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Preface 

This book is intended to help students preparing to participate in the USA 

Mathematical Olympiad (USAMO) in the hope of representing the United 

States at the International Mathematical Olympiad (IMO). The USAMO 

is the third stage of the selection process leading to participation in the 

IMO. The preceding examinations are the AMC 10 or the AMC 12 (which 

replaced the American High School Mathematics Examination) and the 

American Invitational Mathematics Examination (AIME). Participation in 

the AIME and the USAMO is by invitation only, based on performance in 

the preceding exams of the sequence. 

The top 12 USAMO students are invited to attend the Mathematical 

Olympiad Summer Program (MOSP) regardless of their grade in school. 

Additional MOSP invitations are extended to the most promising non¬ 

graduating USAMO students, as potential IMO participants in future years. 

During the first 10 days of MOSP, IMO type exams are given to the top 12 

USAMO students with the goal of identifying 6 members of the USA IMO 

Team. The Team Selection Test (TST) replicates an actual IMO, consisting 

of 6 problems to be solved over two 4 1/2 hour sessions. The 12 equally 

weighted problems (6 on the USAMO and 6 on the TST) determine the 

tentative USA Team. In 2001, a third exam, consisting of 3 problems to 

be solved over 4 1/2 hours, was used as a tie-breaker in the team selection 

process. 

The Mathematical Olympiad booklets have been published since 1976. 

Copies for each year through 1999 can be ordered from the Mathematical 

Association of American (MAA) American Mathematics Competitions 

(AMC). This publication and the Mathematical Olympiads 2000 are 

published by the MAA. In addition, various other publications are useful 

in preparing for the AMC-AIME-USAMO-IMO sequence (see Chapter 6, 

v 
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Further Reading). For more information about the AMC examinations, 

or to order Mathematical Olympiad booklets from previous years, please 

write to 

Titu Andreescu, Director 

American Mathematics Competitions 

University of Nebraska, Lincoln 

1740 Vine Street 

Lincoln, NE 68588-0658, 

or visit the AMC web site at www.unl.edu/amc. 
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Introduction 

Olympiad-style exams consist of several challenging essay-type prob¬ 

lems. Correct and complete solutions often require deep analysis and care¬ 

ful argument. Olympiad questions can seem impenetrable to the novice, yet 

most can be solved by using elementary high school mathematics, cleverly 

applied. 

Here is some advice for students who attempt the problems that follow: 

• Take your time! Very few contestants can solve all of the given 

problems within the time limit. Ignore the time limit if you wish. 

• Try the “easier” questions first (problems 1 and 4 on each exam). 

• Olympiad problems don’t “crack” immediately. Be patient. Try 

different approaches. Experiment with simple cases. In some cases, 

working backward from the desired result is helpful. 

• If you get stumped, glance at the Hints section. Sometimes a problem 

requires an unusual idea or an exotic technique that might be explained 

in this section. 

• Even if you can solve a problem, read the hints and solutions. They 

may contain some ideas that did not occur in your solution, and may 

discuss strategic and tactical approaches that can be used elsewhere. 

• The formal solutions are models of elegant presentation that you should 

emulate, but they often obscure the torturous process of investigation, 

false starts, inspiration and attention to detail that led to them. When 

you read the formal solutions, try to reconstruct the thinking that went 

into them. Ask yourself, “What were the key ideas?” “How can I 

apply these ideas further?” 

• Many of the problems are presented together with a collection of 

xiii 
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remarkable solutions developed by the examination committees, con¬ 

testants, and experts, during or after the contests. For each problem 

with multiple solutions, some common crucial results are presented 

at the beginning of these solutions. You are encouraged to either try 

to prove those results on your own or to independently complete the 

solution to the problem based on these given results. 

• Go back to the original problem later and see if you can solve it in a 

different way. 

• All terms in boldface are defined in the Glossary. Use the glossary 

and the reading list to further your mathematical education. 

• Meaningful problem solving takes practice. Don’t get discouraged 

if you have trouble at first. For additional practice, use prior years’ 

exams or the books on the reading list. 



The Problems 

USAMO 

30th United States of America Mathematical Olympiad 

Part I 9 a.m-12 p.m. 

May 1, 2001 

1. Each of eight boxes contains six balls. Each ball has been colored 

with one of n colors, such that no two balls in the same box are the 

same color, and no two colors occur together in more than one box. 

Determine, with justification, the smallest integer n for which this is 

possible. 

2. Let ABC be a triangle and let u> be its incircle. Denote by A and 

Ei the points where oj is tangent to sides BC and AC, respectively. 

Denote by D2 and E2 the points on sides BC and AC, respectively, 

such that CD2 = BD\ and CE2 = AE\, and denote by P the 

point of intersection of segments ADi and BE2. Circle u intersects 

segment AD2 at two points, the closer of which to the vertex A is 

denoted by Q. Prove that AQ — E^P. 

3. Let a, b, and c be nonnegative real numbers such that 

a2 + b2 + c2 + abc = 4. 

Prove that 

0 < ab + be + ca — abc < 2. 
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30th United States of America Mathematical Olympiad 

Part II 1 P.M.—4 P.M. 

May 1, 2001 

4. Let P be a point in the plane of triangle ABC such that the segments 

PA, PB, and PC are the sides of an obtuse triangle. Assume that 

in this triangle the obtuse angle opposes the side congruent to PA. 

Prove that ABAC is acute. 

5. Let S be a set of integers (not necessarily positive) such that 

(a) there exist a,b G S with gcd(a, b) = gcd(a — 2, b — 2) = 1; 

(b) if x and y are elements of S (possibly equal), then x2 — y also 

belongs to S. 

Prove that S is the set of all integers. 

6. Each point in the plane is assigned a real number such that, for any 

triangle, the number at the center of its inscribed circle is equal to the 

arithmetic mean of the three numbers at its vertices. Prove that all 

points in the plane are assigned the same number. 
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2 Team Selection Test 

42nd IMO Team Selection Test 

Washington, D.C. 

Day I 1 p.m.-5:30 P.m. 

June 9, 2001 

1. 

2. 

Let { an}n>o be a sequence of real numbers such that On+\ > a,( + 

for all n > 0. Prove that ^an+5 > a^_5 for all n > 5. 

Express 
n 

l 

5 

^(-l)fc(n-A:)!(n+A:)! 
fc=o 

in closed form. 

3. For a set S, let |S| denote the number of elements in S. Let A be a 

set of positive integers with |^4| = 2001. Prove that there exists a set 

B such that 

(i) B C A; 

(ii) \B\ > 668; 

(iii) for any u,v G B (not necessarily distinct), u + v 0 B. 
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42nd IMO Team Selection Test 

Washington, D.C. 

Day II 1 p.m.-5:30 p.m. 

June 10, 2001 

4. There are 51 senators in a senate. The senate needs to be divided into 

n committees so that each senator is on one committee. Each senator 

hates exactly three other senators. (If senator A hates senator B, then 

senator B does not necessarily hate senator A.) Find the smallest n 

such that it is always possible to arrange the committees so that no 

senator hates another senator on his or her committee. 

5. In triangle ABC, ZB = 2AC. Let P and Q be points on the 

perpendicular bisector of segment BC such that rays AP and AQ 

trisect /LA. Prove that PQ < AB if and only if ZB is obtuse. 

6. Let a, b, c be positive real numbers such that 

a + b + c > abc. 

Prove that at least two of the inequalities 

2 3 6 
-F 7 + _ abc 

>6, 
2 3 6 
- H-1— 
b c a 

>6, 
2 3 6 

I-Ft 
cab 

> 6 

are true. 
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42nd IMO Team Selection Test 

Washington, D.C. 

Day III 1 p.m.-5:30 p.m. 

June 11, 2001 

7. Let ABCD be a convex quadrilateral such that ZABC = ZADC = 

135° and 

AC2 • BD2 = 2AB ■ BC ■ CD ■ DA. 

Prove that the diagonals of quadrilateral ABCD are perpendicular. 

8. Find all pairs of nonnegative integers (m,n) such that 

(m + n — 5)2 = 9 mn. 

9. Let A be a finite set of positive integers. Prove that there exists a 

finite set B of positive integers such that A C B and 

n-=E*2 
xGB x&B 
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3 IMO 

42nd International Mathematical Olympiad 

Washington, D.C., United States of America 

Day II 9 a.m.-1:30 p.m. 

July 9, 2001 

1. Let ABC be an acute-angled triangle with O as its circumcenter. 

Let P on line BC be the foot of the altitude from A. Assume that 

ABC A > /.ABC + 30°. Prove that /CAB + /COP < 90°. 

2. Prove that 

a 

y/a2 + 8 be 

for all positive real numbers a, b, and c. 

3. Twenty-one girls and twenty-one boys took part in a mathematical 

competition. It turned out that 

(a) each contestant solved at most six problems, and 

(b) for each pair of a girl and a boy, there was at least one problem 

that was solved by both the girl and the boy. 

Prove that there is a problem that was solved by at least three girls 

and at least three boys. 
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42nd International Mathematical Olympiad 

Washington, D.C., United States of America 

Day II 9 a.m.-1:30 p.m. 

July 9, 2001 

4. Let n be an odd integer greater than 1 and let cy, C2,..., cn be integers. 

For each permutation a = (oi, a2,..., an) of {1,2, define 

S(a) ~ ElLi °iai- Prove that there exist permutations b and c,b^c, 
such that n! divides S(b) — S(c). 

5. In a triangle ABC, let segment AP bisect ABAC, with P on side 

BC, and let segment BQ bisect A ABC, with Q on side C A. It is 

known that ABAC = 60° and that AB + BP = AQ + QB. What 

are the possible angles of triangle ABC! 

6. Let a > b > c > d be positive integers and suppose 

ac + bd = (b + d + a — c)(b + d — a + c). 

Prove that ab + cd is not prime. 



2 
Hints 

I USAMO 

1. The answer is not 24. 

2. Prove that QD\ is a diameter of incircle to. 

3. Assume that (1 — b)(l — c) > 0 and then view the given condition 

as a quadratic equation in a. Or prove and use one of the following 

facts: 

cos2 A + cos2 B + cos2 C + 2 cos A cos B cos (7=1 

or 

sin — + sm2 — + sin' — + 2 sin — sin — sin — = 1, 

where A, B, C are angles of a triangle ABC. 

4. Many approaches are possible. Even the coordinates method is not 

complicated at all. 

5. Prove that if x G S then (x ± n) G S, whenever n is an integer linear 

combination of finitely many numbers of the form & — d2, where 

c,d G S. 

6. Find a useful relation between the labels at the vertices of any isosceles 

trapezoid. 

8 
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2 Team Selection Test 

1. Prove that an+5 > for all positive integers n. 

2. Rewrite 
n 

Sn = (—l)n k\(2n—k)\ 
k=0 

and use the identity 

1 2n + l 1 1 

3. Prove a more general statement: Let A be a set of positive integers 

with \A\ — n. Then there exists a set B such that 

(i) BCA; 

(ii) |jB| - UJ+1; 
(iii) for any u,v 6 B (not necessarily distinct), u + v £ B. 

Also use the fact that if A = { 1, 2,..., 3n + 2}, then B = 

{n + l,...,2n+l} satisfies the conditions of the problem. 

4. The number 51 is not important. State a more general claim and prove 

it by induction. 

5. Prove that AP = AB. 

6. Use a proof by contradiction: assume that two of the inequalities are 

not true, add them up, and show that the resulting inequality is false. 

7. Calculate the area of quadrilateral ABCD in two ways. 

8. Reduce the given equation to two Diophantine equations of the form 

x2 — axy + y2 — b, and solve them by finding an algorithm that 

reduces a solution to a smaller one. 

9. Given a finite set A of positive integers, under certain conditions it is 

possible to form a new set B with one additional integer such that 
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3 IMO 

1. It suffices to prove that OP > PC. 

2. Setting x = 8bc/a2,y = 8ca/b2,z = 8ab/c2, it is sufficient to prove 

that 
(i-^)(i^g2)(i-22) 

x2y2z2 
> 512. 

for positive real numbers x, y, z such that x + y + z — 1. 

One can also assume that a + b + c = 1 (since the inequality is 

homogeneous) and use Jensen’s Inequality. 

3. Prove that there are at least 11 problems each of which was solved by 

at least three girls. 

4. Assume that for any two distinct permutations a and b, n\ does not 

divide 5(a) - S(b). Calculate £^5(a) two ways, where the sum 

of 5(a) is taken over all n! permutations a of the set { 1, 2,..., n}. 

5. Try to place triangle ABC into a proper equilateral triangle. 

6. Prove that a2 — ac + c2 = b2 + bd, + d2 and that ab + cd divides 

(b2 — c2)(b2 + bd + d2). 



3 
Formal Solutions 

I USAMO 

1. Each of eight boxes contains six balls. Each ball has been colored 

with one of n colors, such that no two balls in the same box are the same 

color, and no two colors occur together in more than one box. Determine, 

with justification, the smallest integer n for which this is possible. 

Note. The proposer of this problem thanks David Savitt for his help 

in assembling the first solution; David also showed that for 10 boxes of 

eight balls, the minimum number of colors is 39. When the problem 

was proposed, the result for the general case of n + 2 boxes of n balls 

was unknown. Our colleague Walter Stromquist showed us his splendid 

solution (the fifth solution) during the IMO. His solution also provides 

a lower bound for much more general cases. The constructions for such 

cases in order to obtain the lower bounds continue to be of interest. 

First Solution. The smallest such n is 23. 

We first show that n = 22 cannot be achieved. 

Assume that only 22 colors are available and that some color, say red, 

occurs four times. Then the first box containing red contains 6 colors, 

the second contains red and 5 colors not mentioned so far, and likewise 

for the third and fourth boxes. A fifth box can contain at most one color 

used in each of these four, so must contain 2 colors not mentioned so far, 

and a sixth box must contain 1 color not mentioned so far, for a total of 

64-5 + 5 + 5 + 2 + 1 = 24 colors, a contradiction. 

Next assume that only 22 colors are available and that no color occurs 

four times; this forces at least four colors to occur three times. In particular. 
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there are two colors that occur at least three times and which both occur 

in a single box, say red and blue. Now the box containing red and blue 

contains 6 colors, the other boxes containing red each contain 5 colors 

not mentioned so far, and the other boxes containing blue each contain 3 

colors not mentioned so far (each may contain one color used in each of 

the boxes containing red but not blue). A sixth box must contain one color 

not mentioned so far, for a total of6 + 5 + 5 + 3 + 3 + l = 23 colors, 

again a contradiction. 

We now give a construction for n = 23. We still cannot have a color 

occur four times, so at least two colors must occur three times. Call these 

red and green. Put one red in each of three boxes, and fill these with 15 

other colors. Put one green in each of three boxes, and fill each of these 

boxes with one color from each of the three boxes containing red and two 

new colors. We now have used 1 + 15+ 1 + 6 = 23 colors, and each 

box contains two colors that have only been used once so far. Split those 

colors between the last two boxes. The resulting arrangement is: 

1 3 4 5 6 7 

1 8 9 10 11 12 

1 13 14 15 16 17 

2 3 8 13 18 19 

2 4 9 14 20 21 

2 5 10 15 22 23 

6 11 16 18 20 22 

7 12 17 19 21 23 

Note that the last 23 can be replaced by a 22. 

Now we present a few more methods of proving n > 23. 

Second Solution. As in the first solution, if n = 22 is possible, it 

must be possible with no color appearing four or more times. By the 

Inclusion-Exclusion Principle, the number of colors (call it C) equals the 

number of balls (48), minus the number of pairs of balls of the same color 

(call it P), plus the number of triples of balls of the same color (call it T); 

that is, 

C = 48 - P + T. 

For every pair of boxes, at most one color occurs in both boxes, so 

P < (®) = 28. Also, if n < 22, there must be at least 48 — 2(22) = 4 

colors that occur three times. Then C > 48 — 28 + 4 = 24, a contradiction. 
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Third Solution. Assume n = 22 is possible. By the Pigeonhole 

Principle, some color occurs three times; call it color 1. Then there are 

three boxes containing 1 and fifteen other colors, say colors 2 through 16. 

The other five boxes each contain at most three colors in common with 

the first three boxes, so they contain at least three colors from 17 through 

22. 
Since 5 x 3 > 2 x 6, one color from 17 to 22 occurs at least three times 

in the last five boxes; say it’s color 17. Then two balls in each of those 

three boxes have colors among those labeled 18 through 22. But then one 

of these colors must appear together with 17, a contradiction. 

Fourth Solution. Let be the number of balls which are the same 

color as the jth ball in box i (including that ball). For a fixed box i, 

1 < i < 8, consider the sums 

6 

Si = rriij and Si 

j=i 

6 1 v—. 
t—* rrii i 
j=i 1,3 

For each fixed i, since no pair of colors is repeated, each of the remaining 

seven boxes can contribute at most one ball to S- Thus Si < 13. It 

follows by the convexity of /(x) = l/x (and consequently, by Jensen’s 

Inequality) that Si is minimized when one of the rriij is equal to 3 and 

the other five equal 2. Hence s* > 17/6. Note that 

n = EE 
i=l j=1 

rrii 

„ 17 

Hence there must be at least 23 colors. 

Fifth Solution. Let x, be the number of colors that occur exactly i times. 

Then 

X\ + x2 + #3 H-F Xi H-= n (1) 

and 

X\ + 2x2 + 3x3 + • • • + H-= 48. (2) 

Now we count the number of pairs of like-colored balls. Each pair of 

boxes can contain at most one pair of like-colored balls. Hence 

x‘.2 + ^2) X3 ^-^2)'r* H-^ 28. (3) 
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Taking (1) - | x (2) + | x (3) gives 

1 1 (i — 2)(z — 3) ^ 68 
3*1 + 5*4 + --+-g-Xi H <n 

The coefficients on the left-hand side are all nonnegative. Hence n is at 

least 23. 

The folowing construction shows that 23 is indeed enough. Each line 

represents a box and each intersection o represents a color. 

More generally, we have the following Lemmas. 

Lemma 1. There are h boxes with an average of a balls in each box. 

Each ball has been colored with one of n colors, such that no two balls 

in the same box are the same color, and no two colors occur together in 

more than one box. Then 

2 2 (b\ 
ni7riab~H7TT){2)' 

where r = . 

Proof. Let X{ be the number of colors that occur exactly i times. Then 

we have the following linear system: 

(4) Xi — xi + x2 4-V Xi -= n, 
i>l 

(5) ixi = ii + 2^2 H-H ixi -\-= ab, 
i> 1 

(2)^ +V = X2 + + (2)^+ ”' + 2/= (2)’ 
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where y is a slack variable, denoting the number of pairs of boxes with 

no like-colored balls. To solve this linear system in real numbers a;, let 

r = r¥l> then emulate (4) - ^ x (5) + x (6). We obtain 

(r-»)(r-i+1)_ ,2 2 2 fb\ 

— r(r + l) r(r + l) r + 1 r(r + l)\2/ 

Since all of the coefficients on the left-hand side of the last equation are 

nonnegative, we have 

„> » aft_ * (% 
r + 1 r(r + 1) \2/ 

as desired. ■ 

Lemma 2. Suppose that each of m + 2 boxes contains m balls. Let 

rim denote the smallest integer n for which it is possible to color each 

ball with one of n colors, such that no two balls in the same box are the 

same color, and no two colors occur together in more than one box. Then 

no = 0, ni = 1. and 

Tim 

9 k2 — k 

2 
9k2 + 5 k 

2 
9k2 + life+ 2 

2 

m = 3k — 1, 

m = 3 k, 

m = 3k + 1, 

for positive integers k. 

Proof. When m = 0 and m = 1, the results are trivial. We assume 

that m > 3. By Lemma 1, we have r = 2 and 

2 1 fa + 2 
n>3a(a + 2)-5( 2 

or 

n > -(3a 
6 

l)(a + 2). 

This gives 

m 2 3 4 5 6 7 8 9 10 

lower bound 10 
3 

20 
3 

11 49 
3 

68 
3 

30 115 
3 

141 
3 

58 

Tim 4 7 11 17 23 30 39 48 58 
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The values of n can indeed be achieved. We can construct our examples 

inductively. Again, let lines represent boxes and let their intersections o 

represent different colors. 

For m — 2, we have 

For m = 3, we have 

For m — 4, we have 

If Gk is the construction for m = k, we add 

to Gk to obtain Gk+3 the construction for m = k + 3. (One can compare 

the construction for G3 and Ge, which appeared earlier. One can also see 

the construction for G5 and Gg.) 
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Therefore nm+3 = nm + 3(m + 2) + 1, for m > 2. For m = 3A;, we 

have 

(k + l )k 
n3(k+l) = n3k + 9fc + 7 = Tl3 + 9 • ---1- 7k 

9k2 + 23k + 14 

~ 2 ’ 

or 
9 k2 + 5 k 

n3k = g ' 

Similarly, we have 

9k2 + 11^ + 2 J 9k2 — k 
ri3k+i =-g- and n3fc-1 =-9-’ 

as desired. ■ 

2. Let ABC be a triangle and let u> be its incircle. Denote by Di and E\ 

the points where u is tangent to sides BC and AC, respectively. Denote 

by £>2 and E2 the points on sides BC and AC, respectively, such that 

CD2 = BD1 and CE2 = AE1, and denote by P the point of intersection 

of segments AD2 and BE2. Circle to intersects segment AD2 at two 

points, the closer of which to the vertex A is denoted by Q. Prove that 

AQ = D2P. 
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Note. We used three different diagrams. Each diagram was designed 

to assist the reader in understanding a particular part of the proof. We 

used directed lengths of segments in our calculations to avoid possible 

complications caused by the different configurations. 

First Solution. The key observation is the following Lemma. 

Lemma. Segment D\Q is a diameter of circle tv. 

