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Preface

The first time China participate in IMO (International Mathematical
Olympiad) was in 1985, when two students were sent to the 26th IMO.
Since 1986, China has a team of 6 students at every IMO except in 1998.
So far, up to 2022, China has achieved the number one ranking in team
effort 23 times. A great majority of students received gold medals. The fact
that China obtained such encouraging result is due to, on one hand, Chinese
students’ hard work and perseverance, and on the other hand, the effort
of the teachers in schools and the training offered by national coaches. We
believe this is also a result of the education system in China, in particular,
the emphasis on training of the basic skills in science education.

The materials of this book come from two volumes (Vol. 2021 and
Vol. 2022) of a book series in Chinese “i[r] IMO: 2% BRI o ik B
(Forward to IMO: A Collection of Mathematical Olympiad Problems). It
is a collection of problems and solutions of the major mathematical compe-
titions in China. It provides a glimpse of how the China national team is
selected and formed. First, there is the China Mathematical Competition,
a national event. It is held on the second Sunday of September every year.
Through the competition, about 550 students are selected to join the China
Mathematical Olympiad (commonly known as the winter camp), or in short
CMO, in November. CMO lasts for five days. Both the type and the dif-
ficulty of the problems match those of IMO. Similarly, students are given
three problems to solve in 4.5 hours each day. From CMO, 60 students are
selected to form a national training team. The training takes place for two
weeks in the month of March. After four to six tests plus two qualifying
examinations, six students are finally selected to form the national team,
taking part in IMO in July of that year.
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In view of the differences in education, culture and economy of the
western part of China with the coastal part in eastern China, mathemat-
ical competitions in West China did not develop as fast as the rest of the
country. In order to promote the activity of mathematical competition,
and to enhance the level of mathematical competition, starting from 2001,
China Mathematical Olympiad Committee has been organizing the China
Western Mathematical Olympiad.

Since 2012, the China Western Mathematical Olympiad has been
renamed the China Western Mathematical Invitation. The competition
dates have been changed from the first half of October to the middle of
August since 2013.

The development of this competition reignited the enthusiasm of West-
ern students for mathematics. Nowadays, the figure of Western students
often appeared in the national team.

Since 1995, there had been no female students in the Chinese
national team. In order to encourage more female students participating
in the mathematical competition, starting from 2002, China Mathematical
Olympiad Committee has been conducting the China Girls’ Mathemati-
cal Olympiad. Again, the top 15 winners will be admitted directly into
the CMO.

The authors of this book are coaches of the China national team. They
are Xiong Bin, Xiao Liang, Yu Hongbing, Yao Yijun, Qu Zhenhua, Li Ting,
Ai Yinhua, Wang Bin, Fu Yunhao, He Yijie, Zhang Sihui, Wang Xinmao,
Lin Tianqi, Xu Disheng, et al. Those who took part in the translation work
are Chen Haoran and Zhao Wei. We are grateful to Qiu Zonghu, Wang
Jie, Zhou Qin and Pan Chengbiao for their guidance and assistance to the
authors. We are grateful to Ni Ming, Kong Linzhi of East China Normal
University Press. Their effort has helped make our job easier. We are also
grateful to Tan Rok Ting and Liu Nijia of World Scientific Publishing for
their hard work leading to the final publication of the book.

Authors
October 2023



Introduction

Early Days

The International Mathematical Olympiad (IMO), founded in 1959, is one
of the most competitive and highly intellectual activities in the world for
high school students.

Even before IMO, there were already many countries which had math-
ematical competitions. They were mainly the countries in Eastern Europe
and in Asia. In addition to the popularization of mathematics and the
convergence in educational systems among different countries, the success
of mathematical competitions at the national level provided a foundation
for the setting-up of IMO. The countries that asserted great influence are
Hungary, the former Soviet Union, and the United States. Here is a brief
history of the IMO and mathematical competitions in China.

In 1894, the Department of Education in Hungary passed a motion and
decided to conduct a mathematical competition for secondary schools. The
well-known scientist, J. von Etdvds, was the Minister of Education at that
time. His support for the event had made it a success and thus it was well
publicized. In addition, the success of his son, R. von Etévds, who was also
a physicist, in proving the principle of equivalence of the general theory
of relativity by A. Einstein through experiment, had brought Hungary to
the world stage in science. Thereafter, the prize for mathematical compe-
tition in Hungary was named “Ftovds prize”. This was the first formally
organized mathematical competition in the world. In what follows, Hun-
gary had indeed produced a lot of well-known scientists including L. Fejér,
G. Szego, T. Radd, A. Haar and M. Riesz (in real analysis), D. Konig
(in combinatorics), T. von Kdrmdn (in aerodynamics), and J. C. Harsanyi
(in game theory), who had also won the Nobel Prize for Economics in
1994. They all were the winners of Hungary mathematical competition.

vii
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The top scientific genius of Hungary, J. von Neumann, was one of the
leading mathematicians in the 20th century. Neumann was overseas while
the competition took place. Later he did the competition himself and it
took him half an hour to complete. Another mathematician worth men-
tioning is the highly productive number theorist P. Erdds. He was a pupil
of Fejér and a winner of the Wolf Prize. Frdds was very passionate about
mathematical competitions and setting competition questions. His contri-
bution to discrete mathematics was unique and of great significance. The
rapid progress and development of discrete mathematics over the subse-
quent decades had indirectly influenced the types of questions set in IMO.
An internationally recognized prize was named after Erdds to honor those
who had contributed to the education of mathematical competition. Pro-
fessor Qiu Zonghu from China had won the prize in 1993.

In 1934, a famous mathematician B. Delone conducted a mathematical
competition for high school students in Leningrad (now St. Petersburg).
In 1935, Moscow also started organizing such events. Other than being
interrupted during World War II, these events had been carried on until
today. As for the Russian Mathematical Competition (later renamed as the
Soviet Mathematical Competition), it was not started until 1961. Thus, the
former Soviet Union and Russia became the leading powers of Mathemat-
ical Olympiad. A lot of grandmasters in mathematics, including the great
A. N. Kolmogorov, were all very enthusiastic about the mathematical com-
petition. They would personally involve themselves in setting the questions
for the competition. The former Soviet Union even called it the Mathemat-
ical Olympiad, believing that mathematics is the “gymnastics of thinking”.
These points of view had a great impact on the educational community.
The winner of the Fields Medal in 1998, M. Kontsevich, was once the
first runner-up of the Russian Mathematical Competition. G. Kasparov,
the international chess grandmaster, was once the second runner-up.
Grigori Perelman, the winner of the Fields Medal in 2006 (which he
declined), who solved the Poincaré’s Conjecture, was a gold medalist of
IMO in 1982.

In the United States of America, due to the active promotion by
the renowned mathematician G. D. Birkhoff and his son, together with
G. Polya, the Putnam mathematics competition was organized in 1938 for
junior undergraduates. Many of the questions were within the scope of high
school curriculum. The top five contestants of the Putnam mathematical
competition would be entitled to the membership of Putnam. Many of these
eventually became outstanding mathematicians. There were the famous
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R. Feynman (winner of the Nobel Prize for Physics, 1965), K. Wilson
(winner of the Nobel Prize for Physics, 1982), J. Milnor (winner of the
Fields Medal, 1962), D. Mumford (winner of the Fields Medal, 1974), and
D. Quillen (winner of the Fields Medal, 1978).

In 1972, in order to prepare for the IMO, the United States of America
Mathematical Olympiad (USAMO) was established. The standard of ques-
tions posed was very high, parallel to that of the Winter Camp in China.
Prior to this, the United States had organized American High School Math-
ematics Examination (AHSME) for the high school students since 1950.
This was at the junior level and yet the most popular mathematics competi-
tion in America. Originally, it was intended to select about 100 contestants
from AHSME to participate in USAMO. However, due to the discrepancy
in the level of difficulty between the two competitions and other restric-
tions, from 1983 onwards, an intermediate level of competition, namely,
American Invitational Mathematics Examination (AIME), was introduced.
Henceforth both AHSME and AIME became internationally well-known.
Since 2000, AHSME was replaced by AMC 12 and AMC 10. Students who
perform well on the AMC 12 and AMC 10 are invited to participate in
AIME. The combined scores of the AMC 12 and the AIME are used to
determine approximately 270 individuals that will be invited back to take
the USAMO, while the combined scores of the AMC 10 and the AIME are
used to determine approximately 230 individuals that will be invited to take
the USAJMO (United States of America Junior Mathematical Olympiad),
which started in 2010 and follows the same format as the USAMO. A few
cities in China had participated in the competition and the results have
been encouraging.

Similar to the case of the former Soviet Union, the Mathematical
Olympiad education was widely recognized in America. The book “How
to Solve it” written by George Polya along with many other titles had been
translated into many different languages. George Polya provided a whole
series of general heuristics for solving problems of all kinds. His influence
in the educational community in China should not be underestimated.

International Mathematical Olympiad

In 1956, the East European countries and the Soviet Union took the ini-
tiative to organize the IMO formally. The first International Mathematical
Olympiad (IMO) was held in Brasov, Romania, in 1959. At that time,
there were only seven participating countries, namely, Romania, Bulgaria,
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Poland, Hungary, Czechoslovakia, East Germany and the Soviet Union.
Subsequently, the United States of America, United Kingdom, France,
Germany, and also other countries including those from Asia joined. Today,
the IMO has managed to reach almost all the developed and developing
countries. Except in the year 1980 due to financial difficulties faced by the
host country, Mongolia, there have been 59 Olympiads held yearly and with
107 countries and regions participating nowadays.

The mathematical topics in the IMO include algebra, combinatorics,
geometry, number theory. These areas have provided guidance for setting
questions for the competitions. Other than the first few Olympiads, each
IMO is normally held in mid-July every year, and the test paper consists
of 6 questions in total. The actual competition lasts for 2 days for a total
of 9 hours, where participants are required to complete 3 questions each
day. Each question is 7 points, which totals up to 42 points. The full score
for a team is 252 marks. About half of the participants will be awarded
a medal, where 1/12 will be awarded a gold medal. The numbers of gold,
silver and bronze medals awarded are in the ratio of 1:2:3, approximately.
In the case when a participant provides a better solution than the official
answer, a special award is given.

Each participating country and region will take turns to host the IMO.
The cost is borne by the host country. China had successfully hosted the
31st IMO in Beijing. The event had made a great impact on the math-
ematical community in China. According to the rules and regulations of
the IMO, all participating countries are required to send a delegation con-
sisting of a leader, a deputy leader and 6 contestants. The problems are
contributed by the participating countries and are later selected carefully
by the host country for submission to the international jury set up by the
host country. Eventually, only 6 problems will be accepted for use in the
competition. The host country does not provide any questions. The short-
listed problems are subsequently translated, if necessary, in English, French,
German, Spanish, Russian, and other working languages. After that, the
team leaders will translate the problems into their own languages.

The answer scripts of each participating team will be marked by the
team leader and the deputy leader. The team leader will later present the
scripts of their contestants to the coordinators for assessment. If there is
any dispute, the matter will be settled by the jury. The jury is formed by
the various team leaders and an appointed chairman by the host country.
The jury is responsible for deciding the final 6 problems for the competi-
tion. Their duties also include finalizing the grading standard, ensuring the
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accuracy of the translation of the problems, standardizing replies to written
queries raised by participants during the competition, synchronizing differ-
ences in grading between the team leaders and the coordinators, and also
deciding on the cut-off points for the medals depending on the contestants’
results as the difficulties of problems each year are different.

China had participated informally in the 26th IMO in 1985. Only two
students were sent. Starting from 1986, except in 1998 when the IMO was
held in Taiwan, China had always sent 6 official contestants to the IMO.
Today, the Chinese contestants not only performed outstandingly in the
IMO, but also in the International Physics, Chemistry, Informatics, and
Biology Olympiads. This can be regarded as an indication that China pays
great attention to the training of basic skills in mathematics and science
education.

Winners of the IMO

Among all the IMO medalists, there were many of them who eventually
became great mathematicians. They were also awarded the Fields Medal,
Wolf Prize and Nevanlinna Prize (a prominent mathematics prize for com-
puting and informatics). In what follows, we name some of the winners.

G. Margulis, a silver medalist of IMO in 1959, was awarded the Fields
Medal in 1978. L. Lovasz, who won the Wolf Prize in 1999, was awarded
the Special Award in IMO consecutively in 1965 and 1966. V. Drinfeld,
a gold medalist of IMO in 1969, was awarded the Fields Medal in 1990.
J.-C. Yoccoz and T. Gowers, who were both awarded the Fields Medal in
1998, were gold medalists in IMO in 1974 and 1981, respectively. A silver
medalist of IMO in 1985, L. Lafforgue, won the Fields Medal in 2002. A gold
medalist of IMO in 1982, Grigori Perelman from Russia, was awarded the
Fields Medal in 2006 for solving the final step of the Poincaré conjecture.
In 1986, 1987, and 1988, Terence Tao won a bronze, silver, and gold medal
respectively. He was the youngest participant to date in the IMO, first
competing at the age of ten. He was also awarded the Fields Medal in 2006.
Gold medalist of IMO 1988 and 1989, Ngo Bau Chao, won the Fields Medal
in 2010, together with the bronze medalist of IMO 1988, E.Lindenstrauss.
Gold medalist of IMO 1994 and 1995, Maryam Mirzakhani won the Fields
Medal in 2014. A gold medalist of IMO in 1995, Artur Avila, won the Fields
Medal in 2014. Gold medalist of IMO 2005, 2006 and 2007, Peter Scholze,
won the Fields Medal in 2018. A Bronze medalist of IMO in 1994, Akshay
Venkatesh, won the Fields Medal in 2018.



xii Mathematical Olympiad in China (2021-2022)

A silver medalist of IMO in 1977, P. Shor, was awarded the Nevan-
linna Prize. A gold medalist of IMO in 1979, A. Razborov, was awarded
the Nevanlinna Prize. Another gold medalist of IMO in 1986, S. Smirnov,
was awarded the Clay Research Award. V. Lafforgue, a gold medalist of
IMO in 1990, was awarded the European Mathematical Society prize. He
is L. Lafforgue’s younger brother.

Also, a famous mathematician in number theory, N. Flkies, who is also a
professor at Harvard University, was awarded a gold medal of IMO in 1982.
Other winners include P. Kronheimer, awarded a silver medal in 1981, and
R. Taylor a contestant of IMO in 1980.

Mathematical competition in China

Due to various reasons, mathematical competition in China started rela-
tively late but is progressing vigorously.

“We are going to have our own mathematical competition too!” said
Hua Luogeng. Hua is a household name in China. The first mathemati-
cal competition was held concurrently in Beijing, Tianjin, Shanghai, and
Wuhan in 1956. Due to the political situation at the time, this event was
interrupted a few times. It was not until 1962, when the political environ-
ment started to improve, that Beijing and other cities started organizing the
competition, though not regularly. In the era of Cultural Revolution, the
whole educational system in China was in chaos. The mathematical compe-
tition came to a complete halt. In contrast, the mathematical competition
in the former Soviet Union was still on-going during the war and at a time of
difficult political situation. The competitions in Moscow were interrupted
only 3 times between 1942 and 1944. It was indeed commendable.

In 1978, it was the spring of science. Hua Luogeng conducted the Middle
School Mathematical Competition for 8 provinces in China. The mathe-
matical competition in China was then making a fresh start and embarked
on a road of rapid development. Hua passed away in 1985. To commemo-
rate him, a competition named Hua Luogeng Gold Cup was set up in 1986
for students in Grades 6 and 7, and it has had a great impact.

The mathematical competitions in China before 1980 can be considered
as the initial period. The problem sets were within the scope of middle
school textbooks. After 1980, the competitions gradually moved towards
the senior middle school level. In 1981, the Chinese Mathematical Society
decided to conduct the China Mathematical Competition, a national event
for high schools.
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In 1981, the United States of America, the host country of IMO, issued
an invitation to China to participate in the event. Only in 1985, China
sent two contestants to participate informally in the IMO. The results were
not encouraging. In view of this, another activity called the Winter Camp
was conducted after the China Mathematical Competition. The Winter
Camp was later renamed as the China Mathematical Olympiad or CMO.
The winning team would be awarded the Chern Shiing-Shen Cup. Based
on the outcome at the Winter Camp, a selection would be made to form
the 6-member national team for IMO. From 1986 onwards, other than
the year when IMO was organized in Taiwan, China has been sending a
6-member team to IMO. Up to 2018, China had been awarded the overall
team champion for 19 times.

In 1990, China successfully hosted the 31st IMO. It showed that the
standard of mathematical competition in China has leveled that of other
leading countries. Firstly, the fact that China achieves the highest marks
at the 31st IMO for the team is evidence for the effectiveness of the pyra-
mid approach in selecting the contestants in China. Secondly, the Chi-
nese mathematicians had simplified and modified over 100 problems and
submitted them to the team leaders of the 35 countries for their perusal.
Eventually, 28 problems were recommended. At the end, 5 problems were
chosen (IMO requires 6 problems). This is also evidence to show that China
has achieved the highest quality in setting problems. Thirdly, the answer
scripts of the participants were marked by the various team leaders and
assessed by the coordinators who were nominated by the host countries.
China had formed a group 50 mathematicians to serve as coordinators who
would ensure the high accuracy and fairness in marking. The marking pro-
cess was completed half a day earlier than it was scheduled. Fourthly, that
was the first ever IMO organized in Asia. The outstanding performance
by China had encouraged the other developing countries, especially those
in Asia. The organizing and coordinating work of the IMO by the host
country was also reasonably good.

In China, the outstanding performance in mathematical competition
is a result of many contributions from all quarters of the mathematical
community. There are the older generation of mathematicians, middle-
aged mathematicians, and also the middle and elementary school teach-
ers. There is one person who deserves a special mention, and he is
Hua Luogeng. He initiated and promoted mathematical competitions. He
is also the author of the following books: Beyond Yang hui’s Triangle,
Beyond the pi of Zu Chongzhi, Beyond the Magic Computation of Sun-zi,
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Mathematical Induction, and Mathematical Problems of Bee Hive. These
were his books derived from mathematical competitions. When China
resumed mathematical competitions in 1978, he participated in setting
problems and giving critique to solutions of the problems. Other outstand-
ing books derived from the Chinese mathematical competitions are: Sym-
metry by Duan Xuefu, Lattice and Area by Min Sihe, One Stroke Drawing
and Postman Problem by Jiang Boju.

After 1980, the younger mathematicians in China had taken over from
the older generation of mathematicians in running the mathematical com-
petitions. They worked and strived hard to bring the level of mathematical
competition in China to a new height. Qiu Zonghu is one such outstanding
representative. From the training of contestants and leading the team 3
times to IMO, to the organizing of the 31th IMO in China, he had con-
tributed prominently and was awarded the P. Erdos prize.

Preparation for IMO

Currently, the selection process of participants for IMO in China is as
follows.

First, the China Mathematical Competition, a national competition for
high schools, is organized on the second Sunday in September every year.
The objectives are to increase the interest of students in learning mathemat-
ics, to promote the development of co-curricular activities in mathematics,
to help improve the teaching of mathematics in high schools, to discover and
cultivate the talents, and also to prepare for the IMO. This has been hap-
pening since 1981. Currently, there are about 500,000 participants taking
part in it.

Through the China Mathematical Competition, around 550 students
are selected to take part in the China Mathematical Olympiad or CMO,
that is, the Winter Camp. The CMO lasts for 5 days and is held in Novem-
ber every year. The types and difficulties of the problems in CMO are very
much similar to the IMO. There are also 3 problems to be completed within
4.5 hours each day. However, the score for each problem is 21 marks which
adds up to 126 marks in total. Starting from 1990, the Winter Camp insti-
tuted the Chern Shiing-Shen Cup for team championship. In 1991, the
Winter Camp was officially renamed as the China Mathematical Olympiad
(CMO). It is similar to the highest national mathematical competition in
the former Soviet Union and the United States.
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The CMO awards the first, second and third prizes. Among the partici-
pants of CMO, about 60 students are selected to participate in the training
for IMO. The training takes place in March every year. After 6 to 8 tests
and another 2 rounds of qualifying examinations, only 6 contestants are
short-listed to form the China IMO national team to take part in the IMO
in July.

Besides the China Mathematical Competition (for high schools), the
Junior Middle School Mathematical Competition is also developing well.
Starting from 1984, the competition is organized in April every year by
the Popularization Committee of the Chinese Mathematical Society. The
various provinces, cities and autonomous regions would rotate to host the
event. Another mathematical competition for the junior middle schools is
also conducted in April every year by the Middle School Mathematics Edu-
cation Society of the Chinese Educational Society since 1998 till 2014.

The Hua Luogeng Gold Cup, a competition by invitation, has also been
successfully conducted since 1986. The participating students comprise
elementary-six and junior-middle-one students. The format of the competi-
tion comnsists of a preliminary round, semi-finals in various provinces, cities
and autonomous regions, then the finals.

Mathematical competitions in China provide a platform for students to
showcase their talents in mathematics. It encourages learning of mathe-
matics among students. It helps identify talented students and to provide
them with differentiated learning opportunities. It develops co-curricular
activities in mathematics. Finally, it brings about changes in the teaching
of mathematics.
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China Mathematical
Competition
(First Round)

2020

While the scope of the test questions in the first round of the 2020 China
Mathematical Competition does not exceed the teaching requirements and
content specified in the “General High School Mathematics Curriculum
Standards (2017)” promulgated by the Ministry of Education of China in
2017, the methods of proposing the questions have been improved. The
emphasis placed on to test the students’ basic knowledge and skills, and
their abilities to integrate and use flexibly of them. Each test paper includes
eight fill-in-the-blank questions and three answer questions. The answer
time is 80 minutes, and the full score is 120 marks.

The scope of the test questions in the Second Round (Complementary
Test) is in line with the International Mathematical Olympiad, with some
expanded knowledge, plus a few contents of the Mathematical Competition
Syllabus. Each test paper consists of four answer questions, including a
plane geometry one, and the answering time is 170 minutes. The full score
is 180 marks.
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Test Paper A
(8:00 — 9:20; September 13, 2020)

Part I Short-Answer Questions (Questions 1-8, eight marks
each)

Given geometric sequence {ay,}, ag = 13, a13 = 1, then the value of
log,, 13 is

2
a a
Solution By the properties of geometric sequence, we have L= <—9> ,

ag ai3
ag
and thus a; = — = 13%.
ais )
Consequently, log,, 13 = 3 g

In ellipse I', A is an endpoint of the major axis, B is an endpoint of
the minor axis, and Fy, Fy are the foci. If AF;-AFy+BF-BF, =0,
|AB|

|F1 Py

then the value of is
22
Solution  Without loss of generality, suppose the equation of I" is — +
a
2
Y .
z = 1 (a>b>0), and A(a,0), B(0,b), Fi(—c,0), F3(c,0). By the given
conditions, we get

AF, - AFy + BF, - BFy = (—¢ — a)(c — a) + (—c% + b°)

=a®+b* -2 =0.

|AB| VaZz+b2 V22 V2
Therefore, = = = —. O
|F1F2| 2c 2c 2

1
Suppose that ¢ > 0 and the minima of function f(z) = = + 100
x

on intervals (0, a] and [a, +00) are my, ma, respectively. If myms =
2020, then the value of a is

Solution Note that f(z) is monotonically decreasing on (0, 10] and mono-
tonically increasing on [10,400). When a € (0,10], my = f(a), ma =
f(10); when a € [10,+00), my = f(10), mga = f(a). Therefore, there is
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always

f(a)£(10) = myms = 2020,

100 2020
namely, a + — = 0 = 101. The solution is a = 1 or a = 100. O
a

z—2

Let z be a complex number. If — is a real number (i is the imag-
z—1i

inary unit), then the minimum of |z + 3| is

Solution 1 Suppose z = a + bi(a,b € R). By the given condition we can

find
(=) - (05
)+
)

B (a—2)(b—1 + ab
B +(b—1)2
_a+20-2
a2+ (b-1)2 7

and thus a + 2b = 2. Therefore,

VBl 43| = (12 +22)((a +3)2 +1?) > [(a +3) +2b] = 5,
namely, |z + 3| > /5. When a = —2,b = 2, |z + 3| takes the minimum /5.

-2
Solution 2 From Z— € R and the geometric meaning of complex divi-

sion, it is known that the point corresponding to z on the complex plane
lies on the line connecting the points corresponding to 2 and i (excluding
the point corresponding to i), so the minimum of |z + 3| is the distance
from point (—3,0) to line x 4+ 2y — 2 = 0 in plane rectangular coordinate

32 _
Nt .

system Oy, i.e.

In AABC, AB = 6, BC = 4, the median to side AC' is v/10. Then

A A
the value of sin® 3 + cos?® 3 is
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Solution Let M be the midpoint of AC. By the median formula we have
4BM? + AC? = 2(AB? + BC?),

and thus

AC = /2(62+42) —4-10=38.
CA? + AB? — BC?

By the law of cosines, we obtain cosA =

) ) ) 2CA - AB
= g b -4 = z Therefore,
2-8-6 8
sin® é + cos® é = | sin? é + cos? é sin* é — sin? é cos? é + cos* é
2 2 2 2 2 2 2 2
A A\? A A
= (sin2 Bl + cos? 5) — 3sin? Bl cos? Bl
=1- §sin2 A
4
1
=1 + Zcos2 A
_2u
T 256" O

Suppose all the edges of regular triangular pyramid P — ABC have
length 1 and L, M, N are the midpoints of edges PA, PB and
PC, respectively. The area of the cross section of the circumscribed
sphere of this regular triangular pyramid intercepted by plane LM N
is

Solution The given conditions show that plane LM N is parallel to plane
ABC and the ratio of the distances from point P to planes LM N and ABC
is 1: 2. Let H be the centroid of face ABC' in regular triangular pyramid
P — ABC and PH intersects plane LM N at point K. Then PH 1 ABC
and PK 1 LMN, and thus PK = 1PH.

The regular triangular pyramid P — ABC can be regarded as a regular
tetrahedron. Let O be the centre of its circumscribed sphere). Then O is
on PH and by the properties of regular tetrahedron we know that OH =
iPH. By combining PK = %PH we know that OK = OH, that is,
point O is equally distant to planes LM N and ABC. This shows that the
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section circle of the circumscribed sphere of this regular triangular pyramid
intercepted by planes LM N and ABC is equal in size.

As a result, the area of the required cross section is equal to the area of
AB\? oom g
7) -

5"
Suppose a,b > 0. The equation /|z| + y/|x +a] = b for = has
exactly three different real solutions, namely x1, x2, z3, and 1 <
zo9 < x3 = b. Then the value of a + b is

the circumcircle of AABC, namely, 7 - (

Solution Lett=z+ g. Then the equation \/‘t — g‘ + \/‘t—l— g‘ = b for

t has exactly three different real solutions t; = z; + g (i=1,2,3).

Since f(t) = \/‘t—g‘+\/‘t+g

solutions of equation f(t) = b are symmetrically distributed about the
origin of the number axis, so that there must be b = f(0) = v/2a. In the
following, we will find the real solutions of equation f(t) = v/2a.

When |t|§g,f(t):,/g—t+ g+t:\/a+\/a2—4t2§\/2aand

the equal sign holds if and only if ¢ = 0; when || > g, f(t) is monoton-

is an even function, the three real

5
ically increasing, and when t = ga, f(t) = V2a; when t < —g, f(t) is
)
monotonically decreasing, and when ¢t = f@a, f(t) = v2a.

5
Thus, equation f(t) = v/2a has exactly three real solutions ¢; = fga,

5
to = O, t3 = ga. . .
By the given conditions, we can find b = x3 = t3 — 5= % Combining
b= +v2a, we get a = 128.
9
Consequently, a + b = ga = 144. O

There are 10 cards, each of which has two numbers, numbered 1, 2,
3, 4, 5, written on it, and the numbers on any two cards are not
exactly identical. The 10 cards are placed in five boxes labelled 1, 2,
3,4, 5, and card with ¢ and j written on them can only be placed in
box i or j. One placement is called “good” if there are more cards
in box 1 than in each of the other boxes. Then the total number of
the “good” placements is
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Solution Denote the card with 4, j written on it as {4,j}. It is easy to
know that these 10 cards are exactly {i,7}(1 <i < j <5).

Consider the “good” placements of the cards. There are 10 cards in the
five boxes, so there are at least 3 cards in box 1. The only cards that will
fit in box 1 are {1,2}, {1, 3}, {1,4} and {1,5}.

Case 1: The 4 cards are all placed in box 1, and at this point it is no longer
possible to have 4 cards in each of the remaining boxes. Therefore, no
matter how the remaining 6 cards are placed, they will fit the requirements
and there are 2% = 64 “good” placements.

Case 2: There are exactly 3 of the 4 cards in box 1 and the rest of each
box contains at most 2 cards.

Consider the number N of placements of {1,2}, {1,3}, {1,4} in box 1
and {1,5} in box 5.

There are 8 possible ways to place the cards {2,3}, {2,4}, {3,4}, with 6
of them being two cards placed in one of the boxes 2, 3,4, and the remaining
2 being one card placed in each box of 2,3, 4.

If there are two cards of {2,3}, {2,4} and {3,4} in a box, suppose
that {2,3} and {2,4} are in box 2, and then {2,5} can only be in box 5.
Therefore, box 5 already has {1,5} and {2,5}, so {3,5} and {4,5} are in
boxes 3 and 4 respectively, namely, the placement of {2,5}, {3,5} and {4,5}
is unique.

If one card of {2,3}, {2,4} and {3,4} is placed in each box of 2, 3, 4,
then there are at most 2 cards in each box of 2, 3, 4. It is only necessary
to make sure that there are no more than 2 cards in box 5, namely, there
are 0 or 1 card of {2,5}, {3,5} and {4,5} in box 5, and the number of the
corresponding placements is C§ + C} = 4.

As aresult, N =6 x 1 + 2 x 4 = 14. By symmetry, there are 4N = 56
“good” placements in case 2.

To sum up, there is a total of 64 + 56 = 120 “good” placements.

Part IT Word Problems (16 marks for Question 9, 20 marks
for Question 10 and 11, and then 56 marks in total)

(16 marks) In AABC, sinA = g Find the range of cos B +

V2cosC.

Solution Denote f = cos B + v/2cosC.
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3
By the given conditions, we know that A = % or A= Iﬂ

When A = %, it follows that B = ?% — O, where 0 < C < %ﬂ. And

there are

4
V2 V2

= TSinC—l—TcosC

= sin (C’+ %) € (0,1].

f =cos (3—7T —C’) +v2cosC

When A = ?%, we have B = %Tﬂ —C, where 0 < C < g Therefore,
f = cos (% fC’) +v2cosC
V2 3v2

= TSinC—&— TCOSC

= V5sin(C + ¢),

where ¢ = arctan 3.
Note that ¢ € (

%, g) Function g(z) = v/5sin(z + ¢) is monotonically

increasing on [0, g — (p} and monotonically decreasing on [g -, %} . And
2
since g(0) = % >2=9g (%), g (g — cp) = /5, it follows that f €
(2. V3.
In conclusion, the range of cos B + v/2cos C is (0,1] U (2,v/5]. O

(20 marks) For positive real number n and real number z(0 < z < n),
we define

f(n,z) = (1 —{z}) - Cl# + {z} . Cll+1,

where [z] denotes the largest integer that does not exceed real number
x and {2} = © — [z]. If integers m,n > 2 satisfy

f(m,l)+f<m,g)+~~~+f<m,mn_1>123,
n n n

1 2 -1
ﬁndthevalueoff(n,—)—l—f(n,—)—i—---—l—f(n,mn )
m m m
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Solution For k=0,1,...,m — 1, there is

n—1 . n—1 . n—1 .
i\ i kil i
Yo (e i) oo (1-5) et X
i=1 =1 i=1
-1
= = (Ch + C.
Therefore,

(ORI
n n n

m—1 ] m—1n—1 i
- ;Cin—i-zz:f(m,k-i-g)

k=0 =1

m—1 m—1
2m2+"21~<20§1+205ﬂ“>

k=0 k=0

1
—om 940

S2m 14 2™ 1)
=(@2"—1)n—1.

Similarly, we can obtain

f(m%)+f(n,%)+---+f(n,m7;n_1) =(2"-1)m— 1.

By the given conditions, we have (2™ — 1)n — 1 = 123, namely,
(2™ —1)n =124. Thus, (2™ — 1) | 124. And since m > 2, there is
2m —1 € {3,7,15,31,63,127,...}. 2™ — 1 = 31 is a factor of 124 only

124
when m = 5, and thus we have n = ETH 4.
Therefore,
1 2 -1
f(m—) +f(n,—) +---—|—f<n,mn ) —(2t 1) 5-1="T4
m m m

O

(20 marks) In a plane rectangular coordinate system xOy, points A,
B and C are on hyperbola xy = 1 satisfying AABC' is an isosceles
right triangle. Find the minimum of the area of AABC.

Solution As shown in Fig. 11.1, assume that vertices A, B, C of the isosce-
les right triangle AABC is arranged in anticlockwise direction and A is the
right angle vertex.
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Fig. 11.1

Let AB = (s,t). Then AC = (—t,s) and the area of AABC is
s2 42

1
SaaBc = §|xﬁ|2 i

1
Note that A is on hyperbola xy = 1. Let A (a, —), and then
a

1 1
B(a—l—s,——l—t), C(a—t,——l—s).
a a

Since B and C are on hyperbola zy = 1, we know that

(a+s) (2+t> = (a—t) (24—3) =1,

and this is equivalent to

s
— 4+ at = —st,
a

t
—— +as = st.
a

The sum of (1) and (2) gives i + a(t + s) = 0, namely,

a
a? = b il
t+s

By multiplying @ and @, and making use of @, we get

t
—s%t? = (f + at) (—— + as)
a a
1
= (a2—2) st 4 52 — t?
a

©
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t— t
:( 5 +S)st+52—t2

t+s t—s
4st
:%ﬁustJrsQ—tQ
s2 —
7(52+t2)2
- s2 —¢2 -

By the inequality of arithmetic and geometric means, it follows that

(82 + t2)4 _ (782t2(82 o t2))2
1
=1 2522 . 25212 . (52 — t%)?
1 (252152 +25%2 + (8% — t2)2)3
! 3

—~

82+t2)6
108 @

and thus s + t2 > /108 = 6v/3.
In the following we will take a set of real numbers (s, ¢, a) satisfying the
conditions such that s? 4 t?> = 61/3 (and hence by s,t,a we can determine

2 t2
a ANABC satisfying the conditions such that Saapc = i ;_ =33).

Considering the condition that @ takes the equal sign, we have 252t =

2
) s
(s2 —t?)2 ie., 7= 24+ +/3.
Suppose 0 < s < t. Combining s2 + t2 = 6v/3, we get

s=1/3(vV3-1), t=1/3(vV3+1).

t
From (1) we know that a < 0, so by (3) we get a = — —S, where
s

t= \/§+1s: \/§+1s. Therefore,
V3 -1 V2

V3+1-V2
V3+1+2

In conclusion, the minimum of the area of AABC is 3+/3.

a=—
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Test Paper B
(8:00 — 9:20; September 13, 2020)

Part I Short-Answer Questions (Questions 1-8, eight marks
each)

If real number z satisfies log, © = log, (2x) + logg(4x), then the value
of x is

Solution By the given condition, we have
1 1 2 1
logy z =log, 2 + log, x + logg 4 + logg x = 3 + 510g2x+ 3 + gloggaz,
and its solution is logy z = 7. Therefore, x = 128. 0

In a plane rectangular coordinate system xzQOy, circle {2 passes
through points (0,0), (2,4), (3,3). Then the maximum of the dis-
tance from a point on circle {2 to the origin is

Solution Denote A(2,4), B(3,3). Then circle {2 passes through points O,
A and B. Note that ZOBA = 90" (the slopes of lines OB and AB are
1 and —1, respectively), so OA is a diameter of circle 2. Consequently,
the maximum of the distance from a point on circle {2 to the origin O is

|OA| = 2+/5. O

Suppose set X = {1,2,...,20}. A is a subset of X. The number
of the elements of A is at least 2 and all the elements of A can be
arranged as consecutive positive integers. Then the number of such
set A is

Solution Each set A satisfying the above conditions can be uniquely deter-
mined by its minimum element ¢ and maximum element b, where a,b € X
and a < b. The total number of such ways of taking (a, b) is C%, = 190, so
the number of such sets A is 190. 0

In triangle ABC, BC =4, CA =5 and AB = 6. Then the value of

A oA
s — COS™ — 1S
2 2
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CA? + AB? — BC?
Solution By the law of cosines, we get cos A = a =

) 5 ) 2C0A - AB
e -4 = § Therefore,
2X5x6 4
A A A A A A A A
sin6§—|—cos6§ = (sinQE—l—cos2 5) (Sin4§—sin2500525+0054 5)
A A\? A A
w24 24\ 4. 24 o4
= <sm 5 + cos 2) 3 sin 2COS 5
:1f%sin2A
1 3 9 43
g g 64 O

Let the 9-element set A = {a + bi | a,b € {1,2,3}}, with i being
the imaginary unit. o = (21, 22,...,29) is a permutation of all the
elements in A, satisfying |z1| < |z2] < -+ < |z9]. The number of such
permutations « is

Solution Since
[14+1i] <241 =|1+2i < |24 2i] < |3+
=11+ 3i| < |3+ 2i] =24+ 3i|] < |3+ 3i,
it follows that
z1 =141,{292,23} = {2+1i,1+ 2i},
zg =2+ 21, {25, 26} = {3+1,1+ 3i},
{z7,28} = {3+ 21,2+ 3i}, 29 =3+ 3i.

By the multiplication principle, the number of permutations « satisfying
the condition is 23 = 8. O

Given a regular triangular prism, the length of each edge is 3. Then
the volume of its circumscribed sphere is

Solution Asshown in Fig. 6.1, let the centroids of faces ABC and A1 B1C4
be O and Oy, respectively. Denote the midpoint of segment OO, as P. By
symmetry, we know that P is the centre of the circumscribed sphere of the
regular triangular prism and PA is its radius.
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Fig. 6.1

It is easy to find that PO1 AQO, and thus

PA=+\/PO?+ AO? = <g> +(V3)2= g
4

Therefore, the volume of the circumscribed sphere is §7r (—) =

721
2

. O

In convex quadrilateral ABCD, B(2 = 2@. Point P is on the plane

- sfying PA + 200PB 1 PC + 20207 =
of quadrilateral ABCD, satisfying PA+2020PB+ PC'+2020PD =
ﬁ. Let s and t be the areas of quadrilateral ABC'D and APAB,

respectively. Then the value of — is
s

Solution We may assume that AD = 2 and BC = 4. Asshown in Fig. 7.1,
denote M, N, X, Y as the midpoints of AB, CD, BD, AC, respectively.
Then M, X, Y, N are collinear in order and MX = XY =Y N = 1.

A D

Fig. 7.1
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Since
PA+ PC =2PY, PB+PD=2PX,

— —
combining the given conditions, we know that PY 4+ 2020PX = 7 Hence,

1
point P lies on segment XY, and PX = 2091 Let the distance from A to
MN be h. By the area formula, we can get

t  Sapap  PM-h _ PM

s  Sapep MN-2h  2MN

1
1 -
_ 2021 _ 337 0
2% 3 2021°

Given quintic polynomial f(x) with its leading coefficient being 1, it
satisfies f(n) = 8n, n =1,2,...,5. Then the coefficient of the term
of degree 1 of f(z) is

Solution Let f(z) = g(z) — 8z, and then g(x) is also a quintic polynomial
with its leading coefficient being 1. And there is

g(n)=f(n)—8n =0, n=12...,5
Hence, g(x) has 5 real roots, namely, 1,2,...,5. Therefore,
9(x) = (x =)z - 2)---(x = 5),
and thus,
fl@)=(x—-1)(x—=2)---(z —5)+ 8z.

Consequently, the coefficient of the term of degree 1 of f(z) is

11 1 1
1+ 4o+ +-)-514+8=282
<+2+3+4+5)5+8 8

Part IT Word Problems (16 marks for Question 9, 20 marks
for Question 10 and 11, and then 56 marks in total)
(16 marks) In ellipse I', A is an endpoint of the major axis, B is an
— —
endpoint of the minor axis, and F}, Fy are the foci. If AFy - AF5 +
BF| - BF; =0, then find the value of tan ZABF - tan ZABF5.
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2 2

Solution By symmetry, suppose the equation of I' is — 7=
a

b > 0), and A(a,0), B(0,b), F1(—c,0), F3(c,0), where ¢ = Va2 — b2.
By the given conditions, we know that

— = == ==
AF| - AFy + BF| - BFy = (—c—a)(c — a) + (—c + b?)
=a’+b%> -2 =0.

Thus, a? 4+ b2 — 2¢2 = —a? + 3b%2 = 0, and hence a = v/3b, ¢ = v/2b.
Let O be the origin of the coordinates, and then

tan ZABO = % -3,

tan ZOBF, = tan ZOBF, — g -2

Therefore,
tan ZABF; - tan ZABF,
=tan(£LABO + ZOBF;) - tan(£LABO — ZOBFY)
VB+V2 VB2 1

T1-VBVZ 14432 5 -
(20 marks) Suppose positive real numbers a, b, and ¢ satisfy a? +
1 2
4b? + 9¢? = 4b + 12¢ — 2. Find the minimum of — + 3 + §
a c

Solution By the given condition, we have
a®+(2b—1)* + (3¢ — 2)* = 3.
By making use of the Cauchy inequality, we get
3la?4+ (26— 1)2+ (3¢ —2)3] > (a +2b— 1 + 3¢ — 2)?,
namely, (a + 2b + 3¢ — 3)? < 9. Therefore,
a+2b+3c <6.

Again, by the Cauchy inequality we get

1 2
(—+5+%> (a+2b+3c) > (1+2+3)°
a
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Thus,

1,23
a b ¢ a+20+3c
and the equal sign holds when a =b=c=1.
3

1 2
Therefore, the minimum value of — + 5 + — is 6. g
a

(20 marks) Let the general term of sequence {a,} be

1 ((1+v5) [(1-vB) 1
an—% B) - 9 , n=12....

Prove that there exist infinite positive integers m such that
Gm+4am — 1 are perfect squares.

1 5 1—+/5
Solution Denote ¢; = +2\/_, Q2 = 2\/_, and then ¢ + ¢ = 1,

q1q2 = —1. Thus,

=—(0W@!—q¢)), n=12,....
\/g(ql )

Hence a; = 1, az = 1. Also note that ¢; + 1 = ¢?(i = 1,2), and there is

Ap41 +an = (QIH_l - q£L+1) +

\/g(q? —q3)

(@7 (g1 +1) — g3 (g2 + 1))

(g7 -

a5 t?),

Sl &l &l

namely,

(nt2 = Qny1 +an, n=12,....

It is easy to know that each term of the sequence {a, } is a positive integer.
It is easy to calculate that ¢f + g3 = 7, and hence

1 ) 1 _ _
a2n+302n—1 — 1= %(q%n+d _ qgnJrB) . %(q%n 1_ qgn 1) _1
1 4 , _ _
_ g(qélln-i-Q + q421n+2 o (q1q2)2n 1qil o (q1q2)2n 1(]3) -1
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1
=@+ g ) -1

1
=@ e T -1

1
_ g(qélln-l-Q + q3n+2 + 2)

2
2n+ 2n+
q )

—(
/5 a4 2
= agn+1'

Therefore, for any positive integer n, asn43a2,—1 — 1 is a perfect square.
Hence, ay,44a., — 1 are perfect squares for all positive odd numbers m.
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China Mathematical
Competition
(First Round)

2021

The name of the 2021 China Mathematical Competition was changed to
the 2021 China Mathematical Olympiad (First Round) and the 2021 China
Mathematical Competition. The competition was held on September 12.
Due to the pandemic, Jiangsu, Henan, Fujian, and Inner Mongolia did not
participate in the September 12 exam. Paper B was used in Ningxia, Qing-
hai, Xinjiang, and Tibet, and Paper A was used in the other 23 provinces,
municipalities, and autonomous regions.

On October 6, Jiangsu, Henan and Inner Mongolia conducted their
examinations, with Jiangsu and Henan using Paper Al and Inner Mongolia
using Paper B1.

On October 23, Fujian had a supplemental competition, and used
Paper A2.

While the scope of the test questions in the first round of the 2020 China
Mathematical Competition does not exceed the teaching requirements and
content specified in the “General High School Mathematics Curriculum
Standards (Experiments)” promulgated by the Ministry of Education of
China in 2003, the methods of proposing the questions have been improved.
The emphasis placed on to test the students’ basic knowledge and skills,
and their abilities to integrate and use flexibly of them. Each test paper
includes eight fill-in-the-blank questions and three answer questions. The
answer time is 80 minutes, and the full score is 120 marks.

19
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The scope of the test questions the 2021 China Mathematical Com-
petition (Second Round) is in line with the International Mathematical
Olympiad, with some expanded knowledge, plus a few contents of the Math-
ematical Competition Syllabus. Each test paper consists of four answer
questions, including a plane geometry one, and the answering time is 170
minutes. The full score is 180 marks.

Test Paper A
(8:00 — 9:20; September 12, 2021)

Part I Short-Answer Questions (Questions 1-8, eight marks
each)

Suppose that arithmetic sequence {a,, } satisfies asg21 = ago+az; = 1.
Then the value of a; is

Solution Let the common difference of {a, } be d. By the given condition,

a1 + 2020d = 1, 1981

it follows that { The solution is a; = O

2a;1 +39d = 1. 4001°

Given set A = {1,2,m}, misreal. Let B = {a® |a € A}, C = AUB.
If the sum of all the elements of C is 6, then the product of all the
elements of C is

Solution By the condition, it is known that 1, 2, 4, m, m? (allowing for
repetition) are all the elements of C.

Note that when m isreal, 1 +2+4+m+m? > 6, 1+2+4+m? > 6, so
it can only be C = {1,2,4,m}, and 1+2+4+m = 6. Therefore, m = —1,
and is tested to be consistent with the question. At this point the product
of all the elements of C'is 1 x 2 x4 x (—=1) = —8. O

Suppose function f(z) satisfies: for any non-zero real number z,
there is

f(a?):f(l)a?—&-T—l
Then the minimum of f(x) on (0, +00) is

Solution Let z = 1,2, and we can get f(1) = f(1) + f(2) — 1 and

f2)=2f1)+ @ — 1, respectively. The solution is f(2) =1, f(1) = §

4
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Thus, for x # 0, there is

1
When z € (0, +00), f(z) > 24/ %a: . — —1=+/3—1. The equal sign holds
x
when x = 3.
Therefore, the minimum of f(z) on (0, 4+00) is v/3 — 1. O

Suppose f(x) = cosz + logyz (x > 0). If positive real number a
satisfies f(a) = f(2a), then the value of f(2a) — f(4a) is

Solution By the condition, it follows that cos a+log, a = cos2a+log, 2a =
2cos’a — 1+ 1+ logya, so cosa = 2cos?a. Thus, we have cosa = 0

1
or cosa = 2 and hence correspondingly cos2a = 2cos’a —1 = —1 or

1
cos2a = —3 Therefore,

f(2a) — f(4a) = cos2a + log, 2a — cosda — log, 4a
= cos2a — 2cos® 2a
—3, if cos2a = —1,
. 1
—1, if cos2a=——. 0
2
2
In AABC, AB=1, AC=2,B—C = ?” Then the area of AABC
is

in B AC
Solution By the law of sines, it follows that s?n = — = 2. Since
sin C' AB

B70:2—ﬂ,wehave

2 1 3
2sinC = sin B = sin (C+ §7T> = —§sinC+ %COSC,

V3

5 3
namely, 3 sinC' = — o8 C, and hence tanC = =
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Denote the area of AABC as S. Notice that A=7— B—C = =~ — 2C,

3
S0
1 1
S:§AB~AC~sinA:sinA:?cosQC’fisinZC.
3 1—tan’C 11
Since tanC' = %,it follows that cos2C' = M%QC:E,SHQC:

2tan C _ 5v3
1+tan2C 14

. Therefore,

G VA1 153 3 -

2 14 2 14 14 -

In a plane rectangular coordinate system xQy, the focus of parabola
I' : y> = 2px (p > 0) is F. Make a tangent line to I" passing
through point P (different from O) on I' and it intersects the y-
axis at point Q. If |[FP| = 2, |FQ| = 1, then the dot product of
vectors ﬁ and Oﬁ is

t2
Solution Let P (2—,12) (t # 0), and then the equation of the tangent
P

t2
line of I' is ytp<x+—>.
2p
t
Let x = 0, and we get yt = 3 The coordinates of F' are (g,O), and
thus

2 2

p p t

FPl=/(5-=—) +2=2+ —

7] (2 2p>+ 2 " 2p
FQ| = YD
T

Combining |FP| =2, |[FQ| = 1, we can get p? +t? = 4p and p? +1? = 4,
respectively. Hence, p = 1, t? = 3.

2
Therefore, ﬁ . Oﬁ = % = g O

An even cube dice with six faces is marked with six numbers 1, 2, 3, 4,
5 and 6, respectively. The dice are randomly tossed three times, with
each toss being independent from each other, and the resulting dots
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are aj, ag, ag in order. Then the probability of event |a; — as| +
|agz — as| + |as —a1| =6 is

Solution Note that |a; — as|+|az — az|+|as — a1] = 2 max a;—2 min a;.
1<i<3 1<i<3

Therefore, the three a1, ag, az tossed satisfy the condition if andioriﬂy if
the difference between the largest number and the smallest number is 3.
This is to say that a1, as, asz is a permutation of x, = + d, x + 3, where
z €{1,2,3} and d € {0,1,2,3}.

For each € {1,2,3}, when d = 0 or d = 3, there are 3 different
permutations of x, x + d, x + 3 for each case; when d = 1 or d = 2, there
are 6 different permutations of x, x + d, x + 3 for each case.

Therefore, there are 3 X (2 x 3+2 X 6) = 54 cases of dots a1, az, ag that

satisfy the condition.

54 1
Consequently, the desired probability is G -1 O

Given rational number r = L € (0,1), p, g are coprime positive
q
integers, and pq divides 3600. The number of such rational numbers
ris
_Pr

r="1 3600}.
q

We consider the reduced fractional form £ of any element r of Q. Since
q

Solution Suppose set 2 = {7" p,q € Ni, (p,q) =1,pq

the standard factorization of 3600 is 2% x 32 x 52, we can set p = 24 x 38 x5¢,
q = 2% x 3% x 5¢, where min{A,a} = min{B,b} = min{C,c} = 0 and
A4+a<4,B+0<2, C+c<2

Therefore, there are 9 ways to take such number pair (A4, a), 5 ways to
take number pair (B,b), and 5 ways to take number pair (C, ¢).

As a result, the number of the elements of 2 is || =9 x 5 x 5 = 225.

All the rational numbers satisfying the conditions are 2N (0, 1). Notice

1
that r € Q if and only if — € Q. In particular, 1 € . Therefore, the
r
elements in Q\{1} can be matched into
1(|Q| 1) =112
5 =
pairs according to the product of 1, and each pair has exactly one num-

ber belonging to (0, 1), that is, there is exactly one number satisfying the
conditions. Thus, the number of desired rational numbers r is 112. O
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Part IT Word Problems (16 marks for Question 9, 20 marks
for Question 10 and 11, and then 56 marks in total)

(16 marks) Let complex sequence {z,} satisfy

Znt1 = Zn(l+2,1) (n=1,2,...),
where i is the imaginary unit. Find the value of z2021.
Solution For n € Ny, let z,, = ap, + byl (an, b, € R). Then
an+1 + bn+1i = Zn+1 = %(1 + an)
. . 2 24
= ap — bpi+ (a; + bi)i,
and hence an11 = ap, b1 = a2 + b2 — by,.

3 3 3
And by z; = - we know that a; = %, by =0, s0a, = 5 and thus

3
bn+1 :bi*bn‘i’Za

2

1 1 1
1y, bgt — = =b2 —bp+ == (b — =) .
namGY7 +1 2 n +4 ( 2)

Hence, when n > 2,

1
= -4 S
Consequently,
22021 = 2021 + bao211 = ? + (% + 222%> I O
(20 marks) In the plane rectangular coordinate system, the graph of
function y = |i|j—11 has three different points lying on line [, and

the sum of the abscissas of these three points is 0. Find the range of
values of the slope of [.
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1
Solution Whenz >0,y =1; whenx <0,y = 310 i is strictly increasing
x
about x and less than 1.
Suppose line [ : y = kx + b, and then the known conditions are equiva-

lent to the fact that equation

rz+1
kx+b=———
|z] + 1 @
has three different real number solutions x1, z2, z5(x1 < z2 < x3) satisfying
r1+ T2+ 3 = 0.
Firstly, there is & # 0, otherwise the function of [ can only be y = 1,
but then the sum of the abscissas of any three common points of the graph

T+
|x| +1
with the question.
When z < 0, Equation (1) can be arranged as

of [ and function y = must be greater than 0. This is not consistent

kx? —(k—b—1ax+1-0b=0, @

and it has at most two negative solutions.
When z > 0, Equation @ follows as

kr+b=1, ®

and it has at most one non-negative solution.

This shows that Equation (2) has two different negative solutions z1, x2,
where

L k—b—1
T+ a9 = ———;)
1 2 5
. . . 1-—

Equation @ has a non-negative solution z3 = % By 21 + 294+ 23 =0,
we know that k = 2b.

And then there is 3 = . Since x3 > 0, we have 0 < b < 1.

2b
Equation (2) becomes 2bz? + (1 — b)z + 1 — b = 0. By discriminant
(1—0)*—4-2b(1 —b)=(1-0)(1—9b) >0
1
and combining 0 < b < 1, we have 0 < b < 9 (After checking, x1,xzo are

indeed negative at this point, which is consistent with the question.)

In conclusion, the range of the slope k =2bof [ is 0 < b < 9 O
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(20 marks) As shown in Fig. 11.1, the edge length of cube ABCD —
EFGH is 2. Take any point P; on the incircle of square ABF'E, take
any point P, on the incircle of square BCGF, and take any point P
on the incircle of square EFGH. Find the minimum and maximum
of |P1P2| + |P2P3| + |P3P1|

Solution To establish the Cartesian coordinate system in three-
dimensional space, take the centre of the cube as the origin, and the direc-
tions of DA, DC', DH are the positive directions of z-axis, y-axis and
z-axis, respectively.
According to the condition, we can set
Pi(1,cosaq,sinay), Pa(sinag,1,cosas), Ps(cosas,sinas, ).
We conventionally assume that P4 = P1 and a4 = al. Denote
di = |PiPipa]  (i=1,2,3).
Then
d? = (1 —sina;y1)* + (1 — cosa;)? + (sina; — cos 1)

3

Denote f = |P1P2| + |P2P3| + |P3P1|

Fig. 11.1
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We first find the minimum of f. For i =1, 2, 3, according to @ and the
inequality of arithmetic and geometric means we get

d? > (1 —sina;1)? + (1 — cosa;)?

K2

1
5((1 —sina;1) + (1 — cosay))?,

2
and thus d; > g(Z —sin a1 — cos ;). Therefore,
di +do +ds
\/5 3
2 =

2

f

v

(2 —sina; 1 — cosay)
1

3
2
=3v2 - 5 Z(sinai + cos ;)

i=1

3
71'
i Yo o)
\/_ ;sma—l—4
> 3v/2 — 3.

When «; = % (i =1,2,3), f can take the minimum 3v/2 — 3.
Then we will find the maximum of f. By (1), it is clear that

df =4 —2cosa; — 2sina41 — 2s8in v COS Qg 1.

Note that sino; > —1, cosa; > —1 (i = 1,2,3), and then

3 3 3 3
E dz? =12-2 sin a1 + E cos o + E sin o cos 41
1 =1 i=1

=1 1=

3 3 3
=12-2 < sin o; + E cos ait1 + g sin «; cos ai+1>
1 i=1 i=1

3
=18 — 22(1 +sina;)(1 4+ cosayr) < 18.
i=1
By the Cauchy inequality, we know that f2? < 3(d? + d3 + d3) = 54, so
f <36
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When «o; =7 (i = 1,2,3), f can take the maximum 3+/6.
In conclusion, the minimum of f is 3v/2 — 3, and its maximum is 3v/6.
O

Test Paper Al
(8:00 — 9:20; October 6, 2021)

Part I Short-Answer Questions (Questions 1-8, eight marks
each)

Suppose that A = {1,2,3}, B = {2z + y|z,y € A,z < y}, B =
{2¢+y|z,y € A,z > y}. Then the sum of all the elements of BNC
is .

Solution By enumeration, we get B = {4,5,7}, C = {5,7,8}. Thus,
BN C = {5,7}. Therefore, the sum of all the elements of B N C is
5+7=12. ]

Given vectors @ = (1 +2™,1 — 2™), b= (4™ — 3,4™ + 5), suppose
m is real. Then the minimum of the dot product of @- b is
Solution Let t = 2m, and then @ = (1+¢,1—1),b = (t2—3,t2+5). Thus,
@-b=(1+t)(t? =3)+ (1 —1)(t* +5)
=2(t—2)>—6>—6.
When ¢ = 2, namely, m =1, a - b takes the minimum —6. O

In AABC, tan A and tan B are the two roots of equation 2% — 10z +
6 = 0. Then the value of cosC'is

Solution By the condition, we know that tanA + tanB = 10,
tan Atan B = 6. Thus,

tan C' = tan(m — A — B)
= —tan(A + B)
tan A 4 tan B

" 1—tan Atan B -

1
Therefore, C' is an acute angle, and thus cosC' = ————= =

1

V1+tan?C %
V5
e

O
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2

x
In the plane rectangular coordinate system, given hyperbola I' : — —
a

2

Z— =1 (a,b > 0), a line with inclination angle % passes through a
2

vertex of I' and another point (2,3) on it. Then the eccentricity of

I is

Solution The slope of the line described in the question is 1 and it passes
through point (2, 3), so its equation is y = x 4+ 1. This line intersects with

the z-axis at point (—1,0), and thus (—1,0) is a vertex of I'. Hence, a = 1.
And since point (2,3) is on I', we know that TQ — 2—2 =1, and then
b? = 3.
Denote ¢ = Va2 + b2. Then the eccentricity of I' is % = M =

a

2.

1 1
+ — (n > 2). Then

Let sequence {a,} satisfy a; = 1, a,, =
4a,—1 n

the value of aqqgg is
. L . n+1
Solution By mathematical induction, we can prove that a, = .

2n
1+1
Whenn=1,a; =1= L, the conclusion is clearly valid.

We assume that the conclusion holds when n = k. When n =k + 1, by
the condition and induction hypothesis we have

1 1 k 1 (k+1)+1

dan TREL 24D R+l 2k+D)

k41 =

that is, the conclusion also holds for n = k + 1.

1
Therefore, by the mathematical induction we get a,, = n2+ . In par-
n
101
ticular, =—. O
1cular, aipo 200

Let the side length of the base and height of regular pyramid P —
ABCD be equal. Point (G is the centroid of face APBC'. Then the
sine of the angle between line AG and base ABCD is

Solution As shown in Fig. 6.1, take the midpoint M of PM, and then
G lies on PM. Take the projections of P,G on base ABCD, which are
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Fig. 6.1

O and H, respectively. Then O is the centre of the base square, H lies on
SOV Ty
’ PO OM PM 3 PO
For the sake of convenience, let AB = PO = 6. Thus, GH = 3 = 2,

2
OH = §OM = 2. And since AO = 3v/2, ZAOH = 135°, we have
AH? = AO* + OH? — 2A0 - OH - cos ZAOH = 34,

and thus AG = VAH? + GH? = \/38.
The angle between line AG and base ABCD is equal to ZGAH. There-

fore, the desired sine is
GH 2 /38

SIHAGAH:A—Gf\/ﬁ:W 0

Let ay,a9,...,a2; be a permutation of 1,2, ..., 21, satisfying
lago — a21| > |arg — az1| > |aig —az1| > -+ > |a1 — az1].
The number of such permutations is

Solution For a given k € {1,2,...,21}, consider the number of permuta-
tions Nj that satisfy the conditions such that as; = k.

When k € {1,2,...,11}, for i = 1,2,...,k — 1, there exist ag;—1, a2
that are permutations of k — i,k + 4 (if & = 1, there exists no such 1),
and ag; = j+1(2k —1 < j < 20) (if k¥ = 11, there exists no such j), so
Nj, = k-1,
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Similarly, when k € {12,13,...,21}, there is N}, = 221,
Therefore, the number of such permutations satisfying the condition is

21 11 21
D ONe=) 2 Y22 R = (2! 1)+ (210 - 1) = 3070.
k=1 k=1 k=12

Positive real numbers x, y satisfy the following condition: there exist
a € [0,z], b € [0,y] such that

a?4+y?=2, V4+22=1, ar+by=1.
Then the maximum of z + y is

Solution In a plane rectangular coordinate system xQy, for posi-

tive real number pairs (x,y) that satisfy the condition, take points

L(z,0), M(z,y), N(0,y), and then quadrilateral OLMN is a rectangle.

Points P, @) are on sides LM, M N, respectively, as shown in Fig. 8.1.
Since a? +y? = 2,62+ 2% = 1,ax + by = 1, we have

0P| = VBB =1, 0Q|= VaT T =3,
1PQ| = \/(a—x)?+ (b—y)>

= V(@ +y?) + (02 +a?) — 2(az + by) = 1.

Thus, AOPQ is an isosceles right triangle with P as its right-angle
vertex.

2y

Fig. 8.1
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Therefore, we can set ZLOP =60, ZQON = g — 0, where 0 < 0 <
Then

e~

z+y=|OL|+ |ON]|
= |OP)| - cos ZLOP + |0Q)| - cos ZQON

= cosf + V2 cos (% 79) = 2cosf + sin 6

= V5sin(f + ¢),
. 2V5
where ¢ = arcsin o
2v5 3vV5
When 6 = g - (correspondingly, T = T\/_, Yy = TM_)’ r + y takes
the maximum /5. O

Part IT Word Problems (16 marks for Question 9, 20 marks
for Question 10 and 11, and then 56 marks in total)

(16 marks) Given function f(z) = |2 — logs x|, positive real numbers
a, b, ¢ satisfy a < b < cand f(a) = 2f(b) = 2f(c). Find the value
ac
f—.
%
Solution Note that f(z) = ‘log3 (%)’ is monotonically decreasing on
(0,9] and monotonically increasing on [9, 4+00).
By the conditions satisfied by a, b, ¢, we know that 0 < a <b <9 <c¢

and
9 9 c
logs (5> = 2log, (5> = 2log, (5)
Therefore,
a 9 c
togs () = los (9'5 B 5)
9 9 c

= 2 — log, (a) + logs (E) + logs (5)

=2,
namely, % =32=9 O
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(20 marks) Suppose a,b € R. If equation
(22 4+ az+b) (2% +az+2b) =0

about z has four mutually different complex roots z1, 22, 23, 24 and
their corresponding points in the complex plane are exactly four
vertices of a square with side length 1, then find the value of
|21] + |22| + 23] 4[24l

Solution Denote quadratic equations E; : 22 +az+b=0, Fy: 22 +az+
2b = 0. Let z1, zo be solutions of Ey and z3, z4 be solutions of Ej.

If 21, 22, z3, 24 are all real numbers, then their corresponding points on
the complex plane are all on the real axis, which is not consistent with the
question. If zq, 29, 23, z4 are imaginary numbers, then their corresponding
points on the complex plane are all on line Rez = —g, which does not fit
the question. Therefore, there are two real numbers and two imaginary
numbers in z1, 29, 23, 24.

This shows that discriminant a?—4b of equation E; and the discriminant
a® — 8b of E5 have different signs.

At this point, there must be b > 0 (if b < 0, then a? — 4b > 0 and
a? — 8b > 0, a contradiction), so

a®>—4b> 0> a® — 8b.

—a++va?—4b —a £ V8b — a?i

Hence, 21 2 = , 234 =

2 2
It is evident that 1 ;r 2 _% ;r o fg. Since the side length of the

square is 1, there is

|21 — 22| = Va2 — 4b = /2,
|23 — 24| = V/8b— a2 = /2,

namely, a® — 4b = 8b — a? = 2, and the solutions are a® = 6,b = 1.
Noticing that z1, z2 have the same sign and |z3| = |24/, we know that

|z1] + |22] + |23] + |2a] = |21 + 22| + 2 23]
=|—a]++/a?®+ (80— a?)
=6+ 2V2. 0
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(20 marks) As shown in Fig. 11.1, in a plane rectangular coordinate
2

system xQy, the left and right foci of the ellipse I" : % +9y2 =1
are Fy, Fy, respectively. Let P be a point on I" in the first quadrant,
and the extensions of PFy, PF; intersect I' at points QQ1, (2, respec-
tively. Let r1, ro be the radii of the incircles of APF1Q2, APF>Q1,
respectively. Find the maximum of r; — 7s.

Solution It is easy to find Fy = (—1,0), F» = (1,0).
Denote P(zo,40), Q1(z1,y1), Q2(x2,y2). By the given condition, it fol-
lows that

Z0,% >0, 31 <0, y2<0.
By the definition of ellipse we get
|PFy| + |PFy| = |Q1Fy| + |Q1Fs| = |QaFy| + |Q2Fa| = 2V2.

Hence, the perimeters of APF,Qs and APF,Q; are both | = 41/2.
And since |F1 Fy| = 2,

_ 25APFiQ, _ (Yo — y2) - [ F1 1Y _ Yo~y

i l l N

Similarly, we can get 7y = Yo — yl’ SO Ty — 1y = y1—y2
21/2 2v2

In the following, we will first find y; — yo.

0,

Fig. 11.1
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1
The equation of line PF} is x = M — 1. Substituting it into

Yo
2

% +9? = 1 and rearranging it gives
(zo + 1)2 s xo+1 1
—a—t1l|y———y—5=0.
< 2y2 Yo 2
Multiplying both sides by 2y2 and noticing that a3 + 2y2 = 2, we find that
(3 + 21‘())y2 — 2(£E() + 1)y0y - yg =0.

The two roots of this equation are yo and y;. By Vieta’s formulas, we

Yo
et =— . Thus,
& Yoy 3 + 233()
g = — Yo
! 3 + 2£E() '
Similarly, we can get yo = — g Therefore,
3 — 2$0
Yo yo _ 4xzoyo

T s ot 34210 90— da

1 1
Since 9 — 422 = 530(2) +9y2 > 24/ 53:(2) - 9y2 = 3v/2xgyo, there is

y1— 2 V2xoyo < V2zoyo 1

TN —T9 =

2v2  9—4axj T 3V2zyy 3

1
where the equality sign holds when 530(2) = 9y2 is required. Accordingly,

3\/5 V10
To = — = -,
0 5 Yo 10

1
Therefore, the maximum of r; — 79 is yg = 3 [l

Test Paper A2
(8:00 — 9:20; October 23, 2021)

Part I Short-Answer Questions (Questions 1-8, eight marks
each)

Suppose that geometric sequence {a,} satisfies a; — as = 3,
a1 — a3 = 2. Then the common ratio of {a,} is .
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Solution Let the common ratio of {a,} be ¢. Then
ar(l —q) =a1 —az =3,
a1(1—¢?) = a1 —az =2,
ar(l - %)

2 1
and thus 1 + ¢ = ——= = —. Therefore, ¢ = ——. O
a1(1—gq) 3 3

The maximum of f(z) = 2sin® x — tan® z is

Solution
1 —cos?zx
=92(1 —cos?z) - ———~> "
J@) =21~ cos?a) - —

1
=3—(2c052m+ 5 )
cos?x

1
<3—24/2cos?x - 5 =3-—2V2,
cos? x

1
cos2 x 4—\/§>7 f(x) takes the

maximum 3 — 2v/2. O

When 2cos?z =

(e.g., take x = arccos

If the height of a cone is 5 and the lateral surface area is 307, then
the volume of this cone is

Solution Let the base radius of this cone be r and its slant height be [.
By the condition, there is 7rl = 307. Note that [ = /72 + 52, and thus
rvr2 +52 = rl = 30. Squaring both sides yields r2(r? 4+ 25) = 900. In

other words, we have (r? + 45)(r? — 20) = 0. Hence r? = 20.
100

Therefore, the volume of this cone is §7T’I“2 -5 = ?77. O
Randomly select three vertices from the six vertices of a regular
hexagon with side length 1. Then the probability that two of the

three vertices are at a distance of /3 is

Solution We will show that “two of the three vertices selected are at a
distance of v/3” is a certain event. The regular hexagon with edge length
1 is denoted by A;A3A3A4A5A6. If there exist two adjacent vertices are
taken out of the three vertices selected, it may be set as A;, As. Note
that A1As = A1As = AyAy = Ay Ag = \/5, so the third vertex must be
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at a distance of v/3 from one of the vertices Ay, As. If any two of the
three vertices selected are not adjacent to each other, it can only be Ay,
As, As or As, Ay, Ag. At this point, there are clearly two vertices with a
distance of /3.

Therefore, the desired probability is 1. O

Complex numbers z1, 29, ..., 2100 satisfy z1 = 3 + 2i, zp,41 = Z,, - 1",
(n=1,2,...,99), with i as the imaginary unit. Then the value of
299 + 2100 iS

Solution By the given conditions, we have

Zppo =Znm it =7, i =20 (n=1,2,...,98).

And since 21 = 3+ 2i, 299 = %i* = 211 = —2 + 3i. Therefore,

_ —— .99
299 + 2100 = 299 + 299 - 1

= (—2+31) + (-2 - 3i)(—i)
= —5+ bi. O
Function f(x) with domain R satisfies: when z € [0,1), f(z) = 2% —

x, and for any real number x, there is f(z) + f(z + 1) = 1. Denote
a = log, 3, and then the value of expression f(a) + f(2a) + f(3a) is

Solution By the conditions, we know that f(x +n) =1— f(x) when n is
odd and f(z +n) = f(z) when n is even.

Note that a = logy 3 € [1,2), 2a = log, 9 € [3,4), 3a = log, 27 € [4,5).
Therefore,

fla)+f(2a) + f(3a) =1 = fla—1) + 1= f(2a = 3) + f(3a — 4)

3 9 27
=2-f (10g2 5) - f <10g2 §> +f <log2 1_6>
3 3 9 9

EIE
16 8276
*EJr lo §Jrlo 9710 y_ 11
~ 16 B2 T 0825 T 08274 | T 160 O
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Suppose set S = {1,2,3,...,10} and the subset A of S satisfies
ANn{1,2,3} #2, AU{4,5,6} #S.
The number of such subsets is

Solution First, we will find the number Nj of subsets A of S such that
AN{1,2,3} # & holds.

There are 23 — 1 = 7 ways of selecting at least one element in 1,2, 3,
while for each number in 4,5, ..., 10 there are two choices (selected or not
selected). Therefore, Ny = 7 x 27 = 896.

Furthermore, we need to deduct the number of selections No which
makes A U {4,5,6} = S hold. Of these selections of A, 1, 2, 3, 7, 8, 9,
10 are all selected. And each of 4, 5, 6 has two choices (selected or not
selected), so Ny = 23 = 8.

Therefore, the number of subsets A satisfying the conditions is Ny —
Ny = 896 — 8 = 888. O

In a plane rectangular coordinate system xzQOy, I is a unit circle
centred at (2,1) and I is a unit circle centred at (10,11). Make a
line ! through the origin O such that [ has two intersections with
each of Iy and I, dividing I and [ into four arcs, and two of
these four arcs are of equal length. The sum of the slopes of all the
lines [ satisfying the conditions is

Solution Denote the centres (2,1),(10,11) of the two circles Iy, Iy as
Ty, Ts, respectively.

If [ passes through T; or T, then [ bisects the circumference of Iy or
that of Is, which yields two equal arcs. r{he possible slopes of [ at this

point are k1 = kor, = 3 o
If [ neither passes through 77 nor 75, then Iy and I's are both divided
into two arcs of unequal length by [. And since I'; and I are equal cir-

or k‘g = k’OTg =

cles, the two arcs divided in I are equal to the two arcs divided in %,

respectively. This implies that [ is parallel to 7175 or passes through its

5

midpoint M (6,6). The possible slopes of [ at this point are ks = kpy, = 1
or k4 = kOM =1.

After checking, line y = kjx has no intersection with circle Iy, which

does not fit the question; when ¢ = 2, 3,4, line y = k;x has two intersections

with each of Iy, Iz, which is consistent with the question. Therefore, the
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sum of the slopes of all the lines [ satisfying the conditions is

11 5 67
=4+ —4+1=—. O
ko + ks + Ky 10+4+ 20

Part IT Word Problems (16 marks for Question 9, 20 marks
for Question 10 and 11, and then 56 marks in total)

(16 marks) It is known that AABC satisfies AB = 1, AC = 2 and
cos B +sinC' = 1. Find the length of side BC.

Solution Denote a = BC, b= AC, c= AB,sob=2,c=1.

inB b

s%n = - = 2, namely, sin B = 2sinC.
sinC ¢

And since cos B =1 —sin C, there is

By the law of sines, we have

(2sinC)? + (1 —sin C)? = sin® B + cos® B = 1,
and simplifying it gives 5sin® C' — 2sinC' = 0. And because sinC' # 0,
2
inC=—.
sin E

And then we have cosB=1—sinC =

ot w

222 3

By the law of cosines, we have cos B = %, and thus 5 =

ac
a® -3 .
, Le.,
2a
6
2
——-a—-3=0.
a 0

Since a > 0, we get the solution a = , namely the length of

3+ 2v21
—

34 2v21
5

side BC'is

(20 marks) In a plane rectangular coordinate system zOy, given
ellipse
2 2

.z Y
F.¥+b_2

let A be one of the vertices of its major axis, B be one of the vertices

=1 (a>b>0),

of its minor axis, and F' be one of its foci. It is known that there
exist two points P and @ on I' that are symmetric about O such
that

FP - FQ+FA FB = |ABJ%
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(1) Prove that the focal point F' lies on the extension of AO;
(2) find the range of the eccentricity of I.

Solution By symmetry, it is useful to set A(a,0), B(0,b). Denote ¢ =
|OF| = v/a? — b2 and the eccentricity e = E

Let |OP| = r. By the properties of elhpse we know that the range of r
is [b, a].
Note that O is the midpoint of PQ), and thus

FP.-FQ=(FO+0P) (FO—-0P)=F0? - 0B = — 2. (D
(1) Suppose the focal point F' is (¢, 0), and then
FA.-FB = (a—¢,0)-(—c,b) = c* —ac < 0.
Thus
FP.FQ+FA-FB< 1 <a®+ 1 = |AB)?,

and this is not consistent with the conditions. Hence F' is (—c¢,0), which
shows that F' lies on the extension of AO.
(2) From F(—c,0), we know that

FA-FB= (a4 ¢,0)-(c,b) = c + ac.
Combining with (1) gives

FP. FﬁJrFA FB = (? —r?) + (c* + ac)

= 2¢? +acf7"2,

50 2¢2 +ac—1r? =a® + V%, ie
2 =2c¢% +ac—a® —b% =3¢ + ac — 24>

Note that r € [b,a], and thus 3¢? + ac — 2a® =12 € [a —c?,a?].

2 _ 2 2

. . a‘—c 3c? +ac—2a .

The above equation is equivalent to 57— < 5 <1,i.e,.,
a a

1—-e2<3e®2+e—2<1.

Combining e € [0, 1], we obtain the range of the eccentricity of I', namely,
3 —1
|2 + /37 . 0
4 6
(20 marks) Let a, b be real numbers and function f(z) = 3+az?+ba.
If there exist three real numbers x1, x2, x3 satisfying 1 +1 < 29 <
x3 — 1 and f(x1) = f(x2) = f(x3). Find the minimum of |a| + 2b|.
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Solution For function f(z) and real numbers x, xo, x3 satisfying the
conditions, let f(z1) = f(z2) = f(x3) = ¢, and then x1, a9, x5 are the three
real roots of cubic equation 2? + az? +bx — ¢ = 0. By Vieta’s formulas, we
know that

a=—(z1+ 22+ 23), b=2x122+ 223 + T377.

Further, by the condition we know that o —x; > 1, ©3 — x9 > 1,
r3 —x1 > 2, and thus

a? —3b= ac% +a:3 +a:§ — T1T9 — ToX3z — T3X1

- %((9:1 — z2)2 + (w2 — £E3)2 + (23 — 11)2)

Y

1
S+1+4)=3,
2
ie., b< % ~1
If |a| > /3, then |a| + 2[b| > |a| > V/3.
2
If0 < |a| < V3, then b < % — 1 < 0. Notice that at this point

3 3
|a|71<\/§717

2
al + 206l > Jol + 53— a?)

The above shows that |a| + 2[b| > v/3.
On the other hand, when a = v/3,b = 0, real numbers z; = —1 — ?,

V3

3
Ty = 3 r3 =1— % satisfy the condition because the values of Fi,
2v3
Fy, F3 are all T\/_ At this point |a| + 2[b| = V/3.

In conclusion, the minimum of |a| + 2[b| is v/3. O
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2
Remark Another proof of inequality b < % — 1 is as follows.

Since f(z) is a cubic function, the coefficient of its #® term is 1, and

f(z1) = f(z2) = f(x3). We can let
f(x) = (x — 21)(x — 22) (2 — 223) + f(21).

And by 2141 < 22 < 23—1 it follows that 2 —1 € [z1, 22), 22+ 1 € (z2, 3],
and thus

flaza = 1) > f(z1) > f(22 + 1).

Therefore, f(r2+1)— f(r2—1) < 0. By simplification, we get 1+ 3z3 +
a-2x9 + b < 0. Consequently,

9 2 a a®
b§—3x2—a-2x2—1:—3(m2+—) +——1§§—

Test Paper B
(8:00 — 9:20; September 12, 2021)

Part I Short-Answer Questions (Questions 1-8, eight marks
each)

Given arithmetic sequence {a,} with common difference d # 0 and
as021 = G2 + a1, then the value of %1 is
Solution By the conditions, we have a; + 2020d = a1 + 19d 4+ a1 + 20d.
And since d # 0, %1 = 1981. O

Suppose m is a real number, and complex numbers z; = 1+ 2i, 25 =
m + 3i, where i is the imaginary unit. If z; - Z3 is purely imaginary,
then the value of |21 + 22| is

Solution Since z; - zz = (1 4+ 2i)(m — 3i) = m + 6 + (2m — 3)i is purely
imaginary, we get m = —6. Therefore, |z; + 22| = | — 5 + 5i| = 5v/2. O

.
-1

The range of y = sin® 2 ++/3 sin  cos # when % <z< 5

S
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Solution
y =sin®x + V3 sinz cos z
1- 2
_ o coser + ﬁ sin 2z
2 2
T 1
= sin (22 — —) -
sm( x 6 + 3
5
When T <z < ﬁ, there is T < 2x — T < —7T, and thus the range of
4 12 3 6 6
sin (237 — %) is [5, 1}. Therefore, the range of y = sin? z + /3 sinx cos x
3
is [1,=1. O
m[,J

Suppose the domain of function f(z) is D = (—o00,0) U (0, +00) and
. 2 .
there is f(z) = f) 2"+ f2) =
x

of all the zeros of f(x) is

-1
for any x € D. Then the sum

Solution Let x1, 2 and we get
fO) =0 +1f2) -1,
£(2) =2£(1) + £2) - 3,

1
and the solutions are f(2) =1, f(1) = 1 Therefore,

1 1
flz) = = <Z:52+x1> (x #0).
Let f(z) = 0 and we get 2 = —2 + 2v/2, so the sum of all the zeros of
f(z) =01is —4. O

Suppose a,b,c > 1 and (a?h)!°8«¢ = a - (ac)°8«? is satisfied. Then
the value of log,(ab) is

Solution Taking the logarithm of the original equation with respect to an
arbitrary base a on both sides, we get

log, c- (2+1og,b) =1+1og,b- (1+log,c).

