if their sum or mean is positive. 
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15. A powerful idea for proving inequalities is convexity or concavity. 

16. To prove an inequality T(a,b,c,...) > 0 or T(a,b,c,...) < 0 one of- 

ten solves an optimization problem: find the values a, b,c,... such that 

T(a, b,c,...)iS a minimum or maximum. 

17. Does trigonometric substitution simplify the inequality? 

18. If none of these methods is immediately applicable then transform the in- 

equality into a simpler form with some aims in view until a standard method 

is applicable. If you have no success, continue transforming and try to in- 

terpret the intermediate results. 

Problems 

l. a, b, cER, +h+cCP=1>—-} <ab+bc+ca <1. 

2 Prove that. tora. D).c > 0) 

oP tele wtih CPP ae? ae ptbE 
(a) > sae (D) = 5 

a+b D a?+b2+4 c2 3 

@ tts CaS 2 Mabe. 

Bu Fong. b,c. a> 0) 

a*+b?+c2+d? a 3/abc + abd + acd + bcd 

V 4 may: 4 

4. Prove that, fora, b > 0, we have "ab" < (a + nb)/(n + 1). 

5. The spinner in Fig. 7.5 has circumference 1. It is spun 6 times. For what values of 

x, y, z for the probabilities of O, A, B, respectively, is the probability of the word 

BAOBAB maximal? 

6. Let a, b, c be the sides of a triangle. Then ab + bc +ca < a 4+B?4+0c? < 
2(ab + be + ca). 

& 

Fig. 7.5 

7. Ifa, b, c are sides of a triangle, then 2(a? + b? +c”) < (a+b+c)’. 

8. Ifa, b, c are sides of a triangle, then so are 1/(a + b), 1/(b +c), 1/(c +a). 

9. Leta, b, c, d > 0. Find all possible values of the sum 

a b G d 
= 4+ ——_—_ (IMO 1974). 

. Se ah ae ee a a+c+d 
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10. 

Ml. 

VD: 

3% 

14. 

i) 

16. 

Ne 

18. 

IQ). 
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Prove the triangle inequality 

fa? +--+ a2+fo+--- +> Sai tbr +--+ Ga thy). 

Let a, b, c > 0. Show that 

a+b+c 1 1 1 

abc ; 

Let x;, y;, | <i <n be real numbers such that 

Mi De ky AO ey ee ye (IMO 1975) 

Let Z1, Z2, .-., Zn be any permutation of y|, y2,..., yn. Show that 

n n 

Soci a yi Ss Se —z). 
i=0 i=l 

Let {a,} (kK =1,2,...,n,...) be a sequence of pairwise distinct positive integers. 

Show that for all positive integers n 

s: = > is (IMO 1978). 

Multiply (1) with (2) and (1) with (3). 

(Telescoping series.) Let Q, = 1+ 1/4+1/9+---+1/n?. Then, for n > 3, 

By induction, prove the sharp inequality 

6h eh eA all 1 
Soo 500 SSS See PS 
246 2n  (/3n+1 i 

Replace 3n + 1 by 3n on the right side, and try to prove this weaker inequality by 

induction. What happens? 

a,b,c >0=>abciat+b+c) <@b+b3ce+cia. 

1/2 <1/m+1)+1/mM+2)+---+1/2n < 3/4, n> 1. 

The Fibonacci sequence is defined by a; = ay = 1, an42 = An + An41. Prove that 

Oe ae Gp 
stotataiteto <2 

1 

gtptatats Qn 



20. 

ile 

2D 

23. 

24. 

ZD: 

26. 

Dike 

28. 

29. 

30. 

Hl. 

3). 

33) 

34. 
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Prove that, for real numbers x, y, z 

Ix|+lyl+|zlslat+y—zlt+|x-ytz)+]—x+y+zl. 

Ifa, b, c > 0, then a(1 — b) > 1/4, b(1 — cc) > 1/4, c(1 — a) > 1/4 cannot be 

valid simultaneously. 

Ifa, b, c, d > 0, then at least one of the following inequalities is wrong: 

a+b<c+d, (a+b)c+d)<ab+cd, (a+b)cd < ab(c+d). 

The product of three positive reals is 1. Their sum is greater than the sum of their 

reciprocals. Prove that exactly one of these numbers is > 1. 

Lett = 14) — 1-7 x, for 2 > 91.Show that ./n = 2, =./n- t. 

If a, b, and c are sides of a triangle, then 

3 a b 
a fe 

Cc 
2. 

Dm DEC. eabat hare 

If a, b, c are sides of a triangle with y = 90°, then 

c’ >a" +b’ forn €N,n > 2. 

If x, y, z are sides of a triangle, then |x/y + y/z+z/x — y/x —z/y—x/z| < 1. 

Can you replace | by a smaller number? 

A point is chosen on each side of a unit square. The four points are sides of a 

quadrilateral with sides a, b, c, d. Show that 

2<04P4C4 8 =4 and V2 <atb+c4d <4: 

etapa ont hans Sbowithat 

n 

(1 + a,)(. + a2)++-(1 + an) = (1+ a + a ++--+G,). 
n+1 

Let 0 <a <b <c <d. Thena®b‘c4d* > b*c’d‘a‘. 

If a, b > O and m is an integer, then (1 + a/b)” + (1+ b/a)” = ae 

Let 0 < p <a, b, c, d, e < q. Show that 

gs Pe [p : 
(a+b+c+d+e) rete l ett) <2546/ P_ /z) 

O WW @ GG qd Pp 

This is a problem of the US Olympiad 1977. It is a special case of a general theorem. 

Also, prove this more general theorem. 

The diagonals of a convex quadrilateral intersect in O. What is the smallest area 

this quadrilateral can have, if the triangles AOB and COD have areas 4 and 9, 

respectively? 

Let x, y > 0, and let s be the smallest of the numbers x, y + 1/x, 1/y. Find the 

greatest possible value of s. For which x, y is this value assumed? 
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36. 

37. 

38. 

By), 

40. 

41. 

42. 

43. 

44. 

45. 

46. 
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Let x; > 0, x; +--- +x, = 1, and let s be the greatest of the numbers 

x) X2 X3 Xn 

tex Pes? Dex ap eae” a a ee, 

Find the smallest value of s. For which x;,..., X, Will it be assumed? 

Find a point P inside the triangle ABC, such that the product PL - PM - PN is 

maximal. Here L, M, WN are the feet of the perpendiculars from P onto BC, CA, 

AB (BrMO 1978). 

If x; > 0 and x; y; —2z? > 0 fori <n, then 

= 
n? 1 

n n n 2 eh ee 
(ora xi) (iat yi) a 2D) pa Maa: 

Prove this inequality for n = 2 (IMO 1969), and then also generally. 

The vectors a, b, Cc d with sum 6 are given in a plane. Prove the inequality 

la| + |b] + [2] + Jd] = la + di + b+) + [2 +d). 

Prove this also for one and three dimensions (AUO 1976). 

Show that (n + 1)” > 2” -n! forn = 1,2,3,.... 

(MMO 1975.) Which of the two numbers is larger: 

(a) An exponential tower of n 2’s or an exponential tower of (7 — 1) 3’s? 

(b) An exponential tower of n 3’s or an exponential tower of (n — 1) 4’s? 

Fifty watches, all showing correct time, are on a table. Prove that at a certain moment 

the sum of the distances from the center O of the table to the endpoints of the minute 

hands is greater than the sums of the distances from O to the centers of the watches 

(AUO 1976). 

eet ce (xt + 1)/5x, for n > 0. Show that 1/5 < x, < 2 foralln > 1. 

Let a, b, c > 0. Show that 

(a) abc > (@+b—c)a+te—b\b+c—a), b)@+h +e > ab+be+ ca. 

Let x; > 0, s = x, +---, +x,. Show that 

6 Ss n 
> 

Ss — xX SX S—X, n—-l 

Forx, y, z>0, 

vy Pe) yz x e 2 2 is z 

(a) Sgt te aye cent aks Se ca (b) Sie ee he 
y Zi 5P ne ea ag Z x Vou a ok 

Write each rational number from (0, 1] as a fraction a/b with gcd(a, b) = 1, and 

cover a/b with the interval 

a Ik @ 2 1 

b 4b?’ b 4b2 1° 

Prove that the number /2/2 is not covered. 
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48. 

49. 

50. 
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Sy. 
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54. 

55: 
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By calculus, prove that 

IV 
tas ae) —— 

> 
b+1 

a> 0, b> 05 (Se 
b+1 

Prove that, for real a, b, 

lato lal | 
1+la+b|~ 14+ |a| 14+ |b] 

183 

The polynomial ax? + bx +c with a > 0 has real roots x,, x2. Prove that |x;| < 

1 i = 1, 2) exactly ifa+b+c>0,a—b+c>0,a-—c>0. 

Let 0 = ap <a, <... < a, and a;4,; — a; < 1 for0 <i <n —1. Then, 

Leta, b,c >0, a>c, b>. Prove that /c(a — c)+ /c(b —c) < Vab. 

If ab and a + b have the same sign, then 

(a+ b)(a* + b*) > (a? +b’)(a? +b°). 

Fora+b> 0, 
b a 

a > 
b2 at | 

If a > b > 0, then, 

@=b)-) —a-+ b (a—by 
ADs Diba 

SP aie® ea aah 

The following inequality holds for any triangle with sides a, b, c: 

a(b’ +c? — a’) + b(c? +a’ —b’) +. cla? +b — c’) < Babe. 

For any triangle with sides a, b, c, 

a’b(a — b) + b°c(b — c) + c’a(c — a) > 0. 

(Proposed by Klamkin and used in the IMO 1983. Due originally to E. Catalan, 

Educational Times N.S. 10, 57 (1906). The source is cited in [3].) 

Two triangles with sides a, b, c and a;, bj, c; are similar if and only if 

Jaa, +/bb, + fcc) = V(at+b4+c\(aq +5) + ¢)). 

Let x, y, z be the lengths of the sides of a triangle, and let 

Ne i rey =a Be 
x, 4 = . 

FO, y2) Bea NW MSP bas 5G 

Prove that (a) f(x, y,z) < 1. (b) f(x, y,z) < 1/8. (c) Find the upper limit of 

J Ge yee). 
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69. 
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74. 

ie 
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Minimize x? + --- +x? for 0 < x; < 1 and x; +--- +x, = 1. Find a probabilistic 

interpretation. 

x,y >0, x 4+ y-mon ENS ayy? <x ey. 

Find the maximum and minimum of f = 3x + 4y + 12zifx?+y?+2=1. 

Each of the vectors d, ..., @, has length < 1. Prove that the signs can be chosen in 

the sum 

fag +s. t & so that ic| < V2. 

My = (x —y)/(n x In) = Ey), -@ = y> 0), 

a,b,c > 03 V@—abt+b? 4+ Jb? — bce + c2 > Va? +ac 4+ c?. 

at+b(x+y+z+u)te(xytxz+xt+yz+yt+zt)t+d(xyzt+xyt+xzt+yzt)+exyzt = 
0, O<x,y,z,t<liffa>0;a+b>0;a+2b+c>0,a+3b+3c+d = 0, 

a+4b+6c+4d+4>0. 

Nae, cK espe sb yw se il 

a,b>0,a+b=1> (a4+1/a’r+(b4+1/by = 25/2. 

a,b,c>0,a+b+c=1> (a+ 1/ar+(b+ 1/b)? + (c+ Ley > 100/3. 

Prove the inequality 

q" b" c” qn} = pr) 4 cr} 

ae > 
b+e cta a+b” 2, 

A function d(x, y) of two points is a distance if d(x, y) = d(y, x), d(x, y)+d(y, z) < 

d(x, z) for all x, y, z, and d(x, x) = 0. The second property is called triangle in- 

equality. Prove that the following function is a distance: 

he vl 

ieee eye 

Let x; > 0, x, +--- +x, =1, n > 2. Prove that S > n/(2n — 1) if 

d(x,y)= 

XxX) X2 Xn : 
Si + SE  ————————— 

apetrqpooocr shy  Ihooss ape se oc ese oR. se ae a ees 

In a triangle with sides a, b, c, itis known that ab + bc + ca = 12. Between which 

bounds does the perimeter p lie? 

Twenty disjoined squares lie inside a square of side 1. Prove that there are four 

squares among them with the sum of the lengths of their sides < 2/4/5. 

Letx, y, z€ Rand x? + y? + z* + 2xyz = 1. Prove that x? + y? + 2? > 3/4. 

Prove that 

X1 %2 
‘ Xp te+in 

a OM forall tee Xe : 2 > (Kye ey) n 

0<a,b,c<1>a/(be+1)+b/(ac+1)+c/(ab+1) <2. 

Three lines are drawn through a point O inside a triangle with area S so that every 

side of the triangle is cut by two of them. The lines cut out of the triangle three 

triangular pieces with common vertex O and areas S,, 5», $3. Prove that 
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Find the positive solutions of the system of equations 

1 1 1 1 
wpe ad x99 + —— 4, x0 HH — = 1. 

X2 X3 X100 x) 

Prove that, for any real numbers x, y, 

1 &@+y)0 — xy) 
YW (ses yee 32) 7 2 

Leta + b+ c = 1. Prove the inequality /4a + 1+ /4b+1+4+/4c4+1 < V21. 

Prove that, for any positive numbers Mixon ce (ke = 4) 

x} x2 Xk + $+2+—A— 22. 
Xe Xz XT XB Xe-1 +X 

Can you replace 2 by a greater number? 

Prove that, for positive reals a, b, c, 

a+b—2c b+c-2a ct+ta-—2b 
pn > 

b+c Car@ a+b =a 

Prove the inequality (a? — a + 2)* > 4a7(a? + 1)(a — 2). 

Let a), ..., da, be positive and a,,, = a,. Prove that 

n 

2 = ax. 
oe Ak = Ag+) de 

Let x;,..., X, be positive with x, - x.---x, = 1. Prove that 

1 1 1 
OPE Cia lany Bee a Se Oe a 

x) x2 Xn 

Find all values assumed by x/(x + y) + y/(y +z) +2z/(z2+ x) ifx, y,z > 0? 

Let a, b, c be the side lengths of a triangle, and let s,, s,, s; be the lengths of the 

medians. D is the diameter of the circumcircle. Prove that 

eb? th ae A a 
ata + —— 

Se Sa Sb 

< 6D. 

Find all positive solutions of the sysemx+y+z=1, x+y +24+xyz= 

ote 2: b 1. 

Let x, y, z be positive reals with xy + yz + zx = 1. Prove the inequality 

ml —ay  2y(l — ¥) & 22h Zz) ree: iN y i Z 

(LE ee 6 Ey) Uber 2? ole Map ytd ad eg?” 

Let a, b and c be positive real numbers such that abc = 1. Prove that 

eS) 1 1 1 
+ >— (IMO 1995). 

a7(b+c) A b(aa+c) cC(a+b)7~ 2 ( ) 
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Prove that, for real numbers x; > x2 >-:: > X, > 0, 

Prove that, if the numbers a, b, and satisfy the inequalities |a—b| > |c|,|b—c| = |al, 

|c — a| > |b|, then one of these numbers is the sum of the other two (MMO 1996). 

The positive integers a, b, c are such that a” +b?—ab = c’. Prove that (a—c)(b—c) < 

0 (MMO 1996). 

If x, y, z are reals from [0, 1], then 2(x? + y? + 2°) — x*y — y*z — z*x <3. 

If a, b, c are real numbers such that 0 < a, b,c < 1, then 

a b c 
+ ey. 

ibe eae l+ab~— 

Prove that, for any distribution of signs + and — in the odd powers of x, 

1 
rigs a ee aie Oe eR MOOR OR “ate wb a op eige  l rt 

Given are any eight real numbers a, b, c, d, e, f, g, and h. Prove that at least one 

of the six numbers ac + bd, ae+ bf, ag + bh, ce +df,cg +dh, eg + fh is not 

negative. 

Letn > 2 and x;,..., x, be nonnegative reals. Prove the inequality 

1 Se peta aah l/n 1 n XQ+++Xn +-) i; — x; |=> ————. (x1 X2 Xn) n 2! | 7 

Let a, b € Rand f(x) = acosx + bcos 3x. It is known that f(x) > 1 has no 

solutions. Prove that | b |< 1. 

Let a, b, c be the sides of a triangle. Prove that 

a b Cc 
————— 4+ —— + —— 53. 
bits bed Hekere MES 

Solutions 

Ie The right side follows from ab + be +ca < a +b* + c?. The left side follows from 

0<(at+b+cY =a +b? +c? +2ab4+ be +ca) = 1+2(ab+be+ca). 

. (a) This is a slight transformation of the QM-AM and an example of the Chebyshev 

inequality 2(a* + b?) > (a+b). 

(b) This is the Chebyshev inequality 3(a? + b> + c*) > (a+b+c)(a* +b? +c’). 

(c) The right side is (ab + be + ca)/3 > V ab - bc - ca = X/abc. We get the left 

side easily by squaring a + b* + c? > ab+be + ca. 
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. We have 

A 5 5) + cd 

zee a+b ‘c+d | c+d\’>a+b 

7) » 2 2 2, 

a+b c+d atb+ct+d @tobise-ted \° 

2 2 4 - 4 : 

abe + abd + acd + bcd 5 (ao =" =) 

Hence, 

(oa ES a+b+c+d = fa2+b2+c?+ ad? 

4 o 4 < 4 : 

. This is the AM-GM inequality for the n + 1 numbers a, b,..., b. 

. We maximize the probability x3 y?z of the word BAOBAB if x + y+z=1: 

Tiiyrahieal Xk Mi Veer J, naa 
l=x+y4+z=-+-4+-+i+: > 6,/— - — -z, ap War z PL ec Le nr 7 ee 

or x*y*z < 1/432. We have equality iff x/3 = y/2 = z, ie, x = 1/2, y = 1/3, 

GO 

. The left side is well known and does not require the triangle inequality. The right 

side follows from a? < (b+ cc)’, b? < (a+c)*, c? < (a+b) by addition and 
simplification. 

. This follows from the preceding problem. 

. Leta > b > c. Then 1/(a+ b) < 1/(c +a) < 1/(6 +c). We must prove that 

1/(o+c) < 1/(a+b)+1/(a +c). This follows easily froma < b+ c. 

. Denote the sum by S. Then 

a b G d 
—— + ——__ +. —__——_—__  —_______=] 
at+b+ct+d a+bt+c+d at+b+c+d a+b+c+d 

a a b Gi d e 

ue ab ced otd: 

So 

Ss 

The function S$ is continuous. We will prove that it comes arbitrarily close to 1 and 2. 

So it assumes every value from the interval (1, 2). First, usinga =b=x, c=d=y 

and thena =c=x, b=d=y, we get 

2x 2y é 
SG) = = > Wha SG 59) = Ih (x, y) Onty  xt2y’ oe 1(x, y) 

and , ; 
x y 

So(x, y) = m Sp(x, y) = 2. 5 hi 
x+2y 2x+y es 

=>0 

Squaring and simplifying, we get the CS inequality. 
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11. Rewrite the inequality as follows: 

ae pile 
— + = — < —- 

C CG” @ 

On the RHS, we have the scalar product of two sequences sorted the same way. On 

the LHS, we have the scalar product of the rearranged sequences. 

12. This is Chebyshev’s inequality after some transformation. 

13. Writing the RHS in the form )~n/n?, we have oppositely sorted sequences. On the 

left, this is not necessarily the case. 

14. The hint should be sufficient to solve the problem. 

15. We have the following estimates: 

1 1 1 it 1 1 

One Lb gtegg heart saan ae alee oF oe Slee 
5} 1 1 1 1 5 1 1 1 

Oe SS Se Ogee ae eee 

16. The inequality is sharp for n = 1. Suppose the inequality is valid for any n. If we 
2n+1 3n+1 can prove that 5—— < ,/ 377, the statement will be true for n + 1. 

n+1 3n +1 Dn tA a net 
SS pee | Se 4 4n + 1)3n+4 

Uae a? (S| eee nl at BSED Cte! 

< (4n? + 8n + 4)(3n + 1) & 12n? + 28n? + 19n +4 

< 12n? + 28n? +20n +460 

<n. 

Sometimes it is easier to prove more than less. This simple approach does not work 

for the weaker inequality. 

17. Trivial transformation yields 0 < ab(a — c)? + bc(b — a)? + ca(c — b)*. 

Second proof. Apply the CS inequality to the vectors (a/./c, b/./a, c/Vb), 

(/c, Ja, Vb). You get 

(4 ae aes Vb) < (24242) (c+a+b), 

(a+b+c)< fy P41 Sy abclatbt+c) <ab+bc4+ca. 

18. 

sh ti tb ai tate + +a feal. 
Lp Dp td alts ts (445h)4--4( +5] 
21 (papier Pps haan) 

Subtracting the redundant term 1/n, we get the result. 
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19. We have the following estimates: 

QO Qiao G>-F.a3 Qn—3 + An-2 | An—-2 + An-1 
Ss, = — 

» ss 22 2 G Dh: De) Be , 

pie ee ee BA ee at DP 

Se 1 Qn+1 an Qn+1 an 

The eo) Tene omer erm SS aR 

20. X®+y—z)+(e—yt+z) = 2x > |x+y—z\+|x —y+z| = 2|x|, and two similar 

equations for 2y and 2z are added and divided by 2. 

21. Suppose all three inequalities are valid simultaneously. Then a, b, c are all less 

than 1. Multiplying, we get a(1 — a)b(1 — b)c(1 — c) > 1/64. But al — a) = 

1/4 — (1/2 — a)’ < 1/4 and the product is < 1/64. Contradiction! 

22. Multiplying the first two inequalities, we get (a+b) < ab+cd.But(a+b) > 4ab. 

Hence ab + cd > 4ab, or cd > 3ab. 

Multiplying the last two inequalities, we get ab(ab + cd) > (a + b)*cd > 4abcd. 

Hence, ab+cd > 4cd,i.e.,ab > 3cd. Thus, ab+ cd > 3(ab+ cd). Contradiction! 

23. Suppose x, y, 1/xy are these numbers. From x + y+1/xy > 1/x+1/y+xy, we 

get (x — 1)(y — 1)(./xy — 1) > 0, and this implies that exactly one of the factors is 

positive. 

24. (a) Xn4) =lLtn/x, <1lt+n/J/n<14+J/n<J/nt+14+1. 

OR tt nin ele nin + i) en a lyin ely Ss 
1+J/n+1-—-1> J/n+1. Thus, /n+1 < x4) < Jn +141. Forn = 1, we 

get VJ1 <1 < /1 +1, which is also true. 

25. We already know the left side. Its proof does not require the triangle inequality. Since 

the sum of two sides of a triangle is larger than the semiperimeter s, we have 

b Cc 
+ b+e>s, cta>s,atb>s> etre a + 

b+e 

Mao +e) 

atbore ~ 

26. We know that a? + b? = c?. Multiplying by c we get c? = ca? + cb? > a3 + bd’. 
Suppose that the proposition is valid for any n > 3. Then c"+! > ca" + cb” > 
qnt} a prt 

27. The denominator is xyz. The numerator is a cubic polynomial in x, y, z which is 

invariant with respect to cyclic shift. We observe thatx = y, y =z, Z = x are zeros 

of the numerator. So, because of the triangle inequality we get, 

fy, 2= = ; 
— = =i yl ly=zl k=l 

if. 

By a special choice of the variables, we try to get as near to | as we please. Indeed, 

x=ly=lt+e,z=e€+€? yield 

(1 —e]-|1 —e —e?| 

1l+e 
fGl+ee+<) = = 1 fore — 0. 
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28. In Fig. 7.6, we have 

a+b’ +c+d 

=i ad (I pet ~yPt2?t+(1—2? +w°+(1—v), 
(oe 4 

x41 —2) = 2-5) + ii ie 215 ak ch Lark 

Hence, 

2<@74+B0?4+c°+a’ <4, 

a+b+c+d<x4+1-x4+y4+1l—yt+z4+1—-ztu41—-u=4. 

The perimeter of ABCD is minimal if it is a closed light path. All of these light 

polygons have the same perimeter 2./2, which is twice the length of a diagonal. 

Prove this. Hencea +b +c+4+d > 2v2. 

29. Use induction or proceed as follows: 

semcemont galas ANd 

t=1 i=l 

eee = es 
= x 3 
> 2" — 1 Perak 

aul n+1 

2” 
= al jet De cule -+a, —1) 

n 

II  Chstta etoteaa): 

30. Taking logarithms, we get 

bIna+clnb+diInc+alnd>alnb+blnc+clnd+dlna. 

By routine transformation this can be brought into the form 

Ince~Ina | Ind—Inb 

c-—a ~ d—b 

For c #.a, d # b, we use the geometrical interpretation as slopes of chords. Then 

it becomes (almost) obvious. 

SE: (lapis ceeedete)s + eV8) > WEF = 2, 
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33. 

34. 
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The LHS f(a, b, c, d, e) of the inequality is a convex function of each of the variables. 
Hence the maximum is taken on one of the 32 vertices of the 5-cube given by 

p = a,b,c, d,e < q.If there aren p's and 5 —n q's, then we have to maximize 

the quadratic function 

ae 2 

f=(p + aoa *)=25 +ni5—m)(/2 - /2) ; 
p q q p 

So f takes its maximum value 25 + 6 (/p/ - Ja/p) torn = 2rons: 

Alternative solution. Let four of the variables be fixed with sum s and sum of 

reciprocals r. Denote the fifth variable by x. The left side is a function f(x) = 

(s +x)(r + 1/x). f(x) =rxt+s/x+rs+1, f’(x) = 2r/x? > 0. Hence f has 

its extrema at the endpoints. The left side is maximal if k variables are p and 5 — k 

variables are g. Then 

(@t---+e)(2+---+3) = (ep +6-baq)(* +S) 

=25+45-4)(/2 - /2) <25+6(/2-/2) 

We have equality for k = 2, or k = 3. 

Generalization: Let x;,..., X, € [a, b], where 0 < a < b. Prove that 

1 1 a+by 
(CA et ren pM eee Can es iv 

xy x 4ab 

Let the areas of BCO and DAO be x and y, respectively. Since the areas of two 

triangles with equal altitudes are proportional to their bases, we have x/4 = 9/y, 

or y = 36/x. Thus the area of ABCD is f(x) = x + 36/x + 13, that is, f(x) = 

(./x — 6/./x)? + 25. This formula proves that the minimum value of the area is 25. 
It is taken for x = y = 6. 

We want to solve x > s, y+ 1/x >s, 1/y => s. At least one of these must be an 

equality. These inequalities imply y < 1/s, 1/x < 1/s, s< y+1/x < 2/s. From 

this we conclude s? < 2, s < V2. It is possible that all three inequalities become 

equalities: y = 1/x = /2/2. In this case, s = /2. 

Setyg = ly ye= teat x (Sk =n). Then y, = 2, x = ye — yx-1- It 
all the given numbers are < s, that is, 

Xk aft TERA NIAS 

Yk Yk Yk 

then 1 — s < y,z_1/y,. If we multiply all these inequalities for k = 1 to n, we get 

(1 —s)" < yo/yn = 1/2. Hence s > 1 —27'/”. This value is attained, if 27'/" = 
1—s = yg_1/yx for all k, i.e, if the y, is a geometric progression y, = 2!/",y. = 27/", 

..) Ya = 2 with quotient 2!/" and x, = 2*/" — 2@-Vin, 

Denote PL = x, PM = y, PN = z. We want to maximize f(x, y,z) = xyz 

subject to the condition ax + by + cz = 2A where A is the area of the triangle. f 

takes its maximum at the same point (x, y, z) as the function g(x, y, z) = ax -by-cz. 

Now, 

ax + by +cz\° 2A\° 
ax-by:cz< PR eat ae ee 



Wy 

Sil. 

38. 

32). 

40. 
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The product reaches its maximum for ax = by = cz = 2A Thus f assumes its 

maximum for x = 41, y= 241 7 — 24! Tn this case, we have 34 3 6b 3°¢ 

St ea 
La NE = 8 a Ss POO el Ore 

iW € 

The point with maximum product xyz is the centroid G of the triangle. 

Set a; = ./xiyi — 21, b; = ./xi yi + z; and use the CS inequality. It is enough to 

prove that 
n> 1 

Ola by) Dab; 

Adding up the vectors AB= @, BC= b, CD= @ and DA= d, we get a closed 
polygon ABCD (Fig. 7.7). By rearranging these vectors, we can make a self- 

intersecting polygon ABCD, as shown in Fig. 7.8. You can easily see that at 

least one of the six possible arrangements yields such a polygon. Adding up 

|AE|+|CE| > |AC|, |BE|+ |DE| = |BD|, we get 

|AB| + |CD| > |AC| + |BD| 

or 

|@| + |b] > |b+d| + \a+dl. 
The triangle inequality yields 

lel + ld] = |e +d]. 

Adding up the last two inequalities, we get 

[a] + |b] + lel + |d| = |@ +d] + |b +d] + |é+dl. 

OL 
‘e t 

Fig. 77 Fig. 7,8 

The inequality is true forn = 1. Suppose n"~' > 2”~! . (nv — 1)!, Multiply the left 
side by (n+ 1)"/n"~! and the right side by 2n, Since n(1+1/n)”" > 2n, the property 

is hereditary. 

(a) The second number is larger than the first for all n > 3. Proof by induction. The 

opposite is true for n = 2. 

(b) Let A, be the tower of n threes and B,_, the tower of (n — 1) fours. We will 

prove by induction that A,,, > 2B,. Suppose that A, > 2B,_;. Then 

Bn-1 

Anti = 34" > 37Bn1 = QF — (5) -43n-1 > 2. 43n-1 — 2B 
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42. 

43. 

45. 
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Let M,, ...M, be the centers of the watches, A;,..., A, the endpoints of the minute 

hands, and B; the reflection of A; at M; fori = 1,...,n. Then 2|OM,| < |OA;| + 

|OB;| for all i. This is the triangle inequality. Thus 2}~>|OM;| < 5° |OA;| + 

>= |OB;|. Hence at least one of the two sums on the right side is > > |O M;|. 

Tas 2 ant = 179,(x- + 1/25) =< 8 41)/5 = 9/5 = 2. 

(Dy / Soa = Wek (elie) 5. = (Lt 5)/5.='6/5"< 2. 

Ca = FS tea iy i) /5 > 3.44127 = 40/3/15 = 0.3846. 
3Xn 

If the sequence converges, then it converges to a root of x —5x?+1 = 0 with solution 
x = (J/7— J/3)/2 © 0.456850. But it need not converge, and the convergence need 

not be monotonic. In fact, it does converge to 0.456850, but we are not asked to 

decide this. 

(a) Settinga = y+z,b=x+z,c=x+y, we get(x+y)(y+z\(z+x) > 8xyz. 

The result follows from x + y > 2,/xy, y+z > 2,./yz, z+x > 2,/zx by 

multiplication. 

(b)a*-a+b?-b+c?-c>a’?-b+b?-c+c?-a. This follows from the fact that 
we have two sequences on the left sorted the same way. This is not the case on the 

other side. 

. (s/(s — x1) +--+ + 5/(8 — xn) (CS — X1)/8 +--+ + (8 — x,)/5) = n?. The second 

factor on the left is (x — 1). This implies the result. 

(a) Rewrite the inequality as follows: 

eee x ek 

ev, ae iees 10 cee 
> = : 

« > VA XBLY yA By 

The LHS is the scalar product of two sequences sorted the same way. The RHS is 

the scalar product of the rearranged sequences. 

y Zz Zaye. x y 

z Zi 

(b) We use another very useful idea. Clear the denominators. You will get 

xte2 to yee? 4 ety? > xyz? $ x2 y3z t xy2z, 

Now, suppose that x > y > z. Then we transform as follows: 

wae —y) +x y yz bys e— x) 20: 

Here the first two parentheses are > 0, but the third is not positive. In this case one 

usually writes z — x = z— y + y — x and collects terms: 

Pe yery Oa2) =) 7 Ey) — viz =z) 20 
ol 6 saa 6,7 ats 9 i wc eh Gi) anid zal 

The last inequality is obviously correct. 

Since |b? — 2a?| > 1, we have 

/2 v2.4) _|1_ a 
petty 0 a PS 

|b? — 2a?| 1 
BAS pa — 

Using the fact that a/b € (0, 1), i.e., J/2/2+a/b < 2, we get 

2b2- 2b? 

a 

2, b 

So /2/2 is not covered. 
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47. 

48. 

49. 

50. 

Sle 

a2: 

3): 

54. 
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Let f(a) = (a + 1)°*'/a?. The inequality is equivalent to f(a) => f(b). (Ooxu2 

(a — b)\(a + 1)’/a’*!. For a = b, f'(a) = 0 with change of sign from — to +. Thus 

fmin = f(b). This proves the result. 

Let us assume that the inequality does not hold. Then 

la+)| la| |D| 
ee C 

I+lat+b|° 1+lal 1+(d| 

Simplifying, we get |a + b| > |a| + |b| + 2|ab| + |ab||a + b|, which is impossible 

since |a + b| < |a| + |b. 

Using b/a = —x, — X2, c/a. = x1X2, we get 

i) 
Oba Ce Ogres tae a i0ise Lay > oa 

a 

(LCi ea, 
DG 

Pie oner Use ee >06142%,+%.+%);x2 > 0 
a 

& (14+%)0 + x2) = 0, 

a a 0 0, 
a 

Lets; = 1—x,)(—x2), 59 =(+x1;)1+%x2), 53 = 1—x)x2. Obviously |x;| < 1, 

i=1,2>s, > 0, k = 1,2,3. We prove the converse. Because of the symmetry 

in x; and xp, it is sufficient to consider the cases x; > 1 and x; < —1. Suppose 

x; > 1. If x. < 1, then s; < 0. Otherwise, if x. > 1, then s3 < 0. 

Suppose x; < —1. If x. < —1, then s; < 0. Otherwise, if x. > —1, then sy < 0. 

Try to prove that 

2 ' 
n n n i Gd: 

(541 a =e a; same ial Cis) 

i= i=0 j=0 

We have equality if a; — aj_) = 1 for j = 1,...,n. This gives the well-known 

result : 

(>>) =p 
i=0 

Two squarings eliminate all square roots and yield 0 < (ab — ac — bc)’. There is 

equality if c = ab/(a + b). 

Alternate solution. Consider a deltoid ABC D with sides AB = BC = ./a, DC = 

DA = Vb and diagonal AC = 2,/c. We can express its area in two ways: 

(1) |ABCD| = |ABC|+ |ACD| = J/c(a —c) + Jc(b — c). 

(2) |ABCD| = 2|ABD| = 2- + Jav/b sin(B AD) < ab. This yields the 

inequality. We have equality if |AB|? + |AD|? = |BDj|*, that is, a+b = 
a—c+b—c+2,/(a —c)(b — c), which is equivalent to c = ab/(a + b). 

Simplifying, we get a?-a+b*-b > a’-b+b?-a. Use the Rearrangement inequality. 

We get this if we multply by a7b?. 

No solution. Try to prove it yourself. 
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Here we use the Cosine Law giving b? + c? — a* = 2be cosa and its cyclic permu- 
tations. Replacing the parentheses, we get 2abc cos a + 2abe cos B + 2abc cosy < 

3abe or 
3 

cosa + cos B+ cosy < 5" 

This inequality can be proved in many ways. Here is one way: We may assume that 

the angles of the triangle are acute. Then we use the fact that the Cosine is concave 

in) Ola 5. Thus, 

a+B+y 
cosa + cos B + cosy, < 3cos 3 

3 
= S@OSGU = =. cos 5 

Another method goes as follows: Introduce unit vectors G, b, ¢ with sum $ directed 
counterclockwise along the sides a, b, c of the triangle. Then, 

lA 
NI] 

Equality holds exactly for s = 0, that is, for equilateral triangles. 

Here is another proof: cos w = (b? + c? — a?)/2be = ((b — c)? + 2be — a*)/2be < 
1 — a?/2bc. Similarly, cos B < 1 — b?/2ac, cosy < 1 —c*/2ab. 

+ cos B + <3 : pilin 3 37 s Cc — — — — —S SS —— 

rogaye® ele aN Gee cee Lap ia © 00d 2 

In proving triangular inequalities, it is often useful to use the transformations a = 

y+z, b=z+x, c=x+y, where x, y, z are positive numbers. Fig. 7.9 shows 

the geometric interpretation of this transformation. Solving for x, y, and z, we get 

x=s—a,y=s—b,z=s-c, withs = (a+b-+c)/2. The given inequality 

reduces to 
EC 

z 
z 

x y 

AL, SB 
Fig. 7.9 

eztyxtey > xyz +xy?z + xyz’. (1) 

Dividing by xyz, we get 

x? z 2 

Sean Be Sainz. (2) 
pt heey 
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Sh 

58. 
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Now we observe that the two sequences (x”, y”, z”) and (1/x, 1/y, 1/z) are oppo- 
sitely sorted. Hence, 

x2 y* 2 x2 y? 22 
1 sf ewly Sale aie tele (3) 

x y Ye ) ee ee, 

which was to be proved. 

Bernhard Leeb received a special prize for rewriting the inequality by algebraic 

manipulation in the form 

a(b —c)'(b +c —a)+b(a— b\(a—cla+b—c)=0. (4) 

Since a cyclic permutation leaves the given inequality invariant, one can assume that 

a => b,c. Now (4) becomes obvious. 

The inequality is homogeneous in a, b, c of degree three. Try to solve it by nor- 

malizing. For instance, Seta = 1,b = 1—x,c = 1—y withO < x, y < 1 and 

Cap yrs 

Be careful! Your proof must consist of two cases: 

(ajx sy 

(b)y <x. 
Also try to apply the CS inequality to (2). 

This is a straightforward application of the CS inequality. Let (x,y,z) = 

(Ja, Vb, Jc), and (x1, Vis 21) = (/ai, Jb, nih), Then we have 

(xxi + yy +221)? < (xe? + y*? +27)? + y? +27) (1) 

We have equality iff (x, y,, 1) = A(x, y, z) (similar triangles). 

Let f(x, y, z) = (—y)/+y)+—-2)/V +2) +R —x)/(Z +x) = PX, Y, D/H 
y)(y + z)(z + x). The polynomial p has degree 3, and p(x, x, z) = p(x, y, y) = 
p(x, y, x) = 0. Thus, p has factors x — y, y — z, x — z. Up to a constant, which 

turns out to be 1, we have 

i en VIO Ze — 2) 

LO) ayy ea: 

(a) From |x —y| < x+y, |y—z| < y+z, |x—z| < z+ x, weget|f(, y, z)| <1. 

(b) We did not use the triangle inequality in (a). Using | x — y |< z,| y—z |< x, 
|z —x| < y, we get 

Lye e5| See ee ee 1 

Mey Varo Zax ay yes pa 

Here we used the fact that a + b > 2/ab. 

(c) By analysis, one gets the smallest upper bound, which is assumed for a de- 

generated triangle with sides z = 1, y = L1G VS VOH x = z+ y. One gets 

f(x, y, 2) = (872 — 54/5)/3 < 0.04446. 
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We conjecture that the minimum is attained for x; = 1/n for all i. To prove this we 
set x; = yj + 1/n, where the y; are the deviations from 1/n. Then we have )~ y; = 0 
So, 

1\s ey Diese 2 Ji 2 
x; = p= — é — —_ = ae ae Y(» -) RD en eet sD 

The sum is minimal if all the deviations y; are zero. Another solution uses the 

CS inequality: 1 = Dol- x, < JVI?+---+12)/x?+---4+2%2,1 < Yn- 

JER SCRE, 
Solution with the QM-AM inequality: 

xp +--+ +x? 4 Mtn 

n n 

I ( 
=—-S>xp¢--tx2>-. 

n n 

Probablistic interpretation: It is the probability of a repetition if a spinner with prob- 

abilities x,,---,x, for outcomes 1, ---, 7 is spun twice. 

Generalization: Minimize x? + --- + x? with ayx; + --- + a,x, = 1 asa side 
condition. 

This can be transformed into 0 < (x” — y”)(x" — y”), which is obvious. 

[3x + 4y + 12z2| < V/324 424 122\/x24 y24 72 = 13. Equality holds for 

(x, y,z) = t(3,4, 12). From 92? + 16t? + 1442? = 1, we get t = +1/13. Thus, 

the maximum is (3 + 4+ 12)/13 = 19/13 and the minimum —19/13. 

First, we prove that, of the vectors a, b, éwith lengths < 1 at least one of a+ b, at 

2, b+Zhas length < 1. Indeed, two of the vectors +a, +b and +2 have an angle 

< 60°. Hence the difference of these two vectors has length < 1. In this way, we can 

get down to two vectors a and b, each of length < 1. The angle between d and b or 

a and —b is < 90°. Thus either la —b| < /2or|a + bl 2 a/D) 

A geometric interpretation will make both inequalities obvious. We must know that 

In x is the area under the hyperbolas = 1/t from 1 to x. The area under the hyperbola 

from y tox isIn x—In y. Now we simply write the obvious fact that this area is larger 

than the area bounded by t = x, t = y, the x-axis, and the tangent at some point 

between y and x. The area of the hyperbolic trapezoid is In x — In y. The trapezoid 

bounded above by the tangent at ,/xy is (x — y)/,/xy, and the one bounded by the 

tangent at (x + y)/2 is 2(x — y)/(x + y). Thus, we have 

cad <Inx—Iny and ee <Inx-—Iny. 
xy x+y 

Routine transformation gives the results of the problem. We use the obvious fact that 

a tangent lies below the hyperbola, a consequence of the convexity of the hyperbola. 

The convexity can be proved without derivatives. Indeed, a function f is convex by 

definition if 
7 (242) < £24 £0) 

2 < Z 

If we apply this to the hyperbola, after taking reciprocals, we get 

Mi o 2 
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This is the arithmetic-harmonic mean inequality. 

The radicands remind us of the Cosine Rule with angles 60° and 120°. In Fig. 7.10 we 

have |AB| = /a2 —ab+b?, |BC| = Vb? —bce+c?, |AC| = Va* +ac 4+ c?. 

It is the triangle inequality for AABC. 

Fig. 7.10 

The if is obvious. Replacing (x, y,z,t) by (1,0,0,0), 1,1, 0,0), (1, 1, 1, 0), 

(1, 1, 1, 1), we get the listed inequalities. Now we prove the only if. The left side of 

the inequality is linear in each of the variables x, y, z, t. But the minimum of a linear 

function is attained at its boundaries, i.e, in one of the points (1, 0, 0, 0), (1, 1, 0, 0), 

(CEs O) aie enh): 

letx = 7, Ss > 0s > 0) Then 

7 1 1 ay RES) oe l+u 

Ag ig (1+u)’ ae Ituy ~ 1+u+v’ J l+u+v’ 

y x l+v l+u __ 

Xie ee 1+u+v ar 1+u-+v Sib tees we > 1. 

Here we used the inequality (1 + u)” < 1+ uy for 0 < y < 1. We will prove it by 

calculus. 

1 es = y / = ses yao = ——————— ftu)=1+yu-U+uy, f@=y-yd+u) y 1 a io 7 

Now f(0) = 0, f() = y, and f is increasing in the interval (0, 1). 

The function f(x) = (x + 1/x) i is convex since f’(x) = 2 (x —1/x 3) andije. (x) — 

a + 3/x i) > 0. Hence, 

2 

fla)+ FO) > 2fEF*) = 2475 5) =2(5 +2) ds 

fat fo) + fo = 3f(42*) = 3f() =3- (1) = ™ 

ene Su > = n n n po PPOSe'a = De cy Nhenat, bp) Cc seand es ier as on 

increasing. This impllies 
are monotonically 

aelew 3 eles Vos ae 
2 ate c+a aes ae 24 aa ig ore 

me BDL Sc Teen 

esa Sia ome i cere tare 

Adding these two inequalities, we get 

aq” b” c 4 1 (“ae b” + c” —*) 
+ + ——— 

b+e eta ‘atb~2 RR Te c+a 
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Now it is easy to prove the inequality (x” + y")/(x + y) > (x"—! + y""!)/2. This is 
a consequence of Cebyshev’s inequality. Hence, the result. 

We see at once that d(x,x) = 0 and d(x, y) = d(y,x) for all x, y. To prove 

transitivity, we use the transformation y,; = tan a, y) = tan a. Then 

| tan a, — tan a| 

V1 + tan? a ./1 + tan? a 
d(y1, y2) = = |sin a cos a — sin a cos | 

= | sin(@ — a@2)|. Now d(y1, y3) < d(y1, y2) + d(y2, y3) becomes | sin(a; — @3)| < 
| sin(a@; — @)| + | sin(a. — a3). With B = a; — a, y = a2 — a3, this becomes 

sin(B + y)| = 

|sin Bcos y + cos Bsin y| <|sin Bcos y|+|sin y cos P| < |sin B| +|sin y|. 

Note that the ith denominator is 2 — x;. Thus, 

n 
Xj = x; -2+4+2 1 

Bs 2p ceg a 2t CECT OAS sae? 
n 

=a t= a! 

Using the CS-inequality (a7 + ---+.a?)(b? +--+» +b?) > (ayb) +--+ + dnbp) with 
Qi = 1/2 =X b; = 2) — X;, we get 

1 1 : 

(eee (ER arts arma 
and 

1 2n? n 
v9 Fk ap 

eae ees ee ee oe 

p? =(atb+c) =a? +b’ +c? +2(ab+be+ca) = $(a—by+3(b-c)+3(c—ay 
+3(ab+bc+ca), 2p?—72 = (a—b)? +(b—c)?+(c—ayY = 0=> p* > 36, p> 6. 
The minimum is attained fora = b =. 

On the other hand, 

la—b| <c, |b—c| <a, lja—c| <b > a’4+b’ +c? > (a—bY +(6-cY +(c—a)’. 

The left side is p* — 24, the right side is 2p? — 72. Thus, 2p? — 72 < p? — 24, or 
p’<48,u< 4,/3. We have equality forc = 0, anda +b = 4,/3. For instance, 

a = b = 2/3. Thus 6 < p < 4V3. 

Choose the four smallest squares, denote the lengths of their sides a1, a2, a3, a4, and 

the sum of their areas by A. Obviously A < 4/20 = 1/5. Now 

(a, — a)? + (a, — 43)* + (a — a4)" + (Qa — 3)” + (a) — a4)? + (a3 — 24)" 

= 3(az + a ah a; =F ai) — 2(a) a + a)03 + a1a4 + Gnd3 + a244 + A344) 

=4(a? +---+aZ)—(a t+: +a) =4A-(@qt-+s +44)’, 

that is, 

WA (aya a; Pas) 0 > a; aera, al <2VA = al 
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76. 
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78. 
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Let x? + y? +2? < 3/4. Then \/(x? + y? + z*)/3 < 1/2. Hence, 

24 24 72 1 1 

eS) a ae 

Now x2+ y?+z2+2xyz < 3/4+1/4 = 1. Contradiction! Thus x7 + y?+2z? > 3/4. 
We have equality for |x| = |y| = |z| = 1/2 and 0 or 2 negative variables. 

Taking logarithms and dividing by n, we get 

x, In x, +::-+4x, In x, atiatee EF In x, +---+1n x, 

n n n 

This is Chebyshev’s inequality since the sequences x; and In x; are sorted the same 

way. 

We denote the left side by f(a, b,c). The function f is defined and continuous on 

the closed cube, and it is convex in any of its variables. Thus it assumes its maximum 

at one of its vertices. Because of the symmetry in a, b, c we need to try only the 

triples (0,0, 0), (0, 0, 1) (0, 1, 1), C1, 1, 1). We get f(O, 1, 1) = 2 for the maximum. 

To prove convexity, we need only check that f(x, b,c) = ; SgT 5 ai Te re isa 

sum of three convex functions And a sum of any number of convex functions is again 

convex. Indeed, the three summands are a straight line and two convex hyperbolas. 

We do not prove it. We just give hints. 

(a) Prove that (a) is valid for the special case that the lines through O are parallel to 

the three sides of the original triangle. 

(b) Join the endpoints of the bases of the three triangles so that three more trian- 

gles with areas T;, T>, T; are formed. All six triangles form a hexagon. Prove that 

S,S283 = T,T)T3. Use the AM-GM inequality giving 

1 1 1 3 3 
3 +s ts? 3 * eee 
S} Sy S3 S'S, 5283 A/S) 82837} ToT; 

= 3-6 

+ Sp Sock Sate TD) +7 7, 
1815: 

There is equality for O, the centroid of the triangle. 

ANSWer X= 2. foe X01 =12,).1001 = 5. Applying x + ; > oe ES we get 

1 [x 1 IE 
x, +—>2 dle ye, St: ete on 

X2 X2 xX) x1 

Multiplying these inequalities, we get 

1 1 1 100 
pW aed OC a ciel ea) [eS ne ee 

x2 X3 XxX) 

but, from the system of equations, we get 

1 1 1 (522) «Cas eee en 
X2 X3 X{ 

1 . . . . . i il 

Hence, each inequality is an equality, i.e., x; = ite a ao = 
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a=(5 1 — x? l-—y* 2y 

lite? 1x2 l+y?? 1+ y2 

Then it is easy to verify that |Ja| = |b] = 1. The CS—inequality |a - b < |a|- |b 
implies that 

Let 

2G ay 
(1 + x?) + y?) 

a5 = [2 e b- (+y)U = xy) 
(1 + x?)(1 + y?) 

Dividing by 2, we get the result. 

We assume that 4a > —1, 4b > ~1, 4c > —1. Consider the two vectors 

P=(1,1,)) ¢= W404, 4b +1, V4e41). 

The CS inequality (p - g)? < p* -q? yields 

(V4a + 14+ V4b+14+ V4c4+ 1? < 34a4+14+4b4+1+4c41). 

The RHS is 3(4(a + b+ c) +3) = 21. We have equality iffa =b=c= i. 

Denote the LHS of the inequality by L,. For k = 4, we have 

xX x2 x3 X4 Be air ess X2 + x4 

X4 + X2 Mi tees Xo + X4 Xx + X3 FEY SG PBG MeateevS 

Now suppose that the proposed inequality is true for some k > 4, ie., that Ly > 2. 

Consider k+1 arbitrary positive numbers x,, x2, ... Xz, Xp41. Since L;4; is symmetric 

with respect to these numbers, without loss of generality, we may assume that x; > 

ent (Oli — las kel nuse 

x] Xk Xk+1 
Lygy = ——— +--+ + ——— + —— 5 kk = 2. 

Xep1 + XI Xe-1 FXe41 KKH 

Now, we prove that 2 cannot be replaced by a larger number. Consider the case 

k = 2m, where m is a positive integer > 1. Set 

Z m—1 
X= Xam = 1, X2 = Xam—-1 = t, X3 = Kom-2 =U, Xm = Ami =F 

where t is an arbitrary positive number. Then L, simplifies to 

(m — 2) 
Le=2(1 

(1+9=5 

Hence, lim,_,.. Ly, = 2. We can proceed similarly in the case k = 2m + 1. 

This inequality is not symmetric in its variables. Rather, a cyclic rotation (a, b, c) 

(b, c, a) leaves it invariant. So we can rotate the variables until a becomes the largest 

(smallest). Denote the LHS by f(a,b,c). Then f(ta,tb,tc) = f(a,b,c). The 

function f is homogeneous of degree zero. We may normalize it so thata+b+c = 1, 

ora=1,b=1+x,c=1+y,x > 0, y > 0. In the latter case, we must treat the 

cases x > y and y > x separately. Note that some of the three terms in f can be 

negative which complicates usual estimates and makes it difficult unless we clear the 

denominators. After surprisingly little work, we arrive at the equivalent inequality 

a(a —c)’ + b(b—ay’ +c(c— by = 0. 
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This looks like a discriminant. Indeed, f(x) = a?(a 2)x? — (a3 —a+2)x+(a?+1) 

has f(0) = a?+1 > 0, f(1) = —(a@?—a+1) < 0.So f has a positive discriminant 

which is the inequality to be proved. 

Set dn41 = a, and let 

n 2 
ay AK +1 

iS; —— eh S Ss 1 
= =A Ay + Ag+ 

Then 5) — 5) =a; —Q) +a —a3+-:-+a,—a, =0,ie., 5; = 52. Hence, 

n 2 2 2 2 D n n 
a a, + ay a, +a; Ap + Ak+1 

2) —4— ay tm = Ht tt > oa =D x. Ge ean a, + a Ce ot) ee 53 Se i 

The left-hand side of the inequality is 

Sot = — os (es = = ye lees lz 
i=] kAi i= kAi 

n n 1 

-S]Ja=b2 
wa Bes ee 

Let FG, 2) = 2/6 ty y/Ome2 + 2/@ +x). Then (6G. z) 
x/x+ty+z) + y/x+y+z) + z/(x+y+z) = 1. In addition, we have 

Pita V, 2) SAA VE VW Ce ae yO As) 2) Oak 2) a) Sa) 
= 3— f(y, x, z). We have already proved that f(y, x, z) > 1. Hence, f(x, y, z) < 2. 

These inequalities are exact. Indeed, f(x, tx, t?x) = 2/(1 + t)+t?/(1 + t7)has limit 
1 fort — oo and limit 2 fort — 0. Because f(x, y, z) is continuous for all positive 

xX, y, Z, it assumes all values between | and 2. 

Extend the medians AA2, BB, CC; until they meet the circumcircle in A,,; By, C). 

We have AA, < D, BB; < D, CC, < D,1i.e., mz + A, Ar < D, mp, + A, A> < D, 

m. + C,Cz < D. A well-known theorem implies A, Az - AA2 = BA? - A2C, ice., 

A, A2 = a?/4mg. Similarly, B,B, = b*/4m, and C,C) = c?/4m,. Plugging this 

into the inequalities above, we get 

4m2+a?> 4mi+b? 4m? +c? 

4m, 4m, Amiz 2 7: 

From 4m? + a? = 2b? + 2c*, 4m? + b* = 2c? + 2a”, 4m? + c? = 2a” + 2b’, we get 

@+.b* bt tc 3 ce +a’ 

2m, 2Mq 2mp 
5S 5)/D) 

and from this, we get the result by doubling. 

From the first equation, we get 1 = x +y +z > 33/xyz, or xyz < 1/27. The 

second equation implies x°(1 — x) + y°. — y) +2301 — z) = 1 — xyz > 26/27. 
On the other hand, 3°(1 — t) = t-t - t(3 — 3t) < (3/44 = 81/256. Hence, 

(1 —x)+ v1 — y) + 23(1 — z) < 81/256, a contradiction. 
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This reminds us of the formulas sin w = 2 tan(a/2)/[1+tan?(w/2)] and cosa = [1— 

tan?(a/2)]/[(1+tan?(a/2)]. So letus set x = tan(a/2), y = tan(B/2), z = tan(y/2). 
The inequality now becomes 

cosa@ sina + cos B sinB + cosy siny < (sina + sinB + siny)/2, 

sin 2a + sin 26 + sin 2y < sina + sinB + siny. (1) 

Until now we ignored xy + yz + zx = 1. It is satisfied if «+ B + y = 7. Indeed, 

z = tan(7/2—a/2—B/2) = cot(a/2+B/2) = (1—xy)/(x+y), andxy+yz+zx = 

xy +(x + y)z = xy + 1— xy = 1. We may assume that in (1) we are dealing with 

the angles a, 6, y of a triangle. By the Sine Law, for the RHS, we have 

: : P a+b+c 2s Sr A 
sna + sin 6 + sin y = ———._ = — = — = —., 

pte ny 2R Ria Rr werk 
Denote the distances of the circumcenter M from a, b,c by x, y, z Then, for the 

LHS, we get 

sin 2a + sin 26 + sin 2y = 2(sina cosa + sin B cos B + siny cosy) 

acosa+bcosB + ccosy 

R 

but a 
a y Ke 

cos bcos == (i) 0 b- oe ee acosa@ + B+ccosy =a Rt je R R 

Hence, 
sna+sinB+siny — R ae 

sin 2a+sin26+sin2y 2r- 

ete — ol ayia Dandi aly omheney yz —simand 

1 1 1 oe ye ye 

a@(b+c) B(c+ta) Ciat+b) ytz z+x x+y 

Denote the RHS by S. We want to prove that S$ > 2. The CS inequality, applied to 

the vectors 

% y Zz 
Se a) EU ae eR 
= VZtxX a ( - y) 

yields (x + y +z)? < S-2%x+y+z)orS > (x+y +2z)/2. Using the AM-GM 
inequality, we get 

BSE Vag 3s Br 3 
Se BES _-=> -, 

Noman ee eras 
Equality holds iff x = y = z = 1, which is equivalent toa =b=c=1. 

Many participants of the Olympiad used the Chebyshev inequality. One can also use 

the Rearrangement inequality. Give a different proof! 

S> 

Transfer all terms to the left side and look at all terms with an x,: 

f On) = 
Xn-1 Xn Xn xX] 

Xn x} Xn-1 Xn 

Let us find the minimum of this function on the interval [x,_,, oo). The derivative of 

f Gn) on this interval is positive, and hence the minimum is attained at x, = X,_1. 

Inserting x, = X,—; into the inequality, we get the same inequality, but for the 

variables x; to x,-,. We finish the proof by induction. 
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We square the inequalities, transfer their right sides to the left, factor the differences 

of the squares, and multiply them, getting 

Ga=-c=byO—c—aye—a—h) < 0. 

Since squares are nonnegative, at least one of the factors on the left is zero. 

a? + b? — ab = c* can be written in the form a? + b* — 2ab cos 60° = c?. Soa, b,c 
are sides of a triangle with y = 60°. Hence, a > 60°, B < 60° ora < 60°, B = 60°. 

Soa>c> bora <c <b. In both cases, (a — c)(b —c) < 0. 

Rewrite the inequality in the form (x7 + y?—x?y) +3 +23-—2x)+(ze+y>?—y?z) < 
3. We will show that each parenthesis on the LHS does not exceed 1. Take the first 

one x? + y? — xy. If x > y, then y? — x?y < 0. Otherwise x? — x*y < 0. Since 
both x and y are < 1, we conclude that x? + y? — xy < 1. We treat the other two 
parentheses similarly. 

We may assume 0 < a < b <c < landO < (1 —a)(1 —b). Hencea+b< 

l+ab<1+2ab,anda+b+c<a+b4+1<2+2ab =2(1 + ab). Thus, 

Ce See ek Oe ee ees 

1+be 1+ac 1+ab” 1+ab 1+ab 1+ab”™ 1+<ab 

It is enough to prove that, for any x > 0, 

eo a 1 

————— > =. 
1+x pe 

But f(x) > 1 for x > 1, and, if x < 1, the denominator is < 2, and f(x) > }. 

Consider the four vectors v; = (a, b), v2 = (c, d), 03 = (e, f), 04 = (g, A). The six 

given numbers are all pairwise products of these vectors: 0} + 02, 0; : 03,..., 03° D4. 

Since one of the angles between these four vectors does not exceed 77/2, at least one 

of the six scalar products is not negative. 

f Ce) Sa ee gt cet xt 

We may assume that x; > x. >... > x,. Then all the points x,,..., x, lie on the 

segment [x,, x1]. Hence | x; —x; |<| xn —X1 |. In addition, | x; —x, | + | x.—Xn |= 

x; — xX, fork = 2,...,n — 1. Together with | x; — x, |, we get the estimate 

Yo |i = x) 1S (2 — DQ — ¥). 
i<j 

Since (x; «++ x,)!/" > xp, it is sufficient to prove that 

1 oS 
ESOS enor 

n n 

OF Xn +(n — 1)x, = x; +++++Xn, which is valid. The proof of this weak inequality 

was so simple since we could get by with huge overestimations. 

We have f(an) = (—1)"a+ (-1)"b, f(z/3) = . — b, f(2x/3) = = § +b, Hence, 

|a+b |< 1, and | a — 2b |< 2, or -1 < a+b < 1, and -2 <a+b—3b <2, 

Adding the last two inequalities we get | b |< 1. 

We setx = b+c—a,y=c+a—b,andz=a+b-—c. The triangle inequality 
implies that x, y, and z are positive. Furthermore, a = (y + z)/2,b = (z+ x)/2, 

and c = (x + y)/2. The LHS of the inequality becomes 

SG re Gua he ea 1x Mel ets a5 (42 42ee eee ; 
2X 2y 22 DEN Cy OC nee Penny ee ee 

and this is obviously > 3. 
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The Induction Principle 

The Induction Principle is of great importance in discrete mathematics: Number 

Theory, Graph Theory, Enumerative Combinatorics, Combinatorial Geometry, and 

other subjects. Usually one proves the validity of a relationship f(n) = g(n) if 

one has a guess from small values of n. Then one checks that f(1) = g(1), 

and, by making the assumption f(n) = g(n) for some n, one proves that also 

f(a + 1) = g(n + 1). From this one concludes by the Induction Principle that 

f(m) = g(n) for all n € N. There are many variations of this principle. The 

relationship f(n) = g(n) is valid for O already, or, starting from some no > 1. 

The inductive assumption is often f(k) = g(k) for all k < n, and, from this 

assumption, one proves the validity of f(n) = g(7). We assume familiarity with 

all this and apply induction in unusual circumstances to make nontrivial proofs. 

We refer to Polya [22] to [24] for excellent treatment of induction for beginners. 

The reader can acquire practice by proving some of the innumerable formulas for 

the Fibonacci sequence defined by Fp = 0, Fi = 1, Fuag = Fauit &,n = 0. 

We state some of these. 

1. Binet’s formula F, = (a” — B")/V'5, a = (1+ V5)/2, B =(1 — V5)/2. 

2. Fr= (Molt Cy )+ Ca) t-- 

Eee en 2 ey 

4. Prove 
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Here you need to know how to multiply matrices, but it helps much in 

proving formulas later. 

5. Fri Fav = Fe CI". 

6 F+tht+--+h=hy-l. 

7. Fut Fo4-:* Pon = Pongo, 1+ Fot+Fat-:> + Fon = Font. 

So hg a ae Dl yal ph ee ee 

0. Fe Fos Fe Pei 2, ee et) =e 

10. Fy Fy + Fo F3 +--+ Fon-1 Fon = F5,. 

ll. F3+F3 
ntl PS, = Fn. 

12. min SBA. 

13. gcd( Fin, Fn) = Fecacn,n)- 

14. Let t be the positive root of 2? = t+ 1. Thent = 14+. 1/t, from which 

follows the continued fractional expansion 

1 
t=1+ 

with the convergents 

1 
t3=1+ ; 3 ce 

Prove thatt,, = Prat / iy. 

15. Prove that 

an = (-1)"4! (oly == = 4 — f =t-—l, 1 its 
Da F, En II ( % Libs ) 

In this chapter we will use induction to prove some old and new theorems. Some 

of these were already proved by the extremal principle or by other means. In fact, 

the Induction Principle is equivalent to the axiom that any subset of the nonnegative 

integers has a smallest element. In this respect, it is also an extremal principle. 
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Problems 

iLile 

i, 

. 2n points are given in space. Altogether n? + 1 line segments are drawn between 

these points. Show that there is at least one set of three points which are joined 

pairwise by line segments. 

. There aren identical cars ona circular track. Among all of them, they have just enough 

gas for one car to complete a lap. Show that there is a car which can complete a lap 

by collecting gas from the other cars on its way around. 

. Every road in Sikinia is one-way. Every pair of cities is connected by exactly one 

direct road. Show that there exists a city which can be reached from every other city 

either directly or via at most one other city. 

. Show by induction that 

‘ k\ 1 
roy = ("7 )ene 

k=0 

. For any natural N, prove the inequality 

2 3/4. 2) UN — VN <3 (TT 1987). 

