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Preface

The first time China participate in IMO (International Mathematical
Olympiad) was in 1985, when two students were sent to the 26th IMO.
Since 1986, China has a team of 6 students at every IMO except in 1998.
So far, up to 2024, China has achieved the number one ranking in team
effort 24 times. A great majority of students received gold medals. The fact
that China obtained such encouraging result is due to, on one hand, Chinese
students’ hard work and perseverance, and on the other hand, the effort
of the teachers in schools and the training offered by national coaches. We
believe this is also a result of the education system in China, in particular,
the emphasis on training of the basic skills in science education.

The materials of this book come from two volumes (Vol. 2023) of a book
series in Chinese “FE[] IMO: o BAKIL 55U RS (Forward to IMO:A
Collection of Mathematical Olympiad Problems). It is a collection of prob-
lems and solutions of the major mathematical competitions in China. It
provides a glimpse of how the China national team is selected and formed.
First, there is the China Mathematical Competition, a national event. It
is held on the second Sunday of September every year. Through the com-
petition, about 550 students are selected to join the China Mathematical
Olympiad (commonly known as the winter camp), or in short CMO, in
November. CMO lasts for five days. Both the type and the difficulty of the
problems match those of IMO. Similarly, students are given three problems
to solve in 4.5 hours each day. From CMO, 60 students are selected to
forma national training team. The training takes place for two weeks in the
month of March. After four to six tests plus two qualifying examinations,
six students are finally selected to form the national team, taking part in
IMO in July of that year.
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In view of the differences in education, culture and economy of the
western part of China with the coastal part in eastern China, mathemat-
ical competitions in West China did not develop as fast as the rest of the
country. In order to promote the activity of mathematical competition,
and to enhance the level of mathematical competition, starting from 2001,
China Mathematical Olympiad Committee has been organizing the China
Western Mathematical Olympiad.

Since 2012, the China Western Mathematical Olympiad has been
renamed the China Western Mathematical Invitation. The competition
dates have been changed from the first half of October to the middle of
August since 2013.

The development of this competition reignited the enthusiasm of West-
ern students for mathematics. Nowadays, the figure of Western students
often appeared in the national team.

Since 1995, there had been no female students in the Chinese national
team. In order to encourage more female students participating in the math-
ematical competition, starting from 2002, China Mathematical Olympiad
Committee has been conducting the China Girls’ Mathematical Olympiad.
Again, the top 15 winners will be admitted directly into the CMO.

The authors of this book are coaches of the China national team. They
are Xiong Bin, Xiao Liang, Wang Xinmao, Yao Yijun, Qu Zhenhua, Li Ting,
Ai Yinhua, Wang Bin, Fu Yunhao, He Yijie and Zhang Sihui et al.

Those who took part in the translation work are Zhao Wei and Chen
Haoran (improving solutions and providing helpful explanations to a few
problems). We are grateful to Qiu Zonghu, Wang Changping and Liu
Ruochuan for their guidance and assistance to the authors. We are grateful
to Ni Ming, Shi Zhan and Zhang Liyu of East China Normal
University Press. Their effort has helped make our job easier. We are also
grateful to Tan Rok Ting and Angeline Husni of World Scientific Publishing
for their hard work leading to the final publication of the book.



Introduction

Early Days

The International Mathematical Olympiad (IMO), founded in 1959, is one
of the most competitive and highly intellectual activities in the world for
high school students.

Even before IMO, there were already many countries which had math-
ematical competitions. They were mainly the countries in Eastern Europe
and in Asia. In addition to the popularization of mathematics and the
convergence in educational systems among different countries, the success
of mathematical competitions at the national level provided a foundation
for the setting-up of IMO. The countries that asserted great influence are
Hungary, the former Soviet Union, and the United States. Here is a brief
history of the IMO and mathematical competitions in China.

In 1894, the Department of Education in Hungary passed a motion and
decided to conduct a mathematical competition for secondary schools. The
well-known scientist, J. von Edtvds, was the Minister of Education at that
time. His support for the event had made it a success and thus it was well
publicized. In addition, the success of his son, R. von Eétvés, who was also
a physicist, in proving the principle of equivalence of the general theory of
relativity by A. Finstein through experiment, had brought Hungary to the
world stage in science. Thereafter, the prize for mathematical competition
in Hungary was named “FEdtvds prize”. This was the first formally orga-
nized mathematical competition in the world. In what follows, Hungary had
indeed produced a lot of well-known scientists including L. Fejér, G. Szegd,
T. Radd, A. Haar and M. Riesz (in real analysis), D. Kénig (in combina-
tories), T. von Kdrmdn (in aerodynamics), and J. C. Harsanyi (in game
theory), who had also won the Nobel Prize for Economics in 1994. They all
were the winners of Hungary mathematical competition.

vii
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The top scientific genius of Hungary, J. von Neumann, was one of the
leading mathematicians in the 20th century. Neumann was overseas while
the competition took place. Later he did the competition himself and it took
him half an hour to complete. Another mathematician worth mentioning is
the highly productive number theorist P. Erdds. He was a pupil of Fejér and
a winner of the Wolf Prize. Erdds was very passionate about mathematical
competitions and setting competition questions. His contribution to dis-
crete mathematics was unique and of great significance. The rapid progress
and development of discrete mathematics over the subsequent decades had
indirectly influenced the types of questions set in IMO. An internationally
recognized prize was named after Erdos to honor those who had contributed
to the education of mathematical competition. Professor Qiu Zonghu from
China had won the prize in 1993.

In 1934, a famous mathematician B. Delone conducted a mathemat-
ical competition for high school students in Leningrad (now St. Peters-
burg). In 1935, Moscow also started organizing such events. Other than
being interrupted during World War II, these events had been carried on
until today. As for the Russian Mathematical Competition (later renamed
as the Soviet Mathematical Competition), it was not started until 1961.
Thus, the former Soviet Union and Russia became the leading powers of
Mathematical Olympiad. A lot of grandmasters in mathematics, including
the great A. N. Kolmogorov, were all very enthusiastic about the mathemat-
ical competition. They would personally involve themselves in setting the
questions for the competition. The former Soviet Union even called it the
Mathematical Olympiad, believing that mathematics is the “gymnastics of
thinking”. These points of view had a great impact on the educational com-
munity. The winner of the Fields Medal in 1998, M. Kontsevich, was once
the first runner-up of the Russian Mathematical Competition. G. Kasparov,
the international chess grandmaster, was once the second runner-up.
Grigori Perelman, the winner of the Fields Medal in 2006 (which he
declined), who solved the Poincaré’s Conjecture, was a gold medalist of
IMO in 1982.

In the United States of America, due to the active promotion by
the renowned mathematician G. D. Birkhoff and his son, together with
G. Pdlya, the Putnam mathematics competition was organized in 1938 for
junior undergraduates. Many of the questions were within the scope of
high school curriculum. The top five contestants of the Putnam mathemat-
ical competition would be entitled to the membership of Putnam. Many
of these eventually became outstanding mathematicians. There were the
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famous R. Feynman (winner of the Nobel Prize for Physics, 1965), K. Wil-
son (winner of the Nobel Prize for Physics, 1982), J. Milnor (winner of the
Fields Medal, 1962), D. Mumford (winner of the Fields Medal, 1974), and
D. Quillen (winner of the Fields Medal, 1978).

In 1972, in order to prepare for the IMO, the United States of America
Mathematical Olympiad (USAMO) was established. The standard of ques-
tions posed was very high, parallel to that of the Winter Camp in China.
Prior to this, the United States had organized American High School Math-
ematics Examination (AHSME) for the high school students since 1950.
This was at the junior level and yet the most popular mathematics compe-
tition in America. Originally, it was intended to select about 100 contestants
from AHSME to participate in USAMO. However, due to the discrepancy
in the level of difficulty between the two competitions and other restric-
tions, from 1983 onwards, an intermediate level of competition, namely,
American Invitational Mathematics Examination (AIME), was introduced.
Henceforth both AHSME and AIME became internationally well-known.
Since 2000, AHSME was replaced by AMC 12 and AMC 10. Students who
perform well on the AMC 12 and AMC 10 are invited to participate in
AIME. The combined scores of the AMC 12 and the AIME are used to
determine approximately 270 individuals that will be invited back to take
the USAMO, while the combined scores of the AMC 10 and the AIME are
used to determine approximately 230 individuals that will be invited to take
the USAJMO (United States of America Junior Mathematical Olympiad),
which started in 2010 and follows the same format as the USAMO. A few
cities in China had participated in the competition and the results have
been encouraging.

Similar to the case of the former Soviet Union, the Mathematical
Olympiad education was widely recognized in America. The book “How
to Solve it” written by George Polya along with many other titles had been
translated into many different languages. George Polya provided a whole
series of general heuristics for solving problems of all kinds. His influence
in the educational community in China should not be underestimated.

International Mathematical Olympiad

In 1956, the East European countries and the Soviet Union took the ini-
tiative to organize the IMO formally. The first International Mathematical
Olympiad (IMO) was held in Brasov, Romania, in 1959. At that time,
there were only seven participating countries, namely, Romania, Bulgaria,
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Poland, Hungary, Czechoslovakia, East Germany and the Soviet Union.
Subsequently, the United States of America, United Kingdom, France,
Germany, and also other countries including those from Asia joined. Today,
the IMO has managed to reach almost all the developed and developing
countries. Except in the year 1980 due to financial difficulties faced by the
host country, Mongolia, there have been 59 Olympiads held yearly and with
107 countries and regions participating nowadays.

The mathematical topics in the IMO include algebra, combinatorics,
geometry, number theory. These areas have provided guidance for setting
questions for the competitions. Other than the first few Olympiads, each
IMO is normally held in mid-July every year, and the test paper consists of
6 questions in total. The actual competition lasts for 2 days for a total of
9 hours, where participants are required to complete 3 questions each day.
Each question is 7 points, which totals up to 42 points. The full score for a
team is 252 marks. About half of the participants will be awarded a medal,
where 1/12 will be awarded a gold medal. The numbers of gold, silver and
bronze medals awarded are in the ratio of 1:2:3, approximately. In the case
when a participant provides a better solution than the official answer, a
special award is given.