Simplifying the above equation gives 2log, ¢ = 1 + log, b. Therefore, ¢? =
ab, and then log,(ab) = log, ¢ = 2. O
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In AABC, AB =1, AC =2 and cos B = 2sinC. Then the length
of side BC is

sinB A_C’
sinC  AB

sin B = 2sinC = cos B,

Solution By the law of sines, we have = 2. Thus,

namely, tan B = 1. Therefore, B = %

2
Let BC = a > 0. By the law of cosines, we get 4 = 1 +a? — 2a - %

V2 + /14
-

Consequently, a = O

In a plane rectangular coordinate system xQOy, the graph of parabola
y = ar® — 3z + 3 (a # 0) and that of parabola y? = 2px (p > 0) are
symmetric with respect to line y = x +m. Then the product of real
numbers a, p, m is

Solution For any point (zg,%0) on parabola y = ax? — 3z + 3 (a # 0),
there is

Yo = aa:?) —3xo + 3. @

Suppose the symmetric point of (zg, yo) with respect to line y = z +m

is (21,91).
By l ;yo - —;—xo +m, x1 + y1 = xg + Yo, it follows that

r1 =1Yp—m, Y1 = To+m.

Since (x1,y1) lies on parabola y? = 2px, there is (2o +m)? = 2p(yo —m).
This is equivalent to

2

1 m m
Yo = —Tp + —z9 + — +m. @
2p p 2p

Due to the arbitrary taking of (xg,%o), comparing (1) and (2) gives

1 m m?
—=a, —=-3, —+m=3.
D 2p
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+m=-3 +m

Therefore, we have 3 = m %

m M and its soluti
- — ——, and 1ts solution
2 2

, satisfying a # 0 and

A~ =

is m = —6. Hence, in order, we can get p = 2,a =

1
p > 0. Consequently, apm = 2 - i (—6) = -3. O
Let ai,a9,...,a10 be a random permutation of 1,2,...,10. Then
the probability of both 9 and 12 appearing in the 9 numbers
aias,a20as, . ..,a9adiq is

Solution A random permutation satisfies the requirement if and only if
in this permutation, numbers 1 and 9 are adjacent, and at least one pair
of numbers 2,6 and 3,4 is adjacent. Now we evaluate the number of such
permutations N. Suppose the number of permutations 2,6 being adjacent
is N1, the number of permutations 3, 4 being adjacent is No, and the number
of permutations both 2,6 and 3,4 being adjacent is Nj.

To determine Np, we first “bind” the numbers 1,9, and 2,6. Then
arrange them with the remaining 6 numbers, and there are 8! ways. Con-
sidering also the order of 1, 9 and that of 2, 6, we get

Ny, =22 x 8.

Similarly, we can find Ny = 22 x 8!, N3 = 23 x 7\.
By the inclusion-exclusion principle, N = Ny + Ny — N3 =8 x (8! -7!) =
7 x 8.
7

N
Therefore, the desired probability is Tol = 90" O

Part IT Word Problems (16 marks for Question 9, 20 marks
for Question 10 and 11, and then 56 marks in total)

(16 marks) Sequence {a,} satisfies a1 = as = a3. Let
by, = an + ant1 + anga(n € Ny).

If {b,} is a geometric sequence with common ratio 3, find the value
of aigo-

Solution By the condition, we know that b, = by - 3"~ = 3"(n € N;).
Thus,

Unt3 — Gp = bpy1 — b, =31 —3"=2.3" (neN,).
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Therefore,
33
a100 = a1 + Z(a3k+1 — agk—2)
k=1
33
=1+) 2.3%2
k=1
2733 — 1
=1 L2 -
+6 27 -1
3 310() + 10
=14+—3Y—-1)="———.
+ 13(3 ) 13 -

(20 marks) In a plane rectangular coordinate system xOy, the graph
1
21, . .
first quadrant, @ is in the second quadrant, and line PQ is tangent to

the part of I' in the second quadrant at point ). Find the minimum
of |PQ)|.

of function y = is I'. Let points P,Q on I satisfy: P is in the

1 1
Solution When x >0, y = —. When z < 0, y = ——, and its correspond-
T T
1

ing derivative is ' = ——.

1
Suppose @ (a, —), where a > 0. By the condition, the slope of PQ
a

isy _ 1
Yle=—a = Pl
The equation of line PQ is y = iz(x +a)+ 1 _ = —&—22@.
a a a
Combining the above equation with y = é(az > 0) yields x? + 2ax —
a?> = 0, and thus we know the abscissa xp = (\/5 — 1)a of point P, with

the negative root discarded. Therefore,
1\2
Pl =1+ () - bor ol

1
1+¥ 2a

[ 1
>4[24/1- = - V2a=2.
a

When a = 1, namely, Q(—1, 1), the minimum of |PQ]| is 2. O
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(20 marks) In regular pyramid P — A1 Ay--- A, (n > 3), O is the
centre of the regular n-sided polygon A;As - -+ A, base and B is the
midpoint of edge A; A,.

(1) Prove that PO? sin — ™5 PA3 cos’ — = PB?;
n

(2) For regular pyramid P A1 As - Ay, let the angle formed by the
lateral edge and the base be o and the angle formed by the lateral
face and the base be 5. Try to determine the magnitude relation

1 n
between — > cos ZA; PB and sin asin 3, and then prove it.
=1

Solution (1) Since PO is perpendicular to base AjAs--- A, it follows
that /POA, = ZPOB = 90°. -
Let OA; = r, and then OB = OA; - cos ZA10B = rcos o Hence,

r?2 4+ PO? = PA?, r?cos? T + PO? = PB?.
n
Eliminating r? gives PO? (1 — cos? I) = PB? — PA? cos? E, namely,
n n
PO? sm— + PA? cos® — = PB2.
n

(2) By the given condition, it follows that ﬁ c0A; =0(i=1,2,...,n),
Suppose the length of the lateral edge of the regular pyramid is . Then

n

l-|PB|- ZCOSAA PB =) |PA;|-|PB]|-cos ZA;PB

i=1 i=1
:ZPA .PB
i=1

— S (O + O - (FO + OF)

i=1

%2+OA @

Il
i M:

:nP?Q—i-O?-Zé‘Aj
i=1

=n-|PO|*.
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n
The last step in the above equation makes use of Z (Since

O is the centre of the regular n-sided polygon A; As - - A and each OA
I

(1 =1,2,...,n) is still a permutation of these vectors after — anticlockwise
n

rotation, thelr sum vector § is invariant after the rotation, and thus § can

only be the zero vector.) Hence,

|[PO|2 PO PO

1-|PB] 1 PB

1 n
— Z cos ZA;PB =
n

i=1
= sin ZPA,0 -sin ZPBO. O
It is clear that Z/PA;0O is the angle formed by the lateral edge and the

base. And by OB 1. A1A,,, PB 1 A1 A, we know that ZPBO is the angle
formed by the lateral face and the base Thus /PA10 = «, ZPBO = 5.

Therefore, by (1), we obtain that — Z cos ZA;PB and sinasin 3 are
=1
equal. O

Test Paper Bl
(8:00 — 9:20; October 6, 2021)

Part I Short-Answer Questions (Questions 1-8, eight marks
each)

Suppose f(x) is an odd function with domain R. If f(1) = 2,
f(2) = 3, then the value of f(f(—1)) is

Solution By the given conditions we have f(—1) = —f(1) = -2.
Therefore,

F(=1) = f(=2) = —f(2) = =3, -
Let m be a real number. If the real and imaginary parts of complex
z=14+1i+— T with i being the imaginary unit, are greater than

zero, then the range of m is

Solution After calculation, we get z = 1 +1i+ (1 —21)m = 2—;m
2—m

2

By the condition, it follows that ULES 0, and then we

find the solution is —2 < m < 2. O

1.
24 m 2 —
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Suppose A ={1,2,3}, B= {4z —y|a,y € A}, C = {dx +y|z,y €
A}. Then the sum of all the elements of BN C' is

Solution When z and y take all the elements of A, respectively, 4o — y
gets exactly the values 1, 2, 3, 5,6, 7, 9, 10, 11, and 4z + y gets exactly the
values 5, 6, 7, 9, 10, 11, 13, 14, 15.

Hence, BNC = {5,6,7,9,10,11}. Then the sum of all the elements of
BNCis 18. |

In a plane rectangular coordinate system xzQOy, given parabola
I':y?=2px (p>0), a line with inclination angle % intersects I’
at point P(3,2) and another point ). Then the area of AOPQ is

4

Solution Since point P(3,2) is on I', we have 2p = 3
The slope of the mentioned line is 1 and it passes through point P(3,2).
Therefore, its equation is y =  — 1, and it passes through point A(1,0) on

4
the z-axis. Substitute z = y+1 into y? = ga:, eliminating = and arranging

it gives
3y’ —4y —4=0.

2
The solution is y; = 2,y2 = —3 Further, we can get

1 4
Srorq = Sroap + Sroag = §|OA| (ly1] + yel) = 3 O

Sequence {a,,} satisfies a1 = 2 and a1 = (n+1)a,—n,n=1,2,....
Then the general term formula of {a,} is

Solution By the condition, we have a1 —1 = (n+1)(a, —1). Therefore,
anp —1=n(ap—1 —1)=nn-1)(ap_2—-1)="---
=nn—1)---2(a; — 1) =nl,
namely, a,, = n!+ 1. O

In right square pyramid P—ABC D, point G is the centroid of the lat-
eral face APBC. Let Vi, V5 be the volumes of tetrahedrons PABG,

V
PADG, respectively. Then the value of Vl is
2
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Solution As shown in Fig. 6.1, take the midpoint M of BC, and then G
lies on the median PM of APBC.

Fig. 6.1
Note that
Vi =Ve-paB = % “VM-pPas,
Vo =Va_pap = % -Vav—pap.
Therefore,

i _ VMm—paB _ Vp_maB _ SAMAB _1 -
Vooo Vi—pap Vp—map  Samap 2

Suppose o, > 0, a+ < 27. Then the minimum of sin a + 2 cos g
is

Solution When 0 < a <, sina+2cosf>0+2-(-1)=-2.
When 7 < o < 27, there is 0 < 5 < 2w — o < 7. At this point, as
gets bigger, cos 5 gets smaller. Therefore,

sina 4+ 2cos 8 > sina + 2 cos(2m — «)
=sina + 2cosa
= Vbsin(a + ¢),

2v5

where ¢ = arcsin o

3
When a = gfga, B =21 —a = ngcp, sina + 2cosf gets the

minimum /5. O
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Let ay,as9,...,a10 be a permutation of 1,2, ...,21, satisfying
lazg — ag1| > |a1g — a21| > |a1s — as1| > -+ > |ar — a2l
The number of such permutations is

Solution For a given k € {1,2,...,21}, we consider the number of per-
mutations Ny satisfying the condition such that as; = k.

When k& € {1,2,...,11}, for ¢ = 1,2,...,k — 1, ag;—1,a2; are per-
mutations of k — i,k + ¢ (if & = 1, there is no such 4), and a; = j + 1
(2k —1 < j < 20) (if k = 11, there is no such j). Therefore, Ny = 2*~1.

Similarly, when k € {12,13,...,21}, there is N}, = 221=F,

Therefore, the number of permutations satisfying the condition is

21 11 21
ZNk _ 221@71 i Z 921k
k=1 k=1 k=12

=@M -1+ (2" -1).
= 3070. O

Part IT Word Problems (16 marks for Question 9, 20 marks
for Question 10 and 11, and then 56 marks in total)

(16 marks) Suppose the included angle between non-zero vectors
- T - -

@ and b in the plane is 3 If |d|, |b], |@+ b| form arithmetic sequence

in order, find the value of | : || : |a@ + b).

Solution Denote s = |d@], t = |b], and then s,¢ > 0. Note that the included

angle between @ and bis 3 and we have
@+ b =a*+ (b)? +2a-b
=52+ t? +25tcos§
= 5% 4+t + st.

By the condition, we know that s,t,v/s2+ t2 + st form arithmetic
sequence in order. Then there is v/s2 +t2 + st = 2t — s. Squaring and
arranging the above equation gives 5st — 3t = 0. And since t # 0, it
follows that 5s = 3¢, i.e., s:t =3 :5.

Therefore, |@| : [b] : |[@+b =3:5:7. O
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(20 marks) Given function f(z) = |2 — logs x|, positive real numbers
a,b,csatisfy a < b < cand f(a) =2f(b) = 2f(c). Find the minimum

ac
—
R

Solution Notice that f(z) = ‘log3 (g) is monotonically decreasing on

(0,9] and monotonically increasing on [9, 400).
By the conditions satisfied by a, b, ¢, we have 0 < a < b < 9 < ¢ and

9 9 c
logs (5> = 2log, (5> = 2log, (5)
Therefore,

ac a 9 ¢ 9 9 c

namely, % =32=09. O

(20 marks) As shown in Fig. 11.1, in a plane rectangular coordinate

2
system xQy, the left and right foci of ellipse I : % +9y2 =1 are Fy,
F5, respectively. Let P be a point on I in the first quadrant and the
extensions of PFy, PF; intersect I" at points Q1(x1,y1), Q2(22,y2),
respectively.

Find the maximum of y; — ya.

Solution As shown in Fig. 11.1, we find F1(—1,0), Q2(1,0).
Denote P(xg,y0). By the condition, it follows that zg,yo > 0, y1 < 0,
y2 < 0.

LY

F, 0

0,
Q>

Fig. 11.1
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1
The equation of line PF; is x = M — 1. Substituting it into

Yo
2

x
—— + y? =1 and organizing it yields

2
1)? 11
<@02;2)+1>y2_m0+ y— 0.

Yo Yo 2
Multiplying both sides by 2y2 and noting that x3 + 2y2 = 2, we get
(3 + 2x0)y? — 2(z0 + Vyoy — y2 = 0.

The two roots of this equation are yg, y1. By Vieta’s formulas, we get

Yo
= - . Thus,
Yoy 3+ 2£E()
g = — Yo
! 3 + 2£E() '
Similarly, we can get yo = — g Therefore,
3 — 21‘0
Yo Yo _ 4xzoyo

T s oty 3+210 90— da

1 1
Since 9 — 423 = 530% + 9y3 > 24/ 53:3 - 9y2 = 3v/2x0yo, it follows that

dzoyo 22

Yi—Y%2> 77— )
3v2z0y0 3
1
where the equal sign holds when 53:3 = 992 is required, and accordingly
35 V10

5 %7 00 5
2¢/2
Therefore, the maximum of y; — yo is 3 O

Lo
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Test Paper A
(9:40 — 12:30; September 13, 2020)

(40 marks) As shown in Fig. 1.1, in isosceles AABC, AB = BC, and
I is its incentre. M is the midpoint of BI. P lies on side AC, satisfy-
ing AP = 3PC'. Point H on the extension of PI satisfy MH L PH.
Q@ is the midpoint of the minor arc of the circumcircle of AABC.
Prove that BH 1 QH.

e
N

Fig. 1.1
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Fig. 1.2

Solution As shown in Fig. 1.2, take the midpoint N of AC. By AP =
3PC, we know that P is the midpoint of NC. It is easy to find that points
B, I, N are collinear and ZINC = 90°.

Since [ is the incentre AABC, we see that C'I passes through point @
and

/QIB = /IBC + /ICB = /ABI + ZACQ
— /ABI + /ABQ = /QBI.

And since M is the midpoint of BI, we have QM1 BI. And then
QM//CN.
We shall consider AHM@ and AHIB. Since MH1PH, there is
/ZHMQ =90°— /ZHMI = /ZHIB.
HM NP

A i ZIHM = ZINP = 90°, —— = ——.
nd since 90°, 77 NI

HM NP _ 1 NC_ 1 MQ _MQ
HI NI 2 NI 2 MI IB’
Hence, AHMQ@Q «~ AHIB, and then ZHQM = /HBI.
And thus points H, M, B, @ are concyclic. Therefore, there is

Therefore,

/BHQ = /BM@ = 90°, namely, BH L QH. O
(40 marks) Given positive integer n > 3, let ay,as,...,a2,,
b1,b2,...,ba, be 4n non-negative real numbers, satisfying

a1+a2+...+a2n:b1+b2+"'+b2n>0.
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And for any i = 1,2,...,2n, there is a;a;42 > b; + b;41, where
A2p41 = Q1, A2pt2 = A2, bgn_;_l = by. Find the minimum of a1 +ag +
. + a2y, -

Solution Denote S =aj; +as + -+ agp, = by +ba + -+ + bay.

S
Without loss of generality, suppose T'=a1 +as + -+ + agp—1 < 5"
For n = 3, since
> 1
T2 -3- Z A2k—102k+1 = 5 ((CH — a3)2 + (a3 — a5)2 + (a5 — a1)2) >0,
k=1

by combining the given conditions we can find

52 3 3
T >T%>3. Zaquazkﬂ >3- Z (bok—1 + bar) = 35.
k=1 k=1

And since S > 0, there is S > 12.
S takes the minimum when a; = b; =2 (1 <i <6).
When n > 4, on one hand we have

n n
Z A2k—102k+1 > Z (bor—1 + bar) = S.
k=1 k=1
On the other hand, if n is even, then

n
Zaquazkﬂ <(ai+as+---+am-3)(ag+ar+- - +am-1) <
k=1

T2
I.

The first inequality is due to the fact that each term of
(a1 +as+ -+ azn-3) (as + a7 + -+ + az,—1) is nonnegative after expan-
sion and contains terms asg_1a2kx+1 (1 < k < n). The second inequality
makes use of the inequality of arithmetic and geometric means.

If n is odd, we suppose a; < asz, and then

n n—1
g a2k—102k+1 < g A2k—102k+1 | + G2n_103

k=1 k=1
<(a1+as+---+agm-1)(az+ar + -+ azn—3)
T2

<
-4
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n 2 2

Thus, there is always S < kz Gok—102k+1 < TI < f—6 And since
S>0,S8>16. -

When a1 = az = a3 =aq4 =4,a;, =0 (5 <i<2n), by =0, by =16,
b; =0 (3 <i<2n), S takes the minimum of 16.

To sum up, when n = 3, the minimum of S is 12; when n > 4, the
minimum of S is 16. U

(50 marks) Let a; = 1, ag = 2, ap = 2ap—1 + an—2, n = 3,4,....
Prove that for integer n > 5, a,, must have a prime factor that is

congruent to 1 modulo 4.

Solution Denote a = 1 ++/2, = 1 — /2. Then it is easy to find a, =

a” — Bn
a—f8
Let b,, = M. Then sequence {b,} satisfies
by =2by 1 +bpo (n>3). @

Since by = 1 and by = 3 are both integers, by @ and the mathematical
induction, we know that each term of {b,} is an integer.

n n\ 2 2 n n\ 2
From (#) - <a2ﬂ> (aa—g > = (aB)", it is obvious
that

b2 —2d2 = (-1)" (n>1). @

When n > 1 is odd, since a; is odd, by the recurrence relation of {a,}
and the mathematical induction, we know that a,, is odd greater than 1,
S0 a, has an odd prime factor p. From @, we get b2 = —1 (mod p), so

bl = (-1)"F (modp).

The above equation shows that (p,b,) = 1. Hence, by Fermat’s Little
Theorem, we get b2~1 =1 (modp), and thus

(=1)= =1 (modp).

Since p > 2, there must be (—1)20771 =1, and thus p =1 (mod 4).
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On the other hand, for positive integers m, n, if m|n, let n = km, and
then

tn = —— 3 o
) (a(kq)m fal=Dmgm o gmgl=2m ﬂ(kq)m)
-1
A - Z(aﬁ)im (a(2l—1—2i)m + B(Ql—l—%)m)7 k=2l
_ i=0
- -1 . ' .
G, * (Z(aﬁ)zm (a(2l—21)m + 6(21—21)771) + (aﬁ)lm> . k=2041.
i=0
Since o® + (% = 2b, is integer (for positive integers s) and a8 = —1 is

integer, the above equation indicates that a,, is equal to the product of a,,
and an integer, and hence a, | ap.

Accordingly, if n has odd factor m greater than 1, then by the conclusion
proved above a,, has prime factor p = 1 (mod4). And since a, | an, p|an,
namely, a,, also has a prime factor that is congruent to 1 modulo 4.

At last, if n has no odd factor greater than 1, then n is an integer power
of 2.

Let n = 2! (I > 3). Since ag = 408 = 24 x 17 has prime factor 17 that
is congruent to 1 modulo 4, by 8| 2! we have ag | ay for [ > 4, and thus a
also has prime factor 17. The proof is completed. 0

(50 marks) Given a convex 20-sided polygon P. Dividing P into
18 triangles by its 17 non-intersecting diagonals in the interior, the
resulting graph is called a triangulation graph of P. For any trian-
gulation graph T of P, the 20 edges of P and the added 17 diagonals
are both called the edges of T'. The set of any 10 edges of T" without
common endpoints between any two edges is called a perfect match-
ing of T. When T takes all the triangulation graphs of P, find the
maximum number of perfect matchings of 7.

Solution We consider the general problem by replacing 20-sided polygon
with 2n-sided polygon.

For a diagonal of convex 2n-sided polygon P, if there are an odd number
of vertices of P on its both sides, it is called odd chord, otherwise it is called
even chord. First, we should notice the following basic fact:
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For any triangulation graph T of P, the perfect matching of T does not
have odd chords. (x)

Suppose there was an odd chord e; in a perfect matching. Since a perfect
matching of T gives a pairwise division of the set of vertices of P, and there
are an odd number of vertices on each side of e;, in this perfect matching
there must be another edge es of T, with endpoints on each side of ey,
respectively. And since P is a convex polygon, e; and e intersect in the
interior of P. This contradicts the fact that T is a triangulation graph.

Denote f(T') as the number of perfect matchings of T. Let Fy = 1,
Fy =2, and Fyyo = Fiy1 + Fy for k > 2, which is the Fibonacci sequence.

In the following we will prove by induction on n. If T is any triangula-
tion graph of a convex 2n-sided polygon, then f(T) < F,.

Let P = AjAs---As, be a convex 2n-sided polygon. There are
exactly two ways to choose n edges from the 2n edges of P to
construct a perfect matching, namely, AjAs, AsAy, ..., Asp_1A2, or
A2A3, A4A5, . ,A2n72A2n71, AQnAl.

When n = 2, the triangulation graph T of convex quadrilateral P has
no even chords, so the perfect matching of 7' can only be done by using the
edges of P. Therefore, f(T) =2 = Fb.

When n = 3, the triangulation graph T of convex hexagon P has at
most one even chord. If 7" has no even chord, as above it is known that
f(T) = 2. If T contains one even chord, we may let it be A;A4, and
the perfect matching of A; Ay is unique. The other two edges can only be
As Az, A5 Ag, and then f(T) = 3. In a word, f(T) < 3 = F;.

The conclusion holds for n = 2,3. Suppose n > 4 and the conclusion
holds for all cases less than n. Consider a triangulation graph T of convex
2n-sided polygon P = A1 As -+ - Ag,. If T has no even chords, then as above
it follows that f(T) = 2.

For even chord e, denote the smaller value of the number of vertices of
P in both sides of e as w(e). If T contains even chords, take one of the even
chords e so that w(e) reaches the minimum. Let w(e) = 2k, and we may
set e to be Ag,Aagy1, so that each A;(¢ = 1,2,...,2k) cannot give rise to
an even chord.

In fact, suppose A;A; is an even chord, and if j € {2k + 2,2k + 3, ...,
2n — 1}, then A;A; intersects e in the interior of P, a contradiction. If
jeA{1,2,...,2k+1,2n}, then w(A;A;) < 2k, which contradicts the mini-
mality of w(e).

Furthermore, by (x), we know that there are no odd chords in per-
fect matching, so A;A; can only be paired with its neighboring vertices.
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In particular, A; can only be paired with As or As,. The following is
divided into two cases.

Case 1: Choose edge AiAs, then edges AsAy,...,Asp_1A2r must be
selected. Note that there are 2k,2n — 2k — 2 vertices on each side of
Aoy Asjy1, respectively. And there is 2n — 2k — 2 > w (Agn Aoky1) = 2k.
Since n > 4, we have 2n — 2k > 6. In convex 2n — 2k-sided polygon P, the
edges of T give the triangulation graph 77 of P;. Then pick n — k edges
€1,€2,...,en—k in T, which together with Ay Ay, AzAy, ..., Aog_1 Aoy forms
a perfect matching of T if and only if el is a perfect matching of T'.

Case 2: Choose edge AjAs,, then edges AsAs, ..., AsxAor+1 must be
selected. In convex 2n — 2k — 2-sided polygon Ps = Asky2A2k+3 - - Aan—1,
construct the following triangulation graph T5. For 2k +2 < i < j <
2n — 1, if segment A;A; is an edge of T, it will also be an edge of
T,. Since these edges do not intersect each other in the interior, some
more diagonals of P, can be added appropriately to obtain a trian-
gulation graph 7% which contains all the edges of T between vertices
Agkio, Asks, ..., Aan—1. Hence for every perfect matching of T' containing
edges As, A1, AgAs, ..., Aok Aoy 1, the remaining edges must be a perfect
matching of T,. Therefore, the number of perfect matchings of T'in Case 2
does not exceed f(T%2).

By the induction hypothesis, we obtain f(T1) < F,—k, f(T2) < Fr—g—1.
Combining the above two cases and k > 1, there is

f(T) S f(Tl) + f(TQ) S Fn—k + Frb—k—l - Fn—k+1 S Fn

The following shows that the equal sign is valid. Consider the trian-
gulation graph A, of convex 2n-sided polygon AjAs---As,: add diag-
onals AQAQn, AQnAg, A3A2n,1, A2n71A4, A4A2n,2, ceey An+3An, AnAn+2.
Repeating the previous process of demonstration yields f(Aq) = 2,
f(A3)=3. For A,,, n > 4, consider the even chord A,As. In case 1,
using A; A, since the triangulation graph of convex 2n — 2-sided poly-
gon AzAy--- Ag, is exactly A, _1, there are f(A,_1) perfect matchings of
T at this point. In case 2, using A;As,, since the edges of T in convex
2n — 4-sided polygon A4As - - - Ag,—1 form exactly the triangulation graph
Ap—1, there is no need to add any diagonals, and the number of perfect
matchings of T in this case is exactly f(A,—_2). Hence, for n > 4, there is

f(An) = f(An—l) + f(A'rL—Q)-
By mathematical induction, we have f(A,) = F,. The conclusion is
proved.
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Therefore, for convex 20-sided polygon P, the maximum value of f(T)
is equal to Fig = 89. O

Test Paper B
(9:40 — 12:30; September 13, 2020)

(40 marks) As shown in Fig. 1.1, A, B, C, D, E are five points in
order on circle {2, satisfying ABC = BCD = CDFE. Points P, Q)

are on segments AD, BFE, respectively, and P lies on segment C'Q.
Prove that ZPAQ = ZPEQ.

Fig. 1.1

Solution As shown in Fig. 1.2, let S be the intersection of AD and BFE,
and the extension of C'Q) intersects circle {2 at point 7.
Noticing that ABC = BCD = @, we can let the central angles of
@, 6’_5, be both «a, and the central angles of /B_C'\, Y)_E\, be both 3.
Therefore,

LATQ = ZATC = a + B,
/PTE = /CTE = a + 8,
/PSQ = /BDA+ /DBE = a+ .

By LZATQ = ZPSQ we see points S, A, T, Q are concyclic. And from
/ZPTFE = /ZPSQ we know points P, S, T, E are concyclic.
Consequently, ZPAQ = ZPEQ. O
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Fig. 1.2

(40 marks) Given set A = {1,2,...,19}, does there exist non-empty
subsets S7, So of set A satisfying the following conditions?

(1) S1NSy =9, S1USy = A;

(2) S1 and S3 both have at least four elements;

(3) the sum of all elements of S is equal to the product of all ele-
ments of Ss.

Prove your conclusion.

Solution The answer is definitely yes.
Let Sy ={1,2,z,y},2 <z < y <19. Then

1424+ +19-1-2 -2 —y =2y,
and thus 2zy + = +y = 187.
Therefore,
(2x 4+ 1)(2y + 1) = 375 = 15 x 25,
so x =7,y = 12 is also a solution set.
Hence, by taking S; = {3,4,5,6,7,8,10,11,13,14,15,16,17,18,19} and
Sy ={1,2,7,12}, then S; and Ss satisfy the conditions. O

Remark Give a direct example and verify it can get 40 marks.
(50 marks) Given integer n > 2, let aq,as,...,an,b1,ba,...,b, >0,
satisfying
ayt+az+---+an=0b1+by+--+by

and there is always a;a; > b; +b; for any ¢,j (1 <i < j <n). Find
the minimum value of a1 +as + -+ + a,,.
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Solution Denote S =a;+as+---+a, =by +bs+---+by,.
By the given conditions, we can find

Z a;a; > Z (bi +b;) = (n—1)S.

1<i<j<n 1<i<j<n

Furthermore, since >  a;a; > > (b +b;) = 5
1<i<j<n 1<i<j<n i=1

52:<§;ai> Za +2 ) aia

1<i<j<n

2
(—1 + 2) Z a;a; > 2nS.

1<i<j<n

v

Note that S > 0, s0 S > 2n.

On the other hand, when a; = b; = 2(i = 1,2,...,n), the condition is
satisfied and S = 2n.

To sum up, the minimum value of S =a; +as + -+ + a, is 2n. O

(50 marks) Let a, b be positive integers not greater than 12 satisfying
that there exists constant C' such that a™ + 5" = C (mod 13) holds
for any positive integer n. Find all ordered pairs (a,b) that satisfy
the conditions.

Solution 1 By the given conditions, we know that for any positive integer
n, there is

a® + "t = "3 4 pnt1? (mod 13). @

Note that 13 is a prime number and a, b are coprime with 13. By
Fermat’s Little Theorem it is known that

a'? =% =1 (mod 13).

Therefore, take n = 12 in @ and the simplification gives 1 + b? = a® +
1 (mod 13), and thus

b = a® (mod13).

Substituting it into (1), we get a” + a®b"* = a3 + 12 = 03 4
b™ (mod 13), namely,

(a” —b™)(1 —a®) = 0 (mod 13). @
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In the following, we discuss it in two cases.

Case 1: If a® =1 (mod 13), then b® = a®b® = b'? = 1 (mod 13).

Also, since a,b € {1,2,...,12}, it is clear by checking that a,b €
{1,3,9}.

At this point a™ + 5" = @™ + b" (mod 13). By the condition it follows
that

a+b=a’+b*>=2 (mod13),

and hence it can only be a = b = 1.
After checking, when (a,b) = (1,1), for any positive integer n, a™ + b9
is congruent to 2 modulo 13. Since it is a constant, the condition is satisfied.

Case 2: If a®> # 1 (mod 13), then by (2) we know that for any positive
integer n, there is

a”™ =b" (mod 13).
In particular, a = b (mod13), so a = b. Therefore, a® = b’ =
a® (mod 13), i.e.,
a*(a® —1)(a® + 1) = 0 (mod 13),
and thus a® = —1 (mod 13). By checking a = +1,+2,...,+6 (mod 13), we

know that a = 4,10, 12.
It is checked that when (a,b) = (4,4), (10,10), (12, 12), there is

a==+1,4£2,...,£6 (mod 13)

for any positive integer n, satisfying the condition.
Combining Case 1 and Case 2, the desired ordered pairs (a,b) are
(1,1),(4,4), (10,10), (12,12).

Solution 2 By the given conditions, we know that for any positive integer
n, there is

(an + bn-‘rg)(an-i-Q + bn+11) = (an-i-l + bn+10)2 (mod 13)
Simplification gives a™b" T + @™ 2pn+9 = 207 H1p" 10 (mod 13), namely,
a"b"*?(a — b)* = 0 (mod 13).

Since 13 is a prime number, a,b € {1,2,...,12}. Hence 13| (a — b)?,
and thus a = 0.

Therefore, when n varies, the remainder of a™ + b = a"™(1 + a%)
modulo 13 is a constant.
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When 1+ a® # 0 (mod13), by the above equation we know that
the remainder of @™ modulo 13 is a constant. In particular, there is
a? =a (mod13),s0 a = 1.

When 1+a? = 0 (mod 13), by Fermat’s Little Theorem it is known that

a'? =1 (mod 13). Thus,
a®=d®- (—a®) = —a'? = —1 (mod 13).

By checking a = £1,+2,...,£6 (mod 13), we know that a = 4,10, 12.
To sum up, the desired ordered pairs (a,b) are (1,1),(4,4), (10, 10),
(12,12). O
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Test Paper A
(9:40 — 12:30; September 12, 2021)

(40 marks) Given positive integer k& (k > 2) and k non-zero real
numbers a1, as, . . ., ar, prove that there are at most finite k-element
integer arrays (ni, na,...,ng) satisfying that ny, no, ..., ng are pair-
wise distinct and

a1 -nil+as -ngl +---4ap-ng! =0.

|aa| + lag| + - - + |ax]

Solution Take a certain positive integer N > - (note
min |a;|
1<i<k
that ai,as,...,ar #0).
We will show that when positive integers ni, ns,...,ny satisfy the con-
dition, there must be max n; < IN.
1<i<k
We assume that this does not hold and set 1121_a<xlc n; = np > N. For
71/7
1=2,...,k, since positive integer n; < nq, it follows that
n1! nl!
n! <(ng—1Dl=—< —.
v= ( ! ) niy N

67
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Hence,

IN

lag - nal 4+ -+ + ag - ng!|

< min |a;|-nq! < |aq] - nql.
1<i<k

k k
ny! n
1=2 1=2

However, |az - no! + -+ + ai - ng!| = |—a1 - n1!| = |a1| - nq!, a contradiction.
Therefore, there are at most N* sets of positive integers (n1, na, . ..,ng)

that satisfy the condition. The proof is completed.

O

(40 marks) As shown in Fig. 2.1, in AABC, M is the midpoint
of side AC. D, E are two points on the tangent of the circumcircle
of AABC at point A, satisfying M D//AB and A is the midpoint of
segment DE. The circle passing through points A, B, E intersects
side AC' at point P. The circle passing through points A, D, P

intersects the extension of DM at point ().
Prove that Z/BCQ = Z/BAC.

Solution As shown in Fig. 2.2, take the midpoint N of side BC. Then

D, M, @, N are collinear and MN//AB.

By the alternate segment theorem, there is LDAM = ZCBA =
ZCNM. And since ZAMD = Z/NMC, it follows that AAMD ~ ANMC.

Therefore,

NM  AM
NC ~ AD’

@
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Fig. 2.2

By the given condition, we know that points A, D, P, @ are con-
cyclic. Hence ZAPQ = ZADQ = LZADM = ZACB, and thus PQ//BC.
Therefore,

NM CM’
Combining (1), 2) and AD = AE yields
NQ NQ NM CP AM CP CP

NC NM NC CM AD AD AE’

NQ _cp @

namely,
NQ@ CP
NG~ AR ®
By the alternate segment theorem, we have /BAE = /BCA = /BCP.
And since A, P, B, E are concyclic, it follows that /BEA = /BPC.

CP BC . .
Therefore, ABAE «~ ABCP, and thus 15~ BA Combining (3) gives
NQ BC
NC  BA’
Since MN//AB, ZCNQ = ZABC'. Hence, ACNQ «~ AABC.
Therefore, /ZNCQ = ZBAC, namely, /BCQ = Z/BAC. (|

(50 marks) Suppose integer n > 4. Prove that if n divides 2" — 2,
n o __

then

is composite.
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n

Solution Denote the integer as y.

If n is odd, then since 2™ — 2 is even, we know that y is even. Also as
n
n > 4, it follows that

n
In the following, we consider the case where n is even, and let n =
2m(m > 1).

> 2 and thus y is composite.

22m ) _ 22m71 -1

Since y = is an integer, m is odd.
m m
Let 0 be the multiplicate order of 2 modulo m. Then § < m, and
§2m — 1 since m |22 — 1.

Let 2m — 1 = dr. From 6§ < m < 2m — 1 we know that r > 1.

(1) Tfm #2° —1, m < 2% — 1 due to m|2° — 1. At this point, there is

22'm—1 -1 267' -1 267' -1 25 -1
y = = = . .

m m 20 — 1 m
And since r > 1, it is the product of two integers greater than 1, and
thus it is composite.
(2) If m =29 — 1, then 2(2° — 1) — 1 = 2m — 1 = ér. By m > 1 we know
that § > 1. Hence,

26+1_
r=—G 3>6. @

Since 2° — 1[2°7—1,2"—1|2°" — 1, 2° — 1 is the multiple of
[26 —-1,2" — 1}, namely,

20 —1)(2" -1
(2 =D =1 oo
(20 —1,2r — 1)
Note that (20 — 1,27 — 1) = 2007 — 1, and thus (2° — 1)(2" — 1)(2°" — 1)
(2057 — 1). Therefore,

22'm—1 -1 257' -1 257' -1 2(5,7') -1 27 _ 1
@ -1 -1 @

YT T T o1 T (@ o2 —1) 260 1

is the product of two integers.



China Mathematical Competition 71

2r -1 2r—1

>
Because 7 > § (see (), 50, 1 2 P 1

follows that

> 1. And since § > 2, it

(20 — 1)(26:7) — 1) (22r —1)-1
2 -1)(2r -1 ~ (2°-1)(2 —1)

- 227 — 1
(2r —1)(2" - 1)
2" +1

= > 1.
2r —1

Therefore, Equation (2) shows that y is the product of two integers
greater than 1, and thus it is composite.
In summary, the conclusion is confirmed. 0

(50 marks) Find the smallest positive number ¢ with the following
property: for any integer n > 4 and set A C {1,2,...,n}, if |A| > cn,
then there exists function f: A — {1, —1} that satisfies

> fla)-a

a€A

<1.

Solution The desired smallest possible number is ¢ = —.

First, when n = 6 and A = {1,4,5,6}, there exists no f that satisfies
the requirement, because the sum of the elements of A is 16 and A cannot
be divided into a union of two subsets with sum of elements being both 8.

2 2
At this point |A| = gn, so ¢ < 3 does not have the properties described in

the question.

2
In the following, we will prove that ¢ = 3 satisfies the requirement.
2
That is, when |A] > 3™ there exists f that satisfies the condition.

Lemma Let x1,x2,...,%y be positive integers, whose sum is s and s <

2m. Then for any integer x € [0, s], there exists index set I C {1,2,...,m}

that satisfies > x; = x. (Summation over the empty index set is considered
iel

to be zero).

Proof of lemma We prove by induction on m. When m = 1, it can only

be 1 = s = 1, and the conclusion is clearly valid.
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Suppose m > 1 and the conclusion holds for m — 1. We may set m = 1,
and then

m—1

1+ Tot T < (r1+ T2+ T

-1
< om=2m—-1). @
m
And since z1 + 22 + -+ + 21 > m — 1, it follows that

Tm <mS14x +22+ -+ Tt @

For any integer z € [0,s], if ¢ < a1 +x2+ -+ + Typ—1, by @ and the
induction hypothesis there exists index set I C {1,...,m — 1} such that

Sa; =z If
i€l

r>l+azr+xo+ -+ Tpoa,

then using the induction hypothesis on z — x,,, (by @ T — Ty, > 0), there
exists index set

IC{1l,....m—1}

such that > x; =  — x,,,. At this point, index set
icl
I'=1u{m}C{1,2,...,m}
satisfies > x; = x. The lemma is proven.
iel’
Let us return to the original problem. Noting that n > 4, we discuss it
in the following two cases.

(1) |A] is even and let |A| = 2m. The elements of A from smallest to
largest are denoted as

a1 <bp<ag<by <---<am<bpy.

Let x; =b; —a; >0, 1 <7< m, so that

m—1

s:Zmi:(bm—al)—Z(aiﬂ—bi)§n—1—(m—1):n—m<2m.
i=1

i=1

. 2
The above equation makes use of 2m = |A| > gn Hence, z1,z2,...,Tm

satisfy the conditions of the lemma.
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By taking x = E} € [0, s] and making use of the lemma, we know that

there exists I C {1,2,...,m} such that > x; = [g} Let
i€l

1, iel,
E; =
—1, ie{l,2,...,n}\J,

and then

“ - s s s

;Ez(bz — ai) = ;8111 = |:§i| — (S — |:§:|) =2 |:§:| —Ssc {0,*1}
Therefore, the conclusion is valid. (We only need to let f(a;) = —¢y,
f(bi) =ei.)

(2) |A|] is odd. Let |A| = 2m + 1, and then m > 1. The elements of A
from smallest to largest are denoted as

a<ar <bp < - <am<bny.

Let ; =b; —a; > 0,1 <i<m. Asin case (1), we have s = x1 + 22 +

2
<o+ Ty < 2m, and obviously there is s > m. Since 2m + 1 = |A| > —n,

3
n <3m+ 1. And thus
a<n—2m<m+1<s+1.
Since z1,x9, ..., T, satisfies the conditions of the lemma, by using the
lemma for x1,xo,..., %, and
a—+s
T = [ :| € [0,8],
. a—+ s
there exists I C {1,2,...,m} such that > a; =z = [ ] Let
icl
1, iel,
E; =
-1, ie{1,2,...,n}\I,
and then
m
—G+Z€i$i = ‘—a—&—Zmi—in =|—-a+z—(s—2)
i=1 icl il

:‘2[“;5} —(a+s)| <1
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Therefore, the conclusion is valid. (For i € I, we only need to let f(a;) =1,
f(b) = —1; for i € {1,2,...,n}\I, we let f(a;) = 1, f(b;) = —1 and
fla)=-1) O

Test Paper Al
(9:40 — 12:30; October 6, 2021)

(40 marks) As shown in Fig. 1.1, in AABC, AB > AC. Two points
X,Y in AABC are on the bisector of ZBAC and satisfy ZABX =
ZACY . Let the extension of BX and segment CY intersect at point
P. The circumcircle wy of ABPY and the circumcircle wy of ACPX
intersect at P and another point Q). Prove that points A, P,Q are
collinear.

Solution By /BAX = ZCAY, ZABX = ZACY, we know that AABX
ANACY. Therefore,

AB AX
A0 = Ay @
As shown in Fig. 1.2, extend AX and it intersects wy, wo at U, V,
respectively. Then

LAUB =/YUB =/ZYPB =/YPX = /XVC = LAVC,

and thus AABU «~ AACYV. Therefore,
AB AU
ac ~ v @

A\
[N

)

Q

Fig. 1.1
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Fig. 1.2

AX AU
F in — = —,ie., AU - AY = AV - AX.
rom@and @, we can obtain NG Av,le, U 14

The two sides of the above equation are the circle powers of point A to
circles wy, wa, respectively. This implies that A is on the radical axis (i.e.,
line PQ) of circles wy, we. In other words, points A, P, @ are collinear. [

(40 marks) Find the necessary and sufficient conditions satisfied by
positive integers a, b, n (n > 2) such that there exists one-to-one
map f : .S — S from set S to itself that satisfies: for any z € S, =
and f(x) are always coprime.

Solution Let a, b, n be consistent with the question. If (a,b) = d > 1,
then d divides all the elements of S. Hence, for any f : S — S, taking an
x € S, we have (x, f(x)) > d > 1, a contradiction.

Therefore, there must be (a,b) = 1.

If n is odd and a is even, then ab is odd since (a,b) = 1. Then S
n—

1
contains even numbers and odd numbers. Assume that there

exists (a,b) = 1 that meets the requirement, and then for each even number

x € S, f(x) must be odd since (x, f(z)) = 1. Hence, S contains at least
n+1

odd numbers, which contradicts the previous result.

Thus we obtain the necessary condition that a, b, n need to satisfy:
(a,b) =1 and a is odd when n is odd.

In the following we will show that this condition is also sufficient.

We assume that this condition is valid. First note that for any t = 0,
1,...,n — 2, there is

(a+bt,a+b(t+1)) = (a+bt,b) = (a,b) = 1.
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When n is even, let

fla+bt) =a+b(t+1),
fla+bt+1)=a+bt(t=0,2,...,n—2),
and f defined in this way meets the requirements.
When n is odd, let f(a) =a+b, f(a+b) =a+2b, f(a+2b) = a and
set
fla+bt) =a+b(t+1),
fla+bt+1)=a+0bt(t=3,5,...,n—1).
Since a is odd at this point, (a + 2b,a) = (a,2b) = (a,b) =1, so f defined
in this way meets the requirement.

To sum up, the desired necessary and sufficient conditions are: (a,b) =1
and a is odd when n is odd. O

(50 marks) Let positive real number sequences {a,}, {b,} satisfy:
for any integer n > 101, there is

Prove that there exists positive integer m such that |a,;, — b,| <

0.001.
Solution 1 Let ¢, = a2 — b2, n=1,2,.... Then for n > 101, there is
AL 100 | oo
Rt 1) SLNED S et ) SESC
i=1 i=1 i=1

If there exists a ¢, = 0, then the conclusion obviously holds. In the
following, we assume that all ¢, # 0.
We first prove a lemma.

Lemma There exists constant A € (0,1) with the following property:
if positive integer n and positive real number M satisfy |cu|, |Cnt1]s-- -,
|enyoo] < M, then there exists integer k > n + 99 such that
|Ck|, |Ck+1|, ey |Ck+99| S M.
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Proof of the lemma (1) If not all of ¢, ¢pi1,--.,Cnio9 are of the same
sign, then by (1) we know that

99
. < —M=M\M,
|C +100| =700 1

99
where \; = 100 € (0,1). Repeatedly using (1) and the triangle inequality,
we get
- < )M = XM,
lent101] < 100(99+ 1) 2
n < 99 + \; + o) M = MM
lenti02] < 100( + A+ A2) 3
1
Cnt199] < r.o(l + A+ A+ 4 Ago) M = Ao M,
where
A 99 + A\ 0,1
2 — 100( + 1) e( ) )7

1
A3 = A A 1
3= 100(98+ 1+ A2) € (0,1),

1
A100 = 100(1 + A1+ A2+ + Agg) € (0,1).
It is sufficient to take k = n + 100, A = max{A1, A2,..., A100} € (0,1).
(Note that A here is a constant independent of n, M.)

(2) If ¢, Cnits- .-, Cnigo are of the same sign, then by (1) we know
that ¢, 4100 and ¢, ¢py1, - - -, Cntog are not of the same sign. And there is
|¢nt100] < M. Therefore, by the conclusion of case (1), there is

|cnt101]s [€nt102]; - - -, [Crg200] < AM

for the A determined in (1).
It is sufficient to take k = n+ 101. The proof of the lemma is complete.
Let us return to the original question. Let M = max{|c1],]|cz2|,. ..,
|c100]}, and then repeatedly using the above lemma, we know that for any
positive integer ¢, there exists positive integer m such that |c,| < AEM.
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By 0 < A < 1, we can find tlim MM = 0. Therefore, there exists a
— 00
positive integer m such that |c,,| < (0.001)2. And since

lem| = |a$n - b72n| = [(am — bm)(am +bm)| > |am — bm|27
it follows that |a,;, — by,| < 0.001. O
Solution 2 Let ¢, = a2 — b2, n=1,2,.... Then for n > 101, there is
c —a2—b2—L 10Ob2 —%aQ ——Li% i @)
P T T 00 | gt T et | g0 4

Sequence {c,} is a 100th order linear homogeneous recursive sequence
with constant coefficients and its characteristic equation is

100210 4+ 2% 4 2% 4. 4241 =0. ®

We will prove that the roots of the above characteristic equations are all
complex numbers with modulus less than 1. Let z be a root, and if |z] > 1,
(2) can be rewritten as

1 1 1
100= — = — — — ... —
z

22 »100°
Taking the modulus on both sides and using the triangle inequality, we
get

1

1
ng + -4+ ——— <100,

11
100= |-+ =+ + +5 <
2z |Z|2 |Z|100

22

where the equal sign holds if and only if |z2| = 1 and the arguments of
z,22,...,2'%0 are the same, i.e., z = 1. But z = 1 does not satisfy equation
@, so the roots of equation @ are all complex numbers with modulus less
than 1.

Suppose t1,ta, ..., t, are all the different complex roots of equation (2)
with multiplicity m1,mas, ..., my, respectively. Then the general term for-

mula of sequence {c,} is
en = Pr(n)ty + Po(n)ty + - + Py(n)t,

where P; is the complex coefficient polynomial with degree less than m;.
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Since [t;] < 1,4 =1,2,...,k, thereis lim P;(n)t} = 0. Thusasn — oo,
n—oo

we have |¢,| — 0. Therefore, there exists positive integer m such that
lem| < (0.001)2. In addition, since

lem| = |C$n - b72n| = [(@m — bm)(am + bm)| > |am — bm|2a
it follows that |a,;, — by,| < 0.001. O

(50 marks) Given 100 different points on a circle, try to determine
the maximum positive integer k satisfying: colour any k points of
the 100 points arbitrarily red or blue, and the remaining points can
be appropriately coloured red or blue, so that the 100 points can be
used as endpoints to make 50 segments, any two segments have no
common point, and the endpoints of each segment are of the same
colour.

Solution The answer is 50.

Replace the 100 points with 2m points, denoted as Ay, As, ..., Agp, in
clockwise order, and colour each point red or blue. If it is possible to pair
these 2m points with m segments, satisfying the conditions stated in the
question, then we say the colouring method is wonderful.

Denote S = {Al, A3, ‘e ,Agmfl}, T = {AQ, A4, ceey Agm}

Lemma Colour the 2m points red or blue. The colouring method is won-
derful if and only if the number of the red points in S is equal to the red
points in T.

Proof of the lemma We first prove the necessity. Assuming that there
exist pairwise connections that satisfy the requirement, then the red points
in S must be paired with the red points in T (Because if both endpoints
of a segment [ are the points in S, then there must be an odd number of
points on each arc on both sides of [, and there must be a segment that
intersects segment ). Similarly, the red points in T must be paired with
the red points in S. Therefore, the required pairwise connections give a
one-to-one correspondence between the red points in S and the red points
inT.

Then we prove the sufficiency. We prove by induction on m. When the
number of the red points in S is equal to the number of the red points in
T, there exists a pairwise connection that satisfies the requirement. When
m = 1, it is known by the assumption that the two points are of the same
colour and a segment can be connected as required.
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Assume that m > 2 and that the conclusion holds for m — 1. Consider
the case of m. At this time, there exist two adjacent points that are of
the same colour, otherwise red and blue are separated. Thus, all points
in S are of one colour and all points in T are of another colour, which
is not consistent with the assumption. We may suppose Asy,,—1, Agy, are
of the same colour. (Otherwise, the subscripts can be re-labeled, at which
point S, T remain unchanged or are exchanged, but this does not affect the
conditions). Connect segment Asy,_1Agy,,. The remaining 2m — 2 points
satisfy the conditions in the induction hypothesis, and any two of them will
not intersect As,,—1A2y,. By the induction hypothesis, the m — 1 segments
can be paired to meet the requirements, and then adding the Asy,, 1 Ao,
segment gives a paired connection of 2m points to meet the requirements.

We return to the original question. If £ > 51, all the 50 points in S can
be coloured red, and the k— 50 points in 7" can be coloured blue. No matter
how the remaining points are coloured, the necessary sufficient condition
in the lemma cannot be obtained. Therefore, kK > 51 does not satisfy the
requirement.

Suppose k£ = 50. Assume that 50 points are arbitrarily coloured, and
there are a, b points coloured red in S, T, respectively. Let a > b, and then
there are at least a — b points in T uncoloured. (Otherwise, if the number
of uncoloured points in 7T is less than a — b, then the number of coloured
points is not less than a + (50 — (a —b) + 1) = 51 +b > 50, a contradiction.)

To sum up, the desired maximum of k is equal to 50. |

Test Paper A2
(9:40 — 12:30; October 23, 2021)

(40 marks) As shown in Fig. 1.1, in acute AABC, AB > AC. M
is the midpoint of minor arc BC of the circumcircle 2 of NABC,
and K is the intersection of the exterior angle bisector of ZBAC
and the extension of BC. Take a point D (different from A) on the
line passing through point A and perpendicular to BC such that
DM = AM. Let the circumcircle of AADK intersect circle {2 at
point A and another point T'.
Prove that AT bisects segment BC.

Solution 1 As shown in Fig. 1.2, extend DM and it intersects BC at
point X. Let A be the midpoint of minor arc BC of circle {2, and then
points N, A, K are collinear.
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Fig. 1.2

Suppose L is the midpoint of BC. It is easy to find that AM is the angle
bisector of /BAC', and thus AM 1 AK. And since AD1 BC, AM = DM,
we have

AKX =90° — /DAK = /ZMAD = ZADM = ZADX.

Therefore, points A, K, D, X are concyclic, and hence points
A, K, D, T, X are concyclic. We denote the circle as (2.



82 Mathematical Olympiad in China (2021-2022)

Note that M N//AD since both M N and AD are perpendicular to BC.
Therefore, we have

LNMX =/ADX = ZAKX = ZNKX.

Hence, points N, K, M, X are concyclic. Denote the circle as (2.
Applying Monge’s theorem to circles 2, (%, (%, we know that AT
(radical axis of 2, (), M N (radical axis of 2, {%) and XK (radical axis
of {4, (%) are concurrent. Since M N and X K intersect at the point L, it
follows that AT passes through point L, namely, AT bisects segment BC.
O

Solution 2 As shown in Fig. 1.3, extend DM and it intersects BC' at
point X.

It is easy to find that AM is the angle bisector of ZBAC, and thus
AM 1 AK. And since AD1 BC,AM = DM, we get

/AKX =90° — /DAK = /MAD = /ZADM = /ADX.
Therefore, points A, K, D, X are concyclic.

Take the midpoint L of BC. Extend AL and it intersects circle {2 at
point T".

Fig. 1.3
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Suppose AM and BC intersect at point P, and then

LLXM =90° - ZMDA=90° - ZMAD
= /LAPC = ZABC + /BAM
=/ABC + /CAM = /AT'C + Z/CT'M
= ZLAT'M + ZLT'M.

Therefore, points M, L, X, T’ are concyclic.
In addition, there is M L//AD since both M L and AD are perpendicular
to BC'. Therefore, we have

JAT'X = /LT'X = /LMX = /ADX.

and hence points 4, D, T', X are concyclic.

Consequently, points A, K, D, T’, X are concyclic. Hence, T" lies on
the circumcircle of AAK D, and thus T and 7" coincide.

Therefore, AT passes through the midpoint L of BC', which means that
AT bisects segment BC'. O

(40 marks) Try to determine the largest positive number M > 1
with the following property: for any 10 different real numbers chosen
from the interval [1, M], three of them can be selected, denoted from
smallest to largest by a < b < ¢, such that the quadratic equation
ax? 4+ bx + ¢ = 0 has no real roots.

Solution M,y = 425,

We first prove M = 4255 satisfies the property stated in the question.
Let a1 < az < -+ < ajp be any 10 different real numbers chosen from [1, M].
We use proof by contradiction. Suppose that for any 1 <i < j < k < 10,
the equation a;x% + a;jr + ar = 0 has real roots, so a? —4da;ar, > 0, ie.,

Yy B 1<icj<k<10. ©)
a; a;

We prove that for 1 < k <9, there is

a
10 429k g ®
ay
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For k = 9,8,7,...,1, we prove (2) in turn. When k& = 9, since

a
a1p > ag, we have 20 > 1 and the conclusion holds. Suppose that for
a

9
aq 9—k _
some 2 < k <9, 210 g2 ! holds. Then from (1) we have
ag
a [25] 9—k _ 9—k
P gl s g g? T g
ak—1 a
and thus
a a a 9—Fk _ 9—k 9—(k—1)—1
= R S 2 g2 = g2 .

ak—1 ak  Qk—1

Therefore, @ holds for all 1 < k£ < 9. In particular, when k = 1, there is

aio 8—1
—= > 4% =470,
ai

a
However, since ai,aig € [1,M], it follows that —= < M = 4255 4

contradiction! The proof by contradiction shows thac‘zlthe assumption is
not true.

In addition, if M > 42%° we can set M = 42593256\ > 1. We take
ai,asz,...,a19 € [1, M] as follows,

ap = M,

aio

2P 1<k<9.

ap =
sol=a; <as<---<ag<aypg=M. Forany 1 <17 < j <k <10, there is
2 _ da, > a2 — 4q. _(__ %o ?
aj— azak_aj— aj—1010 = 42973.71)\2973.

a1o0

: 421051\ 210 ~aip = 0.

Therefore, the equation a;z? + a;x + a;, = 0 has real roots. Therefore,
M > 425 does not have the property stated in the question.

In summary, we get the desired largest positive number M. = 4255.

O

(50 marks) Given integer n > 2, let non-negative real numbers
ai,asz, ..., an satisfy

alZGQZ...Zan,a1+a2+...+an:n.

Find the minimum of a1 + a1a2 + a1a2a3 + -+ - + araz - - - ap.
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Solution For integer m > 1, we denote
fm($1,$2, s ;m'm) =21 +T1x2+ -+ T1X2 - Ty

We prove the following lemma by induction on m.

Lemma If the average of non-negative real numbers x1 > x9 > -+ > Ty,
18 A and A <1, then there is

fm(xlaz%' "7xm) Z fm(AaAa 7A)

Proof of the lemma The conclusion clearly holds for m = 1. Assuming
that the conclusion holds for m, we consider the case of m + 1.

Let the average of non-negative real numbers x1 > 29 > -+ > X 41 be
A<

Since x1 > A, the average of zo,x3,...,2ym4+1, denoted by B, is not
greater than A, and thus B < A < 1. By the induction hypothesis, we
have

fm+1($1,$2, cee ;m'm-i-l) - .171(1 + fm(x27x3a o am'm-l-l))
> 41(1+ fm(B,B,...,B))
=((m+1)A-mB)(1+ B+ B*+---+B™).

In the following, we prove that
(m+1)A—mB)(1+B+B*+ -+ B™) > fni1(4,A, ..., A).
In fact,
(m+1)A—mB)(1+B+B*+ -4+ B™) — fmi1(A,A, ..., A)
=(m+1A-mB)(1+B+B*+---4+ B™)
—AQ+ A+ A%+ A™)
=m(A—-B)(1+B+B*+---4+B™)

+AB+B*+---+B™—A—-A*—... - A™)
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=(A-B)m(l+B+B*+---4+B™)
—A(l+ (A+ B)+ (A*+ AB + B?)
+ o (AT 4 A2 4 4 BT
>(A-B)m(l1+B+B*+---+B™) ~1-(1+B) - (1+ B+ B?
— o= (1+B+---+B™ ") (Here A <1 is used)
=(A—-B)(B+2B*+3B*+---4+mB™)
> 0.

The lemma is proven.
Since the average of non-negative real numbers a; > as > --- > a, in
the original question is 1, by the lemma we have

folar,az, ... a,) > fu(l,1,...,1) =n.
Therefore, the desired minimum is equal to n. O

(50 marks) k consecutive positive integers are written down in
ascending order to form a positive integer, which is called a
k-consecutive number. For example, writing down 99, 100, 101 in
order gives 99100101, which is a 3-consecutive number.

Prove that for any positive integers N, k, there exists a
k-consecutive number that is divisible by N.

Solution N can be uniquely written as N = N1 Ny, where Nj is coprime
with 10 and N5 has no prime factors other than 2 and 5. Since 10 and N
are coprime, by Euler’s theorem, it follows that 10#(™) =1 (mod N;).

Take a sufficiently large positive integer ¢ and denote m = t@(N7) such
that

10m —10m1'=9.10m"' > N + k.

Assume that z,z + 1,24+ 2,...,2 + (k — 1) are k consecutive m-digit
numbers, i.e.,

0"t <r<z+(k-1)<10m,
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and then the k-consecutive number obtained after writing down x,x + 1,
x+2,...,x+ (k—1) in order is

M =z-10% D™ 4 (z + 1)10*2D™ 4o (2 + k- 2)10™ + (z + k — 1)

k k—1
— xz 10k=9m Zj .10k—1=d)m
j=1 =1

= Ax + B,
k . k—1 )
where A = 3 10(’“*3)’”, B=5>j- 10(k—1=3)m
Jj=1 j=1

Note that 10™ =1 (mod Ny), and thus

Since N7 does not contain the prime factor 2, we have
1
(4, 80) = (5, 80 (1 = 1, 30) = (06 = 1.3 ) = (B.3)

In addition, since A = 1 (mod 10), it follows that A and Ny are
coprime, and thus (A, N) = (A, N1). Hence, (4, N) divides (B, N1) and,
of course, divides (B, N). Therefore, the congruence equation Az + B =
0 (mod N) has a solution.

Consequently, there exists 10™~! < z < 10m~! + N, satisfying
N | Az 4+ B. Also, since

10m —10m" ! > N + k,
there is
4+ (k—1)<10™ '+ N4+ (k—-1)<10™ '+ N +k<10™.
Thus, z,2 + 1,2+ 2,...,2 + (k — 1) are all m-digit numbers. Therefore,
the k-consecutive number obtained by writing down these k numbers in

ascending order is indeed M and is divisible by N. The conclusion is proved.
O
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Test Paper B
(9:40 — 12:30; September 12, 2021)

(40 marks) As shown in Fig. 1.1, I is the incentre of AABC,
AB > AC. Points P, @ are the projections of I on sides AB, AC,
respectively. Line P(Q intersects the circumcircle of AABC' at points
X, Y (P is between X and Y'). Given that points B, I, P, X are
concyclic, prove that points C, I, @, Y are concyclic.

Solution As shown in Fig. 1.2, denote the circumcircle of AABC' as w.

Fig. 1.2



China Mathematical Competition 89

Since ZAPI = ZAQI = 90°, points A, P, I, @ are concyclic.
Therefore,

/BPQ = /BPI + ZIPQ
= 90° + LIAQ

1
=90° + QABAC

= /BIC.

And since points B, I, P, X are concyclic, we have /BPX = /BIX,
and thus

/BIX + /BIC = /BPX + Z/BPQ = 180°.

Hence, points C, I, X are collinear.

Since B, I, P, X are concyclic, there is /ZBXI = ZBPI = 90°, and
thus BX 171X, ie, BX1CX. Hence, /ZBAC = Z/BXC = 90°.

Therefore, quadrilateral APIQ is a square, and P( is the perpendicular
bisector of segment AI.

Let Y’ be the midpoint of AC. Then by the well-known theorem of the
incentre, we have Y’A = Y’I. Thus, Y’ is the intersection of the perpen-
dicular bisector of AI and circle w. In addition, since line PQ intersects
circle w at two points X,Y and Y is obviously different from X, so Y’ and
Y coincide. Therefore, Y is the midpoint of AC.

Consequently, points B, I, Y are collinear. Therefore, ZIYC =
/BYC = ZBAC = 90° = ZIQC, and thus points C, I, ), Y are con-
cyclic. O

(40 marks) Find the maximum positive integer n such that there
exist 8 integers x1, x2, x3, r4 and yi,ys, ys, ys satisfying

Solution Let n meet the requirement in the question. Then integers

T1,%2, T3, T4, Y1, Y2, Y3, Y4 satisfy that 0,1,...,n all belong to set X UY,
where X = {|z; — x| 1 <i<j <4}, Y ={lyi —y;| |1 <i<j<A4}.
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Note that 0 € X UY. We may set 0 € X. Then there must be two
numbers equal in z1, %2, T3, T4, and we may set 7 = zo. Then X =
{0} U{|zi —z;] |2 <i<j<4}, so

IX]<1+3=4.

And since [Y| < CF = 6, it follows that n+1 < | XUY| < | X|+]|Y] < 10,
yielding n < 9.

On the other hand, let (x1,x2,23,24) = (0,0,7,8), (y1,Y2,Y3,y4) =
(0,4,6,9), and then

X =(0,1,7,8), Y =(2,3,4,5,6,9),

which means that 0, 1, 9 belong to set X UY.
In summary, the maximum positive integer n is 9. g

(50 marks) Given that a,b,c,d € [0,v?2) satisfying a® + b® + ¢ +

a c
d? = 2, find the minimum value of +
V2 — gt \/2 \/2 —ct
d
2 —d*
a a3
Solution When a > 0, we have > a3,

\/27a4 Vat(2 —at)
a
When ¢ = 0, ——— > a? also holds.
V2 —at

Therefore,

a b c d 3 3 _
\/2—a4+\/2—b4+\/2—c4 \/2—d42a TS rd =2

The equal sign of the above inequality holds whena =b=1and ¢ =d = 0.

b
Therefore, the minimum value of a4 + + c +

} V2—a* V2-br V2-¢t
- is 2. O
2 — d*

(50 marks) Let a be a positive integer. Sequence {a,} satisfies:
a1 =a, Gpt1 :ai+20, n=12....

(1) Prove that there exists a positive integer a that is not a cube
such that one of the terms in sequence {a,} is a cube;
(2) prove that at most one of the terms in sequence {a,} is a cube.
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Solution (1) Note that 142 + 20 = 216 = 6°, so take a = 14, and then
as = a + 20 = 63 is a cube. Therefore, a = 14 satisfies the condition.

(2) Suppose that there exists a cube number in {a,} and aj is the first
cube that appears.

Since for any integer m, we have m = 0,41, £2, +3, +4 (mod 9). Thus,
m3 =0,+1 (mod 9), so ay = 0,+1 (mod 9).

Hence,

aps1 = as +20=2, 3 (mod9),
akt2 = ajq +20 =6, 2 (mod9),
akts = aj o +20 =2, 6 (mod9),

By induction, we know that agx4; = 2,6 (mod9), ¢ = 4,5,.... Thus, the
terms after ax are not 0,41 (mod 9), so they are not cubes.
Therefore, at most one of the terms in sequence {a, } is a cube. 0

Test Paper Bl
(9:40 — 12:30; October 6, 2021)

(40 marks) Let a, b, ¢ be non-negative real numbers. Denote
S=a+2b+3c, T=a+b>+c.

(1) Find the minimum of 7' — S.
(2) if S =4, find the maximum of 7.

Solution (1) Note that b,c > 0. By the inequality of arithmetic and geo-
metric means, we get

¥4+1>20, S+1+1>3V3-1-1=3c
Thus
T—-S=@0"-2b)+(c*~3c)>—-1-2=-3.

When « is any non-negative real number and b = ¢ = 1, T — S takes the
minimum —3.

(2) Since a,b,c > 0 and S = a + 2b+ 3¢ = 4, we know that 0 < b < 2
0<e< % Therefore,

20— b*=b(2-b)>0, 3c—c=c(3-c*>0.
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Thus,
T=a+b+<a+20+3c=8=4.

Whena=4,b=¢=0(ora=0,b=2,c=0), T takes the maximum 4.
O

(40 marks) As shown in Fig. 2.1, in AABC, AB > AC. Points X,
Y in AABC are on the bisector of ZBAC, satisfying ZABX =
ZACY. Let the extension of BX and segment C'Y intersect at point
P. The circumcircle wy; of ABPY and the circumcircle wy of ACPX
intersect at P and another point ().

Prove that points A, P, @ are collinear.

Solution Since /BAX = /CAY, /ABX = /ACY, it follows that
ANAABX «~ AACY. Hence,
AB AX
a0 = Ay @
As shown in Fig. 2.2, extend AX and it intersects circles wi, ws at
points U, V| respectively. Then

/AUB = /YUB = /Y PB = /Y PX,
=/XVC =/LAVC,
and thus AABU «~ AACYV. Therefore,

AB AU
G~ av @

a,] l&
[N

@,

0

Fig. 2.1
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Fig. 2.2
AX AU
From (1) and (2), we get e ie.,

AU - AY = AV - AX.

The two sides of the above equation are the circle powers of point A to
circles wy, wa, respectively. This implies that A is on the radical axis (i.e.,
line PQ) of circles wy, we. In other words, points A, P, @ are collinear. [

(50 marks) Let m, n be integers greater than 1, and n is not a perfect
square. If n? 4+ n + 1 is divisible by m, prove that

|m —mn| > V3n — 2.
Solution Let n =m + k, and then
Etk+l=n*+n+1+mim—-2n—-1)=n’>+n+1=0 (modm).

Therefore, k? + k41 is divisible by m. Note that k2 + k+ 1 is a positive
integer, so we can set

K +k+1=mt, @

where ¢ is a positive integer.

Ift=1 wegetm==k?>+k+1,s0n=m+kis a perfect square, which
contradicts the condition. Hence, ¢ > 1.

Note that k% + k = k(k + 1) is the product of two adjacent integers,
which is even, so k2 + k + 1 is odd. From (1), we know that ¢ is odd, so
t> 3.
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Therefore, by using (1), we get
E24+k+1>3m=3(n-k),
and thus 3n < k% +4k +1 < (k + 2)2.

Consequently,
|k +2| > v3n,
and hence |k| > v3n — 2, i.e., |m —n| > v3n — 2. O

(50 marks) 9 football teams play in a single round-robin tourna-
ment (each two teams play once). In each match, the winner gets 3
points, the loser gets 0 point, and both teams get 1 point for a draw.
The score of a team is the sum of the points it gets in each match.
After the tournament, it is found that the 9 teams have different
points from each other. The 9 teams are recorded as T3,75,...,Ty
in descending order of points. It is known that team 77 has a record
of 3 wins, 4 draws and 1 loss, and team Ty has a record of 0 win, 5
draws and 3 losses. Questions:

(1) Is it possible for T5 to win against T,7
(2) Is it possible for Ty to win against T57

Solution According to the scoring rules, we know that the scores of T, Ty
are 13,5, respectively. From the fact that the scores of the 9 teams are
different from each other, we know that the scores of T1,T5,...,Ty can
only be 13,12,...,5, respectively.

Let there be z matches in the tournament that result in a win or loss,
and the sum of the score of each team is

13+12+---+6+5=281.

Then 3z +2(9x8+2—x)=81,s0x =9.

Since the score of Ty is 10 and the score of T5 is 9, and a team without
a win can score at most 8 points, we know that T, and T5 both have wins;
since the scores of Ty and T3 are more than 10, and a team with no more
than one win can score at most 10 points, 75 and T3 each have at least two
wins. And since T} has 3 wins, it follows that T7,T5,...,Ts has at least 9
wins. Combining x = 9 we know that the number of wins for Ts, T3, Ty, T5
is exactly 2, 2, 1, 1, respectively. In particular, the number of wins for Ty
is 1. In addition, since the score of Ty is 10, the record of T, is 1 win, 7
draws and 0 loss. Because Ty has no losses, it is impossible for T3 to win
against T}y.
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On the other hand, it is possible for Ty to win against T5. In fact, an
example of the full match result for the tournament can be constructed as
follows (such examples are not unique).

T Ty Ts Ty Ts Te T Ty Ty | win | draw | loss | score
Ty draw | draw | draw | loss | draw | win | win | win 3 4 1 13
T> | draw draw | draw | win | draw | draw |draw | win | 2 6 0 12
T3 | draw | draw loss |draw | draw | draw | win | win | 2 5 1 11
Ty | draw | draw | win draw | draw | draw | draw | draw | 1 7 0 10
Ts | win | loss | draw | draw draw | draw | draw | draw | 1 6 1 9
Tes | draw | draw | draw | draw | draw draw | draw | draw | O 8 0 8
T7 | loss |draw | draw | draw | draw | draw draw [ draw | O 7 1 7
Tg | loss |draw | loss | draw | draw | draw | draw draw | 0 6 2 6
Ty | loss | loss | loss | draw | draw | draw | draw | draw 0 5 3 5

In summary, it is impossible for T3 to win against Ty, but it is possible
for Ty to win against T5.
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2020 China Mathematical Olympiad (also named the 36th National Math-
ematics Winter Camp for Middle School Students), was sponsored by the
China Mathematical Society and hosted by the Hunan Mathematical Soci-
ety and the Changsha Changjun Middle School. It was held at the Chang-
sha Changjun Middle School in Changsha from November 22 to 28, 2020,
with 32 teams from 31 provinces, municipalities and autonomous regions
in China’s mainland, Hong Kong Special Administrative Region of China
(attending online), including 455 participants.

Two tests were held during the competition, and according to their test
scores, 60 students were selected into the national training team. There are
449 senior students from China’s Mainland participating the competition,
among which 144 ones won the gold medals, 195 ones won the silver medals,
and 110 ones won the bronze medals.

The members of the main examination committee of this winter camp
are:

Xiong Bin (East China Normal University);
Yu Hongbing (Suzhou University);

Yao Yijun (Fudan University);

Qu Zhenhua (East China Normal University);
Xiao Liang (Peking University);

Yang Shiwu (Peking University);

Ai Yinghua (Tsinghua University);

He Yijie (East China Normal University);
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Wang Bin (Chinese Academy of Sciences Academy of Mathematics and
Systems Science);

Wang Xinmao (University of Science and Technology of China);
Luo Ye (Hong Kong University);

Li Weigu (Peking University);

Li Ting (Sichuan University);

Fu Yunhao (Southern University of Science and Technology);

Ji Chungang (Nanjing Normal University);

Li Ming (Nankai University);

Zhang Sihui (University of Shanghai for Science and Technology);
Lai Li (Tsinghua University);

Yang Biaogui (Fujian Normal University);

Wu Yuchi (East China Normal University);

Lin Tiangqi (East China Normal University);

Luo Zhenhua (East China Normal University);

Liao Yuxuan (Peking University);

Bai Yaoyuan (Peking University);

Zhang Chengchun (Fudan University).

First Day
(8:00 — 12:30; November 24, 2020)

Suppose all the odd terms of sequence {z,}n,>1 are real and all
the even terms are pure imaginary, and for any positive integer
k, there is |zxzry1| = 2F. For positive integer n, denote f, =
|Zl+22+"'+zn|-

(1) Find the minimum possible value of fap20;
(2) find the minimum possible value of fag2o - fo021-

(Contributed by He Yijie)

Solution (1) Let z9—1 = Gm, 22m = bni, where ap,b, € R (m =
1,2,...). For any positive integer k, there is

Zeve] _ Joaaziee| _ 2V

Y |2k 284 1] 2k

Thus, |am+1] = 2|am|, [bmt1] = 2|bm] (m=1,2,...).
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Denote a = a1, b = b1, so |a| - |b] =2 and
lam| = 2" Yal, |bm| =270 (m=1,2,...).

Denote S = a; +as+ -+ a1010, T = b1 +b2 + -4 bl()l()- It is easy to
find that

|S| > lato10] — [a1009| — |a1008| — - - - — |a1]
= (21009 _ 91008 _ 91007 _ .. _1).|g| = |a].

Similarly, we can obtain |T'| > |b|. Therefore,

f2()2(): |S+T1|: \/S2+T22 \/a2+b2 > \/2|ab|:2

It is easy to verify that the following sequence {z,, } satisfies the condition
and such that fogo0 = 2, i.e.,

—9m=1/2 m < 1009,
Zom—1 =
LT Y ome15 0 > 1010,

—2m=1/2i,  m < 1009,
Zo9m =
2 9m=1/2i,  m > 1010.

To sum up, the minimum value of fagoq is 2.
(2) By following the notations and conclusions in the solution to question
(1), we have

f2020 - fa021 = |S +T1i| - |S + aion1 + Ti|
= [(S + T1)(S + aro11 — T1)|
> [Im((S + T1)(S + aion1 — Th))|
= JaronT| = 21°0|q| - |T|
> 91010|4| . |p| = 21011, ©)
In the following, we construct a sequence such that Formula (1) takes

the equal sign. For undetermined positive numbers a and b = —, let
a

—2m~1lg, m <1010,
299 — =
LT 9mele > 1011,

—2m=1pi, m < 1009,
Zom =
? 2m=1pi. m > 1010.
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2
At this point S = —(21%1° —1)a, S+ a1011 = a, T = b = =. Since there

a
is already |T'| = |b], in order for Formula (1) to take the equal sign, it is
only necessary that

Re((S + Tl)(S + a1011 — Tl)) = S(S + alou) + T2 = 0,

namely,

4
—(21010 _1)a? + = =0.

a2
. 2
The solution is a = | ———.
\/21010 _ 1
In summary, the minimum value of fap20 - fop21 is 21011, O

Given integer m > 1, find the smallest positive integer n such that for
any integers ai,...,a, and by,...,b,, there exist integers x1,...,x,
that satisfy the following two conditions:

(1) at least one of x1,...,x, is coprime with m;
n n

(2) Y ajz; = Y. biw; =0 (mod m).
i=1 =1

2

(Contributed by Ai Yinghua)

Solution Suppose there are k different prime factors of m. The prime fac-

k
torization of m is m = [] pi*,
i=1

are prime numbers, and a7,...,q; are positive integers. Then the mini-
mum value of the desired n is 2k + 1.
On one hand, consider the following construction. For each 1 < ¢ < k,

where k is a positive integer, p; < --- < pi

m
denote M; = —-. Define ordered set of integers

(al,...,@gk)z (Ml,...,Mk, O,...,O)7
(by,... bax) = (0,...,0, My,..., My).

For each positive integer n < 2k, consider @y, ..., a, and by, ..., b,, and for
integers x1, ..., z, satisfying the congruence
n n
Z a;T; = Zgimi =0 (mod m),
i=1 i=1

we will prove that each x; is not coprime with m.
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If n < 2k, then add z,41 = -+ - = 29, = 0, which gives
2k 2k
Z ;x; = Zl_)izi =0 (mod m).
i=1 i=1

Hence, we have

k
ZMi -x; =0 (mod m),
i=1
k
ZMi - Tiys = 0 (mod m).
i=1
Note that for each j < k, only M; in M;, ..., M is not a multiple of
p;. Combining the above equation it is clear that x; and xj4; are both
multiples of p;, and thus they are not coprime with m. This proves the
above assertion and thus proves that the conditions stated in the question
are not satisfied for any positive integer n not exceeding 2k.
On the other hand, let’s prove that n = 2k + 1 satisfies the conditions
in the question. We first prove the following lemma.

Lemma Suppose integer n > 2, p is a prime number and e is a positive
integer. Then for any integers a1, ...,a, and by, ..., by, there exist integers
Ti,...,Ty Such that

> ajz; = bjw; =0 (mod p),
j=1

j=1
and except for at most two indices j, all x; are congruent to 1 modulo p®.

Proof of lemma We may assume that ay,...,a,, b1,...,b, are not all 0.
It may further be useful to suppose

vplar) = min{v,(a;)| 1 < j < n} = d,
where vy,(a) denotes the number of factors p in a. We consider a stronger

system of congruences

n

Z a—g -z; =0 (mod p®),
=P

ij:cj = 0 (mod p°).

j=1
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. ai . .
Since - and p® are coprime, x1 can be expressed in terms of xo, ..., x,

from the previous first equation as

—1 n
a a;
= — (—1> E p_‘]i "X (mOdpe), @
Jj=2

a a
where —; denotes the modular inverse of —; modulo p¢. Putting this solu-
p

tion into the second equation gives
n
Z bjz; =0 (mod p®).
j=1
After combining like terms, it becomes

ijxj =0 (mod p®). )

j=1

If co,. .., are all zero, then Equation (2) is always established. At this
point, taking

To =+ =1z, =1 (mod p°)

and substituting it into Equation (1) can find z1. If ¢, ..., ¢, are not all
zero, similar to the treatment of the first equation, we might set

vp(c2) =min{vy(c;) |2 <i<n}=d.

Then equation

is stronger than Equation (2) and has solution

T2
p

—1 n
C2 Cj
(&) (Sge) wan. @
j=3
Take 23 = --- = x,, = 1 (mod p®), we can solve x5 from Equation (3),
and then find the solution o z; by substituting it into Equation (1). This
completes the proof of the Lemma.
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To return to the original question, for each ¢ < k, it is known from the
Lemma that there exists integers x; 1,. .., Z; 2k+1 such that

2k+1 2k+1

Z ;T 5 = Z biz; ; =0 (mod p;*)
j=1 =0

and there is x; ; = 1 (mod p;") except for at most two indices j. We call
such exceptional indices 7 “bad”, and each 1 <14 < k produces at most two
“bad” indices, so that there are at most 2k “bad” indices. Since the total
number of indices j is 2k + 1, there is one index t that is not “bad”.