. Ifa, b, and g = (a* + b*)/(ab + 1) are integers > 0, then g = gcd(ab)’. Prove this 
famous IMO 1988 problem by induction on the product ab. 

. We build an exponential tower 

a 
n) 

by defining aj) = 1, anda,4,; = REED (n € No). Show that the sequence a, is 

monotonicaliy increasing and bounded above by 2. 

. n circles are given in the plane. They divide the plane into parts. Show that you can 

color the plane with two colors, so that no parts with a common boundary line are 

colored the same way. Such a coloring is called a proper coloring. 

. Amap can be properly colored with two colors iff all of its vertices have even degree. 

10. (a) Any simple not necessarily convex n-gon has at least one diagonal which lies 

completely inside the n-gon. 

(b) This n-gon can be triangulated by diagonals which lie inside the n-gon. 

(c) The vertices of the triangulated n-gon can be colored properly with three colors. 

(d) The faces of the triangulation can be properly colored with two colors. 

Let a, be the number of words of length n from the alphabet {0, 1}, which do not 

have two 1’s at distance 2 apart. Find a, in terms of the Fibonacci numbers. 

We are given N lines (N > 1) inaplane, no two of which are parallel and no three of 

which have a point in common. Prove that it is possible to assign a non-zero integer 

of absolute value not exceeding N to each region of the plane determined by these 

lines, such that the sum of the integers on either side of any of the given lines is equal 

to 0 (TT 1989). 
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The sequence a, is defined as follows: ay = 9, dn41 = 3a; + 4a;,.n > 0. Show that 
dio contains more than 1000 nines in decimal notation (TT). 

Find a closed form for the expression with n radicals defined as follows: 

PERN Sir 

Let w be any real number such that w + 1/a € Z. Prove that 

1 
a’ +—eZ foranyneN. 

a” 

Prove that 1 < 1/n+1)+---+1/Gn+4+1) <2. 

For all n € N, we have f(n) = g(n), where 

tna re 1 Pes: 1 
= — — am bs — --—, 1) = 

F(n) ee yl. ee PPS 
Prove that (n + 1)(n + 2)----2n = 2”-1-3-5---(2n—1) foralln EN. 

Prove that z+ 1/z = 2cosa@ => z” + 1/z" =2cos na for alln EN. 

If one square of a 2” x 2” chessboard is removed, then the remaining board can be 

covered by L-trominoes. 

2n + 1 points on the unit circle on the same side of a diameter are given. Prove that 

FOP, + OP nl | 

Consider all possible subsets of the set {1,2,..., N}, which do not contain any 

neighboring elements. Prove that the sum of the squares of the products of all numbers 

in these subsets is (N + 1)! — 1. (Example: N = 3. Then 1? + 274+ 374+ (1-3) = 
23:= 4!—="1,) 

A graph with n vertices, k edges, and no tetrahedron satisfies k < |n7/3]. 

Let a), ..., a, be positive integers such that a; < --- < a,. Prove that 

1 1 
fe ee eee hg ee 
ay an 

3"+1 | 23" + 1 for all integers n > 0. 

In an m Xx n matrix of real numbers, we mark at least p of the largest numbers 

(p < m) inevery column, and at least g of the largest numbers (g < n) in every row. 

Prove that at least pq numbers are marked twice. 

n points are selected along a circle and labeled by a or b. Prove that there are at most 

(3n + 4)/2] chords which join differently labeled points and which do not intersect 
inside the circle. 

Let n = 2". Prove that we can select n integers from any (2n — 1) integers such that 

their sum is divisible by n. 
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Prove Zeckendorf’s theorem: Any positive integer N can be expressed uniquely as 

a sum of distinct Fibonacci numbers containing no neighbors: 

N= DF, Sst eee ee 

Here Fig le fo 2 Faia Pega de Pad Gia l. Indeed. | = Fy = 1,2=— fF, = 

10,3 = F; = 100,4 = F; + F, = 101,5 = F, = 1000, 6 = F, + Fy = 1001,7 = 

F4 + F) = 1010, 8 = Fs = 10000, 9 = F; + F; = 10001, 10 = F; + Fp = 10010, 

ll = Fs + Fy = 10100,.12 = F; + F3,+ F, = 10101,.... 

A knight is located at the (black) origin of an infinite chessboard. How many squares 

can it reach after exactly n moves? 

(a) Consider any convex region in the plane crossed by / lines with p interior points 

of intersection. Find a simple relationship between /, p, and the number r of disjoint 

regions created. 

(b) Place n distinct points on the circumference of a circle, and draw all possible 

chords through pairs of these points. Assume that no three chords are concurrent. 

Let a, be the number of regions. Find a), a2, a3, a4, ds by drawing figures. Guess 

d,, and check your guess by finding a¢. Now find a, by using the result in (a). 

An infinite chessboard has the shape of the first quadrant. Is it possible to write a 

positive integer into each square, such that each row and each column contains each 

positive integer exactly once (TT 1988)? 

Find the sum of all fractions 1/xy, such that gcd(x, y) = 1,x <n, y<n,x+y>n. 

Find a closed formula for the sequence a, defined as follows: 

1 =] (1+ 4a, + 1+ 24a,). 

Prove that if n points are not all collinear, then at least n of the lines joining them 

are different. 

The positive integers x;,...,x, and y},..., Ym are given. The sums x; +--+ +X, 

and y; +---+ ym are equal and less than mn. Prove that one may cross out some of 

the terms in the equality x; +--- +x, = y; +:-:+ Ym, So that one again gets an 

equality. 

All numbers of the form 1007, 10017, 10117, ... are divisible by 53. 

All numbers of the form 12008, 120308, 1203308, ... are divisible by 19. 

Let x1, X2 be the roots of the equation x” + px — 1 = 0, p odd, and set y, = x +x}, 

n > 0. Then y, and y, 4, are coprime integers. 

Solutions 

1. We will prove the contrapositive statement: A graph with 2n points and no triangle 

has at most n? edges. 

The theorem is obviously true for n = 1. Suppose the theorem is true for a graph 

with 2n points. We will prove it for 2n + 2 points. 
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Let G be a graph with 2n + 2 points and no triangle. Select two points A, B of G 

connected by a line segment. Ignore A, B and all line segments joined to A or B. The 

remaining graph G’ has 2n points and no triangle. By the induction hypothesis G’ 

has at most n” line segments. How many line segments can G have? There is no point 

C such that A and B are joined to C. Otherwise G would contain a triangle ABC. 

Thus if A is joined to x points of G’, then B is joined to at most 2n — x points of G’. 

Thus (not forgetting to count the line segment A B) G has at most n? +2n—x +x +1, 

n? + 2n + 1, or (n + 1) line segments. 

It is easy to see that the statement of the theorem is exact. Indeed, partition the 2n 

points into two n-sets P and Q, and join every point of P with every point of Q. 

The resulting graph has no triangle. 

. The theorem is obvious for n = 1. Suppose we have proven the theorem for n. Let 

there be n + 1 cars. Then there is a car A which can reach the next car B. (If no car 

could reach the next car, there would not be enough fuel for one lap.) Let us empty B 

into A and remove B. Now we have n cars which, between them, have enough fuel 

for one lap. By the induction hypothesis, there is a car which can complete a lap. 

The same car can also get around the track with all (n + 1) cars on the road. From 

A to B, there will be enough gas (from car A) and, on the remaining road sections, 

this car has the same amount of gas as in the case of n cars. 

. The theorem is obviously true for two and three cities. Suppose it is true forn cities. A 

city satisfying the conditions of the problem will be called an H-city. For n arbitrarily 

chosen cities let A be an H-city. The other n — 1 cities can be partitioned into two 

sets: the set D of cities with direct roads into A; the set N of cities without direct 

roads into A. Then, from each N-city one can reach A via some D-city. Let us add 

another city P to the n cities. There are two cases to consider: 

(1) There is a direct road from P to A or toa D-city. Then A is also an H-city for 

the (n + 1) cities. 

(2) From A and from any city in D there is a direct road to P. There is also a 

direct road from any N-city to some D-city. Thus P is an H-city. 

. We have f(1) = 2, and with i = k — 1 and ("*1**) — ("**) + ("**), we get 
k-1 k 

n+l n+l n+1 pasa Sattar 1438 (et ae SMH an 
k=0 k=l 

" ol eal CC eel m1 Fn) 

=F fin +1) + fin) 

that is, f(n) = 2”. This proof is by far more complicated than the proof by prob- 

abilistic interpretation in Chapter 5. Note that we made it so compact that you will 

understand it only by investing some effort. 

. This problem is too special. We imbed it into a more general problem by replacing 2 
by m. This makes the proof simpler. By specialization we get the result. For m > 2, 
we prove 

ou nag le acu 
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by reverse induction, that is, we prove it first form = N and then down to m = 2. 

Clearly /N < N +1. Form < N, we assume inductively that 

(m + 1)V (m + 2)... AN <m+2. 

my (m+1)V...VN </m(m +2) <m+1. 

DAI Sint SIN 3: 

. This proof is due to J. Campbell (Canberra). If ab = 0, the result is clear. If ab > 0, 

we may suppose a < b because of symmetry in a and b. Assume the result holds 

for all smaller values of ab. Now, we try to find an integer c satisfying 

Then, 

So, 

a tc es a Ontr o 1 Gor a eo 
q = 

Since ac < ab, we know by the induction hypothesis that 

q = gcd(a, c)’. (2) 

To obtain c, we solve 

Gp tole - a*+¢ re 

Sprain ao Sad ies 

By subtracting numerators and denominators of these two fractions, we get 

b* —c? b+c 
=q > — =q>c=aq-b. 

a ab —ac 

Notice that c is an integer and gcd(a, b) = gcd(a, c). The proof will be finished if 

we can prove 0 < c < b. To prove this, we note that 

at bP Gig OF al ny © 

~ ab+i Go atd nat 

giving 
a b? 

OU er ea ee 

To prove c > 0, we make the estimates 

a +e 

ac+1 

—|] 
Gz Sie a0 eC c= 

This completes the proof. 

. We have dp < a; since 1 < ne Suppose a, < d+, for any n. Since the exponential 
‘ fi Ay 2 An An +1 

function with base b > 1 is increasing, we also have NOPE ON e080 Ant) < An42- 

This shows that a, is increasing. 
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We have, obviously, ay < 2. Suppose a, < 2. Then Te “fh =125O0an11 < 2. 

So a, has an upper bound 2. 

Remark. Every increasing sequence a, with an upper bound is convergent to a limit 

a, which satisfies a = V2. The only solution is a = 2. It can be shown that the 

sequence defined by ap = 1, an4; = a converges for 0.065988... =e <a < 

e'/¢ — 1.44466.... See Chapter 9. 

. Proof. The theorem is obvious for n = 1. The interior is colored white, and the 

exterior black, which is a proper coloring. Suppose the theorem is valid for n circles. 

Now take (n + 1) circles. Ignore one of the circles. The remaining n circles divide 

the plane into parts which have a proper coloring by the induction hypothesis. Now 

add the (n + 1)th circle and make the following recoloring. The parts outside this 

circle keep their colors. The parts inside this circle exchange their colors, the black 

ones become white, the white ones become black. The new coloring is obviously 

proper. Indeed, two neighboring regions across this circle will have opposite colors 

because of reversal of coloring. Two neighboring regions on the same side of this 

circle still have opposite colors by the induction hypothesis. 

Alternate proof. Each of the parts, into which the plane is divided, is labeled by the 

number of circles within which it lies. Two neighboring parts will have labels of 

opposite parity. By coloring the odd numbered parts black and the even numbered 

parts white, we get a proper coloring of the plane. 

. If a vertex has an odd degree, then even the parts surrounding it cannot be properly 

colored with two colors. 

To prove sufficiency, we use induction on the number of edges. The theorem is 

obvious for maps with two edges. 

Suppose the theorem is valid for any map of n edges with all vertices of even degree. 

Now take any map M with (n + 1) edges with all vertices of even degree. Start at any 

vertex A of the map, and move along the edges until you return, for the first time, 

to a vertex B you have already visited. The part of the path from B back to B is a 

closed path which we erase. We are left with a new map M’ with vertices of even 

degree. By the induction hypothesis, M’ can be properly colored with two colors. 

Now, add the erased path and exchange the colors on one side of the closed path. We 

get a proper coloring of the map M. 

(a) Let A, B, and C be three neighboring vertices of the polygon. Consider all rays 

from B directed inside the polygon. Either one of the rays hits another vertex D. 

Then AD is such an inner diagonal. Otherwise, AC is such a diagonal. 

(b) We use induction on n. Suppose all k-gons for k < n can be triangulated com- 

pletely by diagonals in their interiors. Consider any (n + 1)-gon. Draw any diagonal 

in its interior. It splits the polygon into two polygons with < n vertices. Each of these 

can be split completely into triangles by interior diagonals. Thus we get a splitting 

of the (n + 1)-gon into trangles. 

(c) The theorem is obviously true for n = 3. Suppose the vertices of a triangulated 

n-gon can be properly colored with three colors. Now take an (n + 1)-gon. It has 

three adjacent vertices A, B, C with ZABC < 180°. Cut off the triangle ABC. 

The remaining polygon has n vertices and can be colored properly by the induction 

hypothesis. Add the vertex B. Since we have used two colors for A and C, we can 

use the third color for B. 
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(d) We denote the three colors in (c) by 1, 2, and 3. Orient the sides of the triangles 
1 + 2 > 3 — 1. Color the triangles with clockwise orientation black and those 
with anticlockwise orientation white. 

We derive a recursion for a, as follows. A word starting with 0 can be continued in 
d,—, ways. A word starting with 100 has a,_3 continuations. A word starting with 

1100 can be continued in a,_4 ways. 

Gly (Bhs) SPE ae One a, = DQ an = 4, a3 = 6, a4 = 9, 

This recursion leads to the table above. From this table, we conjecture that 

Z 
Qam = Frys Qoms1 = Fin42 - Fin43- 

Suppose the conjecture is valid for all k < 2m. Then, 

2m = Fai Faso +-Fin Fai + F} Sy Bere ire Se i See aa By Siete 

Qm+1 = Fao ttakes, med arya = Feo + Fi Fim+2 = Fins2Fin+3: 

Color the corresponding map properly with two colors. Assign to each region an 

integer whose magnitude is equal to the number of vertices of that region. The sign 

of the integer is positive for one color and negative for the other color. The sum of the 

integers at any side of any line will be 0. Indeed, take any of the WN lines. If a vertex 

is not on that line, then it contributes +1 to two regions and —1 to two regions. If it 

is on the separating line, it contributes +1 to one region and —1 to another region. 

To get some clues, we try to compute the first terms of the sequence: dy) = 9, 

a, = 22599, .... The next term already takes too much time. But at least we suspect 

that there are enough nines at the end of the numbers. In addition, we are told that 

do contains more than 1000 nines. But 1000 is slightly less that 2'° = 1024. We 
conjecture that a, ends with 2” nines. This will be proved by induction. A number 

ending in m nines has the forma - 10" —1, a € N. Suppose a, = a- 10” — 1. Then, 

Qn41 = 3a4 + 4a3 = 3(a- 10" — 1)* + 4(a- 10" — 19° 

= 3a*10* — 12a710°" + 18a710°" — 12a10” 

+3 + 4a710°" — 12a710’" + 12a*10" — 4 

=b-10" —1. 

Hence the number of nines at the end doubles at each step. So 

Oh = Che 10” —1 foralln > 0. 

We try a geometric interpretation. First a) = 2.cos(7/4). Next, we remember the 

duplication formula cos 2a = 2 cos” a — 1. Now we make the conjecture 

an COS antl 
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Using this conjecture, we conclude that 

1 u 
Qs ,/'2 +2 cos —— = cos —_. 

Qn+l Qn +2 

15. We have a? + 1/a° € Zand, by assumption, a! + 1/a! € Z. Suppose that, for some 
neN, 

—l n 1 an + Rees and a”’+— eZ. 
an a” 

Then 

qtt! ue ae a” ale ihe n—-1 aL E Z 

qt a” qnr-l 

16. We have 
(n) 1 i i 1 2n+1 ) 

Ee SP Raen a gelr A By 
Now f(1)=4+4+ 4= 4 > 1. Let f(@) > 1. Then 

1 1 1 1 Soi Bs Ley 
ee ee nes, eas Sea 

To get f(n + 1) from f(n), we subtract 1/(m + 1), and add g(n) = 1/(n + 2) + 

1/(n + 3) + 1/(3n + 4). Which is larger? We show that g(7) is larger. Indeed, 

1 . 1 6n + 6 1, 
——_—_— ———-—- = > A 

3n+2 3n+4 (Bn+2)3n+4) 3n+3 
ee 

>(3n+3)2 

Here, we use ab < [(a + b)/2]. Thus Rie |) fC) Wenceslas 

17. We have f(1) = g(1). Suppose that, for some n € N, 

f(n) = g(n). (1) 

Then, 

peal 

Once Vel te De 

1 1 1 1 

AMT 2AEO wh RED asic. ne: 

fint+1)— fm = 

g(n+ 1)— g(r) = 

that is, 

f(n +1) — fm) = grt 1) — g(r). (2) 

Adding (1) and (2), we get f(n + 1) = g(n + 1). Now we invoke the induction 

principle. 

18. Denote the left and right sides of the equation by f(n) and g(n), respectively. Then 

fC) = g(1). Suppose that, for some n € N, 

f(n) = g(n). (1) 
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Then f(n + 1) = f(n)(4n4+ 2), g(n + 1) = g(n)(4n + 2), or 

JD), ogi tl) 

fa) a(n) 

Multiplying (1) and (2), we get f(n + 1) = g(n + 1). Now we invoke the induction 
principle. 

(2) 

We could also use simple transformation. Let A, = (n+1)---(2n—1)-2n. Multiply 

by n!, and divide by n!2”. Then we get 

i CE ET eC ee en ee hee) 

This is the product of all odd integers fron 1 to 2n — 1. 

From z+1/z = 2.cosa, we get z?+1/z* = (z+1/z)’—2 = 4cos* a—2 = 20s 2a. 
The theorem is valid for n = 1 and n = 2. Suppose z” + 1/z” = 2cos na. Then, 

1 1 1 1 n+l n n—-1 
we Ss = (|Bar= Kap }||}=—& = ’ 

zat ( -) ( =) gn-l 

which is 4cos @ cos na — 2 cos(n — 1)a@. From the addition theorem for cosine, we 

get cos(x + y) + cos(x — y) = 2cos x cos y. Applying this formula to the result, 

we get 

2cos(n + l)a + 2cos(n — 1)a — 2cos(n — 1)a = 2cos(n + l)a. 

(a) The problem is trivial for n = 1. 

(b) Now, suppose that a 2” x 2” board can be covered and we want to cover a board 

with side 2”*!. Split it into four boards with side 2”. One of the four boards is 

defective, the other three are complete. We can rotate the defective board so that the 

missing square does not have a vertex at the center. Now we cover the three corner 

cells of the the whole boards by one L-tromino. By the induction hypothesis, the 

resulting four defective boards can be covered. 

We use induction. The statement is obviously true for n = 1. We assume its truth 

for 2n + 1 vectors, and we consider in the system of 2n + 3 vectors, the two outer 

vectors OP, and Gitte Because of the induction assumption, the length of the 

vector OR = OP, ete te TID is not less than 1. The vector OR lies inside the 

angle P, O P>, 3. Hence it forms an acute angle with OSs = OP, ok OP. Thus 

| OS+ OR |>| OR [> 1. 

We use induction on JN. Partition the set of all subsets in the problem into two subsets: 

those with NV, and those without NV. The sum of the squares in the first subset, by the 

induction hypothesis, is N? [(N — 1)! — 1] + N’, and in the second subset N! — 1. 

Adding, we get (NV + 1)! — 1. 

The statement is obvious for n < 3. Suppose the statement is correct for n vertices. 

Consider three additional vertices, which form a triangle. They cannot be connected 

to another point. We must have at most 2n + 3 additional edges. Thus the maximum 

number of edges is n?/3 + 2n +3 = (n + 3)?/3. 
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Suppose a, > 2”. By backward induction, we prove that a, > 2"' fork =1,...,n. 

Suppose that the assumption is proved fork =n, n—1,...,m+ 1. Then, 

1 1 1 1 a P| 1 
RY <i = —— op 4p 

an a\ am a an Am+1 an 

1 

Sami" 

It remains to be observed that 

1 1 1 
au bapa hh pet ai lp 

The theorem is true for n = 0. Letn > 0. Then 

n n—1 n—1 2 n—1 2" 41=(23 +0| (2 ) a +1]. 

By the inductive assumption, the first factor is divisible by 3”. The second factor is 

divisible by 3 since aa (mod 3). This proves the statement. 

We use induction on m +n. The result is obvious form = n = p = q = 1. Suppose 

we have an m X n matrix. We reduce it to an m x (n — 1) or (m — 1) x n matrix. If all 

numbers are marked twice in the matrix, then their number is at least pg. Otherwise, 

we choose among the numbers marked once the largest number M, which is one of 

the largest in its row or column (but not both). Suppose &/ is one of the largest in its 

column. Then it is not one of the largest in its row, but all larger numbers in its row 

are marked twice. We discard this row from the matrix, and we get an(m — 1) x n 

matrix, in which at least g of the largest numbers in each row and at least (p — 1) 

numbers in each column are marked. By the induction hypothesis, at least (p — 1) x q 

numbers are marked twice in this smaller matrix. These numbers are also marked in 

the larger m x n matrix. In addition, the g numbers of the eliminated row are marked 

in this matrix. Thus, in the m x n matrix, (p — 1)q + q = pq numbers are marked 

twice. 

The result is obviously true for n = 2. Suppose we have already proved the theorem 

for all k < n. Draw any diagonal connecting some a with some b. The circle is split 

into two parts. One of the parts has k points and the other n — k — 2 points. We apply 

the induction hypothesis to both sides and get 

k+4 =f =F E aa |+|* k 2 l41<(/S Ls k asi], 

D 2 2 

which is |(3n + 4)/2]. Hence the theorem is valid for n. 

The theorem is trivial for n = 0. Suppose the theorem is valid for n = 2°. From 

2+? _ | integers, we can select three times 2 integers which, by the induction 
hypothesis, have a sum divisible by 2". By the box principle, two of these three sums 

have the same remainder upon division by 2+!. The sum of these two sums is a sum 
of 2‘*! numbers divisible by 2‘+!, 
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If N is a Fibonacci number, the theorem is trivial. For small N, we check it by 

inspection. Assume it to be true for all integers up to and including F,, and let 

Fri1 = N > F,.Now, N = F,+(N—F,), and N < Fry; < 2Fy,i.e., N—F, < Fy. 

Thus N — F, can be written in the form 

N —F, =F, +07 +h,» ist Sip 5 i Se 

and N = F, + F,, + F;, +--- F,,. We can be certain that n > t; + 2, because, if we 

had n = t; + 1, then F, + F,,4; = 2F,. But this is larger than N. In fact, F,, must 

appear in the representation of N because no sum of smaller Fibonacci numbers, 

obeying kj4; < kj —2(i = 1,2,’...r — 1) and k, > 2, could add up to N. This 

follows, if n is even, say 2k, from 

Foy_1 + Foy_3 + +++ + F3 = (Pox — Fog-2) + (Paro — Fox-a4) +--+ + (Fy — Fh), 

which is F,, — 1, and ifn is odd, say 2k — 1, it follows from 

Poy Pyne ke = a a) eee Fi) Fai = 1. 

Again, the largest F; not exceeding N — F, must appear in the representation of 

N — F,, and it cannot be F,,_;. This proves uniqueness by induction. 

Let f(n) be the number of squares on which the knight can be after n moves. We 

have: f(O)' = 15 f@)) = 8) fi) = 33. Forn = 3; the reachable squares nll all 

white squares of an octagon with four white squares as sides. By induction you can 

prove that, for n > 3, the reachable squares fill an octagon with (n + 1) cells of the 

same color on each side. It is easy to count the number of unicolored cells of such an 

octagon. We complete it to a square of 4n + 1 cells. It has [((4n + 1) + 1]/2 unicolored 

squares. The + sign is for even n and the — sign for odd n. We must add 

n2 if n is even, 
sm —D+n-3+-4=| n2>—1  ifnisodd 

redundant cells. Hence, the number of cells is 

(4n+ 1)? +1 gy GAR clo ee 
5 5 —(n* —1)=7n? +4n +1. 

Thus, 

“a 1 forn = 0; SoOtune—sle 

TOSI oc nda  Vtotn = 3. 

(a) Experimentation suggests that 

Pel spose ll (1) 

We will prove (1) by induction on the number of lines. Fig. 8.1 suggests that (1) is 

correct for! = 0. Suppose formula (1) is correct for some number / of lines. We show 

that it remains valid if another line is added. Take another line. Suppose it intersects 

s lines. The s new points of intersection split the new line into (s + 1) segments and 

each segment splits an old region into two. Thus / increases by 1, p increases by s, 

and r increases by s + 1. Formula (1) remains valid since both sides are increased 

by s+ 1. 
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Fig. 8.1.1 =0, p=0,r =1. 

Gs as = 16 

Fig. 8.2 

a = 4 

(b) We have a; = 1 and a) = 2. Fig. 8.2 suggests that a, = 2”~' for all n. We cannot 

use six equally spaced points on the circle to find ag since three chords would pass 

through the center of the circle. We get ag = 31 instead of 32. One region is missing, 

SO our guess was not correct. It is easy to find the correct value of a, by the formula 

r = p+1+1. Then points determine / = (5) lines and p = (‘) intersection points. 

Thus, 

fe =F f +1 — ¢ 
4 2 

32. We define an infinite matrix inductively as follows: 

Ao = 1, Antt = Bn An 
O.<= ’ n+1 — ti, IB. >) 

where B,, is obtained from A, by adding 2” to each of its elements. 

By easy induction, we can prove that each row and each column of A,, contains the 

positive integers from | to 2”. The matrix A. solves the problem. 

Fe NW BIN W~ Co Ne BR WIA No NY wWORre NIN OND BRWNKILONHNMN AWN OR NW DNNWANAN FY FW Noaounanw fre Wd OAADNDMNHR WN 

33. A few cases give us a hint. Form = 2, we have x = 1, y = 2 and.x = 2; y = 1 

with sum 1/1-2-+ 1/2-1= 1. Forn = 3, we must consider the pairs (1, 3), (3, 1), 

(2, 3), (3, 2) with sum 1/1 -3+1/3-1+1/2-3+1/3-2 = 1. We conjecture that 
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35. 

36. 
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Sy Ss lay = le where x S yp < nyt ey! gcd(x, y) = 1. Suppose this 

is true for some n. How does S,,,, differ from S,,? All terms 1/xy from the sum S,, 

with x + y > n+ 1 stay in the sum S,,,;. On transition from n to n + 1 we must 

delete the terms 1/xy with x + y < n+ 1 from S,. These are the fractions of the 

form 1/x(n + 1 — x). For each such deleted fraction, two other fractions 1/x(n + 1) 

and 1/(m + 1 — x)(n + 1) must be included. Clearly, if x and n + 1 are coprime, so 

aren+1—x andn +1. Since 1/x(n+1—x) =1/x(n+1)4+1/M4+1—x)n+41), 

we have S, = S,,11. 

We can arrive at a guess a, = f(n) in many ways and then prove it by induction. 

(a) Starting with a; = 1. we compute ap, a3, a3, ... until we see the formula. 

(b) Somewhat easier is to compute, successively, the ratios a,4,;/a, forn = 

1, 2,3, ... and then guess a rule which we prove by induction. 

(c) A guess becomes easier if the sequence a, is convergent. Then we can replace 

a,+1 and a, in the recursion formula by the limit a and consider the difference a, —a. 

Now it becomes easier to guess the rule. We will use this approach. Replacing a, 

and a,+1 by a in an4; = g(a,), we get a = 1/3 anda = 0. Then 

eat ra ie et Ye pel ae! 
oh =) 0) —S= = 5 SS == ——Sas 6 SS SS SS 5 

TED) SG a ae ee Oe ae me ey 

We conjecture that 

See enn ee (1) i es ek 
In the recursion formula a,,; = g(a,), we replace a, in the right side by the right 

side of (1) and, after heavy computation, get 

bil 1 2 
Fatt = a 5 Qn+l we 3. Anti’ 

Remark. The sequence a, converges to h: x* dx. The recursion is a “duplication 
formula” for the parabola y = x. This is the way I discovered it. Of course, there 

may have been thousands of people who had this idea before. 

The assertion is obvious for n = 3. Suppose we have a proof for (7 — 1) points. We 

will prove it for n points. If another point lies on each line through two points, then 

all points lie on one line (See Chapter 3, E10). Hence there is a line joining only the 

points A and B. We throw away the point A. Now there are two cases. 

(1) All the remaining points lie on one line /. Then we have n different lines: (n — 1) 

lines through A and the line /. 

(2) The remaining points are not collinear. By the induction hypothesis, there are at 

least (n — 1) different connecting lines, and they are all distinct from /. Together with 

the line AB, we have at least n lines. 

The conditions of the problem imply that s = x; +-:-+%m =yi +----:: = Y, 1S 

at least 2 (since m < s,n < s,s <mn).Ifm =n =2,2 <s <3, the assertion is 

easy to check. We prove it in the general case by induction on m +n =k, ifk > 4. 

Let x; > y, be the largest numbers among x; and y;,, respectively (1 < i < m, 

1 < j <n). The case x; = y, is obvious. To apply the induction hypothesis to the 

equality 

(1 — V1) 2 in = Yn oo Yn 
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aie 

38. 

39: 
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with k — 1 = m+n — 1 on both sides, it is sufficient to check the inequality 

s’ = yo +--+ + yn < m(n — 1); since y, > s/n, we have s’ < s—s/n = 

mn(n — 1)/n = m(n — 1). 

The integer 1007 is divisible by 53. Any two successive terms have the difference 

9010---0 which is divisible by 53. By induction, each term of the sequence is 

divisible by 53. 

Proceed as in the preceding problem. 

We use induction. We have x? + x9 = 2 and x; + x. = —p. Since p is odd 

gcd(yo, v1) = 1. Suppose now that gcd(y,, yn4i1) = 1. Then, we prove that 

&Cd(Yn+1, Yn4+2) = 1. Indeed, 

Yn = (att + xh) Oy + xy) = xnt? 4 ete XyX2(xp + XZ) = —PYn4i + Yn- 

Every divisor of y,42 and y,; is also a divisor of y,. Thus y,4 and y,,, have the 

same divisors as y,4; and yp. 
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Sequences 

Difference Equations. A sequence is a function f defined for every nonnegative 

integer n. For sequences one mostly sets x, = f(n). Usually we are given an 

equation of the form 

Xn = FGn=1, Xn-2; Xn-3, ++ -)- 

Sometimes we are expected to find a “closed expression’ for x,. Such an equation 

is called a functional equation. A functional equation of the form 

Xn = PXn-1+4%Xn-2 (GQ #9) (1) 

is a (homogeneous) linear difference equation of order 2 (with constant coeffi- 

cients.) To find the general solution of (1), first we try to find a solution of the 

form x, = A” for a suitable number i. To find 4, we plug 4” into (1) and get 

fo = phe) Fgh k= pi +4, oF 

MN =p G0. (2) 

This is the characteristic equation of (1). For distinct roots A; and A2, 

Xn =a, + bd, 

is the general solution. a and b can be found from the initial values xo, x1. 

If A; = A2 = A, the general solution has the form 

a= (aekibni)A’ (3) 
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E1. A sequence Xp is given by means of xo = 2, x1 = 7, and Xn41 = 7Xn — 12Xn-1. 

Find a closed expression for Xp. 

The characteristic equation 47 — 7 + 12 = 0 has roots A, = 3, Az = 4. The 
general solution x, = a-3"+b-4" yieldsa+b = 2, 3a+4b =7 with solutions 

a= b= foexp ee and x74. =— 75 hts, = A 

E2. For all x € R, a function f satisfies the functional equation 

fe +1) + f@ — 1) =V2F@). (1) 

Show that it is periodic. 

With a= "fe — 1), b =f) we set 7 & + 1) — V 2b =a: L@ 2) = 

p=) 2a: f(x +3)=-a, f(x +4 =—-)D, ie, f(x +4) = —f (x) for all x, and 

f(x + 8) = f(x) for all x. Thus 8 is a period of f. 

E3. Can we replace V2 in (1) so that the period has any preassigned value, e.g., 

Ie 

Replacing /2 by the golden section t = (./5 + 1)/2 with the property t > 0, 

1? =t+1wegeta = f(x—1),b = f(x), f(x+1) = tb—a, f(x +2) = t(b—a), 

f(x+3) =b—-ta, f(x +4) = —a, f(x +5) = —f(x), f@ +10) = f(x). Now 

f has period 10. 

Replacing /2 by the positive root of t? = t? + f+ 1, no periodicity was in 
sight after many steps. Whenever ¢? turned up, I replaced it by 7 ++ 1.Is f not 
periodic in this case? 

A second look shows that (1) is a linear difference equation of second order. But 

the discrete variable n is replaced by the continuous variable x. So we try to find 

solutions f(x) = A*. For the value of A, we get A? — tA + 1 = 0 with solutions 

For t < 2 we have the solutions 

h==+il ss Feet ss Lg ol lS ae St me aa! 7 an JA] = [Al = 1. 

So A and its conjugate d are unit vectors in the complex plane, that is, 

A=cos@+ising, 

A=cos¢@—ising. 

Thus, 4 has period n if A” = 1 or A = cos(2m/n) + i sin(2z/n). In particular, it 

has period 12, if t/2 = cos(z/6), t = 2cos(/6) = 3. The period is exactly n, 

if t/2 = cos(2m/n) or t = 2.cos(27/n). The positive solution of t? = 17 +1+1 

ist = 1.854... < 2. Yet it is unlikely that this irrational number gives a rational 

multiple of z for the angle @, the only way to secure periodicity. 
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E4. A sequence a, is defined by ay = 0, ani, = 6+ ay. Show that ay is (a) 

monotonically increasing (b) bounded above by 3. (c) Find its limit. (d) Find the 

convergence rate versus its limit. 

(a) We have ay < aj since 0 < V6. Suppose a,_; < a,. Add 6 on both sides 

and take square roots. Since the square root is increasing, we get 

VO+an_-1 < JO6+aq. 

By definition this is a, < da,+,. By the induction principle, a, is monotonically 

increasing. 

(b) ag < 3 since 0 < 3. Suppose a, < 3. Add 6 on both sides and take square 

roots. We get 6 + a, < 3,ora,+1 < 3. By the induction principle, a, is bounded 

above by 3 for all n. 

(c) From (a) and (b), it follows that a, has limit a < 3. To find a, we take limits 

on both sides. We get a = //6 + a, a* — a — 6 = 0 with the positive root a = 3, 

which is the limit. 

(d) To find the convergence rate, we compare a, — 3 with aj; — 3 

an —3 a, —3 
Qn4) ~3 = J6+a, —-3 = —— *& 

bg Guru 6 

in the neighborhood of the limit 3. Thus, the linear convergence rate is 1/6, that 

is, near 3, the distance of a, to 3 shrinks six times at each step. 

ES. Find the number a, of all permutations p of {1,...,n} with |p(i) —i| < 1 for 

alli. 

We use the method of separation of cases. 

(1) There are a,_; ways for n staying in its place. 

(2) n moves ton — 1. Then n — 1 is forced to move to n: ay_2 Cases. 

Altogether we have a, = d,-1+4,-2, 4, = 1, a2 = 2. Hencea, = f,,+1, where 

fn is the nth term of the Fibonacci sequence, defined by fi = fo =1, fnai = 

fa + fa—1- Its characteristic equation 47 = A + 1 has solutions a = (1 + /5)/2, 

B = (1 —V5)/2. Prove that f, = (a” — B”)/V/5. 

Let us find the corresponding number b, for a circular arrangement of the num- 

bers 1 to n. Now, there are four cases. 

(1) p(n) =n. We are left with a line of (n — 1) elements with a,_; = f;, cases. 

(2) p(n) =1, p() =n. There are a,_2 = fn—1 ways. 

(3) p(n) =n —1, p(n — 1) =n. Again, there are dn_2 = fn—1 Ways. 

(4)n>7172->3->.---7~n-1—n. One way. 
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(5)n>on-1lon-2>-::->32>1— Nn. One way. 

Thus, bn = Role Pea Oa es or by = - bo =i, bn Se aE ee fees ne Se 

or b, = a” + B” + 2. 

E6. We define an infinite binary sequence as follows: Start with 0 and repeatedly 

replace each 0 by 001 and each | by 0. 

(a) Is the sequence periodic? 

(b) What is the 1000th digit of the sequence? 

(c) What is the place number of the 10000th one in the sequence? 

(d) Try to find a formula for the positions of the ones (3, 6, 10, 13,...) and a 

formula for the positions of the zeros. 

(a) We get the infinite binary word as follows: w; = 0, w2 = 001, w3 = 

w2W2w . By induction we can prove that wx41; = wewewe-1. Let ax and by be 

the the numbers of zeros and ones in wz. Then ag) = 2ag + ag—-1, DE = Ag-1, 

ie = apfap-1, er Geir ae=-2 Pl ftp. Form \oo- we get. ii="2 = 1/t-or 

t = /2 +1, that is, a,/b, tends to an irrational number. Thus, the sequence is not 

periodic. If it were periodic, t, would tend to the rational ratio of zeros /ones 

in one period. For the infinite binary word we have zeros/ones = Sf Bete I 

zeros/bits = (V2 + 1)/(2+ V2) = 1/V2, and ones/bits = 1/(2 + V2). So 
every (2+ /2)th digit is a 1. The nth one should have place number ~ (2 + JV2)n. 

For the nth zero we have place number ~ V2n. 

We need the following table for the next questions: 

n l 2 8 4 5 6 7 8 9 10 11 12 

An We 7K) a 985 2378 5741 13860 

by, OF a2 Ss) 1D ey 70 ~=169 408 OS5m 237 5741 

Maciel Ik ey Fil a OI DE) SAE IIBISBY S)3kos} CNIO) aI 

(b) The table above shows that place number 1000 is located inside the word 

Wo. But Wo = Wg WsW7. This word has length 577 + 577 + 239. So the 1000th 

digit is inside the word Wg Wg. Expanding further, we get WsW7W7We. If we 

shave off Wg at the end and expand the last W7 we get Wg W7 We We Ws. Continuing 

shaving off the tail and expanding the preceding term, we finally get the word 

Ws W7 Wo Ws Ws W2 of length 1000. The 1000th digit of the word is the final digit 

of W2, that is, 1. 

(c) Similarly, one gets the word W12W\;WoWgWs Wo W3W3 ending in the 

10000th one. Adding the lengths of the 8 subwords we get 34142, or | 10000(2 + 

V2)). 
(d) One can prove that the positions of the nth one and nth zero are f(n) = 

(2+ V2)n| and g(n) = |V2n], respectively. See [7], pp. 265-266. 
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Problems 

. The sequence x, is defined by x9 = 0, Xn41 = /4 + 3x,. Show that it is convergent 
and find its limit. What is the convergence rate near the limiting point? 

- Ay =a, = 1, Ang) = Ania, + 1, (n = 1). Show that 4 Jajo6q. 

3 Uh Si — ys (age; + 2)/@n—2, (n > 3). Show that all a; are integers. 

. Can you select from 1, 1/2, 1/4, 1/8, ... an infinite geometric sequence with sum 

(a) 1/5? (b) 1/7? 

DS. Gy =, z=), dnyo = (nai + 4,)/2,1n = O. Find lim,._.o-a,- 

6. There does not exist a monotonically increasing sequence of nonnegative integers 

> ceva a 

a, A2, a3,...S0 that dam = a, +a» foralln, m EN. 

gal Pal Pol weak 
341 3341 4341 n3+1° RIncslimyeee as. 

Sia > 0, ao =4/d, 0,4 = ./a +a, Find lim, ,.. a,. 

10. 

ite 

12: 

13: 

14. 

1ISy. 

16. 

7 

18. 

iC); 

. Leta; = 1, a,4; = 1+ 1/a,, n > 1. Show that a, converges versus the positive 

root of a? — a — 1 = 0. What is the convergence rate? 

Let uo, Vo, Uo < Uo be given. The sequences u,, v, are defined by u, = (Up, + 

Un—1)/2, Un = (Un—1 + 2Up_1)/3. Prove that both have the same limit L, up < 

1b hy 

a, = ay = 1, a, = 1/an_, + 1/an_2, n > 2. Find the lim,_,.. a, and the conver- 

gence rate. 

Go 0 Gi Oa — ON / Gs lo. (Gay te es ee ind athes limpaeia,nandsthe 

convergence rate. 

Xo > 0, a > 0, X41 = (%, + /x,)/2. Find the lim,_,.. x, and the convergence 

rate. 

Show that the sequence defined by x4; = x, (2 — ax,), a > 0 converges quadrat- 

ically versus 1/a for suitable xo. 

The arithmetic-geometric mean of Gauss. Let 0 < a < b. We define the two se- 

quences a,, and b,, as follows. 

an + Dy 
iyesth ysl CSV n= ake 

(a) Prove that a, < Gn41, 0, > Day, anda, < b, for alln. 

(b) Prove that Dn+1 — an+1 = (dn 4 An)”)/8Dn42- 

(c) Show that lim, —.o0 Gn = liMn+oo bn = g with a quadratic convergence rate. 

Let a, be the sum of the first n terms of 1+2+4+4+8+8+48+--- and b, be 

the sum of the first n terms of 1+2+3+4-+5-+---. Investigate the quotient a, /b, 

forn > oo. 

ay = 0, ay = 1, Gy = 2Gn-) + An_2, n > 1. Prove that 2*|a, <= 2*|n. 

All terms of the sequence a, = a) = a3 = 1, Gn41 = (1+4y_14,)/ay_2 are integers. 

Let a) = 0, a; = 1. Find all integers a, which cannot be represented in the form 

dy = a; + 2a; with a;, a; not necessarily distinct. Can you describe these numbers 

in a simple way? 
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20 

2G 

Daple 

Pay. 

24. 

Pi 

26. 

Die 

28. 

73), 

30. 

Sil. 

3. 

333), 

34. 

9. Sequences 

All terms of the sequence aj = a) = 1, a3 = 2, Gn43 = (Gn41An42 + 5)/Gn are 

integers. 

All terms of the sequence 10001, 100010001, 1000100010001, . . . are composite. 

A sequence of positive numbers do, a), dz, ... is defined by a) = 1, Gny2 = Gn — 

Qn41, 1 = 0. Show that this sequence is unique. 

A sequence a, is defined by a; = 1, Gn41; =@,+1 /a?. (a) Is a, bounded? (b) Show 

that do999 > 30. 

Three sequences x,, Yn, Zn With positive initial terms x,, y, z; aredefinedforn > 1 

by Xnti = Ya Pl /Zn> Yat = Zn t+ 1/%n, Zne1 = Xn + 1/y;,. Show that 

(a) none of the three sequences is bounded. 

(b) At least one of x299, 200, Z200 1S greater than 20. 

The sequence x, is defined by x; = 1/2, xx4; = Ke + x,. Find the integer part of 

the sum 
1 1 1 

ia cial ; 
x, +1 x41 Xi00 + 1 

A sequence a, is defined by a; = 1, a2 = 12, a3 = 20, Gn43 = 2An42 + 2Gn41 — Gn, 

n => 0. Prove that, for every n, the integer 1 + 4a,,a,+4; is a square. 

a, =a = ie a = —l, An = An—1an-3.- Find a\964- 

A sequence x, is defined by x; = 2, Xn41 = Ge +9)/(10x,). Show that 4/5 < x, < 

5/4 for alln > 1. 

A sequence a, is defined by a; = AO Ga Wipe Find lim,,_,60 Gn. 

If do =a > 1, an4, = a, then the a, converges for a < e!/° = 1.444667861. 

The terms of the sequence a), a, a3, ... are positive, and a? 41 = 4 + 1 for all n. 

Show that the sequence contains irrational numbers. 

If r > 0 is a rational approximation to /5, then (2r + 5) /(r + 2) is an even better 

approximation. Generalize to ./a. 

Josephus Problem. n persons are arranged in a circle and numbered from | to n. 

Then every kth person is removed and the circle closes up after each removal. What 

is the number f(n) of the last survivor? 

(a) The problem becomes vastly simplified for k = 2. Show that 

f(2n)=2f(n)-1, fQn+1)=2f(n)+1, fW=1. 

Find f(100) by means of these recursions. 

(b) There is almost an explicit expression for f(n): Let 2” be the largest integer, so 

that 2” <n. Then 

f(a) =2(n—2”)+1. 

Prove it and find f(1993) by means of this formula. 

(c) Write n in the binary system, and transfer the first digit to the end. Then you will 

get f(n). Show this, and find f(1000000). 

A sequence f(n) is defined by f(0) = 0, f(n) =n — f[f(n — 1)], n > 0. Make a 

table of functional values, guess a formula for f(), and prove it. 
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Morse-Thue Sequence. Start with 0; to each initial segment append its complement: 

0, 01, 0110, 01101001,.... 

(a) Let the digits of the sequence be x(0), x(1), x(2),.... Prove that x(2n) = x(n), 

x(2n + 1) = 1—x(2n). 

(b) Prove that x(n) = 1 — x(n — 2*), where 2¢ is the largest power of 2 which is < n. 
Find the 1993rd digit of the sequence. 

(c) Prove that the sequence is not periodic. 

(d) Write the nonnegative integers in base 2: 0, 1, 10, 11, .... Now replace each 

number by the sum of its digits mod 2. You get the Morse-Thue sequence. Prove 

this. 

The sequence a,, is defined as follows: dan41 = 1, G4n43 = 0 forn > 0, and ay, = a, 

for n > 1. Show that this sequence is not periodic. 

Remark. These digits can be used to draw a curve as follows: Start at the origin and 

go one step to the right. If the next bit is 1, then turn left by 90° and go one step 

forward. If the next bit is 0 turn right by 90° and go one step forward. You get a 

strange curve with many regularities, which is called a “dragon curve.” 

Find a recursion for the number a, of permutations p of {1, ..., n} with | p(@i)—i| < 2 

for alli. 

Three sequences X,, Yn, Zn, 2 = 1, 2,... are defined as follows: 

) 4 2Xn 2Yn 2Zn 
= ’ ae) So 5 Xn = SS n = Payee Zn = Sores x1 Y1 ZI 7 +1 A Yn+ y—1 +1 2-1 

(a) Show that this construction can be extended indefinitely. 

(b) At some stage can we get x, + Yn + Zn = 0 (ARO 1990)? 

Given a set of positive numbers, the sum of the pairwise products of its elements is 

equal to 1. Show that it is possible to eliminate one number so that the sum of the 

remaining numbers is less than /2 (ARO 1990). 

Find the sum S, = 1/1-2-3-4+---+1/n(v+ 1+ 2)(n + 3). 

The sequence x, is defined by 

2+Xy 

jee) oe 
ie Tal ee 

Prove that (a) x, 4 0 for all n; (b) x, is not periodic. 

A sequence is defined as follows: a; = 3, and 

th WP if a, is even, 

ee (dy + 1983)/2 if ap is odd. 

Prove that it is periodic and find its minimal period. 

Investigate the sequence 

Is it bounded? Does it converge for n — 00? 
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Does there exist a positive sequence a,, such that >a, and }> 1/(n?a,) are conver- 

gent? 

The positive real numbers xo, ... , X1995 Satisfy x9 = X1995 and 

2) 1 
CEN ag etter ies 

Xj-1 Xi 

fori = 1,..., 1995. Find the maximum value that x9 can have (IMO 1995). 

Let k € N. Prove that there exists areal r > 1, such that k||r”| for alln € N. 

(IMO 1993.) Let n > 1 be an integer. There are n lamps Lo,..., L,-; arranged 

in a circle. Each lamp is either ON or OFF. A sequence of steps So, ..., Sj,.-. 18 

carried out. Step S; affects the state of L; only (leaving the states of all other lamps 

unaltered) as follows: 

If L;.; is ON, S; changes the state of L; from ON to OFF or from OFF to ON; 

If L;-; is OFF, S; leaves the state L ; unchanged. 

The lamps are labeled mod n, that is, L_; = Ly), Lo = Lyn, Ly = Ly41. Initially 

all lamps are ON. Show that 

(a) there is a positive integer M(n) such that after M(n) steps all the lamps are ON 

again; 

(b) if n has the form 2*, then all lamps are ON after (n? — 1) steps; 

(c) if n has the form 2* + 1, then all the lamps are ON after (n? — n + 1) steps. 

The sequence a, is defined by a; = 0, |a2| = Ja; + 1|,...lan| = |an_; + 1]. Prove 

that 
ise Gee Gee 1 

n mmr 

Of the sequence do, a1, ..., Gy it is known that ag = a, = O and that a,_; — 2a, + 

a4, => O for allk =1,...,n —1. Prove that a, > 0 for all k. 

Given are the positive integers do, ..., @jo9 such that a; > ag, ay = 3a, — 2ap, 

a3 = 3a — 2a), ..., Ajon = 3A99 — 2aog. Prove that ajo9 > 2: 

Start with two positive integers x;, x2, both less than 10000, and for k > 3 let x; 

be the smallest of the absolute values of the pairwise differences of the preceding 

terms. Prove that we always have x2, = 0 (AUO 1976). 

The sequence ao, a), a2, ... is such that, for all nonnegative m,n (m > n), we have 

Amin + Amn = (Gom + Arn) /2. Find 995 if ay =1. 

Can the numbers 1, ..., 100 belong to 12 geometrical progressions? 

Prove that, for any positive integer a; > 1 there exists an increasing sequence of 

positive integers a), a, a3, ..., such that a? + --- +a? is divisible by a, +--+ + ax 
for all k > 1 (RO 1995). 

The infinite sequence x, is defined by 0 < x9 < 1, Xn4; = 1 —|1 — 2x,]|. Prove that 

the sequence is periodic iff x9 is rational. 

The sequence x), X2,... of positive integers is defined as follows: 1, 2, 4, 5, 7, 9, 

10, 12, 14, 16,.... Find a formula for x,,. 
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Prove that, for any sequence a, of positive integers, the integer parts of the square 

roots of the all b, defined below are different: 

by = (a, +--: + ay )1/ay Seite I/a,). 

The following problems treat the number a, of ways to tile a k x n rectangle by 

various smaller tiles. A solution is here a recurrence for d,. 

Let a, be the number of ways to tile a2 x n rectangle by 2 x 1 dominoes. 

(a) Find a,,. (b) Find the number of symmetric and distinct tilings. 

In how many ways can you tile a 2 x n rectangle by 2 x | or 2 x 2 tiles? 

In how many ways can you tile a 2 x n rectangle by 1 x 1 squares and L-trominoes? 

In how many ways can you tile a 2 x n rectangle by 2 x 2 squares and L-trominoes? 

In how many ways can you tile a3 x n rectangle by 2 x 1 dominoes? 

In how many ways can you tile a 4 x n rectangle by 3 x 1 dominoes? 

In how many ways can you tile a2 x n rectangle by 1 x 1 or 2 x 1 tiles? 

In how many ways can you tile a 4 x n rectangles with 2 x 1 dominoes? 

In how many ways can you fill a 2 x 2 x n box with 1 x 1 x 2 bricks? A table 

suggests that the values a2, are squares. Can you prove this? 

Solutions 

ie By induction we show that a, < d,+, for alln € N. We show that a, < 4 for 

all n e€ N. First a9 < 4. Now, let a, < 4. Then /4+3a, < /44+3-4, or 

An41 < 4. A monotonic and bounded sequence has a limit L, which can be found 

from L* = 4+ 3L. The positive solution is 4. Now we consider 

Perna | 3 Be ia 14/4 ag ee eg ee 8 acd 
ee Wal Site SiS ermal § eR CEA & | 

for a, near its limit 4. Thus, 3/8 is the linear convergence rate. 

. We consider the sequence (mod 4): 1, 1, 2, 3, 3, 2, 3, 3,.... It has period 

2, 3, 3 and does not contain a zero. 

. The sequence has the equivalent form a,a,-2 = a7_, + 2. Replace n by n + 1: 

Gena ae + 2. Subtraction and trivial transformation yields 

Gn+1 + Gn-1 Ze an + Gn_2 ‘= 

an Qn-1 

a constant. The initial conditions give c = 4, that is, d,4; = 4a, — a,-1. 

1 1 1 1 1 1 1 Uh 1 
tsi es FE ie pe a SS 

"Qa  Qatb — Qa+2b m eH = 5 m Mt i 

If a = b, then we have 2’ — 1 = m, which is possible for m = 7, but impossible 

for m = 5. If a # b, then either the numerator or the denominator is even. This is 

impossible for odd m. Thus, 
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ay a a5 a4 a2 

Fig. 9.1 

. Looking at Fig. 9.1 we see that 

i bt 6 be Cieniba ie 

iad vince 
a pe ) a+2b 
soe —(b—a)= . 

scales 3 

. Fora strictly increasing function a,, we have dz, = a, + a2 > a, +(n — 1). This is 

impossible for any finite value ap. 

. We have 
ees > = ah eee 

ats ey a he A 

The first product is 2/(n(n + 1)). To find the second product, we observe that if 

be =k +k+1, cq =k? —k +1, then c, = dy_;. Hence, the second product is 
(n? +n + 1)/3. Finally, 

2n?+n+1 2 
im =e 

n>0 3 n?+n 3 

. We have a? 41 = 4, +a. Itis easy to see that a, increases. We show that a, is bounded 

above, which guarantees a limit L. We have 

2 = a4, — a, —a=0. 

Since a, < Gn41, we have 
2 

Ok Oi tt =a.) 

V4a+1+1 V4a-+- 1 a1 
eS By 6 ee: ee 22\()) 

The second parenthesis is positive, so the first must be negative, that is, 

af aa A 1 
an << ——————_.. 

2 

Hence, a, has a limit L > 0 which can be found from L? — L — a = 0. Thus, 

= Aes ad 
ha / ee eas 0, 

. Here we will profit from Chapter 8. There you analyzed the behavior of the Fibonacci 

sequence defined by Fy = Fy = 1, Fy42 = Fa; + Fy, n > 0. From a small table 

of the sequence a,,, we guess that a, = F,4,/F,, and we prove this by induction. 

From Chapter 8 we also know that 

1+ V5 
9) ’ ina ee a=a+tl. 

n—oco 
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To get the convergence rate, we consider the equation x = f(x), where f(x) = 

1 + 1/x. If we try to find the fixed point by iteration, we get our sequence. To get 

the convergence rate, we interpret f(x) as a mapping of the x-axis to itself. Then 

f'(x) can be interpreted as the local contraction in the neighborhood of x. Since 

f'(x) = —1/x*, we have, for the convergence rate ata, f’(a) = —1/a? © —1/2.618. 
Since | f’(a)| < 1, we have indeed a contraction, not an expansion. 

From v, —Un = (Un—1 —Un—1)/6, we conclude that at each step the difference between 

v, and u,, is reduced six times. So u, and v, have the same limit, and 

Uo — Uo Ug — Uo Vo — Uo 2uo iP 3u0 

EEE Ie EO say a 
lim u, = Uo + 
n—>oOo 

From the equation a = 1/a + 1/a, we get for the positive fixed point a = /2. We 

use the transformation b, = 1/a, and get the new recursion 

1 
—=hb,_ by». b te On? 

n 

In this new equation we consider the relative error b, = (1 + €,)/ /2. We get 

0 Be 
1+ €n41) = ———_—_-. 

Sh es rae, eae 
From here we get 

En En—1 
E41 = —=—————_-: 

‘i 2+ &, a (aI 

The convergence rate is the limiting convergence speed as the relative error tends to 

zero. In this case we have for ¢€, the recursion 

x Ga liete 2 

2 

with the characteristic equation A? + A/2 + 1/2 = 0 with solutions 

Fe Le 3ile = i ean 
=-- — =-—-—- — —]. 

seo Ave A 

|A| = 1//2 © 0.707 is the convergence rate. 

(a) Let 0 < ag < a, < 1. We have 

dy = Ja, + fa > ay, 

Ong — Gp = A/Gn +f On — fn — /Gn~2 

= (Ja — fami) + (Yami — Jan?) ) 
Hence, a, increases, and by induction we prove that a, < 4, n > 1. This guarantees 

a limit L satisfying L = 2,/L with solution L = 4. 

(b) LetO < a; < a < 1.Thena, > aj, a) > ag and since a, +) —an = ./An—./Gn-2, 

we have a3 > da. From (1), we get aj < a) < a3 <a <::: 

(c) Suppose now that ag > 1 or a, > 1. Then ay = fa; + /a > 1, a3 = 

(0 +f = 2 > 1, and by induction we get a, > 1, n > 1. Let us denote 

Xn = |a, — 4|. We observe that 

En = 

|Qn—1 r 4| |Qn—2 = 4| 
= 

ie /4n-1 or 2 J 4an-2 oh 2 

1 
—< 3 (Siges tne?) , 
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This inequality can be written in the form 

Ale a AS ec 
seats < ——— | x,_) + —— 4-2], n=?. Xn 6 nl Ti aati 

For n — 00, this yields 

n—1 

V¥13—1 V13+4+1 /13—-—1 
O< Xp el a igi tees Es ere Se pee Oe 

that is, x, > 0, n > oo, ora, > 4, n > oo. 

For the convergence rate we set a, = 24 + ,) and, after some manipulations, get 

En-1 En—2 eG Sho 
—_ IT ++ —______— En — a we 

A/lFea+ 1) 26/1 ee + 1) 4 

Of the two roots of the characteristic equation, the larger one A = (1 + V17)/8 is 

the convergence rate. It is slightly larger than 5/8. 

This is the school method of “Divide and Average” for finding ./a. Possible can- 

didates for limits are the solutions of x = (x + a/x)/2, or x = ./a, since x > 0. 

Setting x, = ./x(1 + €,) and plugging this into the iteration equation, after simple 

algebra, we get 

a 
20 + €q) 

For large €, we have €,4; © €,/2. But for small €, we have €,4; © ? /2, and this 

is quadratic convergence. At each iteration step, the number of correct digits about 

doubles. 

En+1 

Setting x, = (1 — €,)/a, we get €n,41 = En We have quadratic convergence versus 

1/a for |e,| < 1. 

(a) We have ap < bo. Suppose a, < b, for any n. Then b,,,; is the midpoint between 

a, and b, and a,+, is the geometric mean of a, and b,, and is less than their arithmetic 

mean. Thus we have dni < Dnii, Qn < Qn41, Dn > bn for all n. 

(b) 

Gin ae ee Sy Eye lps = n 
ba = 4) = ———— ab, SEG PS o/ Gade / Dn — Fae Salata 

: 2 Van + VSB 

(db, ST aye (Gp ee Baye 
Dn+1 — An+1 SS SS ee ee ee ee 

20./Gn + Vbn)*  —2(Gn + Bn + 2p 41) 

or 

(db, — an y (dn — an ye 
Dn41 Sen yet] — 

2(2Bn41 + 2Gn41) 8bn42 

(c) This follows from (b). 

Leta, =14+2+44+44+848484+84---4+ 2%! 4...2+1 (2'-! terms 2* and 
m terms 2!+!). 
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The summation yields a, = (1+3n-2*+!+1)/3 withn = 2'+mand0 < m < 2*-1, 
Elimination of m gives 

Des ng Ohh (x) 

Hence, we write 

1 
Op = (Uetssrme2y mi) i a ‘ 

Thus, for the general term q,, of the sequence, we get 

An 2 1 3m 2°4) + eee) wi 1/27! + 3n/2* —2 

b= 3 n(n + 1) 3 n(n/2k + 1/2%) /2k 

From (*) we have 1 < n/2* < 2 — 1/2* and hence 1 < x = limg nsoon/2* < 2, 
that is, 

ed. 43x -—2 
lim — = — 
n>0oo Dy 3 x2 

The sequence q,, has no limit; all real numbers of the closed interval [4/3, 3/2] are 

limit points. 

with 1 < x <2. 

First solution. We compute a small table for checking formulas. 

i || eli ME ae Ps) 4 5 6 7 8 9 10 

C7 eON | SLE 2e eon me e298 On IGOR 408m ROS 5552378 

We check that a,4; = Q2A, + A)An—1, An42 = A3An + A2a,_,. From these data we 

guess the general formula 

Gntm = AnAm+1 + AmAn-1- (1) 

For m = n we get from (1) 

a2n = On (An+1 ar aa). (2) 

We prove (1) by induction. We see from the table and easily check by induction that 

dn = 1 mod 4 for odd n. If n is even, both n — 1 and n + 1 are odd, and we have 

An—1 = An41 = 1 mod 4 and a,_; + 4,41; = 2 mod 4. Thus just one more factor 2 is 

contributed by the parentheses in (2). This proves the result. 

Second solution. The shift T : (4y—1, Gn) > (Qn, n41) = (O-Gn_-1 +1- Gy, 1+ Gy) + 
ag ay 
a a }° 

2 - an), is a linear transformation with the matrix (} >) or By induction we 

01 = (em An ) 

ihe - Qn An+1 

Consider a few powers of the matrix T? = (23), T? = ($33), T* = (i545): 

TS = (35 70) T° = (70 169)» 2” = (69 cog)» 7° = (4os ops )- We see that 24 [an <—> 
2* | n is valid for small values of n. In addition, fork > 1, the elements x in the main 

diagonal satisfy x = 1 mod 4. Now, suppose (7) = (,) . Then 

01 2 te PN ie see 

12) \ba@+o0 +e)’ 

prove that 
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with a = c = 1 mod4 anda, = 2" -q, q odd. Hence, a, = b(a + c). Since 

a+c = 2 mod 4, just one new factor 2 is added to b. This proves the theorem, 

because 
ab\ (01\* _ (a+2b 2a+5b 
bey \V2)~ \b2e-56-2b J” 

Again, a + 2b = 5c + 2b = 1 mod 4, since b is even by the induction assumption 

(kewl): 

The table for a, suggests Gn42 = 4d, —An-2, (n =3,4,5,...). We prove this by 

induction. Suppose that the formula is valid for n — 1. That is, 

Qn-14n42 = (hee An41an = hae (4a,-1 a Qn—3) An — 4an—14n — An-14n-2, 

an+2 = 4@n — Gn—2. 

Empirically we can also find aa,4; = 2d2% — dox-; and Aox42 = 3dox%41 — Arx for 

k = 1, 2,.... We can use induction based on these conjectures. 

We find the following table empirically: 

Titel gag oe a her Ties Osta BETO Terese 

Os, |e Ah 4 Sho iy ATA PAD ail! 

We conjecture that, apart from a, = 0, the a, are those positive integers, which are 

representable as sums of distinct powers of 4. 

Proof. In base 2 every integer has a unique representation n = 2¢ + 2° + -- -. Of the 

odd powers of 2, we split off the factor 2, and we get 

n= (2) +++) +22 +---) =; +2b;, 

where each exponent r, s,... is even, so that b;, b; are sums of distinct powers 

of 4. Is the representation unique? Suppose n = a; + 2a; = a! + 2a’. are distinct 

representations. We subtract common powers of 4 from a;, a; as wellas fromaj, a’, 

and we get two different binary representations of the same positive integers. Thus 

the representation n = a; + 2a; is unique. 

Try to treat this recurrence the same way as problems 3 or 19. 

For k = 1 we have 1 + x* = 10001 = 73 - 137. Fork > 1, we have 

ytkt4 Pees ee ae Oe | 
1 x* ah. 3 SUS BS ee eee 

Tek at He x= 1 x2—1 x2+1 

For k > 1, both factors on the RHS are greater than 1. 

