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Editors’ Note

The Mathematical Association of America is pleased to publish this
sequel to NML vol. 27; it contains the International Mathematical
Olympiads, 1978-1985, and forty supplementary problems selected by
Murray S. Klamkin, who prepared this text. The educational impact of such
problems in stimulating mathematical thinking of young students and its
long range effects have been eloquently described, both from the viewpoint
of the participant and that of the mature mathematician in retrospect, by
Géabor Szegd in his preface to the Hungarian Problem Books, volumes 11
and 12 of this NML series.

Our aim in all problem collections of this series is not only to help the
high school student satisfy his curiosity by presenting solutions with tools
familiar to him, but also to instruct him in the use of more sophisticated
methods and different modes of attack by including explanatory material
and alternate solutions. For problem solvers, each problem is a challenging
entity to be conquered; for theory spinners, each problem is the proof of
their pudding. It is the fruitful synthesis of these seemingly antithetical
forces that we have tried to achieve.

We are extremely grateful to Murray S. Klamkin, the dedicated coach
and expert problem solver, for having compiled the solutions to all the
problems. The editors enjoyed their task and gratefully acknowledge Peter
Ungar’s elaborations, addenda and applications of some solutions.

The editors of the present collection have occasionally departed some-
what from the wording of the problems originally presented to the
English-speaking contestants. This was done in the interest of clarity and
smooth style; since translations from one language into another are seldom
completely faithful, we felt that such small departures were permissible.

We close this foreword by quoting G. Szegd’s concluding observation
from his preface to NML volumes 11 and 12:

“We should not forget that the solution of any worthwhile problem very
rarely comes to us easily and without hard work; it is rather the result of
intellectual effort of days or weeks or months. Why should the young mind
be willing to make this supreme effort? The explanation is probably the
instinctive preference for certain values, that is, the attitude which rates
intellectual effort and spiritual achievement higher than material advantage.

vii



viii INTERNATIONAL MATHEMATICAL OLYMPIADS

Such a valuation can be only the result of a long cultural development of
environment and public spirit which is difficult to accelerate by governmen-
tal aid or even by more intensive training in mathematics. The most
effective means may consist of transmitting to the young mind the beauty of
intellectual work and the feeling of satisfaction following a great and
successful mental effort. The hope is justified that the present book might
aid exactly in this respect and that it represents a good step in the right
direction.”

Donald J. Albers
William G. Chinn
Joanne Elliott
Basil Gordon
Ivan Niven
Max Schiffer
Anneli Lax
September 1986



Preface

This volume is a sequel to “International Mathematical Olympiads
1959-1977, NML vol. 27, by S. L. Greitzer. For a history of the IMO and
various national olympiads, I refer the reader to the preface of NML vol.
27, to “ICMI Report on the Mathematical Contests in Secondary Educa-
tion I” edited by Hans Freudenthal in Educational Studies in Mathematics 2
(1969) pp. 80-114, and to my Olympiad Corner #1-#70, in Crux
Mathematicorum 1979-1985, in particular #3, #4, #8, #58 and #68. In
the present volume, I have included information on the rules governing the
IMO (Appendix A) and a tabulation of participating teams and their scores
(Appendix B).

This sequel consists of all the problems and solutions in the IMO’s from
the Twentieth IMO (1978) through the Twenty-Sixth IMO (1985). To round
out the collection, I have included a set of problems proposed for the
IMOQO’s over the last several years, but not selected, and their solutions. As
noted in Appendix A, at the end of every IMO, the delegates of each
participating country are provided with copies of the submitted proposed
problems together with their solutions, if available. These are usually given
in the four official languages: English, French, German and Russian. Each
year, quite a number of the participating countries publish the problems
and solutions of the IMO together with those of their national olympiad in
either a special olympiad report, or a journal or a book. In the USA, these
appear in a pamphlet available from the MAA as well as in Mathematics
Magazine. Naturally, most of the solutions are similar to the original,
submitted solutions or to the official solutions, and the same is true of this
collection. Here, however, solutions have been edited, quite a number have
been changed and/or expanded, and references have been added where
pertinent. There is a comprehensive bibliography at the end, with items
numbered and referred to in brackets in the text. .

A frequent concern of contestants is how detailed a solution has to be to
obtain full marks. This, of course, depends on the graders. However, when
in doubt, one should include details rather than leave them out. The
solutions given here are more detailed than need be for the IMO con-

ix
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testants; it was the consensus of the NML Committee that this would make
them more accessible and of service to a wider audience.

In the IMO there are special prizes for elegant solutions and /or non-trivial
generalizations with proof. Although the elegant solutions are much more
satisfactory and transparent than the non-elegant ones, finding them usu-
ally takes a longer time, unless one has some special a priori knowledge, or
else one has had long practise in finding them. So contestants should not
“go too far out of their way” looking for elegance in an IMO. Any
non-elegant correct solution will still receive full marks. Nevertheless, if
there is time, contestants are advised to strive for refinements, since
elegance is frequently a sign of real understanding.

No doubt, many of the solutions given here can be improved upon or
generalized; when a reader finds this to be the case, I would be very grateful
to receive any such communications.

Many thanks go to Samuel L. Greitzer for sharing the joys and burdens
of coaching the USA Olympiad teams from 1975-1980, and to Andy Liu
from 1981-1984. I am also grateful to Samuel L. Greitzer, Peter D. Lax,
Andy Liu, Amram Meir, Greg Patruno, Jim Pounder, Cecil Rousseau, Peter
Ungar and all the members of the NML Committee, particularly Joanne
Elliott, Basil Gordon, Anneli Lax and Ivan Niven, for many improvements
and additions.

Murray S. Klamkin
University of Alberta
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Problems

Twentieth International Olympiad, 1978}

1978/1. m and n are natural numbers with 1 < m <n. In their
decimal representations, the last three digits of 1978™ are equal, respec-
tively, to the last three digits of 1978”. Find m and n such that m + n
has its least value.

1978/2. P is a given point inside a given sphere. Three mutually
perpendicular rays from P intersect the sphere at points U, V, and W; Q
denotes the vertex diagonally opposite to P in the parallelepiped de-
termined by PU, PV, and PW. Find the locus of Q for all such triads of
rays from P.

1978/3. The set of all positive integers is the union of two disjoint
subsets { f(1), f(2),..., f(n), ... },{8(1), 8(2),..., g(n), ...}, where

fM)<f@)< - <f(n)< ---,

g(1)<g?) < --- <g(n)< ---,
and

g(n)=f(f(n))+1 forall n>1.
Determine f(240).

1978/4. In triangle ABC, AB = AC. A circle is tangent internally to
the circumcircle of triangle ABC and also to sides AB, AC at P,Q,
respectively. Prove that the midpoint of segment PQ is the center of the
incircle of triangle ABC.

tSolutions of the 1978 problems begin on p. 15.
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1978/5. Let {a,} (k=1,2,3,...,n,...) be a sequence of distinct
positive integers. Prove that for all natural numbers n,

kél é

Q
x>~

1
k-

=~
~

1978 /6. An international society has its members from six different
countries. The list of members contains 1978 names, numbered
1,2,...,1978. Prove that there is at least one member whose number is the
sum of the numbers of two members from his own country, or twice as
large as the number of one member from his own country.

Twenty-first International Olympiad, 1979+

1979/1. Let p and g be natural numbers such that
p 1 1 1 1 1
+ + — .
q 2 3 4 1318 1319
Prove that p is divisible by 1979.

1979/2. A prism with pentagons A,4,A;A,A; and B,B,B,B,Bs as
top and bottom faces is given. Each side of the two pentagons and each of
the line-segments A,Bj, for all i, j=1,...,5, is colored either red or
green. Every triangle whose vertices are vertices of the prism and whose
sides have all been colored has two sides of a different color. Show that all

10 sides of the top and bottom faces are the same color.

1979 /3. Two circles in a plane intersect. Let 4 be one of the points of
intersection. Starting simultaneously from A two points move with con-
stant speeds, each point travelling along its own circle in the same sense.
The two points return to 4 simultaneously after one revolution. Prove that
there is a fixed point P in the plane such that, at any time, the dlstances
from P to the moving points are equal.

1979/4. Given a plane 7, a point P in this plane and a point Q not in
o, find all points R in « such that the ratio (QP + PR)/QR is a
maximum.

+Solutions of the 1979 problems begin on p. 23.



PROBLEMS 3

1979/5. Find all real numbers a for which there exist non-negative real
numbers x,;, X,, X3, X4, X5 satisfying the relations

5 5 5
Y kx, =a, Y kx, = a?, Y k’x, =a’.
k=1 k=1 k=1

1979/6. Let A and E be opposite vertices of a regular octagon. A frog
starts jumping at vertex A. From any vertex of the octagon except E,
it may jump to either of the two adjacent vertices. When it reaches vertex
E, the frog stops and stays there. Let a, be the number of distinct paths
of exactly n jumps ending at E. Prove that a,,_, =0,

ay, = = (x""1=y"1), n=12,3,...,

"2
where x =2 + V2 and y=2—\/5.

Note. A path of n jumps is a sequence of vertices (P, ..., P,) such that
@ Pk=A4,P=E
(i) forevery i, 0

i<n-—1, P isdistinct from E;
<

<
(iii) for every i, 0 <i<n—1, P, and P, are adjacent.

Twenty-second International Olympiad, 1981}

1981 /1. P is a point inside a given triangle ABC. D, E, F are the feet
of the perpendiculars from P to the lines BC, CA, AB respectively. Find
all P for which

BC CA AB

PD PE PF

is least.

1981/2. Let 1 < r < n and consider all subsets of r elements of the set
{1,2,..., n}. Each of these subsets has a smallest member. Let F(n,r)
denote the arithmetic mean of these smallest numbers; prove that

n+1

F(n,r) = I

tSolutions of the 1981 problems begin on p. 30.
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1981 /3. Determine the maximum value of m? + n?, where m and n
are integers satisfying m, n € {1,2,...,1981} and (n? — mn — m?)? = 1.

1981/4. (a) For which values of n > 2 is there a set of n consecutive
positive integers such that the largest number in the set is a divisor of the
least common multiple of the remaining n — 1 numbers?

(b) For which values of n > 2 is there exactly one set having the stated
property?

1981 /5. Three congruent circles have a common point O and lie inside
a given triangle. Each circle touches a pair of sides of the triangle. Prove
that the incenter and the circumcenter of the triangle and the point O are
collinear.

1981/6. The function f(x, y) satisfies

(1) f0,y)=y+1,
(2) f(x+1,0) = f(x,1),
(3) f(x+1,y+1)=f(x,f(x+1,y)),

for all non-negative integers x, y. Determine f(4,1981).

Twenty-third International Olympiad, 1982+

1982 /1. The function f(n) is defined for all positive integers n and
takes on non-negative integer values. Also, for all m, n

f(m+n)—f(m)—f(n)=0o0r1
f(2)=0, f(3) >0, and £(9999) = 3333.
Determine f(1982).

1982/2. A non-isosceles triangle A4;A4,A4, is given with sides a,, a,, a,
(a; is the side opposite 4;). For all i = 1,2,3, M, is the midpoint of side
a;, and T, is the point where the incircle touches side a,. Denote by S;
the reflection of T; in the interior bisector of angle A4,. Prove that the lines
M.S,, M,S,, and M,S; are concurrent.

FSolutions of the 1982 problems begin on p. 37.



PROBLEMS 5

1982 /3. Consider the infinite sequences {x,} of positive real numbers
with the following properties:

xo=1, andforalli>0, x,.;<x,.

1
(a) Prove that for every such sequence, there is an n > 1 such that
2 2 2
X x X5
242 5 3,999,
Xy X Xp

(b) Find such a sequence for which
2 2 2
X X X
0 Ly
X, X, X

LS} for all n.

n

1982 /4. Prove that if »n is a positive integer such that the equation
=32 +yd=n

has a solution in integers (x, y), then it has at least three such solutions.
Show that the equation has no solutions in integers when n = 2891.

1982/5. The diagonals AC and CE of the regular hexagon ABCDEF
are divided by the inner points M and N, respectively, so that

AM CN

ac ~ce
Determine r if B, M, and N are collinear.

1982/6. Let S be a square with sides of length 100, and let L be a
path within S which does not meet itself and which is composed of line
segments Ag4;, A\A,,..., A,_1A, with 4, # A4,. Suppose that for every
point P of the boundary of S there is a point of L at a distance from P
not greater than 1/2. Prove that there are two points X and Y in L such
that the distance between X and Y is not greater than 1, and the length of
that part of L which lies between X and Y is not smaller than 198.

Twenty-fourth International Olympiad, 1983}

1983 /1. Find all functions f defined on the set of positive real numbers
which take positive real values and satisfy the conditions:

@) f(xf(y)) =yf(x) for all positive x, y;
(i) f(x) > 0 as x — oo.

tSolutions of the 1983 problems begin on p. 43.
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1983 /2. Let A be one of the two distinct points of intersection of two
unequal coplanar circles C; and C, with centers O, and O,, respec-
tively. One of the common tangents to the circles touches C; at P; and
C, at P,, while the other touches C, at Q; and C, at Q,. Let M, be
the midpoint of P,Q, and M, be the midpoint of P,Q,. Prove that
20,40, = £ M AM,.

1983/3. Let a, b and ¢ be positive integers, no two of which have a
common divisor greater than 1. Show that 2abc — ab — bc — ca is the
largest integer which cannot be expressed in the form xbc + yca + zab,
where x, y and z are non-negative integers.

1983/4. Let ABC be an equilateral triangle and & the set of all points
contained in the three segments 4B, BC and CA (including A4, B and
C). Determine whether, for every partition of & into two disjoint subsets,
at least one of the two subsets contains the vertices of a right-angled
triangle. Justify your answer.

1983 /5. Is it possible to choose 1983 distinct positive integers, all less
than or equal to 10% no three of which are consecutive terms of an
arithmetic progression? Justify your answer.

1983/6. Let a, b and ¢ be the lengths of the sides of a triangle. Prove
that

a’b(a—b) + b%(b—c)+cla(c—a) > 0.

Determine when equality occurs.

Twenty-fifth International Olympiad, 1984}

1984 /1. Prove that 0 <yz + zx + xy — 2xyz < 7/27, where x, y
and z are non-negative real numbers for which x + y +z = 1.

1984 /2. Find one pair of positive integers a and b such that:
(i) ab(a + b) is not divisible by 7;
(i) (a+ b) —a’ — b’ is divisible by 7’.

Justify your answer.

+Solutions of the 1984 problems begin on p. 48.



PROBLEMS 7

1984 /3. In the plane two different points O and A are given. For each
point X of the plane, other than O, denote by a(X) the measure of the
angle between OA and OX in radians, counterclockwise from OA4
(0 <a(X)<2m). Let C(X) be the circle with center O and radius
of length OX + a(X)/0X. Each point of the plane is colored by one of
a finite number of colors. Prove that there exists a point Y for which

a(Y) > 0 such that its color appears on the circumference of the circle
C(Y).

1984/4. Let ABCD be a convex quadrilateral such that the line CD is
a tangent to the circle on AB as diameter. Prove that the line AB is a
tangent to the circle on CD as diameter if and only if the lines BC and
AD are parallel.

1984 /5. Let d be the sum of the lengths of all the diagonals of a plane
convex polygon with n vertices (n > 3), and let p be its perimeter. Prove

that
3 2d [n] n+1
" » 1212

where [x] denotes the greatest integer not exceeding x.

)

1984 /6. Let a, b, c and d beoddintegerssuchthat 0 <a<b<c<d
and ad = bc. Prove thatif a + d = 2% and b + ¢ = 2™ for some integers
k and m, then a = 1.

Twenty-sixth International Olympiad, 1985+

1985/1. A circle has center on the side 4B of the cyclic quadrilateral
ABCD. The other three sides are tangent to the circle. Prove that
AD + BC = AB.

1985/2. Let n and k be given relatively prime natural numbers,
k < n. Each number in the set M = {1,2,...,n — 1} is colored either
blue or white. It is given that

(i) foreach i € M, both i and n — i have the same color;

(i) foreach i € M, i # k, both i and |i — k| have the same color.
Prove that all numbers in M must have the same color.

tSolutions of the 1985 problems begin on p. 54.
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1985/3. For any polynomial P(x) = agy+ a;x + - +akxk with in-
teger coefficients, the number of coefficients which are odd is denoted by
w(P). For i =0,1,..., let Q,(x)=( +x)’ Prove that if i}, i,,...,i,
are integers such that 0<i;j<iy< -+ , then

w(@, + 0, + - +Q,-,,) >w(Q,).

1985/4. Given a set M of 1985 distinct positive integers, none of which
has a prime divisor greater than 26. Prove that M contains at least one
subset of four distinct elements whose product is the fourth power of an
integer.

1985/5. A circle with center O passes through the vertices 4 and C of
triangle ABC and intersects the segments AB and BC again at distinct
points K and N, respectively. The circumscribed circles of the triangles
ABC and KBN intersect at exactly two distinct points B and M. Prove
that angle OMB is a right angle.

1985/6. For every real number x,, construct the sequence x,, x,,...
by setting

1
x,,+1=x,,(x,,+ —) foreach n>1.
n
Prove that there exists exactly one value of x, for which
0 <X, <Xy <1

for every n.



Supplementary Problems

Algebra¥

A/1. Let n be a positive integer having at least two distinct prime
factors. Show that there is a permutation (a,, a,,...,a,) of (1,2,...,n)
such that

2ma,

Y kcos

k=1 n

A/2. A polynomial P(x) of degree 990 satisfies
P(k) = F,, k =992,993,...,1982,
where {F,} is the Fibonacci sequence, defined by
F,=F =1, F,.,=F,+F,_,, n=23,4.....
Prove that P(1983) = Fyge; — 1.

A /3. Prove that there is a unique infinite sequence {u,, u;, u,,...} of
positive integers such that, for all n > 0,

n
2 _ n+r
u, = Z ( r )un—r'
r=0

A/4. Let a, b and ¢ be real numbers such that

(be —a*) ™" + (ca—b*)"" + (ab—c?) "' =0.
Prove that

a(bc — a?) > + b(ca — b2) > + c(ab — c?) > =0.

tSolutions of the supplementary algebra problems begin on p. 61.
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A /5. Three roots of the equation
) xt=px3+gx’—rx+s5=0

are tan A4, tan B, tanC, where A4, B,C are the angles of a triangle.
Determine the fourth root as a function of (only) p, ¢, r, and s.

A/6. Let S, = xk+ x5+ --- +xk, where the x; are real numbers. If
$1=8 - =81

prove that x; € {0,1} forevery i=1,2,...,n.

A /7. If the lengths a, b, ¢ of the sides of a triangle satisfy
2(bc? + ca® + ab?) = b% + c%*a + a*b + 3abc,

prove that the triangle is equilateral. Prove also that the equation can be
satisfied by positive real numbers that are not lengths of sides of a triangle.

A/8. Let {a,} and {b,}, n=1,2,3,..., be two sequences of natural
numbers such that, for all n > 1,

a,.,=na,+1 and b

n+1 nbn -1

Prove that the two sequences can have only a finite number of terms in
common.

A /9. Determine all sequences {a,, a,,...} such that
) d 2mn

a, = an a,—a,|< 5/

1 | n ml = m2 + n2

for all positive integers m and n.

A/10. Determine all continuous functions f such that, for all real x
and y,

fx+p)f(x—y) = {F(x)f(»)}>
Number Theory¥

N.T./1. Show that there exist infinitely many sets of 1983 consecutive
positive integers each of which is divisible by some number of the form

a'®®, where a is a positive integer # 1.

tSolutions of the supplementary number theory problems begin on p. 75.



SUPPLEMENTARY PROBLEMS 11

N.T./2. Each of the numbers x,, x,,..., x, equals 1 or —1, and
X1XX3X4 F XX3X4Xs + X3X4X5Xg + oo X, 53X, X, X,

+ X, X, 1 XXy F X, 1 X, XXy F X, X1 XyX53 = 0.

Prove that n is divisible by 4.

N.T./3. Factor the number 5'%° — 1 into a product of three integers,
each of which is larger than 5!%,

N.T./4. Let m boxes be given, with some balls in each box. Let n < m
be a given integer. The following operation is performed: choose n of the
boxes and put 1 ball in each of them. Prove:

(@) If m and n are relatively prime, then it is possible, by performing
the operation a finite number of times, to arrive at a situation where all the
boxes contain an equal number of balls.

(b) If m and n are not relatively prime, there exist initial distributions
of balls in the boxes such that an equal distribution is not possible to
achieve.

NT./5. f Q+x+x2+ x>+ xH) =ay+ax+ - +a,gx",
(i) determine the g.c.d. of the coefficients a,, ag, a;3, .
(i) show that 10%7 > ag, > 1034,

> 019835

N.T./6. Let a, =0 and

a,,,=k(a,+1)+ (k+1)a,+2/k(k+1)a,(a,+1),
n=0,1,2,...,

where k is a positive integer. Prove that a, is a positive integer for
n=123,....

Plane Geometry}

P.G./1. Let A,A4,, B,B,, C,C, be three equal segments on the sides of
an equilateral triangle. Prove that in the triangle formed by the lines
B,C,,C,A4,, A,B,, the segments B,C,, C,A,, A,B, are proportional to the
sides in which they are contained.

tSolutions of the supplementary plane geometry problems begin on p. 78.
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P.G./2. In the plane, a circle with radius r and center O and a line /
are given, and the distance from O to / is d, d > r. The points M and
N are chosen on / in such a way that the circle with diameter MN is
externally tangent to the given circle. Show that there exists a point 4 in
the plane such that all the segments MN subtend a constant angle at A.

P.G./3. Determine whether or not there exist 100 distinct lines in the
plane having exactly 1985 distinct points of intersection.

P.G./4. A closed convex set F lies inside a circle with center O. The
angle subtended by F from every point of the circle is 90°. Prove that O is
a center of symmetry of F.

Solid Geometryt

S.G./1. The altitude from a vertex of a given tetrahedron intersects the
opposite face in its orthocenter. Prove that all four altitudes of the tetra-
hedron are concurrent.

S.G./2. The sum of all the face angles at all but one of the vertices of a
given simple polyhedron is 5160°. Find the sum of all the face angles of the
polyhedron.

S.G./3. Let T be the set of all lattice points (i.e. all points with integer
coordinates) in three-dimensional space. Two such points (x, y, z) and
(u, v, w) are called neighbors, if and only if |x—u| + |y—v|+ |z—w|= 1.
Show that there exists a subset S of T such that for each point p € T,
there is exactly one point of § among p and its neighbors.

S.G./4. The tetrahedron T is inscribed in a unit sphere with center O.
Determine the radius of the sphere S which passes through the centroid of
each face of T. Determine also the distance between O and the center of
S as a function of the lengths of the edges of T.

Geometric Inequalitiest
G.L./1. Let T be a unit circle with center O, and let P,, P,,..., P,
points of I' such that
OP, + OP, + .-+ + OP, = 0.
Prove that P,Q + P,Q + --- + P,Q > n for all points Q.

be

tSolutions of the supplementary solid geometry problems begin on p. 81.
tSolutions of the supplementary geometric inequalities problems begin on p. 83.
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G.1./2. A convex quadrilateral is inscribed in a circle of radius 1. Prove
that the (positive) difference u between its perimeter and the sum of the
lengths of its diagonals satisfies 0 < u < 2.

G.1./3. Two equilateral triangles are inscribed in a circle with radius r.
Let K be the area of the set consisting of all points interior to both
triangles. Prove that 2K > r%/3.

G.1./4. For each point P inside a triangle ABC, let D, E, and F be
the points of intersection of the lines AP, BP, and CP with the sides
opposite to A, B, and C, respectively. Determine P in such a way that
the area of triangle DEF is as large as possible.

G.1./5. Prove that in any parallelepiped the sum of the lengths of the
edges does not exceed twice the sum of the lengths of the four principal
diagonals.

G.1./6. Suppose that 1985 points are given inside a unit cube. Show that
one can always choose 32 of them in such a way that every (possibly
degenerate) closed polygon with these points as vertices has perimeter less
than 8y3.

G.1./7. A tetrahedron is inscribed in a unit sphere whose center lies in
the interior of the tetrahedron. Show that the sum of the edge lengths of the
tetrahedron exceeds 6.

Inequalitiesf

1/1. Find the maximum value of

S =sin?@, + sin?@, + - -- +sin’4,

subject to the restrictions 0 < 8, <7, 8, + 6, + --- +6, = .
2 3 p
1/2. Let x, = \/2+ V3+V...+Vn .
Prove: X1 — X, <1/n!, n=23,....

+Solutions of the supplementary inequalities problems begin on p. 94.
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1/3. Given are the functions F(x) = ax? + bx + ¢ and
G(x) = cx?® + bx + a, where

|F(0)]<1, |F(1)|]<1, and |F(-1)|<1.
Prove that, for |x| <1, () |F(x)|<5/4; () |G(x)] <2

1/4. Prove that for all n > 2,

x12 x% ] x3_1 Xf
2 3 + -+ + — <n-1,
Xi + XX, X5+ X3x, X, 1+ x,Xx; X, + x1x,

where all x; are positive real numbers.

Combinatorics, Probability

C/1. A 2 x2X12 hole in a wall is to be filled with twenty-four
1 X 1 X 2 bricks. In how many different ways can this be done if the bricks
are indistinguishable?

C/2. Let P, P,,..., P, be distinct two-element subsets of the set of
elements {a,, a,,..., a,} such thatif P, N P, # &, then {a;, a;} is one of
the P’s. Prove that each of the a’s appears in exactly two of the P’s.

C/3. Ten airlines serve a total of 1983 cities. There is direct service
(without a stopover) between any two cities, and if an airline offers a direct
flight from A4 to B, it also offers a direct flight from B to 4. Prove that
at least one of the airlines provides a round trip with an odd number of
landings.%

C/4. A box contains p white balls and ¢ black balls, and beside the
box lies a large pile of black balls. Two balls chosen at random (with equal
likelihood) are taken out of the box. If they are of the same color, a black
ball from the pile is put into the box; otherwise, the white ball is put back
into the box. The procedure is repeated until the last two balls are removed
from the box and one last ball is put in. What is the probability that this
last ball is white?

C/5. A fair coin is tossed repeatedly until there is a run of an odd
number of heads followed by a tail. Determine the expected number of
tosses.

+Solutions of the supplementary combinatorics, probability problems begin on p. 99.
$It is tacitly implied that all elements of any set are distinct; we use the term “multi-set” if
its elements need not all be distinct.



Solutions

Twentieth International Olympiad, 1978

1978/1. Since 1978" and 1978™ agree in their last three digits, the
difference

1978" — 1978™ = 1978™(1978" ™ — 1)

is divisible by 10% = 2% - 53; and since the second factor above is odd, 2°
divides the first. Also

1978™ = 2™ . 989™,
so m > 3.

We can write m + n = (n — m) + 2m; to minimize this sum, we take
m = 3 and seek the smallest value of d = n — m, such that 19784 — 1 is
divisible by 5% = 125, i.e.

19784 = 1(mod 125).

We shall twice make use of the following

LEMMA. Let d be the smallest exponent such that a® = 1(mod N). Then
any other exponent g for which a® = 1(mod N) is a multiple of d.

PrOOF: If d does not divide g, then g=gqd+r with 0 <r <d,
and a8 = q%’" = 1(mod N) implies a” = 1(mod N) with 0 <r <d,
contradicting the minimality of 4. So d|g.

Fermat’s theorem states:t For any prime p and any integer a not
divisible by p,

(1) a?~! = 1(mod p).
For example,
1978* = 1(mod 5).

tFor a proof, see e.g. p. 126 of S. L. Greitzer, The International Mathematical Olympiads,
vol. 27 in this NML series.
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Euler extended Fermat’s theorem} and showed that
a*® = 1(mod k) for a, k relatively prime,

where ¢(k) denotes the number of positive integers < k and relatively
prime to k. If k=p° is a power of a prime, it is easy to see that
o(p*) = p* Y p — 1). Therefore, for a=1978 and p* =53 ¢(125) =
52.4 =100, and

1978¢129 = 1978!® = 1(mod 125).