For each j < 2k + 1, define x; as the solutions to the following system
of congruences

x; =x1; (modpi),...,z; = xp,; (modpy*).

By the Chinese Remainder Theorem, all of the above systems of congru-

ences have solutions. The x1,...,zor+1 thus obtained clearly satisfies
2k+1 2k-+1
Z a;T; = Z biz; =0 (mod m).
i=1 i=1

For the former not “bad” index, there is
vy =z =1 (modpl),..., oy = xp, = 1 (mod pp*).

In particular, x; and m are coprime. This proves that n = 2k 4 1 satisfies
the conditions of the question. O

Suppose that positive integer n can be divisible by exactly 36 dif-

ferent prime numbers. For k& = 1,2,...,5, let ¢; be the number of

k—1 k
[(T)n, Fn] that are coprime with n. It is
known that ci,ca,...,c5 are not all equal. Prove that

Z (Ci — Cj)2 Z 236.

1<i<j<5

integers on interval

(Contributed by Fu Yunhao)

Solution Suppose that n = 2, where p1, ..., psg are different prime num-
kn
bers and aq,...,azs are positive integers. Obviously if — (k = 0,1,

2,3,4,5) are integers, then they are not coprime with n. Since either
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integers x and n—x are both coprime with n or neither of them are coprime
with n, it follows that ¢y = ¢5, co = c4.

For positive integer x, define function p(z) as follows: if z is divisible
by the square of some prime number, then u(z) = 0; if x is the product of
t different prime numbers (¢ can be 0, and at this point 2 = 1), then

For a factor m of n and positive integer y, the number of multiples of m
in [1, y] is exactly [i} . So by the inclusion-exclusion principle, the number
m

of integers in [1,y| that are coprime with n is
)
zI: u(m) ([m '

Substituting into the problem yields for £ = 0,...,5, we have

o g - [522)

2@ (5] 1557)

Let p1,...,psg be all the prime factors of n. Note that the above equa-
n
tion only needs to be summed over d satisfying — | p1p2 - - - p3g. For these d,

denote r(d) := %] — [@} and consider the cases that d modulo
5 with different remainders.

d="5m All 71 (d) are m
d=5m+1|ri(d)=m| ro(d)=m r3(d) =m ra(d)=m |r5(d)=m+1
d=5m+2|ri(d)=m| rd=m |r3(d)=m+1| ra(d)=m |r5(d)=m+1
d=5m+3|ri(d)=m|r2(d)=m+1| r3(d)=m |ra(d)=m+1|rs(d)=m+1
d=5m+4|ri(d)=m|ra(d)=m+1|rz(d)=m+1|ra(d)=m+1|rs(d)=m+1

e If 25| n, then d that satisfies % divides p1ps - - - p3g are all multiples of 5,

so all ¢; are the same, a contradiction!
e If there exists some prime factor, say pi, that is congruent to 1 mod-
n n
ulo 5, then d satisfying p | 7 and d satisfying p; { 5 can be paired by

quotient p;. The remainder of d modulo 5 of each pair is the same, and
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n
(=) is the opposite number of each other, so that all ¢, obtained are

also exactly the same, a contradiction!

In the following, we consider the case that n does not have a prime
factor that is congruent to 1 modulo 5 and 25t n. Note that

s T )

d|n,d=3,4 (mod 5)

was > ()

d|n,d=2,4 (mod 5)

If 5 || n, the difference of ¢y, ¢, c3, ¢4, c5 becomes the opposite of the

original after replacing n with = so > (ei— cj)2 remains invariant. In

1<i<j<5
the following, only the cases of n = p{"'pg? - p5e° or n = p'pg?-- ];L:‘,fg"
and p; = 2,3,4 (modb) are considered. Let S; = > wl=,

d|n,d=i (mod 5) d
then it is easy to know that

S14+S2+853+5,=0
and

Z (ci — Cj)2 =4(S3 + 54)2 +2(S2 + 54)2 +2(52 — 53)2

1<i<j<5
1
= (83484 — 51— S9)% + 5(524-54 — 81 — S3)?
+2(S2 — 93)°
3 2 7 2
= 5(51 —S4)" + 5(52 — 83)% + (S1 — S4)(S2 — S3).

If we let Z =51 — Sy + (S2 — S3)i = a + bi, then

3 7
Z (ci—c;)? = =a® + §b2 + ab.

— 2
1<i<j<5
Let n = 2! (mod5), for different indices ji,72,...,5s, if primes
Dj1»Pjss - - - Dj, have az numbers congruent to 2 modulo 5, az numbers

congruent to 3 modulo 5 and a4 numbers congruent to 4 modulo 5, then
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for integer

d— n

= =27t (5] 5)
PjiPjs - Py

we have
1 (E) — (,1)8 — (71)a2+a3+a4'
d
Since for any integer ¢ there is

24+ =2 (mod 5), 2%*2 =4 (mod5),
2443 = 3 (mod 5), 2% =1 (mod5),
i4€+1 — i, i4€+2 — _1, i4€+3 — —i, i4€ = 1.

the contribution of u (%) for 7 is

jt—aztaz—2as (_1)a2+a3+a4 — it .22 . 194 . (_i)a'g..

Now suppose that p1,pa,...,ps35 (Or p1,pe,...,p36) have bs numbers
congruent to 2 modulo 5, bs numbers congruent to 3 modulo 5 and by
numbers congruent to 4 modulo 5, and then

Z =i (1+1)2(1 + 1) (1 —i)%.

From the above equation, it is known that ArgZ is a multiple of % and

|Z| is a positive integer power of v/2 with the power no less than 35.
When |Z| = V235, n = p{'p3? -+ p32® and by = 0. At this point it is
easy to find out that ArgZ is an odd multiple of %, and thus % Therefore,

3 7
Z (c; —cj)? > <§+§1>2344~234236-
1<i<j<5

When |Z| = v/236, there is

3 7
Z (ci—cj)? ==a*+ §b2 + ab

— 2
1<i<j<5b
1
= a2+3b2+§(a+b)2
Z a2+b2 — |Z|2 2236.

To summarize, the proof is completed. O
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Second Day
(8:00 — 12:30; November 25, 2020)

As shown in Fig. 4.1, let acute AABC be inscribed to circle w,
AB > AC. M is the midpoint of minor arc BC of circle w and K is
the antipodal point of point A on circle w. Construct a parallel line
of AM through the center of circle w, intersecting segment AB at
point D and the extension of C'A at point F. Suppose that line BM
intersects CK at point P and line CM intersects BK at point Q.
Prove that Z/OEB + Z/OPB = Z0DC + Z0QC.

(Contributed by He Yijie)

Fig. 4.1

Solution As shown in Fig. 4.2, connect OB and OC'. By the given condi-
tions, it follows that AM bisects ZBAC and KB | AB, KC 1 AC'. Since
O is the excentre of acute AABC, ZOBD = 90° — ZACB = /ZPCB. And
by DO//AM, we know that

/BDO = /BAM = Z/CAM = /M BC.

BO BD CcO BO CP
SO ABOD X ACPB Then ﬁ = B—C, and hence ﬁ = ﬁ = B—C
And since

ZOCP = £0CB + ZBCP
=/Z0BC + £LOBD = £ZDBC,
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AOCP ~ ADBC. Therefore,
ZOPB = /BPC — ZOPC
=/BOD — ZBCD
= ZOBC + Z0DC. @®

Similarly, we can obtain ACOE «~ ABQC and ANOBQ «~ AECB,
which leads to

20QC = /BQC — Z0QB

=/COFE — LEBC
= /0OCB + ZOEB. ©)

By subtracting (1) and (2) and noting that ZOBC = ZOCB, we get
/0PB - /0QC = £0DC — ZOEB,
namely,

/OEB+ Z0OPB = /Z0DC + £0QC. U
We consider a convex polyhedron P with the following properties:

(i) each vertex of P belongs to exactly three faces; (ii) for any integer
k > 3, the number of faces of k-sided polygon of P is even.
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An ant starts from the midpoint of a certain edge and crawls on
the surface of P along a closed path L composed by the edges of P.
It passes through each point on L exactly once and finally returns to
the starting point.

It is known that L divides the surface of P into two regions and
that for any k, the number of faces of k-sided polygon in both regions
is equal.

Prove that during the above process of crawling, the number of
times the ant turns to the left at vertex P is the same as the number
of times it turns to the right.

(Contributed by Yao Yijun)

Solution We consider graph G consisting of L and all the vertices and
edges on its left side. It is a planar graph.
According to Euler’s formula for planar graphs, we have

V-E+F=1,

where V| E, F denote the number of vertices, edges and faces (without
considering infinite faces), respectively.
In graph G, we note the following facts:

(1) Except for some vertices on L whose degree is 2, the degree of all other
vertices in this graph is 3;

(2) the number of vertices with degree 2, say a, is exactly the number of
left turns along L;

(3) the number of right turns along L is exactly the number of vertices
with degree 3 on L in GG, denoted as b.

Now we consider graph G’ consisting of L and all the vertices and edges
on it’s the other side. It is also a planar graph. We have

VI—-E +F =1,

where V', E’, F’ denote the number of vertices, edges and faces,
respectively.

Suppose that on convex polyhedron P, the k-sided polygon has Ny
faces, k = 3,4,.... By the condition, it is know that the number of faces
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N
of k-sided polygon on each side of L is Tk Let the number of vertices on
L be £. Then we have the following;:

N3 N
() F'=F =45+

N. A
(0") 2B’ —{ =2E — €f73><3+7><4+

(1") Except for some vertices on L whose degree is 2, the degree of all other
vertices in G’ is 3;

(2") the number of vertices with degree 2, say a/, is exactly the number of
right turns, namely b, along L;

(3') the number of left turns along L is exactly the number of vertices with
degree 3 on L in G’, denoted as b'.

According to (1) and (1’), as well as the basic relationship between the
number of edges and degrees in the graph, we get

2E =2a+3(V —a) =3V —a;
2E' =2d' +3(V' —d')=3V' —ad =3V —b.
Then combining (0”), we get E = E’. Therefore, a = b and the proposition
holds. 0
Let Ny be the set of all positive integers. Find all functions f : N, —
N, satisfying that for any =,y € N4, f(f(x) + y) divides = + f(y).

(Contributed by Xiao Liang)

Solution All maps that satisfy the question are one of the following three
categories:

(1) For any z € N, f(z) =
=1 nd f(1) can be any positive integer;

(2) for any x > 1, f(x)
1, xis odd, .
(3) foranyx > 1, f(x) = . and f(1) can be any odd positive
2, xis even,

integer.

It is easy to verify that all the three types of functions satisfy the con-
ditions. In the following, we will prove that only the above three types of
functions satisfy the conditions. The proof is done in three steps.
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Step 1: We will prove that either f(x) = z or f is not an injection.
For example, f(1) > 1, by taking = 1 in the problem, we know that
F(f(1)+y) divides 1 + f(y). In particular,

F(f(D) +yo0) <1+ f(yo)-

By induction it is easy to see that for fixed yo € {1,..., f(1)} and any
t € Z4, there is

f-f()+y) <t+ f(y).

Therefore, for any y large enough, f(y) < y. So when y is large enough,
f:{1,...,yt —={1,...,y — 1} cannot be an injection.

In the following, we will discuss the case f(1) = 1. By taking = 1
in the problem, we know that f(1 + y) divides 1 + f(y). In particular,
f(1+y) <1+ f(y). By induction it is easy to know that for any = € Z,
there is f(x) = x or f(y) < y for y large enough. Similarly, we obtain that
f cannot be an injection.

Step 2: We will show that if f is not an injection, then for x large enough,
. 1, xis odd,

either f(z) =1or f(z) = .
2, xis even.

Suppose f is not an injection and we denote A as the smallest positive

integer such that there exists a positive integer z¢y € N, satisfying

f(zo + A) = f(wo). @

By substituting = = z¢ and x = x¢ + A respectively into the problem,
we get

f(f(@o) +y) |20+ f(y)

and

f(f(xo+ A) +y)[zo+ A+ f(y).

Subtracting the above two, we get

f(f(@o) +y) | A @

This shows that f(z) can only take values in the factors of A when z is
greater than f(zg). Suppose that A has a total of D factors. According to
the Pigeonhole principle, we investigate D + 1 consecutive positive integers
z,z+1,...,Z+ D that are greater than f(z), of which there must be two
numbers that have equal images under f and the difference between these
two numbers is less than or equal to D. This leads to A < D.
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Such positive integer A can only be A =1or A =2. If A =1, according
to (2) we know that for x large enough, f(z) = 1. If A = 2, according to
(2) we see that for = large enough, f(x) =1 or f(z) = 2. But A = 2 is the

smallest A that makes (1) valid, from which we know that
1, =z is odd,
2, xis even,

(a) Either for all z large enough, f(x) = {

1, x is even,

b for all o 1 h, =
(b) or for all z large enough, f(z) {2 x is odd.

7

However, (b) is impossible because taking two even numbers x and y large
enough and substituting them into the problem gives

2|z +1,
a contradiction. This completes the proof of Step 2.

Step 3: We will prove that if f is not an injection, then for = > 1, then

f(x)zlorf(x):{l’ x is odd,

2, x is even.
Let A be as set in Step 2. Taking xo large enough so that f(zg) = 1
and substituting z = x¢ and x = g + A into the problem, we get

f+y)[zo+ fly) and f(1+y)|lzo+ A+ f(y).

Subtracting the above two, we get

f(L+y) | A

When A = 1, this equation immediately leads to f(y+ 1) = 1, and thus
we obtain the function of (2) mentioned before.

When A = 2, this equation gives f(y+1) =1or f(y+1) = 2. However,
the minimality of A = 2 shows that f(z) must be ...,1,2,1,2,... alter-
natively in the case of x > 1. Combining the results of Step 2 yields the
function of the above mentioned (3). O
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2021 China Mathematical Olympiad (The Final) and the 37th National
Mathematics Winter Camp for Middle School Students), was held at Affil-
iated High School of Fujian Normal University from December 19 to 25,
2021. The contest is the highest level and most advanced mathematics
competition for middle school students in China. This winter camp has 33
domestic teams from all provinces, municipalities and autonomous regions
in China’s mainland, Hong Kong Special Administrative Region and Macao
Special Administrative Region, and one foreign team from Singapore, with
nearly 600 middle school students competing together, of which 60 students
have qualified for the China national training team.

First Day
(8:00 — 12:30; December 21, 2021)

Given positive numbers a, b and segment AB of length a on a plane,
suppose two moving points C', D in this plane satisfy that ABC'D is
a non-degenerate convex quadrilateral with BC = CD =b, DA = a.
It is easy to see that there exists circle I tangent to all the four sides
of quadrilateral ABC'D. Find the trajectory of center I.

(Contributed by Xiong Bin)

Solution Denote the center of the inscribed circle as I. Then BI is the
intersection of the angle bisector of ZABC and AC, so

Al a

AC  a+b’

113
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Hence, the trajectory of I is the homothetic image of the trajectory of C
with respect to point A. (This can also be calculated by the coordinate
method, basing on the two simple geometric facts that “I is on AC” and
“I is at the same distance from AB and BC”.)

And since the length of BC is a fixed value b, the position of point C' is
on the circle, denoted by wy, with center B and radius b.

Therefore, I must be on a circle, denoted by (5)2, with center O on

AO
segment AB, satisfying 15 = aib or AO = aa—er, and radius AO =
ab
a+b

In order for ABCD to be a convex quadrilateral, it is necessary and
sufficient that both ZACB and ZC AB are acute angles in AABC.
We discuss the following cases:

e If a > b, the range of point C can be two open arcs (both ends cannot
be taken and being symmetric about the line on which AB lies) on w;.
Each arc has one end at C’ on the extension of AB satisfying BC' = b,
and the other end at C” on the circle satisfying

cos LZABC" = 9
a

This extreme case corresponds to an isosceles triangle with three sides of
length a, a, 2b. Therefore, the trajectory of the center of the inscribed
circle is two arcs on ws, satisfying

ZAOI € <arccosg,7r);
a

e If a = b, then ws is a circle with AB as its diameter on which only two
points, A and B, cannot be taken;

e If a < b, the range of point C' can be two open arcs (both ends cannot
be taken and being symmetric about the line on which AB lies) on wy.
Each arc has one end at C’ on the extension of AB satisfying BC' = b,
and the other end at C” on the circle satisfying

cos LZABC" = %.

This extreme case corresponds to an isosceles triangle with three sides of
length b, b, 2a. Therefore, the trajectory of the center of the inscribed
circle is two arcs on ws, satisfying

ZAOI € (arccos%,w). d
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Remark This question is a very classical geometry question, slightly mod-
ified from the elementary mathematics group test question of the French
National Competition (Concours Général) in 1879. (The original question
considered circles tangent to the lines containing the four sides, so when
a # b, there are two circles, and the convexity of the quadrilateral is not
required.) In general, if the sum of the opposite sides of a quadrilateral is
equal, then there must be an inscribed circle. Fixing the lengths of the four
sides and the position of one side, allowing the other two vertices to move
in the plane, then the trajectory of the incenter is still two arcs.

The average score of this question is 18.6 points, and the average score
of students who won silver medals or above is more than 19 points, but
the average score of the 60 people who entered the China national training
team did not reach 20 points. Most of the candidates can start smoothly,
and the scoring criteria are relatively relaxed. Proving that the trajectory
of I is part of a circle (specifying the position of the center and the radius
of the circle) can get 15 points. However, there were also 9 students who
entered the China national training team who got “point [ is on a circle”
but did not make any meaningful discussion on the range of values, and
stopped there.

Find the maximum real number )\ that satisfies the following condi-
tions: for any positive real numbers p, ¢, r, s, there exists a complex
number z = a + bi (a,b € R) such that |b|] > Aa| and

(pz® +2q2% + 2rz + 5)(¢2° + 2p2* + 252 + 1) = 0.
Contributed by He Yijie
y

Solution We first prove that the maximum value of X\ satisfying the con-
ditions is v/3.

IThe original question and the extended version are both exercises in Jacques
Hadamard’s Lessons in Geometry (Plane Geometry). Hadamard himself won the sec-
ond place in the mathematics group of the third grade (Troisieme) of the Paris and
Versailles school district in the 1879 competition. As the highest-ranking writer of plane
geometry in the entire history of mathematics, apart from Euclid, he left an indelible
mark on many fields of mathematics. In the early 1960s, this book (along with other
elementary mathematics textbooks in the same series edited by G. Darboux) was trans-
lated into Chinese and published by Shanghai Scientific & Technical Publishers. In the
early 1980s, the publishers republished this series, and Wu Xinmou, a researcher at the
Institute of Mathematics of the Chinese Academy of Sciences, wrote a very good preface
to the series, which is worth reading.
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Assuming A > /3 and taking p = ¢ = r = s = 1, the original equation
becomes (2% + 222 +22+1)2 =0, i.e.,

(z+1)2 <z+%+§i> <z+%—§i> =0,

and each complex root z satisfies [Imz| < v/3|Rez| < A|Rez|, which is
inconsistent with the question. Therefore, A < /3.

In the following we prove that A\ = /3 satisfies the conditions. The
proposition group has prepared three methods, all of which all of which
make use of proof by contradiction.

Method 1 (by He Yijie) Assuming otherwise, each complex root z of the
following two equations

p23+2q22+2rz+s:0 @
q23 +2p22 +2524+1 =0 @

satisfies [Im z| < v/3|Re z|.

Considering Equation (1), we now prove that gr > ps.

Note that Equation (1) is a real coefficient cubic equation with one
variable, and it must have real roots. In addition, by the fact that p, q,r, s >
0, it is clear that the real roots must be negative. There are two cases as
follows.

(i) Equation (1) has three negative roots. At this point we can set
2 +2¢22 +2rz + 5 = p(z +ur) (2 + u2) (2 + uz),
where w1, u2, uz > 0. Comparing the coefficients, we know that
2q = p(u1 + ua + uz), 2r = p(uius + usus + ujus), §= pujugus.

Therefore,

qr = (u1 + ug + ug)(uruz + usus + urug)

v
= =R

. S\S/U1U2U3 . 3\3/U1U2 s U2U3 - UTU3

2
= —pP ULUU3 = —PS > PS.
417 1U2U3 417 p
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(ii) Equation @ has one negative root and a pair of conjugate imaginary
roots. In this case, combining the hypothesis of proof by contradiction,
we can set

p2® 4+ 2q2% +2rz + 5 = p(z +u)(z — (v + kvi))(z — (v — kvi))
=p(z+u)(2? — 20z + (1 + k*)v?), ®
where u > 0, v,k € R, v #0, 0 < |k| < /3.

Denote m = 1+ k2, and then 0 < m < 4. Comparing the coefficients of
the terms in equation (3), we have

2g = p(u—20), 2r=p(—2uv+mv?), s=pmuv’. @
Therefore,
2r 2
0< — = —2uv+mv? < —2uv + 4v? — 20(u —2v) = —2v - _q,
p b

which implies that v < 0. Furthermore, by using Equation @, we know
that
4 2q 2r s 9 9
—(qr—ps)=— - — —4-— = (u—2v)(—2uv + mv°) — dmuv”.
pg( ) P p ( ) )
The right side of the above equation can be regarded as a linear function
g(m) of m, and combining u > 0, v < 0, we know that

g(0) = (u — 20)(—2uv) > 0, ¢g(4) = —2v(u+2v)* > 0.

Therefore, when 0 < m < 4, there must be %(qr — ps) > 0, that is,
qr > ps. P

Combining the two cases (i) and (ii), there is always ¢r > ps.

Considering Equation (2), the same reasoning gives ps > ¢r, a contra-
diction! Therefore, the hypothesis is not valid, that is, A = /3 satisfies the
condition.

In conclusion, the desired maximum value of \ is v/3.

Method 2 (by Xu Disheng) We can conversely assume that A\ = /3

does not satisfy the condition, so that Equations (1) and (2) have no

7r< <27r 47r< <57T Wi
— arg z — O — arg z —_— 7. e
e T B

roots in region A; := {z eC

first prove that Equations @ and @ also have no roots in region A, :=

{ZG(C

T 57
Ogargzggorggargz§2w .
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If Equation (1) has a root in region Ap, then since p,q,r,s are all
positive, it is impossible to be a real root. From the fact that the com-
plex roots of polynomials with real coefficients are conjugate to each other,
we know that Equation @ has a root zg in {z eC ‘0 <argz < g } How-
ever, as seen from the arguments, the imaginary parts of pz3, 2qz3, 2rz
are all greater than 0 at this point, and then pz§ + 2¢22 + 2rzg + s # 0, a
contradiction! Similarly, Equation (2) has no roots in As.

Therefore, the roots of Equations (1) and (2) are not in A; U As. In
particular, if we denote the roots of (1) and (2) as (21, 22, 23), (w1, w2, ws3),
respectively, then the real parts of z;,w; are both negative, and we can set
z1,w1 € R. By Vieta’s formulas, we have

1 1 1 4qr
(1t+zmtz)| -+t —+—)=—,
Z1 z9 z3 ps

1 1 1 4dps
(wi +we+ws) | —+—+— | = —.
wp w2 W3 qr

It is sufficient to prove the following inequalities to derive the contradiction.

1 1 1
(Zl+22+23)<—+—+—)>4, ®

Z1 z9 z3

1 1 1
(w1+w2+w3)(—+—+—)>4. ©

w1 w2 ws

By symmetry we only prove (5).

(i) If 21, 22, 23 € R, then from Cauchy’s inequality, we have

1 1 1
(21+ZQ+Z3) (—+—+—) >9>4.
Z1 z9 z3
(ii) If 2z is negative and the real part of imaginary number zo = Z3 is
negative, then from z; ¢ A; U Az, we have

R 1
| 622|>_ @

2] T 2

And from the fact that all the real parts of z; have the same sign, and
using Equation (7) and the inequality of arithmetic and geometric means,
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we get

1 1 1 1 2Re
(21 + 22 + 23) (— +—+ —> = (21 + 2Re 22) <—+—22>
21 Z9 Z 21

|22/

4 |Re 25| Rez Rez
=1+—|| |22|‘+2< 2+Z1'—2>
z2

1 22|

(Re 22)?

> 14144 —2l
|22]

Method 3 (by Xiao Liang) Similar to the previous two methods, under
the hypothesis of the proof by contradiction, equation

> 4.

p23+2q22+2rz+s:0

has no positive roots. Let its negative real root be —a(« > 0). Using the

relation between the roots and the coefficients and comparing the coeffi-
cients of the expansion gives

p2® +2¢2° +2rz + 5= (2 +a) (p22 + (29 — ap)z + 2)

Here,
2r — l
2 —ap=——=.
The solution of the above quadratic equation is
—(2¢ —ap) £ \/(2q —ap)? —4p- =

o . By the hypothesis of the proof by

S
contradiction, we get (2¢ — ap)? > p- —. Using , we obtain
Q

s
2r — —

27 Q.

(2¢ — ap)—

S 2
>p-— = 4qr +ps — <2apr+ —qs) > ps.
Q@ o}
Therefore,

2
4qr > 2apr + —qs > 4/pqgrs = qr > ps.
«

Yet from the other equation, similarly we can get ps > qr, a contradiction.

O
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Remark This is an algebra question within the scope of the high school
mathematics competition.

In addition to the above methods, the following approach was used
by some candidates in the examination to demonstrate that A = V3 was
satisfied.

Substituting z = a + bi into Equation (1) and separating the real and
imaginary parts gives

p(a® — 3ab?) + 2q(a? — b?) + 2ra + s = 0,
p(3a?b — b3) + 4gab + 2rb = 0.
(When b # 0, there is p(3a® — b?) + 4qa + 2r = 0.)

To prove that when p, ¢, r, s satisfy certain conditions, there must be
an imaginary root z = a + bi satisfying b > 3a?. This is equivalent to
proving that the cubic polynomial of a

. 8¢? 4
f(a) = 8pa® + 16ga” + <4r+%) a+ % —s, ©

obtained by substituting b2 = 3a? into the above equation, has zeros satis-
r

fying 4ga +2r >0, ie, a > — .
q

Since the leading coefficient of f(a) is a positive real number, a sufficient

condition for the above conclusion to hold is that f (—2L> <0, that is,
q

p7°3 — 2(]27“2 + q33 > 0. @

Similarly, for Equation (2), a sufficient condition for the equation to have a
root z = a + bi satisfying b > 3a? is

qr3 — 210252 + p3r > 0. @
Thus, if and @ are not true, that is, there is
pr —2¢*r? + ¢®s < 0, qs® —2p°s® + pr < 0.
Then from these two inequalities we can get
prd 4+ ¢®s < 2¢%r? = Vps < +/gr,
qs® + p’r < 2p?s® = \/qr < \/ps,

respectively, an obvious contradiction.
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Therefore, at least one of and @ are is true, and it may be appro-

4 2r
priate to assume that is true. At this point, b = +,/3a2 + —qa + —
p p

satisfies b # 0, |b] > V/3|a] and 2z = a + bi satisfies Equation (1), so that
the proposition holds. (We incidentally have proved that the roots of the
sixth-order equation in the question cannot be real numbers.)

The average score of this question is 10.2 points, which is the only ques-
tion among all the questions in this competition that has a large number
of candidates in the score range of “almost all correct” and “almost all
wrong”. For the candidates who won the gold medal, the average score of
this question was above 18 points, but for the candidates who won the silver
medal, the average score of this question was less than 8 points.

From the marking process of this question, we noticed that although
complex numbers play an irreplaceable role in modern mathematics, some
of the excellent middle school students who participated in the competi-
tion still have a very limited understanding of complex numbers. (When
encountering complex number problems, it is not a very good mathemati-
cal approach to solve the problem by transforming the problem into a real
algebraic problem by “considering the separation of real and imaginary
parts”.)

Find all integers a such that there exists a set X of 6-tuple integers
satisfying the following conditions: for each &k = 1,2,...,36, there
exist x,y € X such that ax + y — k is divisible by 37.

(Contributed by Wang Xinmao)

Solution 1 (Wang Xinmao) Let a and X = {x1,22,...,26} satisfy the
conditions in the question. Denote p = 37, X = {#1,%2,...,%6}, ¥ =
{az; +z;]i,j =1,2,...,6}, where x represents the congruence class of
modulo p.

Since |Y| = 36, there is 0 ¢ X. If @ = 0 (modp), then |Y| < 6. If
a = 1 (modp), then |Y] < 21. If a = —1 (modp), then 0 € Y. Hence,
a # 0, £1 (mod p).

By Y= {a(az; + ;) |i,j=1,2,...,6} ={az; + a?x;)|i,j=1,2,...,6}
and the lemma (see the following for its statement and proof), we have

X = {a%cl, axsy, ..., anG}. Hence, a'?2x1z5 16 = 1122 -+ - 76 (mod p),

and thus a'? = 1 (modp). Let d be the exponent of a? modulo p. Then
d|6 and d # 1.
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If d = 2, then > = —1 (mod p),a = +6 (mod p). Suppose a = 6, X =
{#£1,£3,£5}, and then {axi +x;0i,7=1,2,...,6} = {£1,£3,...,£35},
satisfying the conditions in the question. Similarly, any a = +6 (modp)
and X = {£1,+3, £5} satisfy the conditions in the question.

If d = 3, then X is of the form {x a’x,a’z, 7, a%y, aty } Also,
a® = 1 (modp) = a® = £1 (modp). If @® = 1 (modp), then a -z +

a’r = a - a*z + a*z (modp), a contradiction. If a® = —1 (modp), then
a-z+a*x =0 €Y, which is also a contradiction.
If d = 6, then

X = {a%z,|i=0,1,...,5},
Y = {(@@F T ¥ a%)ay i,j = 0,1,...,5}

From a® = —1 (mod p), and the polynomial equation
5 5
H(t +a%) = H(t —a¥) =%~ 1 (mod p),
j=0 j=0
we get [ (@®t'+a¥) = J] (aSFH+D —1) =26 #£ 1 = 36! (mod p),
0<i,j<5 0<i<5

a contradiction.
Therefore, the desired a = 37k 6, k € Z.

Lemma Let ai,...,ae, bl,...,b6€{0,1,2,...,36}. If {ai + bj |]. < i,
J < 6} is a reduced system modulo 87, then {b1,...,bg} is uniquely deter-
mined by {a1,...,a6}.

6 6
Proof of the lemma Let f(z) = > 2%, g(z) = 3 2%. Then
2 2

36
F@)gle) = Y (moda — 1),

k=1
and thus f(z)g(x) = —1 (mod q(x)), where ¢(z) =1+ 2+ --- + 23¢. Since
there exists a unique h(z) € Q[z] such that f(x)h(x) = —1 (mod ¢(x)) and
deg h(z) < degq(z) = 36, we have g(x) = h(z) or g(z) = h( )+q(x). Since
the number of monomials of h(x) and h(z)+ g(z) cannot both be less than
or equal to 6, g(x) is uniquely determined by f(z).

Solution 2 (Fu Yunhao) First, a # £1 (mod37). Because when a = 1
(mod 37),

azy + T2 = axy + x1 (mod 37),
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which does not meet the requirements of the question; when a =

—1 (mod37), axy + 1 = 0 = axe + 22 (mod37), which also does not
meet the requirements of the question.

6 6
(i) From ) > (aw;+x;) =142+ ---4 36 =0 (mod 37), we get
i=1j=1

6
6(a+1) Zaxi =0 (mod 37),
i=1

S0 Z x; =0 (mod 37). (All the following congruences are in the sense

of modulo 37, and all unspecified single summations for i are from 1

to 6.)
6 6 36
(i) From Z M (az; +x;)* = > k* =0, we get
i=14=1 i=1
2
6(a®+ 1) 2% +2a (Zx) —0.
Hence,

6
(a® +1) Zax? =0
i=1

Suppose a $é +6, and then a +1#0,50 Y 22 =
(iii) From Z Z (az; +x) = Z k3 =0, we get

i=1j=1

6 + 1) fo + 3(a® + a) (Z l’z) (Z 93?)

0.

Hence,
(a®+1) fo =0. @

6
Z (az; +x5)t = Z k* =0, we get

=1

6(a* +1) fo +4(a® + a) (Z xl) (Z xf) + 6a* (Z a:f)z =0.

Note that a* +1 # 0. (Otherwise, we have (a® +1)Y 23 =0, a* £ 1,
that is, the order of @ modulo 37 is 8, which is impossible because 8
does not divide 36, a contradiction.) Therefore, >z = 0.

(iv) From

I\Mc:



124 Mathematical Olympiad in China (2021-2022)

6 6 36
(v) From > > (az; +z;)° = Y k° =0, we get
i=1j=1 i=1

6(a” + 1) fo +5(a* + a) (Z xl) (Z xf)
+10(a® 4 a?) (Z xf) (Z a:f’) =0.

Hence (a® 4+ 1) Y- 27 = 0. Therefore, > 22 = 0. (If a® + 1 = 0, then
a'® — 1 =0, which leads to a®> — 1 = 0, a contradiction.)

6 6 36
(vi) From > Y (az; + ;)¢ = > k6 =0, we get
=1

i=1j=1

6(a’ +1) Zm? +6(a® + a) (Z a:i) (Z a:f)
+15(a* + a?) (Z a:?) (Z mf) + 20a® (Z xf’)2 =0.

Hence,

6(a® +1) Y 2% +20a° (Z x?)Q = 0.

e If 37 f a® + 1, 37 { a5 + 1, then from (1) and (2) we can get > 3 =
0, > 2% = 0. According to Newton’s identity, we have (z — x1)(z —
x3) -+ (2 — 26) = 25, a contradiction.

e If 37]a® + 1, since 371 a + 1, then 37|a? — a + 1. By trying one by one,

we can get a = 8 or a = 28. We get
{az; + z;} is a reduced system modulo
37 & {éxz + zj} is a reduced system modulo 37
Therefore, we can set xo = 8x1, x3 = 64x1, x5 = 8xy4, vg = 64x4.
However, there is
ar1 + x2 = ax3 + Ta.

e If 37|a®+1, since 37| a'? — 1, then 37 a% — 1. Also, we have 37{a* —1
(otherwise 37 |a? 4+ 1,a = £6), so the order of a modulo 37 is 12. From
D), we see S z? = 0. By Newton’s identity, we know that

(z—21)(z —22) - (2 — ) = 25 + A.

We can set 2o = a?z1, 23 = a*x1, ..., 26 = a'Oz1.
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Following the same method as Solution 1, a contradiction can be
obtained. Therefore, a = 6. The example is also the same as Solution 1.
O

Remark The two main approaches to this problem are the generating
function method and the power sum method.

The generating function method maps a set to a polynomial, and the
addition of a set corresponds to the multiplication of a polynomial. If the
numbers in the set are modulo n, then the corresponding polynomial is
modulo z™ — 1. The generating function method is a relatively ideal way
to handle information, and it can also be completely transformed in this
problem.

In addition, the property that the polynomial

P —1

=14+ 4gp!
z—1

is not reducible in Z[z] played a major role in solving the problem.
The power sum method is related to the reduced system. The reduced
systems for modulo prime p are integer power sums

0 (mod p), ifm=1,2,...,p—2;

(b= {p—l(modp)7 ifm=p-—1.

Indeed, it is easy to prove, using Newton’s power sum formula, that the
above equation is also a sufficient condition for a set of p — 1 numbers to
form a reduced system modulo p.

This question can also be solved by discussing the power sum of
Z1,%2,...,2¢. The power sum method may have a slightly larger computa-
tion, but the goal is clearer in the calculation process. In case no construc-
tion is found for a = 46, the power sum method can also concretely work
out this set of solutions and prove that they are unique in the multiplication
translation sense. This is also an advantage.

The background of this problem is a certain factorization problem, and
we can consider a more general problem: For the 36 numbers in two integer
sets X = {x1,...,26}, Y = {y1,...,ys} satisfying

X+Y:{’le+yjl,j:].,2,,6},

find the reduced system modulo 37. According to the results of the pro-
poser’s programming search, the new problem has a total of 1998 ordered
set pairs (X,Y) satisfying the requirements in the sense of modulo 37.
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If further standardized, that is, requiring x1 +x2+- - -+x6 = 0 (correspond-

1998
ingly, y1 + y2 + -+ + y¢ = 0), there are = b4 pairs of standardized

(X,Y), all of which are related to the following three sets:
Xo = {£1,£3,£5},
X, = {£2,£3,+4},
X, = {£1,+4, £16}.

These include a total of 18 for (X,Y) = (kXy,6kXy) (i.e., solutions
satisfying the proportionality of X and Y in the original problem); 18 for
(X,Y) = (kX1,8kX2); and 18 for (X,Y) = (8kX2, kX;). That is to say,
after standardization, there is essentially only one set of solutions (i.e. solu-
tions outside the original problem) for which X and Y are not propor-
tional, i.e.,

(X1,8Xy) = ({£2,£3, +4}, {£5, 48, £17}).

The rest are obtained by multiplying this set of solutions by some constant,
or by exchanging X and Y.

The average score of this problem is 3.9 points, which is a difficult
problem that can be done. For those who eventually entered the China
national training team, the average score of this question reached over 16.
However, for those who did not entered the national training team but won
the gold medal, the average score of this question was less than 5.

If the 37 in the question is replaced by 17 or 101, then for the above
solution there is essentially no change in the difficulty of the question and
only some (not much) difference in the amount of calculation. However, for
the discussion methods used by many candidates in the examination, the
amount of calculation may vary considerably, thus affecting the score rate
of this question.

Second Day
(8:00 — 12:30; December 22, 2021)

Given that n(n > 3) scientists attend a conference, each scientist
has some friends attending the conference (the friendship is mutual
and no one is their own friend). It is known that no matter how
these scientists are divided into non-empty two groups, there always
exist two scientists in the same group who are friends, and there
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also exist two scientists in different groups who are friends. On the
first day, a topic was proposed at the conference, and the degree
of approval of each scientist for this topic can be represented by a
non-negative integer. Starting from the second day, the degree of
approval of each scientist becomes the integer part of the average of
the degree of approval of all his friends on the previous day. Prove
that after several days, the degree of approval of all scientists is the
same.

(Contributed by Qu Zhenhua)

Solution Suppose n scientists form a set V. The friendship relation can
be represented by a simple graph G = (V, E). From the conditions of the
question, it is known that G is a connected graph and not a bipartite graph.
On the nth day, the degree of approval of each scientist for the topic is
defined by function f,, : V' — Z. Since

fin@) = | o | 2 #00) | | = min £.0) = min fu). @
zycE
it follows that min f,+1 > min f,. Similarly, we can get max f,11 <
max f,. Therefore, min f,, eventually becomes a constant, denoted by a;
max f, also eventually becomes a constant, denoted by b.

If a = b, then f,, eventually becomes a constant function, and the con-
clusion holds. In the following, we assume that a < b.

Since there are only a finite number of integer functions from V to [a, b],
there exists ¢ # j such that f; = f;, and thus we known that {f,}n>1 is
eventually periodic. Let the period be t > 0, and there exists a positive
integer ng such that for all n > ng, there is f,, = fn4¢. In the following we
can derive a contradiction. For n > ng, denote

M, = {z € V| fa(z) < b}.

Let n > ng, y € M,,. From (D), if zy € E, we have f,1(x) < b, that is,
S Mn+1-
Three methods are given in the following to complete the proof.

Method 1 For any « € V', we will show that there exists positive integer k
(depending on x, which can be denoted as k = k(x)) such that such that a
path from z can return to z after k edges, or after k+1 edges. Since G is not
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a bipartite graph, there exists an odd cycle C. Let the number of edges of
C be 2p+ 1. Take a point y on C, and due to the connectivity of G, there
exists a path P from x to y. Let the number of edges of P be ¢. Thus,
following P from z to y, then going around C' once, and returning to x
along P, it takes 2¢ 4+ 2p + 1 edges. Also, following P from z to y, going
around C' after p edges, and then returning to x along the same path, it
takes 2q + 2p edges. It is sufficient to take k = 2q + 2p.

Let « € M,,, k = k(z). Then we have © € My 1k, © € Myytit+1, and
hence © € M, kut(k+1)0 holds for any u,v € Z>o. Since k and k + 1 are
coprime,

]{ZU -+ (k -+ l)v(u, v E ZZO)

can take on all sufficiently large integers. Combing with the ¢-periodicity
of M,, it follows that = € M, holds for all n > 0. Thus, for any neighbor
y of z, we also have y € M,, n > ng. Continuing this process, since M,
is nonempty and G is connected, it follows that for all z € V, we have
z € M,,, n > ng. Hence, M,, = V, n > ng, which contradicts max f, = b.
The conclusion is proved.

Method 2 For z € V, denote N(X) = {y € V |3z € X,zy € E}. Then
the proof above shows that N(M,,) C My,41, n > ng. Thus, N(N(M,)) C
N(M,+41) C My42. Note that N(N(M,,)) D M, so M, C M, 2. Hence,

M’no C Mn0+2 C Mn0+4 c---C Mn0+2t = M’no'

Therefore, My, = Myy4+2 = Myy+a = -+ (denoted as A). Similarly, there
is Myy+1 = Mugys = Mu,+5 = -+ (denoted as B). Then, N(A) C B,
N(B) C A.

If AN B = @, then by the connectivity of G, AU B = V. In this case,
G is a bipartite graph defined on (A, B), which contradicts the conditions
of the question.

If ANB # &, let x € AN B. Then, we have N(z) C A and N(z) C B.
Thus, for any neighbor y of x, we also have y € ANB. Using this conclusion
repeatedly, and combining with the connectivity of G, it is known that
A = B =V, and thus M,, = V, which contradicts max f,, = b. The
conclusion is proved.

Method 3 Let G = (V,E) be a connected non-bipartite graph and
fi ©+ V.= Zx>o be the degree of approval of each scientist on the ith day.
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Considering S; = Y deg(z)fi(x)?, then
zeV

Sip1 =) deg()fi1(x)®

zeV

1
= deg(x) deg(2) zyzejE fily)

zeV
2
1
< Z deg(z) Z fi(y)
zeV zycE
<Y fily)? =) deg(y) fi(y)? = Si.
zeV xyek yev

The first inequality is obtained by removing the rounding symbol, and
the second inequality is obtained by applying Cauchy’s inequality. Thus,
51,59, ... is a monotonically nonincreasing sequence of nonnegative inte-
gers, and eventually converges to a constant, so there exists a positive
integer m such that S, = Sp41.

Let us prove that f,, is a constant function. From the above derivation,
it follows that when the equal sign holds, for each x € V, f,, is a constant
on the set N({z}) composed of all the adjacent vertices of x. Thus, for
any y,z € V, if there is a path of length 2 between y and z (i.e., there
is a vertex adjacent to both of them), then f,,,(y) = fi(z). Furthermore,
if there is a path of even length between y and z, then f,,(y) = fm(2).
Since G is a connected nonbipartite graph, there is an odd cycle in G, and
any two points have a trail of even length, so f,, takes a constant value
on V. O

Remark This question is related to Markov chains. Starting from an ini-
tial state, it will eventually converge to a periodic state. The solutions to
this question all require considering the condition of equality after a certain
semi-invariant is stabilized, and some basic techniques of combinatorics and
graph theory are examined. The solutions of most candidates are similar to
the first two methods or their variations, considering the maximum value of
degree of approval. Some solutions also use the semi-invariant in Method
3. In addition, there were also methods by considering semi-invariant vari-

ables like Y gm(e) (where g, (e) is the number of two endpoints of edge e
eck
belonging to V\M,,), as well as methods of linear algebra.
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The average score of this problem is 15.0 points, which is exactly in
line with expectations. The average score of students who won the silver
medal is more than 17 points, which is almost 3 points lower than the
average score of students who won the gold medal, but much higher than
the average score of students who won the bronze medal (4.0 points).

It is known that there are only two types of one-dimensional geo-
metric objects, circles and lines, that appear in ruler-and-compass
construction. Let there be two points marked on a paper with a
distance of 1. Prove that a line and two points on this line with a
distance of v/2021 can be made on this paper with ruler and compass,
such that the total number of different circles and lines that appear
in the drawing process does not exceed 10.

Remark The solution should include clear steps of drawing, and
number the circles and lines appearing in sequence. If the total num-
ber of circles and lines in your drawing process exceeds 10, then there
may be partial scores according to the size of the total number.

(Contributed by Yao Yijun)

Solution The following are several methods of making /2021 with a total
number of 9 and 10 of lines and circles.

Method 1 We number the objects of the one-dimensional set in the order
in which they appear.

(1) Denote the two given points as O1, A;. Draw a circle with O; as the
center and O1A; = 1 as the radius.

(2) Draw line O1A4; and intersect the circle at another point Bj.

(3) Draw a circle with By as the center and A; By (= 2) as the radius, and
intersect the line at another point Bs.

(4) Draw a circle with A; as the center and Oy Ba(= 3) as the radius, and
intersect the line at point Az (on the same side of Oy as A;).

(5) Draw a circle with By as the center and A3 By (= 5) as the radius, and
intersect the circle in (4) at points Ci,C2, and intersect the line at
point Bj (on the same side of Oy as Bs).

(6) Draw a circle with Bs as the center and A;Bs(= 12) as the radius, and
intersect the line at another point By.

(7) Draw a circle with By as the center and A;By(= 24) as the radius, and
intersect the line at another point Bs.
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(8) Draw lines C1Cy, C1By = 5, A1By = 4, A;C7; = 3, and thus
C1A1 1A B;.

(9) Draw a circle with By as the center and A;Bs(= 45) as the radius,
and intersect the line in (8) at two points C3, C4. Then A;C5 =
/452 — A1 B} = /2021 is the desired result.

Method 2 'We number the objects of the one-dimensional set in the order
in which they appear.

(1)—(3) are the same as the ones in Method 1.

(4) Draw a circle with A; as the center and A; Bo(= 4) as the radius,
and intersect the line at another point A).

(5) Draw a circle with By as the center and ByBi(= 2) as the radius,
and intersect the circle in (3) at two points Dy, Ds.

(6) Draw line DD, which is the perpendicular bisector of segment
B1Bs.

(7) Take a point D far away from the midpoint M of segment B; B2 on
line Dy D5 as the center of the circle, and DA} as the radius (choose
D so that this circle intersects the circle in (1) at two points E1, Ea).

(8) Draw line E105 and intersect the circle in (7) at point Fj.

(9) Draw a circle with O; as the center and O1F;
< A501 - (O1M + MAS) 5% 9

1 1
sect the line in (7) at two points G1, G, and then

= 45) as the radius, and inter-

GiM = /G10? — O, M? = 222 =/2021.

In the exam, there were not many different methods of drawing. Quite
a few of the candidates’ methods were similar to the following.

Method 3 We number the objects of the one-dimensional set in the order
in which they appear.

(1) Denote the two given points as O, A;. Draw a circle with O; as the
center and O1A; = 1 as the radius.

(2) Draw line O; A; and intersect the circle at another point Bj.

(3) Draw a circle with B as the center and Oy By as the radius, intersect
the line at another point B}, and intersect the circle in (1) at two
points C7, C4.

(4) Draw a circle with B as the center and A; BS(= 3) as the radius, and
intersect the line at another point Bj.
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(5) Draw a circle with B} as the center and A; Bj(= 6) as the radius, and
intersect the line at another point Bj.

(6) Draw a circle with Bj as the center and A;Bj(= 12) as the radius,
and intersect the line at another point Bf.

(7) Draw line C]C%, which is the perpendicular bisector of segment Oy By,
passing through the midpoint M’ of O1B;.

1
(8) Draw a circle with M” as the center and M'Bf < 22§> as the radius,

and intersect the line in (2) at another point A’.
(9) Draw a circle with A" as the center and A; By (= 2) as the radius, and
intersect the circle in (8) at two points X7, Xo.

2
1
(10) Connect X;Bj, and it has a length of \/(2 X 22§> — 22 = /2021.
U

Remark This question tests the students’ mastery of the basic rules of
ruler-and-compass construction (as described in the mathematics textbook
of the compulsory education stage) and their imagination and understand-
ing of basic geometric figures. Like the first and second questions, all the
knowledge points covered in this question are also in the secondary school
textbook. When writing the question, we deliberately avoided the expres-
sion “draw a segment of length 1/2021” to avoid ambiguity about whether
“giving two endpoints of a segment” counts as giving the segment.

In addition to the above methods (there were very few candidates
who completed the task with 9 one-dimensional geometric objects in the
exam), some students used 2021 = 2048 — 27 = (32v/2)? — (3v/3)? to
give a method of drawing with 10 one-dimensional geometric objects.
After the exam, there was a method of drawing /2021 with only 8 one-
dimensional geometric objects on the Internet, and the basic idea was to
use 2021 = 462 — (122 — 72).

On the other hand, since we can prove that using 6 one-dimensional
geometric objects we can only get segments of length 32 at most, making
v/2021 requires at least 7 one-dimensional geometric objects.

Since this question is not common in recent mathematics competitions,
the scoring criteria are relatively relaxed. Points were awarded according to
the total number of one-dimensional geometric objects that actually appear
in the end: for a total of 11 objects, 9 points; for a total of 12 objects,
6 points; for a total of 13-15 objects, 3 points.
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The average score of this question is 15.8 points, but the average score
for students who won gold and silver medals is slightly lower than that
of the fourth question. However, the average score for students who won
bronze medals is close to 10 points.

Overall, the performance on this question was better than expected,
reflecting the fact that most candidates had a good grasp of the basic oper-
ations of ruler-and-compass construction in plane geometry. However, from
the examination records and the answer sheets, there are still some candi-
dates who have not mastered the basic operations written in the textbooks,
such as “how to use a compass”.

In history, French (non-professional) mathematician Emile Lemoine?
published a book Geometrography: or The Art of Geometric Constructions
(La Géométrographie: Ou L’art Des Constructions Géometriques) in 1893,
in which he listed the number of times each basic operation needs to be per-
formed after some geometric drawing methods are decomposed into several
basic operations.

For integers 0 < a < n, denote f(n,a) as the number of coeffi-
cients in the expansion of (z 4+ 1)*(x + 2)"~ % that are divisible by
3. For example, (z + 1)3(z + 2)! = 2* + 52° + 922 + 72 + 2, so0
f(4,3). For positive integer n, define F(n) to be the minimum of
f(n,0), f(n,1),..., f(n,n). Prove:

(1) There exist infinite numbers of positive integers n such that

n—1
F > :
(n)— 3 bl

n—1
3
(Contributed by Fu Yunhao)

(2) for any positive integer n, there is f(n) <

Solution (1)
Method 1 (Fu Yunhao) We prove that for n = 2(3* — 1), k € N, there
is
n—1
3

F(n) >

2Fmile Lemoine (1840-1912), engineer, (amateur) mathematician (geometer), (ama-
teur) musician. The Lemoine point and Lemoine circle in plane geometry are named
after him.
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We use the mathematical induction. When k = 1, there is n = 4, it
n—1
is easy to know by enumeration that F(n) = 3 Assume that the

conclusion holds when n = 2(3¥ — 1), and we consider the case when
n = 2(3¥1 —1). (All the following congruence relations are taken in the
sense of modulo 3.)

For 0 < a < 2(3*1 — 1), if a = 0, then let a = 3b, and we have

@+ 1)z +2)"" = (x+2)(x + 1)P(z +2)3@3" 10
= (2 +2)(a® + 1)P(a? +2)¥% 17,

where the congruence of polynomials refers to the congruence of coefficients
in each term modulo 3. After the last equation is expanded, there exists
no term of the form x3'*2. Therefore, after expanding (z + 1)*(x + 2)"~¢,

the coefficients of terms 22,z°,...,223"" =% are all multiples of 3, so

2.351 42 ~1
fMﬂ)Z—E—Tr———+1:23kf1:n3

Ifa=1,let a=3b+ 1, we have
(z+1D)%z+2)" %= (z+1)(z+1)%@x+ 2)3(2-3’67175)

= (x4 1)(2® + 1)P(2® 4 2)23" 170,

-1
Similarly, there is f(n,a) > r

If a =2, let a = 3b+ 2, we have
(z+1)%z+2)"%=(z+ 1)}z +2)>2%(x+ 1) (= + 2)3(2.3’“72717)

= (2t + 2 + 1)(2® + 1)¥(a® +2)>¥ 20,

N . X 2.3k 21
By the induction hypothesis, f(2 - 3" — 2,b) > — 3 =
2.3%=1 — 1, so the expansion of

(x3 + 1)b(x3 +2)2~3’“—2—b

has at most (2-3% —2)+1—(2-3*=1 —1) = 4.3%~! terms whose coefficients
are not multiples of 3. Hence, the expansion of (z* + 2% + 1) (22 + 1)* (22 +
2)2'3)6’24’ has at most 4-3* terms whose coefficients are not multiples of 3,
0

r n—1

Therefore, F(n) > n-

. The proof is complete.
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Remark When n = 2(3* — 1), a = X\-3*"1 — 1, A = 1,2,4,5, there is

always
n—1
fny ="
Method 2 (Xiao Liang) We prove that for n = 3¥ — 2, k € N, there
is F(n) > ity (The meanings of congruence and other symbols are the

same as in Method 1.)
We use the mathematical induction. When k£ = 1, there is n = 1, the

conclusion is obviously valid.

n—1 2n+4
3 3
we only need to prove that for any 0 < a < 3% — 2, the number of terms in
the expansion of (z + 1)%(z + 2)"~® whose coefficients are not divisible by

3 does not exceed 2 - 371,
If0<a<3"!'—2 thenn—a>2-3*1 By (a+0b)>=a®+b>and
the induction, it is easy to see that

= 2-3F1 at this time,

For general k, since (n + 1) —

k— 3k71

(x + 2)3’671 =" 428" = +2.

Therefore,
(@ + 1)z +2)" = (& + 1)z +2)" 23 (@2 12 1),

By the induction hypothesis, there are no more than 2-3*~2 terms in the
expansion of (z + 1)*(z + 2)n=2=23""" whose coefficients are not divisible
by 3. Therefore, the number of terms in the expansion of (x+1)%(z+2)"
whose coefficients are not divisible by 3 does not exceed 2 - 3#=2.

If a > 2-3%=1, the same conclusion can be obtained by similar reasoning.

If3F1<a<2.-3*1 -2 then n —a > 3*!. Thus,

(:ZZ + 1)11(3: 4 2)n—a = (:E + 1)(1—3"71(% + 2)n—a—2~3k71(x2 + 2)
= (33 + 1)a73k’1(x + 2)n7a72~3k’1(x2~3k’1 + 2).

3k71

By the induction hypothesis, the number of terms in the expansion of (x +
1)%(x + 2)"® whose coefficients are not divisible by 3 does not exceed
4. 3k=2,
Finally, if @ = 3*~! — 1, then
(+1)*@+2)" = (2—1)% 1@ - 1)
ifa =2-3¥1 1, then

(z+1)%z+2)" = (22 -1 @3 —1).
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In both cases, the number of terms in the expansion of (z + 1)%(z + 2)"~*

whose coefficients are not divisible by 3 does not exceed 2 - 3#~1.

-1
Therefore, F(n) > nT, which completes the proof.

(2) We prove a stronger proposition: for any positive integer n, there
exists a € {0,1,...,n} such that

n—1

f(’n‘?a’) S 3 ?

fn+1l,a+1)< (%)

g

We proceed by induction on n.

For n =1, take a = 1; for n = 2, take a = 0; for n = 3, take a = 2; for
n =4, take a = 4. It is easy to verify that they satisfy (x). If (%) holds for
all positive integers less than n, we consider the case of n.

Case 1: Let n = 3m+2, m € Ny. By the induction hypothesis, there exists
a' € {0,1,...,m} such that

f(m,ad') <

—1
o fmtld 1<z

Let a = 3a’, and then
(@ + 1)@ +2)"" = (@ +2)*((z + D (x +2)" )
= (@2 +2+ 1)@+ )7 (@ + 2"
m—1 2m+4
] ; 33
terms in the expansion of (23 +1)% (2% +2)™~% whose coefficients are not

By the induction hypothesis, there are at least (m +1) —

multiples of 3. These terms multiplied by 22 +x + 1 give at least 2m +4 >

2 4 -1
nt terms whose coefficients are not divisible by 3, so f(n,a) < nT

On the other hand, we have

@+ 1) @ +2)" = @42 @+ D) (@ + D" @ +2)" )
=(@®+202 422+ D@+ 1)¥ (2% +2)™
= (222 4 22) (2 + 1) (2 + 2)" ¢
+ (:c‘j + 1)a/+1(x3 + 2)mfa/.

terms in the expansion of (222 +

Similarly, there are at least

22) (2% 4+ 1)% (2% + 2)™~ whose coefficients are not divisible by 3, and
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6 ’ ’
terms in the expansion of (z® + 1)* (23 4+ 2)™~% whose
n

coefficients are not divisible by 3, s0 f(n+1,a+1) < 3

Case 2: Let n = 3m + 3, m € N;. Take the same a’ as in Case I and let
a = 3a’ +1. Then the expansion of f(n,a) is the same as f(n+1,a+1) in
Case 1, which can be proved to satisfy the requirement. And

(x + 1)a+1(x + 2)n—a _ (33 + 1)2(33 + 2)2(33 + 1)3@’ (:E + 2)3(m—a/)

= (@t + 22 +1)(2® + )7 (2% + 2y
m—1 2m+4
) ) 33
terms in the expansion of (z3 +1)% (2% +2)™~% whose coefficients are not
divisible by 3. These terms multiplied by 2* 42241 give 2m-+4 terms whose
coefficients are not divisible by 3, so there are at most (n+2) — (2m+4) =

at least

By the induction hypothesis, there are at least m + 1 —

n
m+1= 3 terms whose coefficients are multiples of 3.

Case 3: Let n = 3m + 4, m € N,. Take the same a’ as in Case 1 and
Case 2. Let a = 3a’ + 2. Then the expansion of f(n,a) is the same as
f(n+1,a+ 1) in Case 1 and Case 2, which can be proved to satisfy the
requirement. And

(:IZ+ 1)a+1(x+2)n7a _ (’JJ+ 2)2(’£+ 1)3(a/+1)(x + 2)3(m7a/)
= (2® + 2 +1)(2® + )7 (@° +2)" .

2 6
By the induction hypothesis, there are at least m+2— % = m3+

the expansion of (3+1)% (z3+2)™ % whose coefficients are not multiples of

terms in

3. These terms multiplied by 22+ +1 give 2m+ 6 terms whose coefficients

n
are not multiples of 3, so there are at most (n +2) — (2m +6) = m < 3
terms whose coefficients are multiples of 3.

In conclusion, () holds, so the original proposition is proved. g

Remark This question is a binomial problem on F3, and the main idea is
to use

(z +y)® =2°+¢® (mod 3)

to simplify each polynomial. In this process, if the same digit code of a
and n — a in trinary is 1 and 2, respectively, the formula will affect the
other digits, while the other cases will not affect each other. Therefore,
the first question is to choose n so that this situation does not occur, and
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the second question is to choose appropriate a so that even if this more
chaotic situation occurs, it will not affect the processing. The method of
strengthening induction is derived from this idea.

In addition, the n in the first question can be guessed by the following
method: combining the conclusion of the second question, we know that

-1 2 4
F(n) = nT, s0 there should be at most — il

whose coefficients are not multiples of 3. Therefore, in the expression of

terms in the expansion

trinary, must be a relatively regular number. Combined with n =

1 (mod 3), it can be guessed that n 4+ 2 should be a regular number, such
as 3", 2- 3", etc.

The average score of this question is 2.9 points. More than 100 students
solved the first question, most of them basically followed Method 1, and
a few students’ answers were close to Method 2; few students solved the
second question. The average score of the students who entered the Chinese
national training team for this question was close to 11 points, while the
average score of the students who did not enter the national training team
but won the gold medal was less than 5 points.

During the marking process of this question, we noticed that when
answering the first question, many students found that the case of 3n+4 can
be reduced to the case of n, but they did not consider that the inequality can
only be established when n must be congruent to 1 modulo 3. Thus, they
mistakenly thought that all numbers n congruent to 1 modulo 3 satisfied
the conclusion of the question. In fact, it is enough to verify up to n = 10
to find out that this is not the case. Similarly, in the second question, some
students tried to first fix a and use mathematical induction to prove it, but
they did not verify the induction basis when inducting, resulting in serious
mistakes. For example, it was thought that f(4,2) < % =1, but in fact
f(4,2)=2.

From the scores of Questions 4 and 5, it can be inferred that the can-
didates who made substantial progress on Question 6 had plenty of time,
but still had such problems with basic knowledge. This indicates that some
candidates did not have a good grasp of mathematical induction.
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The main task of the Chinese National Training Team for the 62nd Interna-
tional Mathematical Olympiad (IMO) in 2021 was to select members of the
Chinese national team for China to participate in the 62nd International
Mathematical Olympiad held online by Russia in 2021.

From March 14th to March 23rd, 2021, the first round training and selec-
tion were hosted by Hangzhou Xuejun High School in Zhejiang Province.
A total of 60 contestants participated in the examination. After two tests
(with equal weights), 15 contestants were selected to enter the second round.

The second round was held from April 5th to April 13th, 2022 at Suzhou
High School of Jiangsu Province. During this period, two tests were con-
ducted, and the total scores of the four tests were compared (with equal
weights). The top six scorers were identified to be the Chinese national
team members for the 62nd IMO. The six members were Wang Yichuan
(No. 2 High School of East China Normal University, 12th grade), Feng
Chenxu (Shenzhen Middle School, 10th grade), Chen Ruitao (the High
School Affiliated to Renmin University of China, 11th grade), Peng Yebo
(Shenzhen Middle School, 11th grade), Wei Chen (Beijing National Day
School, 12th grade), and Xia Yuxing (No. 1 Middle School Affiliated to
Central China Normal University, 11th grade).

The coaches of the national training team are (in alphabet order):
Ai Yinghua (Tsinghua University), Fu Yunhao (Southern University of
Science and Technology), He Yijie (East China Normal University), Lin
Tiangi (East China Normal University), Qu Zhenhua (East China Nor-
mal University), Wang Bin (Institute of Mathematics and Systems Science,
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Chinese Academy of Sciences), Wang Xinmao (University of Science and
Technology of China), Xiao Liang (Peking University), Xiong Bin (East
China Normal University), Xu Disheng (Peking University), Yao Yijun
(Fudan University), Yu Hongbing (Soochow University).

Test |, First Day
(8:00 — 12:30 pm; March 16, 2021)

Let m, n be positive integers, a;; (1 < i < m, 1 < j < n) be
nonnegative real numbers such that for any ¢, j, the inequalities

;1 2 ;2 2 2 Qip, Al 2> A25 2 0 2 Gyj
hold. Fori=1,2,...,mand j =1,2,...,n, define

Xij=a1,;+ - +ai—1j+a;+a;-1+ - +a,

Yij=amj+- - +ait1;+ai;+ a1+ -+ ain.

Prove:

(Contributed by Ai Yinghua)
Solution 1 The problem conditions imply that
Xijz(+i—1)-aij Yi;<(m+n—i-j+1) a;.

Hence, we have

3

n

[T = [THG+a -1 ey

i=1j=1 i=1j=1

1 :js 1 :js

n
H m+n77,*j+1) Q;,j

|| 0,59

where the equality on the second line is due to the one-to-one correspon-
dence (¢,j) <» (m+1—14, n+1—j), and i + j — 1 corresponds to
m4n—i—j5+1.
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Solution 2 We shall use the following inequality:
For0<e¢ <---<¢,0<d; <+ <ody,
(c14+d1)(ca+d2) (et +di) < (c1+de)(ca+di—1) (et + di). @
This is because, for each i,
(i +di)(cepi—i+ dig1—i) < (¢ + dig1—i)(Cer1—i + di).

Multiplying the above inequalities for i = 1,...,t gives
t

t
H((Cz +di)(Cry1—i + der1-4) H ¢+ dip1—i)(Cer1—i + di)),

i=1
and taking the square root on both sides of the above inequality gives @

J n
For the original problem, let L; j = > i q, Rij = > g,
q=1 q=J

7 m
Uij = E ap,j, Dij= E ap,;-
p=1 p=i
Then
Xij=Lij+Uj—aij Yij=Di;+Rij—aj.

Apply @ to derive

H H Xy =11 H(Li,j + (Uij — ai))

(since {L; ;}7_; increases while {U; ; — a; ;}7_; decreases)

2 H H(Ri,j + (Uij — aiz)) (since Liny1-5 > R j)
i=1j=1

= H H((Rm aij) + Ui;j)
j=li=1

Z HH((RZ] az])+Um+1 z])
=1i=1

J
(since{R; ; — a; ;}iv, decreases while {U; ;}i; increases)



142 Mathematical Olympiad in China (2021-2022)
m
[I(R:; —ai;) + Dij) (since Upyaij > Dij)

= 1111 0

Given positive integers n and k, n > k? > 4. In an n x n grid, any
k squares in distinct rows and distinct columns are called a k-set.
Find the largest positive integer N satisfying that: one can choose
N squares of the n x n grid and colour them in a certain way, such
that for any coloured k-set, some two squares have the same colour,
and some two squares have different colours.

(Contributed by Qu Zhenhua)

Solution N = (k —1)?n.

Choose (k —1)% rows of the grid: colour the first k — 1 rows in colour c;;
the second k — 1 rows in colour cs; ...; the last k£ — 1 rows in colour c;_1.
Altogether, (k—1)2n squares are coloured. For any coloured k-set, as there
are only k£ — 1 colours, some two squares must have the same colour. On
the other hand, if all the squares in this k-set have the same colour, then by
definition they are in k different rows, yet there are only £ — 1 rows in that
colour, a contradiction. This implies that some two squares have different
colours. Therefore, N > (k — 1)%n.

In a k-set, if all the squares have the same colour, call it a mono k-set;
if the squares have distinct colours, call it a poly k-set. We assert that for
any colouring of (k — 1)?n + 1 squares, there must exist a mono k-set or a
poly k-set. This will give N < (k—1)?n and the conclusion. First, we need
a lemma.

Lemma In ann X n grid, among any (m — 1)n+ 1 squares, 1 < m < n,
there exists an m-set.

Proof of lemma Divide the squares of the n x n grid into n groups, such
that the square in the ith row and jth column is in group a (1 < 4, j, a < n)
if and only if i — j = a (mod n). Notice that for each group, the squares are
in distinct rows and distinct columns. By the pigeonhole principle, among
any (m — 1)n + 1 squares, m of them are in a group, and they form an
m-set.

For the original problem, assume that (k—1)?n+ 1 squares are coloured
in a certain way. According to the lemma, there exists a ((k — 1) + 1)-set,



China National Team Selection Test 143

call it A. If there are k — 1 or fewer colours in A, then by the pigeonhole
principle some k squares are in the same colour, and they form a mono
k-set; if there are k or more colours in A, then choose k squares of distinct
colours, and they form a poly k-set.

Therefore, the largest N is (k — 1)n.

Alternative proof of lemma Choose any (m — 1)n+ 1 squares and colour
them black. Take m rows with the most black squares: say they are row
1,2,...,m, with x1,29,..., 2, black squares, respectively, and the other
rows have x,,11,...,2, black squares, respectively. If there exists [, 1 <
Il < m, such that in the first m rows, black squares of some [ rows are
distributed in [ — 1 (or fewer) columns, say, black squares of row 1,...,[ are
all in the first [ — 1 columns. Then, z1,...,2; <l —1;fori >m, x; <1 —1
as well (since there are fewer black squares in those rows). Hence,

(m—l)n—i—lziaxiSl(l—1)+(m—l)n+(n—m)(l—1)

=mn—n+m-—Ilm+1-1)
<mn—n+m-—m=(m—1)n,
which is a contradiction. It follows that for any [ of the first m rows, the
black squares are located in at least [ columns. By Hall’s marriage theorem,

there are m black squares in distinct rows and distinct columns, which is
an m-set. The lemma is proved. O

Fix a positive integer n > 2. Prove: for any n distinct integers
ai,as,...,a,, the set
n(n —1)
fia... 200}

n(n — 6)
19
the difference of some a; and a;. Here, [z] is the least integer greater

than or equal to x.

contains at least elements that cannot be expressed as

(Contributed by Wang Bin)

n(n—1)

az > --- > an. Denote the multiset of a; —a;, 1 <i < j <nbyD =
{dy,da,...,dn} (elements can be repeated).

Solution Let m = . Without loss of generality, assume a; >
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Suppose that m — ¢ elements of M = {1,2,...,m} appear in D and
they form the subset A, while the other ¢ elements do not appear in D and
they form B = {by,...,b:}. Let C = D\A = {c1,...,c:} (elements can be
repeated).

Consider the generating function F(z) = 2% 4 2% 4 --- + 2% and

G(z) = F(2)F(z7")
= (zal 4+ 2% 4.t Zan)(zfal 4+ 2792 44 Z*an)

1<j
=n4+ Z(z\ai—a;‘\ + Z_lai_ajl)

1<J

m
=n+ Z(zd’“ + z*d’“)
k=1

zm:z + 2z~ fzt:(zb’“Jrz*’“Jrzt: 2% 4 27O,
k=1 k=1 k=1
If z is a unit complex number,
F(z"") =F(2) = F(2),
G(2) = F(2)F(z7") = [F(2)]?
is a nonnegative real. We want to choose an appropriate ¢ and

z = e?"' = cos 20 + isin20,

such that

H(z)=1 Zz +2z-

m
_ § : erﬁl

k=—m

e(2m+1)19i _ ef(2m+1)19i

oV _ o-0i
sin(2m + 1)
sin ¥
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is a nonnegative real and its value is as large as possible. To this end, take
3mi

3

g=_-"" —e2m+1 ¢ t
22m+ 1) 0~ ° © 8¢
3mi ) )
H — H(e2m+1) = — _
(z0) = Hie )= <9
_2@2m+1) - 2n*-n+1)
- 3 o 3r '

Furthermore, as

t

t
0<Gl20) = (n— 1)+ H(z0) + Y (26" +25) = > (20" +2™)
k=1 k=1

S (n — ].) —+ H(Z()) —+ 4t,
it follows that
1
t> 1l=H(z) ~ (n 1)

n2—n+1) (n—-1)

61 4
- n?— (157 +1)(n—1)
- 67
n? —6n
. O
> 19

Test |, Second Day
(8 — 12:30 pm; March 17, 2021)

Let f(x) and g(x) be integral polynomials. Suppose that for infinitely
many prime numbers p, there exists an integer m, such that f(a) =
g(a+ mp) (mod p) for every integer a. Prove that f(z) = g(z + 1)
for some rational number 7.

(Contributed by Qu Zhenhua)

Solution Let P be the set of all prime numbers p satisfying the problem
condition. First, notice that deg f = deg ¢, and their leading coefficients
are equal; otherwise, the leading term of f(z)—g(xz+my) is independent of p
and m,. Take p € P, p > max{deg f,degg}. As f(a)—g(a+m,) is always
divisible by p and the degree of f(x) — g(z + m,) is less than p, it follows
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that every term of f(z) — g(x + m,) has coeflicient divisible by p. Since p
can be arbitrarily large, while the leading coefficient of f(x) — g(x +my,) is
fixed, we arrive at an absurdity.

Let f(x) = apa™ + an_12" 1 + -+ + ag,

g(a:) =byx" + bn_lxnil + -+ b,

n—1 7 b'rL—
where a, = b, # 0. Take r = Gn-1 — -1

gz +7).
Take arbitrary p € P, p > max{n, b, }. Since

rational. We show f(z) =
nb,,

f(a) = g(a+my) (modp)

for any integer a and the degrees are both less than p, the two polynomials
in x must satisfy

f(x) = g(x +mp) (mod p) @
Compare the coefficients of 2"~ in (1) to obtain
nby, - Mp = ap—1 — byp—1 (modp),
in particular, nb,r = nb, - m, (mod p). Now (1) yields
(nbn)"™ - gz + 1) = (nbn)"g(x + my)
= (nb,)" f(x) (modp).
Since the above equation holds for infinitely many primes p, it must be
(nbn)"g(x + 1) = (nbn)" f (),
or g(x +7) = f(x). O

As illustrated in Fig. 5.1, circle {2 is tangent to AB, AC at B and
C, respectively; D is the midpoint of AC; O is the circumcentre of
AABC. A circle I' through A and C meets the minor arc BC of 2 at
P, and meets AB at () other than A. It is known that the midpoint
R of the minor arc ﬁ@ satisfies CR | AB. Let L be the intersection
of the rays PQ and CA; M be the midpoint of AL; N be the midpoint
of DR; MX 1 ON with foot X. Show that the circumcircle of ADNX
passes through the centre of circle I'.

(Contributed by Lin Tiangi)
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i
| SaN

Fig. 5.1

Solution As shown in Fig. 5.2, let K and S be the centres of I' and {2,
respectively. Clearly, O is the midpoint of AS. Let RR' be a diameter of I'.
Draw circle w passing through A, @ and tangent to AC; let T be its centre.

First, we show that R, P, S are collinear; R, (), T are collinear. Let
the inscribed angles in I" that subtend 1/46, F@, and CP be respectively
a, 29, and . Since CR 1 AB,

90° = ZBAC+ LACR

=29+ 0) + (a+9)
=a+ 5+ 3.

Since ZCPR = 180° — (Y + f3),

/CPS= /SCP=90° — ZACP = 90° — (a + 29),
and hence
ZCPR + ZCPS = [180° — (9 + )] + [90° — (o + 209)]
= 180° + 90° — (a + B + 309) = 180°,
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Fig. 5.2

which implies that R, P, S are collinear. Moreover, ZAQR = 180° —
(a+9),

ZAQT = ZTAQ
=90° — LCAQ
=90° — (B + 27),
and
LAQR+ LAQT = [180° — (a + 9)] 4 [90° — (B + 29)]
= 180° + 90° — (o + 5 4 30) = 180°,

hence R, @, T are collinear.

Note that RR' is a diameter of I'. So, PR’ 1. RS, QR' L RT, indicating
that PR’, QR are tangent to circles 2 and w, respectively. As R’ is the
midpoint of PAQ, PR’ = QR', and R’ has identical power with respect to
circles {2 and w. Moreover, AC is a common external tangent of 2 and w,
D is the midpoint of AC. Hence, D lies on the radical axis of {2 and w as
well, the line DR’ is the radical axis, DR’ 1 ST.
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Next, we show that S, T, L are collinear. Let the radii of circles 2, w
be 71, ro, respectively. Then

B PC B PC '
"'~ 2c0s ZPCS ~ 2sin ZACP'
. AQ
similarly, ro = m It follows that

T1 PC'SinZCAQ_PC-CQ_SAPCQ _LC

ro  AQ-sin/ACP ~ AQ-AP ~ Sppag LA’

and S, T, L are collinear.

Since DR’ 1. ST, DR’ 1 SL. Since N, K, O, M are the midpoints of RD,
RR', AS, AL, respectively, we have DR’ // NK, SL// OM, and NK 1 OM.
Moreover, DK | AC, and hence ZNKD = ZOMD. Meanwhile, ZOXM =
Z0DM = 90° implies that O, D, X, M all lie on a circle, ZOMD =
Z0XD = £ZNXD. Together, ZNKD = Z/NXD, so D, N, X, K are concyclic,
and we conclude that the circumcircle of ADNX passes through K, the
centre of I'. g

Given positive integers n, r and distinct prime numbers p1, po, .. ., pr-
Initially, there are (n+ 1)” numbers on the blackboard: p%'p% - - - pir
(0 < iy,42,...,% < n). Alice and Bob take turns (Alice goes first)
to make the following moves, until only one number is left on the
blackboard:

e Every time, Alice erases two numbers (can be identical) and writes
their greatest common divisor on the blackboard.

e Every time, Bob erases two numbers (can be identical) and writes
their least common multiple on the blackboard.

Find the least integer M, such that Alice can guarantee the remaining
number does not exceed M.
(Contributed by Xiao Liang)

n
Solution The least M is (p1---pr) {§J
n

Denote N = (p1---p)", M = (p1 ~~~pr)bJ. For each divisor a of
N N

N, call (a,—) a “pair”. Evidently, ged (a, —) is a divisor of M, while
a a

N
lem (a, —) is a multiple of M.
a
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First, Alice can guarantee that the remaining number on the board is a
divisor of M.
Suppose n is odd, M = (p1---p,)»" /2. Alice adopts the following
strategy so that her move always leaves some pairs and a divisor C' of M
1
on the board. First, she erases 1, N, and writes 1, which leaves §(n—|— -1

pairs and 1 on the board.

N N
(1) If Bob erases a, b from two pairs <a, —>, b, ?), and writes lem(a,
a
N N N N N
b), then Alice erases —, —, and writes gcd | —, — | = ———— which
a’ b a’ b lem(a, b)

forms a pair with ged(a, b).
) N , N .
(2) If Bob erases a pair | a, — | and writes lem( a, — |, then Alice erases
a a

lem (a, —> and C, and writes their greatest common divisor C’, which
a

is a divisor of M, leaving some pairs and C’ on the board.

N
(3) If Bob erases C' and a from (a, ;) and writes lem(a, C), then Alice

N N
erases —, lem(a, C), and writes C' = ged <—, lem(a, C)>
a a

N N
which is a divisor of lem (C, ged (a, ;)) Since ged (a, Z) is a divisor

of M, C' is likewise. Still, it leaves some pairs and a divisor C’ of M on
the board.

Based on the above argument, Alice is certain that her move leaves
some pairs and a divisor of M on the board. Eventually, there is only one
number left which is a divisor of M.

Now suppose n is even, M = (p1 ---p,)™*. Alice adopts the following
strategy so that her move always leaves some pairs and two divisors C; and
Cs of M on the board. First, she erases 1, N, and writes 1, leaving pairs
and 1, M. In the subsequent moves, if Bob erases one or two numbers from
pair(s), Alice follows (1)-(3) in the previous discussion; if Bob erases C1, Co

and writes lem(C4, C2) = C7 which is also a divisor of M, then Alice erases

N N
any pair (a, —) and writes ged (a, —) = () which is again a divisor of
a a

n/2

M. In any case, every time after Alice’s move, some pairs and two divisors
of M are left on the board. Eventually, Bob must be confronted with two
divisors of M, and his move will leave a divisor of M on the board.
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Next, Bob can guarantee that the remaining number on the board is a
multiple of M.

Indeed, Bob adopts the following strategy so that his move always leaves
some pairs and a multiple Cy of M (when n is even), or two multiples Cy
and Cy of M (when n is odd). Initially, take C; = (p1---p,)™? (when n
is even), or Cy = (py---p,)"V/2 Cy = (py -+ p,)"*tV/2 (when n is odd).
Bob just reverses Alice’s moves as follows:

N N
(1)’ If Alice erases a,b from two pairs <a, —>, (b, ?) and writes ged(a,
a

N N N N
b), then Bob erases —, > and writes lem | —, > )= N/gcd(a, b).
a a

N N
(2)" If Alice erases a pair (a, —) and writes ged (a, —), then Bob erases
a a

this number and C;.

N
(3)" If Alice erases C; and a from (a, ;) and writes ged(a, C;), then Bob

erases — and ged(a, C;).
a
(4)" Tf Alice erases Cp, Cy and writes ged(Cy, C2), then Bob erases any

(%)
pair [ a, — .
a

Similar to the discussion of Alice’s strategy, we just interchange the terms
“ged” and “lem” to arrive at the conclusion that Bob guarantees the remain-
ing number is a multiple of M.

n
Therefore, the least M is (p1---py) {EJ ) O]

Test |1, First Day
(8 — 12:30 pm; March 21, 2021)

As shown in Fig. 1.1, the quadrilateral ABC'D is inscribed in the
circle I') AB+ BC = AD + DC. Let E be the midpoint of the arc
BCD; F be the antipode of A (F # C); I be the incentre of AABC
J be the excentre of AABC against /BAC; K is the incentre of
ABCD. Let P satisfy that ABIC and AK PJ are similar triangles
with their corresponding vertices in order. Prove that the lines F K,
PF intersect on I'.