We seid) — sis lhenudje—— let Olan — hele Oe — tan) 

a5 = St—3 > 0sag = 5-8 >0. Thust < 1, FS 1/2, § = 2/3, t= 3/5, t='5/8. 

By induction we prove that 

Fy, F», 
sd 2G ead aut for all n. 

Fons n42 

But 

V5i—al 
=t with the positive root t = and 7? = 1—t. 

n+l 

Obviously this number satisfies the conditions of the problem since 

tho haf a She es Se 
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Anti =A, + 1/a? > a), = a2 +3+4+3/a3 + 1/a® > a? + 3. Since a} = 
1+3+3+1> 2-3, we geta> > 3n by induction. 

(a) Since a, > ¥/3n, the sequence is not bounded. 

(b) ago00 > +/27000 = 30. 

Suppose x, is not bounded. Then z, is not bounded because of the third equation, 

and y, is not bounded because of the second equation. We consider the behavior 

of ay = (Xn + Yn + Zn)*. Since x + 1/x > 2 for x > 0, we observe that a} = 

(x) + 1/x1 + yi + 1/y, + 21 + 1/21)? = 36 = 2- 18. Now 

; eae. aha 
Oso (Cts <P na ep ie oe SS) 

Xn Yn Zn 

1 1 1 
> a+ Un + nt en)(— + +=) 

Xn Yn Zn 

> a? +18. 

By induction we get a? > 18n forn > 2. Thus, a5) > 3600, x200 + 200 +2200 > 60. 

So at least one of x299, y200, Z200 iS greater than 20. 

Xegy = Xp + xe => 1/ X41 = 1/xe(1 + xu) = 1/xn — 1/C. + x4). We get 

1 1 (eel alk lies eee adsl 
Sepa Be ae I 1 Olleata Le IO X10 X01 =X1 X01 

and this is = 2 — 1/x 0. The integer part is 1 since x19; > 1. 

Use induction. 

By computing the first 10 terms of the sequence, we observe that the sequence starts 

with 1, 1, —1, —1, —1, 1, —1, 1, 1, —1. The last three terms certify the period. 
SS 

period 

Since 1964 = 7 - 280 + 4, we have djo¢64 = —1. 

All the terms of the sequence are positive. We have 

xi+9 x3 3 3 3 

10x, "10° «10x, i 10x, y 10x, 

Be em 3 3 

in LOM NOx ee One 10a 

Xn+1 = 

2 
> ae OT > 4/5. 

Here we used the arithmetic mean-geometric mean inequality. Now we show that 

Xn < 3. First we observe that x. = 5/4. Then we find out when x,41 < %n, ie., 
Xn = (x# +9) /10x,, or x} — 10x? +9 < 0. This inequality is valid for 1 < a0 :9) 

From this we conclude that, for 1 < x, < 5/4, we have x,4,; < 5/4. Butif x, < 1, 

then x, = (9+ x?) /10x, < 10/10x, < 5/4. 

We have a, < a» since Ores Wop Let a,_1 < a,. For a > 1 the function a* is 

increasing. Thus, Rp ee On an An+1. By induction the sequence a,, is 

monotonically increasing. We show that a, < 2 for all n. Indeed, a; < 2. Suppose 

Ga linen PO = 2, OF An4, < 2. By induction a, is bounded above by 2. 

Hence, it has limit L < 2. We find it from L = OM with solution L = 2. 
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30. do < a, sincea < a. Let a,_, < ad). Thena®-! < a™, Or dy < Gn41. By induction 

Si 

yy, 

8). 

dn increases monotonically. If it converges, then its limit L can be found from the 

equation L = a“. We can show that there is convergence for 1 < a < e!/* = 

1.44466 .... The maximum value can be found from L ='e“/* which has solution 

L = e. We will show, for a < e!/°, that a, is increasing and bounded above by e. 

Let a, < e. Then a,4; =a™ < (el/*)° =e. 

Suppose all terms of the sequence are positive rationals, a, = Pn/Gn, 8Cd(Pns In) = 

1. Then 

ms 2 
a ae r= Ca ae ee Pod Og. f= Gn forall n- 

dn Qn Wn+1 

dihenege sie (qi)'/ cas a] positive integer for all n > no. Now a, = 1 implies 

Opry /2, a contradiction. Hence a, > 1 for alln > no. For these n, we have 

a?,,—a? =a,+1—a? =1+a,(1—a,) < 0, or ayy) < a, for alln > no, that is, 

we have an infinite strictly decreasing sequence of positive integers. Contradiction! 

Thus the existence of a sequence of positive rationals satisfying a?,, = a, + 1 leads 

to a contradiction. 

(2r+5)/(r+2)—V5 = (V5—2)(V5—r) /(r +2). Now (W5—2)/(r +2) < (W5—2)/2, 
which is less than 0.15. In general, comparing r and (br + a)/(r + b), we get 

If b is a good approximation to ./a, we get a quickly converging sequence. 

f(2n) 

Fig. 9.2. f(2n) =2f(n)—1. 

We express f(2n) and f(2n + 1) in terms of f(n). In Fig. 9.2 with 2n persons 

around the circle, we eliminate numbers 2, 4, ..., 2n, and we are left with numbers 

1,3,...,2n— 1 which are renumbered 1, 2,...,n. In Fig. 9.3 with 2n + 1 persons 

we eliminate numbers 2, 4,..., 2n, 1, and we are left with numbers 3, 5,...,2n +1 

which are renumbered 1, 2,...,”. Since f(n) denotes the last survivor on the inner 

circle, we see that his original number (on the outer circle) is f(2n) = 2 f(n) — 1 or 

f(2n + 1) =2f(n) +1, f(1) = 1. These recursions give f(100) = 73. 



34. 

35: 

36. 

Me 

9. Sequences Das} 

2n+1 2 

2n 

f(2n + 1) 

Fig. 9.3. fn + 1) =2f(n) +1. 

(b) First we note that f(n) = 1 forn = 2”. For arbitrary n, let m be the largest integer 

such that 2” <n. We writen = 2”+(n—2”). Now we remove the persons numbered 

2,4,6,...,2(n — 2”), leaving 2” persons in the circle. By the above result, the first 

one of these 2” persons will survive. The place number of this one is 2(7 — 2”) + 1. 

Hence, for k = 2, the number of the last survivor is f(m) = 2(n — 2”) + 1, where 

2” is the largest power of 2 < n. Thus, f(1993) = 2(1993 — 1024) + 1 = 1939. 

(c) Inbinary n = 1b, b2--- by = 2"+(n—2”"), f(n) = 2(n—2”)+1. f (1000000) = 

2(1000000 — 2’) + 1 = 951425. 

Answer: f(n) = |(n + It], where t = (5 + 1)/2. 

(a) Start with the digit 0, and repeatedly use the replacementruleT :O0t> 01, lbh 

10. Thus T(0) = 01, T7(0) = T(01) = 0110, .... We have an alternative method of 

forming the Morse—Thue sequence, 7” (0) being the first 2” digits of the sequence. 

Applying T to the whole sequence leaves it invariant. This makes (a) almost obvious, 

and (b) also. To prove (c) we note that x(2n) = x(n) and x(2n + 1) = 1 — x(n) 

are always different. If the sequence were ultimately periodic and x(n) were in the 

periodic part of the sequence, we could conclude that n + 1 is not a multiple of the 

period. The same would be true of n + 2, n + 3,..., but this is impossible. 

(d) This is true because the sequence of (n + 1)-digit binary numbers is obtained 

from the sequence of all numbers up to n digits by putting a 1 and possibly some 0's 

in front of them. 

Let T = 2'q (q odd) be the period of the sequence. If g = 4m + 1 andk > r +2, 

then 1 = ayk = Apk47 = Onk4or(4m43) = Qk-r44m43 = A4p43 = 0. If g = 4m + 3, 

hens le Agk = Anki3r = 4ok43.27(4m41) = G2k-r4+3(4m4+1) = 44P43 = 0. Both cases 

lead to the contradiction 1 = 0. Thus the sequence is not periodic. 

The method of separation of cases is barely feasible now. In ES it was quite easy. 

We look again at the tail of the permutation. 
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tail # of permutations 

(n) An-1 

(n,n — 1) An-2 

(n,n —1,n — 2) An-3 

(n,n —2,n —1) An-3 

(n —1,n,n — 2) (Oh 

(n —1,n —3,n,n —2) (Op 

(n —1,n,n —3,n —2) (Gh 

(n —2,n,n —3,n —1) Gan 

(n—2,n—4,n,n —3,n—1) An—5 

(n —3,n—1,n—4,n,n —2) An—5 

The last two lines show easily that there are also two terms d.. Similarly there are 

two terms a7, dg, dg, .... Consequently, we have 

On = Gn + Gn—2 + 3G; 3G, 4 + 2ap 5 + 2a, Gar eee c 

Shifting the index n <n + | and subtracting, we get 

Ann = 2An + Does = Ga 45 a = Li — ie az = Dp a= 6, a4 = 14. 

The recursion easily gives a5 = 31, dg = 73, a7 = 172, ag = 400. 

We can make the problem simpler by introducing b,, =# of permutations p(n) such 

that n — n — 1 with all other conditions satisfied. Then we get quite easily a, = 

An—1 + On + bp) +Gn-3 +Gn—4, Dn = An—-2 +Gn-3 + bn-2. Eliminating b,, we get 

the same recurrence a,4; = 2d, + 2d,_2 — An_4. 

(a) We will show that the denominator of any term can never become zero. Indeed, 

suppose we getatriple(A, B, C) with A = 1. Then for the preceding triple (a, b, c) 

we get 2a/(a? —1) = 1, ora*—2a—1 = Owith solutions a = 14/5. Butall triples 

(Xn, Yn» Zn) are rational numbers. A = —1 and all other cases are treated similarly. 

(b) We have x; + y) + Z; = x1¥1Z, = 48/7. We will show in a moment that 

Xn Yn ot Sn — Xn nen => nt + Yael ond = Ant neice. BY Induction, then, 

we have xX, + Yn + Zn = XnYnZn for alln > 1. But if at some stage x, + y, +z, = 0, 

then at least one of the numbers in x,, y,, Z, is zero. This is not possible. 

We will drop the subscripts. Then we know that x + y + z = xyz. We must show 

that 
Dye ue 2y os es 2y 2Z 

RS ye ge te Pye Y Steey Bei ane 

This can be done by brute force. Putting the left side on a common denominator, we 

get the numerator 

2x(y? — 1)(z? — 1) + 2y(x? — 1)(z? — 1) +. 2z(x? — 1)(y? — 1) 

= 2x + yt+2z) + 2xyz(xy + yz + 7x) — Ax + y+ z)(xy + yz + 2x) + Oxy 

OV 

A more clever approach is to see that the duplication formula for tan is involved. 

2 tan u 
tan 2u = ————_., 

1— tan? u 
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We set x = —tanu, y = —tan v, z = —tan w. Now we must prove that tan u + 

tan v + tan w = tanu-tanv- tan w => tan 2uv + tan 2v + tan 2w = tan 2u - 

tan 2v - tan 2w. We use the formula 

tanu + tanv + tanw —tanu tanv tanw 
taniu+vu+w)= : 

1 — tanu tan v — tan v tan w — tan w tanu 

Now we see that tan(u+u+w)=0Sut+v+we=0 (modz) > tanut+ 

tan v + tan w = tan uv tan v tan w > 2u+2v+2w=0 (mod z) S tan2u + 

tan 2v + tan 2w = tan 2u tan2v tan 2w. 

Let the set of numbers on the blackboard be {a,...,a,} with S = a, +--- +a. 

From the condition }°;_, a;a, = 1, we get 

2 = a,(S — a1) + an(S — ay) +--+ +.,(S — a,). 

Suppose that S — a, > J2 for all k = 1, DT eenen 

2>a-V2+a-V24+---+a,-V2=V2:-5S, 

that is, /2 > S. On the other hand, § > § — a, > V2. Contradiction! 

We transform the kth term into a form, which gives a telescoping series: 

1 1 1 1 

EU Pa 2 oye 3 E- Pic aa SETS |: 

Summing from k = 1 ton, we get S, = 1/18 — 1/37+ ln + 2) + 3). 

We prove by induction that x, = tan na, where a = arctan 2. For n = 1, this is 

true. Now, let x, = tan na. Then 

2+ Xn tan a + tan na 
= = tan(n + l)a, ore — = 

ma? 1 2x 7 1 tan atan no 

q.e.d. We observe that, for any m, 

2 tan ma Dye 
(1) Xm = tan2ma = Tan = 1 = 

Now we prove (a) by contradiction. If x, = 0 and n = 2m is even, then by (1) 

Xm = 0.Butifn = 2*(2s+1) with nonnegative integersk, s, then after k steps, we get 

Xpe.41= 0; Hence, (2--xp,)/(1—=2%5,) = 0 =, = —2' > 2x;/(1—x?) = —2.Both 

roots of this equation are irrational, but all x, must be rational, since (2+ x)/(1 — 2x) 

is rational for any x because the initial value x; = 2 is rational. Contradiction! 

(b) We will prove more than nonperiodicity. The sequence x, assumes any of its 

values only once. Suppose Xn4m—Xn = Oforsomen, m, m = 1.Since x, = tan na, 

we have ‘ 
sin ma 

tan( mm) — tan no) =) 
cos(n + m)a cos na 

Hence, x,, = tan ma = 0. But this is impossible because of (a). 

The terms of the sequence are positive integers, which are smaller than 1983. Thus we 

do not change them if we consider them mod 1983. Then the algorithm generating 

the sequence becomes a, = 2a,41, and thus a; = 2”a,,,. The congruence 3 = 

2” .3 mod 1983 is satisfied, if 1983|3 - 2” — 3, i.e., 661|2” — 1. By Euler’s theorem, 

n = (661) = 660. Thus the period is 660 or a divisor of this number. A check 

shows that the period is indeed 660. We need to check only divisors up to 330. We 

get 235° = —1 mod 661. So 2 = 1 mod 661. 
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and with (7~ 1) = (a): we get 

ag a fa n+1 
= = 1+ —a,_. 

con ear Sia) Bh ifon,. Sa 
k=1 

Similarly, we treat the case of an odd n. With the recurrence, we get a) = 1, a; = 2, 

a2 = 5/2, a3 = ag = 8/3 which is ae than a5 = 13/5. Ifa,_-1 > 2+2/@™— J), 

then a, > mth (2+ )4+1 >2+2 T 554n > 1. Now try to prove that 

An+1 < Gy forn > 4. A bounded a Mai decreasing function has a limit a. 

We can find it from the recursion by a limiting process giving a = 1 + a/2 with 

solution a = 2. 

No! Applying the AM-GM inequality we get }> (a, + a a2) = ES OO: 

The given condition is equivalent to De — (xj) + 2/x;_1)x; + 1 = 0, which has 

the solutions x; = x;_;/2 and x; = 1/x;_;. We claim that fori > 0, x; = 2*x¢', for 
some integer k; with |k;| < i and « = (—1)"*". This is true for i = 0, with ky = 0 

and €) = 1, and we proceed by induction. If it is true for i — 1 and x; = x;_;/2, then 

we have k; = k;_; — 1 and e; = €;_; while if x; = 1/x;_;, then we have k; = —k;_ 

and €; = —é;,_;. In each case, it is immediate that |k;| < i and e; = (—1)**. 

Thus x,995 = PES where k = kjo95 and € = €j995, with O < |k| < 1995 and 

€ = (—1)'**, It follows that x9 = x1995 = 2*x§. If k is odd, then « = 1 and we 

have 2* = 1, acontradiction since k 4 0. Thus k must be even, so that e = —1 and 

a = 2*. Since k is even and |k| < 1995, k < 1994. Hence xp < 29°”. We can have 
= = 2997 | xi= ate. fORD— IRE , 1994, and X1995 = 1/Xj994. Then xj994 = =F 5 el 

ar X1995 = 2°97 = xo as Gsiedas 

We consider a sequence u, defined as follows: u,+2 = (2k + lun) — ku,. Then 

Un = CX} + Cox}, where x}. = (2k + 1+ V4k? + 1)/2. Let u; and uz be such 

thatie(t =" c= ies uy, 42 — 2k Eales Since O95 Fl Awe have 

|x} ] = u, — 1. We prove by induction that k|u, — 1. Indeed, u; — 1 = 2k, 

uy —1L=x? +x} —1 = (4 +22)? — 2xyxp — 1 = (2k +1) — 2k — 1 = 4k? + 2k. 

Now we observe that if k divides u,, — 1 and u,4, — 1, then k also divides uy. — 1. 

Let x; € {0, 1} represent the state of lamp L; (0 for OFF, 1 for ON). Operation S; 
affects the state of L;, which in the previous round has been set to the value x ;_,. At 

the moment when S$; is being performed, lamp L ;_, is in state x ;_,. Consquently, 

OF =e eet NOG 2) e (1) 

This is true for all j > 0. Note that the initial state (all lamps ON) corresponds to 

Xan = Xin = X-ny2 = SH XQ SX = 1. (2) 
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The state of the system at instant j can be represented by the vector 3 i= 
[en es Kye 9 =a [1 pee: , 1]. Since there ‘are only 2” feasible vectors, repe- 
titions must occur in the sequence Uo, v}, U2, .... The operation that produces ¥j+1 
from ¥; is invertible. Hence, the equality ¥j,, = 0; implies ¥,, = vo; the initial state 
recurs in at most 2” steps, proving (a). 

To prove (b) and (c), notice that, in view of (1), 

Xj =X jen FXFM = Ojon H Xj) F j-1-2 + Xj-2) 

XG 90 F 2X jana + X jag, = Xap + SX janat FOX jan—2 + 2 j3> 

and so on. After r applications of (1), we arrive at the equality 

Es Hip 
n= ay (|) ene (mod 2), 

i=0 

holding for all j and r such that j — (r —i)n —i > —n. In particular, if r is of the 

form r = 2*, then the binomial coefficients (;) are even,except the two outer ones, 

and we obtain 

See (OL Tr ee), (3) 

provided the subscripts do not go below —n, ie., for j > (r — 1)n. 

Now, if n = 2*, choose j > n? — n, and set in (3) r = n, obtaining, in view of (1), 

Mp XP Xion Xo ty X71). 

Hence, x;_,2 = xj-1, showing that the sequence x; is periodic with period n? —1, 

Thus, the string (2) of ones reappears after exactly n? — 1 steps; claim (b) results. 

And if n = 2‘ +1, choose j > n* — 2n, and set in (3) r = n — 1, obtaining, in view 

of (1), 

Xj = Xjond4n + Xj—nt1 = Xj-n24n T jad = Xp) = Xyantew— Fyn +4; 

(because x = —x mod 2). Hence xj_,24, = Xj+1, Showing that the sequence x; is 

periodic with period n? — n + 1 and proving claim (c). 

This problem is due to G.N. de Bruijn. The solution is due to Marcin Kuczma. 

Square all equalities aj = 0, |a2| = Ja; + 1], .-.|@n41 = |@n + 1], and add them. 

Reduction yields 7 le = 2(a,+---+a,)+n > 0. This implies a,+---+a, > —n/2. 

A picture is very helpful. The broken line with vertices (k, a,) is convex since ay 41 — 

ay > Ay — ay-1, that is, the slope of each succeeding segment is greater than or equal 

to the preceding one. Hence, all the broken line, except its endpoints, lies below the 

axis Ok. 

Suppose that, for some m > 1, we have ay,_; < 1, dm > 0. Then 

An — An-1 = An—1 — 4n—2 2 9 *An+1 — An = Am — An-1 > 0, 

and thus a, > Gn_1 > -** > Am > 0. This contradicts the condition a, = 0. 

We have a; —dp > 1. Furthermore a,—a; = 2(a;—d9), .. . , 21900 —A99 = 2(Ao9 —Aog). 

Multiplying these 99 equalities with both sides positive and cancelling, we get 

99 99 
A\00 = A99 + 2° (a, — ao) = 2”. 

A sharper estimate using induction a, = Oo aya = ae > 2k = 1,2, . shows 

that ajo = phe 
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Sort the first three terms decreasingly. Then the sequence is decreasing: x; > x2 = 

- > x2, since starting with x2 the set of differences increases. Now we have for 

k > 0: x% > Xe41+Xx42. Otherwise, we would have x,42 > X~¢ —Xe41 = |Xe — Xe; 

which is impossible. We assume x2; > 1. Then X29 > 1, x19 > X20 +X21 = 2,Xig = 3, 

and so on, until we finally get the contradiction x; > 4, 181 + 6, 765 > 10, 000. 

For m = n, we find ap = 0. Forn = 0, we get dom = 4am. Now letm =n-+2. Then 

Qon42 + 2 = (Arn+4 + Ar)/2, and, from ar, = 4a,, we finally get d2,42 + a2 = 

2(@n42 +4,). On the other hand, because of a; = 1, we have az = 4 and after trivial 

computations dy42 = 24n41 — ad, — 2 with ag = 0, a; = 1. Since ay = 4, a3 = 9, 

a4 = 16, we conjecture that a, = n* and prove this by induction. 

It is easy to prove that three different primes cannot belong to the same geometric 

progression. Prove it! But among the numbers from | to 100 there are 25 primes. By 

the box principle, they cannot belong to 12 geometric progressions. 

Suppose that a), ..., a, satisfy the conditions of the problem. We prove that we can 

find a,.., such that A,4; = a7+---+a2,, isdivisible by B, 4; = a) +: + -+@n41. Since 

Anat = An + (Qn41 — Bn)(Qn41 + Bn) + Be the number A,,,; is divisible by B,,,, if 

A, +B? is divisible by B,+1. For this it is sufficient to take a,,, = A, +B? —B, (here 

An + B? = Bn). Then ay41 > Gn, since B? — B, > O and any; > An > a? > Gy. 

Consider the binary expansion of x) = 0.b; b2b3 eee LU ISieaS Vs touseesthatev p= 

0.bob3b4..., or x1 = 0.b2b3b4... where b; = 1 — b;, that is, the function shaves 

off the first binary digit with or without subsequent complementing of digits. So the 

period is equal to the period of xo in the binary system or twice this period. 

Hint: The formula is x, = 2n — |/2n + 1/2]. 

It is sufficient to prove the stronger result b,.; > b, + 1. We set 

1 
Ce a. ce=—+-:--4+—. 

ay an 

Obviously a/x + cx > 2./ac for x > 0. Hence, 

(a+xe+ —) > act1+2Vae = (Vac +1)". 

From this we get /(a+x)(c+1/x) > Jac +1 or bay, > by + 1 by setting 

X = An+1- 

(a) Gy = Gn—1 + An—2, A, = 1, a2 = 2. (b) The number s,, of symmetric tilings and 

the number d,, of distinct tilings is 52, = Qn41, S2n41 = Gn, don = (Gym + An41)/2, 

dont 1 = (Gont1 + An)/2. 

aj = 11, a) =3, G = @no1 + 2d,-. 

a = 1, a =4, a3 =2, ay = An_) + 40n_2 + 2a_3. 

a2 = G3 = 4 = 1, Ay = Ay_2 + Gy-3. 

do = 1, ay = 3, a, = 4a,_2 — Qn_4, nN > 4,n even. 

n must be a multiple of 3. ag = 1, a3 = 3, ay = 4€,_3 + An_s. 

a = 1, a, = 2, a2 =7, ay = 3g) + An_2 — An_3. 

0 = 1, a; =1; a= 5; alle an = Qn i] ap aie 2 -te On =3 a Oped 
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66. Let a, be the number of ways to fill a2 x 2 x n box with 1 x 1 x 2 bricks. Fig. 9.4 

shows that a, = De an = 2a; +5= 9, a3 = 2a =F 5a, +4= 32; 

An = 2An—, + Sdn_2 + 4an_3 +--+ + 4a, + 4. 

Replacing n by n — | and subtracting, we get a, = 3a,_1 + 3a,_2 — @,_3 from which 

we get the following table: 

Ris wos 3 4 5 6 | 8 

Galen See 3) alle 450 we Air 6272 153" 

The characteristic equation is A? = 3A? + 3A — 1 with the solutions A; = —1, 

Ap = 2+ V3 and A3 = 2 — V3. From this prove that 

QE vole ; : 

Now try to prove that a2, is a square, and a, 1s twice a square. 

na Past 
GIDE 

and 3 more obtained 

by quarter turns 

1 
ne 1)" a 3! Nea 

Fig. 9.4 
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Polynomials 

1. The terms 

f(%) =a,x"+---+ a, 9(x) = Dmx” +---+ bo, an #0, Dm FO 

are polynomials of degreesn andm: deg f = n,deg g = m. Thecoefficients 

a;, b; can be from C, R, Q, Z, Zp. 

2. Division with Remainder. For polynomials f and g there exist unique 

polynomials q and r so that 

fy= e@)aq(x) +7T@),. degr= des 2 orr(x) = 0: 

q(x) and r(x) are quotient and remainder on division of f by g. If r(x) = 0, 

then we say that g(x) divides f(x), and we write g(x)| f(x). 

E1. With f(x) = x’ —1, g(x) = x? +x +1 the grade school method of division 

yields 

x) —1L=(? 4x4 14 —x? —x + 1)4+ 2x? -2. 

Here g(x) = Me 2x? xl. ray 2° — 22; 

3. Let f be a polynomial of degree n and a € R. Division by x — a yields 

f(%) =( -—a)q(x) +r, reR, degg=n-1. (1) 

Setting x = a in (1), we get f(a) =r, and hence 

f(x) = & — a)q(x) + f(a). (2) 
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If f(a) = 0, then a is a root or zero of f. It follows from (2) 

f(a) =0s f(x) = (x — a)q(x) for some polynomial g(x). (3) 

If a,, az are distinct zeros of f, then f(x) = (x — a1)q(x) with g(az) = 0, 

that is, q(x) = (x — az)qi (x). Thus, 

f(x) = @ — a) — an)qi(x), deg qi =n — 2. 

If deg f =n and f(a;) = 0 for a, .. -, a,, then 

FO) =e — a) — a)" ay), “Ce k. 

. If there exists an m € N and a polynomial g so that 

f(x) = (« — a)"q(x), g(a) £9, (4) 

then the root a of f has multiplicity m. (4) implies that a has multiplicity m 

if and only if 

[OQ=F @=(@= =f "s G0, fF (G0 ane. 

. Let f(x) = a,x" +--+ + do have integer coefficients, and let z € Z. Then 

f@) = 0: -z\ao. 

Indeed, a,z” +--+ +a1z +a) = 0 } ap = —2(anz” 1 +--+ + Q)). If 

ay = 1, then each rational root of f is an integer. Indeed, let p/q be a root, 

P,q€Z, gced(p,q) = 1. Then 
n n—1 

ie Bes eee fn ie + dao, 

p" 

i Gn — Og 2D” de OUP dag n—-l. 

The RHS is an integer. Hence, g = 1. 

If the highest degree coefficient a, = 1, then the polynomial is called a 

monic polynomial. 

. Vieta’s Theorem. (a) If the polynomial x? + px + q has roots x1, x2, then 

x? + px +q = (x — x1)(x — x2) = x2 — (xy + x2)x + x1X0, that is, 

p=—-(1+%2), g =x1%2. 

(b) Let x1, x2, x3 be the roots of x3 + px? + qx +r. By expanding 

(x — x1 )(x — x2)(x — x3) = x? — (xy + x2 +:x3)x? 

+ (X1X2 + X2x3 + X3X1)X — x1X2x3 

and comparing coefficients, we get 

Pp = —(x1 + x2 +3), q = 1X2 + X9%3 + 1341, T= —xx2N3. 

Similar relations exist for higher degree monic polynomials. 
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E2. Let x1, X2, x3 be the roots of x? + 3x? — 7x +1. Find as = a + xR 

Solution. x; + x2 + 2x3 = —3, x1x2 + x2x3 +.43x) = —7, 9= (X41 t+) = 
xP AX +5 + 2x1 x2 +.x0x3 +2341) = xptxptxh—2-7, xP 4x3 4x2 = 23. 

7. Ifa € R, then f(x) = a,x” +--+ + ag can be written in the form 

F(x) = G(x — a)" +> +e — a) + eo. 

To prove this, we set x = a + (x — a) for x in f. 

8. Fundamental Theorem of Algebra. Every polynomial f(z) = anz" +--+ 

a, a4 € C, n> 1, a, 4 Ohas at least one root in C. 

From this theorem it easily follows that each polynomial of degree n can be 

written in the form 

F(x) = (% — x1 )(x — X2)---(% — Xn), m1 EC, 

where the x; are not necessarily distinct. 

9. Roots of Unity. Let @ =e! = cos ™ + isin 22 The polynomial x” — 1 
has the roots w@, w*,---,@" = 1. They are called roots of unity and they 

are the vertices of a regular n-gon inscribed in the unit circle with center O. 

If gcd(k, n) = 1, then the powers of wk also give all nth roots of unity. We 

have the decomposition 

Pe hes (1 xr OY a) (Xe) 

In particular, the roots of x? — 1 = 0, or (x — 1)(x? + x + 1) = O are the 
third roots of unity. Denoting by z the conjugate of z, we get 

fe j 1 

(60) 

We can solve the general cubic equation with third unit roots. We start with the 

classic decomposition 

io a Eb 0b" (rae Daas te be — ax bx = ab). 

The last factor has the roots x7 = —aw — bw”, x3 = —aw? — bw. Thus, 

e+ae4+b> —3abx = (x +at+b\(x+aw+ bw*)(x + aw’ + bw). 

Hence, the cubic equation x3 — 3abx + a? + b° = O has the solutions 

xj) = —a—b, xx = —aw — bo”, ae —aw’ — bo. (7) 

Comparing this with x° + px +q = 0. we get p = —3ab, q =a’ +b’, or 

ab? = =p /27, a? +b =4. (8) 
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From (8) we infer that a?, b> are roots of the quadratic 

z* —qz— p’/27=0. 

Thus, 

CRN thaw, Perelin a= pet ee ree m (9) 

Inserting (9) into (7) we get the three solutions of x? + px + q = 0. Any cubic 

can be transformed into this form by translation and division by a constant. 

Now we use the fifth roots of unity to construct the regular pentagon. 

= ae Tie te en). 

This factoring shows that the fifth unit root w satisfies the equation 

ot +o +o*°+o0+1=0, 
w+5+o0++4+1=0, 

(o+tP+@+})-1=0, 
@O+ + = set 

For a = cos 72° in Fig. 10.1, we have 

Fig. 10.1 

The segment a is easy to construct with ruler and compass. 

Now we solve some typical examples with polynomials. 

E3. (a) For which n € N is x* + x + 1|x?" + x" 4+ 1? (b) For which n is 

SHOE On Og. O 1 
SS 

n n 

First Solution. By straightforward transformation using the relations 

P—1L=@—1DO? +x +1) and = x3 1)x3" = 1. 
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G) in = 3k <> x4 x41 = (0% —1)4 (43-1) 4-3 = (2 +441) O(x)43. 

Gi) nm = 3K41 <> xt? 4 FHT = 4209 — 1) 4 (03-1) 4x2 +.x41= 
(> x ta RiGe): 

(ii) m = BK42 > x94 x 3k42 4 1 = 94 (yk 1) 4 2(03*# —1) 4447241 = 
x4 — 1) + x20" — 1) 4.x(03 — 1) 4x2 +441 = (x2 +x 4 1)5(x). 

Answer: x7 +x + 1|x7"4+x2 +163 fn. 

(r= Omieles n= et = 11 et eye a 0010s Ol, 
——~— §«§——J 

n 

111 = 3 - 37. The number is divisible by 3 since the digit sum is 3, Hence 

S11 tOne OF 0... Olt ni Omod'3 orm = 1 modis. 
——Se a 

n n 

Second Solution of (a). x? + x + 1 = 0 has solutions w and w?. By using the 
relationships @? = 1 and w* +w +1 =0, we get 

n=3k>0% +o0* 4+1=1414153, 

n=3k+13 0°? +o! 41=0%+04+1=0, 

n=3k+23 o* 4 4 0"" F1=0'+0?+1=0+0°+1=0. 

E4. If P(x), Q(x), R(x), S(x) are polynomials so that 

PG) vO yeu RO) = Ge ae x x 1S), (x) 

then x — 1 is a factor of P(x). Show this (USO 1976). 

Solution. Let @ = e?7'/5, so that w° = 1. We set for x in (*), w, w’, w’, w4 
successively, and get the following equations 1 to 4. If we multiply 1 to 4 by —a, 

—w*, —w?, —w*, then we get the last 4 equations. 

P(1) + @Q(1) + @*R(1) = 0, 

P(1) + w* Q(1) + w* R(1) = 0, 

P(1)+@°Q(1) + w*R(1) = 0, 

P(1) +o Q(1) +a R(1) = 0, 
—wP(1) — w O(1) — w RC) = 0, 

—w’ P(1) — w*O(1) — wR(1) = 0, 

—w P(1) — wQ(1) — w RA) = 0, 

—w* P(1) — w O(1) — w* RC) = 0. 

Using 1t+o+o*+o*?+o* = 0,we get the sum5P(1) = 0, thatis,x —1|P(@). 

ES. Let P(x) be a polynomial of degree n, so that P(k) = k/(k + 1) fork = 0..n. 

Find P(n + 1) (USO 1975). 
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Solution. Let O(x) = (x + 1)P(x) — x. Then the polynomial Q(x) vanishes for 

Ke =O), coon ify ORES: 

(x +1)P(x)-—x =a-x-(x —1)(x —2)---@ —n). 

To find a we set x = —1 and get 1 = a(—1)"(n — 1)!. Thus, 

ee (—1)"x — oe n)/(n + 1)! aves 

and 
1 for odd n, 

Pin+1)= n/(n+2) for evenn. 

E6. Leta, b, c be three distinct integers, and let P be a polynomial with integer 

coefficients. Show that in this case the conditions 

Pia) = Dae wh) = 6 a P (Cha 

cannot be satisfied simultaneously (USO 1974). 

Solution. Suppose the conditions are satisfied. We derive a contradiction. 

P(x) —b = (x — a)P\(x), (1) 

P(x) —c =(% — b) P(x), (2) 

P(x) —a = (x — c) P(x). (3) 

Among the numbersa, b, c, wechoose the pair with maximal absolute difference. 

Suppose this is |a — c|. Then we have 

la —b| < ja—cl. | (4) 

If we replace x by c in (1), then we get 

a—b=(c—a)P,\(c). 

Since P(c) is an integer, we have |a — b| > |c — a|, which contradicts (4). 

10. Reciprocal Equations 

Definition. The polynomial f(x) = a,x" +--+ + a,x +0, ad, # 0 is called 

reciprocal, if ag" ajo tor r= 0. en. 

Examples x" +1, x° +3x>+3x?+1, 5x® —2x°+4x° +.4x9 — 2x*'+5. The 

equation f(x) = 0 with f(x) being a reciprocal polynomial is called a reciprocal 

equation. 

Theorem. Any reciprocal polynomial f(x) of degree 2n can be written in the 

form f(x) = x"g(z), where z=x+ i and g(z) is a polynomial in z of degree n. 
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Proof. 

fee Re aox?” +: Gis fo a,x + do, 

Loja xs (aox" + ax" 1 + — +=), 

Ds xn 

FRC oe a (a (x"+5) +a (4 =) +o). 

Xx x” 

We show how to express x* + 1/x* by z=x+1/x: 

mau iets ae. 
MeN ee, 

xX Xx 

Bai aud ys 3 Pe Neh, OK Se SNS, 
x es x 

we 1\* 2 4 4 2 4 2 ee ge Wate Se FX ee — Se (2 = 2) —6 =z — 42" + 2, 
a x see 

1 ie es 
rP4+—2= («+<) — 5x? — 10x — — — = = 2° — 52? + 5z. 

x x 5 een 3 

Without proof we state some properties of reciprocal polynomials. They are easy 

to prove and are left to the reader as exercises: 

(a) Every polynomial f(x) of degree n with ap 0 is reciprocal iff 

1 
5 an (~) = f(x). 

(b) Every reciprocal polynomial f(x) of odd degree is divisible by x + 1 and 

the quotient is a reciprocal polynomial of even degree. 

(c) If a is a zero of the reciprocal equation f(x) = 0, then ' is also a zero of 

this equation. 

11. Symmetric Polynomials 

A polynomial f(x, y) is symmetric, if f(x, y) = f(y, x) for all x, y. Examples: 

(a) The elementary symmetric polynomials in x, y 

Oy) S25 5P Wy Cb) 25) 

(b) The power sums 

5, =xi+y’! p20, Io Boeoce 

A polynomial symmetric in x, y can be represented as a polynomial in 01, 02. 

Indeed, 

Sy =x" ty" = (x + ye") + yy") — xy (x? + yy") = O15p—1 + O2Sn-2. 
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Thus, we have the recursion 

So = 2, Si [OR Ge OTs, — Ose, Ree 

Now the proof for any symmetric polynomial is simple. Terms of the form ax* y* 
cause no trouble since ax* y* = ao#. With the term bx’ y* (i < k), it must also 
contain bx* y'. We collect these terms: 

bx' y* + bx*y! = bx'y’ (xiv + ya) = bo3SK-i- 

But s;,_; can be expressed through 0, 02. 

Nonlinear systems of symmetric equations in two variables x, y can mostly be 

simplified by the substitution 0, = x+y, 02 = xy. The degree of these equations 

will be reduced since 02 = xy is of second degree in x, y. As soon as we have 

found o; and o> we find the solutions z;, z2 of the quadratic equation 

Zz — 612 +0) =, (0). 

Then we have the system of equations 

35 YS Ojin EO Sd» 

E7. Solve the system 

x+y =33,. aty=3. 

We set oj = x + y, 62 = xy. Then the system becomes 

a - 50}02 + 5o\07 = 334 (Ofns5: 

Substituting o; = 3 in the first equation, we get oy — 90, + 14 = 0 with two 

solutions 07 = 2 and o2 = 7. Now we must solve x + y = 3, xy = 2, and 

x+y =3, xy =7 resulting in 

3 19 gs 19 
(2, 1), as 2), (x3, y3) = (3 aF oes 2 = e) ’ (x4, ya) 5 (3, X3). 

E8. Find the real solutions of the equation 

VOT — x +x =5. 

We set ./x = y, /97 — x =zand get yt + 24 =x +97 —x = 97. Hence, 

yg 5, ye 97: 

Setting oj = y+z, 02 = yz, we get the system of equations 

Cry =>. o; _ 4o/ 02 + tors =19 7) 
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resulting in os — 5002 + 264 = 0 with solutions 02 = 6, o> = 44. We must solve 

the system y + z = 5, yz = 6 with solutions (y,, z,) = (2, 3), Ob, Za )o=G,, 2): 

Now x; = 16, x2 = 81. The solutions y + z = 5, yz = 4 give complex values. 

E9. What is the relationship between a, b, c if the system 

xty=a, x*+y=b, xe+ty=c 

is compatible (has solutions)? 

Solution. We eliminate x, y: 0) = a, of — 20) = b, a} — 30102 = c with the 
result a> — 3ab + 2c = O. 

(c) Polynomials with three variables have the elementary symmetric polynomi- 

als 

Ci XV vy OP = XV +24 2X, Os Xz. 

The power sums s; = x’ + y' + z', i = 0,1,2,--- can be represented by 

01, 02, 03. Show that the following identities are valid: 

xo + y9 +29, yy =xt+y+z2=01, 

Sg =x’ +y? +7? =a) —2op, 

53=x° fase +2= oF — 30)02 + 303, 

“= ii _ 4o707 + 203 + 40103, 

xy xy +x°z+xz7 + yz + yz" = 0102 — 303, xy? + y?z? + 27x? 

50 

= Oy 7 20103. 

Systems of equations which are symmetric in x, y, z can be expressed through 

01, 02, 03. AS soon as we have oj, 02, 03, we find the solutions v1, u2, u3 of 

the cubic equation u? — o,u* + o2u — 03 = 0. Then (xj, y1, 21) = (U1, U2, U3) is 
one solution. We get the others by permuting the variables. 

E10. Solve the system of equations 

xtytz=a, x +y4+2=, P+ytr=a’. 

We setx +y+z=01, xy + yzZ+7x =0n, xyz = 03 and get 

a (a? oe) 

u> — au? + 4 (a — b*) u — 5a (a? —b’) =0, 

There are six solutions (u;, v2, v3) and its permutations. 

E11. Find all real solutions of the systemx +y+z=1, P+y+24+xyz= 

x + yt +2! ty. 
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Introducing elementary symmetric polynomials yields o; = 1, e+y+e= 

oP — 30107 + 303,,x° + yt +7= o; - 4o702 + 207 + 40,03. For o; = 1, the 

second equality becomes 2037 — 02 + 1 = 0, which has no solutions. 

E12. Given 2n distinct numbers a,..., An, b1,..., bn, ann X n table is filled as 

follows: into the cell in the ith row and jth column is written the number a; + b;. 

Prove that if the product of each column is the same, then also the product of each 

row is the same (AUO 1991). 

Consider the polynomial 

f@)= Lo + a;) — To = bj) 
i=l j=l 

of degree less than n. If 

fo)= []@ Oye 
i=l 

for all j = 1,...,m then the polynomial f(x) —c has at least n distinct roots. This 

implies f(x) — c = 0 for all x. But then 

c= f(-a) =-]]Ca -b) =(-)""[]@+o,), QED. 
j=1 j=! 

Problems 

1. Factor x? + y? + 23 — 3xyz by elementary symmetric functions. 

2. For which a € R is the sum of the squares of the zeros of x? — (a — 2)x —a—1 

minimal? 

3. If x1, x2 are the zeros of the polynomial x” — 6x + 1, then for every nonnegative 

integer n, x} + x 1s an integer and not divisible by 5. 

4. Given a monic polynomial f(x) of degree n over Z andk, p € N, prove that if none 

of the numbers f(k), f(k + 1),..., f(K + p) is divisible by p + 1, then f(x) = 0 

has no rational solution. 

5. The polynomial x2" — 2x2"! + 3x2"-2 —...—2nx +2n + 1 has no real roots. 

6. a,b, cE R,a+b+c>0, be+ca+ab>0, abe>O0>a,b,c>0. 

7. A polynomial f(x, y) is antisymmetric, if f(x, y) = —f(y, x). Prove that every 

antisymmetric polynomial f(x, y) has the form f(x, y) = (x — y)g(x, y), where 

g(x, y) is symmetric. 

8. The polynomial f(x, y, z) is antisymmetric if the sign changes on switching any two 

variables. Prove that every antisymmetric polynomial f(x, y, z) can be written in 

the form f(x, y, z) = (x—y)(x —z)(y—z)g(x, y, Z), where 9(x, y, z) is symmetric. 

9. If f(x, y) is symmetric and x — y| f(x, y), then (x — y)?| f(x, y). 
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If f(x, y, z)is symmetric and x—y| f(x, y, z), then(x—y)?(y—z)?(z—x)?| f(x, y, z). 

Solve the equation z* + 47° — 10z* +. 472+ 1=0. 

Solve the equation 

4z'! +42! 2179 — 2128 41727 +1725 +1725 +1724 — 2123 — 2177 +47+4 =0. 

Solve the equation (x — a)* + (x — b)* = (a —b)*. 

Factorize over Z: (a) x!° + x° +1, (b) x4 4+4x?2+1, (c) x8 +24 +129 +2x4-—2x-1. 

Let f(x) = (L—x +x? —...4 x!) (1t+x+4+x?+...+.2x!). Show that, after 
multiplying and collecting terms, only even powers of x will remain. 

Find the remainder on dividing x! — 2x°! + 1 by x? — 1. 

Determine a, b so, that (x — 1)*|ax* + bx? +1. 

For which n € N do we have 

(aie a — 1) x i (b) x? ee ee De 1? 

Show that (x — 1)?|nx”*! — (n + 1)x” +1. 

Show that k|n <= x* — a*|x" —a", a, k, x, néEN. 

Show that (x + 1)?|x4"*? + 2x74! 4 1. 

The polynomial 1 + x/1 + x7/2!+...+.x"/n! has no multiple roots. 

Find a such that —1 is a multiple root of x° — ax? — ax + 1. 

In x? + px* +qx +r one zero is the sum of the two others. Find the relation between 

P, q, r. 

x° + ax? + b has a double zero ¥ 0. Find the relation between a and b. 

Let a, b, c be distinct numbers. The quadratic equation 

(x—ayx—b) , ~%—bx—c) _ &-c)\%—a) 

(c—a)c—b) (a—b)a-—c) —(b-c)(b—a) 

has the solutions x, = a, x2 = b, x3 = c. What follows from this fact? 

Find a, b, c so that 

x+5 =a on b G 

GED Da =3y = 1 x2 x 3" 

Kt ee a? e+ Wx x? + xe ei 41. 

Solve the equation x* + a* — 3ax? + 3a3x = 0. 

Let x,, x2 be the roots of the equation x” + ax + bc = 0, and x2, x3 the roots of 

the equation x? + bx +ac = 0 with ac bc. Show that x;, x3 are the roots of the 

equation x? + cx + ab = 0. 

The polynomial ax? + bx? + cx +d has integral coefficients a, b, c, d with ad 

odd and bc even. Show that at least one zero of the polynomial is irrational. 

Let a, b be integers. Then the polynomial (x — a)*(x — b)? + 1 is not the product 
of two polynomials with integral coefficients. 
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Let f(x) = ax? + bx +c. Suppose f(x) = x has no real roots. Show that the 

equation f(f(x)) = x has also no real solutions. 

Let f(x) be a monic polynomial with integral coefficients. If there are four different 

integers a, b, c, d,so that f(a) = f(b) = f(c) = f(d) = 5, then there is no 

integer k, so that f(k) = 8. 

Let f(x) = x4 + x3 +x? +x + 1. Find the remainder on dividing f(x°) by f(x). 

Find all polynomials P(x), so that P[F(x)] = F[P(x)], P(O) = 0, where F(x) is 

a given function with the property F(x) > x for all x > 0. 

Find all polynomial solutions of the functional equation 

fx)fe+l= fa? +x4+D. 

Find all pairs of positive integers (m, n), so that 

{bey eee r(x eae ee USO 1077). 

If a and b are two solutions of x* + x? — 1 = 0, then ab is a solution of 

Yoo x x = = ee OF (USO 1977), 

Find the polynomial p(x) = x? + px +q for which MaXxef—1,1] | P(*)| is minimal. 

Let f Coley (Wagteta eve Olas = do) +a\x +--++ a,x". Find 

ay — 41/2 — an/2 + a3 — a4/2 —a5/2+a5—-:-. 

Find the remainder on dividing x!°°? — 1 by (x? + 1)(x* +x + 1). 

Is there a nonconstant function f(x) so that xf(y) + yf(x) = (x + y) f(x) f(y) for 

allx, ye R? 

Find all positive solutions of the equation nx"*! — (n + 1)x” + 1 =0, 

Let p(x) be a polynomial over Z, If p(a) = p(b) = p(c) = —1 with integers 

a, b, c, then p(x) has no integral zeros. 

Find all polynomials p(x) with xp(x — 1) = (x — 26)p(x) for all x. 

The polynomial ax* + bx? + ex? + dx +e with integral coefficients is divisible by 
7 for every integer x. Show that 7|a, 7|b, 7\c, 7|d, 7le. 

Leta, b € R. For x € [—1, 1] we have —1 < ax? + bx +c < 1, Show that in the 
same interval, —4 < 2ax +b < 4. 

The polynomial 1 + x + x?/2! + x3/3! +-+++ x2"/(2n)! has no real zeros. 

If x° + px? +qx +r =O has three real zeros, then p? > 3q, 

f(n) =n? —n +41 gives primes for n = 1, ..., 40. Find 40 successive values of n 

for which f (1) is composite. Generalize. 

Find the smallest value of the polynomial x*(x> + 1)(x3 + 2)(x3 + 3). 

Does there exist a polynomial f(x), for which xf(x — 1) = (x + 1) f(x)? 

(l+x+---+x") — x” is the product of two polynomials. 

A polynomial f(x) over Z has no integral zero if f(0) and f(1) are both odd. 
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Find a cubic equation whose roots are the third powers of the roots of 

3 2 Lea ane + Dx 6 310); 

Find all polynomials f(x), for which f(x) f(2x?) = f(2x? + x). 

If aj,...,4, € Z are distinct, then (x — a,)---(x — a,) — 1 is irreducible. 

Find all polynomials f, so that (a) f(x*)+ f(x) f(x +1) = 0, (b) f(x?)+ fx) f(ix— 

i=; 

For which k is x? + y? +z? + kxyz divisible by x + y + z? 

Given a polynomial with (a) natural (b) integral coefficients, let a, be the digital sum 

in the decimal representation of f(n). Show that there is a number, which occurs in 

a, 4, a3,... infinitely often. 

Find all pairs x, y € Z, so that x? + x*y4+-xy? + y? = B(x? +.xy + y? +1). 

Let n > 1 be an integer and f(x) = x" + 5x”! + 3. Show that f(x) is irreducible 

oyer Z (IMO 1993), 

Let f(x) and g(x) be nonzero polynomials, with f(x? + x + 1) = f(x)g(x). Show 

that f(x) has even degree. 

A polynomial f(x) = x4 + «x? + xx? + «x +1 has three undetermined coefficients 

denoted by stars. The players A and B move alternately, replacing a star by a real 

number until all stars are replaced. A wins if all zeros of the polynomial are complex. 

B wins if at least one zero is real. Show that B can win in spite of his only second 

move. 

Find real numbers a, b, c, for which | f(x)| = |ax? + bx + c| < 1 for |x| < 1 and 

$a? + 2b? is maximal. 

Find all polynomials P in two variables with the following properties: 

(i) For a positive integer n and all realt, x, y, P(tx, ty) =t”" P(x, y). 

(ii) for all real a, b,c, P(b+c,a)+ P(c+a,b)+ P(a+b,c)=0, 

(iii) P(1, 0) = 1 (MO 1975). 

Let P,(x) = x? — 2 and P;(x) = P, (Pj-1(x)) for j = 2,3,.... Show that, for any 
positive integer n, the roots of the equation P, (x) = x are real and distinct. (IMO 

1976.) 

The polynomial ax? + bx +c witha > 0 has real zeros x;, x2. Show that 

like tera; 2) eat be fia = be ae 0a =e = 0: 

Find all polynomials f over C satisfying f(x) f(—x) = f Gel 

The polynomial f(x) has integral coefficients and assumes values divisible by 3 for 

the integral arguments k, k + 1, k + 2. Show that f(m) is a multiple of 3 for every 

integer m. 

The polynomial P(x) = x” +a,x""'+---+a,_1x +1 with nonnegative coefficients 

d\,...,Qn-1 has n real roots. Prove that P(2) > 3”. 

Is the polynomial x'°° — 9 reducible over Z? 

The polynomial f(x) = x° — x + a is irreducible over Z if 5 Ja. 
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Find the minimum of a? + b? if the equation x* + ax? + bx” + ax + 1 = 0 has real 
roots. 

Is it possible that each of the polynomials P(x) = ax*+bx+c, O(x) = cx? +ax+b, 

R(x) = bx* + cx +a has two real roots? 

Prove that a? + ab + b? > 3(a + b — 1) for all real a, b. 

Find all positive integral solutions (x, y) of the polynomial equation 

Ax? + 4x7y — 15xy” — 18y? — 12x? + 6xy + 36y” + 5x — 10y = 0. 

Find all real solutions (x, y) of the polynomial equation 

y’ + 4y?x — lly? + 4xy — 8y + 8x? — 40x + 52 =0. 

Factor the polynomial x* + 98x‘ + 1 into two factors with integral coefficients. 

Prove that, for any polynomial p(x) of degree greater than 1, we can substitute 

another polynomial q(x) for x, such that p(q(x)) can be factored into a product of 

polynomials, different from constants. (All polynomials have integral coefficients.) 

It is known of a polynomial over Z that p(n) > n for every positive integer n. 

Consider x; = 1, x2 = p(x;).... We know that, for any positive integer NV, there 

exists a term of the sequence divisible by N. Prove that p(x) = x + 1. 

Solutions 

il. a + yy +2° — 3xye = $3 — 303 = 010; — 302) =F Fy Poe + y +z. — 
Ji) — WG 

| XP AAS = (41 +22)? —2xyxy = (@—2" +2441) = a? —-2a4+6 = (a—-1)P' +5 = 5S. 
We have equality fora = 1. 

. Wehave s; = x1 +x2 = 6, x1x2 = 1. Lets, = x +x}. In the section on symmetric 

polynomials, we established that s, = 6s,_; — 5,—2. Starting from sg = 2, s; = 6, 

this recurrence gives only integral values. Consider the s,, modulo 5. The recurrence 

becomes s, = 5,1 — Sn—2. We get 

SQns=4 ees le on Sai—04 sa = 4, Oy ily es 2. Sa = all ween 

After six steps, the pair (2, 1) recurs and, the sequence is periodic without any zero 

(multiple of 5). 

Remark. The characteristic equation of the sequence s,, = 65,_1—S,_—2 isx*—6x+1 = 

0, and the general solution is s, = (3 + /8)” + G — V8)". 

. If f(x) = 0 has a rational root, then this root is an integer. Suppose that f(x) has 

the integral root x9 = m, that is f(m) = 0. Then f(x) = (x — m)g(x), where g(x) 

has integral coefficients. By setting x = k, k + 1,...,k + p in the last equation, 

we get f(k) = (k — m)g(k), f(k +1) = (K+1—m)g(k + 1),..., fK + p) = 

(k — p —m)g(k + p). One of the p + 1 successive integersk —m,...,k +p—m 

is divisible by p + 1. This proves the contrapositive statement which is equivalent 

to the original statement. 
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. For x < 0 we have obviously p(x) > 0. Let x > 0. We transform the polynomial in 

the same way as a geometric series: 

DE 4 Ba =e Sn eee 

Ne a (2n + 1)x. 

Adding, we get 

SPC POs ee we a se en ee On Es 
1 2n+1 

aE ae5) cy aig eae cay 
1+x 

From here we see that p(x) > 0 for x > 0. 

. Leta+b+c=u, ab+bce+ca =v, abc = w. Thena, b, c are the roots of 

the equation x* — ux” + vx — w = 0. This equation cannot have negative roots for 

u, v, w > O. Indeed, for x < 0, all terms on the left side are negative. Even for 

x = 0, the left side is —w. Thus, a, b, c > 0. 

5 hE CI) SS SOs) MNES HCe, 28) == 765, Oe 1/(Gs,69) — O; lseres 

fey i= Or— 2x9): 

8. Hint:x = y, y =z, x =z are roots of the polynomial. 

10. 

. Dividing by z*, we get (z* + 1/z*) + 4(z* + 1/2”) — 10 = 0. Substituting u = 

DZ, 

113}. 

14. 

. Hint: f(x, y) is symmetric. In f(x, y) = (* — y)g(x, y), g must be antisymmetric. 

Thus, it must be divisible by x — y. 

Hint: This follows from the preceding result. 

z+ 1/z, we get u* = 16 with uw, = 2, uw = 2i, uw; = —2, uy = —2i. From 

z+1/z = u, we get z = u/2 + ./u?/4 — 1. Substituting the 4 u-values gives 

“uo = Wee og Sil tw?) ae 11+ V2). 

It is easy to see that any reciprocal equation of odd degree has zero z = —1. Thus the 

left side is divisible by z+1. We get (¢+1)(4z!°—21z8 +172 +1724 —21z7+4) = 0. 

The first factor is zero for z; = —1. Seting u = z+ 1/z we can transform the second 

factor as follows: u(4u* — 41u* + 100) = 0, u, = 0, uw. = —5/2, uz = 5/2, 

Vi =) sAltosether we cet | irootss 7) —1— 629) — 1a — a C—O, 

fig = ND, he Sey SS BGP Ss SN OQ = Sit = IL 

We use the fact that x; = a, x. = b. Simplifying the given equation we get 

x4 —2(a + b)x? + 3(a@ +. b?)x? — 2(a* + b®)x + 2ab* — 3a7b* + 2a*b = 0. 

Now x; + x2 +3 +x4 = 2a + 2b, and x)x2x3x4 = 2ab’ — 3ab? + 2a%b. But 

x) +x. =atb, and x)x2 = ab. So x3 + x4 =a+b and x3x4 = 2a? — 3ab + 2b’. 

Thus x3 and x4 are roots of the equation x? — (a + b)x + 2a” — 3ab + 2b? = 0 with 
solutions ses a 

a a : 
X34 = ,) Se >) VTi. 

Try another approach by setting y= x —a, z=x—b,a—b=z~—y. 

(a) Inserting the third root of unity w for x, we getw+@* + 1 = 0. Thus, x!°+x°+1 
has factor x? + x + 1. Division by x? + x + 1 yields 

xO 4 P41 = (x? +x4+1) (8-27 42° —x84+x°>-x +1). 
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(b) x4-+x2 41 = x442x241—x? = (x? +1) —x? = (x? +4 41) (x? -x +1). 

(c)x® oy +1 = x°+2x4+1—<x* ease agi) —x eS ee +x +1) (x? —x+1) 

(x4 —Xx 241). 

(Dix? atk SS ma(x® —1) + (x4 el) = (x4 —1) (x +x41) = 

(x —1) (x +1) (x2 +1) (2? +x +1) (3 — x? +1). 
15. Hint: If we change the sign of x, we change the factors. 

16. x! — 2x9! + 1 = (x? — 1) q(x) + ax + b. Puting x = 1 into this relation we get 
b = 0. Putting x = —1, we get a = —4. Thus the remainder is —4x. 

17. f(1) =Oand f'(1) = Oimply a+b+1=0and 4a + 3b = 0, ora =3, b= —4. 

18. x? +x +1 =0 has roots w and w with w +@+1=0,0 =1,0? = 1/o. 

(a) Letn = 6k + 1. Then (w + 1)" — w" —1 = —o@* —w—1=0.Forn = 6k —1, 
(=o) — oF) 1 = =0 — @? = 1 = 0. For: = 6k, n = 6k :2,0n. = 6k + 3, 

we do not get zero. 

(b) For n = 6k + 2, we get zero, but not form = 6k, n= 6k +1, n = 6k +3. 

19. fd) =n—-—(+1)4+1=0,and f’1) =na+1)-m4+1n=0 

20. Letn =mq+r, O<r<m. Then we have 

Se) tee Bled Ng ONG ay CI rg Hele eg Hl aval lea! 

= (et as tae (aa ae 

The first parenthesis is divisible by x” —a™. Hence, also the second must be divisible 

by x” — a”. This is only possible for r = 0. 

Here is another proof based on roots of unity. 

x ay t= anni S wala w’a)---(x —@"“"a) 

x? at ia \(nien€a) (8 20) (a tz la) 

Every mth root of unity must also be an nth root of unity, that is, 

MOND See aU gi 5 Me eM ata Sey A hh Slay 

Now m|n since mk = n. 

21. f(—-1)=1-—2+1=0,and f’(—1) = —(4n + 2) + 2Qn+4+1)=0. 

22. The polynomial f(x) has multiple zero z if f(z) = f’(z) = 0. For our polynomial, 

we have f(x) = f’(x)+x"/n!. The condition for a multiple zero z becomes z = 0, 

but f(0) = 1. 

23. f(-1)=—-1l-at+a+1=0. f'(-1)=5+2a—a=5+a=0givesa = —5. 

24. x1 + X2 +X3 = —P, XX + XQx3 + x3X1 = G, X1X2X3 = —r, x3 = x1 + X lead to 

the relation, p> — 4pq + 8r = 0. 

25. We eliminate x from f(x) = x° +ax?+b =0,and f(x) = 5x4+3ax? = 0. Since 
x #0, we get 5°b* + 108a? = 0. 

26. It is an identity, valid for every value of x. 

27. x +5 =a(x — 2)(x —3)+ b( — 1)(x — 3) +c(x — 1)(x — 2). x = 1, x =2, x =3 

UNE = 3), = =I, € Saks 



28. 

29: 

30. 

Sule 

32. 

33) 

34, 

39) 
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Let w = 1. Theno +o +o? +0! 41=04+03+0% +o! +1. All roots 
of the left side are also roots of the right side. This implies the stated divisibility. 

We divide by a?x*: (x/a — a/x)? —3 (x/a — a/x)+2 = 0. This quadratic equation 
gives x/a —a/x = 2 and x/a — a/x = 1 with solutions x;. = a(1 + V2) and 

Kaa (-1 ae V5) /2 (almost reciprocal equation). 

One must prove ac # be, x\x2 = be, x2x3 = ac, x1 +x. = —d,x%2 +23; = —bD > 

x, + x3 = —c, x1x3 = ab. 

This can be accomplished by clever, but routine, transformations. 

Let x;, (i = 1, 2, 3) be the rational roots of the given polynomial. Then 

axe+bx*+cex+d=05 (ax) + b(axy +ac (ax) +a’d =0. 

Setting y = ax, we get 

y? + by? +acy +a’d =0. (1) 

y; are the three rational zeros of (1), i.e., they must be integers. And since they are 

divisors of a*d, they must be odd. Because of y, + y2 + y3 = —b and y, y2 + yoy3 + 

31 = ac, both b and ac must be odd, that is, b and c are odd. This contradicts the 

assumption that bc is even. 

Let (x — a)*(x — b)? + 1 = p(x)q(x). Since p(a) = g(a) = p(b) = gb) = 1, 

both p(x) — 1 and g(x) — 1 must be divisible by (x — a)(x — b). We may assume 

that p(x) — 1 = (« — a)(x — b) and q(x) — 1 = (&& — a) — BD). This implies 

p(x)q(x) = (x — a) — b) +1)? = @& — aye — bY +142 — a(x — dD). But 
then (x — a)(x — b) = 0, which is a contradiction. 

If f(x) = x has no real roots, then either f(x) > x for all x or f(x) < x for all x. 

TUT WS, litere I GACH))) S je) = Se we (GAC) < YC) Sas Oras 

Let g(x) = f(x) —5. Thenx —a, x —b, x —c, x —d are factors of g(x). So we can 

write g(x) = (x —a)(x — b)(x —c)(x — d)h(x). If r is an integer such that f(r) = 8, 

then g(r) = f(r) —5 = 3, or (r — a)(r — b)(r — c)(r — d)h(r) = 3. The left side is 

a product of five integers of which at least four are distinct. But the right side has at 

most three distinct factors 1, —1, —3. 

x 4 x15 4 9104 5 41 = (x4 443 4x7 +x 4 Ig) +1r(x), where r(x) = 
ax? + bx? +cx +d. Let w be the fifth root of unity. We set x = w, w*, w*, w*. These 
values are zeros of the polynomial x* + x? + x? + x + 1. Thus, we get 5 = r(o), 

5 = r(w’), 5 = r(w’), 5 = r(o*). If a polynomial of at most degree three takes 

the value 5 for four different values of x, it will be 5 everywhere. Thus, r = 5 is a 

constant. 

We consider a second solution, which does not use fifth roots of unity: Let f(x) = 

x4 4x3 4x2 +x +1. Then (x — 1) f(x) = x? — 1, and 

f@) ==) + 6 —1) + @P=1)4 = 41)45: 
SS ee 

qe) fe) 

The remainder is 5. 
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Let F(0) = ap > 0. Then P(F(0)) = F(P(O)) & P(ao) = ao. Similarly, we get 

F(@n) = An41, P(Gn) = Qn, and ay4,; > G,. We must find all polynomials with 

infinitely many points on y = x. Then P(x) — x has infinitely many zeros, i.e., 

J X65) = oe 

This polynomial functional equation is due to Harold N. Shapiro. In 

fxfx+l= f(x? +x4+)), (1) 

we set x < x — | and get 

f@ —Df@) = f@? —x +1). (2) 

If f(x) is a constant c, then c? = c with the solutions f(x) = 0 and f(x) = 1. 