By our lemma, d is a divisor of 100.
Since 19784 — 1 is divisible by 125, it is certainly divisible by 5, so

19784 = 3¢ = 1(mod 5).

We shall use this last congruence to restrict further our candidates for the
exponent d. The smallest positive integer j such that 3/ = 1(mod 5) is 4.
By our lemma, d is a multiple of 4 and a divisor of 100, so d must have
one of the three values 4, 20, 100.

We now rule out the first two:

(1978)* = (2000 — 22)* = (—22)*(mod 125)
= (-2)*'(11)* = (4 - 121)* = [4(—4)]*(mod 125)
= (—16)% = 256 = 6 # 1(mod 125).
So d = n — m # 4. We use this computation to find that
(1978)*° = (1978)%(1978)'° = 6 - 6* = 6 - 46 = 26 # 1(mod 125),
so d=n— m # 20. Therefore n — m =100, m= 3, and n + m = 106.

1978/2. This problem, stated in three-dimensional space, has an n-
dimensional analogue. Its solution is implied by the theorem stated below.

THEOREM. Let S be a sphere with center O, radius R; let P be a point
inside S. Suppose that PU,, PU,,..., PU, (k < n)

(i) are mutually orthogonal and

(ii) the U, areon S.
Set vectors

and let
(iii) q=@=p+x1+x2+---+xk.

fIbid., p. 136
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Then
(1) lq|> = kR? — (k — 1)Jp|*.

Conversely, given a sphere S, a point P inside, and a point Q on the
sphere (1), and a k-dimensional hyperplane H containing P and Q,
there exists at least one set of points U, U,,..., U, in H having properties
(i), (ii) and (iii) above.

In the geometric language of the problemystatement, the desired locus of
Q is a sphere with center O and radius (1); when k = 3, that radius is

lal = V3R* - 2jp|*.

We shall prove this theorem using vector methods. We shall denote vectors by
bold face lower case letters corresponding to the points labelled by capital letters, as
we did in stating the theorem. We shall deal with vector sums, as we did in (iii), and
make frequent use of the dot product y - z of two vectors, particularly to write the
square of the length of y as |y|> =y -y and to express orthogonality of y and z
by y -z = 0. See Vectors in the Glossary.

PrOOF: We have P_()J,.=u,.—p=xi and x,-x,=0 for i#j by
property (i). We use this and (iii) to compute

k k k k
ql> = |p + Zx,-) “\p+ Zx,») =p>+2p- Xx,+ 2k
1 1 1 1

k k
=p®+2p- 2(u,—p)+ L, —p?
1 1

k k k
=+ 2p- Xu;— 2kp* + Lju,)* - 2p- L, + kipl*.
1 1 1
According to Property (ii), [u,|* = R?, so
lal* = kR* = (k — 1)Jp|*.
We prove the converse by induction on k. When k=1, |g|>=R?, H is
the line through P and Q, and U; = P trivially satisfies the requirements.

For k> 1, let T be the sphere with diameter PQ. By Thales’ theorem,
T is the set of all points U such that PUL UQ, i.e.

(2) (u—p)-(q—u)=0.

Since P and Q areon T and |p| < R <|q|, T intersects S.
Let U, be any point on TN S, and define x, = u, — p. Then the
point V' -such that

(3) V=q-X,=p+q-u,
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is the fourth vertex of rectangle PU,QV. [This follows from the parallelo-
gram law of addition and the fact that PU, L QU,.] We use (3) to
compute
vI2=1p+ql* = 2u, - (p + @) + Ju,)?
=pI>+2p-q+q° — 2u - (p+q) + ),
and we use (2) to eliminate 2[p-q — u, - (p + Q)]:
(u—p)-(u,—q =pu>~u,-(p+q+p-q=0,
P-a-u - (p+tq=—p
So by our hypothesis (1), we obtain
VI? = IpI? + lal® + Juel® — 2fu,|
=g - R —pl
= (k= 1R*— (k- 2)jp*.

Alternatively, we could have determined |v|> by applying the following elemen-
tary and useful

LEMMA. If ABCD is a rectangle with diagonals AC and BD, and if O is any point,

then
04> + 0C? = OB* + OD’.

PRrROOF: Choosing a vector origin at the center of the rectangle, the vertices and
the point O (which need not be in the plane of the rectangle) have a vector
representation m, n, —m, —n and o, respectively, where |m|= |n|. It then
follows that

jo+mp®+jo—-m?=o+n?+o—n}
When we apply this lemma to rectangle PU,QU, we find
VIZ + gl = Ipl* + lgI?, so > = q* — R* + |p|>.
When we add |p|> — R? to |q|> = kR? — (k — 1)|p|?, we get
vI* = (k = 1)R? = (k - 2)Ip|*.

Now let H, be the set of points E in H such that PEL x « Then V
and P arein H, , and by the induction hypothesis, there are points U,
i=12,...,k—1 on § such that the x, = u, — p are orthogonal, and
v=p+Xx, +x,+ - +X,_ .

1978/3 First solution. Let F = {f(n)} and G = {g(n)}, for n=
1,2,3.... Now g(1) =f(f(1)) + 1 > 1, and hence f(1) =1 and g(1) =
2. Postponing further numerical calculations, we prove that if f(n) = k,
then

(1) fltk)=k+n—-1, (2) gn)=k+n, and
(3) flk+1)=k+n+1.
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Taking these for granted for a moment, we apply them to f(1) = 1 to get
f)=1, g(1)=2, and f(2) = 3. If we apply equation (1) repeatedly to
f(2) = 3 and its successors, we get a chain of results

f(3) =4, f(4)=6, f(6) =9, f(9) =14,
f(14) = 22, £(22) = 35, f(35) = 56,
£(56) = 90, £(90) =145, f£(145) = 234, f(234) = 378,....

But f(240) is not in this chain. Note that equation (3) produces larger
numbers; e.g., applied to f(145) = 234 it gives f(235) = 380. Moving
back a little more in the chain, we find after a trial or two that if we apply
equation (3) to f(56) = 90 and its successors we get f(91) = 147, f(148)
= 239, and finally f(240) = 388.

But this answer to the problem must be justified by proving equations (1),
(2), and (3). Assuming that f(n) = k, we note that the elements in the two
disjoint sets { f(1), f@2), f3)...., f(k)} and {g(1). g(2), gO)..... g(n)}
comprise all the natural numbers from 1 to g(n), because g(n) =
f(f(n)) + 1 = f(k) + 1. Counting elements in sets we see that g(n) = k + n
or g(n) = f(n) + n. This is equation (2), and equation (1) follows from
k+n=g(n)=f(k)+1.

From the equation g(n) — 1 = f(f(n)), we note that g(n) — 1 is a
member of F, and hence no two consecutive integers are members of G.
Since k + n is a member of G, it follows that both Xk +»n —1 and
k + n + 1 are members of F, in fact consecutive members of F. Hence
equation (1) implies that k + n + 1 = f(k + 1).

Second solution. Sequences { f(k)},{g(k)} of integers which, together,
contain every integer exactly once are called complementary. Special sets of
complementary sequences were constructed by S. Beatty. He showed that
for any pair (a, B) of positive irrational numbers satisfying

4 l+l
@) 4

the sequences

F(n) = {[nal}, G(n)={[nBl}, n=12,...

(where [z] denotes the integer part of z) are complementary.

=l’

tA short, simple proof of Beatty’s theorem is given on p. 93 of R. Honsberger’s book
Ingenuity in Mathematics, vol. 23 in this NML series, in an essay entitled “Complementary
Sequences.”. The essay discusses other interesting properties of such sequences and gives
references for further study. See also Problem #3177 by S. Beatty, Amer. Math. Monthly, 34
(1927) 159. See also S. W. Golomb, The “Sales Tax” Theorem, Math. Mag. 49 (1976) p. 187
and H. Grossman, A Set Containing All Integers, Am. Math. Monthly (1962) p. 532.
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We claim that our sequences { f(n)}, {g(n)} are Beatty sequences. The
key to the identification lies in relation (2): g(n) = f(n) + n, which
translates into [nB] = [na] + n = [na + n]. This holds for all n if nf =
na + n, ie. if

(5) B=a+1.

1
Substituting this for B in (4), we find that < + =1, or equiv-

alently, that

a+1

a’—a-1=0.
We choose the positive oot a« = (1 +V5), so B=1(3+V5), and
compute

£(240) = [240a] = [120(1 + V5)] = 120 + [120V5].
Now V5 = 2.236, 120V5 = 12(22.36) = 264 + 4.32, so [120V5] = 268 and
£(240) = 120 + 268 = 388.

Note. A third, very instructive solution will only be sketched here. Let b, =1,
by=2, b,=3, by=5 b=8,...,b,=F,,=(i+2)nd Fibonacci number.

Then every positive integer n has a unique representation of the form
n=ab, +a,_b,_,+ - +ayb,,

where a;, =0 or 1 and no two consecutive a; are 1. Then a,a,_,...a, is the
representation of n in the “Fibonacci base.” For example 1 = 1, 2 = 10, 3 = 100,
4 =101, 5=1000, 6=1001, 7 =1010, etc. The largest d-digit number,
F,,,—1,1is 10101....

The sequence of numbers which end in an even number of zeros (possibly none) in
the Fibonacci base and the numbers which end in an odd number of zeros form
complementary sequences. Let us call the n-th member of the first sequence f(n),
and the »n-th member of the second sequence g(n). We present a way of
computing f(n) in the Fibonacci base, and it will be easy to check that g(n) =
f(f(n)) + 1, and hence that these two sequences are the ones in the given problem.

Let n=a,a,_,...a, in the Fibonacci base. We claim f(n) is obtained as
follows: Form a,a, _, ... ay0. If this ends with an even number of 0’s, itis f(n).
If it ends with an odd number of 0’s, ...100...0, then subtract 1, which in the
Fibonacci base means replacing the tail segment ...1000...0 by the equally long
segment ...0101...01. It is easy to see that this process gives all numbers ending
with an even number of 0’s in increasing order, hence it computes f(n). If
f(n) = cic_y ... ¢y ends with an even number of 0’s, then by the construction
above f(f(n))+ 1 is cicp_y...c0. Thus f(f(n)) + 1 assumes all values ending
in an odd number of 0’s, and hence it is g(n).

1978/4. Since AB = AC, our figure is symmetric with respect to diame-
ter AM, where M is the point of tangency of the two circles. AM
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A4

bisects £A4, ZPMQ and segment PQ, which is parallel to BC and whose
midpoint we denote by I. Letting ZAPQ = 28, we have also ZABC = 28.
Moreover, Z£PMQ = £ZAPQ = 28 since both are measured by half of arc
PQ. Thus £PMI = 32PMQ = B.

Since £ABM and £MIP are right angles, BMIP can be inscribed in a
circle in which angles PBI and PMI subtend the same arc. Hence
£PBI = «PMI = B. Thus the angle bisectors from 4 and B in AABC
intersect in I, so I 1is the incenter of A ABC.

1978/5. If we had a monotonic sequence {m,} of positive integers, i.e.
m; < m; for i <j, then for each k, m, > k. Hence m,/k*> 1/k, and
)

NIS

Z > ) —1— for every n.
1 Tk
But the {a;} in the problem is not necessarily monotonic. Actually, this
works in our favor, as we shall show by proving the following more general
rearrangement inequalities [107, p. 261]:

Let {r;} and {s;}, i=1,2,...,n, be two sets of real numbers such that

r1<r2< “ee <r

A and 5, <8< - €5

ne

Then, if {1} isa permutation of the s,

(1) Z rS; Z >ns,+ s, + - +rs;.

J

PROOF: Suppose for some j, k with j < k, we have ¢, > 7,. Then
rjtk+rkj_(rjj+rktk)=(tj—tk)(rk r) = 0.



22 INTERNATIONAL MATHEMATICAL OLYMPIADS

This implies
rite t rt; 2t + g,

and we do not decrease L[_,r;#; by switching ¢, with 7,. A finite number
of such exchanges leads to an increasing order of the ¢;, so that
n n
Z rs; = Z rit;.
i=1 i=1
The right inequality in (1) is proved by the same argument.

The inequalities (1) become physically intuitive if we interpret the r; as
distance positions from the fulcrum on one side of a see-saw and the ¢, as
the weight of a person sitting at position r,. The greatest turning moment
about the fulcrum is obtained by the heaviest person sitting at the end
position and so on.

To solve our problem, take T to be the first » members of the given
sequence {a,} of distinct positive integers, and let R be the set of n
numbers 1/k%, k=1,2,...,n. Then

"oa, 1 1 1
(2) Z — = (smallest a) - -t (second smallest a) - St + (1argest “)_2'
i1 K 1 2 n
Since the smallest a is > 1, the a next in size is > 2,... and the

largest a is > n, the sum on the right in (2) is greater than or equal to

2 3 n no ]
1+22+32+ +n2 g’k'

1978 /6. The problem may be stated as follows: If the set
{1,2,3,...,1978} is separated in any way into six disjoint subsets A4, B,
C, D, E and F, then at least one of these six sets contains the sum of
two (possibly equal) elements of that set.

First we observe that no matter how 1978 elements are distributed among
6 sets, at least one of these sets, say 4, contains at least [1978 /6-| = 330
members,} which we denote by a; and order so that a; < a, < --- < @,
If any of the 329 differences

by =ay0—ayne, by =ayg— ayg,..., byg=ay,—ay,
belongs to A4, the problem is solved; because then for some %,
30— A, =a,; €A, SO a,+ a,= ay.

So suppose none of the 329 differences a;;, — a; belongs to A4; instead
they are distributed among the five remaining sets. Again we conclude that

#[ x] denotes the least integer > x.
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at least one of these, say B, contains at least [329/5]= 66 of these
differences. We take their differences by — bgs_; = ;.

We describe this process in more detail: We order the differences
b; = ay;, — ay3_; which are in B according to increasing size and rename
them b, b%,..., bls. We form

¢; = bge — bge_j» j=1,2,...65
= (a3 — a;) — (a3 — a;), i <k <330
=ak—ai’ lsai<ak<1978.

Thus the ¢, are integers satisfying 1 < ¢; < 1977.

If any of these ¢; occur in either 4 or B, the problem is solved. If not,
they are distributed among the four remaining sets at least one of which,
say C, contains at least [65/4] = 17 of them. Again we order their 16
differences c¢;; — ¢; according to size, rename then ¢/ so that ¢/ < ¢ for
i <j. If none are elements of sets 4, B or C, all are distributed among
the three remaining sets, at least one of which, say D, contains at least
[17/3] = 6 elements, d!.

Similarly, we argue: if their 5 differences are notin 4, B, C, or D, at
least one of the two remaining sets, say E, contains at least [5/2]= 3 of
them, and if neither of their two differences ef, e} is in one of the sets 4,
B, C, D, E, they must both be in F. Their difference e} — ef < 1978
must belong to one of the six sets.

Twenty-first International Olympiad, 1979

1979 /1. The negative terms have even denominators; we write each
-1/2k as

1 1
2k k
So
p 1 1 1 1 1 1 1
— =1+ -+ -+ — -2+ -+ -+ —_—
q ( 2 3 1319) (2 4 6 1318)
1 1 1 1 1 1
=14+ -+ -+ — | - — 4+ -+
2 3 1319 2 3 659
1 1 1
= ——F+ — + =
660 661 1319
Since
1 1 1319 + 660

+ =
660 +; « 1319 —j (660 +)(660 — j)
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for all j, we get a constant numerator when we add the fractions in pairs:

P 1 1 1 1 1 1

;‘(%*E)*(E*ﬁ)*'“*(@*ﬁ)
1979 1979 1979

660 - 1319 © 661-1318 ~ ' 989990

’

19792
q

where g’ is the product of all the integers from 660 to 1319, each relatively
prime to 1979 (which is a prime). Now

pq’ =1979pq;
and since 1979 does not divide ¢’, it must divide p.

1979/2. We first show that the edges A4,4,, A,A4,, A;A,, A, A5, AsA;
are all the same color by indirect proof. Suppose on the contrary that, say,
edge 4,4, isred and A4,A4, is green. At least three of the five segments
A,B,, A,B,, A,B;, A,B,, A,B; have the same color. Suppose with-
out loss of generality that these are red, and label them A4,B,,
A,B;, A,B,. Then at least one of the segments B,B;, BB, B, B is an edge
of the base; call it B,B,. If B,B, were red, we would have a red triangle
A,B.B.. Therefore B,B, is green. Now segments A4;B, and A,B,
must also be green, for otherwise we would have A4,4,B, or A;A4,B, as
red triangles. Therefore A4;B,B, is a green triangle. This contradiction
implies that 4,4, and A,A, have the same color and similarly that all
the edges of each base have the same color.

Now suppose the top edges are all red and the bottom edges are all green.
If 3 green edges join A, to the bottom, 2 of them must terminate on
adjacent vertices B,, B, of the base. Then A4,B,B, is a green triangle, a
contradiction. Hence at least 3 red edges join A4, to the bottom. Similarly,
at least 3 red edges join A4, to the bottom. Since we now have 6 red
edges, at least 2 of them must terminate on the same vertex B; of the
bottom. Then A;A4,B,; is a red triangle, a contradiction.

Remark. The same argument works if the top and bottom faces are polygons
with 2rn + 1 sides. However, if the top and bottom are polygons with 2»n sides, the
conclusion is false. For instance, a counterexample is obtained by painting the top
edges red, the bottom edges green, and the edge A,B; red or green according as
i —j is even or odd.

1979/3. Both moving points have the same angular speed (since they
both return to A after one revolution). In the figure below, point Q, on
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circle C; and point Q, oncircle C, have both travelled counterclockwise
an arbitrary angle 4. Also, B is the other point of intersection of the two
circles, and MAN is a line segment perpendicular to AB. Since ZABQ, =
0/2 and ZABQ, = 7 — 0/2, the line Q,0, passes through B for all 4.
Since £ZMAB = ZNAB =90°, MB and NB are diameters; hence
£ZMQ,B = 2BQ,N =90°. It now follows that MQ, and NQ, are
parallel. Thus the perpendicular bisector of Q,Q, (i.e. the set of points
equidistant from @Q; and Q,) intersects the fixed segment MN in its
midpoint, P, for all positions Q,, @, of the moving points.

1979/4. For any point R (to be determined), denote the line through
R and P by [/, and set ZQPR = 20. We now locate point S on / such
that QP = SP as shown in the figure. Then SR = QP + PR. By the Law
of Sines,

OP + PR SR sin ZSQR

OR QR  sinf
For all points R on /, A will be maximized when ZSQR = 90°. It now
remains to maximize 1/sin§. We achieve this when 26 is a minimum, and

this occurs when / passes through P and the foot T of the perpendicular
from Q to plane .

A
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If T and P are distinct points, R is then uniquely determined. If not,
R can be any point on a circle of radius QP centered at P.

1979 /5 First Solution. The required relations imply
5 5 5
a®Ykx, + Y k’x, = 2aY k’x,
1 1 1

or equivalently

5
Yk(a—-k?)’x,=0.
1

Hence, each of the five non-negative terms must vanish:
k(a —k*)’x, =0, k=1,2,3,4,5.

Thus either x; = x, = x5 = x4, = x5 = 0, or else four of the x, are zero.
If for some j, x;# 0, then a= j2, and setting this into any of the
relations stated in the problem gives x; = j. Thus the six possible values
for a are

0, 1, 22 = 4, 32 = 9, 42 = 16’ and 52 — 25

Second solution. The Cauchy inequality} for real numbers b,, ¢, states
that

(1) (Zbkck)2< (Zbi)(ch)

where equality holds if and only if ¢, = Ab,, k=1,2,3,4,5. Set

b, = Jkx;, ¢, =k’x;; then byc, = k’x,,

and (1) reads

(Zk3xk)2 = (02)2 < (kak)(stxk) =a*

Therefore equality holds in (1), so ¢, = Ab,, or k’x, = Nkx,, ie.
(2) x (k= N) =0, k=1,2,3,4,5.

If, for some j, x,# 0, (2) yields A =, and x, =0 for k # j. Again
the sums in the required relations have only one term and yield a = j? as
before. So A = a; we again conclude that the possible values for a are
0,1,4,9,16,25.

+For a proof, see e.g. Introduction to Inequalities by E. Beckenbach and R. Bellman, NML
vol. 3, pp. 62-67 or International Mathematical Olympiads 1959-77 by S. L. Greitzer, NML
vol. 27, p. 128. Also see Glossary.
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1979/6 First solution. The frog cannot reach E in less than 4 jumps, so
a, = a, = a; = 0; he can reach E in 4 jumps going in either direction, so
a, =2.

An odd number of jumps from A will get the frog to B, DD, F, H, but never
to E (see figure); so
ay,, ,=0 for all n.

Now let b, be the number of distinct paths of exactly n jumps starting
at C and ending at E (this is the same as the number starting at G).
There is just one way to get from C to E in two jumps, so

b, =1.

After the first 2 jumps from A, the frog is either at C, or at G, or back
at A. He can get back to A in2 ways: A—>B—>A or A—> H - A. So
the number a, of paths from A to E is made up of the number of paths
of n—2 jumps from C, from G, and twice the number from A. Thus
(1) a,=2b,_,+2a,_,.

When the frog starts at C and makes more than two jumps, the first two
either leave him at A or back at C (since his landing at E would mean he
made exactly 2 jumps). So the number b,, n > 2, of paths from C to
E is made of the number of paths of n — 2 jumps from A and twice the
number of paths of n — 2 jumps from C (since the first 2 jumps could
have been C > D - C or C—> B - C); so
(2) b,=2b,_,+a,_,, n>2.
Subtracting (1) from (2), we obtain

bn - an = _an—Z’
and replacing n with n — 2, we have

bn~2 =4, 4, 4
which, when substituted into (1) gives

3) a,=4a,_,—2a,_, forn>4.
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Clearly the sequence a,, is uniquely determined by a, =0, a, =2 and
relation (3) for n > 4. Therefore we need only verify that the alleged
solution

1
= g (=)

given in the statement of the problem satisfies ¢, =0 and ¢, =2, the
initial values for the recursion (3) (which it does); and also that it satisfies
(3) with n replaced by 2n, ie. ¢;, = 4c¢y,_5 — 2¢5,_4.

Since x =2+ V2 and y=2— V2 are roots of

12— 4t+2=0,
they are roots also of
p(t)=1""1 =42+ 21" =0.
Thus (1/V2)(p(x) = p(»)) =0, or

n—1 _ n—2 n—3 n—3

n—1 n—2
Yy X -y X -
—4 +2 =0,
2 2 2

X

and
Crn=4C3, 5 = 20,4

By the uniqueness of a solution of (3) with given initial conditions, we may
now identify a,, with c,,;
— — 1 n—-1 n—1
30 = e = 2 (57 =y ).

In this solution, we used the given formula and verified that it satisfies the
recursion relation (3) we derived. But suppose no formula had been given; could we
have found it? The answer is yes, and we substantiate it below:

Second solution. We derive equations (1) and (2) as in the first solution.
But instead of eliminating the number b, of frog paths from C, we work
with the pair a,, b, simultaneously.

We observed earlier that a, =0, b, = 1. Since the frog cannot reach
E from either A or C in an odd number of jumps, we set n = 2m and
think of the system

(1) a,=2a, ,+2b,,
(2) bn = an—Z + 2bn—2

aam

as a transformation of a vector v,_; into v, = ( b
2m

_(2 2
T “ 2%

) by means of the
matrix
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so that

a, 0
vm=Tvm—1’ vlz(b2)=(1)'

The eigenvaluest of T are the solutions A, A, of the characteristic
equationt for T:

2-A 2 | _y_ =0
‘ ) 2_}\' N = 4N +2=0;

they are A, =2+ V2, A,=2—y2. The corresponding eigenvectorst
u;,u, have the property

(4) Tu,=Au, T[Tu,]=»MNu,..., T™u, = Ny,
for i = 1,2. We find them from (4), i.e. by solving

3 25 - (5)

a1/131=\/5’ ay/B, = -v2.

and find that

We set

1 1 1/{ -1
"o ﬁ(l/ﬁ)’ T “ﬁ’(l/ﬁ)'
Then v, = ((1)) is the linear combination
v =Au; +Au,
of w;, and u,, and

= T(m-Dy — yn-1 N2y, = 2m
v, = vi=AT up + Ay u, = L
2m

When we write the equation for the first component of v,, we obtain

tr= (@ D)™ - @ =V,

Note. The number a,,, is an integer for all m. Since A\, =2 — V2 < .6 <1, the
second term, A%"'/ \,/—2L , in a,, is less than § even for m =2 and becomes
negligibly small as m increases. Thus for all m, a,,, is the integer part of the first
term: a,,, = [N77'/V21

+For definitions and a more detailed treatment, see 2nd solution of IMO 63 /4 in NML vol.
27, p. 61.
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Twenty-second International Olympiad, 1981
1981 / 1. Denote the lengths of the sides opposite A, B,C by a,b,c

respectively, and those of segments PD, PE, PF by x, y and z (see
figure).

A

N\

- F

The area K of the triangle satisfies
(1) 2K =ax + by + cz.
We wish to minimize
a b ¢
(2) —+ -+ -
x y z
subject to constraint (1). We can do this in several ways. The simplest
perhaps is to use Cauchy’s inequalityf
(g0, + uy0, + u30y)” < (u? + ud + u?)(v? + 02 + v?)

with Vax, /by, Vcz serving as u’s and \a/x,\/b/y,\/c/z as v’s. Thus,

a b ¢ a b ¢
(3) (a+b+c)i<(ax+by+ecz)|—+—+- =2K(—+—+— ,
x y z X y oz
or
a b ¢ (a+b+c)
—t—t - ——,
x y z 2K

There is equality if and only if the triples (a/x, b/y, c¢/z) and (ax, by, cz)
are proportional, i.e. if and only if x = y = z. Thus the minimum value of
(2) occurs when P is the incenter of A ABC.

1See Glossary.
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The result can be extended to three dimensions for tetrahedra, and to n-dimen-
sional Euclidean space for simplexes (n-dimensional “triangles”) in several ways.
These are included in the following extremum problem:

Determine the extreme values of S =Xa,x/ given that Zx;, = 1. Here the sums
are from i=1,2,...,n; x;> 0, and the a, and p are given numbers with
a, > 0.

One simple method here is to use Holder’s inequality which is a generalization
of Cauchy’s inequality.

Readers acquainted with calculus can use Lagrange’s method for optimizing a
function f(x, y, z) subject to a constraint g(x, y, z) = constant. However, in the
solution it must be verified that a maximum or minimum is actually achieved. For
the three variable case of the given problem, this is not hard. However, for the
n-variable case, one must also examine all the lower dimensional “faces” of the
constraint conditions and this is onerous. While the calculus method is a very
general one, a solution by means of an appropriate known inequality will be
simpler.

1981 / 2 First solution. We partition the collection of subsets containing
r elements according to their minimum element k, where k =1,2,...,
n — r + 1. For a minimum element k, the remaining r — 1 elements are
chosen from the n — k elements kK + 1,k + 2,..., n. Thus there are

1
Therefore

('r':/‘) subsets of r elements which have k as their least element.

N(n,r)

F(n,r)=

where
n—r+1 k
(1) Nn,r)= Y k("“ )
P r—1

is the sum of all their least members. To find N(n,r), we use the
“fundamental summation formula”}

n

(2) L (F(k) = F(k - 1)) = F(n) — F(0)

k=1

twice. We use the familiar binomial coefficient identity
n—k =(n—k+1)_(n—k)
r—1 r r

+See Glossary for a statement. For more details, see Introduction to Inequalities by E.
Beckenbach and R. Bellman. NML 3, pp. 67-68.
$See Glossary, Series, Summation of-.
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to change (1) into
(3) 'hiJrl[(k _ 1)(n —-l:+ 1) _ k(" . k)] " "_iﬂ(n - I; + 1)'

k=1 k=1

By (2), the first sum in (3) is zero. To obtain the remaining sum, we again
break up the summand as before, i.e.

n—r+1 n—r+1
n—k+1)_ n—k+2)_(n—k+1)]
> ( r ) El ( r+1 r+1

k=1
=(?I}) = N(n,r).
Therefore
n+1
r n+1)
F(n,r) = | (Z)l) - ((r:)'

We now add a second solution which has the virtue that it avoids all calculations.