Proof. Let / be the center of circle co, that is, / is the incenter of 

triangle ABC. Extend segment DXI through I to intersect circle u again 

at Q', and extend segment AQ through Q to intersect segment BC at 

D’. We show that D2 = D', which in turn implies that Q = Q', that is, 

D\Q is a diameter of u. 
Y 

A 

Let £ be the line tangent to circle u at Q, and let £ intersect segments 

AB and AC at Bx and Cx, respectively. Then u is an excircle of 

triangle ABXCX. Let Hi denote the dilation with center A and ratio 

AD’/AQ'. Since £ JL DXQ' and BC 1 DXQ, £ || BC. Hence, 

AB/ABX = AC/ACx = AD'/AQ'. Thus, Hi(Q') = £>', Hx(Bi) = B, 
and Hx(Ci) = C. It also follows that the excircle f2 of triangle ABC 

opposite vertex A is tangent to side BC at O. 

It is well known that 

CDX - l-(BC+ CA-AB). (1) 

We compute BEY. Let X and Y denote the points of tangency of circle 

with rays AB and AC, respectively. Then by equal tangents, AX = AY, 
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BD = BX, and D'C = YC. Hence, 

AX = AY = |(AX + AY) 

= AB + BX + YC + CA) 

= AB + BC + CA). 

It follows that 

BD' = -BX = — AB = ^(BC + — AB). (2) 

Combining (1) and (2) yields BD = CD\. Thus, 

BD2 = BDi - D2D1 = B2C - D2Di = D\C = BD, 

that is, D = D2, as desired. 

A 

C 

Now we prove our main result. Let M\ and M2 be the midpoints of 

segments BC and CA, respectively. Then M\ is also the midpoint of 

segment D\D2, from which it follows that IM\ is a midline of triangle 

D\QD2. Hence, 

QD2 = 2IMX (3) 

and AD2 || M\I. Similarly, we can prove that BE2 || M2I. 
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A 

Let G be the centroid of triangle ABC. Thus, segments AM\ and BM2 

intersect at G. Define transformation H2 as the dilation with center G and 

ratio —1/2. Then 'ft.2(A) = M\ and H2(jB) = M2■ Under the dilation, 

parallel lines go to parallel lines and the intersection of two lines goes to 

the intersection of their images. Since AD2 || Mil and BE2 || M2/, H 

maps lines AD2 and BE2 to lines Mil and M2/, respectively. It also 

follows that H2(P) = / and that 

IMi GMi 1 

AP ~ AG ~ 2 

or 

AP — 21 M\. (4) 

Combining (3) and (4) yields 

AQ = AP - QP = 21 Mi — QP = QD2 - QP = PD2, 

as desired. 

Second Solution. From the Lemma, we have 

AQ _ r 

AD2 ra' 

where r and ra are the radii of circles u and fl, respectively. Note that 

r(AB + BC + CA) = 2 [ABC] 
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and that 

ra(AB + AC- BC) = 2[IaAB\ + 2[IaAC] - 2[IaBC] 

= 2[IaBAC] - 2[IaBC] = 2{ABC], 

where Ia is the center of Pi and [R] is the area of region 7Z. Thus, 

AQ AB + AC- BC 

~AD2 “ AB + BC + CA' 

Applying Menelaus’s Theorem to triangle AD2C and line BE2 gives 

AP D2B CE2 

Td~2 ' ~BC ' E^A ~ ’ 

or 

AP BC ■ E2A BC • CEX 

~PW2 ~ D2B ■ CE2 ~ CDi ■ AEX 

BC 2 BC 

~ ~AE\ ~ AB P AC - BC' 

Hence, 
AD2 AP AB + AC + BC 

~Pa2 ~ 1 + ~ AB + AC - BC' 

PD2 AB + AC-BC 

AD2 ~ AB + AC + BC' U 

The desired result now follows from (5) and (6). 

3. Let a, b, and c be nonnegative real numbers such that 

a2 + b2 + c2 + abc = 4. 
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Prove that 

0 < ab + bc + ca — abc < 2. 

First Solution. (By Richard Stong) From the condition, at least one of 

a, b, and c does not exceed 1, say a < 1. Then 

ab + be + ca — abc — a(b + c) + bc( 1 — a) > 0. 

To obtain equality, we have a(b + c) = bc( 1 — a) — 0. If a = 1, 

then b + c= 0or6 = c = 0, which contradicts the given condition 

a2 + b2 + c2 + abc = 4. Hence 1 - a / 0 and only one of b and c 

is 0. Without loss of generality, say 6 = 0. Therefore b + c > 0 and 

a = 0. Plugging a = b = 0 back into the given condition gives c = 2. 

By permutation, the lower bound holds if and only if (a, b, c) is one of the 

triples (2,0,0), (0,2,0), and (0,0,2). 

Now we prove the upper bound. Let us note that some two of the three 

numbers a, b, and c are both greater than or equal to 1 or less than or 

equal to 1. Without loss of generality, we assume that the numbers with 

this property are b and c. Then we have 

(l-6)(l-c)>0. (1) 

The given equality a2 + b2 + c2 + abc = 4 and the inequality 6s + c2 > 2be 
imply 

a2 + 2be + abc < 4, or bc(2 + a) < 4 — a2. 

Dividing both sides of the last inequality by 2 + a yields 

be < 2 - a. (2) 

Combining (1) and (2) gives 

ab + be + ac — abc < ab + 2 — a + ac(l — b) 

= 2 — a(l + be — b — c) 

= 2 — a(l — 6)(1 — c) <2, 

as desired. 

The last equality holds if and only if b — c and a(l — 6)(1 — c) = 0. 

Hence, equality for the upper bound holds if and only if (a, b, c) is one of 

the triples (1,1,1), (0, s/2, s/2), (s/2,0, s/2), and (s/2, s/2,0). 

Second Solution, (by Oaz Nir) We prove only the upper bound here. 

Either two of a, b, c are less than or equal to 1, or two are greater than or 
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equal to 1. Assume b and c have this property. Then 

b + c- bc= 1 — (1 -6)(1 — c) < 1. (3) 

Viewing the given equality as a quadratic equation in a and solving for a 
yields 

—be ± y/(b2 — 4) (c2 — 4) 

a ~ 2 

Note that 

(b2 — 4 )(c2 — 4) = h2c2 — 4 (b2 + c2) + 16 

< 62c2 - 8hc+ 16 = (4- be)2. 

For the given equality to hold, we must have b, c < 2 so that 4 — be > 0. 

Hence, 
—6c+|4 — 6c I — be + 4 — be 

a~-2-=-2-= 2~bc' 

or 

2 — be > a. (4) 

Combining (3) and (4) gives 

2 — be > a(b + c — be) = ab + ac — abc, 

or 

ab + ac + be — abc < 2, 

as desired. 

Third Solution. We prove only the upper bound here. Define functions 

f, 9 as 

f{x, y, z) = x2 + y2 + z2 + xyz = (x + y)2 + z2 - (2 - z)xy, 

g(x, y, z) = xy + yz + zx - xyz = z(x + y) + (1 - z)xy 

for all nonnegative numbers x, y, z. Observe that if z < 1, then both / 

and ^ are unbounded, increasing functions of x and y. 

Assume that /(a, b, c) = 4 and, without loss of generality, that a > b > 

c > 0. Then c < 1. 

Let a' = (a+b)/2. Because a+6 = a'+a' and ab < (sy^)2+afe = a'2, 

we have 

f(a',a',c)<f(a,b,c)= 4 and g(a',a',c) > g(a,b,c). 



24 USA and International Mathematical Olympiads 2001 

Now increase o' to e > 0 such that f(e,e, c) = 4. Note that g(e,e,c) > 

g(a',a',c). It suffices to prove that g(e,e,c) < 2. 

Since /(e, e, c) = 2e2 + c2 + e2c = 4, e2 = (4 — c2)/(2 + c) = 2 — c. 

We obtain that 

g(e, e, c) — 2 = 2ec + (1 — c)e2 — 2 

< 2e(2 - e2) + (e2 - l)e2 - 2 

= e4 - 2e3 - e2 + 4e - 2 

= (e-l)2(e2-l)<0, 

since 1 < e < y/2. 

Fourth Solution. We prove only the upper bound here. It is clear that 

a, b, c < 2. If a = 0, then the given equality reduces to + c2 = 4. 

Then a6 + 6c + ca — abc = be < —f be = b = 2. Similarly, the 

inequality is true if 6 or c equals 0. 
Suppose that a, 6, c > 0. Solving for a yields 

—be + y/b2c2 — 4 (b2 + c2 — 4) 

—be + yj{4 — 62)( 4 — c2) 

We make the trigonometric substitution b = 2 sin u and c = 2 sin v, where 

0° < u,v < 90°. Then 

a — 2(— sin u sin v + cos u cos v) = 2 cos (ti + v). 

Set u = B/2, v = C/2, and A — 1800 — B — C. Then a — 2 cos(u + v) = 
2 sin {A/2), b = 2sin(B/2), and c = 2 sin (C/2), where A, B, and C 

are the angles of a triangle. We have 

ab = 4 sin — sin ^ = 2\ sin A tan ^ sin B tan 

, 4 B n A 
2\/sin A tan — sin B tan — 

z z 

By the AM-GM Inequality, this is at most 

„ B . _ A 
sin A tan-f sm B tan — 

2 2 

, ^l + C . „ B + C 
— sin A cot —--b sin B cot-. 

B 

~2 

2 2 



Formal Solutions 25 

Likewise, 

. B -\- A C + A 
be < sin B cot-1- sm C cot-. 

2 2 

_ C + B . „ A + B 
ca < sin C cot —-—- + sm A cot-. 

Therefore, applying the Sum-to-product, Product-to-sum, and Double¬ 

angle formulas, we have 

A + B B + C 
ab + be + ca < (sin A + sin B) cot —-— + (sin B + sin C) cot ———- 

+ (sin C + sin A) cot 

2 
C + A 

A-B A + B n B-C B + C 
= 2 cos-cos —--h 2 cos —-— cos —-— 

2 2 2 2 

0 C-A C+A 
+ 2 cos —-— cos —-— 

Z Z 

= 2(cos A + cos B + cos C) 

. ( . o A . 2 B . oC 
= 6-4 sin2 — + sm2 — + sin2 — 

\ Zj £ Li 

= 6 — (a2 + b2 + c2). 

Using the given equality, this last quantity equals 2 + abe. It follows that 

ab + be + ca < 2 + abe, 

as desired. 

Fifth Solution. Let \/abe = x. The AM-GM Inequality yields 

4 = a2 + b2 + c2 + abe > 3\/a2b2c2 + abe 

implying that x < 1. 

By the AM-GM Inequality, ab + bc + ca > 3a?. Hence, 

ab + be + ca — abe > 3x2 — x3 = x2[3 — x) > 0, 

proving the lower bound. 

Now we prove the upper bound. Clearly 0 < a, 6, c < 2. Note that in a 

triangle ABC, we can apply the Product-to-sum formulas twice and the 
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Half-angle formulas to find that 

2 cos A cos B cos C = [cos {A + B) + cos (A — B)] cos C 

- — cos2 C — cos {A — B) cos (A + B) 

= — cos2 C 
cos 2 A + cos 2 B 

= —(cos2 A + cos2 B + cos2 C) + 1. 

Hence, 

cos2 A + cos2 B + cos2 C + 2 cos A cos B cos C — 1. (5) 

From the given equality, we have 4 > gc2 ,4 > b2, and thus we may 

set a — 2 cos A, b = 2 cos B where 0° < A, B < 90°. Because 

a2 + b2 + c2 + abc is an increasing function of c, there is at most one 

nonnegative value c such that the given equality holds. Dividing the given 

equality by 4 and substituting, we obtain 

cos2 A + cos2 B (I); 2 cos A cos B (!)-• 
Viewed as a quadratic in c/2, we know that one solution to this equation 

is c/2 = cos C, where C = 180° — A — B. Because cos2 A + cos2 B = 

4(a2 + b2) < 1, we know that A + B > 90°. Thus, C < 90° and 

cos C > 0. Therefore, we must have c = 2cosC. Either two of A, B,C 
are at least 60° or two of A,B,C are at most 60°. Without loss of 

generality, assume that A and B have this property. 

With these trigonometric substitutions, we find that the desired inequality 

is equivalent to 

2(cos A cos B + cos B cos C + cos C cos A) 

<1 + 4 cos A cos B cos C, 

or 

2 (cos A cos B + cos B cos C + cos C cos A) 

< 3 — 2 (cos2 A + cos2 B + cos2 C). 

Using the Double-angle formulas, the last inequality is equivalent to 

cos 2,4 + cos 2 B + cos 2 C 

+2(cos A cos B + 2 cos B cos C + cos C cos A) < 0. 
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The sum of the first three terms in this inequality is 

cos 2 A + cos 2 B + cos 2 C 

= 2 cos (A + B) cos (A — B) + 2 cos2 (A + B) — 1 

= 2 cos {A + f?)[cos (A — B) + cos {A + £?)] — 1 

= 4 cos (A + B) cos A cos B — 1, 

while the remaining terms equal 

2 cos A cos B + 2 cos C(cos A + cos B) 

= cos (A + B) + cos (A — B) — 2 cos (A + B)(cosA + cos B). 

Hence, it suffices to prove that 

cos {A + B)[4cos A cos B+ 1 — 2 cos A — 2 cos B] + cos (A — B) — 1 <0, 

or 

— cosC*(l — 2 cos A)(l — 2 cos B) + cos (A — B) < 1. (7) 

We consider the following cases. 

(i) At least one angle is 60°. If A or B equals 60°, then we may 

assume, without loss of generality, that A — 6CP. If C = 60°, then 

because either A, B > 60° or A, B < 60°, we must actually have 

A = B = 60° in which case equality holds. In either case we may 

assume A = 60°. Then (7) becomes cos (A — B) < 1, which is 

true, and equality holds if and only if A = B — C — 60°, that is, 

a — b — c = 1. 

(ii) No angle equals 60°. Because either A, B > 60° or A, B < 60°, 

we have (1 — 2 cos A) (1 — 2cosi3) > 0. Since cos C > 0 and 

cos {A — B) < 1, (7) is true. Equality holds when cos C — 0 and 

cos (A — B) — 1. This holds exactly when A — B — 45° and 

C = 90°, that is, when a = b — \[2 and c — 0. 

4. Let P be a point in the plane of triangle ABC such that the segments 

PA, PB, and PC are the sides of an obtuse triangle. Assume that in this 

triangle the obtuse angle opposes the side congruent to PA. Prove that 

ABAC is acute. 

First Solution. By the Cauchy-Schwarz Inequality, 

sJPB2 + PC2 \/AC2 + AB2 > PB ■ AC + PC ■ AB. 
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Applying the (Generalized) Ptolemy’s Inequality to quadrilateral ABPC 

yields 
PB ■ AC + PC ■ AB > PA- BC. 

C 

Because PA is the longest side of an obtuse triangle with side lengths 

PA, PB, PC, we have PA > VPB2 + PC2 and hence 

PA ■ BC > \/PB2 + PC2 • BC. 

Combining these three inequalities yields 

sjAB2 + AC2 > BC, 

implying that angle BAC is acute. 

Note. With some careful argument, it can be proved that quadrilateral 

ABPC is indeed convex. We leave it as an exercise for the reader. 

Second Solution. Let D and Q be the feet of the perpendiculars from 

B and P to line AC, respectively. Then DQ < BP. Furthermore, the 

given conditions imply that AF® > BP2 + PC2, which can be written as 

AP2 - PC2 > BP2. Hence, 

AQ2 > AQ2 - QC2 

= (AP2 - PQ2) - (CP2 - PQ2) 

= AP2 - PC2 

> BP2 

> DQ2. 

Let i be the ray AC minus the point A. Note that, since PA > PC, Q 
lies on ray i. If D did not lie on f, then AQ would be less than or equal 

to DQ, a contradiction. Thus, D lies on (, and angle BAC is acute. 
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B 

P 

\ 
\ 
\ 
\ 
\ 
\ 
\ 

-L 

Q 

\ 
\ 

c 

Third Solution. 

P o 

l 
l 
l 
l 
l 

C 1 o 
1 

A 1 B 
1 
1 
1 

Set up a coordinate system on the plane with A = (0,0), B = (a, 0), 

C — (6, c), and P — (x,y). Without loss of generality, we may assume 

that a > 0 and that c > 0. Proving that angle BAC is acute is equivalent 

to proving that b > 0. Since PA2 > PB2 + PC2, 

x2 + y2 > (x - a)2 + y2 + (x - b)2 + (y - c)2. 

Hence, 

0 > (x — a)2 — 2bx + b2 + {y — c)2 > —2bx. 

Since PA > PB, we have x > f > 0. It follows that b > 0, as desired. 

Fourth Solution. We first prove the following Lemma. 

Lemma. For any four points W, X, Y, and Z in the plane, 

WY2 + XZ2 < WX2 + XY2 + YZ2 + ZW2. 
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Proof. Pick an arbitrary origin O and let w, x, y, z denote the vectors 

from O to W, X, Y, Z, respectively. Then 

WX2 + XY2 + YZ2 + ZIV2 - WY2 - XZ2 

= \w — x\2 + |x — y\2 + \y — z\2 + \z — w\2 — \w — y\2 — \x — z\2 

= w- w + x- x + y- y + z- z 

—2 (w - x + x- y + y- z + z- w — w ■ y — x ■ z) 

= \w + y — x — z\2, 

which is always nonnegative. Equality holds if and only if w + y = 

x + z, which is true if and only if WXYZ is a (possibly degenerate) 

parallelogram. ■ 
Applying the Lemma to points A, B, C, and P gives 

0 < AB2 + BP2 + PC2 + CA2 - AP2 - BC2 

= (PB2 + PC2 - PA2) + (AB2 + AC2 - BC2) 

< 0 + (AB2 + AC2 - BC2) 

= AB2 + AC2 - BC2. 

Therefore, angle BAC is acute. 

Fifth Solution. In this solution, sin-1 takes on values between CP and 

90°. Note that ZPAB < 90°, since PB < PA. Applying the Law of 

Sines to triangle PAB yields 

sin ZPAB 
PB PB 

sin ZABP < 
PA PA 

It follows that 

ZPAB < sin-1 

PB 

~PA 

Since PA2 > PB2 + PC2, we have similarly 

PC . _! VP A2 - PB2 
ZPAC < sin —— < sin - 

PA PA 

Thus, 

PB fPA2 — PB2 
ZB AC < ZBAP + ZPAC < sin-1 — + sin-1 - 

PA PA 
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If 9 = sin 1 , then sin(90°—9) = cos 6 = \/1 — sin2 9 = y/'PApAPB—. 

Hence, 

ZB AC < sin 
i PB , VP A2 - PB2 

PA+Sm -RA-=90’ 

and angle BAC is acute. 

As we mentioned at the end of the first solution, the conditions in the 

problem imply that quadrilateral ABPC is indeed convex. Thus, the 

diagram on the right-hand side is not possible, but this solution does not 

depend on this fact. 

Sixth Solution. 

Note that PA2 > PB2 + PC2. Regard P as fixed and A, B, and C as 

free to rotate on circles of radii PA, PB, and PC about P, respectively. 

As A, B, C vary, ZB AC will be maximized when B and C are on 

opposite sides of line PA and ZABP and ZACP are right angles, i.e., 

lines AB and AC are tangent to the circles passing through B and C. 
Without loss of generality, we assume that PA > PB > PC. In this 

case, ABPC is cyclic and AB2 = PA2 — PB2 > PC2, and similarly 

AC2 > PB2. Hence, on the circumcircle of ABPC, arcs AB and AC 
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are bigger than arcs PC and PB, respectively. Thus, ZBPC > ZB AC. 
Since these two angles are supplementary, angle BAC is acute. 

5. Let S' be a set of integers (not necessarily positive) such that 

(a) there exist a,b E S with gcd(a, b) = gcd(a — 2,6 — 2) = 1; 

(b) if x and y are elements of S (possibly equal), then x2 —y also belongs 

to S. 

Prove that S is the set of all integers. 

First Solution. In the solution below we use the expression S is stable 

under x f(x) to mean that if t belongs to S, then f(t) also belongs to 

S. If c, d E S, then by condition (b), S is stable under x ^ <? — x and 

xi—> d2 — a:. Hence, it is stable under x >—> c2 — (d2 —x) = x + (c2 — d2). 

Similarly, S is stable under x i-» x + (d2 — c2). Hence, S is stable under 

x i—* x + n and x i—► x — n, whenever n is an integer linear combination 

of finitely many numbers inT = {(? — d2 | c, d E S}. 
By condition (a), 5/0 and hence I / 0 as well. For the sake 

of contradiction, assume that some p divides every element in T. Then 

c2 — d2 = 0 (mod p) for all c, d E S. In other words, for each c,deS, 

either d = c (mod p) or d = —c (mod p). Given c E S, c2 — c E S, by 

condition (b), so c2 — c = c (mod p) or c2 — c = — c (mod p). Hence, 

c = 0 (mod p) or c = 2 (mod p) (*) 

for each c E S. By condition (a), there exist some a and b in S such 

that gcd(a, b) = 1, that is, at least one of a or 6 cannot be divisible by 

p. Denote such an element of S by a; thus, a ^ 0 (mod p). Similarly, 

by condition (a), gcd(a — 2, b — 2) = 1, so p cannot divide both a — 2 

and b — 2. Thus, there is an element of S, call it (3, such that (3^2 

(mod p). By (*), a = 2 (mod p) and (3 = 0 (mod p). By condition (b), 

(32 — a E S. Taking c = (32 — a in (*) yields either —2 = 0 (mod p) 
or —2 = 2 (mod p), so p = 2. Now (*) says that all elements of S are 
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even, contradicting condition (a). Hence, our assumption is false and no 

prime divides every element in T. 

It follows that T f {0}. Let x be an arbitrary nonzero element of 

T. For each prime divisor of x, there exists an element in T which is 

not divisible by that prime. The set A consisting of x and each of these 

elements is finite. By construction, gcd{y \ y € A} = 1, and 1 can be 

written as an integer linear combination of finitely many elements in A 
and hence in T. Therefore, S is stable under x i—> x + 1 and ihi-1, 

Because S is nonempty, it follows that S is the set of all integers. 