Each participating country and region will take turns to host the IMO.
The cost is borne by the host country. China had successfully hosted the
31st IMO in Beijing. The event had made a great impact on the mathemati-
cal community in China. According to the rules and regulations of the IMO,
all participating countries are required to send a delegation consisting of
a leader, a deputy leader and 6 contestants. The problems are contributed
by the participating countries and are later selected carefully by the host
country for submission to the international jury set up by the host country.
Eventually, only 6 problems will be accepted for use in the competition. The
host country does not provide any questions. The shortlisted problems are
subsequently translated, if necessary, in English, French, German, Spanish,
Russian, and other working languages. After that, the team leaders will
translate the problems into their own languages.

The answer scripts of each participating team will be marked by the
team leader and the deputy leader. The team leader will later present the
scripts of their contestants to the coordinators for assessment. If there is
any dispute, the matter will be settled by the jury. The jury is formed by
the various team leaders and an appointed chairman by the host country.
The jury is responsible for deciding the final 6 problems for the competi-
tion. Their duties also include finalizing the grading standard, ensuring the
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accuracy of the translation of the problems, standardizing replies to written
queries raised by participants during the competition, synchronizing differ-
ences in grading between the team leaders and the coordinators, and also
deciding on the cut-off points for the medals depending on the contestants’
results as the difficulties of problems each year are different.

China had participated informally in the 26th IMO in 1985. Only two
students were sent. Starting from 1986, except in 1998 when the IMO was
held in Taiwan, China had always sent 6 official contestants to the IMO.
Today, the Chinese contestants not only performed outstandingly in the
IMO, but also in the International Physics, Chemistry, Informatics, and
Biology Olympiads. This can be regarded as an indication that China pays
great attention to the training of basic skills in mathematics and science
education.

Winners of the IMO

Among all the IMO medalists, there were many of them who eventually
became great mathematicians. They were also awarded the Fields Medal,
Wolf Prize and Nevanlinna Prize (a prominent mathematics prize for com-
puting and informatics). In what follows, we name some of the winners.

G. Margulis, a silver medalist of IMO in 1959, was awarded the Fields
Medal in 1978. L. Lovasz, who won the Wolf Prize in 1999, was awarded
the Special Award in IMO consecutively in 1965 and 1966. V. Drinfeld,
a gold medalist of IMO in 1969, was awarded the Fields Medal in 1990.
J.-C. Yoccoz and T. Gowers, who were both awarded the Fields Medal in
1998, were gold medalists in IMO in 1974 and 1981, respectively. A silver
medalist of IMO in 1985, L. Lafforgue, won the Fields Medal in 2002. A gold
medalist of IMO in 1982, Grigori Perelman from Russia, was awarded the
Fields Medal in 2006 for solving the final step of the Poincaré conjecture.
In 1986, 1987, and 1988, Terence Tao won a bronze, silver, and gold medal
respectively. He was the youngest participant to date in the IMO, first
competing at the age of ten. He was also awarded the Fields Medal in 2006.
Gold medalist of IMO 1988 and 1989, Ngo Bau Chao, won the Fields Medal
in 2010, together with the bronze medalist of IMO 1988, E.Lindenstrauss.
Gold medalist of IMO 1994 and 1995, Maryam Mirzakhani won the Fields
Medal in 2014. A gold medalist of IMO in 1995, Artur Avila, won the Fields
Medal in 2014. Gold medalist of IMO 2005, 2006 and 2007, Peter Scholze,
won the Fields Medal in 2018. A Bronze medalist of IMO in 1994, Akshay
Venkatesh, won the Fields Medal in 2018.
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A silver medalist of IMO in 1977, P. Shor, was awarded the Nevan-
linna Prize. A gold medalist of IMO in 1979, A. Razborov, was awarded
the Nevanlinna Prize. Another gold medalist of IMO in 1986, S. Smirnov,
was awarded the Clay Research Award. V. Lafforgue, a gold medalist of
IMO in 1990, was awarded the European Mathematical Society prize. He
is L. Lafforgue’s younger brother.

Also, a famous mathematician in number theory, N. Elkies, who is also a
professor at Harvard University, was awarded a gold medal of IMO in 1982.
Other winners include P. Kronheimer, awarded a silver medal in 1981, and
R. Taylor a contestant of IMO in 1980.

Mathematical Competition in China

Due to various reasons, mathematical competition in China started rela-
tively late but is progressing vigorously.

“We are going to have our own mathematical competition too!” said Hua
Luogeng. Hua is a household name in China. The first mathematical com-
petition was held concurrently in Beijing, Tianjin, Shanghai, and Wuhan in
1956. Due to the political situation at the time, this event was interrupted
a few times. It was not until 1962, when the political environment started
to improve, that Beijing and other cities started organizing the competi-
tion, though not regularly. In the era of Cultural Revolution, the whole
educational system in China was in chaos. The mathematical competition
came to a complete halt. In contrast, the mathematical competition in the
former Soviet Union was still on-going during the war and at a time of
difficult political situation. The competitions in Moscow were interrupted
only 3 times between 1942 and 1944. It was indeed commendable.

In 1978, it was the spring of science. Hua Luogeng conducted the Middle
School Mathematical Competition for 8 provinces in China. The mathemat-
ical competition in China was then making a fresh start and embarked on
a road of rapid development. Hua passed away in 1985. To commemorate
him, a competition named Hua Luogeng Gold Cup was set up in 1986 for
students in Grades 6 and 7, and it has had a great impact.

The mathematical competitions in China before 1980 can be considered
as the initial period. The problem sets were within the scope of middle
school textbooks. After 1980, the competitions gradually moved toward
the senior middle school level. In 1981, the Chinese Mathematical Society
decided to conduct the China Mathematical Competition, a national event
for high schools.
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In 1981, the United States of America, the host country of IMO, issued
an invitation to China to participate in the event. Only in 1985, China sent
two contestants to participate informally in the IMO. The results were not
encouraging. In view of this, another activity called the Winter Camp was
conducted after the China Mathematical Competition. The Winter Camp
was later renamed as the China Mathematical Olympiad or CMO. The
winning team would be awarded the Chern Shiing-Shen Cup. Based on
the outcome at the Winter Camp, a selection would be made to form the
6-member national team for IMO. From 1986 onwards, other than the year
when IMO was organized in Taiwan, China has been sending a 6-member
team to IMO. Up to 2018, China had been awarded the overall team cham-
pion for 19 times.

In 1990, China successfully hosted the 31st IMO. It showed that the
standard of mathematical competition in China has leveled that of other
leading countries. Firstly, the fact that China achieves the highest marks at
the 31st IMO for the team is evidence for the effectiveness of the pyramid
approach in selecting the contestants in China. Secondly, the Chinese math-
ematicians had simplified and modified over 100 problems and submitted
them to the team leaders of the 35 countries for their perusal. Eventually,
28 problems were recommended. At the end, 5 problems were chosen (IMO
requires 6 problems). This is also evidence to show that China has achieved
the highest quality in setting problems. Thirdly, the answer scripts of the
participants were marked by the various team leaders and assessed by the
coordinators who were nominated by the host countries. China had formed
a group 50 mathematicians to serve as coordinators who would ensure the
high accuracy and fairness in marking. The marking process was completed
half a day earlier than it was scheduled. Fourthly, that was the first ever
IMO organized in Asia. The outstanding performance by China had encour-
aged the other developing countries, especially those in Asia. The organizing
and coordinating work of the IMO by the host country was also reasonably
good.

In China, the outstanding performance in mathematical competition is a
result of many contributions from all quarters of the mathematical commu-
nity. There are the older generation of mathematicians, middle aged mathe-
maticians, and also the middle and elementary school teachers. There is one
person who deserves a special mention, and he is Hua Luogeng. He initiated
and promoted mathematical competitions. He is also the author of the fol-
lowing books: Beyond Yang hui’s Triangle, Beyond the pi of Zu Chongzhi,
Beyond the Magic Computation of Sun-zi, Mathematical Induction, and
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Mathematical Problems of Bee Hive. These were his books derived from
mathematical competitions. When China resumed mathematical compe-
titions in 1978, he participated in setting problems and giving critique
to solutions of the problems. Other outstanding books derived from the
Chinese mathematical competitions are: Symmetry by Duan Xuefu, Lat-
tice and Area by Min Sihe, One Stroke Drawing and Postman Problem by
Jiang Boju.

After 1980, the younger mathematicians in China had taken over from
the older generation of mathematicians in running the mathematical com-
petitions. They worked and strived hard to bring the level of mathematical
competition in China to a new height. Qiu Zonghu is one such outstanding
representative. From the training of contestants and leading the team 3
times to IMO, to the organizing of the 31th IMO in China, he had con-
tributed prominently and was awarded the P. Erdds prize.

Preparation for IMO

Currently, the selection process of participants for IMO in China is as
follows.

First, the China Mathematical Competition, a national competition for
high schools, is organized on the second Sunday in September every year.
The objectives are to increase the interest of students in learning mathemat-
ics, to promote the development of co-curricular activities in mathematics,
to help improve the teaching of mathematics in high schools, to discover and
cultivate the talents, and also to prepare for the IMO. This has been hap-
pening since 1981. Currently, there are about 500,000 participants taking
part in it.

Through the China Mathematical Competition, around 550 students are
selected to take part in the China Mathematical Olympiad or CMO, that
is, the Winter Camp. The CMO lasts for 5 days and is held in November
every year. The types and difficulties of the problems in CMO are very much
similar to the IMO. There are also 3 problems to be completed within 4.5
hours each day. However, the score for each problem is 21 marks which adds
up to 126 marks in total. Starting from 1990, the Winter Camp instituted
the Chern Shiing-Shen Cup for team championship. In 1991, the Winter
Camp was officially renamed as the China Mathematical Olympiad (CMO).
It is similar to the highest national mathematical competition in the former
Soviet Union and the United States.
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The CMO awards the first, second and third prizes. Among the partici-
pants of CMO, about 60 students are selected to participate in the training
for IMO. The training takes place in March every year. After 6 to 8 tests
and another 2 rounds of qualifying examinations, only 6 contestants are
short-listed to form the China IMO national team to take part in the IMO
in July.

Besides the China Mathematical Competition (for high schools), the
Junior Middle School Mathematical Competition is also developing well.
Starting from 1984, the competition is organized in April every year by
the Popularization Committee of the Chinese Mathematical Society. The
various provinces, cities and autonomous regions would rotate to host the
event. Another mathematical competition for the junior middle schools is
also conducted in April every year by the Middle School Mathematics Edu-
cation Society of the Chinese Educational Society since 1998 till 2014.