Second solution. A natural way to phrase the problem is this: Select r
out of the first n positive integers at random. What is the expected value of
the smallest integer selected?

The problem is discussed in books on probability and statistics under the
heading “order statistics”. One can formulate a simple solution without
explicit reference to probabilities as follows.

Take a circle and divide it into n + 1 arcs, numbered 0,1,..., n. Take 1
red and r green markers. Consider the ways of placing the markers on the
arcs so that no arc has more than 1 marker. For each possible position of
the red marker each way of placing the green markers corresponds to a
subset of r elements of {1,...,n}, namely the distances of the green
markers from the red one, measured, say, in the clockwise direction.

We want to find the average distance from the red marker to the next
marker in the clockwise direction. We consider the configurations in groups
of r + 1, each group consisting of all configurations in which a given set of
sectors is occupied. There are r + 1 possible places for the red marker
when the occupied sectors are given. The sum of the distances from the red
marker to the next marker, taken over all these possibilities, is just the sum
of the distances from one occupied sector to the next taken around the

whole circle, which is #n + 1. Hence the average distance over each of these
n+1
T which must also be the overall average.

groups is
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There is an important principle governing the choice of the model used in the
second solution above. We state it as a

THEOREM. Let s = { X} be the set of all configurations of some specified type (in
our case, the selection of r integers from 1,2,...,n). Let f(X) be a function defined
on the X’s (in our case, f assigns to X its smallest member). We seek the average

—,lc— Y f(X) of f over S.

Xes
Partition § into subsets §;, so that the average value of f over each subset is f:

(+) =T A0-F,

j XeES,
where k; is the number of elements in §;,
Yk =k.
Then the average of f overall X € S is f.
PROOF: Simply multiply (*) by k; and then sum over ;.

_ _ o1
ki= T 10, Tki=k, f=1 T f(X).

X€S; Xes

In our second solution, this principle is applied to the set consisting of all sets of
r+ 1 (out of n+ 1) arcs, one marked red.

1981 / 3. We shall call an ordered pair (n, m) admissible if
m,n € {1,2,...,1981} and

(1) (n* = nm — m?)* = 1.
If m =1, then (1,1) and (2, 1) are the only admissible pairs.
For any admissible pair (n,, n,) with n, > 1 we have
so that n; > n,. Define
ny=n; — ny;
then n; = n, + n;, and substituting this into (1), we have

L= (n}~mnn, = n3)’

= (("2 + "3)2 —(ny+n3)n, — ”%)2

= (=n2+ nyny + n?)’ = (n? = nyny — n%)2

so (n,, ny) is also an admissible pair.
If ny > 1, then, in the same way, we conclude that n, > n;; and, letting
n, — ny = n, we find that (n;, n,) is an admissible pair.
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Thus we have a sequence n; > n, > ny > ... (necessarily finite) such

that
Ry =Ny — Ny,
and where (n;, n,,;) is admissible for all i.

The sequence terminates if n, = 1. Since (n;_;,1) is admissible, and
n,_;>1, n,_; =2 must hold (see second sentence above). Therefore,
(ny, n,) are consecutive terms of the truncated Fibonacci sequence 1597,
987,...,13,8,5,3,2,1. Conversely, any such pair is admissible.

Every step of this construction is reversible; so, running it backwards
from (2,1) determines uniquely the Fibonacci sequence 1,2,3,5,8,...
which contains, as adjacent members, all admissible pairs. The largest such
pair not exceeding 1981 is 1597, 987; so the maximum value of m? + n? is
15972 + 9872

1981 / 4. The answers to (a) and (b) are n > 4 and n = 4, respectively.
To see this, denote by N the largest number in a set of n consecutive
positive integers. Note that in such a set there is exactly one member
divisible by n.

Suppose n = 3. In order to divide the Lcm.fof N—1 and N-2, N
cannot have a prime factor p > 2 (since then p would not be a factor of
either N—1 or N —2). So N is of the form 2¢ where, since N > 3, a
is an integer > 1. But N cannot be of this form because it must divide the
odd number N — 1. This rules out n = 3.

Suppose n = 4. Then the lL.c.m. of its three predecessors contains the
factor 2°3¢ for some positive integers b, c. Again, N could not have
p > 5 as prime factor since, if it did, none of its predecessors could have
the factor p, and so N could not divide their l.c.m. Therefore

N = 23¢, so N—2=2(27"13¢-1)
and
N —3=3(231-1).

Thus N divides their Lcm. only if b=1, ¢ =1, ie. only if N=6.
Indeed, for the sequence 3,4,5,6, l.cm. (3,4,5) = 60 is divisible by 6.
This answers question (b).

Now suppose n > 4. We show that (n — 1)(n — 2) and (n — 2)(n — 3),
both larger than n, are admissible values of N.

Any two consecutive integers are relatively prime. Thus, their Lc.m. is
just their product. The n consecutive integers ending with N are

(1) N-(n—-1), N-(n-2), N—-(n-3), ..., N-1, N.
When N = (n— 1)(n—2), it divides the product of the first two
integers in (1) because n — 1 divides N — (n — 1) = (n — 1)(n — 3), and

tl.c.m. means least common multiple.
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n—2 divides N —(n—2)=(n—2)(n— 2). Therefore, (n — 1)(n — 2)
divides the l.c.m. of the n — 1 integers preceding N.

When N = (n — 2)(n — 3), we see easily that it divides the product of
the second and third integers in (1); hence also (n — 2)(n — 3) is an
admissible N.

Thus for n > 4 we can find more than one sequence of n consecutive
integers with a last member that divides the l.c.m. of all the others. This
answers part (a) of the problem.

1981 / 5. Denote the vertices of the triangle by A, B, C and the centers
of the circles by A’, B’, C’; see figure.

B

Since the three circles have equal radii, corresponding sides of triangles
ABC and A’B’C’ are parallel, and O is the circumcenter, of AA4A’B’C’.
Hence AA’B’C’ and AABC are homothetic.} An important property of
homothetic figures is that corresponding points lie on a line passing through
the center of similitude (or homothety).f Lines 44, BB’ and CC’ bisect
angles A, B, and C; they also connect corresponding points of the

tSee Glossary.

$For a proof, see e.g. Geometry Revisited by H. S. M. Coxeter and S. Greitzer, NML vol. 19,
p- 94.
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homothetic triangles, and they meet at the incenter I of A4ABC (which is
also the incenter of AA’'B'C’. So I is the center of similitude. The
circumcenters of both triangles are corresponding points, so they lie on a
line through 1.

1981 /6. We set x = 0 in conditions (2) and (1) to find
f(1,0) = £(0,1) =2
and also set y = 0 in (3) and (1) to determine
f(1,1) = £(0, £(1,0)) = £(1,0) + 1 = 3.
Then, setting y = 1 in (3) and using the above gives
f(1,2) =£(0, f(1,1)) = f(0,3) = 4.
We claim that
4) fLy)=y+2.

We have verified this for y = 0,1,2 and see that it follows inductively
from (3):

fLk)=£00, f(1,k=1)) =f(1LLk-1) +1
=(k-1)+2+1=k+2.
Next we determine

f(2,0) =f(1,1) =3 by (3) and (4),
f(2,1) =f(1»f(2,0)) =f(1’3) =5,
f(2’2) =f(1’f(2’1)) =f(1’5) =17

and generally, again by induction on y,

(5 | f2,y)=2y+3,

by means of (3) with x = 1.
Next we go on to f(3, y) in a similar inductive manner:

f(3,0)=f(2,1)=5=2-3
f(3,1)=f(2,f(3,0))=2-5+3=24-3
and, in general,
(6) f3,y)=2""-3.
Finally, to find f(4,1981), we use
f(4’y+ 1) =f(3’f(4’y))
and f(4,0) = f(3,1) =24 -3,

£(4,1) = f(3, (4,0)) = 22 -3+3 = 2%,
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and generally
2

fd,y)=2" -3,

where y + 3 two’s appear in the first term. Thus
2

£(4,1981) =27 - 3.
where 1984 two’s appear in the first term.

Note. This function, defined by a double recursion, is called Ackermann’s function.
Ackermann, a student of Hilbert’s, showed that it grows faster than any function
that can be defined recursively in terms of a single variable. It has been of interest to
computer scientists because it grows faster than anything programmable by simple
loops. See [11, vol. 1, pp. 76-78].

Twenty-third International Olympiad, 1982

1982 / 1. The given relation implies that
f(m+n) > f(m) +f(n).

When m = n =1, we have f(2) > 2f(1); but f(2) = 0, and since the
range of f is non-negative, we find that f(1) = 0.

When m =2, n =1, we have

f3)=f(2)+f(1)+ {0or1} =0orl,
and since f(3) > 0, f(3) = 1. Then
f(2:3)=f(3+3)>2f(3)=2;

so, for multiples of 3 we see by induction on » that

f(n-3)=f((n=1)-34+3)>(n-1)f3) +f(3) = n,
so f(3n) = n for all n. Moreover, if the strict inequality > held for some
n, i.e. if f(3n) > n, then also f(3(n + 1)) > n+ 1, etc. so f(3m) >m
for all m > n. But since f(9999) = f(3 - 3333) = 3333, the = holds at
least up to n = 3333: f(3n) = n for n < 3333. In particular, f(3 - 1982)
= 1982.

On the other hand,

1982 = (3 - 1982) > f(2 - 1982) + £(1982) > 3/(1982),

SO

1982
£(1982) < —— < 661.

Also
£(1982) > £(1980) + f(2) = (3 - 660) = 660
ie, 660 < f(1982) < 661. We conclude that f(1982) = 660.
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Note that there is a function with the given properties, for example

n
f(n) = [5}, where | x| denotes the integer part of x.

1982 /2. We used homothetic triangles} to solve problem 1981 /5; here,
we do so again. If we could show that triangles M, M,M; and S,S,S; are
homothetic, then the desired result would be an immediate consequence.
We know that triangles M, M, M, and A,A,A, are homothetic, and shall
show that S;S,S; and A4,4,4, are. Then the homothety of triangles
M M, M, and S,S,S; will follow, and their congruence can be ruled out.

Az Si BT, 43

In the figure we have included the bisectors of «s A4,, 4,, A; which
intersect the opposite sides in points denoted by B,, B,, B;, but we have
omitted the midpoints M,. We have

£T\IT, = 180° — A4,, ZTyByAy = A, + 34,

£TyIB; = 90° — (A, + 14,),

LTISy = 2£T;1By = 180° — 24, — A,.
Thus

£SIT, = LTIT, — £LT;IS; = A, + A5,
and similarly «£S,IT, = A; + A,. Hence S,S;||4,A4;. Similarly
S,S,/|4;4, and S,S,||4,4,. Triangles S,S,S; and M, M,M; therefore
have corresponding sides parallel. They are not congruent since S;, S,, S;
lie on the incircle of aA4,4,A4; while M;, M,, M; lie on its nine point
circle. These have different radii because aA4,4,4, is not equilateral. We

conclude that triangles S,S,S; and M;M,M, are homothetic, so
M,S,, M,S,, M;S; concur.

tSee p. 35 and footnotes on that page.
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1982 /3. (a) We will prove that the series

2 2 2
X0 Xi X3

(1) —+ —+ —+--+, wherel=xy2x;,2x,> - >0,
X Xy X3

has sum > 4 (with the obvious convention that this holds if the series
diverges). This clearly implies that some partial sum of the series is
> 3.999. :
Let L be the inf (= greatest lower bound) of the sums of all series of the ;

form (1). Clearly L > 1 since the first term — > 1. For any & > 0, we

X ‘
can find a sequence {x,} such that ’
2 2 2 ‘
x x x
(2) L+e> 2+ +24...

Xy X5 X3

Setting y, = x,,1/%; (n>0), wenotethat 1 =y, >y, >y, >--->0.
The series on the right side of (2) can be written in the form

1 2 2 2
RIS EGRNE R
X1 N V2 Y3

By the definition of L, the series in parentheses has sum > L. Hence
from (2) we have

1
L+e>—+x,L.
X1

Applying the A.M.-G.M. inequality to the right side, we get L + & > 2/L.
Since this holds for all & > 0, it follows that L > 2VL. Hence L? > 4L,
and since L > 0, this implies that L > 4.

1
(b) Let x, = o Then

00 2
xn

Z =§ T =4

n=0 Xn+1 n=0 2

so all partial sums of the series are < 4. <

1982 / 4. (a) The given expression may be rewritten as
x3 =32+ ¥ = (y—x)’ = 3x¥y +2x3
=(y=x)" =3y —x)x+ (-x)",

Hence, if pair (x, y) is a solution, then so is pair (y — x, —x). By a
similar algebraic manipulation, we can show that (—y, x — y) is then also
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a solution. In other words, if (x, y) is a solution, then the transformation

o e 3= (5 o))

yo=-x y -1 0/\y

produces another solution. [The reader may verify that T2 produces the
third solution obtained above, and that T3 = I, the identity.] Moreover,
these three pairs are distinct; for, if two were identical, say x = x’ and

y =y’, then x = y = 0 which is excluded by the condition n > 0.
(b) To show that there are no integer solutions to

x3 = 3xp? + y3 = 2891,
we first consider the solutions mod 3. Here the equation reduces to
(2) x* + y? =2(mod3) = —1(mod 3).
Thus we have three cases:
i) x=-1, y=0, (i) x=0, y= -1, (iii)) x=1, y =1, all mod3.

No other candidates for (x, y) can satisfy (2). For (i), x =3m — 1,
y = 3n, and substituting back in our original equation, we get

(3m—1) = 33m-1)(3n)* + (3n)’ = 2891 = 9 - 321 + 2
which obviously cannot hold mod9. Similarly for case (ii).

The third case cannot occur, since it was shown that if (x, y) is a
solution, so is (y — x, —x); here (1,1) leads to (0, —1), which is the
same as (ii).

We have covered all possible cases and conclude that (2) has no solution.

(1) T:

1982 / 5 First solution. Since AC = EC, we deduce from the given
proportion that CM = EN, and aABMC = aDNE. See Figure (i). Thus
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ZNBC = £EDN. Since ZECB = 90° and ZCED = 30°, we have

4BND = /BNC + £CND
= (90° — «NBC) + (£CED + £NDE)
= 90° — ZNBC + 30° + £«NBC = 120°
Thus, BD subtends an angle of 120° from N and also from the center O

of the circumcircle of the hexagon. So N lies on the circle with center C
and radius CD = CB = CN. In right ABCE, ZEBC = 60°; so

CN CB 1

S CETCET TR
Second solution. Assume that each side of the hexagon has length one,
and that B, M, and N are collinear. Let X denote the intersection of
AC and BE, see Figure (ii). Since N ison CE, B on EX and M on
XC, we may apply Menelaus’ Theorem, ¥ to triangle CEX:

CN EB XM
NE BX MC
E
D
F
C
A
B

(i)

We now obtain each of the distances in this formula in terms of r. CE is
the side opposite the 120° angle in an isosceles triangle with two sides of

tSee Glossary. For a proof, see e.g. Geometry Revisited, by H. S. M. Coxeter and S. L.
Greitzer, NML vol. 19, p. 66.
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lengths 1; so we have
CE=V3, Cn=V3r, EB=2, BX=-1  AM=3r
MC = AC — AM = 3(1 - r),

XM=§—MC=€—\/§+r\/3T=\/§(r—§).

Substituting into Menelaus’ formula, we have
Gr_ 2 -y
BU-r —1 Ba-n

1
and this yields r = F

1982 / 6. Denote the distance between a point P on the side of the
square and a point Q on the polygonal path L by d(PQ), and denote the
length of the polygonal path from point 4 to point B by s(AB). When

s(Ag4) < s(A,B)

we shall write 4 < B. Let S|, S,, S;, S, be the vertices of the square. On
L, take points S{, S;, S;, S; such that d(S;S/) < . We may name the
points so that S{ < S; < §J; see Note below.

Now let L, bethesetof all X on L suchthat X < S/, and let L, be
the set of all X on L such that X > S;. Consider side S,S,. There is a
subset L7 of §,S, whose points are distant < 3 from L,, and a subset
L, of S,S, whose points are distant < j from L,. (Since L} includes
S, and L4 includes S,, neither set is empty.)

The union of L} and L4 is the side S,S,, and, because of the condition
on the distances, the intersection of L} and L’ is not empty. Let M bea
point common to L} and L.

Now select a point X in L, and a point Y in L, such that d(MX)
< 4 and d(MY) < §. Then d(XY) < 1. Also X < S; <Y, and s(XY)
= x(XS{) + s(S;Y) > 99 + 99 = 198.41

Note. We can think of the path L: A4jA4,... 4,, as a mapping Q of the interval
0<t<1into L, with Q(0) = 4,, Q(1) = 4,, and Q(0) # Q(1). As we traverse
L starting at Q(0), there will be a first time, ¢, that L is within § of a vertex of
the square. Call that vertex S;, and call Q(¢,) the point S{. Denote by S; the
vertex diagonally opposite S,. Now continue traversing L until it gets within } of
one of the vertices adjacent to S,. Call that adjacent vertex S,, and denote a point
on L within { of S, by S = Q(¢,). S, and S, are endpoints of a side of the
square, they orient the boundary in the order S,S,S;S,, and L must approach S,
eventually, for values of the parameter ¢ > t,. Select a point on L within } of

S,, call it S = Q(t,), and the desired naming is accomplished.
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Twenty-fourth International Olympiad, 1983

1983 /1. We first show that 1 is in the range of f. For an arbitrary
xq > 0, let
1

Yoo f(xo).

Then the given equation (i) yields

f(xof(J’o)) = yof(xo) = 1,
so 1 isin the range of f. [The same argument shows that any positive real
number is in the range of f.] Hence there is a value y such that f(y) = 1.
This together with x = 1 in (i) gives
f(-1) =f(1) = »f(1).
Since f(1) > 0 by hypothesis, it follows that y = 1, and

f) =1
When we set y = x in (i), we get
(1) f(xf(x)) = xf(x) for all x > 0.

Hence xf(x) is a fixed point of f. Now if a and b are fixed points of f,
that is, if

f(a) =a, f(b) = b,
then (i) with x = a, y = b implies that
f(ab) = ba,

so ab is also a fixed point of f. Thus the set of fixed points of f is closed
under multiplication. In particular, if a is a fixed point, all non-negative
integral powers a” of a are fixed points. Then since by (ii)) f(x) — 0 as
x — o0, there can be no fixed points > 1. Since xf(x) is a fixed point, it
follows that

for all x.

< | -

() (x) <1, or f(x)<

Let
a=zf(z), O f(a) = a.

Now set x = 1/a and y = a in (i) to give

f(%f(a)) ) =1- f(l)
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or

1 1 1 1
-2 = sm)-7
This shows that 1/xf(x) is also a fixed point of f for all x > 0.
Therefore

% | =

f(x) >
This together with (2) implies that

(3) f(x) =

The function (3) is the only solution satisfying the hypothesis.

1

X .

P,

0,

1983 /2. Let O be the intersection of P,P;, 0,0, and 0,0,. The two
circles are homothetic and O is their center of similitude.t Let B be the
other point of intersection of the circles, T be the intersection of AB with
P,P,, and C be the other point of intersection of O4 with C,. Since
TA - TB = TP} = TP}, TA is the perpendicular bisector of M,M,.
Hence a = £ZAM,0, = £AM,0, = ZBM,0,. By homothety a =
£ZCM,0,. Hence M,, C and B are collinear. Now by reflection 8 =
£0,AM, = £0,BM,. From the isosceles triangle CO,B we get Z0,CM,
= B, and by homothety £0,4AM; = B. Thus both angles in the original
question are equal to 8 + £ M, A0,.

FSee Glossary.
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1983 /3. Assume that 2abc — bc — ca — ab is expressible in the form
xbc + yca + zab. Since (a,b) = (a,c) =1, a must divide x + 1. Thus
x+1>a, and similarly y + 1> b, z+ 1 > ¢. However, this leads to
the contradiction

2abc = (x + 1)bc + (y + 1)ca + (z + 1)ab > abc + bca + cab = 3abc.

To show that every n > 2abc — bc — ca — ab is expressible in the form

xbc + yca + zab, x,y,2>=0,

we first solve a simpler problem, involving only two natural, relatively
prime numbers, b and c¢: Find the largest integer n which cannot be
represented as

n=ub+vc with integers 4’ > 0, v’ > 0.

To solve this problem, we determine al/l numbers m which cannot be so
represented. Now since (b, c) = 1, every integer m can be represented as

m = ub + vc, u, v integers.}

This representation is not unique; but all others are of the form
m= (u—kc)b+ (v+ kb)c,  k any integer.
Is there, among these representations, one where

u—kec>0, v+ kb>07?

To decide this, choose k as large as possible, so that u — k¢ > 0; if, for
this choice of k, v+ kb >0, then m can be represented as linear
combination of b and ¢ with non-negative coefficients. Clearly, for the
largest choice of k,

O<u-—kec<c.
Set u’=u — ke, v =v + kb, and write
(1) m = u'b + v'c;

call this a reduced representation if 0 < u’ < c.

We have shown
(a) Every integer m has a reduced representation.
(b) The integer m can be represented with non-negative coefficients if and
only if its reduced representation (1) has v’ > 0.

This tells us that the numbers m which cannot be represented as desired
are of the form (1) with

Osu <ec, v <0;

tFor a proof, see e.g. C. D. Olds, Continued Fractions, NML vol. 9 p. 36 ff.
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the largest among these has
w=c—1, V= —1,
so the largest is

(2) m=(c—1)b-—c=bc—b-—c.

We now return to the given problem and shall make use of the above
result twice. Since (b,c) =1, we have b>1, ¢ > 1, and

b(c—1)>c-1, or bc—=b—-c>-1.

Multiply both members by a > 0, and add abc — bc to both sides,
obtaining

2abc — ab — ac — bc > abc — a — bc.

Now if n is an integer such that

(3) n > 2abc — bc — ca — ab,
then also
(4) n>a(bc) —a— (bc).

This inequality and the fact that (a, bc) = 1 allow us to apply our previous
result (with bc now playing the role of b in (1) and a that of ¢); ie. n is
large enough to be expressed as

(5) n=xbc+pa with0<x<a-—-1, p>0.
From (5), we have

pa=n—xbc>n— (a— 1)bc=n— abc + bc,

and from (3),
n — abc + bc > abc — ab — ac.
. Thus

pa > abc — ab - ac or p>bc—b—c.

Another application of our solution to the simpler problem gives the
representation p = yc + zb with integers y, z > 0. Setting this into (5),
we find

n=(yc+ zb)a+ xbc = xbc + yca + zab, x,y,z>0.

This problem is given as an exercise in H. L. Keng, Introduction to Number
Theory, Springer-Verlag, Heidelberg, (1982) pp. 11-12, together with the following
unsolved variant: If q, b, ¢ are positive integers with (a, b, ¢) = 1, determine the
largest integer not representable as ax + by + ¢z with x, y,z > 0. )
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B D C

1983 /4. We will show that the answer is in the affirmative. Our proof is
indirect. First we choose points D, E, F on BC,CA, AB respectively,
such that BD/DC = CE/EA = AF/FB = 2. It follows easily that AFE,
BDF, and CED are 60°-30°-90° triangles. We now assume there exists a
two-coloring of the points of &, say red and blue, so that there are no
monochromatic right triangles. Two of the points D, E, F must have the
same color; say £ and F are red. Then every point in AC — [E] must be
blue. This in turn implies that every point P in AB U BC — [A4, C] must
be red, since otherwise the triangle APQ, where Q is the orthogonal
projection of P onto AC, would be monochromatic. But then triangle
BFD is monochromatic. This gives a contradiction, and so every two-color-
ing of & must contain a monochromatic right triangle.

1983 /5. We construct a set 7 containing even more than 1983 in-
tegers, all less than 10° such that no three are in arithmetic progression,
that is, no three satisfy x + z = 2.

The set T consists of all positive integers whose base 3 representations
~have at most 11 digits, each of which is either 0 or 1 (i.e., no 2’s). There
are 2!'' — 1 > 1983 of them, and the largest is

1+32+ 33+ ... +319=288573 < 10°.

Now suppose x + z =2y for some x, y,z € T. The number 2y, for
any y € T, consists only of the digits 0 and 2. Hence x and z must
match digit for digit, and it follows that x = z = y. Hence T contains no
arithmetic progressions of length 3, and the desired selection is possible.

1983 / 6 First solution. In establishing triangle inequalities, it is often
helpful to use the transformation a=y+z, b=z+x, c=x+y,
where x, y, z are arbitrary non-negative numbers. Inversely

x=4%(b+c—a)=s—a, y=s5s—-b, z=s5—c,

where s = $(a + b + ¢).
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Then for any triangle inequality I(a, b, c) > 0, we have
I(a,b,c) >0 I(y+z,z+x,x+y)>0.

Dually, for any x, y, z inequality J(x, y, z) > 0, we have
J(x,y,z)>0e J(s—a,s—b,s—c) > 0.

One advantage of the x, y, z formulation is that the bothersome triangle
constraints b+ c¢>a, ¢c+a>b, a+ b> ¢, are transformed into the
simple statement that the semi-perimeter minus any side is positive.t In the
x, y, z formulation, the given inequality reduces to

(1) xpd 4y + 23 > xpz(x +y + 2).

To prove (1), we use Cauchy’s inequalityz in the following manner:

(xp* +y22 + 2x3)(z 4+ x +y) > (yyz + zy/xpz + xy/xpz )2
=xyz(x +y + )%

There is equality if and only if (xy?, yz3, zx3) = k(z, x, y). Thus x =y
= z, i.e. the triangle is equilateral.

Second solution. (due to Bernhard Leeb) After some algebraic manipula-
tions, the given inequality can be rewritten in the form

(2) a(b-—c)(b+c—a)+bla—b)a-c)a+b—-c)>0.

Since a cyclic permutation of (a, b, c) leaves the given inequality un-
changed, we can assume without loss of generality that a > b,¢; (2) is
valid since b+ c—a (or x) and a+ b —c (or z) are > 0. There is
equality if and only if a = b = c.

In both solutions, the equality holds in (1) and (2) also when the triangle is
degenerate, a circumstance ruled out in the problem statement.

Twenty-fifth International Olympiad, 1984

1984 / 1 First solution. Since x, y, z are non-negative and x +y + z
= 1, at least one of these three numbers, say z, is < 3. Thus the given
expression

G=yz+zx+xy—2xpz=z(x+y) + xp(1 — 2z2)

written as a sum of non-negative terms is non-negative. For the least value
of G, one of x, y must be 1 and the other 0. Thus, G > 0.

tFor further applications of the a, b, ¢, —x, y, z duality, see Crux Mathematicorum 10
(1984) 46-48, 11 (1985) 179-180.
}See Glossary.
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By the A.M.-G.M. inequality,

x+y=2/xy, so(1—2z) > =(x+y)>dxy.

Therefore,
G 7 7
—E—z(x+y)+xy(l—22)—5
(1-2)+ ! 1-2)’(1-2 ’
< — —_ —_ — —_—
z z 4( z z) >

(3z — 1)%(6z + 1)
= - <
108
Thus, 0 < G < 7/27. The maximum value of G is taken on only for
=z =

X =)y

Ry

Second solution. In terms of homogeneous polynomials, the given left
hand inequality is equivalent to

(x+y+2z)(yz+zx + xp) > 2xyz, where x,y,z>0,

since x + y + z = 1. This inequality follows immediately from the known,
sharper inequality

1 1 1
x y oz

(1) (x +y+2z) >9

which can be derived, for example, by applying the A.M.-G.M. inequality
to each factor on the left, and which is equivalent to

(2) (x+y+2z)(yz+zx + xp) > Ixpz.
In terms of the elementary symmetric functions
T,=x+y+z, T,=yz+zx+xy, and T;=xyz
of x, y, z, (2) takes the form
T\T, = 9T;.
The given right hand side inequality, G < 7/27, is equivalent to

7
(x+y+z)(yz+zx-+—xy)—2xyz<E(x+y-+—z)3

or to
1T > 21T,T, — 54T,.