Second Solution. Define T, a, and b as in the first solution. We present 

another proof that no prime divides every element in T. Suppose, for 

sake of contradiction, that such a prime p does exist. By condition (b), 

a2 — a, b2 — b E S. Therefore, p divides a2 — b2, x\ = (a2 — a)2 — a2, 

and X2 — (b2 — b)2 — b2. Because gcd(a,b) — 1, both gcd(a2 — b2,a3) 

and gcd(a2 — b2,b3) equal 1, so p does not divide a3 or b3. But p does 

divide x\ = a3(a — 2) and x% = b3(b — 2), so it must divide a — 2 and 

6 — 2. Because gcd(a — 2, b — 2) = 1 by condition (a), this implies p | 1, 

a contradiction. Therefore our original assumption was false, and no such 

p exists. 

6. Each point in the plane is assigned a real number such that, for any 

triangle, the number at the center of its inscribed circle is equal to the 

arithmetic mean of the three numbers at its vertices. Prove that all points 

in the plane are assigned the same number. 

Note. In all solutions, let each lowercase letter denote the number 

assigned to the point labeled with the corresponding uppercase letter. 

First Solution, (by Tiankai Liu) We prove that for any distinct points A 
and B, the numbers that are assigned to those points are equal. Since A 
and B are arbitrary, it follows that all points must be assigned the same 

number. Without loss of generality, we assume that line AB is horizontal 

and that A is to the left of B. 

Lemma 1. Let X, Y, Z, W be four collinear points in that order from 

left to right such that XY = ZW > YZ. Then x — w — 3(y — z). 

Proof, Let O be the midpoint of segment YZ, and t be the line through 

O perpendicular to line XW. Draw two congruent circles, uj\ and u>2, 

centered at Y and Z with radius YZ/2. 
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P 

Note that X and W are symmetric with respect to line t and that they 

are outside of circles u\ and u>2. Hence, there are points P and Q on 

line £ such that u>\ and u>2 are incircles of triangles XPQ and WPQ, 

respectively. Then 

x + p + q = 2>y and w + p + q = 3 2, 

which implies that x — w = 3(y — z). ■ 

M 
o o-o—o—o-o-o 

E C A B D F 

Let M be the midpoint of segment AB. Let E, C, D, F be collinear 

points in that order from left to right such that AAM = ABM < 

2CM = 2DM < EM — FM. Applying Lemma 1 to the sets of points 

{ C, A, B, D}, { E, A, B: F}, and { E, C, D, F} yields c — d = 3(a — b), 

e — f = 3(a — b), and e — / = 3(c — d). Therefore, 3(a — b) = e — f — 

3(c — d) = 9(a — b), and consequently, a = b, as desired. 

Second Solution. It is not difficult to see that the desired conclusion 

follows directly from the following Lemma. 

Lemma 2. Let r be a ray with X as its endpoint. Then for any two 

points P and Q on ray r that are different from X, p — q. 

Proof Without loss of generality, assume that this ray is horizontal. 

As shown, points C, Y, X and ray r are collinear. (Points C and Y are 

not on ray r.) Let O be any point on segment XY, and let £ be the line 

passing through O and perpendicular to line XY. Let be the circle 

centered at Y with radius YO. 

This determines points A and B on line £ such that AC = BC and 

circle u\ is the incircle of triangle ABC. Then there is a unique point D 

on ray r such that circle centered at X with radius XO, is the incircle 
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of triangle ABD. We have 

d — 3x — (a + b) = 3x — (3 y — c) = 3(x — y) + c. 

As O varies on segments XY (then line l varies between X and Y), 

the locus of D is the ray r minus those points that are close to X. (This 

is possible as long as C is close to Y.) All those points are assigned value 

3{x — y) + c, as desired. Since we can also choose the position of Y, as Y 
moves very close to X (and C moves close to Y), the locus of D becomes 

ray r minus X. Hence all the points on ray r different from X have the 

same value. ■ 

Third Solution, (by Reid Barton) First we prove that there is a triangle 

ABC with a special property described in Lemma 4 below. Then, using 

this Lemma, we prove that the values at arbitrarily chosen points P and 

Q are the same, which gives the desired conclusion. 

We set up some notation used in this solution. Given a triangle T, let 

It denote its incenter. Connect It to the triangle’s three vertices to form 



36 USA and International Mathematical Olympiads 2001 

three smaller triangles with incenters X, Y, Z. Let If denote the incenter 

of triangle XYZ. When we can do so without ambiguity, we simply write 

I and I' rather than It and I'T. 

Lemma 3. There exists a triangle Tq such that points I and I' are 

different. 

Proof Actually, the majority of triangles have this property, but we 

describe in our proof just a particular type of such triangles. 

Let 7o be an isosceles triangle ABC with ZB = ZC = 4 a. Let I a, 
Ib, Ic denote the incenters of triangles IBC, ICA, IAB, respectively, 

and let D be the midpoint of segment BC. Then ZBIA = OOP + 2a 

and ZBIIc = ZICIA = 45° + a. Thus, ZIBUc = 90° + 2a and 

ZIBICI = 45° - cr. 
Assume that 1 = 1'. Then 

ZIIcIa = ZIBICI = 450 - a 

and 

ZIcIAl = 90° - ZIBICIa = 90° - 2ZIBICI = 2a. 

Note that ZBIaI = 90° + a. Therefore, ZBIaIc = 90° — a, which 

implies that ZIaIcB = 90° — a. Consequently, BIc = BIa and lines 

BI is the perpendicular bisector of segment IaIc■ Hence, IIa = He- 
Therefore, 

45° — a = ZIIqIa ZIIaIc — 2a, 

and a = 15°. For other values of a, I f V. ■ 
To solve the problem, consider triangle T = ABC such that It = P 

and If = Q, where P and Q be arbitrary distinct points in the plane. 

This can be done because a plane similar transformation, (in this case 
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a composition of a translation, then a rotation, then a dilation), can be 

applied to move the two incenters in lemma 3 to any two points in the 

plane. It follows that 

V 
a + 6 + c 

and %a — 
p + b a + 4b + 4c 

9 

Likewise, 

Therefore, 

4a + b + 4c 4a + b 4- c 
iB =--- and ic =--- 

+ *J3 + ic 

q=-3- 

1 9a + 96 + 9c 

= 3 9 

a + 6 + c 

= 3 

= P, 

completing the proof. 

Fourth Solution, (based on work by Kiran Kedlaya) We start with the 

following Lemma. 

Lemma 4. The number assigned to the midpoint of a segment is the 

average of the numbers assigned to its endpoints. 

Proof Let ABCDEF be a regular hexagon with O as its center, and 

let P and Q be the incenters of triangles ABC and DEF, respectively. 

Note that O is the incenter of both triangles ACE and BDF. Then 

P = 
a T 6 T c d + e + / 

Q = 
3 3 
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and 
a -f c T a b d f 

a+b+c+d+e+f 

~ 6 ' 

It follows that o is the average of p and q. Since the hexagon can be drawn 

so that these two incenters land on any two chosen points, we conclude that 

the midpoint of a segment is labeled with the average of its endpoints. ■ 

Let O be an arbitrary point. If the given conditions (or the desired 

conclusion) are satisfied when each point P is labeled with the number 

f(P), then they will be satisfied if each point P is instead labeled with 

f(P) — f(0). Hence, we may assume that O is labeled 0. Let A be 

any point distinct from O, and introduce Cartesian coordinates so that 

O = (0,0) and A = (1,0). Then consider points A\ = (2,0), X = (4,0), 

B = (0,1), B\ — (0, 2), Y = (0,3), and I = (1,1). Applying Lemma 4 

to segments OA\, OX, OB\, BY, and A\B\ gives 

ai = 2a, x = 4a, bi = 2b, y — 36, and i = a + b. 

(More generally, one can also use induction to prove that if p, q are rational, 

then (p, q) is labeled with pa + qb.) 
On the other hand, / is the incenter of triangle OXY, so i — (4a+36)/3. 

Solving a + b — i = (4a + 36)/3 yields a = 0. Hence, all points in the 

plane are assigned the same number, as desired. 

Fifth Solution, (by Mike Hamburg) Let A, B be arbitrary distinct points, 

and consider a regular hexagon ABCDEF in the plane. Let lines CD and 

FE intersect at G. Let £ be the line through G perpendicular to line ED. 

Then A, F, E and B, C, D are symmetric to each other, respectively, 

with respect to line £. Hence triangles CEG and DFG share the same 



Formal Solutions 39 

incenter, i.e., c + e = d + /; triangles ACE and BDF share the same 

incenter, i.e., a + c + e = b-\-d + f. Therefore, a — b, and we are done. 

G 
/\ 

t \ 
/ \ 

/ \ 
/ \ 

/ o \ 
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2 Team Selection Test 

1. Let { an}n>o be a sequence of real numbers such that On+\ > + - 

for all n > 0. Prove that ,yan+5 > a^_5 for all n > 5. 

First Solution. It suffices to prove that for n > 0, for then 

we would have v/an+5 > an and an > a\_b for all n > 5, which implies 

the desired result. Adding the inequalities 

5 ^ ®n+4 1/5, 

«n+4 > ^+3 + 1/5, 

O-n+3 > °n+2 + 1/5, 

an+2 > «n+l + 1/5, 

«n+l > «n + 1/5 

yields 

as desired. 

4 

an+5 ^ ^ ^(Qn+fc — °n+fc) + 1 + &n 

fe=l 

+ a 
2 
n 

+ <*n > a 
2 
n» 

Second Solution, (by Alison Miller) For any k, we have the following 

inequality: 

ak+i + ^^ak + l + ^=al + \^ai" 

because (ak — |)2 > 0. Summing up this inequalities over k = n + 

1,..., n 4- 4, we have 

®n+5 ~b c ^ ®n+l 
5 ^ °n + 

1 

5’ 

and similarly an > a^_5, so 

On+5 >al>a4 n—5> 

implying the desired result. 
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Third Solution. Define the function f(x) — x2 + which is increasing 

for x > 0. Also define the function g(x) = f(x) — x — {x — r\){x — r2), 

where 

n - 

5 — y/E 
10 

and T2 
5 + \/% 

10 

Observe that 0 < r\ < r2 < 1. So, for nonnegative x, g(x) is zero for 

x = ri,r2, negative for x G (ri,r2), and positive otherwise. Therefore, 

for nonnegative x, f(x) = x for x = ri,r2, f(x) < x for x G (ri,r2), 

and f(x) > x otherwise. 

Fix n > 5, and write a — |an-5|- It suffices to prove that On+5 > ajl_5. 

We consider the following cases. 

(i) a < r\. For x G [0,n], observe that x < f(x) < f{r\) = r\. 

An easy proof by induction on k = 0,1,...,9 then shows that 

f(k\x) < f(k+1\x) < 7*i. Therefore, a < f(a) < a) < ••• < 

/(10)(a) = an+5. Because a < 1, we have On+5 > a > a4 = a^_5, 

as desired. 

(ii) a G (r2,1]. For x > r2, observe that f(x) > x and hence f(x) > 

x > r2. We can repeat this argument to show that f(-k+1)(x) > 

f(k\x) > r2 for k = 0,1,...,9. Therefore, an+5 = /(10)(a) > 

/*9^(a) > • • • > a > a4 = a\_5, as desired. 

(iii) a > 1. Notice that for all k, a^+i > aj.. Therefore, an +5 > K-5 — 

a6 • a\_5 > aAn_5, as desired. 

(iv) a G (ri,r2). For x G (n,r2), observe that r\ = f(ri) < f(x) < 

f(r2) = r2. Therefore, an+5 = f{w)(a) > n. Hence, if we can 

verify that r\ > r|, then we would have 

an+5 > n > r\ > a4 = <4_5, 

as desired. Note that 

10000 

which expands to 

54 + 4 • 53 • >/% + 6 • 52 • (\/5)2 + 4 • 5 • (y^)3 + (y/5)4 

10000 
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Hence r% — (7 + 3\/5)/50. Then 

320 < 324 8\/5 < 18 

=^7 + 3^5 < 5(5- v^) 

7 + 3^5 ^ 5 - s/E 

^ 50 10 

=> A < n, 
as needed. This completes the proof. 

2. Express 
n 

£(-l)*(n-k)!(n+k)! 
fc=0 

in closed form. 

First Solution. (By Tiankai Liu) Let 

f(k) = (n+1 —k)\(n+k)\ 

for integers 0 < k < n + 1. Note that 

f(k) + f(k + 1) = (n+1—k)\(n+k)\ + (n—fc)!(n+fc+l)! 

= (n + l — fc + n + A; + l)(n—fc)!(n+A:)! 

— 2(n + l)(n—fc)!(n+fc)!. 

Therefore, 

n 

Y^(-l)k(n-k)\{n+k)\ 
1 

fc=0 
2(n + 1) 

k=0 

/(0) + (~l)n/(w + 1) 
2(n + 1) 

(n+l)!n! + (-l)n0!(2n+l)! 

2(n+ 1) 

(n!)2 (—l)n(2n+l)! 

2(n + 1) 2 
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Second Solution, (by Gabriel Carroll) Let 

OO 

fix) = Y k'xk and 9(x) = fix)fi~x). 
k=0 

Note that 

/'(*) = £>+ !)!(* + !)** 
k=0 

OO oo 

= Y(k+2)]xk - Y(k+^ 
k=0 k=0 

_ f{x) -x-1 _ f(x) - 1 

X2 X 

= f(x)( 1 - a;) - 1 

X2 

and 

9'(x) = f{-x)f'{x) - f{x)f'(—x) 

_ f(-x)f{x)( 1 -x)~ f{-x) f(x)f(-x)( 1 + x) - f{x) 

X* 

fix) - fi-x) 2g(x) 

X* 

Denote by [a^]/r(a;) the coefficient of xk in a power series h{x). We have 

\x2n]g{x) = ^-[x2n_1]5'(x) 

J_r 2n-li ( fiX) ~ fi~x) _ 29iX) \ 
2 n \ x2 x ) 

_ [x2n+1}ifix) ~ fi~x)) [x2n]gix) 

2 n n 

It follows that 

or 

[x2n]gix) ^1 + ^ = 
1\ 2(2n+l)! 

2 n 

[x2n]g(x) = 
(2n+l)! 

(1) 
n + 1 
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On the other hand, 

g(x) = f(x)H-x) = Y k'-xk 

oo oo 

k=0 k=0 

oo / n 

Y Y(-1'>"-kkl(-n~kv x’ 
n=0 \k=0 

It follows that 

2 n 2 n 

[,x2n]g{x) = ^(-l)2n-fcfc!(2n-fc)! = J](-l)fcA:!(2n-fc)! 
fc=0 fc=0 

n 

= 2^2{-l)kk\{2n-k)\ - (-l)nn!2 
k=0 

n 

= 2 ^(—l)n-m(n—m)!(n+m)! - (-l)nn!2. 
ra=0 

The last step can be seen easily by taking m = n — k. Thus, 

n 

[.x2n}g{x) = 2 J](-l)n-k{n-k)\{n+k)\ - (-l)nn!2, 
k=0 

or 
IV 

(-l)n[x2n]g(x) + nl2 = 2 ^(-l)-fc(n-fc)!(n+A;)!. (2) 
fc=0 

Combining (1) and (2) yields 

IV 

]T(-l)fc(n-fc)!(n+fc)! = 
fc=0 

(—l)n[a:2ri]g,(a;) + (n!)‘ 

(—l)Tl(2n+l)! (n!): 

2(n + 1) 

3. For a set 5, let \S\ denote the number of elements in S. Let A be a 

set of positive integers with |y4| = 2001. Prove that there exists a set B 

such that 

(i) BCA; 

(ii) \B\ > 668; 

(iii) for any u,v G B (not necessarily distinct), u T v 0 B. 
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Note. Both of the solutions use the “middle” subset { k, fc+1,..., 2k— 1 } 

of set { 1,2,..., 3k }. The first solution requires some knowledge of 

cosets. The second use a special case of Dirichlet’s Theorem on primes 

in an arithmetic progression. This special case can be proved with basic 

number theory knowledge (as it is presented in the solution). 

First Solution. (By Reid Barton) For a positive integer n, let Zf denote 

the set of residues modulo n. Let 4>{n) be the Euler function which is 

defined to be the number of integers between 1 and n relatively prime to 

n. Call a set A of residues modulo 3" sum-free if for any a, b E A, a + b 

is not (congruent to) an element of A. 

Lemma. For any n > 1, there exist 3n — 1 sum-free sets of 3n_1 

residues modulo 3n such that every nonzero residue modulo 3n appears 

in exactly 3n~1 of the subsets. 

Proof We construct the desired subsets inductively. For n — 1 we 

take the sets {1} and {2}. 

Let n > 1, and suppose that the statement holds for n, that is, we 

have 3n — 1 sum-free subsets Ax, A2, A3n_i of Z3n such that every 

nonzero element of Z^n belongs to exactly 3"_1 of the Ai. Construct sets 

B\, B2, ..., B3n-i by 

Bi = { x E Z3n+1 | x = m' (mod 3n), m' E Ai }. 

Then each Bi contains 3|A| = 3n residues, and the Bi are sum-free, 

because if a, b E Bi, (a + b) mod 3n is not in Ai so a + b is not in Bi. 

Moreover, each element x of z^n+i which is not 0 modulo 3n (i.e., all 

elements except 0, 3”, 2 • 3n) is in exactly 3n_1 of the Bi, namely those 

corresponding to the A containing x mod 3n. 

Now define sets 

C = { 3n, 3n + 1,..., 2 • 3n — 1 } 

and 

U — { x E Z3n+1 | gcd(cc, 3) = 1 }. 

Then C C Z3n+1, \C\ = 3n. Note that C is sum-free, because if a, 

b E C with 3n < a, b < 2 • 3n then 2-3n <a + 6<4-3n soa + 6 

is not congruent modulo 3"+1 to an element of C. For each y E U, let 

Cy = yC — { yx | x E C }. Then Cy is also sum-free for every y E U, 

because if we had ya and yb in Cy with ya + yb E Cy, then a and b 

would be elements of C summing to an element of C. Also, every (f 
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contains \C\ = 3” residues because multiplication by y is invertible. Since 

\U\ = 4>{3n+1) = 2 x 3", there are 2 ■ 3n of sets Cy. 

Consider the sets 

B1, B2, • • • , B^n_l, C1, C2, C4, C5, C7, . . . , C^n+l_2, Csn+l-l- 

There are 3n — 1 + 2 • 3n = 3n+1 — 1 of these sets, so it suffices to check 

that every nonzero residue modulo 3f+1 appears in exactly 3" of them. 

Let m be a nonzero residue modulo S'1"1"1, and write m = 3k s, 0 < k < n, 

gcd(s,3) = 1. We consider two cases. 

(i) k < n. Then m is a nonzero residue modulo 3”, so m is contained 

in exactly 3n_1 of the sets Biy namely those which correspond to A, 

with m' G Ai (where m = m! (mod 3n)). The number of sets C{ 

containing m is the number of solutions to y~lm G C with y G U, 

or the number of z G U such that zm G C. Since m ^ 0, as 2 

ranges over Z3n+1, one third of the residues zm are in C; likewise, 

since 3m ^ 0, one third of the residues 3zra are in C. Since 

U = Z3n+1 \ 3Z3n+i, zm G C for one third of the values 2 G U. 

So m is in one third of the sets Cy, giving ^|(7| = 2 • 3n_1 more 

sets containing m. The total number of sets containing m is then 

3n_1 + 2 • 3"-1 =3n. 

(ii) k = n. Then m — 3n or 2 • 3n (s = 1 or 2 respectively). Then 

m mod 3n = 0, so m does not appear in any of the sets Ai. However, 

m appears in every set Cy with y = s (mod 3), so m appears in 3n 

of the Cy. Thus the total number of sets containing m is again 3™. 

Thus the sets { Bt}, { Cy] have the desired properties and the Lemma 

holds by induction. ■ 
Now let 3n be a power of 3 larger than the sum of any two elements of 

A. By the Lemma, there exist 3™ — 1 sets Si, ..., Ssn_i of 3n_1 residues 

modulo 3n such that every nonzero residue modulo 3l appears in exactly 

3n_1 of the Si. Let rii be the number of elements of A contained in Si. 

Since every element of A appears 3^-1 times, 

3" — 1 

5>i=3"-‘|v4| 
i— 1 

so some rii is at least 

1 , 2001 _ 
--> i W = it- = 667- 
3n -1 31 1 3 3 
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Let B be the set of elements of A contained in Then |_B| > 668, and 

if u, v e B, then u + v £ B, because Si is sum-free. Thus the set B has 

the desired properties. 

Second Solution. Let the elements of A be oi,..., 02001- Let p be a 

prime number such that p = 2 (mod 3) and p is larger than all the a*. Such 

a prime p exists by Dirichlet’s Theorem, although the result can also be 

easily proven directly. There is at least one prime congruent to 2 modulo 3 

(namely, 2). Suppose there were only finitely many primes congruent to 2 

modulo 3, and let their product be P. Then 3P — 1, which is larger than P 

and congruent to 2 modulo 3, must have another prime divisor congruent 

to 2 modulo 3, contradiction. Thus, the original assumption was wrong, 

and there are infinitely many odd primes that are congruent to 2 modulo 

3. Specifically, one such prime is larger than all a,. 

All elements of S are distinct and nonzero modulo p. Call a num¬ 

ber n mediocre if the least positive residue of n modulo p lies in 

[(p + l)/3, (2p — l)/3]. For any 1 < % < 2001, there are exactly (p+l)/3 

integer values of k 6 [l,p — 1] such that kat is mediocre. Thus, there are 

255^ = 667(^1) 

pairs of (k, i) such that kai is mediocre. By the Pigeonhole Principle, 

there exists some k for which the set 

B — { di | kdi is mediocre } 

has at least 668 elements. 

We now claim that this B satisfies the desired properties. It suffices 

to show that k times the sum of any two elements of B is not mediocre 

and hence cannot equal k times any element of B. To that end, note that 

k times the sum of any two elements of B cannot be mediocre because 

it is congruent modulo p to some number in [2(p + l)/3,2(2p— l)/3] 

or, equivalently, to some number in [0, (p — 2)/3] U [(2p + 2)/3,p — 1], 

which is a set containing no mediocre numbers. Thus, the set B satisfies 

the desired properties. 