The Hua Luogeng Gold Cup, a competition by invitation, has also
been successfully conducted since 1986. The participating students comprise
elementary-six and junior-middle-one students. The format of the competi-
tion comnsists of a preliminary round, semi-finals in various provinces, cities
and autonomous regions, then the finals.

Mathematical competitions in China provide a platform for students
to showcase their talents in mathematics. It encourages learning of mathe-
matics among students. It helps identify talented students and to provide
them with differentiated learning opportunities. It develops co-curricular
activities in mathematics. Finally, it brings about changes in the teaching
of mathematics.
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China Mathematical
Competition
(First Round)

2022

While the scope of the test questions in the first round of the 2022 China
Mathematical Competition does not exceed the teaching requirements and
content specified in the ‘General High School Mathematics Curriculum
Standards (2017)" promulgated by the Ministry of Education of China
in 2017, the methods of proposing the questions have been improved.
The emphasis placed on to test the students’ basic knowledge and skills,
and their abilities to integrate and use flexibly of them. Each test paper
includes 8 fill-in-the-blank questions and 3 answer questions. The answer
time is 80 minutes, and the full score is 120 marks.

The scope of the test questions in the Second Round (Complementary
Test) is in line with the International Mathematical Olympiad, with some
expanded knowledge, plus a few contents of the Mathematical Competition
Syllabus. Each test paper consists of 4 answer questions, including a plane
geometry one, and the answering time is 170 minutes. The full score is
180 marks.
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Test Paper A

Part I Short-Answer Questions (Questions 1-8, eight marks each)

The sum of all elements in set A = {n|n® < 2022 < 3", € Z} is

Solution When n is an integer, n® < 2022 & n  12,3" > 2022 < n 7.
Therefore, A = {7,8,9,10,11,12}. The required sum is 7 + 8 4+ --- +
12 = 57.

Suppose function f(x) = @(2 x  a), where the real number
a is greater than 2. If the range of f(z) is [9, 11], then the range of
ais

Solution Consider function fo(z) =2+ +1(z 2). (When2 =z aq,
f(@) = fo(z)).

Since fy(z) is strictly decreasing on [2,4] and strictly increasing on
[4,4+00) and noting that fo(2) = 11, fo(4) = 9, fo(8) = 11, the range
of desired a is a € [4, 8.

An uneven coin is tossed twice. If the probability of getting heads
in both random tosses is 9 times the probability of getting tails
in both tosses, then the probability of getting one head and one
tail is

Solution Suppose the coin is tossed once randomly and the probability of

getting heads is p(0 p 1), and the probability of getting tails is 1 — p.

According to the question, we have p? = 9(1 — p)?, and thus p = %.

Hence, the probability of randomly tossing it twice and getting one head
3

and one tail is 2p(1 — p) = %.

If complex number z satisfies: Z_?;i is a negative real number (i is
the imaginary unit), and zjr‘;’ is a pure imaginary number, then the

value of z is

Solution Let z = a + bi(a,b € R).
2—3i _ a+(b—3)i
z+i T a+(b+1)i

(a+(b—3)i)(a— (b+1)i) <O0.

Since is a negative real number, that is equivalent to
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Hence, a® + (b —3)(b+ 1) < 0 and —4a = 0, namely, a = 0 and b — 3 and

b+ 1 have opposite signs.
And since Z_‘f = ’fi_*bll" is a pure imaginary number, Re((—3 + bi)

(1 — bi)) = b*> — 3 = 0. Combined with the fact that b — 3 and b + 1

have opposite signs, we can get b = v/3. Therefore, z = v/3i.

Given pyramid P — ABCD, the edge lengths of AB and BC are
V2, and all other edges have lengths of 1. Then the volume of this
pyramid is

Solution Let O be the projection of P onto the base ABCD, and PO = h.

Since PA = PB = PC = PD =1, it follows that OA = OB = OC =
OD = +/1— h2. Thus, ABCD is a cyclic quadrilateral.

Furthermore, since AB = BC' = /2, AD = CD = 1, ABCD is a kite
with BD as its axis of symmetry. Hence, /BAD = ZBCD = 90°, and O
is the midpoint of BD. So v/1 — h? = % = @, we solve for h and get
h=1.

Therefore, the volume of this pyramid is %SABCD -h = %AB -AD-h =
V2

&
Given that the graph of function y = f(z) is symmetric about point
(1,1) and also symmetric about line 2 +y = 0. If € (0,1) and
f(z) =loga(x 4 1), then the value of f(log210) is

Solution Let I" represent the graph of function y = f(x).

For any zg € (0,1), let yo =logz (1 + xo). Hence, (x0,y0) € I' and
yo € (0,1).

Using the central symmetry and axial symmetry of I', it can be deduced
in turn that

(2—x0,2—wo) e, (yo—2,20—2)€l, (4—yo,4—x) <.

Take zg = £, and then 4 — yo = 4 — log, (1 + ) = log, 10.
Therefore, f(logs 10) = f(4 —yo) =4 —mg =4 — 2 = 1?7
In a plane rectangular coordinate system, consider the ellipse {2 :
%2 +y? = 1. Let P be a moving point on {2, and A, B are two fixed
points with B at (0, 3). If the area of APAB has a minimum value
of 1 and a maximum value of 5, then the length of segment AB is
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Solution It is obvious that line AB cannot intersect the ellipse. Let the
equation of AB be y = kx + 3.

Let the moving point P be at P(2cos6,sinf), and then the distance
from P to line AB is d(6) = W

Note that the length of segment AB is fixed. According to the question,
when 6 changes, the ratio of the maximum value of d(f) = Qiq%f to its
minimum value is 5. Specifically, 2kcos # —sin 8 + 3 cannot be 0, so its value
is always positive or always negative.

Since the maximum value of 2kcos# — sinf + 3 is 3 + v/4k2 + 1 which

is positive, its minimum value 3 — +/4k2+1 is also positive. Hence,

3i”i:z+ = 5. Solving this gives k? = ‘3. Thus, the minimum value of
—/ 2
d(@) is do = % = %

Since the minimum value of S pap is 1, we have %|AB| - dop = 1.
Therefore, |AB| = d—QU =T

In a unit square, if two sides are colored in color ¢ and the other two
sides are colored in different colors other than ¢, this unit square is
said to be ‘i-dominant’. As shown in Fig. 1.1, a 1 x 3 grid table with
a total of 10 unit-length segments, which are colored in colors: red,
yellow, and blue. Each segment is colored in one of these three colors
such that there is one red-dominant, one yellow-dominant, and one
blue-dominant unit square, respectively. The number of such coloring
schemes is . (Express your answer as a numerical value.)

Fig. 1.1

Solution Let the unit square be referred to as ‘a square’. The following
conclusions are apparent for the coloring method that fits the question:

(1) When one side of a square is already colored in a certain color ¢, there
are exactly 3! = 6 ways of coloring the other three sides if the square is
i-dominant; there are exactly 3 ways of coloring the other three sides
if the square is j(# i)-dominant.

(2) When a square already has two sides colored in a certain color %, the
square can only be i-dominant, and there are exactly 2 ways to color
the other two sides.
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(3) When a square already has two sides colored in some two colors 4, j, if
the square is either i-dominant or j-dominant, then there are exactly
two ways of coloring the other two sides; if the square is k(# 1,j)-
dominant, then there is a unique way of coloring the other two sides.

Considering symmetry, we only need to calculate the number N of coloring
ways for the left, middle, and right squares being red-dominant, yellow-
dominant, and blue-dominant, respectively. Hence, the result of this ques-
tion is 6/N. If the common side of the left and middle squares is colored in
color 4, and the common side of the middle and right squares is colored in
color j, then this coloring scheme is classified as the “i—j” type.

Using the above conclusions (1), (2), and (3), we can find the number
of such coloring schemes as shown in the following table:

Red—Red: Red—Yellow: Red—Blue:

0 6x2x3=236 6x1x6=236
Yellow—Red: Yellow—Yellow: Yellow—Blue:
IXx2x3=18 |3 x2x3=18 IX2x6=236
Blue—Red: Blue—Yellow: Blue—Blue:
3x1x3=9 3x2x3=18 0

Thus, N = 3 x 36 + 3 x 18 + 9 = 171. Therefore, the final result is
6N = 1026.

Part II Word Problems (16 marks for Question 9, 20 marks for
Question 10 and 11, and then 56 marks in total)

(16 marks) Given that the interior angles A, B and C' of AABC
satisfy sin A = cos B = tan C, find the value of cos® A + cos? A —
cos A.

Solution From sin A = cos B, we know that A = 7 4+ B. However, since
tan C is finite, C' cannot be a right angle. Thus, it can only be A = 7 + B,
which in turn gives C =17 — A— B = %’T —2A.

Therefore, sin A = tan C' = tan (37” — 2A) = cot 24, and hence

sin2A
1=sinA-tan2A4 =sin A -
sin an sin )
1A 2sin Acos A
= Sin - —
> 2cos2 A -1

2(1 —cos? A) - cos A
2cos2 A4 -1 '
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The above equation is equivalent to
2cos? A —1=2(1—cos* A) - cos A.
Thus,

) 1
cos® A+ cos? A —cos A = 5

(20 marks) Given a positive integer m(m  3). Consider positive
arithmetic sequence {a, } and positive geometric sequence {b,,} such
that the first term of {a,,} equals the common ratio of {b,}, the first
term of {b,} equals the common difference of {a,}, and a,, = by,.
Find the minimum value of a,,, and determine the ratio of a; to by
when a,, takes this minimum value.