(Contributed by Lin Tianqi)
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Fig. 1.1

Solution As illustrated in Fig. 1.2, let L be the excentre of AACD relative
to A. Assume that the escribed circles ®J of AABC, ®L of AACD meet

the extension of AC' at M;, Ma, respectively (not shown in the figure).

AB+ BC — A AD+DC - A
Then CM; = M, CMy = +DC C Since AB +

2 2
BC =CD + DA, it follows that CM; = CMs, My = My, and JL 1 AC.
First, we show that P is the orthocentre of AAJL, and hence A, C,
P are collinear. It is easy to see that B, I, K, C, J are concyclic. Since

LKJP =/BCI = %AACB, it follows that

/1JK = ZIBK = ZIBC — Z/ZKBC
= lAABC — lADBC = 1AABD.
2 2 2
Thus,
LAJP =ZIJK + ZKJP
= %AABD + %AACB

%ABCD,
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while /JAL = %ABAD, it follows that LAJP + ZJAL = 90°, and
JP 1L AL.

Meanwhile, as CI L CJ, AC 1L JL, hence ZCJL = LACI = /BCI =
/KJP, and JC| JP are isogonal lines of /K JL. As C, K, D, L lie on a
circle, we have

ZLKC = ZLDC = 90° — %AADC
= %AABC =/CBI = /ZJKP,

and KC, K P are isogonal lines of Z/JK L. Therefore, C' and P are isogonal
conjugate points in AK.JL, implying that

ZPLJ = /ZKLC = ZKDC
1 1
= §ABDC’ = §4BAC
= /LJAC.
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Since AC | JL, it follows that LP 1 AJ, P is the orthocentre of AAJL,
and hence A, C, P are collinear.

Next, we show AECF «~ AKCP and AECK «~ AFCP.

Since AF is a diameter of I'; AC 1. C'F. It is shown that A, C, P are
collinear, hence CP 1 CF; in addition, as CK, CE are the interior and
exterior angle bisectors of ZBCD, hence CEF L CK. Together, they lead
to ZECF = Z/ZKCP. Finally,

£CKP = £JKP — £CKJ

= A£CBI—- £CBJ
=24 CBI—90°

= {CBA — L{FBA
= AFBC = LFEC.

We deduce that AECF «~ AKCP, and AECK «~ AFCP.
Let the lines FK and FP meet at T. From AECK «~ AFCP (the cor-
responding vertices are in order), it follows that

/ETF =180° — £(EK, FP) = 180° — £ ECF,

and hence T, E, C, F are concyclic, that is, the intersection T of EK, FP
lies on I [l

Given positive integers k and n (n > 2), find the minimum constant
¢ satisfying this assertion: if G is a simple kn-regular graph (the
degree of each vertex is kn) with m vertices, then each vertex can be
coloured one of n colours, such that the number of “mono edges” is
at most ¢m. Here, a mono edge is an edge incident to two vertices

of the same colour.
(Contributed by Fu Yunhao)

Solution ¢ Fhn—n+2)
2(kn + 1)
k(kn —n +2)

First, we prove c . Consider a complete graph Kpy,41

> — 7
- 2(kn+1)
with any n-colouring of the vertices. Suppose that the numbers of vertices
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coloured by 1,2,...,n are a1, as, ..., a,, respectively. Then

(a1 4 ag 4+ a,)?
n

(kn +1)?
n

ai+a5+---+al >

1
=Ek*n 42k + —.
n
As ay,a9,...,a, are integers,
a? a3+ +a:>kn+2k+1.

Therefore, the number of mono edges is

(33

DN =

n
2
e
i=1

1

25@%H4k+1—wn+n)
1

= Ek(lm —n+2),

k(kn — 2
which implies ¢ > %
k(kn — 2
Next, we give three proofs that ¢ = w satisfies the problem
2(kn + 1)

assertion.

Proof 1 For any kn-regular graph G, it is well known that G has a
(kn+ 1)-colouring such that adjacent vertices are of different colours.
Divide the kn + 1 colours randomly into n groups such that one group
contains k + 1 colours while each of the others contains k colours, and for
all these divisions, they have equal probabilities. Now change all colours of
a group into one colour. For any edge of G, initially, it is incident to vertices
of different colours; after changing the colours, it is incident to vertices of
the same colour, namely, it becomes a mono edge with a probability

Cin+t(—1CE _ k(k+ D) +k(k—1)(n—1) kn—n+2
Cini (kn + 1)(kn) n(kn+1) "
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Therefore, after changing the colours, the expected number of mono edges
is
kn—n+2 knm k(kn —n+2)
nknt1) 2 T 2(kn+ 1)
There must exist an n-colouring of G such that the number of mono edges
is less than or equal to ¢m. This verifies the problem assertion.

= cm.

Proof 2 Suppose that among all n-colourings of G, the minimum number
of mono edges is T(G). Let V consist of vertices of G. For a permutation
7 = (v1,02,...,0m,) of V, colour vy, va, ..., vy, in order (by one of n colours)
as follows. For a vertex v, suppose that in m, A,(v) of kn neighbouring
vertices of v appear before v. We colour v with the colour that appears least

A
frequently among those A, (v) neighbours (it appears at most {ﬂJ
n
times). According to this greedy algorithm, it is guaranteed that
Ax(v)
T < = .
(@) < Fin) = 3 | 22
veV
The above inequality holds for any permutation . It suffices to prove, for

k(kn —n+2)

all m! permutations, the average of F(m) is -m, so that

2(kn + 1)
some permutation 7 gives a desired n-colouring. For a vertex v, let its
neighbours be {u1, ua, ..., ug,}. Consider B = {v,u1,us, ..., Uk, }: among
the m! relative orders of elements of B given by all m! permutations, v
1
appears at position 1,2, ..., kn + 1 with equal probability P Hence,
n
as 7 traverses all m! permutations, the average of {ﬂJ is
n
1 Xa 1
—| = 0 x 1 x e+ (E—1) x k
kn—i—lg{nJ kn—i—l( nt e ) x k)
_ k(kn —n+2)
2(kn + 1)
k(kn — 2
As a result, the average of F(r) is (2(727171—5) -m = cm.

Proof 3 For a kn-regular graph G, let A = |V(G)| be the number of
vertices of G. Since there are only finitely many n-colourings of G, there
must be one with the minimum number of mono edges, say C. We have
the following claims on C.
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Claim 1 For every vertex v, v has at most k neighbours that are in the
same colour as v; if this does occur, then v has exactly k neighbours in each
of the n colours (we call this v a “balanced vertex”).

Proof of claim 1 Let v be of colour P. If there is another colour Q) such
that among v’s neighbours, the number of vertices in colour P is larger than
that in colour @), then we change the colour of v from P to (. This will
reduce the number of mono edges, which is a contradiction. Hence, there
are fewest neighbours of v in colour P (or one of the fewest); as v has kn
neighbours, the claim is verified.

Claim 2 Adjacent balanced vertices must be monochromatic.

Proof of claim 2 Let v, w be adjacent balanced vertices, v in colour P
while w in colour @. Changing v to @ and w to P, vw will not be a mono
edge, but the numbers of mono edges incident to v or w will each decrease
by 1, a contradiction.

Claim 3 If v is not a balanced vertex, v is adjacent to r balanced vertices

r
which have different colours from v, then there are at most k — Tl mono

edges incident to v.

Proof of claim 3 Consider the edges between these r balanced vertices.
As each balanced vertex is adjacent to at most k balanced vertices of its
colour, in the subgraph of these vertices, the degree of each vertex does not

exceed k. Now we can choose at least of these balanced vertices such

kE+1
that any two of them are not adjacent (assume that at most ¢ vertices can

be chosen, then they have tk or fewer neighbours, tk+t¢>r, or t > kL-i-l)

Change them to the colour of v. From the properties of balanced vertices,
we see that the number of mono edges does not change; however, if the
number of mono edges emanating from v exceeds k, then changing v’s
colour will reduce the number of mono edges, a contradiction. Therefore,
the number of mono edges emanating from v does not exceed k, and hence

r
there are at most k — Tl mono edges incident to v.
Let a be the number of balanced vertices in G. There are two situations.

k+1
(i) Ifa < 3 J; 1A. By calculating the number of mono edges emanating
n

from each vertex in two ways, we find that the total number of mono
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edges does not exceed

N =

(k—1)A+a)

%((kmw bl A)

%(akz—l— (A—a)(k—1)) =

IN

kn+1

kE(kn —n+2)
2(kn +1)

kE+1
i) If
(ii) If a > 1

neighbours of a balanced vertex are never balanced vertices. Thus, the

A. From Claim 2, it follows that the heterochromatic

number of edges connecting a balanced vertex and a heterochromatic
E(k+1)(n—1)

kn+1
vertex, consider its heterochromatic balanced (vertex) neighbours: let

neighbour is ak(n—1) > A. Now for each non-balanced

the numbers be r{,73,...,74_,. We have

k(k+1)(n—1)

ry+r —a >
1+7r2+ +ra—a k1

From Claim 3, the number of mono edges does not exceed

1 A—a ” 1 1 n—a
3 <k+2 (kk+1)> =3 <’“‘k—+12”>

i=1

1 E(k+1)(n—1)
—kA— —~F—FA
<3 (k &+ Dkn 1 1)
_ k(kn—n+2)
 2(kn+1)
Therefore, ¢ = M as desired. O
2(kn + 1)

Given positive integers a, b, ¢ which are pairwise coprime. Let f(n)
represent the number of nonnegative integer solutions (x, y, z) of the
equation ax + by + cz = n. Prove: there exist real constants «, 3,7,
such that for every nonnegative real number n,

a+b+ec
12

(Contributed by Wang Bin)

|f(n) = (an® + Bn + )| <
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Solution 1 Consider the generating function of {f(n)}:

H=3gmr"

n=0
=L+t +t2 4 YA+ )P

1
T A—t1— )1 —to)

Since a, b, ¢ are pairwise coprime, the denominator (1 — #*)(1 — °)(1 — t¢)
contains no repeated factors other than (1 —¢)3. Let w = >/ 2mi/b,
p = 627ri/c

the partial fraction decomposition

,T=e¢e
be the primitive a, b, cth roots of unity, respectively. Consider

1 _ ho h1 ha
I 0—?)1—t) (-0 (=02 T=0p

b—1

ek S
+Z wkt kzl1—7'k1f+kgll—pkt7

in which the numerators hg, hi,ha,d1,...,dqg_1,€1,...,€p_1, f1,.+., fe1

are all complex numbers. To find dj in 17%, multiply (1 — w*t) on
—w
both sides and let t — w™* (or just let 1 —w*¢ = 0). As all the other terms

vanish, we arrive at

J i 1—wht
= 1m
P e (1— (WP ™) (1 — ) (1 — to)

1 1

0 (= w )1 —wkey

In the expansion of G(t), the coefficient of ¢™ is

(n+1)(n+2)
2

a—1 b—1 c—1
+ Z dpwk™ + Z erT " + Z frp™"
k=1 k=1 k=1

f(n):h()+h1x(n+1)+h2><
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Observe that

a—1 a—1
D" <3l
k=1 k=1

1 1
= - x
a ]; 1 —w=Fkb||1 — w—ke

1
— X —
a ; 1= whp?

a’?—1 a

IN

T 20 S 12
Here, the equality in the last row requires a lemma which will be proved.
b—1 b c—1
Likewise, we have in the following | > ex7*"| < — and | Y. frp*"| < °
k=1 12 k=1 12

h
Taking B2 = 72 Bi = hi+ ghz, Bo = ho + hi1 + ha, it follows that

a—1 b—1 c—1
|B2n® + Bin + Bo — F(n)] < > drwk™ |+ D> x|+ fup™
k=1 k=1 k=1
< a+b+c
12

Lemma (for the equality in the last row) For any positive integer m,

m_1 1 2_ 1 m—1 k 2 3 2
o = o holds; equivalently, > cot? km _m~—sm+2
k=1 Sl Rﬂ' 3 b1 m 3
2 -1
Proof of lemma ForﬁeA{iv_W’._.v(m )”}7
m m m

(cos¥ + isind)™ = cos(m?) + isin(md) = £1,
where the imaginary part
C,ln sin cos™ 19 — Cf’n sin® ¥ cos™ 3 9 + Cfn sin®9cos™ P9+ ... = 0,

or CL, (cot )™=t — C2 (cot9)™=3 4+ C2 (cot¥)™ > + --- = 0. This implies
k

that {cot Tok= 1,2,...,m— 1} satisfy the (m — 1)th degree polynomial
m
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in cot¥. According to Viete’s formulas, the sum of the m—1 rootsis o1 =0
while the sum of their products multiplied in pairs is

_ CnL_
0‘2——01 = —

m

(m—1)(m —2)
SEe—

Consequently, the sum of the squares of the m — 1 roots is

m—1

k 2-3 2
S ot KT g2 g, - MM A2

m 3 O
k=1

Solution 2 By symmetry, assume ¢ < b <c. lfa=b=c=1, f(n) is
the number of ways of writing n as three nonnegative integers, which is

1 3
CEH_Q, and by taking a = 3 8= 3 V= 1, the error is constantly 0. In the

following, assume ¢ > 1. For nonnegative integer m, let g(m) represent the
number of nonnegative integer solutions (z,y) of ax + by = m.
First, we try to find g(m). Let x = ka (mod b), m = ¢b (mod a), where
ke{0,1,...,b—1}, ¢€{0,1,...,a—1}.

Evidently, 2 = k (mod b), y = ¢ (mod a). Suppose x = k + ub, y = £ + va.
Then

m = ka + £b+ (u+ v)ab,

— (ka+0b
giving v + v = uzw), and the number of pairs (u,v) is
a
— (ka4 ¢b — (ka+ ¢b
LZJF) + 1 (note that LZJF) is an integer greater than
a a
— (ka+0b
—2; when LZJF) = —1 the conclusion is still valid). Therefore,
a
m — (ka + ¢b)
=—— 41
g(m) 7 +

Next, consider f(n). In the Diophantine equation ax + by + ¢z = n, if
z is given (cz < n), then the number of nonnegative solutions of ax + by =
n —cz is g(n — cz). Hence,

[n/c]
f) =37 g(n—io).

1=0
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For each integer i, define k; € {0,1,...,b— 1} and ¢; € {0,1,...,a — 1}
such that

n —ic = kja (mod b), n —ic=4{b (mod a).

((n —ic) —a::ia + 4;b) N 1)

L2 G -5 2 (2 - (5k e

Note that a,b,c are pairwise coprime. Hence, for ¢ = 0,1,...,b — 1, the
integers n — ic cover a complete system of residues modulo b; so do the
integers k;a and the integers k;. In addition, when ¢ shifts by a multiple of
b, k; does not change.

[n/c] bh—1

Now we turn to > <kzl — T) notice that the summands add up
i=0

to 0 as ¢ goes over a complete system of residues modulo b. Therefore,

Ln/e] b—1 s b—1 ) ,
S | ki——— =5 (ki— —— |, where s is the least nonnegative

i=0 2 i=0 2
. n s b—1 _
residue of L—J modulo b. In > <kZ — T)’ the summands are distinct
¢ i=0
1-b 3-0 b—3 b—-1
and are all from { 7 3 5 g 3, 5 (the positive and negative

elements are symmetric). This indicates that cannot

= (n-5)

. 2 b—3 b—1 b>—-1

exceed the sum of the positive elements§+§---+ 5 + 5 = g
. 1 3 b—3 b—-1 b2 .

when b is odd, or §+§~~~+T+T =3 when b is even. Hence,

£}
2
‘("_.
N
&
\
>
)
—
~~
IN
|

@
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Likewise,

[n/c] B 2

> (a-5)| < % ®
P 2 8

From (1) and (2), it follows that

D SPRED S RETRT IR
S () A (o)
§§+§. ®

Let r be the least nonnegative residue of n modulo ¢. Then

E G gl () -Gl (5 + 2

_(n=r)n+ab) (n—r)(n—r+c) (2ab—a—b)(n—7r+c)

abc 2abc 2abc
~n?*—(a+b+c)n— (2abc+ ac+be) —r(r+a+b—c) @
2abc '
As r takes values 0,1,...,c— 1, denote the maximum and the minimum of

r(r+a+b—c)as A+ B and A — B, respectively. By (3) and (4),

n? —(a+b+c)n— (2abc+ac+bc) — Al _a+b B
_ < .
fn) 2abc - 8 * 2abc

1 at+b+ec
Leta——, =24+ 2%F¢
v 2abc’ﬂ 2abc

72abc+ac+ be+ A
2abc '

We will justify the problem statement

a+b+c @

[£() = (@n? + fn ) < 22

for different a, b, c values. O
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Case 1: a = b =1 and ¢ > 1. An investigation on the convexity and the
axis of symmetry yields

_ 9\2
AtBec_1, A-B>_U 42),

2
and hence B < % In addition, the left-hand sides of (1) and (2) are con-
stantly 0, thereby making no contribution to the error. It follows that

c? ¢ a+b+c
<7

|[f(n) = (an® + Bn + )| < 8- 2abc 16 12

which is (5).

Case 2: a =1,b> 1, and ¢ > a + b. Again, by considering the convexity
and the axis of symmetry, we find
—1=5)?2
A+B=blc—1), A-B> —%,

b+c—1)>
and B < w The left-hand side of (1) is constantly 0, contributing

zero error. Therefore,

A
+

7(n) — (an® + B+ )| < ¥

b b2 4+2bc+c®—2b—2c+1

8 16bc

b 3bc+c®>—2b—2c+1—b(c—b)
8 16bc

b 3bc+c —2b—2c+1—(c—1)
=3" 16bc
b
8
b
8
b
8
a

+

_l_

2bc + ¢ — 3¢

+ 16bc

IN

16Jr 32
+b+c Sa—4b—-1
12 96

- a+b+c
12 ’

and (5) is verified.



China National Team Selection Test 165

Case 8: a > 1 and ¢ > a+ b — 2. The convexity and the axis of symmetry
indicate

—a—0)?2

A+B=(a+b—1)(c—1), A—B= 7%,

(a+b+c—2)2 ¢

and thus B < — < 5 The error estimate
5 a+b 2 a+b ¢
— < — -
|f(n) = (an” + Bn + 7)| 5 T Tabe s T I

a+b c a+b+c c—a—2>
< 4+ — = —

- 8 24 12 24
< a—i—b—&—c,

- 12

verifies (5).

Case 4: a>1land c<a+b—3. Asr(r+a+b— c) is strictly increasing
when r > 0, we have 2B = (¢ — 1)(a +b— 1) and

(c=1D(a+b-1) - (a+b)c
2 2 '
From ¢ < a+b—3 < a+c—4, it follows that a > 4. The error is bounded by

a+b  (a+b)c

B=

2

|f(n) = (an® + Bn+7)| < s T iabe
_a+b 1 1
“ % "m
a+b 1 1
S8 T
a+b+1
<738
~ 3a+3b+3
- 24
2a +2b+ (a +b+3)
<

24

<2a+2b+26
= 24
7a+b+c
12

and (5) holds.
Based on the above argument, the problem statement is verified.



166 Mathematical Olympiad in China (2021-2022)

Test Il, Second Day
(8:00 — 12:30 pm; March 22, 2021)

For a positive integer n, let ¢(n) represent the number of positive
integers not exceeding n and relatively prime to n. Find all functions
f:N4 — N; satisfying that for any positive integers m, n with m > n,

Fme(n®) = f(m)e(n?).
(contributed by He Yijie)

Solution The desired functions have the form

c, n=1,
-

dn, n > 2,

where ¢, d are positive integers. It is straightforward to check that the prob-
lem conditions are met.

In the governing equation, taking n = 2 leads to f(4m) = 4f(m) for
m > 2. By iterations, it follows that

f(4"m) = 4% f(m) @
for all m > 2.
Claim For positive integers m, p with m > 2, f(pm) = pf(m).

Proof of claim Induct on p: when p = 1, the conclusion is trivial; assume
p > 2 and the conclusion is valid for all positive integers less than p. Now, if
p is composite, the conclusion is validated by the induction hypothesis. In
the following, assume p is a prime. Taking n = p in the governing equation,
we obtain

F@*(p—1)m) = p*(p — 1) f(m)
for all m > p. By the induction hypothesis,
p*(p—1)f(m) = f(p*(p — 1)m)
= (p—1)f(p*m),
and thus
f(*m) = p” f(m) ©)

for all m > p.
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Next, take n = p? in the governing equation to get
F@°(p — 1)m) = p°(p — 1) f(m)
for m > p?. In a similar manner, it follows by induction that
F@°(p = 1)m) = (p = 1)f(p°m).
Hence,
Fp°m) = p°f(m) ®

for m > p?.
Based on the above argument, we take k with 4% > p?: for any m > 2,

® ® ® ®
AFpt f(pm) = 4" f(pPm) = (4" pPm) = p° f(4Fm)=p°4F f(m).

Therefore, f(pm) = pf(m), and the induction is completed.
According to the claim, particularly for m > 2,

2f(m) = f(2m) = mf(2).
Taking m = 3, we infer that f(2) is even. So for m > 2, f(m) = dm, where

i
2

is an integer. O

Let n be a positive integer, aj, ag,...,a2,+1 be 2n + 1 positive real
numbers. For k =1,2,...,2n+ 1, define

1 k+m
by = ;
k og&sgn(zml 2 )

i=k—m

where the subscript of a; is taken modulo 2n+ 1. Prove: the number
2n+1

of subscripts k satisfying that by > 1 does not exceed 2 > aj;.
i=1

(Contributed by Ai Yinghua)

Solution Define I = {k|by, > 1}. For every k € I, assume that the maxi-
k+m
. is attained at m = my, and call
2m+1¢:;mal is attained at m = my, and ca

mum value by of

[k:fmk,kerk] ::{kfmk,kfkarl,...,kerk}

a “nice segment”, where the subscripts are taken modulo 2n + 1. Obvi-
ously, the union of all nice segments contains I.
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Claim There exists a collection of nice segments whose union contains
I, and moreover, each i € {1,2,...,2n 4 1} is contained in at most two
segments.

Proof of claim If [1, 2n + 1] is a nice segment, the conclusion is trivial.
In the following, assume this is not the case. If 4 is contained in 7 nice

segments

[0 —ui,i+v1],. .., [F — up, @ + vy
where » > 3 and 0 < wj, v; < 2n, let u; = max{ui,...,u,} and
v = max{vi,...,v,.}. We can keep the nice segments [i — u;,i + v;],
[i — ug,% + vg] and drop the other r—2 segments. Now the segments
still cover 1,...,2n+1, and at most two of them cover i. For each

i€{1,2,...,2n+ 1}, perform the above operation. Eventually, we find a
collection of nice segments with the desired properties.

For the original problem, let [i; — my,41 + mal, ..., [ir — My, 4 + my]
be a collection of nice segments chosen in the claim. We have

2n+1 T ta+Ma r
2 Z W=y Y ak—z 2ma + b, = 3 (2me + 1) > |1,
a=1k=iq—mq = a=1

the first inequality is due to each ¢ being contained in at most two nice
segments; the equality and the next inequality are due to the definition of
nice segments; the last inequality is due to the union of the nice segments
containing I. O

Find the least positive real a satisfying this condition: for any three
points A, B, C on the unit circle, there exists an equilateral triangle
PQR with side length a, such that A, B, C are all inside or on the
boundary of triangle PQR.
(Contributed by Wang Xinmao)

(2sin 80°)2

7 )

First, we prove a =
C on the unit circle, let /BAC =«a, ZABC =3, ZACB =, a < <.

25in 75°)2 6 2)2
If 8 < 60° since AB < 2 < a (here, a > (2sin 75°) = (V6 +v2)
V3 4v3

8+4v/3

13 > 2), one can draw a segment PQ of length a that contains A

Solution a =

2sin80°)?
(25in80°)° is sufficient. For any three points A, B,
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and B, then find R such that APQR is equilateral, C', R on the same side
of PQ. It follows from a < 8 < 60° that C' is inside APQR or on the
boundary.

If 5 > 60°, we first prove the following:

At least one of sin 3sin~y and sin 8sin(a 4 60°) is less than or equal to
sin? 80°. (%)

In fact, as 2(8 + a + 60°) + (8 + ) = 480° — (y — B) < 480°, one of
B+ a+ 60° and 8 + v does not exceed 160°. From the simple property of
sine function

1
sinzsiny = —(cos(x — y) — cos(z + y))

< %(1 —cos(z +y))

(x) follows.

(i) If sin Bsiny < sin?80°, let AD L BC with foot D; take P, Q on the
line BC' such that PD = DQ = g; take R on the ray DA such that

DR = @ = 2sin?80°.
Notice that AD = 2sinSsiny < DR, and thus A lies inside APQR or
on the boundary; from 60° < 3, v < 120°, it is easy to see that B, C
lie on the segment PQ.

(i) If sin Bsin(a + 60°) < sin? 80°, take P = A, extend AB to Q, AQ = a,
and find R such that APQR is equilateral and C, R lie on the same
side of PQ. Let M be the intersection of the ray AC and the line QR.
Notice that AB < 2 < a, hence B is on the boundary of APQR; since

sin 60° 2sin® 80°

AM =a - = 2sinf3 = AC.
“ sin(a + 60°)  sin(a + 60°) > 2sinf ’

C is inside APQR or on the boundary.
(25in80°)?

V3

2s5in80°)2  2sin®80°
Next, we prove a > ( ) = Sn60° is necessary. To this end,
sin

V3
choose A, B, C on the unit circle with ZBAC =20°, ZABC = ZACB =80°.

In conclusion, a = satisfies the problem condition.
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Suppose the equilateral triangle PQ R with side length a covers A, B, C
(inside or on the boundary). By a translation if necessary, we can make one
of A, B, C, say A on the boundary of APQR, and then by a rotation about
A we can make B or C on the boundary. If neither of them is a vertex of
APQR, assume they all lie on PQ or PR. Take P as the homothetic centre
and rescale APQ@QR smaller such that all of A, B, C fall on the boundary or
become a vertex of APQR. Since ZABC, ZACB > 60°, B, C' cannot be
vertices; in addition, there is symmetry between B and C. Thus, it suffices
to consider four situations as follows.

(1) Ais a vertex, say A = P. Let PH 1 QR with foot H. Then the angle
between PH and one of PB, PC' is less than or equal to 10°. It follows
that PH > 2sin? 80°, and

2 sin? 80°

= PQ >
“ Q= sin 60°

(2) A and B lie on the same side, say PQ, with PA < PB. Let PH L QR
at H. Then the angle between AC and PH is 10°. Similar to (1), we
have

2 sin? 80°
>0 2
sin 60°
(3) B and C lie on the same side, say QR. Let PH L QR at H. Then the
lines AC' and PH cross at 10°. Similar to (1), we have
2 sin? 80°
>Z> 7
sin 60°

(4) A, B, C are all on different sides. Let A € PQ, B € QR, C € RP, and
¥ =/RBC < /ZRCB, 9 < 60°.

(i) If ¥ < 20°, then the angle between AB and the altitude on QR
does not exceed 10°. Similar to (1), we get
2 sin? 80°
> — .
—  sin60°
(i) If 40° < < 60°, then the angle between AC and the altitude on

2sin” 80°
PQ does not exceed 10°. Similar to (1), a > L
sin 60°
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(iii) If 20° < ¥ < 40°, then

a=QR=QB+BR
25in80°sin(20° + )  2sin20°sin(60° + )

sin 60° sin 60°
S 2 sin 80° sin 40° 4 2 sin 20° sin 80°
- sin 60°
2sin? 80°
~ Tsin60°
2 sin” 80° 0

In summary, the minimum is a = —;
sin 60°

Test Ill, First Day
(8:00 am — 12:30 pm; April 7, 2021)

Given a convex n-gon (n > 5) 2 : PiP,...P,, of which no three
diagonals are concurrent inside §2. Prove that one can choose a point
inside every quadrilateral P;P; Py Pp(l < i < j < k < ¢ <n) and not
on any diagonal of £2, such that the C% points obtained are distinct
and the segment connecting any two of them intersects with at least
one diagonal of 2.

(Contributed by Leng Fusheng)

We give three proofs as follows.

Solution 1 To begin, notice that the diagonals of 2 divide the polygon
into C2 + C2_, small regions. Every quadrilateral PP P, Pp(1 <i < j <
k < ¢ <n) has a 1-1 correspondence with the intersection of the diagonals
P, P, and P;P;, and additionally, every intersection is adjacent to four small
regions. Therefore, it is enough to assign every intersection to one of the
four adjacent small regions, such that the C# assigned small regions are all
distinct.

Place {2 in the Cartesian coordinate plane such that no diagonal is
parallel to the z axis. If two diagonals P; Py, P; P, meet at ), then we assign
@ to the unique small region incident to () and whose interior points all
have y coordinates larger than that of @ (intuitively, above @). Obviously,
different intersections correspond to different small regions, as for each small
region R, there is a unique vertex with the minimum y coordinate, and this
vertex is assigned to R. This completes the proof. 0
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Solution 2 As in the first proof, we are required to assign each intersection
(of two diagonals) to an adjacent small region, such that the assigned small
regions are all distinct. In the plane of {2, pick any point () not concurrent
with any diagonal. Suppose that two diagonals ¢; and {5 intersect at R.
Then @ lies inside one of the four zones of the plane divided by ¢; and /s:
in the anticlockwise direction, let T be the next zone, and assign R to the
unique small region adjacent to R and contained in T'. It remains to prove
that each small region is assigned at most one intersection.

Fig. 1.1

For a small region illustrated in Fig. 1.1, denote its vertices anticlockwise
as Rl, Rg, ey Rm(RO = Rm) The rays Rle, R2R3, ceey Rm_lRm, Rle
divide the plane excluding the small region into Ay, As, ..., A, where A;
is the zone whose boundary consists of rays R; R;+1 and R;_1 R;. According
to the correspondence between small regions and intersections, this small
region is assigned R; if and only if @ lies inside zone A;, which could happen
for at most one subscript 7. Since this is true for any small region, we infer
that each small region is assigned at most one intersection, and the proof
is completed. ]

Solution 3 Let all the diagonals of {2 be ¢1,...,¢,,. We put these m diag-
onals in {2 in the order of the subscripts and define S; as the set of inter-
sections created by adding the diagonal ¢;, (Si could be empty), T} as the
set of all small regions divided by I, ..., I;. We use induction to prove, for
each k, there exists a one-to-one mapping
kaS1U"'USk*>Tk,

such that every @ € Sy U---U Sy is a vertex of the polygon f(Q). After
that, a discussion as in the beginning of the first proof will lead to the
conclusion.

For k = 1, the assertion is obvious. Assume for & — 1, the one-to-one
mapping fr—1 satisfies the condition. Now we add the diagonal Ij, to (2.
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If S is empty, the assertion is clearly true for k. Assume Sy is nonempty.
Then the intersections in Sj all lie on i, say they are @1, ..., Q,, and they
traverse the small regions A, ..., A1, respectively, dividing each A; into
two new small regions B; and C;.

Notice that fk:ll(Al) can be either empty or determined, say a vertex
R; of B; or C;. Now we define f as follows: for each i € {1,...,r},

(1) If f,-',(A;) is empty, then let f(Q;) = By;
(2) If R; is a vertex of B;, then let fr(R;) = B fu(Qi) = Cy;
(3) If R; is a vertex of Cy, then let fi(R;) = Ci, fx(Q:) = B;.

For all other intersections Q, let fr(Q) = fr—1(Q). It is straightforward
to check that fj has the desired properties. Particularly, when k = m, the
mapping f = f,, gives a one-to-one correspondence between all interior
intersections and small regions of (2, satisfying that each intersection @ is
a vertex of the small region f(Q). O

Given 2021 distinct positive integers ai,as,...,as021. Define the
sequence {a,} inductively as follows: for each integer n > 2022, a,
is the smallest positive integer different from aq,as,...,a,_1 and
not dividing the product a,_1a,_5...a,_2921. Prove: there exists a
positive integer M, such that all integers greater than or equal to M
appear in {a,}.

(Contributed by Xu Disheng)

Solution Let k = 2021. In fact, we will prove the statement for any integer
k> 0.

Lemma 1 There exists C > 0 independent of k, such that 7(m) < CmF+i
holds for all positive integer m, where T(m) is the number of positive factors
of m.

Proof of lemmal Letm = pi'p5?...p%" be the prime factorization of m.

Evidently,
7(m) = (a1 + 1)(az+1) - (. + 1).

Equivalently, there exists C' > 0 such that

T
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holds for all prime p; and positive integers c;. Note that polynomials grow

slower than exponential functions, and hence for each prime p < 2F+1

(o + 1)k+1

the fraction has an upper bound when o > 0. Since the num-

ber of primes p < 281 is finite, there exists C” such that for any prime
p <28

pa

<C".
On the other hand, for p > 2k+1,

(a+ DR a4 1\
< < 1.
pa 20{

T . k+1
It follows that [] lai+ ™

i=1 i
prime factors of m less than 2¥*!. The existence of C' > 0 is now verified.

< C'%, where s is the number of distinct

(o271

Lemma 2 For any fized integer L > 0, there exists M > 0 such that for
any positive integer m > M, one can find a prime power p®|m, and p® > L.

Proof of lemma 2 Consider all prime powers less than or equal to L:
there are only finitely many of them. Define M equals the product of them
plus 1. If m > M and p|m, then its highest power in m satisfies p®|m, and
p* > L.

Lemma 3 There exists a positive integer D such that a, < 2n+ D for
every positive integer n.

Proof of Lemma 3 We take D satisfying D > maxj<s<g{as} and
D > 2kC*1 4 CDF

where C' > 0 is defined in Lemma 1, and use induction to prove a,, < 2n+D
for every n. By the choice of D, a, < 2n + D is true for n = 1,2,... k.
Assume a, < 2n + D holds for 1,2,...,n + k — 1, where n is a positive
integer. Now for a,ik, it is known from the problem that a, i is the
smallest positive integer not dividing a,an+1 . .. antr—1, and different from
ai,...,0n4+k—1. Hence,

ntk < T(Anant1 - Gnyp—1) + 0+ k.
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From Lemma 1 and induction hypothesis, we have

1

An+k < C(anan+1 .. -an-‘rk—l)k_H +n+k
<C@n+k—1)+D)= +n+k
< C2FT (n+ k)& + DFT) +n+ k.

In the last step, we use the fact that 2 ¥ is concave down for z > 0.
Now, if n + k < 28C**1 then

Ansk < C2F4T (n+ k)F1 + CDFT +n+k
< 2kCH L CDTT 40+ k
< D+2(n+k);
if n+k > 25C**1, then
C27T (n+ k)™7 < n+k,CDFT < D,
and
ik <n+k+D+n+k=2(n+k)+D.

Therefore, a, < 2n + D is true for n + k.

Return to the original problem. For integer m > 0, if m does not appear
in the sequence, then, as the elements in {a, } are distinct, there must exist
a positive integer Ny, such that a,, > m for n > N;. By definition of {a,},
M|AnGpi1 - .. Anpk—1 for all n > Ny.

According to Lemma 2, there exists M > 0, such that for any integer
m > M, we can find a prime power p®|m, and p® > (3k)*. We claim
that such m must appear in {a,}. Suppose to the contrary that for some
m > M, m does not appear in {a,}. Fix a prime power p®|m, p* > (3k)*.
By the previous argument, there exists a positive integer Ny, such that for
n > Ny,

m|anan1 - - Gpgk—1-
For this n, there exists 4, n <i < n+k — 1 and pl®/kI |a;. Let

Ny > 3Ny + D + 3k,
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and consider the set A={n:1<n < Ny, ple/kl |an}. On one hand, from
Lemma 3, we have a,, < 2n + D, and thus
2Ny + D 2Ny + D

—— < :

] <

On the other hand, since m does not appear in {a,}, m|apantq ...
antk—1 for n > Nj. Consequently, for any k consecutive terms in {N; +
1, N1 4+ 2,..., Ny}, at least one term belongs to A, implying that |A| >
Ny — Ny

3 — 1. However, by the choice of Ny, we have

Ny — Ny N, + D
Al>2— g 2t D
A= = T

which contradicts the previous estimate. This means all integers m > M
must appear in {a,}. O

Find the largest constant C' > 0, such that for any integer n > 2,

one can find real numbers z1, 3, ..., 2z, € [—1, 1] satisfying
n(n—1)
H (331' — .13]‘) > c 2z .
1<i<j<n

(Contributed by Wang Bin)

Solution 1 For sufficiently large n, we guess the optimal choice of
(z1,...,2n) on [—1,1] is close to the projection of points uniformly dis-
tributed on the unit circle onto the z axis. To this end, we introduce the
reference choice

2k —1

ap, = cosJ = cos m, k=1,2,...,n.

For A = {as,as,...,a,}, the product

PA: H (ai—aj)

1<i<j<n

and

£k

will be used later.
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Consider the nth degree Chebyshev polynomial of the first kind 7'(X) =
T,.(X), with leading coefficient 2"~1 and T'(cos ) = cos nd.
Substitute X = cosd, and differentiate to find T”(cos ), T" (cos):

T/(cos ) = dcosnd  —nsinnd x dd " sinny
" deos?®  —sindxdd sind ’
dsinm?
dT"(cos ) nd
T 9) = _ sin
(cos ) dcos "X dcos?
n cosny y B cos ¥ sin nd
oy S sin® 9 x dv
—sind x dvY
. cosvsinnt — n x cosnysind
N sin® 9
2k —1
For k=1,2,...,n, denote ¥y = 7. We have

T(ar) = T(cosVy) = cos(ndy) =0,

and hence all the roots of T(X) are A = {a1,az,...,a,}. Define

1
H(X)= 2n71T(X) =(X—-a1)(X —ag) - (X —ap).
dH (X
From another perspective, the first derivative H'(X) = d§( ) is the

sum of all products of n — 1 terms in

B:{X—al,X—ag,...,X—an}

(there are (#) products), denoted as H'(X) = o0,_1(B). Further-

dH'(X)
ax

products of n — 2 terms in B (there are (%) products), denoted as
H"(X) = 20,—2(B).

more, the second derivative H”(X) = is twice the sum of all
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When X = a; € A, we have X —ap =0 in B, and

H'(ax) = o0-1(B) = [ [ (ak — as),

ik
1
H”(ak) = 2Un_2(B) = QH(ak — ai) Z p .
itk itk kai

Substitute X = ax = costy € A in T'(X) and T"(X) to obtain
T'() = T'(costh) = n x S
ar ) = COSVE)=n sinﬁk s

-1 k—1 9
T"(ay) = T" (cosVy) = n x w.

sin® I
Therefore,
1 H" T 0
Z = /(ak) = /(ak) = C?SQk s k:1,27...,n.
ok —a 2H(ar) 2T'(ax)  2sin® v
Moreover,

Pi = ()" [ [[(ax - as)

k=1i#k

n
n(n 1)
H (cos¥y,)

n

n

s

on(n—1) sin Yy,

k

1

Notice that the complex roots of (z +1)" +1 = 0 are {ezkrflm -1,
-1
7 = 2sindy. The product of

2
k = 1,...,n} with magnitudes 2sin

n
the magnitudes is [] 2sin¥y = 2, implying
k=1

n" n" 2 n _n—1
2 n n—1
PA: — = o — :>PA(_> n22 2 |

9n(n=1) ] sin oy,

k=1
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1
and hence C' = 3 satisfies the problem statement. In the following, we

1
prove C' < 5

For any positive integer n, assume 1 > 1 > x9 > --- >z, > —1 and

P = H (:vz-—:cj)>0n(n2ﬁl).

1<i<j<n

We make a comparison with the reference choice:

F— xX; 7’1']‘
1<icyj<n % %
- 1
=2 |mex >
0
k=1 itk BT
i( cos Jy, )
= Tk X 5
P 2 sin“ Yy,
1 <~ | cos U]
<3 2y
=1 S k

Evaluating

2n
k=1 k=1
2n—1 n—1
o Im 2
= E cot om g t° —,
=1 =1

using the well-known identity
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Now, by Cauchy’s inequality,

Z |cos I
sin® 9

" cos? Uy, 2 1
< x ;
; sin® 9y ; sin® 9y
=Gx (G+n)
= (n—1)n?

Finally, by AM-GM inequality, we arrive at

P* —
i | G

1<i<j<n YT 4
n(n—1)
2
< 2 Z Tq — Xy
n(n—1) 1<icj<n T Y
n(n—1)
n 4 n
< ( > < e+t
n—1
n(n—1)
n(non) . n 1 n_n-1 n
C7 2 < P'<ed xPy= 3 Xnz2 2 e4,
The above inequality holds for all positive integers n. By taking n suf-
1
ficiently large, we deduce that C' < 3 g
1

Solution 2 (modified from Wang Yichuan’s solution). First prove C < —

Without loss of generality, assume

l\’)

12x12"'>$n2_17

where z; = cos¥;(1 <i <n), 0 < <--- <9, <7 Let p; = eV,
q; = e~Yi be complex numbers. Clearly, on the complex plane, p, ..., pn,
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Gn, - - -,q1 correspond to 2n points anticlockwise on the unit circle, which
we denote in order as Aj,..., As,. It follows that

H (xj —xx) = H (cos¥; — cos V)

1<j<k<n 1<j<k<n
0+ . 9, — O
= H 2sin —2 sin 2 . @
- 2 2
1<j<k<n

By the law of sine, for 1 < j < k < n,

. 05+ 0

QSIDJT = |pj _Qk| = |pk_qj|7
.Uy — Uy

QSIHJT = |pj —pi| = |Qj — Q|-

Hence,

9+ 0 — D

2sin 1
2 2

1
= 5\/ij = arllpr = ajllp; — prlla; — arl

1
= 5\/|AjA2n+1—k||AkA2n+1—j||AjAk||A2n+1—jA2n+1—k :

Plug the above identity into @, to obtain

I @ —=

1<j<k<n

1
= H 5\/|AjA2n+1fk||AkA2n+1fj | A; Akl A2ns1—j Aont1—k
1<j<k<n

n(n—1)

1 2
_ (§> 11 1A, Ay ®
1<j<k<onj+k#2n+1
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Now we estimate 11 |A;Ag|. Divide A;jAr (1<j<k<
1<j<k<2nj+k#2n+1
2n) into n groups

2 A1Ag, AgAs, ... Agy A
(2 A1 Az, AgAy, ..., Asp Ay,
(21 : A1 Ay, AxAsg, ... AgnAn_y;
2, AlAn+1a A2An+27 RN ApAgy,.
Notice that for each 1 < j < n — 1, the sum of the inscribed angles
subtended by all chords in {2; is jm; for each (2;, let A; be the number of

chords A;A; such that s+t # 2n+1, then it must be A\; = 2n or \; = 2n—2.
From the law of sine and Jensen’s inequality applied to the convex function

In(sin ) (x € (O, g)), it follows that

. by
H“AsAt':AsAt€9j75+t7é2n+1}§ (2sin¥) .
J

On one hand, due to sin j)\—ﬂ <1,
J

- Aj - 2n—2 - 2n—2
2sin Jn < 22" ( gin I < 22" [ ¢in J .
)\j )\j 2n — 2

On the other hand, we have

H{|A5At| D AGA € 2,} <2m

Hence,
n—1 - 2n—2
H |AjAg| <27 H <22" (sin 5 J 2) )
1<j<k<2njtk#2n+1 j=1 n-
2n—2
n—1 jﬂ'
— 2371—2 2si
II ( sin I 2)

j=1

S 23n—2 . (2\/5)2n—2’



China National Team Selection Test 183

and in the last step we used the trigonometric identity

I1 <2$in ﬂ) —oy/m.
2m

Jj=1

Now plug the inequality into @, yielding

n(n—1)
cr < I (@—aw)
1<j<k<n

n(n—1)

g(%) Tt aymL,

1
Letting n — oo, C' < 5

It remains to prove that C = % can be attained. Let (¥1,...,9,) =
T 37 (2n— 1)
<%%7zn
q; = e Y correspond to a regular 2n-gon A ... Ay, in the complex plane.
From (2), we get

>. Evidently, the complex numbers p; = eli

n(n—1)
1 2
11 (ﬂszk)(§> IT 144
1<j<k<n 1<j<k<2n
J+k#2n+1

Since A1 Api1,. .., ApAg, are the longest diagonals (chords) in the reg-
ular 2n-gon A - -- Agp,

2n
n—1 .
LT
IT wal= I 1a4= HQsmé—n = (Vn)™ > 1,
1<j<k<2n 1<j<k<2n j=1
Jj+k#2n+1 k—j#n
which implies

) n(n—1)
- > (=
[T G-o0=(3)

1<j<k<n

1
In conclusion, C' = 3 O
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Test Ill, Second Day
(8 am — 12:30 pm; April 8, 2021)

For each positive integer N, let 7(IN) be the number of positive
factors of N; w(N) be the number of distinct prime factors of N;
Q(N) be the number of prime factors (counts multiplicities) of N.
Prove: for each positive integer n,

n

wlm n n n .
3 5 >§;{EJT(1€)2§;59< ).

m=1 1

Here, |z is the largest integer not exceeding z.
(Contributed by He Yijie)

Solution 1 First, note that L—J represents the number of multiples of k

k
among 1,2,...,n. Hence,
n n n n
2 _ 2 _ 2
3 {EJ (k)2 = (k) =303 (k).
k=1 k=11<m<n, klm m=1k|m
To prove the problem statement, it suffices to justify, for m =1,...,n,

590 <y " r(k)? < 5.
k|m
When m = 1, it is obvious. When m > 1, let m = p{'p3?.-por
be the prime factorization (p1,p2,...,p, are distinct prime numbers and
aq, Qg,...,q, are positive integers). For k = pllpg2 coepBroT(k) = (B +
1)(B2 + 1)+ (B +1). Thus,

Stk = > BB 1) (B + 1)
k|m 0<B1<a
0<f <ar

T

= [ +2° 4+ (@i +1)%).

=1

Now it suffices to show for each 1< i < r,

5<12 422 4+ 4 (o +1)2 < 5%
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1
For j € N, define T(j) = 12422+ - -+ (j+1)? = 6(j+1)(j+2)(2j+3).
Then

T(j+1)7j+2.j+3.2j+5 {1g.§.§][15]
T(j) Jj+1 j+2 2j+3 ’ T

Since T(1) = 5, it is straightforward to check T'(j) € [5,5/] (V; € N4)

by induction. This finishes the proof. ([

Find all functions f : R — R such that for any x,y € R,

Fafy) +y*%) = yft) + (f() >
(Contributed by Fu Yunhao)

Solution f(z)=0or f(x)==.

Denote P(x,y) as the governing equation of the problem. From P(z,0),
we get f(xf(0)) = (£(0))202L. If £(0) # 0, as x is arbitrary, f must be a
constant function, say f(z) = c¢. Then ¢ = yc+ c?? for y e R, ¢ = 0, a
contradiction. Hence, f(0) = 0.

If f(a) = 0 for some a # 0, then P(x,a) leads to f(z) = 0 for all z €
R. Clearly, this function satisfies the governing equation. In the following,
assume f(a) # 0 whenever a # 0.

From P(0,1), we get f(1) = (f(1))%°?!, and f(1) = £1. If f(1) = —1,
P(1,1) gives f(0) = —2, a contradiction. Thus, f(1) = 1.

Now P(x,1) gives

flx+1)= f(z)+1. ©
Compare P(x,y) and P(z + 1,y), to obtain
F@f(y) + fly) + %) ==y f (a4 1)
H)? =B () oy F0)P LIy ff ) + )

As f(y) #0, 2f(y) + y?°2! can take any real value z, and thus
FE+f@) =y + /() @

In (2), letting z = 0, we get f(f(y)) = y. Then, letting y = f(w) in (2),
we arrive at the following equation

fE+f(f(w) = fz+w) = f(z) + f(w)

for any z, w € R.
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which implies yf(x) = f(zf(y)). Let y = f(z) and use f(f(z)) = z to
derive

In particular, f maps positive reals to positive reals. By the well-known
properties of Cauchy’s multiplicative functional equation, f(z) = x, which
clearly satisfies the governing equation.

We conclude that there are only two functions: f(z) =0 and f(z) = =.

O

Prove that there exists a constant A > 0, such that: for any positive
integer m, in the rectangular coordinates system, if all vertices of
AABC are integral points, and there is a unique interior (not on the
side) integral point whose z and y coordinates are multiples of m,
then the area of AABC is less than Am?.

(Contributed by Wang Bin and Fu Yunhao)

Solution We call (z,y) an “m-integral point” if x, y are integers and m|z,
m|y. By a proper translation, we may assume that the unique interior m-
integral point is at (0, 0). Extend AO, BO, and CO to meet the opposite
sides at points D, E, and F, respectively. Denote

p:O_D: SaroBc q:O_E: Saoca 7a:O_F: Saro0AB
AD  Saapc’ BE  Saagpc’ CF  Saapc’

Evidently, p + g +r = 1; assume p > ¢ > r > 0 (so that

1
P=5 2

3 m
of A, B, and D about O. On the line AD, let UV be the intersection of the
segments AD and D’A’, namely, U is A or D', V is D or A’, whichever is
closer to O. Since ABUV C AABC, except for O, there is no m-integral
point in the interior of ABUV or in the interior of UV, and neither in the

symmetric AB'UV. Together, they imply that the parallelogram BUB'V

. Let A’, B’, and D’ be the respective symmetric points
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(centered at O) does not have interior m-integral points other than O. By
Minkowski’s theorem,

. q
4m? > Spupv = 4Sropy = 4Saapc X min{p, 1 — p} x e e

2 2

g < dm » q+r 2m
AABC = 4min{p, 1 — p} g ~ min{p,1—p}’

m

Ifp> T then

m +

oD OD p

or A0 1-p° ™

taking OL = m- OA’ on segment OD, L must be an m-integral point inside
A ABC; which is contradictory.

1
Therefore, p < mLJrl’ min{p,1 — p} > e and we deduce

SAA30§2m2(m+2). O

Test 1V, First Day
(8:00 am — 12:30 pm; April 11, 2021)

Given integer n > 2. Find the least positive integer m, such that
there are n? distinct positive real numbers z; ; (1 < 4,5 < n) satis-
fying the following conditions:

(1) For every i, 7,
xi; = max{T;1,%i2,...,T;;} O
zi,j = max{:clyj,a:gyj, ceey zi,j};
(2) For every i, there are at most m indices k, with
Tk = max{T;1,Ti2, .., Tik};
(3) For every j, there are at most m indices k, with
T = Max{T1,j, T2, ., Tk}

(Contributed by Xiao Liang and Fu Yunhao)
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. n+3 .
Solution m = { J Put these n? numbers z; ; in an n x n table:
call z; ; a “row pivot” if z; ; = max{z; 1, ®iz2,...,;;}; call z; ; a “column
] » 3 f— . . ..
pivot”, if x; ; = max{z1 ;,Z2,j,...,%i;}
n+3

First, prove m > J Consider all (n — 1)? numbers z; ; (2 <

i,7 <n): every column (from 2 to n) contains at most m — 1 column pivots
(by condition (3), and notice that z1; (2 < j < n) is a pivot); every row
(from 2 to n) contains at most m — 1 row pivots (by condition (2), and
notice that x; 1 (2 <i < n) is a pivot). Due to condition (1), every number
is a pivot (row or column or both), and hence

(n—1)(m—-1)4+@n-1)(m-1)>(n—1)>2 ©)

We claim the equality in (1) cannot be attained. Let z;,j, =
maxz;; (2 < 4,7 < n). If z;, 4, is both row and column pivots, then
i, ;o is counted twice on the left-hand side of (1), and the equality cannot
hold. Suppose z;, j, is not a row pivot. Then z;, 1 > =, , and there are
no other row pivots in this row, the equality in @ cannot hold. Similarly,
if x;, 4, is not a column pivot, then there are no other column pivots in this
column, and the equality in (1) cannot hold. Therefore, 2(m — 1) >n-—1,

m > Ln+3J
- 2

Next, construct tables for which m =

n+3

. When n = 2t, divide

the n x n table into four ¢ x t tables as follows:

Q1 ]
Qs | Qa

Take €1, €5 > 0 sufficiently small, such that ¢; < %62 < 4%12 For
k =1, 4, let the number in row 7 and column j of Qx be k — ie; + jeo.
Note that in €, and €4, the numbers decrease from the top right to the
bottom left. For k = 2,3, let the number in row 7 and column j of
be k 4 i1 — jes. Note that in 25 and Q3 the numbers decrease from the
bottom left to the top right.

It is easy to check that all numbers in §2; and 24 are row pivots, and all
numbers in 5 and 23 are column pivots. In addition, except for the first

and the ¢ + 1 rows, there are no other column pivots in 27 and €4; except
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for the first and the ¢t + 1 columns, there are no other row pivots in 25 and
Q3. Hence, conditions (2) and (3) are fulfilled, and m =t 4 1.

When n = 2t — 1, take the construction for n = 2t as above and remove
the rightmost column and the bottom row. O

As illustrated in Fig. 2.1, in the acute AABC, AB < AC, I is
the incentre, and ®O is the circumcentre. Let M, N be the mid-
points of BAC and /B?, respectively. Let D be a point on AC such
that AD// BC. The escribed circle of AABC against ZBAC touches
BC at E. Let F be a point inside AABC, satisfying IF// BC and
/BAF = /ZCAE. The line NF meets ©O at R other than N, the
lines AF and DI meet at K, and the lines AR and IF meet at L.

Prove: NK 1 ML.
(Contributed by Lin Tiangi)

M
A D
R
0
L F T
K
B WC
N
Fig. 2.1

Solution First, we need a lemma.
Lemma Let R’ be the midpoint of BC. Then /AMI= Z/IR'B, IR' /] AE.

Proof of lemma As illustrated in Fig. 2.2, let I, and I, be the escentres
of AABC relative to the vertices B and C, respectively. Then A, M, I,
and I, are collinear. As ZI,BI. = £1I,CI. = 90°, the points B, C, I, and
1. all lie on the circle with diameter I;1.; since MB = MC, M is the centre
of this circle, MI, = MI.. Since NIl I. ~ NICB, M, R’ are midpoints of
I 1. and BC, respectively, it follows that ZAMI = ZIR'B.
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Let the incircle ©I of AABC touch BC at Z and ZW be a diameter.
Through W, draw a line parallel to BC that crosses AB, AC at By, Cf,
respectively. Then B1C; // BC. Since AA;B;1C; and AABC are homoth-
etic with centre A, W and E are correspondent points, it follows that A, W,
E are collinear. Finally, from properties of escribed circles, we infer that
BZ = CFE, R’ is the midpoint of ZE, as I is the midpoint of ZW, IR // AE.
The lemma is verified.

Return to the original problem. Let S be the intersection of AI and
BC. Then

LAIF = /ASB= /SAC+ LACS
= /BCN+ /ACS
— /ACN = 180° — ZARN,

indicating that A, I, F', and R lie on a circle, say w, as shown in Fig. 2.3.
Suppose the lines AF and MI intersect at X. We show that X is on
®0. By the lemma,

LAMI = Z/IRB = LAEB,
also ZAMN = ZACN = £ ASB, thus
ZIMN = ZAMN — ZAMI
=/ASB—- /ZAEB
= /LIAE.
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It is given that LZIAE = ZFAI hence ZIMN = ZFAILA,M,N, and X
are concyclic, that is, X lies on ©O.
Let Y be the other intersection of the line DI and ©0O. Clearly,

LIYX=4DYX = /DAX = LIFX,

and I, X, Y, F lie on a circle, say ©T.
Through M, draw the tangent line MG of ®O (G and Y are on the
same side of MN), MG // IF. Then

LYMG=/MXY =/IXY = /YFL,

yielding the collinearity of Y, F, M. Apply the radical axis theorem to ©O,
Guw, and T, to derive the collinearity of X, Y, and L. In the cyclic
quadrilateral IXYF, apply Brocard’s theorem to derive the orthocentre T’
of AMKL, TK 1 ML.

Finally, in ATFI and ANAD, TF = TI, NA = ND, and

LFTI=2/FXI=2/AXM= ZAND.
Observing FI//BC// AD, we conclude that ATFI and ANAD are

homothetic with centre K, and moreover K, T, N are collinear.
From TK 1 ML and the collinearity of K,T, N, NK | ML follows. [
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Let S(k) denote the sum of all digits of &k in base 10. Find all integers
n > 2 and rational numbers 8 € (0,1), such that there exist n

distinct positive integers a1, as,...,a, that satisfy: for any subset
1 C{1,2,...,n} with two or more elements,
S <Z ai> =B S(a).
iel icl

(Contributed by Xiao Liang)

Solution The desired are integers n € {2,3,...,10} and all rational num-
bers 5 € (0,1).

First, for integer n € {2,3,...,10} and rational 8 € (0, 1), construct as,
as, . ..,a, as follows. Let ¢ and s be positive integers that will be deter-
mined later. For kK =1,...,n, define

c—1
ap = 2- 1Ocn+sk _ 10cn+s(k—1)+1 + Z 1Ocn+s(i—1)+1 + 10k—1 . Z 10'm
i€{i,..,n} i=0

Here, among the last ¢n places of a1, as, ..., a,, each place corresponds
to a unique a; whose digit at that place is nonzero, and that digit is 1; for
the next (to the left) s places, a3 has 199...9 (s — 1 of 9’s), while all other
a;’s have 00...01; for the next s places, az has 199...9 (s—1 of 9’s), while
all other a;’s have 00...01; and so on.

For every 1 <i <mn, S(a;) =n+9(s — 1) + ¢; for every

IC{1,2,....,n}(|I] > 2),
it is easy to check that
S (Z%) =n-|I|+c-|I].
i€l
As long as s, ¢ € Ny are suitably chosen such that
n+9(s—1)+c)-f=n+c

the problem requirements are all met.
Next, we prove n < 10. Assume n = 11. If

Il,IQ g{l,,n}
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satisfy 1 N Io = @ and |I1| > 2, |I2| > 2, then

S< > ai>:B- > S(ai)=S<Zai>+S(Zai>.

icl1Ul2 i€l Ul i€l i€l

In other words, no carry occurs in the summing of Y a; and Y a;.
i€l i€l
However, from 8 < 1 we see that a carry occurs in the summing of a; and

aj, for every 1 <¢ < j <11.

Suppose T is the least positive integer that the summing a; + as +
-++ 4 aq1 involves a carry in the T'th place (from the right). Let the T'th
place digits of a1, as,...,a11 be x1, x3, ..., x11, respectively. For any subset

IC{1,2,...,11},

the T'th place digit of > a; is the ones place digit of Y ;. Without loss
i€l i€l
of generality, assume

Then z1 + 22 + --- + 11 > 10. We assert that there exist I, Iy C
{1,2,...,11}, h NI = &, |I1| > 2, |I3] > 2, such that the sum of the ones
place digits of > x; and > x; is greater than or equal to 10.

i€l i€l
If ;1 = 0, starting at z19 + x9, add one number at a time by
g, T7,...,21. There must be a time that a carry occurs in the ones place:
for some k € {1,2,...,8}, the summing (x19+ 29+ -+ 2g4+1)+ 2k involves

a carry in the ones place, and so does (x19 + @9 + -+ - + xp41) + () + 211),
a contradiction.

If 17 > 0, try to make x1, zo,...,x11 into as many pairs as possible,
such that the sum of each pair ends with a digit greater than or equal to 2.
If five pairs are made, then the summing involves a carry in the ones place,
a contradiction. Assume at most four pairs are made, leaving three or more
unpaired numbers, which include at most one number less than 5 and one
number greater than 5, as otherwise two such numbers can be paired. This
indicates there is at least one 5, and furthermore, no unpaired number is
less than 5, and hence there are at least two 5s, say z, and ;. Take the
third unpaired number x. > 5. Now, starting at any x4 + z. (not involving
Za, Tp, Tc), add one number at a time by the other numbers except x,, xp.
Since z. > 5, the summing must involve a carry in the ones place at some
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moment, say (Z a:i> + zy. Then we are led to contradiction by taking
i

(Z xl) + (x5 + xo + ).
i

Based on the above argument, when n > 11, no positive integers a1,
as, - . ., ay, satisfy the problem condition. O

Test IV, Second Day
(8:00 am — 12:30 pm; April 12, 2021)

For real numbers z1, xa, ..., z¢ € [—1,1], find the maximum of

60

Z o} (Tip1 — @ic1),
i=1

where xg = xg0, 61 = T1-
(Contributed by Fu Yunhao)

Solution The maximum is 40. First, notice that
60 60 60
2 2 2
E 7 (Tig1 — Tio1) = E Ly Tit1 — E Ly Ti—1
i=1 i=1 i=1
60 60
Z 2 Z 2
= CL‘,L' xi+1 — xi+1xi
i=1 i=1

60
=Y i (2 — wiga).
=1

Since 3zy(z —y) = 23—y — (v —y)? for any real numbers x, y, we have

60 | &
fo(miﬂ —@i1) = 3 (@7 — 23 — (@i — 2i1)?)
i=1 i=1
1
=32 (@it — i)
i=1
On one hand, if z3p41 = 1, T3p42 = 0, 2343 = —1 (K =0,1,...,19),

60
D (wip1 —xi)® =40 (—1)° + 20 - 2% = 120;
i=1



China National Team Selection Test 195

on the other hand, for a € [-2,2], (a +1)?(a —2) <0, or a® < 3a + 2, and
hence
60 60

Z($i+1 — .131)3 < Z(3($i+1 — 331) + 2) = 120.
=1 =1
60

In conclusion, the maximum of Y (z;41 — ;) is 120, and the maximum
i=1

60
of 3" 2?(xi41 — @i—1) is 40 (when {z,} = {1,0,—-1,1,0,—1,...,1,0,—1}).
i=1
|

Find the smallest real number «, such that for any convex polygon P
of area 1, there exists a point M in the plane, such that the area of the
convex hull of PU @ is at most «, where @ is the central-symmetric
figure of P about M.

(Contributed by Qu Zhenhua and Wu Yuchi)

Solution o =2.

First, we prove a > 2. For a convex polygon R, let S(R) be the area of R.
For a plane set X, let X be the convex hull of X. Take P as AABC of area
1, M as any point in the plane, and @ as the central-symmetric figure of P
about M. There are two situations.

(i) If M is outside P or on the boundary. Draw a line ! through M such
that P, @ lie on different sides of ! (they have no common interior
points). Then S(PUQ) > S(P) + S(Q) > 2.

(ii) If M is inside P. Let A’, B’, C’ be the respective symmetric points
of A, B, C about M. Then R=PUQ ={A,B,C,A',B’,C'}, R has
a centre of symmetry, R is a parallelogram or a hexagon. If R is a
parallelogram, say R = ABA’'B’, then C is inside or on the boundary,
and

S(R) = S(ABA'B') > 2S(ABC) = 2.
If R is a hexagon, R = AC'BA'CB’, then
S(R) = S(AC'BM) + S(BA'CM) + S(CB'AM)
= (S(AMC) + S(BMC)) + (S(BMA) + S(CMA))
+ (S(CMB) + S(AMB)) = 2.

Next, we prove o = 2 satisfies the problem statement in two ways.
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Method 1 We begin with a lemma.

Lemma As shown in Fig. 5.1, let Iy //ls and Py, Py be two convex poly-
gons both contained in the shaded region, both including the points A and
B. ThenS(Plng) SS(Pl)—i-S(PQ)

A l]

A

B 2

Fig. 5.1

Proof of lemma Assume P, U P, = CyCy ---C,, where Cy = A, C,, = B.
If there exists 0 < ¢ < n — 1 such that C;, C;41 € Py, let

pP=... UCICHJV

Extend UC; and VC;y; to meet at point W, as shown in Fig. 5.2.
Change P, to P{ = ... UWV....

Obviously, the area of Py has increased by S(C;C;+1 W), and the area of
Py U P» has increased by S(C1C;1W). It suffices to justify the lemma for
P/ and P,. Notice that P] has one fewer vertex than P;, and thus the above
operation cannot continue infinitely. We may assume Ci, Cs, ... € P, Cy,
04, ... EP;.

Fig. 5.2

For 1 < i < n —1, draw a parallel line of I; through C; which meets
Ci—1Ciy1 at Dy for 1 < i < n —2 let C;—1C;41 and C;C; 4 intersect at
FE;, as shown in Fig. 5.3. Observe that for 1 <i <n — 2,

n—2
P1 U P2 \ (P1 U PQ) - U (ACiCiHEi),
i=1

ADIDH_lEl - (P1 N PQ),
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B=C,

Fig. 5.3

Also, observe that for 1< i < j <n—-2, AD;D; 1 E;NAD;Dj 1 E; = @.
Therefore,

n—2 n—2

S (Pl N PQ) > Z S (DzDerlEz) = Z S (Czcz+1E1)

=1 =1

>S(PUR\ (PLUPR)),

and the lemma conclusion S (P1 U Pg) < S(P) + S(P) follows
immediately.

Return to the original problem. Along an arbitrary direction, draw par-
allel lines Iy, I that bound P such that points A, B of P lie on [y, Is,
respectively, and take the midpoint of AB as the centre of symmetry M.

I

b

Fig. 5.4

Suppose that P is divided by AB into two convex polygons Py, Ps, as
shown in Fig. 5.4. Let P/, Pj be their central-symmetric figures about M.
Then P;, Pj are on the same side of AB, and likewise for Py, P/. We infer
that

PUQ=PUP,UP[UP,.
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By the lemma,
S (P1 UPQ’) <S(P)+S(P), S (p{ upz) < S(P)+ S (P).

Therefore,

S(PUQ) :S(PluPQ’UP{UPg) <S(P)+S(P)+S(P)+S(P)
—25(P) =2.

Method 2 (modified from Peng Yebo’s solution). Take the farthest pair
of points A, B of P and draw parallel lines [y, I3 perpendicular to AB, as
shown in Fig. 5.5. It is easy to see that A, B are vertices of P and P is
entirely in the slab between [; and ls.

L b

Fig. 5.5

On the two sides of AB, take points C' and D of P farthest to AB (if
AB is aside of P, then take C or D to be any point on the segment). Draw
parallel lines of AB through C' and D, respectively; the two lines, together
with [; and [2, enclose a rectangle R. Due to convexity, P contains ACBD,
and hence S (R) = 25 (ACBD) < 25 (P) = 2. Choose the centre of R as
the centre of symmetry M. Then @, the central-symmetric figure of P, also
lies in R. It follows that

S(PUQ)<S(R) <2

There are 2n? (n > 2) players in a single round-robin chess tourna-
ment. It is known that

(1) For any three players A, B, and C, if A beats B and B beats C,
then A beats C.

(2) There are at most % draws.
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Prove: it is possible to choose n? players and label them P; (1<
i,j < m), such that for any 4,7,4, j/ € {1,2,...,n}, if i < ¢, then
]Dij beats Pi/j/.

(Contributed by Ai Yinghua)

Solution 1 (It is reorganized from Chen Ruitao’s proof; in fact it proves
: 3

the conclusion when 711_6 is replaced by %)

Lemma Suppose m players participate in a single round-robin tournament
with possible draws, and if A beats B, B beats C, then A beats C'. Then the
m players can be arranged in a row such that for any two players, the one
on the left either beats or draws the one on the right.

Proof of lemma Induction on m. When m = 1, the lemma is trivial.
Suppose it is true for m — 1 players, and consider m players. If everyone
wins a game, then we can find z; beats x2, x5 beats z3, and so on, and
someone must reappear in the sequence, say x; beats x; (¢ > j), which is
contradictory. The contradiction indicates that someone has never won a
game; put this player in the rightmost position. By the induction hypothe-
sis, the other m — 1 players can be arranged on the left such that the lemma
conditions are satisfied.

For the original problem, arrange the 2n? players in a row as in the
lemma, and then make n groups of players as follows: set the leftmost n
players as group A;p; for i = 1,...,n — 2, on the right side of A;, set some
consecutive n players as A;11; set the rightmost n players as group A,,.

. n
Moreover, between any two consecutive groups, there are —1J or more

players.
If players from different groups never draw, then the proof is done.
Otherwise, remove two players who draw and regroup the remaining 2n? — 2
2

n

players in the same way as before, except requiring J or more

players between consecutive groups. Again, if players from different groups
never draw, the proof is done. Otherwise, remove two players and regroup,

and so on. In general, when we regroup 2n2—2i (O <1< {%J ) players, it

2

n
is required that L
n—

i .
T J or more players are between consecutive groups.

n2
During the whole process, we obtain {?J + 1 groupings.
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2
n
For every 0 < i < {TJ , assume in the ith grouping, z; and y; are from

n? — ZiJ
1 players

different groups and they draw. Then, there are at least

between them, each of whom draws with either x; or y;. This implies that

n—1
furthermore the total number of draws in the tournament is at least

s= Y V;_?J

2 .
n° — 2
the total number of draws that x; and y; have is at least { J, and

3
When n = 2k +1, S = 2k3 +3k2+3k+2 > %; when n = 2k,
n? n3
S > 2k% > —. Either way, S < — is violated and the assumption is
untrue. Hence, for 1 < i, j < n, let the jth player of A; be P;;, and the
conditions are satisfied.

Proof 2 Let V be the set of the 2n? players. For z, y € V, x = y means
x beats y. It is known from the problem that (V, ) is a partially ordered

set. Construct graph G = (V, E): if z draws with y, then the edge zy € E.
3

From condition (2), |E| < Tll_6 Let W = {:c € V]degs (z) < %} As

nd

n
- = 2/E|= Z degq(z) + Z degq(y) = 1 VAW,
zeW yeV\W

n? 3 5
we get [V\W| < = [W| > on

Let [W|=m > gn2. With the partial order (W, ) induced by (V, ),
we can arrange the elements of W in a row z1, x2,...,2,, such that for
1 <i < j <m, x; either beats or draws with x;. See proof of the lemma
in the first proof.

We assert that for 1 <i<j3<m,j—1i> {g—‘ + 1, it must be z; > x;.
Suppose to the contrary that x; draws with ;. Then fori4+1 <k <j—1,
x; = xp and x> x; cannot be true simultaneously (or else z; > x;). Thus,

n
xy, draws with either z; or z; or both, and there are j —i—1 > 5} > 3 of
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n
such k’s. This implies that either z; or z; has 4 OF more draws, opposing
the assumption x;, x; € W.

Let n = {g—‘ Choose n groups of players

A1 == {xl, ey a:n}, Ag == ($7L+l+1, ey m2n+l)7 ceey
A = AT (Dt (n=1)1415 - +» T2 (n—1)1 } -

Notice that
n+1l 3 4
< =n"=m.

2

Based on the previous argument, for 1 <14 < j <n, ifz, € 4;, x, € 4;,
then v —u > 141, z, > x,. Therefore, Ay, As, ..., A, satisfy the problem
requirements (simply let the jth player of A; be P;;). O

n2+(n—1)l:n2+(n—1){g] <n?’+(n-1)
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China National Team
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The main task of the Chinese National Training Team for the 63rd Interna-
tional Mathematical Olympiad (IMO) in 2022 was to select members of the
Chinese national team for China to participate in the 63rd International
Mathematical Olympiad held in Oslo, Norway in 2022.

Due to Covid-19, the two-round selection examinations for the training
team were conducted online, and were hosted by the High School Affiliated
to Renmin University of China in Beijing. The first round was held from
March 22nd to March 30th, 2022. A total of 59 contestants participated in
the examination. After two tests (with equal weights), 15 contestants were
selected to enter the second round.

The second round was held from April 11th to April 18th, 2022. During
this period, two tests were conducted, and the total scores of the four tests
were compared (with equal weights). The top six scorers were identified to
be the Chinese national team members for the 63rd IMO. The six members
were Zhang Zhicheng (No. 1 Middle School Affiliated to Central China
Normal University, 10th grade), Zhang Yiran (Shanghai High School, 12th
grade), Liao Yubo (the High School Affiliated to Renmin University of
China, 11th grade), Jiang Cheng (Shanghai High School, 11th grade), Qu
Xiaoyu (Chongqing Bashu Secondary School, 10th grade), and Liu Jiayu
(Yali High School in Changsha, 11th grade).

203
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The coaches of the national training team are (in alphabet order):
Ai Yinghua (Tsinghua University), Fu Yunhao (Guangdong Second Nor-
mal University), He Yijie (East China Normal University), Lin Tiangi
(East China Normal University), Qu Zhenhua (East China Normal Univer-
sity), Wang Bin (Institute of Mathematics and Systems Science, Chinese
Academy of Sciences), Xiao Liang (Peking University), Xiong Bin (East
China Normal University), Yao Yijun (Fudan University).

Test |, First Day
(8 am — 12:30 pm; March 23, 2022)

As illustrated in Fig. 1.1, ABCDEF is a cyclic hexagon. The exten-
sions of AB and DC meet at GG; the extensions of AF and DE meet
at H. Let M and N be the circumcentres of ABCG and AFEFH,
respectively. Prove that the lines BE, CF, and MN are concurrent.

(Contributed by Zhang Sihui)
We give four solutions as follows.

Solution 1 Let w be the circumcircle of ABCG. Let E’ be the other inter-
section of the line BE and w, F’ be the other intersection of the line CF and
w, as shown in Fig. 1.2. Note that /BE'F' = /BCF' = /BCF = /BEF,
and hence EF// E'F’; similarly, ZCF'G = ZCBG = ZCFA, and hence
GF' /| HF; moreover, GE' // HE. Tt follows that AE'F'G and AEFH are
homothetic triangles. Let P be the homothetic centre. Then FE’ and FF’
pass through P; the line connecting the circumcentres of AFE'F'G and
AEFH, which is MN, passes through P as well. Therefore, the lines BE,
CF, and MN meet at P. O
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Fig. 1.2

Solution 2 (Edited from Wang Zihan’s proof.) As in Fig. 1.3, we first
apply Pascal’s theorem to the cyclic hexagon ABCDEF to deduce that
G, P, H are collinear. Let A’ and D’ be the antipodal points of A and
D, respectively. Let BA’ and CD' meet at G', D'E and A’F meet at H'.
Apply Pascal’s theorem to the cyclic hexagon BA'FCD’'E to deduce that
G', H', P are collinear.

Since A and A’, D and D’ are antipodal points, we have A’B1 AB,
A'F1AF, CD'1CD, D'ELDE. Notice that ZAHH' = 90° — /FH'H =
90° — ZFAD. Thus, the angle between AH and GG’ is given by

180° — ZAGG' — /BAF = 90° — /BAF + /BG'G
=90° - LBAF + /DAB
=90° — LDAF.
This implies HH' // GG’. As M is the midpoint of GG’, N is the mid-
point of HH’, and furthermore it is shown that GH, G’'H’ pass through P.

We infer that MN passes through P, too. Therefore, BE, CF, and MN are
concurrent. 0

D' A

BQ F
G
% E
N

D

%;

Fig. 1.3
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Solution 3 As shown in Fig. 1.4, let P be the intersection of BE and CF.
It suffices to show that M, P, N are collinear, or equivalently,

sin/MPB  sin/NPE
sin/MPC  sin/NPF’

Denote « = ZMPB, 8 = /NPE, v = /BPC = /FPE. The above
relation is equivalent to

sinasin(y — 8) = sin Bsin(y — «),

or rewritten as sinysin(a — 8) = 0, or just @« = 8 (for the collinearity of
M, P, N).
In AMPC and AMPB, apply the law of sines to obtain

BM B PM CM B PM
sin/MPB sin/PBM’ sin/MPC  sin/PCM’

As BM = MC, it follows that

sin/MPB  sin/PBM
sin/MPC  sin/PCM’

Similarly, in ANPF and ANPE, we have

sin/NPE __sin /NEP
sin/NPF ~ sin/NFP’

Now it suffices to show

sin /PBM sin/NFEP
= ®

sin /PCM ~ sin/NFP’
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The angles appearing in the numerators are supplementary, as

/PBM+ /NEP = /PBC+ /MBC+ /PEF+ /NFE
= (180° — ZCDE) + (90° — ZBGC)
+ (180° — ZBAF) + (90° — ZAHD)
= 540° — (LCDE + /BGC + ZBAF + ZAHD)
= 540° — 360° = 180°,

and thus sin ZPBM = sin ZNEP. Analogously, sin /ZPCM = sin ZNFP.
We have verified (1), and the statement. O

Solution 4 Assume that the circumcircle of A ABC'is the unit circle in the
complex plane. We use lowercase letters to represent the complex numbers
corresponding to the points in the plane (for instance, a is the complex
number for the point A, and so on). Let BEN CF = X. We have

x—c Tx—c
xECF@m_f(m_f)
&7 — fr—cT +cf =axx —cx — fT+cf
Se—flz—(c—flz=cf—cfez+efr=c+f.

In the same manner, Z + béx = b + & Thus,

_b+e—c—f @
- be—cf

On the other hand, ABMC is an isosceles triangle, ZBMC' is twice the
angle between the lines CD and AB, and this implies that

c—m d—c\? 2_d—c cZ—E_c_d
b—m \a-—0» T a—-b/ a—-b ab

Consequently,

X

d—c
a—2b

~ be(a—d) d—a
= ad — bc éd—ab’ @

In the same way, we can derive

_(a—d)ef 1—a
af — be le —af ®
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To prove that BE, CF, and MN are concurrent, it is equivalent to prove
that M, X, N are collinear, namely

x_n:meﬂ%. @

r—m xr—m
From (1)-(), it follows that
1 - - = - ==
xT—n= (l_,é,Ef)(_é,df)[(b+€7Cif)(defaf)7(d7a)(befcf)]
1

_ T 752 TsF ATs  cEF . AsF o P2
_(Bé—éf)(dé—éf)[bde+de def —cde —abf —aef +af
+acf — bde + abe + cdf — acf]
1 _ N —T _ 7 _3 T
= (Bé_éf)(dé_af)(e—f)(ab—af—cd+de),

while

Hence,
v—n _ (e-f)(ed—ab)
x—m (d—a)(be — cf)

In the last fraction, the unit complex numbers a, b, ¢, d, e, and f all

appear exactly once in the numerator and in the denominator; moreover, in
each parenthesis, the coeflicients of the homogeneous terms sum to zero (one
minus one). So, the fraction is real, which justifies @, and the argument
as well.

Given a prime number p and an infinite set A C Z. Show that one
can always find a subset B of A, B contains 2p — 2 elements, and for
any p distinct elements of B, their arithmetic mean does not belong

to A.
(Contributed by Fu Yunhao)

Solution 1  Assume that, on the contrary, for some infinite set A C Z, one
cannot find a (2p — 2)-element subset B satisfying the problem conditions.
Without loss of generality, assume that A contains infinitely many positive
integers; otherwise take —A instead. Notice that the arithmetic mean of
any p distinct elements of B must fall into the interval between the smallest
and the largest elements of B. Thus, removing all elements smaller than
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some integer N from A, the set is still a counterexample to the problem. In
particular, we take N = 1 and thereby assume all elements of A are positive.
We may also add a constant integer to all elements of A if necessary.

Lemma For any nonnegative integer k, there is at most one residue class
modulo p* that contains infinitely many elements of A.

Proof of lemma Suppose the lemma is untrue and k is the smallest
nonnegative integer such that two residue classes modulo p* contain
infinitely many elements of A, say with residues ry and rj,. Then there
exists a positive integer N such that all elements of A>x := {a € Ala > N}
are congruent to r,_; modulo p*~1. Furthermore, in As v, those congru-
ent to r and rj, modulo pk are both infinite. Take p — 1 elements of As y
that are congruent to rj, and the same number of elements congruent to
7. (mod p*). Evidently, the arithmetic mean of any p elements of B is not
congruent to r_; modulo p*~!. This contradicts the assumption, and the
lemma is verified.