It is knownt that the “best” linear inequality in T, T,T,, and T is
(3) T} > 4T\T, — 9T;.

+See R. Frucht, M. S. Klamkin, “On best quadratic triangle inequalities,” Geometriae
Dedicata 2 (1973), 341-348.
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By “best,” we mean that if there is any other valid inequality of the form
T} > aT\T, — bT;,
then
4T\T, — 9T, > aT\T, — bT;.

In particular

4
__T3’

27
4T\T, — 9T, > — -

7 T1T2 -

and this reduces to T\T, > 9T, and therefore to inequality (1).
For completeness, we establish (3). After some algebraic manipulation,
(3) turns out to be the special case, n = 1, of Schur’s inequality

(4) x"(x—y)(x=2) +y"(y —2)(y —x) +2"(z = x)(z - y) > 0
for n>0 and for all real x, y,z. We can assume without loss of
generality that x > y > z. Then the inequality (4) follows from the two
obvious inequalities

x"(x—y)x-z)>y"(x-y)(y—-z) and z"(z-x)(z-y)>0.

Remark. Many contestants used multivariate calculus in this problem to the
chagrin of many jury members. However, it should be pointed out that calculus
problems are not in the wunwritten syllabus for IMO problems. Although an
occasional IMO problem can be solved by means of calculus, so far all such
problems could be done more simply by more elementary methods. Nevertheless,
since many contestants are knowledgeable in the calculus and the method of
optimization is a standard one, there is no reason why students should avoid it,
especially if they do not see a more elementary solution at the time. But to get full
credit, the contestant must establish all necessary and sufficient conditions.

1984 / 2 Solution (due to Jeremy Kahn). We have
(a+b) —a” —b" =Tab(a + b)(a® + ab + b2)’.

Since 7 does not divide ab(a + b), we must choose a, b so that 73
divides a? + ab + b2, i.e. so that

(1) a? + ab + b? = 0(mod 7°).
Since
(2) a®— b= (a—b)(a®+ ab + b?),

(2) is equivalent to
3) - a® = b3*(mod 7).
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' By Euler’s extension of Fermat’s theorem,{ for any number ¢ relatively
prime to n, we have

c*™ = 1(mod n); now ¢(7%)=(7-1)7>=3-98,

so ¢*% = 1(mod 7°) for any c¢ # O(mod 7), e.g., for ¢ =2. Set b =1,
a = 2%; then

(2°%)’ = 1(mod 73).

Moreover, since 2% = 4(mod 7), a + b =2+ 1= 5mod 7) and a — b
= 2% — 1 = 3(mod 7), 7 does not divide ab(a + b) nor (a — b).

Now 2% is terribly large and can certainly be reduced to manageable
size (mod 7% = 343). For example,

210=1024=3-72 -5, so 2= —5(mod 7)), 2% = 25(mod 7°),
29 =61, 2% =-52, 2%=-83 2%= -87, 2% =18(mod7?).

So a=18, b=1 isasolution.

Remark. Many contestants solved this problem by educated trial and error as
follows: First they established as above that (1) is satisfied. Also from (a + b)? >
a’ + ab + b* > 7° = 343, they concluded that a + b > 18, and then were very
fortunate in that the first case, a + b = 19, worked with a or b = 18. This would
have been a much better problem if it had asked for a family of solutions.

1984 / 3. Suppose every point of the plane has been colored with one of
n different colors; then on any subset of points, k < n colors may appear.
There are altogether

n

£ (-1

k=1

different color combinations that may appear on a pointset.

Now consider the set of all concentric circles with center O whose radii
are less than 1. Among any 2" members of this family of circles, there are
at least two, call them R and S, bearing the same set of colors. We name
them so that their radii » and s satisfy 0 <r <s < 1.

We claim that there is a point Y on R such that the circle C(Y'), whose
radius is

a(y)

’

r

r+

coincides with S; that is, such that

a(¥) _

r+ s or a(Y)=r(s—r).

tSee Glossary.
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Clearly, 0 < r(s — r) <1, and as point X moves along R in the coun-
ter-clockwise direction (starting on line OA), the measure of angle 40X
covers every point in the interval (0,1). When this angle has measure
r(s — r), X has the desired position Y on R, so C(Y) = S. Moreover,
the color of Y appears somewhere on circle S.

[}
i !
A E B F

1984 / 4. Solution (due to Loren Larson and Bruce Hanson)j. First we
consider rays OL and OM making an acute angle § = ZLOM and two
points E and F on one of the rays, say OL, with E between O and F;
see figure. Let C(E, F) denote the circle with diameter EF. Then, by
similarity, C(E, F) is tangent to OM if and only if the ratio

EF K8
or ~ k()
is independent of the particular choice of E, F, i.e., if and only if K(8) is
a constant for fixed 6.

Now consider our problem and assume first that AB and CD are not
parallel. Take OL and OM to be rays passing through A4, B and C, D
respectively. Since C(4, B) is tangent to OM,

AB

op ~ K(0);

and the circle C(C, D) is tangent to OL if and only if
DC
5c = K(0).

These ratios, AB/OB and DC/OC, are equal if and only if BC is
parallel to AD.

+This solution was published in Math Magazine, 58 (1985) p. 59.
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In the case that AB and CD are parallel, the circle C(C, D) is tangent
to AB if and only if AB = CD, and this holds if and only if ABCD is a
parallelogram, i.e., if and only if BC and AD are also parallel.

1984 /5. Consider the convex polygon A,A4,4,... A,_,, with the sub-
scripts reduced (mod n). Let A,4; be a diagonal. Then by the triangle
inequality,

AA;+ A Aj > A A + A4

When we sum these inequalities over all in(n — 3) diagonals 4,4 ;» each
diagonal occurs twice on the left, and each side n — 3 times on the right;
so we get
2d
2d>(n-3)p or n—3<;—.
To obtain the upper bound, consider the diagonal A4,4;. Since it is the
shortest path connecting 4; and A, it is shorter than each polygonal path
joining its endpoints. Thus we have both:

AA; < AA; + - +4;14; and A A, <AA + - +A4, 4,

If n isodd, say n =2k — 1, use for any diagonal 4,4, that of the two
inequalities above with fewer terms on the right. When we sum these
in(n — 3) inequalities, we get a d on the left, and on the right a sum of

side lengths where each side appears exactly 2+ 3+ --- +k—1=
3k(k — 1) — 1 times. Therefore

P p(fn+t+l n-1
d< 5(k(k—l)—2)=—(

If n is even, say n = 2k, use the same inequalities as above except for
diagonals A4,4,,,. For these k “diameters”, use the inequalities 4,4, , <
1p. Summing these in(n — 3) inequalities, we get

d<k-gp+gp(k(k—1)—z)=g(k(k—1)—z+k)

P2 _p(n_
- Sk —2)—2(4 2).

n+1
2

n—=1 [nifn+1 _
for odd n, = [5] , where [x] denotes the integer part of

n> [n
Finally it is very easy to show that for even n, i [5]

], and

4 2
x. Thus the upper bound for 4 in all cases can be written

BT
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1984 / 6. Since ad = bc, we have
al(la+d)—(b+c))=(a—b)a-c)>0,
sothat 2 =a+d > b+ ¢c=2", hence k > m. Since
ad = a(2 — a) = bc = b(2™ - b),
we have
b2—a?>=2"(b-2*"ma) =(b—a)(b+a);
therefore 2™ divides (b — a)(b + a). The numbers b — a and b + a are
not both divisible by 4, because their sum, 2b, is not. We conclude that
one of them is divisible by 2™~!; denote it by x. Then
O<x<gbta<b+c=2"
so that we must have
x=2m"1
The number b + ¢ — x = 2™~ ! is equal to either ¢ + a (if x =b — a) or
to c—a (if x=5b+a). If a, b had a common divisor, d, then d would
divide also their sum (and their difference); but x is divisible only by 2,
a, b are odd, so (a, b) = 1. Similarly, (a, c) = 1. However, a divides bc.
Consequently a = 1.
Remark. With a little further work we can determine all a, b, ¢, d, satisfying the
given conditions. Since
b—a<b<i(b+c)=2""1,
we have b — a # 2™~ !; hence the number x defined above is b+ a = 2""1.
Since a = 1, this gives b = 27"l 1, ¢=2"—p=2""141, and finally
d=bc=2""2-1.

Conversely, for any integer m > 3, the numbers a=1, b=2"""!~1, ¢=

2771 4+ 1, d = (2""1)? — 1 satisfy the given conditions (with k = 2(m — 1)).

Twenty-sixth International Olympiad, 1985

1985 / 1. In the figure, O on side AB is the center of the circle, and
E, F,G are the points of tangency. We rotate AOFC about O to get
AOEH, where H is on line AD. Set § = Z4OCF = £OHE; then also
£20CG = 8.

Since quadrilateral ABCD is cyclic, £ZOAH = 7 — 26, so that
LAOH =q — (0 + 7 —20)=0 = £LAHO. Hence

(1) OA = AH = AE + FC = AF + GC.
By the same argument, i.e., by rotating AOFD about O into AOGK, K on
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line BC, etc., we find
(2) OB = BK = BG + GK = BG + ED.
Adding (1) and (2), we have AB = AD + BC.

1985 / 2 Solution (due to Waldemar Horwat). To show that all elements
have the same color, we shall permute them in such a way that the given
conditions imply that each element in the permuted set has the same color
as its predecessor.

We consider the first » — 1 multiples of k& and reduce them (mod n),
setting

m, = rk(mod n), r=12,....,n—-1.
Since (n, k) =1, rk # 0, and since ik = jk(mod rn) if and only if i = j,
the set {m,, m,,..., m,_;} is a permutation of M.
Now
(a) m,=m,_, +k if m,_,+k<n,
and
(b) m,=m,_,+k—n if m_,+k>n.

In case (a), m, has the same color as |m, — k| = m,_, by (ii); in case (b),
m, has the same color as |m, — k| = n — m,_; by (ii), which in turn has
the same color as m,_; by (i).

1985 /3. We first observe that in the special case k = 2", all coeffi-
cients in the binomial expansion of (1 + x)* except the first and last are
even. So

(1) (1+x)* =1+ x*(mod?2).
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Secondly, if R and S denote arbitrary polynomials with integer coeffi-
cients, and

() if deg(R) <k, then w(R + x*S) = w(R) + w(S),

since all terms in R are of lower powers of x than all the terms of x*S.
Moreover, the triangle inequality

w(R +S) <w(R) + w(S)

is valid, since the sum of any odd coefficients of like powers in R and S
yields an even coefficient in R + S, but the sum of even coefficients cannot
create new odd ones.

We shall prove the desired result by induction on i,. When i, = 0, the
results holds trivially. If i, =1, then n is 2 or 1, and again the result
holds trivially.

Now suppose that i, > 1. Choose m so that k = 2" < i, <2™*! and
denote Q, + Q, + --- +Q, by Q. Either (a) i; <k, or (b) i, > k.

Case (a). Choose r so that i, < k <i,,, and set

Q=0,+Q,+ +0Q,+ 0 + - +0, =R+ (1+x)"s,

where R is the sum of the first » Q,’s, and deg(R) and deg(S) are < k.
Now

w(Q) =w(R+ (1+ x¥)S)
=w(R+ S+ x*S) by (1)
=w(R+S)+ w(S) by (2).

Since R=R + 85— S and w(—S) = w(S), the triangle inequality yields
w(R) < w(R + §8) + w(S), so

w(Q) > w(R),
and by the induction hypothesis, w(R) > w(Q, ). Therefore, in case (a)

w(élg,/) >w(Q,).

Case (b). i; > k = 2", so we can write
0, =(1+x)R and 0=(1+x)"s.
Since i, < 2™*! deg (R) and deg(S) are < k. We again use (1) and (2)
to get
w(Q) = w(S + x*S) = 2w(S).
By the induction hypothesis, w(S) = w(R), so
w(Q) > 2w(R) = w(R + x*R) = w(Q,).

This completes the solution.
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1985 / 4. Since there are only 9 primes < 26, each of the 1985
members of M has a prime factorization in which at most 9 distinct
primes occur:

(1) m = phkipk ... pks, k, integers > 0, for each m € M.

1

To each member of M we assign the 9-tuple (i.e. the vector)

(%5 X354+, Xg)

where

x; = 0 if the exponent k, of p; in (1) is even,

x; =1 if k; is odd.

Thus 2° distinct vectors are possible. By the pigeonhole principle, any
subset of 2° + 1 elements of M contains at least two distinct integers, say
a, and b;, with the same exponent vector. It follows that their product is
a perfect square: a,b; = c?.

When we remove such a pair from the set M, we are left with 1985 — 2
> 2° + 1 numbers, apply the pigeonhole principle again and continue
removing such pairs as long as at least 2° + 1 numbers are left in M.
Since

1985 > 3(2° + 1) = 1539,

we can remove 2° + 1 pairs a,, b, and still have 1985 — 2(2° + 1) = 959
> 2° + 1 = 513 numbers left in M.
We now look at the 2° + 1 removed pairs and take the square roots c,

of their products a,b, = ¢
¢, =ab,.

The ¢; cannot contain prime factors other than py, p,,..., p,, so there is
at least one pair, ¢, ¢; with the same exponent vector, and c;c; = d? for
some integer d. It follows that

4_ 2.2 _
d® = cjc; = a;bab,

for some a;, b, a;, b, in M.

Note that the same argument yields the more general result: If the prime divisors
of M are limited to n distinct primes, and if M contains at least 3(2" + 1) distinct
elements, then M contains a subset of four elements whose product is the fourth power
of some integer.

1985 / 5. The three circles, taken in pairs, have as radical axes the three
lines through AC, through KN, and through BM. The center of the
circumcircle of AABC and O lie on the perpendicular bisector of AC, but
the center of the circumcircle of A BKN does not, since the circumcircles of
ABC and BKN intersect in two distinct points. It follows that the three
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radical axes concur at a point P, called the radical center, whose powers
with respect to all three circles are equal.} Also, it follows easily that
£LPMN = £BKN = ZNCA, and thus PMNC is a cyclic quadrilateral.
Then by the power of a point theorem,

(1) BM - BP = BN - BC = BO? — r2,
(2) PM - PB = PN - PK=PO*—r?,

where r = OC is the radius of the circle with center O. Subtracting (1)
from (2), we get

(3) PO? — BO* = BP(PM — BM) = PM? — BM?,
which implies that OM is an altitude of AOBP.

1985 /6. Let P,(x) = x and define

1
(1) P,..(x)= P,,(x)(P,,(x) + ;) for n=1,2,...

tFor a full discussion of radical axes and power of a point with respect to a circle, see eg.
Geometry Revisited by H. S. M. Coxeter and S. L. Greitzer, NML vol. 19, Sections 2.2, 2.3,
especially Theorem 2.31, p. 35. See also Glossary.
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From this recursive definition, we see inductively that
(i) P, is a polynomial of degree 2"~ !,
(i) P, has positive coeflicients, is therefore an increasing, convex func-
tion for x > 0,
i)y P,0)=0, P(1)>1
(V) P,(x;)=x
Since the condition x,,, > x, is equivalent to
1
X, > 1- ;,
we can reformulate the problem as follows: Show that there is a unique
positive real number t such that

1
1-—<P(r)<1 for every n.
n

Since P, is continuous and increases from 0 to a value > 1 for
0 < x < 1, there are unique values a, and b, such that

n

1
(2) a,<b, Pla)=1-—, P(b)=1
n

Since by definition (1)

1 1 1 1
e~ (1= [ )1
and
1
Pn+1(an+1) 1- P
we see that
(3) a,<a,,

1
Also, since P,,H(b )=1+ —and P, ,(b,.1) =1,

(4) b,> b, ;.
And since P, is convex, the graph of P,(x) lies below the chord y = bl"x
for 0 <x<b, so
P(x) < bi for 0 < x < b,.
In particular, P,(a,)=1— l a_ From this and the fact that b, <1

= b,
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we find that

b,
bn_7<an’ bn_an<

bn
— for all n.
n

S| =

<

Thus we have two infinite bounded sequences {a,}, {b,}, the first is
increasing, the second decreasing, a, < b,, and the difference between
their n-th members approaches 0 as n increases; we conclude that there
is a unique common value ¢ that they approach:

a,<t<b, for all n.

This number uniquely satisfies

1
1-—-<P(t)<1 for all n.
n



SOLUTIONS, ALGEBRA 61
Algebra

A/1. Let v, be the vector of length 1 forming an angle 27k/n with
the positive x-axis. We prove a sharpened form of the statement, namely
that we can choose a permutation (b, b,,..., b,) of (1,2,..., n) such that
the vector
(1) S=byv,+by,+ --- +by,

n'n

= 0.

Here we wrote the sum so that the angles (instead of the coefficients) should
be in their natural order. The generalization consists of showing that the
entire vector can be made o rather than just the x-component as required
in the problem.

If n has at least two distinct prime factors it is the product of two
relatively prime integers, n = pg, with p > 1 and ¢ > 1. The construc-
tion is based on the following facts: For r = 1,2,..., p,

(2) Vot Ve, Vg, o Y1y, = O

The reason for this is that the vectors in each of these sums form a regular
g-gon, which is a closed polygon. Similarly, for s = 1,2,..., 4,

(3) vs+vs+q+vs+2q+ e +vs+(p—1)q=o'

Now multiply the r-th equation (2) by r, the s-th equation (3) by
(s — 1)p, and sum the resulting equations over the p values of r and the
q values of s. Let b, be the coefficient of v, in the resulting equation.
We have to show that every integer from 1 to n occurs once among the
b,. This is a consequence of the Chinese Remainder Theorem.} The
above construction says that if kK = r(mod p) and k = s(mod g), then b,
=r + (s — 1)p. We know that each pair of remainders (r, s) with r and s
in the above ranges will occur exactly once as k& goes from 1 to n. Also,
each integer between 1 and n can be represented in exactly one way in the
form r + (s — 1)p with r and s in the given ranges. This verifies that the
above solution is correct.

We show a figure to illustrate the construction for n =15, p=5, ¢g=3. The
first addend at the end of each vector is contributed by the equation of the type (2)
and the second, by the equation of type (3). We might note that the construction
can be varied considerably.

1See Glossary.
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A0
4+0=4
§13

3+10

AN
XQ
Z=
0+Z
S+10=15
3
g=5"
N
S

Remark. It is of interest to note that if n is a prime, n = p, and (1) holds with
integer coefficients, then all the b, must be equal.

To prove this we regard our vectors as complex numbers. Then v, = vf by De
Moivre’s Theorem. Also, v,..., v, =1 are the roots of

(4 xP —1=0.

We now need some facts of algebra for which we refer to a college algebra text.}
We need the fact that the second factor in

(5 xP—1=(x-D(xP '+ xP 2+ - +1) =(x - 1) P(x)
is irreducible. The complex number v, is a zero of both polynomials
(6) bx?"' + b, xP72 4 .- +b,

+For example, see G. Birkhoff and S. MacLane, A Survey of Modern Algebra, MacMillan,
N. Y. (1953).
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and
(7 xP Tl xPT 4 L

Thus the two polynomials (6) and (7) have x — v, as a common factor. Conse-
quently the greatest common factor with integer coefficients of (6) and (7), given by
Euclid’s algorithm, is not constant. Since (7) is irreducible the greatest common

factor must be a multiple of (7). Since (6) has the same degree as (7), (6) must be
just an integer times (7). This completes the proof.

A /2. By the Newton-Gregory interpolation formulat we know that

990
x =992 ,;

(1) P(x)= X ( j )AIF992’

Jj=0

where A’Fy,, are the successive forward differences at 992 of the sequence

Fyy,, Fygs, . .., Figg,. For an arbitrary sequence aggy, Gggs, ..., d1g,, these

differences are the numbers on the left diagonal of the array

A9y A gg3 Ag94 Qg5 T 1982
Aayy, Aayg, Aagy, Tt Aaygq
2 2 2
2 ANayg, Aa gy, te Aa;gq
3 e 3
A Qg9 A Q1979
990
A" agq,

where Aa; =a;,,—a; Na;=Aa;,,—Ba;=(a;.,—a;.1) —(a,,,—a)
=a,.,— 2a,,,+a,; etc.

In the special case where a; = F,, a major simplification occurs. Since
AF,=F, , — F,=F,_,, the second row of (2) becomes Fyy Fy,
Fyo; ... Figs0. By the same token, the third row of (2) becomes
Fygo Foo; - . . Fyg79, etc. In particular we have A/Fyy, = Fyy,_,, and therefore
(1) can be written in the form

-

990
x — 992
(3) P(x) = 'Zo( j )F992,'-
j=
We are now ready to prove that

Let Q(x) be the polynomial of degree 991 such that Q(k) = F, for
992 < k < 1983. By the same reasoning used to derive (3), we have

o(x) = % (x _»992)1:992—1-

j=o\ J

1See e.g. E. Whittaker, G. Robinson, Calculus of Observations, Dover, N. Y. (1967) pp 10,
16.
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Thus Q(x) = P(x) +(x ;9‘1’92
We now set x = 1983 and use the fact that Q(1983) = Fgq,. This gives
Fiog3 = P(1983) + 1,
which proves (4).

A/3. By letting n = 0,1,2,3, successively, we find that u, =1, u, = 2,
u, = 22 u, = 2°. Consequently, we conjecture that u, = 2" for all n;
we will establish this result by induction. We assume that u, = 2% for

k=0,1,2,...,n— 1. Then from the given relation and the induction
hypothesis,

Lon+ + P\rner
O wmum S (e L (M

r=1 r=1

If it were known that
‘ + n—r n n
(2) ;(", P

it would then follow from (1) that
(u, —2")(u,+2"-1)=0;

and since u, >0, u,=2" which would complete the induction and
establish u, = 2" as the unique solution of the problem.
Now (2) is easily shown to be equivalent to

n

(3) = Z (n ;l; r)znfr'

r=0

Although (3) is a known binomial identity, we give several proofs including
generalizations.

P,: Denote the right side of (3) by a,. Using the identity

(njr)=(n:31l-r)+(n—}+r)

we obtain

i (n ;‘E i" r)zn—(r—l) +2 i (n bt } + r)2n71~r
r=0

where we have made the substitution r — 1 = s in the first term. Thus,

1 1
an = E(an - (2nn)) + 2an—1 + (2nn l) = Ean + 2an—1’
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which reduces to

a,=4a,_,.

Since a, = 1, we get a, = 4" = 22" by induction.
Our next two proofs are probabilistic.

P,: The identity (3), which we re-write in the form

n

Z (n ; r)z_,,_, =1,

r=0
corresponds to the special case x = 1/2 in the more general identity

(4) (" n A=) 11 - x)) = 1
r=0

To derive (4), assume two teams 4 and B are playing a World Champion-
ship Series. The first team to win n + 1 games (there are no ties) will be
the World Champion. Let x be the probability that team A beats team B
in any game and then 1 — x is the probability that B beats A in any
game. In a n + 1 + r game series where r can be 0,1,2,...,n, A4 can
only win the series by winning the last game and any n games of the first
n + r games played. Consequently, the probability that 4 wins the series
is given by

P(A) = éo(n : r)xn+1(1 _ X)r.

Similarly, the probability that B wins the series is

n

P(B) =% ("} ") -x)""x".

r=0

Finally, we must have P(A) + P(B) = 1 which is identity (4).
In a similar fashiont, (4) can be generalized to

S(x,y,z,m,n,r)+S(y,z,x,n,r,m) + S(z,x, y,r,m,n) =1
where
n r
S(x, y,z,m,n,r)=x"*1 YN yizk(j+ k + m)!/jlk!m!
j=0 k=0
and x +y+:z=1.

P,: For our last proof, we consider a famous problem in probability
theory, known as Banach’s matchbox problem. It is usually formulated as

+For proofs and extensions to any number of variables, see Problem 85-10, SIAM Review 28
(1986) 243-244.
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follows. An absent-minded professor carries 2 matchboxes, labelled 4 and
B, in his pockets. Each originally contains n matches. When the professor
wants to smoke, he chooses a matchbox at random, selects a match from it,
and lights his pipe. One day he chooses matchbox A, but finds that it is
empty. What is the probability that matchbox B contains exactly r
matches (0 < r < n)?

To solve this problem we suppose that each box contains infinitely many
matches! We then allow the professor to select a total of n + » matches
from the two boxes. The problem now becomes: what is the probability that
in this process, n matches are selected from A, and r matches are

selected from B? This probability is clearly (n j r) /2"*". The sum of
these probabilities from r=0 to r=n is 1, so

Eo(n r) 2"1+' =L

which proves (3).

Remark. In the matchbox problem, suppose the boxes are not chosen at random,
but rather that A4 is chosen with probability p, while B is chosen with probability
1 — p, where 0 < p < 1. Then the desired probability is no longer (" j r) /2
but rather (" j "yp"(1 — p)". Since these probabilities sum to 1, we obtain the

more general identity
n

+ n r
(5) Y ("I ra-p) =1
r=0
To see how (4) follows from (5), interchange p and 1 — p, also n and r, in (5):

n

(57) L("y)a-pnp-1

r=0

Multiply (5) by p, (5’) by (1 — p), and add. The resulting identity is (4) with
x =1 — p. Question: Can (5) be deduced from (4)?

A /4. Define

a b c
.= (bc — a*)" * (ca — b?*)" * (ab — c*)"’
and
1 1 1
bc—a2+ca—b2+ab—cz'

Multiplying Q and P; we find after some algebraic simplification that
QP, = P,, an identity valid for all real numbers a, b, ¢ for which the
denominators in Q are not zero. If Q =0 for certain real numbers
a, b, c, then also P, = 0, as was to be proved.

Q
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We note that an additional consequence of this proof is that if P, =0
then P, = 0. Furthermore, the results hold not only for real numbers, but
more generally for complex numbers.

A /5. The key to the solution of this problem is the identity
(1) tan Atan BtanC = tan 4 + tan B + tanC
for any 3 angles A, B, C with sum 180°. To prove this we note that
. tan A + tan B
tanC = tan(180 - A - B) = —tan(A + B) = m,
which proves (1).
Now denote the common value of the two sides of (1) by a, and set
b =tan Atan B + tan AtanC + tan BtanC.
Then
(2) (x—tanA)(x —tanB)(x — tanC) = x* — ax? + bx — a.

Hence, if we denote the remaining zero of the given polynomial

x—pxP+gx?—rx+s
by R, we have
(x3—ax*+ bx —a)(x —R)
=x*~(a+R)x>+ (b+aR)x*— (a+ bR)x + aR
=x*—px3+gx?—rx +s.
Equating coefficients of x3, x2, x,1 in both expressions, we obtain the
following four equations:
@) a+ R=p, (ii) b+ aR =g,
(iii) a+ bR =r, (iv) aR =s.
Our task is to eliminate a and b, and solve for R. Subtracting (iv) from
(ii), we obtain
b=gq—s.
Subtracting (iii) from (i), we get
(1-b)R=p-—r.
If b # 1, we have
p—r p—r
T1-b 1-g+s
If b=1, the right hand side of (2) becomes x*—ax’+x-—a=
(x — a)(x?* + 1). Since this polynomial has only one real zero (while the

R
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problem asserts that there are at least three), this case cannot occur. Thus in
allcases R=(p—r)/(1 — q + s).

A /6 First solution. The hypothesis that S, =S,= --- =§,,; is un-
necessarily strong. We need it for n =1 and n =2, but for n > 3 we
need only the weaker hypothesis that S, = §; = §,.

Case 1. n = 1. The condition S; = S, is x, = x2. This clearly implies
that x;, =0 or 1.

Case 2. n =2. The condition S, =S,=S; is x; + x, = x7 + x3 =
x} + x3. It follows from this that (x; + x,)(x] + x3) = (xZ + x2)?, ie.

xt 4 x3x, + x;x3 + x5 = xf + 2x2x2 + x3.
Subtracting the terms x{ and x} from both sides, we obtain
(1) x5 (x + x3) = 2x2x3.