Solution Based on the question, let the first term of {a,} be a and the

common difference be b, and let the first term of {b,,} be b and the common

ratio be a, where a,b > 0. Then a,, = a + (m — 1)b,b,, = b-a™ L.
Denote A = a,, = b,,. Then from the above expressions, we have

A=b-a™ ' =b- (A= (m—1)b)"".
Using the AM-GM inequality for m elements, we get
(m—1*X=(m—12%-(\— (m—1)p)™ !
((m 126+ (m—1)(A— (m — 1)b))"” B ((m 1)>\>m

m

which leads to A (#) =
The equality holds when (m — 1)2b = A — (m — 1)b, i.e., b = —2—.
1

At this point A (i.e., a,,) takes its minimum value (#) 7"71, and
accordingly we have a = A — (m — 1)b = (m — 1)2b. Therefore,
aq a 2
—=—-=(m-1)"
by b ( )
(20 marks) Consider hyperbola I" : % — 92 =1 in a plane rect-
angular coordinate system. For any point P in the plane that is not
on I, denote 2p as the set of all lines passing through point P and
intersecting I" at two points. For any line [ € {2p, let M and N be the
two intersection points of [ and I', and define fp(l) = |PM|- |PN].
If there exists a line [y € 2p such that [y intersects I' at two points
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on opposite sides of the y-axis, and for any other line | € 2p,1 # ly,
there is fp(1) > fp(lp), then P is called a ‘good point’. Find the area
of the region formed by all good points.

Solution Let P(a,b) be a good point. Consider the necessary and sufficient
conditions for a and b.

For any line [ € §2p, let the angle of inclination of [ be (0 6 < 7).
The parametric equation of [ can be written as

r=a-+tcosb,
l: ) (t is the parameter). @
y=0b+tsinf
Substituting @ into the equation of I' yields the equation in ¢:
(3sin” 0 — cos® )t + 2(3bsin@ — acosf)t + 30> +3-a?> =0  (2)

According to the question, @ has two distinct real solutions ¢ and s,
which is equivalent to 3sin® 6 — cos? 6 # 0, and the discriminant

A = 4(3bsin — acosf)? — 4(3sin? 6 — cos? 0)(3b* + 3 — a?) > 0.

Simplifying this, we get

5
9#%)%7 @

(asinf — bcosh)? > 3sin? O — cos? 6.

When the angle of inclination 6 satisfies (3), from the geometric meaning
of the parameters ¢ in (1) and the definition of fp(), we have
130? + 3 — a?|

|3sin? 0 — cos2 6|’

fe(l) =t |tz =

where [3b% + 3 — a?| > 0 because P is not on I'.

When [ intersects I' at two points on opposite sides of the y-axis, from
the properties of hyperbola, we know 0 € (O, %) U (%“, 71') .

At this point, 3sin® 6 — cos? § < 0. It is obvious that @ satisfies @, and
fr(l) = B 43-a?] fp(1) takes the minimum value fp(lp) = [3b%+3 —a?|

cos2 0—3sin2 60"
if and only if 8 = 0, where line Iy : y = b.
When [ intersects I' at two points on the same side of the y-axis, it is

required that 6 satisfies @ and 0 € (%, 5%) According to the problem,

iy . : __I3b*+3—a?|
for any such [ (if it exists), there is fp(l) = s57——> > fp(lp), that

3sin2 0—cos? 6

is, 0 < 3sin?6 — cos? @ < 1. This is equivalent to 6 € (%, %) U (3%, %“)
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In other words, a and b need to satisfy: for any 0 € 7, ?ﬁf , @ does not

hold, i.e., for any 6 € Z, =F , there is
|asing — bcosb)| 3sin? § — cos? 6. @

In @ let 0 = 7, Tﬂ we get \/7511 ‘/ib 1, gaJr gb 1, respec-

tively. Therefore,
la| + o] V2.

Conversely, when |a| + |b] /2, note that when a € Z, 2% | there is
sind |cosf| 0.
Thus,

lasin® —bcosf| |a|sinb + |b|| cos |

(\/5_ |b|) sin @ + |b]| cos 0|

V/25sin @ \/2 sin? @ + (sin? # — cos? 0)
= 3sin?6 — cos26,

namely, @ holds.
Therefore, P(a,b) is a good point if and only if |a| + [b] /2.
So the region of all good points is A = {(a,b)||a] +|b]| V2}.
The desired area is S4 = 4.

Test Paper B

Part I Short-Answer Questions (Questions 1-8, eight marks each)

20 22

The solution set of the inequality 7 is

Solution By transposing and combining the terms, we get
20(z — 11) — 22(z — 9)
(x —9)(z —11)

which is equivalent to % < 0. It is easy to see that the solution

set is (—oo, —11) U (9, 11).

>0,

In a plane rectangular coordinate system, circle {2 is drawn with its
center at the focus of parabola I' : y> = 6z and is tangent to the
directrix of I'. Then the area of circle {2 is
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Solution The distance from the focus of parabola I' to its directrix is 3,
so the radius of circle 2 is r = 3.
Therefore, the area of circle {2 is w2 = 9.

The maximum value of function f(z) = log2 - logq5 — logo 2z -
logq 52 is

Solution

f(z) =logyg 2 -logyg 5 — (logy 2 + logyg @) - (logyg 5 + logy )
= —(logyo 2 + logy 5) log,g @ — log}y «

2
—logyx — logZ,z = — ( log a:—i—l —|—1 1
€10 10 10 5 14

When log,yz = —3, that is, z = @, f(x) takes the maximum value §.

An uneven coin is tossed twice randomly. If the probability of getting
heads twice in two tosses is %, then the probability of getting one head
and one tail in two tosses is

Solution Let p(0 p 1) be the probability of getting head in a single
toss (0 p < 1). According to the question, p? = %, SO p = @ Therefore,
the probability of getting one head and one tail in two random tosses is
2p(1 —p) =2 —1.

z4+1

Given that complex number z satisfies |2| = 1 and ReZy = %, then

the value of ReZ is

Solution Since 2z = |2|? = 1, we have z = 1. Therefore,

1 1 1
2t —Rez+ =Rez=§.

R, =
1 141

Given that |z| = 1, we can get z = 3 .
Hence, ReZ = Re 22 = Re (—% + —2i) = —%.

If the edges of right square pyramid P — ABCD are all of equal
length, and M is the midpoint of edge AB, then the cosine of the
angle between skew lines BP and CM is
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Solution Take the midpoint of AP as N, and then M N  BP. So the angle
between skew lines BP and CM is ZCMN (or its supplement angle).
Without loss of generality, let the edge lengths of right square pyramid
P — ABCD be 2. It is easy to see that AC' = 2\/5, and thus ZAPC = 90°.
Therefore, CN = /PC? + PN? = /5.
And since MN =1,CM = /5 = CN, we can get

MN 5
/CMN = —— = —
cos 20 2CM ~ 10
that is, the desired value is ‘1/—05.

If the three interior angles A, B, C of AABC satisfy cos A = sin B =
2 tan %, then the value of sin A + cos A + 2 tan A is

Solution Since cos A = sin B, we know B = 7 + A.
Suppose B = § — A, and then C = 7. In this case, cos A = sin B = 2,
which is a contradiction.
Thus, there can only be B = 3 + A, and then C' = § — 2A. Therefore,
1—tan A
"T+tanA’
and this is equivalent to cos A - (1 +tan A) =2 — 2 tan A.
Consequently, sin A + cos A + 2 tan A = 2.

cosAthan%:Qtan(%—A):Q

Among the four sides of a unit square, if three sides are colored in
three different colors, it is called ‘multicolored’. As shown in Fig. 1.2,
a 1 x 3 grid has a total of 10 unit-length segments. We need to color
these 10 segments, each with one of the three colors: red, yellow,
or blue, in such a way that all three unit squares are multicolored.
The number of such coloring schemes is . (Express your
answer as a numerical value)

Fig. 1.2

Solution We say ‘square’ short for the unit square.

Lemma If one side of a square has already been colored, there are exactly
12 ways to color the remaining three sides to make the square multicolored.
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In fact, assuming the already colored side is red, the remaining three
sides can be colored in permutations of red, yellow, and blue, or two yellows
and one blue, or two blues and one yellow. There are 3! + 3 + 3 = 12 ways
in total.

First, color the common side of the left and middle squares, which has
3 ways.

Then complete the coloring of the left square. According to the lemma,
there are 12 ways.

Similarly, there are 12 ways to complete the coloring of the middle
square.

At this point, the right square has one side already colored, so there are
12 ways to complete its coloring.

By the multiplication principle, the number of coloring schemes satisfy-
ing the problem is 3 x 12 x 12 x 12 = 5184.

Part IT Word Problems (16 marks for Question 9, 20 marks for
Questions 10 and 11, and then 56 marks in total)

(16 marks) In a plane rectangular coordinate system, Fy and Fb
are the foci of hyperbola I : % — 92 = 1. Point P on I satisfies

sy
PF, - PF5 = 1. Find the sum of the distances from P to the two
asymptotes of I'.

Solution It is easy to know that the coordinates of Fy, Fy are (£2,0), and
the equations of the asymptotes of I are z + v/3y = 0 and = — /3y = 0,
respectively.

Let P(u,v) and denote the sum of the distances from P to the two

_ VBl | Ju—v3y|
asymptotes by S. Then S = —5— + —5—.

Since 13?113?2 = (u—2)(u+2)+v? = u?+v?—4, we have u?+v?—4 = 1,
that is, u? + v? = 5.
And since P is on I', we have 13—2 —v
9,v% = 1. Note that |u| > V/3Jv], s0 § = % = |u| = %5 Therefore, the
3v2

desired sum of distances is ==

2 2

= 1. Solving this gives u* =

(20 marks) Suppose positive numbers ay, as, as, b1, b2 and bz satisfy:
ai,as and asg form an arithmetic sequence with common difference
b1, b1,b2 and bs form a geometric sequence with common ratio a,
and a3 = bs. Find the minimum value of a3, and determine the value
of asby when ag takes the minimum value.
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Solution Denote a = ay,b = by, where a,b > 0.
Based on the question, we know as = a—+b, as = a+2b, by = ab, b3 = a?b.
Denote A = a3 = bz, and then A\ = a + 2b = a?b. So X\ = a?b = (A — 2b)?b.
Using the AM-GM inequality, we get

AN = (A —2b)% - 4b <W>d = <%>‘3

3 3
7 _ 3V6
namely, A \/277 -

The equality holds when A\ — 2b = 4b, i.e., b = %. At this point A (i.e.,

as) takes its minimum value 3v6 and accordingly we have b = @,a =

2
A —2b=+/6. Therefore,

agbgz(a+b)ab:¥><\/6x§:

156
=

(20 marks) Given that ¢ and b are real numbers with a < b, the
difference between the maximum value and the minimum value of
function y = sinz on the closed interval [a, b] is 1. Find the range of
b—a.