Return to the original problem. For nonnegative integer k, assume the
only residue class modulo p* that contains infinitely many elements of A
is 7 (mod p*)(0 < 7 < pF —1); then rp = 741 (modp*~1)
induction to select a sequence by, bs, ..., of elements of A, and verify that
2p — 2 of them constitute the desired subset B. Denote Ny = 0. Let k1 be
the smallest nonnegative integer such that some element a; € A satisfies

. Now we use

a1 # rg, (mod pk1 ). Then all elements of A are congruent to r, —1 modulo
ph
that all elements of A>n, = {a € AJa > N1} are congruent to 7, modulo

1. According to the lemma, there exists a positive integer IN; such

p*. Let ko be the smallest nonnegative integer such that some element
as € A satisfies as # 1, (mod p*?). Analogously, all elements of Asy, are

k2=1 By the lemma, we can further find Ny

congruent to 7,1 modulo p
such that all elements of A>n, = {a € Ala > Ny} are congruent to 7,
modulo p’”, and so on. So, we obtain a1 < Ny < ag < Na < -+ < agp2
satisfying p* 1| (a; — rx,) (1 <i < 2p—2).

For convenience, subtract ry,,_, from every element of A and from every
N;. Now pFi~ta;(1 <14 < 2p—2), and every element of Asy, is a multiple
of pF+171. Take the (2p — 2)-element subset B = {by,ba,...,bap_2}. For

a p-element subset {b;,,...,b; }(i1 < iz < --- < ip) of B, the arithmetic
mean is divisible by p¥1~2 and greater than bi;, > N;,—1. Hence it does
not belong to A. This completes the proof. O

Solution 2 (by Feng Chenxu) We assert that for 1 < ¢ < 2p — 2, one
can always find a t-element subset B, such that for any p distinct elements



210 Mathematical Olympiad in China (2021-2022)

of B, their arithmetic mean does not belong to A. Apply induction to t:
the assertion is trivially true when ¢ < p — 1; assume the trueness when
|B| <t —1 and consider t.

For 1 <i <p, let B; C A be the residue class i modulo p, A = J!_, B;.
If A= B; for some 1 < j < p, then subtract j from every element of A and
divide by p. This treatment will not affect the conclusion. Continue this
process until at least two subsets Bj;, By are nonempty.

If two subsets B; and By, are infinite, take p-1 elements from each subset
to constitute B. Clearly, the arithmetic mean of any p distinct elements of
B is non-integral, B satisfies the problem condition.

If only one subset, say B, is infinite, let C = A\B; # @. Let D be
the set of all elements of B; that are larger than max,ccz; D_ be the
set of all elements of B; that are smaller than max,cc . Then DL UD_ is
infinite. Assume D, is infinite. By the induction hypothesis, one can find a
satisfactory subset B C D, |B| =t—1. Since every number in D is larger
than every number in A\ D, we can infer that any p distinct numbers in B
have an arithmetic mean larger than that in A\D,, and thus the mean is
not in A. Take x € C, and assume = € By, k # j. For x and p — 1 elements
of B, their sumis S=(p—1)j+k =k —j # 0 (modp). Thus, the mean
is not an integer, nor in A. It follows that B U {z} satisfies the problem
condition. This completes the induction and the proof of the assertion. [

Given positive integers a, b, ¢, p, q, v, where p, ¢, r > 2. Let Q =
{(z,y,2) €Z%|0 <2 <a, 0<y<b, 0<2z<c} be the game board.

Initially, put M game pieces on @ (no restriction on the number
of pieces in each position). There are three types of legal moves:

(1) Remove p pieces from (z,y,z) and place one piece at

(ilff]_,y,Z)EQ;

(2) Remove ¢ pieces from (x,y,z) and place one piece at
(IanyZ)eQ;

(3) Remove r pieces from (x,y,z) and place one piece at
("E,yVZ*].)EQ.

Find the minimum value of M, such that no matter how the M game
pieces are placed initially, one can always take a sequence of moves
to get one piece placed at (0,0,0).

(Contributed by Ai Yinghua)

Solution 1 The minimum of M is p®q®re.
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To prove M = p®q’r€ is necessary, notice that if one initially places fewer
than p®¢’r¢ pieces at (a, b, c), then the goal cannot be achieved. Indeed,

let the weight of a game piece u at (z,y, z) be w(u) =

P According
prg°r

to the rule, before and after each move, the total weight of all game pieces
W = w(u) does not change. To have a game piece at (0,0,0), we must have
W > 1; but W < 1 for p®¢®r¢ pieces at (a, b, c), a contradiction.

It requires to prove M = p®q’r¢ is sufficient. We give a more general
result on the n-dimensional game board: let ay,...,an, p1,...,pn be non-
negative integers, satisfying 2 < p; < --- < p,. Consider the game on

Qar,...,an) ={(z1,...,2,) €Z"0<z; < a;, i =1,...,n}.

Initially, put M game pieces on Q(az,...,ay). In each move, one can
choose a position, remove p; (1 < i < n) pieces, and place one piece at
the preceding position along the x; direction. This is called an “X; move”.
If one chooses a position and just remove ¢ pieces, then it is called a “Tj
move”. For n =0, Q = {0}, there is only one type of possible moves, which
is the Ty move.

Divide the board into Zone-I as Q(ai,...,a, — 1) and Zone-II as
Qa,...,an—1) X {an} = Qa1,...,a,)\Q(a1,...,an-1). Let M and K
be respectively the number of pieces and the number of positions with at
least one piece in Q(aq,...,a,). Let My, K1 and My, K5 be respectively
the M, K values in Zone-I and Zone-II. In the following argument, the key
idea is to take as many X, moves as possible in Zone-II, so as to have more
pieces in Zone-1. At the end of the process, there are at most p,, — 1 pieces at

each of the K positions (initially there are pieces on them) in Zone-II, and

My — (pp, — 1)K5 . .
2= (p ) K pieces are added to Zone-I. We call this sequence

at least

n
of moves as “transmission from Zone-II to Zone-1". O
We shall justify the following three claims.

Claim A(n) if M = pJ'---p%, then a sequence of moves can make one
piece at the origin.

Claim B(n) let uw > 2 be an integer, if M + K > u - pj'...p%, then a
sequence of X7,..., X, moves can make u pieces at the origin.

Claim C(n) let ¢ > p,, and s be positive integers, ¢ be a nonnegative integer,
t

it M + K > sq-pl*...p%m +t, then one can first take {—J of T, moves,
q

then take a sequence of X1,..., X, moves to put sq pieces at the origin.
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Apply induction on n. Obviously, A(0), B(0), C(0) hold. Suppose we
have A(n — 1), B(n — 1), C(n — 1). Now induct on a,: when a, = 0,
Qay,...,an) = Qay,...,an—1) x {0}, the claims A(n), B(n), C(n) on
Q(ai,...,a,) correspond to A(n—1), B(n—1), C(n—1) on Q(a1,...,an-1),
respectively, and they are already justified by the induction hypothesis. In
the following, consider the situations when a,, > 1.

Proof of A(n)
M2 - (pn - 1)K2

Pn
Zone-II to Zone-1, after which the number of pieces in Zone-I is

pieces from

(a.1) If My > Ko, one can transmit at least

Mg — (n — 1)K2
Pn

At an—1, (P = DM — K>)
:pal...paz lpan 1+
1 n—1 n Pn

M > M, +

aq aAn—1_anp—1
S SRR S e

In Zone-I, by the induction hypothesis, one can eventually put one
piece at the origin.

(a.2) If My < Ka, then My + Ko > My + My = p - p{* - --pr" ', Notice
that p%» > 2. According to B(n—1), in Zone-II one can transmit p2»
pieces to (0,...,0,a,), then just take X, moves to put one piece at
the origin.

Proof of B(n)

" M — (pn — 1)K
(b.1) f M1+ Ky > P 1K2, one can transmit at least — (]; ) Ko
pieces from Zone-11 to Zone-1, after which "

My — (pp, — 1) K>
DPn
w-pyt-eper — My — Ky — pn Ko
DPn

M+ K{ > My + Ky +

> M+ K +
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a1 An—1_a, — pn — 1) (M1 + K1) — pn Ko
=u-pj ...pnfllpn" 1+( )( » )

An—1_a,—1

>u-pit . p, P

In Zone-I, by the induction hypothesis, one can eventually put
pieces at the origin.
(b.2) If My + K, < p—"le, by Bernoulli’s inequality,
Pn —

p

n

M1 +K1 < ilKQ § 2(1+a1)(1+an,1) sznp[fl ...pzz&l,

which implies that p{* ...p%" — My — K7 is nonnegative. Since
M2+K2 >’U,p[f1 ...pzn — (M1+K1)
= (u—1)pi -p{* . .py i+ (pft .. pln — My — K7),

and u —1 > 1, p, > pp—1, in Zone-II we may use the conclusion of

oopin — M — K
C(n—1) to take {pl Pn ! !

of T}, moves, then transmit

Pn
(u — 1)ptn pieces to (0,...,0,a,). The latter (u — 1)p%~ pieces at
(0,...,0,a,) can contribute u — 1 pieces at the origin by X, moves.
. ptlll...pa"—Ml—Kl
The former pieces removed by Z of T}, moves
Pn
pit...pin — My — K

can be transmitted by X,, moves into 1J pieces
Pn

in Zone-I. After that, in Zone-I, there are

a1 pan _ ML K
M{2M1+{p1 J2 1 1J

Pn

a Ay — a, — p ]- lul l<1
7p]1'.'pn ]lpn + (n )
pn

An—1_a,—1

> it Pyt Py

pieces. Due to A(n), eventually one piece can be placed at the origin.
Altogether, u pieces at the origin.
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Proof of C(n)

c. < ¢, no T, move is needed. Notice that sq > 2 an
(c.1) If t < g, no T, is needed. Notice that sq > 2 and
M+ K <sq-pl*...pp" +t>sq-plt...ppn.

By the result of B(n), sq pieces can be transmitted to the origin.

(c.2) If t > g, then some T; moves are needed. If there are more than ¢
pieces at a place of Zone-II, take a T, move, after which M’ = M —g¢,
K' = K, and the situation becomes t’ = t—gq. After a few T; moves, it
becomes either (c.1), ¢t < ¢; or the number of pieces at every position
of Zone-1II is less than or equal to g. We only need to handle the latter
case. Suppose there are L positions in Zone-II that contain exactly
gpieces. By Bernoulli’s inequality,

Mi+ Ky =M+ K — (My+ K3) > sq-pi*...pen
+t—(qg(K2— L)+ (¢+1)L)
=sq-pit . pyip T
+(sq-pi" 0y DR T (e — 1) — gKy — L)
> sq-pit Pyt T+t
+g(l+a1)...(1+an—1) — gy — L)
ot

> sq-pit... D, P Lyt—L.

As q > p,, take X, move once at each of these L positions with ¢
pieces. After that,

M+ K] >M +K;+L>sq-pi*...per'pirt 4t

t
by the induction hypothesis applied to Zone-I, {—J of Ty moves fol-
q

lowed by a sequence of Xi,...,X,, moves can send sq pieces to the
origin.
This justifies A(n), B(n), C(n), and also the problem statement.

Solution 2 (organized from Feng Chenxu’s solution). The argument for
M > p®qbre is the same. We shall prove M = p*¢br¢ satisfies the problem
condition.

Lemma For a path Ay, As, ..., Ay in Q, A; (i = 2,...,t) has two coor-
dinates equal to those of A;_1 and one coordinate equal to one plus that of
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. a;
A;_1. Assign each A; a number a; such that a1 =1, a;1 1 = —, where
T

p, if x(Aip1) = 2(Ai) + 1,
v =19¢q ify(Aiq) =y(A)+1,
r, Zf Z(AiJrl) = Z(AZ) + 1.

t
If there are b; pieces on A; and > b;a; > 1, then a sequence of moves
i=1
can send one piece to A;.

Proof of lemma Every time, remove pieces on A;11 and place a piece on
t

A; for some 4, until no more move is possible. During the process, Y b;a;
i=1

does not change. Suppose at the end there is no piece on A;. There are at

most x; — 1 pieces on A; 41 or else another move can be made from A;41 to

Ai. It follows that bi+1ai+1 S (’I’Z - 1)ai+1 = Q; — Qj+1, and

t t
E bzazg E ai,lfai:alfat<1
i=1 i=1

is a contradiction. The lemma is verified.

For the original problem, let f(x,y, z) be the number of pieces at (z,y, z)
in the initial state.

First, consider ¢ = 0. Apply induction on a + b. Assume a < b. When
a + b = 0, the conclusion is obvious. For a = 0, b > 0, keep taking (2)
moves (recall that (1)—(3) are the three types of legal moves described in
the problem, in the z, y, and z directions, respectively) until there is no
more move. By that time, at (0,7,0), 0 < i < b — 1, there are at least

pieces. The conclusion follows from the induction hypothesis. For a = 1,
b =1, assume f(0,0,0) =0, and let f(0,1,0) =a, f(1,0,0) = b. Then

f(1,1,0) = pg— a — b > min{pq — pa, pg — ¢b}.

Assume pg— a — b > pg— pa. Take (1) move ¢ — a times on (1, 1, 0),
followed by (2) move once on (0, 1, 0). Now there is a piece at the origin.
For a+b > 3, b > 2. Assume there are ¢ pieces in the region 0 <
y < b— 1. Take (2) moves at every position with y = b until no more
move is possible, at which time there are at most ¢ — 1 pieces at every
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M—t—(a+1)(g—1)
q
a + 1, then in the region 0 < y < b — 1 the number of pieces is at least
LMt(a+1)(q1)J e {M+(ta1)(q1)J > ﬂ' By the
q q q
induction hypothesis, another sequence of moves can send one piece to (0,
0, 0). (ii) If ¢ < a, in the same manner, assume at most b pieces in the
region 0 <z <a—1. Then f(a,b,0) > M —a —b.

If no piece exists on the line y = 0, then there are M pieces in the
region 1 < y < b. Using the induction hypothesis for g times, we infer that
a sequence of moves can send ¢ pieces to (0,1,0). After that, one (2) move
will send a piece to (0,0, 0).

If there are pieces on the line y = 0, say at A. Let B = (a,b,c). There
is a path through the origin, A, and B; moreover, the number assigned to

position. So, at least { J moves are taken. (i) If ¢ >

1
Ais > —, and the number assigned to B is —. We have
p° P’

P T Tk g

1 f(a,b,0)> M n 1 a+bd

M 1
Since a < b, b > 2, it follows that a + b < ¢°, — > 1, and thus — +

pq p®
f(a,b,0)

p >1. According to the lemma, a sequence of moves can send a
piece to (0, 0, 0), which validates the conclusion for ¢ = 0. By symmetry,
the conclusion holds if one of a, b, ¢ is 0.

For a general a x b x ¢ board @Q, let a < b < ¢. Apply induction on
a+b+c, and assume a > 1. If ¢ > 2, let f(a,b,¢) = M — s, and suppose
there are ¢ pieces on the line z = ¢ but not at (a, b, ¢). Then there are s —t

pieces in the region 0 < z < ¢ — 1. Take as many (3) moves as possible on

M —s
(a, b, c), after which there are at least {— + 5 — tJ pieces in the region
r

M+ (r—1s—rt

0<z<ec—-1.1If

T r
the induction hypothesis; in the following, assume it is not the case, and
r—

> —, the conclusion is apparent from

hence t >

S.

r

We can take as many (3) moves as possible on the line z = ¢, after which

there at most » — 1 pieces at each position. Then in the region 0 < 2z <

M—-—t+s—(r—1)(a+1)(b+1)
r

c—1, there are at least [ + s — t-‘ pieces:
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if this number is 2%, the conclusion is obvious; in the following, assume
it is not the case, a";ld thereby (r —1)(s—t—(a + 1)(b+ 1)) < —r, or
s—t<(a+1)(b+1) fr%l, which gives s —¢ < ab+a+b— 1. This means
in the region 0 < z < ¢—1 there are at most ab+a+b— 1 pieces. Similarly,
we may also assume in the region 0 < z < a—1 there are at most be+c+b—1
pieces, and in the region 0 < y < a—1 there are at most ac+c+a—1 pieces.
The assumptions lead to f(a,b,¢) > M — (ab+ be+ ca+ 2a + 2b+ 2¢ — 3).

If f(a,b,c) < ap®q®, then p2¢®(r® —a) < ab+ bc+ ca+ 2a+ 2b+ 2¢c — 3,
yet in fact pq®(r¢ — a) > 297%(2¢ —a). For ¢ > 2 and a + b + ¢ > 4, we
have

gatbie _gatby > gatbe—l (a+ b2+ c)?

> ab+ be+ ca+ 2a+ 2b+ 2¢ — 3.

In other cases, the inequalities do not hold. So, for ¢ > 2, f(a,b,c) >
ap®q®.

Draw (a + 1) paths from (0,0, ¢) to (a,b,c), the ith of which traverses
all positions on the line z = ¢ — 1. Send pieces from (i, y, ¢) to the (i + 1)th
path, ((z,y) # (a,b)). As the assigned number at (a, b, ¢) along every path
is —, and f(a,b,c) > ap®q®, we may take moves to distribute the pieces
P q
on (a,b,c) such that along each of the a paths (excluding the path along
x = a), the total weight is an integer. By the lemma, a sequence of moves

f(x’ y7 C)

0<z<a,0<y<b P*qY

STXA,UXY>S

can result in pieces on (0,0, c¢). Since

Z f(:c,y,c)>Mfs+2t
; — b
0<z<a, 0<y<b plqy paq

-1
andtzr

s> g, the above quantity is > % = r¢. Take as many (3)
moves as possible towards the pieces on the plane x = y = 0. By induction,
eventually one piece is placed at (0,0,0).

Finally, consider a = b = ¢ =1, and assume f(0,0,1) > 1. If f(0,1,1) +
f(1,0,1) + f(1,1,1) > pg(r — f(0,0,1)), focusing on the plane z = 1, we
may send r — f(0,0,1) pieces to (0,0, 1), then take a (3) move to put one
piece at (0, 0, 0). If the inequality does not hold, then there are at least
(pg—1)f(0,0,1)+ 1 > pq pieces on the plane z = 0. Again, just like ¢ =0
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we see that one piece can be sent to (0, 0, 0). For the same reason, the
conclusion is true when f(0,1,0) > 1, or f(1,0,0) > 1.
In the following, assume f(1,0,0) = f(0,1,0) = f(0,0,1) = 0. Let

f(0,1,1)=4d', f(1,0,1)=0", f(1,1,0)=".

Repeatedly take (3) moves on the plane z = 1 until no more move
M- —=3(r—1)
r

is possible, by then there are at least { -‘ + ¢’ pieces on

M
the plane z = 0. If this number is > —, the conclusion follows from the

r
Mc’3(7’1)—‘+c,<

r =

induction hypothesis for ¢ = 0; otherwise, {
M

— — 1, yielding

r

(r=1)( =3)+r<0,

and thus ¢ < 1. Similarly, assume o/, b’ < 1. If ¢/ = 0, the plane z = 1
includes all the pieces. Like ¢ = 0, one can make r pieces at (0,0,1) and
take a (3) move to get one piece at (0,0,0). The same conclusion if &’ =0
or b =0. Fora' =0 =¢ =1, on (1,1,1), take ¢ — 1 of (1) moves and
(r —1)p — 1 of (2) moves, reaching

f(O,l,l)Zq, f(l,o,l)Z(T—l)p, f(1,1,1)=p+q—320.

Take a (2) move on (0,1, 1), followed by (r—1) of (1) moves on (1,0, 1),
then a (3) move on (0,0, 1). Now, a piece is placed at (0,0, 0). This justifies
that M = p*qbrc is sufficient. O

Test |, Second Day
(8 am — 12:30 pm; March 24, 2022)

As shown in Fig. 4.1, in the acute AABC, ZACB > 2/ABC. Let
I be the incentre of AABC, K be the symmetric point of I about
BC. The extensions of BA and KC meet at D. The line through B
and parallel to CI crosses the minor arc BC of the circumcircle of
AABC at E(E # B). The line through A and parallel to BC' meets
the line BE at F. Prove: if BF = CE, then AD = FK.

(Contributed by He Yijie)

Solution 1 FExtend CI to meet the circumcircle of AABC say at T.
Clearly, T is the midpoint of AB, TI = TA = TB. As BE// CT, we have
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BT = CE, and BF = CE = BT = AT = TI. Hence BFTI is a parallelo-
gram, BI// FT, Bl= FT. As BI = BK, thus FT = BK. Moreover,

/FBK = /FBI+ /IBK = ZFTI+ ZATI = ZATF,

hence AFBK = NATF, AF = FK.

Denote the interior angles of AABC as A = 2a, B =23, C' = 2v. Since
BI//FT, BC// FA, thus 8 = ZIBC = £LTFA = /BKF. Also, /ZEBK =
/EBC— /ZCBK = /BCI— 8 =~ —j, yielding /BFK = /KBE— /BKF =
v —20.

Notice that /BDK = /BCK — ZCBA = v — 23 = ZBFK. Therefore,
B, F, D, K are concyclic, implying that ZADF = /BDF = /BKF = (8 =
%AABC: %ABAF, and thus AF = AD.

Altogether, we obtain FK = AF = AD. Done. O

Solution 2 Let the circumcircle of A ABC be the unit circle in the complex
plane, C = 1, A = 22, and B = 2?y%. Then the complex number for I is

r+ 2%y + 22yt = 2+ (ay2)ay + 2y = 2 — ay+ 2Py = 2(1 — y + ).
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1-C
As K and I are symmetric about BC, we have 50~ or

equivalently

1 1 1
orefi (g8 )
Z y oy

that is, K = 2%y — 2> + 1y — y + 1. Furthermore, BE || CI implies E =
l(B;«réE':>:L’2y‘3 =1), CE= ‘11‘ = |y —1|. As F lies on the line BE,
v?{feﬁnd !
B-F
E-F
& BE -~ EF — BF + FF = BE— BF — EF + FF
& (B-E)F =(B—-E)F+BE - BE
_ 1 B+ F
F4 BErF = B+E

&) &l
ol ResT

_ 1
o F+2?yF = 2%y + —.
Y

Hence, yF + 22y*F = 2%y3 4+ 1. Meanwhile,

A-F A-F
AF//BC&R2 5—5 =55
_ _ BC
©A—F=-BOA-F)& F+BOF=A+=r.

Hence, F + 2%y?F = 22 + y?. Combine the two equations, obtaining

'F:yi1“%f44>*@3*D%:ﬁ@2+y+n—wy+n.

This leads to BF = |2%(y + 1) — (y + 1)| = |(z? — 1)(y + 1), and

FK = 2?2y’ + 2’y +a”® —y—1—2%’ —ay+y—1| = [2*(y+ 1) + 2/ —ay—2|.

Let D = BAN KC. Then D is on the line BA < D + ABD = A + B,
namely

D+ 2*y?’D = 22y® + 2.
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Also, D is on the line KC, the extension of CK meets the unit circle at
22y3 & D is on the line through C' and z%y3, namely

D+1-2%3D = 22%y% + 1.

Combine the above two equations, obtaining x2y?(2? — y)D = 22y +

x2 —x%y3 — 1, or

C N Je B B | 22y + 2243 — 22 — oiy®
D= 2,202 _ , D= _ 2 ’
DA=|D— A= 222 422 —a?P o 1— a2 B (@2 — 1)1 —P)
a a 22y (2% — y) - a? —y '

Essentially, it is the following question.
Question. Two unit complex numbers x and y with arg z, arg y €

(07 g), argy > 2argx (AABC'is acute, ZACB > 2/ ABC(), satisty

ly—1] = |(=* = D)y +1)|. )
Prove
22— 1)1 -3
22+ 1)+ (P — g —2) = | xz)(y ) ©)
O
Proof. Notice that
(= - Dy +1) (@ -1y +1) y—1
®<:> _— | = =
y—1 y—1 (@ =1y +1)
1—221+y
x? Yy y—1
=4 =
11—y (2 = 1)(y+1)
Yy
22 -1\> [y-1)\°
& =>——
(=) -(5)
22 -1 y—1
that is, = im. The left-hand side equals pi for some p > 0;

-1
the right-hand side satisfies Imy—_i_1 > 0 as argy € (0, g) Hence,
Y
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v 1_y-1 1Wh'h' (y+Da?2=y—-Daz+(y+1) imply
= ich is T° = T or sim
g1 Y Y Y , p

On the other hand, in (2),

left = |(y* = D+ (y = DI =y = 1| - [(y + Do + 15

sight = _ | =Dz -y

(i) ey
Y

(1-y9(+y+y?
x—(y+1) '

Now, (2) is equivalent to |[(y+1)z+1][z— (y+1)]| = [1+y-+y?|. Expand
all terms and use (y+1)2? = (y—1)x+(y+1), obtaining | — (y*+y+1)x| =
|1+ y + y?|, which is true as || = 1. The proof is complete. O

Let C = {z € C||z| = 1} be the unit circle in the complex plane. 240
complex numbers z1, 2a,...,2210 € C (can be repeated) satisfy the
following conditions:

(1) for any open arc I' of length 7 on C, there are at most 200 j’s
(1 < j <240) such that z; € I';

(2) for any open arc « of length g on C, there are at most 120 j’s
(1 < j <240) such that z; € ~.

Find the maximum of |21 + 22 + - -+ + 2240]-

(Contributed by Qu Zhenhua)

Solution The maximum is 80 + 40+/3. Take 80 of 1’s, 40 of each of

exp (%i), exp (f%i), i, —i. It is straightforward to check that they sat-

isfy (1), (2), and their sum equals 80 + 40v/3. We need to show this is the
maximum value.

Let z1, 2a,..., 2240 satisfy (1), (2). By rotation if necessary, we may
assume that S = z1 + 29 + - - - + 2940 iS a nonnegative real number; starting
from —1 (included) along C| in the counterclockwise order, let the numbers
be Z15R2y ... 42240
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Condition (1) indicates that for 1 < j < 40, to go from z; to z;+200
along C', at least an arc of length 7 is needed, that is to say, there exists
2w > « > 7 such that zj1000 = z; - exp(ai). Let z; = (—1) - exp(Bi),
B € [0,2m). From arg zj200 we see § + a < 2, and thus

Re(z;j + zj4200) = — cos B — cos(f + a) = —2 cos % cos (5 + %) <0

« s o T 3T
because ) € [5,7{}, 8+ =€ 59

5 } > Summing up 1 < j < 40, we

obtain
Re(z1 + 22 4+ - + 240 + 2201 + 2202 + -+ + 2240) < 0. @®

Similarly, condition (2) indicates that for 41 < j < 80, to go from z;

T

to zj4+120 along C, at least an arc of length 3 is needed. So there exists
T

2T > a > 3 such that zj4120 = z; - exp(ai). Let z; = (—1) - exp(Bi),

B € [0,2m). From arg zj+120 we see 8 + a < 2m, and thus

Re(zj + zj+120) = —cos B — cos(B + a) = —2 cos % cos (B + %)

If @ > 7, the above quantity is non-positive; if a € [g, 77), then
‘QCOS%COS (B—l—%)‘ SQXCOS% x1=1/3,
so the real part is < v/3. Summing up for 41 < j < 80, we obtain
Re(z41 + za2 + -+ + 280 + 2161 + 2162+ * + 2200) < 40V/3. @
The inequalities (1) and (2) lead to an estimate of the sum

|21 + 22 + - - - + 2240]

40 80 120
= Re Z(Z] + ZQ()[)+]') + Re Z (Zj + 212()+j) + Re Z Zj
j=1 j=41 j=81

< 0+ 40v/3 + 80 = 80 + 40V/3.

Here, the maximum is attained only when the numbers are: 80 of 1’s,

40 of each of exp (%i), exp (—%i), i, —i (or by any rotation). O
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Let m be a positive integer and A be a finite set. Let A1, Ao,..., A
be subsets of A (not necessarily distinct). It is known that for any
nonempty set I C {1,2,...,m},

U4

i€l

> ||+ 1.

Prove: the elements of A can be coloured black or white, such that
every of Ay, As, ..., A, contains both black and white elements.

(Contributed by Fu Yunhao)

We give three solutions as follows.

Solution 1 Construct a bipartite graph G whose two parts are X =
{A1,A49,...; A} and Y = A:for 1 < i < mand a € A, A € X
and a € Y are adjacent if and only if a € A;. Since for each nonempty
IC{1,2,...,m}, }Uiel AZ-| > |I]+1, it follows that for any & vertices of X,
the number of vertices of Y that are neighbouring to one or more of them, is
at least k+ 1. According to Hall’s theorem, there exists a transversal f from
XtoY. Forl <i<m,leta; = f(A;). Clearly, a; € A;, and aq, ag, ..., an
are distinct elements of A. Colour all the other elements A\{ay,...,anm}
white, and determine the colours of ay, asg,...,a,, as follows.

Every time, choose an i such that a; is uncoloured and A; has a coloured
neighbour, say b. Colour a; the opposite colour to b. Suppose, during the
process, some elements say a1, asa,...,ar (1 < k < m) are uncoloured,
but we cannot find another ¢ and colour a;. Based on the algorithm, this
means that all the neighbours of Ay, As,..., Ay are in {ay,...,ar}, yet it
contradicts |[A; U A2 U...U Ag| > k + 1. Hence, this process can continue
until all of ay, as,...,a, are coloured. Moreover, for 1< i < m, when
a; is coloured, A; is guaranteed to have black and white neighbours, that
is, A; contains both black and white elements. This colouring satisfies the
problem requirements. O

Solution 2 We begin with a lemma.

Lemma The finite sets Ay, Ao, ..., Ay, are called “nice”, if the union of
any k < m (k is arbitrary) of them contains at least k+ 1 elements. If Ay,
As, ..., Ay, are nice, then there exist 2-element sets By, B, ..., By, such
that B; C A;, i=1,2,...,m, and By, Ba,..., By, are nice.



China National Team Selection Test 225

Proof of lemma Assume the lemma is untrue. Let Ay, As,..., A,, be a
counterexample with the smallest m value and the smallest |A;| + |Az| +
-+ 4 |A;,| for such m. There are three situations.

Case 1, if the union of any k& < m (k is arbitrary) sets does not contain
exactly k+ 1 elements. Take k = 1, and apparently every set contains 3 or
more elements. Choose an arbitrary set and remove any element from it.
The sets are still nice (as a counterexample), yet |A1| + |Az| + -+ + |Am|
is smaller. A contradiction. Case 2, if the union of some k& < m — 1 sets
contains exactly k + 1 elements. Assume |43 UAsU---UAg| = k+1. Since
k < m, there existc 2-element sets By, Ba,...,Bj such that B; C A;,
1=1,2,...,k, and By, Bs,..., By are nice.

Let C; := A\(A1 UAyU---UAg),i=k+1,...,m. It is easy to see
that, among Ck11, Ckt2,-..,Cnm, the union of any d (1 <d <m —k, d is
arbitrary) sets contains d or more elements. By Hall’s theorem, there exist
x; € C; (it =k+1,...,m), such that xx41, Tgta,...,Z, are all distinct.
We construct Bg+1, Bi+2,...,Bn in the following way: if for some i €
{k+1,k+2,...,m}, B; has not been made yet, but A; contains an element
y; that belongs to some B set already constructed, then let B; = {z;, y;}.
Clearly, x; is a new element in the constructed B sets, hence these B sets
are still nice. Suppose, after the construction of several B;’s, no more set
can be constructed in the above way. Then the remaining A sets do not
contain any element in the constructed B;’s. Since m is minimal, we may
construct B;’s from those A sets such that they are nice. Furthermore, B;’s
and B;’s are disjoint, when combined, By, Bo, ..., B, are nice. So, case 2
is not possible.

Case 3, if the union of any k(1 < k < m—1, k is arbitrary) sets contains
k + 2 or more elements, while the union of all m sets contains exactly m + 1
elements. Observe that any m-1 sets have the same union as that of all m
sets. Hence, every element must belong to at least 2 sets. Meanwhile, each
set contains at least 3 elements. Choose any set and remove any element
from it. The sets are still nice, but they have a smaller |A;| + |Aa| + -+
|Ap|, contradiction.

This verifies the lemma.

Return to the original problem. According to the lemma, we may find
2-element subsets By, Bs,..., By, of Ay, As, ..., A,,, respectively, such
that the union of any k of them has k 4+ 1 or more elements. Treat every
element of A as a vertex, and then for every 1 < i < m, connect the two
elements in B; by an edge. Note that this graph has no cycle (otherwise,
the edges in a cycle correspond to B sets the number of which is the same
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as the number of elements in their union), and thus it is a forest, which is
a bipartite graph. Colour all elements in one part black, and all elements
in the other part white. This colouring satisfies the problem condition. [

Solution 3 Use induction on the number of sets m. When m = 1,
|A1] > 2, choose two elements of A; and colour one black and one white.
Suppose the conclusion holds for all m < n — 1. Consider m = n.

Case 1. If for any I C {1,...,n}, |Ujer A;| > |I| +2. Take a € A,,. By the
induction hypothesis, there is a colouring of A1\{a}, A2\{a},..., An—1\{a}
for which each A;\{a} contains black and white elements. As A,\{a} has
been coloured, we can colour a such that A, has elements of both colours.

Case 2. If for some I # {1,2,...,n}, | Uier Ai| = [I| + 1. Let I be the
largest, J ={1,2,...,n}\I, and B = Uje14;, C = Uje s 4;.

Case 2a. If BNC = @, then colour B and C separately. By induction, there
is a colouring that guarantees each A; contains black and white elements.

Case 2b. If BN C # @, take b € BN C, and define A; = A;\(B\{b})
(j € J). For any T C J, since [ is the largest, it follows that

Ua=| U Al |JA|l=TuT|+2) - (I|+1)=|T|+ 1.
teT teIuT i€l
Similarly,

U4|=|JA|-1B\{p}|=n+1-|I|=|J|+ 1L

jeJ =1

By induction, we may colour C\(B\{b}) = Uje A} and B = UiesA;
such that A%(j € J) and A;(i € I) contain elements of both colours. If b
has different colours in the two colourings, then reverse the colouring of
B. Now they are compatible and give a colouring of A which meets the
problem requirements. ]

Test |1, First Day
(8 am — 2:30 pm; March 28, 2022)

In an m x n grid (with m + 1 horizontal lines and n + 1 vertical
lines), it is possible to add diagonals to some unit squares, that is,
each unit square [J becomes one of [, 4, or N, such that the grid
becomes an Eulerian cycle (there exists a path that visits every edge
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exactly once, and that starts and ends on the same vertex). Find all
such m x n grids.

(Contributed by Xiao Liang)

Solution An m X n grid can be made into an Eulerian cycle if and only if
m = n. We give two solutions as follows. O

Solution 1 If m = n, add a diagonal (top left to bottom right) to every
unit square not in the main diagonal of the grid. It is easy to verify the
new graph is an Eulerian cycle.

It requires to prove when m # n, the grid cannot be made into an
Eulerian cycle. Let n > m and suppose it is possible. Notice in the original
grid, every lattice point has an even degree of edges except for those on the
four sides but not at the corners. Let us call them even and odd points.
There are m — 1 or n — 1 odd points on each side of the grid. To make
the grid into an Eulerian cycle, the diagonals must turn each odd point
into an even point while maintain all the even points. We focus on all the
diagonals. If three or four diagonals meet at a lattice point, separate them

like in the figure.
N
X~ X

This divides the diagonals into several cycles and non-intersecting paths.
Remove all the cycles. The remaining paths of diagonals turn all the odd
points into even points, and hence a path must start at an odd point and
end at another odd point. Colour all the lattice points alternately black and
white. Evidently, a path can only pass through lattice points of the same
colour. If a path starts and ends on the same side of the grid, then there
are an odd number of odd points on this side between the two ends, and
they cannot be connected by paths. If a path starts and ends on opposite
sides of the grid, say from row a and column 1, to row b and column n + 1.
Then (a,1) and (b,n + 1) are of the same colour, a + 1 and b+ n + 1 are of
the same parity, which indicates that there are (a —2)+(n—1)+ (b—2) =
a+n+b—5, an odd number of odd points between the two ends, which
cannot be connected by paths. The above argument shows that a path
must start and end at neighbouring sides, which requires the 2(m — 1) odd
points on two opposite sides match the 2(n — 1) odd points on the other
two sides. Hence, 2(m — 1) = 2(n — 1), or m = n. This completes the
proof. O
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Solution 2 (organized from Liu Yexu’s proof). The solution for m = n is
the same as in the first proof. Now assume that the grid can be made into
an Eulerian cycle. It requires to show m = n.

We claim that the Eulerian cycle can be decomposed into figures of five
types N, N, 4, 4 and [, any two figures sharing no common sides. Once
proved, the numbers of unit length horizontal and vertical segments must
agree, which gives m(n+ 1) =n(m + 1) and m = n.

To show such decomposition is possible, we find and remove one fig-
ure at a time from the graph in the following way. Before and after each
removal, every lattice point has an even degree of edges. Every time, take
the leftmost column and pick the top lattice point A. Then, no upward,
upper left, leftward, lower left edges can emanate from A. Since A has
degree 2 or 4, these are the possible configurations at A:

€4 <<

For the first one, remove the two triangles including the dash lines; for
the second, third and fourth, there is only one choice to remove a triangle
including the dash line as follows.

£ 4 < n

For the fifth configuration, if there is a diagonal from top right to bot-
tom left in the unit square, remove the triangle shown in the following;
otherwise, remove the square.

Based on the above algorithm, the last two configurations never occur.
Eventually, the graph can be thoroughly decomposed, and we deduce that
m=n. g

In the oblique AABC, BC > AC > AB. Let P, P, be two points in
the plane satisfying: for ¢ = 1,2, the lines AP;, BP;, and CP; inter-
sect with the circumcircle of AABC at D;, E;, and F;, respectively
(other than A, B, C), with D;E; L D;F; and D;FE; = D;F; #0. It is
known that the line P; P, crosses the circumcircle of AABC at two
points (1 and Q2. For i = 1,2, let the projections of (); on the lines
AB, AC be X; and Y}, respectively. The lines X;Y7 and X,Y5 meet
at W. Prove: W lies on the nine-point circle of AABC.

(Contributed by Yao Yijun)
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Solution There are two major steps in the proof. First, we need to identify
the positional relationship between P; and P,. This can be done by manip-
ulation of angles; however, it relies heavily on the positions and shapes,
which require a lot of case-by-case discussions. To prevent this, we have to
use directed angles or avoid any addition or subtraction of angles. In fact,
it is always true that AP;,AB ~ AP;E;D;, and thus

PA PB _ AB
PE;, PD; DE;

Similarly,

PA  PC AC PC PB _ BC
PF, PD; D;F;’ PE;, PF, EF

It follows that

PA ([ PA PB\ [ AC BC\ AC E;F;, \/—AC
P,B  \PF, PF,)  \DF, E,F;,) — BC D;F,

PA ([ PA PC\ ([ AB BC \ AB E;F, _ﬂA_B
P.C  \ PE,; P.E,)] \D,E; E,F;, ) BC D;E;  ~BC’

and hence PLA: PB: P,C = P,A: P,B: P,C, indicating

PA PB PC
RA BB  BRC

Therefore, A, B, C' lie on an Apollonius circle of foci P; and P, which
implies that Py, P, and the circumcentre O of AABC are collinear. (Note:
here we use the given condition P; # P,. It cannot be derived from the
above argument.)

We can also use complex numbers. Let the circumcircle of AABC be the
unit circle in the complex plane. The lowercase letter of a point represents
the corresponding complex number of that point (for instance, point A
corresponds to a € C, and so on). For a point P on the plane, denote D, E,
and F as the second intersections of AP, BP, CP and AABC, respectively.
Then,

bk
[
ISHRS]
N
=S
[
Qe
N———
iRk~
|
Ul
\
|
[
[SHIESI]

or equivalently,
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that is,
d— _d —p , _ a_—p
ap—1 ap — 1
Likewise,
h—
= — p, f= C_ p
bp—1 cp—1
On the other hand, DELDF and ED = DF < ;_‘é - 4 o

—d\?
<; d) = —1. Together, we obtain

Fm—DW—W%—UQZ_l
(b —1)(c—b)lap—1) |

Simplify it to an equation about p:
[*(a = b)* +b*(c — a)’]p” — 2[c(a — b)* + b(c — a)’]p
+H(a—b)* + (c—a)’] = 0. @

The leading coefficient is 0 if and only if |a — b| = |¢ — a| (AABC is
a—

isosceles with vertex angle A) and - = =i (the central angle sub-
c

tended by BC is g larger than the inscribed angle), for that AABC is

an isosceles right triangle, which is known to be untrue. Therefore, @ is
indeed a quadratic equation. The discriminant is

A = 4{[c(a — b)* + b(c — a)?]?
—4[c*(a —b)? +b*(c — a)F[(a — b)> + (¢ — a)?]}
= 4{2bc(a — b)*(c — a)® — (b® + *)(a — b)*(c — a)*}
= —4(a—b)%(b—c)*(c—a)® #0,

implying that @ has distinct roots. Furthermore, P; P, passes through the
circumcentre O of AABC. It suffices to prove

c(a—b)%2 +b(c—a)? . c(a —b)2 +b(c—a)?
a-Db-0kc—a) S X® LDb-ol—a)
cla—b)24+b(c—a)?

R DI
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Since

c(a—b)%2 +b(c—a)? _ cla—0) n b(c—a)
(a=b)(b—c)(c—a) b—c)(c—a) (a—=Db)(b—2¢)
c c b b

T~ b—¢ c—a a—b b-¢c
and
b+c b+c c b a a
= + = +

the conclusion follows.

The second part is to use properties of Simson line to verify the problem
statement. First, by Steiner’s theorem, for any point on the circumcentre,
its corresponding lines X1Y7; and X>Y5 pass through a pair of antipodal
points of the nine-point circle of AABC;, respectively.

Let @ be a point on the circumcircle of AABC. Tt is well known that
the closest points to P on lines AB, AC, BC are collinear (the Simson line
of P), and this line bisects the segment connecting @) and the orthocentre
H of AABC. Here we give a simple proof by complex numbers. Let the
projections of @ (on the unit circle of the complex plane) on AB, AC be
X and Y, respectively. Then X is the midpoint of Q@' where Q and @’
are symmetric about AB. Notice ZQBA = /@' BA and they are on the
opposite sides of AB, and we have

(@ —b)(g—b) (a—b)

lg=0>  Ja—bf*”

that is,

y=py @DED

a —

1 - 1
For unit complex numbers a and b, a = —, b = 7 Therefore,
a

1
¢ =b—ab (q— 5) =a+b—abg,
yielding

1 1
aczi(q—ab(j—i—a—i—b), yzi(q—ca(j—i—c—i—a).
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1
To show they are collinear with §(q +a+ b+ c), it suffices

q :chrabe]R
b+ — bg+tac
q

which is obvious (here, the Simson line equation is not necessary). Now, as
the orthocentre H is the homothetic centre of the circumcircle and the nine-
point circle, we infer that X;Y; and X,Y5 pass through a pair of antipodal
points of the nine-point circle of AABC, respectively.

Finally, we show X;Y; 1 X5Ys. Clearly, this is due to

/0Y1X, =200, X1 =90° — /X, CQy,
ZBAQy = £Q2Y2X5 = 90° — LCY,X5.

Based on the above argument, in conclusion, the intersection of X;Y;
and X,Y5 lies on the nine-point circle of AABC. O

Let a1, a2, ..., a, be n positive integers that are not divisible by each
other, namely a; { a; for ¢ # j. Prove a1 + a2 + -+ + an > 1.1n2 —
2n. Note: some credit will be given to a proof of the inequality for
sufficiently large n.

(Contributed by Wang Bin)

Solution Consider the set of all positive integers coprime with 6: B =
{1,5,7,11,13,...}. The sum of the smallest k elements satisfies

k’2
37, if k is even,
f(k) =
k2 -1
5 , if k is odd.

flk+1)— f(k)=3k+1lor3k+2; f(0)=0, f(1)=1,
F2)=6, f(3)=13, f(d)=24, f(5)=3T,....

Every positive integer a has a uniquely representation a = 2*3°b where
b € B, «, § are nonnegative integers. Define h(a) = b or we say b is the
kernel of a. If m positive integers aq, ..., a,, are not divisible by each other
and are of the same kernel b, write a = 2°%3%b, k = 1,...,m. It is easy to
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see that aq, ..., a,, are distinct (or else some 2238} is divisible by 2“3ﬂ/b).
Assume a1 < ag < -+ < Quy; accordingly, 81 > B2 > -+ > B, > 0, and we
have aj > 25=13m~kp and their sum

a4 ag 4+ @y >203m7 1 4 213m2p o 2 130p = (3™ — 2™,

Consider the mapping h from A = {a1,as,...,a,} to B, h(a) = b where
b € h(A) is the kernel of one or more elements of A. Define

By ={be B:#{ae A:h(a) =0} >k},
that is to say, every number in By is the kernel of k£ or more elements of

{a1,...,an}. Then B D By 2 By O ..., and the numbers in By\Bj41 are
kernels of exactly k elements of {ai,...,a,}, giving

n=> kx|B\Bt1| = |Bi| + |Ba| + -+ .
k=1

Let S(-) be the number of elements in a set. We have
(o)
S(A)=a1+-+an > (3% 2% x S(Br\Bys1)
k=1

(3% = 2%) = (3*71 = 2571 x S(Bw),

M

1

2 x 3871 —2F=1y 5 f(|By)).

—

S(A) >

Define sequence ¢, = 2 x 3¥71 —2k=1 ¢) =1, ¢y = 4, c3 = 14, ¢y = 46,
s = 146, . ...

We are led to consider the optimization problem #: under the constraint
x1 + 2 + -+ = n (z; nonnegative), minimize T = ¢y f(x1) + caf (x2) + - - .

Suppose X = (z1,22,...,2k,0,0,...) minimizes T, where x; > 29 >
-+ >xg > 1 and after that xx41 = xg42 =---=0. If K <2, then

3xf71+4x39:371

T =cif(x1) + caf (x2) > 5 )

6
> 5(301 + 302)2

5
— = >1.1n% - 2n.
5= n n
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Assume K > 3. As X is a minimizer, if X is changed to X’ = (z1 +
1,29,...,2x—-1, Tk — 1,0,...), then T does not decrease. Thus

0< AT =ci(f(z1 +1) = f(21)) —ex(f(zx) — f(rx — 1))
<3r1+2—ckg = cxg <3x1 + 2.
Also, if X is changed to X" = (x1,22+1,...,2x-1,2x —1,0,...), then
T does not decrease, either:
0 < AT =co(f(x2 + 1) = f(22)) — ex(f(zx) — f(rx — 1))
<4(3x9+2) —cx = cx <1229+ 8.

CK72 CK*8

Therefore,n = x1+x2+- -+ > x1+22+1 > 3 2

5CK —4
12

, which implies

3K71

1 1 12n + 4
crteptfox Sex (14344 <

Now we have,

T(X)=cf(x1) + - +exflzk)

3271 32—1
> ¢ x; +- ek x; ,

3 1
T(X) > —[clx? +02z§+~~~+cK:c§<] - 5[01 +ceo+ -+ ekl

2

3(x1+ a2+ +ak)?
<571 1 i
C1 C2 CK

—2n.

As cp+1 > 3ci always holds, it follows that

LS SR SIS S SRS NS S
c1 Co cx 4 14 14x3 14 x 32
1 1.5
=14+-4+—<1.
+4+14_ 36,
and thus
3 n?
T>=-x— —2n>1.1n%—2n.
=3 %136 o T
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We have shown that the minimum value of problem & must satisfy
Tomin > 1.1n% — 2n. For the original problem,

> "er x f(|Bi]) > 1.1n* — 2n.

k=1
This completes the proof. O

Remark 1 For problem #, let X = (x1,22,...,2k,0,...) be the optimal
solution. X corresponds to the n-element set

K
A={ar,.an} = | U {26'3%, 25723, ..., 2935 0},
k=1b€[3zk4+1,32,] N B
K
This set A = {ay,...,a,} satisfiesa; +---+a, =T = 3. crf(xx), and
k=1

all the elements are not divisible by each other. Indeed, it suffices to prove
two numbers in [3zj11, 3z, N B are not multiple of each other. As X min-
imizes T'(X), replacing X by X' = (#1,...,2,— 1, 2g41+1,...,2K,0,...),
T does not decrease. Thus

0 < AT = cp(f(wr) = flar = 1)) = o1 (f (@pg1 + 1) = f(@pt1))-

Observe that f(xr)— f(xr —1) is the largest number in [3x541, 32N B,

while f(zgp41 + 1) — f(xg41) is the smallest number in [3xg41,3zk] N B.
Ck+1

Since < 4, the largest cannot exceed 4 times of the smallest; hence,

¢
the numgers in [3xk41,32;] N B are not divisible by each other (as they are
all coprime with 6, the multiple between two numbers must be at least 5).
It further implies that all elements of A = {aq,...,a,} are not divisible by
each other.

In fact, the solution of the minimization problem & (the minimal sum
of n non-divisible numbers) is the sum of the smallest n numbers in the
following table:

) 7 11 13 17 19

4 20 28 44 52 68 76
14 70 98 1564 182 238 266
46 230 322 506 598 782 874
146 730 1022 1606 1898 2482 2774
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Remark 2 An estimate of the series gives

)\—1+1+1+ —1+1+1+1+ ~ 1.3533 3~11084
T e s T4 14 46 T g T T
We can show that the solution of the minimization problem é satisfies

Trnin < %nQ + O(n): consider

min = H = c12? + cowat+ =+,
T1+z2+--=n

in which every xj is an integer. First, relax the constraint to real numbers

1
and take yi = ﬁ—, satisfying
A Ck

S o1 o
chyk ="
k=1

Then use integer x = yi + 0 to approximate the optimal solution and
estimate the error

2n
(Y + 0)? — cryp = crdp + 751@-

Ck+41
Ck

As consecutive terms in {ci} have ratio 3 < < 4, we may choose
ck such that

n
Z<CK§na

and set Yk +1, Y42, ... all to 0. The decrement of this part is

VSO ) (e A T R R
YK+1 T YK+2 A CK+1 CK+2 A 2cK T 2\ '
Finally, set y1, yo,...,yx to their nearest integers while maintaining

their sum as n (if necessary, change y; to y1] + 1). We have

1

H — XTL2 = ;ck(yk + (Sk)Q - cky,%

2n
= chéi + 75k = ckéi
k

K e’}
§401+ch+ Z cky,%
k=2 k=K+1
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<3—i—3 +n2>< 1
ORIV
=TT\ T 90

2
<3+ 15m+ Fn§3+2.6n,

2 3 3
and thus Hyy < % + 2.6n + 3. Furthermore, Tyin < §Hmin < 2—n2 +

4n + 5. A sharper estimate of the linear coefficient in Ty,;, is left to the

interested readers.

Test Il, Second Day
(8 am — 12:30 pm; March 29, 2022)

Given n as a positive integer, find all points (z1, za,...x,) € R"®
that minimize f: R™ — R,

flxy,m2,... 20 Z Z Z |k1x1 + koo + - - - + kpzy — 1.

k1=0ko=0  k,=0
(Contributed by Wang Bin)

1
Solution f is minimized when z; = -+ = x, = T Partition A =
n

{0,1,2}™ into 2n + 1 subsets, A = AgU A1 U---U Ay, where
Ap = {B = (iryiz, ... in) EAciy+is+ - +in=k}, k=0,1,...,2n.
Let Ay have |Ag| = ai, elements. Clearly,
(1+t+tH)" =ag+art + - + apt™ + - + agnt®", agn_ = ag.
Denote X = (z1,...,%,), y = (x1 + -+ 25)/n. Then

2n

=Y > I8 x-1

k=0 BEA

First, remove the absolute value signs and sum by partition, where

k| Ag
By=Y (B-X—1)= %(Jc1+---+xn)—|Ak| = kayy — ar.
BEAL
2n
We estimate . |By| by canceling positive and negative terms. To iden-
k=0
tify large and small kajs, observe that

Zkaktk 1= — [(1+t+t )™ = n(1+2t)(1 +t 4+ 2"
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and in
2n—2
A+t+2) = opth
k=0
the coefficients (cg,c1,...,¢n—1,...,Con—2) are unimodal and symmetric.
From
_ 2¢y,—
kay, = Ck—1 + 2¢cp—2
n
we have
(n+1)ant1 > na, > (n+2)ani2 > (n—1)an_1
Z (n + 3)a/n+3 Z T Z 2@2 Z 2naf2n Z 10/1;
2n 2n n+1
which means Uy := Z kap < > kag, Us:= > ka < Z kay,.
k=0 k=n-+1 k=n-+2
U, —U.
Define A = —————2— € (—1,1). Then
(n+ 1)ant1
2n n 2n
FX) =D 1Bl = | D (=Br) + ABui1i+ > Bi| + (1= |A)[Bnal.
k=0 k=0 k=n-+2

In the square brackets, the coefficient of y equals —U; + A(n+ 1)an4+1 +
Us = 0; hence it is a constant

2n

C = Zak—)\an+1+ Z ak.

k=n-+2

We infer that f(X) > C always holds, with equality if and only if

1
T1 = " =Ty = el In the meantime, the a,41 terms in the sum of
n
By, 41 must all vanish, that is, the inner product of X = (z1,...,2,) and
any vector in A, 41 equals 1,s0 1 =--- =z, = . O
n+1

For a fixed positive integer n, let D be the set of all positive factors of
n. Prove that for a mapping f : D — Z, the following two assertions
are equivalent:
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(A) For any positive factor m of n,

n > Fd)Cnd

dlm

(B) For any positive factor k of n,

kS £(d)

dlk

(Contributed by Ai Yinghua)

Solution For the given mapping f : D — Z, define mapping g : D — Z as
k)=>_f(d), VkeD.

dlk

According to the Mobius transformation, f is uniquely determined by g,

7k = 1 (S) g(d), VkeD,

which further gives

m d ’m
Z f(d)C”/dd Z ZM (E) g(x n//dd

dlm dlm z|d
m/d
=> 9@ ( Cn//d
z|m
om/(@9)
=2_9(@) ( ws)Cjaey |- ©
z|m S|

We claim

Lemma If bla, then 2:,11(lc)CZ//I;€ =0 (moda).
k[b

Assuming the lemma is true, we prove that assertions (4) and (B) are
equivalent. The proof of the lemma is at the end.
“(B) = (A)”: suppose x|g(x) holds for every € D. By the lemma, we

have
_‘ Z m/ Ts)
n/(Ls) ’

plugged into (1) to derive (A).
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“(A) = (B)”: assume (A) is true. We use induction to verify k|g(k)
for every k € D. Suppose k|g(k) holds for all k < m, k € D and consider
k = m. From the lemma and the induction hypothesis, it follows that

0=YF@C =3 g9@) | D u)n )

dlm z|m S|z

n m/(xrs
gm)-—+ 37 gl [ D w00

m

zlm,z<m S|z

g(m) - =~ (modn),

and hence m|g(m). This completes the induction.
Finally, we need to prove the lemma.
Proof of the lemma Note that

a b_q
D uk)C = > n(k)CE,.

kb klb

Suppose b has the prime factorization b = HZ:1 pf ‘. It suffices to prove
for every 1 <i <'t,

b_ )
Zu(kz)C%j =0 (modp;").

Let i = 1, pi* = p?, and rewrite C¥ as C(u,v) (for other i’s, it can be
proved in the same manner). Notice that

a b
Ic{lz.,t} [ierpi [Lics pi

a b
(=)l <C< —1, —1)
JC{%;.,t} HjEJPj HjeJ bj

a b
-C -1, —11].
(ijerj ijerj ))




China National Team Selection Test 241

Now it only requires to prove: if u and v are multiples of p?, then

(@p+r+w)- I (yp+w)
Clu—1,0-1) 0<z<E—1,1<r<p—1 1<y<z-1
u—1l,v—-1)=
’ I1 (zp+r)-  I1 (up)
0<z<2-1,1<r<p—1 1<y<z-1
(@p + 7+ w)
0<e<g-11<r<p-1 u v )
= - —1,-—-1
I1 (xp+1)
OSJ,S%—l,lST'Sp—l

As w is a multiple of p?,

Clu—1,v—-1) H (xp+1)

v
0<z<——1,1<r<p—1

C(%l,;—)l) H (zp+ 7+ w)

v
0<z<—1,1<r<p—1
p

0(31,31) 1T (zp+7) (modp”),

0<z<—1,1<r<p—1
p

and (2) follows. The lemma is now verified.

Another proof of the lemma We use the following proposition.

Let X be a finite set, h : X — X be a bijection satisfying h(*) = Idx.

Under the action of h, the set X can be decomposed into several orbits,

each orbit as {x, h(z), h?(x),...,hD(z) = x}, where I, the length of the
orbit, is the smallest positive integer satisfying h() (x) =x. As h(® =1dy,

every [ must be a factor of a. Suppose for each factor [ of n, there are N (1)
orbits of length I. For each positive integer k|a, let

m(k) = #{x e X : h¥) (z) = z}.
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Clearly, m(k) = > N(I)l, and

|k
> utkym (5) = 33 ukN
kla kla 1%
=Y N uk)
lla k| e
= N(a)a,

in particular,

Zu(kz)m (%) =0 (moda). ®

kla

We apply the above result to the following model: let X consist of all
b-element subsets of Z/a, define h: X — X as

r{yr, .-y ={vyi+1,...,op+ 1}, Yy1,...,0} € X.
If k is a factor of a, it is easy to see that
m(k) = CZ/(a/k).
From (3), we arrive at

Zu(kz)CZ//,z =0 (moda).

O
kla

Let m and n be positive integers, m > n > 2022. Prove: for arbitrary
real numbers ay, asg,...,an, by, ba,...,b,, the number of ordered
pairs (4, 7)(1 < 4,5 < n) satisfying |a; + b; — ij| < m does not exceed

3nvmInn.
(Contributed by Zhang Ruixiang)
Solution Colour all (4, j) satisfying |a; + b; — 4j] < m red.
Lemma If (i1, j1), (i1, j2), (i2, j1), (i2, j2) are all red, then
(2 — 1) (J2 — J1)| < 4m.
Proof of lemma By definition of red points,
|lai, +bj, —i1ji] <m, |ai +bj, —iijal <m,

lai, +bj, —i2g1| < m,  |ai, +bj, —i2j2] < m.
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Taking two differences to eliminate a;,, ai,, b;,, and b;,, we obtain
|i1j1 — 91J2 — i2J1 + i2j2] < 4m and the lemma conclusion. O

Return to the original problem. First, for given 1 < i1 < is < n, we

need to find the number of j’s such that both (i1,7) and (ig,j) are red
4m

points. Let d = is —i;. Apparently, any two such j’s differ by v at most;

hence, there are at most 4—m+1 of such j’s.

In the meantime, if d is fixed, there are n — d ways to choose i1 and is.
As a result, the number of red pairs (i1, j) and (i2, j) with 1 <4y < is < n,
1 < j <n cannot exceed

i(nfd) <47m+1> = i(nfd) —4mn+4mi%
d=1 d=1 d=1
n(n —1)

< 5 +4mnlnn.
On the other hand, for 1 < j < n, let the number of red points in (1, j),
(27j)7 ey (n,]) be Zj. Then

. —1
E Cij < 771(712 ) + 4mnlnn,
Jj=1

and thus

n

1\° 1
Z <:cj _ 5) <n?— Zn+ 8mnlnn.

Jj=1

By Cauchy’s inequality, it follows that

z”: xl—l <i/n n2—ln+8mnlnn
£ 7o) = 4 ’
Jj=1
zn:a:»<ﬁ+m/n—l+8mlnn
7 =9 4 '

=1

or

When m > n > 2022, a simple estimate reveals that the right hand side

is < 3nvmln n. O

Remark This result originates from a new class of methods in harmonic
analysis, which has the following variation: there exists a constant C' >
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0, such that for any positive integers m > n? and any functions f, g,

h:{1,2,...,n} — R, the number of ordered pairs (z,y)(z,y € {1,2,...,n})
satisfying

|f(2) + yg(x) + h(y) — 27| < m,
cannot exceed
Cm%n(lnn + 1)%

1/3

In the above statement, the leading order term m'/°n is the optimal

1
bound (consider f(z)+ yg(z)+h(y)—xy* = g(y —x)?). If it is approaching

f(x)+ g(y) + yh(z) + zl(y) — 22y? even with sufficiently large m, whether a
bound of leading order term m!/4n*9 exists or not is still an open problem.

Test Ill, First Day
(8 am — 12:30 pm; April 12, 2022)

Given that circle I's is inside circle I'; on the plane, prove that there
exists a point P on the plane with the following property: if [ is a
line not through P, [ intersects Iy and I at distinct points A and
B, C and D, respectively (4, C, D, and B are consecutive on [),
then ZAPC = /DPB.

(Contributed by Fu Yunhao)

Solution As shown in Fig. 1.1, let O1, Os, r1, 72 be the centres and the
radii of circles I} and I, respectively, r; > ro. We find two points P and @)

Fig. 1.1
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on the ray 0105 such that
01P'01Q:T%, OQP'OQQ:Tg.
First, take Kon the ray O105 with

2 2 2
0,05 +r{ — 135

K =
O1 20,0,

As 0102 <711 — 19, O1K > r1. Then take P and @ on the ray 010,

with
KP=KQ=+/0O1K2%2—1r2,

which leads to O1 P - O1Q = r?; meanwhile,
O3P - 03Q — O1P-01Q = O2K? — 01 K? = (01K — 0,0;)? — O, K?
= 0105 — 20102 OlK = T’% — T%,

which gives Oa P - 02Q = r2.
For an arbitrary line [ not through P, if [ is perpendicular to 0102, due
to symmetry the conclusion is obvious. Otherwise, from 02C? = 02Q-O2P

C D
we have AO2 CQ « AO PC, and c_g - OZQP. Similarly, D—g - %, and
D
hence % = D—g’ indicating that the bisectors of ZCPD and ZCQD meet

[ at the same point, say M. In the same way, we can infer that the bisectors
of ZAPB and ZAQB meet [ at the same point as well, say M’.

Note that P, @, and M all lie on the Apollonian circle which is the
cX C
locus of points X such that oD = D—g,

on [, more precisely, at the intersection of the perpendicular bisector of

PQ and [. In the same way, P, ), and M’ all lie on the Apollonian circle,

AP A AM'
A—Q = B—g = B with the same centre L. As K lies on the boundary

or outside of I', we infer that L is outside Iy, M = M’, and

hence the centre L must be

LAPC=/LAPM - £LCPM = /BPM — Z/DPM = ZBPD.

This completes the proof. O

Let @ and 8 be positive real numbers satisfying: for any positive
integers ki and ko, it is always true that |kjo) # |kof], in which
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| x| represents the largest integer not exceeding x. Prove: there exist
m
positive integers my, meo such that L2
o

B
(Contributed by Wang Bin)

Solution 1  First, note that E is irrational, or else there exist positive inte-
Q@

gers k1 and ko such that kia = ko8, contradicting the problem condition.

fa="2is rational, then there exists a positive integer ks such that the

k
decimal part of —B is less than —. Take k1 =p { QBJ to obtain
q q q

o |2 i< 2] 1,

contradicting the problem condition. Hence, « is irrational; for the same
reason, 3 is also irrational.

We call a pair of positive integers (a,b) “great” if 0 < b8 — aa < 1.
For a great pair (a,b), there exists a unique positive integer ¢ such that
ac <t < bB. Let u=1t—aa, v=">5 —t. We say that the great pair (a,b)
corresponds to the intermediate number ¢ and the differences (u, v).

Lemma If the great pairs (a1,b1), (az,b2) correspond to the differences
(u1,v1), (ug,va), respectively, then n_ 2
U1 V2

Proof of Lemma Let the great pairs correspond to intermediate numbers
U U9

t1, ta, respectively. Assume the conclusion is untrue, e ; let € =
U1 vy’

U1V2 — U2V

2

As E is irrational, there exist positive integers ag, by such that 0 <

> 0.

«

apa— by < e. Moreover, it is known that some positive integer to satisfies
U1 U1

bofB < tg < aga. Let ug = agax — tg, vg = tg — bo3. In case — — — > 1, we
Up Vo

take L = { J +1suchthat — >L> —, and thus
Vo Uo 0

— LU() = (tl —+ Lt()) — (a1 —+ La{))a > 0,
— Lyg = (tl + Lto) — (bl + Lbo)ﬁ < 0.

Now choose k1 = a; + Lag, ka2 = b1 + Lby, and |kia] = |k2f] =
t1 + Lty — 1 leads to a contradiction. So, it must be o_n < 1; similarly,
(') Vo
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U v
22 > —1. Then,
uo Vo

uo uo

up — —v1 <up, U2 — —UV2 > —Ug,

Vo Vo
yielding uqve — usv1 < ug(vy + v2) < 2e, which is inconsistent with the
definition of €. The lemma is proved.

According to the lemma, every great pair (a,b) corresponds to the same
t— ax . v
. Denote the common ratio by A,
b3 —t u—+v
A€ (0,1)and A-aa+ (L — X)) - b8 =t € Z. For two great pairs, a linear
combination of them with integer coefficients is called a “nice” pair. It is
easy to see that each nice pair (¢, d) satisfies

ratio of the differences ¢
v

Aeca+(1=XN)-df=c-da+d-(1-N)p €.

Take a great pair (a,b) and let 6 = b3 — ac € (0,1). For any M > 0,
every integer pair (c,d) satisfying 0 < df — ca < M and ¢ > %M is
dp — ca M

c
— - h th -Lb)S-(c-
3 < 5 < g osuc that (d-Lb)S-(c

La)a = (df — ca) — L6 € (0,8) C (0,1). Then, (¢ — La,d — Lb) is great,
while (¢,d) = (¢ — La, d — Lb) + L - (a,b) is nice.)
Cox

Take M = o + 20, integers ¢y > %M + 1 and dy = [7—‘ that satisfy

nice. (Indeed, choose L =

0 < dof —cpax < 8. According to the above argument, (cq, dy), (co,do + 1),
(co — 1,do) are all nice; so are their linear combinations (0,1) and (1,0).
This indicates that both Aa and (1 — A)3 are (positive) integers. Then we
just choose

mg = A, my= (1 - )\)5,

sothat@—l—%z)\—l—(l—)\):l,ormla—l—mgﬁzaﬁ. Done. O
o

Solution 2 Let the decimal part of = be {a} =2 — [z].
Evidently, a positive integer n-1 appears in the sequence |k« if and

n
only if n — 1 < ka < n for some integer k, or equivalently k < — < k + —,
Q@ Q

n 1
that is, {—} < —. From the problem condition, we infer that the ordered

Q o}
decimal pairs

({g}{%})gz[oﬂx[o%] Vn=2,3,.... @
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1
Consider the linear dependence relation of —, and 1 in Q. If
a

1

11 d

{—, E, 1} is a linearly independent set in Q, then by the 2-dimensional
@

n

n
Kronecker’s theorem, the sequence ({—} , {E}> is dense in the
a n=1,2,...

unit square [0, 1] x [0, 1], and there exists n > 2 such that (1) does not hold.

11 b
Hence, {—, E, 1 5 is linearly dependent. Suppose a + E = ¢, in which a,
Q@ Q@
b, c € Z and (a,b,c) =1. Then o, B ¢ Q, a,b = 0.
If a, b have different signs, assume a > 0, b < 0. Then for an arbitrary

positive integer k,

k k k k
aa+bgzkc:ax{g}—|b|x{g}GZ.

11
lbla” a3

blx{%}}<é,

k
Choose k& > 2 that satisfies 0 < {—} < min{ }, and we find

et
SNt

In this case, a, b must have the same sign, say a > 0, b > 0. Since
(a,b, c) = 1, there exist positive integers u, v such that uc—vb =1 (mod a).

From a— + bE = ngc, it follows that

ax{g}m{g}:m_b@_a{gJ.

We hope to find n such that n = v, {%J = v (mod a) and {%} is very

small, in other words,

a X {g}—FbX {%} =1 (moda),

1
and thus {ﬁ} < — (which further implies ¢ < 1).
a a a
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To this end, let n = ak + u, and take positive integer k such that
n

tigiviakz—l—u—vﬁik vB —u
T e e B ap

1 1 - k
has decimal part {¢t} < min {%, %} (this only requires Uﬂaﬁ Y {E} <
— 1 1 k
vﬁaﬂ Y 4+ min {E, ﬁ}; as {B} is dense in [0, 1], such k always exists).
It follows that

{E}:ianJrc(ak—i—u) b ak+u

« a a 75X 153
:{uc—bv_b>< akz—&—u—vﬁ}<l,
a af a

[ forien]
g8y af

B ak +u—vp 1
{‘”{ af }}<B’

1 1 a
and hence — > — (otherwise n = ak + u makes (1) untrue), or — < 1;
a  « «

b b
likewise, — < 1. Thus, the positive integer ¢ = a + =<2, ¢c=1 We
@

g , g
arrive at ¢ + E = 1 which is the problem conclusion. O
@
Given positive integer n > 2, find all (a1, as, . ..,a,) € Z™ satistying

the following conditions:

(1) agisodd, 1 < a3 <ag < -+ <ap,and M = 2%(@1 —1ag...apn
is an integer;

(2) One can find M of (¢;1,¢i2,-.-,¢n) € Z" (1 = 1,2,..., M),
such that for any 1 <i < j < M, there exists k € {1,2,...,n},

¢k —¢ir Z—1,0,1 (modag).
(Contributed by Ding Jian and Xiao Liang)
Solution The desired n-tuples satisfy:

If there are exactly  odd numbers among as, ..., an, then 2"|(a; — 1).

@
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First, we show that (1) is necessary. Temporarily drop the constraint
and assume ay,...,a, to be odd; ay41,...,a, to
be even. Suppose we have found M of (¢;1, ¢ 2,...,¢n) € Z". For each
s € Z, define B; = {i|l1 <i< M, ¢;, =s (moday)}. We have

)

“an Z Gn—1 Z e Z a17

|Bi| + |B2| + -+ + |Ba, | = M,

M
and for some s, |Bs| + |Bst1| > a2 indicating that we can select at
Qn
least of n-tuples whose nth coordinates ¢; ,, have pairwise differences
a/’n/

=0,+1 (moday).
Continue the above operation on these n-tuples for their (n—1)th coordi-
nates modulo a,,—1, their (n —2)th coordinates modulo a,,_2, and so on. At
ay — 1

the end, we obtain at least an i of n-tuples whose kth coor-

2
dinates (2 < k < n)c; ; have pairwise differences = 0,+1 (mod ax). From

the problem condition, their first coordinates have pairwise differences not
a; —1
! of n-tuples

congruent to 0, 1 (mod a; ), which requires that at most
are left. Consequently, in each of the preceding operations, the equality

holds, namely for each ¢, we can select exactly T ar of n-tuples; in

a
22
particular, for t = r + 1,
% = 27(6” —1lag---ar € Z,
2 2
implying 2"|(a; — 1).

Next, we try to find (a1,as,...,a,) for 27|(a; — 1). Temporar-
ily, weaken the condition “a, > an—1 > -+ > a1’ to be a3 =
min{ai,...,a,}. First, if there are even number(s) in ag,...,an,
assume it is a,. Suppose for ai,...,an—1 we have found (¢,
Ci,2, - - -7Ci,n—1) 1 S ) S M = on—1 (a1 — 1)0,2 ey = %M) Thenjust
take (¢;1,¢i2,- -, Cin—1,2¢) (1 <i<M,1<c< (%n)

Now consider ao, as, . .., a, are odd numbers. Let a; = 2"t+1. Suppose
ay =ay=---=a,, M =ta}"'. Define the function

n—1
f(x15z27 s 7xn71) = Z 2’ina
=1
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and select M = ta~" of n-tuples
(x1,22, .o, Tn—1, f(T1, ..., Bp—1) +275),

where 1,...,2,-1 € {1,2,...,;a1}, s € {1,...,t}. We are to justify that
they satisfy the problem condition. For the above n-tuples and another
n-tuple

(2, @b, 2l f(Zh, . al )+ 27,

in case that the differences of their kth coordinates = 0,41 (moda;) for
any k, then

v —2;=0,%£1 (moday), i=1,...,n—1,

and

n—1

> o2 =) +2%(s —5') =0, +1 (moday). @

i=1

The former congruence relations indicate that
i—1
Z 2i(x; —xf) canonly =271 —1, 272 —1,...,1-2""! (moday),
i=1

while s — 8" € {1 —t,2—t,...,t — 1}. If 2) holds, then it must be s = s’
and

n—1
Z 2071 (z; — 2}) = 0 (mod ay).
i=1

By the uniqueness of the binary representation, we obtain x; = x} (mod
a1), that is, they are the same n-tuple, and the problem conditions are all
met.

Finally, consider aq,...,a, are all odd numbers. We demonstrate that
if as > a1, it can be made into ay, as — 2, as,...,a, and further into the
situation that all a;’s are identical simply by induction, which has been
covered in the previous discussion. Suppose for ¢} = a1, ab = a2 — 2,
ay =as,...,a, = a, we have M’ = 2—n(a1 —1)(az — 2)as ... ay, of n-tuples
satisfying the problem conditions and their kth coordinates always take
values in {0,1,...,a), — 1}. Now define the M = %(al — 1)agas . ..a, of
n-tuples as follows: first, choose the M’ of them that we already have, (i) for
X9 = az — 2, choose (x1, as — 2, x3,...,%,) if and only if we have chosen
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(21, aa—4, x3,...,2y); (il) for zo = ag —1, choose (1, az —1, 3, ..., zy) if
and only if we have chosen (x1, az — 3, x3,...,2,). Clearly, these n-tuples
satisfy the conditions. Furthermore, from the previous inductive proof of
2"|(a1 — 1) and equality holding, it follows that among the M’ of n-tuples

of them whose second coordinates are

2 p—
a2—2_

we already have, there are M-
as —

as—1 or as—2. Therefore, the total number of n-tuples is M’ +M’-
M, and the proof is complete.

Test I, Second Day
(8 am — 12:30 pm; April 13, 2022)

In the rectangular coordinate system, there exist finitely many trian-
gles such that: their centroids are all integer points; the intersection
of any two triangles is either empty, or a common vertex, or a com-
mon side (connecting the two common vertices); the union of all the
triangles is a square with integer side length k (the vertices of the
square are not necessarily integer points and the sides are not neces-
sarily parallel to the axes). Find all integers k such that this could
happen.

(Contributed by Qu Zhenhua)

Solution The answer is all multiples of 3.
On one hand, if 3|k, let kK = 3t. Consider the square whose vertices are
at (0,0), (3t,3t), (3t,0), and (0, 3t). Divide the square by parallel lines

r=3i(i=1,...,t) and y=3j(j=1,...,1

into t2 of 3 x 3 small squares, and use diagonals to cut each small square into
two right isosceles triangles. Evidently, the centroids of the right isosceles
triangles are integer points, and the conditions are all met.

On the other hand, assume that a square of side length k has the desired
triangulation. Let V' be the set of all vertices of the triangles. Define the
binary relation A ~y A ~ B if there are two triangles AACD, ABCD in
the triangulation, and say A ~ B (they are in the same equivalent class)
if and only if there exist vertices Ay, ..., A, such that A ~y Ay ~g -+ ~g
A, ~g B. For an arbitrary point P with coordinates xp, yp, we have:

(i) If A ~ B, then 3|(za—xB), 3|(ya—yp). Indeed, by transitivity, we may
assume A ~g B. Then there exist AACD and ABCD whose centroids
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are integer points, which implies 3|(z4 + ¢ + zp), 3|(zp + xc + xp),
and hence 3|(z4 — zp); similarly, 3|(ya — yB).

(ii) There are at most three equivalent classes. Fix a triangle Tj and let
A be an arbitrary vertex in V. There exist a sequence of triangles
To, ..., T, such that T;_; and T; share a common side (i = 1,...,r)
and A is a vertex of T,.. By definition of the equivalent classes, each
vertex of T;_; is equivalent to a vertex of T;. Then by transitivity, A
is equivalent to some vertex of Tj.

According to (ii) and the pigeonhole principle, two vertices of the large
square must be in the same equivalent class. By (i), it follows that 3|k? or
3|2k?, and 3|k is verified. O

1
Prove: there exist C > 0 and a > 3 such that for any positive

integer n, there exists a subset A C {1,2,...,n}, |A] > Cn®, and the
difference of any two elements of A is not a perfect square.

(Contributed by the contest committee)
Solution For n > 25, let 52 <n < 522 (t € N ). Take

A= {(agt, .. .,041)5|a2i S {0, 1,2,3,4}, t=1,...,
agi-1 €{1,3}, i=1,...,t}

where (ag, ..., a1)s is the base-5 representation of m = 5% tag, + -+ +
5 + . Obviously, A C {1,2,...,n}. For uy, us € A, uy = (az,...,a1),
ug = (bat,...,b1), ug > ug, we claim that u; — ug is not a perfect square.

Suppose as # by is the first pair of distinct digits of u; and wuy under base
5, namely, a; = by,...,as—1 = bs_1, as # bs. Then

U1 — Uz = (agt — bgt)52t_1 + -+ (as - bs)5s_1.

If 2s, then 5571 (u; — u2) (as — bs # 0 is between —4 and 4), u; — us
cannot be a perfect square.

Uy — U2 _
If 2+, then BT (age — bay)5* "1 + -+ + (a5 — bs) € Z. Suppose
u1 — ug is a perfect square. From 2|(s — 1), we know that % is also

a perfect square; however, from 2|(s — 1) and as # bs, it must be true

that {as,bs} = {1,3}, and % = 2 or 3 (mod 5), which indicate that

1
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Uy —u
% cannot be a perfect square. This proves the claim and A satisfies
the problem requirement.

1
Since |A| = 10%, we take a = logys 10 > 3 and arrive at
n® < 5% Jog, 10 = 104+ = 10| A4].

1
Now C = —, a = logys 10 (« € (0,1)) will suffice.

24
1 1
For n < 24, take A = {1} : |A| > " > ﬂn“ holds as well.
In conclusion, for any n € N, we can find suitable A, such that
|A| > Cn®. O

Remark One can also consider the residues modulo 16 and take
A= {(Ozt, ey 051)16|Oéi S {2, 5,7,13, 15}, 1=1,... ,t}. OJ
(1) Prove: on the complex plane, the convex hull of the set of zeros
of 22° 4 63z + 22 = 0 has area greater than .
(2) Let n be a positive integer, 1 < k1 < ko < -+ < k, be n

odd integers. Prove: for any n complex numbers a1, as,..., @y,

n
> a; = 1, and for any complex number w, |w| > 1, the equation
i=1

a12" F a2 4 Fap =w

has at least one root whose magnitude does not exceed 3n|wl.

(Contributed by Yao Yijun)

Solution (1) To begin, we prove

Lemma (Gauss-Lucas Theorem)!  If f(z) is a polynomial with complex
coefficients, then all zeros of f'(z) belong to the convex hull of the set of

zeros of f(z).

I This result was first used by Gauss implicitly in 1836, and was first proved by French
mathematician Edouard Lucas in 1874. Here, we adopt the main idea of Lucas; the
detailed explanation can be found in Hungarian mathematician Lipét Fejér’s paper,
Sur la racine de moindre module d’une équation algébriqgue (C.R.A.S. 145(1907),
459-461).
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Proof of lemma By the fundamental theorem of algebra, f(z) can be
written as

f(2)=A(z—21)"(z — 22)* ... (z — 2,)"".

We infer that f/(z) has a zero z; of multiplicity (a1 — 1), a zero 2z of
multiplicity (ag — 1),..., and a zero z, of multiplicity (a, — 1). For any
other zero Z of f(z),

(2) a1 o oy,
f(2) Z721+Zf,22+ +Zfzn ’
that is,
aq > (&%) 5 Qp 5
m(z—21)+m(z—22)+'“+m(Z—Zn):O.