If x, =0, the equation x; + x, = x} + x? becomes x, = x2, which
implies that x, =0 or 1. So if x; = 0, the proof is complete. The same
applies if x, = 0.

If x;x, # 0, we may divide both sides of (1) by x,x,, getting x? + x2
= 2x,x,. Thus (x; — x,)?=x?+ x3 — 2x,x, =0, and hence x; = x,.
The equation x; + x, = x? + x2 now yields 2x, = 2x?, and since x; #
0, this implies that x;, = x, = 1.

Case 3. n > 3. Consider the sum of squares

@

Since S, = S, = S,, the right side of (2) is 0. Therefore, so is its left side,
which can be only if

(x, - x,2)2 =Y (x2-2x>+x})=8,-28,+8,.
1 i-1

M=

2 _ 2 _ =
X, = Xf=X,—X3= "+ =X

This implies that each x; is either 0 or 1.

Note that we could just as easily deduce the conclusion from the
hypothesis S, = §;,; = S,; for some pair i, j. Also, if the x; are
required to be positive rather than real, then the conclusion follows from
the hypothesis S, = S; = S, for some distinct i, j, k. This can be proved
using Holder’s inequalityt and we leave it as an exercise for the reader.

Second solution. In this solution we will use the full hypothesis that
S$;=8,= --- =8§,,,. By way of compensation, the proof works not only
for real numbers x;, but for elements x; from any integral domaing, for
example the complex numbers.

tSee Glossary.
$G. Birkhoff and S. McLane, A Survey of Modern Algebra, MacMillan, N. Y. (1953), Ch. 1.
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If any of the numbers x; are 0 or 1, we remove them and note that the
remaining x, still satisfy the hypothesis.

Thus we may suppose from now on that no element x; is 0 or 1. We
will proceed to derive a contradiction. Let

(3) P(x)=x"+ax" '+a,x"" 2+ - +a,
= (x—x)(x—x)...(x = x,)
be the monic polynomial whose zeros are the numbers x,, x,,..., x,. We

set x = x;; then
xP+ax" ' +ax!t+ - 4a,=0 for 1<i<n.
Summing these equations over all i, we obtain
S,+aS, ,+a,S,_ ,+ - +na,=0.
Thus if S denotes the common value of S, S;,...,S,,;, we have
(4) S1+a, +a,+ - +a, )+ na,=0.

Now multiply (3) by x and then substitute x = x;. Again the right side
vanishes, so

x;P(x;)=x"""+ax"+a,x" '+ - +a,x,=0 for 1 <i<n.

Summing over all i, we get

S,..taS,+a,S,_,+---+a,5, =0,
and hence
(5) S1+a+a,+...a, ;) + Sa,=0.
Comparison of (4) and (5) gives
(6) Sa, = na,.

From (3) we see that a, = (—1)"x,x,... x,, and since we are treating the
case where no x; is 0, we have a, # 0. Therefore (6) implies that

(7) S=n.
Now consider the quantities
yi=1-x,.
Denote their power sums by T,: T, = Ly* = Y(1 — x;)*. Thus

n— (’l‘)sl + (’2‘)52— (’3‘)53 + o+ (=1)ks,

s[4 4] e

By the binomial theorem,

0=(1—1)"=1—(’1‘)+(’2‘)—(’3‘)+---+(—1)".

T,
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Therefore

and so

By (7), we conclude that
(8) T, =0, k=1,2,....,n+1.

This shows that the set {y,, y,,..., y,} satisfies the conditions of the
problem. Since no x; is 1, none of the y, = 0. Therefore (7) is satisfied by

the set { y;, ¥5,..., ¥, }:

in contradiction to (8).

Remark: Another way to complete the argument, starting from (7), is to appeal
to a classical result of Newton’st}:

The elementary symmetric functions a,, a,,...,4a, of {x, x,,..., x,} appear-
ing in (3) can be expressed in terms of the power sums S, S,,...,S,. Since
{x,x;,...,x,} is the set of zeros of the polynomial (3), it follows that
81, 8,,..., S, determines {x, x,,..., x, } uniquely. According to (7), S, = S, =
«++ = §, = n; this is satisfied by x;, = x, = --- =x, =1, and therefore by no
other set.

A /7. For motivation, we first consider the simpler problem where the
cubic polynomial identity is replaced by
(1) a’*+ b2+ c¢*=bc+ ca+ ab.

It follows that we should be able to rewrite (1) in such a form that the
implications b —c=c—a=a— b are fairly evident. This is indeed
valid, since (1) is equivalent to (b — ¢)? + (¢ — a)* + (a — b)?2 = 0.

1The Newton formulae are

S +a,=0, S +a;8 +24,=0,...,5, | +a;S, ,+ - +(n—-1)a,_, =0,
and
S, +a,S,_,+ - +a,S,_,=0forr>n,
where a) = —Xx,, ay =Lx;x;, a3 = —Lx;x;x;,... seeeq.(3). For several different proofs,

see M. S. Klamkin and D. J. Newman, “Uniqueness Theorems for Power Equations”, Elem.
der Mathematik 25/6 (1970) pp. 130-134, and references therein; also treated there is the
problem: For which values of w is the implication §; =S, = -+ =§, =w=w=S§, ,, =
S,+2 = --- valid? As before, x; and w may be real or complex. Another related but more
difficult problem (due to D. J. Newman) is to determine S,,,, given that §, =k for
k =1,2,..., n. For a solution, see Amer. Math. Monthly 82 (1975) 764-765.
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For the given problem, we now expect to be able also to express the given
identity as a sum of non-negative terms which would imply that a = b = c.
Since the given identity is a cubic and (b — ¢)?, etc. are quadratics, we will
have to multiply the latter terms by some non-negative linear expressions in
a, b,c.

For a triangle, b+ c—a, c+a—b, and a+ b — ¢ are all > 0.
After some trial and error, we find that the given identity can be expressed
as sum of the non-negative terms

(a+b-c)b—c)V+(b+c—a)(c—a) +(c+a—b)a-b)=0.

Hence, a = b = c.
For the second part, let b =3, c¢=1, and then the given relation
reduces to

Fla)=4(a+2) +(@4-a)a-1)+(a—2)(a-3)"=0.

Then since F(0) = —6 and F(1) = 8, there is at least one value of a in
(0,1) for which F(a) =0. Butthen ¢+ a <2 <b.

A /8. The sequences a, and b, are strictly increasing. Consequently, if
a,=b, and a, =b,, with n <n’, then m < m’. Each of the recurrence
equations can be solved explicitly to give

a,.;/n'=a + 1/ +1/2' 4+ -+ +1/n!),
b, /m=b, — (1/11 +1/2! + --- 1/m!).

To show that there cannot be an infinite number of pairs (n, m) such that
a,,, =b, ., we assume there are and obtain a contradiction. For each of

these pairs, we obtain (by subtracting m!/n! times the second equation
from the first)

a1 by 1 1 1
Tl ETRME TR}
1 1 1 \m!
‘(1‘«5* _E)F

.41, then at least one
of the cases n > m, n=m, or n <m holds for infinitely many, and
therefore for arbitrarily large m and n. Recall that 1+ 1/1!+ 1/2!
+ ... =e. Then for n > m and for n = m, the right side of (1) tends to
a,+e—1 and to a, — b, + 2(e — 1), respectively. Since a,, b, are
natural numbers, neither expression vanishes, and so at most finitely many
pairs have n > m or n = m. And in the case n < m, the right side tends
to —oo or oo depending on whether b, >e—1 or b, <e—1. We
conclude that our sequences have at most finitely many common members.

If there are infinitely many pairs such that a,., = b
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Remark. The above proof rests on the assumption that both ¢, and b, are
positive integers. However, the conclusion holds without these assumptions. To
show this we need to make more precise the difference between e and the finite
sections of the factorial series:

1 1 1 d,
e=1+ﬁ+2—!+---+m+m,
where
lim d, = 1.
n— oo
As before we write
a, b, d,
TS w Tlare DGRy
m! d,
-(bl__e+1)ﬁ_(m+—1)n!'

The case n > m: If
a+e—1+#0,
the first term, for n large enough, is much larger than the other terms, and so the

sum of the four terms on the right cannot be zero.
If

a+e—1=0 and b—e+1#0,

then for n large enough the third term is much larger than the remaining two, and
so for large n the sum on the right cannot be zero.
If both

a+e—1=0, b—e+1=0,
then since the remaining two nonzero terms on the right are both negative, their sum

cannot be zero for any n and m.
The two other cases can be handled similarly.

A/9 First solution. We show that all the terms of the sequence
are equal. Since a, = 1, this will imply that a, =1 for all ..
By the triangle inequality,
la; —a)|=la;—a,+a,—a|<l|a,—a,|+|a —a,l
and by hypothesis,
2-2n 1:2n 6n 6
+ < — .
22+ 0?2 12+n> n® n
By taking n sufficiently large, we can make 6/n arbitrarily small; there-
fore |a, — a,| must be zero, and a, = a; = 1. The same argument may be

applied to |a; — a,| for any pair j, k. We conclude that a; =a, = ---
=1

la, —ay| <
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Second solution. We will show that all the terms of the sequence are 1’s.
Hold m fixed and let n —» oo. Then

2mn

lim
n— 00 m2 + n2
Since |a,, — a,| < 2mn/(m?+ n?), this implies that lim,_, _|a,,—a,| =0,
ie., lim,_ .a,=a,. Since this holds for every m, and a sequence can

only have one limit, all the a,’s are equal. So they are all equal to a; = 1.

A /10. Three obvious solutions of

(1) fx +9)f(x = p) = (F(x)f(»))
are f(x)=0, 1 or —1.

Setting y =0, we get (f(x))? = (f(x)*(f(0))? so that, if f(x)+# 0
for some value of x, then f(0) =1 or —1. Since f satisfies (1) if and
only if —f does, it suffices to consider the case f(0) = 1.

If we put x =0, we get f(y)f(—=y)=(f(¥)% If f(y)+0, we can
divide and get

) f(=y) =£(y).
Equation (2) still holds if both f(y) and f(—y) are 0, so we have shown
that f is an even function.

Putting x = y, we get
(3) F2x) = (f(x)5
$O

f(x) =0 implies f(x/2) = 0.

Thus if f vanishes anywhere, then it vanishes on a set of points approach-

ing 0. Since f(0) =1 and f is continuous, that cannot happen. Conse-
quently

f(x)>0
everywhere.
We claim now that for all natural numbers n,
4), f(nx) = (f(x)",

For n =1, (4), holds trivially; for n = 2, (4), is equation (3). We prove
(4),, by induction, setting y = kx in (1):

f((k +D)x)f((k = 1)x) = (f(x)/(kx))* = (F(x))’(f(kx))’.
We use (4), and (4),_, to obtain (4), ;. This completes the induction.
Setting x = 1/n in (4), we get

2

f(1) = (f(%))n ,  and thence f(l) = (F)",

n
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and using (4) again, we find f(m-1/n) = (f(l/n))'"z, $O

5) %) - vy,
Thus for all positive rational values of x,
(6) f(x) = (7)™

By continuity (6) holds for positive irrational values of x also. To cover
negative values of x we use that both sides of (6) are even. Thus thg:
nonzero solutions of our problem are the functions of the form +a*’,
a>0.

Note. Setting y = x in (1) and observing that f(0) = +1, say +1, we obtained
equation

(3 f(2x) = f4(x).
Thus all functions that satisfy (1) satisfy (3). It is noteworthy that all functions f
which satisfy (3) and are twice differentiable at x = 0 are of form

f(x) = a*’;
therefore they satisfy (1). By “twice differentiable at x = 0” we mean that for x
near 0,

@) f(x) =1+ bx + c'x?* + ¢x?,
where ¢(x) = 0 as x = 0.
PROOF: It is convenient to introduce as new function
I(x) =log f(x);

this is possible since we have shown above that f(x) # 0. Taking the log of (3)
gives the following functional equation for /:

3 1(2x) = 41(x), 1(0) =0,
a linear equation. It follows from (7) that / is twice differentiable at the origin:
@) I(x) = bx + cx* + ex?,

where ¢(x) - 0 as x = 0.
Replacing x by x/2,x/4,..., in (3) gives, for any integer n,

I(x) =4l(x/2) = --- =4"I(x/2").
Using (7)’ we get

[ bx . x?2
I(x) =4 F+(c+e(x/2 ))F

= 2"bx + cx? + x2e(x/2").
Letting n — oo, we deduce from this that b = 0 and

I(x) = ex?.
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So
f(x) = e = a*".
Condition (7) is necessary for deriving (6); for set
(8) I(x) =xF
into (3)’;
1(2x) = (2x)? = 2Px?P = 4I(x) = 4xP.
This is satisfied when

27 =4,
The set of p satisfying this relation is
9 5 27in
=2+ .
(9 P og 2

The function (8) is twice differentiable at x = 0 only if n = 0. The function (8) is
a complex valued solution; but since equation (3)’ is linear,

I(x) = x? + xP,
(where p is the complex conjugate of p) is also a solution of (3)’, and is real
valued. :
For a thorough treatment of the Schroder-Koenigs functional equation ¢(f(x))

= s¢(x), for which (3)’ is a special case, see M. Kuczma, Functional Equations in
a Single Variable, Polish Scientific Publishers, Warsaw, 1968, Chap. VI.

Number Theory

N.T./1. More generally} we will show by induction on »n that for any
fixed positive integer m there exists a set of n consecutive positive
integers each of which is divisible by a number of the form a™, where a is
some integer greater than 1.

For n =1, clearly a™ satisfies the conditions. Assume that for n = k,
each of the k consecutive numbers N;, N,,..., N, is divisible by an m-th
power > 1. Thus N, is divisible by a" (a;>1) for i =1,2,..., k. Let
P = (aja, --- a,)™. We now define N= N, {(P+ 1)" -1}, where
N,1=N,+1 Then N+ N, N+ N,,...,N+ N, ., are k+1 con-
secutive numbers divisible by a*, a7,...,a}’, (P + 1)™, respectively.
Hence the desired result is valid by induction.

N.T./2. Define a, = x,x; X ,2X,43 for k=1,2,..., n, where x,,;
= x;. By hypothesis a,= +1 and a; +a,+ --- +a,=0. It follows
that n must be even, say n = 2m, with m of the a,’s equal to +1, and
the other m equal to —1. Hence a,a, --- a,= (—1)". But each x;

+The result here was proposed by E. P. Starke as problem #106 in Math. Mag. 25 (1952),
221. The solution here is by S. B. Akers, Jr. and is one of the three published ones.
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appears four times in the product a,a, --- a,, and hence this product
equals +1. Thus m is even, say m = 2p, so that n = 4p.
(For an alternative solution, see p. 142.)

N.T./3. We first consider the factorization
x=1=(x-D(x*+ x>+ x2+x+1),
where x = 5397, The difficulty now is in factoring x* + x> + x? + x + 1.
We can verify that

(1) x4+ xP x4 1= (x2+3x+1)° = 5x(x + 1)%

Since x = 537, the right hand side of (1) is the difference of two squares
and can be factored. It is easy to verify that each of the three factors of
51985 — 1 exceeds 5'%,

N.T./4. (a) If (m,n) =1, then there are positive integers r and s
such that sn = rm + 1. Now place the boxes in a row so that no box has
fewer balls than the first one. Put one ball in each box starting from the first
box, continuing through all boxes, then back to the first again and so on in
cyclical fashion. The operation has been used s times with rm + 1 balls
added to the boxes. Thus each box has received r balls, except the first box
which got r + 1 balls. Repeat this use of the operation, starting always
with n of the boxes lined up so that no box has fewer balls than the first
one. Thus we can obtain an equal number of balls in each of the boxes.

(b) The case (m,n) =d > 1. If we start with m + 1 balls in the m
boxes, then after the t-th operation there are m + 1 + m balls in the
boxes. However, this number is never a multiple of m, since it is not
divisible by d. Thus an equal distribution cannot be achieved.

N.T./5 (i). Denote the five distinct roots of x>—1=0 by 1,

w, w?, w3, w*. We use the result that if & is a positive integer, then

5 if k is a multiple of §

1+w"+w2’<+w3"+w“"={ )
0 otherwise.

The first result is obvious, and the second follows by substitution of
x = w* in the identity x> — 1 = (x — 1)1 + x + x2 + x> + x*%).

Now replace x successively by 1, w, w?, «?®, w* in the identity
(1) 2+ x+x>+x3+x)* =x2(ag+ ax + a,x? +a;x> + -+ -)

(we multiplied the given identity by x? in order that a,, ay,..., a be
p 3, dg 5n+3

coefficients of fifth powers of x), add the resulting five equations, and
divide by 5 to get

495 _
5P =a;+ag+a;;+ +ay9g3-
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This shows that any common divisor of a,, ag, ..., a;4; is a power of 5.
By direct observation we see from the given equation that a4, = 496,
which is not divisible by 5. It follows that the greatest common divisor we
seek is 1.
(i) A. Setting x = 1 in the given equation gives
5496 > agg,,
since a; > 0. To show that 103¥7 > a,, it suffices to show that
10347 > 5% or that 347 > 496(1 — log2).

An easy way to verify the last inequality is to recall that .3010 < log2 <
.3011. Then
496(1 — log2) < 496(1 — .3010) = 346.704.

Alternatively, we can use the fact that 2!° = 1024 > 103, multiply our
inequality by 24 and raise it to the tenth power. It reduces to
29960 > 10M% or 1.024%% > 100 or (1.024)"*> V10.
In the binomial expansion
(14 .024)* =1+ 124(.024) + - - -,
the sum of the first two terms is already > V10.

(ii) B. It follows inductively that the coefficients a, a;,... are unimodal
and symmetric, aqy, being the largest. Thus 1985 a4g, > 5%%. To show that
agg, > 10%4 it suffices to establish that
(2) 5% >2000-10%° or 496 — 343 > 4971log2 or 153 > 149.647.

Alternatively, we can use the fact that 5% > 2° to conclude first that
(54)39 > (29)39 or 5156 > 2351; then, since 2351 — 211 . 2340 >2. 103 . 2340,
we have that 5% > 2000 - 234, which is equivalent to (2).

Remark. A still sharper bound for ay, is obtained if we apply to the identity

496 _

FPA+x+x2+x3+x) =x3(ag+ax +ayxt+ayxd + o)

the same technique used in (i) above to get
5% =g, +a,+a+ o tagy + o Fags.
This gives 5*° > ay,. We now prove that
1037 > 545  or equivalently, that 2347 > 5148

to establish part of the inequality in (ii). From 27 > 5 we get (2")* > (5*)* or
2343 > 597 " and the result follows from this.

N.T./6. For n = 0, the given equation yields a, = k, an integer. With
some algebraic effort we can solve the given equation for a, in terms of
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a,,.;- We find
a,= k(an+l + 1) + (k + 1)an+1 - 2\/k(k + 1)an+1(an+1 + 1) .

We now add this equation to the given equation with n replaced by n + 1
and obtain
Ani2 + a, = 2k(an+1 + 1) + 2(k + l)an+1’
or
a,,, = (4k +2)a,,, —a, + 2k.

From this recursion with integer coefficients and from the fact that a, a;
are integers, it now follows inductively that a, is a positive integer for
n=1,2,.... For extensions of this result, see Math. Mag. 42 (1969), pp.
111-113.

Plane Geometry

A

P.G./ 1. Let the triangle formed by lines B,C;,C,4,, and A,B; be
A’B’C’ as shown above. Now consider parallelogram C,A4;4,P. Then
AC,C, P is equilateral. Also, since C,P isequal and || to B,B,, B,B,C\P
is a parallelogram. Therefore B,C,:C,A4,: A,B, = B,P: PA,: A,B,. Fi-
nally AA,B,P ~ AA’B’C’ giving the desired result.

P.G./ 2. We choose a rectangular coordinate system with / as the x-axis
and with the y-axis going through the center (0, d) of the given circle of
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radius r < d. The center (h,0) of a circle externally tangent to the given
circle must have a radius, say s, which satisfies

(1) R +d>=(r+s)’

(see figure). The points M and N then have coordinates (A — 5,0) and
(h + s,0), respectively.

By symmetry, a point A satisfying the stated condition must lie on the
y-axis, say at (0, k), where we may assume k > 0. We denote by m and
n the slopes of the line segments AM and AN, respectively; so

-k -k
"R "t hts
and
n—m 25k
tanZ MAN =

1+mn R —s2+k%
Using (1) to eliminate h, we find
2sk
2sr +r2+ k* - d?
which has a constant value, independent of s, if and only if k2 =d? — r2.

tanZ MAN =

P.G./ 3 First solution. Note that 1985 = 73 - 26 + 99 — 12. Now con-
sider the 100 lines:

(i) The991lines x =k, k=1,2,...,73, and y=k, k=1,2,...,26.

(ii) The one line y = x + 14.
The lines in (i) intersect in 73 - 26 points. The line y = x + 14 intersects
each of the 99 lines in (i), but twelve of those points,
(1,15),(2,16),...,(12,26) are also points of intersection of the 99 lines.
Thus the answer is in the affirmative.
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Second solution. If 100 lines are drawn in the plane in general position

(i.e. with no 2 of them parallel and no 3 of them concurrent), the number of
intersection points is ()1(2)0) = 4950. We will show that, by moving some of

the lines, we can reduce this number to 1985. We keep the lines non-paral-
lel, but translate some of them so as to form bunches of size n,, n,,..., n,
(all > 3), each bunch intersecting in a single point. The lines in a bunch of

size n;, which used to intersect each other in ';' points, now intersect in
only 1 point. Thus the formation of this bunch has reduced the number of
intersections by (’;) — 1. Since we want the total reduction to be 4950 —
1985 = 2965, we are led to the problem of solving the system

n+n,+---+n, <100
n, n, (AN
()= () -1 () =1 2
in integers n, > 3. An easy calculation shows that the greatest integer of
the form (;) — 1 less than 2965 is 727 — 1 = 2925. Hence we take
n, = 77, and must now make a further reduction of 2965 — 2925 = 40.

9
Next, ( 5

reduction of 40 — 35 = 5. Since (;) —1=5, we take n; =4 to com-

plete the task. (Note that n; + n, + n; =77 + 9 + 5 = 91 < 100, which
means there are 9 lines we have not disturbed in this process.)

) — 1 =35, so we take n, =9 and must now make a further

P.G./4. A line [ is called a supporting line of F if

(i) ! contains at least one point of F,

(ii) F is contained in one of the two closed half-planes determined by /.
[Figure 1 shows a closed convex set F and four if its supporting lines.]

Figure 1 Figure 2
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If I is a supporting line of F, and H is a closed half-plane determined
by / and containing F, we call H a supporting half-plane of F.

We recall the following fundamental facts about closed convex sets F.t

(a) Through each boundary point of F there passes at least one
supporting line.

(b) F is the intersection of its supporting half-planes.

Let [ be any supporting line of F, and suppose it intersects the given
circle in points P and Q. See Figure 2. By assumption, the lines through
P and Q perpendicular to / are also supporting lines of F. They intersect
the circle in points R and S diametrically opposite P and Q.
Again by assumption, the line /” = RS is a supporting line of F. Since [/’
is the reflection of / in O, we have shown that the set of supporting lines
of F is closed under reflection in O. Therefore the set of supporting
half-planes of F is also closed under reflection in O, and since F is the
intersection of all these half-planes, it too is closed under reflection in O.

Solid Geometry

S.G./ 1 First solution. Let OABC be the tetrahedron, and let OA4 = a,
OB =b, OC=c, and OH = h, where H is the foot of the altitude from
O. Then, since OH L AABC, 0=h-(a—b)=h-(b—-c)=h-(c— a),
and hence
(1) h-a=h-b=h-c=m.

Since H is the orthocenter of A ABC,
0O=(t-a)-(b-—¢c)=(h—-b) - (c—a)=(h—c)-(a—Db);

so h-(b—-—c)y=a-(b-c¢c), and, by (1), a-b =a-c. Similarly,

b:-c=Db-a, thus

(2) a-b=b-c=c-a=n.

The altitude from A to face OBC intersects OH if and only if for
some scalar k, we have

(kh—2a)-b=0 and (kh—a)-c¢=0.
In view of (1) and (2) both are true for kK = n/m. Thus (n/m)h clearly

lies on the altitude from A. By the same argument, we see that (n/m)h
also lies on the altitudes from B and C.

Second solution. Since OH and AH are 1 to BC, OA is also 1
to BC, and similarly for the two other pairs of opposite sides of OABC. A
tetrahedron whose opposite edges are orthogonal is said to be orthocentric.

1See [52].
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It is a known theorem that the four altitudes of an orthocentric tetrahedron
are concurrent at a point called (naturally) the orthocenter. For a synthetic
proof of the theorem, see reference [96, p. 71].

For a more challenging related problem, prove that if one altitude of a tetra-
hedron intersects two other altitudes, then the four altitudes are concurrent.

S.G./ 2. Let F, denote the number of faces of the polyhedron with &
edges. Then the sum of all the face angles of the polyhedron is

S=a(F,+2F, +3F+ ---).
Also
2E=3F+4F, + 5F, + - - -,
where E is the total number of edges of the polyhedron. Hence,
S/m+ 2E=4F, + 6F, + 8F, + - --

or §=2mm for some integer m. If S’ is the sum of the missing face
angles, then 0 < S’ < 27 and

2ma — S’ = 5160° = 287 + 120°.
Thus
0<S" =2m(m—-14-1/3) < 2m, m =15,
S’ = 240° and S = 5160° + 240° = 5400°.

S.G./ 3. Each point of T has six neighbors. So for each allowable set of
(6 + 1) points, we want S to contain exactly one of them. This suggests
that for S, we consider an appropriate set of points modulo 7. This leads
one to define S as the set of points (h, k, /) such that A + 2k + 3/ isa
multiple of seven. The neighbors of any point (x, y, z) are (x + 1, y, z),
(y,y+1,2z), and (x, y, z £ 1). Since among the seven consecutive num-
bers x + 2y + 3z, (xx1)+2y+3z, x+2y+1)+3z, and x + 2y
+ 3(z + 1), exactly one of them is divisible by seven, we have obtained a
set S with the desired property.

The above result generalizes to lattice points (x;, x»,..., x,) in n-dimensions.
Here, an appropriate set S consists of all the points (hy, h,,...,h,) such that
hy + 2h, + --- +nh, is a multiple of 2n + 1.

S.G./ 4. We first prove the

LEMMA. Let A, B, C, D be the vertices of a tetrahedron T, andlet M be
the center of its circumscribed sphere. T’ is the tetrahedron whose vertices are
the centroids of the faces of T, and K is the center of the circumsphere S of
T'. Then the vector representation of K is

(1) k=ia+b+c+d—m)

(where X denotes the vector to point X from some common origin O).
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PrROOF: The radius vectors from K to the vertices of T’ are
Ib+c+d) -k, Ii(c+d+a)—k, id+a+b)-Kk,
i(a+b+c) -k
If k is given by (1), we express them as
fm—a), 3(m-b), im-c¢), 3m-d),

and note that these are parallel to, and one-third as long as the radius
vectors from M to the vertices of T.

In the given problem, set M = O, so jm| = 0 and |a|= | =[c| = d| =1,
so the radius of S has length 3.

The distance [k| between the centers of the spheres, by (1), satisfies

9k|’=1]a+ b+ c +d|?
= [af2 + I + e|2 + 42
+2(a-b+a-c+a-d+b-c+b-d+c-d).
We use the identity
2u-v=2+? - ju-v?
and the fact that a, b, ¢, d are unit vectors to write

(2) 9k|? = 16 — sum of the squares of the edges of 7.