Solution Based on the graphical characteristics of the sine function, if
b — a > m, then there exists a maximum or minimum point ¢ and a zero
point d of sin x within (a, ). Choose a sufficiently small positive number &
such that the interval [d — e,d + £] C (a,b), where sin(d — €) and sin(d + ¢)
have opposite signs. Thus, there exists d; € {d + ¢,d — e} such that sind;
and sin ¢ have opposite signs. Hence, |sinc —sindy| > |sinc¢| = 1, which is
a contradiction.

If b — a < %, then the maximum and minimum points of sinz on [a, 0]
must be at the endpoints ¢ and d of a monotonic interval [c, d] of length

s

less than 7. However,

—d c+d o c—d
cos 5 2 sin

T
|sinc —sind| = 2 sin <25ing:1,

a contradiction.

On the other hand, let a = 0,0 = by € 3,7 . Then the maximum
value of sinz on [a,b] is 1 and the minimum value is 0, which meets the
requirements. At this time, b — a can take any value in 7 .

Additionally, let a = arcsin(t — 1),b = arcsin ¢, where t € %, 1 . Then
the maximum value of sinz on [a,b] is ¢t and the minimum value is ¢t — 1,
which meets the requirements. When ¢t = %, b—a = %; when t = 1,
b—a = %. And b — a changes continuously as t varies within %,1 .
Therefore, b — a can take any value in %

K
In summary, the range of b —ais 3,5 U 5,7 = §,7 .
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Test Paper A

(40 marks) As shown in Fig. 2.1, in convex quadrilateral ABCD,
/ABC = ZADC = 90°. Point P on diagonal BD satisfies
ZAPB = 2/CPD. Points X, Y on segment AP satisfy ZAXB =
2/ADB,/AY D = 2/ABD. Prove that BD = 2XY.

Fig. 2.1

Solution Note that ZABC = ZADC = 90°. As shown in Fig. 2.2, take
the midpoint O of AC. Then O is the circumcenter of convex quadrilateral
ABCD. 1t is obviously that P and B are on the same side of AC, otherwise
/APB </ CPD < 2/CPD, which does not meet the problem statement.

13
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Fig. 2.2

According to the question, we have

/AXB =2/ADB = /ZAOB,
LAY D =2/ABD = ZAOD.

By the above equations, we find that A, O, X, B are concyclic and A,Y, O, D
are concyclic, respectively.

Therefore, Z/OXA = Z/OBA = /CAB = /CDB,Z/0YP = ZODA =
/ZCAD = ZCBD. Consequently, AOXY ACDB.

Let OM 1. AP at point M, CK L AP at point K, and CL 1 BD at
point L.

Since O is the midpoint of AC, we get CK = 20M.

Since /ZKPL =/APB =2/CPD, PC bisects ZKPL, so CK = CL.

Considering that OM, C'L are the altitudes on the corresponding sides
XY, DB of similar triangles AOXY, ACDB, it follows that

ﬂ,OMfOMfl
BD CL CK 2
and thus BD = 2XY.

(40 marks) Suppose integer n(n > 1) has exactly k distinct prime
factors. Denote the sum of all positive divisors of n by o(n). Prove
that o(n)|(2n — k)!

Solution Let n = Hle p;* be the standard factorization of n.
Denote m; = 1 + p; + --- + pi(i = 1,2,...,k), and then o(n)
k
Hi:l m;.
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Proof 1 First, we prove that
on—k  kmi(i=1,2,...k). D

In fact,

; 1 1 o 1 1
m=p (14—t ) A (154t g

(2

1
= p (2 20,) 2% —1(i = 1,2,...,k).

Therefore,
. 2n 2n 2n
my; + 1 2p2061 = k o 2k71 ?a
Jj=1D;
i

where the last step holds since 2*1 14+ Ci_, = k(k 2) and 2° 1.
Thus, inequality @ holds.
It can be seen from @ that for each i = 1,2,...,k, there are at least k

multiples of m; in 1,2,...,2n — k. Hence, mutually distinct positive inte-
gers t1,t2,...,tx can be found in 1,2,...,2n — k, which are multiples of
mi, ma, ..., My, respectively. Therefore, o(n) = Hle m; divides (2n — k)!

Proof2 Let S, = Zgzl mi(j=1,2,...,k),So = 0. We prove the following
two conclusions:

(1) o(n) [ Skh
(2) Sk 2n — k.
Proof of Conclusion (1) For i = 1,2,...,k, among the m; consecutive

integers S;—1 + 1, 5;—1 + 2,...,5;, there must be a multiple of m;. Hence,
(Si 1+1)(Si_142)---S; cz
mi .
Thus, Hk (Si14+1)(Si_142)---S;

i=1 m;

€ Z, which is equivalent to o(n) | S!
Proof of Conclusion (2) Fori=1,2,...,k, there is

1 1
mi=p; |1+ —+-+ =

b i

i 1+1+ +1
Pi 2 20

v 1 .
=p; (2 - ﬁ) 2p; — L. @
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Denote A\; = pii(i = 1,2,...,k), and then \; 2. Using ‘if a,b 2,
then ab a+ b’ repeatedly, we obtain

k k
n=[x D A
i=1 i=1
Combining this with (2), we get
k k
i=1 i=1

k
:QZAi—kz on — k.
=1

By Conclusions (1) and (2), the original problem is proved.

(50 marks) Let a1, aq,...,a100 be non-negative integers such that

(1) There exists positive integer & 100 such that a1 aq
ag, and a; = 0 for ¢ > k;

(2) a1+ as+as+ -+ ajpo = 100;

(3) a1+ 2az + 3az + -+ - + 100ai90 = 2022.

Find the minimum possible value of a1 +2%as+32as+- - -+ 1002%a 0.

Solution 1 When a; = ay = -+ = a18 — 0,(119 = ].9,0,2() = 40,&21 =
41,a90 = ag3 = -+ = ajpo = 0,k = 21, the three given conditions are

satisfied. At this time,

100
Zi2ai =193 + 202 x 40 + 212 x 41 = 40940.

i=1

Next, we prove this is the minimum possible value.
First note k& 21. Otherwise, if £ 20, then

100

k k
> ia; = da; Y 20a; 2000,
i=1 i=1 =1

which contradicts condition (3).



China Mathematical Competition (Second Round) 17

According to conditions (2) and (3), we have

100 100 100 100

> i%a; =Y (i—20)%a; +40) ia; — 400>
=1 1=1 =1 =1

100
= > (i —20)%a; + 408830.

=1
When asg 40,

100 100 100
> (i—-20%a; =Y (i—20)%a; Y a;=100—az 60.
i=1 i=1, i=1,

i#20 i#20

Hence,
100

Z i2a;  40940.
=1

When agop 41, for & 21 and condition (1) we have as; 41, and
thus
100 100 100 100

> ifai =Y (i —19)(i — 20)a; + 39> ia; — 380 ) _ a;
=1 =1 =1 =1

100
= (i — 19)(i — 20)a; + 40858
=1
(21 — 19)(21 — 20)az; + 40858 40940.

In summary, the desired minimum value is 40940.

Solution 2 For non-negative integers ap,as,...,a100 that satisfy the
problem conditions, we can correspondingly take 100 positive integers
x1,%2,...,x100 € {1,2,...,100}, where there are exactly a1 1’s, as
2’s,...,a100 100’s (condition (2) ensures that there are exactly 100 num-
bers). Conditions (1) and (3) are transformed into the following condi-
tions (A) and (B), respectively:

(A) There exists a positive integer & 100 such that z1,2a,..., 2100 do
not contain any number greater than k, and the number of 1’s, the
number of 2’s,. .., the number of k’s are increasing (not strictly);
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(B) 2]1101 r; = leq ia; = 2022, i.e., the average of x1,x2,...,%100 is
1= 20.22.

Noting that 2100 i2a; = 2]1001 z7, the problem is transformed into: 100

numbers

X1,22,...,2100 € {1,2,...,100}

satisfying conditions (A) and (B), find the minimum value of 2]1001 3.

When 1, x2,...,x100 takes 19 19’s, 40 20’s, and 41 21’s,

100
> a2 = 40940.
j=1
Now let us prove that 2]1001 x? is at least 40940.
Since
100 100 100 100
Zx = (= p)? = 100p2 + 20y @y = 1007+ (25— p)?,
j=1 j=1 j=1

it is converted into considering the minimum value of 2100 (x; — p)?.
From p = 20.22, we know that there exist x; 21 and x;  20. Suppose
there are a of z; 21, b of x; = 20, and c of z; 19 in 21,23, ..., 2100-
According to condition (A), a  b.
We relax condition (A) to (A ): @ b. Under conditions (A ) and (B),
we will prove that the minimum value is still obtained when there are 19
19’s, 40 20’s, and 41 21’s.

Since there are limited ways to select x1,xo,...,z100 that satisfy (A )
and (B), we select the group of x1,xa,...,x100 that minimizes the sum of
squares.

If ¢ 19, noting that a + b+ ¢ =100 and a b, there are

100
Z (zj —p)?  0.78%a +0.22%b + 1.22%¢
j=1
100 — 100 —
0.782%. { 00 +0.222. % +1.22%

0.78% x 41 + 0.222 x 40 + 1.22% x 19.

If c 18, then a +b  82. At this time, there is ¢ > 0, because if
¢ = 0, then the average of z; is not less than 20.5, which is inconsistent
with condition (B).
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We also have b > 0. Otherwise, if b = 0, then from a 82 and ¢ > 0,
we can take one z; < 20 and one z; > 20. Replacing them with z; + 1 and
x; — 1, the average remains unchanged but

(@ + D24 (2~ 1 <o

which indicates that the sum of squares becomes smaller. With a decreasing
by at most 1, and b increasing by at most 2, conditions (A ) and (B) are
still satisfied, which contradicts the fact that z1,zo,..., 100 minimize the
sum of squares.

And if there is one z; 18, then b > 0 can be used to choose one
xz; = 20. Replacing x;,z; with x; + 1 and z; — 1, the average remains
unchanged but the sum of squares decreases. With b decreasing by 1,
conditions (A ) and (B) are still satisfied, which contradicts the fact that
xr1,T3,...,T100 Minimize the sum of squares.