4. There are 51 senators in a senate. The senate needs to be divided into 

n committees so that each senator is on one committee. Each senator hates 

exactly three other senators. (If senator A hates senator B, then senator B 

does not necessarily hate senator A.) Find the smallest n such that it is 
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always possible to arrange the committees so that no senator hates another 

senator on his or her committee. 

Solution. The smallest such number is 7. Assume that there are 7 senators 

Ax,..., A7 such that each A* hates Ai+1, Ai+2, and Al+3 (where indices 

are taken modulo 7). In this situation, for any different A,Aj, either A* 

hates Aj or vice versa. The senators A\,..., A7 must be placed on seven 

different committee. Thus, n > 7. 

In order to show that n < 7, we will prove the following stronger 

statement by induction on k > 1: for A: senators, each of whom hates at 

most 3 others, it is possible to arrange the senators into 7 committees so 

that no senator hates another senator on his or her committee. 

For the base case k = 1, note that we can have 7 committees, 6 of 

which are empty and 1 of which contains the sole senator. 

Now assume the claim is true for all k < m — 1. Suppose we are given 

m senators, each of whom hates at most 3 others. If each of those m 

senators is hated by more than 3 others, then the total number of acts of 

hating must be greater than 3m, but this is not possible since each senator 

hates at most 3 others. Therefore, there must be at least one senator A who 

is hated by at most 3 others. By the induction hypothesis, we can split 

the m - 1 other senators into 7 committees satisfying the property that no 

senator hates another senator on the same committee. By the Pigeonhole 

Principle, one of those committees contains neither a person whom A hates 

nor a person who hates A. We can therefore place A in that committee. 

The induction is complete. 

5. In triangle ABC, ZB = 2ZC. Let P and Q be points on the 

perpendicular bisector of segment BC such that rays AP and AQ trisect 

ZA. Prove that PQ < AB if and only if ZB is obtuse. 

First Solution. Let ZC = x. Then ZB = 2x. Without loss of generality, 

we assume that ZB AC = 3 ZBAQ - 3ZQAP = 3ZPAC. 

The key observation is that AP = AB. Let A\ be the reflection of 

A across the line PQ. Then ABC Ax is an isosceles trapezoid with 

AB = A\C and AAi || BC. It follows that ZA\AC = ZBCA = x and 

ZBCAi = ZB — 2x. Hence, ZAC Ax — x. Therefore, triangle Ax AC 

is isosceles with AAi = CAi. Also notice that ZPA\C = ZBAP = 

2ZPAC. Thus, Ai is the circumcenter of triangle APC. It follows that 

AiP = Ax A = A\C. Since AB — A\C and AP = AiP, we obtain 

AP = AB, as claimed. 
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Let ABQiP be a rhombus and let segments AQi and BP intersect at 

Q2- Let X be a point on ray QzQx- Because lines PQ2 and Q1Q2 

are perpendicular, PX increases as X moves away from Qz. Note 

that AQ\ bisects angle BAP, that is, Q is on the ray Q2Q1. Because 

AABC > ABC A, A and B are on the same side of line PQ. Because 

PQ1 || AB and PQ _L BC, ACBA is obtuse if and only if the segment 

PQ 1 and B are on different sides of line PQ. It follows that ACBA is 

obtuse if and only if Q\ is farther from Q2 on ray Q2Q1 than Q, that is, 

PQ < PQi = AB. 

Second Solution. (by Reid Barton) We may assume without loss of 

generality that P is closer to A than is Q. Let X be the intersection of 

segment AC and ray QP, and let A\ be the reflection of A across the line 

PQ. By symmetry, A\ lies on the ray BX and AA\ || BC. 
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Let ZBCA = x. Then ZAXAC = x = ZXBC. Since ZABC = 2x, 

ZABAX = x. It follows that 

ZPXA = ZPXB + ZBXA 

= 90° - ZXBC + ZBXA 

= 90° + ZBCX = 90° + x. 

Since ZCAB = 180° - 3x, it follows that AXAP = ZCAP = 60° - x. 

Hence, 

AAPX = 180° - ZPXA - ZXAP = 30°. 

Hence, ZAPAX = 2ZAPX = 60°. Because AXP = AP, this implies 

that triangle PAAX is equilateral and that AA\ = AP. Note also that 

ZBAXA = ZAXBC = ZABAi. Hence, AB = AAX = AP. Therefore, 

PQ < AB if and only if PQ < AP. In triangle APQ, PQ < AP if and 

only if ZPAQ < ZAQP, that is, 

ZPAQ < ZAPX - ZPAQ = 30° - ZPAQ, 

or 2ZPAQ < 30°. Because ZPAQ — 60° - x, we conclude that 

PQ < AB if and only if 

90° < 2x = ZABC, 

as desired. 

Third Solution. 
As in the first two solutions, let ZBCA = x and asume that ZCAB = 

3ZCAP. Also, let ZPBC = y. Then ZCAB = 180° - 3rr, ZPAB = 

120° - 2x, ZABP = 2x-y, and ZBPA = 60° + y. From the Law of 
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Sines in triangles ABC, ABP, and BCP, we obtain 

BC _ AB 

sin (180° — 3a:) sin x' 

AB BP 

sin (60° + y) ~ sin (120° - 2x)' 

PC _ BC 

sin y sin (180° — 2y) ’ 

Multiplying the above relations and taking into account that BP — PC 
yields 

sin 3a: sin (60° + y) sin y — sin x sin (60° + 2a;) sin 2y, 

or 
sin 3a; 

sin a; 
sin (60° + y) 

sin 2 y 

sin y 
sin (60° + 2x). 

By the Triple-angle formulas, sin3x = sina:(3 — 4sin2a:). By the 

Double-angle formulas, sin2y = siny • 2cosy. It follows that 

(3 — 4 sin2 x) sin (60° + y) = 2 cos y sin (60° + 2x), 

or, by the Double-angle formulas, 

(1 + 2 cos 2x) sin (60° + y) = 2 cosy sin (60° + 2a;). 

Applying the Product-to-Sum formulas gives 

sin (60° Ay) A sin (60° Ay A 2x) A sin (60° Ay — 2x) 

= sin (60° + 2a; + y) + sin (60° + 2a; — y). 

We obtain 

sin (60° Ay) = sin [60° + (2x — y)] — sin [60° — (2x — y)], 

or, using the Difference-to-Product formulas, 

sin (60° + y) = 2 cos 60° sin(2x — y) = sin (2x — y). 

Note that 60° + y > 0, 2a: — y > 0, and that (60° A y) A (2x — y) = 

60° + 2x < 180° (as 3x = 180° - ABAC < 180°). It follows that 

60° A y — 2x — y, i.e., ABP A — AABP. 
Hence, triangle ABP is isosceles and AP — AB. It follows that 

PQ < AB is equivalent to PQ < AP. In triangle APQ, this is equivalent 
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to 

60° — x — ZPAQ < ZAQP = x- 30°, 

that is, ZB — 2x > 90°. It follows that PQ > AB if and only if ZB is 

obtuse. 

6. Let a, b, c be positive real numbers such that 

a + b + c > abc. 

Prove that at least two of the inequalities 

2 3 6 2 3 6 ^ e 
—b — 4— >6, — H-1— >6, 
abc b c a 

2 3 6 ^ „ 
-1-h 7 > 6 
cab 

are true. 

First Solution. Assume, for the sake of contradiction, that at least two 

of the numbers 

236 236 236 
—I-T + -) tH-1—> -f 7 abc b c a cab 

are less than 6. Without loss of generality, we may further assume that the 

first and the last are less than 6. Then 

5 9 8 
- + -r + - < 12. 
abc 

Also, because b + c > a(bc — 1), we have 

1 be — 1 
- > -■ 

a b + c 

It follows that 
5(6c — 1) 9 8 
-V—- + T + - < 12> b + c b c 

or 

5b2c2 + 126c - 1262c - 12c26 + 9c2 + 8b2 < 0. (1) 

Completing squares yields 

(2be -2b- 3c)2 + 62(c - 2)2 < 0, 

a contradiction. This proves the conclusion. To obtain equalities, that is 

two of the members 

236 236 236 
—byH—i H-1—> -hr abc b c a cab 
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are equal to 6, we must have c — 2 = 0 and 2be — 26 — 3c = 0, that is 

c = 2, 6 — 3, a = 1. Therefore the equalities hold if and only if (a,6, c) 

is one of the triples (1, 3, 2), (3, 2,1), (2,1, 3). 

Or: Rewriting (1) as a quadratic form in 6 yields 

(5c2 - 12c + 8)b2 - 12c(c - 1)6 + 9c2 < 0, 

which is impossible, because the leading coefficient 

is always positive and the discriminant 

A = [12c(c - l)]2 - 36c2(5c2 - 12c + 8) 

= 36c2[4(c - l)2 - (5c2 - 12c + 8)] = -36c2(c - 2)2 

is always nonpositive. 

Second Solution, (by David Shin) Perform the substitutions x = 1/a, 

y — 1/6, and z = 1/c. It suffices to prove that at least two of the 

inequalities 

2x + 3y + 6z < 6, 2y + 3z + 6x < 6, 2z + 3x + 6y < 6 

are true, where 

x,y,z> 0 and xy + yz + zx > 1. 

Assume, for the sake of contradiction, that at least two of the given 

inequalities are false. Without loss of generality, we may assume that 

2x + 3y + 6z < 6 and 2y + 3z + 6x < 6. Then 

144 > \{2x + 3y + 6z) + (2y + 3z + 6x)]2 

= (8x + 5 y + 9 z)2 

= 64x2 + 80xy + 25 y2 + 81z2 + 90 yz + 144 zx 

= 64x2 — 64xy + 16y2 T 9y2 — 54yz + 81z2 + 144(:ry + yz + zx) 

= (8x - 4y)2 + (3y - 9z)2 + 144 > 144, 

a contradiction. Thus, our assumptions is false and at least two of the 

desired inequalities must be true. To obtain equalities, that is two of the 

numbers 
236 236 236 
-hr!—, ri-1 , —I-Ft 
a 6 c 6 c a c a 
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are equal to 6, we must have 8a: — 4y = 3y — 9z = 0, or a : b : c — 

(1/a;) : (1 /y) : (1/z) = 2 : 1 : 3. Therefore the equalities hold if and only 

if (a, b, c) = (1,3,2), (3,2,1), (2,1,3). 

7. Let ABCD be a convex quadrilateral such that /ABC = /.ADC = 

135° and 

AC2 • ED2 = 2AB ■ BC -CD ■ DA. 

Prove that the diagonals of quadrilateral ABCD are perpendicular. 

Let a be the angle formed by diagonals AC and BD, where CP < a < 
90°. We calculate the area of quadrilateral ABCD in two ways. We 

obtain 

[ABCD] — \.(AC ■ BDAna) 
Li 

and 

[ABCD] = [ABC] + [CD A] 

- (AB ■ BC sin 135°) + \ (CD • DA sin 135°) 
2 2 

(AB ■ BC + CD • DA). 
2y/2 

Combining the above two equations yields 

AC2 ■ BD2 sin2 a= ^(AB-BC + CD-DA)2. 

For real numbers a and b, (a + b)2 > 4ab, hence 

AC2 ■ BD2 sin2 a > 2.4B BC -CD- DA. 

It follows that sin2 a > 1. Therefore, sin a = 1 and a = 90°, as desired. 
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Second Solution. 
D 

Consider an inversion of center B and radius 1. Let A',C', D' denote 

the images of A, C, D under the inversion, respectively. Then ZAD'B = 

ZB AD and ZBD'C' = ZDCB. It follows that 

ZA'D'C' = ZB AD + ZBCD = 360° - 2 • 135° = 90°. 

Applying the Inversive Distance Formula we obtain 

AC CD 
AC = CD' = DA = 

DA 

AB BC ’ ” “ BDBC’ AB ■ BD 

Applying the Pythagorean Theorem to right triangle A'C'D' yields 

AC \2 / CD \2 f DA 

AB ■ BC BDBC AB ■ BD 

or 

(AC ■ BD f = (AB ■ CD)2 + (BC ■ DA)2. 

Rewriting this as 

(AB ■ CD - BC • DA)2 = 0, 

we have AB ■ CD = BC ■ DA; that is, AB/BC — AD/CD. Because 

ZABC = ZCDA, it follows that triangles ABC and ADC are similar. 

These two triangle share the corresponding side AC, so they are congruent. 

This implies that ABCD is a kite with segment AC as its symmetry axis. 

Therefore, AC _L BD. 

8. Find all pairs of nonnegative integers (m,n) such that 

(m + n — 5)2 -- 9mn. 
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First Solution. The equation is symmetric in rn and n. The solutions 

are the unordered pairs 

{^2fc> ®-^2fc+2}> {^2k-\i ^2fc+l}> 

where k is a nonnegative integer and { Fj}, { Lj} are the Fibonacci and 

Lucas sequences, respectively — that is, the sequences defined by Fi = 

F2 = 1, L\ — 1, L2 = 3, and the recursive relations Fj+2 — Fj+1 + 

and Lj+2 = Lj+i + for j > 1. Note that we amended the Lucas 

sequence by considering L, = — 1 and Lq = 2. 

Let g = gcd(m,n) and write m = gm\ and n = ynx. Because 9mn 
is a perfect square, m\ and nx are perfect squares. Let 7711 = x2 and 

n\ = y2. The given condition becomes 

(,gx2 + gy2 — 5)2 = 9 g2x2y2. 

Taking the square root on both sides yields 

g(x2 + y2) - 5 = ±3c?xy, 

or 

g(x2 + y2 ± 3x?/) = 5. 

If g(x2 + y2 + 3xy) = 5, then x2 + y2 + 3xy < 5, implying that 

x = y = g = 1 and (m, n) = (1,1). 

Otherwise, y(x2 + y2 — 3xy) = 5 and y = 1 or 5. Fix g equal to one 

of these values, so that 

x2 — 3xy + y2 = -. (1) 
9 

Let {a, b} denote an unordered pair of numbers. We call {a, b} a g-pair 

if {x,y} = {a, b} satisfies (1) and a and b are positive integers. Also, 

we call {p, q} smaller (respectively, larger) than {r, s} if p + q is smaller 

(respectively, larger) than r + s. 
Suppose that {a, b} is a y-pair. View (1) as a monic quadratic in x 

with y — b constant. The coefficient of x in a monic quadratic function 

(x — ri)(x — r2) equals —(rx + r2), implying that {3b — a, b} should also 

satisfy (1). Indeed, 

b2 — 3b(3b — a) + (36 — a)2 = a2 — 3 ab + b2 = -. 
9 

a2 - 3 ab + b2 = - < b2. 
9 

Also, if b > 2, note that 
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It follows that a2 — 3ab < 0 and so 36 — a > 0. Thus, if {a, 6} is a g-pair 

with b > 2, then {6, 36 — a} is a g-pair as well. Also note that for a! = b 
and b' = 36 — a, {o', 36' — a'} = {a, 6}. 

Furthermore, if a > 6, note that a / 6 because otherwise —a2 = 5/g > 
0, which is impossible. Thus, a > 6 and 

a2 — 3a6 + 62 = - > 62 — a2, 
9 

which implies that a(2a — 36) > 0 and hence a + 6 > 6 + (36 — a) and 

also 36 — a > 6. Thus, {o', 6'} is a smaller g-pair than (a, 6) with a' > 6'. 

Given any (/-pair {a, 6} with 6 < a, if 6 < 2 then a must equal r(<?), 

where r(5) = 3 if r(l) = 4. Otherwise, according to the above observation 

we can repeatedly reduce it to a smaller g-pair until min(a, 6) < 2 — that 

is, to the g-pair (r(p), 1). 

Beginning with {r(g), 1}, we reverse the reducing process so that {x, y} 

is replaced by the larger g-pair {3x — y, x}. Moreover, this must generate 

all g-pairs since all g-pairs can be reduced to {r(g), 1}. We may express 

these possible pairs in terms of the Fibonacci and Lucas numbers; for 

<7 = 1, observe that L2 = 1, L3 — 4 = r(l), and that 

L>2k+3 — L2k+2 + L2k+l — {L2k+l + L2k) + -£/2fc+l 

= (-^2fc+i + {L2k+i — L2k-i)) + L2k+l 

— 3L2fc+i — L2k-i 

for k > 0. For g = 5, the Fibonacci numbers satisfy an analogous 

recursive relation, and F2 = 1, = 3 = r(5). Therefore, {m,n} = 

{Llk-nLlk+i} and {m>n> = {5F2fc,5F|fc+2} for k> 0. 

Note. The next solution is based on some knowledge of solving Pell’s 

Equation. For interested readers, please check [26], [29], and [33] for 

related materials. 

Second Solution. As we have seen in the first solutions, it suffices to 

solve the equations 

x2 + y2 - 3xy = 1 (2) 

and 

x2 + y2 - 3xy = 5. (3) 

The first equation is equivalent to (2x — 3y)2 — by2 = 4, which is a Pell’s 

equation of the form 

u2 — dv2 = 4. (4) 
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All the solutions (u,v) = (■Uk,Vk), k > 1, of equation (4) are given by 

k 

\ , k> 1, (5) ^ + vkVd 
u 1 + Ui\/d 

where (it,t>) = is the solution to (4) with least positive u value. 

From (5) it is not difficult to see that 

Uk 
u\ + v\\fd 

+ 
U\ — v\ \[d 

and 

Vk 
Vd 

u 1 + v\\fd — v\\fd U]_ - Vi 

for all k > 1. In our case, = (3,1). Hence 

Vk = vk = 

1 

z vs 

vs 
V +VS' '3- vs' 

1 +vs' 
2k 1 - vs' 2k' 

-- F2k, 

where {Fn }£LX is the Fibonacci sequence, and 

9 9 ^3+VS\" / 
2 xk — 3yk — uk = —-— - 

3- VS' 

implying 

Xk — 2 iV'k 3Ufc) 

1 

2 

1 

V5 

1 

vs 

V+1 vs 

'3 +vs' 

1 +vs' 

v + vs' 

fc+1 

2k+2 

3- VS 

1 - vs' 

vs 
/c+l 

-1 

2k+2 

'3- vs' 

— F2k+2- 

It follows that rrik — 5= 5F%k+2 and rik — 5y\ = 5F|fc, for k > 1. 
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Equation (3) is equivalent to (2x — 3y)2 — 5y2 = 20. Setting '2x — 3y — 

5h and y = u, the equation reduces to u2 — 5h2 = —4. This is a Pell’s 

equation of the form 

u2 — dv2 = —4, (6) 

whose solutions (it, h) = (uk,vk), k = 1, 3, 5,, are given by 

fc 

\(Uk 
+ vkVd) = 

111 + V\ s/d 
i k — 1,3,5,..., 

where (it,u) = (iti,ui) is the solution to (6) with least positive u value. 

It follows that 

Uk 
+ vi\fd tti + Hi 

+ 
ui — Hi s/d 

and 

Vk = 
s/d 

u i + Hi s/d U1 — Hi s/d 

for k = 1,3,5,... In our case, (iti, Hi) = (1,1). Hence 

^k 
l + v/5\ /l-\/5N 

IJki 

where {Ln }^<L1 is the Lucas sequence, and 

k 

Vk 

i 

7! 

1+ s/l \ ( 1 - s/l 

= Fk, 

for k = 1,3,5,... Hence yk = Lk, k = 1,3, 5,..., and 

Xk = ^ (3Lk + 5Fk) 

1 

2 
(3 + ^5) 

1 + 
+ (3- y/5) 

1 - y/h 

’l + \/5' 
fc+2 

+ 
1 - 75' 

fc+2 

— Lk+2- 

Therefore mk — 5Lk+2, nk = 5Lk, k = —1,1,3, 5,... Here we extanded 

the definition of Lucas number to L® = 2 and L_i = —1. 
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9. Let A be a finite set of positive integers. Prove that there exists a 

finite set B of positive integers such that A C B and 

n *=z *2 
x£B i£B 

Solution. For any finite set S of positive integers, let 

d(s)=n*-x>2- 
xGS xGS 

If D(A) = 0, then we take B — A. If D(A) < 0, then let m = max A 

Write A'k — Au{m+l,m + 2, ...,m + k}. Then there is a positive 

integer k such that 

—D(A) < (m + l)fc — (k3 + 2mk2 + m2k) 

= (m + l)fc - k(m + k)2 < D{A'k) - D(A) 

and hence D(Ak) > 0. Thus, it suffices to find a finite set B containing 

A'k such that D(B) = 0, because then B contains A as well. This reduces 

the problem to the next and final case. 

Assume that D(A) > 0, and write A0 = A. Define A-+1 = Ak U 

{ ILg^ x ~ *} recursively for k = 0,1,..., D(A) — 1. If D(Ak) > 0, 

we have Ak / { 1} and hence 

maxAfc < i>2= n *-D(A*x n x. 
xG Ak xG Ak xGAfc 

Therefore, EL gAa x ~ 1 > max^fc and Ak+1 has one more element than 

Ak. It follows that 

D(Ak+0= n x~ y x2 
xGi4fc+i xGA/j+i 

= n nx ~~ y x2 - (n * ~ 
xG Ak xG Ak xGAfc xGAj 

= n x~ 
x£Ak xGAfe 

= D(Ak) - 1. 

Because D(Ao) > 0, it follows that D(Ak) = D{A) — k > 0 for 

k < D(A) and that D(AD(A)) = 0. Taking B = AD(A) completes 

the proof. 
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3 IMO 

1. Let ABC be an acute-angled triangle with O as its circumcenter. 

Let P on line BC be the foot of the altitude from A. Assume that 

ABC A > A ABC + 30°. Prove that ACAB + AC OP < 90°. 

Note. Throughout the solutions to this problem, let a = ACAB, 
/3 = AABC, and 7 = ABC A. Let uj be the circumcircle of triangle 

ABC, and let R denote the circumradius of triangle ABC. Also, let M 
be the midpoint of side BC. 

We establish here some basic facts that are useful in many solutions. 

Because 90° > 7 > ft, line AP is closer to C than to B. Then P is on 

segment CM. Moreover, since triangle ABC is acute, O is inside triangle 

ABC and triangles BOP, COP, OPM are all nondegenerate. 

Because 90° > 7 — /3 > 30°, 

sin(7 — (3) > -. 