Now suppose that f(x) is not constant. Then it has at least one complex zero. Let 

z be a zero of maximal distance from O. Here we use the extremal principle. From 

(1) and (2), we have f(z? +z+1) = f(z? —z+1) = 0. Thus, z ¥ 0. If also 

27+140,thenz, 2+z+1, 2?7—z+1, —z are vertices of a parallelogram. Thus, 
either z? — z+ 1 or z7 +z + 1 is larger then |z|. This contradicts the choice of z. 

Thus, z” + 1 = 0, and z = +i are zeros of f. Hence we have 

f (x) =x? + 1)" 9), 2 mieN, © x? 4:1) J g(x): 

Plugging this into (1) and using (x? + 1)(x? + 2x + 2) = x4 4+2x34+3x74+2x+42 
we see that g also satisfies (1). Since it is not divisible by x* + 1, we must have 

g(x) = 1. We conclude that 

f@yizale? +17 

is the general polynomial solution of (1). It would be interesting to know the solutions 

of (1) for the domain of continuous or differentiable functions. 

We must find (m, n), so that 

(ase e = 1) (x on 1) 

(xm+! — 1) (a — 1) 

is a polynomial. But x”*! — 1 and x” — | are divisors of x°"+!)” — 1, Since the factors 
of xt)" _ ] are all distinct, it is necessary and sufficient that x”*+! — 1 and x” — 1 
have no common factor except x — 1, that is, ged(m + 1,n) = 1. 

x44+x3—-1 = (x—a)(x —b)(x —c)(x —d) = x4 -—(at+b+c+d)x3+ (abtactad+ 

bce+bd+cd)x* —(abc +abd +acd +bed)x +abcd. Comparing coefficients we get 

a+b+c+d = —1,ab+(a+b)(c+d)+cd = 0,ab(c+d)+(a+b)cd = 0,abcd = 1. 

We eliminate cd and c + d and get cd = 1/ab andc +d = —1 —a —b, which we 

plug into the second and third equation, getting ab —ab(1+a+b)+1/ab = 0 and 

ab(l1+a-+b)+(a+b)/ab = 0. After eliminating a + b, for u = ab, we get the 

equation u° + u4 + u3 —u? —1=0. 

Answer: p(x) = x* — 1/2. 

Let f(x) = (21958 nylon Oh, ey = Ay + ax + anx* +++- + a,x", 

f(@) = 1 =a9 + a)@ + ano” +43 +.a4@ +a5w? +--+, 

f(@*) = 1 = a9 + ay" + an + a3 + ayo” +asw@+>>>. 



42. 

43. 
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Add the two equalities, and use @* + @ = —1. After division by 2, you get 

ay a2 a4 as 
l1=a-—-— Caen 

x1959_ 1 = (x? +1)(x?+x41)q(x)+0x2+bx2+cex+d,x =i: —ai—b+ci+d = 

-i-1,x=-i: ai—b-—ci+d =i-1,x =o: atbw+cw+d=0,x =o’: 

a+bwo+cw*+d=0. Solving fora, b,c, d'we'geta =I) b=] 0,0 = =I. 

Thus, the remainder is x? — 1. 

y=x => 2xf(x)d — fx) =0> f(x) =O0or f(x) = 1. 

n(n + 1)x"-!(x — 1) = 0. Thus x = 1 is a double root. We prove that for x > 1 and 

0 < x < 1 the left side of the equation is positive. 

nx"t! — (n+ 1)x" + 1 = nx" — 1) —(? — 12) = — D(x” — x! — x? - 

sae 1) elie” ee fore Sik ix" — x". bee nx nx?) > 

O0<a<1> x" <x for n>k So nxt—x'1—>-. = 1 & nx” —nx®!, 

P(x) = (x — a)(x — b)(x — c)q(x) — 1. If z is an integral zero of p(x), then p(z) = 

(z — a)(z — b)(z — c)q(z) — 1 = O. The first three factors on the right side are 

distinct. We have represented | as a product of four factors, of which the first three 

are distinct. This is not possible since | has only the factors 1 and —1. 

YA yDGe) = 32 NAG? ll ass ee ICR = Sa A GR Dees 53 Pal G0) 

> => x — 25|p(@). Thus, p@) = x@ — 1)---@ — 25)¢@) and p@ — 1) = 

(x —1)(x—2)-- + (x—26)q(x — 1). Plugging this into the original functional equation, 

we get q(x) = q(x — 1), 1.e., g(x) = a is a constant. Hence, 

P(x) = ax(x — 1)---(« — 25). 

7| f(x), x =0, 1, —1, 2, —2. Thus, 7le, 7jJa+b+c+d,7\|a—b+c—d,7\l6a+ 

8b+4c + 2d, 7|16a —8b+4c —2d. This implies 7|a +c, 7|b+d, 7|4a+c, 7|4b+d, 

OP Tape Cade 

Let f(x) = ax? + bx +c with | f(x)| < 1 for |x| < 1. Since f’(x) = 2ax + bisa 

linear function, it assumes its maximum at x = —1 or x = 1. Hence, 

max)xj<; =|2a+b| or |2a—b|, 

Qat+b=3atb+c)+ha—bt+c)—2c = 3 f(I)+ 4 f(-1) —2fO), 

Za—b=5 +35 f(-1)—2f@), 
a+b] <34+442=4, [2a-db) <5 4+24+2=4. 

Hence, max | f(x)| < 4. The polynomial f(x) = 2x? — 1 satisfies the conditions of 

the problem, and we have | f’(x)| = |4x| = 4 forx = +1. 

Denote the LHS of the equation by f(x). Note that f(x) = f’(x)+x?"/(2n)!. Since 

f (x) is of even degree with a positive leading coefficient, it has an absolute minimum 

at, say, x = z, where z # 0, and f’(z) = 0. Thus f(z) = 2" /(2n)! > 0, and f(x) 

is never zero for real x. 

f(x) =x2+ px?taxtr, f(x) = 3x? + 2px +q. The critical points are the 
solutions of f’(x) = 0. They give 3x = —p+,/p? — 3q. For p* < 3g, there are no 

critical points, that is, f(x) is monotonically increasing and cannot have three real 

zeros. To have three real zeros, p? > 3q is a necessary condition, but by no means 

a sufficient one. 
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Let a, = k*? —k +41 fork = 1,...,40. Let A = a - a)---aao. Then for k = 

eee Osweshave 

f(A+K =(A+k? —(A+k) +41 = A? + (2k —-DA+ Q. 

Since a;,|A, it follows that A is composite. This can be generalized to any quadratic 

polynomial f(n) = an? + bn +c. Let x = f(1)--: f(k). Then f(x +i) = ax? + 
2aix +bx + f(i), and f(i)| f(x +i) fori = 1,...k. The sequence of k consecutive 

valuesisx+1,...,x +k. 

With t = x> we get f(x) = t(t + 1)¢ + 2)(¢ + 3) = (0? + 304)? + 3t +2) = 

uu +2)=(¢t+1P -1= (2 +3t4+ 1? —1 = (6° +3x3 +1) —1 > —1. We 
have fin = —1 for the real roots of x° + 3x? += 0: 

For x = 0, we get f(0) = 0. If f(n) = 0, then f(z + 1) = O since (x + 1) f(m) = 

(n + 2) f(n + 1). Thus f(n) has infinitely many zeros, i.e., f(x) = 0. 

(Ltxte--+x"P —x" = (L4+x4---+2™1)(Ltxt---4+2x"1). 

Hint: Of the two integers —a and 1 — a, exactly one is even. If f(a) = 0, then 

f(x) = (x — a)g(x). But f(0) = —ag(a), and f(1) = (1 — a)g(a). Both f(O) and 

fC) cannot be odd. 

Let P be the given polynomial and Q the polynomial to be found. Then Q(x?) = 

(x3 — x3)(x3 — x3)? — x3) = P(x)P(@x) P(x) because of x? — x3 = (x — 
X1)(@x — x;)(@*x — x;), @*? = 1. The calculation is simplified by means of the 

identity 

(utv+twiutov+tow\uto’v+ow) =ur+v +w? — 3uvw. 

Second solution. By brute force. P(x) = x3 +ax?+bx+c = (x—x1)(x —x2)(x — x3), 
SGV Se 5p) a v3 = —a, X1X2 + X2X3 + X3X1 = b, X1X2X%3 = —C, O(x) = Ge = Ax? = 

Bx+C = (x — x})(x — x3)(x — x3), A= —(xf +43 +3), B= xpxp tr3x3+ 
x3x3, C = —(x1x2%3)? = c?, (41 +X. + ¥3)? = xf +3 +33 + 301 + 224+ 
X3)(X1Xq + X2x3 + .X3.%1) — 3x1x2%3, —a? = —A —3ab+3c > A =a? —3ab+ 3c, 

b> — (Xx) x2 + X9x3 ++ 3X1) = B+ 3bca — 3c? = eS 3abc + 3c?, 

O(x) = x3 + (a3 — 3ab + 3c)x? + (b3 — 3abe + 3c*)x +.c3. 

f(x) = 0is a solution. Now let f(x) # 0. By comparing coefficients of both sides, 

we conclude that both the leading coefficient and f(0) are equal to 1. f(0) = 1 is 

the product of all zeros. Let a be a zero. Then 2a? + @ is also a zero. The triangle 

inequality implies || > 1 > |2a7 +a|? > |2a3|—|a| > |a| > 1 Thus, we get 
infinitely many zeros by means of a; = @, Qy41 = 202 +a,.Contradiction! But the 

product of all zeros is 1. So all zeros have absolute value 1. Let |a| = 1. Then also 

|2a3 + | = Jor||2o? + 1] = |2a? + 1| = 1, that is, 1 = |2~? + 1] > |2a?} —1 = 1. 

Hence, a? = —1. We conclude that f(x) = (1 + x7)", 

Let (x —a;)---(x—a,)—1 = f(x)g(x), where f(x), g(x) are polynomials with in- 

tegral coefficients. Then f(a;) = —g(a;) = +1 fori = 1,...,n. If the polynomials 

f, g and hence also f(x) + g(x) would be of degree < n — 1, then f(x) + g(x) = 0, 

since it has n zeros. Hence, we would have (x — a;)---(x — a,) — 1 = —[f(x)f’. 

This is a contradiction since the coefficient of x” on the left is 1, on the right < 0. 

(a) f(z) =0 > f(z’) = 0, f[(z — 1)*] = 0. The set of zeros of f is finite and 
closed with respect to the map z +> z”. Hence z lies in O or on the unit circle. Closure 
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with respect to the map z +> (z — 1)? confines the possible zeros to 0, 1, that is, 

f(x) = ax™(x — 1)". Plugging this into the functional equation yields ax?” (x? — 

1)” + ax™(x — 1)"a(e + 1)"x” = 0. 

First case: a = 0, that is, f(x) = 0. 

Second case:a #0 => x"(x + 1)" +ax"a~+ 1)" =0> 1+ axa 4+ 1)"" = 

DS) Si, he Ss fC) Ss SiGe = i, To Oe Pees. 

(b) In a similar way, one proves f(x) = 0 and f(x) = —@* +x+4+1)", n>O0. 

We require that x?+y?+z?+kxyz = (x+y+z) f(x, y, z). Wesetz = —x—y and get 

x+y? +2>—3kxyz = x? +y>—(x+y)—kxy(x+y), or —3x? y—3xy? —kaxy(x+y) = 
—3xy(x + y) — kxy(x + y), or —xy(x + y)(3 +k) = 0. Hence, k = —3. 

No solution. 

The equation x? + x?y + xy? + y> = 8(x?+xy+ y?+1) is symmetric in x, y. Thus 
it can be replaced by the elementary symmetric functions vu = x + y, and v = xy. 

We get (x? + y?)(x + y) = 8[(@ + y)? —xy +1], or uv? — 2v) = 8? —v + I), 
or u? — 2uv = 8u* — 8v + 8. Here u = 2t. Thus 82? — 4tv = 3277 —-80+8 > 
2r3 — tv = 8r? — 2v + 2. After solving for v and polynomial division, we get 

U2 — At 8 — 18/(F = 2): 

There are only 12 values of t, which yield integer v, and of these only two values 

give integer (x, y): (8, 2), (2, 8). 

We prove the statement by contradiction. Suppose there are two polynomials with 

integral coefficients, such that f(x) = g(x)h(x), where g(x) and h(x) have degrees 

greater than one. Let 

f(x) = ay tax +--+ +a,_1x""! + a,x", 

G5) Saye lee poco sala TAC = Cy ar Glee ap OO ene eee 

We may assume that |bo| = 3. Then |co| = 1, ie., it is not divisible by 3. Let i be 

the smallest number such that 5; is not divisible by 3. Then 

Op =O Gp aC ap DrRED ae? 2) 

is not divisible by 3. Looking at f(x), we see that i > n — 1. Hence, the degree of 

the polynomial h(x) is not larger than 1. Contradiction! 

Thus, h(x) = x £1, and h(x) has roots 1 or —1. The polynomial f(x) will have the 

same roots. But f(1) = 9, and f(—1) = (-1)”? + 5(-1)""'+3=41. 

No solution. 

No solution. 

Instead of $a? + 2b” we consider the maximum of 5 (3a + 2b”) = 4a? + 3b’. We 
use the following obvious lemma: 

jul<1, |v) <1 > |u—-v| <2. (1) 

There is equality iff u = 1, v = —l oru = —1, v = 1. We apply the inequality 

(1) to the function | f(x)| < 1 for x = 1 and x = 0 and get 2 > |f(1) — f()| = 

la+b+c—c|=|a+b)|. We get 

(a+by <4. (2) 
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For x = —1 and x = 0, we get: 2 > | f(—1) — f()| = |a —b+ec—c|=|a—D|. 

Hence, 

(a—by <4. (3) 

From (2) and (3) we get 4a? + 3b? = 2(a +b)’ + 2(a — b)’ — b? < 16. We have 

equality if b = 0, and therefore |a + b| = |a — b| = |a| = 2. Then |f(1) — 

f(O)| = \(a+c) —c)| = |a| = 2. From (1) we get |c| = 1 and |a+c| = 1. 

Hence, we have either c = 1,a = —2,b =Oorc = —-l,a=2,b=0.In 

these two cases 0 < |x] < 1 > 0 < x? < 1, —1 < 2x? -1 < 1. Hence, 
|2x? — 1] =| —2x?4 1] = Jax? + bx + c| < 1. Thus, 

8 2 2 2 2 2 2 2 = =< - .16= 102. (52 + 2b ) ge abe ; 

Setting a = b = c in (ii), we get P(2a, a) = 0 for all a, that is, 

P(x, y) = (x —2y)Q(Q, y), (1) 

where Q is homogeneous of degree n — 1. Since P(1, 0) = Q(1, 0) = 1, condition 

(ii) with b = c says P(2b, a) + 2P(a + b, b) = 0. From (1) we get 

(2b — 2a)Q(2b, a) + 2(a — b)O(a +b, b) = 2(a — b) [O(a +b, b) — O(2b, a)}. 

Hence, 

Q(a+b,b) = Q(2b,a) whenevera F b. (2) 

But (2) holds also for a = b. Witha ++ b = x, b = y, a = x — y, (2) becomes 

Q(x, y) = Q(2y, x — y). Applying this functional equation repeatedly, we get 

O(x, y) = Q2y, x—y) = Q(2x —2y, 3y—x) = O(6y—2x, 3x—Sy) =---, (3) 

where the sum of the arguments is always x + y. Each member of (3) has the form 

O(x, y) = Q(x + d, y — d) with 

C= 092 2 OY eee (4) 

These values of d are all distinct if x  y. For any fixed values x, y, the equation 

O(x +d, y—d)— Q(x, y) = 0isa polynomial of degree n — 1 ind, andif x 4 2y, 

it has infinitely many solutions, some of which are given by (4). Hence, for x 4 2y 

the equation O(x + d, y — d) = Q(x, y) holds for all d. By continuity it also holds 

for x = 2y, that is, Q(x, y) is a function of the single variable x + y. Since it is 

homogeneous of degree n — 1, we have Q(x, y) = c(x + y)""!, where c is a constant. 

Since Q(1, 0) = 1, we have c = 1, and hence 

P(x, y) =(@— 2y)@+ yy: 

We set x(t) = 2 cos ¢t. This function maps 0 < t < z into 2 > x > —2. With the 

duplication formula for the cosine, we get 

P(x) = P,(2 cos t) = 4cos?t — 2 = 2 cos 21, 

P(x) = P,(P,(x)) = 4cos* 2t — 2 = 2cos 4t,..., P,(x) =2cos 2"t. 

The equation P,,(x) = x is transformed into 2 cos 2”t = 2cos t with solutions 

2°t =tt+ 2k, k =0, 1,...,ie., the following 2” values of t 

__ 2ka PeeWee 2k 

one ~ Qn+ 

give 2” real distinct values of x = 2 cos ¢ satisfying the equation P,(x) = x. 
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Proof.a+b+c>0@14+2+4¢ = 0 (l— x) — x) = 0. 

b G 
a—b+c>08$1-—--4+-—20614%, +4. 4+ x) x2 

a a 

>06 (1+ x,)(1 + x2) > 0, 

f+ ee Oe oe 0S = ais =O: 
a 

Let 5; = (1 — x;)(1 — x2), sp = (14+ %1)(1 + x2), 53 = 1 — x1x2. Obviously we 

have ] 

calls il ire a1, 2es SO toes il, 

We will show the inverse. Because of the symmetry in x; and xp, it is sufficient to 

consider the cases x; > 1 and x, < —1. 

aS ally oy <= 1 Ky — Os 59) S> il sh & Lease =O, 

x) <-l,x%>-lss; <0, x, <-l,xw»>-lss <0. 

Let z be a zero of f. Then z’ also is a zero. If |z| > 1, there are infinitely many zeros, 

which is impossible for polynomials. If 0 < |z| < 1 there will also be infinitely 

many zeros. So all zeros must lie in O or on the unit circle. 

Let us find some such polynomials. 

(a) Constant polynomials: f(x) = 0, and f(x) = 1. 

(b) Linear polynomials: f(x) = b+ ax, a # O. Putting this into the functional 

equation, we get (b + ax)(b — ax) = b + ax* or ax* +b = —a’?x? + b’. Since 

a # 0, we have a = —1. b* = b implies b = 0 or b = 1. Thus we have two linear 

polynomial solutions, f(x) = —x and f(x) =1-—x. 

(c) Quadratic polynomials: f(x) = ax? + bx +c, a #0. We get 

Ff@)f(-x) = (ax* + bx +.c)(ax? — bx +c) = a*x* + (Qac — b’)x* +c’. 

Comparing with f(x?) = ax* + bx? +c we get a* =a, 2ac — b? = b, andc? =c. 
Since a # 0, we have the unique solution a = 1. For c? = c, we have two solutions 

c = 0 and c = 1. For each of these values of c, we have two values for b. For c = 0 

we get b = 0 and b = —1. Forc = 1, we get b = 1 and b = —2. Thus we have four 

candidates: 

f(x)=x?, f(x) =x? —-x, fx) =x? -2x41=0-1Y, f@ =x? 4x41. 

We rewrite the second and third function in the form f(x) = —x(1 — x) and f(x) = 

(1 — x)*. Now we can write a very general solution 

f(x) =(-xyPA— x @?+x4+D", p,q, re Z. 

Since f(—x) = x?(1 + x)4(x? — x + 1)’, we have 

f(x?) = (—x?)P(L — x7) (x4 +27 + 1, 

so that f(x) f(—x) = f(x’). Are these all polynomial solutions? Note that we also 

have some rational solutions. Indeed, p, g, r could also be negative. 
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We use the following lemma: m,n € Z,m #4 n => m—n|\|f(m) — f(n). For 

méeZ,m#k,k+1,k+2, 

fim) — fk), fim)—fR+1, fon) > fk +2) (1) 

are divisible by m — k, m — (k + 1), m — (k + 2), respectively. These are three 

successive integers. Thus one of these is divisible by 3. Hence one of the integers 

(1) is divisible by 3, that is, 3| f(m). 

Since all coefficients of P(x) are nonnegative, none of its roots x;,..., X, are positive, 

Thus, P(x) has the form P(x) = (x + y;)---(« + yz), where y, = —x; > 0,7 = 

[eneaialaences 

Oe y= 1-0 ya 3 ly = 35), P= 1... 

Since y, y2--- y, = 1, by Vieta’s theorem we get 

P(2)= (2+ y1)-+(2+ In) =H IN = 3". 

Suppose the given polynomial f(x) can be represented as a product of two polyno- 

mials over Z of degree less than 105: f(x) = g(x)h(x), and let Bi, Bo,..., By be 

the complex roots of h(x). By Vieta’s theorem, their product is an integer, and hence 

IP --Bel = (9) €N, 
which is impossible for k < 105. Thus the answer is No! 

Suppose there is a representation in the form f(x) = (x — b)- g(x). Then f(b) = 0 

and hence b° — b = —a. Since 5 is a prime, by Fermat’s theorem, b> —b = 0 mod 5, 

Thus, a is divisible by 5. Contradiction! 

Now suppose that there is a representation in the form f(x) = (x* — bx —c)+ h(x), 

Dividing x° — x +a by x” — bx —c, we get the remainder (b* + 3b*c + c? — 1)x + 
(b>c + 2bc? + a). This must be the zero polynomial. Hence b+ + 3b*c +c? —1=0 
and b°c + 2bc? +a = 0. This implies b(b* + 3b*c +c? — 1) —3(b°c + 2bc? +a) = 0, 

Expanding and collecting terms, we get b> —b—5bc* = 3a. The left side is a multiple 
of 5. Hence 5|3a, or 5|a. Contradiction! 

The equation is reciprocal. So we set y = x + and get ay + b = 2 — y’, The CS 

inequality yields 

(2—y’*? =(ayt+b-1P <@+Bb’*)y? +d, 
LO ARG, 

abe a = a = FQ), 

where z = y” and z > 4. Since f(z) is monotonically increasing if z > 2, we get 

a’ +b? > f(4) = ¢. Equality holds, for example, if y = ¢ and z = y? = 4, and 
thus we have, for example, a = —, b = —2, and the original equation has a root 
alle 

Suppose that each of P(x), Q(x), R(x) has two roots. Then b* > 4ac, a2 > 4bc, 

c? > 4ab. Multiplying the inequalities, we get a?b?c? > 64a?b?c?. Contradiction! 

a’ +ab+b? > 3(a+b — 1) is equivalent to a* + (b — 3)a — b? —3b +3 > 0. The 
LHS p(a) of the second inequality is a quadratic polynomial in a with discriminant 

D = —3(b — 1)? < 0. This is exactly the condition for P(a) = 0. 
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This problem looks hopeless. Since it cannot be hopeless, it must be trivial, that is, 

it splits into a straight line and a conic or into three linear factors. We start with 

the simpler case of three linear factors. Then one of the lines must pass through the 

origin, that is, one of the factors must be x — 2y = 0. Replacing x by 2y, in the 

original equation we get an identity. Hence x — 2y is a factor of the equation. We 

get the other factor 4x? + 12xy — 12 + 9y? — 18y +5 = 0 dividing by x — 2y. We 

transform it into the form 

(2x + 3yy —6(2x +3y)+5=0 — > (2x4 3y —5)(2x +3y —1) =0. 

From (x — 2y)(2x + 3y — 5)(2x + 3y — 1) = 0, by inspection we get the solution 

set consisting of the pair (1, 1) and the infinitely many pairs (2n,n), n € N. 

This is a quadratic equation in the variable x. To have any real solutions, its discrim- 

inant D must be nonnegative. We write this quadratic in standard form and compute 

its discriminant D: 

8x? + (4y* + 4y — 40)x + y* — lly? — 8y +52 =0, 

D = 16(y” + y — 10)? — 32(y* — 1ly? — 8y +52) = —16(y? — y — 2). 

We must have D = 0 or y? — y — 2 = 0 with two solutions y; = 2 and y, = —1. 

From x = —(y? + y — 10)/4, we get x; = —1 and x, = —5/2. 

The following factorization (which is not unique) is the most natural one: 

x8 + 98x44 1 = (x4 + 1)? + 96x* 

= (x* + 1)? + 16x2(x* + 1) + 64x4 — 16x?(x* + 1) + 32x4 

et ee ty 6 2 SN) 

= (x* + 8x? + 1)* — (4x? — 4x)’ 

= (x* — 4x3 4+ 8x? + 4x + 1)(x* + 4x? + 8x? — 4x +1). 

We observe that p(z) — p(x) is divisible by z — x. Take a z such that z — x is divisible 

by p(x), for example, z = q(x) = x + p(x). Thus p[q(x)] is divisible by p(x). Since 

the degree of p[g(x)] is greater than that of p(x), the second factor is not constant. 

No solution. 
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Functional Equations 

Equations for unknown functions are called functional equations. We dealt with 

these already in the chapters on sequences and polynomials. Sequences and poly- 

nomials are just special functions. 

Here are five examples of functional equations of a single variable: 

f@=f(-x), fe=—-f(-x), fof@)=x, fa =f (%); 
f(x) =coséf (%), fO=1, f continuous. 

The first three properties characterize even functions, odd functions, and involu- 

tions, respectively. Many functions have the fourth property. On the other hand, 

the last condition makes the solution unique. 

Here are examples of famous functional equations in two variables: 

faty=fa)+f), Fa+tW=fO)FO), fay) = fx) + fy), 

and f(xy) = f(x) f(). These are Cauchy’s functional equations. 

fF®)= £0+S0) This is Jensen’s functional equation. 

fxty)+ f(@ — y)=2f(«) f(y). This is d’Alambert’s functional equation. 

sx+y)=sa)fiy)+ fae), faty) = fHOFO)— s@)sQ), 

gx —y)=sa)f(y)— sf), fe —y) = F@&)FO) + s@)aQy). 

The last four functional equations are the addition theorems for the trigonometric 

functions f(x) = cos x and g(x) = sin x. 

Usually a functional equation has many solutions, and it is quite difficult to 

find all of them. On the other hand it is often easy to find all solutions with 
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some additional properties, for example, all continuous, monotonic, bounded, or 

differentiable solutions. 
Without additional assumptions, it may be possible to find only certain properties 

of the functions. We give some examples: 

E1. First we consider the equation 

f(xy) = f@) + fy). (1) 

One solution is easy to guess: f(x) = 0 for all x. This is the only solution which 

is defined for x = 0. If x = 0 belongs to the domain of f, then we can set y = 0 

in (1), and we get f(0) = f(x) + f(O), implying f(x) = 0 for all x. Let x = 1 be 

in the domain of f. With x = y = 1, we get f(1) = 2f (1), or 

Fy =0: (2) 

If both 1 and —1 belong to the domain, then f is an even function, i.e., f(—x) = 

J (x) for all x. To prove this, we set x = y = —1 in (1), and because of (2), we get 

fy = 27H 1i=0 = Fel) — 0. 

Setting y = —1 in (1), we get f(—x) = f(x) + f(), or 

f(—x) = f(x) for all x. 

Assume that f is differentiable for x > 0. We keep y fixed and differentiate for 

x. Then we get yf’(xy) = f’(x). For x = 1, one gets yf’(y) = f’(1). Change of 

notation leads to f’(x) = f’(1)/x, or 

t 
Fi Cae [ fo) d= tl) ins. 

1 

If the function is also defined for x < 0, then we have f(x) = f’(1) In |x|. 

E2. A famous classical functional equation is 

fe +y) = f@)+ Ff). (1) 

First, we try to get out of (1) as much information as possible without any additional 

assumptions. y = 0 yields f(x) = f(x) + f(0), that is, 

Jf O) =0. (2) 

For y = —x, we getO = f(x) + f(—x), or 

f(—x) = — f(x). (3) 

Now we can confine our attention to x > 0. For y = x, we get f(2x) = 2f(x), 

and by induction, 

f(nx) =nf(x) foralln EN. (4) 
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For rational x = ™, that is,n -x = m - 1, by (4) we get f(n- x) = f(m- 1), 

nf (x) = mf (1), and 
f(x) = =aity (5) 

If we set f(1) = c, then, from (2), (3), (5), we get f(x) = cx for rational x. That 

is all we can get without additional assumptions. 

(a) Suppose f is continuous. If x is irrational, then we choose a rational sequence 

X, With limit x. Because of the continuity of f, we have 

f(x) = lim f(@,) = lim cx, = cx. 

Then we have f(x) = cx for all x. 

(b) Let f be monotonically increasing. If x is irrational, then we choose an in- 

creasing and a decreasing sequence r, and R,, of rational numbers, which converge 

toward x. Then we have 

Oy = Te) SIG) STR) = CR: 

For n — oo, both cr, and cR, converge to cx. Thus f(x) = cx for all x. 

(c) Let f be bounded on [a, b], that is, 

|f(x)| < M_ forall x € [a, 5]. 

We show that f is also bounded on [0, b — a]. If x € [0, b — a], then 

x +a € [a,b]. From f(x) = f(x +a) — f(@), we get 

Li) el Me 

If we set b — a = d, then f is bounded on [0, d]. Letc = f(d)/d and g(x) = 

F(x) — cx. Then 

g(x + y) = g(x) + gy). 

Furthermore, we have g(d) = f(d) — cd = 0 and 

g(x +d) = g(x) + g(d) = g(x), 

that is, g is periodic with period d. As the difference of two bounded functions, 

g is also bounded on [0, d]. From the periodicity, it follows that g is bounded on 

the whole number line. Suppose there is an xo, so that g(xo) # 0. Then g(nxo) = 

ng(xo). By choosing n sufficiently large, we can make |ng(xo)| as large as we want. 

This contradicts the boundedness of g. Hence, g(x) = 0 for all x, that is, 

nix) ex- for ally: 

In 1905 G. Hamel discovered “wild” functions that are nowhere bounded and also 

satisfy the functional equation f(x + y) = f(x)+ f(y). We are looking for “tame” 
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solutions. If we succeed in finding a solution for all rationals, then we can extend 

them to reals by continuity or monotonicity, etc. 

E3. Another classical equation is 

fa +y) = f@FO). (1) 

If there is an a such that f(a) = 0, then f(x +a) = f(x) f(a) = 0 for all x, 

that is, f is identically zero. For all other solutions, f(x) # 0 everywhere. For 

xX = y= 1/2,,Wwe get 

t 

(Oh (5) > 0. 
Z 

The solutions we are looking for are everywhere positive. For y = 0, we get 

£4) =-£@) 7 O) from (1),,that is, 7 (0).=1. Bota =-y..we get (2x) = Haat): 

and by induction 

flix) = fe): (2) 

Let x = 7 (m,n € N), that is,n - x = m- 1. Applying (2), we get f(nx) = 

f(m-1)=> f(x) = f"™() => f(x) = f* (1). If we set f(1) = a, then 

(2-08 
that is, f(x) = a” for rational x. With a weak additional assumption (continuity, 

monotonicity, boundedness), as in E2, we can show that 

ViKy= a “Or all x: 

The following procedure is simpler: Since f(x) > 0 for all x, we can take loga- 

rithms in (1): 

Inof(x + y) =Inof(x)+Inof(y). 

Let Inof = g. Then g(x + y) = g(x) + g(y) > g(x) = cx = Inof(x) = cx, 
and 

fa) =e. 

E4. We treat the following equation more generally: 

Fxy) = fF) + fly), x, y>O0. (1) 

We set x =e”, y=e", f(e") = g(u). Then (1) is transformed into g(u + v) = 

g(u) + g(v) with solution g(u) = cu, and f(x) = c In x, as in E1, where we used 

differentiability. 

ES. Next we consider the last Cauchy equation 

fy) = f(x) FO). (1) 
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We assume x > 0 and y > 0. Then we set x = e“, y =e”, f(e”) = g(u) and get 

g(u + v) = g(u) + g(v) with the solution g(u) = e“ = (e”)° = x°. 

[Oz x 

and with the trivial solution f(x) = 0 for all x. 

If we require (1) for allx 40, y 40, thenx = y =t andx = y = -+ give 

i Oe F (1) fC) 

f@=t (or0), 
fe Cet 

In this case the general continuous solutions are 

jen| 

(a) f@=lxl, ©) f@)=sgnx-|xl*, (c) f(x) =0. 

E6. Now we come to Jensen’s functional equation 

(=) 2 SRO Fo) 
D tz v1 

(1) 

We set f(0) = a and y = Oand get f (3) = S*. Then 

fO)AIOD =5() eI Gaye 
2 = OF 2 

f(x ty) = f(x) + fy) -a. 

With g(x) = f(x) — a, we get g(x + y) = g(x) + 8(y), 8(*) = cx, and 

Le) CNet 

E7. Now we come to our last and most complicated example 

fete fae—y) =Vfi ofl): (1) 

We want to find the continuous solutions of (1). First we eliminate the trivial 

solution f(x) = 0 for all x. Now 

y=0> 2f(@) =2f(%)fO) => fO) =1, 

x=0> fOo)+ fCy) =2fOFO) => f(-y) = FO), 

that is, f is an even function. For x = ny, we get 

fla+ Dy] =2f~) fay) — fl@— Dy). (2) 
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For y = x, we get f(2x) + f(0) = 2f7(x). From this we conclude with t = 2x 

that F(t) +1 

AG ae es 
(2) and (3) are satisfied by the functions cos and cosh. Since f(0) = 1 and f 

is continuous, we have f(x) > 0 in [—a, a] for sufficiently small a > 0. Thus, 

fla) > 0. 

(a) First case. 0 < f(a) < 1. Then there will be ac from 0 < c < 4, so that 

f(a) = cos c. We show that, for any number of the form x = (n/2”)a, 

f(x) = cos op (4) 

For x = a, this is valid by definition of c. Because of (3), for x = a/2, 

(hoe Se 2¢ 

P(G)= ca. < es 

Because of f(a/2) > 0, cos 5 > 0, we conclude that 

is (5) = COS = (5) 

Suppose (5) is valid for x = a/2”. Then (3) implies 

a i ideg all c 
Sel eres) Spa a 

or 

Gy = (0s ast 

that is, f (a/2”) = cos(c/2”) for every natural number m. Because of (2) for 

s(Ze)=r 2.2) =2r(S) sr (g5s)-2 (2) 
Gi G Cc 3 

= 2cos — cos ——— — cos — = cos —c. 
Qm Qm-l Qm Qm 

Since (4) is valid for x = [(n — 1)/2”]a and x = (n/2”)a, we conclude from (2) 

for x = [(n — 1)/2™]a and x = (n/2™)a, that 

n+1 n+1 
ta @.) =/cos = ce 

Qm 

Hence, we have 

( oa n f 7 
ya sa 2) = C08 orst,y ne {O11 4253) %. .}. 
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Since f is continuous and even, we have 

Cc 
F(x) =cos —x forall x. 

a 

Second case. If f(a) > 1, then there is ac > 0, so that 

f(a) = coshe. 

One can show exactly as in the first case that 

c 
f(x) =cosh—x forall x. 

a 

Thus, the functional equation (1) has the following continuous solutions: 

7 =r LC) COS DX anny a= COSIO Yr: 

This list also contains f(x) = 1 for b = 0. 

(b) We want to find all differentiable solutions of (1). Since differentiability is a 

far more powerful property than continuity, it will be quite easy to find all solutions 

of f(x+y)+ f(x —y) =2f(x) f(y). We differentiate twice with respect to each 

variable: 

With respect to x: f’(x + y) + f’a% — y) =2f"(x) f(y). 

Withrespectioy: 7" (x + yf (o— y) = 2f@)f'O). 

From both equations we conclude that 

” cabs " f"(x) B. f’) =_ 1" say 
f'@):- f= f@):- f= FD = FG) =c=> f (x) =cf(x), 

c=-a > f(x) =a cos wx +b sin ox, 

c=a> f(x) =acoshox + bsinhox. 

f(O) = 1 and f(—x) = f(x) result in f(x) = cos wx and f(x) = coshax, 

respectively. 

Problems 

. Find some (all) functions f with the property f(x) = f (3) for allx € R. 

. Find all continuous solutions of f(x + y) = g(x) +hQ). 

. Find all solutions of the functional equation f(x + y)+ f(x — y) =2f(x)cos y. 

. The function f is periodic, if, for fixed a and any x, 

1+ f(x) 

Popa) 

5. Find all polynomials p satisfying p(x + 1) = p(x) +2x +1. 

RW NO 

f(x +ay= 
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. Find all functions f which are defined for all x € R and, for any x, y, satisfy 

xf(y) + yf®) = @ + WF@O)FY): 

. Find all real, not identically vanishing functions f with the property 

fax)f(y) = f@—y) forallx, y. 

8. Find a function f defined for x > 0, so that f(xy) = xf(y) + yf (x). 

14. 

15. 

16. 

7s 

18. 

19. 

20. 

. The rational function f has the property f(x) = f(1/x). Show that f is a rational 

function of x + 1/x. 

Remark. A rational function is the quotient of two polynomials. 

. Find all “tame” solutions of f(x + y)+ f(x — y)=2[f(x~) + fO)I. 

. Find all “tame” solutions of f(x + y) — f( — y) =2f(y). 

. Find all “tame” solutions of f(x + y) + f(x — y) =2f (x). 

. Find all tame solutions of 

SOLO) 
Ae EG ROY: 

Find all tame solutions of f7(x) = f(x + y)f(x — y). Note the similarity to 11. 

Find the function f which satisfies the functional equation 

1 
f@)+f (=) = 52 ioelllsees (0), I. 

—x 

Find all continuous solutions of f(x — y) = f(x) f(y) + g(x)gQ). 

Let f be a real-valued function defined for all real numbers x such that, for some 

positive constant a, the equation 

1 
fara=Z+VF@)— PO) 

holds for all x. 

(a) Prove that the function f is periodic, i.e., there exists a positive number b such 

that f(x + b) = f(x) for all x. 

(b) Fora = 1, give an example of a nonconstant function with the required properties 

(IMO 1968). 

Find all continuous functions satisfying f(x + y) f(x — y) =[f@)fO)P. 

Let f(n) be a function defined on the set of all positive integers and with all its values 

in the same set. Prove that if 

f+) > fIf@] 

for each positive integer n, then f(n) = n for each n (IMO 1977). 

Find all continuous functions in 0 which satisfy the relations 

fx+y=fa)+fo)t+xyat+y), x, yER. 
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Find all functions f defined on the set of positive real numbers which take positive 

real values and satisfy the conditions: 

(i) f(xf(y)] = yf(x) for all positive x, y; 

Gi) f(x) >0 as x—>oco (IMO 1983). 

Find all functions f, defined on the nonnegative real numbers and taking nonnegative 

real values, such that 

G@) fEFOIFO= f@+y) forall x, y = 0; 

Gi) f(2) =9,; 
(ii) f(x) #0 for0<x<2 (IMO 1986). 

Find a function f : Q* » Q*, which satisfies, for all x, y € Qt, the equation 

Ff (xf (y)) = f (&)/x (IMO 1990). 

Find all functions f : Rt R such that 

f[x°+fO]=y+(f@P  forallx, yeR (IMO 1992). 

Does there exist a function f : N + N such that 

f(Q) =2, fifMl=f@Mm-+n, fam) <fa@t+)_ foralln e N (IMO 1993)? 

Find all continuous functions f : R +> Ry, which transform three terms of the 

arithmetic progression x, x + y, x + 2y into corresponding terms f(x), f(x + 

y), f(x + 2y) of a geometric progression, that is, 

[f(x +y)P = f(x): fe + 2y). 

Find all continuous functions f satisfying f(x + y) = f(x) + fo) + f@ fo). 

Guess a simple function f satisfying f?(x) =1+xf(x + 1). 

Find all continuous functions which transform three terms of an arithmetic progres- 

sion into three terms of an arithmetic progression. 

Find all continuous functions f satisfying 3 f(2x + 1) = f(x)+5x.- 

Which function is characterized by the equation x f(x) + 2xf(—x) = —1? 

Find the class of continuous functions satisfying f(x + y) = f(x) + f(y) + xy. 

Let a 4 +1. Solve f (x/(x — 1)) = af (x) + &(x), where (x) is a given function, 

which is defined for x ¥ 1. 

The function f is defined on the set of positive integers as follows: 

fM=1, fGB)=3, fen) = fm), 
f(4n+1)=2fQn+1)— fm), f(4n+3)=3f(2n+1)—-2f(). 

Find all values of n with f(n) =n and 1 <n < 1988 (IMO 1988). 
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35. A function f is defined on the set of rational numbers as follows: 

= zs _ | f(2x)/4 for Ol<exve< 7 

TO ee delat fe = | 34 f(2x-1)/4 for} <x <1. 

Let a = 0.b;b2b3 - - - be the binary representation of a. Find f(a). 

36. Find all polynomials over C satisfying f(x) f(—x) = FG’). 

37. The strictly increasing function f(n) is defined on the positive integers and it assumes 

positive integral values for all > 1. In addition, it satisfies the condition f[ f(n)] = 

3 -n. Find f (1994) (IIM 1994). 

38. (a) The function f(x) is defined for all x > 0 and satisfies the conditions 

(1) f(x) is strictly increasing on (0, +00), 

(2) f(x) > —1/x for x > 0, 

(CG) iC) eaha Gora lt/2e) —sietorallers 0: 

Find f(1). 

(b) Give an example of a function f(x) which satisfies (a). 

39. Find all sequences f(n) of positive integers satisfying 

FIFLF@ON + FLF@)] + Ff) = 3n. 

40. Find all functions f : No > No, such that 

fim+ f@]= flf@))]+ ft) forallm,n eNo (MMO 1996). 

Solutions 

1. Any constant function has the required property. Another example is the function f 

defined by f(x) = |x|/x, x 40. For 0, one can define f arbitrarily. 

There are infinitely many solutions. One can get all solutions as follows: Take any 

interval of the form [a, 2a]. For instance, let us take [1, 2]. Define f in this interval, 

arbitrarily, except f(1) = f(2). Then f is defined for all real x > 0. Take the 

graph of f in [1, 2], and stretch it horizontally by the factor 2” (n an integer). Then 

you get the graph of f in the interval [2”, 2”*']. We can define f(0) as we please. 

For negative x we can again choose an interval [b, 2b], b < 0, define f in this 

interval arbitrarily except f(b) = f(2b), and extend the definition to all negative x 

by stretching it. 

2. This equation can be reduced to Cauchy’s equation. Set y = 0, h(0) = b. You get 

f(x) = g(x) +b, g(x) = f(x) —b. 

For x = 0, g(0) = a we get f(y) = a+h(y), h(y) = f(y) -— a. Thus, 

f(x +y)= f(x) + f(y) —a—b. So with fo(z) = f(z) — a — b, we have 

fox + y) = folx) + foly), 

Nemo) = exeand 

f@)=H=cx+at+b, g(x) =cx+a, h(x) =—cr+b. 
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. For y = 1/2, the right side disappears. We substitute x = 0, y = t,x = Ete 
y=5,x=F,y= 5 +1, and we get 

? 

f()+f(-t)=2acost, f(r+t)h+f(=0, f(r+t)+f(—-t) = —2bsin t, 

where a = f(0), b = f (4). Hence, Le, 
2 

f(t) =a cost+b sint. 

. We find that f(x + 2a) = —1/f(x), ie., f(x + 4a) = f(x). Thus 4a is a period 

of if. 

. We can guess the solution p(x) = x. Is it the only one? A standard method for 

answering this question is to introduce the difference f(x) = p(x) — x”. The given 

functional equation becomes f(x + 1) = f(x). So f(x) = c, a constant. Thus 

p(x) = x* +c. We must check if this solution satisfies the original equation, which 

is indeed the case. 

-yH=xs> f(x) = f(x) > fF) (f(@) — 1) = 0 for all x. Continuous solutions 

are f(x) =0, f(x) = 1. There are many more discontinuous solutions. On any 

subset A of R, set f(x) = 0.On R\ A, set f(x) = 1. But there is a restriction, which 

we find by setting y = —x. It shows that f(—x) = f(x) for all x, ie., f is an even 

function. 

. y=0=> f(x) fO) = f(x) for all x. Since f is not identically vanishing, we must 

have f(0) = 1. y =x => f(x) f(x) = 1 for all x. We get two continuous functions 

f(x) = 1 and f(x) = —1. There are many discontinuous functions, e.g., f(x) = 1 

on any subset A of R, and f(x) = —lonR\ A. 

. Let g(x) = (f(@))/x. Then we get the Cauchy equation g(xy) = g(x) + g(y) with 

the solution g(x) = c In x. This implies f(x) = cx In x. 

. Suppose 
x* (agx” + ayx""|! +--+ +a,) fQx)= wa 
XE(Dox™ + ++ Dy) 

where ao, bo, An, Dm are not zero. Using the relation f(x) = f(1/x), we get 

’ 

Be age che et GG) abaok a a a = 1 
(Bn x™ + +++ + bo) box™ +++ + Dm (1) 

From here we get m — n = 2(k — 1), where m and n have the same parity. From (1) 

we conclude that 

P(x) = Dmx” + +++ + dy = box” +-+- + dm 

and 

Pr) SG," do = Gok” + +++ + an, 

CMG gt— Gy Gay — On Oy, eters ence, (x) and, (x) are 

reciprocal polynomials, which can be represented as follows: For even n: n = 2r, 

then Po,(x) = x”"g,(z), where z = x + 1/x and g(z) is a polynomial of degree r. If n 

is odd: n = 2r + 1, then Po,4,(x) = (« + 1)x7h,(z), where z = x + 1/x, and h,(z) 

is a polynomial of degree r. 

Furthermore, there are two possibilities: 
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Qimn=2s—ni— iether 

_ xtxte (2) g(2) 
Ai STE TOT 

(b) m= 2s +1, n = 2r+1. Then 

(x + 1)x*"er(z) _ g(z) 
(x + 1)x't8h.(z) hz) 

f(x) = 

. For y = 0; we get 2f@) = 2f() + 27), or fO) = 0. For x = y, we have 

f(2x) = 4f(x). We prove by induction that f(nx) = n? f (x) for all x. Now let 

x = p/q.Then gx = p-1, f(qr) = f(p- 4° f(x) = Pp’ f (1). With f(1) = a, we 
get f(x) = ax’ for all rational x. By continuity we can extend this to all continuous 

functions. By putting f(x) = ax? into the original equation, we see that it is indeed 

satisfied. 

Korey pweeset fs) — filer) == 92,70), on fe — OS Bory — x. wer cet 

f(2x) = 2f(x) for all x. By induction we prove that f(nx) = nf (x). Now let 

x = p/q orgx = p-1.Then f(qx) = f(p-1) => gf (x) = pf) > f() = fx 
for all rational x. By continuity this can be extended to all real x. Putting f(x) = ax 

into the functional equation, we see that it is the solution. 

We want to solve the functional equation f(x + y) + f(x — y) = 2f(x).y =x 

yields f(2x) + f(O) = 2f(x), or fx) = 2f(x) +b with b = —f(0). Now 

f(2x+x)+ f@x —x) =2f (x) yields fGx)+ f(x) = 2 2f(x) + d), or f 3x) = 

3 f (x)+2b. We guess f(nx) = nf (x)+(n—1)b, and we prove this by induction. Now 

letx = p/q qx = p-\1 with p, q € N. Then f(qx) = f(p- 1), orgf®)+q- 

1)b = pf(1)+(p— 1b, or f(x) = fU)x+@—1)b, or f(x) = [f(0) + FC) x—5. 
With f(0) + f(1) = a and f(O) = b, we finally get f(x) = ax + b. A check shows 

that this is indeed a solution. 

Setting g(x) = 1/f(x), we get Cauchy’s equation g(x + y) = g(x) + g(y) with the 

solution g(x) = cx. Thus f(x) = 1/cx is the general continuous solution. 

Taking logarithms on both sides, we get 2g¢(x) = g(x + y) + g(x — y). Here g(x) = 

In o f(x), that is, g(x) = ax + b. Thus f(x) = e**?, or f(x) =rs*. 

We repeatedly replace x ay, /(1 — x) and get 

8 1 8 log’ 
5g NS ee Se 

1 x 

We get the following equations: 

1 1 1 
fo)+ t()=s f(i)+F(1-2)= —, F(1-2) +e 

Eliminating f (=) and f (1 _ =) we get f(x) = ; (1 eye 4 cs 1 ) 

my Gal 

A check shows that this function indeed satisfies the functional equation. 
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Hint: Interchanging x with y, we see that f(—x) = f(x) for all x. Setting y = 0, we 

get f(0)? = f*(x)+ 9°(x).x = y = Oimplies f(0) = f2(0)+ g7(0). y = 0 implies 
f(x) = f(x) f() + g(x)g(0). Now f(0) = 0 would imply g(0) = 0 and f(x) =0 

for all x. Thus, f(0) 4 0. But f(x) [1 — f(O)] = g(x)g(0). Thus, f(0) = 1, and 

hence g(0) = 0. y = —x implies f(2x) = f?(x) + g(x)g(—x). We should get 

if (%) = cos x.and oe (x) —ssinix. 

We have f(x + a) > i, and so f(x) > ; for all x. If we set g(x) = f(x) — ss we 

have g(x) > 0 for all x. The given functional equation now becomes 

1 
Ora ame [g(x))’. 

[g(x +a)? = ; — [g(x)]° for all x, (1) 

Squaring, we get 

and thus also ; 

[g(x + 2a)? = ee [g(x + a)]’. 

These two equations imply [g(x + 2a)]? = [g(x)]’. Since g(x) > 0 for all x, we can 

take square roots to get g(x + 2a) = g(x), or 

FO 2a) ; = f@)- 5, 
and 

f(@ +2a) = f(x) forall x. 

This shows that f(x) is periodic with period 2a. 

(b) To find all solutions, we set h(x) = 4[g(x)]? — 5. Now (1) becomes 

LAGE eG) = SCs). (2) 

Conversely, if h(x) => ; and satisfies (2), then g(x) satisfies (1). An example for 

a = 1 is furnished by the function h(x) = sin? ie 5 which satisfies (2) with 

a = 1. For this h, g(x) = | sin(zx /2)| and 

1 
iat 

wel 
Dex 

5 HE 
sin —x 

2; 

In fact, h(x) can be defined arbitrarily in 0 < x < a subject to the condition 

|h(x)| < 5 and extended to all x by (2). 

To find the solution of f(x — y)f(«+y) = [f(x) f(y)/, we observe that we can 

assume f to be nonnegative. In fact, all we can say about a positive f is also valid 

for anegative f. The three trivial solutions f(x) =0, 1, —1 will be excluded from 

now on. y=0=> f(x? = f(x? fO” > fOr =1> fO)=1. 

x=0=> f(y) f(y) = fo” => fQ) = f(—y). Thus, f is an even function. 

x= y => f(2x) = f(x)‘. By induction we get f(nx) = f(x)”. This can be 

extended to rationals and then reals as in E2. Finally, we get 

f(x) =f)" forall x. 

Another approach introduces g = Inof to get g(x + y)+g(x—y) = 2(g(x) + g(y)). 

This suggests the identity (x +y)’+(x—y)* = 2(x?+y’). Thus we guess g(x) = ax? 
and f(x) = e® It remains to be proved that the guess is unique. 
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f has a unique minimum at n = 1. For, ifn > 1, we have f(n) > f lf (1 — 1)]. By 

the same reasoning, we see that the second smallest value is f(2), etc. Hence, 

FQ) < f@ < fG) <-:: 

Since f(n) > 1 for all n, we also have f(n) > n. Suppose that, for some positive 

integer k, we have f(k) > k. Then f(k) > k+ 1. Since f is increasing, f (f (k)) = 

f(k + 1), contradicting the given inequality. Hence f(n) = n for all n. 

It is easy to guess the solution from this property. The function x?/3 satisfies the 

relationship. So we consider g(x) = f(x) — x?/3. For g we get the functional 

equation g(x + y) = g(x) + g(y). Since g(x) = cx is the only continuous solution 

in 0, we have f(x) = cx + x3/3. 

We show that 1 is in the range of f. For an arbitrary x9 > 0, let yo = 1/f (xo). 

Then (i) yields f [xo f(yo)] = 1, so | is in the range of f. In the same way, we can 

show that any positive real is in the range of f. Hence there is a value y such that 

f(y) = 1. Together with x = 1 in (i), this gives f(1- 1) = f(1) = yf(). Since 
f() > 0 by hypothesis, it follows that y = 1, and f(1) = 1. We set y = x in () 

and get 

fixf@l= icon torallxy = 0! (1) 

Hence, xf (x) is a fixed point of f. If a and b are fixed points of f, thatis, if f(a) =a 

and f(b) = b, then (i) with x =a, y = b implies that f(ab) = ba, so ab is also a 

fixed point of f. Thus the set of fixed points of f is closed under multiplication. In 

particular, if a is a fixed point, all nonnegative integral powers of a are fixed points. 

Since f(x) — 0 for x — oo by (ii), there can be no fixed points > 1. Since xf (x) 

is a fixed point, follows that 

for all x. (2) 
Sle 

xf(x)< 1% f@)< 

Let a = zf(z), so f(a) = a. Now set x = 1/a and y = a in (1) to give 

1 ! ape a f|;f@|=10)=1=af (<). Pelee aes Zh)’ 
This shows that 1/x f(x) is also a fixed point of f for all x > 0. Thus, f(x) > 1/x. 

Together with (2) this implies that 

1 

x 
fx) = (3) 

The function (3) is the only solution satisfying the hypothesis. 

No solution. 

If f(y) = fQ2), the functional equation implies that y, = y2. For y = 1, we get 

7) Fort —ale werset af) for all y € Qt. Applying f to this 

implies that f (1/y) = 1/f(y) for all y € Qt. Finally setting y = f (1/t) yields 
f(xt) = f(x): f@) for all x, t € Q*. 

Conversely, it is easy to see that any f satisfying 

(a) far) =f/@fO, 6) FLF@)]= t/x* forall xe¢-e OT 

solves the functional equation. 
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A function f : Q* +> Q* satisfying (a) can be constructed by defining arbitrarily 

on prime numbers and extending as 

Ff (py py +++ pe’) = LF ev” Lf pa)?» LF el" 

where p; denotes the jth prime andn; € Z. Such a function will satisfy (b) for each 

prime. 

A possible construction is as follows: 

Pj+i if j is odd, 

— if j is even. 
Pj-1 

Extending it as above, we get a function f : Qt % Qt. Clearly f [f(p)] = 1/p 

for each prime p. Hence f satisfies the functional equation. 

No solution. 

Starting with f(1) = 2 and using the rule f[f(~)] = f(x) +7, we get, successively, 

fQ)= 24-1 =B5 fC 3-b2= 5, (OH 3 = sei (8) = 8 45 = 13, 2. 

that is, the map of a Fibonacci number is the next Fibonacci number. Complete this 

by induction. 

It remains to assign other positive integers to the remaining numbers satisfying the 

functional equation. We use Zeckendorf’s theorem, which says that every positive 

integer m has a unique representation as a sum of non-neighboring Fibonacci num- 

bers. We have proved this in Chapter 8, problem 29. We write this representation in 

the form 

Te =i ny Nhat al 
j=l 

where the summands have increasing indices. We will prove that the function f(n) = 

pa es, F;, +1 satisfies all conditions of the problem. Indeed, since 1 represents itself 

as a Fibonacci number, we have f(1) = 2, the next Fibonacci number. Then 

m 

flf@Ml =f ye, Fi] = So Fi = Ne Cpe arta) 
j= ij+ p= 

=) Fut) B= f@)+n. 

fe! j=) 

Now we distinguish two cases. 

(a) The Fibonacci representation of n contains neither F nor F). Then the represen- 

tation of n + 1 contains the additional summand 1. The representations of f(n) and 

f(n +1) differ also by an additional summand in f(n + 1), so that f(n) < f(n+1). 

(b) The Fibonacci representation of n contains either F', or Fy. On adding of 1, some 

summands will become bigger Fibonacci numbers. The representation of n + 1 has a 

largest Fibonacci number which is larger than the largest Fibonacci representation of 

n. This property remains invariant after the application of f. Hence f(n+1) > f(n), 

since the summands in the representation of f(n) are nonneighboring Fibonacci 

numbers and cannot add up to the greatest Fibonacci number in f(n + 1). 

Remark. The function f is not uniquely determined by the three conditions. 
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Replacing x > x — y, we get the equation 

f(xy = fo —y)f@+y). 

We can assume that f is positive. By introducing g = Inof, we get 

g(x — y) + g(x + y) = 2g(x), 

which we solved in problem 13. A similar one was solved in 11. 

By setting f(x) = g(x) — 1, we can radically simplify the functional equation 

g(x + y) = g(x)g(y). 

This is the functional equation of the exponential function g(x) = a”, or 

f() =a — le 

The only solution is f(x) = x + 1. See [21], problem 18. 

We must solve the equation f(x) + f(x +2y) =2f(x + y). The result is f(x) = 

ax +b. 

The unique solution is f(x) = x — 3. Show this yourself. 

We replace x by —x and get —x f(—x) —2x f(x) = —1. Thus, we have two equations 

for f(x) and f(—x). Solving for f(x), we get f(x) = 1/x. 

We guess f(x) = ax* + bx +c. Inserting this guess into the equation, we get 

a(x+y) = ax? +ay?+xy, orax* +ay* +2axy+b(x+y)t+c =ax?+bx+e+ 
ay’ +by +c+xy, which is satisfied for a = 1/2 and c = 0. By more conventional 

methods, show that f(x) = x?/2 + c is the only continuous solution. 

Let y = ;4). Then x = >, Thus f(y) = (ag¢(y) + 6(9/y — 1) /(. — a”). 

Any positive integer n can be written in the binary system, e.g., 1988 = 

11111000100,. By induction on the number in the binary system, we will prove 

the following assertion: if 

N= doe” + a,2” eer + a, AQ, 0 Ak € {0, 1}, an le 

then 

f(n) = a2" + ay"! +--+ +0. 

For 1 = 1), 2 = 10), 3 = 11, the assertion is true because of the first three points 

in (1). Now, suppose that the assertion is true for all numbers with less than (k + 1) 

digits in the binary system. Let 

[ae Oho aj Oe esa iy — le 

We consider three cases: (a) a, = 0, (b) ay = 1, ax_; = 0 and (c) aq = a_; = 1. 

We only consider the case (b), the remaining cases can be handled similarly. In case 

(b) n = 4m + 1, where 

it San? Baa, Qn ikStag 2 ahr ay 21, 

Because of (4), we have f(n) = 2 f(2m + 1) — f(m). By the induction hypothesis 

Fn) = ayg2 = a, | fQm 41) SB a2) 
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Hence, 

Ff (n) = 2* + 2(ay_22*? +--+ +. a) — (@y_22*? +--+» + a9) 

= OF + Gee force ag = on. + Gee feeet ao, 

q.e.d. The problem was to find the number of integers < 1988 with symmetric binary 

representation. We observe that this number is 2!"~!/2!, We also see that only two 
symmetric 11-digit numbers 11111111111, and 11111011111) are larger than 1988. 

Hence the number we are seeking is 

eS De ee) = (PS 1) Oo 1) = 2 = 0D 

Let x = 0.b,b2b3---. If b} = 0, then x < 5 and f(x) = 0.b;b; + + fO.b2b3 sos). 

lf b>) = 1) then = $s and f(x) = 0.b,;b; + if O.b2b; ---), From this we conclude 

that EQ) = 0.b, bi b2b2b3b3 Scie, 

If z is a root of f, then also 2? is. If |z| 4 1, there are infinitely many roots, which is 

a contradiction. Hence all roots lie at the origin or on the unit circle. 0, 1 and third 

roots of unity have the closure property for squaring. Hence x?(x — 1)47(1 +x +x)" 

also has the closure property. Inserting into the functional equation, we see that, in 

addition, p + q must be even: 

f@) =x? —1fftx+x*7, p.g.reN, pt¢=0mod2. 

Hint: We have f(1) < f(2) < f(3) <---.In addition we have f(1) < f[fd)] = 

3. Thus f(1) = 2, f(2) = 3. Prove that f(3n) = 3 f(n). In fact, f(n) = n + 3° for 

3* <n < 2-3*, and f(n) = 3n—3**! for2-3* <n < 3**!. Hence f(1994) = 3795. 

(a) Let fC) = ¢. For x = 1, we have rf(¢ + 1) = 1 and f@ + 1) = 1/t. Now 

x =t+1 yields 

1 1 1 
porns |se+0+ 35 |=19 4(F +59) 

=r F(7+55) =F. 
Bei 

Since f is increasing, we have 1/t+1/(¢+1)=1,ort =(14 /5)/2. But if t were 

positive, we would have the contradiction 1 < ¢ = f(1) < fd+t)=1/t <1. 

Hence t = (1 — V5)/2 is the only possibility. 

(b) Similar to the computation of f(1), we can prove that f(x) = t/x, where t = 

ad — w5) /2. Again we must check that this function indeed satisfies all conditions 

of the problem. 

Obviously the sequence f(n) = n satisfies the condition. We prove that there are no 

other solutions. We observe that the function f is injective. Indeed, 

f= fo) => fIf@] = fIFOI > AFLFOOR = AFLFOD 

=> A{FIFCOD + FLIF@I+ F@) = AFLP] + FIFO] + FO) 

= Be =O 

which implies x = y. For n = 1, we easily get f(1) = 1. Suppose that, forn < k, 

we have f(n) =n. We prove that f(k) = k. If p = f(k) < k then by the induction 
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hypothesis f(p) = p = f(k), and this contradicts the injectivity of f. If f(k) > k, 

then f[f(k)] => k. If we had f[f(k)] < k, then, as before, we would get the 

contradiction 

FFF) = flFH) flfMI=fH), feR)=k. 

Similarly, we have f{/[f(k)]} = k. Hence, f{f[f(A)]} + FIF()] + f(k) > 3k, 
which contradicts the original condition. Thus f(k) = k. 



12 

Geometry 

12.1 Vectors 

12.1.1 Affine Geometry 

We consider the space with any number of dimensions. For competitions only 2 

or 3 dimensions will be relevant. Points of the space will be denoted by capital 

letters A, B, C .... One point will be distinguished and will be denoted by O 

(for origin). The most important mappings of the space are the translations or 

vectors. A translation T is determined by any point. X and its map T(X) = Y. The 

translation taking point A into B is denoted by AB. It is usual practice to use O 

as the first point. The translation taking O to A is then OA. Since O is always 

the same point, we drop it and get A. After a while one also drops the arrow on A 

and gets the point A. We simply identify points A and their vectors beginning in 

O and ending in A. We need not distinguish between points and vectors since all 

that is valid for points is also valid for vectors. 

Now we define addition of two points A, B and multiplication of a point A by 

a real number f. 

A + B = reflection of the origin O at the midpoint M of (A, B). 

The point tA lies on the line OA. Its distance from O is |t| times the distance of 

A. For t < 0 both A and tA are separated by O. For t > 0 they lie on the same 

side of O. For this reason multiplication with a real number is also called a stretch 

from O by the factor t. For the points (vectors) of the space, we have the following 
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properties (vector space axioms): 

(A+B)+C=A+(B+C) forall A, B, C, (1) 

A+O=A _ forall A, (2) 

A+(—A)=0O forall A, (3) 

A+B=B8B+A forallA, B, (4) 

and 

(st)A =(ts)A_ forall real s, t, and all A, (5) 

t((A+B)=tA+tB, (6) 

(s+tA=sA+tA, (7) 

LAAs (8) 

Let A be a fixed point. The function T : Z +» A-+ Z is a translation by A. Fig. 

12.1 shows that 2M = A + B, that is, the midpoint of (A, B) is 

B 2M=A+B 

O ‘A 
Fig. 12.1 

_ A+B 

(A, B,C,D) a parallelogram <> 45° = 22 o> A+C=B+D. 