Take the complex conjugate and shift the terms, obtaining

a1 + Q2 + + On
g 1Z—aP” 7P 1Z =z, 2"
|Z — 2112 |Z — 29| |Z — z,|?
Hence, Z is a convex combination of z1, z9,...,2,, and the lemma is

verified.
Return to the original problem. According to the lemma, the desired
convex hull contains the convex hull of the zeros of

20219 —63 =0,

1/19
which is a regular 19-gon of radius (%> , whose incircle has radius
63\ 63\ /1 w2 63 /" 1/1)\2
— cos— > [ — 1—— (—) > — 1——( =
20 19 20 2 \19 20 2 \6
71 (63) /"

72\" 1\" 19 1 63
=) =(1+= 1+ —+18-C%)— —
(71) ( +71) <ty 18- Chomm <3 <55

Since

the incircle is larger than the unit circle, and the conclusion follows.
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(2) Assertion For aq, as,. .., a, and w that satisfy the problem conditions,
the minimum magnitude of the zeros of

12" a2 4 Fap =w @
does not exceed 3mn.

Proof of the assertion Taking the reciprocal of z, it is equivalent by
showing that the maximum magnitude My of the zeros of

wkn — aqZFn R ke g ke _ g ) 2
. 1
satisfies My > ——.
3mn

By the lemma in (1), the maximum magnitude My of (2) is no less than
that of the derivative equation

why 2" — aq(ky, — kl)zk"*klfl — o —ap—1(kn — kn,l)zk"*k"*l —1=0,
©)
say M of
whp 21 — ay (kn, — kl)zk"*ﬁkl — ag(kn-1

,kz)zk"’l —ke — - —an—1(kn — kn-1) = 0. @

Starting from (4), repeat the above operation n-s times. Every time,
the maximum magnitude of the resulting equation is decreasing. Hence,

Mo > DMy >--- > M,_,
where M,,_; is the maximum magnitude of
Whnkn_1 - ksp12" — ay(kn — k1) (kno1 — k1) - - (ko — k1)2" "
— o —ag(kn —kg) - (kst1 — ks) = 0.
By Vieta’s theorem,

(kn - ks) e (kerl - ks) . %
knkn—l o ks+1 w

M()ZM1Z"'ZMnsZ[

:|1/kS

Now it suffices to prove, there exists s € {1,2,...,n} such that

w

as

1/ks
} < 3mn.

knkn—l T ks-‘,—l :| 1/ks |:
(kn - ks)(knfl - ks) Tt (kerl - ks)
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Notice that

k, ks 1 \™
—1 < (1
kp — ks +k:p—ks_(+ >

and it suffices to have

n 1/ks
H (1 + L > . <£> < 3mm
bt kp — ks |as|

for some 5.2 From the given conditions

e that all k;’s are odd, it follows that k, — ks > 2(p — s) and

1 1 p—s+1
1 <1 < ;
+kpfks_ +2(p75) p—S

n n
e that ) a; =1, it follows that )_ |a;| > 1, and there exists s, such that
j=1 j=1

1
> — < 2%,
=g o<

|as

There are two cases requiring final clarifications.
Case 1, there exists s, such that k; > 3 (s could be 1) and |as| > —
Then (due to s < 2s —1 < ks)

i1 (o)) ()< [ e

<n-¥Ym-2<3mn.

1
95"

ke 9s/k.

1
Case 2, if case 1 does not occur, then k1 = 1, |a1| > 3 and

S 2p—1)+1
u X m X 2
2(p—1)
=V2n—1xm x 2 < 3mn.
This completes the proof of the assertion. O

2The above operations come from Hungarian mathematician Michael Fekete’s paper,
Analoga zu den Sdtze von Rolle und Bolzano fijr komplexe Polynome und Potenzreihen
mit Lichen (Jahr. der deutschen Math. Verieiningung, 82(1924), 299—306).
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Test IV, First Day
(8 am — 12:30 pm; April 16, 2022)

Initially, each unit square of an n x n(n > 2) grid is coloured red,
yellow, or blue. In each second, the colours of the unit squares simul-
taneously change in the following way:

(1) if A is red and A shares a common side with a yellow square,
then A turns yellow;

(2) if B is yellow and B shares a common side with a blue square,
then B turns blue;

(3) if C is blue and C shares a common side with a red square, then
C' turns red;

(4) in all other cases, the colour does not change.

Prove: if the grid does not become monochromatic after 2n-2 seconds, then
it will never be so in finite time.

(Contributed by Leng Fusheng)

Solution 1  We use 0, 1, 2 for red, yellow, and blue colours, respectively.
For two squares u, v (or two colours), define

_L if (u,v) = (071)3(172) or (230)7
w(u,v) =4¢1, if (u,0) =(1,0),(2,1) or (0,2);
0, if u=w.
In other words, w(u,v) = v — v (mod3). Consider the simple graph
G whose vertices are the n? unit squares, and two vertices are adjacent if
and only if the two squares share a common side. For each unit square v,

let v® represent the colour of v at t-th seconds. For every directed cycle
a=uv1...vv1 of G, define

k

(® (t)
Zw Uj s ]+1
k=1

where the subscripts are taken modulo k. We claim that w:(«) does not
depend on ¢ during the process. It suffices to prove

3 (o (0 o) - (o) =

Jj=1
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or

(t+1)  (+1) ® . (® (t+1) (0 (t+1) (0
w (vj Uit ) ( vj ]+1) =w (Uj ' Uj ) —w ( Yj+1 ’vj-i-l)
@

for each j.

First, notice that the two sides of (1) are congruent modulo 3. Second,
according to the rule, each term on the right-hand side must belong to
{0,1}, and hence their difference belongs to {—1,0,1}. We show that the

left-hand side cannot be +2: if it equals 2, then w(v](-tH) it = 1) and

J+1
w(v](-t), v](-fgl) = —1. Suppose U() =0, (t)l = 1. By the rule, it must be

v§t+1) =1, §i—i1) = 0. However, a yellow square cannot turn red in the
next second, a contradiction. In the same manner, it cannot be equal to
—2, either. So, (*) is verified and w; () is independent of t.

Evidently, if wo(a) # 0 for some directed cycle «, then the squares
in « cannot ever become monochromatic. Assume that the grid becomes
monochromatic in finite time; necessarily, assume wg(a) = 0 for every a.
Then at t = 0, for each unit square v, we may assign a value ho(v) € Z to it
such that for any vertices u, v of G and any directed path p = wv; ... vgv,
the following equation holds

(u,v1) Zwo vj,vi41) | + wo(vk, v) = ho(u) — ho(v).

Suppose among all squares, u has the largest hy value. Due to the max-
imum value at u, u does not change colour in the next second. Since w;(«)
is independent of t, we have w;(a) = 0 for every directed cycle a. At
t = 1, we may assign a value hj(v) to each square v in a similar way,
satisfying hq(u) = ho(u). We assert that hi(u) has the largest h; value
as well. Suppose otherwise, then there exists v, hi(v) > hy(u). Choose a
path wvy ...vgv, apply (*) to every edge, and take the summation of the
equations to obtain

(h1(u) = hi(v)) = (ho(u) = ho(v)) = w(u),
1) — (™, 0 = _p(u®), o)
which implies ho(u) = ho(v) and v # v(®) namely v also has the largest

ho value. Yet by definition of hg, the colour of v does not change, which is
a contradiction.
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Moreover, observe that for any v adjacent to u, ho(v) = ho(u) or
ho(u) — 1. Either way, v must turn to u’s colour in the next second.

Based on the above argument, we can use induction to show that
(whose hg value is maximal) never changes colour, and for each time t, h;
can be defined such that h:(u) = ho(u). Now for any square v, if there is
a path p = wv; ... vgv, then v turns to u’s colour in at most k + 1 seconds.
As the distance between u and any other square is at most 2n — 1, if the
grid indeed becomes monochromatic in finite time, then it will be so in at
most 2n — 2 seconds. (]

Solution 2 First, we provide and justify the following claim.

Claim If the grid becomes monochromatic in finite time, say blue, then
there exists a unit square whose colour is always blue during the process.

Proof of claim Suppose the claim is untrue: the grid eventually becomes
all blue, but every square has changed the colour. Construct a directed
graph G as follows: let every unit square be a vertex, and draw A — B if
(i) A and B are adjacent; (ii) there exists time ¢y such that A is not blue
at t = tg — 1 but is blue at all ¢ > ¢y, and B is blue at t = tp — 1 (in
other words, the last colour change of A is due to B). Since every square
has changed the colour (by our assumption), the outdegree is >1 for each
vertex, and G contains a cycle, say A1 = Ay — -+ — Ap — A;. Suppose
A; finally becomes blue at t = ¢;, 1 <4 < k, and t; = max{t1,...,tx}. As
Ay — As, we infer that A; is yellow at t = ¢t; — 1; as Ay — Aj, we see
that Ay is blue at t = t;, — 1. Hence, t; < t1. Note that a blue square must
turn red first, then turn yellow. So, there exists ¢, < t' < t; such that A;
isred at t =t — 1. However, ast’ — 1 > t;, the colour of Ay at t =t —1is
blue, and A; will force Ay to turn red at ¢ = ¢’. This is contradictory as we
assumed Ay to be blue from the time ¢t = t;, on. The claim is now verified.

For the original problem, suppose the grid eventually turns all blue.
We will prove it becomes so in 2n — 2 seconds. First, define the distance
of two squares as the sum of their vertical and horizontal distances. The
farthest distance is 2n — 2. By the claim, there exists a unit square A which
remains blue during the whole process. Consider any square B at distance
1 from A: B cannot be red; either B is originally blue, or B (yellow) turns
blue at t = 1. Now we use induction to show any square B at distance
k(1 <k<2n-—2)from A will be blue at ¢ > k. Suppose the conclusion
holds for £ — 1 and take B’ adjacent to B and at distance k — 1 from A.
By the hypothesis, B’ is blue at ¢ > k — 1. Then B turns blue no later
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than the instant ¢ = k. This completes the induction and the proof of the
statement. O

As Fig. 2.1 shows, in the convex quadrilateral ABCD, I and J are
the incentres of AABC and AADC, respectively. It is known that
1J, AC, and BD meet at P; the line through P and perpendicular
to BD meets the exterior angle bisectors of ZBAD and /BCD at E
and F, respectively. Prove: PE = PF.

(Contributed by Lin Tiangi)

Solution1 If AB// CDand AD// BC, ABCD is a parallelogram, P is the
midpoint of AC and AE// CF, hence PE = PF. In the following, assume
AB is not parallel to CD.

First, we prove AB+ AD = CB+ CD. As illustrated in Fig. 2.2, let the
extensions of BA and CD meet at T'; the B-escribed circle ©K of ATBC
touches the lines AB, BC, and CD at X, Y, and Z, respectively. Since the
internal homothetic center of ®I and ®J lies on the line IJ and AC is
a common internal tangent of the two circles, it follows that the internal
homothetic centre of ®I and ®J is P.

It is well known that the internal homothetic centre P of ®I and ®J, the
external homothetic centre B of ®I and ®K, and the internal homothetic
centre say G of ®J and ©® K, the above three points are collinear. Therefore,
G lies on the line BP. Furthermore, CD is a common internal tangent of
®J and ©®K. We conclude that the internal homothetic centre G of ©J
and ©K is D, AD is tangent to ©®K, say the point of tangency is at W.

Fig. 2.1
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By theorem of length of tangent,
AB+ AD = (BX— AX)+ (AW — DW)

= BX— DW= BY— DZ=(CB+ CY)— (CZ— CD)
= CB+ CD,

that is,

AB+ AD = CB+ CD. ©

Let ®U and OV be the B-escribed and D-escribed circles of AABD,
respectively. Let ®Q and ®R be the B-escribed and D-escribed circles of
ABCD, respectively. We prove UR and V(@ meet at P.

Consider ®K, ®U, and ®R. It is well known that the external homoth-
etic centre A of ®K and ®U, the internal homothetic centre C' of ®K and
®R, and the internal homothetic centre of ®U and @R, the above three
points are collinear. As BD is a common internal tangent of ®U and OR,
we conclude that the internal homothetic centre of ®U and OR is P, UR
passes through P; similarly, V@ passes through P, too.

Now, we show UQLBD and VR1 BD. As Fig. 2.3 shows, ©@U and &Q
touch the extension of BD at L and L', respectively. Clearly,

BL = %(ABJr AD+ BD),

BL' = %(CB-F CD + BD,).
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Fig. 2.3

From (1), it follows that BL = BL/, L = L', and hence UQLBD. Like-
wise, VRLBD. As EF1 BD, we arrive at UQ// EF // VR and

PE_VP _RF _PF
UQ VQ RQ UQ’
and thus PE = PF. O

Solution 2 (organized from Chen Ziqing’s proof). As shown in Fig. 2.4,
if AB//CD and AD//BC, ABCD is a parallelogram, P is the midpoint
of AC and AE// CF, hence PE = PF. In the following, assume AB is not
parallel to CD.

Similar to the first proof, we obtain ®O, the excircle of the ex-tangential
quadrilateral ABCD; suppose ®O touches the lines AB, BC, CD, and DA
at X, @, Y, and Z, respectively. Let ADNBC=S5, ABN CD = R.

According to Newton’s theorem, in every tangential quadrilateral other
than a rhombus, the centre of the incircle lies on the Newton line. It follows
that the four lines AC, BD, XY, and Z() meet at P; the four lines AC, RS,
YZ, and X@Q meet at N; the four lines BD, RS, XZ, QY meet at M.

Now consider the cyclic quadrilateral XYZ@: clearly, both M and P lie
on the polar line [y of N with respect to ®O, namely MP = [y, which
leads to ONLPM, or ONLBD. In the complete quadrangle BARDSC, A,
C; P, N form a harmonic range of points, implying that ON, OP; OA,
OC form a harmonic pencil of straight lines. Since EF1 BD, it follows that
EF// NO and P is the midpoint of EF. O
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Fig. 2.4

Find all functions f : R — R, such that for any real numbers z and
y, the following multisets are identical:

{F(=f(y) + 1), f(yf(2) = D)} = {af (f(v)) = Lf(f (@) + 1} (%)

Note: two multisets {a, b} and {c, d} are identical if and only if a = ¢,
b=d,ora=d,b=c.

(Contributed by Xiao Liang)

Solution The desired functions are f(x) = x and f(z) = —x. It is
straightforward to check that both satisfy (*).

Throughout the argument, a set refers to a multiset. Taking xt =y =0
in (*), we obtain {f(1), f(—=1)} = {1, —1}. First, we assume f(1) =1 and
prove f(x) = z(z € R).

Step 1. f(n) =n(n € Z).
We show f(0) =0 first. Taking = =0 in (*) to obtain
{F(1), f(uf(0) = 1)} = {=1, yf(f(0)) + 1}.

2
If £(0) # 0, take y = 70 Then {1,1} on the left-hand side cannot

include —1, a contradiction.
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Now use induction to prove f(n) = n(n € N). For n = 1, it is true.
Suppose f(m) =m for all m < n. Taking z =1, y = n in (*) to get

{f(n+1),f(n =1} ={n—-Ln+1},

and hence f(n + 1) = n + 1, completing the induction. In a similar way,
taking * = 1, y = —n, we can use induction to verify f(—n) = —n for
n € N.

Step 2. f is a bijection.
First, take y = 1 in (*): on the right-hand side, zf(f(1)) -1 =z — 1
can be any real number and it is in the image set of f. Hence, f is onto.
Next, assume f(yo) = 0. If yo # 0, take y = o in (*) and obtain

{F (), fyof (x) = D)} = {=1,90f (f(x)) +1}.

We must have 1 = f(1) = yof(f(x))+1, or f(f(z)) =0 for all z, which
is absurd as f(1) = 1. Therefore, yo = 0.

Now we prove f is one-to-one. If y; # yo satisfy f(y1) = f(y2) # 0,
take y = y1 and y = ya respectively in (*) to get

{F(@f(yr) + 1), i f(2) = D} = {2/ (f(y1) = Ly f(f(2) + 1},
{£(2f(y2) + 1), f(y2f (2) = D} = {af(f(y2)) — L, w2/ (f(2)) + 1}.

Observe in the above two relations that f(xf(y1) + 1) = f(af (y2) + 1),

and zf(f(y1)) — 1 = xf (f(y2)) — 1. If, for some zo € R, f(zof(y1) + 1) #
xof(f(y1)) — 1, then

yif (f (o)) + 1= f(af(y1) + 1) = f(2f(y2) + 1) = v/ (f(20)) + 1.

It follows that y1f(f(z0)) = yaf (f(x0)), further f(f(xzo)) = 0, which
gives 9 = 0. Consequently, for « # 0, f(zf(y1) + 1) = zf(f(y1)) — 1. Now

f(x)=azx+0b (a,beR, z#1)

is linear. From step 1, f(n) = n(n € Z), we get a = 1, b = 0. Evidently,
f(z) = z is one-to-one. Hence, f is a bijection.

Step 3. For any n € Z, y € R,
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It suffices to consider n # 0 and y # 0. Take z = f?y) in (*) to obtain
{reer (o1 (s) - )} = (o -1 (0 (7)) 1
Replace = by y and replace y by ﬁ in (*) to obtain ?
{rr (o () +) = P05 oo ( () - 1}®
i torsome € 200 0 (7 (7)) thn @t @ s
SSPPR 1117) RN [1/ 1

f (o) f(yo)

respectively. Taking the difference to yield 2 = —2, a contradiction. This
verifies (D).

Step 4. For « € Q and y € R, f(ay) = af(y).
It suffices to consider a # 0 and y # 0. In (1), replace y by

f (%) (m € Z\{0}) to find

n n

LG )

Plug it into (1), the denominator of the left-hand side:

(s Gow)) = m

f(y)
In the above, replace y by ﬁ (t € Z\{0}) to find
ntjm _ (f (ﬁL)) S
y m f(y)
f m

/()
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After simplification, f | ——— | = ?y Now apply f on both sides

to derive

This justifies f(ay) = af(y).

Step 5. Fory e Rand a € Q, f(y +a) = f(y) + a.
1
Take x = - € Q\{0} in (*) to derive

1 1 1 1
i 1 Zy—1 =<= —1,- 15.
{f<rf(y)+ ) f(ry )} {rf(f(y)) Sy }
By the result of step 4, multiply on both sides by r to get

{FU@) +1), fly =)} ={f(f() —ry + 7} @

We shall prove f(y—r) = f(f(y)) —r. If, for some yo € R, ro € R\{0},
the following equation holds,

f(yo —r0) = yo + 70,
then take y = yg — ro, 7 = —2r¢ in @ to obtain
{f(f(yo —1r0) — 270), f(yo —ro +2r0)} = {f(f(yo —70)) + 270, Y0 — 370}
After simplification, it becomes
{yo + 70, f(yo +70)} = {f(yo +70) + 20,90 — 310}
Since yo + 19 # Yo — 3ro, it must be yo + 1o = f(yo + 7o) + 270, namely
f (o +70) =yo — 0.

I{OWQVGI‘7 we arrive at {y() + o, Yo — T‘()} = {y() + To,Yo — 37’()}, which
cannot hold, a contradiction. Therefore, f(y—7) = f(f(y))—r holds for all
y € R, r € Q\{0}. Let r = —a and r = 0 respectively, then take subtraction
to deduce f(y+a) = f(y) +aforally e R, a € Q.
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Step 6. f(y) =y(y € R).
Combine step 5 and (4) to derive

(PN +r fly) —r} ={ff W) —ry+r}

Taking the sum of the two elements of each multiset, we are led to

W)+ fy) = f(f(y) +y, or f(y) =y. So, f(1) = 1 indeed implies that
f(z) =z(z € R).
Now, we assume f(1) = —1 and prove f(z) = —z (x € R).

Step 1. f(n) = —n(n € Z).
In (*), take y = 1 and & = 1, —1, respectively, to get
{f(o)af(72)}: {072}ﬂ {f(2)af(0)}: {*270}'

It follows that f(0) =0, f(2) = -2, f(-2) =2.

Now take induction on |n| to show f(n) = —n. For |n| = 1, 2, the
conclusion is already verified; suppose f(n) = —n for [n| < ng (ng > 2). In
(*), take y = 1 and & = ng, —nyg, respectively to obtain

{f(=no+1), f(f(no) — 1)} = {no — 1, f(f(no)) + 1},
{f(no +1), f(f(=n0) = 1)} = {—no — 1, f(f(—n0o)) + 1}.

Together, they give f(ng+1) = —ng—1, f(—no—1) = ng+1, completing
the induction for step 1.

Step 2. For all x € R, f(x) = —=.
First, similar to f(1) = 1, we can show that f is onto.
For nonzero integer n and z € R\ {0}, take

and x =z, y = , respectively, to obtain

8
o (1 () - = v () )
e (i) ) =1 2 U () )

®

| S
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If, for some z = zy € R\{0}, f(f(20)) # —f(20), then the two relations

in (5) give
- a(o(25))

o-o()-

Take the subtraction to arrive at 2 = —2, a contradiction.

Therefore, f(f(z0)) = —f(z0). Since f is onto, f(x) = —x holds for all
x € R\{0}. As we have f(0) =0, it must be f(z) = —z (z € R).

In conclusion, f(z) = z(z € R) and f(x) = —x (z € R) are the only
two functions that satisfy the problem conditions. O

Test IV, Second Day
(8 am — 12:30 pm; April 17, 2022)

Find all positive integers a, b, ¢ and prime p satisfying that
2°p° = (p+2)° + 1.
(Contributed by Qu Zhenhua)

Solution Clearly, p is odd, p > 3. If ¢ = 1, then p 4+ 3 = 2%° > 2p >
p + 3, equality holds only when p = 3, a = b = 1. We obtain a solution
(p,a,b,¢) = (3,1,1,1). In the following, assume ¢ > 2.

Case 1: cis odd. Let g be a prime factor of c¢. Since
(P+2)"+1(p+2)°+1,
hence (p+ 2)7+ 1= 2%°. @
Obviously, @ > 0. Observe that (p +2)?+ 1 = (p + 3)A, in which
A=@+2) = (p+2)7  + - +1
>(p+2)7 = (p+2)7?
=(p+2)"2(p+1)>p",

and A is odd. Hence, A is a power of p, A > p%, 8 > ¢q. Taking @ modulo
p, we have

2¢=—1 (modp),

indicating that the order of 2 modulo p is 2 or 2q.
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If the order of 2 modulo p is 2, then p = 3. Now (1) becomes 57 + 1 =
2037, As 574+ 1 = 2 (mod4), a = 1. By the lifting-the-exponent lemma,
v3(59 4+ 1) = v3(5 + 1) + v3(q) < 2, and hence 8 < 2. Checking § = 1,2,
neither satisfies the desired equation.

It the order of 2 modulo p is 2¢, then 2¢|(p — 1), implying that
-1
g < — < 5 In (1), divide p? on both sides and use the inequality

( —) < e for x > 1, to derive

2\ ¢ 2\ *
20pf—a = (1+—> +p i< (1+—> +pl<e+373<3.
p p
Hence, 8 = ¢, « = 1. Then, from 2---p? = (p+2)9+ 1= (p+ 3)A, we
get
A:pqa p+3 = 2;
a contradiction.

Case 2: cis even, 2%||c, d > 1. By the assumption, (p+2)2d +1|(p+2)°+1,
and thus

(p+2)* +1=2%".
Since (p + 2)2d +1=2 (mod4), it must be o = 1,
(p+2)% +1=2-p". @

Taking (2) modulo p, 22" = 1 (mod p), we infer that the order of 2
modulo p is 2%*1, and hence 2¢ < g As

d d
P >2-p" =+ 2)* +1>p7,

it follows that 8 > 2¢. In (2), divide both sides by p2d to find

2\ %"
2.p52d<145) +p

2 3 _od
<|\1+-=] +p

D
<e+32%2<3,

and so 8 = 2.
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If d > 2, then from 2¢+1|(p — 1) it follows that p = 1 (mod8). By (2),
we have

d d d
PP —1=(p+2?* —p°.
Analyze the 2-adic orders on both sides: v (p2d — 1) =va(p*—1)+d—
1> d+ 3, while
d d
va((p+2)* =p* ) =v2(p+2)° - p°) +d -1
=v2(2)+v2(2p+2)+d—1=d+2,
a contradiction. Thus, d = 1, 2p? = (p + 2)? + 1, yielding p = 5. Now

return to the original equation, where ¢ = 2k, k being odd, and a = 1. We
have

2.50 =72 41,

By the lifting-the-exponent lemma, b = v5(7%% + 1) = v5(7% +
k
1) +ovs(k) <2+ E: If £ > 3, then

2.5" < 2.525 = (7241).5% < 7% 41,

which is impossible. Consequently, k = 1, ¢ = 2, b = 2, and we derive
another solution (p,a,b,c) = (5,1,2,2).
In all, there are two solutions (p,a,b,c): (3,1, 1, 1) and (5, 1, 2, 2).
O

Let n be a positive integer, x1, xo, ..., X2, be nonnegative real num-
bers satisfying that 1 + x9 + - - - 4+ x9, = 4. Prove: there exist non-
negative integers p and ¢ such that ¢ <n — 1 and

q n—1
Z$p+2i—1 <1, Z Tpy2i < 1.
i=1 i=q+1

Note 1: the subscripts are modulo 2n, that is, k = [ (mod 2n) implies
T = X.

Note 2: if ¢ = 0, the first sum is 0; if ¢ = n — 1, the second sum is 0.

(Contributed by the contest committee)
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Solution 1 Divide z1, xo9,..., T2, into two groups by the parity of the
subscripts: A =x1 +x3+ -+ Top_1, B=a2+ x4+ -+ To,, and define
the partial sums A(0) = B(0) =0,

A2k + 1) = A(2k) + zop41, A2k +2) = A2k + 1),
B(2k + 1) = B(2k), B(2k 4+ 2) = B(2k + 1) + zok42,
k=0,1,2,....
The subscripts are modulo 2n; the partial sums increase periodically:
A(k+2n) = A(k) + A, B(k +2n) = B(k) + B.

Furthermore, we turn the partial sums into (piecewise linear) continuous
functions, that is, for nonnegative real number ¢, define

At) = A([t]) + (¢ = LEDIACLE] + 1) = A([E)],
B(t) = B([t]) + (¢ = [t)[B([t] + 1) = B([t])].

Then A(-) and B(-) are both non-decreasing continuous, periodic func-
tions on R>g.

A B
L. For1=0,1,2,..., L, by continuity of A(-), we may choose suitable t; €

L L
R>¢ such that A(t;) =1 (let to = 0). Since L > A {—J =A (271- {—J),

L L
As A+ B = 4, there exists a positive integer L such that {—J + {—J >

A A
L
we may further require that t; > 2n - {ZJ . Now,

B(ty) — B(to) = B(ty) > B <2n~ {%J) > B {%J

TP

Consequently, there exists some [ = 0,1,..., L — 1 such that B(t;41) —
B(t) > (B — 1), or

B(tl + 27’l) — B(tl-i-l) <1
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Take nonnegative integers ¢ and d satisfying 2¢ < ¢; < 2c+2,2d — 1 <
tir1 < 2d+ 1. We have

It turns out that
X243 + T2crs + -+ X2g—1 = A(2d) — A(2c+ 1) < A(ti41) — A(y) =1,

Tod42 + Tadya + -+ + Tocton = B(2¢+ 1+ 2n) — B(2d)

< B(t; +2n) — B(tis1) < 1,

namely p = 2¢+ 2, ¢ = d — ¢ — 1 satisfy the problem conditions (if ¢ < 0,
let ¢ =0;if ¢ > n, let ¢g=n —1). Done. O

Solution 2 Let zy + 23+ -+ 29,1 = A, 2o+ x4+ - + 22, = B.

If one of A and B is less than or equal to 1, the conclusion is trivial.
Suppose A > 1, B> 1,and for 0 <k <n-—1,let m(k) € {1,2,...,n — 1}
satisfy

m(k)

Z Tokt2i41 > 1, @®

=0

m(k)—1

Z Tok42i+1 < 1. ©)

i=0
Notice that if Topyomk)+2 + Tokt2mk)+4 +  + + Takt2n—2 < 1, then
this inequality and (2) together give the answer p = 2k, ¢ = m(k). In the

following, assume

Toktam(k)+2 + Takrom(k)+4 + -+ Tokyon—2 > L. ®
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Treat 0,1,2,...,n — 1 as vertices and draw directed edges from k to
kE 4+ m(k) + 1 (modn). It is easy to see that the graph contains a cycle,
say k1 — ko — --- — ky — k1 is one with the shortest length.

n—2

Ift=1, > xog, 4+2i+1 <1, then take p =2k, g=n — 1.
Ift > 1, let

ko — k ks — k ky — ke— ki—k
{2 1}+{3 2}+m+{t t1}+{1 t}s
n n n n

For k = ki, ko, ..., k¢, there are totally s-n terms in (1); by definition of

directed edges, each term of z1, z3,..., 2,1 is added s times. Meanwhile,
for k = k1, ka2,..., ks, there are totally (¢ — s) - n terms in (3), and from
directed edges we infer that each of zo, x4,...,%2, is added t — s times,

because z9; is added in (3) if and only if z2;41 is not added in (D).
Now we sum all (1)’s for k = k1, ko, ..., k; to obtain s - A > t; likewise,
sum all 3)'s for k = ki, ko,...,k; to obtain (t — s) - B > t. Together,

1

they lead to A+ B >t <— + ; ) > 4, a contradiction. Therefore, the
s —s

assumption is untrue and the conclusion follows. O

Solution 3 Let z1+a3+---+oon_1 = A, 2o+ x4+ -+ 29, = B. Similar
to the second proof, assume A > 1, B > 1. We claim that there exists k
such that

Tog > Tak+1 " —

Tok + Tokt2 > (Tokt1 + Torts) -

o]

B

Tok + Tokt2 + -+ Toppon—2 > (Tort+1 + Topts + - - + Takgon—1) - 1

B
Define a; = x9; — x2;41 - —. Then ag + a1 + -+ + ap—1 = 0. Evidently,
there exists k such that
ag Z 07

ai + Af+1 Z Oa

ap + Qg1+ -+ Qpgn—1 > 0,

and the claim is justified.
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Assume k = 0 (or else subtract 2k from each subscript). Let m €
{0,1,...,n — 1} satisfy

m m—1
Z$2i+1 > 1, Z T2i+1 < L.

=0 1=0

Take p = 0, ¢ = m. Finally, it requires to show

Tom42 + Tomqa + o0+ Top_o < 1.

Indeed,
Tom+2 + Tomya + -+ Top—2

:B—($Q+$2+"'+$27”)
B

SB—($1+$3+'-'+$2m+1)'Z

B B_1+AB—A—B

A A
<1(AB<4=A+B)
and we are done. O

Let n be a fixed positive integer. Denote D as the set of all positive
divisors of n. If A and B are subsets of D, satisfying that: for any
a € A, b € B, neither a divides b, nor b divides a. Prove that

VIAl+ VIBl < /D).

(Contributed by Ai Yinghua)

Solution 1 Given A and B, partition D into four disjoint subsets D =
XUY UZUW, where

X ={z € D:3alx,3b|x}, Y ={x € D :3a|z,Pb|z},
Z ={x € D: falz, 3|z}, W ={x € D: Pa|x,Pb|z}.

The problem conditions indicate that A C Y, B C Z. We shall prove a
stronger statement: for any two nonempty subsets A and B, the inequality
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V1Y ++/1Z] < /|D] holds. Equivalently,
YI+1Z1+2VY]- 2] < D] = [ X[+ [Y] + 2] + W],
or 2¢/|Y|-1Z| < |X|+ |W]|, which can be derived from
Y[ |2 < |X]-[W],
which can be written as

(IXT+ [YDAXT + [2]) = [X[(X]+ Y]+ 12]) + [Y]- 2]
< [X[(IX]+ Y]+ 12]) + [X]- W] = [X] - [D].
Define U = XUY, V = XUZ. The above inequality becomes |U|-|V| <
|UNV|-|D|. Notice that U = {z € D : Ja|x} satisfies: if z € U and z|2’,

then 2’ € U. We say U is upward closed in D; similarly, V = {« € D : 3bjz}
is also upward closed.

Claim For nonempty upward closed sets U and V of D, we have |U|-|V| <
[UNV|-|D|.

Proof of claim Let n = p{" ---pp* be the prime factorization. Induct on

k: denote p = pi, o = ay, and n = p“n’.
Define Dy, = {x € D|v,(z) = k},

U.=UNDyg, Vp=VNDx.

For every k = 0,1,...,a — 1, and every x € Uy, since U is upward
closed, it follows that px € Ugt1, |Uk| < |Uk+1], and the sequence {|Uk|} is

1 1
increasing; likewise, {|Vi|} is also increasing. Notice that — U, and —-Vj
p b

1
are upward closed sets of — Dy, = D(n'). By the induction hypothesis,
p

Gro) NG| = o |G || G )

)
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1
which means |U,NVy| > ita |Ugk|-|Vk|. By the rearrangement inequality,

_ |D|
it follows that

|UQV|:Z|Ukmvk|ZWZ|Uk|'|Vk|

k=0 k=0
1+« 1 2 2

> 5 -Ha(ZWkl)-(Zw)

k=0 k=0

1

= —|U|- V.
|D|| |- V]

This completes the proof of the claim and also the desired inequality.
O

Solution 2 (organized from Zhang Zhicheng’s proof).

Lemma Let P be a finite set, My, ..., M; be distinct subsets of P. Then
the sets {M;\M;|1 <i,j <t} contain at least t elements in total.

Proof of lemma Take induction on |M; U ---U M| = k. For k = 0,
the conclusion is trivial; assume & > 1 and the lemma is true whenever
|MyU---UM,;| <k. Now, for |[MjU---UM,;| =k, takea € My U---UM,
and assume that a belongs to My, ..., M, but not to Msyq,...,M;, 1 <
s <t. If s =1, replace M;\{a} by M;, and the conclusion follows from the
induction hypothesis. In the following, assume s < t and define four classes
of subsets

Sy ={M;,1<i<s[Fs+1<j<t,M\{a} =M},
Sy ={My,..., M;}\S,

Sz = {M\{a}|M € S},

Sy ={Msy1,..., M }\Ss.

Clearly, S1, S2, S3, and Sy form a partition of {Mi,..., M;}. Define
S5 = {M\{a}|M € S2}. Then

|S1] = IS5, |S2] = |S5].



278 Mathematical Olympiad in China (2021-2022)

(i) Apply the induction hypothesis to S5 to deduce that the sets
{M\N|M,N € S3} contain at least |S3| elements. Hence, the sets

{(MU{a})\N|M,N € S5} = {M\N|M € $;, N € S5}

contain at least |S3| elements.

(ii) Apply the induction hypothesis to S5 US4 U S5 to deduce that the sets
{M\N|M,N € S3US,US5} contain at least |S3|4 |S4|+|S5| elements.
For M, N € S3US,U S5,

o If neither M nor N belongs to S5, then M\N is of the form M;\M;,
where M;, M; € S3 U Sy;

e If both M and N belong to S5, then M\N = (M U {a})\(N U {a})
is of the form M;\M;, where M;, M; € S;

o If M ¢ S5, while N € S5, then M\N = M\(N U {a}) is of the form
M;\M,, where

M; € S3U Sy, MjESQ;
o If M € S5, N ¢S5, and M\N is not of any preceding form, then
(MAN) U {a} = (M U {a})\N

is of the form M;\M;, where M; € So, M; € S3U Sy, and it does not
repeat any preceding set (M’ U {a})\N’, M’, N’ € S5 (otherwise,
M\N = M'\N’, contradicting the assumption that M\N is not of
any preceding form).

Combining (i) and (ii), the number of elements of {M;\M;|1 <4,j <t} is
at least

|Ss| 4 [S3] + [Sa| + [Ss| = |S1] + [S3| + [Sa] + |S5] = t.

This verifies the lemma.
For the original problem, let G = {gcd(a,b)|a € A,b € B} and

L = {lem(a,b)|a € A,b € B}.

It is known from the problem that the sets A, B, G, and L are pairwise
disjoint and AUBUG UL C D. So, it suffices to prove

VIAl+ V1Bl < VIA[ + |B| + |G| + L],
or 2¢/|A||B| < |G| + |L]|, or equivalently |A]| - |B| < |G| - |L|.
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Define two mappings
p1:AXx B — Dx D,(a,b)— (ged(a,b),lem(a, b)),
p2:GxL— DxD,(z,y) — (ged(z,y),lem(z, y)).

We will prove:
For each

(9:1) € D x D, |py (g, )| < |p3 " (g, 1)]. @®

As (D implies |A x B| < |G x L|, the conclusion follows once (1) is
verified.

Proof of (1. If |p;'(g,1)] = 0, the conclusion is obvious. Assume
lpr (g, 1) =t >0, and let
P (g 1) = {(gmi, gn)l i =1,.... 1},
in which gm, € A, gn, € B, m;n; =1/g, and (m;, n;) = 1. Define
P = {p®|p is a prime, a > 1, p®||l/g},
P = (p"|p is a prime, a > 1,p*]lms).
Then P, C P,and m; = [] p*, ni= ][] »p* Now for any 1< 4,

preEPR; pQEP\Pi
J<t,

ged(myg,nj) = H p%,  lem(mj,n;) = H e,
p*EP;\P; pYEP;U(P\P;)

in which P; U (P\P;) is exactly the complement of P;\ P; in P. As a result,
ged(my, n;) and lem(m;, n;) are coprime and their product is I/g. We use
the notations

x5 = g - ged(mi, nj) = ged(gm;, gn;),
Yij := g~ lem(my, n;) = lem(gmy, gny).

Then Tij € G, Yij € L, and pg(a:ij, yij) = (g,l). As Py,...,P, are t
distinct subsets of P, according to the lemma, the sets {P,\P;|1 <i,j < t}
contain ¢ or more elements, and so do the sets {(z;;, ;)1 < 1,7 <t}. This

gives |py ' (g,1)| >t and (D). O
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Chinese Girls’ Mathematical
Olympiad

2020

The 19th Chinese Girls’ Mathematical Olympiad (CGMO) was held on
August 8-11 at Yingtan No. 1 Middle School, Yingtan, Jiangxi. A total
of 30 teams, 120 female students from all provinces, municipalities and
autonomous regions across the country participated in the competition.
Due to COVID-19, teams from Hong Kong and Macao participated in the
competition online.

After two rounds of competition (4 hours, 4 problems for each round),
Li Siyu and 34 other students were awarded gold medals (first prize), Lei
Feiran and 54 other students were awarded silver medals (second prize), Wu
Feitong and 29 other students were awarded bronze medals (third prize).
Moreover, the top 15 scorers including Li Siyu were qualified to participate
in the 2020 Chinese Mathematical Olympiad (CMO).

The 19th CGMO committee chairman: Xiong Bin (East China Normal
University); committee members: Ai Yinghua (Tsinghua University), Fu
Yunhao (Southern University of Science and Technology), He Yijie (East
China Normal University), Ji Chungang (Nanjing Normal University), Lai
Li (Fudan University), Li Ting (Sichuan University), Lin Tiangi (East
China Normal University), Qu Zhenhua (East China Normal University),
Wang Xinmao (University of Science and Technology of China), Wu Yuchi
(East China Normal University) and Yu Hongbing (Soochow University).

281



282 Mathematical Olympiad in China (2021-2022)

First Day
(2:30 pm — 6:30 pm; August 9, 2020)

As shown in Fig. 1.1, in the quadrilateral ABCD, AB = AD,CB =
CD, ZABC = 90°. Let E, F be points on the segments AB, AD,
respectively, and P, @ be points on the segment EF' (P is between

AE AF
E and Q) such that p = E Drop perpendiculars from B, D to
CP, CQ, with feet X, Y, respectively. Prove that X, P, Q, Y are

concyclic.

Fig. 1.1

Solution To begin, we have AABC and A ADC symmetric about line AC)|
and ZABC = ZADC = 90°.

As shown in Fig. 1.2, let AC and EF meet at point K. As AK bisects
KFE
/FEAF AE _

"AF T KF’
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Also A—E*E—P and thus @fE—Por@fE
TAF  FQ’ "KF  FQ°~ EP FQ
Extend CP to meet AE at point S, and extend CQ to meet AF at point

T. Apply Menelaus’ theorem to AKPC and straight line ESA, obtaining

KE PS CA
EP CS AK

KF QT CA

In the same manner, we find m o7 AR - 1. Then,

CS KE CA KF CA CT
PS  EP AK FQ AK QT

which gives @ = Q or Q - @
VS epT o o T or
Note that BX1.CP, DY1CQ and LZABC = ZADC = 90°, and hence,

CX.CP CX-CS CB?

= = =1.
cy.cQ CY.-cT CD?
We conclude that X, P, @, Y are concyclic. O
Let n > 2 be a fixed integer, and x1, x2, ..., x, be any real numbers.

Find the maximum value of 2 > [z;z;] — (n — 1) >_ [27], where

1<i<j<n i=1
[x] represents the largest integer less than or equal to .

Solution Notice that

2 > )= = 3 @lwiws] - @] - ).

1<i<j<n =1 1<i<j<n
Since

1+2,

in which the leftmost and the rightmost quantities are both integers, it
follows that

20wix;) < [23] + [27] + 1,

and equal sign is possible only when [2?

and [z3] have different parities
7] and [23] have different pariti
(since 2[z;z;] is even).
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As a result, when [27] and [z7] have different parities,
2[wiw;] — o] — [25] < 1

when [z?

7] and [27] have the same parity,

i) — 2] — [a7] < 0.

3

Suppose, among [x3], [z3], [£2], there are k odd numbers and n — k even

numbers. Then
2

S (@leias] - 28] — [22) < k(o — k) < [”ﬂ

1<i<j<n
On the other hand, we can let m = [g} and
Tl =Tog =" =Ty, =14, Tymy1 =Tmy2 =+ =2, = L.5.
For1<i<j<m,orm+1<i<j<n,
2[ziz;] - [2f] - [27] = 0;
while for 1 <i <m and m+1 < j <n, 2[z;z;] - [27] - [¢3] = 1. Together,

K2

they give

n2
> (o] - fa2] - ) = mln - m) = ||,
1<i<j<n
n2
Therefore, the desired maximum value is [I} . O

There are three classes each with n students, and all these 3n stu-
dents have distinct heights. Divide them into n groups of three stu-
dents, one from each class, and call the tallest person in each group
a “leader”. It is known that no matter how the students are divided,
there always exist 10 leaders in each class. Prove that n > 40.

Solution First, we show that n = 40 is sufficient. Let the three classes be
A, B, and C. Label the students from tallest to smallest as 1,2,...,120.
Suppose that 1,2,...,10 and 71,72,...,100 are in class A; 11,12,...,30
and 101,102,...,120 are in class B; 31,32,...,70 are in class C. Clearly,
the tallest 10 students in class A are all leaders. Among 11,12,...,30, at
most 10 of them are group mates of 1,2, ...,10 and they are not leaders, but
the other 10 students must be leaders in their groups. Hence, class B also
has 10 leaders. Finally, for class C', at most 30 of the students 31,32,...,70
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are group mates of 1,2,...,30 and they are not leaders, but the other 10
students must be leaders. So, this example meets the conditions and n = 40
suffices.

For necessity, we give two solutions.

Solution 1

Lemma Suppose the conditions are all satisfied. Then for each class @
(1 <4 < 3), there is a positive integer k;, such that among the tallest k;
students from all classes, the number of those from class i is at least 10
more than those from the other two classes.

Proof of Lemma Pick any class, say class A, and rank their heights from
tallest to smallest as a1 < as < --- < a,. The other classes B and C have
x1 < 2 < -+ < Tgy,. For every 1 < i < n—9, let a;19 (from class A)
and z; (from class B or C) be in a group. Then add a class B student to
every group of class A and class C students; add a class C' student to every
group of class A and class B students. Now, other than ay,as, ..., ag, there
must be another leader from class A, say a,,. We must have a,, < x;,_9,
meaning that among all students taller or equal to a,,, at least m of them
are from class A, and at most m — 10 from B or C. The lemma is verified.

Return to the original problem. Suppose the classes A, B, C' correspond
to integers ki, ko, k3 as in the lemma, respectively, and k1 < ky < k3.
Among 1,2,..., k1, at least 10 students are from class A; among 1,2, ..., ko,
at least 10 4+ 10 = 20 students are from class B; among 1,2, ..., k3, at least
10 + 20 + 10 = 40 students are from class C'. This implies that each class
has at least n = 40 students.

Solution 2 We show that the conditions are not met if n < 40. First,
there must be 10 x 3 = 30 or more groups so as to have 10 leaders in each
class, hence n > 30. Rank the students in each class from tallest to smallest
asay < ag < - < a@p,by <byg<---<b,andc; <cg <--- < ¢y Consider
An-19, bn_19, Cn_19, and assume a,,_ 19 is the tallest. Since n < 39, we infer
that a1, as,...,a,_19 are all taller than bog, bo1,...,b,, c20,C21,...,¢Cn. For
1 <4 < n—19, make a;, bjt19, and c;419 a group, each with a leader
from class A; for the others, make groups in an arbitrary way. Then class
B and C together have at most 19 leaders, a contradiction. Thus, n > 40.

O

Remark (By Chen Haoran) In general, if there always exist k leaders
in each class, then n > 4k. Furthermore, if there are m classes, then
n > 2™~k In this problem, (m,k) = (3, 10).
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Let p, ¢ (p > q) be prime numbers. Show that the greatest common
divisor of p! — 1 and ¢! — 1 cannot exceed p5.

Solution Define D = ged(p! — 1,¢! — 1). Tt is evident that 2! — 1, 3! — 1,
5l — 1, 7! — 1 are pairwise coprime, and hence, the statement is true for

p < 7. Now, assume p > 11. Note that p! — ¢! is divisible by D, but q!
!

and D are coprime, so D divides —' — 1. It follows that D < ]l < pP7a,
q! q!

2
If ¢ > gp, the former inequality implies D < p% and the statement. Next,

3
assume p > 4.
Observe that D | (p!—¢!?), and p! — ¢!? # 0 (since p! —¢!? is not divisible
by prime p).

(i) If p > 2q, then p! and ¢! have the common divisor ¢!?, which is coprime
with D. This implies that D divides

|
and D < %; in addition, D | (¢! — 1) implies D < ¢!, yielding
q!

p! 12 — pl D
—5 q =pt<p.

D -D?><
q!

Hence, D < p5.
3
(i) If 24 < p < 2¢q, then p! and ¢!'? have the common divisor ¢!(p — q)!,

| _ g2
which is coprime with D. This indicates that D divides % #0,
q!(p — q)!
and thus,
D P! q! ‘ { P! q! }
< — < max , )
dp—q! (-9 ¢'(p— )" (p—q)!
p' 4 B . sy q!
Notice that ——— < 2P < 113 < p3; in addition, can be
¢'(p — q)! (p—q)!
written as a product of 2¢ — p consecutive integers less than or equal to p,

and thus,

! 3

g ' < p2aP < ph (the latter comes from —q < p). Now,
o p=a) 2
D < ps follows. O
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Second Day
(8:00 — 12:00 pm; August 10, 2020)

Find all real sequences {b, }n>1 and {¢, }n>1 satisfying that, for each
positive integer n, (1) b, < ¢p; (2) bpy1 and ¢,41 are the two roots
of the quadratic equation z? + b,z + ¢, = 0.

Solution By (1) and (2), it is clear that b, 11 and ¢, 41 are uniquely deter-
mined by b, and ¢,. By Viete’s formulas,

bn == *(bn+1 + Cn+1)a @
Cpn = bn+1cn+1~ @

If by = ¢; =0, then b, = ¢,, = 0 for all n > 1. The sequences {b, }n>1 =
{en}n>1 ={0,0,...} satisfy the problem conditions.

We prove that all other sequences do not meet the requirements.

First, assume that one of by, ¢; is zero. If by = 0, then ¢; > 0, 22 +
biz + ¢; = 0 has no real roots; if ¢; = 0, then b; < 0, 22 + b1z +¢; =0 has
roots by = 0, co = —b; > 0, but 22 + box + ¢ = 0 has no real roots.

Then, assume that both by, ¢; are non-zero. If b, > 0, ¢, > 0, then
from @, @, we have b,41 <0, cp1 < 0;if b, <0, ¢, <0, then b,41 <0,
Cnt1 > 0;if b, < 0, ¢, > 0, then b,41 > 0, ¢p41 > 0. Therefore, the
signs of (b, ¢,) are 3-periodic: positive and positive, negative and negative,
negative and positive, . ...

Suppose by, > 0, ¢, > 0. For the roots of 22 + b,z + ¢, = 0 to be real,
we must require the discriminant

bi —4c, >0,

and thus, bfl > 4¢,, > 4by, ¢ > by > 4. Due to the periodicity of the signs
of (bn,cy,), assume further that n > 3. By (1), (2), we have

bp_1 = _(bn + Cn) <0, cp1= bncy, > 0,
bn—2 = _(bn—l + Cn—l) = bn +cn — bncn < 07
Cn—2 = bn—lcn—l - _(bn + Cn)bncn < 07

bn—3 = _(bn—Q + Cn—Q) > —Cp_o = (bn + C'rb)bncn > 4bn-

Let ¢ € {1,2,3} be the first subscript such that b; > 0, ¢; > 0. Then
bitsr > 0, ciy3r > 0 for every positive integer k; moreover, repeatedly
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apply the above inequalities to get
bi > 4Fb; gz > 48

for arbitrary k, but this is impossible.
Based on the above argument, {b,}n>1 = {¢n}n>1 = {0,0,...} are the
only sequences satisfying (1) and (2). O

Let p,q > 1 be integers and (p,6q) = 1. Show that
q—1 2 q—1
pk pk
2 k|2 mod (-,
P k=1 q
in which [z] represents the largest integer less than or equal to x.

Solution For a € R, denote {a} = a — [a]. We have
qg—1 q—1
AR
S kB =2y B E
UG
q—1 2 2 2
k k k k
()BT
—~\\q q a La
q—1 2 q—1 2 q—1
k k k
S ORDIGIED I T
q q —1q

Since (p,q) = 1, the remainders of p-1,p-2,...,p- (¢ — 1) modulo ¢ are
exactly 1,2,...,q — 1. This implies

S{E (0]
k=1 q k=1 q

plugged into (1) to yield

(]

1]§ ‘IZ [pk}

k=1 k=1
- -1)2g—-1) S [pk]?

As (p,6) = 1, 6] (p?> — 1); additionally from (2), it follows that

1

S EE e

k=
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As illustrated in Fig. 7.1, the circumcircle of AABC is centred at
O, AB< AC, and ZBAC = 120°. Let M be the midpoint of W;
P, Q be the points such that PA, PB, QA, QC are all tangent to the
circumcircle; H and I be the orthocentre and the incentre of APOQ,
respectively. Let N be the midpoint of OI; the line MN meet ©O
at another intersection D. Prove: IHL AD.

D

Fig. 7.1

Solution As shown in Fig. 7.2, extend BP, CQ beyond P, @, respectively,
to meet at point L.
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To start, let
ZABC=30°+19, ZACB=30°-14.
We have

ZOPA = 90° — /POA
=90° — ZACB
= 60° + 9,

and similarly, ZOQA = 60° — ¥, hence ZPOQ = 60°, which gives ZPIQ) =
/PHQ@ = 120°. Meanwhile, O is the excentre of ALPQ relative to L,

/PLQ = 2(90° — ZPOQ) = 60°,

which implies that L, P, H, I, and @ are concyclic. Since OI bisects ZPOQ)
and

LAOI = ZPOI— ZPOA = 30° — (30° — 9) = 9,
LAOM = ZBOM — ZBOA = 60° — 2(30° — o) = 29,

we infer that OI bisects ZAOM, and
/AON=/ZAOI= %AAOM: /ZADM = ZADN,

hence, A, N, O, D all lie on a circle, say centred at T
Extend PH to point X. By properties of incentre and orthocentre,
ZOHI= /ZIHX+ ZOHX

LPQI+ LOQP

3 3
- P = — °© -
5£0QP = 2 (60° — )

3
=90° — 9.
90 >

On the other hand, notice in the right ALOB, ZBLO = 30°, LO =
20B = 20M, and thus MN// LI. We have

ZLIO = ZLIQ+ ZQIO

1
= ZLPQ+90° + 5ZOPQ
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= 270° — ;4013@

— 270° g(ﬁm +9)

3
= 180° — 9.
80 2

This implies ZMNI = ZANI = 219, ZAOD = LZAND = 180° — 3¢. As
OA = OD, OT bisects ZAOD, AD1 OT, and thus,

/AOT = %4AOD =90° — gﬂ,

yielding ZOHI = ZAOT. Note that A, O, H are collinear, hence IH// OT.
Finally, from AD1 OT, we arrive at TH1L AD. O

For a fixed positive integer n, we call a finite sequence of positive
integers (a1, ...,an) an “n-even sequence”, if n = a1+ -+ a,, and
there is an even number of pairs (i, j) satisfying 1 < i < j < m and
a; > a;. Find the number of n-even sequences E(n). For example,
E(4) = 6: the sequences are (4), (1,3), (2,2), (1,1,2), (2,1,1), and

(1,1,1,1).
Solution Call (aj,...,a,;,) an “n-sequence”, if n = a1 + -+ + an; if
(a1,...,am,) is not an m-even sequence, then call it an “n-odd sequence”.

Let O(n) be the number of n-odd sequences, and S(n) = E(n) — O(n).
Take S(0) = 1. We claim: for n > 1,

3]
S(n) =1+ S(n—2k). (+)

k=1
In fact, we may divide all n-sequences into the following three categories
(when n =1, only (i) occurs; when n = 2, only (i) and (iii) occur). Define
Si(n) (1 < j < 3) as the difference of the numbers of n-even and n-odd

3
sequences in the respective categories, S(n) = Y S;(n).
j=1

(i) (a1) = (n). Clearly, we have Si(n) =1—-0=1.

(ii) a1 # a2. Notice that two n-sequences (a1, as,as, ..., a,) and (ag, a1,
as, ..., ;) have different parities, and this is a one-to-one correspon-
dence, so we have Sz(n) = 0.
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(iii) a1 = az. Among all n-sequences with a1 = as = k (1 <k< {g}),
since (a1,a1,as,...,a,) and (as,...,a,) have the same parity, we
infer that the difference is S(n — 2k) (note that n = 2k, S(0) = 1
corresponds to (k, k)).

Based on (i), (ii), (iii), the claim (x) is verified.
From (x), we see for n > 3,

3] [3-1]
S(n)=S(n—2)=>_ Sn—2k)— > S(n-2k)
k=1 k=1
- S(n - 2)3

that is, S(n) = 25(n — 2).
For n = 2, also, S(2) = 2 =25(0).
Therefore, when n is odd,

S(n)=145(1)+SB)+---+Sn—2)=2"7;
when n is even,

S(n)=1+S(0)+S(2)+---+S(n—2) =22,

Finally, observe that each n-sequence (aq, ..., @) uniquely corresponds
to an increasing sequence (al, ai+ag,...,a1+as+-- -—|—am), and each latter
sequence corresponds to a subset of {1,2,...,n} containing n. Hence, the

number of n-sequences is 2"~ !, and

24 S(n)
N 2

n—2

E (n) —on2 ol 0
Remark (By Chen Haoran) To find the number of n-sequences, place n
stones in a row and insert sticks between the stones, at most one stick
at each gap. Then a; is the number of stones between the (i — 1)th and
the ¢th sticks. Since each gap contains 0 or 1 stick, and there are n — 1
gaps, E(n) 4+ O(n) = 2"~1. Moreover, as indicated by (ii), one can further
deduce that every n-sequence (a1,a1,...,ak, Gk, @, aj,...) (kK > 0,a; # a;)
can be paired with (a1, a1, ..., ax, G, aj, a;, . ..) and they have different par-
ities. The remaining unpaired n-sequences have the form (a1, a1, ..., ag, a)
or (a1,ai,...,a,ar, ax+1) and they are all n-even sequences. To find the
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number of such sequences, place n stones and insert sticks only at gaps
n
between the 27 and the 2¢ + 1 stones (1 <3< [5}) (if n is even, the last

“gap” is at the very end). Then a; (j < k) is the number of stones between
the (j — 1)th and the jth sticks divided by 2; if there is no stick at the very

n
end, agy1 is the number of stones after the last stick. Since there are [—}

gaps, we have E(n) — O(n) = 2[%], and the conclusion follows.
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Chinese Girls’ Mathematical
Olympiad

2021

The 20th Chinese Girls’ Mathematical Olympiad (CGMO) was held on
August 10-15 at The High School Attached to Northeast Normal University,
Changchun, Jilin. The competition was sponsored by the Chinese Math-
ematical Society, organized by Changchun City Bureau of Education and
Jilin Mathematical Society, and co-organized by The High School Attached
to Northeast Normal University.

A total of 33 teams, 134 female students from all provinces, munici-
palities, autonomous regions, Hong Kong and Macao participated in the
competition. Due to COVID-19, the competition was conducted online.

After two rounds of competition (4 hours, 4 problems for each round),
Fu Jiarui and 35 other students were awarded gold medals (first prize),
Chen Xi and 50 other students were awarded silver medals (second prize),
Zhao Wenkuan and 45 other students were awarded bronze medals (third
prize). Moreover, the top 17 scorers including Fu Jiarui were qualified to
participate in the 2021 Chinese Mathematical Olympiad (CMO).

The 20th CGMO committee chairman: Qu Zhenhua (East China Nor-
mal University); committee members: Ai Yinghua (Tsinghua University),
Han Jingjun (Fudan University), He Yijie (East China Normal University),
Lai Li (Fudan University), Lin Tianqgi (East China Normal University), Luo
Zhenhua (East China Normal University), Wu Yuchi (East China Normal
University), Xiong Bin (East China Normal University), and Yao Yijun
(Fudan University).
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First Day
(8 — 12 pm; August 12, 2021)

Let n be a positive integer, x1,22,...,ZTn+1, P, ¢ be positive real
numbers, such that p < ¢, and

P Py P P
Tppy > Ty Ty 4+

Prove: (1) f |, > af +af+---+2d; (2) (af y —af —2f —--- -
AP < ey aa

(Contributed by Wu Yuchi)

Solution Both inequalities are homogeneous, and we are led to assume
,i=1,2,...,n+1). Given the

Znt+1 = 1 (otherwise, replace z; by
L. Tn+1
condition

o +ab+ -+l <1,
we have x1, 22, ...,x, € (0,1).
(1) As p < g, it follows that
i tad4 a2l <al 428+ 42k < 1.
(2) Denote a = (1 — 2} — 25 —--- —22)Y/P a € (0,1). Since q > p,

al+zi+ad 4+ +al <al +al+ab+- -+l =1,

and thus, 1 —2f — 28 — -+ — 29 > a9, yielding
(1—30[{—30%—---—3031)1/‘1 >a:(1_3511’_9,;12’_..._305)1)1/1)7
as desired. 0

Remark The inequality (1) can also be derived from the norm inequality

n 1/p n 1/q
()" ()
i=1 i=1

As shown in Fig. 2.1, in the acute triangle ABC, AB < AC, I is the
incentre, and J is the excentre relative to vertex A. Points X, Y lie
on the minor arcs @, AC of the circumcircle of the triangle ABC,
respectively, such that ZAXI = ZAYJ = 90°. Point K is on the
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J

Fig. 2.1

extension of BC beyond C, such that KI = KJ. Prove: AK bisects

the segment XY.
(Contributed by He Yijie)

We give three proofs as follows.

Solution 1 As illustrated in Fig. 2.2, let IJ cross the circumcircle of
ANABC at M and A’ be the antipode of A.

Since ZAXI = ZAYJ = 90°, the lines XI and YJ pass through A’
From properties of incentre and excentre, MI = MJ = MB, and together
with KI = KJ, it follows that KM11IJ, and A’ lies on KM. This implies
AT =AJ, LZAIX = LA'IJ = LA JI = LAJY. Since LZAXI = LAYJ, we
have AAIX «~ AAJY, and /XAM = /XAl = /YAJ = /YAM, XM =
Y M. Also, BM = CM, and thus BX = CY, XY// BC. Moreover, from
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properties of similar triangles, we obtain
AX Al
b @
From BM = CM, it follows that /ZMA'B = /MCB = Z/MBK,
AMA'B «~ MBK, and hence MA' - MK = MB* = MI - MJ. Now,

AMIA" «~ AMKJ, which gives JA' L KJ, or XA' L KJ. Notice AX1XA’',
hence AX//KJ. In a similar way, we derive AY// KI. Together, they

imply
/XAK =180° — ZAKJ, /YAK= /AKI ®

Let AK and XY meet at L. From (1) and (2), we deduce that
XL  Saaxp  AX sin/XAK Al sin/AKJ Al Spaxs

ﬁ o SAAYL - AY . sin /Y AK - A_J sin ZAKT h A_J SAAK[
and therefore, AK bisects the segment XY. O

:17

Solution 2  Let ®f?2 be the circumcircle of AABC. 1t is evident that A, I, J
lie on a line; suppose this line meets ©f2 at M other than A. Then, it follows
from simple properties of incentre and excentre that MI = MJ= MB = MC.
Draw @M centred at M of radius MB, and denote the circles with diameters
Al AJ by Gwi, Qws, respectively, as illustrated in Fig. 2.3.

Extend AX, AY beyond X, Y to meet the line BC' at points X', Y,
respectively.

Analogous to the first proof, we have KM_11J, XY // BC.

Since the line AX is the radical axis of ®w; and ®f2, and the line BC
is the radical axis of ®f2 and ®M, we infer that X', the intersection of the
lines AX and CB, is the radical centre of the circles ©®f2, Gw; and ©GM.
Therefore, X lies on the radical axis of ®w; and @M, X'IT 1L AL In the same
manner, Y is the radical centre of the circles ©®f2, Gws and ©GM, Y'J L AJ.
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Note that KM1 AM, hence X'I //KM/]Y'J.

X'K IM
VR — T 1, or X'K = Y'K; together with
XY //X'Y’, the statement that AK bisects the segment XY is verified.

O

Finally, we have

Solution 3 Let ®f2 be the circumcircle of AABC, and A’ be the antipode
of A. Suppose that the line through A and parallel to BC crosses ©f2 at
T # A; AK crosses ©f2 at P # A. Further, suppose that the bisector of
Z/BAC meets the lines PA’, TA' and Gw respectively at points Q, R and
M (other than A), as shown in Fig. 2.4. Clearly, I and J also lie on this
angle bisector.

Analogous to the first proof, we deduce that M, A’, K are collinear,
XY //BC, and thus, AT// BC.

Notice that M is the midpoint of BC, MA = MT; since ZATR =
90°, MA = MR. In addition, AP1LA'P, that is, AKLA'Q. It follows that
AAMK «~ ANA'MQ and

MA - MQ= MA’' - MK.

Now, from MA = MR and MA' - MK = MI* (as in the first proof), it
follows that

Fig. 2.4
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Since M is the midpoint of IJ, it is clear that I, J, @, and R form a
harmonic range of points, and A'I, A’J, A’'Q, A’R are a harmonic pencil
of lines. From

AXLA'T, AYLA'J, AKLA'Q, ATLA'R,

we deduce that AX, AY, AK, and AT are also a harmonic pencil of lines.
As AT // XY, and according to properties of harmonic pencil, AK bisects
the segment XY. The argument is complete. (|

Find the smallest positive integer n, such that one can colour each
square of an n X n grid red, yellow, or blue, satisfying the following
three properties:

(i) the number of squares coloured in each colour is the same;
(ii) if a row contains red square(s), then it also contains blue
square(s), but no yellow squares;
(iii) if a column contains blue square(s), then it also contains red
square(s), but no yellow squares.

(Contributed by He Yijie)

Solution Assume a colouring algorithm exists on an n x n grid with all the
desired properties. Evidently, we have 3 |n?, or 3|n. Let n = 3k. There
are 3k? squares of each colour on the grid.

Notice that if two rows or two columns are interchanged, it still main-
tains all required properties. Due to this, we may assume that rows
1,2,...,u and columns 1,2,...,v contain yellow squares.

Use a vertical line and a horizontal line to divide the grid into four
rectangular regions A, B, C, and D, as shown in Fig. 3.1: A, B each has
u rows; A, C each has v columns. (If u = 3k, then C, D do not exist; if
v = 3k, then B, D do not exist.)

Since rows 1,2, ..., u contain yellow squares, by property (i), A and B
do not contain red squares (and C, D must exist). Since columns 1,2,...,v
contain yellow squares, by property (ii), A and C do not contain blue
squares (and B, D exist). It follows that all squares in A are yellow. On
the other hand, all yellow squares are in A, wv = 3k2. Furthermore, B only
contains blue squares and C' only contains red squares.
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3k
u A B
3k
3k—u C D
v 3k-v
Fig. 3.1

For D, according to properties (ii) and (iii), every row and every column
contain red and blue squares. So, the number of blue squares in B is smaller
than the total number of blue squares, that is, u(3k —v) < 3k? = uy
similarly, (3k — u)v < wv. After simplification, they become

3 3
-k —k.
u>2, v>2 @

As 3| uv, by symmetry, we may assume 3 |u (otherwise, transpose the

rows to columns and swap the red and blue squares). Denote 3= rs and

uUv E\ 2 .
—— = [ — ] is a perfect square,
3r2 r

s,t) = 1, hence s,t are both pertect squares. Let s = p°, t = ¢°, and we
t 1, h t both perfect Let 2t 2 and

v = rt, in which r = (%,v). Now, st =

have

u = 3p2r, V= q2r, k = pqr.

3 3
Plug them into (1) to get 3p?r > S Par *r > P which reduce to

3 3
2P <2p—1,0r p > 3. Since ¢ > oP q > 5. It follows that n = 3k =
3pqr > 45.
4
Consider a 45 x 45 grid. From wv = 675, u,v > ?5 (by @) and 3 |u,

we find u = 27, v = 25. Colour the upper left 27 x 25 squares in yellow,
the upper right 27 x 20 squares in blue, the lower left 18 x 25 squares in
red, and for the lower right region, colour 225 squares in red, 135 squares in
blue, such that every row contains blue squares and every column contains
red squares. Fig. 3.2 shows an algorithm that meets all the requirements.

In conclusion, the minimum of n is 45. 0
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25 20

27 Yellow Blue 27

5 10 5
Blue |[Red|9

18 Red

Blue| 9

40 5

Fig. 3.2

A sequence of positive integers {ay, }n>1 is called a “CGMO sequence”
if: (i) {an}n>1 is strictly increasing; (ii) for each integer n > 2022,
an is the smallest integer greater than a,_1, such that for some non-

empty subset A, C {ai,as,...,an—1}, the product a, - [[ ais a
acA,
perfect square.

Prove that there exist constants c¢i, ca > 0, such that for each
CGMO sequence {ay, }»>1, there exists a positive integer N (depend-
ing on the sequence), for every n > N,

cl~n2§an§02~n2.

(Contributed by Qu Zhenhua)

Solution Take ¢; = 274042 ¢y = 2. We show ¢1 - n? < ap < ¢y - n? for
sufficiently large n.

(1) For the upper bound: Suppose {ap }n>1 is any CGMO sequence. By def-

inition, there exists Asgoe C {al, as, ..., agon} such that asgos - H a =
a€Az022

L? L € Nt. We claim: for k > 0,
azo224k < (L + k)2

Induct on k. When k = 0, obviously asgza < agee2 - [] @ = L%

a€Az022

Assume it is true for k, namely asg224x < (L+k)%. Then for k+1, note that
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(L +k+ 1)2 > (L + k‘)2 > 120224k and

(L+k+1)2-a2022- H a:(L+k+1)2L2

a€Az022

is a perfect square. By the choice of agp224k+1, We obtain asgooti+1 <
(L 4+ k + 1)? and the validity of the claim.

Now, a, < (L + n — 2022)? holds for n > 2022. Take N >
|L —2022|/(v/2 — 1), N only dependent on {a},>1. Then for n > N,
(L +n —2022)% < 2n?, and the upper bound is verified.

(2) For the lower bound: Note that every positive integer m can be uniquely
written as m = ab?, a, b as positive integers, and a has no square factor
other than 1. Let a = f(m) denote the square-free part of m. Then f has

simple properties: f(zy®) = f(z), f(zy) = f(f(x)f(y))-
Let S = {al,ag,...,ag()gl}, and F = {f < H a> |B g S} (lfB = @,

a€EB
the product is 1). The set F' satisfies: for any x1,x2,...,24 € F,

f(:l?llEQ cee LEt) S F.

Indeed, let #; = f| J[ a|, Bi € S, 1 < i < t, and take B =
a€B;

BiAByA--- AB; (here, XAY is the symmetric difference of two sets
X,Y: XAY = (X\Y)U(Y\X)). Then

f(I1£E2"'xt)f<H a) eF

a€B

We prove by induction that for every positive integer n, the square-free
part of a,, belongs to F'.

Obviously, the claim is true for 1 < n < 2021; assume it is true for
1 < n < m, m > 2021. By definition of a,,+1, there exists A,,11 C

{a1,a9,...,an}, such that a1 - [] @ is a perfect square. Also, by
a€Ami1

the induction hypothesis, for any a € A,,11, f(a) € F. Using the above
property of F', we find

f(am-i-l):f H al=f H f(a) € F,

a€Ami1 aCAmi1

and the induction is complete.
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Let |F| = m < 22921 For any positive integer n, consider the square-
free parts O% ai,as, .. .T,lan. By the Pigeonhole principle, among them there
we k > [T > [
f(as,) = u, where

w identical parts, say f(a;,) = f(ai,) = -+ =

1< i1 <<~ <t <n.

Since a;, < a4, < --- < a;, and their square-free parts are all equal to u,

2
aik Z UkQ 2 k2 Z (22021) ?

and thereby, a,, > a;, > 274042 . n2, O

Second Day
(8 — 12 pm; August 13, 2021)

Prove: for any 4 numbers selected from the set {1,2,...,20} (with
repetition allowed), one can always take 3 of them as a, b, ¢, such
that the congruence equation az = b (mod c) has integer solutions.

(Contributed by Qu Zhenhua)

Solution Tt is well known that az = b (mod ¢) has integer solutions if and
only if ged(a, ¢) | b.

Assume on the contrary that for 1 < a1, as, az, aq < 20, the statement
is not true. There are three cases to consider:

(1) If one of the 4 numbers is a prime power, say a; = p%, p prime, a > 1.
Suppose vp(a2) = 8 < wvp(as) = v (here v,(x) is the highest power
of p in the factorization of z). Take a = a1, b = as, ¢ = as. Since
ged(a, ¢) = p™in(@f) | p7| it follows that ged(a, ¢) | b and the assumption
is untrue.

(2) If one number divides another, say a1 | az. Take a = a1, b = as, ¢ = as.
From ged(a, ¢) | a1, we have ged(a, ¢) | b and the assumption is untrue.

(3) a1, a2, az, a4 contain no prime powers, and a; { a; for 1 <4, j < 4.
Each of the four numbers must have distinct prime factors, and no two
of them are equal. Consequently, they must be four of the following
seven numbers:

6, 12, 18, 10, 15, 14, 20.
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Note that the prime factor 7 of 14 does not appear in the other numbers.
This indicates that when checking ged(a,c)|b, 14 is equivalent to 2 and
cannot be selected (or else it has integer solutions). For the remaining six
numbers, 6|12, 6|18, 10|20, and hence, only {12,18,15,10 or 20} has no
divisibility relation. Take a = 12, b = 18, ¢ = 15, ged(a,¢) = 3|b. Again,
the assumption is untrue.

Therefore, the original statement is true. (|

Remark The number 20 in the problem can be improved to 104, and 104
is optimal. On one hand, if 20 is replaced by 105 or larger, then take the
products of any three numbers from 2, 3, 5, 7 to get 30, 42, 70, 105: since
the greatest common divisor of any two of them does not divide another,
the statement is untrue for these numbers. On the other hand, we show
for any four numbers selected from {1,2,...,104}, there are two of them
whose greatest common divisor can divide another. Suppose the assertion

is not true and a, b, ¢, d is a counterexample. If ged(a, b, c,d) = © > 1,

a c d
use —, —, —, — instead of a, b, ¢, d and it is still a counterexample. Now,

assufne Jg;cda%a,glc), ¢,d) =1, and one of them must be odd, say a is odd.

Consider d; = ged(a,b), do = ged(a,c), ds = ged(a,d). Assume dy,
da, ds have no divisibility relation (otherwise, say ds|di, then (a,c)|b,
and the congruence equation ax = b (mod ¢) has integer solutions). This
assumption indicates that a has three pairwise non-divisible factors dj, do,
d3, and a is not a prime power. If ¢ has 3 distinct prime factors, then
a >3 x5 x 7> 104 which is impossible. Hence, a has two distinct prime
factors, say a = p®¢P.

Let d; = p*i¢®,i=1,2,3. Since dy, da, d3 have no divisibility relation,
a1, as, az must be distinct, and 31, (2, B3 are distinct as well. It follows
that o > 2, 8 > 2, but a > 32 x 52 > 104, impossible. The assertion is now
verified.

Let S be a finite set and P(S) be the power set of S (the set of all
subsets of S). For any function f : P(S) — R, prove

S AAFBRAE >0,

A€P(S) BEP(S)

where | X | represents the number of elements of set X.

(Contributed by Fu Yunhao and Zhang Ruixiang)
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Solution First, notice that

XCANB XCA
XCB
and the left-hand side of the desired inequality can be written as

Yo D fA)fB).

AeP(S) BEP(S) XCA
XCB

Change the order of summation, and we find

Y > A

XeP(S) AcP(S) BEP(S)
ADX BOX

- | Y @l Y s

XeP(S) | AeP(S) BeP(S)
ADX BOX

= > | X r@| =o

XeP(S) | AeP(S)
ADX

where the last inequality holds since the sum of squares of real numbers is
always nonnegative. Done. ]

As shown in Fig. 7.1, in acute AABC, AB > AC, and O is the
circumcentre. Let K be the symmetric point of B with respect to
AC, and L be the symmetric point of C' with respect to AB. Let
X be a point inside AABC, such that AX1BC, XK = XL. Y, Z
are points on the segments BK, CL, respectively, such that XY 1 CK,
XZ1 BL. Prove that B, C, Y, O, and Z all lie on a circle.

(Contributed by Lin Tiangi)
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Solution Let the lines BL, CK meet at P; AD1 BC with foot D, as shown
in Fig. 7.2.

Assume that T is the circumcentre of APKL, TL = TP = TK. In the
isosceles triangle TLP, by Stewart’s Theorem, we have TB* = TP?—BL-BP.
In the same manner, TC*> = TP> — CK - CP.

It is known that BL = BC'= CK, and hence,

TB* — TC? = (TP* — BL- BP) — (TP? — CK - CP) = BC(CP — BP).

Notice that A is the excentre of APBC relative to the vertex P, and D
is the point of tangency, hence

CP—- BP=BD - CD,

which implies TB* — TC* = (BD+ CD)(BD— CD) = BD?— CD? and further
XD1BC.

Moreover, TK = TL,X,T both lie on the perpendicular bisectors of
AD and KL. Since AB > AC, KL and BC are not parallel; AD and the
perpendicular bisector of KL are not parallel either, and they have a unique
intersection. It follows that T'= X, and X is the circumcentre of APKL.

Since XY CK, or XY 1 PK, we infer that Y is on the perpendicular
bisector of PK, and YP = YK. Together with BC'= CK, we find ZCPY =
/CKY = /CBY,and B, Y, C, P are concyclic. Similarly, B, Z, C, P are
concyclic. Finally, since

/BPC = ZCBL+ ZBCK — 180°
=2(LABC + ZACB) —180°
= 180° — 2/BAC
= 180° — ZBOC,

B, P, O, C are concyclic.
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As we have shown that B, P, C, Y, O, and Z are concyclic, the con-
clusion follows immediately. O

For positive integers m and n, define

fl@) = (z = 1)(® = 1) (@™ = 1),
g(x) = (@ = 1@ — 1) (2" —1).
Show that there exists an integral polynomial h(x) of degree mn,

such that f(z)h(z) = g(z), and all the mn + 1 coefficients of h(x)
are positive integers.

(Contributed by Wang Bin)

Solution More generally, for nonnegative integers m and n,

(merl _ 1)(xm+2 _ 1) . (xm+n _ 1)
(x—=1)(x2-1)---(z» = 1)

fm,n (aj) -

is a polynomial of degree mn, and all the mn + 1 coefficients of fy, ,,(x) are
positive integers. For n = 0, take the denominator as 1.

We prove the above assertion by induction on m + n. First, fp, n(z) =
frn.m(x), as indicated by

m+n .
Il (" 1)
(@) = = ————— = fam(2).
[ @ =1 [T = 1)

For m+n < 3,

fmo(@) = fon(x) =1, fiile)=1+z, fio(@)=fo1(z)=14z+2

and the assertion is true. Now, suppose m, n > 0, m +n > 4, and the
assertion is true for all smaller m + n values. Then

fmfl,n(x) B (x'm _ 1)(z'm+1 _ 1) . (xm-‘rn—l _ 1) B ™ —1
fm,n(x) - (x'm-l-l _ 1)(xm+2 _ 1) .. (xm-‘rn _ 1) - rmtn _ 17
frn-1(2)  facim(@) (@ = D@ = 1) (@l 1)
Fon@)  fam(@) (@ =D (@2 1) (@min — 1)
" —1

pmtn _ 1’
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and hence,

. fm*l’”(x) + fm,nfl(x) _ zn(zm - 1) n " —1 1
fm,n (37) fnb,n(x) mnH—n -1 mnb-{-n -1

By the induction hypothesis, fmn(z) = 2" fm—1n(z) + frn—1(x) is
a polynomial of degree mn with nonnegative integer coefficients. Since

all coefficients of fy,—1,,(z) are positive, it is clear that in f,, ,(x), the

mn

coefficients of ™, 2"T1, ..., ™" are positive; in addition, all coefficients of

1 mn—m

fm.n—1(x) are positive, and hence, the coefficients of 2, 2!, ...,z in

fm.n(z) are positive. Asm, n > 0, mn—m > n—1, all terms 2°, 2!, ... ™"
of fm,n(x) have positive coefficients. The induction is completed and the

assertion is secured.
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China Southeastern
Mathematical Olympiad

2020

The 17th China Southeastern Mathematical Olympiad (CSMO) was held
on August 5th—8th, 2020 at Hailiang Senior High School, Zhuji, Zhejiang
Province. Due to COVID-19, except for a few local onsite students, most
contestants attended the competition online.

The 17th CSMO committee members were: Tao Pingsheng (Jiangxi Sci-
ence and Technology Normal University), Li Shenghong, Yang Xiaoming
(Zhejiang University), Liu Bin (Peking University), Hu Zhiming, Zheng
Wenxun (Tsinghua University), Wu Quanshui (Fudan University), Luo Ye
(University of Hong Kong), Zhang Pengcheng (Fujian Normal University),
Dong Qiuxian (Nanchang University), Wu Genxiu (Jiangxi Normal Univer-
sity), Xiong Bin, He Yijie (East China Normal University).

Lasted for two days, the competition consisted of two levels: 10th grade
and 11th grade, and they were conducted at the same time on each day.
The following are the problems and suggested solutions.

10th Grade
First Day
(1:30 — 5:30 pm; August 5, 2020)

Let f(z) = a(3a + 2¢)z? — 2b(2a + ¢)x + b + (c + a)? (a,b,c € R)
be a quadratic function such that f(z) < 1 for all € R. Find the
maximum of |ab].