Note that ACOB = 2ACAB = 2a and 

(1) 

APCO = ABCO = AOBC = 
180° - ACOB 

= 90° - ACAB = 90° - a. 

We want to prove that ACOP < 90° - a. This is equivalent to proving 

that ACOP < APCO, or to proving that 

OP > PC. (*) 

Most of the solutions prove (*) instead. 
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First Solution. (By Gabriel Carroll and Tiankai Liu) Because 

AAOC = 2/3, we have AC AO = 90° - (3. Note that in right triangle 

APC, ACAP = 90° - 7, so 

APAO = AC AO - ACAP 

= 7 -P- 

By (1), sin APAO > 

Let N be the foot of perpendicular from O to segment AP. Then 

MPNO is a rectangle, so 

MP ON 

04 ~ 04 

= sin APAO 

or 2MP > OA = OC. In right triangles OCM and OPM, OC > CM 

and OP > MP. Therefore, 

PC - MP = MC - 2MP 

<MC-OC 

< MC - MC 

- 0. 

We obtain OP > MP > PC, as desired. 
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Second Solution. 

Let K and Q be the reflections of A and P, respectively, across line 

OM. Then KQPA is a rectangle and QP = KA. Note that 

AKOA = ABO A - ABOK = ABO A - ACOA 

= 27-2/3 > 60°. 

Because K and A are reflections of each other across line OM, we 

have OK = OA and thus K lies on u>. Hence, QP = KA = 

2f?sin (|ZA'OA) > R. By the Triangle Inequality, we have 

OP + R = Q + OC>QC 

— QP + PC > R + PC, 

which implies (*). 

Note. Compare this solution with the second solution of Team Selection 

Exam problem 5. 

Third Solution. By (1) and the Product-to-Sum formulas, 

4 sin P cos 7 = 2[sin(7 + (3) — sin(7 — /?)] 

= 2 sin a — 2 sin(7 — /3) < 2—1 = 1. 

Applying the Extended Law of Sines gives 

CP ■ CB = (AC cos 7) {CB) = (2R sin (3 cos 7) (2R sin a) < R2. (2) 

We present two proofs of (*) based on (2). 
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• We choose a point J on ray CB so that CJCP = i?. It follows from 

this equation and from (2) that CJ > CB, so that ZOBC > ZOJC. 
Since OC/CJ = PC ICO and ZJCO = ZPCO, triangles JCO 

and OCP are similar and ZOJC = ZCOP. It follows that 

ZCOP = ZOJC < ZOBC 

= 90° - ZB AC, 

or ZCAB + ZCOP < 90°. 

• The power of P with respect to circle u is BP ■ PC — R2 — OP2. 

By (2), we obtain 

OP2 = R2 - BP ■ PC 

> PC CB - BP PC 

- PC2. 

Thus, OP > PC, as desired. 

Fourth Solution. By the Extended Law of Sines, AB — 2f?sin7 and 

AC = 2/?sin/T Therefore, by (1) and the Addition and Subtraction 

formulas, we obtain 

BP — PC = AB cos /3 — AC cos 7 

= 2f?(sin 7 cos f3 — sin ft cos 7) 

= 2/?sin(7 — ft) > R. 
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By the Triangle inequality, 

R + OP = BO + OP > BP > R + PC, 

which implies that is OP > CP, as desired. 

Fifth Solution. (By Zhiqiang Zhang, China) By the Extended Law of 

Sines and the Product-to-Sum formulas, we have 

CP = AC cos 7 = 2R sin (3 cos 7 

= i?(sin(/3 + 7) - sin(7 - /?)) 

OC 
< f?(l — sin30°) = ——, 

or 2CP < OC. On the other hand, applying the Law of Cosines in 

triangle COP yields 

CP2 + OC2 - 2(CP)(OC) cos ZOCB = OP2. 

Now (*) follows from the inequality 

OP2 > CP2 + OC2 - OC OC 1 = CP2. 

2. Prove that 

a ^ b ^ c ^ 1 

\/a2 + 8 be \/b2 + 8ca \/c2 + Sab 

for all positive real numbers a, b, and c. 

Note. We present eleven solutions to this problem. All of the solutions 

by the four perfect scorers of this IMO are presented here. Liang Xiao’s 

solution is hardly a beauty, but it shows the courage and confidence of a 

good problem solver. On the other hand, Gabriel Carroll’s solution uses a 

clever application of Jensen’s Inequality. Both Reid Barton and Zhiqiang 

Zhang’s solutions use the AM-GM Inequality effectively. 
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Given a function / of three variables, define 

Y 9’r) = /(P> r) + /(?> r,p) + f{r,p, g) 
eye 

and 

=/(p>9>r)/(9>GP)/(r>p,9)- 
eye 

We call these expressions a cyc/z'c sum and cyc/z'c product, respectively. 

The desired inequality can be restated in this notation as 

V ■■■-.■ =- . > 1. 
~i Va2 + 8bc 

First Solution. (By Liang Xiao, China) Setting x = y = 7 z — ^ 

gives 

all y/x 

\/a2 + 8be A _)_ g . be \/l + 8 ' y \/x + 8z 

It thus suffices to prove that 

y- _j_ \/y _j_ 

x/z + 82 \Ac + 82 \/y + 8x x/2 + 8y ~ 

for positive real numbers x, y, 2 with xyz = 1. 

Clearing the denominators of (1) yields 

(1) 

or 

Y Vx(y + 8x)(z + 8y) > \/{x + 8z)(y + 8a:)(2 + 8y), 
eye 

Y Vx{y + 8a;)(2 + 8y) ] > {x + 8z)(y + 8x)(z + 8y). (2) 
eye 

Because xyz — 1, the right-hand side of (2) is equal to 

513 + 8(xy2 4- yz2 -I- zx2) + 64(x2y + y2z 4- z2x). 
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On the other hand, the left-hand side of (2) is equal to 

22 VX(V + 8x)(z + 8y) 
eye 

= | 22 \A + 8xy2 + 8x2z + 64x2y 
\cyc 

= ^(1 + 8xy2 + 8x2z + 64x2y) + 2 22 d(xi V’ z) 
eye eye 

= 3 + 8 (xy2 + yz2 + zx2) + 64(a:2y + y2z + z2x) 

+ 8^a:2z + 2^y(x,y,2:), 
eye eye 

where g(x,y,z) equals 

\/(l + 8 xy2 + 8 x2z + 64x2y)(l + 8 yz2 + 8 y2x + 64y2z). 

Comparing the left-hand side and the right-hand side, we see that (2) is 

equivalent to 

8 5>2* + 2 g(x,y,z) > 510. 
eye eye 

Because xyz = 1, the AM-GM Inequality gives 

22 8x2z = 8(x2z + y2x + z2y) > 24 \Jx2z ■ y2x ■ z2y = 24. 
eye 

Hence, it suffices to prove that 

2 229(xiV’z) ^ 486> 
eye 

or 

229(X,V,Z) > 243. 
eye 

By the Weighted AM-GM Inequality, we have 

1 + 8 xy2 + 8 x2z + 64 x2y 

(3) 

1 + 8 + 8 + 64 
> ay/(xy2)8 • (x2z)8 • (x2y)e4 

= V ^152^80^8^ 

or 

1 + 8xy2 + 8x2z + 64x2y >81 s\/x152y80z8. 
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Likewise, 

1 + 8yz2 + 8y2x + 64y2z > 81 s{/ylb2z80x8. 

Consequently, 

g(x, y, z) > 81 16?/xl52y80z8 ■ y152z80x8 = 81 16?/x16Qy2:i2z88. 

Now (3) follows from xyz = 1 and the AM-GM Inequality as 

g(x,y, z) > ^81 l6y/x160y232z8 j 
eye eye 

>81-3 ,/j| l6t/^™y282z88 
y eye 

= 243 • *B$/(xyz)480 

= 243. 

Note. Looking back at all the above work, we see that it is not really 

that scary. Things should work out as long as the symmetry is preserved. 

The substitution at the beginning is very useful in solving problem 2 of 

last year’s IMO. But it leads to unnecessary complication here. The next 

three solutions are based on similar ideas with less computations involved. 

Second Solution. (By Zhiqiang Zhang, China) Let a = y 1 + ^r, and 

define (3, 7 similarly. We have a, (3,7 > 1, and 

(a2 — 1)(/?2 — 1)(72 — 1) = 83. (4) 

Let x — a + (3 + y, y = a(3 + fi'y + 7a, 2 = a/Ty. Suppose, for the sake 

of contradiction, that the conclusion is false; then 

111, /BX 
- + - + -<1 or V <z. (5) 
a (3 7 

Expanding (4) gives 

q2/3272 - {a2/32 + (3272 + ^a2) + (a2 + (32 + 72) - 1 = 83, 

or 

z2 - (y2 - 2xz) + (x2 - 2y) - 1 = 83. 

Using the second part of (5), we have 

83 + 1 = 2xz + x2 —2y + (z2 — y2) > 2xz + x2 — 2z. (6) 
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Applying the AM-GM Inequality to the first part of (5) yields 

1 
1 1 1 

> —F 7; H— >3 
a p 7 

or z > 33. Now by the AM-GM Inequality, 

x = a-\- (3-F 7 > 3 y/a(37 = 3^2 > 9. 

Thus, 2xz + x2 — 2z = 2(x — 1 )z + x2 > 2(9 — 1)33 + 92 = 83 + 1, 

contradicting (6). Therefore, our initial assumption was wrong, and the 

conclusion is true. 

Third Solution. Like in the previous solutions, we may assume without 

loss of generality that abc = 1. Then 

a abc 

\/ a2 + 8 be y/a2 b2c2 + 863c3 

1 

\/l + 8 b3c3 

1 

y/(l + 26c)(l — 2 be + 462c2) 

2 

— (1 + 2 be) + (1 — 26c + 462c2) 

1 

_ 1 + 262c2’ 

where the last inequality is by the AM-GM Inequality. Likewise, 

6 - 1 d 6 ^ 1 
Vb2 + 8ca “ 1 + 2c2a2 an yjc2 + 8ab ~ l + 2a262' 

Hence it suffices to prove that 

1 1 1 
1 + 262c2 + 1 + 2c2a2 + 1 + 2a262 “ 

By multiplying out, the last inequality reduce to 

g262 + 62c2 + c2a2 > 3, 

which follows from the AM-GM Inequality. 
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Fourth Solution. (By Reid Barton) We start with the following Lemma. 

Lemma 1. For any positive real numbers x, y, z such that x + y + z = 
1, the following inequality holds 

x2y2z2 
*2) > 512. 

Proof. Applying the AM-GM Inequality gives 

1 - x2 = (1 - x){l + x) = (y + z)(x + y + z + x) 

> 2s/yz ■ 4 \/x2yz = 8 \Jx2y3z3. 

Likewise, 

1 — y2 > 8 \/x3y2z3 and 1 — z2 > 8 \/x3y3z2. 

Multiplying all three inequalities yields the desired result. 

Now set 

a b c 
x 

Then 

Va2 + 8 be 

1 — x2 

X2 

y = 
s]b2 + 8 ca 

1 a 
a2+8bc 

SO 

a2+86c 

(1 - x2)(l - y2)( 1 - z2) 

x2y2z2 

z — 

8 be 

az 

= 512. 

\/ c2 + 8 ab 

(7) 

The problem asks us to prove that x + y + 2 > 1. Assume, for the 

sake of contradiction, that x + y + z = £ < 1. Then k > 1 and 

(.kx) + (ky) + (kz) = 1, so by Lemma 1 

(1 - z2)(l - y2)(l - z2) (1 - (kx)2){l - (ky)2)( 1 - {kz)2) 

x2y2z2 
> 

> 512. 

{kx)2 (ky)2 {kz)2 

contradicting (7). Thus, x + y + z > 1, as desired. 

Note. Lemma 1 can also be proved by applying our favorite smoothing 

method. We can show that the value of 

(1 - x2)(l - y2) 
x2y2 

decreases as x and y get closer together while x + y remains fixed. Of 

course, this analysis holds for the pairs y, z and z, x as well. Now we can 
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take the largest and smallest of x, y, z and push them together until one 

becomes equal to 1/3; then push the other two together until they both 

become equal to 1/3. Thus, 

(1 - x2)(l - y2)( 1 - z2) 

x2y2z2 

3 

= 512. 

Fifth Solution. (Based on work by Tiankai Liu) We present another 

proof of Lemma 1 in the fourth solution. We begin by proving two 

Lemmas. 

Lemma 2. The function f(t) — In ff- is convex in the interval 

Proof. Rewrite f(t) as f[t) = ln(l — t2) — 21nt. Its derivative is 

fit) 
-21 2 

1 -t2 ~ t 
-2 

1 -t2 

-2 

and its second derivative f"{t) = 2^__f3ty ■ Since f"(t) > 0 for 0 < t2 < 

the function f(t) is convex in the interval (0, as claimed. ■ 

Lemma 3. Let 

9{t) = (i^£) . 
For t € (0, |], g(t) > 512. 

Proof Note that (1 — t2)2 = (1 — t)2(l + t)2 and 1 — (1 — 21)2 = 

1 — (1 — 41 + 412) = 4[t — t2) = 4t(l — t). Thus, we can write 

where 

and 

g{t) = 4' = 4(91 

ffi(t) = 
(1 - t)( 1 + t) 

t{ 1 - 21) 

1 -t2 

t-2t2 

92 it) = 
1 -1 1 

7 
- 1. 

t 
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Then 

g'(t) = 4[2 gx(t)g[{t)g2(t) + (gx (t))2g'2(t)] 

= 4^i (t) [2g[ (t)g2 (t)+gi (t)g'2 (*)] 

Note that 

(-2t)(t-2t2)-(l-t2)(l-4t) 

9l{) t2[l — 2t)2 

t2 - At + 1 

~ ~i2(l - 2t)2' 

(8) 

Substituting back into (8) gives 

g’(t) = —4<7i(i)(l — t) 

4gi (£)(1 -1) 
' f3(l - 2f)2 

4:^l(t)(l — t) 

2(f2 — 4£ + 1) 1+t 

£3(1 - 2£)2 + f3(l - 2t) 

[2(f2 — 4t + 1) + (1 + £)(1 — 2i)] 

(3 - 9t) 
*3(1 - 21)2 

-12(1 -f)2(l + f)(l - 3t) 

~ t4(l - 2tf 

Thus, g'(t) is less than or equal to 0 when 0 < t < |, so g(t) is decreasing 

in the interval (0, 4]. Thus, for t 6 (0, |], 

9(t) > 9 4- (1-|)3(1 + ^ 
(^)3(1-1)2 

I V 16 
4x 

27 A 9 
= 512, 

as claimed. ■ 
Now we are ready to prove Lemma 1. Assume, without loss of 

generality, that x < y < z. Because x + y + z — l, x<y<^ < By 

Lemma 2, / is convex along the interval [x,y], so writing t = (x + y)/2 

we have f(x) + f(y) > 2f(t). From this we deduce that 

ef(x)+f(y)+f(z) > e2/(t)+/(l-2t) =g(yty 
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Since t < z = 1 — 2t, we have t < By Lemma 3, we obtain gif) > 512, 

hence, 

1~x2 . 1 ~ y2 . 1 ~ ^ _ e/(*)+/(»)+/(*) > 512 
x2 y2 z2 

for positive real numbers x, t/, z with x + y + z = 1. 

Sixth Solution. The desired result follows from the following Lemma. 

Lemma 4. For all positive real numbers a, b, c, and X with A > 8, 

a ^ b ^ c > 3 

\J a2 + A be \Jb2 + A ca Vc2 + Xab y/X + 1 

Proof. 
that 

Fix A > 8. We claim that there is a positive number r such 

a 
> 

fa2 + A be ~ v/ATl ar + br + cr 
(9) 

for all positive real numbers a, b, and c. By symmetry, for this r we also 

have 

5^3 br 

Vb2 + Xca ~ x/ATT ’ ar + br + cr ’ 
c 3 cr 

■ .. > , --. 
Vc2 + Xab y/X + 1 ar + br + cr 

Adding these three inequalities yields the desired result. 

Squaring and cross multiplying (9) yields the equivalent inequality 

(A + l)(ar + br + cr)2 > 9 a2r-2(a2 + A be), 

or 

(A + l)(ar + br + cr)2 > 9a2r + 9Ao2r-25c. (10) 

For any positive real number r, the AM-GM Inequality gives 

(ar + br + crf - a2r = (br + cr)(ar + ar + br + cr) 

> ‘I'Jlfc? ■ 4\/a2rbrcr 

= 8 ar/263r/4c3r/4. 
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Thus, by the Weighted AM-GM Inequality, we have 

(A + l)(ar + br + cr)* 2 

> (A + l)(a2r + 8ar/263r/4c3r/4) 

= 9a2r + (A - 8)a2r + (8A + 8)ar/263r/4c3r/4 

> 9a2r + 9A 9Va2(A_8)ra4(A+1)r66(A+1)rc6(A+1)7 *'. 

To prove (10), we only need to set r = ■ 

Seventh Solution. (By Gabriel Carroll) By multiplying a, b, and c by 

a suitable factor, we reduce the problem to the case when a + b + c = 1. 

Note that the function f(t) = is convex for t > 0 as f"(t) — ^7=. 

Thus, by Jensen’s Inequality, we obtain 

a 4- ^ -i- C > 1 

y/x yfij yfz — y/ax + by + cz' 

for all x,y,z > 0. Setting x = a2 + 8be, y — b2 + 8ca, z — c2 + 8ab in 

the last inequality, we obtain 

° -I- ^ 4- C > 1 

y/a2 + 8 be y/b2 + 8ca y/c2 + 8 ab y/a3 + 63 + c3 + 24a6c 

> 1 - 1 

~ y/(a + b + c)3 

as 

(a + b + c)3 = a3 + b3 + c3 + 3 ^^(a2ft + b2a) + 6 abc 
eye 

> a3 -f b3 + c3 4- 18 a666c6 + 6a6c 

= a3 + 63 + c3 + 24a6c. 

by the AM-GM Inequality. 

3. Twenty-one girls and twenty-one boys took part in a mathematical 

competition. It turned out that 

(a) each contestant solved at most six problems, and 

(b) for each pair of a girl and a boy, there was at least one problem that 

was solved by both the girl and the boy. 

Prove that there is a problem that was solved by at least three girls and at 

least three boys. 
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Note. We may assume that each problem was solved by at least one 

girl and one boy, by disregarding all other problems. Then every problem 

was solved by at least two contestants. Throughout all the solutions to 

this problem, we call a problem girl-easy if it was solved by at least three 

girls; otherwise we call it girl-hard. Analogously, we define boy easy and 

boy-hard problems. We want to prove that there is a problem that is both 

girl-easy and boy-easy. 

Most solutions proceed indirectly. Assuming that no problem is both 

girl-easy and boy-easy, one calculates some particular quantity in two ways 

to lead to a contradiction. The last two solutions apply the Pigeonhole 

Principle to color a 21 by 21 grid to prove the result with very limited 

arithmetic. 

First Solution. (By Zhiqiang Zhang, China) We proceed indirectly. 

Assume that no problem is both girl-easy and boy-easy. 

Lemma 1. Let A — {pi,P2,... ,Pk} denote the set of all girl-hard 

problems. Let B — { Pk+i, Pk+2 • • • , Pk+m } denote the set of all boy-hard 
problems that are not in A. Then k > 11, m > 11, and consequently, 

k + m > 22. (1) 

Proof. By our assumption, each problem is either girl-hard, boy-hard, 

or both. Thus, if P is the set of all the problems, then A U B — P. A 

boy contestant b can solve at most 6 problems in set A, so there are at 

most 2 • 6 = 12 girls who each solved a problem in A that b solved. By 

condition (b), there are at least 21 — 12 girls who each solved a problem in 

B that b solved. It follows that each boy must solve some problems in set 

B. But each problem in set B can be solved by at most 2 boys, implying 

that 21 < 2m and hence m > 11. In exactly the same way, we can prove 

that k > 11. ■ 
For 1 < * < k + m, let x., be the number of contestants who solved 

problem pi. In the light of condition (a), we have 

X\ + X2 + - ' • + Xk+m 5; 6 X 42. (2) 

For each p* 6 P = A U B, let qi be the number of girl and boy 

pairs (g,b) such that girl g and boy b both solved p*. By condition (b), 

qi > 212. For each i = 1,2,..., k + m, note that Xi > 2 because 

each problem was solved by at least one girl and one boy. Therefore, 

qi < max{ (x^ — 1) x 1, (x, — 2) x 2} < 2Xi — 3. 
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Hence, by (2) we obtain 

k+m 

212 < 'y ^ qi < (2xi — 3) + (2x2 — 3) + • • • (2xfc-|-m — 3) 
i= 1 

= 2(xi + x2 H-Xfc+m) - 3(k + m) 

< 2 x 6 x 42 — 3(k + m), 

or 

k + in < 21, 

contradicting (1). 

Thus, our assumption was wrong and there is a problem solved by at 

least three girls and three boys. 

Second Solution. (By Gabriel Carroll and Liang Xiao, China) Let p be 

the number of problems. For the sake of contradiction, we assume that no 

problem is both girl-easy and boy-easy. As in the first solution, we prove 

that this assumption implies both that p > 22 and that p < 21, which is 

impossible. 

Lemma 2. There are at least 11 girl-easy problems and 11 boy-easy 

problems. 

Proof. Suppose some girl solves no boy-easy problems. Then every 

problem she solves was solved by at most two boys. Since she solves 

at most six problems, at most 12 boys solve a problem that she solves, 

contradicting condition (b). Thus, every girl solved a boy-easy problem. 

Since each boy-easy problem was solved by at most two girls, there must 

be at least = 11 boy-easy problems. Likewise, there are at least 11 

girl-easy problems. ■ 
By our assumption, there is no problem that is both boy-easy and girl 

easy. Thus, there are at least 22 problems, that is, 

P > 22. (3) 

Assume that the ith problem was solved by $ girls and 6, boys. For each 

i, either pi € {1,2}, or 9i> 2 and bi < 2. Consider the quantity 

Q = (9i- 2)(bi - 2). 