We note the fundamental rule 

ee eae 

Indeed, apply to (A, B) the translation which sends A to O. It willsend B to B—A. 

Thus, AB is the same translation as B — A. 

Z+Z' 
A is the midpoint of (Z, Z’) => = Ae ae Ae 

The function H4 : Z +» 2A — Z isa reflection at A or a half-turn about A. We 

have 

Ti SA Zo 2 BNO AR a7 EO Bee aa 

So H, o Hp — 2AB, and 

fio Hy oHe 7 COR Any 

or H4 o Hg o He = Up where Hp is the half-turn about D = A — B + C. Since 

A+C=B+ D, the quadruple (A, B, C, D) is a parallelogram. 
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E1. The midpoints P, Q, R, S of any quadrilateral in plane or space are vertices of 
a parallelogram. 

Indeed, 

A+B C+D A+B D 

» 2 D, 

BoC A+D A+B+C+D 

Thus, P+R>=0O +S. <> (P;Q;.R,S). .apatallelogram. 

E2. Reconstruct a pentagon from the midpoints P, Q, R, S, T of its sides. 

We denote H, simply by A. Then Po Qo R = X, where X is the fourth 

parallelogram vertex to the triple (P, Q, R). Furthermore X o So T = A. Thus, 

we have constructed A. The remaining vertices can be found by reflections in 

P, Q, R, S. This construction works for any polygon with (2n + 1) vertices, but 

not for polygons with 2n vertices. Successive reflections in the midpoints leave 

the first vertex A, fixed. But the product of 27 reflections is a translation. Since it 

has a fixed point, it must be the identity mapping. So, any point of the plane can 

be chosen for vertex Aj. 

Suppose C lies on line AB.Then MC Spe AB, One AL tb 7A), OF 

C=A+t(B— A),  andall real t. 

In AABC, let D = (A + B)/2 be the midpoint of AB, and let S be such that 

CS = 2CD/3. Then 
2 2 A+B 2 A+B+C 

—C=-(D— = —+-—— — —-C S = ——_—_.. S—-C 3! C) 3 5 3 — 3 

S is called the centroid of ABC. Since it is symmetric with respect to A, B, C, 

we conclude that the medians of a triangle intersect in S and are divided by S in 

the ratio 2: 1. 

E3. Let ABCDEF be any hexagon, and let A, B,C,D,E,F\ be the hexagon of 

the centroids of the triangles ABC, BCD, CDE, DEF, EFA, FAB. Then the 

A,B,C, D,E, F, has parallel and equal opposites sides. 

—=_=—s => 
Solution. We want to prove that A,B, = E,;D; <> B, — A; = D; — Ej, that 

is, Ay + D,; = B, + E. Indeed, we have 

ere Oe ed 
A, = 3 , Lis get ate | 

B+C+D E+F+A 
Dames ae Cs at 

This implies that 

TN el Gasca DY wd hace) ah 
Av +D,=8, +E, = 3 
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E4. Let ABCD be a quadrilateral, and let A’ B'C'D’ be the quadrilateral of the 

centroids of BCD, CDA, DAB, ABC. Show that ABCD can be transformed 

into A’ B'C'D' bya stretch from some point Z. Find Z and the stretch factor t. 

Solution. We have 

= 
Sas AshG-BD.A BEZGEMD OE. AB. AB 
AB eee SO eee ae ae 

3 3 3 3 

Similarly, we get B'C’ = —BC/3, C'D’ = —CD/3, D'A’ = —DA/3. 
SS —>- 

For the center Z, we get ZA’ = —ZA/3, or A’ — Z = —(A — Z)/3, or 

A-3Ai=4Z on 
A+B+C+D 

4 

Because of the symmetry of Z with respect to A, B, C, D we always get the same 

point Z. 

ES. Find the centroid S of n points Aj, ..., An defined by 

Joy = 

ae 
il 

Solution. From this equation, we get (Aj — S$) +---+(A, — S) = O and 

(Mie ee An 
= ree S 

12.1.2. Scalar or Dot Product 

Let us introduce rectangular coordinates in space. The points A and B are now 

AL (Gj paitens Oy) BSD i.e aay Fra 

We define the scalar or dot product as follows: 

Agi ps Sea 

i=l 

which is a real number. This definition implies 

SLA-B=B.-A. 

S2.A-(B+C)SA:+:B+A-C€, (fA)»B=A-(tB)=t(A- B). 

S3.A =0=> A-A=0, otherwise A - A > 0. 

We define the norm or length of the vector A by 

|AJ=VA- = Jar+---, ta? 
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and the distance of the points A and B by 

|A — B| = /(A— B)-(A— B). 
For 2 and 3 dimensions, it is easy to show that 

A 

A-B=|A|-|B|-cos(AB). 

N 

For n > 3, this becomes the definition of cos(A B). Now we have 

Ag <—— Aw == (); 

With the scalar product, we prove some classical geometric theorems. 

E6. The diagonals of a quadrilateral are orthogonal if and only if the sums of the 

squares of opposite sides are equal. 

We can write the theorem in the form 

C—-A1LB-—D <> (B—A)+4+(C — DY =(B-—C) +(A— DY. 

Prove this by transforming, equivalently, the right side into the left. 

A median of a triangle connects a vertex with the midpoint of the opposite side. 

A median of a quadrilateral connects the midpoints of two opposite sides. 

E7. The diagonals of a quadrilateral are orthogonal iff its medians have equal 

length. 

Solution. Let MK and NL be the medians. Then we can express this theorem as 
2 =e 2 2 

follows: AC | BD © |MK|* = |NL/’. 

To prove the theorem, we apply a sequence of equivalence transformations to 

the right-hand side (RHS) until we get the left-hand side (LHS). 

ee Avs _(AtP Bie 2 

2 2 2 2 ) Sea se 

= AC-BD =0. 

E8. Let A, B, C, D be four points in space. Then we always have 

|ABI? + |CD?? — |BC|? — |AD/? = 2AC - DB. 

To prove this, we transform the LHS equivalently to get the RHS: 

(Be Aya yn (Bi Cy, = (A Dy 
=2(B-C+A-D—A-B—C-D) 

= 2(C — A)-(B — D) =2AC - DB. 

Some consequences of this theorem are the following: 
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DiTeteB D a B 

oS XX </> A A C = C | 

Fig. 12.2 Fig. 12.3 Fig. 12.4 

e Inatetrahedron AC | BD <— > |AB|? +|CD|? =|BC|? + |AD/’. 

e Application of the theorem to the trapezoid in Fig. 12.2 yields 

On fo = ad ae 

e The application to the parallelogram in Fig. 12.3 yields e* + f? = 2(a?+b’), 
that is, in a parallelogram, the sum of the squares of the diagonals is equal 

to the sum of the squares of the sides. We will show later that this property 

characterizes parallelograms. 

e With the last theorem, we can easily express the length s, of the median of a 

triangle ABC. Reflect A at the midpoint of BC to D. You get parallelogram 

ABDC with diagonals 2s, and a. The main parallelogram theorem gives 

1 
at Ast = 2h +2? or, 52= i (2b? + 2c? —a’). 

Similarly, 

1 1 
8, = 7 (2a° + 2c’ —b’), So =z (24° + 2b* —c’). 

e Let S be the centroid of AABC. From the last theorem, one easily proves 

that See Sha base 

12.1.3 Complex Numbers 

Now we restrict ourselves to the plane. In the plane we will call points complex 

numbers, and we denote them by small letters like a, b, c,.... Point z in the plane 

can be represented in the form z = xe; + ye, where e; and e2 are unit points on 

the axes. Now e, is our real unit, nothing new. But what about e2? Multiplication 

by e2 should have a geometric meaning. Since e2e; = e2, we conclude that e> 

rotates e; by 90°. We simply define that e2 also rotates the vector e2 by 90°. Thus, 

€2-€2 = —e,. Now we want to see what happens if z = xe; + ye? is multiplied by e2: 

€2Z = €2(xe + yer) = x2 + yeren = —ye, + Xep. 

Fig. 12.4 shows that multiplication by e2 rotates the vector z by 90° counterclock- 

wise. 

From now on, we set e; = 1 and e2 =i. Thenz = x+iy, i* = —1. Itis easy to 

show that complex numbers are a field with respect to addition and multiplication. 
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This means that you can calculate with them as with real numbers. But you may 

not compare them with respect to order. a < b cannot be defined if you want the 

usual ordering properties to be satisfied. 

We know that multiplication by i is a rotation of the plane by 90°. We can find 

the formula for the rotation about any point a by 90°. In fact, 

zZ =ati(z—a). 

Indeed, translate a to the origin. Then z goes to z — a. Rotate by 90° to get i(z —a). 

Now transjate back to get z’ = a+i(z—a). We can use this result to solve a simple 

classical problem: 

E9. Someone found in his attic an old description of a pirate, who died long ago. 

It read as follows: Go to the island X, start at the gallows, go to the elm tree, and 

count the steps. Then turn left by 90°, and go the same number of steps until point 

g’. Again, go from the gallows to the fig tree, and count the steps. Then turn right 

by 90°, and go the same number of steps to the point g”. A treasure is buried in 

the midpoint t of g'g". 

A man went to the island and found the elm tree e and the fig tree f. But the 

gallows could not be traced. Find the treasure point f. 

Fig. 12.5 tells us that 

(Gi ae atl Lew 
Z Z 2 

This is easy to interpret geometrically. m = (e + f)/2 is the midpoint of the 

segment ef. Furthermore, me = (e — f)/2. This vector must be rotated by 90° 

ge =et+i(e—g), gp’ =frtilg—f), t= 

counterclockwise to get mt. The location of the gallows does not matter. 

Multiplication z +> az is a rotation about the origin O combined with a stretch 

from O with factor |a|. The rotational angle is the angle of vector a with the 

positive x-axis. This is easy to prove. If we do it without using trigonometry, then 

we get trigonometry for nothing. 

1 

Fig. 12.5 

Let e(a) be the unit vector in the direction a, |e(a)| = 1. Then 

e(a) - e(B) = e(a + B). (1) 

Now we can define the trigonometric functions sin and cos as follows: 

e(a) =cosa+isina, (2) 

e(—a) = cos a — isin a = e(a) = 1/e(a). (3) 
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Now we prove some classical theorems with complex numbers. 

E10. Napoleonic Triangles. Jf one erects regular triangles outwardly (inwardly) 

on the sides of a triangle, then their centers are vertices of a regular triangle (outer 

and inner Napoleonic triangles). 

Let ¢ = e(60°) = (1 + V3i)/2 be the sixth unit root, i.e., «© = 1 and 

1 om eit 67 = 0, we = 6 od ne? =e al, 

Em (00) = 1s seed 

In Fig. 12.6, we have bb) =a+(c—a)e, co =b+(a—b)e, aga =c+(b—coe. 

3(a, —c}) =co ~-bo +e -—a = 2c -—a—b+(2Qhb-—a-—cye, 

3(b} —c}) = an ~bp t+o—b=a+c—2b+(b+c — 2ae, 

3(a, — cy )e = €(2c —a — b) +(e — 1)(2b-—a—c) 

=a+c—2b+e(b+c — 2a) = 3(b; —¢)). 

Fig. 12.6. Napoleonic triangles. 

E11. Squares are erected outwardly on the sides of a quadrilateral. If the centers 

of the squares are x, y, Zz, u, then the segments xz and yu are perpendicular and 

of equal length. 

Steke lm a me! eee 

See: eccaalk > torte) Gale Sch a 
Caitsptesre ss DE de: 

= Ll “ ) S 

ae: 2 Fraley 
CRANE OS PRS we 

—x = ———_ + i —_—___ 
. 2 2 

a+d—b-c .c+td-a-—b ; 
ae pee ae a u—y=i(z—x). 

The last equation tells us that we get yi by rotating x2 by 90°. 

E12. Squares cbqp and acmn are erected outwardly on the sides bc and ac of the 

triangle abc. Show that the midpoints d, e of these squares, the midpoint g of ab, 

and the midpoint f of mp are vertices of a.square. 
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This is a routine problem. Indeed, gefd is a parallelogram since its vertices are 
midpoints of the sides of the quadrilateral abpm. We have just to show that eg and 
gd are perpendicular and of equal length. Indeed 

a+b b+c (b-c ate ca 
a ’ — l (aS ; 

D, Dy, y 2 ”) 

d Cu ee c—b ca 2 aes hes 
geo 2 aes Gey Reta) 

@= p= —— + ie — 

E13. Let a,b,c; and b,b2b3 be two, positively oriented, regular triangles and let 

c; be the midpoint of a;b;. Then c,c2c3 is a regular triangle. 

Leta; = a, b} = b, cy = a+e(b — a). The fact that a,b,c; is regular 

has already been incorporated. We do the same with b,b2b3: b, = c, bo = d, 

b3 =c +€(d —c). Now 

at+ec b+d at+c b+d-—a-c 
cc 7? OE Goa Ca 7 + € 5) ‘ 

Furthermore, 

b+d-a-c b+d-a-c 
Nas Tay Gs LA TE Tae Fe CO Cu 6(Cp— C1). 

E14. Let A, B, C, D be four points in a plane. Then 

|AB|-|CD|+|BC|-|AD| => |AC|-|BD| (Ptolemy’s inequality). 

There is equality iff A, B, C, D in this order lie on a circle or on a straight line. 

Proof. For any four points z;, Z2, 23, Z4 in the plane, we have the identity 

(a ei Maaiza) ae Zs 22) 24 ee) ai ee) 

The triangle inequality |z:| + |z2| => |z1 + Z2| implies that 

oil cates |i \z5 — 29 | *alzae Zilles — Zl Zam 22 

or 

|AB| -|CD| + |BC|-|AD| > |AC|- |BDI. 

We have equality iff (z2 —z1)(z4 —z3) and (z3 —Z2)(z4 —Z1) have the same direction, 

i.e., their quotient is real and positive. Denote the arguments of (z2 — z1)/(z4 — 21) 

and (z4 — z3)/(z3 — Z2) by @ and p, respectively. Then 

np Lira ip atbe meh positive real > a+pu=0°, 
Ppl ENN Vee ari 
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that is, A, B, C, D lie on a circle or, fora = « = 0°, on a line. Note that in 

Fig. 12.7, w and jz are equal and oppositely oriented. |a| = || is necessary and 

sufficient for an inscribed quadrilateral. 

Problems 

Il. Show that 

|AC/?? +|BD/? = |AB?? + |BC/? +|CD/?+|DA)? => A+C=B+D. 

. Let A, B, C, D be four space points. Prove the theorem: /f for all points X in space, 

|AX|? + |CX|? = |BX|? + |DX[?, then ABCD is a rectangle. 

. Rectangles ABDE, BC FG, CAH] are erected outwardly on the sides of a triangle 

ABC. Show that the perpendicular bisectors of the segments HE, DG, FI are 

concurrent. 

. A regular n-gon A, --- A, is inscribed in a circle with center O and radius R. X is 

any point with d = |OX|. Then )~"_, |A;X|? = n(R? + d?). 

. Let ABC be a regular triangle inscribed in a circle. Then PA” + PB” + PC” is 

independent of the choice of P on the circle forn = 2, 4. 

. For any point P of the circumcircle of the square ABC D, the sum PA” + PB” + 

PC" + PD" is independent of the choice of P ifn = 2, 4, 6. 

. Prove Euler’s theorem: Jn a quadrilateral ABCD with medians MN and PQ, 

|AC/? + |BD/? = 2 (|MN/? + |PQ|’). 

8. Find the locus of all points X, which satisfy AXb CX= CB AX. 

12; 

133 

. Three points A, B, C are such that |AC|* + |BC|? = |AB|?/2. What is the relative 
position of these points? 

. If M is a point and ABCD a rectangle, then MA-.MC =MB-MD. 

. The points E, F, G, H divide the sides of the quadrilateral A BC D in the same ratios. 

Find the condition for E FGH to be a parallelogram. 

Let Q be an arbitrary point in the plane and M be the midpoint of AB. Then |QA|? + 

|QB\? = 2|QM|? + |AB|?/2. 

Let A, B, C, D denote four points in space and AB the distance between A and B, 

and so on. Show that AC? + BD* + AD? + BC? > AB? + CD?. 



14. 

15) 

16. 

Ge 

18. 

19. 

20. 

ake 

pr. 

23% 

24. 

Dd: 

26. 

Pale 
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Prove that, if the opposite sides of a skew (nonplanar) quadrilateral are congruent, 

then the line joining the midpoints of the two diagonals is perpendicular to these 

diagonals, and conversely, if the line joining the midpoints of the two diagonals of a 

skew quadrilateral is perpendicular to these diagonals, then the opposite sides of the 

quadrilateral are congruent. 

Let ABC be a triangle, and let O be any point in space. Show that 

AB? + BC? + CA® <3(OA> + OB? + OC’). 

For points A, B,C, Din space, AB | CD <— > AC?+ BD? = AD* + BC?. 

ABCD is a quadrilateral inscribed in a circle. Prove that the six lines, each passing 

through a midpoint of one the sides of ABCD and perpendicular to the opposite 

side, are concurrent. Here, the diagonals are considered to be opposite sides. 

The diagonals of a convex quadrilateral ABC D intersect in O. Show that 

AB’ + BC? + CD* + DA” =2(AO* + BO* + CO’ + DO’) 

exactly if either AC | BD or one of the diagonals is bisected in O. 

In a tetrahedron OABC with edges of lengths |OA| = |BC| =a,|OB| = |AC| = 

b,|OC| = |AB| =c, let A; and C, be the centroids of the triangles ABC and AOC, 

respectively. Prove that, if OA; 1 BC), then a? +c? = 3b’. 

In a unit cube, skew diagonals are drawn in two neighboring faces. Find the minimum 

distance between them. 

Two opposite sides of a quadrilateral ABC D have lengths |AB| = a, |CD| = c, 

and the angle between these two sides is ¢. How long is the segment MN joining 

the midpoints M, N of the two other sides? 

Consider n vectors @),..., Gn, |a;| < 1. Show that, in the sum ¢ = +a, +---+4,, 

one can choose the signs so that |¢| < /2. 

P is a given point inside a given circle. Two mutually perpendicular rays from P 

intersect the circle at points A and B. Q denotes the vertex diagonally opposite to P 

in the rectangle determined by PA and PB. Find the locus of Q for all such pairs 

of rays from P. 

P is a given point inside a given sphere. Three mutually perpendicular rays from P 

intersect the sphere at points A, B, and C. Q denotes the vertex diagonally opposite 

P in the box spanned by PA, PB, and PC. Find the locus of Q for all such triads 

of rays from P (IMO 1978). 

Find the point X with minimal sum of the squares of the distances from the vertices 

A, B, C of a triangle. 

Let O be the circumcenter of the AABC, let D be the midpoint of AB, and let E 

be the centroid of AAC D. Prove that CD L OE © |AB| = |AC|. 

Let ABC be a triangle. Prove that there exists a unique point X such that the sums 

of the squares of the sides of the triangles XAB, XBC, XCA are equal. Give a 

geometric interpretation of X. 

The following problems except 40 and 41 are to be solved by complex numbers. 

Sometimes a convenient choice of the origin is helpful. 
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A triangle with vertices a, b, c is equilateral iff a7 + b? +c? — ab — be — ca = 0. 

Regular triangles are erected on the sides of a point symmetric hexagon, and its neigh- 

boring vertices are joined by segments. Show that the midpoints of these segments 

are vertices of a regular hexagon. 

ABC is a regular triangle. A line parallel to AC intersects AB and BC in M and P, 

respectively. D is the centroid of PMB, E is the midpoint of AP. Find the angles 

of ADEC. 

OAB and OA, B, are positively oriented regular triangles with a common vertex O. 

Show that the midpoints of OB, OA, and AB, are vertices of a regular triangle. 

OAB and OA’B' are regular triangles of the same orientation, S is the centroid of 

AOAB, and M and N are the midpoints of A’B and AB’, respectively. Show that 

ASM B' ~ ASNA’ (IMO jury 1977). 

A trapezoid ABCD is inscribed in a circle of radius |BC| = |DA| = r and center 

O. Show that the midpoints of the radii OA, OB and the midpoint of the side CD 

are vertices of a regular triangle. 

Regular triangles DAS, ABP, BCQ, and CDR are erected outwardly on the sides 

of the quadrilateral ABCD. M, and M) are the centroids of DAS and CDR. The 

triangle M, MT is oppositely oriented with respect to ABC D. Find the angles of 

AW ok OW I 

Regular triangles with the vertices E, F, G, H are erected on the sides of a plane 

quadrilateral ABCD. Let M, N, P, Q be the midpoints of the segments EG, HF, 

AC, BD, respectively. What is the shape of PM QN? 

The convex quadrilateral A BC D is cut by its diagonals (intersecting in O) into four 

triangles AOB, BOC, COD, DOA. Let S; and S> be the centroids of the first and 

third of those triangles, and H,, H the orthocenters of the other two triangles. Then 

H, Hy 1 SS. 

Regular triangles with vertices D and E, respectively, are erected outwardly on the 

sides AB and BC of AABC. Prove that the midpoints of BD, BE and AC are 

vertices of a regular triangle. 

A point D is chosen inside a scalene triangle ABC such that ADB = ACB +90° 

and |AC|-|BD| = |AD|-|BC|. Find 

|AB| -|CD| IMO 1993). 
|AC| - |BD| ! 

Regular triangles OAB, OA, B, and OA>B) are positively oriented with common 

vertex O. Show that the midpoints of BA,, B, A2, and B,A are vertices of a regular 

triangle. 

If P;, @ =1,---,n) are points on a unit sphere, then 7; .; |P;Pj|? <n’. 

Given any box ABCDEFGH. Prove the following theorems: 

e The sum of the squares of the space diagonals is four times the sum of the 

squares of the of the three edges. 

e The square of a space diagonal starting in some vertex is the sum of the squares 

of the face diagonals which start at the same point minus the sum of the squares 

of the three edges. 
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e The sum of the lengths of a space diagonal starting at some point and the edges 
is greater then the sum of the face diagonals starting at the same point. 

© |a+b4+¢| + Ia + |b] + [2] > la +5) + |b + 2] + |2 +4] (ATMO 1972). 

42. Equilateral triangles are erected to the outside on the sides of a convex quadrilateral. 

Prove that the segment P Q joining the vertices of AB P and C DQ is perpendicular 

to the segment RS joining the centers of the two other triangles, and, in addition, 

|PO| = V3|RS|. 

43. A point Po and a triangle A; A> A; are given in a plane. Let us set A, = A,_; for all 

s = 4. We construct the sequence Po, P;, P2,... of points, so that the point Py, 

is the map of P, rotated around A;,; by 120° clockwise (mathematically negative 

sense) (k = 0,1, 2,...). Show that if Pjogs = Po, then triangle A; A,A3 is regular 

(IMO 1986). 

44. Construct regular hexagons on the sides of a centrally symmetric hexagon. Their 

centers form the vertices of a regular hexagon. (A special case of a theorem of A. 

Barlotti.) 

45. Equilateral triangles ABK, BCL, CDM, DAWN are constructed inside the square 

ABCD. Prove that the midpoints of the four segments KL, LM, MN, NK and the 

midpoints of the eight segments AK, BK, BL, CL, CM, DM, DN, AN are the 

twelve vertices of a regular dodecagon. 

Solutions 

1. Expanding and collecting terms in the LHS of the equivalence yields (A + C — B — 

DY =0,orA+C=B+D,ie., ABCD is a parallelogram. 

2. Routine transformation yields A? + C? — B? — D? = 2X(A+C — B — D). This is 
valid for all points X of the plane iff 

A+tC=B+4D, (1) 

and 

At C4 BaD. (2) 

From (1) we get 

(A+Cy =(B+ DY <— A?4+C?4+2A-C=B?+D?+2B-D. (3) 

Subtracting (2) from (3), we get 

DAR C= 2 Dep: (4) 

Subtracting (4) from (2), we get (A — CY = (B — DY’, ie., the parallelogram has 

equal diagonals. Hence it is a rectangle. We have shown that this property charac- 

terizes rectangles. This will be useful in several later problems, e.g., the next one. 
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3. In Fig. 12.8, let P be the common point of the perpendicular bisectors of the segments 

HE and DG. From the preceding problem, we know that 

PB? + PE? = PA? + PD’, PA® + PI? = PC’ + PH’, 

PC? + PG’ = PB’ + PF’, 

PD? = PG’ = P ona perpendicular bisector of DG, 

PH?* = PE’ = P onaperpendicular bisector of EH. 

Hence, PI? = P F?, that is, P lies on the perpendicular bisector of FJ. 

4. We have A, +---+ A, = O, |A;X?? = A2 4X? —2A4;-X= R24 2-24; -X, 
and |A,;X|?+--- + |A,X|2 = n(R? + d?). 

5. Let O be the center of the circle with radius R. Then 

PA? =(P— A)? = P?—-2P-A+A* =2R*?—2A-P =2(R’—-A-P), 

PA? + PB? + PC? = 6R? —2P -(A+B+C) =6R’. 

PA‘ =(A-—M)(A— My =4[R*—2R°A- P+(P-A)’], 

PA* + PB*+ PC* =12R* —8R*(A+B+C)-P+4(A-P?+4(B- PY 

+4(C - P? = 12R* + 4R? [cos* ¢ + cos’(a + p) + cos*(a — $)] = 18R°. 

Here we used the result of the preceding problem. 

6. InFig. 12.9, PA* = 2r* —2r* cos @, PB* = 2r? —2r? cos( —@), PC? =27* — 

2r? cos[ —), PD*® = 2r? —2r? cos(¥ +), PA? + PB? + PC? + PD? = 87’. 
Similarly, by expanding and collecting terms, we get 

PA* + PB* + PC* + PD* = 24r* and PA° + PB® + PC® + PD® = 80r°. 

P 

Bigl2.93 | Ov? |(OA == OB ln 
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. Plugging into the formula M = (A + B)/2, N = (C + D)/2, P = (B+ C)/2, 
Q =(D + A)/2, we get an identity after some routine computations. 

. (X—A)-(X—C) =(B-C)-(X—A) — X?-(A4+B)-X=-A-B <> 

ABN 2) AGB \ OE. eat 
xX — ch ie = weirs (circle with diameter AB). 

. 0C — A? +2(C — BY =(B— A)? & 4C2 + A2 + B? —4AC —4BC +2AB = 
06 @C-—A~—ByY=0~<—> C=(A+4B)/2. 

A, B, C, D are vertices of a rectangle if A+C = B+ D, and, in addition, |A —C| = 

|B — D|. Now (A—M)-(C—M) =(B—M)(D-—M) <> A?4+C?-B?-D? = 
2(A —B+C—D)M. Since A+C = B+D, weare left with A? + C? = B* + D?. 

Subtracting this from (A + C)’ = (B+ D)’, we get 2AC = 2BD. But then we have 
(A —C)? = (B — D)’, that is, we have a parallelogram with equal diagonals, which 

is a rectangle. 

E=(1—-t)A+tB, F=(1—-t)B+tC, G=(1-1)C+tD, H=(1—-1t)D+ta. 

EFGH is a parallelogram iff E + G = F + H. This implies 

(-tA+tB+(0-—1)C4+tD 

=(1-fB+1C+U-1)D+tA SUd-t(A+C-—B-D) 

=A = 138 aC = ID) = 0 S Ch= 2A = Bae € = 1D) 

1 
SIO Ree aan Ota Cee gal) 

that is, if E, F, G, A are midpoints or if ABC D is a parallelogram. 

(A — QO) +(B— OF = 2AM —O) +(B=-AY/2 — A?+ B?-22AA+ 
B—2M)Q =(A+ B)?/2+(A — B)?/2. Now A + B = 2M. Hence, A? + B? = 
(A + B)’/2 + (A — B)’/2, which is an identity. 

A routine equivalence transformation gives 

A? +B°+C?+D°+2A-B+2C-D-—2A-C 

—2B-D-—2A-D+2B-C=0 

=> (A+B-C-—D)=0 = A+B=C+4D, 

that is, AC BD is a parallelogram. 

We want to prove below that (1), (2) = (3), (4). 

(A — B)-(A— B) = (C —D)-(C — D), (1) 
(B-C)-(B-C)=(A-D)-(A-D), (2) 

[((B + D) —(A+C)]-(A—C) =0, (3) 

[(B + D)) —(A+C)]-(B— D) =0. (4) 

Addition and subtraction of (1) and (2) give (3) and (4). Addition and subtraction of 

(3) and (4) give (1) and (2). In section 4 we will give a simple geometric solution. 

Let O be the origin. Then 3A” + 3B? + 3C? — (A — BY —(B—C)?+(C— Ay = 
06 A? + B2+C24+2A-B+2B-C+2C-A>08(A+B+C) = 0. The 
last inequality is obvious. There is equality iff A+ B + C = O, that is, O is the 

centroid. 
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AC? + BD? = AD? + BC? & (C — AY +(D— BY =(D— AP +(C-BY & 

A-(C—D)=B-(C—D) 4 (A—B):(C— D) =0 6 AB LCD. 
Let the origin be the center of the circumscribed circle. Consider the point S = 

(A+B+C+D)/2. The vector from the midpoint of AB to S is (C + D)/2, and this 

is perpendicular to CD since |C| = |D|, and, similarly, for the five other segments 

BC, CD, DA, AC, and BD. 

Let O be the origin. Then 2A2+2B? +2C2+2D? —(B—A)*—(C—B)*(D-—C)y*— 

(A—DY =0 <> A-B+B-C+C:D+D-A=0< B-(A+C)+D-(A+C) = 

0<(A+C):-(B+D)=08 A+C=Oo0rB+D=Oo0rA+CLB+Ds 

O bisects AC or O bisects BD or AC 1 BD. 

We have Ay = (A+ B+C)/3, C; = (A+C)/3 and A; - (C; — B) = 0. This 

implies (A + B + C)-(A + C — 3B) = O which is equivalent to 

a’ +c? — 3b? + 2ac cos B — 2abcos y — 2bc cosa = 0. (1) 

We apply the cosine law to AABC and get 

2ac cos B = a’+c?—b’, 2abcosy =a 4 the— ec, theca =b tc —a. 

Eliminating the trigonometric functions in (1) and (2), we get a” + c? = 3b’. 

Fig. 12.10 

In Fig. 12.10 O is the origin and A, B, C are three unit vectors spanning the cube. 

A— Band A-+C are skew diagonals of two neighboring faces. The vector P — Q is 

orthogonal to both diagonals. It has minimum distance. Now P = (1 — x)A+ xB, 

OV (AC) ea On A Bel OAC AsIeB BiG. GalacAy huss 

we get 

(P — Q)A— B)=0>51-2x-y=0, 

(P-— Q(A+C)=051-x-2y=0 

with solutions x = y = 1/3. Now P = (2A + B)/3, Q = (A+C)/3, P-Q = 
(A B= Cy/anie SOPs (Pe ofe is, 

With @ = AB, ¢ = DC, we getm = N—M = (B+C)/2-(A+ D)/2 = 
(B — A)/2+(C — D)/2 = 448, |m? = @ +c? + 2accos $)/4, |m| = 
Ja? + c? + 2ac cos ¢/2. 

Ifa, b, Gare vectors with norm < 1,thenat least one of the vectorsa+b, até, b4é 

has norm < 1. Indeeed, two of the vectors +4, +b, +2 have an angle < 60°, and 

hence the difference of these two vectors has norm < 1. In this way we can descend 

to two vectors a, b. The angle between G and b or between @ and —b is 908 

Hence, |a —b)< < J/2 or |4+5| < Sal 
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Fig. 12.11 

In Fig. 12.11 let O be the center of the circle, R its radius. Let |P| = p. Making a 

picture, we soon realize that the locus we are looking for is a circle concentric to the 

given circle. Let us prove this theorem. In such problems one should not forget to 

prove two theorems. First, Q lies on a circle, and second, any point of the circle is 

also a point of the locus. Now Q = P + (A — P) + (B — P). Hence, 

Q* = P?+(A— P)? +(B— PY +2P(A— P)+2P(B — P) 

= P?+A?+ P?-2A-P +B? + P?-2B-P+2A-P+2P-B-—2P* 

=12 Ri p* 

Thus, we have shown that Q lies on the circle about O with radius ,/2R? — p. It 

remains to be shown that every point of this circle is on the locus. Take any point Q on 

the outer circle. Describe the circle with diameter P Q. It intersects the given circle 

in A and B. We have PA | AQ and PB | BQ. But do we also have PA | PB, 

that is, is PAQB a rectangle? Thus, 

|OP|? +|OQ/)? = p* + 2r? — p? = 2r’, 

|JOA/? + JOB? =r? +r? =2r? S |OP? +|O0/? = |OAl? + |OB/. 

The last property characterizes rectangles. Thus PAQB is a rectangle. 

As in the plane case, we get Q = P+ (A — P)+(B — P)+(C — P), and 

OQ? = P*+(A— PP +(B— PY 4+(C — PY +2P -(A— P)+2P-(B- P) 

-2P(C —P) 

=k. — 2p, 

Thus, Q lies on the sphere about O with radius ,/3R? — 2p. It remains to be shown 

that every point Q of the sphere is also a point of the locus, which can be done as in 

the preceeding case. 

Let 3S = A+B+C. Then (X — A)’ + (X — BY + (X — CY = 3X? -2A+ 

B+ C)X 4:42 B? + C? = 3(X? — 28X.+ S*).— 3S? + A? +B* 4 C? = 

3(X — S) + A? + B? + C*? — 3S?. For X = S, this has minimal value 

(A+B+CyY  (A—BY+(B-CP+(C- AY 
3 re 3 

= (a +b’ +c’)/3, 

AR Be aC 

where a, b, c are the sides of AABC. 
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The left-hand side of the equivalence is 

0 
(442 c) APEHG* 9? 

p 3 
(A+ B-—2C)-GA+B+2C)=0 
<> 4A-B-4A-C=0 &> A-(B-C)=0. 

The right-hand side is 

(B-— AY’ =(C—AY — A-BH=A-C & A-(B-O=0. 

(X — AP +(X — BP +(A— BY = (KX — BP +(X —CP + (B-C)P = (X- 
Cy + (X — A)? + (C — A)’. 

From the first equality, after expanding and collecting terms, we get 

2(C = A)-X = 2C?—2A°+2A-B—2B-C & (C—A)-X =(C—A)(C+A-—B). 

By setting B’ = A+C — B, we get (C — A)- X = (C — A) - B’. This is equivalent 
Ss, See — ——. 

to (C — A)- (X — B’)= O or AC - B’X = O, or AC  B’X, that is, X lies on the 

perpendicular to AC through B’. By cyclic permutation, we conclude that X lies on 

the perpendicular to BC through A’ = B + C — A and on the perpendicular to AB 

through C’ = A+ B—C-. The three perpendiculars must intersect since the first two 

equalities imply the third. Independently, we can also say that they intersect in one 

point, since it is the orthocenter of the triangle A’ B’C’ (Lemoine point). 

Consider a* + b? + c? — ab — bc — ca = 0 as a quadratic in a with solutions 
a+bo+cw* =Oanda+ba + cw = 0. The first solution characterizes positively 

oriented equilateral triangles, the second one negatively oriented triangles. Indeed, a 

positively oriented triangle (a, b, c) is equilateral iff (b — a)w = c — b, which can be 

transformed equivalently to a + bw + cw”? = 0. By exchanging b with c, we get the 

second solution for negatively oriented triangles. Here is the third root of unity. 

Let the center of the hexagon be oa, and the vertices (a, b, c, —a, —b, —c). We erect 

regular triangles with vertices d, e, f, g on (a, b), (b, c), (c, —a), (—a, —b). Denote 

the midpoints of (d, e), (e, f), (f, g) with p, g, r. Then with «° = 1 

d=b+(a—bje, e=c+(b-cle, f= —-at+(ctaye, g=—b+(b—-ale. 

Here € is the sixth unit root. For the midpoints, we get 

dhe’. babek(@ see er fl sG=ee@-eb)e 

eye 2 Bie Se ee: 2 : 

i ae = eae For the vectors of the sides pq and qr, we get 

a+b—(b+c)e —b—c+(c—a)e BB = pq Oh ghrp gw Pe 
—c—b+(c—a)e a+b—(b+c)e oat at ea. 

2 aries 2 
This completes the proof. 
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30. In Fig. 12.12, we assign to A and B the complex numbers a and 0. Then 

t Miata P= tde<—D.= = ce)= Eee 5(1 +16). 

Thus, we have 

—> DE=?@22r+te), DC =%Ge =t 16), 
2eDE = 4(3e —t — te). 

Hence, AC DE is a 30°, 60°, 90° triangle. 

Fig. 12.12 

31. We assign to the points O, A, B, A;, B, the complex numbers 0, a, ae, b, be. 

Then 

ViGGs be ae 
— a2 — 

Fi cok Su ins Aa a ae ele 
ne @—b))e— a = babe 
SSS i= ———— 

Z D P 

b-a—be 
2 

Now we have pge = = pr. Thus pgqr is regular. 

32. We assign the complex numbers 0, a, ae, b, be to O, A, B, A’, B’. Then 

be a+aeé b+ae 
Neo eT 

2” 3 2 
SM =M—s=V—ST Sie = AF 

+ (3b —a) SB’ —a -—aje => SB = ; 
3 2 

—— —_> 4 

Similarly, we prove that SA’ = 2SN. This proves the theorem. 

33. We assign the complex numbers b, be, d, de to the points B, C, D, A. The mid- 

points are 

b d be, Asie = dewmiia ydi4be 
[DS es Cae ye a 2 ’ Pq = 0) ’ Dia 4 s SS 

Now we have 

be —d(e—-1) d+(b—d)e 
pq-:€= 5 = 5) = Dr, 

which was to be proved. 
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We assign the complex numbers a, b, c, dto A, B, C, D, respectively. A drawing 

suggests that AP QT is isosceles with 4PTQ = 120°. Thus we proceed to show 

that T O¢« = TP 

S=a+(d-—aje, P=b+(a-—bye, Q=c+(b-cle, R=d+(c—doe, 

Mo aes VV patents OS SOs 
1 2B > 2 3 ’ 

a+2c+(a—c)e 
T = M,+(M; — Moje = < Le 

TP = p—7 =the ee 

— 3b-—a-2 TO =g-T= tet ae TOc = -TP. 

Assigning to A, B, C,... the complex numbers a, b,c, ..., we get 

e=b+(a—bje, f=c+(b—cye, g=d+(c—dye, h=a+(d—-aye, 

AES alae ae Ue Rec b—¢-+-d—a 

2 2 2D ; D D, 2 ; 
p=(a+c)/2, q=(b+d)/2. 

Sincem +n = p+q,MQNP isa parallelogram. 

First we compute the upper part AH of the altitude in AA BC in Fig. 12.13. We have 

|AD| = bcosa, |AH| = |AD|/sin B = bcos a/sin B. By means of the Sine 

Law b/sin 6B = a/sin a we get, finally, |AH| = acot a. Using the intersection of 

diagonals in Fig. 12.14 as the origin, we have 

A+B C+D 
Spree S= ae 

3 3 

1 
SiS, = Sp — Sy = 5(C + D- A-B). 

Setting DOA = LBOC = a, because |AH| = acot a, we get 

OH, = i1(B — C)cot a, OH, = i(D — A) cot a, 

HH = H,— H, =icota(C+ D—A-—B). 

The factor i rotates a vector by 90°. Hence, S;S) | Hj Ab. 

Fig. 12.13 Fig. 12.14 
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37. Let P, Q and R be the midpoints of BD, BE, and AC, respectively. Then 

eraitc 2b +(a—b)e b+c+(b—c)e 
pS ? [De , CCS SS Sr 

2) 2, 2 
2b—-—a—c+(a—b)e b-—a+(b—c)e 

r= 5 CS SS SS 

2 2 
iy - 

(p—r)e = a gs 

Since g —r = (p —r)e, the triangle pqr is regular. 

38. Assign the complex numbers a, b, C, 0 to A, B, C, D, respectively. Then setting 

PACT ia BC) 
Sys as eWerpy 

|AD| BDI - 

we geta—c = se'“a, c—b = sie'“b, and hence c = a(1 — e”) = D(1 + ise’), 

(a—b)c = s(e'“ac+ie'*bc) = sab [e'*(1 + sie’) + ie (1 — se!*)] = sabe'*(1+ 

i). Thus, |AB] - |CD| = |a — 5] - |c| = sla| - |b|\/2 = |AC| - |BD| - 2, that is, 

|AB| - |CD| V2 
—__—__—_._ — v/2. 
|AC| - |BD| 

12.2 ‘Transformation Geometry 

In this section isometries and similarities and their concatenations are used to prove 

theorems or to solve problems. Problems solvable by vectors or complex numbers 

are usually good examples for transformation geometric methods. In fact, vectors 

are translations, a simple type of isometry. Multiplication by a complex number is 

a stretch from O combined with a rotation about O. 

Isometries are one-to-one transformations of a plane (or space) which preserve 

distance. Ina plane, direct isometries preserve sense. They are translations and ro- 

tations. The opposite isometries are not sense-preserving. They are line reflections 

and glide reflections. The last one is hardly ever used in competitions. A translation 

has no fixed point except the identity, which has nothing but fixed points. A rota- 

tion has just one fixed point. Among the opposite isometries the line reflection has 

a whole line of fixed points. The glide reflection has none if it is not a reflection. 

Every direct isometry is the concatenation of two line reflections. An opposite 

isometry can be represented as a composition of one or three line reflections. 

Rotation around point P with angle 2¢ is the concatenation of two line reflections 

with the lines passing through P and forming angle ¢. A translation is the product of 

two line reflections in parallel mirrors. The direction of the translation is orthogonal 

to the lines, and its distance is twice the distance of the parallel lines. A product 

of two half-turns about A and B is the translation 2AB. 

We give some examples of the use of transformation geometry. 

E1. Napoleonic Triangles. Erect outwardly (inwardly) isosceles triangles with 

vertices P. O, R and vertex angles 120° on the sides AC, BC, AB of a triangle. 

Prove that AP QR is regular. 
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Fig. 12.15 Fig. 12.16 Fig. 12.17 

Look at Fig. 12.15. Py29° © Q120° o Ri20° = J, since it is a translation with fixed 

point A, i.e., the identity mapping. Hence Pj29° 0 Q1292 = R—120°. Now construct 

the regular triangle with base P Q and vertex R’. Then 

Pix? 0 Qine = POGogor=por=R_ iy. 

Thus, R—129° = R’_19., which is the same rotation with the same fixed point, that 

ish. 

E2. Again we solve problem 31, Chapter 12.2 (IMO jury 1977). In Fig. 12.16, 

dilatation from B with factor 2 and then rotation about O by 60° moves M to 

B’ and leaves S fixed. Hence /MSB’ = 60° and SM : SB’ = 1/2. Similarly 

iNSA’ = 60°, SN: SA’ = 1/2. Hence ASMB «-ASN A‘ 

E3. Let us look at another problem we already solved by complex numbers. On the 

sides AB and BC of AABC are erected outwardly regular triangles with vertices 

D and E. Show that the midpoints of AC, BD, BE are vertices of a regular 

triangle. 

We must show in Fig. 12.17 that AM N P is regular. The idea is to move N by 

a sequence of transformations to P. The product must be a rotation about M by 

60°. Such a sequence is easy to find: dilatation with center B by factor 2, rotation 

about B by —60°, a half turn about M, rotation about B by —60°, and a stretch 

from B by factor 1/2. It moves Nt Dr AR CPR Eb P. Now we 

show that M is a fixed point. Indeed, Mh M; % Mp M3 h% Mb M. 

Since the stretches by 2 and 1/2 give an isometry, this is a rotation by +60° since 

—60° + 180° — 60° = 60°. 

E4. The trapezoid ABC D in Fig.12.18 has AB || CD. Anarbitrary point P on the 

line BC, which does not coincide with B or C, is joined with D and the midpoint 

M of the segment AB. Let X € PDUAB, Q € PMUAC, Y € DQUAB. Show 

that M is the midpoint of XY. 

Consider the following homotheties: 

How Ae C, Hp > C i> Be 

Obviously, Hg o Hp maps A to B and leaves M fixed. Since M is the midpoint 

of AB, the composite mapping Hg o Hp = Hy is a half turn about M. But 

Ho: Ye D, Hp: Dt> X. Thus Hy: Y » X, and |MX| =|MY|. 
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Xx 

HZ X 
Fig. 12.18 Figai2.19 

ES. On the sides AB, BC, CD, DA of a quadrilateral ABC D, we construct, 

alternately to the outside and inside, regular triangles with vertices Y, W, X, Z, 

respectively. Show that YW X Z is a parallelogram. 

A parallelogram is generated by translation. So we try to find some mappings 

which give a translation as a product. Such a product is 3 easy to find. Agor 0 C_¢9° 

is a translation which takes Y to W and Z to X. Thus, YW = WX. Indeed, 

Agoe C_60° 
pe Vee pee wo ie ep ee ty 

E6. This is a generalization of the preceding example. Suppose, we replace the 

regular triangles with directly similar triangles. See Fig. 12.19. The result still 

seems to be a parallelogram. 

Indeed, with |AY|/|AB| =r, we have 

1 
Ag oA (<) oC(r)oC_, =f,  atranslation. 

i? 

f i are =re 
Yrouw, ZrexsYw=Zx. 

E7. Construct a parallelogram, given two opposite vertices A, C, if the other two 

vertices lie on a given circle. 

A parallelogram is a centrally symmetric figure. The center M is the midpoint 

of AC. A half turn about M interchanges the other two vertices, but they must 

lie on the reflected circle. So they are the intersections of the given circle and its 

reflection. 

E8. Construct a parallelogram ABC D, given the vertices A, C and the distances 

rand s of the points B and D from a given point E. 

Reflect E at the midpoint M of AC to E’. Now B is constructible from E E’ and 

circles with radii r and s and centers E and E’, respectively. 

E9. Construct a parallelogram ABC D from C, D and the distances r and s of A 

and B from a given point E. 

The translation AD takes E to E’. Now ADE'C is constructible from the three 

sides |C D|, |DE’| =r, |E’C| = s. Now translate DC by E’E. The image of DC 

is AB. 



B12, 12. Geometry 

E10. Two circles a and a anda point P are given. Find a circle which is tangent to 

a and a, such that the line through the two points of tangency passes through P. 

Fig. 12.20 

The circle x to be constructed touches a and a; (with centers O, O,) in A and 

B, where P € AB. We consider the homothety with center A, which maps @ to x, 

and the homothety with center B, which maps x to a;. Their product maps a onto 

a, and has center S € ABU OQ, that is, AB is determined by P and S, where S 

is a similarity center of the circles w and a. If a, a are not congruent, there will 

be two similarity centers $, 5S}, such that a — a,. There will be solutions, if at 

least one of the lines SP, SP, intersects the given circles. At most there are four 

solutions: two circles x, y for §P and two for S; P (with a negative stretch factor). 

See Fig. 12.20, which shows the two solutions for S. The second solution is not 

actually drawn, but its center Y and its points C and D of tangency are constructed. 

E11. A circle and one of its diameters AB are given as well as one point P in the 

plane. Construct the perpendicular to AB through P by ruler alone. With a ruler, 

you can connect two points. 

The problem is almost automatic for most positions of P. In Fig. 12.21 you 

must draw AP and BP. Then two new points C, D arise. So you draw AC and 

BD. They intersect in H. But AC | BP and BD L AP. So H is the orthocenter 

of the triangle ABP. Thus PH 1 AB. Fora point P inside the circle, the lines to 

be drawn are exactly the same, but this time P is the orthocenter. The case in Fig. 

12.22 is not much different. But suppose P lies on the circle as in Fig. 12.23. The 

new idea is to choose a point Q outside the circle. We can drop a perpendicular from 

this point to AB which intersects the circle at R, S. We can drop perpendicular 

from P, if we can reflect P at AB. Now we have two symmetric points R, S. With 

their help, we can easily reflect P. Draw SP. It intersects AB in T. Draw RT. It 

intersects the circle in P’, the image of P. Now PP’ 1 AB. 

Now suppose that P € AB as in Fig. 12.24. We want to draw the perpendicular 

to AB through P. This is a considerably more difficult problem. Now we must 

draw two perpendiculars to AB. The first intersects AB in Q and the circle in 

S, S’. The other intersects AB in R. Draw SP and S’P. They intersect the second 

perpendicular in T and T’. The simplest way to proceed now is to use a shear with 

fixed line SS’ which takes T’R to RT. Shears preserve areas and take lines into 

lines. Now the trapezoids S’T’RQ and S’RT Q have the same area, S’T’ goes to 

S’R, and QR goes to QT. Since AS’ PQ and S’ P’Q have the same area and the 
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Fig: 1221 Fig. 12.22 Fig. 12.23 

same base S’Q, they will have the same altitude. Thus P and P’ are equidistant 

from S’Q. Hence, PP’ | AB. 

E12. Construct a quadrilateral ABC D from its sides and the median MN joining 

the midpoints of AB and CD, respecively. 

Reflect the whole quadrangle ABC D at M to ABD’C’. N will go to Nj. Trans- 

late DN by DA to AA. Similarly, translate CN by CB to BB,. AA, N,N can be 

constructed from its sides. Now AMAA, can also be constructed from its sides. 

The rest is trivial. See Fig. 12.25. 

Fig. 12.24 

Fig. 12.25 

Problems 

1. ABC and A’B’C are regular triangles with the same orientation. Let P, Q, R be 

the midpoints of the segments AB’, BC, A’C, respectively. Show that APQR is 

regular. 

2. Let M, N be the midpoints of the bases of trapezoid ABC D. Show that the line MN 

passes through the intersection point O of the diagonals and the point S where the 

extensions of the legs intersect. 

3. A point P is joined to the vertices of triangle ABC. The straight lines AP = 

y, BP =z, CP = x are reflected at the angle bisectors passing through A, B, C 

to v, w, u, respectively. Prove that u, v, w pass through one point Q. 
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. Three lines x, y, z are incident with a point P and are orthogonal to the sides c, a, b 

of a triangle ABC. Now x, y, z are reflected at the midpoints of c, a, btou, v, w, 

respectively. Prove that u, v, w also pass through a point Q. 

. Take a point A inside an acute angle. Construct the triangle ABC of minimum 

perimeter if B and C lie on the legs of the angle. 

. Two circles are tangent internally at point A. A secant intersects the circles in 

M,N, P, Q. Prove that MAP = ZNAQ. 

. Achord MN is drawn in a circle w. In one of the circular segments, the circles @, 

@» are inscribed touching the arc in A and C and the chord in B and D. Show that 

the point of intersection of AB and CD is independent of the choice of @), @>. 

. Consider n circles C; (C,4; = C,) with C; touching C;4; externally at 7; fori = 1 

to n. Start at any point A; on C), and, fori = 1 to n, draw straight lines A;T7; 

intersecting C;,, a second time in A;+,. What is the relative position of A; and A,41 

on C,? Generalize. 

. Assume a line a and a point P. Using as few lines as possible (circles or segments), 

construct the line perpendicular to a which passes through P. If P ¢ a the problem 

is well known to every high school student of geometry. But suppose P € a. The 

minimal construction is hardly known. See the solution for a proof of our contention. 

A, B, C, Dare four points ona line. Through A and B, draw a pair (a, b) of parallels 

and, through C and D, another pair (c, d) of parallels so that (a, b)U(c, d) = PQRS 

is a square. 

Draw through a point P inside an angle a segment, which cuts off a triangle of 

minimum area. 

On the sides CA and CB of AABC, squares CAMN and CBP Q with centers O; 

and QO), are constructed to the outside. The points D and F are the midpoints of the 

segments MP and NQ. Prove that the triangles ABD and O; O2F are rectangular 

and isosceles. 

. What can you say about lines a and b if aoboa = boa ob. Here we identify a 

line a with the reflection in a. 

. What is the relative position of a, b, c, difacbocod=boaodoc? 

. Ina quadrilateral ABC D, we reflect A at B to A;, B at C to B,, C at Dto C,, Dat 

A to D,. Suppose, only A;, B,, C;, D, are given. Reconstruct ABC D. Compare 

the areas of ABCD and A; B,C,D,. 

In a quadrilateral ABC D, reflect A at C to A,, B at Dto B,C at AtoC,;, Dat B 

to D,. Compare the areas of ABC D and A, B,C, D,. 

On the sides BC, CA, and AB of triangle ABC, regular triangles with vertices D, 

E, and F are erected. Reconstruct ABC from D, E, F. 

On the sides AB and DA of a parallelogram ABCD, regular triangles with vertices 

E and F are erected. Prove that E, C, F are vertices of a regular triangle. 

On the sides of AA BC, the points P, Q, R arechosen, such that AP = 2PB, BO = 

2Q0C, CR = 2RA. Reconstruct the triangle from P, Q, R. 

Construct a triangle ABC from two sides b, c, if it is known that the median AD 

divides the angle at A in the ratio 1 : 2, so that BAD =a, DAC = 2a, a being 

unknown. 
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Fig. 12.26 Fig. 12.27 

21. Three pairwise orthogonal plane mirrors are used as reflectors at the back of a bycicle. 

Prove that, if a light ray is reflected at each of the three mirrors, it reverses its path. 

22. Three points P, Q, and R are given in the plane. Construct a quadrilateral ABC D 

for which these three points are the midpoints of AB, BC, CD, if it is known that 

|AB| = |BC| = |CD|. 

23. ABCD is a square, and P is a point inside with |PD| = 1, |PA| = 2, |PB| =3. 

Find ZAPD. 

24. A point P inside the equilateral triangle ABC of side s has distances 3, 4, and 5 

from the vertices A, C and B, respectively. Find s. 

Solutions 

fer eC Oe RR Bee 
2. Let |AB|/|CD| =A, |CD|/|AB| = 1/d. Then O(—1/A) o S(A) exchanges A with 

B. Hence, it is M(—1). Similarly, S(A) o O(—1/A) exchanges C with D. Hence, it 

is N(—1). This implies M € OS, N € OS. 

Be lin TS, 2S) Obs == WD, I) == WE, C4 = WW =P ao), DW SS lye, WO SS omen 

Now P € x, y, z > xyz is a line reflection => xyzxyz = J > uvwuvw = 

ax bbycczaaxbbyccza = axyzxyza =ala =I => u, v, w have a common point 

Q. 

“4, Vie) Vesa, LAI joes = We) So ae] = 1 = neo) = jurcieg) = Arlee, Sie 

larly, v = ByC, w = CzA. Now uuvwuvw = AxBByCCzAAxBByCCzA = 

AxyzxyzA = AIA =I. Thus u, v, w have acommon point Q. 

5. In Fig. 12.28, reflect A at b to M and at c to N. Line MN intersects the legs of 

the angle in B and C. Triangle ABC has the least perimeter. Indeed, let B; and C, 

be any two other points on b and c, respectively. Then |AB,| + |B,C;| + |C,N| > 

|MN| =|MB|+|BC|+|CN| = |AB| + |BC|+|CAI. 

C) 

O B, 
Fig. 12.28 
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Fig. 12.29 Fig. 12.30 

. In Fig. 12.29, the homothety with center A takes circle w to circle w’. We have 

N’P’ || MQ = arc MN’ = arc P'O > LPAQ = (MAN. 

. In Fig. 12.30, the homothety with center A, which takes w to w takes MN to the 

horizontal tangent in E. The homothety with center C, which takes @ to w, takes 

MN to the tangent in E. Thus AB and CD intersect in E. 

. We consider n homotheties. Each has center T; and maps C; onto C;,,. Now 7)(A;)0 

Th(Az2) 0- +--+ 0 T,(A,) maps C, onto C; with n half turns. The result is the identity for 

even n and a half turn of C, for odd n. Thus A,,; = A; for evenn and A,,, and A; 

are endpoints of a diameter of C, for odd n. 

. Fig. 12.31 shows the construction for the second case. It is most interesting and 

hardly known. It takes any point Q outside the line and draws the circle with center 

Q, which passes through P.. Through the second intersection point R of the line with 

the circle, we draw the diameter RQ intersecting the circle once again in S. Then 

SP is perpendicular to a. We need to draw one circle and two straight lines, one line 

less than in the classical construction. 

. Let PORS be the required square. The angular bisectors of PSR and ZBQC pass 

through the points V and M on the circles with diameters BC and AD, respectively. 

N and M are bisectors of the semicircular arcs BC and AD. 

In Fig. 12.32, aOb is the given angle. Take any line MN through P, M € a,N € b. 

Suppose |M P| < |PN|. Now reflect a at P toa’. Leta’ Nb=B,a’'NMN = K, 

PB {\a = A. Then the area of triangle OAB is smaller than the area of triangle 

OMN by the area of triangle BK N. 

In Fig. 12.33, A_oge o B_ogo is a half turn which maps M to P. The center of 

symmetry is the midpoint D of the segment PM. The theorem on the composition 

of two rotations tells us that DAB = DBA = 45°. This proves that triangle ABD 

is isosceles with a right angle. Similarly, we can prove the required property for the 

triangle O; O2F of the rotation about O, and OQ} by 90°. 

Fig. 12.31 Fig. 12.32 Fig. 12.33 
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Suppose O is the intersection of the lines a and b. Let (a, b) = ¢. Thenaoboa = 
boaob &> acboaoboaob=I, that is, 6¢ = 27, or, 6 = 1/3. 

By multiplying abcd = badc with ab from the left and dc from the right, we get 
(aby = (dc). If a || b, then a, b, c, d are parallel. If a } b and these lines are 
not perpendicular, then a, b, c, d have a common point. If a | b andc 1 d the 

position of these two pair of lines is arbitrary. 

Homothety A;(1/2) o A2(1/2) o A3(1/2) o A4(1/2) is the homothety A(1/16). We 

can find point A by applying the product of the four homotheties to any point X of 

the plane. From X and its image Y, we can find A. Since X is arbitrary, we may take 

X = A,. Then Y will be the image of A, under the homothety A,(1/2) o A2(1/2) 0 

A3(1/2) o A4(1/2). 

. The area of a quadrilateral ABC D is |AC|-|BD|-sin ¢, where ¢ is the angle of the 

two diagonals AC and BD. Since the diagonals of A; B,C, D, have the same angle 

and are three times as long, its area is nine times the area of ABCD. 

P60° © Qeoo © Reo is a half turn. Applying this mapping to P, we get its image P’. 

The midpoint of P P’ is the point A. 

E(60°) leaves E fixed and takes F to C. Indeed, 

LFAE = ZEBC = 120° +a, 

where o is the angle between AF and AE. 

P(—1/2) o Q(—1/2) o R(—1/2) = A(—1/8). We can get A from AP’ = _AP/8, 

if P’ is the image of P with respect to A(—1/8). 

Reflect C at AD to E. Then FD is a median in AEBC. Hence AD || BE, and 

LABE = DAB =a. Hence, |AE| = |BE| = b, and AABE can be constructed 

from its sides. Now draw AD || BE, and reflect E at AD to C. 

The mirrors define a coordinate system with the origin O being the unique common 

point of the planes. Reflection at all of the planes is reflection at O, which reverses 

each path. Indeed, reflection at the yz-, zx-, and xy-planes resuls in (x, y, Zz) 

xe y; z) lesa ax; Tee z) ie (=35 mys <2), 

B and C lie on the perpendicular bisectors of PQ = m, and QR = mz», respectively. 

They intersect in O. Now we have £m; Om with a point Q inside. We must find a 

segment from m, to m2, which is bisected in Q. There is a unique solution. Reflect 

mM at Q to m}, which intersects m, in B. The rest is trivial. 

Rotate the square about A by +90°. Then B > B’ = D,C > C’,D > D,, 

P => P’. We have AP 1 AP’, |AP| = |AP’| = 2. Thus AAPP’ has LAPP! = 
45°. Since |PP’| = V2 and (/2)? + 1? = (/3)*, we have PP’ | PD. Thus 
LAPD = LAPP’ + ZP’PD = 135°. 

Reflect the point P at the sides BC, CA, and AB, respectively, to A’, B’, and C’. The 

area of the hexagon AC’BA’CB’ can be computed in two ways. On the one hand 

it is twice the area of AABC, ie., /3s2/2. On the other hand, it is the area of the 

rectangular triangle A’B’C’ with sides 3/3, 4./3 and 5/3 together with the areas 

of the triangles AC’B’, BA’C’ and CB’A’ which we know from two sides and the 

included angle 120°. We get s = ¥25 + 12/3. 
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12.3. Classical Euclidean Geometry 

This topic is the most important one in competitions. At the IMO usually two of 

the six problems come from elementary geometry. Some of them can be treated 

conveniently with vectors, complex numbers, or transformation geometry. But 

usually ingenuity plus a few quite elementary facts from Euclidean geometry are 

required. We will not give a list of prerequisites, but just use them. We start with 

a set of easy problems, which can be used in a regular classroom. The main part 

consists of a mixture of more difficult to very hard problems. We give just one 

typical example. 

E1. One of the cross sections in a rectangular box is a regular hexagon. Prove that 

the box is a cube. 

E1 belongs to the category of easy problems, yet it is by no means trivial. As 

soon as you have the right idea, it is immediately trivialized. The trivializing idea 

is to extend every second side of the hexagon to get a regular triangle. In Fig. 

12.34 the vertices K, L, and M of this triangle lie on the extensions of the edges 

AB, AA, and AD of the box. We have AKLA = ALMA since KL = LM, 

LKAL = LLAM = 90° and AL is a common side. This implies KA = MA. 

Similarly KA = LA. Since PQ = KM/3,wehave LPQ ~ LKM andLPA, ~ 

LKA,. Hence AA; = 2AL/3, AB = 2AK/3, AD = 2AM/3. This implies 

AB = AA, = AD, 1.e., the box is a cube. 

If the box is not rectangular, it can still have a cross section in the shape of a 

regular hexagon. Stretch the cube in Fig. 12.34 along the diagonal AC}. 

Fig. 12.34 

12.3.1 Easy Geometrical Problems 

1. The medians of a triangle partition its area into six equal parts. 

2. From the medians of AABC one can construct a triangle, the area of which is 3/4 

of the area of AABC. 

3. Can two triangles have two equal sides and three equal angles, and still be noncon- 

gruent? If yes, then give conditions. 

4. A convex quadrilateral is cut by its two medians into four parts. Show that they can 
be assembled into a parallelogram. 

5. Why is a foldline of a piece of paper always straight? 
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Fig. 12.35 Fig. 12.36 

6. Can you wrap the surface of a unit cube with a 3 x 3 piece of paper? 

7. For each side of a convex quadrilateral, we draw a circle with this side as a diameter. 
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Show that the four circular discs cover the quadrilateral. 

. Show that the points B, R, C in Fig. 12.35 are collinear. 

. Leta, b, c, d be the sides of a quadrilateral with area A. Prove that 

@asPF™ waste waste rte 

. What is the maximum area of a quadrilateral with sides 1, 4, 7, 8? 

. The semicircular disc in Fig. 12.36 glides along two legs of a right angle. Which line 

describes point P on the perimeter of the half circle? 

. Show how to cut any triangle by two straight cuts into symmetric parts. Which 

triangles can be cut into two symmetric parts by one straight cut? 

You have any amount of string, three short pegs, and one iron ring. How can you 

tie a cow in such a way that she can graze the entire inside of a semicircular lawn 

without being able to overstep its boundary. 

Find a point inside (a) a quadrilateral (b) a regular hexagon so that the sum of its 

distances from the vertices is minimal. The problem for the regular pentagon is 

considerably tougher and will be treated later. 

Draw a polygon and a point O in its interior, so that no side is completely visible 

from O. 