Geometric Inequalities

G.1./ 1. We denote the vectors from O to P, and from O to Q by p;
and q, respectively. We shall consider the somewhat more general situation
where P, are points on a unit sphere of any dimension with center O, and
where a weight w; is located at each point P; so that the centroid of these
weights is at O. We shall show that then

> WifQ>
i=1

i
=

1

for every point Q.
In vector notation, our hypothesis is

n
Ipil=1’i=1’2,'--,n and Zwipizoa
i=1
where o is the zero vector, and the desired conclusion is

Ywilg—pl> 2w, for all q.
i=1 i=1

The definition of dot product, u - v = |u| [v|cos(u, v), yields the inequality
[u| v| > u - v, where = holds if and only if u,v have the same direction
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or one of them is the zero vector. We apply this as follows: Since |p;| =1,

1) Ka-pl=Pplp—ad>p-®-9D=1-p;-q i=12...,n
Multiplying this by w; and then adding all n of these relations, we obtain

n n n n n
ZW.-kl—PJ? Zwi(l_q'l’i) = Zwi_q' Zwipiz ZW:‘-
i=1 i=1 i=1 i=1 i=1

Equality holds if and only if it holds in each of the relations (1), i.e. if
and only if q lies on each p,. This can be only if q = o, that is, only if Q
is the center O of the unit sphere.

For proofs of other geometric inequalities via vectors, see Amer. Math. Monthly,
77 (1970), pp. 1051-1065.

Figure 1 Figure 2

G.L./ 2. In Figure 1 we have labelled the relevant lengths and angles. By
the triangle inequality, we have

a+d>e, d+c>f, c+b>e, b+a>f.

Thus, a+ b+c+d>e+f, or u>0.

At least one of the angles of quadrilateral ABCD is < /2, say the
angle at 4; sowemayassume x + y < 7/4. Also, x+y+z+w=ma/2.
We may also assume, without loss of generality, that z < w.

Since the radius of the circle is 1, we have (see Figure 2)

a=2sin2w, = 2sin2x, ¢=2sin2y, d=2sin2z,
e=2sin2(x +y), f=2sin2(w+ x);
so the inequality 2 > u is equivalent to
(1) 1+sin2(x+y)+sin2(w+ x) > sin2x + sin2y + sin2z + sin2w.
We shall prove the sharper inequality
sin2(x + y) + sin2(y + z) + sin2(z + x)
> sin2x + sin2y + sin2z + sin2(x + y + z)

(2)
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in which 1 in (1) has been replaced by sin2(z + x), (and sin2(w + x),
sin 2w, by the equivalent quantities sin2(y + z), sin2(x + y + z), respec-
tively).

Using the identity sin2a + sin28 = 2sin(a + B)cos(a — B) and the
addition formula for sin in (2), we get the equivalent inequality

sin(x + y)cos(x + y) + sin(x + y + 2z)cos(x — y)
> sin(x + y)cos(x — y) + sin(x + y + 2z)cos(x + y)
which simplifies to
[sin(x + y + 2z) — sin(x + y)][cos(x — y) — cos(x + y)] > 0.

This is valid because x + y <x +y + 2z < 7/2.

If we allow degenerate quadrilaterals, the inequality u <2 and the
sharper inequality (2) can become equalities; take, for example, 4BCD to

be a right triangle with C and D coalescing at the vertex of the right
angle.

G.1./ 3. Denote the triangles by ABC and PQR, andlet D and E be
the points of intersection of AB with PR and AB with PQ, respec-
tively. Then by rotational symmetry, the entire figure is symmetric about
the line OD, and also the line OE. Moreover

K = Area ABC — 3 Area PDE.

So K will be a minimum when APDE has maximum area. Intuitively, one
expects this when P is the midpoint of arc AB. To prove this, note that
PD = AD, PE = BE, so that APDE has the constant perimeter AB =
r/3. It is an elementary result} that of all triangles with given perimeter,
the equilateral triangle has the maximum area. Consequently, A PDE has
maximum area when P is the midpoint of arc AB. In this case the sides of

tFor a proof, see e.g. Chapter 2 of Geometric Inequalities by N. Kazarinoff, NML vol. 4, in
particular Theorem 11A.
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APDE are } aslong as the sides of AA4BC, so the area of APDE is
that of AABC.

K > (Area 4BC)(1 - 3) = %(rﬁ)z—f— =r¥3 2.

1
9

In a similar fashion, one can obtain the analogous area inequality for two regular
n-gons inscribed in a circle. K will be a minimum when one of the n-gons can be
gotten from the other one by a rotation of #/n about the center.

G.1./ 4 First solution. Denoting by [UVW] the area of a aAUVW, and
referring to the lengths as labelled in the figure, we see that

(1) [DEF] = [ABC] — [BDF] — [DCE] — [ EAF].
Since [ABC] = jacsin B, we have 1sin B = [ABC]/ac. Hence
[BDF] = x(c — z)sin B = [ABC]x(c — z)/ac, and analogous expres-
sions give the other areas. Setting these into (1), we get

x(c=z) yla=x) z(b-y)

@ [DEF] = [4BC](1 - ——— - — —

=[ABC](1 —u(1 —w) —v(1 —u) — w(l —v)),

where u = x/a, v=y/b, w=1z/c. We wish to maximize the second
factor on the right of (2) which we may write in the form

(3) F=(1-u)(1-v)1-w)+ uw.
By Ceva’s theoremt u, v, w satisfy
(4) uw=(1-u)1-0)1-w).

Denote uvw by G; then by (3), F= 2G, and F will reach its maximum
when G does, or when

(5) G’=u(l—u)v(l —v)w(l —w)

does. The maximum of G2 is easy to see by inspection, either from the fact
Y Y 1nsp

+See Glossary; for a proof, see e.g. Geometry Revisited by H. S. M. Coxeter and S. L.
Greitzer, NML vol. 19, p. 4.
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that s(1 — s) < 3, or from the AM — GM inequality which yields G/? < 1
and occurs when u = v = w = 1 and satisfies (4). Thus
max[ DEF| = [ ABC]

and is reached if and only if P is the centroid of A ABC.

Generalization and Second Solution. We now state and prove a generalization}
which, in the case n = 3, yields a second solution to our problem.

THEOREM. Let V,, V},...,V, denote the n + 1 vertices of an n-dimensional sim-
plex S in E", and V{,V{,...,V, the n + 1 vertices of a simplex S’ inscribed in S so
that the segments V,V; (i = 0,1,..., n) all meet at a point P within S. Then

Vol § > n"Vol S/,
with equality if and only if P is the centroid of S.

PROOF: Let v, denote the n + 1 vectors from some origin to the vertices V,
i=0,1,...,n. The point P in the simplex S can be represented as a convex
combination of the v,, that is, as a vector of the form

(1) P=Ag%o +Avy + - +AN,, A >0, YA =1
i=0

The A, are called barycentric coordinates of P in S, and it can be shown that
Vol.(Vys-oes Vie1s Py Vis1s- s V) /YOL(Vy, Vi .., V) = Ay
The vertices ¥V of S’ are then represented by the vectors

1 by
(2) V=—p-

—_—V; i =0,1,...,n.
1-AP 1o, !

We now choose ¥} to be the origin, so v, = 0.
The signed volumes of S and S’ are given by

1
Vol § = ’7["1,"2’~-’Vn]y Vol §’ = —'[vl’ - %% —%,...., v — %],
n! n!

where [u;,u,,...,u,] denotes the determinant with columns uw,. By means of
relation (2), the latter can be written

1
Vol. 8’ = ;;[rlv1 + 5P, 1Yy + 5P, IV, + 5,P],

where

- A= Ao
rr=——"— S = TV~ T -
(1 - }\i)(l - >‘0)

M. S. Klamkin, A Volume Inequality, Univ. Beo. Publ. Elek. Fac. Ser. Mat. i. Fiz., no.
357-380 (1971) pp.3-4.
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We note that a determinant is a linear function of each of its columns. Starting
with the first column, we get

[rv + s, 7%, + 55P5. 001V, + s,p]

=nlvw, v +5,p,..., 1N, + 5,p] + s1[p, ¥, + 5,p,..., 1N, + 5,p]-

*'n'n

Similarly we break up these determinants with respect to their second columns, the
result with respect to their third columns, etc. Since the determinant of a matrix
with two identical columns is 0, we get n + 1 terms

n
nr o v, v,y + Zs,.I!_[rk[vl,...,v,-_l,p,...v,,].
i=1 k#i

Substituting from (1) for p, we finally arrive at the following expression for [Vol. S’|
in terms of [Vol. S|:

n ;A A S\,
(3) wols'|=|Vols|{Hr,.}(1+L+ 2 2+---+"—)
i=1 n n r,
nAGA, - A
o1 i Vol.S|.

T -A)A-A) - (1-A,)

The maximum of the coefficient of [Vol. S| in the last expression subject to
Y7 oA; = 1 is easily found with the help of the A M.-G.M. inequality

1=, Ag+A 44X, —A, (xoxl x")‘/"
= >

1
=
n n A

for i = 0,1,..., n. The product of these n + 1 inequalities yields
n n
[Ta-2)>n* 1IN
i=0 i=0

with equality if and only if A, =1/(n + 1), i = 0,1,..., n. Combining this with (3)
gives the inequality stated in the theorem with equality if and only if all the
barycentric coordinates of P are equal, i.e. if and only if P is the centroid of S.

G.I./5. Let a,b,c be vectors corresponding to three coterminal edges of
the parallelepiped. We have to prove that

(1) a+b+c|+pb+c—aj+jc+a—Db|+ja+b—c|>2(ja]+ b|+[c]).
Set
u=b+c—a, v=c+a-b, w=a+b—-c;
then (1) takes the form
(2) M+v+w -+ +w=>y+w+w+u+u+v.
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Inequality (2) is due to E. Hlawka, [108, p. 172] and based on the identity
(uf+ N +w—pV+w—w+u—u+v|+u+v+w)
X (| + [v] + W]+ u+ v+ w)
= (M + W =+ w)(u— v+ w+ju+v+w)
(3) +(wl+ | —w+u)(v] — W+ u| + ju+ v+ w)
+(u)+ -+ v)(w— o+ v+ u+v+w).

For, by the triangle inequality, each factor on the right of (3)is > 0, so
the left side of (3) is non-negative, which implies (2).

A second proof is based on the following theorem of F. W. Levi [108, p.
175]:

Let a;; (i=1,....,p; j=1,...,r), b; (i=1...,q¢5 j=1,...,71)
denote given real numbers. If the inequality

(4) é glaijvj i

r

L by

Jj=1

A

i=1

is true for all sets of real numbers v,,...,v,, then it is also true for
n-component vectors vy, ...,¥V,.

We give the proof for n =2 dimensions. Let u(f) denote the unit
vector forming an angle § with the positive x-axis. Then for any vector v,

(5) 02”|v - u(8)]d6 = 4|

By assumption we get a true inequality if in (4) we replace v;,...,v, by
their components in the direction u(#):

P r
Z Eaijvj'u(a)
i=1]j=1

q

<X

i=1

ib,jvj-u(ﬂ)\.

=1

Integrating with respect to 6 and applying (5), we get (4).
The proof in more dimensions is the same except that (5) becomes

(s /S W - u(S)|dS = kpvl,

where the integral is over the surface of an n-dimensional sphere, and k is
a constant independent of v. This follows since we can write v = |v|v,
where v’ is a unit vector in the direction of v. Then

/va ~u(S)|dS = IVIfSIV' -u(S)|ds,

and the last integral is independent of v by spherical symmetry.
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To prove our original inequality it suffices, by Levi’s theorem for n = 3
dimensions, to prove

(6) la+b+c|+la+tb—c+la—b+c|+|—a+ b+

= 2la| + 2|b| + 2|c|

for real numbers a, b, c. First observe that changing the sign of any of
a, b, ¢ just permutes the terms on the left side and leaves the right side

unchanged, so we may assume without loss of generality that a, b and ¢
are non-negative.

Now
6y (a+b+c)+(a+b—-c)+(a—-b+c)+(b+c—a)
(6) =2a+2b+ 2c.

Since a, b, ¢ > 0, the right sides of (6) and (6)' are equal, while the left
side of (6) is > the left side of (6)’. This completes the proof of (6).

F. W. Levi’s theorem yields the following extension of inequality (1) for r vectors
in a space of any number of dimensions

(7 Zlial:l:azi---ia,|g2(r_tl)2|ai|,
i=1

where t=|4(r —1)|, and the sum on the left hand side is taken over all
combinations of + and —. For other extensions and related inequalities, see [108,
pp- 171-176] and Amer. Math. Monthly 82 (1975) pp. 829-830.

The first step in the proof is again a reduction to the 1-dimensional case, and to
the case a,> 0, i=1,...,r. Next we construct an identity similar to (6)’, as
follows: Let s, = +1(i=1,...,r)and

1 ifXs;>0
s = 0 if¥s;=0
-1 if¥s, < 0.
Then we claim that
(8) Zs(slal+“.+srar)=2(r:1)zai!
i=1 i=1

where the sum is over all combinations of + signs. The factor s causes the majority
of signs in each nonzero term to be positive. The symmetry of the left hand side
implies that it is equal to some constant times the sum on the right. We have to
show the constant is as shown.

The coefficient of g, in the sum on the left side of (8) is equal to the number of
terms in which s, is equal to the majority of the s; (including s,), minus the
number of terms in which s, is opposite to the majority of the s,.

Suppose r is odd. To each fixed value of s,,...,s, we have two possible values
of s,. If the number of positive values among the s,,...,s, is not equal to the
number of negative values, then they differ by at least 2, since r — 1 is even. Hence
one of the two possible values of s; will be in the majority and one in the minority,
and the contributions of the two terms to the coefficient of a; cancel. If however
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5s; = 0, then s, has the deciding vote, so to speak, and both terms make a total
contribution of 2. The number of ways in which exactly $(r — 1) of s;,...,s, can

be chosen positive is (’ _r 1). This proves (8) when r is odd.
The case when r is even is left as an exercise. The proof is completed by taking
absolute values on the left side of (8).

The constant we obtained is best possible. It is attained when for instance,
a1=a2= .. =ar=1.

Remark. Our problem concerning the lengths of diagonals is related to the
following voting problem: I and r — 1 others vote for one of two candidates, and
everyone makes his decision by flipping a fair coin. What is the probability that my
candidate wins a majority of votes?

When r is odd, there is always a winner, and we found that the favorable
possibilities exceed the unfavorable cases by 2( g _r 1). Since the sum of all
possibilities is 2", we can find the favorable cases from these two equations.

When r is even, I can be on the winning side only if a majority of the others
voted for my candidate. Since an odd number of people cannot be deadlocked, the
probability of being on the winning side is 3 in this case. However, the probability
of being on the losing side is < %, because I can cause a deadlock if a candidate

has a majority of only 1 among the others.

G.L./ 6. Partition the cube into 64 cubes of edge-length 1/4. Since
1985 = 31 - 64 + 1, there is at least one small cube containing at least 32
points. In this cube, the longest possible segment is a diagonal which has
length V3 /4. Since there are at most four segments whose length is exactly
V3 /4, the perimeter of the polygon with these 32 points as vertices is
< 32/3 /4 = 8/3.

G.1./ 7 First solution. Let the center of the sphere be the origin. Let the
vectors from the center to the vertices be v,,...,v,. We shall derive the
inequality from a formula that expresses the v;, which we know have length
1, in terms of the edges of the tetrahedron.

The condition that the center of the sphere is inside the tetrahedron is
equivalent to the existence of non-negative numbers c;, ..., c, so that

(1) e+ - +eyy=0 and ¢+ - +c,=1.

These equations make it possible to express the individual vectors v, in
terms of the edges v, — v,. We have

(2) vi=c(vy = v) +e(vy—wy) + ca(vy = vg) + (e + -+ +egyy)
e (vy = ¥y) + c3(vy = v3) + eyv; — V).

Let |v; — v,| = x;,. Taking absolute values in (2) gives

CyXqp t Cyxq3 T 04x4 2 1,

and we have three similar inequalities obtained by cyclic permutation of the
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indices. The sum of the four inequalities is

(3) Y (¢ +c)x,j_

i<j

or

(4) =

IIV

||'[VJA

T - Tex

1l

where X; denotes the sum of the edges incident to the i-th vertex.

Since all the v, have length 1, (1) implies that none of the coefficients c;
is greater than the sum of the other three, otherwise the sum could not be
the zero vector. This implies

(5) ¢ <1, i=1,2,3,4.

We may assume without loss of generality that the vertices are numbered so
that

IIA
N =

(6) Xiz2X2X2X,
We claim that
(7) S=1X+1X, 2 X+, X, + o3 X, + ¢, X, =S,

because S’ is obtained from S by concentrating as much of the weight
factors as we can on the largest X. We can verify (7) algebraically as
follows:

S'=-8§= (% —e) Xt (3 - )Xo — Xy — X,
From the second equation in (1)
(8) (% - CI)X2 + (% - Cz)Xz — Xy — e Xy =0.
Subtracting this from the previous equation we get
§'=8=(3—c)(X, = X,) + (X, = X3) + ¢ey( X, — X,),
and by (5) and (6) all the terms in this sum are non-negative.
From (4) and (7) we get
9) X, + X,28.
On the left we have the sum of all the edges except x,,, and the edge x,,
occurs twice. Since the tetrahedron is in a unit sphere, x;, < 2.
Hence the sum of the 5 edges other than x,, is at least 6, as claimed.
Observe that we have proved a little more than we had set out to prove.

We have shown that the sum of the five longest edges of the
tetrahedron is at least 6.

This solution can clearly be generalized; but we give a somewhat different
solution in the n-dimensional case and mention some further extensions.
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Second solution. We give a generalization} by considering r unit vectors
in Buclidean n-space E".

THEOREM: If v,,V,,...,V, are unit vectors in E" and the origin is
contained in their convex hull, then

(1) Xi—vl>2(r-1),
where the sum is over 1 < i <j<r.

COROLLARY. The total edge length of a simplex inscribed in a unit sphere in
E" and containing its center is > 2n.

ProoF: The following identity holds for arbitrary vectors:

Z v; — Vj|2

]
N =
™~
™M~
=

i
<
o

l<i<jgr i=1j=1
r r
— 2
~rEne-(Lv)-[ L)
i=1 i=1 j=1
For unit vectors, we get X
r
2 __ 2
(2) Liv—vlP=r’=1 X v.
i<y i=1

By hypothesis, the convex hull of the v, contains the origin; this means
that the zero vector is a convex combination of the v} that is

(3) Y ay=o
i=1
for some a; satisfying
(3) a;>0, i=12,....,r, and )Y a,=1%

i=1
We can solve (3) for any j and obtain

—ay = Y ay;
i)

Taking absolute values of both sides, applying the triangle inequality and
using (3’), we obtain

Z ay;

i%j

a;= SZa,»=l—aj

i#j

+See G. D. Chakerian, M. S. Klamkin, Inequalities for sums of distances, Amer. Math.
Monthly, 80 (1973), pp. 1009-1017.
$See C. Davis, Theory of positive linear dependence, Amer. J. Math, 76 (1954), pp. 733-746.
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or

N

al-S

Since Yay, = o by (3), we may write

Yvi= 2 (1-2a)y.
i=1 i=1

Then we have, since the coefficients on the right are non-negative,

(4) i Vi

i=1

< i (1 = 2a,)v|= i (1-2a)=r-2%
i=1

i=1
Setting (4) into (2) gives
(5) L=l ert-(r-2)7"=4r-a

i<j
Since each |v,| =1, the triangle inequality gives |v;, — v}| < v + v} =2,
and this implies
Elvi_ ‘f,lz < 22"'1' = vl
i<j i<j
This together with (5) gives the desired inequality
Z'Vi -V > 2(r-1).

Equality holds if and only if r — 1 of the vectors are equal and the
remaining one their negative.

Finally, here is another related result:} Let K be a plane convex curve
containing the origin in its interior, and let v;,v,,...,v, be points on K whose
convex hull contains the origin. Then if s is the length of the minimum chord of K

containing the origin,
- vl >s(r—1).

i<j
Inequalities

I/1. It is not hard to see that a geometric equivalent of the problem is to
maximize the sum of the squares of the sides of a polygon inscribed in a
given circle. Here the angles subtended by the sides of the polygon at the
center of the circle are 26, We will show that the maximum is achieved by
an inscribed equilateral triangle.

If n (the number of vertices of the polygon) is > 3, then at least one
angle of the polygon is > 90° (since the average angle = (n — 2)«/n).

1See M. S. Klamkin and D. J. Newman, An inequality for the sum of unit vectors, Univ.
Beo. Publ. Elek. Fac., Ser. Mat. i. Fiz., no. 338-52 (1971) pp. 47-48.
1See footnote} on page 93.
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Then if A, B,C are consecutive vertices of the polygon with 2B > 90°,
it follows by the Law of Cosines that AB? + BC? = AC? + 2AB - BCcos B.
Since cos B < 0, AB? + BC?* < AC% Consequently, S will be increased
or left the same if we let B coincide with- 4 or C which is equivalent to
setting a 6§, = 0. Continuing this process, we see that S will be greatest for
either n=3 or n=2. For n=2, S_,, is clearly 2.

For n = 3, we have the problem of maximizing S, = sin’4; + sin%f, +
sin’d,, where the 6, are angles of a triangle. Now using the identities

2sin’f = 1 — cos 26
and
cos 20, + cos20, + cos20, = —1 — 4cos 0;cos b,cos 0,

(note that 3 cos 26, = 2 cos(6, + 6,)cos(8, — 6,) + cos2(8, + 6,)
2cos(6, + 8,)[cos(8, — 8,) + cos(6, + 6,)] — 1 !
= —4cosb;cos f,cos 8, — 1, |

see also Glossary, Trigonometric Identities), we have *
S3 = 2 + 2 cos 8,cos O,cos ;.

Since 8, + 6, + 0, = 7 and 6, > 0, at most one angle is > = /2. Since in
this case S; < 2, it is clear that for a maximum all angles must be acute. !
We shall use the

LEMMA. In the interval [0, 7/2),Incos § is concave.

To prove the lemma, we can either use the result: A function is concave
in an interval if its second derivative is < 0 there (which Incosx ‘
is: f

d*(Incos x)/dx? = —1/cos’x < 0;)
or we can avoid calculus as follows: To say that Incosx is concave in
[0, 7/2) means

1 xTy
E(lncosx + Incos y) < lncos( ) for x, y € [0, #/2).

But this is equivalent to
x+y 1+cos(x+y)

2 2

2

COS X COS ¥ < COS

or
2cos xcos y — cos(x + y) = cos(x — y) <1,
which is true.
We now apply Jensen’s inequality} and obtain
1 8, +6,+6,
g(ln cos 8, + Incosfd, + Incos 8;) < In cos—————,

tSee Hungarian Problem Book II, NML vol. 12, MAA (1963), p. 73 fI. or the Glossary.
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or

m\3 1
cos 8, cos 8, cos 0; < (COSE) -3

with equality if and only if 6, = 8, = 6; = 60°.

Remark. For several other proofs for the max of S;, see [106]. More generally, it
is also known that for angles of a triangle,

[(sin*8, + sin*g, + sin“8;) /3] < V3 /2,
if and only if
k < (log9 — log4) /(log4 — log3) = 2.81884
(see A. Makowski, J. Berkes, Elem. der Math. 17 (1962) 40-41 and 18 (1963) 31-32.

1/2. We define

i i+1 7
A,(n) =\/i+' i+1+---+yn fori<n
=0 for i > n.

Then

(1) (Ai(”))'=i+Ai+1(")’
and x, = A,(k).

We shall obtain the desired inequality by a repeated “rationalization” of
X,4+1 — X,, for which we use the identity and inequality

xr__yr xr_yr

xr—l _+_xr—2y+ +yr—1 < ’yr—l ’

x—y= forx >y > 0.

By using this successively for r = 2,3,..., with x =x, ., = 4,(k + 1),
y = x, = A,(k), and (1), we find
(A,(n + 1))2 - (Az(n))2
24,(n)
A3(n + 1) — A3(n)
- 24,(n)

Xyi1 = X,=Ay(n +1) — 4,(n) <

Ay(n+1) — A4,(n)
S 24,y
n+m—1
S () (A () - (A (m)"
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The last expression is < 1/a! if and only if

(2) (n+ 1)V < 4,(n)(A45(n))* -+ (4,(n))" .

Since A4,(n) > i'/', we have (A;(n))'"! > "D/ So to establish (2) it
suffices to show that

/2323 gD/ s (g DD forn =23,
This is a rather crude inequality, since the factor
32% > (n+1)V"*D forn=1,2,...,

and all the other factors on the left are > 1.

I/3. (i) A quadratic function F(x) is determined by three pairs of
values (x, F(x)). We choose the pairs (—1, F(—1)),(0, F(0)) and (1, F(1))
and obtain

(1) F(x) = i(x—z——llp(-n ~ (x+1)(x - 1)F(0) + (—"—%)"F(l).

Since |F(—1)|, |F(0)| and |F(1)| are < 1, we have
21F(x)] < |x(x = 1)+ 2|x%2 = 1] + |x(x + 1)].
In the interval —1 < x < 1, we also have
0<1+x<2, 0<1-x<2, and 0<1-x?<g1,
SO
21F(x)| < x{1 —x+ 1+ x} +2(1 — x?) =2{|x| + 1 — x?},
or
F(x)l< = (k- 1)+ § <4
To see that this inequality is sharp, consider
F(x)=1+x-x* in[-1,1]; F(})=3.
(ii) If F(x) = ax?+ bx + c, then

1 a b
sz(w) =x2(——2 + = +c) =cx?+ bx + a = G(x).
x x2 x

Now by (1),

1 1
F3) = 32 (0= F-D + 20 - ) FO) + @+ 0RO,
X X
sofor —1<xx1 ,

2IG(x)| <l — x|+ 2]l — x|+ 1 + x| = 4 — 2x?,

1G(x)] <2 — x2< 2.
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This inequality is also sharp; for

F(x)=2x*-1, G(x)=2-x2, G(0) = 2.
x}
I/4. Let y,= —, i=12,...,n, and x,,; = x,. We note that
Xi+1%i+2

Y»1Y2 *+* ¥, = 1, and write

2 2 _
X _ X X1 X T X1 X402
2 - 2
Xit X 1X40 Xit X 1Xi40
1 Xiv1Xiv2 1 1
=l-7=1-—.
X;+ Xi1%i40 1+y

Summing from i=1 to i=n, we see that the given inequality is
equivalent to

i 1
(1) >1, y>0, ypy =1, nz2.
i—1 1+ b

First proof. We have the followi{lg identit%':

+ =1
1+y 14z

If we make a denominator smaller, the corresponding frlaction getls larger.

If y+ —1 and yz =1, then

+ > 1L
1+y 1+2

We observe now that there is at least one pair y;, y; such that y,y; <1
because (y;»,X»2)3) -+ (y,1) = 1. Those two terms alone make in-
equality (1) true.

Consequently, if y >0, z>0 and yz <1, then

Alternate proof and generalization. If we let z, = 1/y,, we obtain the
equivalent inequality

1 1 1
(2) + -+

+ .
14z 14z 1+

<n-1,

22y -~ z,=1land z;,>0, n> 2.
Combining (1) and (2), we have '
1 1 1
> 1+ + 1+y, +.”+1+y,, >
V1Y *** Yo=1and y, > 0.
Now let 2¢, = In y,, then y, = e?* and (3) becomes

(4) n-1> ¥ 1, Yy =0

—_—
2y =
k=1 1+ e k=1

(3) n-1

s
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By using tanht = (e? — 1)/(e? + 1), changing n to n + 1, and replac-
ing t,,, by —(¢; +1t,+ --- +t,), we can put (4) into the form

(5a) tanh(f; + 1,4 --- +1,) -1

> (tanht, — 1) + (tanht, — 1) + --- +(tanh¢, — 1),
(5b) tanh(f; + 2, + -0 +1,) + 1

< (tanh#, + 1) + (tanh¢, + 1) + - -+ +(tanh ¢, + 1).

A function F(x) satisfying F(x + y) > F(x) + F(y) is called superad-
ditive; from this definition it follows that
F(x; + x4+ -+ +x,) > F(x;) + F(x,) + -+ +F(x,).