(Contributed by Yang Xiaoming, Zhao Bin)

311
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Solution Rewrite f(z) = a(3a + 2¢)x? — 2b(2a + ¢)z + b* + (c + a)? as a
quadratic polynomial in c:

f(@) =+ 2(az? — bz + a)c + 3(az)® — 4abz 4+ b + a® < 1.
Complete the square and simplify, obtaining
(c+az® —br+a)®+ (1 —2%)(ax —b)? <1< (1 —2?)(ax —b)* < 1.
V3 4V3 3

3vV3
Let r =+— = lab] < 5= lab] < T\/_, and the equality holds when

3 3
3v2 V6 5v/2
1 b 4,0 1 We have
2
3, V3 7 3 V3
f(z) 8x+4m+8 8(30 3>+_ 0

As illustrated in Fig. 2.1, in AABC, AB < AC, PB, PC' are tangent
to the circumcircle O of AABC. Let R be a point on AC, AR//BC,
and @ be the other intersection of PR and circle O. Let I be the
incentre of AABC, ID1 BC with foot D, and G be the other inter-
section of @D and circle O. Suppose that the line through I and
perpendicular to AT intersects AB, AC' at points M, N, respectively.
Prove: A,G, M, N are concyclic.

(Contributed by Zhang Pengcheng)

Fig. 2.1
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Solution Connect GB,GC,GM,GN,RB, RC,QB,QC, BI, and CI. See
Fig. 2.2.
Since PB, PC are tangent to circle O,

RB _ PR _ PR _ RC
BQ PB PC CQ’

and hence @ = @

CQ RC’

BD  Sapeg BG-BQ BG-RB
Moreover, = = = ;

CD ~ Sacaqg CG-CQ  CG-RC’

from AR//BC, we have RB = AC, RC = AB. Together, they imply that

BD  BG-AC
CD _ CG-AB’

. BG _BD-AB
e e T cp-ac

B C
7BI-cos§sinCiBI-sin§ BI2

— - = .
C1I - cos % sin B CI- sing CI

@

Fig. 2.2
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As AI1 M N, it follows that

B
LAMN = LZANM = ;—C ZBMI = ZINC = 180° — ;C,

2 B;Cf%fAANI /NCI = /NIC,

ZMBI =

BM BM IM  BI?
and AMBIWANIC Hence, C—N —WC—N—E @

By () and (2), we find % = Jé—]\]\{; in addition, /GBM = /GBA =
ZGCA = ZGCN. Therefore, AGBM ~ AGCN, giving

LGMA =180°— ZGMB = 180° — ZGNC = ZGNA.

It follows that A, G, M, N lie on a circle. O

Let f(x) = 220?20 + 2?21)9 c;irt, ¢; € {—1,0,1} be a polynomial, and
N be the number of positive integer roots of f(z) (counted with their
multiplicities). Given that f(z) has no negative integer roots, find
the maximum value of V.

(Contributed by Luo Ye)

Solution The maximum of N = 10. Notice that ¢; € {—1,0,1}, and hence
any real root of f(x) must have absolute value less than 2. It follows that
—1,0, and 1 are the only possible integer roots of f(x).

Consider the monic polynomial f(z) = (z — 1)(z% — 1)(2° — 1)(2!!
1)z = 1)(2* — 1)(2® — 1)(21™ — 1) (234 — 1)(2%3 — 1)25%%, which has
degree 2020 and integer roots x = 0,1 only. The multiplicity of z = 1 is
N =10.

Denote f; = x% — 1, for which ¢1 = 1,92 = 3,q3 = 5,q4 = 11,¢q5 =
21,q6 = 43,97 = 85,qs = 171,q9 = 341,q10 = 683. Since every term is
larger than the sum of all previous terms, it is easy to verify by induction
that in the expanded form of H;-le fi, each term cpz® has coefficient ¢}, €
{-1,0,1}, J =1,2,...10.

It remains to prove that N = 10 is the maximum.

Suppose N > 11. Then (z — 1)"22920 4+ S22 ¢z, Let 2 = —1, and
we have 2| f(—1). However, |f(—1)| # 0, and this implies |f(—1)| > 21
On the other hand, |f(—1)] <1+ 3221 ¢; < 2021 < 2, which leads to a
contradiction. Therefore, the maximum value of N is 10. 0
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Let ay,as9,...,a17 be a permutation of 1,2,...,17, satisfying that

(a1 - a2)(a2 - as) te (a16 - a17)(a17 - al) = n”.
How large can the positive integer n possibly be?

(Contributed by He Yijie)

Solution Denote S = (a1 —a2)(az—as) - - - (a16—a17)(a17—a1), and a1 = ag.
Our argument consists of four steps:

(1) n is even;

(2) n < 9

(3) n

(4) we glve a permutation of 1,2,...,17: ay,as,...,a17, such that S = 6'7.
(1) Since aq,as2,...,a17 are 9 odd integers and 8 even integers, there exists

i€ {1,2,...,17}, such that both a; and a;+1 are odd. It follows that
a; — a;+1 is even and so is n.

(2) Write
S = H la; — a;q1] = H (max{a;, a;+1} — min{a;, ait1})
1<i<17 1<i<17
and let
U= Z max{a;,a;+1} — Z min{a;, a;y1}-
1<i<17 1<i<17
Since aj,asz,...,a17 is a permutation of 1,2,...,17, every integer

appears in the two sums exactly twice, and clearly we have U <
(174---4+10) x2—(8+---+1) x 2 = 144. By the AM-GM inequality,

AT T
< [ — < | — .
S‘(l?) —(17> <9

Hence, n < 9.
(3) Let t €1,2,3,4}.

Clearly, the remainders of aj,as,...,a;7 modulo 2! traverse all
0,1,...,2t —1.
For i = 1,2,...,17, when the remainders of a; and a;;; modulo 2¢

are distinct (there are at least 2! of such subscripts ), 2¢ { (a; — a;41)-
Therefore, for at most 17 — 2! subscripts i € {1,2,...,17},
2t |(a2 — ai+1) holds.
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Specifically, in all factors a; — a;41(¢ = 1,2,...,17), at most 15 of
them are even, at most 13 of them are multiples of 22,9 of them are
multiples of 23, and 1 of them is a multiple of 2*.

Consequently, the multiplicity of prime factor 2 in the product S =
Hil (a; — a;j4+1) cannot exceed 154+ 13+ 9+ 1 = 38.

If n =8, then S = 8!7 = 2%! which is impossible. So n # 8.

(4) Define aq,as,...,a17 as follows:

1,9,17,8,7,16,14,5,13,4,6,15,12, 3, 11, 2, 10.

We have S = (—8) - (=8)-9-1-(=9)-2-9-(=8)-9-(-2)-(-9)-3-9-
(fg) .9. (78) .9 = (,1)8 . 9343+143+143+3 | 92424+24+242+1+42+42+2 _ 617.

In summary, n can be as large as 6. O

Second Day
(8:00 am — 12:00 pm; August 6, 2020)

Given I = {1,2,...,2020}. Define “Wu” set W = {w(a,b) = (a +
b)+abla,b € I}NI, “Yue” set Y = {y(a,b) = (a+b)-abla,b e [} NI,
and “Xizi” set X = W NY. Find the sum of the largest and the
smallest elements of “Xizi” set X.

(Contributed by Tao Pingsheng)

Solution If n € W, then there exist integers a,b in I, such that n =
a+b+ab,orn+1=(a+1)(b+1). So,ne Wifandonlyifn+1€lis
composite. We have the following observations.

(1) Every integer in the set {1,2,4,6,10,12,...} = {p— 1|pis prime} is not
in W (we call such number a “pre-prime”), while all others are in W

(2) For set Y: 2 = y(1,1) € Y; when (a,b) # (1,1),y(a,b) is composite,
and this implies that all odd primes are not in Y. For each composite
number in Y, either it is a product of two consecutive integers y(1,n) =
(n+1)-n; or it is a product of three integers, the largest one being the
sum of the two smaller ones, y(a,b) = (a+b)-a-b.

We claim that the smallest element of X is 20. On one hand, 20 =
w(2,6) = y(1,4); on the other hand, among all integers less than 20, exclud-
ing the primes and pre-primes, there are four composite numbers 8,9, 14, 15,
and they all belong to W, but not to Y.

Now we search for the largest element of X. Since 2000 = w(2,666) =
y(10,10),2000 € Y. For all integers in I larger than 2000, excluding the
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three prime numbers 2003,2011, 2017 and their corresponding pre-primes,
there are 14 numbers left, and they have the factorizations:

2001 = 3-23-29,2004 = 2% - 3-167,2005 = 5 - 401,

2006 = 2-17 - 59,2007 = 3% - 223,2008 = 2% - 251,2009 = 72 - 41,

2012 = 22. 503,2013=3-11-61,2014=2-19- 53,

2015 = 5-13-31,2018 = 2- 1009, 2019 = 3 - 673,2020 = 22 - 5 - 101.

None of them meets the criterion in (2), indicating that they are not
in Y, and thus the largest element of X is 2000.

Therefore, the sum of the largest and the smallest elements of X is
2000 + 20 = 2020. O

In a quadrilateral ABCD,/ABC = /ZADC < 90°. The cir-
cle with diameter AC is centred at O and intersects BC,CD at
points E, F' (other than ('), respectively. Let M be the midpoint of
BD, AN 1 BD with foot N, as shown in Fig. 2.1.

Show that M, N, E, F' are concyclic.

(Contributed by Zhang Pengcheng)

Solution Let G be the intersection of circle O and AB. Connect
AE,GC,GD,GF,EN,EF, and BF, as shown in Fig. 2.2. Evidently, we
have

/BGF =90° + ZCGF =90° + LC AF,

Saper = GB - GFsin /BG = GB - GF cos Z/CAF = %g'AF.
DF.-FG-CG
Similarly, SApar 1
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Fig. 2.2

Note that ZABC = ZADC, and hence

RtAGBC « RtAFDA,

... .. GB (0G
which implies D = AR’ or

GB-AF=FD.-CQG.
It follows that Sapar = SabpGF,
and G, M, F are collinear.

Moreover, from AE1EC, AN 1 BN,
we infer that A, B, E, N are concyclic,

/BNE = /BAFE = /GAE = /GFE = /MFE,

and thus M, N, E, F' are concyclic. (]
For any prime number p > 3, show that for all x € N sufficiently

3
large, one of the integers x + 1,z 4+ 2,...,x + % has a prime

factor larger than p.
(Contributed by Luo Ye)

3
Solution Let g = ]i

Assume that the statement is untrue, and none of the integers x +1, z+
3
2,...,x+ ]% has a prime factor larger than p.
Let p; be the highest prime power of x + i (that is, p?”‘l tax+1i). As

the number of primes <p is less than or equal to b

=q — 1, we deduce

that whenever z > (¢—1)471 pf > gTT >(g—1) holds fori =1,2,...,q.
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. . +1
Since p; < p, and the number of primes < p does not exceed pr_

g — 1, there must exist distinct i1,i2 € {1,2,...,q} such that p;; = p;,.
Then we have (z + i1, 2 + i2) > min(pj',p;?) > ¢ — 1. Meanwhile, (z +
i1, + i2) = (x 4+ 141,42 — 1) < |iz —i1| < ¢ — 1, which is contradictory.
Therefore, the statement is true for all z > (¢ — 1)971. O

An inkjet printer is used to print on a paper strip with 1 x n grids.
When the nozzle prints on the ith (1 <14 < n) grid, it becomes black;
in addition, each of the adjacent grids, the (: — 1)th and the (i +1)th

grids (if they exist), independently has a probability of 3 becoming
black. Let T'(n) be the expected number of prints needed to make

all grids black, provided that the optimal strategy is adopted (make
as few prints as possible). Find the formula of T'(n).

(Contributed by Luo Ye)

Solution Use a subset S C {1,...,n} to represent all uncoloured grids
at the current state: i € S means that the ith grid is not coloured yet;
i ¢ S means it is already black. Let f(S) be the expected number of prints
needed to make all grids in S black. If S C S’, then obviously the optimal
strategy for S’ can also be implemented on S, and hence f(S) < f(S’). Let
9(S,4) be the expected number of prints after the nozzle prints on i. We
have
f(S)=14+ min g(5,1).

{(1<i<n}
9(S,8) = 115 — (i} + 1S — (11— 1)) + 1/ — {iri + 1))

+ if(S —{i,i—1,i+1}).
Thus, for every 1 <i<mn, f(S)—1<g(S,i) < f(S—{i}).

Lemma In all circumstances, if the ith grid is already black, 1 < i < n,
then there exists an optimal strategy such that the nozzle never prints on it
thereafter.

Proof of Lemma Assume to the contrary that printing on 7 at a later
time is an optimal strategy.

Consider i — 1 and i + 1 (if they exist). If they are both black, clearly,
printing on ¢ does no good.
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If one grid is black, say ¢ — 1, then printing on 4 has a probability of %
making 7+ 1 black, while printing on ¢+ 1 has a probability 1 and definitely
does a better job.

If both ¢ — 1 and ¢+ 1 are uncoloured, consider two strategies: one is to
print on ¢ — 1, and the other on 7 + 1. We claim that

It is easy to see that

9(5,i) = 11(S) + (S —fi = 1) + 1A~ (i +1})

f(S={i—1,i+1}),

and f(S) =1+ g(S,i). Therefore,

9(8,i) = %(f(S*{i*1})+f(5*{i+1})+f(5*{i*17i+1})+1)~

On the other hand, we have
g(S,i—1) < f(S—={i—1}) <14+ f(S—{i—1,i+1}),9(S,i+1)
<SS —{i+1}) <1+ f(S—{i—1,i+1}).

This implies that

|

+

9(S,i—1)+g(S,i+1)

< (G5 = G- i)+ s - - 1)

# (S —lim it )+ 36~ 1) = 2005.0)

Consequently, we have either g(S,i—1) < ¢g(S5,17) or g(S,i+1) < g(S,14),
meaning that one of the two strategies, printing on either ¢ — 1 or ¢ 4+ 1,
is superior to printing on ¢. When the nozzle prints on one side of ¢ and
continues to work on that side until all those grids become black, based
on the previous argument, it does not need to print on i thereafter. The
lemma is verified.

For the original problem, let T'(k) be the expected number of prints to

make 1 x k grids black. Define T'(—1) = T(0) = 0,7(1) = 1,T(2) = g If

the nozzle prints on i € {1,2,...,k}, then according to the lemma, there is
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an optimal strategy that does not print on ¢ anymore, and thus the problem
reduces to printing on the two sides separately. We have

T(k) =1+ min %(T(if D)+ TG —2) + Tk —i— 1)+ T(k —i)).

1<i<k

Let S(k) = T(k)(k = —1,0,1,2). When k > 3, S(k) = 1 + ~(S(0) +

2
S(1) + Sk —2) + S(k —3)) = g + %S(k _9) %S(k ~3). Tt is straight-
forward to check that T'(3) = S(3) =2,7(4) = S(4) = %,T(5) =5(5) =
13 31
Z,T(G) =S5(6) = R

3
Let h(k) = S(k)— gk Then we have the homogeneous recursive relation

1 1
h(k) = §h(k —2)+ ih(k —3). Some routine calculation gives the formula
for h(k), then for S(k), as:

S(k) = h(k) + LA SV U (k> 0)
5 5 25
1+ 11
Here, A = R is a root of the characteristic equation 2% — 32— 5= 0,
7
and b = k) We assert that for k& > 6,5(0) + S(1) + S(k — 2) +

50
Sk —3) = 1121&(5(1’ -1)+SGE—-2)+5k—-—i—1)+ Sk —1)). With
this, induction on k gives T'(k) = S(k).(k < 5 is already verified.)
It suffices to show, for 1 <i < k,
S(0)+S(1)+ Sk —2)+ S(k—3)
<SG —1)+S>i—2)+S(k—i—1)+S(k—1i). @

k+1
By symmetry, we only need to consider 1 < i < i

If i =1, (1) can be simplified to 1 + S(k —3) < S(k—1). When k > 6,

S(k—1)— S(k—3) = g e U B )

6 [
— —4|p|| - |IN]]® = 1.
= — 41l - 1IAT]

Y

If + = 2, the equality in (1) holds.
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If ¢ > 3, substitute S(k) in (1) by the formula and simplify, obtaining
Re(b(A + 1)(1 — A2)(1 — AF=i71)) < 0. ©)

—4—3i
To prove @, first, notice that Arg(b(A + 1)) = Arg( 50 l) = —7mT+

-l
sin” = > —m.
5

us 1
Claim for t > 1, Arg(1 — \!) € (—,sin_1 —} .
Proof of Claim Indeed, for 1 < ¢ < 3, this is evident; for ¢ > 4, we have

1
|Arg(1 — AY)| < sin™' [\ | < sin~! 1 < %

Let X = Arg(b(A+ 1)) + Arg(1 — A¥==1) + Arg(1 — X\*=2). Then,
m

4 3 1
f—W:fwaz<X§f7r+sin_1—+251n_1—:f—

3 6 5 V5 2

4
It follows that X € (—?ﬁ, —g] , which validates (2), and further (1.

Therefore, the general formula for T'(k) is

3 7 PR— -1+ 741
T(k)—gk+%+b)\ +0X\%, A= 5 b= 5

The optimal strategy is this: for n = 1,2, print on the first grid; for

n > 3, print on the second grid from the left, and (if the first grid is not
black) then treat the two sides separately, using the strategy for n = 1 on

the single grid. O

11th Grade
First Day
(1:30 — 5:30 pm; August 5, 2020)
Let ay,a9,...,a17 be a permutation of 1,2,...,17, satisfying
(a1 —az2)(az2 —ag) - - - (a16 — a17)(a17 — a1) = 2".
Find the maximum value of the integer n.

(Contributed by He Yijie)

Solution Denote S = (a1 — a2)(az — as) -+ (a16 — a17)(a17 — a1), and
aig = aq. Lett€{1,2,3,4}.
Clearly, the remainders of ai,as,...,a;7 modulo 2! traverse all

0,1,...,2t — 1.
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For i = 1,2,...,17, when the remainders of a; and a;;1 modulo 2! are
different (there are at least 2¢ of such subscripts ), 2! { (a; — a;41)-

Therefore, for at most 17 — 2! subscripts i € {1,2,...,17},2%|(a; — ait1)
holds.

In specific, among all factors a; — a;4+1 (¢ = 1,2,...,17), at most 15 of
them are even, 13 of them are multiples of 22,9 of them are multiples of
23 and 1 of them is a multiple of 2*.

Consequently, the multiplicity of prime factor 2 in the product S =
17

II (@i — ait1) cannot exceed 15+ 13 +9 41 = 38.
= On the other hand, we may define a permutation of 1,2,...,17 as fol-
lows:
1,17,9,5,13,11,3,7, 15,16, 8,12, 4, 6, 14, 10, 2,
Then,

S=(-16)-8- 4 (~8) 28+ (1) (~8) - (~1) -8 (~4) -8 (~2) - (-8)
4.8-1=2%,
In conclusion, the maximum value of n is 38. O

As illustrated in Fig. 2.1, in AABC, AB < AC, PB, PC are tangent
to the circumcircle O of AABC'. Let R be a point on ;1?, AR//BC,

Fig. 2.1
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and @ be the other intersection of PR and circle O. Let I be the
incentre of AABC,ID 1 BC with foot D and G be the other inter-
section of QD and circle O. Suppose that the line through I and
perpendicular to AT intersects the lines AG, AC at the points M, N,
respectively. Let .S be the midpoint of ﬁ, T be the other intersec-
tion of the line SN and circle O. Prove that M, B,T are collinear.

(Contributed by Zhang Pengcheng)

Solution Let AB meet MN at K. Connect GB,GC,GK,GN,
RB,RC,QB,QC,BI,CI. See Fig. 2.2.
Since PB, PC are tangent to circle O,

RB _ PR _ PR _ RC
BQ PB PC CQ’
and hence g—g = %
BD  Sapeq BG-BQ BG-RB.

M 22 _ - _
OOV €D T Sacco  CG-CQ ~ CG-RC

Fig. 2.2
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from AR//BC, we have RB = AC, RC' = AB. Together, they imply

BD  BG-AC

CD ~ CG-AB’
. BG _BD-AB
s o T ep-ac

B
B BI~cosgsinC B BI~sin% B BI2

= - =—.
C1I - cos % sin B CI - sing cI

@

As AI1 KN, we find

B+C BRI = ZINC =180° — B—;C,

LAKN = ZANK =

ZKBI =

ng;C—%:AANIfANC’I:ANIC,

BK BK IK BI?
and AKBI -~ ANIC. Hence, C—N:WC—NZW @
By (D) and (2), % = %; in addition, /GBK = /GBA = ZGCA =

ZGCN. Therefore, AGBK «~ AGCN, giving
LGKA=180°—- ZGKB =180° — ZGNC = ZGN A.

It follows that A, G, K, N lie on a circle. Connect BT'. Since S is the mid-
point of AR and AR//BC, we have

/BTN = /BTS = B+ ¢

= /AKN,

and hence K, B,T, N are concyclic.
Finally, by the radical axis theorem we conclude that the lines
AG, KN, BT are concurrent, and M, B, T are collinear. (]

The same as that of Problem 3, 10th grade, First Day.
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Given that a, > ap—1 >+ >a1 >0,> " ;a; =1.

Prove: for any nonnegative reals z;,y;,1 <1 < n,

n n n n
(STt ) (S~ Tt
i=1 i=1 i=1 i=1

2
n n

n n
Zﬂfizyi _Z\/EIZ\/@
=1 =1 =1 =1

(Contributed by Li Shenghong)

Solution First, we claim

n n n n 2
E a;x; — Hz‘f <apimn g T — g VT, } ©
=1 =1 i—1 i—1

In fact, by the reversed Cauchy inequality,

n n n n
(Z a;z; — H:ﬁ) <Z aiy; — Hzﬁ)
=1 =1 =1 =1
n n 2 n n 2
<a? nZ%(Z xz) ”Z%(Z\/gz)
=1 =1 =1

i=1

2

n n n n

i=1 i=1 i=1

Then, (1) follows from the identities

nZ:Ez - <Z ﬁz) = Z ((\/Ez - \/Ej)2
and

Z(\/Ei_ﬂj)QZZ(xiJrﬂ?j)—?Z\/ﬂT%

i<j i<j i<j
n n n n
— le -n <Hazz> +(n— Z)ZazZ
=1 1=1 =1
1
n n
+n<]:[a:2> 722‘/%%
=1 1<J
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Define

1

fa(@r,zn) =(n—=2)) zi+n (Haf) " —2) /@iy,
=1 i=1

i<j

-

1 n n n
gn(l‘l)"')m‘rb)zﬁ E T — Hmi )
=1 i=1
n n
a;
ho(Z1,...,2p) = g aixif]:[zi’.
=1 =1

Next, we prove

(1) fn(xl; e ;zn)
(11) gn(xla s 7xn)

v

0;
1

F%hn(xla s 5In)'

Y

Proof of (ii). If a; = %, 1 > 1, then gn(x1,...,20) = hp(z1,...,24),
and (ii) is true.

If {a;} are not all equal, assume a,, —a; > 0 for i > 1, and they are not
all zeros. Then

1 1 n
In(Z1,. .y Tp) —n—hn(xl, ey X)) = . z_; (an — a;) x;

Qan
1
1 n n n
(73 _ .
(i) (i)
=1 i=1
n—1 (a, — a; 1 an — Q; a; 1
Since ZMJF— =1, =4+ - = = by the AM-GM
=1 nay nay nay nay n
inequality, the conclusion (ii) follows, and furthermore, when ags = --- =
an > a1, Tg = -+ = Ty, r; = 0, we have
1
gn(xlv ce 73771) = n—hn(xlv s mn)-

n

Proof of (i). By induction.
When n =2, f,(z1,...,2,) = 0. Suppose for n > 2, f,(21,...,2,)
0. Now for n + 1, without loss of generality, assume z; < 29 < --- <z,

IN IV

Tn41-
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1 .
Let o) =21, 2} = (x2- - Tpy1)» =a, i =2,...,n+ 1. We have

I\?\»—A

for1(@)=(n—1Dz1 + (n+ 1)y o a™ T — 2n(x1a)?.

When Ir, = 07 f'n(xla L ,I”) =0.

" 4 -1 1 " _n—1
When z; > 0, f +1($) _ )xl + (n+ )an_ﬂ — 2" a3 >0,
an”" 2n

2n
and f, =0« ;1 =0. We find that

n+1 n+1
fn+1(x)_ffb+1( n_l sz_le (z:\/5 _n\/_>

n+1
Z Vi :f,b(ajg,...,ajn+1)+zxi
2<i<j<n i=2
. n+1 n+1 .
— 247 <Z\/5 n\/—> 7n]:[;p%
Since 21 < a, a = (z2 - - ~a:n+1)v_lb, and fn(x2,...,2n41) > 0, it follows that

n+1

fn+1(x) _frb-i-l Zmz

n+1 ntl
-2V <Z\/Ez> +na:2(\/_i—\/5)2

1=2

and thereby f,11(x) > fny1(2’) > 0, yielding the desired inequality. O

Second Day
(8:00 am — 12:00 pm; August 6, 2020)

Given I = {1,2,...,2020}. Define “Wu” set W = {w(a,b) = (a +
b)+abla,b e I}NI, “Yue” set Y = {y(a,b) = (a+b)-abla,b e I} NI,
and “Xizi” set X = WNY. Elements of X are called “Xizi” numbers:
for example, 54 = W(4,10) = Y (3,3), 56 = W(2,18) = Y(1,7) are
both Xizi numbers.

(i) Find the sum of the largest and the smallest Xizi numbers.
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(ii) If n € Y and the representation of n as Y'(a,b) is not unique,
then it is called an “elite number”. For example, 30 is elite as
30=Y(1,5) =Y (2,3). How many numbers in Y are elite?

(Contributed by Tao Pingsheng)

Solution

(i) The same as that of Problem 1, 10th grade, Second Day.

(ii) If m is elite, there exist positive integers a, b, ¢, d, such that Y (a,b) =
Y(e,d) = m, or m = ab(a+b) = cd(c+ d). Assume a < b, ¢ < d, and
ordered pairs (a,b) # {(c,d). Further, assume a < ¢, and we obtain a <
c<d<borelse Y(a,b) <Y(c,d). Let p = (a,b), q¢=(c,d). Without
loss of generality, first, assume (p, q) = 1 (otherwise, divide a, b, ¢, d by
(p,q)). Clearly, ¢ < 10, or else Y (¢,d) = c¢d(c+d) > 11-11-22 > 2020.
There are three situations on p, q.

Case 1: p=q = 1. Then a,b, ¢,d are pairwise coprime. As m < 2020, m
has at most four distinct prime factors, or else m >2-3-5-7-11 = 2310 >
2020. Since a < ¢ < d < b, it must be a + b > ¢ + d; in addition, ¢,d,c+ d
are pairwise coprime, by the pigeonhole principle, at least two of the three
numbers ¢, d, c + d are prime powers, and the third has at most two prime
factors.

It is easy to see a < 8,¢ < 9; otherwise, ¢ > 10, d > 11, and Y (¢,d) =
cd(c +d) > 10 x 11 x 21 > 2020. As ¢,d,c + d are pairwise coprime,
m = cd(c+ d) has either three or four prime factors. We discuss as follows.

Case 1A: m has three prime factors, m = p'ps?p3®. As ¢ = (¢, d) = 1,
we must have ¢,d,c + d in the form of fi = pi*, fo = p3?, f3 = p3°,
respectively, where f1 < fo, f3 = f1 + fo.

Since a,b,a + b are pairwise coprime, ab(a + b) = m = p{*p5?ps?, it
follows that all prime factors of a,b,a + b are p1,p2,p3, a < ¢ = f1 =
min{py", py*,p5*}, and it cannot be a = p; (1 < 7 < ay) (otherwise,
p?jir divides b or a+ b, contradicting that a, b, a+b are pairwise coprime!).
Soa =1, and (b,a +b) = (fifj, fx) or (fu, fifj). Since fz = fi + fa,
a+b>c+d= fs, it must be a+b= f1f (otherwise, a+b= f1f5 or fafs,
then a + b > 2f3 > max{fi1, fo} + 1 > b+ a is contradictory), and thus
b:f3 Solving f1f2 :a+b: 1+f3 = 1+f1+f2, we find f1 :2, f2 =3
and one solution (a, b, c,d) = (1,5,2,3).



330 Mathematical Olympiad in China (2021-2022)

Case 1B: m has four prime factors, m = pi"'p3?p5°py*. Now denote f; =
pjo.‘j,j =1,2,3,4 and assume fy is the largest. Then, among the pairwise
coprime numbers ¢, d,c + d, two of them are distinct f;, while the third
is the product of the remaining two f;, f;, and it cannot contain f; as
otherwise f;f; > 2f4 becomes larger than the sum of the other two. Thus,

ctd=fi=fi+ fofs @

or

ct+d=fifo=fz+ fa @
Recall that p = (a,b) =1, and a, b, a + b are pairwise coprime.

(19) If @ > 1, then among a, b, a + b, two of them are distinct f;, while
the third is the product of the two f;, f; excluding fs. In specific, a + b is
either fy, or non-fy product of two f;’s. As a4+ b > ¢+ d, the two sums
cannot be both f4, nor can be both non- f4 products of two f;s, as otherwise
ctd=fife=fs+ fa, at+b= fifs = fa+ fa, subtracting fifa = f3+ f4
from f1fo = f3+ fa, we get (f1 +1)(f2 — f3) =0, a contradiction.

Consequently, c+d = fs = f1 + fofs, a+b= fifo = fs+ f4, or vice
versa (swap a + b and ¢+ d). Plug f4 = f1 + fofs into the other equation
to get

fs(fo+1) = fi(f2—1). ®

As (fi,fs)=1,and (fa+1, fo—1)=1or2:

If (fo+1, fo —1) = 1, then fs is even, fo = 2%, and by (3), we have
f1 = fg + 1,f3 = fg — 1. When fg = 22 = 47 (a,b,c,d) = (3,17,5,12) is a
solution. When fy > 23, m > 2020, no solutions exist.

If (fo+1, fo —1) = 2, then fy is an odd prime power,

<f2;1, f221> =1, and by@, we find
o+l fo—1
fl* ) 7f3* 9 .

When fo =5, (a,b,¢,d) = (2,13,3,10) is a solution. When fo > 7, it leads
to m > 2020 and no solutions exist.

(29 If @ = 1, then (a,b,a + b) = (1,b,b+ 1), and neither of b,b + 1
can be the product of three f;’s: because f1fafsfs = abla +b) =b(b+ 1),
it b= fifafs, then fy =b+1= fifofs+1; orelse b+ 1= fi1f2fs, then
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fa=b= fifofs — 1, nevertheless it must be fy > fi1 + fofs, and fifs <
f3 + fa, indicating the nonexistence of ¢, d, c + d.

Hence, one of b, b+1 is the product of f; and the minimum of { f1, f2, f3},
and the other one is the product of the other two f;’s. As we require ab(a+
b) <2020, or b(b+ 1) < 2020, b < 44.

For b € {1,2,...,44}, there are nine b values such that b,b+ 1 are both
products of two prime powers, which are

14, 20,21, 33, 34, 35, 38, 39, 44.
Accordingly, we find seven solutions

(1,14,3,7),(1,20,5,7),(1,21,3,11),(1,33,6,11), (1, 34,7, 10),
(1,38,6,13), (1,44,9,11).

There are totally 10 solutions in Case (1).

Case 2: pg > 1. We only assume a < b, ¢ < d for now. The relation
between a and ¢, b and d will be discussed later.

First, let ¢ > p > 1, ¢®|cd(c +d). As (p,q) = 1, ¢® divides one of the
integers a,b,a +b. If ¢ > 4, then a + b > 43 = 64, and m must be larger
than 2020. Hence, ¢ = 2 or 3.

Let ¢ = qc1,d = qdy, (¢1,d1) = 1. For ¢:

(19) If ¢ = 3, then 27]ab(a +b). As a < 10, we must have 27|b or
27|a + b. From m < 2020, it follows that b = 27 or a + b = 27.

2020
(A) If b = 27, then a(a + 27) = c1di(c1 + dp) < 7 < 75, a < 3, and

hence a is 1 or 2. If a = 1, 28 = c1d;(c1 + dq), since 28 = 22 x 7 has only
two prime factors, ¢c; = 1, and it becomes 28 = d;(1 + dy), which has no
integer solutions.

If a = 2, the above equation becomes 58 = c1di(c; +dy), and ¢; = 1,
giving 58 = dy(1 + d1), again, no integer solutions.

2020

(B) If a + b = 27, then a(27 — a) = c1di(c1 + d1) < =T < 75, and
a < 4;as (a,a+b) =1, (a,27) =1, a can only be 1 or 2.

For a = 1, we have 26 = c1di(c1 + d1), c1 = 1, and 26 = d1(1 + d;) has
no integer solutions.

For a = 2, we have 50 = ¢1di(c1 + d1), c1 = 1, and 50 = d;(1 + d;) has
no integer solutions, either.
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(2°) If ¢ = 2, then p = 1, 8|ab(a +b).
(A) If 8la, then a = 8, b > 8 is odd,

2020 505
b(8+b) = Cldl(cl +d1) < T = T,

but c1dy(c1 + dy) is even, b must be even, a contradiction.

(B) If 8 b, let b = 8k, and we have

2020 505
my = % = ak(a+8k) = cldl(cl +d1) < T = T

As c1di(c1 + dy) is even, a is odd, k must be even: from 8k = b < 44, we
get k=2or k=4.

If k = 2, then b = 16, my; = 2a(a+16) < 252, and so a < 5, a+16 > 2a.
We assert that T' = a+16 is not a prime. Indeed, if ¢; > 1, then the number
in ¢1, dy, c1+d; that is divisible by 7" must be greater than the sum of the
other two, which is impossible. Hence ¢; = 1, which gives a + 16 = 2a + 1
or 2a — 1, and it follows that @ > 10 either way, a contradiction.

Now, as T is not a prime, a > 5: when a = 5, we find two solutions
(a,b,c,d) = (5,16,2,28) or (5,16,6,14).

If kK =4, then b = 8k = 32, m; = 4a(a + 32) < 252, and a = 1, giving
one solution (a, b, c,d) = (1,32,2,22).

(C)If 8|(a+1), let a+ b= 8k, and we have

m 2020 505
my = g :abk:cldl(cl +d1) < T = T
As c1dy(c1+dy) is even, while a, b are both odd, it must be 2 |k, a+b < 45,
and thus & = 2 or 4.
If kK =4, then a + b = 32,
2020 505
mp = m = 4a(32 — a) = cldl(cl + dl) < — = —,
8 8 2
hence a < 3; as a is odd, a = 1. Now c1d;(c1 + di) = 4 x 31 has only two
prime factors, ¢; = 1, but d; has no integer solutions.
If £k =2, then a + b = 16,
m 2020 _ 505

mi = 5= 2a(16 — a) = c1di(c1 + dh) < < )

always holds. On the other hand, ¢ must be odd, a < b, and thus a is in
{1,3,5,7}.
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When a = 1, 2a(16 — a)=2 x 3 x 5=1 x 5 x 6, giving (a,b,c,d) =
(1,15,2,10) or (1,15,4, 6);

when a = 3, 2a(16 —a)=2 x 3 x 13, as 13 > 2+ 3, 1+ 6, no solutions
exist;

when a =5, 2a(16 — a)=2 x 5 x 11, giving (a, b, ¢,d) = (5,11, 2,20);

when a =7, 2a(16 — a)=2 x 7 x 9, giving (a,b,¢,d) = (7,9,4, 14).

Altogether, there are 7 solutions in Case (2):

(5,16,2,28), (5,16,6,14), (1,32,2,22), (1,15, 2,10), (1, 15,4, 6),
(5,11,2,20), (7,9,4, 14).

Case 3: (p,q) # 1. Reduce it to (p,q) = 1 by taking (a,b,c,d) =
k(a,b,¢,d), where k > 2 is an integer. Then (a,b,¢ d) must be one of
the 17 solutions derived from Case (1) and (2). We call such (a,b,c,d) a
derivative solution.

The elite number m = ab(a + b) = k*m, where m = (@ + b)ab, it must
_ 2020 505 _
bemgT:T,ormg%Q.

In Case (1), only two solutions (1,5,2,3), m = 30 and (1,14,3,7),
m = 210, meet the criterion m < 252.

From (1,5,2,3), we obtain derivative solutions (2, 10,4, 6), (3,15,6,9),
and (4,20,8,12);

From (1,14, 3,7), we obtain (2, 28,6, 14).

In Case (2), there are two solutions (1,15,2,10),(1,15,4,6) both with
m = 240, and they give (2, 30,4,20) and (2, 30, 8,12).

In all, there are 6 derivative solutions. Finally, note that there are 3
elite numbers each having three representations as Y (a, b):

m = 240, corresponds to (1,15,2,10), (1,15,4,6), (2,10,4,6);
m = 1680, corresponds to (2,28,5,16), (2,28,6,14), (5,16,6,14);
m = 1920, corresponds to (2,30, 4,20), (2,30,8,12), (4,20,8,12).

As each of them is counted two additional times, there are 10 + 7 + 6 —
3 x 2 = 17 elite numbers in total. (I

In a quadrilateral ABCD, ZABC = ZADC < 90°. The circle
with diameter AC is centred at O and intersects BC,C'D at points
E, F (other than C), respectively. Let M be the midpoint of BD,
AN 1 BD with foot N, as shown in Fig. 2.1.
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Show that M, N, E, F are concyclic.

(Contributed by Zhang Pengcheng)
Solution The same as that of Problem 2, 10th grade, Second Day. 0

Let a1,a9,as,...,an,... be the sequence of all square-free positive
integers in the ascending order. Show that there are infinitely many
indices n satisfying a,+1 — a, = 2020.

(Contributed by Yang Xiaoming and Wu Yupei)

Solution First, we need a lemma.

1
Lemma ) — <0.48.

p prime p

Proof of Lemma

Zl<1+1+1+1+ 1+1+
2 74 9 25 49 9-11  11-13

p prime

1 1 1 1 1
=-4+-4+—4+—4+— .48.
4+9+25+49+18<0 8
For the original problem, we need to find a positive integer = such that
x and x + 2020 are both square-free, but every « + ¢ (1 <4 < 2019) in
between contains a square factor.
Take 2019 distinct prime numbers p1, po, .. ., p2019, pi > 4039(1 < i <

2019\ 2
2019). Let ap = k ( 11 pi) + x, where k and x are positive integers,
i=1
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2

2019

1<z < ( I1 pi> satisfies the system of congruence equations = + i =
i=1

0 (mod p?), 1 <4 <2019. The existence of x is guaranteed by the Chinese
remainder theorem.

We must find a positive integer k such that z and xj + 2020 are square-

2019
free. Let N > 2440000 ( I pl) be a fixed, large integer. Then 0.01N >
i=1

2019
2 ] piv'N + 2. Since p; > 4039, p; (1 < i < 2019) is not a prime factor of

=1
:C]: or xx + 2020.
2019
For convenience, denote M = [] p;.
i=1
For any prime p, the congruence equation xj, = kM? + 2z = 0 (mod p?)
N
has at most — solutions in 1 < k < N.
p
Similarly, zj, + 2020 = kM? + z + 2020 = 0 (mod p?) also has at most

N
L?—‘ solutions in 1 < k£ < N.

It is worth noting that when p > M+vN +2 > VEM?2 +2M?2 >
VkM?2 + x + 2020, the divisibility in the above two congruence equations
cannot occur. Therefore, in [1, N], the number of integers k such that xj
and xy + 2020 are both square-free, is at least

N-2 > L%}EN—QN > %—2 o1

p prime, p prime, p prime,

p<M~V/N+2 P<M~/N+2 P<M~/N+2

> 0.04N —2M+/N 42 > 0.03N.

Here, the estimate on the second line comes from the lemma and the condi-
2019\ 2

tion N > 2 4 40000 ( I1 pz-) . Letting N — +o0, the conclusion follows.
i=1

0

An inkjet printer is used to print on a paper strip with 1 x n grids.
When the nozzle prints on the ith (1 <14 < n) grid, it becomes black;
and each of the adjacent grids, the (i — 1)th and the (i + 1)th grids

(if they exist), independently has a probability of 3 becoming black.
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Let T'(n) be the expected number of prints needed to make all grids
black, provided that the optimal strategy is adopted (make as few
prints as possible). Find the formula of T'(n).

(Contributed by Luo Ye)

Solution The same as that of Problem 4, 10th grade, Second Day. O
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The 18th China Southeastern Mathematics Summer Camp and China
Southeast Mathematical Olympiad (Hongcheng Cup) was held on July
26th—31st, 2021 at Nanchang No. 2 Middle School, Nanchang, Jiangxi
Province. The contest was carried out both onsite (about 1100 participants)
and online (about 400 participants). Academician Tian Gang, chairman of
the Chinese Mathematical Society, attended the opening ceremony and
gave a one-hour inspirational lecture to the students. The contest commit-
tee consisted of 15 experts and scholars from Peking University, Tsinghua
University, Fudan University, Zhejiang University, East China Normal Uni-
versity, Fujian Normal University, Nanchang University, Jiangxi Normal
University and Hong Kong University. There were first year and second
year (of senior high school) levels, and each lasted for 2 days. The follow-
ing are the problems and suggested solutions.

10th Grade
First Day
(8 am — 12 pm; July 28, 2021)
Let {ay} be a decreasing sequence of positive real numbers, such that

a; = 2 and

ai(an,l +1)+ aifl(an +1) —2anan-1(anan-1+a,+1)=0

337
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for n > 2. (1) Find ap,n > 1; (2) let S, = ilai, show that
i=
ln(g + 1) < S, < In(n+1).
Solution (1) The recursive formula can be written as
(an — an-1)* = anan_1(an — an_1) —2a2a%_, =0, or
(an — an—1+ anan—1)(an — an-1 — 2anan_1) = 0.

Since 0 < a, < an_1, it follows that a, — a,_1 — 2a,a,_1 < 0, leaving
1 1 1

ap — Ap—1 + ana,_1 = 0. Hence — — =1,a, = ——.
an  QAp—1 n+1

(2)(By Chen Haoran) Consider f1(z) = ﬁ, fo(z) = e, fs(z) =1+ .

They are touching each other at (0,1) and f; > fo > f3 for 0 <z < 1. Let
x = 1/n, take the logarithm of the functions, and find

ln(1+l><l<ln<1+L>.
n n n—1

Consequently,

1 1 1 3 n+1
Sn—§+§+~~+n—+1<ln2+ln§+~~~+ln =In(n+1),
(SRS PIUUSPIIE SN N IS SN PP Lk W
n:— — DY —_— n— n— DY n = n 5

2 3 n+1 2 3 n+1 2

as desired. ]

In AABC,AB = AC > BC,0 and H are the circumcentre and
orthocentre of AABC, respectively. Let G be the midpoint of AH,
BE be the altitude on AC, as illustrated in Fig. 2.1. Prove that if
OE||BC, then H is the incentre of AGBC.

Solution To begin, notice that GH bisects ZBGC, and it suffices to prove
/GBH = /ZCBH.

Let the extension of BG beyond G meet AC at point F'; ©O and ©0O’ be
the circumcircles of ABC and AHC, respectively, as shown in Fig. 2.2. By
properties of orthocentre, it follows that ©0’ and ©®O are symmetric with
respect to AC. Let the extension of BE beyond E meet ®O’ at point D.
Then

BE = ED. ©
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Connect CD,O'E. Let the line GE meet CD at point T and meet ©0’
at points M, N(M is on the extension of EG beyond G). Since OF//BC,
we have ZAEO' = /AEO = /ACB = Z/AHE.

Moreover, AE1 BE, and hence O'E1MN, indicating that E is the
midpoint of the chord MN. Apply the butterfly theorem to @O’ and obtain

EG = ET. @

From (1) and (2), it follows that BG//TD,EF = EC. Hence, /GBH =
/FBH = /CBH, and H is the incentre of AGBC. O

Remark (By Chen Haoran) Alternatively, drop perpendiculars from O, E
to BC with feet K, L, respectively. Let Z/CAK = /EBC = o, BK = 1.
We find
K- BK B 1 B I
tan /BOK  tanZBAC  tan(2a)’

EL = BEsin(a) = BC cos(a) sin(a) = sin(2a).
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Use OE//BC to find OK = EL, and the above quantities are equal.
To show BH bisects ZGBK, it suffices to verify Z/GBK = 2/HBK. This
is secured by

1 1 1 1

and

1 1
tan /GBK = GK = 3 (tan(a) + tan(oz))

S S U EP
~ sin(2a)  EL  OK SRec).

Given an odd prime p and a sequence of integers {u,},n > 0. Define
the sequence

n
n .
an(i>plui, n> 1.
1=0
Prove: if there are infinitely many values of n such that v, = 0, then
for all n > 0, v, = 0.

Solution Define rational polynomial (polynomial with rational coeffi-
cients)

N
Z x(x—1)--(x—i+1),
i=0
where p is an odd prime, u; is an integer, 0 < i < N. Clearly, for m < n, we
have R, (m) = v,,. Suppose there exists a sequence of nonnegative integers
myj,j = 1,2,... such that v, = 0. We are led to prove v, = 0 for every
nonnegative integer r, that is, p!|v, for all | € N*.
For a rational number s, denote vp(s) as the highest power of p that
divides s. It suffices to show v, (v,) > I. Take k sufficiently large, such that

2
k- —1>lN>7" and N > my. Then v, = Ryn(r), and Ry(m;) = 0,

1=1,2,..., k. This implies that

Ry (x) = (x —ma)--- (z —mp)h(z) @
for some h(z) € Q[z], and vp(v,) = vp(Rn (1)) > vp(h(r)). Now for h(x) €
Qla], let

x) = Z a;r’, Ux()i)( = min vy (a;).

>4
=0 gz



China Southeastern Mathematical Olympiad 341

Lemma Let f(x),g(x) be rational polynomials such that

9(x) = (x —m)f(z)(")
for some integer m. Then, for every i < deg f, ’u,(,i) (f) > UZ(,iJrl)(g).

n . n+1 .
Proof of lemma Let f(z) = > a;2",g(x) = > bjz’. From (*), it follows
i=0 =

=0
that V5,1 < j <n,

aj =bji1 +mbjia+ -+ m" by

Thus, for every j > i,v,(a;) > min v,(b;) = v,(,iﬂ)(g). We conclude

jZitl
o () = v V().
Return to the original problem. Clearly,
vp(0r) = vp(Ry (1)) = wp(h(r)) = vl (h(x)), @

By (D) and the lemma, it follows that v,(,o)(h(x)) > v,(,k) (RN ().

N i _9
Since RN(:E) - Z p_uzz(xil) T (:I}*Z'+]_), and Yp <p_'> Z ip 17 we
2!

= !

-2
infer that U,(,k) (Rn(x)) > k% > 1. Combine (2) and the above inequali-

ties to derive vy, (v,) > I. The argument is complete. O

There are n > 5 points, labeled 1,2, ..., n, arbitrarily arranged on a
circle. We call such a permutation S. For a permutation, a “descend-
ing chain” is a clockwise sequence of consecutive points (at least
two) with descending labels, and it is not a sub chain of any longer
descending chains; the “pivot” of a descending chain is the point with
the largest label, and all other points are “non-pivots”. For exam-
ple, the clockwise permutation 5, 2, 4, 1, 3 contains two descending
chains 5, 2 and 4, 1, where 5, 4 are pivots, 2, 1 are non-pivots. Apply
the following operations on S: first, find all the descending chains of
S and delete all the non-pivots; then, for the remaining points, find
all the descending chains and delete all the non-pivots; and so on,
until no descending chains can be found. Let G(S) be the number of
descending chains that have appeared in the whole process; A(n) be
the average of G(S) among all permutations S of 1,2,...,n.
1 101 1

83
1) Fi : F > i —n——< A < —n—-—.
(1) Find A(5); (2) For n > 6, prove 120" "3 S (n) < 120" 3
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Solution Evidently, A(1) = 0, A(2) = 1. Define S(n) = A(1) + A(2) +
-+ + A(n). In the context, all the permutations, sequences and so on are
in the clockwise direction.

Lemma For n > 3, A(n) satisfies

1 2 2n —3
S(n—1 - <A < S(n—1 P AS—
oo D g S Al S o= Sh -1+ 9r s @
Proof of Lemma Suppose S’ is an arbitrary permutation of 1,2,...,n on

a circle. Fix n as the starting number and consider n — 1: they divide the
circle into two sequences Sy/, So/, the former starts with n and the latter
starts with n — 1. For a sequence whose starting number is the largest,
after a few operations it will reduce to a single number which is the start-
ing number itself. We say this sequence is “completed”. A key observa-
tion is that the number of descending chains that will appear in S, and
Sor are G(S1/), G(S2/), respectively, and there is an extra part when they
combine.

During the process, if S1- is completed earlier, then n will catch up with
n—1 and take the role of n—1 thereafter, generating no additional descend-
ing chains in the process. Symmetric to S’, we interchange the numbers n
and n — 1 and denote this permutation as S”. In S”, n — 1 will catch up
with n first, and it must wait until the sequence that starts with n is com-
pleted, then n and n — 1 takes one operation at last. In this case, the two

symmetric permutations S’ and S” will generate % descending chain on
average beyond G(S1/) + G(S2).

The only exception is when Sy and S are completed at the same time.
Then S’ and S” (obtained from interchanging n and n — 1 in S”) both take
one additional operation to eliminate n — 1. In this case, they will generate

1 1
another 5 descending chain on average beyond G(S1/) + G(S2) + 3 By

assumption n > 3: if one of Sy, and Sy has length 1, of which the probabil-
G(S") + G(S")

1
ity is e the exceptional situation cannot occur, and ST E——
n—

1
G(S1/) + G(Sor) + X for all others, we have

G(S) +G(S")

G(Slf) + G(Sg/) + B

N~
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Putting them together and taking the average, it follows that

1

< A(n) < nlg(A(i)—&—A(n—i))—i— (uﬁ),

which is exactly (1). The lemma is verified.
By (D), it follows that

ZtiS(n—l)—i—%SS(n)gZtiS(n—l)—i—%.
Now we find
S(n)+gzz+1(5(n—1)+n;1), ®
and
S(n)+n—igz+1(S(n—1)+(n—1)_i>. ®
Use (2) and (3) repeatedly, to derive
(n+1)n k n
S(n)2m<s(l€)+§) — 3 @
(n+1)n 1 1
0= G (W) (o) @

3 7
for k > 2. Some direct calculation yields A(3) = 2 A4) = 3 Forn =5, it

is necessary to count the number of exceptional situations, that is, the per-
mutations for which S7. and Sy are completed at the same time. According
to the lemma, it must satisfy

(a) that 5 and 4 are not adjacent;
(b) that one of the numbers 1, 2, 3 belongs to S/, while the other two
belong to So and are descending.

Fix n = 5. There are 2 ways to fill the number 4 and 3 ways to pick
the one number for Sy- in (b). So, there are 2 x 3 = 6 permutations each
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1
with 1 additional descending chain; all others have 3 additional descending

chain on average. Hence,

A(5) = Z(A(1) + AQ@) + AB) +AW) + 5+ x o2 =1

and S(5) = A1) + - + A(5) = 68—3

Plug k = 5 into (@) and (5). For n > 5,

S(n)Zn(n+1x§l>’

30 8 2
n+1 101 1
< 1) -
S(n)_n( 30 g >+4

Substituting them into @, we find

2 1 83 1
> — > " n-=
Am) 2 TS =D+ 5 2 5"~ 3
101 101 1
A(n) < infl < inf =
120 120 2
1 101 1
that is, ﬁn ——<A(n) < in — — as required. O
120 2 120 2
Second Day

(8 am — 12 pm; July 29, 2021)

To celebrate the 43rd anniversary of the restoration of mathematical
competitions, a math lover arranges the first 2021 positive integers
1,2,...,2021 into a sequence {a,}, such that any 43 consecutive
numbers add up to a multiple of 43.

(1) Prove if the two ends of {a,} are joined to form a circle, then any
43 consecutive numbers on the circle also add up to a multiple
of 43.

(2) Determine the number of all such sequences {a,, }.

Solution

2021 x 2022
(1) The sequence {a,} has sum S = — = 2021 x 1011. Since

2021 = 43 x 47,43|S. Every 43 consecutive numbers are called a “good
segment”, as their sum is divisible by 43. Join the two ends of {a,} and
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consider 43 consecutive numbers on the circle including a; and asg2;. Let
their sum be Sy. Remove those 43 numbers, leaving 1978 numbers that form
a subsequence of {a, }: let their sum be Sy. Since 1978 = 43x 46, these 1978
numbers are exactly 46 good segments, and thus 43|S;. As Sy = S — 51,
we have 43|Sp.

(2) Divide 1,2,...,2021 into 43 residue classes modulo 43: Ry, Ra, ..., Rus,
each with 47 numbers. We claim that in {a,}, every good segment (as
defined in (1)) forms a complete system of residues, and moreover

ar = Qyzpyr (mod43), r=1,2,...,43, k=0,1,...,46. O

Indeed, for good segments a,,ari1,...,0r142 and Gpi1,Grq2,. .., 0ry42,
Ar4a3, since 43|(ar + apq1 + -+ -+ apga2),43[(arp1 + - -+ Arpaz + arpaz), it
follows that

43|[(ars1 + arg2- -+ argaz + arga3) — (@r + Qrg1 + -+ + Arqa2)],

which is 43|(a,443 — a,), hence a, = aqz4, (mod 43). In the same manner,
A43+r = G2xa3+r (mod 43), and so on. S0, Gy, A434r, A2x43+41) - - - 5 B46x 4341
belong to R, and exhaust all the numbers of R,. (here the subscript r refers
to a, € R,, not remainder r). Since this is true for every r = 1,2,...,43,
the claim is justified.

Note that a complete system of residues modulo 43 forms a good seg-
ment, as %3: i = 0(mod43). This indicates that as long as (1) is satisfied,
the correslpénding sequence {ay} meets the problem conditions. There are
43! ways to choose the residue classes of a,as,...,ass; once they are all
determined, there are 47! ways for each residue class R, to settle the 47
numbers in the positions a4siir,k = 0,1,...,46. Altogether, there are
43! - (471)*3 arrangements of 1,2,...,2021 for making {a,}. The answer
is therefore 43! - (471)%3. a

In the cyclic quadrilateral ABCD, let E be an interior point on BC,
F be a point on AE, and G be a point on the exterior bisector

of /BCD, such that FG = FG,/FAG = %ZBAD, as shown in
Fig. 6.1.

Prove: AB-AF = AD - AFE.
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1 1
Solution It is known that /ZFAG = §ZBAD, ZECG =90° + §ZBC’D.

Hence,
1
/EAG + ZECG = 90° + §(ZBAD + £BCD) = 180°,

and A, E,C,G all lie on a circle, say w. Let the extension of CD beyond
D cross circle w at point K, as shown in Fig. 6.2. Notice that CG is the
exterior bisector of ZECK, and thus G is the midpoint of ECK of circle w,
AG bisects ZEAK, that is, ZFAG = /K AG. Meanwhile, from GE = GF
we find

/AKG =180° — ZAEG = 180° — /ZFEG = 180° — /GFE = ZAFG.

Together with /ZFAG = /K AG, they imply that AAKG = ANAFG, AF =

AK (D,
Since A, B,C, D are concyclic, A, F,C, K are also concyclic, we infer
/ADK = /ABE and ZAKD = /AEB, hence AADK «~ AABE. By (D),
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it follows that
AF  AK AD
AE ~ AF ~ 4B’
or AB-AF = AD - AE, as desired. O

Let a, b, ¢ be distinct positive reals. Prove

ab+bc+ ca <l< 1 n 1 N 1 >
(@a+b)(b+c)c+a) T\|la—=0b] |b—c| |c—al)

Solution (By Chen Haoran) By symmetry, assume a > b > ¢ > 0. On
one hand,

ab + be + ca ab + be + ca 1

(a+b)(b+c)(c+a) (a+0b)(ab+ be+ ca+ c?) < a+b
On the other hand,

1 1 n 1 n 1 1 1 n 1 n 1
7\Ja—b |b—c |c—a|) T\a-b b—c a-c

>1 1 +1+1
T\a—=b b a)’

Based on the above inequalities, it suffices to prove

R S S T I S S R I
a+b T7T\a-b b a)’ a—b b a+b

by multiplying 7a on both sides and rearranging the terms. To justify it,
let x =a/b>1. We have

AR . R QU
a—b b at+b x—1 r+1
25+ T -1 (z—1)*(x—3)+2
(z—1)@x+1)  (z-1)(z+1)

Define f(z) = (z—1)*(z—3)+2. Ifz > 3, clearly f(z) > 0;if 1 < z < 3,
then

(x—1)*(z—3) = —%(x— 1)(z —1)(6 —2x) > f% <§> > —2

by the AM-GM inequality, and f(z) > 0, too. This completes the proof.
O



348 Mathematical Olympiad in China (2021-2022)

Find all positive integer pairs {a, b}, such that
1462(a) - p(ab) + 2262 (b) = a2 + 12, (*)

where p(n) represents the number of positive integers less than n
and relatively prime to n.

Solution We denote by p®||b that the highest power of p that divides b is
p%, that is, p®|b, but p®1 { b.
To begin, notice that if {a,b} is a solution of (*), p is a prime and

a
p?la, p?|b, then {—, —} is another solution. Henceforth, we assume for each
pp

prime p, at least one of a, b is relatively prime to p or divisible exactly by p.
The following properties of Euler’s function can be easily verified:

(a) when x > 2, ¢(z) is even;
(b) if 2¢||¢o(z), then x has at most « distinct odd prime factors.

If a,b < 3, then (*) cannot hold as the left-hand side is larger. Thus,
one of a and b must exceed 3, and 2|p(ab). This implies that the left-hand
side of (*) is even, and a, b are of the same parity.

If a,b are both odd, then the right-hand side of (*) is congruent to 2
modulo 4. If ab has two or more distinct prime factors, then 4|¢(ab), and
one of p(a), p(b) must be 1. Hence, one of a and b, say b, equals 1. Now,
(*) becomes

140%(a) — p(a) + 22 = a® + 1. ©)

Suppose 8|p(a). Then (1) leads to 22 = 2 (mod 8), a contradiction. Hence,
a has at most two distinct prime factors say p and ¢, but this means

-1 ¢—1\°
13p%(a) = 13 <quT> a? > 3a® > a?, @

negating (1) since the left-hand side is always larger.

We are led to assume that a, b are both even: let a = 2¢,b = 2d. If one
of ¢ and d equals 1, analogous to (1), the equation has no integer solutions
{2¢,2d}. Suppose c and d are both larger than 1. By the method of descent,
assume that one or both of ¢ and d are odd. There are two situations, the
first of which can be quickly ruled out:
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(i) if c and d have different parities, then 4||(a? + b?).

Since 2|p(a), 2|(b), it follows that 8|14¢?(a)+22¢?%(b), and 4[/p(ab). Since
cor d is even, 8lab. Let ab = 29m, where § > 3 is an integer, m is odd. We
see that p(ab) = 2°~1p(m) is divisible exactly by 4, that is, ¢(m) is odd,
m = 1,5 = 3, and ab = 8. However, this contradicts ab = 4ed > 16 and no
solutions exist.

In the following, we focus on the second situation:

(ii) if ¢ and d have the same parity. Clearly, they must be odd integers, and
we have

70%(c) — @(ed) + 1197 (d) = 2(c* + d*), ®

where ¢,d > 2 are odd. If 2|j¢(c), 2||¢(d), it is easy to verify
9\ 2
70%(c) > 7 x (g) > 256, @

2 2
110%(d) > 11 x <§> d? > 2.5d%. ®

Since ¢(cd) < ed < 0.5¢% + 0.5d2, the left-hand side of (3) must be larger,
and hence 4|p(c) or 4|p(d). First, assume 4|¢(c). If 16|p(cd), take (3)
modulo 16, to obtain

4=2(*+d*) =11¢(d)? (mod 16),

which implies 2||p(d), but then 11p?(d) = 12 (mod 16) is contradictory.
Therefore, 16 ¢(cd). The above argument can also be applied to 4|¢(d).

As a result, there are two situations to consider: either 4||¢(cd), or
8|l¢(cd). In any case, cd has at most three distinct prime factors; moreover,
if indeed three factors, then they are all of the form 4k+3.

Case 1, cd is a prime power, say the prime factor is p. According to
4|¢o(ced), p must be of the form 4k+1, and p|c, p|d. Then

70%(c) > 2.5¢2,  119%(d) > 2.5d2, ©
which opposes (3).

Case 2, cd contains two distinct prime factors, say p, q. We have the follow-
ing observations. First, notice that p or ¢ must be 3, otherwise (6) holds,
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and in (3) the left hand side is larger, contradiction. Second, ¢ and d cannot
be relatively prime, as otherwise ¢ and d each has only one prime factor,
and (6) holds, leading to the same contradiction. Third, if pg|c and pqld,
assuming ¢ > p, then p = 3. This implies 16|p(c), 16|p(d), and 4||¢(cd),
hence p, q are both primes of the form 4k +3. If ¢ > 7, then (6) holds again;
thus ¢ =7, and {p,q} = {3,7}.

If ¢?|c or ¢?|d, assume the former, then ¢2|p?(c),q?|p(cd), and so
*|11p2%(d), q|¢(d). Since ¢ > p, we have ¢ 1 (p — 1), ¢?|d, then ¢ divides
both c and d, yet this violates the assumption at the very beginning of the
proof. Therefore, ¢||c,q||d. Let ¢ = 3% x 7,d = 3% x 7. i) a = $3, then (3)
leads to 17¢%(c) = 4¢2,17|e, a contradiction. ii) a > 3, then 8 =1, and in
(3) the left-hand side

28.62-.3%072 _12.7.3%+F"1 1 44.6%. 32572
> (2836 —12-7)-3%072 1 44.6%.32°72
> 49(18 - 32072 118 3%072)
=2(a” + %),

again, contradiction. iii) o < B, no solutions for the same reason. In all,
there are no solutions when pg|c and pgq|d.

Now, we are left with the last situation: ¢ and d are not relatively
prime, pg does not divide both ¢ and d. Suppose ¢ and d have the common
factor p.

If pq|d, then ¢ has only one prime factor, causing

) 2 4\? ) 2\?
Hghd) 211 x (2 x =) >25, 7o) > (5] >25,

and (6) holds, contradiction. Thus pglc, p|d, (¢, ¢) = 1. Similar to the above
argument, it must be p = 3. If ¢ > 7, @ holds again, and hence ¢ = 5
or 7.

(i) ¢ = 5, then 3¢ (¢ — 1). If 3%|a or 32|b, assume 3%|a. Take (3) modulo
32 to obtain 3|11, impossible. The situation is similar when 3%|b. So it
must be 3||a, 3||b, and d = 3. If 52|a, take (3) modulo 5 to get 11¢?(b) =
2b% (mod 5). This implies that 2 is a quadratic residue modulo 5, which
is absurd. Hence, 5||a,a = 15. It is straightforward to check (a,b) =
(15,3) is a solution of (3), and hence (30, 6) is a solution of (*).
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(ii) ¢ = 7, if 3%|¢, then 3||d,d = 3,3|11p(d), a contradiction. Hence 3| c.
Let c =3 x 7%, d = 3% If a > 3, take (3) modulo 27 to obtain

7% 22 % 62 x 7272 =2 x 7%% x 9 (mod 27),

which can be simplified to 16 = 14 (mod 3), absurd. So d = 3 or 9,
indicating that

7p(c) — p(cd) = 1008 x 7272 — 18 x 6 x 7> !
> 900 x 7272 > 882 x 72272 = 2.2

Meanwhile, 11?(d) > 2d%. Now (3) becomes unbalanced, and no solu-
tions exist.

Case 3, cd contains three distinct prime factors, each of which has the
form 4k+3. Then 8|¢(cd), which gives 4]|¢(c) or 4||¢(d), that is, ¢ or d has
only one prime factor. If it is ¢, then

2
2
7(,02(0) > 7% (§> > 2502,

2 610\
200\ > < 0 1 2 542
11p%(d) > 11 x <3><7>< 11) ¢ > 2.5d*,
and @ holds. Thus, d has only one prime factor, say p, and the other two
prime factors of ¢d are g and r. First, 3|c, or else @ holds. If ¢ and d are

relatively prime, then 31d,p > 7, and
11p?(d) > 11- i—ng > 8d°.

In the meantime, ¢ has only two prime factors, thus 7¢?(c) > 7 x
2 36

2
(§ X 4—9) c? > 2.25, yielding

70%(c) + 11p3(d) > 2.25¢% + 8d? > 2¢® + 2d? + (0.25¢ + 4d?)
> 2¢? + 2d* + ¢(cd),

a contradiction. Hence, (c,d) # 1,p|c. If p?|c, by the method of descent,
p = d. Based on the previous argument, p?||11¢(d), but this is impossible,
so we conclude p||c. Take (3) modulo p twice, to derive p|7¢?(c), and hence
p =T or p divides one of g — 1 and r — 1, say ¢ — 1.

If p > 11, then ¢ > 19. A similar argument can show in (3) the left-hand
side must be larger. Therefore, p=3 or p=7.
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If p =7, then 7|e, 7|d, 7?|2(c* + d?). If 7%|d, then 7||c, and we must have
7?|p(ed), T*|p?(d), implying 72|7¢?(c), 7|r — 1. The smallest prime r of the
form 4k + 3 satisfying 7|r — 1 is » = 43, which gives

2 42

6 2

In addition, 11p2%(d) > 11 x < > > 8, and thus

70%(c) + 11¢*(d) > 2(c* + d?) + (0.18¢% + 6d°)
> 2(c* +d%) + p(cd),

a contradiction.
If p =3, let d = p®. Notice that

q p
4
2d :—d2
po(d) = g,
2 g—1 p-—1
pled) = = X X cd.
(cd) = 3 p ,

1
By the AM-GM inequality, we have 5902 (€) 4 2d? > 2¢(cd) > ¢(cd). Since

44
119%(d) = gdg > 2d% + 2d?, in case 6.5¢%(c) > 2c¢2, then the left-hand

side of @ is larger, which is contradictory.
If q,r # 7, we know

2
2 -1 -1 4 1 24

6.5 X —><q ><p— 2—x£x3—>2,
3 q p 9 121 361

and again the left hand side of @ is larger. Hence, ¢ or r must be 7.
Assume ¢ = 7,7 > 11. Let ¢ = 3 x 77, and 3|p — 1. If a > 3, then
27|p(cd), 27|¢?(d). Take (3) modulo 27 to find

Tx36x4x(r—1)2x7P72 572 =2 %32 x 7% x 27 (mod 27),
which can be simplified to

8(r —1)? = 7r? (mod 3).
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Since 3 1 r, it follows that 3 { (r — 1), and 2 is a quadratic residue modulo
3, a contradiction.

Therefore, a = 1 or 2, and d = 3 or 9. Since 3|¢(c), p(cd), taking (3)
modulo 3 yields 3|11¢?(d). Hence 32|d, and d = 9. Let e = 7°r7. Plug
c=3x7"xr7 and d =9 into (3), and we obtain

14¢2(e) — 9p(e) + 117 = 9¢2. @

If v > 2, then 7]p(e), 7)117, which is untrue.
We deduce that 8 > 2 is impossible, and thus 8 = 1. Let f = 7 and

simplify (7) to
5602(f) — 6p(f) + 13 = 49f2.

In the same manner, if v > 1, then 7|13, = 13. But 13 is a prime of the
form 4k + 1, a contradiction.
If v = 1, then o(f) = r — 1, and (7) reduces to

7r? —118r 4+ 85 =0,

which does not have integer solutions.

The final conclusion: with the assumption that for each prime p, at least
one of a, b is relatively prime to p or divisible exactly by p, there is only
one solution

{a,b} = {2¢,2d} = {30,6}.
By the method of descent, all solutions of (*) are
{a,b} = {30.2%.3°,6.2%.3%},

where «, § are arbitrary nonnegative integers. O

11th Grade
First Day
(8 am — 12 pm; July 28, 2021)

In AABC,AB = AC > BC,0 and H are the circumcentre and
orthocentre of AABC, respectively. Let G be the midpoint of AH,
BE be the altitude on AC, as shown in Fig. 1.1. Prove that if
OFE//BC, then H is the incentre of AGBC.

Solution See 10th grade, First Day, Problem 2. O
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Let p > 5 be a prime number, M = {1,2,...,p — 1}. Define

T ={(n,z,) : p|(nz, —1) in which n,z, € M}.

ne
Find the nonnegative least residue of >, n [—n] modulo p,
(n,xn)eT p
where [z] represents the greatest integer less than or equal to x.

Solution For each n € {1,2,...,p — 1},(n,p) = 1, clearly there exists
T, € M such that

nz, =1 (modp), @

or p|(nx, —1). For uniqueness, suppose x/ € M satisfies p|nz/, — 1, then
pln(z, — ) = ple, — ), = x, = 2.

Since p|nz, — 1, we may assume nz, =1+ m,p(1 <n <p-—1). From
(), it follows that

S -t Ko

n=1 n=1

p 1 p*l

Denote s = Z nm, = Z nmy, + Z( — n)myp_, as desired, and in

(D replace n by p—n to obtaln pl(p— n) — 1. Similarly, (p—n)xp_n, =
1+ mp_pp, which gives

NTp—n = —1 (modp). ®
Adding (D) and (2) yields n(zp—n + x,) = 0 (mod p), and thus

Tp—n + Tn = P. @
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Multiply (1) and (2) respectively by n and p — n to obtain

n?z, =n -+ nm,p (modp);

(p = n)?zp—n =p—n+ (p—n)mp_np (modp).
Adding the above equations and taking the summations over n, we have
p—1 p—1
~ - > pp—1) <
Zn ZTn + Z(p —n) Ty = —7— + Z[nmn + (p— n)mp_n).

2

n=1 n=1 n=1

According to @ and @, the above is equivalent to

p_1 p-1 p=1
plp—1 - : z
% +p8 ZPQT;xP—” - 2p7;nxp—n +7;n2(xp—n +mn)

=D pr n72pznxp n+znp

n=1 n=1

Finally,
) S St
p=1
2
=0-2) (-1)+0
n=1
-1
—9. 2> (mod p)
. p—1
that is, s = 5 (mod p). O

Given a,b,c > 0,a% + b* + ¢ < 1. Prove:

a b c
a2+bc+1+b2+ca+1+62+ab+l

+ 3abe < V/3.

Solution We use Y to represent the cyclic sum. First, notice that

Z Z - Z a® + abe (X (a®+ abc))2
a2+bc+1 a?+bc+17~ Z(a3+abc)(a2+bc+1)’
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where the last inequality comes from Cauchy-Schwarz inequality. Mean-
while,

> (a® + abe)(a® + be + 1)
=> (a®+abe)+ > a(a® + be)(a® + be)
=Y d®+3abc+ Y a®+ ) abe(2a® + be)
<> d®+3abc+ > a® +3)  abe.a®
<Y a®+3abe+ Y a® + abe

<2 (Z a’ + 3abc).

In the above relation, the equality cannot be attained as the requirements
a=>b=c=1anda?+b?+c? = 1 cannot be true simultaneously. It follows
that

a (X (a® + abc))2 (X a®+ 3abc)2
ZaiZaQ—i—bc—i-l 2 > (a3 4+ abe)(a® + be+ 1) ” 2 (3>~ a3 + 3abc)

1 s 1
— > — =
5 ( E a’ + 3abc) > 2(3abc+ 3abc) = 3abe,

and hence
a /
- - _ < 2) _ — _
E PR < E a—3abc < 4/3 (E a 3abe = V3 3abc,
that is,
a + b + ¢ + 3abe < V3
a2+bc+1 b24+ca+1l c24ab+1 ' O

For a positive integer k, if it is possible to remove a number from
My, ={1,2,...,k}, such that the sum of the remaining k— 1 numbers
in My, is a perfect square, then k is called a “Taurus number”; for
instance, 7 is a Taurus number, as removing 3 from {1,2,3,4,5,6,7}
results in the sum 1 +2 +4+ 546+ 7 = 52.

(1) Determine with reasoning whether 2021 is a Taurus number;
(2) Find f(n) (in terms of n), the number of Taurus numbers among
1,2,...,n.
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Solution (1) 2021 is a Taurus number, since removing 1190 from Mago; =

{1,2,...,2021} results in the sum of the remaining 2020 numbers equal to
2021
Sk — 1190 = 14292
k=1
(2) The answer is

l n(n—l)] it n(n+1)

is a perfect square,

2 2
f(n) = @
1 1
[ n(n_;r ) , if w is not a perfect square.

Alternatively,

) = [\/% . ®

We give two methods as follows.

Method 1 To begin, notice that the largest perfect square not exceeding

n(n+1) is n(n+1) ’
2 2

first few n values, as illustrated in the table: (By Chen Haoran)

the sum > k= . Compare it with f(n) for the
k=1

n 1[2[3] 4] 5] 6] 7] 8910111213
n(n+1)/2 |1[3[6]10 |15 |21 [28 |36 [45 |55 |66 |78 |91
[Vatn+D)/22 | 1]1]a] 9| 916 [25 [36 [36 [49 |64 |64 |81

f(n) of1f2 334556 7][8]8]09

we conjecture (1) is the answer. Let

2

p(n) =

n(n+1) n(n+1)
—5— V5

It is clear that n is a Taurus number if and only if ¢(n) € M, namely,
1< ¢(n) < n. For a non-Taurus number n, either p(n) = 0 (call it type
A), or p(n) >n+1 (call it type B).

Lemma 1 Defined = \/n(n; ) — \/n(n2 1). Forn>10<d<1.
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Proof of lemma 1 Notice that

nn+1) n(n-1)

4= \/n(n; 2 - \/n(n2_ 2 - \/n(n2+ 1) +\/n?n 1)

2 2

\/n(n;nz\/n(n21) \/1+ +\/11

. 2
sinced? = =

1
2+2¢/1- = 1+
n

<1,

and hence 0 < d < 1.

In(n—1) In(n+1)
From lemma 1, the integer parts of n dlffer

by at most 1. Hence
1 -1
][ q:m

2 2
, ,nn—1) .
Lemma 2 For integer n > 1, if — s mot a perfect square, then
1 1 ’
w1 _ [ fon-D]" |
2 2
. nn—1) .
Proof of lemma 2 Given that — is not a perfect square, we have

2
W %l < D) kg squaves to vield [ %l )

2
-1 -1 -1
< nin )> = n(n2 ) which is an integer. Therefore, %

2

[ n(n —1) 2+1.

2

Now we verify the conjecture (1) by induction on n. Obviously it is true

when n = 1. Assume it is true for every positive integer up to n — 1, and
consider (1) for n. There are two situations.
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(1) If p(n) =

According to lemma 1, dg = 0 or 1. If dy = 0, [

2

2

n(n+1)

2
[ M} , and then

p(n

|

dy — [ nn+1)

2

n(n+1)

2

2

[ n(n —1)

2

~n(n+1) n(n+1)

)= 7%~ 2

:n(n—i—l)_l n(n—l)]2
2 2

B n(n —1) n(n—1

T _[ 2

>n—+1.

> 0, define

n(n+1)

2

2

359

Clearly, n is not a Taurus number, and all the Taurus numbers in M,
belong to M,,_1 as well. Hence,

f(n)=f(n—1)=[ S ”]zl S
Ifdol,[ nn+1) [ M]l,andthen
2 2
~n(n+1) n(n+1) ’
@(n)Tl sk
_n(n+1) n(n —1) ’
(T
It suffices to show
n(n+1)[ n(n+1) 2<n
2 2 -
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2 2

n(n—1)<<l n(n —1)
2 - 2
n(n —1)

Since the left-hand side is an integer, it follows that —————= =

2
=AY
n(n —
B — <
so n is a Taurus number.

There is one more Taurus number in M,, = {1,2,...,n} thanin M,,_; =
{1,2,...,n—1}. Thus,

1 -1
equivalently, M - <[ M

+Q. @

n(n —1)

2
5 + 1) , and (4) holds, which implies (3),

f@)ﬂnn+1[ ﬂ%;ﬁ +1[ ﬂ%;ﬁ
(2) If p(n) =0, that is, S(n) =1+2+---+n = w is a perfect

1 -1
square. By lemma 1, d = \/n(n +1) — \/n(n2 ) < 1, and

2
_l n(n—l)] 4
2

n(n+1
By assumption, 4/ % is an integer, and the above equation becomes

n(n+1)
2

2 2
n(n;rl) _ ( ”(”;1)> is ( w1>,Note when n > 1,

2n(n+1) > (n+ 1)2, hence

( n(n+1)>2< n(n+1)1>22 n(n+1)71>n
2 2 2

n(n+1)
2

-1 =

-1
%1, as the preceding perfect square of
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This is to say, by removing any number from M, = {1,2,...,n},
n(n+1)

the sum of the remaining n — 1 numbers is always less than 5

2 2
1 1
<which is [ % > and greater than < % - 1) , thereby

not a perfect square; n is not a Taurus number. As a result, the num-
ber of Taurus numbers in M, = {1,2,...,n} is the same as that in

-1
M,_1 ={1,2,...,n— 1}, which gives f(n) = [ %]

The induction is completed and (1) is verified.

Method 2 If ng is a Taurus number, there exists k € {1,2,...,n0}, such

that w — k = m?, where m is a positive integer; m must be the
largest integer satisfying w <m?< W.

From w < m?, it follows that (2ng — 1)? < 1+ 8m?, or ng <
L;W, For the largest positive integer ng satisfying this inequality,
ng = %—1—87712 . Denote p(m) = L;W , p(m) is strictly

increasing for positive integers m, since

1+/1+8m+1)2 14+vV1+8m? /1+8(m+1)2— 1+ 8m?
2 2 B 2

B 8(m +1)% — 8m?
2(\/1+8(m + 1)2 + V1 + 8m2)
4(2m+1)
1+ 8(m+1)° + 1+ 8m?2

42m+1)  8m+4
3(m+1)+3m 6m+3

> 1.

1+ 4/1+8(m+1)°
2

1+ V14 8m?2

Therefore, p(m+1)—p(m) = 2

>

1. Furthermore, it implies that all the Taurus numbers have a 1-1 corre-
spondence with all p(m)(m = 1,2,...) values. Consequently, the number
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of Taurus numbers not exceeding m is equal to the number of posi-
tive integers m satisfying ¢(m) < n, that is, the largest m satisfying

1+ v1+8m? 2
% <n+1, orm?2 < n Jrn: as the right-hand side is an
integer,
2 2
5 _n“+n n“+n-—2
< —1=
"= 2
n?4+n—2
and m = — | = f(n). This justifies (2). O
. n(n +1)
Remark The formulas (1) and (2) are equivalent. Indeed, when —
is not a perfect square,
nin+1)| | [n(n+1) 1 n*+n—-2|
2 B 2 a 2 ’
1
when @ = m? is a perfect square,
2 -2 1
n®+n :n(n+)71:m2717
2 2
Z4+n—2
l‘/%] e [
1 —1 —1
Since nint1) = m?, we have nin=1) =m?—n > (mfl)g,M =
2 2 2
-1 1
m? —n < m?, and thus [ %] = m — 1. So, when % is a

perfect square, it is also true that

nin—1)| | [n®+n—2
2 | V2

The inequality m? —n > (m — 1)? is equivalent to

VvV1+8m2 -1
2m—1>n= e,

which holds for all positive integers m.
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Second Day
(8 am — 12 pm; July 29, 2021)

Let A = {a1,a2,...,an,b1,b2,...,b,} be a 2n-set, B; C A(i =
1,2,...,m). If U™, B; = A, the ordered m-tuple (B1, Ba,...,Bp)
is called an “ordered m-covering” of A; for the ordered m-covering
(B1,Ba,...,Bp), if every B;(i = 1,2,...,m) does not contain
both a; and b;(j = 1,2,...,n), then (By,Ba,...,By,) is called a
“no-matching ordered m-covering” of A. Let a(n,m) represent the
number of ordered m-coverings of A; b(n, m) represent the number
of no-matching ordered m-coverings of A.

(1) Find a(n,m) and b(n,m);

a(n,m)

b(n,m)

(2) Suppose for some integers m > 2 and n > 1, < 2021.