Draw a polygon and a point O in its exterior, so that no side is completely visible 

from O. 

Does there exist a polyhedron and a point O outside, such that none of its vertices is 

visible from O? 

Given any n-gon, show that it has at least one internal diagonal. 

What is the sum of the interior angles of a star polygon with (a) 5, (b) 7, (c) 8 sides. 

On a square ABCD with side a, we construct an isosceles triangle CDE to its 

interior with legs b, so that ABE = 15°. Prove that b = a. 

(Solve by ruler!) Given two parallel segments. Find their midpoints. 
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(By ruler only!) Given a segment a and its midpoint. Construct through M ¢ aa 

line g || a. 

(Solve by ruler!) Given a parallelogram. Draw a parallel through its center to a side. 

Four points are given in a plane. We can construct rectangles the sides of which pass 

through these four points. Find the locus of the midpoints of these rectangles. 

Points A, B are fixed. Find the set of all feet of perpendiculars from A to all possible 

straight lines through B. 

Two points A, B are fixed. A is reflected at all straight lines through B. Find the 

locus of all images. 

Assume a fixed line ¢ and two fixed points A, B ont. Two variable circles are tangent 

to t in A and B, and they touch in M. Find the locus of M. 

Given a circle C and two points A, B inside of C, inscribe in C a right triangle with 

legs of the right angle passing through A and B. 

B is a fixed point and a is a straight line. Erect a square ABCD with A € a. What 

line describes C if A runs through all points of a? 

A circle with diameter r rolls inside a circle with diameter 27. What line describes 

a point K of the rolling circle? 

Two circles intersect in A and B. P traces the arc AB. Show that the length of the 

chord CD cut out by PA and PB on the other circle has constant length. 

Given two fixed circles C; and C, with centers O, and Oy, find the locus of midpoints 

of the segment XY, where X € C, and Y € C). 

Let P be any point inside a triangle with distances /,, 1,, 1. from the sides a, b, c. 

We may assume a < b < c. Show that h, < 1, +1, +1, < ha. There is equality iff 

the triangle is regular. 

M is the midpoint of segment AB. Prove that, for every point P in space, 

pay < WPAL+IPBI 
a= 2 ° 

M is the midpoint of segment AB. Prove that, for every point P of space, 

||PA| — |PB|| < 2|PM|. 

Characterize the set of all planes equidistant from points A, B. 

If G is the centroid of the tetrahedron ABC D, then, for any point P, 

1 
|PG| < Z ((PA|+ (PB) +1PC|+ PD). 

In a triangle ABC, A is reflected at B to A’, B is reflected at C to B’, C is reflected 

at A to C’. Find |A’B’C’| in terms of |ABC]. 

What four-bar linkage with sides a, b, c, d has maximum area? 

Can you get a quarter through a penny-sized circular hole in a piece of paper? 

Let a, b, c, d, e be five line segments. Any three of them can be used to construct 

a triangle. Show that at least one of these triangles is acute. 
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Suppose that the sun is exactly overhead. How should I hold a rectangular box over 
a horizontal table so that its shadow has maximum area? 

Solve the preceding problem for a regular tetrahedron. 

. Take any convex n-gon. Select any m points inside of it. Cut the polygon into non- 

intersecting triangles whose vertices are these m + n points. How many triangles do 

you get in terms of m and n? 

Points of space are colored with five colors (all five colors do occur). Prove that there 

exists a plane, the points of which are colored by at least four different colors. 

Many identical rectangular boxes are available. Give a practical method for measur- 

ing a space diagonal. 

The midpoints of the altitudes of a triangle are collinear. Find the shape of the triangle. 

A convex quadrilateral is cut by its diagonals into four triangles of equal perimeter. 

What can you infer for the shape of this quadrilateral? 

A point P is chosen inside a square, and parallels to the sides and diagonals are 

drawn through P. They split the square into eight parts, which we label 1 and 2 

alternately around P. Prove that the parts labeled 1 and those labeled 2 have equal 

areas. 

Any four of five circles have a common point. Prove that all five circles have a 

common point. 

Two parallel planes and two spheres are given in space. The first plane touches the 

first sphere in A, the second plane touches the second sphere in B, and the spheres 

touch in C. Prove that A, B, C are collinear. 

Can you cut a hole into a cube so that a slightly larger cube can pass through the 

hole? 

An equilateral triangle ABC is inscribed in a circle. An arbitrary point M is chosen 

on the arc BC. Prove that |MA| = |MB|+|MC|. 

If the incircle of a quadrangle ABCD has radius r, then |AB| + |CD| = 4r. 

Given three points in a plane, construct a quadrilateral for which these points are 

midpoints of three successive equal sides. 

If the angles a, 8, y of a triangle satisfy cos 3a + cos 3B + cos 3y = 1, then one 

of its angles is 120°. 

The base of a pyramid is an n-gon, n odd. Can you place arrows on the edges of this 

pyramid, such that the sum of the vectors is = 6? 

Prove that a square has the smallest perimeter of all quadrilaterals circumscribed 

about a given circle of radius r. 

From a point O inside an equilateral triangle ABC, perpendiculars OM, ON, OP 

are dropped onto the sides BC, CA, AB. Prove that |AP|+|BM|+|CN| does not 

depend on the location of the point O. 

Circles with centers O and O’ are disjoined. A tangent from O to the second circle 

intersects the first circle in A and B. A tangent from O’ to the first circle intersects 

the second circle in A’ and B’, and A and A’ lie on the same side of OO’. Suppose 

we know the distances |AA’| = a and |BB’| = b. Find |OO’|. 
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61. Let ABCD be a convex quadrilateral with area F. Suppose that |AM|? + |BM|? + 

|CM|? + |DM/? = 2F for some point M of the plane. What can you say about 
AX, 18h, (Gy ID), MEY 

62. A trapezoid ABC D is drawn on paper, together with the median E F connecting the 

midpoints of AD and BC, and the segment OK 1 AB, where O = ACM BD and 

K € AB. Now everything is erased except the segments E F and OK. Reconstruct 

the trapezoid. 

63. A right triangle D is divided by its altitude into two triangles D; and D>. Prove that 

the sum of the radii of the incircles of D, D,, D> is equal to the altitude of D. 

64. Inscribe squares with sides x, y, z into a triangle with sides a, b,c, so that two 

vertices lie on BC, CA, AB, respectively. Then x = y=z>a=b=c. 

65, Injatnangle hn, = 12>h; = 20) Prove that 7:5 = he << 30: 

66. The distance between any two trees in a forest is less than the difference of their 

altitudes. Any tree has altitude < 100 m. Prove that the forest can be surrounded by 

a fence of length 200 m. 

67. The radii of the insphere and circumsphere of a tetrahedron are r and R, respectively. 

Prove or disprove that R > 3r. 

68. The skew edges of a tetrahedron are pairwise equal. Prove that the centers of its 

insphere and circumsphere coincide. 

69. A point O inside a convex quadrilateral is joined to its vertices. Find the area of 

the quadrilateral with vertices in the centroids S, to S4 of the four triangles ABO, 

BCO, CDO, DAO. 

70. By means of a ruler in the shape of a semicircular disk draw the perpendicular to a 

given line / through a given point A. 

71. Fig. 12.37 shows a four-bar linkage. The longest link a is fixed. When the shortest 

link d makes a complete revolution, the rocker b oscillates between two extreme 

positions. How do you find these extreme positions? Show thata +d <b+c,ie., 

the sum of the shortest and longest link does not surpass the sum of the other two 

links. 

Q 
a 

Fig. 12.37 

72. The sides of a skew quadrilateral are tangent to a cone. Show that the tangent points 

are coplanar. 

Solutions 

1. Two triangles with the same base and altitude have the same areas. Thus, we have 

the equalities in Fig. 12.38. Nowa+a+b,a+b+b,a+a+care half the area 
of the triangle. Hence,a = b =c. 
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2. Let |ABC| = F. Reflect the centroid S$ at the midpoint P of AB with image S’. 

Then |AS| = mq, |SS'| = 2m,, |AS'| = 2|RS| = my, |AS'S| = 4F (since 
[JAS P| = 2A). Stretch AASS’ from A with factor 3. Its area increases by factor 

9/4. The stretched triangle AT Q has sides m,, m,, m, and area 

il 3 
AT Q| = —- =|ABC| = -|ABC|. |AT Q| 4 5 | 7! C| 

The triangle AT Q can be constructed by translation of mz, mp, me. 

3. Yes, e.g. the triangles with sides 1, 3/2, 9/4 and 3/2, 9/4, 27/8. They have two equal 

sides, and they have proportional sides, e.g., they are similar and have equal angles. 

Generally, two triangles with sidesa, aq, aq’ andaq, aq’, aq? are similar and have 
two common sides. To be constructible, they must satisfy the triangular inequality. 

For g > 1, this means g* < g + 1 and, for g < 1, we must have 1 < q + q?. Thus, 

J5—-1 J5+1 
<q< 

2 D 

with the exception of g = 1, which would give three equal sides. In all other cases 

the longest side would satisfy the triangular inequality. 

4. Fig. 12.39 shows the proof. 

5. Fold the paper. Let A and B be coinciding points on the two folds. Now unfold 

again. Let X be any point on the fold line. Then |AX| = |BX|. Thus X lies on the 

perpendicular bisector of AB. 

6. Yes, and Fig. 12.40 shows a solution. 

7. Drop the perpendiculars from B and D onto the diagonal AC. The quadran- 

gle is cut into four rectangular triangles 1, 2, 3, 4. The circles with diameters 

AB, BC, CD, DA are circumscribed about 1, 2, 3, 4. 

8. ZBRS = ZAPS = ZSOC = a. Since 4SQC + ZSRC = 180°, we must have 

ZSRC = 180° — a. Thus ZBRS + ZSRC = 180°, and B, R, C are collinear. 

9. (a) If a is the base and h is the altitude of a triangle ABC, and b one of the other 

sides, then h < b. In Figs. 12.41 and 12.42, 

b d b+cd 
JABC| < >. IACDI< 5, A =\ABCD| = = = 

We have equality iff AB . CD and CD 1 DA. In this case the quadrilateral is 

cyclic. The inscribed circle has diameter AC. Thus, 

AaOEe Spee 00 a ed SAC). 
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Fig. 12.41 Fig. 12.42 Fig. 12.43 Fig. 12.44 

(b) We reduce this case to the preceding one. In Fig. 12.43 cut the quadrilateral 

along the diagonal B D and turn the triangle BC D over. You get the new quadrilateral 

ABC'D in Fig. 12.44 with the same area to which the preceding result can be applied 

giving 

ac + bd 
< : 
= 2 

There is equality iff in the new quadrilateral AB 1 BC’ and DC’ 1 AD, ie., 

B+68' =5+4+ fp’ = 90°, ora? +c? = b* +b? = |AC’|’. In addition, ABCD is a 
cyclic quadrilateral. 

(c) |ABC| < ab/2, |BCD| < bc/2, |CDA| < cd/2, |DAB| < da/2. Thus, 

atc b+d Ie / Cbs 0Gm ed 

2 Ns 
da 

+ 5 ) > |ABCD|. 

We have equality iff 2A = 4B = /C = ZD,i.e., for rectangles. 

We may assume that the sides 1 and 8 are neighbors. If not, we cut the quadrilateral 

along a diagonal and turn over one of the triangles as in the preceding problem. Now 

the quadrilateral has area < 1-8/2+4-7/2 = 18. Since 17 +. 8? = 4° +7? = 65 we 
can build a quadrilateral of area 18 from two right triangles with common hypotenuse 

65. 

In Fig. 12.45, AO BP is acyclic quadrilateral with fixed ABP = a. Thus ZAOP is 

also fixed, and P traces a segment on the fixed straight line O P. This was a 2 minute 

problem from a Hungarian TV show in the sixties monitored by Renyi, Turan, and 

Alexits. 

Let AB be the maximal side of AABC. The foot D of the altitude from C lies 

on AB. Join D with the midpoints P, Q of AC and BC. Then |AP| = |PC| = 

|DP|, |BQ| = |QC| = |DQ|. Thus ADP and DB@Q are isosceles, and DPCQ 

is a symmetric deltoid. Its symmetry line is the perpendicular bisector of CD. See 

Fig. 12.46. 

In Fig. 12.47 the cow C is tied in the middle of a rope of length 27. At the one end is 

the peg in the center M, at the other is the ring R. The line MC prevents the cow from 

overstepping the semicircle, the line CR prevents the overstepping of the diameter. 

The exact solution is impractical since the cow is a strong animal and the rope DE 

will bend. Give an almost correct solution which is very robust. 
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14. (a) If the quadrilateral A BC D is convex, the problem is easy. Fig. 12.48 shows by 

the triangle inequality that P must coincide with the point O of intersection of the 

diagonals. 

Now look at Fig. 12.49. Here the point D lies inside AABC. Obviously |AP| + 

|DP| > |AD|, and two applications of the triangle inequality show that |B P| + 

|CP| > |BD| + |CD|. Show this. By adding the two inequalities, we get |PA| + 

|PB|+|PC|+ |PD| > |DA|+|DB|+|DC|. Hence, D is the optimal location 

fOr Ps 

Suppose D lies on side BC of AABC. We have PA+ PD > DA, PB + PC > 

DB + DC. Adding the two inequalities, we get 

YOAM par Pesealse VC ae eran! S= VOYAN ep Oe) se VOXE 

that is, D is the optimal location. 

But what if the points A, B, C, D all lie on a straight line? This leads to a highly 

interesting problem which can be solved for any number of points: n friends live at 

X1 < X27 <--- < x, on the same street. Find a meeting place P, so that the total 

distance travelled is minimal. 

For n = 2, any point x € [x, x2] will give the minimum distance x. — x,. Now let 

n = 3. For x, and x3, any point in [x;, x3] will do. Of these points, x is optimal for 

x2 itself. Hence, x2 is the optimal point. 

Generally, for even n, any point in the innermost interval [Xn/2, Xn/241] is optimal. 

For n odd, the innermost point x(,+1)/2 1s the optimal point. 

(b) Fig. 12.50 shows that this time the problem is again trivial. Three applications of 

the triangle inequality show that P must be the center O. 

Fig. 12.48 Fig. 12.49 
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. Fig. 12.51 shows one example. 

16. 

Whe 

Fig. 12.52 shows an example. 

(Due to the contestant Brailow.) Take two thin parallel square plates of the same 

size. Between them we take a square frame of the same size rotated by 45° versus 

the plates. The frame will hide the vertices of the plates from the center of symmetry 

O. In the angles of the frame perpendicular to its plane, we place 4 ‘pencils’ which 

hide the vertices of the frame. The plates will hide the ends (vertices) of the pencils. 

Consider any polygon. Let A, B, C be three successive vertices. We draw through 

B all rays filling the interior of the angle ABC. Either some ray will hit another 

vertex D, then BD is an internal diagonal, or none of the rays hits another vertex, 

then AC is an internal diagonal. 

. (a) The sum of the interior angles of a star pentagon is 180°. 

(b) There are two kinds of star polygons with 7 vertices with sums of interior angles: 

S7,2 = 540° and $73 = 180°. You can skip one or two vertices. 

(c) There is just one star polygon with 8 vertices. You skip two vertices. The others 

degenerate. The sum of interior angles for the nondegenerated star octagon. Sg 3 = 

360°. 

The best way to find the sum of the interior angles of a star polygon is to move a 

pencil around its contour, turning the pencil at each vertex by the angle at that vertex. 

Rotation must always be in the same direction to get the sum of the interior angles. 

First proof. In Fig. 12.53 suppose AE D = BEC =e. Then 

b>ax>e<75° >a > 60° => B < 60° Sb <a. _ Contradiction! 

b<ase>7S° >a <60°>8>60°>b>a. Contradiction! 

SUNSst—ID- 

Second proof. In Fig. 12.54 we erect ABC F = AABE on BC to the interior. Then 

we easily find |CE| = a. 

Third proof. Erect the regular triangle A BE’ on AB to the exterior. Then AE E’ and 

BEE’ are isosceles, i.e., |E E’| = a. Besides, AE is the bisector of DAE’. Hence 

|DE| = |EE'| =a, and DCE is regular. 

Fourth proof. Erect the regular triangle DC E on C D to the interior. The remainder 
is clear. 



Pelle 

22 

Wap. 

24. 

PY, 

26. 

Die 

28. 

29. 

30. 

SHE 

B2) 

12.3 Classical Euclidean Geometry 327 

a COST) 2 C 
\/ O 

wa , \A / 
o fe} : ro) fe) B A uM B 

A B 
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Fifth proof. Hinr: Rotate the square about its center by 90°. 

(a) Suppose AB || CD and |AB| # |CD}. Fig. 12.55 shows the construction of the 

midpoints M, N of AB and CD based on a theorem about the trapezoid, which we 

proved earlier. 

(b) |AB| = |CD]. This is problem 23 below. 

Given a segment AB, its midpoint N, and a point M, Draw AM, BM, NM. Choose 

C € AM freely. Draw BC intersecting MN in S. Draw AS, intersecting BM in D. 

Now CD and MN intersect in P. Transforming N BC P by a shear into N BP D, we 

get Q © NCNM PB. Then QM || AB || CD. 

In Fig. 12.56, we are given the parallelogram ABC D. We can find the center M = 

ACN BD. Now we find the midpoint NV of AB as follows. We choose a point P on 

BC and draw PA, which intersects DC in E. We can find WN as in problem 19 from 

S= BE(MAC and N = PS AB. 

In Fig. 12.57, draw any line a through A, a line c || a through C, and lines b | a, 

d | a through B and D. Let E and F be the midpoints of AC and BD, respectively. 

If M is the center of the rectangle, we have EMF = 90°. If line a rotates about 

A, the points E, F remain fixed, and M describes the circle with diameter E F. We 

have assumed that A, C are on opposite sides of the rectangle. But A, B or A, D 

could just as well be on opposite sides. Thus the locus consists of the union of three 

circles, which are easy to construct. 

The circle with diameter AB. 

Stretch the circle with diameter A B from A by a factor of 2. 

The circle with diameter AB. 

Describe a circle C; with diameter AB. It intersects C in D. The straight lines DA 

and DB intersect C a second time in E and F.. Then DEF is the required triangle. 

There are 0, 1, 2, co possible solutions depending upon the number of common 

points of C and C;. 

The locus of C is the line a rotated by 90° about B. 

A point of the rolling circle describes a diameter of the large circle in Fig. 12.58. 

LAPB = B and ACB = LADB = care fixed. Hence (CAD = a + B is also 
fixed. A chord CD of fixed length belongs to this fixed angle. 

Fix a point X € C,. The locus of all midpoints XY for Y tracing C) is a circle with 

radius r2/2 about the midpoint of X O. If we let X trace C;, the set is the union of 

all circles of radius r2/2 about all points of the circle with radius r,/2 and midpoint 

O; of O; Op. This is the area of the closed ring about O3 with inner radius (7, —r2)/2 

and outer radius (7; + 72)/2. 
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ah, = bh, = ch, Hencea <b <c > h, < hy < hg. First replacing a, b, c in 

ch, = alg + bl, + cl. = ah, by c and then by a, we get 

h. << /h, aelhy aele Ss lp 

The sum of the distances is a minimum for the vertex with largest angle and largest 

for the vertex with smallest interior angle. In particular, for an equilateral triangle, 

l, +l, +1, =h is independent of the location of the point inside the triangle. 

Reflect P at M to P’ to get the parallelogram PAP’B. The triangular inequality 

gives 
Ae |PA| +|PB| 

— 2 s 

Reflect P at M to P’. The sides of the triangle AP’P are |P A|, |PB|, and 2|PM}. 

Since each side is greater than the difference of the other two, we have 

||PA| —|PB|| < 2|PM|. 

We have equality for the degenerated triangle. 

The planes parallel to AB and through the midpoint of AB are equidistant from A 

and B. 

Gis the midpoint of E F, where E and F are the midpoints of AD and BC. Applying 

problem 34 three times, we get 

1 
We Gr ve ri eeaeeaa 

1 1 
|PE| < aA HE DD) Rei pt Blet |PC)). 

Thus, 
1 

|PG| < q (PAI +|PB|+ |PC|+|PD)). 

Fig. 12.59 shows that |A’B’C’| = 7|ABC|. 

Let F(x) = |ABCD)|. Fig. 12.60 shows that 

b d 
(hs S sin x + S sin y 

with the auxiliary condition a? + b? — 2abcos x = c* + d* — 2cd cos y. Deriving 
for x, 

ab d 
E() = F cos x + = cos yy (1) 
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Implicitly deriving the auxiliary condition, we get 2absin x = 2cdsin y - y’ or 

y’ = (ab/cd) - (sin x/sin y). Inserting y’ into (1), we get 

ab sin xcos y+cos x sin y _ ab sin(x + y) 
F(x) = 5 = 

sin y Dy SIV SY 

FAx)S=s0F = nsin(s sy) = (0 Spex sey tore hay (<< a SF (xy > 0, 

x+y>m => F(x) < 0. We get a maximum for a cyclic quadrilateral. 

We cut a hole of diameter d in a piece of paper and fold it twice along perpendicular 

diameters. The endpoints of the diameters are A, B and C, D. Now it is possible 

to get the points A, C, B into a straight line. Thus we get a slit of size dV/2. A 

penny has diameter d = 3/4. We can get a coin of diameter 3\/2/4 > 1.06 through 

a penny-sized hole. A quarter has diameter 1, thus we can easily push it through the 

hole. 

For a triangle with side lengths a > b > c, we have 

a=90° 6A =? +c? a> 9’ SAH P4+C7',0a<90° Sa’ <b’? +c’. 

We may assume that 

OAD Ge; (1) 

We assume that triangles (a, b, c) and (c, d, e) are not both acute. This will lead to 

a contradiction. The nonacuteness of the two triangles is equivalent to 

a >b+c’, (2) 

e>d? +e’. (3) 

From (2) and (3), we get 

a’ > b? +d? +e’. (4) 

From (1) and (4), 

a>c+d’ +e’. (5) 

(3) and (5) imply a? > d? + e* +d? +e”. Thus, 

a’>(dt+ey+(d—-ey”, a>dtey’, a=dte. 

But we are told that a, d, e can be used to form a triangle. Yet the last relation 

contradicts the triangle inequality a <d+e. 

The area of the shadow is twice the area of AABC in Fig. 12.61. Thus, we should 

maximize the projection of ABC on the table, which is the case, when the triangle 

is horizontal. 
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The square ABCD in Fig. 12.62 must be placed horizontally. It is parallel to two 

opposite edges of the tetrahedron. 

Let x be the number of triangles formed. We can compute the sum S of their angles in 

two ways. On the one hand, § = 180°x. On the other hand, § = 360°m+-180°(n—2). 

The first term is the sum of the angles of all m interior points. The second term is 

the sum of the angles of an n-gon. By equating the right sides of the two equations, 

we get x = 2m +n —2. 

Do this problem by induction, or use Euler’s formula f + v = e+ 2. 

We denote the five colors by a, b, c, d, e. Corresponding points are denoted by 

A, B, C, D, E. We prove two lemmas. 

Lemma I (L1): Suppose the conditions of the problem are satisfied. If there exists a 

three-colored straight line, then there exists in space a four-colored plane. 

Proof. Suppose the straight line v consists of points with colors a, b, c. We know 

that there exists a point D in space with color d. Every plane (at least one) containing 

v and D is four-colored. 

Lemma 2 (L2): Suppose the conditions of the problem are satisfied. If there exists 

a three-colored plane and a straight line, which contains points of the two other 

colors, and which intersects this plane, then there exists a four-colored plane. 

Proof. Suppose the plane S contains points with colors a, b, c and v contains points 

with colors d, e. Let P € uv S. If P has one of the colors a, b, c, then v is three- 

colored, and according to L1 there exists a four-colored plane. If P has one of the 

colors d or e, then S is four-colored. 

Proof of the theorem: If four of the points A, B, C, D, E are in one plane, then 

we are done. Otherwise ABCD is a tetrahedron. One of its faces, for instance, 

S = (BCD), separates the other two points A and E. Then line AE intersects the 

plane S, and the theorem is correct according to L2. 

Otherwise, E is contained in the tetrahedron, and A 4 E. Hence, AE intersects S, 

and the theorem is correct according to L2. 

Since the problem is so simple, there are many other proofs. Let us sketch another 

one. 

Second proof. Let ABC = S;, CDE = S$), §;NS; =m, C €m.If AB or DE and 

m intersect, the theorem is valid according to L2. Otherwise ABC D is four-colored. 

In Fig. 12.63, it is easy to measure the segment AB. 
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The midpoints A), H, H; of the altitudes of a triangle lie on the three sides of the 

triangle of midpoints of the sides of a triangle. No two of the points H; can coincide. 

The only way for the H; to be collinear is that they lie on one side of the triangle of 

midpoints. For instance H, and H) are endpoints and H3 lies between H, and A). 

The only solution is the right triangle. 

First we show that O is the midpoint of the diagonals. Let |OC| > |OA| and 

|OD| > |OB|. Reflect AABO in O to get parallelogram ABMN. Now ABO and 

MN O have the same perimeter p+q+a. But C DO has the same perimeter p+q+a. 

On the other hand, it has the perimeter p + g +x +y+c.Hencea=c+x+y. 

This implies that x = y = 0 and c = a. Thus O is the midpoint of the diagonals in 

ABCD. Comparing the perimeters of ABO and DAO, we get a = b. ABCD has 

equal sides, i.e., it is a rhombus. 

Draw a figure. Let the square have side 1. Express all of the segments on the sides 

by the variables x, y, z: Now compute the area of the parts labeled 1. The result will 

be 1/2. Find an ingenions proof by dissection. 

Let A be a common point of circles 1, 2, 4,5, B a common point of circles 1, 3, 4, 

5, C acommon point of circles 2, 3, 4,5. Then A, B, C are not all distinct, since 

all three lie on circles 4, 5. But two circles intersect at most twice. Thus, two of the 

three points coincide. Suppose A = B. Then A lies on all five circles. 

The points A, B, C lie in one plane. Thus, we may reduce the space problem to a 

problem in the plane containing the points A, B, C. We get a problem about two 

parallel lines a, b and two circles cj, c2,aMc; = A, bc. = B, cy Mc2 = C. This 

routine problem will be left to the reader. 

Fig. 12.64 shows a unit cube wih QA = OD = TB =TC = 3/4. ABCDisa 

square with side |AB| = 3./2/4 = 1.06066.... Another solution is more obvious. 

Project the cube orthogonally to a space diagonal. You get a regular hexagon. Inscribe 

the largest square in this hexagon with side 6 — /2 = 1.035, and shrink it slightly 
so that its side is still > 1. 

First proof. We are interestedin|MA| =x, |MB| = y, |MC| = z. They are sides of 

the triangles AMB, BMC with AMB = 60°, BMC = 120°. Denote |AB| = a. 

Since cos 60° = 1/2, cos 120° = —1/2, the Cosine Rule implies a” = x? + y* — xy 
and a* = y? + 27+ yz. 

Subtracting the two equations we get (x + z)(x — y — z) = 0 after factoring. Hence 

SS War & 

Second proof. Since the segments MA, MB, MC are chords of the circle, the Sine 

Rule yields x = 2R sin(a + 60°), y = 2R sina, z = 2R sin(60° — a). This implies 

Ne Vale 
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Third proof. The area of the quadrilateral ABC D can be expressed in two ways. Let 

¢ be the angle between the diagonals AM and BC. Then2|ABMC| = ax sin ¢.On 

the other hand, the same area is 2; ABM|+2|ACM|. Since ABM = $¢, LACM = 

180°, we have ax sin d = aysin @ + azsin(180° — @), which implies x = y + z. 

Fourth proof. The result |AM| = |BM| + |CM| follows from Ptolemy’s theorem 

|BC|-|AM| = |AC|-|BM|+ |AB|-|CM|, since |AB| = |BC| = |CAI. 

Fifth proof. On segment M A, we measure off segment D M, which is equal to segment 

MB. We prove that |DA| = |MC|. Since LAMB = 60°, ADBM is regular as is 

AABC. Rotate BMC around B by 60° so that C coincides with A. Then M coincides 

with D and segment MC coincides with DA. Thus DA = MC, and |MA| = 

|MB|+|MC|. This short geometrical solution shows a road to a generalization. Let 

M be any point in the plane. Then a similar construction gives a point D, which 

need not lie on AM. But still, the segments MA, MB, MC are the sides of AADM. 

Thus we get the following theorem due to the Roumanian mathematician Pompeiu 

(1873-1954): If in the plane of the equilateral triangle ABC a point M is given, 

then one can construct a triangle from MA, MB, MC. It degenerates for all points 

of the circumcircle of ABC. See Fig. 12.65. 

Wehave S = prand2S < ad+bc, 2S < ab+cd,1.e.,4S < (ab+cd)+(ad+bc) = 

(a+c)(b +d) = p’. Hence 4pr < p?, or 4r < p = |AB|+|CDI. 

If K, L, M are the given midpoints of three sides AB = BC = CD of aquadrilateral 

ABCD, then B and C lie on the perpendicular bisectors of KL and LM. Reflect 

one of the perpendiculars at L to get B or C. 

We will prove the theorem by transforming the equality 

cos 3a + cos 36 + cos 3y = 1 (1) 

into an equivalent one. For one of the angles a, B, y to be 120° it is necessary and 

sufficient that one of 1 — cos 3a, 1 — cos 3B, 1 — cos 3y is zero: 

(1 — cos 3a)(1 — cos 38)(1 — cos 3y) = 0. (2) 

So we attempt to transform (1) into (2). y = 180° — (@ + B), cos 3y = — cos(3a + 

3B) = —cos 3a cos 36 + sin 3a sin 38. (1) becomes 

cos 3a + cos 3B — cos 3a cos 36 + sin 3a sin 38 — 1 

= 0 = sin 3a sin 38 

= (1 — cos 3a)(1 — cos 38). 

Squaring, we get sin? 3a sin? 3B = (1 — cos 3a)?(1 — cos 36)’, or 

(1 — cos* 3a)(1 — cos? 3B) = (1 — cos 3a)*(1 — cos 38), 

(1 — cos 3a)(1 — cos? 3B) — (1 — cos 3a)*(1 — cos 38)” = 0, 

(1 — cos 3a)(1 — cos 38)(cos 3a + cos 3B) = 0. 
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But from (1), we have cos 3a + cos 3B = 1 — cos 3y. This implies (2). 

No! Project the vectors onto the altitude $O of the pyramid. The > projection of the 
vectors of the base is O. The projection of each lateral edge is +O S. Adding them 

we get at least one vector +OS. So the total sum is 4 Oo. 

The area of the inscribed circle is r - p, where p is the perimeter. Thus we can also 

minimize area. Let Q be the square circumscribed about the circle C with radius r, 

and let C’ be the circle circumscribed about Q. We denote by s the segment cut off 

from C’ by a side of the square. Then |Q| = |C’| — 4s (Fig. 12.66). If ABCD in Fig. 

12.67 is not a square, at least one vertex, in our case D, will lie inside C’. Any side 

of ABCD cuts off the same segment s from C’. Since at least two of the segments 

overlap (at D), the area |C’| — 4s is smaller than |ABCD}, i.e., |ABCD| > |Q|. 

Fig. 12.66 Fig. 12.67 

Draw perpendiculars through A, B, C to AB, BC, CA, respectively. We get 

AA'B'C', where |OM'|, |OM’|, |OP’| are the distances from O to the sides 

B'C’, C’A’, A'B’, respectively. Since |AP| = |OM’|, |BM| = |ON’|, |CN| = 

|O P’|, we have |AP|+|BM|+|CN| = |OM’|+|ON’|+|O P’|. But the right side 

is the sum of the distances of O from the sides of the equilateral triangle A’ B’C’, 

which is a constant. If a is the side of AABC, then this sum is the altitude of A’B’C’, 

ensayo. 

If AA’B’B is a trapezoid and OO’ is its median, then |O O’| = (a + b)/2. 

AM? + BM? > 2AM-BM, BM? + CM? > 2BM-CM, CM? + DM? > 
2CM-DM, DM?+ AM? > 2DM.- AM. Adding these inequalities and dividing 
by 2, we get AM? + BM? +CM*+ DM? > AM-BM+BM-.CM+CM-DM+ 
DM -AM =(AM+CM)(BM + DM) => AC - BD = 2F. The first inequality 

becomes an equality for AM = BM = CM = DM. The second inequality is valid 

if AM | BM, BM | CM, CM 1 DM, DM L AM. Thus ABCD is a square, 

and M is its center. 

We use the following property: O the midpoint M of E F and the midpoint N of AB 

are collinear. EN and FN are the midlines of ABD and BCD and thus are parallel 

to the diagonals. 

Drop the only nontrivial altitude h of D which splits the opposite side into segments 

of lengths p and gq, p+q = c. Denote the radii of the incircles by r, r), rz. It is easy 

to prove thatr = (a+b—c)/2. Doit! Hence, r; = (p+h—a)/2,1r2 = (q+h—b)/2, 

OUN sea ste al. 

Prove that x = 2A/(a+h,), y = 2A/(b + hp), c = 2A/(c + h-), where A is the 

area of the triangle. x = y = zimpliesa+h, =b+h,=c+h,.Leta #b. Then 

a—b=h, —hg = 2A/b —2A/a = 2A(a — b)/(ab) > 2A = ab. 
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Hence, y = 90°, and c > a,c > b. Similarly we get 2A = bc, which implies 

a = 90°. Contradiction. 

c > |b—al| anda =2A/h,z,b = 2A/hy, c = 2A/h-, imply 

1 1 

Ng hy 

ee 
Di 00M 308 

Hence, h, < 30. Froma:b:c=1/h,:1/hp: 1/h, anda+b > c, we get 

1/12 + 1/20 > 1/h, and h, > 7.5. 

Suppose the trees have the altitudes a, > a > --- > a, and they grow at the points 

A,..., An. We know that A, Az < a, — d,..., An-1An < Gn—1 — Gn. The length 

of the segments A; A2--- A, iS < a) — a2 +a) —a3 +--+: +4,_1 — a, < 100 m. 

This sequence of segments can be surrounded by a fence of length 200 m. 

Choose a point on each face of the tetrahedron. The radius 7; of the sphere through 

these points is at least r, i.e., r; > r. If the chosen points are the centroids of the 

faces, then they are vertices of a tetrahedron with edges 1/3 of the edges of the given 

terahedron. Hence, R = 3r;, or R > 3r. See Chapter 7, E22, 2nd proof. 

The faces of the tetrahedron are congruent. Hence, their circumcircles are also con- 

gruent. Thus, the faces are equidistant from the center of the circumsphere, i.e., the 

centers of the insphere and circumsphere coincide. 

Let EFGH be the quadrilateral of the midpoints of the sides of ABCD. Then 

|EFGH| = ;|ABCD)|, and |S,S)S3S4| = §|EFGH| = §|ABCD]. 

12.3.2. Harder Geometrical Problems 

. How many spheres are needed to shield a point source of light? 

. Can you cut a thin hole into a plane, which leaves it connected, so that a wire model 

of (a) a cube of edge 1 (b) a tetrahedron of edge 1 can be pushed through the hole. 

The hole must have negligible area, and the thickness of the wires must be negligible. 

. In an equilateral convex hexagon A, A2A3A4A5A6, we have a; + a3 +a@5 = a) + 

a4 + a. Prove that a; = a4, 2 = As, 3; = Me (qQ; is the interior angle at vertex 

A;). 

. Acurve C partitions the area of a parallelogram into two equal parts. Prove that there 

exist two points A, B of C such that the line AB passes through the center O of the 

parallelogram. 

. For what n is it possible to construct a closed sequence of segments in the plane 

with lengths 1,...,n (exactly in this order) if any two neighboring segments are 

perpendicular? 

. For what zn is it possible to construct a space polygon of side lengths 1, ... , n (exactly 

in this order) such that any three successive sides are pairwise perpendicular? 

. N points are given in a plane, no three on a line. We connect them in pairs by 

nonintersecting segments, until there are no two points left which could be connected. 

Find the lower and upper bounds for the number of segments that can be drawn. 

A convex quadrilateral is cut by its diagonals into four triangles with integral areas. 

Prove that the product of the four areas is a perfect square. 
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. Every isometry f of a finite point set H is such that f(H) = H. In particular, the 
centroid S of H = {A;, A2,..., A,} is a fixed point of f. 

. Find a point P inside the regular pentagon with the minimum sum of its distances 
to the vertices. 

n points A;,..., A, are taken on a circle with radius O, such that their centroid lies 

in O. For which point P is }*|PA;| minimal? 

Let AB be one of the parallel sides of a trapezoid. Prove that the trapezoid is equi- 

lateral (|BC| = |AD|) if |AC| + |BC| = |AD| + |BD}. 

A finite set S of points in the plane has the following property: if A and B are any 

two of its points, then the perpendicular bisector of AB is symmetry axis of S. Prove 

that all points of S lie on a circle. Is this also valid, if S has infinitely many points? 

A finite set S of points in the plane has the property that if, for any two of its points 

A, B, there is an isometry f such that f(A) = B, then also f(S) = S. Show that 

all points of S lie on a circle. Is this also valid if S is infinite? 

Every equilateral and equiangular pentagon in space lies in a plane. 

Let ABCD be a quadrilateral with an incircle. Then the incircles of the triangles 

ABC and CDA are tangent. 

Suppose the opposite sides of a convex hexagon are parallel. Prove that |ACE| > 

+|ABCDEF|. When do we have equality? 

There are 150 cubic boxes of side 1 in a square yard of side 37. Prove that there is 

room for a cylindrical barrel of radius 1. 

Which point P has minimal distance from the vertices of a triangle ABC? 

Connect the four vertices of a square by a shortest street system. 

Given a circle of radius 1 and n points A;,..., A, of the plane, prove that there is a 

point M on the circle, so that |MA,|+---|MA,| =n. 

The vertices of an equilateral closed sequence of segments are lattice points. Prove 

that it has an even number of sides. 

Three points are given on a circle. Find a fourth point on the circle so that the four 

points are vertices of a quadrilateral with an incircle. 

There is a box with sides a and b in a corridor of width c. Find the conditions in 

which it can be pushed through a door of width d. 

Denote the radii of the incircle and the circumcircle of AABC by r and R, respec- 

tively, and its semiperimeter by s. Prove that 2R + r = s iff the triangle is a right 

triangle. 

Prove that if four sides of a convex pentagon are parallel to the opposite diagonals 

then this also holds for the fifth side. 

The chord CD of a circle with center O is perpendicular to its diameter AB, and the 

chord AE bisects the radius OC. Prove that the chord DE bisects the chord BC. 

The cube ABC DA, B,C, D, has edge of length 2. Find the minimal distance between 

the points of two circles, one of which is inscribed in the base ABC D of the cube 

and the other goes through the vertices A, C, D,. 
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Does there exist an infinite set of points in space, which has at least one, but finitely 

many points on each plane? 

Can space be represented as a disjoint union of nondegenerated circles? 

Can space be represented as a disjoint union of skew straight lines? 

If the sides of a skew quadrilateral touch a sphere, the points of contact are coplanar. 

Place three cylinders of diameter a/2 and altitude a in a hollow cube of edge a, so 

that they cannot move inside the cube. 

Three lattice points A, B, C are chosen in a plane. Prove that if AABC is acute, 

then at least one lattice point is inside or on its sides. 

Several intersecting circles are given in a plane. Their union has area 1. Prove that 

one can select several nonintersecting circles, so that the sum of their areas is at least 

/) 

Some barrels of radius 1 are stored inside a square of side 100, each barrel standing 

on its circular bottom. The barrels are placed such that any line segment of length 10 

inside the yard hits at least one barrel. Prove that there are at least 400 barrels inside 

the yard. 

Prove that not more than one vertex of a tetrahedron has the property that the sum 

of any two plane angles at this vertex is more than 180°. 

The vertices of a convex polyhedron are lattice points. There are no other lattice 

points inside on the faces or edges. Show that the polyhedron has at most eight 

vertices. 

A convex 7-gon is inscribed in a circle. Three of its angles are equal to 120°. Prove 

that two of its sides are equal. 

The next 5 problems treat strategies of getting out of the woods. 

A mathematician got lost in the woods. He knows its area S, but nothing else about its 

shape, except that it has no holes. Show that he can get out of the woods by walking 

not more than 2/7 S miles. 

A mathematician got lost in a convex woods of area S. Show that he can get out of 

the woods by walking not more than ./2z S miles. 

(Continuation of the preceding problem.) Consulting a person who knows the way 

out, he will need at most ./$/z miles. 

A mathematician got lost in the woods in the shape of a half plane. All he knows 

is that he is exactly one mile from the edge of the woods. Show that he can get out 

of the woods by walking not more than 6.4 miles. Experiment with some paths, and 

test them versus the nearly ideal 6.4 miles. 

A mathematician got lost in the woods in the shape of a one mile wide strip. and 

infinite length. Try to find some good walking strategies, and test them versus 2.3 

miles. 

A transformation of the plane maps circles to circles. Does it map lines to lines? 

Construct a cyclic quadrilateral from its sides. 

A circle with center O, which is inscribed into AABC, touches its sides in 

A, Bi, Ci. The segments AO, BO, CO intersect the circle in Az, B>, C>, re- 

spectively. Prove that A; Az, B, By, C,C) intersect in one point. 
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Two acute angles w and £ satisfy sin? a+sin’ B = sin(a +). Prove thata+f8 = 7/2. 

Regular triangles ABC, CDE, and EHK (vertices given counterclockwise) with 

pairwise common vertices C and E are located in a plane so that AD = DK. Prove 

that ABH D is also regular. 

Prove that if the opposite sides of a skew quadrilateral are congruent, then the line 

joining the midpoints of the two diagonals is perpendicular to these diagonals, and 

conversely, if the line joining the midpoints of the two diagonals of a skew quadrilat- 

eral is perpendicular to these diagonals, then the opposite sides of the quadrilateral 

are congruent. (This is again USO 1977. Now we are looking for a short geometric 

solution.) 

In AABC, the bisectors of a, 6, y meet the circumcircle in A;, B,, C;. Prove that 

|AA;|+|BB,| + |CC\| > |AB| + |BC| + |CA| (AuMO 1982). 

All angles in a convex hexagon are equal. Prove that the differences of opposite sides 

are equal. 

From a variable point P of the circumcircle of triangle A BC, we drop the perpendic- 

ulars PM and PN to the straight lines AB and AC, respectively. For what position 

of P is |MN| maximal and find this maximal length? 

If an acute triangle has circumradius R and perimeter p, then p > 4R. 

Let A, A2---A, be a regular plane polygon, and let P be any point of the plane. 

Prove that one can construct some n-gon from the segments PA;, i = 1,...n. 

Prove that, if there exists a polygon with sides a, a), ...@y, then there exists an 

inscribed polygon with these sides. 

The six planes bisecting the angles of neighboring faces of a tetrahedron meet in one 

point. 

The six planes through the midpoints of the edges of a tetrahedron and perpedicular 

to them pass through one point. 

A space polygon is called regular, if all its sides are equal and all its angles are equal. 

In problem # 12, we have shown that a space pentagon does not exist. For what n do 

regular space polygons exist, which are not plane? 

Does a polyhedron exist with all of its plane sections triangular? 

Prove that the sum of the lengths of all edges of a polyhedron is greater than 3d, 

where d is the distance of two vertices A an B of maximal distance. 

(a) Every diagonal of a convex quadrilateral ABC D divides its area into two equal 

parts. Prove that ABC D is a parallelogram. 

(b) The diagonals AD, BE, CF divide the convex hexagon ABC DEF into two 

equal parts. Prove that these diagonals pass through one point. 

The circumscribed sphere of a tetrahedron ABCD has center O. Find a simple 

condition for the tetrahedron so that O lies inside of it. 

Find the highest number of acute angles in a plane, nonintersecting n-gon. 

Three circles in space touch in pairs, and the three points of tangency are distinct. 

Prove that these circles lie on one sphere or in one plane. 

If each vertex of a convex polyhedron is joined to every other vertex by edges, then 

it is a tetrahedron (HMO 1948). 
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Prove that a convex polyhedron cannot have exactly seven edges. 

Three circles have a common intersection. Prove that the three pairwise common 

chords intersect in one point. 

Prove that, for any tetrahedron, there exist two planes such that the ratio of the areas 

of the projections onto them is > /2 (AUO 1978). 

Four noncomplanar points are given in space. How many boxes are there, which 

have these four points as vertices (AUO)? 

Let P be an arbitrary point inside AABC; x, y, z the distances of P from A, B, C, 

respectively; u, v, w the distances from the sides BC, CA, AB, respectively. The 

sides of ABC will be denoted by a, b, c, its area by S; R and r are the radii of 

circumscribed and inscribed circles. Prove the following inequalities: 

(a) ax + by + cz = 4S; (b)x+y+z>2%ut+v+w); 

(c)xu + yu+zw > 2uv+ uw + wy). 

Consider the following theorems: 

(U): Circumscribed quadrilateral — > a+y =6+6 = 180°. 

(1): Inscribed quadrilateral => a+c=b+d. 

(A): Area of quadrilateral A = abcd 

Rrovethan(U) (i) CA) (a (A) 1) a) (Ay Gp: 

In a triangle, we havea +h, = b+h, =c+h, with the usual notation. What is so 

special about this triangle? 

Two straight lines a and b intersect in O, and (a, b) = a. A grasshopper starts in 

A € a and alternately jumps to B € b and back to a. His jump has constant length 

1. Will he ever return to the starting point A? 

A spherical planet has diameter d. Can you place eight observation stations on its 

surface, so that every celestial object at distance d from its surface is visible from at 

least two stations? 

Opposite sides AB and DE, BC and EF, CD and FA of a convex hexagon are 

parallel. Prove that |ACE| = |BDF\. 

A hexagon with a circumcircle has three successive sides of length a and three 

successive sides of length b. Find the radius of the circumcircle. 

M is a tiny Anchurian island whose territorial waters extend one mile. At night 

a powerful searchlight rotates slowly counterclockwise about M, illuminating the 

territorial waters. At B (distance 1 mile) there is a Sikinian boat whose mission it is 

to reach M undetected. The boat has maximum speed b. At a distance of one mile 

from M, the light beam of the searchlight has speed s. 

(a) Suppose k = s/b = 8. Show that the boat can fulfill its mission. 

(b) Suppose k = s/b < 2m + 1. Show that the boat can fulfill its mission. 

(c) Find the smallest k for which the boat can fulfill its mission. 

A tetrahedron A BC D is inscribed in a sphere of radius R and center O. The straight 

lines AO, BO, CO, DO intersect the opposite faces in A}, B,, C,, D,. Prove that 

16 
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Pick proved a simple formula for the area f(P) of any lattice polygon P: 

ASyp(Pyate5 as. 
i) 

Here i and b are the numbers of interior and boundary points, respectively. We leave 
the the proof to you, but we give you the steps leading to a proof. 

(a) Prove the formula for any lattice rectangle with sides p and q. 

(b) Prove the formula for a right triangle with one horizontal and one vertical side. 

(c) Pick’s formula assigns a number f(P) to any polygon P. Prove that the function 

f is additive, i.e., if P|, P2 are polygons with acommon boundary, then f(P,U P2) = 

Pa yy: 
(d) Show that f(P) gives the correct area for any lattice triangle P. 

(e) Finally, show that f(P) is the area of any simple lattice polygon P. 

In a tetrahedron A; A> A3 Ay, the face opposite vertex A; has area 5;. Choose a point 

P inside the tetrahedron with distances x,,..., x4 from the faces S,,..., S4, respec- 

tively, such that the sum )> S;/x; is minimal. 

For which point P inside AABC is the sum of the squares of its distances from the 

sides minimal? 

A circle with radius r is inscribed in a triangle. Tangents parallel to the sides of the 

triangle cut off three small triangles from the triangle with inscribed circles of radii 

r}, 12, 73. Prove thatr; +r. +73 =r. 

A sphere of radius r is inscribed in a tetrahedron. Tangent planes parallel to the faces 

of the tetrahedron cut off four small tetrahedra from the tetrahedron having inscribed 

spheres of radiir), 72, 73, r4. Thenry +72 +73 +74 = 2r. 

If the length of each bisector of a triangle is > 1, then its area is > 1/4/3. 

One may cut out three regular tetrahedra of edge 1 from a unit cube. 

The circles C; and C, with centers O; and QO) intersect in the points A and B. The 

ray O;B intersects C2 in F, and the ray O2B intersects C; in E. The straight line 

through B and parallel to E F intersects the circles C; and C2 a second time in M 

and N, respectively. Prove that MN = AE + AF. 

The points A;, B,, and C, are chosen on the sides BC, CA, and AB of AABC, so 

that AA,, BB, and CC, intersect in a point. Let M be the projection of A; onto 

B,C,. Prove that MA, bisects BMC. 

The sum of the distances from point M to two neighboring vertices of a square is a. 

What is the largest value of the sum of the distances from M to the other vertices of 

the square? 

A convex n-gon is triangulated by nonintersecting diagonals such that an odd number 

of triangles meets at any vertex. Prove that 3|n. 

Given a regular 2n-gon, prove that you can place arrows on all of its sides and 

diagonals such that the sum of the resulting vectors is zero. 

On the sides BC and CD of the square ABCD, we take points M and N with 

LMAN = 45°. Draw a line perpendicular to MN with a ruler. 
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A rectangle is erected outwardly on every side of an inscribed quadrilateral Q. The 

second side of each rectangle is equal to the opposite side of Q. Prove that the 

midpoints of the four rectangles are vertices of a rectangle. 

Perpendiculars BE and CF are dropped onto AD from the points B and C of a 

semicircle with diameter AD. The straight lines AB and DC intersect in P, and the 

segments EC and BF intersect in Q. Prove that PQ 1 AD. 

Given a wooden ball, ruler and, compasses, construct the radius of the ball. 

Three points are given on the surface of a wooden ball. Construct a circle through 

these points on the surface of the ball. 

Two points are given on the surface of a wooden ball, which are not antipodes. 

Construct a great circle (circle of largest radius) through these two points. 

4 points are chosen in a 3 x 4 rectangle. Prove that among thein there are two with 

distance < 25/8. 

Let ABC DEF beaconvex hexagon such that AB || DB, BC || EF andCD || AF. 

Let Ra, Rc, Rg denote the circumradii of triangles FAB, BCD, DE F, respectively, 

and let P denote the perimeter of the hexagon. Prove that 

P 
Ra+ Ret Re = (IMO 1996). 

Prove that, if one of the diagonals in a cyclic quadrilateral is a diameter of the 

circumcircle, then the the projections of the opposite sides on the other diagonal are 

equal. 

P is an internal point of the tetrahedron ABCD. At least how many edges can be 

seen at an obtuse angle from P? 

Two convex polygons have an even number of vertices, and the midpoints of their 

edges coincide. Prove that they have equal areas. 

Two nonoverlapping squares of sides a and b are placed inside a square of side 1. 

Prove that a + b < 1 (HMO 1974; originally due to Erdés). 

Solutions 

L. Suppose the source of light is in O. We construct a regular tetrahedron ABC D with 

center O. Consider the four infinite circular cones, each containing strictly the four 

pyramids OBCD, OACD, OABC, OABD and common vertex O. These cones 

partly intersect, so that every light ray from O lies inside some cone. Let us inscribe 

four spheres into the cones so that they do not intersect. This is easy to achieve if 

the radii of the spheres differ greatly from each other. Obviously every ray from O 

intersects one of the four spheres. This cannot be achieved with four spheres of equal 

radius. It can be proved that six spheres of equal radius are needed to shield the light 

completely. Try to find such a distribution of equal spheres. 

. Yes, it is possible in both cases. For (a) an H-shaped slot will do. For (b) we can use 

a T-shaped slot. Try to describe how this can be done. 
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3. Reflect the triangles A; A2A¢, A2A3A4, and A4A5A¢ at their bases, and you get a 

partition of the hexagon into three rhombi. From there it is easy to see that opposite 

angles are equal. We leave it to the reader to complete this sketch. 

4. If O € C, the proposition is obvious. Now suppose that O ¢ C. Reflect C at O to 

C’. If COC’ = Y, the line C cannot partition the area into two equal parts. Hence 

CNC’ #9. Let A be one point of CM C’ and B its reflection at O. Since the curve 

C’ has image C on reflection at O, B € C. Hence, AB passes through O. 

5. Answer: n must be a multiple of 8. This necessary condition is also sufficient as is 

shown by the two sums below: 

(Mn 3 STR AG =f = 13h 15). beh, 
C4216 5-8) 40 ad 14 16) ee: 

6. Answer: n must be a multiple of 12. This necessary condition is also sufficient as is 

shown by the three sums below: 

(1 —4—7-4 10)+---+@Gk —11— Gk — 8) — Gk —5) + 3k — 2) =0, 

2-5 —8-+11)+---+ Gk — 10 — Gk -—7) — Gk —4) + 3k — 1) = 0, 

G—6—9-+ 12)+---+ Gk —9 — Gk —6) — Gk —3) + 3k) = 0. 

7. Suppose a convex hull of N points is an r-gon, 3 < r < N. There will be (N — r) 

interior points. To find the number of triangles in a triangulation, we find the sum of 

the angles of all triangles of the triangulation: 180°(r — 2) + 360°(N —r). The first 

term is the sum of the angles of the r-gon. The second term gives the contribution 

of the interior points. The number of triangles is r — 2+ 2(N —r) =2N —r —2, 

and the number of its sides is 3(2N — r — 2) = 3(2N — 2) — 3r. Of these sides, the 

r sides of the convex hull are counted once and the remaining 3(2N — 2) — 4r sides 

are counted twice. Hence the number of segments will be s = r + 3N — 3 — 2r. 

Since 3 <r < N, we get 2N —3 <s < 3N — 6 for the number of segments. 

8. In Fig. 12.68, A; to Ag are the areas of the four triangles. We have A;/A4 = A2/A3, 

or A, A3 = AzA4. Thus, A; A2A3A4 = (A; A3)’. 

9. Let S be the centroid of H, and S’ = f(S). Then we have 

1 : 
Si CA eee Ae Smaps by): 

n 

But {Aj,..., Ai} is a permutation of H. Hence, S = S’. 

Fig. 12.68 

10. We conjecture that P = O = the center of the pentagons. We want to show in Fig. 

12.69 that > |PA;| => >>|OA;|, with equality iff P = O. In a regular pentagon, 
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you should try rotation about its center by 72°! This paradigm gives us Fig. 12.70, 

where, from P, we get the points P,,..., Ps, then Fig. 12.71 where the segments 

P, A; go by rotation into A, P;, that is, )> |P, Ai] = >= | Ai P;|. Now we interpret the 

segments A, P; as vectors A; B Then O is the centroid of points P;, 1.e., 

AO = 3 AB. 

The triangle inequality gives 5|A, O| =) LO Ala 1X AB < |AiPi| = 
> |P, Aj], that is, > |P,A;| > 5° |OA;|. We have equality iff P = O. 

Fig. 12.69 Fig. 12.70 Fig. 12.71 

. There is a one-line solution. Take the unit sphere about O, i.e., )> A; = O. Then 

So IPA = > 1A: — Pl- |i] = )(Ai — P)- Ap =n — PO A; =n. 

. Since AB || CD, C and D are reflections at the perpendicular bisector of AB. This 

follows from the construction of the ellipse with foci A, B and constant sum of 

distances |AC| + |BC| = |AD| + |BD| = 2a from the foci. 

. Consider the smallest circle containing all points of S. This is the largest of all circles 

through triples of points of S and all circles with pairs of points of S as endpoints 

of diameters. Every reflection at the perpendicular bisector of any two of its points 

will leave this circle fixed. Thus it passes through the center O of the minimal circle. 

Hence all points of S are equidistant from O. For infinite sets, this is no more valid. 

A counterexample is the whole plane. 

. The same solution as in the preceding example. 

. In [32] van der Waerden published a detailed and highly instructive account of how 

he discovered the solution of this problem raised by a chemist. It was an example 

of the psychology of invention. We give a short solution by G. Boll (Freiburg i. Br.) 

and H.S.M. Coxeter (Toronto): 

If the length of the sides a and the angle a@ are given, then all distances of the five 

points are given. Thus, the figure is determined up to an isometry. Hence, there exists 

a direct or opposite isometry S, which permutes the vertices ABCDE cyclically. 

The fifth power S° is the identity. Thus, S is a direct isometry. The centroid of the 

five points remains fixed. Thus, S is a rotation. Hence, ABCDE lies in a plane 

perpendicular to the axis of rotation. (Find a more down to earth solution.) 

Many of the details are considered as well known by specialists and are not men- 

tioned. To give just one example: every geometer knows that a direct isometry with 

a fixed point is a rotation about an axis through the fixed point. 
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Hint: Let ABC D be any convex quadrilateral. Consider the incircles of the triangles 
ABC and CDA. They touch AC in 7; and 7). Prove that 

1 
|T,Th| = 5 AB! + ICDI) — (1BC| + |ADI)I. 

Fig. 12.72 makes the inequality obvious. There is equality if |P QR| = 0, ice., if the 

opposite sides have equal length. 

Let C be the center of the base of the cylindrical barrel. C must be at least at 

distance 1 from the fence. So C cannot belong to to the strip around the fence of 

area 37* — 35” = 144. Now take the bottom of any cubic box of side 1. C must be at 

least at distance 1 from any point of the square, i.e., C cannot belong to the region 

in Fig. 12.73, consisting of five unit squares and four quarters of a circle of radius 1. 

Its area is m + 5. Hence all the 150 boxes and the fence together at most restrict C 

from belonging to an area A = 150(7 +5) + 144 = 1507 + 894. The total area of 

the yard is F = 37” = 1369. F — A = 475 — 150” = 150(32 — i) > 0. Thus not 

all points of the yard are impossible positions for C. 

A B 
Fig. 12.72 Fig. 12.73 

First case: Let max(a, B, y) < 120°. The solution uses the result of 12.4.1, problem 

34. Every point inside the equilateral triangle with altitude h has the constant distance 

sum h from the sides. 

Now let T inside AA BC be such that AT B = BTC = CTA = 120°. We will 

prove that T has a minimal distance sum from A, B, C. Draw the perpendiculars to 

AT, BT, CT through A, B, C. You get an equilateral triangle A; B, C,. For every 

point P, we have |AP|+|BP|+|CP| > |AT|+|BT|+|CT|=h. 

Second case: max(a, B, y) = 120°. Let y => 120°. In this case C is the point with 

minimal distance sum from A, B, C, that is, |AP|+|BP|+|CP| > |AC|+|BC| 

for all P 4 C. We use the following lemma: Jn an isosceles triangle A, B,C, let 

a, = f; > 60°. Let the altitude on a leg be h. Then the distance sum of a point P 

from the sides is > h, if P ¢ A,B, and equal to h if P € A,B,. Prove this lemma 

using |A;B,| < |A,C,|. 

Draw the perpendiculars to CA, CB and the bisector of y through A, B, C. We get 

a triangle A, B,C, satisfying the conditions of the lemma. The remainder is simple 

to see. 

A minimum 3 is shown for no auxiliary point in Fig. 12.74. For one auxiliary point, 

the minimum 2/2 ~© 2.828 is shown in Fig. 12.75. Any other point P has a larger 
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Fig. 12.74 Fig. 12.75 Fig. 12.76 

distance sum because of the triangle inequality. For two auxiliary points P, Q, the 

minimum 1 + J/3 * 2.732 is shown in Fig. 12.76. You simply have to join the 

minimum distances for the triangles ABE and DEC. 

Consider the reflection M’ of M at the center O of the circle. By the triangle in- 

equality, we have |MA;| + |M’A;| > 2. Thus, 

So 1MA,| + S71M'A,| > 2n. 
i=1 i=1 

Thus, at least one of the two sums is > n. Of any two antipodal points of the unit 

circle, at least one has the required property. 

We denote the coordinate differences of the ith side by x;, y;. Then the x;, y; are 

integers with x? + y? = R, where R is independent of i and 

Mi EX 3 Xp = Yrsk Yn Beet yn = 0. 

From these equalities, we want to deduce that n is even. We consider 

x? + y? mod 4. (1) 

If (1) is 0, then all x;, y; are even, and we can cancel a factor 2, getting an equilateral 

lattice polygon with the same number of sides. So this case can be excluded. We 

need consider only the cases 

(a) x;, y; are both odd for alli, (b) one of x;, y; is odd the other even. 

In case (a), n must be even. An odd number of odd terms would give an odd sum. In 

the remaining case (b), for each i we have x; odd and y; even, or vice versa. 

xX; +---+x, =0 = Pairs (x;, y;) with odd x; are even, 

yi +--+ yn = 0 => Pairs (x;, y;) with odd y; are even. 

Thus, 7 is even. 

D lies on the circumcircle of AABC. In addition, we require that |AB| + |DC| = 

|BC| + |AD|, or |AD| — |DC| = |AB| — |BC|. Thus the problem is reduced to 

the well-known construction of a triangle from one side, the opposite angle, and 

the difference of the remaining sides. Let |AB| > |BC|. We mark off the segment 

AM = AB — BC on AD. The AACD is isosceles with equal angles at the base. 

Thus CMD = +LABC = B/2. Hence AMC = 180° — 8/2. From AC, AM 

and ZAMC, we construct AAMC. D is the intersection of the line AM with the 

circumcircle of AABC. 
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Let a < b. Then we have a < c, or else the box will not fit into the corridor. We 

also have a < d, or else the box cannot be moved through the door. These necessary 

conditions are not sufficient. In Fig. 12.77 we move the box so that CD and BC 

touch the points L and R, and B moves toward R. If A hits the opposite wall of 

the corridor before B reaches R, then the box gets stuck. If A hits the opposite wall 

when B coincides with R, then we can just get the box through. Fig. 12.78 shows 

this critical case. In this figure, the rectangle ABC D and the parallelogram ARLE 

have the same area, i.e., ab = cd. For ab < cd, the box can easily be pushed through 

the door, that is, the box can be moved through the door iff 

WS C§ (Sil, Telly << oh. 

E 
Fig. 12.77 Fig. 12.78 

We use the well-known formulas4AR = abc, A=sr, A* = s(s—a)(s—b)(s—c). 

Introducing them into the relationship 2R +r = s, after some juggling, we get 

(—a? +b? + c’?\(a’? — b? +)? +b? — c*) = 0. 

The last equation is valid iff the triangle is a right triangle. 

AB || EC, BC || AD, CD || BE, DE || AC > |ABE| = |ABC|, |BCA| = 
|BCD|,|BCD| =|CDE|, |CDE| = |ADE| => |ABE| = |ADE| = AE || BD. 

We prove the more general statement: if the chord AF intersects the radius OC in 

M and chord DE intersects chord BC in N, then CM/CO = CN/CB. 

The arcs AC and AD are symmetric with respect to the line A B and thus equal. Hence 

LAEC = LAED. Also AEC = LABC, and ABC = ZOCB since AOCB is 

isosceles. Hence AED = OCB, i.e., MEN = £MCN. This means that the 

points M, N, E and C are concyclic. Hence LMNC = LMEC = LOBC. Thus 

AMNC ~ AMEC and CM/CO =CN/CB. 

The small circle lies on the sphere about the center O of the cube with radius /2. The 

large circle lies on the sphere about O with radius 4/3. Thus the minimal distance is 

p > V3 —~2. Let P and Q be the intersections of AC with the incircle of ABCD. 
Then OP (and OQ) lie in the plane of the large circle and intersect this circle in R 

(and S). Hence, p = |PR| = |QS| = V3 — V2. 