If Qi = 2, then Q = 0; if pi — 1, then Q — 2 — bi < 1 since bi > 1 by 

assumption; finally, if pi > 2 and bi < 2, then Q < 0. In any case, we 
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have Q = (gi — 2)(fe, — 2) < 1, that is, 

9ibi < 2gi + 2b{ — 3. (4) 

Now gibi counts the number of pairs (g, b) in which girl g and boy b both 

solved problem i. It is given that every possible pair (g, b) is counted for 

some i, so 
p 

5>A>212. (5) 
i=l 

On the other hand, everyone solved at most six problems, so Y%=i9i — 
21-6, and likewise Yli=i bi < 21 ■ 6. Thus, by (4) and (5), we obtain 

p p 

212 < < Y^ + - 3) 
i=1 i=1 

(P P \ 

9i + Ybi)_ 3p 
i=l i= 1 / 

< 2(21 • 6 + 21 ■ 6) - 3p = 21 • 24 - 3p. 

It follows that 3p < 21 • 24 — 212 = 21-3, or 

P< 21, (6) 

contradicting (3). 

Thus, our initial assumption was wrong, and there is a problem that was 

solved by three boys and three girls. 

Third Solution. (Based on work by Ian Le) We provide an alternative 

proof of (6). 

For each i — 1,2, let e* = min {^,6*}, and let Mi = 
max{ gtl 6^}. Note that is either 1 or 2. Assume without loss of gener¬ 

ality that ei = €2 — ■ ■ ■ — €r = 2 and that er+i = er+2 = • • • = ep = 1. 

Then, by (5), 

p p r p 

441 < Y 9ibi = Y €iMi = 2YMi+ Y Mi 
i= 1 i=l i= 1 i=r+l 

=2 YMi- Y Mi- 
i= 1 i=r+1 
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Note that Mt > 1. It follows that 

v 
441 < 2 ^ Mi — p + r. (7) 

i=1 

On the other hand, since each girl or boy solved at most 6 problems, we 

must have Yli=i(di + < 2 • 6 • 21 = 252, or 

p p p 

252 > + h) = + Mi) = p + r + ^ Mt. 
i= 1 i= 1 t=1 

Multiplying by 2 on both sides of this inequality and rearranging gives 

v 
2 ^ Mi - p + r < 2 • 252 - 3p - r = 504 - 3p - r. (8) 

i=l 

Combining (7) and (8), we obtain 441 < 504 — 3p — r, or 

p< (504 — 441)/3 = 21, 

as desired. 

Fourth Solution. We introduce the following symbols: G is the set of 

girls at the competition, B is the set of boys, P is the set of problems, P(g) 
is the set of problems solved by g & G, and P(b) is the set of problems 

solved by b G B. Finally, G(p) is the set of girls that solve p E P and 

B(p) is the set of boys that solve p. In terms of this notation, we have 

that for all g € G and b e B, 

(a) \P(g)\ <6, \P(b)\ <6, and (b) P(g)nP(6)/0 

Hence, a problem is boy-easy (resp., boy-hard) if and only if \B(p)\ > 3 

(|£(p)| < 2); a problem is girl-easy (resp., girl-hard) if and only if 

|G(p)| > 3 (resp., |G(p)| < 2). We wish to prove that some p E P 
satisfies |G(p)| > 3 and \B(p)\ > 3. For sake of contradiction, assume 

instead that every problem is either boy-hard or girl-hard or both, that is, 

for each p E P, either \G(p)\ < 2 or \B(p)\ < 2 or both. We shall reach a 

contradiction by counting, in two different ways, all ordered triples (p, g, b) 

such that p E P{g) Cl P{b). With 

T = {(p,g,b)\ p E P{g) D P(b) }, 

condition (b) yields 

m = Y. E lp(s) n > IGM-BI = 2!2- 
geGbeB . 

(9) 
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We continue by noting that 

E i°wi = E ip(«)i s 6iGi and E ibwi £ 6iBi- <10) 
peP g£G p£P 

The equality in (10) is obtained by counting the total number of problems, 

including multiplicity, solved by all the girls. (That is, if a problem solved 

by n girls, then it is counted n times.) 

Let Pge and Pgh denote the sets of all girl-easy and girl-hard problems, 

respectively. By our assumption, if p e Pge, then it must be boy-hard, i.e. 

\B(p)\ < 2. Hence, 

iri = E i°(p)i ■ is(p)i 
peP 

= E |G(P)I ' \B(p)\ + E lGMI ' lfi(P)l. 
p£.Pge p€.Pgh 

or 

|T|<2 E |G(p)|+2 E |B(p)l- (11) 
p£Pge P£Pgh 

Lemma 3. We have 

and 

E l°(p)l 2 |G|; E lGMI £ 5IGI- 
p€.Pgh P^Pge 

ElB(P)IS|B|i E IBWI S 5IBI 
p£Pge p£Pgh 

Proof. Let g G G be arbitrary. By the Pigeonhole Principle, conditions 

(a) and (b) imply that g solves some problem p that is solved by at 

least [21/6] = 4 boys. By assumption, p is boy-easy, implying that p 

is girl-hard. Thus, every girl solves at least one problem in Pgh- Hence, 

E iG<p)i ^ M- 
P^Pgh 

In view of (10) and (12) we have 

E iGwi = E iG<p)i - E iG<p)i s 5iGi- 
P&Pge p€P PtPgh 

(12) 
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Also, each boy solves a problem that is solved by at least four girls, so 

each boy solves a girl-easy problem. Thus, 

£ |B(p)|>|B|. 
P€Pge 

It follows from this inequality and (10) that 

£ \B(p)\ < 5|B| 

P^Pgh 

as well. ■ 
Using Lemma 3 and equality (11), we find 

T < 10|G| + 10|P| = 20 x 21. 

This contradicts (9), so the proof is complete. 

Fifth Solution. Keep the notation of the fifth solution, and again assume 

that no problem is both girl-easy and boy-easy. For each p e P, color p 

red if it is boy-easy, color p blue if it is girl-easy, and color p either color 

if it is both boy- and girl-hard. 

Consider a chessboard with 21 rows, each representing one of the girls, 

and 21 columns, each representing one of the boys. For each g 6 G and 

b € B, by condition (b) there exists a problem p in P(g) D P(6); and 

assign p’s color to the square corresponding to (g,b). By the Pigeonhole 

Principle, one of the two colors is assigned to at least [441/2] = 221 

squares, and thus some row has at least [221/21] = 11 blue squares or 

some column has at least 11 red squares. 

First suppose that there is a row, corresponding to g E G, which has at 

least 11 blue squares. Then for each of the 11 squares, the blue problem 

that was chosen in assigning the color was solved by at most 2 boys. Thus, 

we account for at least [11/2] =6 distinct problems solved by g. In view 

of condition (a), g solves only these problems. But then at most 12 boys 

solve a problem also solved by g, in violation of condition (b). A similar 

proof shows that it is impossible for any column to contain 11 red squares. 

Hence, our original assumption was wrong and there are some p G P 

satisfying |G(p)| > 3 and \B(p)\ > 3. 

Sixth Solution. (By Reid Barton) Assign each problem a unique letter, 

and also number the boys 1, 2,..., 21 and number the girls 1,2,... ,21. 
Construct a 21 x 21 matrix of letters as follows: in the zth row and jth 

column, write the letter of any problem that both the zth girl and the jth 
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boy solved — at least one such problem exists by condition (b). If we 

consider the ?'th row, each letter in that row corresponds to a problem that 

the ith girl solved. Since each girl solved at most six problems, each row 

contains at most 6 distinct letters. Similarly, each column contains at most 

6 distinct letters. 

Lemma 4. In each row (resp., column), consider the letters which 

appear at least three times. At least 11 squares in the row (resp., column) 

contain one of these letters. 

Proof. There are at most G different letters, and they cannot all appear 

at most twice, since there are 21 > 12 letters total. So at most 5 different 

letters appear at most twice, giving a total of at most 10 squares containing 

letters appearing at most twice. Then at least 11 other squares each contain 

a letter that appears at least three times. ■ 
In the matrix, color all the squares which contain letters appearing at 

least three times in the same row (resp., column) in red (resp., blue). By 

Lemma 4, each row contains at least 11 red squares, so the total number 

of red squares is at least 21 x 11. Similarly, each column contains at least 

11 blue squares, so the total number of blue squares is at least 21 x 11. 

Since there are only 21x21 < 21x11 + 21-11 total squares, some square 

is colored both red and blue. Because the letter in this square appears in 

three different columns and three different rows, at least three boys and 

three girls solved the corresponding problem. Thus, we find the problem 

satisfying the desired property. 

4. Let n be an odd integer greater than 1 and let q,C2,...,cn be 

integers. For each permutation a — (ai, <22,..., an) of {l,2,...,n}, 

define 5(a) — Yl'i-t ci°i• Prove that there exist permutations h and c, 

b 7^ c, such that n\ divides S(b) —5(c). 

First Solution. Let denote the sum over all n\ permutations 

a = (ai, <i2> • • • t an)- We compute Yla S(a) mod n! in two ways, 

one of which assuming that the desired conclusion is false, and reach 

a contradiction. 

Suppose, for the sake of contradiction, that the claim is false. Then 

each 5(a) must have a different remainder mod n\. Since there are exactly 

n! such permutations a, there exists exactly one permutation a such that 

5(a) = s (mod n!) for each s = 1,2,... ,n!. Since n > 1, n\ is even 
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and n! + 1 is odd. Hence, 

n\ | 

^ 5(a) = ^2 s = 7T ‘ (n- + 1) (mod n!), 
a s=l 

°r I 

= y (modn!)- (!) 
a 

On the other hand, for i,k G {l,...,n}, we have a^ = k in exactly 

(n—1)! permutations a. Thus, for 1 < i < n, 

y 'aj = (n—1)!(1 + 2 + • ■ • + n) — m! • —-—. 
a 

Hence, 

n n n / \ 

5(a) = ^ ^ CjOj = ^ CiGi = a* j ' 
a a i=1 i=l a i— 1 \ a / 

Because n+1 is even, ?r! divides a* = n!-2^- for each i. It follows that 

n! divides J2aS(a), contradicting (1). Therefore, the initial assumption 

was false, and there do exist distinct permutations b and c such that n! is 

a divisor of 5(6) — 5(c). 

Second Solution, (by Liang Xiao, China) Let n = 2m + 1, and let 

r be the number of indices i such that q is odd. For a permutation 

a = (ai,a2,... ,an) of { 1,2,..., n}, let 

n 

T(a) = ^ icaj = cai + 2ca2 H-b nc0n, 
i=l 

and let Aa be the number of indices i such that both i and q*, are odd. 

Note that T(a) is equal 5(a) in a different order. 

For any given positive integer A, 0 < A < r, we count the number of 

permutations a of { 1,2,... ,n} with AQ = A. There are (m^1) ways to 

choose A numbers ii, i2,... ,1a from the set { 1,3,..., 2m +1} and (r™A) 

ways to choose r—A numbers ji,j2, ■ ■ ■, jr—\ from the set { 2,4,..., 2m}. 

Once the numbers *i,... ,i\, ji,..., jr-x have been chosen, there arc 

r\(n — r)! permutations a = (ai, a2,..., an) of { 1,2,..., n} such that 

ca ,..., ca. and ca, ,..., ca. are all odd. Thus, there are 
a*l ’ ’ uJl 7 7 uJr-A 

H(n-r)l(m + 1)(r“A) 

permutations a of { 1,2,..., n} such that Aa = A. 
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Let E and O be the number of permutations a of { 1, 2,..., n} such 

that S(a) is even and odd, respectively. Then 

E = rl(n — r 

O = r!(n — r 

and 

E-0 = r\(n-r)\ 

A=0 

m + 1\ / m 

A r — A 

Denote by the coefficient of xk in a power series h(x). Let 

gi(x) = (1 - x)m+1, g2(x) = (1 + x)m, and f(x) = gi(x)gs(x). Then 

r 

[xr]f(x) = Y ([zAbi(z)) {[xr~x]g2(x)) 
A=0 

= i>ux( 
A=0 v 

m + 1\ / m 

A r — A 

On the other hand. 

m , \ 

/w = (i - x2r(i - x> = ^ m)(-i)ix2,(i - x) 
i=o ' 1 ' 

m , \ 

= Y (™) ((-!)^2i + (-l)i+1z2i+1) . 

Therefore, 

W]f{x) 

implying that E — O ^ 0. 

In order for the desired result to be false, for each number i from 1 to n\, 

there must be exactly one permutation a of 1,2,..., n such that S(a) = i 

(mod n!). As rr! is even, this implies that E — O, contradicting that fact 

£ — 0^0. Thus, we have proven the desired conclusion. 

5. In a triangle ABC, let segment AP bisect ABAC, with P on side 

BC, and let segment BQ bisect AABC, with Q on side CA. It is known 

that ABAC = 60° and that AB + BP = AQ + QB. What are the possible 

angles of triangle ABC1 
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Note. In all the following solutions, let /.ABC = 2x and /BCA = y. 

Then /ABQ = /QBC — x and 

/CAB + /ABC + /BCA = 60° + 2x + y = 180°, 

so 

y = 120° — 2x. (1) 

Many of the following trigonometric or complex number calculations lead 

to the possible values of the angles of triangle ABC. It is not difficult 

to check that these values satisfy the conditions of the problem. We leave 

this to the readers. 

First Solution, (by Reid Barton and Gabriel Carroll) Extend segment 

AB through B to R so that BR = BP, and construct S on ray AQ so 

that AS = AR. 

/ \ 
/ \ 

Lemma 1. Points B, P, S are collinear, and consequently, S coin¬ 

cides with C. 

Proof. Because BR = BP, triangle BPR is isosceles with base angles 

/BRP - /RPB = (180° - /PBR)/2 = x = /QBP. (2) 

Note that AS = AR and /RAS = /BAC — 60°, implying that triangle 

ARS is equilateral. Since line AP bisects /RAS, R and S are symmetric 

with respect to line AP. Thus, 

PR = PS (3) 

and /ARP = /PSA, or /BRP = /PSQ. By (2), we have 

/QBP = /BRP = /PSQ. (4) 
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Because AQ + QS = AB + BR = AB + BP = AQ + QB, QS = QB. 
Hence, triangle BQS is isosceles with 

/BSQ = /QBS. (5) 

Now, assume to the contrary that triangle is BPS is nondegenerate. Then 

either AC < AS, as in the first diagram below, or AC > AS, as in the 

second diagram. 

In either diagram, combining (4) and (5) gives 

/PBS = \/QBP - ZQBS\ = \ZPSQ - ABSQ\ = ZPSB, 

that is, triangle PBS is isosceles with PB = PS. By (3), it follows 

that PB = PS = PR. Hence, triangle BPR is equilateral. But 

then ZABC = 180° — ZCBR = 120°, and by (1), y — 0°, which is 

absurd. Therefore, our assumption was wrong and B, P, S are collinear. 

Consequently, S = C. ■ 
Since S = C, by (1) and (5), we obtain 

x = y= 120° - 2x, 

or x = 40°. Therefore, /.ABC = 80°, /BCA = 40°, and /CAB = 60°. 

Second Solution. (By Zhiqiang Zhang, China) Construct R on ray AB 

beyond B such that BR — BP, and construct S on ray AQ beyond Q 
such that QS — QB. Let lines BS and AP intersect at D. Note that 

AR = AB BP — AQ + QB = AS. Then both triangles BPR and 

BQS are isosceles with 

/BRP = /RPB = 
/ABC 

2 
= x = /QBP (6) 

and 

/QBS = /BSQ - 
/BQA 180° - 60° x „ x 

- = 60°--. (7) 
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Because y > 0°, equation (1) implies x < 60°. Because AR = AS 

and ZRAS = 60°, we also have that 60° = /LARS = ZBRS. Using 

these relations as well as (6), we find that ZBRP = x < 60° = ZBRS, 
implying that P is inside triangle ARS. We now consider two cases. 

(i) C = S. Since BQ = QC, y = ZBCQ = ZQBC = x, so 

by (1), ZABC = 80° and ZBCA — 40°. We need to check 

whether such a triangle has the desired properties. Setting x = y, 
in isosceles triangle BPR we have ZBRP = ZBPR = x. Hence, 

ZARP = ZBRP = x = y = ZPCA. This equality, along 

with the equations ZPAR — ZCAP and AP = AP, implies that 

triangles APD and APC are congruent. Thus, AR — AC, or 

AB + BP — AQ + BQ. Therefore, ZABC = 80°, ZBCA = 40°, 

and ZCAB = 60° are possible angles of triangle ABC. 

(ii) C^S. 

Since AR = AS and AP is the angle bisector of angles RAS 
and BAC, R and S are symmetric with respect to line AP, and 

ZBRD — ZDSQ. By (7), we have 

ZBRD = ZDSQ = ZBSQ = ZQBS = ZQBD. (8) 

By subtraction, from (6) and (8) we obtain 

ZPRD = ZBRD - ZBRP 

= ZQBD - ZQBP = ZPBD. 

Because P, D are on the same side of line BR (specifically, between 

rays AR and CS), quadrilateral BPDR must be cyclic. Hence, 

ZBRD — ZBPA. Because angle BP A is an exterior angle of 

triangle APC, by using (1), we have ZBPA = 3CP +y = 150° — 2a:. 

On the other hand, by (8) and (7), ZBRD = ZDSQ = ZBSQ — 
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60° — |. Now the relation ZBRD = ZB PA reads 

150° -lx- 60° - 
2 

or x = 60°. But then y = 0°, which is impossible. Thus, there is no 

solution under the assumption C ^ S. 

Therefore, ZABC = 80°, ZBCA = 40°, and ZCAB = 60° is the 

only solution. 

Third Solution. (By Liang Xiao, China) Construct R on ray AB beyond 

B such that BR = BP and S on ray AQ beyond Q such that QS = QB. 
Note that AR — AB + BP — AQ + QB = AS and hence, because 

ZSAR — 60°, triangle ARS is equilateral. Now we calculate a few 

angles: 

ZBPA = 150° - 2x, 

ZBQA = 120° - x, 

ZBSQ = ZQBS = = 60° - 

ZABS = ZABQ + ZQBS = 60° + 

ZRSB = 60° - ZBSQ = 

ZSBR = 180° - ZABS = 120° - -. 
2 

Noting that BR = BP and AS = RS, we apply the Law of Sines to 

triangles BRS, ABP, and ABS to obtain 

sin ZRSB BR BP BP AB 

sin ZSBR — ~~ AS _ AB AS 

sin ZPAB sin ZBSA 

~ sin ZBPA sin ZABS' 

Writing these angles in terms of x, we have 

sin (|) sin 30° sin (60° — |) 

sin (120° — |) sin(150° — 2a:) sin (60° + f) 
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Now, x = (120° — y)/2 < 60° and hence sin (120° — §) = 

sin (60° + |) ^ 0. cancelling the common terms and clearing the 

denominators of the above equation, we obtain 

2sin j sin(30° + 2x) — cos ^30° + —) . 

Using the Product-to-sum formulas gives 

Applying the Sum-to-product formulas yields 

cos ( 30° 4-^1= 2 cos ( 30° + ^ ) cosx. 

Hence, either cosx = ^ or cos (30° + = 0. The first case is 

impossible because 0° < x < 60°. In the second, 0° < 30° + ^ < 120°, 

implying that 30° + = 90° and x = 40°. Consequently, it is easy 

to that check that ZABS = ZABC — 80° and S = C. Therefore, 

AABC = 80°, ABC A = 40°, and ACAB = 60°. 

Fourth Solution. (By Hui Zheng, China) Applying the Law of Sines to 

triangles ABP and ABQ yields 

AB + BP sin 30° 

AB “ + sin(2x + 30°) 

and 
AQ + QB sin x + sin 60° 

AB sin(x + 60°) 



Formal Solutions 89 

Thus, the condition AB + BP = AQ + BQ implies that 

sin 30° sin x + sin 60° 

sin(2:r + 30°) sin(x + 60°) 

or 
sin(x + 60°) 

2sin(2a: + 30°) 
= sin x + sin 00° — sin(x + 60°). 

(12) 

By (1), y > 9° and 0° < x < 60°. Applying the Difference-to-product 

formulas twice yields 

sin(x + 60°) . . . . 

2sin(2x + 30") = 8m60 " (sm(l + 60 > “ “nIl 

= sin 60° — 2 sin 30° cos(x + 30°) 

= sin 60° — sin(60° — x) 

= 2sin — cos (60--). 
2 V 2/ 

By the Double-angle formulas, the numerator on the left-hand side is 

sin(x + 60°) = sin(120° — x) — 2sin ^60° — -) cos (60o — . 

Plugging in this expression and then dividing by cos (60° — f) — which 

is nonzero because 0° < x < 60° — we find that 

Sin(6°° —f) (-£x 

sin(2a: + 30 ) \2 ) 

Clearing the denominator and applying the Product-to-sum formulas, the 

last equation becomes 

sin ^60° — -)=2sin(-) sin(2a: + 30°) 

= 2 sin cos(2x — 60°) 
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by applying the Difference-to-product formulas. Hence, 

sin or cos a: = 
1 

2 

The only solution to either equation in the range CP < x < 60° is x — 40°. 

Thus, A ABC = 80°, ABC A = 40°, and AC AB = 60°. 

Fifth Solution. (By Kiran Kedlaya) We use complex numbers in this 

solution. Rewrite (12) as 

_1_sin a: + sin 60° _ 

2 cos(2x — 60°) sin(x + 60°) 

Set 2 = cos a: + isina; and uj = e27ri//6 = cos 60° + i sin 60°. Because 

0° < x < 60°, we know that -1,1^ zu. Now, z = \ and u; = £. Also, 

u3 = — 1 and u — u2 — l. (14) 

It follows that 2isinx = z — z = z — 2isin60° = u — 2ism(x + 

60°) = zu-—, and 2cos(2a: - 60°) = 4 + tst- We rewrite (13) in 

terms of z: 

1 + 
z — - + u — - 
-2-T-= 0. (15) 

The second term on the left-hand side of (15) is z4_^2 and the third term 

simplifies to 

(z + w) - _ (z + u)(zu - 1) _ z + u 

(2W)2-i ~ (zv + l)(zu - 1) zui + 1' 
ZU) 

Thus, (15) simplifies to 

1 + 
2 z*u 

z4 + u2 

z T u 

zu) T 1 
= 0. 