Find the largest possible value of m.

Solution (1) (Modified by Chen Haoran) First, we find a(n,m). Use
2n steps to determine an ordered m-covering (Bi, Ba,...,B,,) of A: for
1 =1,2,...,n, in the ith step, determine which of the sets By, Bs, ..., B,
contain a;, and which do not contain a;; in the (i + n)th step, determine
which of the sets By, Bs, ..., B,, contain b;, and which do not contain b;.
Notice that at least one of By, Bs,..., B,, contains a; or b;, so there are
=1\ J

the number of ordered m-coverings of A is

m
> (m) = 2" —1 ways to finish each step. By the multiplication principle,

a(n,m) = (2™ — 1)*".

Next, we find b(n,m). By definition of no-matching ordered m-coverings,
m > 2 is required. Similar to (1), use n steps to determine a no-matching
ordered m-covering (B1, B, ..., By) of A: for i = 1,2,...,n, in the ith
step, determine which of the sets By, Bo, ..., B,, contain a;, which contain
b;, and which contain neither a; nor b; (none can contain both a; and b;).
There are 3™ ways in total, 2™ of which do not cover a;, 2™ of which do not
cover b;, and one of which covers neither. Hence, there are 3™ —2m+! 1
ways to finish each step. By the multiplication principle, the number of
no-matching ordered m-coverings of A is

b(n,m) = (3™ — 2™t 4 1)",
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(2) From (1), we have

a(n, m) @m-D™ oo @ =27 D" oo
= T .
b(n,m)  (3m —2ml 4 )n = o %0 (gm _gmAl Ly =

(4'm _ 2m+1 + 1)n

Clearly, Gm 2 i 1) is increasing with respect to n. To find the
gm —om+l 4 q

largest possible value of m, set n = 1, that is, Fs ") < 2021.

Since

4m - 4m72m+1+1 4m72m+1 2m72

3 S g _gmii ] = 3m _gmil  15m_g’

" i gm —omtl 41 L b T m
1T 1S easy to verl y m 1S Increasing 1n m wnen m -~ 4. 3_771 >
2021, m > log, /32021, then

m > [log, 3 2021] + 1 = 27.

So it must require m < [log,/32021] = 26. On the other hand, when
2771 _ 2 2'”'1/
m 2 6, <
= 1sm_2 = 15m
m < [log, /5 2020] = 26.

+ 1 < 2021, and this gives m < log, 32020,

In conclusion, for a((n, m; < 2021 to be true, the largest possible value
n,m
of m is 26, attained when n = 1. O

As shown in Fig. 6.1, in the cyclic quadrilateral ABCD, the bisector
of ZBAD meets side BC' at F, and M is the midpoint of AFE. The
exterior bisector of ZBCD crosses the extension of AD at F'; the
line MF meets side AB at G. If AB =2AD, prove: MF =2MG.

Fig. 6.1
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1 1
Solution It is known that /ZFAF = §ZBAD, ZECF =90° + §ZBC’D,

and hence
1
LEAF + /ECF = 90° + §(ZBAD + /BCD) = 180°,

which implies that A, E, C, F all lie on a circle, say w.

Let the extension of CD beyond D cross circle w at point K. As shown
in Fig. 6.2, drop perpendiculars from F' to the lines AE and AK, with feet
X and Y, respectively.

Note that CF' is the exterior bisector of ZECK, thus F' is the midpoint
of ECK of w, and AF bisects ZCAK.

Since A, B,C, D are concyclic, A, F,C, K are also concyclic, we infer

that ZADK = /ABE, /AKD = /AEB, hence AADK «~ AABE, ‘j—g -
AD 1 . 1
E = 5, that 1S, AK = §AE

On the other hand, as AF bisects ZCAK, AFKY = AFEX KY =
1 1
EX = §(AE — AK) = ZAE' Therefore, X is the midpoint of EM. From

AK = %AE = AM, it follows that NAAKF =2 ANAMF, and

LAFG = /AFM = /AFK = /AEK. @®
Moreover, by properties of cyclic quadrilaterals,

/AEK = ZACK = ZACD = /ABD. ®
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From (1) and (2), ZAFG = ZABD. Thus, AAFG «~ AABD. Finally, by
. MF AF AB
the angle bisector theorem, VG- AG —AD — 2, namely, M F = 2MC|;

Find all odd integer pairs {a, b}, a,b > 1, such that
7% (a) — p(ab) +11¢°(b) = 2(a® +b7), ®

where ¢(n) represents the number of positive integers less than n
and relatively prime to n.

Solution We denote by p*||b that the highest power of p that divides b is
p®, that is, p®|b, but p>*1 1 b.
To begin, notice that if {a,b} is a solution of @, p is a prime and

a
p?la, p?|b, then § —, —} is another solution. Henceforth, we assume for each
pp

prime p, at least one of a,b is coprime with p or divisible exactly by p.
Since a,b > 2,2|p(a), 2|p(d). If 2||p(a), 2||¢(b), it is easy to see that

2
2
7<p2(a) > 7 (§> a® > 2.5a2,
2 2
11 (b) > 11 <§) b? > 2.5b7.

Notice that p(ab) < ab < 0.5a%+0.5b%, the left-hand side of (1) is larger
hence equality cannot hold. This indicates either 4|¢(a) or 4|¢(b). First,
assume 4|p(a). If 16]p(ab), take (1) modulo 16 to get 2(a® + b?) = 4 =
112(b) (mod 16), so 2||¢(b), yet 11p?(b) = 12 (mod 16), a contradiction.
We infer that 16 does not divide ¢(ab). The above argument also applies
when 4|p(b).

As a result, there are two situations to consider: either 4|p(ab), or
8|l¢(ab). In any case, ab has at most three distinct prime factors; moreover,
if indeed three factors, then they are all of the form 4k + 3.

Case 1, ab is a prime power, say the prime factor is p. According to 4|p(ab),
p must be of the form 4k + 1, and p|a, p|b. Then

70%(a) > 2.5a%, 11¢%(b) > 2.5b°. @)

As stated before, (1) cannot hold in this circumstance.
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Case 2, ab contains two distinct prime factors, say p, q. We have the follow-
ing observations. First, notice that p or ¢ must be 3, otherwise @ holds,
a contradiction. Second, a and b cannot be relatively prime, as otherwise
a and b each has only one prime factor, and (2) holds again. Third, if pqla
and pgq|b, assuming ¢ > p, then p = 3. This implies 16|p(a), 16|¢(b), and
4||¢(ab), hence p, q are both primes of the form 4k + 3. If ¢ > 7, (2) holds
again. Therefore, g = 7,{p,q} = {3,7}.

If ¢*la or ¢?|b, assume it is a, then ¢2|p?(b),q*|¢(ab), and so
¢*|11%(b), q|l¢(b). Since ¢ > p, we have q ¥ p — 1,¢%b, and ¢* divides
both a and b, but this violates the assumption at the beginning of the
proof. Therefore, ¢||a,q||b. Let a = 3%-7,b=3%-7. (i) if @ = 3, then (1)
implies 17¢%(a) = 4a?,17|a, a contradiction. (ii) @ > 3, then 8 = 1, and
the left-hand side of (1) equals

286232972 _12.7.39T"1 L 4q.6%. 3272
> (2836 —12-7)-3%072 4 44.6%. 32072
> 49(18 - 32972 1 18- 3%0-2)
=2(a® +b?),

again, contradiction. (iii) e < /3, no solutions, either. In all, there are no
solutions when pgla and pqlb.

Now we handle the last situation: a and b are not relatively prime, pg
does not divide both a and b. Suppose a and b have the common factor p.
If pq|b, then a has only one prime factor, causing

5 2 4\? ) 2\ 7
1P(0) 211 (52 ) >25.76%a) >7(5) >25,

and (2) holds, contradiction. Thus, pq|a,p|b, and (g,a) = 1. Similar to the
above argument, it must be p = 3. If ¢ > 7, (2) holds again. Hence, ¢ = 5
or 7.

(i) ¢ = 5, then 31 (¢ — 1). If 3%|a or 32|b, assume 3%|a. Take (1) modulo
3? to obtain 3|11, impossible. The situation is similar when 32|b. So it
must be 3||a, 3||b, and d = 3. If 52|a, take (1) modulo 5 to get 11¢?(b) =
2b? (mod 5). This implies that 2 is a quadratic residue modulo 5, which
is absurd. Hence, 5||a,a = 15. After verification, (a,b) = (15,3) is a
solution.
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(ii) ¢ =7, if 3%|a, then 3||b,b = 3, 3|11p(b), contradiction. Hence 3||a. Let
a=3-7%b=3 If a > 3, take (1) modulo 27 to obtain
7-22.62.7%672=2.7%¢. 9 (mod 27),

which can be simplified to 16 = 14 (mod 3), absurd. Thus, b =3 or 9,
indicating

70%(a) — p(ab) = 1008 - 7>*72 —18.6- 7+
> 900 - 7272 > 882 722 = 2%,

Meanwhile, 11¢%(b) > 2b%. Now (1) becomes unbalanced, and no solu-
tions exist.

Case 3, ab contains three distinct prime factors, each of which has the form
4k + 3. In this circumstance, 8|p(ab), which gives 4||¢(a) or 4||¢(b), that
is, @ or b has only one prime factor. If it is a, it can be easily checked that

2
2
7¢0%(a) > 7 (§> a’® > 2.5a2,
2
11¢%(b) > 11 (— e —) b% > 2.50%,

and (2) holds. So, b has only one prime factor, say p, and the other two
prime factors of cd are ¢ and r. First, 3|a, or else (1) holds. If a and b are
coprime, then 31b,p > 7, and

11¢%(b) > 11 - % % > 8b2.

2
2 36
Meanwhile, @ has only two prime factors, hence 7¢?(a) > 7 (§ . 4—9) a’ >
2.25, yielding
70 (a) + 11p2(b) > 2.25a% + 8b* > 2a® + 2b* + (0.25a” + 4b%)
> 2a® + 2b% + p(ab),

a contradiction. Hence, (a,b) # 1,p|a. If p|a, by the method of descent,
p = b. Based on the previous argument, p?||11p(b), but this is impossible,
hence p|la. Take (1) modulo p twice, to derive p|7¢?(b). So p = 7 or p
divides one of g — 1 and r — 1, say ¢ — 1.



China Southeastern Mathematical Olympiad 369

If p > 11, then ¢ > 19. A similar argument reveals that the left-hand
side of (1) is larger and equality cannot hold. Therefore, p=3 or p=17.

If p =7, then 7|a, 7|b, 7%|2(a® + b?). If 7%|b, then 7|/a, and we must have
72|p(ab), 7%|p?(b), indicating 72|7¢(b?), 7|(r — 1). The smallest prime 7 of
the form 4k + 3 satisfying 7|(r — 1) is » = 43, which gives

2 6 42\

2
6
In the meantime, 11p2(b) > 11 <?> > 8, thus
702 (a) + 11p2(b) > 2(a® + b?) + (0.18a” 4 6b%)

> 2(a” + b?) + p(ab),

a contradiction.
If p =3, let b = p®. Notice that

2 g-—1 r—-1 2 4
2 2 2 2
SD - : ° 90 b* b

(a) <3 q T )a, (®) 9"’

1
By the AM-GM inequality, we have 5902((1) +2b% > 2p(ab) > p(ab). Since

44
112(b) = EbQ > 2b% 4 2b%, in case 6.5¢p2(a) > 2a?, then (1) becomes
unbalanced, contradiction.
If q,r # 7, we know
2 ¢g—1 r—1 2>§ 100 324
3 q T

=9 121 361 °

and again the left-hand side of @ is larger. Hence, g or r must be 7.
Assume ¢ = 7,7 > 11. Let ¢ = 3.7%7, and 3|(p — 1). If « >3, then
27|p(ab), 27|%(b). Take (1) modulo 27 to find

7-36-4-(r—1)2. 720724272 = 9. 32720 .27 (mod 27),
which can be simplified to
8(r —1)* = 7r? (mod 3).

Since 3 t r, it follows that 3 1 (r—1), and 2 is a quadratic residue modulo 3,
a contradiction.
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Therefore, a = 1 or 2, and d = 3 or 9. Since 3|p(a), p(ab), taking (1)
modulo 3 yields 3|11¢p?(b). Hence 32|b, and b = 9. Let e = 7%"7. Plug
c=3-7"-77 and b =9 into (1) to obtain

140 (e) — 9p(e) + 117 = 9€2. @

If v > 2, then 7|¢(e), 7|117, which is not true.
We deduce that S > 2 is impossible, § = 1. Let f = 7 and simplify @
to get

560%(f) — 6p(f) + 13 = 492

Similarly, if 4 > 1, then r|13,r = 13. But 13 is a prime of the form 4k + 1,
contradiction.
If v = 1, then o(f) = r — 1, and (3) reduces to

7r? — 118r + 85 = 0,

which does not have integer solutions.

The final conclusion: with the assumption that for each prime p, at least
one of a,b is relatively prime to p or divisible exactly by p, there is only
one solution

{a,b} = {15, 3}.
By the method of descent, all solutions of (1) are
{a,b} = {15-3°,3.3°},
where 8 is any nonnegative integer. O
The integer sequence {z;} satisfies: for every ¢ = 1,2,...,z; €

{0,1,...,9},2z; = i—1 (mod 10). Suppose there are 2021 nonnegative
real numbers x1, xs, . .., T2021, satisfying

2D

i [\/j -
|/\
i\
N
_l’_
™
ol
3|
é\}ﬁ
T

2021
for k =1,2,...,2021. Find the least possible value of 5 z2.
i=1
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Solution To begin, let k = 10l+j+ 1,1 € N,j € {0,1,...,9}, and denote

1 10
Cp = 50 (10 — @) zk4;. By definition of {z;},
i=1
1
Cr = %(45(]' +1)4+120—-55(5 + 1)).
k k
Denote Dy = > x;,Sx = > z;. Clearly,
i=1 i=1
i
S =450 + NTJF) ®
For k =1,2,...,2021, it is required that
Dy, < Sk + O, = 451 + Aj, ®
(i1
where A; = 0.95 + 3.3 + 0.8”%).
On the other hand, for k =1, 2, ..., 2021, it is required that
i
450 + NTJF) < Dy.
2021
Suppose 3, ..,Th satisfy the inequalities and Y z? attains the least

i=1
possible value. Let kg = 0 and 1 < k1 < --- < ky < 2021 be all ordinals

k such that S, = Dy, k € {1,2,...,2020}. We call kq,...,k; reset posi-
tions. The objective function G := 2§1 x? is convex in each of the variables
X1, .., T2021- =

Lemma For every k,1 < k < 2021: if k is not a reset position, then
x, <y, and in case xy, < xy 1, Dp = Sk + Cx must hold; if k is a reset
position, then xj, > x} .

Proof of lemma If k is not a reset position, then Dy > Si. Suppose
xj, > xp,,, and we make the adjustment JACZ =1z} —¢, JACZH =xp+e,e>0. It
can be verified that when € > 0 is sufficiently small, the value of G decreases
due to the convexity, while all the restrictions are met. This violates the
optimal assumption of 7, ..., 2549;-

Similarly, if zj, <z}, ;, make the adjustment aAc,*c =z} +e, :fZH =x)—¢,
and the value of G decreases. Yet the only condition that may be broken
is Dy < Si + Ck. Hence, Dy, = S, + Cy.

On the other hand, if &k is a reset position, then Dy = S < S + Ck.
Suppose zy < zj,;, and we make the adjustment :ﬁ,*c =z + g,;/p\,*ﬁ_l =

Ti,; —€,€ > 0. In the same manner, it can be verified when € > 0 is
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sufficiently small, G decreases while all the restrictions are met. This com-
pletes the proof of the lemma.

The lemma reveals the following fact: between two reset positions, z, is
increasing; at the reset position k,xj > x},, is decreasing. We claim that
for k=1,2,...,2020, if £ = 0 (mod 10), then k is a reset position.

When & = 0 (mod 10), k can be written as 10l + 9 + 1. From (1),
it follows that Sy = Spy1 = 451 4 45; from (2), A, = Ag = 47.4. Also,
Agt1 = Ao = 3.3. In fact, Ay = Ay (mod10), and the values of Ag,..., Ag
are

3.3,5.0,7.5,10.8, 14.9, 19.8, 25.5, 32.0, 39.3, 47.4,

respectively, which form a convex increasing sequence. Evidently, we have

910
Thr = Diys — Dy S45(1+1) + Ag — 451 — —— = 3.3,

Assume the preceding reset position is & = 10I’ + j' +1 < k. By the
lemma, 23, | <ap/ 5 < < xp, and
J'G"+1)

x@H+z;H+~~+z;:5h—&y:4&LJU+45———?—<

/(]

Since 45 — m%l) > 4.5(9 — j') is true for every j' = 0,1,2,...,9,
and among x, ..., T} there are exactly 10(l — ") + (9 — j') numbers. It
follows that the average of xy, | + 7, , + -+ is greater than or equal
to 4.5. As xy, < x), o < -+ < is increasing, xy > 4.5 > 3.3 > xy ;
according to the lemma, & must be a reset position.

Now, it is clear that every 10th ordinal is a reset position, namely
10l € {ki,...,kn}. As the restrictions are periodically reset, it suffices
to consider the optimization problem between consecutive reset positions.
Furthermore, Sa020 = D2020, and we can just take z5p,; = 21 = 0 to meet
the restriction, 2545, = 0. The optimization problem to deal with is essen-
tially the following:

10 k k k
Find G = min Y 22, such that Y. z; > Sk = > 25, and Y x; <

L1yeeey T10 ;—1 i=1 i=1 i=1
10
Aj—1 hold for k = 1,2,...,10; moreover, > x; = S19 = 45. (This corre-
i=1
sponds to the least possible value G = 202G’ + (23y4,)° = 202G’.) Here,
S1,...,S10 are, respectively,

0,1,3,6,10, 15,21, 28, 36, 45.
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10
Consider a relaxed problem first: let xq,...,210 > 0, > z; = 45, and
i=1
k 10
S = 1; < Ap_q for k=1,2,...,9. Find the minimum of G” = }_ 2.

i=1 i=1
If the optimal solution also satisfies Dy > Si, k =1,2,...,9, then G’ = G'.

Define A} = A;(i =0,1,...,8), Ay = 45.

First, as the lemma indicates, for G” to be minimal, the sequence must
satisfy 1 < @y < --- < mq0; in addition, if xy < mpy1, then Sy = Al.
We call this k a leap position. Let kg = 0 and 1< k1 < ky < --- <
kar < 10 be the leap positions. Denote kps+1 = 10 and A" ; = 0. For each
j € {1,2,..., M}, the numbers between the (j — 1)th and the jth leap
positions, that is, all z:(kj—1 +1 < t < k;) are equal, say to x;. Since
xj < Tp; 41,7k > x; for all k > k; + 1. Define

/ i
£5(k) = Ay — Ak

j—1—1

— ) k=k;_ 1,...,10.
k_kj—l ) ]1+ ) ) @

. Y ) - .
By definition, we have Dy, , = A} _,; as z; is increasing,

J

1 1 / ’
% T 2 WS g ke T A ) = ),

where inequalities are strict for all k& > k; + 1. Hence f;(k),k = kj—1 +
1,...,10, attains the minimum at k = k;; in other words, k; makes f;(k),
k= kj_1+1,..., 10 minimal. If there are a few such k values, then k;
must be the largest one. Based on this observation, we can find k; in the
order j =1,2,.... The sequence A;,j =0,1,...,9,is

3.3,5.0,7.5,10.8, 14.9, 19.8, 25.5, 32.0, 39.3, 45.

Then, from @, the first k should be k1 = 3, and 1 = 22 = z3 =

A/
—2 — 2.5; the second one is ky = 4, and x4 = A} — A, = 3.3, and so on,

kg = 5,335 = Ail 7Aé = 4.1,]174 = 6,£E6 = A/5 7A£1 = 4.9,]{35 = 7,337 =
Al — Ap = 5.7, ke = 10,28 = xg = x19 = 6.5. So, an optimal solution for
G" is

(x),...,2) = (2.5,2.5,2.5,3.3,4.1,4.9,5.7,6.5,6.5,6.5).
For k=1,2,...,7,D, = A} > Si; for k =8,9,10, it is

Dg =32> 55 = 28, Dg = 385> 59 = 36, Do =45 = Syp.
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The solution satisfies Dy > S, for k = 1,2,...,10. Hence, it optimizes
G’ as well. The least possible value of G’ is given by

10

> () =229.7.

i=1
Correspondingly, the least possible value of G is 202 x 229.7 = 46399.4.
O



Northern Star of Hope
Mathematical Summer Camp

2021

The 4th Northern Star of Hope Mathematical Summer Camp (NSHMSC)
was held on July 25-29, 2021 at Tongliao No. 5 Senior High School,
Tongliao, Inner Mongolia Autonomous Region. During this 2-day competi-
tion, each participant worked on a set of four problems (15 marks for each
problem, 120 marks in total) on each day. In the end, there were 24 first
prizes, 55 second prizes, and 28 third prizes. Tang Jingi from the Beijing
United Team won the first place in the individual score; teams from Jinan
Licheng No. 2 High School, The High School Attached to Northeast Nor-
mal University, and Tsinghua University High School won the top three in
the group scores.

NSHMSC, established under the initiative of Mr. Qiu Zonghu, for-
mer vice chairman of the Chinese Mathematical Olympiad Committee,
has become a mathematics competition and exchange activity that is
widely participated by top high schools in Northern China. The purpose
of NSHMSC is to strengthen the exchange and cooperation of mathematics
competitions in northern China, and to promote the high school mathe-
matics competition level in this area. A total of 16 teams from Beijing,
Hebei, Jilin, Liaoning, Inner Mongolia, Shandong, Shaanxi and Tianjin
participated in the competition; most contestants are first year high school
students.
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The 4th NSHMSC committee chair: Liu Ruochuan (Peking University);
committee members: Leng Fusheng (Chinese Academy of Sciences), Zou
Jin (Gaosi Education), Jin Chunlai (Shenzhen Middle School), Tang Xiaoxu
(The High School Affiliated to Renmin University of China), Wang Chao
(Northeast Yucai School), Zhang Hongtao (Tongliao No. 5 Senior High
School), Zhang Lu (Gaosi Education), Su Qizhou (Gaosi Education).

First Day
(8 — 12 pm; July 27, 2021)

Let E, F be two points outside of the parallelogram ABCD, such
that AABE «~ ACFB; the lines DA and FB meet at G, the lines DC
and EB meet at H, as shown in Fig. 1.1.

Prove that D, E, F, G, and H are concyclic.

(Contributed by Wang Chao)

Fig. 1.1

Solution Connect FG and FH, as shown in Fig. 1.2.

D

W\
%

Fig. 1.2
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Since AABE «~ ACFB, we have ZABE = /CFB, /AEB = /CBF; since
ABCD is a parallelogram, AB// CD, BC// AD. Tt follows that ZAEB =
/CBF = /AGB, and A, B, G, E are concyclic; /ZCFB= /ABE = /CHB,
and B, C, F, H are concyclic. Consequently, /GEB=/GAB=/GDH =
/BCH = /BFH, that is, /GEH = /GDH = /GFH, indicating that D, E,
F, G, and H all lie on a circle. |

A primary school has several classes, each consisting of an equal
number of boys and girls. The size of each class does not exceed 2n,
where n is a positive integer. The headmaster plans to establish a
few activity groups, such that: (a) there are no more than 2n groups,
and each student belongs to exactly one group; (b) any two students
in a class belong to different groups; (c) for each group, the numbers
of boys and girls differ by at most 1. Prove that the plan is always
feasible.

(Contributed by Su Qizhou)

We give two solutions as follows.

Solution 1  Suppose there are k classes. Apply induction on n. When n =
1, each class consists of one boy and one girl. Let A, B be two activity

k k
groups: [5-‘ boys join A, and their classmates (girls) join B; the rest {EJ

11k <
2 20|~
it meets the requirements.

Suppose when n = ¢ (¢t € Zy), the plan is feasible. For n = t 4+ 1,
each class has no more than 2(¢ 4+ 1) students. Choose one boy and one
girl from each class, and let them join groups A and B as the case

boys join B, and their classmates (girls) join A. Since

n = 1. Now each class has no more than 2¢ students who are to join no
more than 2t groups. By the induction hypothesis, this is always doable.
Clearly, the requirements are all met. This completes the induction and the
proof. O

Solution 2 First, establish 2n activity groups with blank lists. We register
one class at a time, until all the classes are registered, and show that the
conditions are all satisfied at each time.

For the first class, let the 2n’ < 2n students register in distinct groups.
Clearly, the conditions are satisfied. Moreover, there are n’ < n groups
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with one more boy on the list, and n’ < n groups with one more girl on the
list. Suppose a certain number of classes have registered, such that there
are t < n groups with one more boy and ¢t < n groups with one more girl
(since there are equal numbers of boys and girls), and the other groups have
equal numbers of boys and girls.

Now, for the next class, say with 2m students, let ¢ boys register in the
groups with one more girl, ¢ girls register in the groups with one more boy,
and the other students (if m > t) register in the groups with equal numbers
of boys and girls. Evidently, conditions (a) and (b) are met, and there are
|t —m| < n groups with one more boy, the same number of groups with one
more girl, all other groups with equal numbers of boys and girls, hence (c)
is met, too.

Register every class in the above way, and the goal is achieved. O
For n real numbers aq,as, ..., ay, let
ap +a ak—1+ar +a
bkzik 2k+1, Ccr = kol ; i (k=1,2,...,n),

where ag = an, ant1 = a1. Find the maximum value of A, A > 0,
such that the inequality

holds for any n > 3 and a1, a9, ..., a,.

(Contributed by Zhang Lu)

Solution 1 The maximum value of X is 19_6
When n=4,let ay =0, a2 =1, a3 =0, ag = 1. We have

2

1
by =by=b3 =0y = 3 @=a=g, and 123)\.

1 o
> 1 =cC3 =
H A< —.

ence, 1

9 n
It suffices to prove: Z (ap —bp)? > — 3 (ag — )’
k=1 16 =1
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In fact,

((ak—1 — ar)® + (ap+1 — ax)?),

=Rl V)

1
(ar —cr)? = §(ak—1 + ap1 — 2ag)? <

1
as (ax — by)? = Z(ak — ag+1)?, it follows that

9 n 1 n
16 Z ar —cp)? < 3 Z((akq —ag)? + (ag1 — ag)?)
k=1

n

= iz akfakJrl :Z(akfbk)Q.
k=1

k=1

9
Therefore, the maximum value of A is 6 O
. 9 . . .
Solution 2 The proof for A < g the same as in the first solution.

n

Another proof for 3~ (ay — b)? > % Z (ax, — ck)? is given as follows.

k=1
n 9 n
DITIRERLE S
k=1 k=1
1 1 & 9
=1 (ak — aps1)” — 6 Z ak—1+ g1 — 2ax)
k=1

(ai + aiﬂ — 2akak41)

P

— o~ o~
N HM: HM:
— —

(]

2 2 2
(ap_y + apyq +4ay — dag_1ar — 4arars1 + 20k—10k11)

el
Il

1

1 n
- g Z Qk—10k+1
k=1

I
ool —
[]-
:rw

=
Il

1

1 & 9
=16 ; (ak—1 — ag+1)” > 0. -

We call S C Ny a “nice set”, if there exists f: S — N, such that
for any a, b, ¢ € S, {a,b,c} is a geometric sequence if and only if
{f(a), f(b), f(c)} is an arithmetic sequence.
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(1) Prove that Ny is not a nice set;
2) Is T = {z € Ny |for any prime p, p?°?! does not divide z} a
+ y
nice set? Give your reasons.

(Contributed by Zhang Lu)

Solution

(1) Assume that N is a nice set and f: Ny — N has the desired property.
If ©1, a9 satisfy f(z1) = f(x2), then {f(x1), f(z1), f(z2)} is an arithmetic
sequence, which implies that {x1,z1,z2} is a geometric sequence, and x1 =
Z2. So, f is one-to-one.

Notice that {1,2,4,...,2% ...} is an infinite geometric sequence of pos-
itive integers. As the problem indicates, {f(1), f(2), f(4),...,f(2%),...}
must be an infinite arithmetic sequence of positive integers. Let f(2%) =
f(1) + kda, where the common difference dy is a positive integer.

Likewise, we can let f(3%) = f(1) + kds, where d3 is a positive integer.
Then

F2%) = f(1) +ds - dz = f(3%).

Since f is one-to-one, 2% = 392 but this is impossible.
Hence, N is not a nice set.

(2) T is a nice set.
Let all prime numbers be p1, p2, p3, . ... For any positive integer n € T', let

o0
n =[] p;* be the prime factorization, in which z; < 2020 is a nonnegative
i=1
integer for each i, and only finitely many x; are not 0. Define
o0
fn) =1+ a;-4041".
i=1

We show that f satisfies the problem condition.
Clearly, f: T — N, and for any three integers in 7T,

o0 o0 o0
a:]:[p?ia b:Hpiﬁiv C:szi’
=1 =1 =1

{a,b,c} is geometric if and only if «; + v; = 20; holds for every positive
integer ¢. On the other hand, {f(a), f(b), f(c)} is arithmetic if and only if

i ;- 40417 + i i - 4041° = 2 i B; - 40417,
i=1 i=1 i=1
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that is,
3 (i + ) - 40417 = Y 2 - 041", @
=1 i=1

Notice that both «; + ~; and 25; are nonnegative integers less than or
equal to 4040. We can see that @ gives two representations of the same
number in base 4041, which must agree. Hence, (1) holds if and only if
a; +7v; = 2f; is true for every positive integer ¢. It turns out that {a,b, c}
is geometric if and only if {f(a), f(), f(c)} is arithmetic. Thus, f satisfied
the problem condition and T is a nice set. O

Second Day
(8 — 12 pm; July 28, 2021)

Find the largest positive integer n, such that there exist n positive
integers x1 < gy < -+ < T, satisfying

1+ x1T9 + -+ T2y = 2021 (%)

(Contributed by Zhang Lu)

Solution The largest n is 4.
When n = 4, take 1 = 1, 23 = 4, 23 = 6, z4 = 83, and (*) holds.

Claim When n > 5, (*) has no positive integer solutions.

Proof of claim Suppose on the contrary that n > 5, z1 < 3 < --- < T,
satisfy (*). From 2021 > z129 -+ @, > 2122237475 > 27, it follows that
x1 < 5; also, 1 |2021. Hence, 21 = 1. Now,

To + Tox3 + -+ + Tox3 - - Ty = 2020.

From 2020 > zox3- -, > XoX3T4Ts > a:%, we have x5 < 10; also,
x2]2020. Hence, x5 = 2, 4 or 5.

If 290 =2, 23+ 2324 + - + 2324 - - T, = 1009, 23 > 2.

From 1009 > x3xy4 - - -2, > x32425 > a:%, we have z3 < 11, yet x3|1009
has no integer solutions.

If xo =5, x5+ 23204 + - + 2324 - T, = 403, T3 > 5.

From 403 > z3x4 - Tpn > x324T5 > :cg, we have x3 < 8, yet x3|403 has
no integer solutions.

If o =4, x5+ 2304 + -+ 2324 - T, = 504, 3 > 4.
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From 504 > x3xy -+ &y > 32405 > 23 (£3+1) (x3+2), we have 23 < 7;
also, x3|504. Thus, x5 = 6, x4 + 2425 + - - - + 2425 - - - T, = 83. However,
83 is a prime number, x4 < x5, indicating that x4 = 1, a contradiction.

The Claim is verified, and the largest n is 4. O

For real numbers z,y, z € [0, 1], let M be the minimum of the three
numbers r — zy— xz+ Yz, y — yxr— yz+ x2z, and z — zx — zy+ zy. Find
the maximum possible value of M.

(Contributed by Zhang Hongtao)
. . . .1
Solution The maximum possible value of M is —.

. 1 (111 1 )
First, when x =y =2 = 2 Mmm{z,z,z} =71 In the following,

1
we show M < T

1 1 1
Note that among the three numbers =z — 2 y — 2’ z — 2’ two are
1
nonnegative or two are non-positive, say they are x — — and y — >
1 1
<:c — 5) (y — 5) > 0. This implies that
M < (z—azy—a2z4+y2)+ (y—yr—yz+z2) =z +y — 2ay
_ 1 1 n 1 < 1
B G A T
1
and thus M < T O

As shown in Fig. 7.1, A, B, C, D, and E all lie on the circle w. It is
known that AB// CE, and AD bisects the segment BE. The tangent
of circle w through B meets the line CA at F. Prove: FC = FD.

(Contributed by Jin Chunlai)

We give three solutions as follows.

Solution 1 Let the line DF and circle w meet at D and G. Connect AF,
DE, BC, BD, BG, and CG, as shown in Fig. 7.2.
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Fig. 7.2

From the given conditions, it is straightforward to find AFBG «~ AFDB,
AFAD ~ AFGC, AFAB «~ AFBC, which further imply that

BG _BF AD _DF  BC _CF

BD DF’ CG CF’ AB BF’
Multiply the three equations to get

BG AD BC BF DF CF

BD CG AB DF CF BF '

)
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or
BG BD AB @
CG AD BC’
Let AD and BF intersect at M, BM = EM.

Note that AABM «~ ANEDM, NAEM ~ ABDM. Hence, % = %,
AE EM AB AFE AB
ﬁ = W So we have ﬁ BD DE = BD - AE and
DE BD AB
= @

AD ~ AD AE

In the meantime, from AB// CE, we find BC = AE, together with

ON©)

BG _ DE
CG AD’

That BC = AFE also leads to Z/ZBGC = ZEDA, ABGC «~ AEDA, ZCBG =

F
ZAED, and CG = AD. Finally, from AFAD «~ FGC, we deduce % =

% =1, namely, CF = DF. O

Solution 2 As shown in Fig. 7.3, let O be the centre of circle w, and M be
the intersection of AD and BEF. It is known that M is the midpoint of BE.

w‘

Fig. 7.3
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Let NV be the midpoint of AC. Connect OA, OB, OC, OD, OF, OF, OM,
ON, BN, and MN. Since AB// CE, AC = BE; also, OA = OB = OC = OE,
thus AOAC= AOBE.

Since M, N are the midpoints of BE, AC, respectively, we have
ANAOAN = AOBM. This indicates that OM = ON, LZAON = ZBOM,
/BON = /ZAOM. Thus, AOBN = AN OAM, which gives

ZOBN = ZOAM. @

On the other hand, BF touches circle w at B, ZOBF = 90°; N is the
midpoint of AC, ZONF = 90°. It turns out that ZOBF = ZONF, and O,
N, B, F are concyclic, which implies

Z/OBN = ZOFN. ®

Combine (1) and (2) to obtain ZOFN = £ZOAM; also, ZOAM = ZODA,
hence

ZOFN = Z0ODA,
and O, A, F, D are concyclic. Then
ZOCF=/0CA = /0AC= LODF: ®
in addition, OA = OD, which implies ZOFA = ZOFD, that is,
ZOFC = ZOFD. @

By (3), @), and OC = 0D, it follows AOCF = AODF. Hence, CF =
DF.

Solution 3 As shown in Fig. 7.4, take O as the centre of circle w. Connect
0A, OC, OB, OD, and OE.
Let AD and BE meet at M. It is given that M is the midpoint of BE.
Let the tangent of circle w through F intersect BF at S. Clearly, S, M,
O are collinear; O, B, S, E are concyclic. Since A, B, D, E are concyclic,
we find

OM-SM= BM- EM = AM- DM,

which implies that O, A, S, D are concyclic.
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Fig. 7.4

Furthermore, as O, B, S, E are concyclic, OB = OF, and AC = BE, it

follows

LOAC= LOEB = Z0SB, LOAF = LOSF,

and O, A, S, F are concyclic. Therefore, O, A, S, F, D are all concyclic.
The rest is the same as in the second proof. O

Given 2021 distinct prime numbers pi,ps,...,D2021, let S =

{& li,j € {1,2,...,2021}, i#j}. Alice and Bob play the following
J
game: they take turns to write a number in S on the blackboard,

the number must be different from any number already written, and
the game ends when someone writes a number such that the prod-
uct of several (distinct) numbers on the blackboard equals 1, with
that person being the loser. If Alice writes first, who has a winning
strategy? Explain why.

(Contributed by Leng Fusheng)

Solution Bob has a winning strategy. We give two solutions as follows.

b
Solution 1 Consider % and L asa pair. There are (20221) pairs in S.

If there are more than (

2021

5 ) numbers on the blackboard, by the

pigeonhole principle, two numbers in a certain pair are both written, and
the game must end instantly.



Northern Star of Hope Mathematical Summer Camp 387

Claim If there are fewer than <20221> numbers on the blackboard, then

a player can always write another number from an unwritten pair without
losing the game.

Proof of claim We use the language of graph theory. Let p1,p2,...,D2021
be the vertices of a directed graph G. 1t 2 s written, then add an edge
D,

p; — pj to G. As the written numbers are distinct, there is at most one
directed edge from p; to p;. The game ends when G has a directed cycle:
the product of the numbers corresponding to the edges in the cycle is
equal to 1, as each involved prime number appears exactly once in the
numerator and once in the denominator. Conversely, if the product of sev-
eral numbers written on the blackboard is 1, consider all the prime num-
bers appearing in the product and the corresponding vertices in G: each
vertex has the equal indegree and outdegree. Clearly, G has a directed
cycle.

2021
If the number of edges in G is less than ( 02 ), some two vertices say

p; and p; are not adjacent by an edge (the pair % and % is unwritten).
Then directed paths from p; to p; and from p; tci Di camzlot exist at the
same time. Indeed, if this is possible, then a directed path is formed from
p; to p; then to p;. Start from any vertex say pr, and move along the
path until it reaches a vertex already visited, say px; — px, (j > @), then
Pk, = Pkiyy — *°° — Pk; — Dk, is a directed cycle (no vertex is repeated).
This is contradictory. Suppose G does not contain a directed path from
p;i to pj. A player can safely add the edge p; — p;, or write by on the

bi
blackboard without losing the game. The claim is verified.

Note that <20221> = 2021 - 1010 is an even number. When <20221>

. 2021 . . . .
numbers are written, all < 9 > pairs of vertices of G are adjacent. It is

Alice’s turn and she must add another edge and lose the game. O

Solution 2 Here is another proof of the claim. Replace 2021 by n and it
is generally true that: if a directed, cycle-free graph G has fewer than (Z)

edges, then one edge can be added to G such that the resulting graph is
still cycle-free.
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We use induction on n. When n = 2, the claim is obviously true.
Assume it is true when n = k. Consider a directed, cycle-free graph G
with n = k + 1 vertices. If every vertex has positive indegree and outde-
gree, then we choose any vertex pi, and move along an outward edge to
Dk, and so on, until pg; — pr, (j > i) where py, has already been visited.
Then pg, — Pk, — **+ — Pk; — Pk, 18 a directed cycle, a contradiction.
Thus, G must have a vertex v whose indegree or outdegree is 0, say the
latter.

If there exists a vertex u not adjacent to v, then adding the edge from
u to v will suffice. Otherwise, there is a directed edge from each vertex to
v, for a total of n — 1 = k edges. Remove v and the edges incident to it.

There are k vertices and fewer than (k ; 1) -k = (];) edges left. By

the induction hypothesis, adding an edge to them will not generate a cycle
within them, or involving v. This completes the induction. U



International Mathematical
Olympiad

2021

The 62nd International Mathematical Olympiad (IMO) was held from July
14th to July 24th, 2021 in Saint Petersburg, Russia. A total of 619 contes-
tants from 107 countries or regions participated the competition. Due to
the pandemic, the competition was conducted online. In order to ensure the
confidentiality and fairness of the competition, each participating country
or region set up an independent test centre according to the requirements of
the organizing committee. In addition to remote video proctoring, neutral
IMO commissioners conducted on-site proctoring. At three hours before
the test, the test problems were sent to the team leader and observer A
for translation; at 30 minutes before the test, the confirmed test problems
were sent to the IMO commissioner for printing and distributing to the con-
testants. The organizing committee required that each participating team
must select the starting time between 7:30 am and 12 noon GMT. The
Chinese team chose to start at 7:30 am GMT, or 15:30 Beijing time.

The opening ceremony of 62nd IMO was held online on July 18th, 2021.
After two tests on July 19th and 20th, the Chinese team won the group first
place with a total of 208 marks. In the second day test, all six members
received full scores. Wang Yichuan was the only contestant in this IMO
who received full score (42 marks). All the Chinese team members won
gold medals and entered the top 20.

389
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The Chinese team:
Leader: Xiao Liang (Peking University)
Deputy leader: Qu Zhenhua (East China Normal University)

Observers: Xiong Bin (East China Normal University), Fu Yunhao (South-
ern University of Science and Technology), Wang Bin (Institute of Mathe-
matics and Systems Science, Chinese Academy of Sciences)

Team members:

Wang Yichuan (No. 2 High School of East China Normal University),
12th grade, 42 marks, gold medalist

Peng Yebo (Shenzhen Middle School), 11th grade, 36 marks, gold medalist

Wei Chen (Beijing National Day School), 12th grade, 36 marks, gold
medalist

Xia Yuxing (No. 1 Middle School affiliated to Central China Normal Uni-
versity), 11th grade, 32 marks, gold medalist

Chen Ruitao (The High School Affiliated to Renmin University of China),
11th grade, 31 marks, gold medalist

Feng Chenxu (Shenzhen Middle School), 10th grade, 31 marks, gold
medalist

The top 10 teams in the total scores:

1. China 208 marks
2. Russia 183 marks
3. South Korea 172 marks
4. United States 165 marks
5. Canada 151 marks
6. Ukraine 149 marks
7. Israel 139 marks
7. Ttaly 139 marks
9. Chinese Taipei 131 marks
9. UK 131 marks
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Gold medal: score >24 marks;
Silver medal: score >19 marks;
Bronze medal: score >12 marks.

From July 13th to July 17th, the Chinese team was trained at School of
Mathematical Sciences and Beijing International Centre for Mathematical
Research, Peking University. Academician Tian Gang, Chairman of the
Chinese Mathematical Society; Professor Gong Fuzhou, Secretary-General
of the Chinese Mathematical Society; Professor Peng Liangang, Director
of the Mathematical Competition Committee of the Chinese Mathematical
Society; Professor Chen Dayue, Dean of School of Mathematical Sciences,
Peking University; Professor Sun Zhaojun, Associate Dean; Professor Wu
Jianping, Professor Liu Bin, had guided and discussed with the students.

First Day
(15:30 — 20:00; July 19, 2021)

Problem 1. Let n > 100 be an integer. Ivan writes the numbers n,n +
1,...,2n each on different cards. He then shuffles these n + 1 cards, and
divides them into two piles. Prove that at least one of the piles contains
two cards such that the sum of their numbers is a perfect square.

(Contributed by Australia)

Solution Tt suffices to find three integers a,b,c¢ € [n,2n], such that for
some integer k,

a+b=2k—-1)% a+c=(2k)? bt+c=(2k+1)>%

In this way, two of a, b, ¢ must be put into one pile, and their sum is
a perfect square. Solving the equations yields a = 2k? — 4k, b = 2k? + 1,
¢ = 2k? + 4k. We must require that n < 2k? — 4k and 2k? + 4k < 2n. Let
2m? —2 < n < 2(m+1)? -2, where m is an integer. From the inequalities,
we find that k must satisfy m+2<k<vn+1-1.Ifm=7n>99is
needed; if m > 8, v/n+1—1>+v2m —1 > m+ 2 always hold. Hence, the
conclusion is true for n > 99. ]

Remark The statement is untrue when n = 98. For example, Ivan can
put all even numbers between 98 and 126, all odd numbers between 129
and 161, and all even numbers between 162 and 196, into the first pile; he
puts the other numbers into the second pile. No two numbers in a pile add
up to a perfect square.



392 Mathematical Olympiad in China (2021-2022)

Problem 2. Show that the inequality

S ol =i <3N Ve + @
i=1j=1 i=1 j=1
holds for all real numbers x4, ..., z,.

(Contributed by Canada)

Solution We apply induction on n. When n = 0 or n = 1, the inequality is
obviously true; suppose @ holds for fewer than n variables. Now consider
@ for n variables. If x; = 0, then the terms on two sides that involve x;

are equal, and by removing x; from {z1,22,...,2,} we can reduce it to
n — 1 variables. Similarly, if ; = —x; # 0, then the terms involving z; or
x; are

2+ S (Ve il + e + o)
k=1,...,n
k#i,j
on both sides. By removing z; and z; from {z1,z2,...,2,} we can reduce
it to n — 2 variables. In either case, the induction hypothesis leads to the
conclusion.

In the following, assume z; + x; # 0 for all ¢,j € {1,2,...,n} (possibly
i = 7). We wish to apply a translation to all variables x; — x; +a such that
some two variables add up to 0. Note that a translation does not change
the value on the left-hand side of ().

If there exists a > 0 such that z;4+x;+a = 0 for some 4, j € {1,2,...,n},
denote the minimal of all such a as a; otherwise, denote a; = co. If there
exists a < 0 such that z; + z; + a = 0 for some ¢,j € {1,2,...,n}, denote
the maximal of all such a as a_; otherwise, denote a_ = —o0o. Since the
functions y/z and \/—x are concave down in their natural domains, it follows
that for every i, j, the function \/z; + z; + a is concave down in [a_,a],

and likewise for the sum > /z; + z; + a. Hence, for b = ay or b = a_

i,j=1
(b # F00),
S lwit il = >\l + s+ b @
i.j=1 ij=1

(Note: if ay = 0o or a_ = —o0, the sum is infinite and (2) does not hold.)
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Take y; = x; + % Then for some 4, j, y; +y; = 0. We have

n n
> lwi—al = \ 1Y — sl
i=1 j=1

\/ i +
Vi + 5]

which is @ Here, the first inequality comes from the induction hypothesis
(as y; +y; = 0). This completes the induction. O

INgE

]
™= 1=

2

n

IN

HM

i=1 j=1
i=1 j=1
n
i=1 j=1

Problem 3. Let D be an interior point of the acute triangle ABC with
AB > AC so that ZDAB = ZCAD. The point E on the segment AC
satisfies ZADFE = /BCD, the point F' on the segment AB satisfies
/FDA = /DBC, and the point X on the line AC satisfies CX = BX. Let
O; and Oy be the circumcentres of the triangles ADC and EXD, respec-
tively. Prove that the lines BC, EF, and O;04 are concurrent.

(Contributed by Ukraine)

Solution Let @ be the isogonal conjugate of point D in AABC. As
/BAD = /DAC, @Q is on AD, and ZQBA = /DBC = /FDA. 1t fol-
lows that @, D, F', B are concyclic; likewise, @, D, E, C are concyclic. We
have AF- AB= AD-AQ = AE- AC, and thereby B, F, E, C concyclic, as
illustrated in Fig. 3.1.

Fig. 3.1

Lemma Let the extensions of BC and FE beyond C and E meet at T.
Then TD® = TB- TC = TF- TE.
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Proof of lemma First, © DEF and ® BD( are tangent to each other, since

/BDF = /AFD — /ABD
= (180° — /ZFAD — /FDA) — (/ABC — /DBC)
=180° — ZFAD — ZABC
— 180° — Z/DAE — /FEA
— /FED+ /ADE
= /FED+ /DCB.

Next, as B, C, E, F are concyclic, the powers of T' with respect to
®BDC and ®EDF are equal. Therefore, the radical axis through T is the
common tangent at D, TD* = TB- TC'= TF- TE. The lemma is verified.

Asillustrated in Fig. 3.2, let the line TA and ® A BC'intersect at another
point M. Notice that B, C, E, F are concyclic, A, M, C, B are concyclic,
and by the lemma, we find

TM-TA=TF-TE= TB- TC = TD?,

implying that A, M, E, F are concyclic.

X
- A
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Consider the inversion transformation centred at 7' of radius TD: M
is mapped to A, B is mapped to C, and ®@MBD is mapped to ©ACD. As
their common point D lies on the inversion circle, so does the other common
point K, TK = TD. It follows that T and the centres of © KDFE and ®ADC
all lie on the perpendicular bisector of KD.

As Oq is the circumcentre of AADC, it remains to prove D, K, E, X
lie on a circle, whose centre is Os.

Observe that BM, DK, and AC are the radical axes of pairs from
®ABCM, ©ACDK, and ® BMDK, respectively; they are concurrent at P.
In addition, M lies on ®AEF. Thus,

L(EX,XB)=4(CX,XB)=4£(XC,BC)+ 4£(BC,BX)
=24(AC,CB) = L(AC,CB) + £L(EF,FA)
= AL(AM,BM) + £L(EM,MA)
= «L(EM,BM).
This implies that M, E, X, B are concyclic, and hence
PE-PX=PM-PB= PK-PD.
Therefore, F, K, D, and X are concyclic. O

Second Day
(15:30 — 20:00; July 20, 2021)

Problem 4. Let I" be a circle with centre I, and ABCD be a convex quadri-
lateral such that each of the segments AB, BC, CD and DA is tangent to I.
Let {2 be the circumcircle of the triangle AIC. The extension of BA beyond
A meets {2 at X, and the extension of BC beyond C meets {2 at Z. The
extensions of AD and CD beyond D meet {2 at Y and T, respectively.
Prove that

AD+ DT+ TX+ XA=CD+ DY+ YZ+ ZC.
(Contributed by Poland)

Solution To begin, notice that I is the intersection of the external angle
bisector of ZTCZ and the circumcircle {2 of ATCZ. Thus, I is the midpoint
of the arc TCZ, IT = IZ. Likewise, I is the midpoint of the arc YAX,
IX = IY. Let O be the centre of {2. The pairs X and Y, T and Z are
symmetric about the line IO, hence XT = YZ.
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Fig. 4.1

Let the inscribed circle of ABCD touch the four sides at P, @, R, and
S, respectively, as illustrated in Fig. 4.1. Since IP = IS, IX = IY, the right
triangles IXP and IYS are congruent. Likewise, the right triangles IRT
and IQZ are congruent. They imply XP = YS, RT = QZ.

Finally, from AS= AP, CQ = RC, SD = DR, we obtain

AD+ DT+ TX+ XA = TX+ XP+ RT = YZ+ SY+ QZ
CD+ DY+ YZ+ ZC,

as desired. O

Problem 5. Two squirrels, Bushy and Jumpy, have collected 2021 walnuts
for the winter. Jumpy numbers the walnuts from 1 through 2021, and digs
2021 little holes in a circular pattern in the ground around their favorite
tree. The next morning Jumpy notices that Bushy had placed one walnut
into each hole, but had paid no attention to the numbering. Unhappy,
Jumpy decides to reorder the walnuts by performing a sequence of 2021
moves. In the kth move, Jumpy swaps the positions of the two walnuts
adjacent to walnut k. Prove that there exists a value of k such that, in the
kth move, Jumpy swaps some walnuts a and b such that a < k < b.

(Contributed by Spain)



International Mathematical Olympiad 397

Solution 1 Assume that the statement is untrue. In the kth move, if
Jumpy swaps a and b with a,b < k, then we say k is a “big” walnut; if
a,b > k, then we say k is a “small” walnut. After the kth move, we call
every walnut with number a < k operated and every walnut with number
b > k unoperated.

At every moment, the operated walnuts are divided by the unoperated
walnuts into several intervals (each interval consists of consecutive operated
walnuts and the neighbours on the two ends are unoperated ones). We use
induction to prove that, after £ moves, each interval contains an odd number
of walnuts. For k = 1, the assertion is obvious. In the kth move, there are
two possibilities:

(i) If k is a small walnut, then its neighbours are both unoperated before
and after the move, k itself is an interval of length 1.

(ii) If k is a big walnut, then its neighbours are both operated, say they
belong to intervals of lengths p and ¢q. After the move, they merge into
one interval of length p + ¢ + 1. By the induction hypothesis, p, ¢ are
both odd, and the new interval’s length p + ¢ 4+ 1 is also odd.

Now the induction is complete and the assertion is verified. Notice that
after 2020 moves, the 2020 operated walnuts form a single interval of length
2020 which is an even number. This contradiction indicates that during the
process, Jumpy must have swapped walnuts a, b adjacent to k& such that
a <k<hb. O

Solution 2 As in the first proof, we assume the statement is untrue and
define the big and small walnuts in the same way. In the kth move, the
walnut with number £ is called being operated, and the two adjacent walnuts
are called being swapped.

Claim 1 If £ is a small walnut, then in the kth move, Jumpy swaps two
big walnuts.

Claim 2 If k is a big walnut, then in the kth move, Jumpy swaps two
small walnuts.

Proof of Claim 1 Assume that in the kth move, a small walnut a is
swapped. Clearly a > k since k is small. Before the ath move, a has been
swapped (for example in the kth move). Assume the last time a is swapped
before the ath move is in the k'th move, then a > k' > k and k' is also
a small walnut. Before and after the k’th move, a is adjacent to k’. After
the k’th move, let walnut &’ be in the hole P. Walnut a is not swapped
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after the k’th move and before the ath move. However in the ath move,
the walnut in hole P is numbered bigger than a since a is small. Thus in
some move after the &'th and before the ath, the walnut in the hole P
is changed from an operated one to an unoperated one. Let it be the Ith
move, k' <1 < a. In the [th move, the two swapped walnuts is an operated
one (which is numbered smaller than [) and an unoperated one (which is
numbered larger than 1). Contrary to the assumption.

Proof of Claim 2 Claim 2 follows from claim 1 if we reverse the time
and treat walnut ¢ as walnut 2022 — ¢. The moves are proceeded reversely
starting from the final configuration and finishing at the initial configura-
tion. However the big walnuts are the original small walnuts and the small
walnuts are the original big walnuts. And claim 1 in the reversal moves
implies claim 2 in the original moves.

From claim 1 and claim 2, we see that two swapped walnuts at each
move are both big or both small. In particular, the size of walnuts in each
hole remains unchanged during the moves. Thus we may define a hole to
be a big hole if the walnut in it is big, or a small hole otherwise. We shall
prove that the adjacent holes of a big hole is small, and the adjacent holes
of a small hole is big. Then it follows that the big holes and small holes
are arranged on the circle alternatively. However, 2021 is odd. Thus, this
is impossible.

To prove that the two adjacent holes of a small hole are big, consider a
small hole P which initially contains a small walnut a. Walnut a cannot be
swapped before a th move, otherwise say a is swapped in kth move where
k < a, then k is small and a is big by claim 1. Absurd. So a remains in
P until the ath move when it is operated, then the two adjacent holes are
big since a is small. The fact that the two adjacent holes of a big hole are
small again follows from the reversal argument as in the proof of claim 2.
This completes the proof. O

Problem 6. Let m > 2 be an integer, A be a finite set of (not necessarily
positive) integers, and Bi, Ba, Bs, ..., By, be subsets of A. Assume that
for each k = 1,2,...,m the sum of the elements of By is m*. Prove that
A contains at least m/2 elements.

(Contributed by Austria)

Solution Let A = {a1,...,ax}. Suppose the statement is not true: let
k=A< F.
Consider f(ci,...,cm) = cim+com?+---+c,ym™, ¢; € {0,1,...,m—

1} for j = 1,...,m. Of all these m™ sums, each one is the representation
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of some number in base m, and they are all distinct. Since each m? (1 <
j < m) is the sum of all elements of B;, we may rewrite f(ci,...,¢m) as
the sum

a1ay + -+ agag,
where each a; € {0,1,...,m(m—1)}. The total number of sums as above is
(m(m —1) + DF <m? <m™,

yet the sums f(ci,...,cn) are proven to be all distinct. This contradiction
overturns our assumption and hence k = |A| > 7. O
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The 63rd International Mathematical Olympiad (IMO) was held from July
6th to July 16th, 2022 in Oslo, Norway. Due to the pandemic, the Chinese
team participated online. A total of 589 contestants from 104 countries or
regions participated the competition. For the Chinese team, all six mem-
bers won gold medals with full scores. This is the second time in the history
of IMO that all six members of a team receive full scores (the first time was
USA in 1994).

The Chinese team:
Leader: Xiao Liang (Peking University)
Deputy leader: Qu Zhenhua (East China Normal University)

Observers: Xiong Bin (East China Normal University), Fu Yunhao (South-
ern University of Science and Technology)

Team members:

Zhang Zhicheng (No. 1 Middle School affiliated to Central China Normal
University), 11th grade, 42 marks, gold medalist

Zhang Yiran (Shanghai High School), 12th grade, 42 marks, gold medalist

Liao Yubo (The High School Affiliated to Renmin University of China),
11th grade, 42 marks, gold medalist

Jiang Cheng (Shanghai High School), 11th grade, 42 marks, gold medalist

401
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Qu Xiaoyu (Chongging Bashu Secondary School), 10th grade, 42 marks,
gold medalist

Liu Jiayu (Changsha Yali High School), 11th grade, 42 marks, gold medalist

The top 10 teams in the total scores:

1. China 252 marks
2. South Korea 208 marks
3. United States of America 207 marks
4.  Vietnam 196 marks
5.  Romania 194 marks
6. Thailand 193 marks
7. Germany 192 marks
8. Iran 191 marks
8. Japan 191 marks
10. Israel 188 marks
10. Ttaly 188 marks

Gold medal: score >34 marks;
Silver medal: score >29 marks;
Bronze medal: score >23 marks.

Between May 23rd and 29th, the Chinse team received online training
by coaches Ye Zhonghao, Yang Yuan, Wu Hao, Fu Yunhao, Jin Chunlai
and Wang Yichuan.

From June 19th, the Chinese team was trained at Peking University,
Beijing. Professor Gong Fuzhou, Secretary-General of the Chinese Math-
ematical Society; Professor Chen Dayue, Dean of School of Mathematical
Sciences, Peking University; Professor Sun Zhaojun, Associate Dean; Pro-
fessor Liu Bin; and coaches Wang Bin, Qu Zhenhua, Zhou Xingjian, Wei
Chen, Chen Ruitao, Xiao Liang, Fu Yunhao, gave reports or had discussions
with the team members.

First Day
(2:30 pm — 7 pm; July 11, 2022)

Problem 1. The Bank of Oslo issues two types of coin: aluminium
(denoted A) and bronze (denoted B). Marianne has n aluminium coins
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and n bronze coins, arranged in a row in some arbitrary initial order. A
chain is any subsequence of consecutive coins of the same type. Given a
fixed positive integer k < 2n, Marianne repeatedly performs the following
operation: she identifies the longest chain containing the kth coin from the
left, and moves all coins in that chain to the left end of the row. For exam-
ple, if n = 4 and k = 4, the process starting from the ordering AABBBABA
would be

AABBBABA — BBBAAABA — AAABBBBA — BBBBAAAA
— BBBBAAAA — --- .

Find all pairs (n, k) with 1 < k < 2n such that for every initial ordering,
at some moment during the process, the leftmost n coins will all be of the
same type.

3 1
Solution The desired are all pairs (n, k) that satisfy n < k < n2+ .

As defined in the problem, a chain is any subsequence of consecutive
coins of the same type. We call it a “block”, if it is a chain but not contained
in a longer chain. For M = A or B, let M* represent a block of M coins

of length . We are interested in whether an initial ordering will turn into
a 2-block sequence A" B™ or B" A" after finitely many operations.

3n+1
(1) Claim Ttk <nor k> 20"

into A"B™ or B"A™.

, then the sequence cannot always turn

Proof of claim If k < n, the sequence A" ' B™A! does not change after

3 1
an operation, and cannot turn into a 2-block sequence. If k > n2+ ,

let m = {gJ, I = [gw, and the initial ordering be A™B™A!B'. As
3n+1

k> >m+1l+1>m+m-+1 the kth coin always belongs to the
rightmost block, and the process is
A"B™A'B" — B'A"B™ A" — A'B'A"B™ — B™A'B'A™
— A"B™A'B! — ...
a 4-periodic cycle. It cannot turn into a 2-block sequence.

3n+1

(2) Claim Ifn<k<
sequence.

, any initial ordering will turn into a 2-block
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Proof of claim Notice that after an operation, the number of blocks does
not increase. Eventually, it will be stabilized, say at s blocks. It suffices to
prove s = 2. Suppose s > 2. As k > n and s > 2, the kth coin cannot
belong to the leftmost block, and for the current operation, the block being
moved is not the leftmost one. If it is a middle one, then after the operation,
the two blocks on its sides will merge into one block, reducing the number of
blocks by 1, a contradiction. Therefore, when stabilized, at each operation

the block being moved to the left is always the rightmost (sth) one. Since

3 1 1
k< nt , the length of the sth block is at least 2n—k+1 > nt

s does not decrease after the operation, the first and the sth blocks are of
different types, and hence s is even. Let s = 2¢, ¢t > 2, and suppose one of
the stable orderings is X; X5 - -+ X9, in which every X; represents a block.
The process is

; since

X1 Xo- - Xop = Xy Xq - Xog—1 = -+ = XoX3--- Xy
S XXy Xy

Based on the previous argument, at any moment the rightmost block

1 1
has length > % So, each block has length > %, and the total

n+1
length of the sequence is at least 4 - % > 2n, a contradiction. Now, the

claim and the conclusion follow. O

Problem 2. Let R, denote the set of positive real numbers. Find all func-
tions f: Ry — Ry such that for each x € Ry, there is exactly one y € R
satisfying

zf(y) +yflz) <2.
1
Solution The desired function is unique: f(z) = = Vo € Ry.

Sufficiency. It is straightforward that for any x,y > 0,
z Yy
efw) +ufe) =+ 422,

and equality holds only when & = y. This implies that for fixed x > 0,
zf(y) +yf(x) <2if and only if y = .

Necessity. We give two solutions as follows.

Solution 1 Call (z,y) a “good pair” if zf(y) + yf(z) < 2. Notice that if
(z,y) is a good pair, then (y,z) is also a good pair. The problem requires
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that for each z > 0, there exists a unique y > 0 such that (x,y) is a good
pair. We assert for each good pair (x,y), x = y. Otherwise z # y, (z,x)
and (y,y) are not good pairs, and zf(x) > 1, yf(y) > 1. By the AM-GM
inequality,

zf(y) +yf(x) 2 2V f(y) - yf(x) =2Vzf(x) - yfly) > 2

opposing the assumption that (z,y) is a good pair.
From the above assertion, it follows that for every x > 0, the only good

1
pair is (x,2), and 2 f(z) < 1. Hence, f(z) < = Ve € Ry. Let y =

fl@)
We have
1 1
of(y) +yf@) <z -+ — - fl)=af(x) +1<2,
W)+ @) ot s f) = af @)
1
indicating that (x, m) is a good pair. Since (x,z) is the only good pair,
x
x = ——, and the conclusion follows. g
f(x)

Solution 2 For z > 0, let o(x) be the unique positive real number satis-
fying xf(y) + yf(z) < 2. First, we prove two statements.

(1) The function f is strictly decreasing: for 0 < y1 < ya, f(y1) > f(y2).
Otherwise, suppose f(y1) < f(y2). Let z = o(y2). We have

wf (1) +yuf () <af(y2) +yaf (x) <2,

opposing the uniqueness of o(x).
(2) For any >0, let y=0(x), and zf(y) 4+ yf(x) =2. Otherwise, sup-
2—xzf(y) —yf(=)
f(@)

pose zf(y) +yf(x) <2. Let y/ = y+e, where e = > 0.

By (1), we have

zf(y') +y' f(x) <zf(y) +yflz) +ef(x) =2,

opposing the uniqueness of o(x).
From (2), it follows that for any =,y > 0, f(y) + yf(x) > 2. Taking

y = x, we obtain f(x) > —, and furthermore
x

2 = f(a)o(a)+flo(z))z > %x) + %

yielding o(z) = z. In (2), it exactly gives f(z) =

8=
O
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Problem 3. Let k be a positive integer and let S be a finite set of odd
prime numbers. Prove that there is at most one way (up to rotation and
reflection) to place the elements of S around a circle such that the product
of any two neighbours is of the form 22 + z + k for some positive integer .

Solution We will allow z = 0 in 22 + = + k& and prove the modified state-
ment.

Say an unordered prime pair {p,q} (p # ¢) is good if there exists a
nonnegative integer x such that pg = 22 + = + k. We need the following
propositions:

(a) for each prime r > 3, there are at most two odd primes smaller than r,
each forming a good pair with 7;

(b) if in (a) there are indeed p and ¢ such that (p,r) and (g,r) are good
pairs, then (p, q) is also a good pair.

Once (a) and (b) are verified, we induct on |S|: for S| < 3, the state-
ment is obvious; assume the statement is true for |S| = n. Consider
|S| = n+ 1: let r be the largest prime in S, by (a) the neighbours of r
around the circle are uniquely determined (up to reflection); by (b) after
removing r the circle of length n is still valid under the problem condition.
By the induction hypothesis, there is at most one valid circle of length n.
Hence, there is at most one valid circle of length n 4 1, and the modified
statement is justified.

Verification of (a). Consider
> +r+k=0 (modr). @

According to Lagrange’s theorem, (1) has at most two integer solutions
0<z<r.

Verification of (b).

Method 1 Suppose there exist odd primes p and ¢,p < ¢ < r, and non-
negative integers x, y such that

P Hr+k=pr, Y¥*4+y+k=qr

Asp<qg<r,itmust be 0 <z <y <r—1, and z, y are the two
roots of (1). By Viete’s formulas, 2 + y = —1 (mod r); from the range
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of z and y, we infer that t +y =7 — 1. Let K = 4k -1, X = 2z + 1,
Y = 2y + 1. Rewrite the above equations as

dpr = X2+ K, 4qr=Y?’+K,
where X 4+ Y = 2r. Multiply the two equations to find
16pgr? = (X2 + K)(Y? + K) = (XY - K)? + K(X +Y)?
= (XY — K)? + 4Kr°.

Hence,

XY - K\?
4dpq = <7) + K.
2r
XY - K

Since Z = B is a rational number and its square Z2 = 4pg— K
r

is an integer, we deduce that Z itself is an integer. It is easy to see that Z
is odd, say Z = 2z + 1. Then

pg=2"+z+k,
implying that {p, ¢} is a good pair.
Method 2 Similar to method 1, assume that
2rr+k=pr, Y+y+k=qr
The subtraction of the two equations gives
@+y+D(z—y) =rlp—q-

Now, as in method 1, we have xt +y =r — 1. Hence z — y = p — ¢, and
1 1
e=g50r+p—q-1), y=5+q-p-1)
It follows that
z=pr—a’—zx

ziumuwr+pqulf*2V+P*q*1»

1
::jﬁwfv+pf®2+D

1
= 7 (@pa+2pr+2gr —p* = ¢* =1 + 1)
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is symmetric in p, q, r, indicating that
pg=2"+z+k,
1
where z = §(p +qg—r—1) Hence, {p,q} is also a good pair. O

Remark The construction of a valid cycle appears nontrivial, at least for
some k values. For k = 41, the following 385 odd primes form a valid cycle:

53, 4357, 104173, 65921, 36383, 99527, 193789, 2089123, 1010357, 2465263,
319169, 15559, 3449, 2647, 1951, 152297, 542189, 119773, 91151, 66431,
222137, 1336799, 469069, 45613, 1047941, 656291, 355867, 146669, 874879,
2213327, 305119, 3336209, 1623467, 520963, 794201, 1124833, 28697, 15683,
42557, 6571, 39607, 1238833, 835421, 2653681, 5494387, 9357539, 511223,
1515317, 8868173, 114079681, 59334071, 22324807, 3051889, 5120939,
7722467, 266239, 693809, 3931783, 1322317, 100469, 13913, 74419, 23977,
1361, 62983, 935021, 512657, 1394849, 216259, 45827, 31393, 100787,
1193989, 600979, 209543, 357661, 545141, 19681, 10691, 28867, 165089,
2118023, 6271891, 12626693, 21182429, 1100467, 413089, 772867, 1244423,
1827757, 55889, 1558873, 5110711, 1024427, 601759, 290869, 91757, 951109,
452033, 136471, 190031, 4423, 9239, 15809, 24133, 115811, 275911
34211, 877, 6653, 88001, 46261, 317741, 121523, 232439, 379009, 17827
2699, 15937, 497729, 335539, 205223, 106781, 1394413, 4140947, 8346383
43984757, 14010721, 21133961, 729451, 4997297, 1908223, 278051, 529747,
40213, 768107, 456821, 1325351, 225961, 1501921, 562763, 75527, 5519,
9337, 14153, 499, 1399, 2753, 14401, 94583, 245107, 35171, 397093,
195907, 2505623, 34680911, 18542791, 7415917, 144797293, 455529251,
86675291, 252704911, 43385123, 109207907, 204884269, 330414209,
14926789, 1300289, 486769, 2723989, 907757, 1458871, 65063, 4561, 124427,
81343, 252887, 2980139, 1496779, 3779057, 519193, 47381, 135283, 268267,
446333, 669481, 22541, 54167, 99439, 158357, 6823, 32497, 1390709,
998029, 670343, 5180017, 13936673, 2123491, 4391941, 407651, 209953,
77249, 867653, 427117, 141079, 9539, 227, 1439, 18679, 9749, 25453,
3697, 42139, 122327, 712303, 244261, 20873, 52051, 589997, 4310569,
1711069, 291563, 3731527, 11045429, 129098443, 64620427, 162661963,
22233269, 37295047, 1936969, 5033449, 725537, 1353973, 6964457, 2176871,
97231, 7001, 11351, 55673, 16747, 169003, 1218571, 479957, 2779783,
949609, 4975787, 1577959, 2365007, 3310753, 79349, 23189, 107209, 688907,
252583, 30677, 523, 941, 25981, 205103, 85087, 1011233, 509659, 178259,
950479, 6262847, 2333693, 305497, 3199319, 9148267, 1527563, 466801,
17033, 9967, 323003, 4724099, 14278309, 2576557, 1075021, 6462593,
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2266021, 63922471, 209814503, 42117791, 131659867, 270892249, 24845153,
12104557, 3896003, 219491, 135913, 406397, 72269, 191689, 2197697,
1091273, 2727311, 368227, 1911661, 601883, 892657, 28559, 4783, 60497,
31259, 80909, 457697, 153733, 11587, 1481, 26161, 15193, 7187, 2143, 21517,
10079, 207643, 1604381, 657661, 126227, 372313, 2176331, 748337, 64969,
844867, 2507291, 29317943, 14677801, 36952793, 69332267, 111816223,
5052241, 8479717, 441263, 3020431, 1152751, 13179611, 38280013, 6536771,
16319657, 91442699, 30501409, 49082027, 72061511, 2199433, 167597,
317963, 23869, 2927, 3833, 17327, 110879, 285517, 40543, 4861, 21683,
50527, 565319, 277829, 687917, 3846023, 25542677, 174261149, 66370753,
9565711, 1280791, 91393, 6011, 7283, 31859, 8677, 10193, 43987, 11831,
13591, 127843, 358229, 58067, 15473, 65839, 17477, 74099, 19603, 82847,
21851, 61.

Second Day
(2:30 pm — 7 pm; July 12, 2022)

Problem 4. Let ABCDE be a convex pentagon such that BC' = DE.
Assume that there is a point T inside ABCDE with TB= TD, TC = TE
and ZABT = ZTFEA. Let line AB intersect lines CD and CT at points P
and @, respectively. Assume that the points P, B, A, @ occur on their line
in that order. Let line AF intersect lines CD and DT at points R and S,
respectively. Assume that the points R, F, A, S occur on their line in that
order. Prove that the points P, S, @, R lie on a circle.

Solution 1 From the given conditions, it follows BC = DE, CT = ET,
and TB = TD. Hence, ATBC and ATDE are congruent; in particular,
/BTC = ZDTE. In ATBQ and ATES, we have Z/TBQ) = ZSET and
/ZQTB = 180° — Z/BTC = 180° — ZDTE = ZETS, and hence they are
similar triangles, implying ZTSE = ZBQT and
TD TB TE TC
TQ TQ TS TS’
We see that TD- TS = TC- TQ, and C, D, @, S concyclic. (An alter-

native approach is to use similar triangles ATCS and ATDQ to derive
Z0QD = £CSD.) Now, ZDCQ = £DSQ,

/RPQ=/RCQ— /PQC = /DSQ— /DSR = /RSQ,

and thus P, @, R, S are concyclic. ]
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Remark 1 (Another proof for C, D, Q, S concyclic from ATBQ «~ ATES)
Notice that ATBD «~ ATCE ~ ATEC: together with ATBQ «~ ATES, we
find similar (concave) quadrilaterals ATBDQ «~ ATECS. Then ATDQ -
ATCS and C, D, @), S lie on a circle.

Second proof. As in the first proof, we find that ATBC and ATDFE are
congruent. Let DT and BA, CT and FA meet at V, W, respectively, as
shown in Fig. 4.1:

Fig. 4.1

In ABCQ and ADES, we find

LVSW = /ZDSE =180° — LSED — ZEDS
=180° — LAET — L/TED — ZEDT
=180° - LTBA—-/ZTCB - ZCBT
=180° — ZQCB — Z/CBQ = /BQC = ZVQW,
and hence V, S, @Q, W are concyclic. In particular, ZWVQ = £ZWSQ.
Since

ZVTB=180°— 4BTC — ZCTD =180° — £CTD — /DTE = ZETW,

and given that ZTBV = ZWET, we arrive at AVTB «~ AWTE. Hence,
VT BT DT
WT ET CT’
and CD //VW. Finally, the conclusion follows from ZRPQ = /ZWVQ =
LWSQ = ZRSQ.
Remark 2 (Another approach for CD // VW in the second proof) As in

the first proof, we find that V', S, @, W are concyclic, ZBVD = ZQV S =
QWS = ZCWE. Moreover, ATBC and ATDE are congruent, and
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hence ATBD «~ ATCE: as they are isosceles triangles, /T BD = /TEC,

ZTDB = /TCE. It follows that AVBD «~ AWEC, and BT, ET divide

T T
ZVBD, ZWEC, respectively at the same ratio. Consequently, V— = W—

TD TC’
and CD //VWIV.

Remark 3 (Still another approach for CD // VW in the second proof) As
V, W, Q, S are concyclic; C, D, @, S are concyclic, the conclusion follows
from Reims’ theorem. One can also use ZSDC = £ZS5QC = ZDVW.

Problem 5. Find all triples (a,b,p) of positive integers with p prime
and

a? = bl + p.

Solution There are only two such triples: (2,2,2) and (3,4,3). It is
straightforward to check them. We shall prove that no other triples exist.
Clearly, a > 1. Consider three situations as follows.

(1) a < p. If a < b, then a|(a? — b!) = p, contradicting the assumption
1 <a<p;ifa>Db, then b < a! < aP — p, the second inequality only
requiring p > a > 1.

(2) a>p. Then bl =aP —p>pP —p>pl,b>p,and a®? =bl +pis a
multiple of p. As b! = a? —p, we have p || b, and b < 2p. If a < p?, then
% divides a? and b!, hence divides p as well, contradicting 1 < g < p;
if @ > p?, then it is contradicting a? > (p?)? > (2p — 1)! +p > b! + p.

(3) @ =p. Then bl = p? —p. Try p = 2,3,5 to get the two triples (2,2,2)
and (3,4,3). Now assume p > 7. From bl = p? — p > pl, it follows
b>p-+1, and further

va((p + 1)) < 02(0))

=v(p" " = 1) =2v2(p—1) +v2(p+1) -1

= v <pTl~(p1)~(p+1))-
.oop—1 -

Since —5 P 1, p+ 1 are distinct factors of (p + 1)! and p+ 1 > 8,
there are four or more even numbers among 1,2,...,p + 1, which is
impossible.

Second approach for a = p > 5: according to Zsigmondy’s theorem,
there exists a prime ¢ that divides p?~' —1 but not p* — 1 for any k < p—1.
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Thus, p # ¢, and ¢ = 1 (mod p — 1). We must have b > 2p — 1, yet
B> (2p-1)!>@2p—-1)-2p—2)---- (p+1)-p>p’>p’—p

leads to a contradiction.
Third approach for a = p > 5: as b > p > 5, the required equation
modulo (p + 1)? gives

pPP-p=@+1-1)"—-p
=p-(p+ 1)1+ (-1 —p
=p°=1#0 (mod (p+1)).

1
However, as p > 5, 2, ]% < p are distinct, and (p+ 1) | p!. It follows
that

(p+ 1 (p+1)!
which is contrary to (p + 1)2 1 b!. O

Problem 6. Let n be a positive integer. A Nordic square is an n x n board
containing all the integers from 1 to n? so that each cell contains exactly one
number. Two different cells are considered adjacent if they share a common
side. Every cell that is adjacent only to cells containing larger numbers is
called a valley. An uphill path is a sequence of one or more cells such that:

(i) the first cell in the sequence is a valley;
(ii) each subsequent cell in the sequence is adjacent to the previous cell;
(iii) the numbers written in the cells in the sequence are in increasing order.

Find, as a function of n, the smallest possible total number of uphill paths
in a Nordic square.

Solution The smallest possible number of uphill paths is 2n? — 2n + 1.

Let table A be the original n x n board. Define table B as another n xn
board, and in each cell of B we write the number of uphill paths ending at
that cell. The total number of uphill paths in A is equal to the sum of all
entries of B: call this number S.

There is at least one valley in A, namely the cell with number 1. Each
valley in A corresponds to 1 in B, and vice versa. Let T be the sum of
all non-valley entries of B. Consider a pair of neighbouring cells whose
numbers are x and y,x < y: they contribute at least 1 to T, as there is
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always an uphill path through x and ending at 3. Therefore, T > 2n% —2n,
the number of pairs of neighbouring cells, and

S = T + number of valleys > 2n% — 2n + 1.

It remains to prove the lower bound 2n? — 2n + 1 is attainable. To this
end, we label some cells of B with dots (they will correspond to valleys
in A): the dotted cells form a tree in B while the unlabeled cells are all
isolated. Then, construct the table A as follows:

First, choose any dotted cell and write 1; then, consecutively write
2,3, ... in the dotted cells such that a new number is always written next
to an already written number; finally, write the remaining large numbers
arbitrarily in the unlabeled cells.

Clearly, there is only one cell with number 1, and for each pair of neigh-
bouring cells, the one with the larger number is the end of exactly one
uphill path. So, the number of uphill paths is indeed 2n? — 2n + 1.

We label the cells in detail as follows: for 1 x 1 table, label the unique
cell; for 2 x 2 table, label any three cells; for n x n (n > 3) tables, define

s=2 ifn=0, 2(mod3); s=1 ifn=1 (mod3).

In the first column, label (1,4) as long as ¢ # 6k + s (here, (1,1) is the
lower left cell and (1,n) is the upper left cell). In the second column, label
(2,7) if j = 6k + s —1, 6k + s or 6k + s + 1. Evidently, the dotted cells
in the first two columns are connected. Now we expand the dotted cells
(2,6k + s) and (1,6k + s + 3) to the right: for each dotted (¢, j), label all
(t+1,7) and (i + 21,7 = 1) where [ is any positive integer (we only label
cells within the table). It is easy to see that the dotted cells form a tree and
the unlabeled cells (1,6k+s), (2+20+1,6k+s+1), (24+2{,6k+s+3=£1)
are all isolated (since, if they are in the same column, the distance is at
least 2; if in adjacent columuns, then they are in different rows). g

The following figures illustrate the labeling for n = 3,4,5,6,7 and give
tables A and B for n = 5 (there are other tables that take the same mini-
mum value).

n=>5
=4
n=3 i ° ° ° ° °
. . * * . . .
. . .
. . . . . .
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n==~06 n=1

o o o [ ] [ ] [ ] [ ]
[ ] [ ] [ ]

[ ] [ ] [ ] [ [ ] [ ]

o o o o [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ]

Table A for n = 5.

12 |13 | 14 | 15 | 16
11 |24 | 17 | 25 | 18

10 9 | 22 8 | 23
21 3 4 5) 6
1 2 119 7 | 20

Table B for n = 5.
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