So all ¢’'s x; 19 are equal to 19. But at this point

100
> (zj—p)  0.78a—0.22b-1.22¢
j=1

100 — 100 —
00—c 00—c 199¢

0.78 - ’V —-0.22- ’V

0.78 x 41 — 0.22 x 41 — 1.22 x 18 > 0,

contradicting condition (B).
So if and only if x1,zs,...,x1090 are 19 19’s, 40 20’s, and 41 21’s,

100 .o

Zjliol (z; — p)? takes the minimum value. Accordingly, >, i%a; =

2;101 x? takes the minimum value 40940.

(50 marks) Find the smallest positive integer ¢ that satisfies the
following properties: In a 100x 100 grid, if each small square is colored
with a certain color and the number of small squares of each color
does not exceed 104, then there exists a 1 x ¢t or ¢ x 1 rectangle such
that ¢ contain small squares of at least three different colors.

Solution Divide the grid into 100 squares of 10 x 10. Color the 100 small
squares in each square with the same color, and different squares are colored
with different colors. This coloring method satisfies the problem’s condition,
and it is easy to see that any 1 x11 or 11 x 1 rectangle contains small squares
with at most two different colors. Therefore, ¢  12.

Next, we will prove that ¢ = 12 has the described property. We need the
following lemma.
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Lemma In a 1x 100 grid X, if each small square is colored with a certain
color and if one of the following two conditions is met, then there exists a
1 x 12 rectangle such that it contains at least three colors.

(1) There are at least 11 colors in X.
(2) There are exactly 10 colors in, and each color appears in exactly 10
small squares.

Proof of the lemma We use proof by contradiction. Assume the conclu-
sion does not hold.

Take the rightmost small square of each color. Let these squares be at
(from left to right) z1 < x3 < --+ < xy, with colors ¢y, ¢a,. .., g, respec-
tively. Then for 2 i < k, we have z; — x; 1 11. This is because if
x; —x;—1 10, then squares from x;_1 to x; + 1 (not exceeding 12 squares)
will contain at least three different colors (square x;_1 is color ¢;—1, square
x; is color ¢;, and the color of square x; + 1 is different from ¢;—; and ¢;),
which contradicts the assumption.

If condition (1) holds, then k 11, and thus x19 1+ 9 x 11
100,17 > 100, which is a contradiction. Therefore, the conclusion holds
under condition (1).

If condition (2) holds, consider squares from ;1 to ;1. Because each
color appears in at most 10 squares, the 11 squares must contain at least
two different colors, both of which are different from ¢;. Thus, squares from
x1 to x1 + 11 contains at least three colors, contradicting condition (2).
Therefore, the conclusion holds under condition (2) as well.

The lemma is proved.

Returning to the original problem, let ci,cs,...,cr be all colors that
appear.

For1 ¢ k, let s; be the number of small squares of color ¢;, u; be
the number of rows containing color ¢;, and v; be the number of columns
containing color ¢;. From the conditions, we know s;  104. It is also clear
that u;v;  s;, and the equality sign holds if and only if all small squares of
color ¢; are at the intersections of the rows and columns containing color ¢;.

In the following we will prove u; +v; %, where the equality holds if
and only if u; = v; = 10, s; = 100.

If u; + v 21, then from s; 104 we know that u; + v; > %si; if
u; +v; 20, then
(u; + )% wv; s

20 5 5’
the equality holds if and only if u; = v; = 10, s; = 100.

Ui + v;
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Therefore, Zle (u; +v;) Zle 1si.

If Zle (u; +v;) > 2000, from the pigeonhole principle, there exists a
row or column containing at least 11 colors.

If Zle (u; + v;) = 2000, then by the condition that the equality holds,
it follows that each color must color 100 squares and these squares are
located at the intersections of 10 rows and 10 columns. Therefore, there are
exactly 10 colored squares in each row and column, and there are exactly
100 squares of each color.

From the lemma, we know that both situations lead to the existence of
alx12or 12 x 1 rectangle containing small squares of at least three colors.

In summary, the desired smallest ¢ is 12.

Test Paper B

(40 marks) As shown in Fig. 2.3, suppose four points 4, B, C, D are
arranged in order on circle w, with AC' passing through its center O.
Point P on segment BD satisties ZAPC = /ZBPC. Points X,Y on
segment AP satisfy that points A, O, X, B are concyclic, and points
A,Y, O, D are concyclic. Prove that BD = 2XY.

B

A

w

Fig. 2.3

Solution Based on the problem statement, we have
/O0XA=/0BA=/CAB = /ZCDB,
LOYP =/0ODA=/CAD = ZCBD,
and thus AOXY ACDB.
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As shown in Fig. 2.4, let OM 1 AP at point M, and CK 1 AP at
point K (with K on circle w), and CL L BD at point L.

Fig. 2.4

Since O is the midpoint of AC, we have CK = 20M. From ZAPC =
/ZBPC, we get CK = CL.

Considering that OM, CL are the altitudes on the corresponding sides
XY, BD of similar triangles AOXY, ACD B, respectively, it follows that
XY OM OM 1
BD CL CK 2

and thus BD = 2XY.

(40 marks) Given positive real numbers ¢ and b with a < b. Let
X1,T2, ..., T2022 € [a,b]. Find the maximum value of

|z1 — 22| + |22 — x| + -+ - + |T2021 — T2022] + |T2022 — 1]
T1 + X2+ -+ T2022 .

Solution First, we prove that for z,y € [a,b], there is
b—a
|z =yl a—er(x‘HJ)- ®

Without loss of generality, assumea 2z y  b. Then 3
thus

1, and

<8

1—
14

b—a

lz—yl _y—a 1- _
b+a

r+y y+ax 1+

< |8[< (8
[SHISEISHISY

Therefore, inequality @ is proved.
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Consequently,

|z1 — 22| + |22 — 23] + - - + |X2021 — T2022] + |T2022 — 21]

b—a
—— ((z1 +z2) + (w2 + 23) + - - - + (w2022 + 71))
a+b
2(b—a)
= ———- x x DY I
a+b(1+ 2+ + T2022),
Hence,
|z1 — 22| + |22 — z3] + - - + |T2021 — T2022] + |T2022 — 1] 2(b—a)
1+ X2 + -+ X2022 a+b’
where the equality holds when 1 = x3 =--- = X9021 = A, 22 =24 = -+ =
Z2022 = b.

Therefore, the desired maximum value is 2(:—;;).

(50 marks) Let positive integers a,b each have exactly m(m

3) positive divisors, with a1, a9, as,...,a, being a permutation of
all the positive divisors of a. Is it possible that ai,a; + as,as +
as, - .., 0m—1~+ amy could be exactly a permutation of all the positive
divisors of b? Prove your conclusion.

Solution The answer is negative.
We will use proof by contradiction. Assume that the situation described
in the question occurs, and denote

A= {ah a2,a3, ..., a'm}’7 B = {ala a1 + az, az + asg,...,0m—1 + a'm}’-

It is obvious that a; + a;+1  3(¢ = 1,2,...,m — 1). However, since
1 € B, we have a; = 1. Also, 2 ¢ B, so b is odd.

Therefore, a; + as is odd, implying as is even. Since as € A, a is even.

It is easy to know that the two largest elements in A are a and 3.

Obviously, every element in B does not exceed a+5 = 37‘1 In particular,
there is b %a.

Suppose a; = a,a; = §, where i,j 2 (since a has m(m  3) positive
divisors, and a; = 1). Thus, B contains two elements a;,—1 + a;, aj—1 + a;,
both greater than § and hence both greater than %, and both are factors
of b. This shows that 2 | b, contradicting the fact that b is odd.

Therefore, the given situation cannot occur.

(50 marks) There are 100 points Py, Ps, ..., Pigo in order on the
circumference, where Pjgg and P; are adjacent. Now there are 5 col-
ors, and each point in Py, Ps,..., Pigg is required to be colored in



24 Mathematical Olympiad in China (2023)

one of the 5 colors, with each color being used at least once. For any
such coloring, it is required that among Py, Ps, ..., Pigg, there must
be at least ¢ consecutive points containing at least 3 different colors.
Find the minimum value of t.

Solution First, let Pss5, Pso, Prs5, Proo be colored in colors 1,2, 3, 4, respec-
tively, and the remaining points in color 5. In this case, any 25 consecutive
points among Py, Ps, ..., Pigo contain only two colors, which does not meet
the requirement. Therefore, t must be at least 26.

Method 1 In the following, assume that there is a coloring method such
that any 26 consecutive points contain at most two colors. For this coloring,
choose as many consecutive points as possible from P such that these points
do not contain all 5 colors, thus containing exactly 4 colors (Otherwise, we
can add an adjacent point of these consecutive points, still not containing
all 5 colors). Assume the selected points are Pyy1, Pyt2,- .., Pioo, and these
100 — k points do not contain color 1. By extremity, it is known that P;
and Py are both colored in color 1.

For i = 1,2,3,4,5, let z; denote the maximum index of the points
colored in color 7, and then z; = k.

By symmetry, we can assume zo < x3 < x4 < x5. Thus z5 = 100, and
it is easy to see xo > k.

For each ¢ = 2,3,4,5, we prove x; — x;—1  25.

In fact, if z; — x;— 24, consider the 26 consecutive points
Py, Py, i41,---, Py, ;425 (indices taken modulo 100), where P,, , is
colored in 7 — 1, P,, is colored in ¢, and Py, 41 is colored in color j dif-
ferent from ¢ — 1 and ¢ (when ¢ = 2,3,4, there must be ¢ +1 j  5;
when ¢ = 5, since Py 11 = Pio1 = Py, there must be j = 1 ¢ {4,5}),
which means these points contain at least 3 colors, contradicting the
assumption.

Therefore, x5 = 7 + 2?22 (x; — 1) 1+ 4 x 25 > 100, which
contradicts x5 = 100.

The above shows that for any valid coloring, there are always 26 con-
secutive points among P, Ps, ..., Pigo containing at least 3 colors.

To sum up, the desired minimum value of ¢ is 26.

Method 2 Consider any coloring method. For i = 1,2, 3,4, 5, let n; denote
the number of points colored in color 1 among Py, Ps, ..., Pigo, where nq +
ng + -+ ns = 100.
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Consider the number of arcs v, = PePyy1 -+ Pryos (K= 1,2,...,100)
containing color 1, denoted as s, where the subscripts are understood mod-
ulo 100.

If any 26 consecutive points contain color 1, then s; = 100.