Yes. The curve C = {t, t”, t°} with real ¢ satisfies the condition. The equation of a 
plane has the form Ax + By+Cz+D = 0, where at least one of A, B, C is different 

from 0. For the intersection, we get the equation At + Br? + Cr? + D = 0. This 
equation has at least one, but not more than three solutions. Thus the intersection of 

C and any plane is finite but not empty. 

We first show that a sphere S with two missing points P, Q can be so partitioned. The 

tangential planes at P and Q intersect in a line g with no common point with S, or 

they are parallel. All other planes through g or all planes parallel to the parallel planes 
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at P, Q intersect the sphere in a circle, or they do not cut S at all. These circles are 

pairwise disjoint, and their union is S\{P, Q}. Let c be acircle through O with radius 

1.Then all spheres S, := {P|d(P, Q) = r} for 0 <r < 2, except the the two points 

belonging to c, can be partitioned. In this way we partition M := Up... §, Uc, 

that is the open ball about O of radius 2 plus one point X with d(O, X) = 2. If we 

translate M by all multiples of 4, then all translates are disjoint but cover the line 

OX.Let T be the union of these translates of M (which consequently are partitioned 

into disjoint circles). Let I be any plane perpendicular to OX. Then II\T is a plane 

with a closed disk or point missing. This can be partitioned into concentric circles 

about the midpoint of the disk. 

Yes. Here is one example: Take any straight line a. Through two points A, B € a 

draw two lines b, c, so that b L a,c 1 a, and b }f c. Consider the set of all planes 

parallel to each other and parallel to a. Take any of these planes. The lines b and 

c intersect it in two points which we join by a straight line. This is done for every 

one of the parallel planes. We get a wall of skew lines separating space into two half 

spaces. Now consider all rotations around the axis a. The images of the wall give 

the required partition of space into skew lines. 

Another nonelementary construction consists of the union of all hyperboloids of one 

sheet with the same focus. See [14]. 

Let R, S, T, U be the points of contact of the quadrilateral with the sphere. Assign 

the masses 1/a, 1/b, 1/c, 1/d to A, B, C, D, respectively. Because a(1/a) = 

b(1/b) = c(1/c) = d(1/d) = 1 the centroid of A and B is R, and the centroid of C 

and D is T. The centroid of all four masses lies on the segment RT. We can find the 

centroid in another way: A, D have the centroid U and B, C have the centroid S. 

Thus the centroid of all four vertices lies on the segment SU. Hence the two segments 

SU and RT must intersect in the centroid of all four points. Thus R, S, T, U are 

coplanar. 

Hint: Easy! The axes of these cylinders are pairwise perpendicular. 

Pick’s theorem with i = b = 0 gives f(ABC) = 1/2 for the triangle. Heron’s 

formula gives s(s — a)(s — b)(s — c) = 1/4. Simplifying we get that the square of 

any side is at least equal to the sum of the sqares of the other two sides. Thus for an 

acute triangle, at least one lattice point must be on the sides or inside. 

Take the circle of largest radius, and consider a new concentric circle of radius 

three times larger. Now we remove all circles which are inside the new circle. The 

remaining circles do not intersect the first circle. Among the remaining circles, we 

take the maximal circle, and we repeat with it the same procedure. We continue 

until we get several blown up circles, with union greater than 1. The original circles 

of radius three times smaller do not intersect, and their common area is larger than 

1/9. 

Cut up the yard into 50 strips of width 2. Fig. 12.79 shows one of the strips S together 

with its horizontal symmetry line m of length 100. If the center of a barrel is outside 

S, then the barrel will have no point in common with m. These barrels will leave at 

most eight pieces of m uncovered. Each piece has length at most 10, because there 

cannot be a segment of length 10 having no point in common with any barrel. Under 

each barrel, there lies a piece of length at most 2. But 8- 10 + 7-2 < 100. Thus at 

least eight barrels have their centers inside S$. This holds for each of the 50 strips. 

Hence there are at least 8 - 50 or 400 barrels inside the yard. 
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Suppose both vertices A and B have the property mentioned. Then CAB+ZDAB > 

180° and CBA+ZDBA > 180° whereas the sum of all six angles of the the triangles 

CAB and DAB is altogether merely 180° + 180°. Contradiction. 

Suppose the polyhedron has more than eight vertices. Consider nine of its vertices. 

At least five have the first coordinate of the same parity, of these five at least three 

agree also in the parity of the second coordinate, and of these three at least two 

agree in the parity of the third coordinate. But then the midpoint of the segment 

connecting these two points has integral coordinates. Because of the convexity of 

the polyhedron, the midpoint belongs to it, a contradiction. 

Two of the three angles 120° must be adjacent, or else the three angles would occupy 

the whole circle. Thus there are two neighboring angles ABC and BCD of 120°. 

Then |AC| = |BD| and AABC = ABCD. Hence |AB| = |CD]. 

He should walk along a circle of area A. From A = zr”, we getr = ./A/z for its 

radius, and 27r = 27./A/m = 2/7 A miles for the length of the path. 

He should walk on a semicircle of length /27 A. This semicircle does not fit into any 

convex figure of area A. Suppose it does. Since the woods are convex, if two points 

are in it, the whole segment joining them is also in the woods. Hence, the whole 

semicircular disk lies inside A. But this disk has radius R = +/27A = /2A/a 
and the area 2 R*/2 or A. This would mean that one figure of area A is contained 

inside another area A, which is a contradiction. Thus, the semicircle either touches 

the edge of the woods or leaves it altogether. 

The man will show him the shortest way R out. Hence, the circle of area A will lie 

completely in the woods. From A = 2 R?, we get R = /A/z. 

The man is at O. Draw a circle with center O and radius 1. The edge of the woods is 

a tangent to this circle. We are looking for the shortest curve which starts at O and 

has a common point with every tangent of the circle. Most people who tackle this 

problem successfully pass through the following stages. 

First stage: Walk in a straight line for one mile in any direction to a point A. Then 

walk along the circumference of the circle in Fig. 12.80. You will walk at most 

1 +27 © 7.28 miles to reach the edge of the woods. 

Second stage: Do you really need to go all the way around the circle? Fig. 12.81 

shows that this is not necessary. The path OABC also has a common point with 

every tangent of the circle. So it also leads out of the woods, and its length is merely 

32 /2+2 ~ 6.71 miles. 

A Cred D A 

1 1 
B C B 

So. 160 
ofeey oi] 

Fig. 12.79 Fig. 12.80 Fig. 12.81 Fig. 12.82 

Third stage: In Fig. 12.81 we made some savings at the end of the path. Let us 

look for similar savings at the point A. The path OABCD in Fig. 12.82 also has a 
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common point with every tangent of the circle. Hence, it will lead out of the woods 

in at most 2+ /2 +2 * 6.556 miles. 

Fourth stage: For the next step, you need some trigonometry and calculus. The path 

OABCD in Fig. 12.83 has the length p(a@, 8) = |OA| + |AB| + arcBC + |CD|. 

But |OA| = 1/cos a, |AB| = tan a, arcBC = 2n —2a—28, |CD| = tan B,a 

and 6 being measured in radians. Thus, 

pa, p) = 2 + (—— +tan a —2a) + (tan 6 ~ 26), 

or p(@, B) = 27 + f(a) + 9(B). To minimize p(a, 6) we must minimize f(a) and 

g(B) separately. But 

(2sin a — 1)(1 + sin a) 

cos? a ; 
f@= g'(B) = tan’ B — 1 = (tan f — 1)(tan B + 1). 

Since a and £ are both acute angles, f’(~) = 0, g’(B) = 0, and the unique solutions 

are 

oo > anda be a. 

At these points, the signs of f’(a@) and g'(B) are changing from negative to positive. 

Thus, we have minima at these values of the angles. The minimal path has length 

p (=. G) = 14 v3 + 2x ~ 6.397. 

It can be shown that there is no shorter path leading out of the woods. 

. (a) One can walk along a circle of diameter | and get out of the woods in z miles. 

(b) One can walk any segment of length /2, then turn by 90° and walk another 

segment of length /2. Altogether we need 2,/2 © 2.82 miles. 

(c) We can walk in a straight line for 2/./3 miles, then turn by 120° and walk again 

2//3. We definitely get out of the woods by walking not more than the distance 

4//3 © 2.31 miles. 

(d) The last is only slightly above the ideal ~ 2.278 which is very difficult to find. 

It consists of a curve ABC DC’D’E where BC and D’C’ are circular arcs, AB is a 

tangent of BC, ED’ a tangent to D'C’, and DC and DC’ are tangents to both arcs. 

This is the shortest curve which does not completely lie inside a 1 mile wide strip. 

By a transformation of the plane, we mean a bijection of the plane onto itself. Let f be 

any transformation of the plane and X be any point of the plane, and let f(X) = 

We must prove two facts: 

(a) Let A’, B’, C’ be three collinear points. Then their inverse images A, B, C are 

also collinear. 

(b) Let A, B, C be three collinear points. Then A’, B’, C’ are also collinear. 

The proof of (a) is trivial. Suppose A, B, C are not collinear. Then they lie on a 

circle. Their images must also lie on a circle and are not collinear. Contradiction. 

Now let A, B, C be three points ona line g. Consider the circles c;, c2 with diameters 

AB and AC. Their images c}, c} are also circles, which touch in A’. A’B’ is not 
a tangent of ci. Since A’ € c}, A’B’ is not a tangent of c,. Thus A’B’ has another 

common point with c’. Its inverse image must lie on c2 and, because of (a), on the 

line AB, that is, it must be C. Hence, C’ lies on the line A’ B’. 
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Suppose the quadrilateral ABCD is already constructed. Consider the rotational 

homothety with center A, angle a, and factor d/a. It maps B to D. Let C’ be the 

image of C. Then CDC’ = B + 6 = 180°, |DC’| = bd/a. We construct the points 

C, D, C’ on one line from |C’D| = bd/a and |DC| = c. Locus for A is the circle 

with center D and radius a. In addition we know |AC’| : |AC| = d: a. So A lies on 

the so called circle of Appolonius which has distance ratio d : a from C’ and C. To 

get the endpoints P and Q of its diameter on CC’, we divide this segment internally 

and externally in the ratio d : a. The circle with diameter PQ is the second locus 

for A. The circles about A and C with radii a and b complete the construction. 

The lines A; Ap, B, Bp, CC are bisectors of the angles of AA; B,C). 

Transforming sin’ w + sin? B = sin(a + B) slightly, we get sin w(sina — cos B) 

sin B(cosa — sin B). If sina > cos and cosa > sin, then sin? a + cos? a 

sin’ B + cos? 8, or 1 > 1, a contradiction. For the same reason, sina 

cos B, cosa < sin f is impossible. Thus sina = cos 8, whichimpliesa+ 6 = 7/2. 

Rotation by 60° around C takes ACAD into AC BE, and rotation by 60° around H 

takes AH BE into AHDK. 

Let the opposite sides of the skew quadrilateral ABC D be congruent. Then AABC = 

AACD and AABD = ABCD. Let P and Q be the midpoints of AC and BD. Now 

(2p 2b POE BD. || PA — PC PO AG. Conversely. for 

PQ 1 AC, PQ 1 BD, we conclude that a half turn about P Q switches A with C 

and B with D. Thus, opposite sides are congruent. 

We have |AA,| > (/AB| + |AC])/2. Indeed, according to the theorem of Ptolemy 

KONA 

|AA,|-|BC| = |AB|- |CA;|+|AC|- |BAj|. 

Since ZBAA,; = CAA, = a@/2 implies |A; B| = |A,C| = t and 

AB|t + |AC|t 2t 
EPs = (AVS) oh [VANCE] a S| AVeH]| Sj a\C|, WAAAY =? 

aa |BC| |BC| 

since 2 = |A,B| + |A,C| > |BC|. Similarly, we prove |BB,| > (|BA| + 

|BC|)/2, |CC,| > ({CA| + |CB|)/2. Addition of the three inequalities implies 

|AA;|+|BB,|+|CC\| > |AB|+|BC|+|CA|. 

If the angles are each 120°, then the triangle P QR in Fig. 12.84 is equilateral, that 

is, the differences of opposite sides are equal. 

Because of the right angles at M and N, the circle Z with diameter A P passes through 

M and N. Since M € AB and N € AC, the subtended angle MAN is always the 
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same. With P Z also changes but /MAN always remains the same. Hence |MN| 

is maximal if diameter AP is maximal, i.e., if P and A are endpoints of a diameter. 

For this point P, the points M, N coincide with B and C. The maximum |MN| 

coincides with the length |BC| of the third side of AABC. 

A beginner’s solution: Erect perpendiculars at A and B on AB. They intersect the 

circle again in C’ and C’. Consider AABC’. Since |AC’| = 2r and |AB|+|BC"| > 

|AC’| = 2r, the perimeter of AA BC’ is > 4r. Now we must show that |AC|+|BC| > 

|AC’| + |BC’|. This relies on the following theorem: Of all triangles with the same 

base which are inscribed in a given circle, the one with greater altitude has the 

greater perimeter. 

Because a + B = 180° — y, the Sine Law a = 2r sina implies 

+ B al 2 ig la — Bl 
a+b = 2r(sina + sin B) = 4r sin > - cos 5 = Ae eS ia: 

This function is a monotonically decreasing function of |a — B|. The less this dif- 

ference, the larger is the value of the sum a + b. From this result, we easily get the 

theorem above. 

Use Jordan’s inequality 0 < x < 2/2 => sin x > 2x/m. It says that the concave 

arc of the sine lies above its chord from (0, 0) to (77/2, 1). Now we have a one-line 

proof: 

a+b+c=02r(sina+sinB+siny) > 4r 4r. 
aA py s 
=a 

Draw P P, | A, A2 (P; S A,A}), then PP» || A2A3 (P2 S A, A2), and so on. Prove 

that P; P,--- P, has the required property. 

Take a circle of sufficiently large radius and place the longest side into this circle as a 

chord. Then place all the other chords in any order. You get an open chain of chords. 

Then start decreasing the radius. If the diameter of the circle becomes equal to the 

largest circle when the chain closes, then increase the circle again, but the midpoint 

of the circle should be on the other side of the longest chord from the remainder of 

the chain. This time the chain closes if the size of the circle is reduced sufficiently. 

The three bisecting planes of a solid angle of a tetrahedron intersect in a line which 

is the locus of points equidistant from the faces of that solid angle. Take any other 

of the three other bisecting planes. Suppose it intersects this line in O. Point O is 

equidistant from all four faces of the tetrahedron. It is the center of the inscribed 

sphere. The two remaining bisecting planes are the sets of points equidistant from 

pairs of faces. They must also pass through O. 

Use the fact that any point of the bisector of a solid angle is equidistant from its 

faces. 

For n = 3, all polygons are plane. For n = 4, bend a rhombus about its shorter 

diagonal, until all angles become equal to a < 90°. For evenn > 4, start with a 

regular plane n-gon, and lift every second vertex upward by the same amount. The 

construction for ~ = 90° is especially easy. Start with a strip of congruent squares. 

Then bend them at right angles to each other to get a “‘staircase”. There are regular 

space polygons for all odd n > 7. Such polygons with all its angles a = 90° can 

be constructed from the plane polygon in Fig. 12.85 by bending the pentagon with 

three right angles so that the angles at vertices 3 and 6 become 90°. The remaining 

squares are bent up and down by 90°. See Fig. 12.86. 
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Take a section parallel to an edge e intersecting all edges which end in e. Since at 

least two other edges have ends at each endpoint of e, the section has at least four 
vertices. 

Construct planes perpendicular to AB through A and B. Draw a plane perpendicular 

to AB through each other vertex of the polyhedron. Consider two neighboring planes. 

Between them there are at least three segments of edges. Each segment is at least 

as long as its projection on AB. In addition there are segments not parallel to AB. 

Thus, the sum of all the edges is greater than 3d. 

Expressed more briefly, the orthogonal projection of the carcass of the polyhedron 

on AB covers the segment AB at least three times. 

Easy. 

Reflect the spherical triangle ABC in O to A’B’C’. Then D’ must lie inside A’ B/C’. 

Let k be the number of acute angles in an n-gon. We can express the sum of its angles 

in two ways. First, it is k -90° + (n — k)- 360°, and secondly, it is also (n — 2) - 180°. 

Thus, k - 90° + (n — k) - 360° > (n — 2) - 180°, ie., 3k > 2n + 4. Consequently, 

k < [2n/3]+1. Fig. 12.87 shows examples of n-gons with [2n/3] + 1 acute angles 

HOP SR, SS OP SP ly 1 SRP SE 

Wi OF ie) ee i= Be soy 

Fig. 12.87 

Suppose sphere (or plane) s; contains the first and second circle and sphere sz contains 

the second and third. Suppose s; and s2 are not the same. Then their line of intersection 

is the second circle. In addition, the common point of the first and third circle also 

belongs to the intersection line of s; and 5, i.e., to the second circle, and thus the 

three circles have a common point. This is a contradiction. 

If every vertex of a polyhedron is joined by edges to every other vertex, then all 

faces are triangular. We consider two faces ABC and ABD with the common edge 

AB. Suppose the polyhedron is not a tetrahedron. Then it has a vertex E, which is 

different from A, B, C, D. Since C and D lie on different sides of the plane ABE, 

triangle ABE is not a face of the given polyhedron. If we make cuts along AB, BE 

and EA, then the surface of the polyhedron will be separated into two parts, with C 
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and D lying in different parts. For a nonconvex polyhedron, this would be incorrect. 

Thus, C and D cannot be joined by an edge, or else the cut would separate that 

edge. But the edges of a convex polyhedron cannot intersect in interior points. (The 

convexity is important. Akos Csasar has constructed a nonconvex polyhedron with 

7 vertices, which are joined pairwise by edges.) 

Suppose the polyhedron has only triangular faces, altogether f triangles. Then the 

number of edges is 3 f/2. This number is divisible by 3. On the other hand, if there 

is a face with more then three edges, then the number of edges is at least eight. 

We construct spheres with the circles as equators. The common chords are the pro- 

jections of intersecting circles of the spheres. We must show that the three spheres 

have a common point above the plane. Consider the circle, which is the intersection 

of two spheres. One diameter of this intersection lying in the plane lies outside the 

third sphere, the other inside. Thus this circle intersects the third sphere. Thus, the 

three spheres have a common point above the plane. 

Consider the plane IT which is parallel to two skew edges of the tetrahedron. We will 

prove that there are two such planes which are perpendicular to IT. Projection of the 

tetrahedron on such a plane is a trapezoid or triangle with constant altitude, which 

equals the distance between the two skew edges of the tetrahedron. The median of the 

trapezoid is the projection of the parallelogram with vertices in the midpoints of the 

four other edges of the tetrahedron. Thus we must prove that, for any parallelogram, 

we can find two straight lines in the same plane so that the ratio of projections of 

the parallelogram onto them is > /2. Let a and b be the sides of the parallelogram, 

a <b, and d its longest diagonal. The length of the projection of the parallelogram 

onto a line | b is < a. The projection onto a line parallel to d is equal to d. Thus 

OP ss OF Soe > War. 

Answer: 29. Of the eight vertices, we can choose 4 in () = 70 ways. Of these, 

12 are coplanar. We are left with 58 noncoplanar quadruples. But these come in 29 

complementary pairs. Each quadruple of the pair determines the same box. So there 

are 29 boxes left. Try to find some more geometric solution (see Chapter 5, problem 

12). 

(a) Take any point P inside AA BC, draw the straight line C P,, and drop perpendicu- 

lars AA, and BB, onto C P from A and B (Fig. 12.88). Then 2 (|APC| + |PBC|) = 

(|AA;| + |BB\|)-z = au + bv. But |AA;| +|BB,| < |AB| =c. Thus, 

cz >au+bv, andsimilarly, ax >bvu+cw, by>au+cw. (1) 

Adding the three inequalities, we get 

ax +by+cz > 2(au+ bv+cw) =4S. 
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(b) First we show that we can interchange u and v in the first inequality (1). Indeed, 

reflect P at the bisector of y to P’. Then |C P| = |C P’| = z, and the distances from 

P’ to BC and AC are y and x, respectively. Applying the above inequality to P’, we 
get 

cz >au+bu, andsimilarly, ax >bw+cv, by>aw+cu. (2) 

Solving the inequalities (2) for x, y, z and adding, we get 

b 

>2 22 >2 

in Oo @ boa 
xtytz>(—+5 \u+(54+")v+ (242) w>2ut++w). 

G ENCE a 1a) 
SS ——— 

This is the famous Erdés—Mordell inequality, first posed by Erdés in 1935 in the 

American Mathematical Monthly and solved by Mordell in 1937. There is equality 

for the equilateral triangle. 

(c) From the inequalities (1) we get xu = b/auv + c/awu and similarly, yo = 

a/buv+c/bwu, zw > a/cuw + b/cuvw. Adding, we get 

Dy a DG Gahan 
xu+tyvtzw >{—+-—)uv+[-+-— vw+(< +=) wu > 2(uv+uw+wy). 

a b Cea Ge nd 

Given a quadrilateral ABC D with a +c = b +d and area A = Vabcd, we want to 

prove that 6 + 6 = 2. We can express the square of AC in two ways: 

a’ +b’ — 2abcos B = c? + d* — 2cd cos 5. (1) 

From a +c =b-+d, we get (a — b)’ = (c — d)’, or 

a’ +b? —2ab=c? +d’ — 2cd. (2) 

Subtracting (2) from (1) and dividing by 2, we get 

ab(1 — cos B) = cd(1 — cos 8). (3) 

The area of ABCD can be expressed in two ways and equated: 

© sin B+ sin 8 = Vabed. 

Multiplying by two and squaring, we get 

4abcd = a?b*(1 — cos” 8) + c’d*(1 — cos” 5) + 2abcd sin B sin 6. 

Using (3), we get 

4abcd = ab(1 + cos B)cd(1 — cos 5) + cd(1 + cos 5)ab(1 — cos B) 

+ 2abcd sin B sin 6. 

Dividing by abcd, expanding and collecting terms, we get 

cos(6 +6)=-1> 64+6=n. 

This is a Putnam Competition problem. The other two problems are left to the reader. 
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Fig. 12.89 Fig. 12.90 

Suppose a < b < c = k. From ah; = bh, = ch, = 2A, we get a + 2A/a = 

b+2A/b = c+2A/c = k. If we introduce the function f(x) = x + 2A/x, 

then f(a) = f(b) = f(c) = k. Now f(x) = k is a quadratic equation in x, and 

f(a) = f(b) = f(@© = k. Since a quadratic equation has at most two solutions, 

at least two of the solutions must coincide. Suppose a = b. Let a ¥ c. Then in 

x? —kx +2A = 0 we have ac = 2A, that is a = b = 2A/c = h,, which is 

impossible. Thus,a = b=c. 

Suppose the grasshopper is at C € a after two jumps. Reflect the path first at OB to 

BC’ then at OC’, etc. Then the points A, B, C’, D’, E’,... fall onto a circle and 

measure off equal arcs belonging to the chord of length 1. Hence the sequence of 

points on the circle closes if a is a rational multiple of zr, that is, fora = p/q -7, 

where p, q are positive integers. 

Yes! For this it is necessary (and sufficient) to place the stations in the vertices of an 

inscribed cube. Indeed, those points of altitude d are visible from A in Fig. 12.89, 

which lie on the spherical cap bounded by the circle of radius AM about point Z 

vertically above A. Denote AOM = @. For @, we get 

|OA| 1 
(COS (y= a 

LOM eS 

On the other hand, for the angular distance ¢; between neighboring vertices of an 

inscribed cube, cos ¢; = i. Indeed, since the space diagonal d of a cube with edge 

a is a3, from the Cosine Rule, we get (Fig. 12.90) 

1 
|AB|? = |OA/? + |OB?? — 2|OA||OB| cos ¢; > cos ¢, = = 

Hence, the sphere is covered by eight such spherical caps with angular radius @ and 

midpoints in the vertices of an inscribed cube. Every point of the sphere is covered 

at least by two caps. 

Draw parallels to BC, DE, and FA through A, C, and E. Fig. 12.91 yields 

ABC DEF|—|PQR ABCDEF|+|PQR | Kolko Sia eee |+1POR| 
WAGE |= 

2 2, 

If we consider a similar construction for AB DF, instead of AP QR we get another 

triangle STU. But APQR = ASTU since their sides are differences of opposite 

sides, e.g.,|PQ| = |AB — DE|, |QR| = |AF — CD|, and |PR| = |EF — BC|. 
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Fig. 12.91 

77. Let M be the midpoint of the circle, |AC| = b, |BC| = a, |AM| =r, |AB| =. 

78. 

Since arc ACB is one third of the circle, we have ACB = LAMB = 120°, 

C=a4+bh?4+ab,c? =r? +r? +r’, that is a? + b? + ab = 3r?, or 

a? +b? + ab 
r = ,{/ —————.. 

3 

(a) The boat starts from B at full speed when the searchlight passes the position BM. 

When the searchlight has made a full turn and a quarter turn reaching position CM, 

the light beam has traveled the distance 27 + 2/2 = 52/2 miles on the unit circle. 

At the same time, the boat has covered 1/8 of that distance, or just 0.98 miles, which 

is less that 1. The boat will be somewhere inside the lens in Fig. 12.92. During its 

1 1/4 full turns, the searchlight has traversed the whole of this shaded area, and so, 

at some time, has illuminated the boat. 

(b) Suppose k = s/b. Consider the circle in Fig. 12.93 with radius 1/k about M. The 

boat can outpace the searchlight inside this circle. If the boat can travel the distance 

|B A| before the searchlight makes a full turn, it can fulfill its mission: 

1—- Qn 2n 
< 10) wivorn k= 276-14 

(c) The boat in Fig. 12.94 sails from B to C. Let us find the critical value of k such 

that the searchlight makes a full turn and the arc BD, when the boat covers the 

distance BC, is 

2m +a 

tan a 
=k, or 22x +a = tana, a in radians. 

This equation must be solved by iteration giving a = 1.442066530 radians and 

1/cosa =k =s/b = 7.789705781. Thus for k < 7.789705781, the boat can fulfill 

its mission. 
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The volumes of pyramids with the same base are proportional to their altitudes. From 

|ABCD| = |OABC|+|OBCD|+|OCDA| + |ODAB|, we get 

es, lOBy| (OC Opis 

|AA, |IBB,;| |CC;| |DD)| 

[AAiL—K » (BBi— RY ICC | R ADD | SK 

|AA\| |BB,| ICC, | |DD,| 
1 1 1 1 3 an a ae 1 aS ae Se 

|AA;| |BBi| |CCi| |DDi| R 

The AM-HM inequality yields 

1 1 1 1 
AA,|+|BB,|+/CC,|+|DD —$——_ | —_—— + +o )e (JAA;| + |BB,| + |CC,| + | (aa BB,’ |CGil + IDDil 

16 
4 => |AA,|+|BB,| + |CC,|+|DD,| = 3. 

No solution since we gave you enough hints. 

What is here the side condition? Obviously }> S;x; = 3V. Multiplying the function 

to be minimized by the constant 3V, we get 

YS Ysa =F + DSS (=+%) = DS +2) SiS: 
i<k i<k 

= (S; + Sp + S3 + Sa)’. 

There is equality iff x; = x. = x3 = x4 =r, the radius of the inscribed sphere of the 

tetrahedron. Hence the midpoint of the inscribed sphere minimizes the sum S; /x;. 

The triangular case of the minimization problem was used in the IMO 1981, Wash- 

ington, and it turned out to be quite easy. 

Let P have distances x, y, z from the sides BC, CA, AB. We want to minimize 

x? + y? + z*. The side condition is similar to the preceding case ax + by + cz = 
2A = 2|ABC|. Now x? + y? + z” is a minimum for the same point as the sum 
x? + y* + z* — 2d(ax + by + cz) with an arbitrary fixed constant A. This can be 
transformed into 

(x — Aa)* + (y — Ab)? + (z — Ac)? — A*(a? +b? + c’). 

The last sum is minimal for x = Aa, y = Xb, z = Ac. For the minimal point, we 

havex: y:z=a:b:c.Fromax + by + cz = 2A, we get 

= 2A 

~ @+bh24¢2° 

Thus, x* + y? + 2? is minimal for 

2Aa 2Ab 2Ac 
x = ————_., = ——__—_., ae 

2+tP+e’ 9 PER PEe 77 pap He 

The minimal value of x? + y* + 2? is 

4A? 

a@+bh>+c2 
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The minimal point L (the Lemoine point) is the intersection point of the symmedi- 

ans of the triangle, i.e., the reflections of the medians at the corresponding angular 

bisectors. Prove this yourself. 

Let pi, P2, p3 be the perimeters of the small triangles and p be the the perimeter of 

the large triangle. Then p; + p2 + p3 = p, because tangents from a point to a circle 

are equal. Now p; = mr; fori = 1,2, 3, and p = zr. This implies 7; +r. +r3 =r. 

Let F;, h;, r be the areas of the faces, the altitudes, and the radius of the insphere 

of the tetrahedron with volume V. Then 

r 1 1 1 1 
V= a } Fo 4 Fs + Ba) eras = ata = Ae = 3 Paha. (1) 

If r; are the radii of the four small spheres, then, by similarity, we have 

h;—2r 7; h; r ar? 1 7; 
= = => = ; 

h; r 2r * Tr =T; r—-r; h; 2r2 

From (2), we get 

1 1 1 1 4r —r} —12 —173 — 14 
— + — 4+ — + — = ——_____. 3 
hy hy hz hs 2r2 ( ) 

On the other hand, by adding F;/3V = 1/h; fori = 1,..., 4, from (1), we get 

1 1 1 1 Fi, + Fh, + F3 -+ FE 1 ae 1 2 3 a pads (4) 

hy Shy ehsS ha 3V r 

Equating the right sides of (3) and (4), we get 

rytnmt+rnt+r4 = 2r. 

Let a > 60° be the largest angle in AABC, and AD > 1 be the bisector of the 

angle a. Of all the lines through D we choose the one cutting from the angle a the 

triangle ABC of minimal area. This is an isosceles triangle, and its area is greater 

than 1/,/3, as can be seen from Fig. Se, 

Fig. 12.95 

Take three skew edges of the cube. Each of them will be an edge of one tetrahedron. 

The midpoints of the opposite edges of each tetrahedron coincide with the center of 

the cube. Prove that these three tetrahedra do not have additional common points. 

We observe that AO, BE ~ AO, BF.Hence, E, F, O;, O2 lie onacircle C. Since 

£0,AO7 + LO,EB = £0,BO,+ 40,BE = 180°, the point A lies on the same 

circle. (Make a drawing.) /F EB = BEA since they are inscribed into C and on 

equal arcs O2F and OA. EF || MN implies MBE = /FEB. Hence, MBE = 

BEA, i.., the trapezoid MEBA is equilateral, and AE = MB. Similarly, we 

prove that ABFN is an equilateral trapezoid implying AF = BN. Adding the last 

two equalities, we gt AE + AF =MB+BN=MN. 
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A B 
Fig. 12.96 Fig. 12.97 Fig. 12.98 

Let D, P, and K be the projections of A, B and C onto the line BC, in Fig. 12.96. 

Then 

BP «BC. AD: . AB. BE. a BCt, AB. BAY 
pe 3 = ieee = a 

AD (CA CL BG CK UEGAS BIG.” TAGE 

In the last equation, we have used Ceva’s theorem. Since BA,;/A,C = PM/MK, 

the triangles PMB and K MC are similar: PMB = ZK MC. 

Let MA + MB = a, where A, B are neighboring vertices of the square ABCD. 

Here M and C, D are separated by AB. We use the inequality of Ptolemy for the 

quadrilateral AMBC: MC-AB < MA-BC+MB-AC,or MC < MA+VJ/2MB. 

Similarly MD < MB+MAV2. Adding the two inequalities, we get MC + MD < 

(MA+ MByJ/2 +1)= a(J/2 + 1). We have equality if M lies on the circumcircle 

of the square ABCD. 

Color the triangulation properly by two colors, black and white as follows: Draw the 

diagonals one by one. At each step, keep the coloring on one side of the last diagonal 

drawn. On the other side, switch the colors black and white. Since the number of 

triangles at each vertex is odd, the sides of the polygon belong to triangles of the 

same color, say black. The number w of sides of all white triangles is a multiple of 3. 

Since each of the w sides is also a side of a black triangle, for the number b of sides 

of all black triangles, b = n + w. Now 3|n + w and 3|w. Hence 3|n (Fig. 12.97). 

The main diagonals pass through the center of the n-gon. The other diagonals come 

in pairs which are symmetric with respect to the center. If we orient them oppositely, 

we get vectors with sum O. Now we must place arrows on the sides and main 

diagonals. 

Suppose n = 2k + 1. We place arrows on the sides cyclically with sum O. Place 

the arrows into the vertices number 1, 3,..., k — 1. Then there is one arrow on each 

diagonal. The system of these vectors is invariant with respect to rotation about the 

center by the angle 27/(2k + 1). Hence, such a rotation takes the sum into itself. 

Hence, it is O. 

Now suppose n = 2k. Consider cycles consisting of neighboring main diagonals 

and sides connecting them. In each cycle, we place arrows so that the sum is O. We 

are left with every second side. We orient them cyclically and get the sum O, since 

rotation by the angle 2/k about the center leaves the sum invariant. 

Construct the diagonal BD, point K = AN NM BD, and point L = BD AM. See 

Fig. 12.98. Since LAN = ZNDL = 45°, the quadrilateral ADNL is inscribed 

in a circle, and ZALN = 90°, i.e., AL 1 LN. Similarly ABM K is inscribed, 

since 4K BM = LAK. Hence, MK | AN. Thus, MK and NL are altitudes of 



33) 

94. 

OD: 

12.3 Classical Euclidean Geometry 3Bu) 

R 
Fig. 12.99 Fig. 12.100 

triangle AM WN intersecting in the orthocenter H. Hence, AA is the third altitude 

perpendicular to MN. 

In Fig. 12.99, 

LO4A0O; = L04AP + LPAQ+ LZQAO, = £0,CB + £BCD+ ZDCO; 

— LO2C OZ => AO,A0O, = AOC O03 = O70) = 0203, 

and similarly O; O2 = 0304. Thus, O; O2 O3 Oz is a parallelogram and has congruent 

opposite angles: 4040, O02 = 40,0304. Now 

L£040,A + £C 0302 + 22A0,B — £BO, OO, — £DO304 = LCO3D + LAO;,B, 

L040,A = LC O302, LBO, O02 = £DO304, £CO3D = LZAQ,B. 

This implies 20,030, = 90°. In our case, we even have a square since 040) is a 

symmetry line. 

We have ZABD = ZACD = 90°. We draw perpendiculars K L and MN through P 

and Q to BE and CF, respectively (Fig. 12.100). We have MN = KL, ABPK ~ 

NBAEa a /ND ABM HenCe eB DAN MBP Lew NBiE Kes 9\ DBE Erom 

ABPK ~ ADBE, AAPC ~ ADPB (ZBAC = ZCDB), and ACPL ~ AACF, 

we conclude that 

KP MBPs TPC BE ISa Mb ge 
pow RACe Cre SBEOY GE @ Pile Cr 

From the last equality and BOE ~ F QC, we conclude that 

aa OO? Be Ee ee Eee MOON 

PHONE VON TPL SON PLE ETON 
= Pb == (OI = 1e2@ AL AVOY 

Here we have used the fact KL = MN=KP+PL=MQ-+QN. 

Choose any point A on the surface of the ball, and draw a circle about A with 

any radius. Choose three points M, N, P on the circle. In the plane, construct 
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AM'N'P’' = AMNP, and find its circumcircle with center O’. Then M’O’ is the 

radius of the circumcircle. From the leg M’O’ and hypotenuse A’M’, which is AM, 

we construct a right triangle M’O’A’. We construct the perpendicular to M’A’ which 

intersects the line A’O’ in B’. Then A’B’ is equal to the diameter AB. 

In the plane we construct AA’B’C’ = AABC and find its circumcircle. Then we 

find the radius R of the ball as in the preceding problem. After drawing a circle 

with radius R, we draw a chord K’L’ into it which is equal to the diameter of the 

circumcircle. The distance from K’ to the midpoint P’ of the arc K’L’ is the radius of 

the circle on the ball through A, B, C. We get the midpoint of the circle by drawing 

about A and B circles with distance K’P’. They intersect in the center of the circle 

through A, B, C. 

Draw circles on the ball about A and B with the same radius which intersect in 

K, L. Draw circles about K and L with the same radius which intersect in M, N. 

Then M, WN lie together with A and B on the great circle. From A, B, M, we can 

construct the circle. 

Hint: It is easy to see that the minimum distance between the four points is maximal, 

when they are vertices of a rhombus with side 25/8, two opposite vertices of which 

are vertices of the rectangle, and the remaining two lie on the long sides of the 

rectangle. 

This is the most difficult problem ever proposed at the IMO. Before 1996, the most 

difficult problem was E15 in Chapter 6. Although the jury correctly judged the 

extreme difficulty of E15, it estimated the difficulty of this problem as medium. We 

give no proof, but if you are interested you can find the solution in many sources. 
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We begin by describing so-called Nim Games in some detail. Most of the games 

in competitions are of this type, but some do not fit into any category known to 

the contestant. Still, most of the following definitions are useful even in those 

situations. 

We consider games for two players A and B, who move alternately. A always 

moves first but otherwise the rules are the same for A and B. A draw cannot occur. 

We are given the starting state and the set M of legal moves. A player loses if 

he finds himself in a position from which no legal move can be made. We can 

think of each position as a vertex of a graph and each move as a directed edge. We 

consider games with finitely many vertices and no directed circuit (a position can 

not repeat). This ensures that one of the players will lose. 

The set P of all positions can be partitioned into the set L of losing and the set 

W of winning positions: P = LUW, LW = @. A player finding himself in 

a position in L will lose provided his opponent plays correctly. A player finding 

herself in a position in W can force a win whatever her opponent does. 

To win, a player must always move so as to force his opponent into a position 

belonging to L. From each position in L, every move must result in a position in 

W. From every position in W, a move to a position in L must be possible. L must 

contain at least one final position f from which there is no move out. The player 

who leaves his opponent facing such a position has won the game. The problem is 

to identify the set L of losing positions. 

Most of the following problems can be solved by a simple strategy: 

Divide the set of all positions into pairs, so that there is a move from the 

first to the second element of the pair. Whenever my opponent occupies one 
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element of a pair, I move to the other element of the pair. Thus, I win, since 

my opponent runs out of moves first. 

Initially, if there is one position without a pair, I should occupy it. Otherwise, I 

should be the second player to win. In more complicated games, a table of losing 

positions should be used in playing. 

As a warmup, we will consider some examples with solutions. 

i Bachet’s Game. Initially there are n checkers on the table. The set of legal 

moves is the set M = {1, 2, 3,..., k}. The winner is the one to take the last 

checker. Find the losing positions. 

The set L consists of all multiples of k + 1. Indeed, if n is not a multiple 

of k + 1, then I can always move to a multiple of k + 1. My opponent 

cannot move to the next multiple of k + 1 since he can only subtract k or 

less checkers. So he has to move to some number, which is not a multiple 

of k + 1. Then I simply move into L. Thus, I will finally reach 0, which is 

also a multiple of k + 1. 

. In problem #1, let M = {1, 2, 4, 8, ---} (any power of 2). Find the set L. 

L consists of all multiples of 3. Indeed, a player confronted with a multiple 

of 3 cannot move to another multiple of 3, since 2” is never a multiple of 

3. But from a nonmultiple of 3, I can always move to a multiple of 3, by 

subtracting | or 2 mod 3. ; 

. in problenr #1; let WM = {1, 2, 3,5; 7, 11: ..<} Gand primes): Find 2. 

L consists of all multiples of 4. From a nonmultiple of 4, I can always move 

to a multiple of 4 by subtracting 1, 2 or 3 mod 4. But from a multiple of 4, 

I cannot move to another multiple of 4. 

. Find the set of losing positions for M = {1, 3, 8}. 

Translate the game into a board game by starting with a row of empty cells. 

Then place a chip on the nth cell. Now A and B alternately move the chip to 

the left by 1 or 3, or 8 places. Start at the end and work upward by finding the 

losing positions until you detect a periodicity. You will find that L consists 

of all nonnegative integers of the form lln, 1ln +2, lln+4, 1lIn +6. 

Problems 

Ihe Wythoff’s Game: There are two piles of checkers on a table. A takes any number of 

checkers from one pile or the same number of checkers from each pile. Then B does 

the same. The winner is the one to take the last chip. Positions are pairs [x(i), y(i)] of 

nonnegative integers. By starting with small numbers, try to find the losing positions 

until you see a recursive rule. Also try to find a “closed” expression for the positions 

Ine. 
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. There are initially 10’ chips on a table. The set of moves consists of p”, where p is 

any prime and n can be any nonnegative integer. The winner is the one to take the 

last chip. Find L. 

. Start with n = 2. Two players A and B move alternately by adding a proper divisor 

of n to the current n. The goal is a number > 1990. Who wins? 

. A modification of Wythoff’s game. You may remove any number from a single pile, 

or numbers from both piles differing in absolute value by less than 2. Find some 

pairs belonging to L by trial and error. Can you find formulas for the pairs in L? 

. A and B alternately put white and black knights on the squares of a chessboard, 

which are unoccupied. In additioh a knight may not be placed on a square threatened 

by an enemy knight (of the other color). The loser is the one who cannot move any 

more. Who wins? 

. A and B place white and black bishops on squares of a chessboard, which are free 

and not threatened by an enemy bishop. The loser is the one who cannot move any 

more. (The one who moves may place his bishop on squares of both colors.) 

. A and B alternately draw diagonals of a regular 1988-gon. They may connect two 

vertices if the diagonal does not intersect an earlier one. The loser is the one who 

cannot move. Who wins? 

. Given a triangular cake P QR of area 1, A chooses a point X of the plane. B makes 

a straight cut through X. What maximal area can B cut off? 

. Given a triangle PQR of area 1, A chooses a point X € PQ. Then B chooses a 

point Y € QR. Then again A chooses a point Z € PR. The aim of the first player 

is to maximize |X Y Z|. What is the largest area he can secure for himself? 

(One-person game.) There are 1990 boxes containing 1,..., 1990 chips, respec- 

tively, on a table. You may choose any subset of boxes and subtract the same number 

of chips from each box. What is the minimum number of moves you need to empty 

all boxes? 

A and B alternately place +, —, - into the free places between the numbers 

1 2 3. ...99 100. Show that A can make the result (a) odd, (b) even. 

A and B start with p = 1. Then they alternately multiply p by one of the numbers 2 

to 9. The winner is the one who first reaches (a) p > 1000, (b) p > 10°. Who wins, 

A or B? 

A crosses out any 2’ of the numbers 0, 1,..., 255, 256. Then B crosses out any 2° 

numbers. Then A crosses out any 2° numbers, and so on until finally B crosses out 

2° = 1 number. Since 27 + 26 + --- + 2° = 28 — 1 numbers are crossed out, there 
will be two numbers a and b left. B pays the difference |a — b| to A. How should 

A play to get as much as possible? How should B play to lose as little as possible? 

How much does A win per game if both players use their optimal strategies? 

A and B take turns in placing a”+” sign or a” —” sign in front of one of the numbers 

inthe sequencel 2 3 4---19 20. After all 20 signs have been placed, B wins 

the absolute value of the sum. Find the best strategy for each player. How much does 

B win if both players use their best strategies? 

In the equation x? + ---x? +---x +--- = 0, A replaces one of the three dots by 
an integer unequal to 0. Then B replaces one of the remaining dots by an integer. 

Finally A replaces the last dots by an integer. Prove that A can play so that all three 

roots of the resulting cubic equation are integers. 
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A and B alternately replace the stars in the polynomial x!° + xx? + «x8 + +--+ 

*x? + x + 1 by real numbers. If the resulting polynomial has no real roots, then A 

wins. If it has at least one real root, then B wins. Can B win, whatever A does? 

A and B alternately write positive integers < p on the blackboard. Writing divisors 

of numbers that are already written is not allowed. The one who cannot move any 

more loses. Who wins for (a) p = 10? (b) p = 1000? 

Double Chess. The rules of the chess are changed as follows: Black and White 

make alternately two legal moves. Show that there exists a strategy for white which 

guarantees him at least a tie. (Note: You need only prove the existence of such a 

strategy.) 

On any directed graph with one highest and one lowest node, A puts a chip on any 

node. Than B puts a chip on a an unoccupied node, and so on. If a node is occupied, 

all lower nodes are forbidden. The player who is forced to place a chip on the highest 

node loses. Prove that the first player wins if he plays correctly. (Note: You are not 

asked to find the winning strategy. You only need to prove that it exists.) 

Even Wins. Initially there is a supply of (2n + 1) chips. A and B take turns to remove 

any number of chips from 1 to k. At the end, one of the players winds up with an 

even number of chips, the other with an odd number. The winner is the one who 

possesses an even number of chips. Find the losing position for (a) k = 3, (b) k = 4, 

(c) even k, (d) odd k. 

Consider also the case that Odd Wins. See [28]. 

Initially there is a chip at the corner of an n x n-chessboard. A and B alternately 

move the chip one step in any direction. They may not move to a square already 

visited. The loser is the one who cannot move. (a) Who wins for even n? (b) Who 

wins for odd n? (c) Who wins if the chip starts on a square, which is neighbor to a 

corner square? 

A places a knight onto an 8 x 8 board. Then B makes a legal chess move. Then A 

makes a move, but he may not place it on a square visited before, and so on. The 

loser is the one who cannot move any more. Who wins? 

A king is placed at the upper left corner of an m x n chessboard. A and B move the 

king alternately, but the king may not move to a square occupied earlier. The loser 

is the one who cannot move. Who has a winning strategy? 

Start with a pile of n chips. A and B move alternately. At his first move, A takes any 

number s so that 0 < s <n. From then on, a player may take any number which is 

a divisor of the number of chips taken at the preceding move. The winner is the one 

who makes the last move. Which initial positions are winning for A or B? 

Let n be a positive integer and M = {1, 2,3, 4,5, 6}. A starts with any digit from 

M. Then B appends to it a digit from M, and so on, until they get a number with 

2n digits. If the result is a multiple of 9, then A wins; otherwise B wins. Who wins, 

depending on n? 

Start with two piles of p and qg chips, respectively. A and B move alternately. A 

move consists in taking a chip from any pile, taking a chip from each pile, or moving 

a chip from one pile to the other. The winner is the one to take the last chip. Who 
wins, depending on the initial conditions? 
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Start with two piles of p and q chips, respectively. A and B move alternately. A move 

consists in removing any pile and splitting the other pile into two piles. The loser is 

the one who cannot move any more. Who wins, depending on the initial conditions? 

Start with n > 12 successive positive integers. A and B alternately take one integer, 

until only two integers a and b are left. A wins if gcd(a, b) = 1, and B wins if 

gcd(a, b) > 1. Who wins? 

Two players A and B alternately color lattice squares of a 19 x 94 square. Who has 

a winning strategy? A lattice square is any square of the board whose vertices are 

lattice points of the 19 x 94 board (MMO 1994). 

A and B alternately move a knight on a 1994 x 1994 chessboard. A makes only 

horizontal moves (x, y) (x £2, y+ 1), B makes only vertical moves (x, y) te 

(x £1, y + 2). A starts by choosing a square and making a move. Visiting a square 

for a second time is not permitted. The loser is the one who cannot move. Prove that 

A has a winning strategy (ARO 1994). 

A calls out a digit. Then B places that digit into one of the empty cells, until all 8 

cells are filled by digits. A wants to maximize the difference. B tries to make it as 

small as possible. Prove that B can place the digits so that the difference is at most 

4000. A can call digits such that the difference is at least 4000. 

EEEE 
A and B alternately color squares of a 4 x 4 chessboard. The loser is the one who 

first completes a colored 2 x 2 subsquare. Who can force a win? 

A and B alternately replace the stars in x* + «x? + «x? + «x + * = 0 by integers of 
their choice. A wins if he gets a polynomial without integral roots after the fourth 

step. Otherwise B wins. Who wins, A or B? 

Two players A and B alternately take chips from two piles with a and b chips, 

respectively. Initially a > b. A move consists in taking a multiple of the other pile 

from a pile. The winner is the one who takes the last chip in one of the piles. Show 

that 

(a) If a > 2b, then the first player A can force a win. 

(b) For what a can A force a win, if initially a > ab. (This game of Euclid is due to 

Cole and Davie, Math. Gaz. LUI, 354-7 (1969).) 

A marks any free cell of a 2n x 2n board. Then B places a 1 x 2 domino on the 

board so that it covers 2 free cells, one of which is marked. A wins if it is possible 

to cover the whole board by dominos, otherwise B wins. Who wins? 

A solitaire game. Each edge of a 1997-polyhedron is assigned the number +1 or 

—1. Show that there exists a vertex such that the product of the numbers on all edges 

meeting in that vertex must be +1. 

Solutions 

1. The table of the first 13 losing positions is 
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This table suggests the following algorithm for constructing the losing positions 

step-by-step: Suppose the losing positions [x(i), y(i)] for i < n are known already. 

Then x(n) is the smallest positive integer not used already, and y(n) = x(n) +n. 

Thus every positive integer occurs exactly once as a difference. It is not too difficult 

to prove this and the fact that we have indeed all loosing positions. Do it! 

Now let us try to find a closed formula for x(n) and y(n). Plotting the results, we see 

that x(n) and y(n) are both approximately linear functions, that is, 

x(n) *t-n, y(n) © (t+ 1)-n. 

Furthermore, t © 1.6. This suggests that t = (1 + /5)/2. Thus, we conjecture that 

x(n) = |t-n], y(n) = L@+1)-n]. 

It remains to be shown that every positive integer occurs exactly once in one of the 

two sequences. But we have already proved this in Chapter 6. There we have shown 

that a, B irrational and 1/a + 1/8 = 1 is necessary and sufficient for this so called 

complementarity of the sequences |w -n]| and |B -n|. Now we have 

Pe Re Se 
Ril tit tees fet tae pte 

Here we used the well-known relationship t? = ¢ + 1 for the golden section f. 

. We observe that 6 is the first number, which is not the power of a prime. Thus, V 

consists of all multiples of 6. If A is confronted with a number, which is not a multiple 

of 6, he can attain a multiple of 6, by subtracting one of the numbers 1, --- , 5. From 

a multiple of 6, there is no move to another multiple of 6. 

. Inhis first move A adds 1, the only divisor of 2, and gets n = 3. From here on, A can 

move so that he gets an odd number. A proper divisor of an odd number is at most 

one third of that number. So B can add at most one third of the current number. A 

moves from an even number, and so he can add exactly one-half of that number. So 

A simply plays until he is confronted for the first time with an even number > 1328. 

By adding one-half of that number he reaches a number > 1992. 

. The following table shows the first few positions in L: 

eae Of Tel SS. Sa Ol TAPE) AON) 
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First, we note that y(n) —x(n) = 2n. Here x(n) = the minimum integer not yet used, 

and y(n) = x(n) + 2n. Then we observe that the two sequences are complementary, 

i.e., disjoint and their union is all positive integers. By an analysis similar to that of 

the Wythoff game, we get a = (1 + V/5)/2, 8 = 2 +a, and 

x(n) = [na], y(n) = |nB} 

give all solutions. We check that the Beatty condition a~'! + B~! = 1 for comple- 

mentary sequences is satisfied. 
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. Consider the horizontal (or vertical) symmetry line of the board. B can win by always 

playing his knight symmetrically to the previous move of A. 

6. B wins by using the same strategy as in the preceding problem. 

7. A wins by drawing first a main diagonal. Then to each move of B, he draws the same 

10. 

iil 

PD, 

diagonal reflected at the center of the polygon. 

. A chooses the centroid X. B draws a parallel to one of the sides through X and gets 

5/9 of the cake. By drawing another line through X he would get less, comparing 

the wins and losses. The choice of the centroid X for A is best, because, in every 

other position, B would get more. Find the best choice for B. 

. Bcan prevent A from getting more than 1/4. He chooses Y so that XY || PS. Then, 

for every point Z on P'S, the following inequality is satisfied: 

IXYZ|__|XY| H-h__ h(H—hA) ae 

|POR| |PR| Pee ee Oates ae 

On the other hand, A can choose the midpoints X and Z of PQ and PR and secure 

|XY Z| = 1/4 for himself. More difficult is the analogous problem for the perimeter 

of XYZ. See Quant 4, 32-33 (1976). 

We need 11 steps. After each step we partition the boxes into susets each contain- 

ing the same number of chips. Suppose at some moment there are n subsets of 

boxes (some of which may be empty). In the next step we select k subsets, from 

which we subtract the same number of chips. After subtraction, the boxes in dif- 

ferent subsets still belong to different subsets, and untouched boxes still belong to 

the same subsets. If we started with n subsets of boxes, then after one step there 

will be not less than max(n, n — k) > n/2 subsets left. Thus at each step the num- 

ber of subsets of boxes left will be at least one-half of the preceding number. Ini- 

tially there were 1990 distinct subsets. After 1,..., 11 operations there will be at 

least 995, 498, 249, 125, 63, 32, 16, 8, 4, 2, 1 subsets left. So we need at least 

11 steps. Eleven steps are indeed sufficient by proceeding as follows. We subtract 

995 chips from all boxes containing at least 996 chips. Then we subtract 498 chips 

from boxes with at least 498 chips, and so on. 

Since only parity counts, we may work modulo 2 and get the initial statel O 1 

0 1---1 0. Since modulo 2 subtraction is the same as addition, A and B insert 

+ and x into the gaps. 

First suppose that A wants to make the result equal to 0. He should use x 

exclusively and move into the first gap, thus reducing the new position to the 

string 0, 1, 0, 1,..., 1, 0. Now, if B places any sign into some gap, getting 

---0 * 1 O---or0 1 x O, then A should place a x into the gap on the 

other side of B’s move. It is easy to see that the result is 0 at the end. 

Now suppose that A wants to make the result 1. On his first move, he places a + into 

the first gap and then plays the same strategy as in the preceding case. At the end, 

he gets the sum 1 + 0, which is 1. 

(a) Start at the end. Which set should I avoid? (a) [112,999] C W => [56, 111] C 

L => [7,55] © W => {4, 5,6} C L => 1 € W. Thus, A wins. 

(b) [111112, 999999] c W = [55556, 111111] C L => [6173, 55555] C W => 

(3087, 6172] c L => [343, 3086] C W = [172, 342] C L => [20,171] CW > 

[10, 19] c L => [2,9]: c W => 1 € L. Thus, A loses. 
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We will show that A can secure at least 2+, or 16, for himself, and B can prevent A 

from getting more than 16. Strategy of A: at each move he crosses out every sec- 

ond remaining number, i.e., 2, 4, 6,.... Then after 1, 2, 3, 4 moves, the distances 

between neighbors will be at least 2, 4, 8, 16. 

Strategy of B: At each move, he crosses out consecutive numbers at the beginning 

or at the end. In this way the maximum difference between two numbers is reduced 

after 1, 2, 3, 4 moves to at most 128, 64, 32, 16. 

One can generalize the game to the sequence 0, 1, 2, ..., 27”. A wins 2”. 

First we describe B’ strategy. Consider the pairs (1, 2), (3, 4),-- -, (19, 20). Each time 

A places a sign in front of one component of any pair, B places the opposite sign 

in front of the other component, except for the pair (19, 20). As soon as A places a 

sign in front of a number in the pair (19, 20), B uses the same sign for the second 

component. In this way B wins at least 20+ 19—1—1—1—1—1—1—1—1—1 = 30. 

A's strategy: Find the sign of the current sum. Place the opposite sign in front of the 

largest free number. If the current sum is 0, place a “+”. Thus, the first move will be 

+20. If A and B both apply their strategies, the play will evolve as follows: 

+20.+.19-—18+17-16+15-144+.---—2+1. 

Now we show that B cannot get more than 30 if he uses a different strategy while A 

continues to use his strategy. 

Consider the moves in pairs: A followed by B. Now, suppose that in some game the 

ith pair of moves changes the sign of the current sum and that, that the sign remains 

unchanged after this pair of moves. Then 1 <i < 10. 

In the first (i —1) pairs of moves, A has insured that the numbers 20, 19, 18,..., 20— 

(i — 2) have been used. (A may not have used them himself, but at each move he takes 

one of the highest remaining numbers.) Then, since the ith pair of moves changes 

the sign of the current sum, the absolute value of the sum after the ith pair will occur 

if the sum after the ( — 1)th pair is 0. In this case the maximum that could be added 

in the ith pair of moves is |20 — (i — 1)| + |20 —i| = 41 — 2i. For each of the 

remaining (10 — i) moves, the absolute value of the sum decreases by at least one 

since A subtracts the largest free number from the absolute value of the sum, say k, 

and B cannot add more than k — 1. Thus, the resulting sum cannot be larger than 

41 — 2i — (10 —i) = 31 —i < 30. 

If A places —1 in front of the term x and at its second move he places an integer 

in the last free place, which is the opposite of what B placed, then the equation has 

the form x? — ax” — x +a = 0. This equation has the roots —1, 1, a, which are 

integers. 

B can always force a win. In his first four moves, B can ensure that the last fifth 

move of A is the choice of the coefficient of an odd power x??+!, where P(x) is the 

final polynomial with numerical coefficients. 

First we choose the numbers 4 and c > 0 so that, for any A for the polynomial 

F(x) = P(x) + ux™ + Ax?P+!, we have cF(1) + F(—2) = 0. Then F(x) definitely 

has a root in [—2, 1]. For this it is sufficient to take c = 2??+! and 

a fCR=Erg) 

~ e¢+(=2) 

Here 1 and —2 can be replaced by any two numbers of opposite signs. Playing with 

this jz in his fourth move, B will secure a real root for himself. 
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In both cases A wins. (a) A writes 6. Then B writes one of the numbers of the pairs 

(4, 5), (7, 8), (9, 10). A responds with the other number of the pair. 

(b) We consider a new game: the rules are the same, but among the numbers, the 

number | is missing. If A has a winning strategy in this case, then he uses it imme- 

diately. If not, then first he writes 1 and then uses the winning strategy of the second 

player. Note that in this case we do not explicitly describe the winning strategy of 

A. Rather we prove its existence. 

Suppose B can win no matter what A does. On his first move, A moves one of his 

knights to any one of the two possible squares and then back to its original position. 

Now all the pieces are in their original position, but A has become the second player 

and must win. Contradiction! 

We consider a new game: the rules are the same, but the lowest node is forbidden. 

If A has a winning strategy in this case, then he uses it immediately. If not, then he 

first puts a chip on the lowest node and then uses the winning strategy of B. 

(c) Check that for even k the losing positions are (k +1 mod k+2Z, odd), (0 mod k+ 

2, odd), (1 mod k + 2, even). 

(d) Check that for odd k the losing positions are (1 mod 2k + 2, even), (k +2 mod 

2k +2, odd), (0 mod 2k + 2, odd), (k + 1 mod 2k + 2, even). 

(a) If n is even, then one can always partition the board into 2 x 1 dominoes. A can 

always make a move. If the chip is on one square of a domino, he moves to the other 

square. 

(b) For odd n, one can split the board into 2 x 1 dominoes, except the corner square. 

Then a similar strategy is winning for B. 

(c) In this case, A always wins. For even n, the strategy is the same as in a). For odd 

n, we partition the board into dominoes except the corner square. Now we color the 

board in the usual way. It is easy to see that B can never move to a corner square. 

Thus, A wins by the strategy of moving to the second square of a domino. 

Split the board into eight 4 x 2 rectangles. On each such rectangle, there is a unique 

move to another square of this rectangle. Then B can win as follows. For each move 

of A, he moves the knight to the only possible square of the same rectangle. 

Subdivide the chessboard into 2 x 1 dominoes. Whenever A places the king on a 

domino, B should move it to the other square of the same domino. In this way B 

wins the game. 

We will prove that, forn > 1, B wins ifn = 2”. Letn = 2” (n > 1). A takes first 

2°(2b + 1) chips (a > 0, b > 0). Then B wins if he uses the following strategy. First 

he takes 2% chips, and from then on he uses as many as A has taken before. A wins 

if initially there are n = 27(2b + 1) chips. First he takes 2° chips and from then on 

he mimicks his opponent. 

Answer: If n is a multiple of 9, then B wins; otherwise A wins. 

Suppose 9|n. If A appends any digit x, then B appends 7 — x. At the end, the resulting 

number has digital sum 7n. Thus the resulting number is divisible by 9. So B wins. 

If 7n is not a multiple of 9, then 7(n — 1) = 2mod9 = r with r # 2. Thus 

n €{0, 1,3, 4,5,6;7,-8}:\Lets =.9.— r mod7;:that is,js. =, 9 rif 9=r < 7, 

otherwise s = 2—r. The strategy of A is as follows. A writes down anumbers € M. 

To each move x of B, he responds with 7 — x. If itis B’s last move, we have a number 
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of (2n — 1) digits with digital sum s + 7(n — 1), which is congruent to s +r mod 9. 

But we have s + r = 9 ors + r = 2. To get a number divisible by, 9 B would have 

to add 0 or 7. Neither is permissible. Thus A wins (BWM 1984). 

A can force a win by making p and q both even if initially at least one of p and q is 

odd. B is forced to make at least one of p or g odd. A restores the losing position 

for B. 

Two odd piles are losing. From any other position, one can move to two odd piles. 

From two odd piles, one is forced to move to even or odd. From this position one 

throws away the odd pile and splits the even pile into two odd piles. Finally, we move 

to (1, 1) and win. 

Suppose that n = 2k + 1. In that case A wins by subdividing the numbers into 

successive pairs and taking the lonely remaining number. If B takes any number of 

a pair, then A takes the other element of the pair. 

Now suppose that n = 2k. In that case B wins by always taking odd numbers except 

two odd numbers r, s divisible by 3. A is always forced to take even numbers. 

At the next to last move, there will remain two even numbers e;, e2 and the odd 

numbers r, s. If A takes an odd number, then B takes the other odd number and 

wins. Otherwise A sticks to taking an even number, in which case B takes the other 

even number and wins again since gced(r, s) > 3. 

Symmetry is the most important strategy in games. Look at the center of the board. 

For a small odd height and a large even length it will be as indicated in Fig. 13.1. 

Unfortunately the center of the board is not a lattice point. The first move should 

be to color the square in Fig. 13.1. Now the board is split into two parts which are 

symmetric with respect to the line s. B is forced to color a square on one side of s. 

A responds by removing the square which is symmetric to B’s choice with respect 

to s. 

aeiaee 
RoasS 

Fig. 13.1 Fig. 13.2 
We place arrows on the board as in Fig. 13.2. A starts by placing the knight on a cell 

from which an arrow starts and he moves in the direction of the arrow. Then B can 

only move to the start of another arrow, and A moves to the end of that arrow. 

Denote the positions from left to right by pi, p2, p3, ps. The game splits into two 

parts: the beginning and the endgame. The endgame starts as soon as B puts a digit 

into the first position. It is clear that, in the beginning, A must not call digits 1 to 3 or 

digits 6 to 9, since B would place them into p;, a small digit into the upper cell and 

a large digit into the lower cell, and would go over to the endgame. If the difference 

of the first digits is not greater than 3, then the difference of the numbers is at most 

3999. If A first calls 4 (or 5), then B can secure a difference for himself not less than 

4000 by immediately starting the endgame with the move p; = (¢) or p: = (2), 
and then put all digits 0 (9) into positions p2, p3, p4 until they are filled. 
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Fig. 13.3 shows the winning partition for B into pairs (x, x). If A colors some element 

of a pair, B responds by coloring the other element. 

After three steps, three of the stars are replaced by the integers a, b,c. B wins by 

replacing the fourth star by —a — b — c — 1. Then the sum of the coefficents of the 

polynomial becomes 0, and hence the number 1 is a root. 