If —G(x) is superadditive, we also say G(x) is subadditive. Thus (5a)
and (5b) assert that tanh¢ — 1 is superadditive and that tanhz + 1 is
subadditive. The graph of y = tanh x is given in the figure:

We now show more generally that if H(x) is a non-decreasing function in
(—o0,0), HO0)=0, lim H(x)=c>0 and lim H(x)= —¢, then
H(x)—c is superaddit)i‘veocénd H(x)+c is sub);;lddiﬁ’ve. To show H(x)
—c is superadditive, we have to prove that H(x + y) + ¢ > H(x) + H(y).
We can assume that x > y. The proof follows easily if we consider each of
the three cases:

i) x=2y=0 (i) x=20>y, (i)0>x>y.

A similar proof establishes that H(x) + ¢ is subadditive.
Combinatorics and Probability
C /1. Let T, be the number of ways of filling up a 2 X 2 X n hole

with 1 X 1 X 2 bricks. We obtain a recursion relation for 7, by ex-
pressing it in terms of the numbers of ways of filling smaller holes.
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Assume that the long axis of the hole is vertical. The other two edge
directions will be called to the right and forward.

First we count the number of ways of filling up the hole if the bottom
layer consists of two bricks lying on their sides. They can lie in two ways,
with their long axes in the left-right or backward-forward position. The
number of these packings is 27,,_;.

Next consider the packings in which some of the bricks of the bottom
layer stick out, but the bricks in layers 1& 2 fill this sub-box with nothing
sticking out. There are 5 such packings: one in which all four bricks are
vertical, one in which the two bricks in front are vertical and the two in the
back are horizontal, and three more packings of this sort in which the two
standing bricks are on the left, in the back, and on the right. This gives
5T, _, more packings.

Next let k£ be an integer, 2 < k < n. We count the number of ways to
fill our hole in such a manner that the lowest bottom sub-hole which is
completely filled with nothing sticking out has k layers. The bottom layer
of such a packing must consist of two vertical and one horizontal bricks.
There is no further choice until we get above the k-th layer: the two empty
spaces in each layer must be filled with two vertical bricks until we reach
layer k, when the two spaces must be filled with a horizontal brick. Thus
for all the values of k in the given range, there are 4 ways of filling the &
lowest layers. Since for every packing there is one and only one value of &
which satisfies the above conditions we get

oy T,=2T, ,+ 5T, o+ 4T,_, + --- +4T,,
Here we set T, = 1. Also

(2) T, = 2T, ,+ 5T, s+ 4T,_, + - +4T,.
Combining (1) and (2), we get

(3) T,=3T, ,+3T, ,— T, ,.

The characteristic equationt of the latter recurrence relation is
x3-3x2-3x+1=0;
its roots are —1, 2 + V3, 2 — V3. Thus, T, has the form
T,=c(-1)"+c,(2+V3)" +¢;(2-V3)".
Since the initial values are Ty =1, T, =2, T, =9,
T,=(=1)"/3+(2+V3)""/6 + (2-V3)""/6.

In particular, T, =1/3 + (2 + V3)!* + (2 — V3)!* = the nearest integer
to (2 + V3)? = 4,541,161.

+See 2nd solution of IMO 63 /4 in NML vol. 27, p. 61.
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C /2. Denote by m; the number of P’s containing a,, j=1,2,...,n.
Since each pair consists of two distinct elements,
(1) : m +m,+ -+ +m,=2n.
my
2
the one-to-one mapping (P;, P;) « (a;, a;). By hypothesis, (a;, a;) is a
pair P, if and onmly if P,N P;# &. Since there are only » pairs
P,P,..., P, it follows that

n’

() Z(’;k)=%(zmi—2mk)<n

(the sums here and subsequently are from k =1 to n). By the power
meant- or Cauchy inequality,

2
(Xme)" < nXmd;
using this and (1) and (2), we conclude that
1
0 n<2(Smi-Tm,)<n.

Thus equality must hold in the power mean inequality. But this occurs if
and only if all the m, are equal; by (1), m; =m,= --- =m, =2

The number of pairs { P, P;} both containing a, is ( ) Now consider

C / 3. Since our solution of this problem uses graph theory, we introduce
the relevant terms about graphs. Although this material is easily accessible
(e.g. see [34, Problem 5-3, pp. 35, 249-250]), we include it for the reader’s
convenience.

A graph is said to be bipartite if its vertices can be divided into two
classes D and E so that all edges connect a vertex in D and a vertex in
E. It is rather obvious that a bipartite graph has no odd circuit (circuit of
odd length).

The converse is that, if a graph has no odd circuit, then it is bipartite.
Before we show this, let us observe that it suffices to exclude odd simple
circuits, i.e. circuits in which no vertex occurs twice. Indeed, if we have an
odd circuit in which a vertex v occurs twice, one of the segments between
its two occurrences is a shorter odd circuit. If this is still not simple, it will
contain an even shorter odd circuit. Ultimately we obtain a simple odd
circuit. So if a graph has no simple odd circuit, it has no odd circuit.

If a graph has no odd circuit, then the lengths of all paths connecting any
two vertices a, b have the same parity. Otherwise, going from a to b
along a path of odd length and returning along a path of even length would
give an odd circuit. A partition of the vertex set of the graph into two sets

1See Glossary.
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D and E can therefore be obtained thus: In each connected component of
the graph, select one vertex arbitrarily. Assign the vertices at an even
distance from the vertex chosen in its component to D and the vertices at
an odd distance from it to E. If we had an edge connecting two vertices
b, ¢ of D, then going from the chosen vertex to b along the shortest path
and then along this edge to ¢ would give a path of odd length from the
chosen vertex to ¢. Similarly, there can be no edge connecting points of E.

The complete graph K, is the graph with m vertices in which all pairs
of vertices are connected.

We are going to prove the following:

If the set of edges of K, is partitioned into n sets A,,..., A, andm > 2"
then at least one of the A; contains an odd circuit.

Clearly m = 1983 and n = 10 yield a solution of the original problem.

For n =1 the result is obvious. We assume the theorem is true for
n — 1 and prove it for n. If A4, is not bipartite, then it has an odd circuit.
So suppose A, is bipartite.

Let D and E be a partition of the vertices such that no edge of 4,
connects two vertices in D or E. One of the two sets, say D, will contain
more than 2”1 vertices, and since all the edges connecting vertices of D
belong to one of the n — 1 sets A,,..., A,_;, one of these must contain
an odd circuit by the induction hypothesis.

If m is only 2", then the statement need not hold. The example for that
is obtained by numbering the vertices of K, with n binary digits and
assigning an edge to A, if the numbers of its endnodes first differ in the
i-th digits.

C /4. Each time two balls are taken out and one ball is replaced, the
number of white balls in the box either decreases by two or else remains the
same. Therefore, if p is even, the last ball cannot be white and
the probability is zero. If p is odd, the last ball must be white and the
probability is one.

C /5. Letting n be the expected number of tosses, we consider the
following three mutually exclusive cases, which cover all the possibilities:

(1) With probability 1/2, the first toss is a tail. The expected number of
tosses is an additional n.

(2) With probability 1/4, the first two tosses are heads. The expected
number of tosses is an additional n.

(3) With probability 1/4, the first toss is a head and the second toss is a
tail. In this case, there will be no more tosses.

Whence,
n+1 n+2

+
2 4

2
= + — = 6.
n or n
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Appendix A

To provide detailed information regarding the operation of the LM.O., I
give the complete set of instructions which were sent by Czechoslovakia to
each of the invited countries. Except for dates, these instructions are
essentially the same from year to year.

25th International Mathematical Olympiad
Regulations

I. General Provisions

1. The 25th International Mathematical Olympiad (hereinafter I.M.O.)
is an international contest for secondary school students in the solution of
mathematical problems. It will consist of the contest proper and of related
events concerning the problem of detecting and developing pupils with a
gift for mathematics.

2. The 25th I.M.O. will be held in the Czechoslovak Socialist Republic
from June 29 to July 10, 1984.

3. The related events will be prepared by the I.M.O. organizers. They
will include a Symposium and an Exhibition related to the problem area of
work with pupils with a talent for mathematics.

4. The contest consists of two papers which will be written in the
morning of July 4 and of July 5, 1984. In each of these papers the
participants solve three problems in 4-4] hours of working time.

S. Each country which accepts the invitation to participate in the 25th
I.M.O. may send a delegation consisting of the leader of the delegation, his
deputy and six contestants.

+This is part of a report on the 25th I.M.O. reprinted from my “Olympiad Corner” in Crux
Mathematicorum 10 (1948) 249-261.
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6. The I.M.O. is open only to secondary school students or to pupils of
schools on an equal level, born after July 5, 1964.

7. The Head (leader) of the delegation and his deputy should be
mathematicians or mathematics teachers. They must be able to express
themselves exactly and clearly on mathematical and technical aspects of the
contest in at least one of the official languages of the I.M.O,, i.e., in English,
French, German, or Russian.

8. Each country which accepts the invitation to participate in the 25th
I.M.O. is requested to send to the organizers 3 to 5 problem proposals with
solutions, formulated in one of the official languages of the Olympiad, by
April 15. The problems should come from various areas of mathematics,
such as are included in math curricula at secondary schools. The solution of
these problems should, however, require exceptional mathematical ability
and excellent mathematical knowledge on the part of the contestants. It is
assumed that the problems will be original and not yet published anywhere.
Czechoslovakia, as the organizing country, does not submit any problems
for the contest.

9. The Symposium will discuss “Forms and methods of identification
and further specialist guidance of pupils with mathematical talent, and
pupils’ mathematical contests”. The Symposium will be attended by the
leaders of the delegations and by selected Czechoslovak specialists. The
participants are kindly requested to send in their papers and communica-
tions in writing to the organizers, in any one of the official languages of the
Olympiad, by May 15.

10. The content of the Exhibition will be information on pupils’ contests
in the solution of mathematical problems (mathematical olympiads, etc.)
organized in the countries taking part in the 25th 1.M.O., examples of
contest problems, and publications intended for the participants in these
contests and aimed at widening their mathematical knowledge and develop-
ing their talent. Countries taking part in the 25th .M.O. are requested to
send their contributions to the Exhibition to the organizers by May 15.

11. The 25th I.M.O. is managed by the Organizing Committee. The
pupils’ contest itself is directed by the International Jury of the contest. The
Symposium and the Exhibition are organized by the respective commissions
of the Organizing Committee of the 25th I.M.O.

12. All expenses related to the stay of the delegations of the participating
countries in accordance with the Programme of the 25th I.M.O. will be
covered by the organizing country. The participating countries will cover
the costs of travel of the members of their delegations to Prague and back,
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and the costs of their possible stay in Czechoslovakia before the set day of
arrival and after the set day of departure. The organizing country does not
cover the costs related to the stay of any other persons.

II. The International Jury of the 25th .M.O. and its tasks.

1. The International Jury of the 25th I.M.O. consists of a Chairman who
is appointed from the ranks of Czechoslovak specialists by the Ministry of
Education of the Czech Socialist Republic in agreement with the Ministry
of Education of the Slovak Socialist Republic, and of the leaders of the
delegations of the countries participating in the Olympiad. All above said
persons have a vote on the Jury’s deliberations. Taking part in the work of
the Jury is the Deputy Chairman who, in case of the absence of the
Chairman, presides over the Jury and takes the vote in his place. After the
problems of the second day have been set to the contestants, the members
of the Jury are joined in their work by the Deputy Heads of their
delegations who only have the right to vote in case of the absence of the
leader of their delegation. Also partaking of the work of the Jury, without a
vote, is the Chairman of the Problem Selection Committee of the Organiz-
ing Committee of the 25th I.M.O., the Main Coordinators (see Article
II1.7), and possibly other specialists invited by the Chairman in case the
situation requires their presence.

2. The Jury may only take decisions on questions that are related to the
preparation and realization of the contest proper and to the evaluation of
its results in accordance with the provisions of these Regulations. The
quorum of the Jury is the presence of at least 50% of the members with the
right of vote. The decisions of the Jury are adopted by simple majority. In
case of a parity of votes, the vote is decided by the vote of the Chairman.

3. The Jury deliberations are held in the official languages of the
Olympiad. In case of necessity, interpreters will attend the meeting without
the right of vote.

4. The Jury will start its work at the set date well in advance of the start
of the contest in such a manner as to be able to carry out the following
preparatory work:

(a) From the preliminary broader selection of problems prepared by
the Problem Selection Committee, select 6 problems for the contest.

(b) Determine the sequence of the problems for the contest and their
division under the two days of the event.

(c) With regard to the difficulty of the contest problems, determine
the duration of the working time and the number of points to be gained for
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the complete solution of the individual contest problems in such a manner
as to make the sum of the points for the complete solution of all 6 problems
a total of 40 points.

(d) Prepare and approve the formulation of the texts of the selected
contest problems for the 25th L.M.O. in all official languages of the
Olympiad.

(e) Decide on possible objections to the translations of the contest
problems made by the leaders of the delegations into the working languages
of the pupils. The responsibility for the correctness of the translation rests
with the delegation leader.

(f) Determine the layout of the sheets with the texts of the contest
problems to be distributed to the contestants.

5. Before the start of the contest and during the contest, the Jury will
fulfill the following tasks:

(a) On the arrival of the contestants, verify that they satisfy the
conditions set for participation under Article 1.6. The Jury is entitled to
exclude from the contest any pupil who does not meet these conditions.

(b) Decide on possible objections as to the regularity of the contest.

(c) In the course of the contest, decide in each individual case on the
answer to the written queries of the contestants related to the text of the
contest problems (see Article I11.6).

6. Concerning the marking of the solutions to the contest problems, the
Jury fulfills the following tasks:

(a) Prior to the coordination of the marking of the solutions, meet
with the coordinators to determine the principles for the marking of the
solutions of the individual contest problems.

(b) Decide who of the members of the Jury will coordinate the
marking of the solutions presented by the Czechoslovak contestants (see
Article I11.8).

(c) Decide on the marking of the solution of the problems in those
cases where agreement could not be reached between the coordinators and
the delegation leader.

(d) Agree on the final approval of the marking of the solutions and of
the results of the contest.

7. At its final meeting, determine the number of points needed to win the
awarded prizes, and decide on the possible awarding of special awards for
outstanding original solutions to the individual contest problems.

8. The Chairman of the Jury has to direct the deliberations of the Jury so
that the Jury takes an unambiguous decision on every question related to
the contest. In case it is necessary to take a vote on any question, the



APPENDIX A 107

Chairman must make sure, prior to the vote, that the subject of the vote is
clear to all members of the Jury.

III. Contest problems, written work, and marking of solutions

1. From the draft problems submitted by the participating countries
before the given deadline (see Article 1.8), the Problem Selection Committee
will prepare two variants of 6 contest problems each, and 8 substitute
problems. Their texts in the official languages of the Olympiad will be
handed over to the members of the jury by the Chairman of the Jury
together with the Programme of the 25th LM.O. on the first day of the
Olympiad (June 29).

2. The Chairman of the Jury directs the deliberations of the Jury on the
selection of the contest problems in such a manner as to ensure, if possible,
agreement of all members of the Jury.

3. The translation of the texts of contest problems from the texts
officially approved by the Jury into the working languages of the pupils
taking part in the contest is made by the leader of the respective delegation;
he is also responsible for the preparation of an adequate number of copies
of the texts for the pupils.

4. All persons who know the contest problems are obliged to keep them
secret up to the termination of the respective part of the contest.

5. Each contestant writes the solution of the contest problems in his
language on a sheet of paper provided by the Organizing Committee of the
25th I.LM.O. All other aids—writing utensils, rulers, compasses—the con-
testants bring with them. The use of other aids outside of those given above
is prohibited.

6. The leaders of delegations may answer pupils’ queries related to the
texts of the contest problems only with the approval of the Jury. The
question should be submitted in writing within 30 minutes after the start of
the session and the answer will be given to the contestant in writing.

7. The first evaluation of the solutions of the contest problems will be
made by the leaders of delegations and their deputies. The coordination of
the marking of the solutions of the individual problems is the task of groups
of coordinators appointed by the Organizing Committee of the 25th .M.O.
One Main Coordinator and at least two further Coordinators are appointed
for each contest problem. They are Czechoslovak mathematicians with
appropriate experience in the evaluation of the solutions of mathematical
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problems. In each group there is, for each official language, at least one
Coordinator who speaks that language.

8. The marking of the solutions submitted by the Czechoslovak par-
ticipants will be coordinated by the delegation leaders appointed by the
Jury (see Article I1.6b) in the presence of the main coordinator for the
respective problem.

9. The coordination of the marking will follow a time schedule an-
nounced by the Chairman of the Jury not later than one day before the
start of the coordination.

10. At the coordination of the marking of the solutions of the problems,
the leader of the respective delegation or his deputy will, at the request of
the Coordinators, translate parts of the solutions or the entire solutions
submitted by his contestants into one of the official languages of the
Olympiad. The translation may be oral or in writing.

11. The responsibility for the objective evaluation of the problem solu-
tions rests with the Main Coordinator for the respective problem. A
protocol will be made on the results of the coordination of the marking of
each problem. The protocol will be signed by the leader of the respective
delegation and the Main Coordinator for the respective problem.

IV. Awarding of prizes and conclusion of the 25th I.M.O.

1. Each participant will receive a Diploma certifying to his participation
in the Olympiad.

2. The most successful contestants will be awarded 1st, 2nd, and 3rd
prizes. Special awards may be presented for outstanding original solutions.

3. The total number of awarded prizes will not exceed half of the number
of all contestants. The number of 1st, 2nd, and 3rd prizes awarded will if
possible be in the ratio 1:2: 3.

4. Proposals for special awards for outstanding original solutions of
individual problems are submitted to the final meeting of the Jury by the
Main Coordinators of the individual problems.

5. The prizes and special awards are not linked with the right to any
financial remuneration or material award.

6. The results of the 25th I.M.O. are announced, and the prizes and
special awards are handed over, at a solemn public assembly. The diplomas
are handed to the participants by representatives of the Ministries of
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Education of the Czech Socialist Republic and of the Slovak Socialist
Republic and by the Chairman of the Jury.

V. Written materials of the 25th .M.O.

Prior to their departure from the venue of the Olympiad, the leaders of
delegations .and their deputies will receive the draft of selected contest
problems, the programme (see Article 1I1.1), the results of the contest as
approved by the Jury, a list of contestants who have won prizes and awards
at the 25th I.M.O., and the drafts of all problems and their solutions sent in
by the participating countries to the organizers of the contest within the set
deadline (see Article 1.8).
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The following tables give a summary of the results of all the IMO’s from 1959
through 1985 (there was no IMO in 1980).

1st IMO (1959) in Rumania
Rank Country Score Prizes Team
(max 320) 1st 2nd 3rd Size

1 Rumania 249 1 2 2 8
2 Hungary 233 1 1 2 8
3 Czechoslovakia 192 1 — — 8
4 Bulgaria 131 — — — 8
5 Poland 122 — — — 8
6 U.S.S.R. 111 — — 1 4
7 East Germany 40 — — — 8

2nd IMO (1960) in Rumania

Rank  Country Score Prizes
(max 360) 1st 2nd 3rd Size

1 Czechoslovakia 257 1 1 2 8
2,3 Hungary 248 2 2 — 8
2,3 Rumania 248 1 1 1 8
4 Bulgaria 175 — — 1 8
5 East Germany 38 — — — 8

3rd IMO (1961) in Hungary

Rank Country Score Prizes Team
(max 320) 1st 2nd 3rd Size

1 Hungary 270 2 3 1 8
2 Poland 203 1 — — 8
3 Rumania 197 — 1 1 8
4 Czechoslovakia 159 — — 1 8
5 East Germany 146 — — 1 8
6 Bulgaria 108 — — — 8
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4th IMO (1962) in Czechoslovakia

Rank  Country Score Prizes Team
(max 368) 1st 2nd 3rd Size
1 Hungary 289 2 3 2 8
2 US.S.R. 263 2 2 2 8
3 Rumania 257 — 3 3 8
4,5 Poland 212 — 1 3 8
4,5 Czechoslovakia 212 — 1 3 8
6 Bulgaria 196 — 1 2 8
7 East Germany 153 — 1 — 8
5th IMO (1963) in Poland
Rank Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 US.S.R. 2N 4 3 1 8
2 Hungary 234 — 5 3 8
3 Rumania 191 1 1 3 8
4 Yugoslavia 162 1 2 1 8
5 Czechoslovakia 151 1 — 1 8
6 Bulgaria 145 — — 3 8
7 East Germany 140 — — 3 8
8 Poland 134 — — 2 8
6th IMO (1964) in U.S.S.R.
Rank  Country Score Prizes Team
(max 336) 1st 2nd 3rd Size
1 US.SR. 269 3 1 3 8
2 Hungary 253 3 1 1 8
3 Rumania 213 — 2 3 8
4 Poland 209 1 1 3 8
5 Bulgaria 198 — — 3 8
6 East Germany 196 — 1 2 8
7 Czechoslovakia 194 — 2 2 8
8 Mongolia 169 — — 1 8
9 Yugoslavia 155 — 1 1 8




APPENDIX B

7th IMO (1965) in East Germany

113

Rank  Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 U.SS.R. 281 5 2 — 8
2 Hungary 244 3 2 2 8
3 Rumania 222 — 4 3 8
4 Poland 178 — 1 3 8
5 East Germany 175 — 2 3 8
6 Czechoslovakia 159 — 1 3 8
7 Yugoslavia 137 — — 2 8
8 Bulgaria 93 — — 1 8
9 Mongolia 63 — — — 8
10 Finland 62 — — — 8
8th IMO (1966) in Bulgaria
Rank  Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 USSR 293 5 1 1 8
2 Hungary 281 3 1 2 8
3 East Germany 280 3 3 — 8
4 Poland 269 1 4 1 8
5 Rumania 257 1 2 2 8
6 Bulgaria 236 — 1 3 8
7 Yugoslavia 224 — 2 1 8
8 Czechoslovakia 215 — 1 2 8
9 Mongolia 90 — — — 8
9th IMO (1967) in Yugoslavia
Rank  Country Score Prizes Team
(max 336) 1st 2nd 3rd Size
1 USSR. 275 3 3 2 8
2 East Germany 257 3 3 1 8
3 Hungary 251 2 3 3 8
4 Great Britain 231 1 2 4 8
5 Rumania 214 1 1 4 8
6,7 | Bulgaria 159 1 — 1 8
6,7 | Czechoslovakia 159 — 1 3 8
8 Yugoslavia 136 — — 3 8
9 Sweden 135 — — 2 8
10 Italy 110 — 1 1 6
11 Poland 101 — — 1 8
12 Mongolia 87 — — 1 8
13 France 41 — — — 5




114

INTERNATIONAL MATHEMATICAL OLYMPIADS
10th IMO (1968) in U.S.S.R.
Rank  Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 East Germany 304 5 3 — 8
2 US.S.R. 298 5 1 2 8
3 Hungary 291 3 3 2 8
4 Great Britain 263 3 2 2 8
5 Poland 262 2 3 2 8
6 Sweden 256 1 2 5 8
7 Czechoslovakia 248 2 4 — 8
8 Rumania 208 1 1 2 8
9 Bulgaria 204 — 3 1 8
10 Yugoslavia 177 — — 3 8
11 Italy 132 — — 1 8
12 Mongolia 74 — — — 8
11th IMO (1969) in Rumania
Rank  Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 Hungary 247 1 4 2 8
2 East Germany 240 — 4 4 8
3 U.S.S.R. 231 1 3 3 8
4 Rumania 219 — 4 2 8
5 Great Britain 193 1 1 1 8
6 Bulgaria 189 — — 3 8
7 Yugoslavia 181 — 2 2 8
8 Czechoslovakia 170 — — 3 8
9 Mongolia 120 — — 1 8
10,11 | France 119 — 1 — 8
10,11 | Poland 119 — 1 — 8
12 Sweden 104 — — 8
13 Belgium 57 — — — 8
14 Netherlands 51 — — — 8
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12th IMO (1970) in Hungary
Rank  Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 Hungary 233 3 1 3 8
2,3 East Germany 221 1 2 4 8
2,3 | USSR 221 2 1 3 8
4 Yugoslavia 209 — 3 3 8
5 Rumania 208 — 3 4 8
6 Great Britain 180 1 — 6 8
7,8 | Bulgaria 145 — — 3 8
7,8 | Czechoslovakia 145 — — 4 8
9 France 141 — 1 4 8
10 Sweden 110 — — 2 8
11 Poland 105 — — 1 8
12 Austria 104 — — 1 8
13 Netherlands 87 — — 1 8
14 Mongolia 58 — — 1 8
13th IMO (1971) in Czechoslovakia
Rank  Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 Hungary 255 4 4 — 8
2 USSR. 205 1 5 2 8
3 East Germany 142 1 1 4 8
4 Poland 118 1 — 4 8
5,6 Great Britain 110 — 1 4 8
5,6 Rumania 110 — 1 4 8
7 Austria 82 — — 4 8
8 Yugoslavia 71 — — 2 8
9 Czechoslovakia 55 — — 1 8
10 Netherlands 48 — — 2 8
11 Sweden 43 — — 2 7
12 Bulgaria 39 — — — 8
13 France 38 — — — 8
14 Mongolia 26 — — — 8
15 Cuba 9 — — — 4
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14th IMO (1972) in Poland
Rank  Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 U.S.S.R. 270 2 4 2 8
2 Hungary 263 3 3 2 8
3 East Germany 239 1 3 4 8
4 Rumania 206 1 3 1 8
5 Great Britain 179 — 2 4 8
6 Poland 160 1 1 1 8
7,8 | Austria 136 — — 5 8
7,8 Yugoslavia 136 — — 3 8
9 Czechoslovakia 130 — — 4 8
10 Bulgaria 120 — — 2 8
11 Sweden 60 — — 2 8
12 Netherlands 51 — — — 8
13 Mongolia 49 — — — 8
14 Cuba 14 — — — 3
15th IMO (1973) in U.S.S.R.
Rank  Country Score Prizes Team
(max 320) 1st 2nd 3rd Size

1 U.S.SR. 254 3 2 3 8
2 Hungary 215 1 2 5 8
3 East Germany 188 — 3 4 8
4 Poland 174 — 2 4 8
5 Great Britain 164 1 — 5 8
6 France 153 — 3 1 8
7 Czechoslovakia 149 — 1 4 8
8 Austria 144 — — 6 8
9 Rumania 141 — 1 3 8
10 Yugoslavia 137 — — 5 8
11 Sweden 99 — 1 1 8
12,13 | Bulgaria- 96 — — 1 8
12,13 | Netherlands 96 — — 2 8
14 Finland 86 — — 2 8
15 Mongolia 65 — — 1 8
16 Cuba 42 — — 1 5
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Rank Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 U.S.S.R. 256 2 3 2 8
2 USA. 243 — 5 3 8
3 Hungary 237 1 3 3 8
4 East Germany 236 — 5 2 8
5 Yugoslavia 216 2 1 2 8
6 Austria 212 1 1 4 8
7 Rumania 199 1 1 3 8
8 France 194 1 1 3 8
9 Great Britain 188 — 1 3 8
10 Sweden 187 1 1 — 8
11 Bulgaria 171 — 1 4 8
12 Czechoslovakia 158 — — 2 8
13 Vietnam 146 1 1 2 5
14 Poland 138 — — 2 8
15 Netherlands 112 — — 1 8
16 Finland 111 — — 1 8
17 Cuba 65 — — — 7
18 Mongolia 60 — — — 8
17th IMO (1975) in Bulgaria
Rank  Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 Hungary 258 — 5 3 8
2 East Germany 249 — 4 4 8
3 USA. 247 3 1 3 8
4 U.S.SR. 246 1 3 4 8
5 Great Britain 239 2 2 3 8
6 Austria 192 1 1 2 8
7 Bulgaria 186 — 1 4 8
8 Rumania 180 — 1 3 8
9 France 176 1 1 1 8
10 Vietnam 175 — 1 3 7
11 Yugoslavia 163 — 1 1 8
12 Czechoslovakia 162 — — 2 8
13 Sweden 160 — 2 — 8
14 Poland 124 — 1 1 8
15 Greece 95 — 1 — 8
16 Mongolia 75 — — 1 8
17 Netherlands 67 — — 1 8
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18th IMO (1976) in Austria