If there exist 26 consecutive points that do not contain color 1, we might
assume that all n; points colored in color 1 are P, P, , ..., Pinl 27 1<
ig < -+ <ip, 100), and then

Vir—255 Viz—24y -+ 5 Vir—1, Virs Viay - -+ s Vin,
are ny + 25 distinct arcs. Thus, s;1  ny + 25.
This implies 53  min{n; + 25, 100}.
Similarly, for i = 2,3,4,5, the number s; of arc v (k = 1,2,...,100)
containing color ¢ satisfies s; min{n; + 25,100}.
Therefore, s; + s2 +---+ 85 S, where we denote

5
S = min{n, +25,100}.
i=1
If there exists a number in n;(1 ¢  5) that is not less than 75, we
might as well set n; 75, and then

5
S 100+ (1+25) > 200.

i=2
If all n;(1 ¢ 5) are less than 75, then

5
st syt dss Y (ni+25) =100+ 5 x 25 > 200.

i=1
Therefore,

S1+S2+ -+ S5 S 201.

By the pigeonhole principle, there must be at least one arc corresponding
to at least
201
’V B 3

100

different colors, and the 26 points covered by this arc contain at least 3
different colors.
To sum up, the desired minimum value of ¢ is 26.
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China Mathematical Olympiad

AFA (Shenzhen, Guangdong)

The 2022 China Mathematical Olympiad (also named the 38th National
Mathematics Winter Camp for Middle School Students) was held on 29th
and 30th December 2022. This examination was organized by the Science
and Technology Associations and Mathematics Societies of each province,
autonomous region, and municipality in the provincial capitals across the
country. (In many provinces, students with fever symptoms were arranged
to take exams separately.) Online invigilation was organized by the hosting
organizer, Shenzhen Middle School. The event is the highest level and most
qualified mathematics competition for high school students in China.

This winter camp included representative teams from 31 provinces,
autonomous regions, and municipalities, Hong Kong Special Administra-
tive Region of China, Macau Special Administrative Region of China, as
well as an international team from Singapore. There are a total of 608 par-
ticipants, of which 60 students qualified for the China National Training
Team.

First Day
(8:00-12:30; 29th December 2022)

Suppose positive real number sequences a,, b, satisfy: for any
positive integer n, there are
1 1

Unt1 =0pn — 7 —=n 1 bpi1 = by + T T—n 1
1+Z?:1a_i 1+Z?:1b_i

27
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(1) If aloobloo = a101b101, find the value of ay — bl.
(2) If a19p = bgg, which one of a1gp + b1oo and @191 + b1o1 is larger?

(Contributed by He Yijie)

Solution (1) Let a3 = a, by = b (a,b > 0). According to the problem, for
any positive integer n 2, there is

—a
n—+1 i—1
and thus
1 1 1
Ap — Ap+41 Ap—1 — ap (7%
That is, —%2— = —%a— 4] = 21— This leads to 24t = 42,
An —An+41 Ap—1—0n _1—an W1
From the given conditions, we have as = aj — ﬁ = a+la’1' Thus,
ay
an41  An _a2 _ a
an Ap—1 a1 a+ 1

Hence, the common ratio of sequence {a,}°2 ; is and the general term

Similarly, transforming the general term of b,,: for any positive integer

a+17
is a, =

n 2, there is

bn+1 n - bnfl bn
That is,
b” bn bn—l
bn+1 - bn bn - bnfl + bn - bnfl +
b
—— +2(n—-1) +2n
Hence, bnt1 _ _b42n

b, bt2n—1°
Therefore, the general term of {b,}5°; is

_ aio0 _ b a+1 _ b+200
If a100b100 = @101b101, namely aig? = big;, then © — bt199°

this gives a = b+ 199. Therefore, a; —b; = a — b= 199.

Solving
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(2) Method 1: By definition, {a,}22; is monotonically decreasing, and

{b,}22; is monotonically increasing. From the condition ajgg = bgg, We

know
ai > ag > -+ > agg > 100 = bgg > bog > -+ > by > 0.

And then it follows that

agg = aioo + Ty T S ai > bgg + Ty T 21?21 bi = b1oo-
Combining this with @, it follows that
_ 1
a100 — 4101 = 1+a%+ 'Jra_ingﬁJralloo
1

= bl()l - bl()()~

~ T+t e+ e 5
Therefore, we get ai199 + b100 > a101 + b101-
Method 2: By a199 = bgg, it follows that

at% b(b+2)---(b+ 196)

(@+1)%  (b+1)(b+3)---(b+195)°

We prove a100 + b100 > @101 + b101, which is equivalent to

aioo — @101 > bl()l - bl()()

@100 — @101 N blOl - blO()

a100 bgg

a (b + 198)(b+200) b+ 198
a+1" (b4+197)(b+199) b+ 197
o b b+ 198

a+1" (b+197)(b+ 199)

<1

b+197 — —— .
Ga<bt b+ 198

®

®

We use proof by contradiction. Assume a b+ 197 — —. Then it is

b+198°
clear that a > b+ 196, and thus

a2

- = (b+196)

a—+
ala —b—196) — (b+196)
a+1
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1 1 1
b4+197— — ) (1— ———— ) — (b+ 196
a+1 (( * b+198)( b+198> b+ )>

1 1 1
1<(b+197— )b+ 97—(b+196))

>

a+ b+197/ b+ 198
=0.

b+194  b+192 o . b
And since o1 > 1o > iy10s > 50 we get

(b + 196),

at% - a \? a2 S b b+ 194
(a+1) \a+1) a+1" b+1 b+195

which contradicts @ Therefore, @ holds, and thus aig9 + b100 > @101 +

bio1-

Method 3: 1In the following, we give another proof of a < b+ 197 — H+98'

By a100 = bgg and a,, — apt1 < 1, bpy1 — by < 1(1  n 99), it follows
that

98
a—bzz bit1 — bi) +Z a; — Ait1)
=1
<196 + (by — by) = L
< + (b2 1) b+ 1
—1977L<19777
a b+ 1 b+ 198"

Method 4: In the following, we give another proof of a < b+ 197 — m.
On one hand, by Bernoulli’s inequality, we have

99
a—99<a 17& <a 17L
a-+1 a-+1

a 99 100
=a = .
a+1 (a+ 1)%

On the other hand,

b(b+2)--- (b+ 196)
(b+1)(b+3)---(b+195)

1 1 1
hfi——)(1+——).-- 1
( +b+1>< +b+3> < +b+195>
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1 1 1
1+ — (14— ) (14 ——
b( +b+1>( +b+2) ( +b+98)

b(b + 99) 98
T b1 _b+98_b+1'

Combined with (2), we know a < b+ 197 — 55 < b+ 197 —

1

b+198
Remark This problem examines the basic skills in algebra. Question (1)
tests the ability to find the general term of a sequence, while question
(2) assesses the fundamental technique of inequality approximation. Both
questions are relatively independent of each other. Some students failed to
find the general term, while they solved question (2).

Finding the general term of {b,}>2; in question (1) was slightly more
difficult. Some students had a less than ideal grasp of mathematical induc-
tion. After guessing the general term of {b,}>2,, if the basic steps and
explanations of induction are missing, 3 points will be deducted. Question
(2) contains a pitfall: when a b+ 196, many students incorrectly used the
inequality aLH > bi;%il’ 0
then mistakenly asserting (the number of terms on the left and right sides
of the inequality does not match)

i 97, after multiplying the 98 terms and

™ b b+ 194
(a+1)% " b+1 b+195

(b+196).

In fact, this inequality does not hold when a = b + 196. After general
decomposition, comparing the coefficients of the second highest term of b
shows the contradiction. We hope students will pay closer attention to these
concepts in future studies and practice.

The scores for this problem are as follows:

Score 21 |18 | 15 | 12 916130
Count | 364 | 22 | 24 | 148 |37 |6 |6 | 1

The average score for this problem is 17.4 points. Among students who
received silver medals or higher, the average score is 18.8 points. (However,
among the 60 students who entered the National Training Team, the average
score did not reach 20.)

Given equilateral triangle ABC with side length 1, ( DEF,
XY Z) is called a good triangle pair if points D, E, F lie in the
interior of segments BC, C A, and AB, respectively, and points X
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Y, Z lie on lines BC, C'A, and AB, respectively, satisfying
DE EF FD
—=—=—, and DEILXY, EF1YZ FDI1ZX
20 22 38
(see Fig. 3.1). As ( DEF, XYZ) run through all good triangle
. . . 1 1
pairs, determine all possible values of —t 5o
(Contributed by Yao Yijun)
Z
A
A
X \
B DC
Fig. 3.1 Fig. 3.2
Solution

(1)

First, consider the rotation of 90° (clockwise or anticlockwise), centered
at an arbitrary point on the plane. Then, the images of points X, Y, Z,
denoted as X , Y , Z , satisfy

XY |DE,YZ |EF, ZX || FD.
In this case, XY Z and DFEF are directly similar. Thus, every good
triangle pair is directly similar.
As shown in Fig. 3.2, rotate XY Z (together with equilateral triangle
ABC) by 90° and properly rescale and translate the picture so that the
image of XY Z coincides with DFEF. At this point, points A, B,
C are transformed into points A;, By, Ci. Therefore, there are three
points A1, Bi, C1 on the plane, satisfying the following:

e/\ AiBi1(C is an equilateral triangle.
e Points D, E, F lie on lines B1Cy, C1 A1, A1 By, respectively.
L] AlBlJ_AB, BlClJ_BC’, ClAlJ_CA

From this, we see that points A;, Bi, C1 lie on the circumcircles of
AEF, BFD, CDE, respectively. Moreover, Ay, By, C1 are the
antipodal points of A, B, C in the corresponding figure.



(3)

China Mathematical Olympiad 33

Note that S apc:S xvz =S5 a,B,c, : S prr.So we only need to
calculate the ratio of S apc+ S a,B,0, t0 S prr. We have

S apc=S per+S EBar+S FBD+S DCES

S s, =S per+S Eayr+S FBiD+S DCLE-

Here the right-hand sides are expressed in terms of oriented areas. Since
the two equilateral triangles on the left-hand side are directly similar,
the signs on the areas are the same. Using the properties of the above-
mentioned antipodal points, if we denote the circumcentres of AFEF,

BFD, CDEFE as 01, Oz, O3, respectively, then the condition that
‘D, E, F lie on the interior of three sides’ guarantees that these three
circumcentres lie outside of DFEF'. Therefore, we have the following
equality of areas:

S aBc+S aBc, =2(S per+S Eo,F+S FO,p+ S DOsE)

In fact, 010205 is the outer Napoleon triangle of DFEF, and its
area is half of the quantity in parentheses on the right side of the
equality.
So we need to calculate, for a triangle with side length ratio 20 : 22 : 38,
the ratio of the area of the hexagon formed by the vertices of the triangle
and the vertices of the outer Napoleon triangle, to the area of the
original triangle.