(a) Suppose a > 2b. We will show that A can move from (a, b) into a losing position 

(for B). If (a —b, b) is a losing position, then A makes the move (a, b) > (a —b, b). 

But if it is a winning position, then there is a move from it which makes it a losing 

position. Since a — b > b, this move has the form (a — b, b) > (a — qb, b), where 

q is a positive integer. But then (a, b) > (a — qb, b) is a winning move for A. 

Note that we can show here that (a, b) for a > 2b is a winning position without 

showing the winning strategy. 

(b) The answer is a > (1 + J/5)/2. 
If b < a < ab < 2b, the only possible move from (a, b) is to (a — b, b). Hence, 

= > = C7. @) 

Since it is not possible to win in one move from the position (a, b), 1 < b/a < a, 

it is enough to show that when A starts from (a, b), b/a < a, then he may either 

win in one move or leave to B a position with 1 < b/a < a, from which by (1) 

B's sole move is to a position with ratio> a from which the process is repeated. 

When a/b > 2 there are at least two moves (a, b) > (b,r) withO <r < b, or 

(a, b) > (b+r, b). Ifr = 0, A may win in one move. Otherwise, since a is strictly 

between b/r and (b +r)/b, A moves to that position for which the ratio lies strictly 

between | and a. Whena < a/b < 2 A moves to (b,r). 

A wins. By a diagonal row, we mean any row starting on the left or upper side and 

running southeast to the lower or right side. A must always mark a free cell in the 

lowest diagonal row. If there are cells in that row which can be covered uniquely, 

then first he must mark any one of these cells. If a free cell in this diagonal can be 

covered in two ways, it is irrelevant which one A marks. 

Suppose we multiply all of the products corresponding to all of the vertices. Since 

every edge is counted twice, every —1 is counted twice. Thus, the product is +1. But 

there is an odd number of vertices. The product at each vertex cannot be —1, since 

(—1)!97 = —1. Hence, at least one vertex has product +1. 
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14 

Further Strategies 

In this chapter we collect further important strategies of somewhat lesser scope, 

except the first one on graph theory, which became quite important in recent IMOs. 

They will be illustrated by a few examples followed by problems with solutions. 

All of these ideas occurred in preceding problems and solutions. But still, it is 

useful to stress them again. By separate treatment, they will be better remembered. 

14.1 Graph Theory 

Graphs are important objects of discrete mathematics. A graph is an object con- 

sisting a set of points or vertices, some of which are connected by lines or edges. 

If you can visit all vertices by walking on edges, the graph is connected. A con- 

nected graph without closed paths or cycles is called a tree. Usually the edges of a 

graph are not oriented. But if the edges are oriented, then we have a digraph. An 

example is a one-way road system. The directed cycles are often called circuits. 

A vertex v has degree or valency m if m edges end at v. The mapping f of a set 

A into itself is usually represented by a digraph, where we draw an arrow from 

the vertex a to its image f(a). Points with a = f(a) are the fixed points of the 

mapping. A permutation of a set A is a one-to-one mapping of A onto itself. Since 

a#b= f(a) F f(d), the graph of f splits into cycles. Most of the problems in 

this section belong to the box principle, some to combinatorics. 
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Problems 

10. 

. Atan international meeting, 1985 persons participated. In each subset of three partic- 

ipants, there were at least two persons, who spoke the same language. If each person 

speaks at most five languages, then at least 200 persons spoke the same language 

(BMO 1987). 

. Can you draw a triangular map inside a pentagon, so that each vertex has an even 

degree? 

. In how many ways can you triangulate a convex n-gon by (n — 3) nonintersecting 

diagonals, so that every triangle has at least one side in common with the n-gon? 

. Prove that, in any set of 17 persons, in which every person is acqainted with exactly 

four other persons, there exist two persons, who do not know each other and have 

no common acquaintances (AUO 1992). 

. Consider nine points in space, no four of which are coplanar. Each pair of points is 

joined by an edge (that is, a line segment), and each edge is either colored blue or red 

or left uncolored. Find the smallest value of n such that whenever exactly n edges are 

colored, the set of colored edges necessarily contains a triangle all of whose edges 

have the same color (IMO 1992). 

. We assign an arrow to each edge of a convex polyhedron, so that at least one arrow 

starts at each vertex, and at least one arrow arrives. Prove that there exist two faces of 

the polyhedron, so that you can trace their perimeters in the direction of the arrows 

(BWM). 

. Let S be a set of n points in space (n > 3). The segments joining these segments 

are of distinct length, and r of these segments are colored red. Let m be the smallest 

integer for which m > 2-r/n. Prove that there always exists a path of m red segments 

with their lengths sorted increasingly (BWM). 

. Inaset of n persons, any subset of four contains a person who knows the other three 

persons. Prove that there exists a person who knows all the others. (If A knows B 

then B knows A.) ; 

. Two black knights stand on the lower corners of a 3 x 3 chessboard, and two white 

knights on the upper corners. White and black knights must be interchanged by legal 

moves onto free squares. Find the minimum number of moves needed (quoted by 

Lucas in 1894 from an earlier source in 1512). 

In a set S of 2n persons there are two with an even number of common friends. 

14.2 Infinite Descent 

We consider one of the oldest proof strategies going back to the Pythagoreans 

in the fifth century B.c. It is an impossibility proof especially useful in Number 

Theory. The main idea is as follows: We want to prove that (usually) a polynomial 

equation 

Oe yarn) (1) 

has no solution in positive integers. One shows: Jf (1) is true for some posi- 

tive integers a, b, c,..., then (1) would be true for the smaller positive integers 
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a, bj, c,.... For the same reason, (1) would be true for the still smaller posi- 

tive integers az, bz, cz ..., and so on. But this is impossible since a sequence of 

positive integers is bounded below and cannot decrease indefinitely. 

Pierre de Fermat (1601-1665) rediscovered the method and called it Infinite 

Descent (descent infini). He was especially proud of this method. Near the end 

of his life, he wrote a long letter in which he summarized all of his discoveries 

in number theory. He stated that he found all of his results with this method. By 

the way, he does not mention Fermat’s last conjecture which dates to a very early 

stage of his life. 

We will present the method (not for the first time in this book) by an old method, 

which the Pythagoreans treated geometrically. 

E1. The regular pentagram was the “badge” of the Pythagoreans. Fig. 14.1 shows 

- that : 

Bie sg int Sites aad as | (2) 
] x 

The Pythagoreans first thought that all ratios are rational, i.e.,x = a/b, a, bE N. 

Introducing this into (2), we get 

a’ =ab+b’. (3) 

The Pythagoreans knew the rudiments of number theory, in particular the parity 

ruleset+e=e, e+o=0, oto0=e, €-:0=€e, €-€=e, 0-0=0, where 

“e” and “o” stand for “even” and “odd,” respectively. Now what parities do the 

integers a and b in (3) have? The assumption that a and b have different parities 

leads to a contradiction. The assumption that both a and b are odd also leads to a 

contradiction. Hence, both a and b are even, that is, 

C= 20, b= 2bi, “a,b; EN, aj <a, by <b. (4) 

Substitution in (3) and cancellation by 2, gives 

a? = ab, + bi. (5) 

The same reasoning applied to (5) gives 

i= 20 Diab, Oi a = Dy, (6) 
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Ps P> 

Fig. 14.2 

and so on. From the truth of (3), we deduce the existence of two decreasing infinite 

sequences of positive integers 

a2>aq>@>.--* and b= Dd, > b3---: (7) 

Such sequences do not exist. Thus, (3) is never true for positive integers. 

E2. The set Z x Z is called the plane lattice. Prove that for n 4 4 there exists no 

regular n-gon with lattice points as vertices. 

Proof. First, we prove that there is no regular triangle with lattice points as 

vertices. Indeed, let a be the length of a side of such a triangle with lattice points as 

vertices. According to the distance formula a? is a positive integer, and the area is 

the irrational number a*./3/4. On the other hand, the area of any lattice polygon 

has a rational area. 

The vertices of a regular hexagon P; P2 P3 P4Ps Ps cannot all be lattice points, 

since for instance P; P3 Ps is a regular triangle. 

Now let n # 3, 4, 6. Suppose P; P2---P, is a regular lattice n-gon. At 
——_—>' > —=__... 

Pi, Pyyak Pa werapply ithe vectotsy Ps Fa.) P34, ...; Py Fs (ig. 14.2)2 The 

endpoints of these vectors are also lattice points, and they form a regular n-gon in- 

side the first one. With the new n-gon, we can proceed similarly, etc, ad infinitum. 

The square of the lengths of the sides of all these polygons are integral, and they 

decrease at each step. 

E3. Prove that the following equation has no solutions in positive integers: 

x iy? bg? +? = Qxyzu: (1) 

The left side of (1) is even. Thus among the integers x, y, z, u, there is an even 

number of odd integers. If all four are odd, then the left side is divisible by 4, 

whereas the right side is only divisible by 2. If two of the integers are odd, then the 

left side is divisible only by 2, whereas the right side is divisible by 8. Hence all 

four integer on the left side are even, thatis,x = 2x}, y = 2y1, z= 2z), u = 2u. 

Inserting this into (1), we get 

xp typ 2p tut = 8x yz. (2) 

From (2), it follows that all four integers on the left side are even, that is, x; = 

2X9, Yi = 2y2, 2) = 229, Ui = 2p, and 

x7 + yz +25 +u5 = 32x2yoz2u. (3) 
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Similarly, one proves that 

x2 y? + 72 4 u> = 2*+1y,y.z,u5, for every s € N, (4) 

that is, for every s € N x/2°, y/2°, z/2°, u/2° are positive integers. Contradic- 
tion! 

Problems 
e 

11. n+ 1 (n = 2) integral weights are given. If we remove any of the weights, the 

remaining n weights can be split into two heaps of equal weights. Prove that all 

weights are equal. 

12. Cana cube be partitioned into finitely many cubes of different sizes? 

13. The equation 8x* + 4y* + 2z* = r* has no solutions in positive integers. 

14. Find the integral solutions of 

(a) x? — 3y? — 9z3 = 0, (b) 5x? + 11y? + 13z3 =0, (c) x44 y4 = 274. 

15. Let (x, y) bea solution x? + xy — y? = 1 in positive integers. Prove that 

@) gealos, W) S ls (Oise = wiltenss =v = Is @ar Sy = De 

(d) (x + y, x + 2y) and (2x — y, —x + y) are also solutions. Construct an infinite 

sequence of solutions, and prove that they comprise all solutions. 

16. Find all integral solutions of 10x? + 20y? + 1992xyz = 1993z?. 

14.3. Working Backwards 

Working Backwards is one of the oldest problem-solving strategies, used since 

antiquity. The ancient Greeks used the method in construction problems. They 

assumed that an object is already constructed, and they worked backwards to the 

data, which were actually given. The idea works well if the problem does not 

branch too much in backstepping. What was the situation one step before? What 

was the situation two steps before? There should be few possibilities before each 

backward step. 

We will illustrate the method by some typical problems. Jacobi in the last century 

used to stress: You must always invert! His dictum proved very fruitful to him. At 

that time the most popular subject was Elliptic Integrals. By applying his dictum, he 

inverted elliptic integrals and so made his greatest discovery, the elliptic functions, 

which were far easier to handle than their inverses, the elliptic integrals. A very free 

interpretation of his dictum allows us to progress in hopeless situations. In fact, 

we used this method whenever we assumed the existence a solution and derived 

a contradiction from it. So this method is used in innumerable instances without 

mentioning its name. It is closely related to Infinite Descent. 
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Problems 

17. Along a circle are written 4 ones and 5 zeros. Then between two equal numbers we 

write a one and between two distinct numbers zero. Finally the original numbers are 

wiped out. This step is repeated. In this way can we ever reach 9 ones? 

18. There are n weights on a table with weights m; > m2 > --- > m, and a two-pan 

scale. The weights are put on the pans one-by-one. To each weighing we assign a 

word from the alphabet {L, R}. The kth letter of the word is L or R if the left or 

right pan outweighs the other, respectively. Prove that any word from {L, R} can be 

realized. 

19. Inn glasses with sufficient volume, there is initially the same amount of water. In 

one step you may empty as much water from any glass into any other glass as there 

is in the second glass. For what n can you pour all the water into one glass? 

20. Starting with 1, 9, 9,3, we construct the sequence 1, 9, 9, 3, 2,3, 7,..., where each 

new digit is the mod 10 sum of the preceding four terms. Will the 4-tuple 7, 3, 6, 7 

ever occur? 

21. The integers 1,2, ...,n are placed in order, so that each value is either bigger than 

all preceding values or is smaller than all preceding values. In how many ways can 

this be done? 

14.4 Conjugate Numbers 

Leta, b, r be rational, but ./r be irrational. Then a + b./r and a — b./r are called 

conjugate numbers. They often occur simultaneously. 

Often it is helpful to switch between a + b,/r and a — b,/r. 
We rationalize the denominator as often as we rationalize the numerator: 

1 a—b./r aa he 
piosid eat oe 00s’ 0) Pei ee i” 
a+b/r a*—b*r Gb e 

To rationalize the denominator in 

1 

16 24s” 

we multiply denominator and numerator so that we get the denominator 

(0/2 PAB) oe ISD eae 

The mapping /2 + —J/2 and V3 & —V3 leaves this term unchanged. Thus, 

the term is rational. To rationalize the denominators in 

1 1 

PRD oN a P/E 94/28 G8" 

it is useful to know that the sets {a + b/2 + cV/4]a, b, c € Q} and {a + bW/2 + 
cV/4 + dV8\a, b, c, d € Q} are fields, i.e., algebraic systems which are closed 

with respect to the operations +, —, -, :. 
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As a typical example, we use the problem from the “Ersatz”-IMO 1980. 

é 1980 
E1. Find the first digit before and after the decimal point in (v2 + V3) : 

The base /2 + V3 does not have the form a + b./n for which we have a 

theory. Hence we transform it into this form by squaring the base and halving the 

exponent. We get x = (5 + 2./6). This is almost an integer. Indeed, by adding 
the tiny number y = (5 — 2./6)9%° we get the integer 

a=(5+2V6)” + (5 —2V6P% =x+y=pt+qv6+ p—qv6=2p, 

where p is an integer. We need only the last digit of 2p, i.e., 2p mod 10. We can 

find 2p mod 10 by the binomial theorem. We get 

2p 225) ae 4 bos ; 9? -6 an aks : 94 4 62 AERA | Brg ir 2990 : 6495 

yD; 4 } 

All of the terms except the last one are divisible by 10. The last one is easy to find 

mod 10 since 6" mod 10 = 6. Thus it remains to find 27?! mod 10, which is 8, 
since the last digit of powers of 2 has period 2, 4, 8, 6. Finally 8-6 = 8 mod 10. 

Now we have the last digit 8 of x + y. Subtracting the tiny number y, we get 

Sey ames i (CS 

Alternate solution: We embed the problem into a more general one. Let 

ln = (6 + 2/6)” + (5 — 2/6)" = Xn + Ya 6 +n — Yn 6 = 2%, 

Un+t = (Xn + YnVON5 + 2V6) + (Xn — YnV6)(5 — 26) = 10Xn + 24 yn, 
Un+2 = 10X%n41 + 24¥n41 = 10(5Xn + 12yn) + 24(2%n + Syn) = 98x, + 240yn, 

Unr2 + Un = 100x, + 240y, = 10u,41 = 0 mod 10. 

From u; = 10, u2 = 98 we get 0, 8, 0, 2,... with period 4 for the last digit of 

uy. Thus the 990th term is 8. The remainder can be finished as above. 

Problems 

22. Prove that (a +b./r)" = p+qV/r <> (a—bi/ry" = p -qvr. 

23. (x + yV/5)* + (z + tv/5)* = 2 + V5 has no rational solutions x, y, z, t. 

24. Let(1 + PD i =x,+ Vas where X,, yn are integers. Prove that 

(Dae 2y- = (Sd);  O) tna = ns Yo =n + Yn: 

25. Which number is larger: (a) / 1979 + / 1980 or /1978 + 1981? 

(b) a, = J/n+ Jn + lorb, =J/n—1+/n+2? 

Wor Veta ee (vn? + 1 —n). Find ii ae 

27. a, =Vn+14+ Jn, b, =V/4n+2> 0 < db, — a, < 1/16nJn. 
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100 

28. Find the first 100 decimals of (/50 ie 7) : 

29. If p > 2isa prime, then p|[(2 + /5)?| — 2?+!. 

30. ((2 + V3)"] is odd. 

31. Find the highest power of 2 which divides L(1 + V3) Are 

32. (a) For every n € N, we have nV/2 — |nV2] > 1/(2nV2). 

(b) For every € > 0 there is ann € N such that n/2 — [nV2] < (1 + €)/(2nV2). 

33. Find the equation of lowest degree with integral coefficients and one solution x; = 

1+ /2 + V3. Give the other solutions without computation. 

34. Decide if //5 +2 — we 4/5 — 2 is rational or irrational. 

35. Ifa, b, fa + Vb are rational, then so are ./a, V/b. 

36. Ifa, b, c, Ja + Vb + VC are rational, then so are /a, Vb, /c. 

37. ./2 cannot be represented in the form a + b./r witha, b, r € Q. 

38. (v2-1), n € N has the form f/m — /m—1, meN. 

20 
39. Find the sixth decimal in (v 1978 + |v 1978} ) ; 

40. Rationalize the denominator in 

1 1 
,  (b) —{=——_ =. 

1+ V72+2-74 1-V24+2-V2+ V8 

41. Letm, ne N and * < J/2. Prove that /2 — a > si 

42. (a) Prove that there exist integers a, b, c not all zero and each of absolute value less 

than one million, such that ja + bV/2 + cV3| < 107". 

(b) Let a, b, c be integers, not all zero and each of absolute value less than one 

million. Prove that |a + b/2 + cV3| > 10-7! (Putnam 1980). 

43. Simplify the expression L = 2/4 — 3/5 + 2/5 — /125 (MMO 1982). 

(a) 

14.5 Equations, Functions, and Iterations 

In this section we collect some nonlinear systems of equations, which are of geo- 

metric origin or which originate in functional iterations. 

E1. The positive reals x, y, z satisfy the equations 

2 2 
x +xyt > = ee z+ zx +x? = 16. 

Find xy + 2yz + 3zx (AUO 1984). 

In a training session I gave this to one member our team, and I told him to give 

a detailed account of all ideas he had during the solution. Here is a short version: 
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1. What struck me first were the squares 9, 16, 25. This is the “Egyptian trian- 

gle.” It is a hint to the theorem of Pythagoras, to geometry, and geometrical 

interpretation. 

2. Instead of x, y, z, only xy + 2yz + 3zx is required. This may be an area, 

maybe even the area 6 of the Egyptian triangle. It is also a hint that one 

should not try to find x, y, z. 

2 : 2 , 
3. = occurs twice. Let us set t? = >. In fact, we need more squares to help in 

geometrical interpretations. The equations become 

x 403xttP = 25, #24+27=9, C4uwte = 6. 

The first looks like the Cosine Rule, the second like the theorem of Pythagoras, 

and the third again is the Cosine Rule. Indeed, the first and third equations are 

x? +t? —2xtcos 150° = 25, 72+x? —2zxcos 120° = 16. 

For the area of the triangle, Fig 14.3 gives $ + Bxz ae ixt = 6. On the other 

hand, 

O =xy +2yz + 3zx = xtV3 + 2V3tz + 3zx = 4V3-6 = 24V3. 

Fig. 14.3 

Problems 

44, Let f@) = 4x — x”. For x9 € R we consider the infinite sequence xo, x; = 

f (Xo), X2 = f(x1).... Prove that there exist infinitely many xo, so that xo, x1, X2,... 

consists of finitely many different values. 

45. Solve the system of equations (x +y+z)> = 3u,(y+z+u)? = 3v, (ztut+v)? = 3x, 

(utuv+x) =3y,(v+x+y) = 3z. 

46. Solve the equations x; + x) x2 = 1, x2 +.X2x3 =1,..., X100 + X100%1 = 1. 

47. Find all solutions (x, y, z) of the system of equations 

cos x +cos y + cos z = 3V3/2, sin x + sin y+sin z = 3/2. 

48. Find the positive reals x, ..., x19 Satisfying the system of equations 

(xy tes + x%) (XR +--+ + X10) = 1, Kiser 0: 
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49 

50. 

Sil. 

Sy. 

533 

54. 

2p). 

56. 

57. 

58. 

D9: 

14. Further Strategies 

A took the numbers x), ... , x5, found their pairwise sums a), ... , @j9, and challenged 

B to reconstruct x;,...x5 from aj, ..., ajo. Can B succeed? 

Remark: For n = 2* this is not always possible. For instance, the quadruples 

(0, 1, 2, 4) and (—0.5, 1.5, 2.5, 3.5) give the same sixtuple (1, 2, 3, 4, 5, 6). 

Can you fill the 25 squares of a 5 x 5 table with numbers such that (a) the sum of 

the four numbers of each 2 x 2 square is negative, and the total sum of all numbers 

in the table is positive? 

(b) the sum in each 2 x 2 square is negative, and the sum in each 3 x 3 square is 

positive? 

Do there exist functions f(x), g(x), so that, for any x, y € R,x* + xy+y? = 

f(x) + g(y)? 

Solve the system of equations 

L> 2 2igte n hees Siar POO GREG, SD, We Se SAS Mies pe kh | ar or dha Ue 

Let A = (@),42,...,@m) with m = 2” and a; € {—1, +1}. Consider the transfor- 

mation T(A) = (a,a2, 4243, ...Ama,). Prove that, by repeated application of this 

transformation, you will reach the m-tuple (1, 1, ..., 1). 

Find all positive solutions of the system 1 — x? = x2,...,1—x3 =x. 

The systemx+y+z=0, 1/x+1/y+1/z =0has no real solutions. 

Find g(x) = fo fo---o f(x) = f!%(x), where f(x) = («V3 — 1)/(x + V3). 

Solve the equation 8x (2x? — 1)(8x* — 8x? +1) = 1. 

Solve the system of equations x7 + y2=1, 4x3 —3x = /@41)/2. 

Find the positive solutions of xv* = 1996, 

14.6 Integer Functions 

In the following definitions and rules, x is always a real and n an integer: 

|x] = floor of x = largest integer < x = x rounded down to next integer, 

[x] = ceiling of x = least integer > x = x rounded up to next integer. 

The function |x] is also called the integer part of x, and {x} = x — |x] is the 

fractional part of x. The following rules are especially useful: 

29)| eon) Soe Sq Il soe Ah ees oe 

(4) =n. Sn lie a Se = yt 

We have |x +n] = |x] +n, but [nx] # n|x]. For this reason, it is usually a good 

strategy to get rid of floor and ceiling brackets. We prove the simple inequality 

Lx] + Ly] S [x + yJ. Indeed, x = |x] + {x}, y = Ly] + {x} Thus, |x + y] = 
Lx] + Ly] + L{x} + {y}]. Since 0 < {x} + {y} < 2, this is either |x] + Ly] or 

La l-ebylsaL: 
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E1. We will prove another simple formula by a method which mostly works, 
which we will usually avoid, since it is not elegant. Prove that 

Lx} } je | 
nee ene 

Letx =m+a, 0<a<1, m=qn+r,0<r <n. Then 

poe stag tl, Et | =o. 
x i, Qi Tato Pape x : 

= — = _ = 9+ , || =¢ sincer +a@ <n. 

| 

n n n n 

Problems 

60. [x] + lx4+1/n]+---+|x+n—-—1/n| =|nx], x eR, neN. 

383 

but 

61. If t, is the number of divisors of n € N, then t; + ]) +---+7, = [n/1] + |[n/2] + 

---+ [n/n]. 

62. Ifo, is the sum of divisors of n € N, then o; +0) +---+o0, = |n/1] +2 |n/2] + 

stn n/n]. 

63. Suppose that p, qg are prime to each other. Then 

JZ|+--+| 22% |= |2]+..+] eo | eve» 
q q P Pp 2 

64. If n is a positive integer, prove that |./n + /n +1] = |/4n 42]. 

65. Ifa, b, c € Rand |na| + |nb| = |nc] for every n € N, thena € Zorbe Z. 

66. For every n €N, find the largest k € Z* for which 2*|[(3 + /11)"71J. 

67. Among the terms of the sequence a; = 2, a@n4; = [(3/2)a,|, n € N, there are 

infinitely many even and infinitely many odd numbers. 

68. Based on the preceding sequence a, define a new sequence b, = (—1)*. Prove that 

the sequence b,, is not periodic. 

69. For every pair of real numbers a and b, we consider the sequence p, = |2{an + )b}]. 

Here {c} is the fractional part of c. We call any k successive terms of this sequence 

a word. Is it true that any sequence of zeros and ones of length k is a word of a 

sequence given by some a and D: (a) for k = 4; (b) for k = 5 (MMO 1993)? 

70. Find [(/n+ Vn +1+Vn+2) |. 

71. Prove that |(3/n + /n +2) | + 1 is divisible by 8. 

72. Prove that, for any positive integer n, we have 2”|1 + |(3 + 5)" |. 
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Solutions 

. The proposition is certanly true, if one person speaks a common language with the 

other 1984, since 1984/4 > 200. Hence we assume that there is a pair {P,, P)}, with 

no common language. This pair forms 1983 triples with the remaining 1983 persons, 

of which each one has a common language with P, or P (or both). Hence one of 

the pair, say P,, has a common language with 992 persons. Since P; speaks at most 

5 languages, one of these is spoken at least by 199 of the 992. Then the language is 

spoken at least by 199+1=200 persons, including P). 

. Suppose there exists such a map. Since the degree of each vertex is even, we can 

color the plane red or blue so that countries with a common boundary are colored 

differently. Let the outside of the pentagon be colored red, and suppose r and b are 

the numbers of red and blue triangles, respectively. We count the number of edges 

in two ways: 

Every blue triangle is bounded by three edges. In this way the edges are counted 

exacly once, that is, k = 3b. 

The red countries are bounded by k = 3r+5 edges. Thus 3b = 3r+5, acontradiction. 

. Let n > 4. One vertex v; can be chosen in n ways. We connect its neighbors by a 

diagonal d;. The next diagonal can be chosen in 2 ways: dy = v3e,, OF dp = €2€n_1. 

Similarly, we can choose each of the diagonals d3, ... , d,_3 in two ways. Thus there 

are n - 2”~4 ways to choose vertex v; and the diagonals d;, ---,d,_3. Each such 

triangulation contains triangles belonging to two neighboring sides of the n-gon. 

Hence we have counted each triangulation twice. The final result is n - 2”~>. For 

n = 4, the formula is also correct. 

. Every person is represented by a point in the plane. Two points are joined by a line, if 

the corresponding persons know each other. We get a graph with vertices as persons 

and edges as acquaintances. 

We proceed by contradiction. Suppose that every vertex A is joined with each of the 

16 others either directly or via a third person. A is joined by edges with exactly four 

other vertices, of which each is joined with exactly three additional vertices. Thus in 

the graph there are no additional vertices, and all 17 vertices are distinct. All other 

edges, of which there are 17 -4/2 — 16 = 18, can join only outer points in Fig. 14.4. 

Everyone of these 18 edges defines a cycle through A consisting of 5 edges. Because 

of the arbitrary choice of A, 18 such cycles also pass through each of the other 16 

points. Each cycle passes through 5 vertices. Hence there are altogether 18 - 17/5 

cycles. But this is impossible, since the number of cycles is an integer. 

. The answer is n = 33. It is easy to check that 9 points are joined by 36 edges. If 33 

edges are colored, then 3 edges remain uncolored. Choose 3 points of the 9 which 

are endpoints of the three uncolored edges. Then the remaining 6 points are joined 

with colored edges. We will show that among them there exists a monochromatic 

triangle. Choose any of the 6 points, say A. Of the 5 edges with endpoint A, at least 

3 have the same color, for instance AB, AC, AD. Then one of the four triangles 

ABC, ACD, ABD and BCD is monochromatic. 

On the other hand, there exists a coloring of 32 edges (Fig. 14.5, where the thick 

lines are red, and the thin lines are blue) without a monochromatic triangle. Hence 

n = 33 is the minimum number of edges, such that, for any of their coloring with 

two colors, there exists a monochromatic triangle. 
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Fig. 14.4 Fig. 14.6 Fig. 14.7 

. Start at any vertex and go in the direction of the arrows, until you come for the first 

time to a vertex you have already visited. Thus, we get a circuit C, which separates 

the surface of the polyhedron into a right part and a left part. Show by finite descent 

that there is a face in each part, which can be traced in the direction of the arrows. 

. Consider the subgraph of the red segments. Place a hiker at each of the n vertices. 

First the two hikers at the endpoints of the shortest segment exchange their places. 

Then the hikers now at the endpoints of the second-shortest segment exchange places, 

then at the endpoints of the third-shortest segment, etc. up to the longest segment. 

Since each of the r segments is traversed by exactly two hikers, the hikers have 

walked 27 segments altogether. Hence at least one of the n hikers has traversed 

> 2r/n segments. 

Since the path of each hiker consists of contiguous segments of increasing length, we 

have proved the existence of a path of at least m red segments of increasing length. 

. Suppose A and B do not know each other. Let C and D be any two other persons. 

The C and D must know each other, since one of A,B,C,D knows the other three by 

hypothesis. So if there is a third person C who does not know everyone, it must be A 

or B he does not know. If there were a fourth person D who did not know everyone, 

it would again be A or B he did not know, but then {A, B, C, D} would violate the 

hypothesis. Hence all except at most three persons must know everyone else. 

. Translate the problem in Fig. 14.6 into the graph in Fig. 14.7. In this graph neighbors 

can be reached by one move of the knight. The knights move in a clockwise direction 

in 16 moves to their final exchanged positions. The minimum 16 becomes obvious. 

We assume the opposite: any pair in S with |S| = 2n has in S an odd number of 

common friends. Let A be one of these persons, and let M = {F,,..., F,} be the 

set of his friends. We prove the following: 

Lemma. The number k is even for every A. 

Indeed, for every F; € M, we consider the list of all his friends in M. The sum of 

all entries in all k lists is even, since it equals twice the number of pairs in M, and 

the number of persons in each list is odd by the lemma. Thus k is even. 

Let k = 2m. Now we consider, for every F; € M, the list of all his friends, except 

A (not only in M). Every list contains by the lemma (applied to F;) an odd number 

of persons. Hence the sum of all entries in all 2m lists is even. But then at least one 

of the (2m — 1) persons (except A) appears in an even number of lists, that is, this 

person has an even number of common friends with A. 

This contradiction proves that at least two persons in S have an even number of 

common friends. 
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Let w1,..., Wn41 be the integral weights. Since any n of the weights balance, the sum 

of any of the n weights must be even. This implies that all the weights have the same 

parity. If they are even, we set w; < w;/2, if they are odd we set w; < (w; — 1)/2. 

In each case we get a new set of weights with the same balancing property. Applying 

this reduction repeatedly, we see that the w; are congruent mod 2* for all k. This 

implies that all w; are equal and n is even. 

Generalize the result to rational weights, which is easy, and to irrational weights, 

which is more difficult. 

(a) Suppose a square Q is partitioned into different squares. Then the smallest square 

cannot touch the boundary of the square. 

(b) Suppose a cube C has a decomposition into different subcubes C;. Let Q be the 

bottom of C. The subcubes standing on Q generate a partition of Q into different 

subsquares. Let Q, be the smallest of these squares, and let C; be the corresponding 

cube. Now Q, is surrounded by larger squares. The corresponding cubes form a 

“well” and C; lies in the bottom of the well. No other cube will fit into this well. 

(c) Construct on C, an infinite tower of ever smaller cubes. Contradiction! 

Use infinite descent. 

In (a) and (c) use infinite descent. (c) is nontrivial but easily accessible. In (b) any 

three numbers x, y, z satisfying the equation are divisible by 13. 

The hints should suffice to solve the problem. 

Use infinite descent. 

This sounds like a problem that can be treated by invariance. Starting with some 

distribution around the circle and using the transformation, we get a sequence 

011101000 — 011000111 — 010110110 — 000100101---. 

A superficial look does not reveal an invariant. So we think of the strategy of working 

backwards. It is often applicable if invariance does not work. Suppose the aim is 

attainable. We have 9 ones (for the first time). One step before we must have 9 zeros, 

and still one step before we have 9 changes 0 — 1 —0 — 1 —-- -. With an odd number 

(9), this is not possible. 

This is a difficult problem. It is not clear how to tackle it, except that we think of 

Jacobi’s dictum: You must always invert! Instead of putting the weights on the pans 

we take them from the pan. Instead of the word W=RRL...RRL we must generate 

the transposed word W7 =LRR. .. LRR. This is considerably simpler. We can assume 

that W" starts with L. In the other case, we interchange the pans. Onto the left pan 

we put m; > m3 > ms > --- and onto the right pan m2 > m4 > me¢---. Then 

initially the left pan outweighs, independently of where the lightest weight is. Jf 

during the removing process, the scale changes, then take away the heaviest weight; 

otherwise take away the lightest weight! The realization of a word is generated as 

follows: change of letters > remove heaviest weight. No change—> remove lightest 

weight. For example, W=RLLRRRLRRL—> W? =LRRLRRRLLR. With m, > m3 > 

ms > m7 > mg on the left pan and m2 > m4 > mg > mg > myo On the right pan, 

W’ leads to the sequence of removals m,, mio, M2, M3, Mo, Mg, M4, M7, Ms, Me. 

One gets W by taking away the weights in reverse order. 
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Let n be arbitrary. Suppose it is possible to pour all the water into one glass. We may 

assume that the total amount of water is 1 and the number of steps is m. Let us work 

backwards. At the (m — 1)th step, we have the distribution (3, +). At the (m — k)th 
step, we have 

(ep 2F ey oz De) 

What did we have at the preceding step? Number the glasses arbitrarily. Suppose we 

are pouring from the second into the first glass. There are two possibilities: 

(a) The second glass becomes empty. Then, in the preceding step, we had 

xi PG z 
= nari? *"? aa 

(b) After pouring into the first glass, there remains something in the second glass. 

Then, in the preceding step, we had 

nny) aS K 
(aa ap + 5a4l” Bae? =) 

In both cases the denominator has the form 2*. Especially these denominators were 

also present before the first pouring, i.e., at the start, that is, n = 2*. 

Extending the problem to the right is not a good idea. Either 7,3,6,7 will quickly 

come up. Then it is not a good Olympiad Problem. Anyone can do it. Here you 

should think of Jacobi’s motto: You must always invert! This motto obviously 

suggests an extension to the left. This can be done uniquely. Indeed, the preceding 

eight digits are 7,3,6,7,3,9,5,4,1,9,9,3,2,3,7. Among these there are the digits we are 

looking for. But will they come again? There are 10* possible quadruples of digits. 

At the (10* + 1)th quadruple, we have a repetition. Thus we have a period. Since 

the sequence 1, 9, 9, 3 can be extended uniquely in both directions, we have a pure 

period, which contains very late the quadruple 7, 3, 6, 7. 

Construct the sequence backwards. The last term must be 1 orn, and each subsequent 

term must be either the largest or smallest of those numbers left, that is, in each 

position, except the first, there are two choices, and in total there are 2”~! such 

sequences. 

Replace ./r by —./r. 

Taking the conjugate numbers, we get (x — y/5)4 + (z —tr/5)* = 2— JS. The left 

side is positive, whereas the right side is negative. 

(1+ S29"! = xnai + yngiv2 = (14+ V2)%n + nV 2) = Xn + 2Yn +n + Yn )W2. 
Thus, we get Xn41 = %n + 2Yns Ynt1 = Xn + Yn, and x2,, —2y?2,, = Gn + 2yn)? — 
2Gin + Wn) = —O- 2p. = (aD 

Dp — Qn = Jn + 2—Jn—(J/n + 1—Vn = 1) = 2/(V¥n + 24+JSn)—2/(/n + 1+ 
J/n —1) <0, since /n+24+ J/n>Jn+14+J/n-1. 

7 (G +1—n?)/(VWn?+1 +n)) =n/[(/n?+1+n)> 5 forn — oo. 

We use the transformation 

J4n+2—Jn—Vn+1 

1 

(/4n+2+ J/n+J/n+1) Qn +14+2Vnn +1) 

1 1 

~ QUn+ n+ Jn) (Qn+2n) 16nJn’ 

_ nt+1-2Vnn FD 
~ Jar +24 need 

1 
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By adding the small number (50 — 7)! < 0.0751 < 0.11 = 107'™, we get a 
positive integer. Thus, the first 100 decimals of (/50 + 7)! are nines. 

| (2 + V5)" |-2"+! = 2+ V5)" +(2—V5)"—2""1. Indeed, —1 < (2—V/5)P < 0, 
so the addition of this negative number with absolute value less than 1 can also be 

achieved by “flooring.” For the left-hand side we get a sum of integers each of which 

contains the factor fs . which, fori = 2,..., p — 1, is divisible by p. 

|e+ V3)" | = O43)" £OL43Y 1 Sa, FNS, Fey 1 = 2, - 1. 

a) (1+ v3) +(1- v3), if n is odd, 

[(r+~3) |= (1+ v3) +(1- v3) -1 if n is even. 

For even n, the left-hand side is odd, since the sum of two conjugate numbers is 

even. Subtracting 1, we get an odd number. Thus we need only consider the case 

n=2m +1. 

With (2+./3)” = Xm +/3 Vans (2—./3y" = Xq_—V3 Ym, after routine computations, 

we get 
él ate /3yn*! ue dd i yay eo sda 630 a8 3¥m)- 

It is easy to prove by induction that x2 — 3y? = 1. Now xm + 3ym is odd. Indeeed, 
(Xm + 3Ym)(Xm — 3m) = x2, —9y2 = x? —3y? —6y? = 1—6y?. Since the product 
is odd, both factors on the left side must be odd. 

(a) Denote m = lnV2| andn/2—m = {n/2}. Since m == nV/2, wehavem < nJ/2 

and m? < 2n?.Hence 1 < 2n?—m? = (nV/2—m)(nV2+m) = {nV2}(nV/24+m) < 

{nV/2}2nV/2, nV2 — |nV2| > 1/(2nV2). 

(b) With ny = m, = 1 and nj4,; = 3n; + 2m;, mi4, = 4n; + 3m;, we get two 

sequences satisfying 2n? — m? = 1 for all n € N. Choose an n;, = n such that 

n > (1+ 1/e)/2V/2. Then e(2nV2 — 1) > 1, (1 + €)(2nV2 — 1) > 2nvV2. With 
m = m,j,, we conclude that 

1+e 1 

anvV2 % nJ/2+m redo ina) 

i= 1+ /2 + J3, and its conjugates x> = Or f3. x3 = Lik/D 10/3 

and x4 = 1 — /2 — V3 are the solutions of the fourth degree equation x* — 4x? — 

4x* + 16x — 8 = 0 with integral coefficients. There is no equation of lower degree, 

since two squarings are needed to get rid of 2 and /3. 

x=VV54+2-VVJ5—-2=p—q>x3 = p> —4@? — 3pq(p —q). This reduces 
to x3 + 3x — 4 = 0 with the only real solution x = 1. 

a,b, fa+VbeQ>a-beQ, 

aR Oe vat vb, Ja-Vb€EQ>2Va =0, 2Vb€ Q. 

Let /a + Vb + ./c =r be rational. Then /a + Vb = r — Jc. Squaring, we get 
a+b+2Vab =r* —2r.Jce +e, or 

Wab=r?+c-a—b—2rve. (1) 
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Squaring once more, we get 4ab = (r? +c —a—b)? +.4r?c —4r(r? +c—a—b) Je. 
Thus, 

Ar(r? +c —a—b)Je =(r? +c —a — bY +. 4r’c — 4ab. (2) 

For r(r? + c — a — b) £ 0, the equation (2) implies 

(7? +c—a—b) +4r*c—Aab 

4r(r? +c—a—b) 
pes 

Hence, ./c is rational. The cases of the vanishing denominator are routine and are left 

to the reader. For symmetry reasons, we conclude that ./a and /b are also rational. 

Suppose /2 = a+b,/r. Then 2 = a? +3ab?r +ba*+b*r),/r. Since the right side 
is rational, we have b(3a? + b*r) = 0. Thus, either b = 0, which is a contradiction, 
or 3a? + b’r = 0. The last term is not negative. Thus a = b = 0. Again this is a 

contradiction. 

n=1:J/2-—1,n=2: (V2-1)? =3-2V2= J0= V8,n=3: (V2-1% = 
V50 — /49. 

We suspect that, for even n, we have (./2 — 1)" = VA? — /2B? with A? —2B? = 1, 

and for odd n, we have (./2 — 1)" = /2B? — VA? with 2B? — A? = 1, that is, 
A* — 2B? = (—1)" forall n € N. Indeed, suppose n is even and A* — 2B? = (—1)". 

Then (/2 — 19°"! = (./2 —1\(4— BV2) = (—A — 2B) + (A + B)V2. From 
A” — 2B? = (—1)", we get (A + 2B)? — 2(A + B)? = —(A? — 2B?) = (—1)""". 

By adding the small number (1978 — 44)”° < 0.57° < 10~°, thus the sixth decimal 
is 9. 

(a) Setting 
1 3 3 
Oy ec a 
tee 2/4 

multiplying by the denominator, and comparing coefficients, we get a + 4b + 2c = 

1, a+b+4c =0, 2a+b+c = 0 with solutions a = —3/23, b=7/23, c= 

—1/23. Thus the rationalized fraction is (—3 + A) Diet A) (23: 

(b) From (1 — /2 + 2V2 + Y8)(a + bW2 + cV2 + d¥/8) = 1, we get 

a+2b+4c—2d = 1, —a+b+2c+4d = 0, 2a—b+c+2d = 0, a+2b—c+d=0 

with solutions a = 9/167, b= 15/167, c= 25/167, d= —14/167. Thus, 

the rationalized fraction is 

at) 54) 14a 8 

167 1 

(v2— 2) (V2+2) = (Qn? = m)/n? > Jy => V2-% > 1/((V2+ Bn?) > 
1/(2V/2n’). 

(a) Let S be the set of 10!8 numbers a + b/2 + cV3, with each of a, b,c € 

{0, 1,..., 10°—1}, and letd = (1+/2+ /3)10°. Then each x € Sis in the interval 
0 < x <d. This interval is partitioned into (10'8 — 1) intervals (k — l)e < x < ke 

with e = d/(10!8 — 1) and k taking on the values 1,2,..., 10'8 — 1. By the box 
principle, two of the 10'% numbers of S must be in the same interval, and their 

difference r + s/2 + t,/3 gives the desired r, s, t since e < 107". 
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(b) None of the four numbers of the form F; = a + bx/2 + cv/3 is ever zero. Their 

product P is an integer. Indeed, the mappings J2 —V/2 and V3 & —¥/3 do not 

change P. Thus, P does not contain these radicals any more. Hence, | P| > 1. Then 

|F;| > 1/|F2F3F4| > 107?! since |F;| < 10’, and thus, 1/|F;| > 1077 for each i. 

Setq = V5, q* = 5. Then (L/2)? = =a =a+bq+cq + dq’. 
Multiplying with the denominator and comparing coefficients on both sides, we get 

4a — 5b + 10c — 15d = 1, —3a + 4b — 5c + 10d = 0, 2a — 3b + 4c —d = 0, 

—a+2b—3c+4d = 0.Solving fora, b, c, d,wegeta = i, b= i, = i, a — (0) 

Thus, (L/2)? = }(1+2¢+q?)=4(1+q9),o0rL=14+ V5. 

It is pretty hopeless to iterate the quadratic explicitly, but there is similarity to 

some duplication formula. Indeed, set x = 4sin? a. Then ey = Ve sin’? a) = 

16 sin? a—16sin* a = 16sin* a(1—sin’ w) = 16 sin’ w cos? a = (4sina cosa)’ = 

(2sin 2a)? = Asin? 2a. For 0 < x9 < 4, we have 0 < a < 2/2. Thus, we have 

Xo = 4sin’ a, x; = 4sin? 2a, x = Asin’ 4a, ..., Xn = 4sin* 2"a. Complete the 

details. 

We will prove that x = y = z = u = v. Let v > u. Then the first two equations 

imply x < u and even more x < v. From the second and third equations we get 

y > v and even more y > x. From the third and fourth equations we get z < x and 

even more y > z. From the fourth and fifth equations we get u > y. Fromu > y, 

y > v we get u > v, a contradiction. Hence u=v. Because of cyclic symmetry, the 

same is valid for all other variables. Thus we have (3x)? = 3x with the solutions 

x =Oandx=+3. 

No solution. 

Multiplying the second equation by the imaginary unit i and adding, we get 

; , ; 3 1 i 
Cats 6? eee ree ar 5) = 3(cos 30° + i sin 30°) = 3e'7’®. 

Since the sum of the three unit vectors on the left side has absolute value 3, all three 

vectors have the same direction 30°. Hence x = y = z = 2/6+ 2kz. 

From this system, we first get x) = xjo,...,X%5 = X6. From (x; + --- + x%5)(x5 + 

-++ + X19) = 1, we get (x; +++: +45)? < land x, +---+ x19 < 2. Instead of an 
algebraic solution, we try a geometric interpretation. 

On a straight line, we take segments |AjA;| = x1,..., |A9Aio| = X10. Since 

AgAjo < 2, we can construct an isosceles triangle AjpA,oB with AgB = AjoB = 1. 

Lith OP = LBAoA, = LBA Ag. Since |AoA}| C |Ao Ao] => |AoB| c |Aio Bl, 

|AgA,|/|Ao B| = |AioB|/|AoA tol, the triangles Ap A,B and Ap B Ajo are similar, 

and ApBA, = a. In the same way we conclude that AAgBAz ~ ABA, Ajo. Hence 

LAgBAz = ZBA,A, = 2a and 4A,;BA> = a. In general, for each k, the tri- 

angles AjBA, and BA,;_; Ajo are similar. Hence 4A B Ajo is divided by the rays 

BA,,...BAg into equal angles a. Thus, (10 + 2)a = 180°, a = 15°. By the Sine 

Law, witha = /2,b = /6,c = V3, we find 

- sin @ b—-a sin 2a a si sin 3a a 
=— = —, x4+y%=- = —, = ————— =, 

1 sin 2a 2, 07 Gini 3a 2 it PaaS sin 4a CG 

sin 4a 3a—b sin Sa b+a 
Xpte+- +x = = so5 = = —-, 

4 sin Sa 2 Xaay pias sin 6a 4 
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Again we get witha = /2 andb = V6, 

b-a _ 2a—b b 

3 

a 9a — Sb 3b — da 

Da A tas ae SAE 
In addition, we know that x6 = x5, x7 = X4, Xg = X3, X9 = X2, X19 = X}- 

Similarly, we can solve the problem for any n € N. The result will depend on 

trigonometric functions of the angle 7/(n + 2). 

xX, = } ’ LY 2 ’ 

Leta, > a2 >--- > ayo, xX; > X2 > X3 > X4 > X5. We observe that a; +---+aj9 = 

4(x; +---+x5). Hence we know S = x; + x2 + x3 +. x4 +45. Then a, = x; + Xo, 

@, = X1 + X3, Ao = X4 + X5,,d9 = X3 + %X5,X3 = S — ay — Ayo, X1 = An — X3, 

X5 = Ag — X3, X2 = Ay — Xj, X4 = Alo — X5. 

In (a) we get 17 equations in 25 variables, which is easily satisfied. In (b) we get 25 

equations with 25 variables. This can be satisfied if the rank of the matrix is 25. Try 

to prove that the system is contradictory. So there is no solution. You may set the 

16 negative sums equal to —1, the 9 positive sums equal to +1. and try to solve the 

system with Derive. 

FO) + gO) = 0, Ff) +g) = 1, fA) + gO) = 1, fF) + gC) = 3. Adding 
the first equation to the fourth, we get f(0) + g(0) + f(1) + g(1) = 3. Adding the 

second equation to the third, we get f(0) + 9(0) + f(1) + g(1) = 2. Contradiction! 

Consider the polynomial P(t) = (t — x1) -:-(t —x,) = t” +a,t""! +---+ a,. Then 

O = PQ) +--> + Pn) = eR $e $22) baer +e EB) +--+ tna, 

that is, 2 + na, +---+na, = 0 =nP(1). This equation implies that one of the x; 

(say x;) is 1. Then for x2, ..., X,, we get an analogous system. By finite descent, all 

x; are 1. 

POT A) = TA) = Gesa;, anata, ..., d,ata,) = (aja3, andy, <- +, aa), 

Ui AoA CA =) Te( A) f= (GiG705, G07 2) Ae as) = (ads, ..., naa), and 

finally, 

T? (A\i=(Gidy, GH... nidnda) = Alyce.) 2): 

Let x; be a largest solution. Then x2 and x, are smallest solutions, x3 and x,—1 

are largest, and so on: Thus.aj = %3 = ©-*X,21, 42: = X%4°= »-- = X,, that is, 

1—x? = x, 1—x3 = x ore, — x = x3 — 3. If xy A x then x? +.x4x2 +23 = 1. 

But 1 = x? + xyx. + x3 = x? + mo(ey + x2) > x7 + x2 > xP + x2 = 1, that 

is, x, = 1, x. = 0. This implies that either all the solutions are equal or they are 

alternately 1 and 0. We must still solve the equation x?-++x —1 = 0, whereO < x < 1. 

a lle ee BF aes he ; Setx = 45 (y 1). We get y 3; = 3V3, that is, 

y = (7274+ ¥31)/2. 

We first observe that none of the variables can be zero. Then the second equation is 

equivalent toxy+yz+zx = 0.Now0 = (x+y+z)? = x?+y?+2?+2(xyt+yz+zx). 
From this we conclude that x? + y? + z* = 0. This is a contradiction. 

Let h(x) = (ax + b)/(—bx +a), k(x) = (cx + d)/(—dx +c). Then 

(ac — bd)x + (ad + bc) 
Os = Gdeer ou head). 
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58. 

ae 

60. 

14. Further Strategies 

Hence, the composition of two functions of this form are computed as products of 

complex numbers a + bi and c + di. To the given function 

corresponds the complex number 

yes: 
r= G —Siacos(- 2) +isin(-2) =e, 

1994 Hence, g(x) corresponds to the complex number z’’~". Now 

ae 6) 
71994 =e e(—7i/6)1994 = els = cos 60° — isin 60° = 5 a i>: 

Finally, we get g(x) = (x — V3) /(/3x + 1). 

We have |x| < 1, since |x| > 1 implies 2x7 — 1 > 1, 8x+ — 8x7 +1 > 1. 
Hence we can set x = cost,0 < ft < m. 2x*—1 = 2cos?t —1 = cos 2z, 

8x*—8x74+1 = 2(2x?—1)*—1 = 2 cos? 2t—1 = cos 4t,8 cos t-cos 2t-cos 4¢ = 1. 

Multiplying the last equation with sin t, we get sin 8t — sin t = 0. This implies 

tear Ks 1k = Nh eB or 97 1 aarke ences (= 70/912 9irks 10) 1, 2.3; 

x =cos2/72, cos4/72, cos6/77, cos 7/9, 1/2, cos 52/9, cos 72/9. 

The first equation reminds us of cos?t + sin?t = 1,0 < t < 2m. We set 

x = cost, y = sin t. Now the second equation reminds us of trigonome- 

try. Its left side becomes the triplication formula for cos t, and its right side has 

the form of a half-angle formula. Indeed, cos 3t = 4cos*t — 3cos t. We get 

cos 3t = /(1 +sin t)/2; cos 3t > 0. Because cos 3t > 0, we may square both 
sides, and we get 

1+sint 

DD 

cos 6 = cos(> — 1) => 6 = 5 —1 + Ink, 6f = 2nk — (= —2). 

cos? 3t = = 2cos*3t — 1 =sin t > cos 6f = sin ft, 

We get 

bipes/ Ae oe— Ore AN tela) LA eta 900) LO tsa O70) Date —l O77) LO: 

The other six t-values give cos 3t < 0. The cosine and sine values of these angles 

give the corresponding x and y values. 

For 0 < x < 1, there is no solution since the LHS is smaller than 1. For x > 1, there 

is only one solution since the function f(x) = x* is monotonically increasing: if 

a > b> 1, then a* > a? because the exponential y = a* is increasing, but a? > b? 
because the power function y = x? is increasing. Let y = x!9%° or x = y!/!9©, Then 
y!/1996 — 1996!/”, ory? = 1996!9%. We guess y = 1996, x = 1996!/1996 ~ 1.00381 
as the only solution. 

If 0 < x < 1/n then the equation is correct since both sides are 0. Now suppose that 

x is arbitrary. If we increase x by 1/n, each of the terms on the left side will shift by 

one place, except the last one, which becomes the first one increased by 1. The right 

side also increases by 1. From here it is easy to conclude that the equality holds for 

any x. 
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63. 

64. 
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In {1, 2,..., n} exactly |n/k| integers are divisible by k. Thus, the right sum counts 

the number of integers divisible by 1, 2,..., n. The left side does the same. 

The sum of integers divisible by k is k|n/k|. The right side counts the sum of the 

divisors of the integers from 1 to n. The left side does the same. 

Consider all the lattice points with 1 < x < q-—1, 1 < y < p—1. They lie 

inside the rectangle OABC with sides |OA| = q, |OC| = p in Fig. 14.8. Draw the 

diagonal O B. None of the lattice points considered lies on this diagonal. This would 

contradict gcd(p, q) = 1. We count the lattice points below the diagonal OB in two 

ways. On the one hand, their number is (p — 1)(g — 1)/2. On the other hand, it is 

also )~4-} [kp/q], that is, 

p-\ 

Y- Lkq/p] = (p — Iq - 1/2. 
k=1 

Fig. 14.8 

Jnt+tVn+1 < J/4n4+2 6 2n+14+ V4n2+4n < 4n+2 & V4n? +4n < 

2n+1< 4n? + 4n < 4n? + 4n +1. This proves that /n + Jn +1 < /4n +2, 
or |.f/n+J/n + 1) < |V4n + 2]. Suppose that, for some positive integer n, |./n + 
Jn +1| 4 |V4n + 2|.Letg = |/4n +2]. Then /n+Jn+1 <q <J4n+2. 
Squaring, we get 2n+1+~/4n?2 + 4n < q? < 4n+2,0r /4n? + 4n < q?—2n-1 < 

2n+1. Squaring again gives 4n?+4n < (q? — 2n — 1)’ < 4n?+4n+1. Since there 
is no square strictly between two successive integers, we have q? —2n —1 = 2n +1, 

or g* = 4n + 2, or gq? = 2 mod 4. This is a contradiction. 

We note that c = a + b; otherwise, for c # a+b and large n the condition 

|an| +|bn| = |cn| would not be satisfied. Forn = 1, we get |a| + |b] = [c]. We 

can assume that 0 < a < 1,0<b<1landc=a+b <1, that is, |an| + [bn] = 

|(a + b)n| implies that only one of a, b is nonzero. 

Assume the contrary, and express a and 5 in the binary system 

GH 2 fa. 19D. pre ees, 

n = 2" — 1. The right side of [an] + |bn] = (a + b)n} becomes 

S t Ss t 

[n(a+b)| = > 2hoa 4S 2-P) — (a + ») =e ee) 2 
1 j= 1 f=! i= 

where a;, b; € N are arranged increasingly, and assume that b, > a;. Choose 
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66. 

67. 

68. 

69. 

14. Further Strategies 

(because a + b < 1), whereas the left side is |na] + |nb], or 

pe betes “ + ps Qh — | = Sr 2h —1+ Shah —1. 
i= 3 1 j= 

Clearly |n(a + b)| 4 [na] + |nb], which proves the statement. 

Seta, = (3+V711)"+(3—V11)". Then an42 = 64,4; +2a,, n € Z*. Indeed, with 
x=(3+4+/V11)", y=(@-—~V11)", we have a, =x+4+ y, dni = 34+ V1IDx +B- 
VIDy, anya = 3 + VII? x + 3B — V11)*y = (20 + 6VI11)x + (20 - 6VIDy = 
(18 + 6/11)x + (18 — 6V11)y + (2x + 2y) = 6441 + 2a,. From ap = 2, a; = 6, 
we conclude that a,, is an integer for any n € Z*. Since —1 < 3— J/11 < 0, for any 

n €N, we have 

ina G—-VIl” +6 —V ily 4644) =a 

thatis, a>,-1 = la aE / pe] . Now we can prove by induction that a2,_2, and 

yn,-1, are divisible by 2” but not by 2”*!. 

Suppose that a, is even, a, = 2*q, where g is odd. Then a,4, = 3*g is odd. But if 

ay is odd, a, = 2*q + 1, then a,4, = 3*q + 1 is even. This implies the result. 

Suppose b,, is periodic with period f, starting with some no. Then a,4; — a, is even 

starting with some no. On the other hand, it is equal to 

3 n—no 

(5) (Angi 4 Ano) . 

For large n the last number is odd. Contradiction. 

We have {an + b} = an+b mod 1. So this number lies in [0, 1). Twice this number 

lies in [0, 2). Hence p,, consists of zeros and ones. By considering the sequence an+-b 

on a circle of perimeter 1, the reduction modulo | is performed automatically. If the 

terms lie in the upper half circle in Fig. 14.9, p, is zero, if they lie in the lower half, 

Pn Will be 1. If the sequence p, contains many zeros in a row, then a mod | must be 

small. Many zeros will be followed by many ones. So not all binary words will occur. 

For k = 5, the word 00010 will not occur. Indeed, three zeros in a row means that, 

after reduction, mod 1 |a| < ie The subword 010 signifies that, from the upper half, 

we get to the lower half and then to the upper half. This means that |a| > i. This 

contradiction proves that, for k = 5, the answer to the question is no!. By simple 

checking, we confirm that, for k = 4, every one of the 16 words 0000, ..., 1111 will 

occur for suitable a, b. 

b+ 2a 

b+a 
0 b 

Fig. 14.9 
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a+b < /2(a*+b*), a#b) > J/nt+Vn4+2 < 2/n + 1. Thus, /ntJ/n + 1+ 

Vn+2 < 3./n+ 1. We prove that the left side of this inequality is > /9n + 8. 

For this we must show that (we use the AGM inequality) 3</n(n + 1)(n + 2) > 

JV9n+8 <> 243 — 270n — 512 > 0. Forn > 3, this is obvious. For n = 1 and 

= 2, we check /1 + /24+ V3 =) y.andy/ 2 ew oe a 26. This proves 

the result. 

Prove that L(/n + /n + 2)’ | +1 = 8n+8 forn > 3. It suffices to prove that 

8n +7 < (Jn + Yn + a < 8n + 8 forn > 3 is equivalent to 

Ges 2S (vr $2)+ Inn +2)?) Sp ALG, 

which is a straightforward computation. 

Leta = 34+ V5, b=3-V5, a+b =6, ab =4. Then x, = a" + b" satisfies 

the recurrence Xj42 = 6X41 — 4%,, n > 1. Since x, = 6, x2 = 28, we have 

2 x4, 27\x>. Suppose 2” |x, 2°*"1z,,445 OX, = 2":p, X1 = 2" 'g. Then we have 

Xn42 = 6-2"t1g —4-2"p, or Xn42 = 2"42(3qg — p). Since 0 < (3 — V5)" < 1, and 

Xn is an integer, we have 

X, = (34+ 75)"| +1. 
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Trigonometric substitution 177, 179 

Van der Waerden 342 

Vectors 289-294, 298-299, 301-306 

WeierstraB 52, 176 



Index 403 

Weitzenbock 170 Working backwards 15, 377, 386-387 

Weyl, H. 71 

Zeckendorf’s theorem 209, 285 



~ 4 , Te ¥ 7 Ate a 

Te, ‘it * 7 

htt OE AGE 2 soins = 
Ojas Y sii ra 

nalild iselbse taicl 
Wyttnot's Ma Ge 

~ Bhi “i : ie 

Crendy Giga Sten sa US } 

Cea 22.7), 11599915, 
‘Coat ypene $4055 on 

; ‘Rad wigertinatn eatipe V5. <4 

; i ah lepe Ae 

i mail 
Netacat pica M8 “a Tis) 78s 7h, 

raiment ye Reatircsct, peti _— =a T; 

evease y BS-a) scare Aa FT, rey 
tovevlidlan. (0h) Fae Ree, 

} in, 7s a : 

cinch lapeinetiibaiot at ay oar 
;  eapaaes sae rae ae ane 

| "heey, i “a Re PP) panhl ee 

ee 
- a : | Stree. 32 7. 2 
- ahd satan . i Se yencm 22 tet] y. 
7 ‘ . Sheisd toy sgcerss, 2, LF 
ey Shee eee. aee 207. agr Gens Renin 
— : Serie rautwthoe 7, wm : 

egirllyanprsitynilen hy OOF: : So: Mor a 6087 OO Ze pe 
hen ‘— 1) iP Suge tale W7) 24,49. 

: a os Saat iggy ; ihe “te aa 48, D, 156-197) 

demryodian O97 | 7 ma 
a) oe ae mer 9, Fie i Tpetees 7, FR.11%, 7% uN 

an: | 74, & < Cn a | f 

CY) Corie 5 4, I 118 oleany Oe, Sh, THM, 30 << 
ee og a $4 : ta We 

os ioe of _ ; ; 

Onn Abe ee if - siphons 2 ‘et >. 
Ay oa? ad aa ~as > or 

: = Fre! 2 : 
30) : ~ * jatel Gi ; 7 

el Cay mars 196, is : Tear sh erastiun poomncdy 
Pa WAU: - . triangle Weal 20 99~ 

rae ae 17% VI AM, 189, 19S 
‘wien Sow «ty a es 

rami F124; 

PUD yp @ eae txt in Sy mon 
Veesines Paice 

Be tiy 

i | = 

==, OFRE | _ 



Problem Books in Mathematics (continued) 

An Outline of Set Theory 
by James M. Henle 

Demography Through Problems 
by Nathan Keyfitz and John A. Beekman 

Theorems and Problems in Functional Analysis 

by A.A. Kirillov and A.D. Gvishiani 

Exercises in Classical Ring Theory 

by 7.Y. Lam 

Problem-Solving Through Problems 

by Loren C. Larson 

Winning Solutions 

by Edward Lozansky and Cecil Rosseau 

A Problem Seminar 

by Donald J. Newman 
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Problem-Solving Strategies is a unique collection of competition problems 

from over twenty major national and international mathematical competi- 

tions for high school students. The discussion of problem-solving strategies is 

extensive. It is written for trainers and participants of contests of all levels up 

to the highest level: IMO, Tournament of the Towns, and the noncalculus 

parts of the Putnam competition. It will appeal to high school teachers con- 

ducting a mathematics club who need a range of simple to complex problems 

and to those instructors wishing to pose a “problem of the week," "problem of 

the month," and "research problem of the year" to their students, thus bring- 

ing a creative atmosphere into their classrooms with continuous discussions 

of mathematical problems. This volume is a must-have for instructors wish- 

ing to enrich their teaching with some interesting nonroutine problems and 

for individuals who are just interested in solving difficult and challenging 

problems. 

Each chapter starts with typical examples illustrating the central concepts and 

is followed by a number of carefully selected problems and their solutions. 

Most of the solutions are complete, but some merely point to the road lead- 

ing to the final solution. Very few problems have no solutions. Readers inter- 

ested in increasing the effectiveness of the book can do so by working on the 

examples in addition to the problems, thereby increasing the number of prob- 

lems to over 1300. In addition to being a valuable resource of mathematical 

problems and solution strategies, this volume is one of the most complete 

training books on the market. 
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