Clearing the denominators in this equations yields 

(z4 + u2)(zu + 1) + z2u(zu + 1) — (z + u)(z'1 + a;2) = 0. 

If x ss 60°, then triangles ABQ and PBQ are approximately equilateral 

and AB + BP « AQ + QB. Thus, we suspect that z = u is a solution 
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of the above equation. With this in mind, we factor (14) as follows: 

0 — (24 + IU2)(2CU 4“ 1) 4"" Z~Uj(ZLO “fl) — (2 4“ Cc>)(24 4“ Ct/'") 

= z5u 4- zu>3 4- 24 4- W2 4- Z3UJ2 4- Z2U) — 25 — 2u;2 — 24CJ — uj3 

= (uj — 1)25 4- (1 — u)z4 + u/223 4- U)Z2 4- (u3 — CJ2)z 4- (UJ2 — uj3) 

- iU2Z5 — U>2Z4 + LU2Z3 + UJZ2 — UJZ -\-<j0 

= u2z3{z2 — z 4-1) 4- uj{z2 -2 4-1) 

- UJ2(z3 — UJ2)(z2 -2 4-1). 

Hence, z3 = uj2 = cos 120° 4- i sin 120°, so 2 = cos 40° 4- i sin 40°, 

cos 160° 4- i sin 160°, or cos 280° 4- i sin 280°. yielding x = 40°, 160°, or 

280°. The only value in the range (CP, 60°) is x = 40°, so /.ADC = 80°, 

/BCA = 40°, and /CAB = 60°. 

Sixth Solution. (By Belur Jana Venkatachala, India) Let a = BC, 

b = CA, c = AB, and 2s = a + b + c. By the Angle Bisector Theorem, 

we obtain 

BP = 7—— and AQ = -^~. (16) 
b+c c+a 

Lemma 2. We have 

BQ = 
2 ca s(s — b) 

c 4- a V ca 

Proof. Let [1Z\ denote the area of region 1Z. Then, 

2ac sin x cos x — acsin2x = 2 [ABC] = 2 [ABQ\ + 2 [QBC] 

— c ■ BQ sin x 4- a ■ BQ sin x 

= BQ • (a 4- c) sin a;, 

or 

BQ = 
2 ac 
-cos a:. 
a + c 

By the Law of Cosines, we obtain 

cos 2x - cos/ABC = 
a2 4- c2 - b2 

(17) 

2ac 
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Applying the Double-angle formulas yields 

2 cos2 x = cos 2x + 1 = 
’2 ■ -2 b2 a + c 

2ac 
+ 1 

(a2 + 2ac + c2) — b2 _ (a + c)2 — 62 

2ac 2ac 

(a + c + b)(a + c — b) _ 2s(s — 6) 

2ac ac 

or cos x = yjs<<s~cb^ ■ Substituting this into (17) yields the desired result. 

(The result also follows directly from the Angle Bisector Theorem and the 

Stewart’s Theorem.) ■ 
By lemma 2, the given condition reads 

c + 
ca cb 2 ca I s(s — b) 

ca 

or 

6 + c c + a c + a 

a + 6 + c b 2a I s(s - b) 

b + c a + c c + a 

Clearing the denominators yields 

ca 

(a + b + c)(c + a)\/c = b(b + c)\/c + 2y/a(b + c)y/s(s - b). (18) 

Since 

(a + b + c)(c + a) - b(b + c) = (a + b + c)(c + a) - b(a + b + c) + ab 

= (a + b + c)(a + c — b) + ab 

= 4 s(s — b) + ab, 

(18) can be rewritten as 

4 y/cs(s — b) + ab\fc — 2 y/a(b + c)y/s(s — b). 

Taking t — \/s(s — b), we obtain a quadratic in t: 

4 sfci2 — 2 y/a{b + c)t + aby/c = 0, 

or (21 — y/ac)(2y/ct — y/ab) = 0. Thus, 

yfac . \/a6 
t =- or t = —■=. 

2 2 y/c 

If t = then s(s - b) = 9f, leading to 

(a + c +b)(a + c — b) (a + c)2 — b2 ac 
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or a2 + ac + c2 = b2. This equation and the Law of Cosines imply that 

ZABC = 120°, which is absurd. 

Iff = then s(s — b) = leading to 

Hence, 

or 

(a + c)2 — b2 
ab2 

c 

(a + c)2 
(a + c)b2 

c 

c cb 1 

b a + c c 

By the second part of (16), the last equation is 

AB AQ 

AC ~ AB' 

which, along with ABAC = AQAB, implies that triangles ABQ and 

ACB are similar. Hence, AACB = AABQ = ABQC, that is, AABC = 

80°, ABC A = 40°, and AC AB = 60°. 

6. Let a > b > c > d be positive integers and suppose 

ac + bd — (b + d + a — c)(b + d — a + c). 

Prove that ab + cd is not prime. 

Note. First, note that 

(b + d + a — c)(b + d — a + c) = (b + d)2 — (a — c)2 

= b2 + 2 bd, + di2 — a2 + 2ac — c2, 

so that the given equation is equivalent to 

a2 — ac + c2 = b2 + bd + d2. (1) 

Many of the following solutions use this fact. 

Examples of 4-tuples (a, b, c, d) that satisfy the given conditions are 

(21,18,14,1) and (65,50,34,11). 

First Solution. For the sake of contradiction, assume that ab + cd is 

prime. Note that 

ab + cd = (a + d)c + (b — c)a — m ■ gcd(a + d, b — c) 
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for some positive integer m. Writing g = gcd(o + d, b — c), we have 

m — 
a + d 

9 

■ c + 
b-c 

9 

■ a > c + a > 1. 

Therefore, because ab + cd is prime, g = 1. 

Substituting ac + bd = (a + d)b — (b — c)a for the left-hand side of the 

given condition, we obtain 

(a + d)b — (b — c)a — (a + d)(b + d — a + c) + (b — c)(b + d — a + c), 

or 

(a + d)(a — c — d) = (b — c)(b + c + d). 

Hence, there exists a positive integer k such that 

a — c — d = k(b — c), 

b + c + d = k(a + d). 

Adding these equations, we obtain a + fe = k(a + b — c + d) and thus 

k(c — d) = (k — l)(a + b). Recall that a> b> c> d> 0. If k = 1, then 

c = d, a contradiction. If k > 2, then 

1 

a T b 

c — d 

2b 
> — > 

c 
2, 

a contradiction. 

Therefore, our original assumption was wrong, and ab + cd is not prime. 

Second Solution. (By Yonggao Chen, China) We give a proof by 

contradiction. Assume that p = ab+cd is prime. Then ab = —cd (mod p). 

By (1), 

b2(b2 + bd + d2) = b2(a2 - ac + c2) = (ab)2 - ab(bc) + b2c2. 

It follows that 

b2(b2 +bd + d2) = (ab)2 - ab(bc) + b2c2 

= (cd)2 + cd(bc) + b2c2 

= c2(b2 + bd + d2) (mod p), 

implying that p \ (tf - c2)(b2 + bd + d2). Observe that 0 < b2 - c2 < 

b2 < ab < p. Thus, p and b2 - c2 must be relatively prime, so 

p | (b2 + bd + d2). (2) 
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Because 

0 < b2 + bd + d2 < ab + ab + cd = 2ab + cd < 2p, 

we must have fe2 + bd + d2 = p = ab + cd or, equivalently, 

b(b + d — a) = d(c — d). 

Because ab + cd is prime, b must be relatively prime to d, so b \ c — d. 
This is impossible, because 0 < c — d < b. 

Third Solution. (By Zhiqiang Zhang, China) Let x = a — c, y = a + c, 

u — b — d, and v = b + d. By the given condition, we have 

y2 — x2 + v2 — u2 = 4(ac + bd) 

= 4[(6 + d) + (a — c)][(6 + d) - (a — c)] 

= 4(u + x)(v — x) = 4(t;2 — x2), 

or 

y2-u2 = 3(v2-x2). (3) 

Let s — a-\-b-\-c-\-d, x\ = s — 2d, X2 — s — 2c, £3 = s — 2b, and 

£4 = s — 2a. Then £1 = y + u, £2 = v + £, £3 = y — u, £4 = v — x. 

Because a > b > c > d, x\ > £2 > £3 > £4. Now (3) reads 

£l£3 = 3£2£4- (4) 

Because 

£it + vy — (a — c)(b — d) + (a + c)(b + d) = 2 (ab + cd) 

and 

£i£2 + £32:4 = {y + u)(v + x) + (y - u)(v - x) = 2(xu + yv), 

we have 

ab + cd=~(x 1X2 + X3X4). (5) 

Let g = gcd(£i, £4). It is clear that s = £* (mod 2) for i = 1,2,3,4. 

We consider the following cases. 

(i) s = 1 (mod 2). First suppose that g = 1. Then by (4), there 

exists some positive integer k such that = kx4 and, consequently, 

kx 1 = 3£2. Because £3 > £4, k > 1; because £1 > £2, k < 3. 

Therefore, k = 2. But then £3 is even, contradicting the assumption 

that each Xi is odd. 
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It follows that g > 1, and that g divides X1X2 +X3X4 = 4(ab + cd). 

Because xi and X4 are odd, g is odd as well, implying that g \ 
(ab+cd). Also observe that X1X2+X3X4 > 3xi+2x4 > 3g+2g = 5g, 

so that g < ab+cd. Therefore, ab+cd is divisible by a number strictly 

between 1 and ab + cd, implying that it is composite. 

(ii) s = Xi = 0 (mod 2). Let x\ = x*/2 for i = 1,2,3,4, and let 

g' = gcd(x'1,X2). Then g = 2g' > 2 and x[ > x'2 > x3 > x'4. Note 

also that (4) and (5) become 

x[x3 = 3x2x'4 and ab + cd = x[x2 + X3X4, (4') 

respectively. 

If g' > 1, then g' \ (ab + cd). Since ab + cd > x2 > g', ab + cd 

must be composite. 

If g' — 1, then by (4'), x'3 = kx4 and kx[ = 3x2 f°r some positive 

integer k. Then again by xf3 > x'4 and x\ > x2, k = 2. Hence 2 

divides both X2 and X3 implying that ab + cd is even (by (4')). Since 

ab + cd > a > 2, ab + cd is composite. 

From the above arguments, we conclude that ab + cd is not prime. 

Fourth Solution. (By Andrei Vorobiev, Russia) Let x — b + d + a — c. 

It is clear that x > 1. We have c = a + b + d (mod x) and d = c — a — b 

(mod x). These congruences, combined with the given condition, yield 

0 = ac + bd = a(a + b + d) + bd 

= (a + b)(a + d) (mod x) 

and 

0 = ac + bd = ac + b(c — a — b) 

= (a + b)(c — b) (mod x). 

Hence, x | (a + b)(a + d) and x | (a + b)(c — b). 
Because a + b > (a + b) — (c — d) = x and 2x = 2[a + (b — c) + d] > 

2a > a + b, a + b is not divisible by x. Thus, there is a prime p that 

divides each of x, (a + d), and (c — b). To finish, we only need to prove 

that p is a proper divisor of ab + cd. In fact, ab + cd>a + d>p and 

p | (a + d)b + (c — b)d — ab + cd, 

as desired. 
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Fifth Solution. Let ABCD be the quadrilateral with AB = a, BC = d, 
CD = b, AD — c, ZBAD = 60°, and ZBCD = 120°. Such a 

quadrilateral exists in view of (1) and the Law of Cosines; the common 

value in (1) is BD2. Let ZABC = a, so that ZCDA = 180° — a. 
Applying the Law of Cosines to triangles ABC and ACD gives 

a2 + d2 — 2ad cos a = AC2 = b2 + c2 + 26c cos a. 

Hence, 2 cos a: = (a2 + d2 — b2 — c2)/(ad + be), and 

AC2 = a2 + d2 -ad 
+ d? — b2 — c2 (ab + cd)(ac + bd) 

ad be ad + be 

Because ABCD is cyclic, the Ptolemy’s Theorem yields 

(.AC BD)2 = (AB -CD + AD- BD)2 = (ab + cd)2 

It follows that 

(ac + bd)(a2 — acA- c2) = (ab + cd)(ad + be). (6) 

(Note that straightforward algebra can also be used to obtain (6) from (1).) 

Observe that 

ab + cd > ac + bd > ad + be. (7) 

The first inequality follows from (a — d)(b — c) > 0, and the second from 

(a — b)(c — d) > 0. 

Now assume that ab A- cd is prime. It then follows from (7) that ab + cd 

and ac + bd are relatively prime. Hence, from (6), it must be true that 

ac A bd divides ad + be. However, this is impossible by (7). Thus, ab + cd 
must not be prime. 

Note. The next solution, by Reid Barton and Gabriel Carroll, is 

based on some knowledge of Algebraic Number Theory, more specifically, 

knowledge of Ring Theory. For interested readers, please check chapter 1 

of [20] for related materials. 

Sixth Solution. (By Reid Barton and Gabriel Carroll) Let u> = e2^1. 

Then 

uj3 = 1 and 1 + u + w2 = 0. (8) 

We are going to use two fundamental facts about the ring Z[tu]: 

• Fact 1. Z[u] is a unique factorization domain (UFD); 

• Fact 2. the units in Z[u\ are ±1, ±u>, ±u>2. 
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Factoring (1) in Z[u] gives 

(c + ua)(c + uj2a) — (b — ud)(b — u2d). (9) 

Lemma 1. If a > b > c > d are positive integers satisfying (9), and 

ab + cd is prime, then c + uia and b — cod are not relatively prime. 

Proof Assume for the sake of contradiction that c + ioa. and b — uvd 

are relatively prime. Since complex conjugation is an automorphism of 

Z[u>\ sending u> to u>2, c + uo2a and b — ui2d must also be relatively prime. 

From the two facts, we conclude that c + uia = u(b — ufd) for some unit 

«6{ ±1, ±tu, ±ui2}. 

If u — ±1, then c + uia = ±(b — ui2d) = ±(b + d) ± ujd (by the second 

part of (8)), contradicting a f ±d. 

If u = then c + uoa = ±u>(b — u>2d) = =po? ± u>b (by the first part 

of (8), contradicting both a f ±b and c f =fd. 

If -u = ±tu2, then c + toa — ±u>2(b — co2d) = ±(u>2b — ud) = 

^fb^f (b + d)oj (by (8)), contradicting c f =fb. 

In all cases, we reach a contradiction, so c + cua and b — ujd are not 

relatively prime. ■ 

Lemma 2. If a > b > c > d are positive integers satisfying (1) and 

ab + cd is prime, then ad = cb + cd. 

Proof Since a,b,c,d satisfy (1), they also satisfy (9), so by Lemma 

1, there exists some prime p = q + rcu E Z[uj] such that p \ c + ua and 

p | b — uid. Then p = q + no2 \ b — u>2d, so pp \ (c + caa)(b — u>2d). Note 

that 

N(p) = pp = q2 — qr + r2 

and that 

(c + u>a)(b — uo2d) = bc + cuab — u2dc — ifad 

= (—ad + be + dc) + (ab + cd)u. 

Therefore, N(p) \ [(—ad + be + dc) + (ab + cd)u\. Since N(p) E Z, we 

must have N(p) \ (—ad + bc + dc) and N(p) \ ab + cd. Since ab + cd is 

prime, N(p) = ab + cd, and so ab + cd | (—ad + bc + cd). But 

ab + cd — (—ad + bc + cd) — (ab — be) + ad > 0 

and 

ab + cd+ (—ad + bc + cd) > ab — ad > 0, 
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so | — ad + 6c + cd\ < ab + cd. Hence, we must have —ad -f be + cd = 0, 

that is, ad = cb + cd. ■ 
Now suppose that a>b>c>d> Oare integers satisfying (1). Then 

(a — c)2 + (a — c)c -j- c2 = a2 — 2ac + c2 + ac — c2 + c2 

= a2 — ac + c2 

= 62 + 6d + d2. 

Since c > d > 0, we must have a — c < b implying (a — c)d < bd < be, 

or ad < cb + cd. By Lemma 2, ab + cd cannot be prime, and we are done. 
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Team Selection Test 

1. Titu Andreescu 

2. Titu Andreescu 

3. Zuming Feng 

4. Titu Andreescu 

5. Zuming Feng 

6. Titu Andreescu 

7. Razvan Gelca 

8. Titu Andreescu 

9. Zuming Feng 
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1. Republic of Korea 

2. Republic of Korea 

3. Germany 

4. Canada 
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5 
Glossary 

AM-GM (Arithmetic Mean-Geometric Mean) Inequality If n is a 

positive integer and a\, <22,..., an are nonnegative real numbers, then 

2—1 

with equality if and only if a\ = = • • • = an. 

Angle Bisector Theorem Let ABC be a triangle, and let D be a point 

of side BC such that segment AD bisects ABAC. Then 

AB BD 

AC DC' 

Binomial Coefficient 

/ n\ n! 

k\(n — k)V 

the coefficient of xk in the expansion of (x + l)n. 

Concave Up (Down) Function A function f(x) is concave up (down) 

on [a, b] if f(x) lies under the line connecting (ai,/(aj)) and (bi,f(b\)) 

for all 

a < a\ < x < b\ <b. 

Cauchy-Schwarz Inequality For any real numbers ai, 0,2,.. ■, an, and 

b\,b2,... ,bn 

(o, -(- a?, + • • • + + &2 "F '' ’ "F 6„) ^ (01^1 + 02^2 + ■ • • + anbn)2, 

with equality if and only if a* and bi are proportional, i = 1,2,... ,n. 

Dilation See homothety. 
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Dirichlet’s Theorem 

if 

A set S of primes is said to have Dirichlet density 

Urn 
3-»l lll(S 

pGS P 

1) 
-1 

exists. If the limit exists we set it equal to d(S) and call d(S) the Dirichlet 

density of S. 

There are infinitely many primes in any arithmetic sequence of integers 

for which the common difference is relatively prime to the terms. In other 

words, let a and m be relatively prime positive integers, then there are 

infinitely many primes p such that p = a (mod m). More precisely, let 

S(a; m) denote the set of all such primes, we have d(5(o; m)) = \/4>(m), 

where (f) is Euler’s function. 

Extended Law of Sines In a triangle ABC with circumradius equal to 

R, 
BC _ CA 

sin A sin B 

AB 

sinC 
= 2 R. 

Erdos-Mordell Inequality Let P be a point inside triangle ABC, and 

let Q, R, and S be the feet of perpendiculars from P to BC, CA, and 

AB, respectively. Then 

PA + PB + PC > 2(PQ + PR + PS), 

with equality if and only if triangle ABC is equilateral and P is its center. 

Euler Function Let n be a positive integer. The Euler function 0(n) is 

defined to be the number of integers between 1 and n that are relatively 

prime to n. The following are three fundamental properties of this function: 

• <fr(nm) = 4>(n)(/)(m) for relatively prime positive integers m and n; 

• if n = Pi XP22 ' ‘' Pkk a Prime factorization of n (with distinct primes 

Pi), then 

4>(n) — n 1 

• <t>(d) = n. 

d | n 

Fermat’s Little Theorem If p is prime, then ap = a (mod p), for all 

integers a. 
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Fibonacci Numbers The sequence {Fn}£‘L1 defined recursively by 

Fi = F2 = 1, Fn+1 = Fn + Fn_ i 

for all n > 2 is called the Fibonacci sequence. It can be shown that 

P _ 1 

71 ~ Vs 
l + \/B' 1 - 

for all n > 1. 

Heron’s Formula The area of a triangle ABC with sides a, b, c is equal 

to 

[ABC] = \/s(s - a)(s — b)(s — c), 

where s = (a + b + c)/2. 

Further, suppose that P, Q, P are the points of tangency of the incircle 

with sides AB, BC, CA, respectively. Let AP = x, BQ = y, CR = z. 

Then AR = x, BP = y, CQ = z, and 

x = s — a, y = s — b, y = s — c, x + y + z = s. 

Therefore, Heron’s formula reads 

[ABC] = \Jxyz{x + y + z). 

Holder’s Inequality Let ai, <22,..., an, b\, 62,... bn be 2n nonnegative 

real numbers. If p and q are positive real numbers with 

i + i-i, 
P Q 

then 

(af + 0% H-b a^)p + -F b£)9 

> Qi^i + ^2^2 + • • • + anbn, 

with equality if and only if a% and 6? are proportional, i = 1, 2,... ,n. 

Note that Cauchy-Schwarz Inequality is a special case of Holder’s 

Inequality when p = q = 2. 

Homothety A homothety (dilation, central similarity, also see trans¬ 

formation) is a transformation that fixes one point O (its center) and maps 

each point P to a point P for which O, P, P' are collinear and the ratio 

OP : OP' = Ar is constant (k can be either positive or negative). The 

constant k is called the magnitude (similitude, ratio) of the homothety. 



106 USA and International Mathematical Olympiads 2001 

Inversion of Center O and Ratio r Given a point O in the plane and 

a real number r > 0, the inversion through O with radius r maps every 

point P ^ O to the point P' on the ray OP such that OP • OP' = r2. 

We also refer to this map as inversion through u>, the circle with center O 

and radius r. Key properties of inversion are: 

1. Lines passing through O invert to themselves (though the individual 

points on the line are not all fixed). 

2. Lines not passing through O invert to circles through O and vice versa. 

3. Circles not passing through O invert to other circles not through O. 

4. A circle other than uo inverts to itself (as a whole, not point-by-point) if 

and only if it is orthogonal to u>, that is, it intersects u) and the tangents 

to the circle and to u> at either intersection point are perpendicular. 

5. Inversive Distance Formula: If A! and B' are the images of A and 

B, respectively, under the inversion, then 

A'B' 
r2 • AB 

OA ■ OB' 

Jensen’s Inequality If function / is concave up on an interval [a, b] 

and Ai, A2, ..., A„ are nonnegative numbers with sum equal to 1, then 

Ai/(xi) + A2f(x2) H-b Anf(xn) > /(A 1X1 + \2x2 H-b Anxn) 

for any x\,x2,... ,xn in the interval [a, b\. If the function is concave 

down, the inequality is reversed. 