Rank  Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 US.SR. 250 4 3 1 8
2 Great Britain 214 2 4 1 8
3 US.A. 188 1 4 1 8
4 Bulgaria 174 — 2 6 8
5 Austria 167 1 2 5 8
6 France 165 1 3 1 8
7 Hungary 160 — 3 4 8
8 East Germany 142 — 2 3 8
9 Poland 138 — — 6 8
10 Sweden 120 — 1 3 8
11 Rumania 118 — 1 3 8
12,13 | Czechoslovakia 116 — 1 3 8
12,13 | Yugoslavia 116 — 1 3 8
14 Vietnam 112 — 1 3 8
15 Netherlands 78 — — 1 8
16 Finland 52 — — 1 8
17 Greece 50 - — — 8
18 Cuba 16 — — — 3
19 West Germany unclassified 2
19th IMO (1977) in Yugoslavia
Rank Country Score Prizes Team
(max 320) 1st 2nd 3rd Size

1 USA. 202 2 3 1 8
2 U.S.SR. 192 1 2 4 8
3,4 | Great Britain 190 1 3 3 8
3.4 | Hungary 190 1 3 2 8
5 Netherlands 185 1 2 3 8
6 Bulgaria 172 — 3 3 8
7 West Germany 165 1 1 4 8
8 East Germany 163 2 1 1 8
9 Czechoslovakia 161 — 3 2 8
10 Yugoslavia 159 — 3 3 8
11 Poland 157 1 2 2 8
12 Austria 151 1 1 2 8
13 Sweden 137 1 1 2 8
14 France 126 1 — — 8
15 Rumania 122 — 1 2 8
16 Finland 88 — — 1 8
17 Mongolia 49 — — — 8
18 Cuba 41 — — — 4
19 Belgium 33 — — — 7
20 Italy 22 — — - 5
21 Algeria 17 — — — 3
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20th IMO (1978) in Rumania

Rank  Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 Rumania 237 2 3 2 8
2 USA. 225 1 3 3 8
3 Great Britain 201 1 2 2 8
4 Vietnam 200 — 2 6 8
5 Czechoslovakia 195 — 2 3 8
6 West Germany 184 1 — 3 8
7 Bulgaria 182 — 1 3 8
8 France 179 — 2 4 8
9 Austria 174 — 3 2 8
10 Yugoslavia 17 — 1 2 8
11 Netherlands 157 — 1 1 8
12 Poland 156 — 2 8
13 Finland 118 — — 2 8
14 Sweden 117 — — 1 8
15 Cuba 68 — — 2 4
16 Turkey 66 — — — 8
17 Mongolia 61 — — — 8
21st IMO (1979) in Great Britain
Rank  Country Score Prizes Team
(max 320) 1st 2nd 3rd Size
1 U.S.S.R. 267 2 4 1 8
2 Rumania 240 1 4 2 8
3 West Germany 235 1 5 2 &
4 Great Britain 218 — 4 4 8
5 USA. 199 1 2 2 8
6 East Germany 180 — 2 2 8
7 Czechoslovakia 178 1 — 4 8
8 Hungary 176 — 2 2 8
9 Yugoslavia 168 - 1 4 8
10 Poland 160 — 2 3 8
11 France 155 1 — 1 8
12 Austria 152 — — 4 8
13 Bulgaria 150 — — 5 8
14 Sweden 143 — 2 1 8
15 Vietnam 134 1 3 — 4
16 Netherlands 131 — 1 1 8
17 Israel 119 -— — 2 8
18 Finland 89 — — 1 8
19 Belgium 66 — — 1 8
20 Greece 57 — — 1 8
21 Cuba 35 — — — 4
22 Brazil 19 — — — 5
23 Luxembourg 7 — — — 1
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22nd IMO (1981) in U.S.A.
Rank Country Score Prizes Team
(max 336) 1st 2nd 3rd Size

1 United States 314 4 3 1 8
2 West Germany 312 5 2 1 8
3 Great Britain 301 3 4 1 8
4 Austria 290 4 2 1 8
5 Bulgaria 287 2 3 3 8
6 Poland 259 2 3 1 8
7 Canada 249 2 2 1 8
8 Yugoslavia 246 1 2 3 8
9 Soviet Union 230 3 2 1 6
10 Netherlands 219 — 3 1 8
11 France 209 2 — 3 8
12 Sweden 207 — 1 3 8
13 Finland 206 1 1 3 8
14 Czechoslovakia 190 1 3 1 5
15 Israel 175 1 — 3 6
16 Brazil 172 1 — — 8
17 Hungary 164 3 1 — 4
18 Cuba 141 — 1 — 8
19 Belgium 139 — 2 — 8
20 Romania 136 — 2 2 4
21 Australia 122 — — 1 8
22 Greece 104 — — — 8
23 Columbia 93 — — — 8
24 Venezuela 64 — — — 8
25 Luxembourg 42 1 — — 1
26 Tunisia 32 — — — 2
27 Mexico 5 — — — 5
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23rd IMO (1982) in Hungary
Rank  Country Score Prizes Team
(max 168) 1st 2nd 3rd Size

1 West Germany 145 2 2 — 4
2 Soviet Union 137 2 1 1 4
3,4 East Germany 136 2 1 1 4
3,4 United States 136 1 2 1 4
5 Vietnam 133 1 2 1 4
6 Hungary 125 — 3 1 4
7 Czechoslovakia 115 — 2 2 4
8 Finland 113 — 2 1 4
9 Bulgaria 108 — — 4 4
10 Great Britain 103 — — 4 4
11 Romania 99 — 1 2 4
12 Yugoslavia 98 — 2 — 4
13 Poland 96 —_— 1 2 4
14 Netherlands 92 —_ 1 1 4
15 France 89 1 — — 4
16 Austria 82 1 — 1 4
17 Canada 78 — — 2 4
18 Israel 75 — — 1 4
19 Sweden 74 — — 2 4
20,21 | Australia 66 — — 1 4
20,21 | Brazil 66 — — 1 4
22 Mongolia 56 — — 1 4
23 Greece 55 — — — 4
24 Belgium 50 — — 1 4
25 Cuba 44 — — — 4
26 Columbia 34 — — — 4
27,28 | Algeria 23 — — — 3
27,28 | Venezuela 23 — — — 4
29 Tunisia 19 — — — 4
30 Kuwait 4 — — — 4
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24th IMO (1983) in France
Rank  Country Score Prizes Team
(max 252) 1st 2nd 3rd Size
1 West Germany 212 4 1 — 6
2 US.A. 1711 1 3 2 6
3 Hungary 170 — 4 2 6
4 U.SSR. 169 1 3 2 6
5 Romania 161 1 2 3 6
6 Vietnam 148 — 3 3 6
7 Netherlands 143 1 3 — 6
8 Czechoslovakia 142 1 1 3 6
9 Bulgaria 137 — 1 4 6
10 France 123 — 2 3 6
11 Great Britain 121 — 3 1 6
12 Fast Germany 117 — — 5 6
13 Finland 103 — — 3 6
14 Canada 102 — — 4 6
15 Poland 101 — — 3 6
16 Israel 97 — — 5 6
17 Greece 96 — — 3 6
18 Yugoslavia 89 — — 5 6
19 Australia 86 — 1 2 6
20 Brazil 77 — — 3 6
21 Sweden 47 — — — 6
22 Austria 45 — — — 6
23 Spain 37 — — — 4
24 Cuba 36 — — 1 6
25 Morocco 32 — — — 6
26 Belgium 31 — — — 6
27 Tunisia 26 — — — 6
28 Colombia 21 — — — 6
29 Luxemburg 13 — — — 2
30 Algeria 6 — — — 6
31 Kuwait 4 — — — 6
32 Italy 2 — — — 6




25th IMO (1984) in Czechoslovakia
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Rank  Country Score Prizes Team
(max 252) 1st 2nd 3rd Size

1 Soviet Union 235 5 1 0 6
2 Bulgaria 203 2 3 1 6
3 Romania 199 2 2 2 6
4,5 | Hungary 195 1 4 1 6
4,5 | USA. 195 1 4 1 6
6 Great Britain 169 1 3 1 6
7 Vietnam 162 1 2 3 6
8 East Germany 161 1 2 3 6
9 West Germany 150 — 2 4 6
10 Mongolia 146 — 3 2 6
11 Poland 140 — 1 5 6
12 France 126 — 2 2 6
13 Czechoslovakia 125 — 2 2 6
14 Yugoslavia 105 — — 4 6
15 Australia 103 — 1 2 6
16 Austria 97 — 1 2 6
17 Netherlands 93 — 1 2 6
18 Brazil 92 — — 3 6
19 Greece 88 — 1 — 6
20 Canada 83 — — 1 6
21 Colombia 80 — — 2 6
22 Cuba 67 — — 1 6
23,24| Belgium 56 — — 1 6
23,24 Morocco 56 — — 1 6
25 Sweden 53 — — — 6
26 Cyprus 47 — — 1 6
27 Spain 43 — — — 6
28 Algeria 36 — — — 4
29 Finland 31 — — — 6
30 Tunisia 29 — — — 6
31 Norway 24 — — 1 1
32 Luxembourg 22 — — 1 1
33 Kuwait 9 — — — 6
34 Italy 0 — — — 6
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26th IMO (1985) in Finland
Rank  Country Score Prizes Team
(max 252) 1st 2nd 3rd Size

1 Rumania 201 3 3 — 6
2 U.S.A. 180 2 4 — 6
3 Hungary 168 2 2 2 6
4 Bulgaria 165 2 3 — 6
5 Vietnam 144 1 3 1 6
6 U.S.S.R. 140 1 2 2 6
7 West Germany 139 1 1 4 6
8 East Germany 136 — 3 3 6
9 France 125 — 2 3 6
10 Great Britain 121 — 2 3 6
11 Australia 117 1 1 2 6
12,13 | Canada 105 — 1 4 6
12,13 | Czechoslovakia 105 — 3 1 6
14 Poland 101 — 1 4 6
15 Brazil 83 — — 2 6
16 Israel 81 — 1 — 6
17 Austria 77 — — 3 6
18 Cuba 74 — — 2 6
19 The Netherlands 72 — — 1 6
20 Greece 69 — 1 1 6
21 Yugoslavia 68 — — 2 6
22 Sweden 65 — — 1 6
23 Mongolia 62 — 1 — 6
24,25 ( Belgium 60 1 —_ 1 6
24,25 | Morocco 60 — — 2 6
26,27 | Colombia 54 — — 2 6
26,27 | Turkey 54 —_ — 2 6
28 Tunisia 46 —_ — 2 4
29 Algeria 36 — — — 6
30 Norway 34 — — — 6
31 Iran 28 — 1 — 1
32,33 | China 27 — — 1 2
32,33 Cyprus 27 — — 1 6
34,35 | Finland 25 — — — 6
34,35 | Spain 25 — — — 4
36 Italy 20 — — — 5
37 Iceland 13 — — — 2
38 Kuwait 7 — — — 5
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List of Symbols

area of AABC

approximately equal to

congruent (in geometry)

a — b is divisible by p; Congruence, see Glossary
a — b is not divisible by p

identically equal to

integer part of x, i.e. greatest integer not exceeding
x

least integer greater than or equal to x

binomial coefficient, see Glossary; also the

number of combinations of » things, k at a time
the greatest common divisor of n and k

p divides n

p does not divide n

n factorial =1-2-3-...(n—Dn,0' =1

the product a, - a,- --- -a,
similar in geometry
the sum a, + a, + -+ +a,

fog(x) = flg(x)], see Composition in Glossary

union of sets K, K,

intersection of sets K, K,

arithmetic mean, see Mean in Glossary
geometric mean, see Mean in Glossary
harmonic mean, see Mean in Glossary.

closed interval, i.e. all x such that a < x < b
open interval, i.e. all x such that a < x <b
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Glossary of some frequently used terms and theorems.

Arithmetic mean (average). see Mean

Arithmetic mean-geometric mean inequality (A.M.-G. M. inequality).
If a,,a,,...,a, are n non-negative numbers, then

It
)

— Za,_ [na] with equality if and only if a; =a,= ---
ni-
Weighted arithmetic mean-geometric mean inequality.
If, in addition, w;,w,,...,w, are non-negative numbers (weights)
whose sum is 1, then

n n

Y w,a,> [la withequality if and onlyif a,=a,= --- =a,.
i=1 i=1

For a proof, use Jensen’s inequality below, applied to f(x) = —log x.

Arithmetic Series. see Series

Binomial coefficient.

n!
(Z) e (n " k) = coefficient of y* in the expansion (1 + y)".

Also (z i i) ( k _r:_ 1) (n) (See Binomial theorem and List of Sym-

bols.)

Binomial theorem.n
(x+y)"= Y (Z)x"""y", where
k=0
(,,) nn—1)---(n—k+1) n!
k] 1.2-...«(k=Dk  k'(n—k)'
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Cauchy’s inequality.
For vectors x,y, [x-y|< [x|lyl; componentwise, for real numbers
X, Y, i=12,...,n,

n 12 n 172
|x1y1+x2y2+.'. +xnyn|< |:Zx12:| [Zy12:| .
i=1 i=1

There is equality if and only if x,y are collinear, i.e., if and only if
x;=ky,i=1,2,...,n. A proof for vectors follows from the defini-
tion of dot product x -y = [x|[y|cos(x,y) or by considering the dis-
criminant of the quadratic function ¢(¢) = L(y;t — x;)%

Centroid of a triangle.
Point of intersection of the medians

Ceva’s theorem.
If AD, BE, CF are concurrent cevians of a triangle ABC, then

(i) BD - CE-AF = DC - EA - FB.

Conversely, if AD, BE, CF are three cevians of a triangle ABC such
that (i) holds, then the three cevians are concurrent. (A cevian is a

segment joining a vertex of a triangle with a point on the opposite
side.) .

Chinese remainder theorem.

Let m;, m,,...,m, denote n positive integers that ar¢ relatively
prime in pairs, and let a,, a,,..., a, denote any n integers. Then the
congruences x = a,(mod m;), i = 1,2,..., n have common solutions;

any two solutions are congruent modulo m;m, ... m,. For a proof, see
[112, p. 31].

Circumcenter of AABC.
Center of circumscribed circle of AABC

Circumcircle of A ABC.
Circumscribed circle of AABC

Complex numbers.
Numbers of the form x + iy, where x, y arereal and i = v—1.

Composition of functions.
F(x) = fog(x)=f[g(x)] is the composite of functions, f, g, where
the range of g is the domain of f.

Congruence.
a = b(modp) read “a is congruent to b modulo p” means that a — b
is divisible by p.

Concave function.
f(x) is concave if —f(x) is convex; see Convex function.
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Convex function.
A function f(x) is convex in an interval [ if for all x;, x, in I and
for all non-negative weights w,, w, with sum 1,

wif(x)) + wyf(x,) = f(wix; + wyx,).

Geometrically this means that the graph of f between (x,, f(x;))

and (x,, f(x,)) lies below its secants.

We state the following useful facts:

1. A continuous function which satisfies the above inequality for
w; = w, = 1/2 is convex.

2. A twice differentiable function f is convex if and only if f"(x) is
non-negative in the interval in question.

3. The graph of a differentiable convex function lies above its tangents.

For an even more useful fact, see Jensen’s inequality.

Convex hull of a pointset S.
The intersection of all convex sets containing S

Convex pointset.
A pointset S is convex if, for every pair of points P, Q in S, all points
of the segment PQ arein S.

Cross product (vector product) x X'y of two vectors. see Vectors.

Cyclic polygon.
Polygon that can be inscribed in a circle.

de Moivre’s theorem.
(cos 8 + isinf)" = cos n@ + isin nf. For a proof, see NML vol. 27, p.
49,

Determinant of a square matrix M (det M).
A multi-linear function f(C;,GC,,...,C,) of the columns of M with
the properties

(¢, G0 Ce 0G0, C) = =f(C, Gy, Gy, Gy, C)

and det I = 1. Geometrically, det(C,, C,,...,C,) is the signed volume
of the n-dimensional oriented parallelepiped with coterminal side
vectors C,,C,,...C

n*

Dirichlet’s principle. see Pigeonhole principle.

Dot product (scalar product) x -y of two vectors. see Vectors.

Escribed circle. see Excircle.

Euclid’s algorithm.
A process of repeated divisions yielding the greatest common divisor of
two integers, m > n:
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m=ng,+tr, ¢=nrq;+tr, ..., @G="Nhqdri1t i1
the last non-zero remainder is the GCD of m and n. For a detailed

discussion, see e.g. C. D. Olds, Continued Fractions, NML vol. 9
(1963), p. 16.

Euler’s extension of Fermat’s theorem. see Fermat’s theorem.

Euler’s theorem on the distance d between in- and circumcenters of a triangle.

d = VR?* — 2rR, where r, R are the radii of the inscribed and cir-
cumscribed circles.

Excircle of aAABC.
A circle that touches one side of the triangle internally and the other
two (extended) externally.

Fermat’s Theorem.
If p is-a prime, a? = a(mod p).
Euler’s extension of —.
If m is relatively prime to n, then m®*™ = 1(mod n), where the
Euler ¢(n) function is defined to be the number of positive integers
< n and relatively prime to n. There is a simple formula for ¢:

1
o(n) =n]] (1 - ;), where p; are distinct prime factors of n.
J

Fundamental summation formula.
Our name for the telescoping sum formula, to point out its similarity to
the Fundamental Theorem of Calculus. see Summation of Series.

Geometric mean. see Mean, geometric.

Geometric series. see Series, geometric.

Harmonic mean. see Mean, harmonic.

Heron’s formula.
The area of AABC with sides a, b, ¢ is
[ABC] = |s(s —a)(s — b)(s — c), where s = {(a + b + ¢).

Holder’s inequality.
If a,, b, are non-negative numbers, and if p, g are positive numbers
such that (1/p) + (1/q) = 1, then

a,by +a,b, + --- +a,b,
<(ap+af+ - +a?)"P(by+bg+ --- +b3)""

with equality if and only if a;,=kb,, i=1,2,...,n. Cauchy’s in-
equality corresponds to the special case p = ¢ = 2.
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Homogeneous.
f(x, y, z,...) is homogeneous of degree k if

flex, oy, tz,...) = t*f(x, y, z,...).

A system of linear equations is called homogeneous if each equation is
of the form f(x, y,z,...) = 0 with f homogeneous of degree 1.

Homothety.

A dilatation (simple stretch or compression) of the plane (or space)
which multiplies all distances from a fixed point, called the center of
homothety (or similitude), by the same factor A # 0. This mapping
(transformation) is a similarity which transforms each line into a
parallel line, and the only point unchanged (invariant) is the center.
Conversely, if any two similar figures have their corresponding sides
parallel, then there is a homothety which transforms one of them into
the other, and the center of homothety is the point of concurrence of
all lines joining pairs of corresponding points. Two physical examples
are a photo enlarger and a pantograph.

Incenter of AABC.
Center of inscribed circle of AABC

Incircle of aABC.
Inscribed circle of AABC

Inequalities.
A.M.— G.M.—see Arithmetic mean
A.M.— H.M.—see Mean, Harmonic
Cauchy—see Cauchy’s-
H.M.— G.M.—see Mean, Harmonic
Holder—see Holder’ s-
Jensen—see Jensen’s-
Power mean—see Power mean-
Schur—see Schur’s-
Triangle—see Triangle-

Inverse function.
f: X > Y hasaninverse f~! if for every y in the range of f there
is a unique x in the domain of f such that f(x)=y; then f(y)
=x, and flof, fof ! are the identity functions. See also Com-
position.

Irreducible polynomial.
A polynomial g(x), not identically zero, is irreducible over a field F
if there is no factoring, g(x) = r(x)s(x), of g(x) into two polynomi-
als r(x) and s(x) of positive degrees over F. For example, x? + 1
is irreducible over the real number field, but reducible, (x + i)(x — i),
over the complex number field.
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Isoperimetric theorem for triangles.

Among all triangles with given area, the equilateral triangle has the
smallest perimeter.

Jensen’s inequality.
If f(x) is convex in an interval I and w,, w,,...,w, are arbitrary
non-negative weights whose sum is 1, then

wif(x) +wof(x;) + -+ +w,f(x,)
> f(wyx; + wox, + - +w,x,)
for all x; in I
Matrix.
A rectangular array of number (a,;)
Mean of n numbers.

1 7
Arithmetic mean (average) = A.M.= — ) a,
Bz

n
Geometric mean = G.M.= Ja;a, --- a,, a; =20
-1
121
Harmonic mean = HM.= |—= ) —| ,a,>0
n /7] a;
i=1%i

A.M.— G.M.— H.M. inequalities
A.M.> G.M. > H.M. with equality if and only if all n numbers

are equal. ”

1 n
Power mean = P(r) = —Za,’], a;>0, r+0, |r|<oc
nio

= [[1a,]*/" if r=0
=min(q;) if r=—o0
=max(a;) if r=o00
Special cases: P(0) = G.M., P(—-1)=H.M., P(1)=A.M.
It can be shown that P(r) is continuous on — oo < r < oo, that is

lin})P(r) =[I1a]"", lm P(r) = min(a,),
lim P(r) = max(a,).
— inequality.

P(r) < P(s) for —o0 < r <s < oo, with equality if and only if all
the a; are equal. For a proof, see [108, pp. 76-77.]

Menelaus’ theorem.
If D, E,F, respectively, are three collinear points on the sides
BC,CA, AB of a triangle ABC, then

@) BD-CE-AF = —DC - EA - FB.
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Conversely, if D, E, F, respectively are three points on the sides
BC,CA, AB of a triangle ABC such that (i) holds, then D, E, F are
collinear.

Orthocenter of s ABC.
Point of intersection of altitudes of AABC

Periodic function.
f(x) is periodic with period a if f(x + a) = f(x) for all x.

Pigeonhole principle ( Dirichlet’s box principle).
If n objects are distributed among k < n boxes, some box contains
at least two objects.

Polynomial in x of degree n. )

Function of the form P(x) = Y c¢,x', ¢
i=0

# 0.

n

Irreducible-see Irreducible-

Radical axis of two non-concentric circles.
Locus of points of equal powers with respect to the two circles. (If the
circles intersect, it is the line containing the common chord.)

Radical center of three circles with non-collinear centers.
Common intersection of the three radical axes of each pair of circles.

Root of an equation.
Solution of an equation

Roots of unity.
Solutions of the equation x" — 1 = 0.

Schur’s inequality.

x"(x —yNx—z2)+y"(y—z(y—x)+z"(z—x)z—-y) =0, for
all real x, y, z, n > 0. see [108].

Series.
Arithmetic: Z a; witha;,, =a;+d, d the common difference.
J=
n—
Geometric: Z a; with a;, =ra; r the common ratio.

Summation c;fs—o
Linearity: Z[aF(k) + bG(k)] = a)_F(k) + bZG(k)

k
Fundamental theorem of- or Telescoping sums theorem
Z [F(k) — F(k — )] = F(n) — F(0)

k=1
(so named in analogy with Fundamental Theorem of Calculus).
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By choosing F appropriately, we can obtain the following sums:
n

" 1 n 1
Y1=n Y k==-nn+1), ¥ k*=—n(n+1)Q2n+1),
k=1 k=1 2 k=1 6

k(k+1)] '=1-

3|

9

+1

x~
—
S

Bl

1 1
4 2n+1)(n+2)

lk(k + 1)(k+2)] =

-

k—

T[*’]:T

ar*"'=a(l - r")/(1 — r), the sum of a geometric series,
1
see above.
n sin nx cos(n + 1)x
Y cos2kx = . ;
k=1 . Sin x
nto sin nx sin(n + 1)x
Y sin2kx = -
Pt} sin x
Subadditive.

A function f(x) is subadditive if f(x + y) < f(x) + f(y)

Superadditive.
A function g(x) is superadditive if g(x + y) > g(x) + g(»)

Telescoping sum. see Series, Fundamental theorem of summation of —

Trigonometric identities.
sin(x + y) = sin x cos y + sin ycos x

- . addition formulas
cos(x + y) = cos xcos y F sin x sin y

sin nx = cos"x {({)tan x — (;)tan’x + - - - } consequences of
M\t an? )¢ and de Moivre’s
cos nx = cos"x {1 — ()tan’x + (Ptan*x — -+ } [ joiem

sin2x + sin2y + sin2z — sin2(x + y + 2)
= 4sin(y + z)sin(z + x)sin(x + y),
cos2x + cos2y + cos2z + cos2(x +y + z)
= 4cos(y + z)cos(z + x)cos(x + y),
sin(x + y + z)
= COSs x cos ycos z(tan x + tan y + tan z — tan x tan y tan z),
cos(x +y + z)
= cos x cos ycos z(1 — tany tan z — tan z tan x — tan x tan y).

Vectors
One may consider an n-dimensional vector as an ordered n-tuple of
real numbers: x = (xy, x,,..., x,). Its product with any real number
a is the vector ax = (ax,, ax,,..., ax,). The sum of two vectors x
and y is the vector x +y = (x; + y;, X, + )5,..., X, + »,) (parallel-
ogram or triangle law of addition). The dot- or scalar product X -y is



134

INTERNATIONAL MATHEMATICAL OLYMPIADS

defined geometrically as [x|ly|cos 8, where |x| denotes the length of
x, etc., and @ is the angle between the two vectors. Algebraically, the
dot product is defined as the number

X'y=x1y1+x2y2+ T +xn.yn, and
Ix|?=x-x=x2+x2+ .-+ +x2.
In 3-dimensional space E3, the vector- or cross product x Xy is
defined geometrically as a vector orthogonal to both x and y, whose
magnitude is [x||y|sin @ and directed according to the right hand screw

convention. Algebraically, the cross product of x = (x,, x,, x;) and
y = ()1, Y2, ¥3) is given by the vector

X XY = (Xa03 = X3¥3, X301 = X193, X1V = X3 )1)-
It follows from the geometric definition that the triple scalar product
X -y X z is the signed volume of the oriented parallelepiped having
X, y and z as coterminal sides. It can conveniently be written as
X1 X3 X3

x-yXz=(21 Y Yi|=det(x,y,z), see also Determinant.
21 2, Z3

Zero of a function f(x).

Any point x for which f(x) = 0.
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Here is an alternative solution to problem N /2, by Arthur Engel, added
in the second printing of this book:

If any x, changes sign, the sum does not change modulo 4. Now change,
one by one, every —1 to +1 so that the sum becomes n. Since the sum
must remain = 0 (mod 4), so must n = 6 (mod 4).



The International Mathematical Olympiad
has been held annually, since 1959; the U.S.
began participating in 1974, when the Six-
teenth International Olympiad was held in Er-
furt, G.D.R.

In 1974 and 1975, the National Science
Foundation funded a three week summer
training session with Murray S. Klamkin of the
University of Alberta, and Samuel L. Greitzer
of Rutgers University as the U.S. teams’
coaches. Summer training sessions have
been funded since 1976 by grants from the
Army Research Office and Office of Naval Re-
search. The first time the U.S.A. participated,
we scored second among the eighteen
participating nations. The U.S. team usually
places among the top three and in 1977,
1981, and 1986 was first. IMO '81 hosted by
the U.S.A. was the first to be held outside Eu-
rope.

Members of the U.S. team are selected
from 75-100 top scorers on the Annual High
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School Examination (see NML vols. 5, 17, 25,
29) and the American Invitational Mathe-
matics Examination by subsequent competi-
tion in the U.S. Mathematical Olympiad. NML
Volume 27 offers a compilation of the Interna-
tional  Mathematical ~ Olympiads  from
1959-1977.

In this volume the dedicated coach and
problemist, Murray S. Klamkin, has compiled
all of the IMO problems from the twentieth
(1978) through the 27th (1985) IMO and their
solutions. In this book he has also included
forty additional problems which had been

+ submitted to the Olympiad Committee.

The problems are solvable by methods
accessible to secondary school students in
most nations, but insight and ingenuity are
oftenrequired. A chronological examination of
the questions throws some light on the
changes and trends in secondary school
mathematics curricula.
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