Kite A quadrilateral with its sides forming two pairs of congruent 

adjacent sides. A kite is symmetric with one of its diagonals. (If it is 

symmetric with both diagonals, it becomes a rhombus.) Two diagonals 

of a kite are perpendicular to each other. For example, if ABCD is a 

quadrilateral with AB = AD and CB = CD, then ABCD is a kite and 

is the symmetric with the diagonal AC. 

Lucas Numbers The sequence defined recursively by 

L\ — 1, L2 — 3, Z'n-r 1 — Ln -b Bn—\ 

for all n > 2 is the Lucas sequence. It can be shown that 

L n 
(H^)- + (1W1 

for all n > 1. 
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Menelaus’ Theorem Let ABC be a triangle, and let P, Q, R be points 

on the lines BC, CA, AB, respectively. Then P, Q, R are collinear if 

and only if 
BP CQ AR 

PC QARB ~ ' 

(If the lengths are directed, then the product is —1.) 

Pigeonhole Principle If n objects are distributed among k < n boxes, 

some box contains at least two objects. 

Power of a Point Theorem Given a fixed point P and a fixed circle u, 

draw a line through P which intersects the circle at X and Y. The power 

of the point P with respect to tu is defined to be PX • PY. The power of 

a point theorem states that this quantity is a constant; i.e., does not depend 

on which line was drawn through P. Note that it does not matter whether 

P is in, on or outside u. 

(Generalized) Ptolemy’s Theorem In a (not necessarily convex) quadri¬ 

lateral ABCD, 

AC ■ BD < AB CD + AD • BC, 

with equality if and only if ABCD is a convex cyclic quadrilateral. 

RMS-AM (Root Mean Square-Arithmetic Mean) Inequality For pos¬ 

itive real numbers X\,X2, ■ ■ •, xn, 

jx\ + x\ H-h x\ X1+X2 +-b Xk 

V n ~ n 

This is a special case of Jensen’s Inequality with f(x) = x2. 
More generally, let cq, 02,..., an be any positive real numbers for which 

Gi + a,2 + • • • + an = 1. For positive numbers x\, X2, ■ ■ ■, xn we define 

M_oo = min{xi,a:2, •.. ,xk}, 

Moo = max{xi,rc2,.. -,Xk}, 

M0 = x?x? 

Mt — {dix\ + 02^2 T ' ‘ ‘ "F akxk)1^' 1 

where t is a non-zero real number. Then 

M_oo < Ms < Mt < Moo 

for s < t. 
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Schur’s Inequality Let x, y, z be nonnegative real numbers. Then for 

any r > 0, 

xr(x - y)(x -z) + yr(y - z)(y - x) + zr(z - x)(z - y) > 0. 

Equality holds if and only if x = y = z or if two of x, y, z are equal and 

the third is equal to 0. 

The proof of the inequality is rather simple. Since the inequality is 

symmetric in the three variables, we may assume without loss of generality 

that x > y > z. Then the given inequality may be rewritten as 

{x - y)[xr(x - z) - yr(y - z)\ + zr[x - z)(y -z)> 0, 

and every term on the left-hand side is clearly nonnegative. The first term is 

positive if x > y, so equality requires x — y, as well as £ (x — z)(y — z) = 

0, which gives either x — y = z or z = 0. 

Smoothing The smoothing principle states that if one has a quantity of 

the form 

f(x1) + f(x2)-\-+ f(xn) 

which becomes smaller (larger) as one move two of the variables closer 

together (while perserving the given constraint, e.g., the sum of the 

variables), then the quantity is minimized (maximized) by making all 

variables equal. 

Spiral Similarity See transformation. 

Stewart’s Theorem Let ABC be a triangle, and let D be a point of side 

BC. Then 

BC{AD2 + BD ■ CD) = AC2 • BD + AB2 • CD. 

Transformation A mapping of the plane onto itself such that every point 

P is mapped into a unique image P and every point O' has a unique 

prototype (preimage, inverse image, counterimage) Q. 

A reflection across a line (in the plane) is a transformation which takes 

every point in the plane into its mirror image, with the line as mirror. A 

rotation is a transformation resulting from the entire plane being rotated 

about a fixed point in the plane. 

A similarity is a transformation that preserves ratios of distances. If P 

and Q' are the respective images of points P and Q under a similarity T, 

then the ratio PQ'/PQ depends only on T. This ratio is the similitude 
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of T. A dilation is a direction-preserving similarity, i.e., a similarity that 

takes each line into a parallel line. 

The product of two transformations is the result of applying the first 

transformation and then the second. A spiral similarity is the product of 

a rotation and a dilation, or vice versa. 

Trigonometric Identities 

o n 

sin x + cos x = 1, 

sinx 1 
tan x = -, cot x =-, 

cos x tan x 

sin(—x) = — sinx, cos(—x) = cosx, 

tan(—x) = — tanx, cot(—x) = — cotx, 

sin(90° ± x) = cos x, cos(90° ± x) = ^ sin x, 

tan(90° ± x) = cotx, cot(90° ± x) = =F tan x> 

sin(180° ± x) = T- sin xi cos(180° ± x) = — cos x, 

tan(180° ± x) = ±tanx, cot(180° ± x) = ±cotx. 

Addition and subtraction formulas: 

sin(a ± b) = sin a cos b ± cos a sin b, 

cos (a ± b) = cos a cos b sin a sin 6, 

tan a ± tan b 
tanfa ± b) =- 

1 ^ tan a tan b 

Double-angle formulas: 

sin 2a = 2 sin a cos a, 

cos 2a = 2 cos2 a — 1 = 1 — 2 sin2 a = cos2 a — sin2 a, 

2 tan a 
tan 2a =-5—. 

1 — tan a 

Triple-angle formulas: 

sin 3a = 3 sin a — 4 sin3 a = sina(3 — 4 sin2 a) = sina(4cos2 a — 1), 

cos 3a = 4 cos3 a — 3 cos a = cosa(4cos2 —3) = cosa(l — 4 sin2 a), 

3 tan a — tan3 a 

1 — 3 tan2 a 
tan 3a = 
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Half-angle formulas: 

sm a = 

cos a = 

tan a = 

2 tan | 

1 + tan2 | ’ 

1 - tan2 f 

1 + tan2 | ’ 

2 tan | 

1 - tan2 | ’ 

Sum-to-product formulas: 

a -f b a — b 
sm a + sm b = 2 sm-cos-, 

2 2 ’ 

, n a + b a-b 
cos a + cos o = 2 cos-cos-, 

2 2 

tan a + tan b — 

Difference-to-product formulas: 

sin(a + b) 

cos a cos b 

. . _ . a — b a + b 
sm a — sin b = 2 sm-cos-, 

2 2 

. _ . a-b . a+b 
cos a — cos b = — 2 sm-sin-, 

2 2 

tan a — tan b = 
sin(a — b) 

cos a cos b 

Product-to-sum formulas: 

2 sin a cos b — sin(a -f b) + sin(a — b), 

2 cos a cos b — cos (a + 6) + cos(a — b), 

2 sin a sin b — — cos(a + b) + cos(a — b). 

Weighted AM-GM Inequality If ai, a2, ■ ■ ■, an are n nonnegative real 

numbers, and if m\, m2, ..., mn are positive real numbers satisfying 

then 

mi + m2 H-h m„ = 1, 

m\a\ + m2a2 H-h mnan > a™1 a™2 • a n 5 

with equality if and only if a\ = a2 = ■ ■ ■ = an. 
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Appendix 

I 2001 Olympiad Results 

The top twelve students on the 2001 USAMO were (in alphabetical order): 

Reid W. Barton Arlington, MA 

Gabriel D. Carroll Oakland, CA 

Luke Gustafson Breckenridge, MN 

Stephen Guo Cupertino, CA 

Daniel Kane Madison, WI 

Ian Le Princeton Junction, NJ 

Ricky I. Liu Newton, MA 

Tiankai Liu Saratoga, CA 

Po-Ru Loh Madison, WI 

Dong (David) Shin West Orange, NJ 

Oaz Nir Saratoga, CA 

Gregory Price Falls Church, VA 

Reid Barton was the winner of the Samuel Greitzer-Murray Klamkin 

award, given to the top scorer(s) on the USAMO. Reid Barton, Gabriel 

D. Carroll, Tiankai Liu placed first, second, and third, respectively, on 

the USAMO. They were awarded college scholarships of $15000, $10000, 

$5000, respectively, by the Akamai Foundation. The Clay Mathematics 

Institute (CMI) award, for a solution of outstanding elegance, and carrying 

a $1000 cash prize, was presented to Michael Hamburg for his solution to 

USAMO Problem 6. 

The USA team members were chosen according to their combined 

performance on the 30th annual USAMO and the Team Selection Test that 

took place at this year’s MOSP held at the Georgetown University, June 
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5-July 3, 2001. Members of the USA team at the 2001 IMO (Washington, 

D.C., United States of America) were Reid Barton, Gabriel D. Carroll, 

Ian Le, Tiankai Liu, Oaz Nir, and David Shin. Titu Andreescu (Director 

of the American Mathematics Competitions) and Zuming Feng (Phillips 

Exeter Academy) served as team leader and deputy leader, respectively. 

The team was also accompanied by Zvezdelina Stankova (Mills College), 

as the observer of the team deputy leader. 

At the 2001 IMO, gold medals were awarded to students scoring between 

30 and 42 points (there were 4 perfect papers on this very difficult exam), 

silver medals to students scoring between 19 and 29 points, and bronze 

medals to students scoring between 11 and 18 points. Barton and Carroll 

both scored perfect papers. The team’s individual performances were as 

follows: 

Barton Homeschooled GOLD Medallist 

Carroll Oakland Technical HS GOLD Medallist 

Le West Windsor-Plainsboro HS GOLD Medallist 

Liu Phillips Exeter Academy GOLD Medallist 

Nir Monta Vista HS SILVER Medallist 

Shin West Orange HS SILVER Medallist 

In terms of total score (out of a maximum of 252), the highest ranking of 

the 83 participating teams were as follows: 

China 225 

USA 196 

Russia 196 

Bulgaria 185 

Korea 185 

Kazakhstan 168 

India 148 

Ukraine 143 

Taiwan 141 

Vietnam 139 

Turkey 136 

Belarus 135 

The 2001 US AMO was prepared by Titu Andreescu (Chair), Zuming 

Feng, Gregory Galperin, Alexander Soifer, Richard Stong and Zvezdelina 

Stankova. The Team Selection Test was prepared by Titu Andreescu 

and Zuming Feng. The MOSP was held at Georgetown University, 

Washington, D.C. Titu Andreescu (Director), Zuming Feng, Alex Saltman, 

and Zvezdelina Stankova served as instructors, assisted by George Lee, 

Melanie Wood, and Daniel Stronger. 

For more information about the US AMO or the MOSP, contact Titu 

Andreescu at tituOamc. uni. edu. 
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2 2000 Olympiad Results 

The top twelve students on the 2000 USAMO were (in alphabetical order): 

David G. Arthur 

Reid W. Barton 

Gabriel D. Carroll 

Kamaldeep S. Gandhi 

Ian Le 

George Lee, Jr. 

Ricky I. Liu 

Po-Ru Loh 

Po-Shen Loh 

Oaz Nir 

Paul A. Valiant 

Yian Zhang 

Toronto, ON 

Arlington, MA 

Oakland, CA 

New York, NY 

Princeton Junction, NJ 

San Mateo, CA 

Newton, MA 

Madison, WI 

Madison, WI 

Saratoga, CA 

Belmont, MA 

Madison, WI 

Reid Barton and Ricky Liu were the winners of the Samuel Greitzer- 

Murray Klamkin award, given to the top scorer(s) on the USAMO. The 

Clay Mathematics Institute (CMI) award was presented to Ricky Liu for 

his solution to USAMO Problem 3. 

The USA team members were chosen according to their combined 

performance on the 29th annual USAMO and the Team Selection Test 

that took place at the MOSP held at the University of Nebraska-Lincoln, 

June 6- July 4, 2000. Members of the USA team at the 2000 IMO 

(Taejon, Republic of Korea) were Reid Barton, George Lee, Ricky Liu, 

Po-Ru Loh, Oaz Nir, and Paul Valiant. Titu Andreescu (Director of the 

American Mathematics Competitions) and Zuming Feng (Phillips Exeter 

Academy) served as team leader and deputy leader, respectively. The team 

was also accompanied by Dick Gibbs (Chair, Committee on the American 

Mathematics Competitions, Fort Lewis College), as the official observer 

of the team leader. 

At the 2000 IMO, gold medals were awarded to students scoring between 

30 and 42 points (there were 4 perfect papers on this very difficult exam), 

silver medals to students scoring between 20 and 29 points, and bronze 

medals to students scoring between 11 and 19 points. Barton’s 39 tied for 

5th. The team’s individual performances were as follows: 

Barton Homeschooled GOLD Medallist 

Lee Aragon HS GOLD Medallist 

Liu Newton South HS SILVER Medallist 
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P.-R. Loh James Madison Memorial HS SILVER Medallist 

Nir Monta Vista HS GOLD Medallist 

Valiant Milton Academy SILVER Medallist 

In terms of total score (out of a maximum of 252), the highest ranking of 

the 82 participating teams were as follows: 

China 218 Belarus 165 

Russia 215 Taiwan 164 

USA 184 Hungary 156 

Korea 172 Iran 155 

Bulgaria 169 Israel 139 

Vietnam 169 Romania 139 

The 2000 USAMO was prepared by Titu Andreescu (Chair), Zuming 

Feng, Kiran Kedlaya, Alexander Soifer, Richard Stong and Zvezdelina 

Stankova. The Team Selection Test was prepared by Titu Andreescu 

and Kiran Kedlaya. The MOSP was held at the University of Nebraska, 

Lincoln. Titu Andreescu (Director), Zuming Feng, Razvan Gelca, Kiran 

Kedlaya, Alex Saltman, and Zvezdelina Stankova served as instructors, 

assisted by Melanie Wood and Daniel Stronger. 

3 I 999 Olympiad Results 

The top eight students on the 1999 USAMO were (in alphabetical order): 

Reid W. Barton 

Gabriel D. Carroll 

Lawrence O. Detlor 

Stephen E. Haas 

Po-Shen Loh 

Alexander B. Schwartz 

Paul A. Valiant 

Arlington, MA 

Oakland, CA 

New York, NY 

Sunnyvale, CA 

Madison, WI 

Bryn Mawr, PA 

Belmont, MA 

Indianapolis, IN Melanie E. Wood 

Alexander (Sasha) Schwartz was the winner of the Samuel Greitzer-Murray 

Klamkin award, given to the top scorer(s) on the USAMO. Newly intro¬ 

duced was the Clay Mathematics Institute (CMI) award, to be presented 

(at the discretion of the USAMO graders) for a solution of outstanding 

elegance, and carrying a $1000 cash prize. The CMI award was presented 

to Po-Ru Loh (Madison, WI; brother of Po-Shen Loh) for his solution to 

USAMO Problem 2. 
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Members of the USA team at the 1999 IMO (Bucharest, Romania) 

were Reid Barton, Gabriel Carroll, Lawrence Detlor, Po-Shen Loh, Paul 

Valiant, and Melanie Wood. Titu Andreescu (Director of the American 

Mathematics Competitions) and Kiran Kedlaya (Massachusetts Institute of 

Technology) served as team leader and deputy leader, respectively. The 

team was also accompanied by Walter Mientka (University of Nebraska, 

Lincoln), who served as secretary to the IMO Advisory Board and as the 

official observer of the team leader. 

At the 1999 IMO, gold medals were awarded to students scoring between 

28 and 39 points, silver medals to students scoring between 19 and 27 

points, and bronze medals to students scoring between 12 and 18 points. 

Barton’s 34 tied for 13th. The team’s individual performances were as 

follows: 

Barton GOLD Medallist 

Carroll SILVER Medallist 

Detlor BRONZE Medallist 

P.-S. Loh SILVER Medallist 

Valiant GOLD Medallist 

Wood SILVER Medallist 

In terms of total score, the highest ranking of the 81 participating teams 

were as follows: 

China 182 Korea 164 

Russia 182 Iran 159 

Vietnam 177 Taiwan 153 

Romania 173 USA 150 

Bulgaria 170 Hungary 147 

Belarus 167 Ukraine 136 

The 1999 US AMO was prepared by Titu Andreescu (Chair), Zuming 

Feng, Kiran Kedlaya, Alexander Soifer and Zvezdelina Stankova. The 

MOSP was held at the University of Nebraska, Lincoln. Titu Andreescu 

(Director), Zuming Feng, Kiran Kedlaya, and Zvezdelina Stankova served 

as instructors, assisted by Andrei Gnepp and Daniel Stronger. 

4 I 998 Olympiad Results 

The top eight students on the 1998 USAMO were (in alphabetical order): 

Reid W. Barton Arlington, MA 

Gabriel D. Carroll Oakland, CA 
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Kevin D. Lacker Cincinnati, OH 

Alexander B. Schwartz Bryn Mawr, PA 

David Speyer 

Paul A. Valiant 

David Vickrey 

Melanie E. Wood 

Wallingford, CT 

Belmont, MA 

Vermillion, SD 

Indianapolis, IN 

Alexander (Sasha) Schwartz and Melanie Wood tied as winners of the 

Samuel Greitzer-Murray Klamkin award, given to the top scorer(s) on the 

USAMO. 

Members of the USA team at the 1998 IMO (Taipei, Taiwan) were Reid 

Barton, Gabriel Carroll, Kevin Lacker, Alexander Schwartz, Paul Valiant, 

and Melanie Wood. Titu Andreescu (Illinois Mathematics and Science 

Academy) and Elgin Johnston (Iowa State University) served as team leader 

and deputy leader, respectively. The team was also accompanied by Walter 

Mientka (University of Nebraska, Lincoln), who served as secretary to the 

IMO Advisory Board and as the official observer of the team leader. 

At the 1998 IMO, gold medals were awarded to students scoring between 

31 and 42 points, silver medals to students scoring between 24 and 30 

points, and bronze medals to students scoring between 14 and 23 points. 

Schwartz’s 36 tied for 12th. The team’s individual performances were as 

follows: 

Barton GOLD Medallist 

Carroll GOLD Medallist 

Lacker SILVER Medallist 

Schwartz GOLD Medallist 

Valiant SILVER Medallist 

Wood SILVER Medallist 

In terms of total score, the highest ranking of the 76 participating teams 

were as follows: 

Iran 211 Russia 175 

Bulgaria 195 India 174 

USA 186 Ukraine 166 

Hungary 186 Vietnam 158 

Taiwan 184 Yugoslavia 156 

The 1998 USAMO was prepared by Titu Andreescu (Chair), Elgin 

Johnston, Jim Propp, Alexander Soifer, Richard Stong and Paul Zeitz. The 

MOSP was held at the University of Nebraska, Lincoln. Titu Andreescu 

(Director), Zuming Feng, Razvan Gelca, Elgin Johnston, Kiran Kedlaya, 
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and Zvezdelina Stankova served as instructors, assisted by Carl Bosley and 

Noam Shazeer. 

5 1997 Olympiad Results 

top eight students on the 1997 USAMO were (in alphabetical order): 

Carl J. Bosley 

Li-Chung Chen 

John J. Clyde 

Nathan G. Curtis 

Kevin Lacker 

Devesh Maulik 

Josh P. Nichols-Barrer 

Daniel P. Stronger 

Topeka, KS 

Cupertino, CA 

New Plymouth, ID 

Alexandria, VA 

Cincinnati, OH 

Roslyn Heights, NY 

Newton Center, MA 

New York, NY 

Josh P. Nichols-Barrer was the winner of the Samuel Greitzer-Murray 

Klamkin award, given to the top scorer(s) on the USAMO. 

Members of the USA team at the 1997 IMO (Mar del Plata, Argentina) 

were Carl Bosley, Li-Chung Chen, John Clyde, Nathan Curtis, Josh 

Nichols-Barrer and Daniel Stronger. Titu Andreescu (Illinois Mathematics 

and Science Academy) and Elgin Johnston (Iowa State University) served 

as team leader and deputy leader, respectively. The team was also 

accompanied by Walter Mientka (University of Nebraska, Lincoln), who 

served as secretary to the IMO Advisory Board and as the official observer 

of the team leader. 

At the 1997 IMO, gold medals were awarded to students scoring between 

35 and 42 points, silver medals to students scoring between 25 and 34 

points, and bronze medals to students scoring between 15 and 24 points. 

Bosley scored one of the four perfect papers in the contest. Curtis’s 40 

tied for 5th. The team’s individual performances were as follows: 

Bosley GOLD Medallist 

Chen SILVER Medallist 

Clyde SILVER Medallist 

Curtis GOLD Medallist 

Nichols-Barrer SILVER Medallist 

Stronger SILVER Medallist 

In terms of total score, the highest ranking of the 82 participating teams 

were as follows: 
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China 223 

Hungary 219 

Iran 217 

USA 204 

Russia 204 

Ukraine 195 

Bulgaria 191 

Romania 191 

Australia 187 

Vietnam 183 

The 1997 USAMO was prepared by Titu Andreescu, Elgin Johnston, 

Jim Propp, Cecil Rousseau (Chair), Alexander Soifer, Richard Stong and 

Paul Zeitz. The MOSP was held at the University of Nebraska, Lincoln. 

Titu Andreescu (Director), Fan Chung, Zuming Feng, Razvan Gelca, Elgin 

Johnston, and Kiran Kedlaya served as instructors, assisted by Jeremy Bern 

and Jonathan Weinstein. 

6 1997-2001 Cumulative IMO Results 

In terms of total scores (out of a maximum of 1260 points), the highest 

ranking of the participating IMO teams is as follows: 

Russia 972 

USA 920 

Bulgaria 910 

Iran 853 

China1 848 

Korea 839 

Vietnam 826 

Hungary 812 

Taiwan 790 

Romania 787 

In all, more and more countries now value the crucial role of meaningful 

problem solving in mathematics education. The competition is getting 

tougher and tougher. A top ten finish is not a given for traditional power¬ 

houses anymore. 

i China did not participate in the 1998 IMO (Taiwan) 
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