By Heron’s formula, the area of a triangle with side lengths 20, 22, 38 is
V/40 - (40 — 20) - (40 — 22) - (40 — 38) = 120V/2.
On the other hand,

V3

S woir + 8 ro,0+ 8 pogp = 5= (117 +10° +19%) = 194V/3.

Therefore,
1 N 11 <S ABC | S ABC>
S per S xyz S aBc \S per S xvz
_ 1 S aBc+S aBicy
S aBC S pEF

4 2(120v2 + 194v/3)

= X
V3 120v/2

972+ 40V3
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Remark First, the good triangle pair described in this problem does exist.
It is easy to find three points on the lines where the three sides of a given
triangle (in this case, ABC) lie, such that the resulting triangle has the
given shape and the direction of one of the sides is specified (and thus the
direction of all three sides is determined).

At the end of the question, there are the reciprocals of the areas of the
triangles. We know that in classical plane geometry, the only meaningful
quantity is the ratio of length to area, so we have to think of comparing
the area of the two triangles to a ‘base’ triangle (in this case, ABC).

The geometric transformations involved in this problem are not com-
plex, but the directed area part requires some conceptual understanding.
The key part of the calculation: for given DFEF, the sum of the areas of
two equilateral triangles ABD and A;B;C; with corresponding sides
perpendicular to each other is a constant. This theorem is attributed to the
Italian mathematician Ernest Cesaro.!

The vast majority of students who solved this problem used a more
computationally intensive method:

e On the basis of the similarity of two triangles in the same orientation,
find their rotational similarity center.

e Prove that for good triangle pairs, this similarity center is the same point.

e The right triangle formed by the lines connecting corresponding points
on these two triangles to this center is similar.

e Then, using an equivalent form of the Pythagorean theorem, we have the
following: ‘The sum of the reciprocals of the squares of the two vertical
sides of a right-angled triangle is equal to the reciprocal of the square of
the altitude on the hypotenuse,’ the reciprocals of the areas of these two
triangles transform into the reciprocal of the area of a triangle.

e Finally, the problem reduces to the following: find a point such that its
perpendicular distances to the three sides of an equilateral triangle are
in the ratio 20 : 22 : 38, and then find the reciprocal of the area of this
triangle.

There were also a small number of candidates who took the approach of
expressing the area of a triangle directly as a trigonometric function of the
slope of one of the sides of DEF (or XY Z) (i.e., the angle between one
of their sides and one of the sides of the equilateral triangle). They found

IThis theorem was published in 1883 in the journal Mathesis, edited by P. Mansion
and J. Neuberg. At that time, Ernest Cesaro (1859-1906) was studying at the Mining
Academy in Liege, Belgium (where his mathematics professor was Catalan).
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the expression for the reciprocal sum of the areas of the two triangles that
is independent of this angle, but only of the interior angles of DEF (and
thus XY Z), and then computed the exact numerical values.

The scores for this problem are as follows:

Score 21 | 18 [ 15|12 9 | 6| 3 0
Count | 84 [ 20 | 8 | 46 | 38 | 9 | 48 | 355

The average score for this problem is 5.5 points, which is lower than
expected. For students who received gold medals, the average score for this
problem is 11.7 points. However, for those who received silver medals, the
average score is only 3.3 points.

According to IMO’s conventions for geometric problems, this problem
did not provide a figure, requiring students to construct the correspond-
ing geometric figures themselves. We noticed that many students, dur-
ing the process of algebraically transforming the geometric problem, did
not realize that their algebraic expressions relied on the relative positions
of the points in the figure they had drawn on the paper. They assumed
that the expressions held true for all situations, which is not a good habit.
In Euclidean geometry, geometric expressions often differ due to the positive
and negative variations caused by different point positions.

Transforming geometric conclusions into algebraic problems with proofs
and providing complete geometric reasoning for those conclusions is the
basis for credit according to IMO grading conventions. In other words,
incomplete algebraic transformations alone cannot serve as the basis for
partial credit.

Given positive integers m and n. Fix away to color the vertices of a
regular (2m+2n)-gon so that 2m of them are black and the remaining
2n are white. Define the coloring distance d(B, C) between two black
points B, C' to be the lesser of the number of white points on either
side of line BC; define the coloring distance d(W, X) between two
white points W, X to be the lesser of the number of black points on
either side of line W X.

A black pairing scheme B is to label all 2m black points as
By,...,B,, C1,...,Cy, such that the m segments B;C;(1 ¢ m)
do not intersect each other. For any black pairing scheme B, denote

m

P(B) = d(B;,C}).

i=1
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A white pairing scheme W is to label all 2n black points as
Wi, ...,Wn, X1,..., Xm, such that the n segments W; X;(1 i <mn)
do not intersect each other. For any black pairing scheme %, denote

P(w) = Zd(WuXi)-
i=1
Prove that, regardless of how the vertices are colored, there is always
max P(B) = max P(w),

where the maximum values on both sides of the equation are taken
over all possible black pairing schemes B and white pairing schemes
W, respectively.

(Contributed by Xiao Liang)

Solution Without loss of generality, place the 2m+ 2n vertices on the unit
circle. The Euclidean distances among these point vertices do not affect the
discussion. We call the segments in the white pairing scheme white segments,
and the segments in the black pairing scheme black segments.

Lemma 1 For any black pairing scheme B and any white pairing scheme

W, the number of intersections I(B, W) of the m + n segments is less than
or equal to P(B) and is also less than or equal to P(W). (For the black

and white pairing scheme B and % shown in Fig. 3.3, the intersections are
marked in gray, I(B, W) =5, P(B) =243+2=7, P(W)=14+34+1=5.)

B,
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Proof of Lemma 1 For any segment B;C; in B, the number of white
segments intersecting B;C; must not exceed d(B;, C;) because each white
segment corresponds to one white point on each side of segment B;C;.
Taking the sum over all black segments in B gives the inequality I(B, W)

P(B). Similarly, we can prove I(8, %) P(W). Hence, Lemma 1 is proved.

Lemma 2 For any black pairing scheme B, there always exists a white
pairing scheme W such that I(B, W) = P(B). Thus, P(B) = I(B, W)
P(w).

We first explain how Lemma 2 proves the original problem. Applying
Lemma 2 for all B, we get

max P(B) er%XP(‘W).
A symmetric discussion shows that
max P(w) max P(B),
thus proving the problem.

Proof of Lemma 2 (Method 1) We prove the existence of white pairing
scheme W on the number of white points 2n: when n = 0, it is evident and
does not need to be proved. Assume the existence has been proved for when
there are 2n—2 white points. Consider the case with 2n white points. Among
all black point pairings B;C;, choose the one with the maximum d(B;, C;),
say B1Cy. If d(B;,C;) = 0, any white pairing scheme will suffice. Now we
assume that d(B;,C;) > 0. Let W, be the first white point encountered
when rotating clockwise starting from B;, and let X, be the first white
point encountered when rotating clockwise starting from Bj. As shown in
Fig. 3.4, consider the case where the two white points W,, and X,, are
removed. Use d (B, C) to record the coloring distance in this case, and let

m

P(3)=) d(B;C).

By inductive hypothesis, after removing W, and X,, there exists a
white pairing scheme W such that I(B, W ) = P (B). We prove that adding
segment W, X,, to W gives the required white pairing scheme W.

We separate the discussion for each segment BC in B. If BC intersects
with W, X,,, then removing W, X,, is equivalent to removing one white
point on each side of BC, so d (B,C) = d(B,C) — 1. If BC does not
intersect with W, X,,, we want to show that d(B,C) = d (B, C). Note that
if BC has more than n + 1 white points on the side of W,, and X,, and
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C

Fig. 3.4

the number of white points on the other side of BC' does not exceed n — 1,
then we must have d(B,C) = d (B, C). On the other hand, if BC has no
more than n white points on the side of W, and X,,, note that segments
BC, B1C; and W,, X, do not intersect; therefore, the entire segment B1C}
is on the side of BC with no more than n white points. So there must be
d(B,C) > d(By,Ch), which contradicts the maximality of d(Bi, C1). Hence,
d(B,C)=d (B,C).

It can be seen that P(8)— P (B) is exactly the number of black segments
in B that intersect with W, X,,, namely, I(8, W) — I(B, W ). Therefore,
I(B, W) = P(8). This completes the inductive proof.

Proof of Lemma 2 (Method 2) (This method is essentially the same as
the previous proof but described differently.) For black segment BC' in B,
we call the white points on the side with fewer white points an internal
set of white points. (If d(B,C) = n, take the internal set of white points
on either side.) Note that any two internal sets of white points (for two
different black segments) either do not intersect or one is contained within
the other. Take all the largest internal sets of white points, and treat any
point not in any internal set of white points as its own internal set of white
points. We only need to prove that there exists a pairing scheme for the
white points such that no two white points corresponding to different white
line segments are in the same internal set of white points. To this end, we
first take the largest internal set of white points, connect its last white
point with the next white point in clockwise direction, and remove these
two white points, considering the remaining white points and corresponding
internal sets of white points. Obviously, what is obtained in this way is a
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pairing scheme for the white points that meets the conditions because, by
induction, it is easy to see that the number of white points in the largest
internal set of white points at any time is less than or equal to the total
number of white points in the remaining internal sets of white points.

Proof of Lemma 2 (Method 3) First, construct a weak white pairing
scheme 9 , which pairs white points without requiring the corresponding
white segments to be non-intersecting, such that I(B, W ) = P(B). In fact,
if Wy, Wa, ..., Wa, are the 2n white points sequentially arranged on the
circumference of the circle, we only need to pair W; with W,,.;(1 ¢ n)
because this pairing will ensure that for any black segment, the white
points on the side with fewer white points are connected to the other
side.

Take all weak white pairing schemes W that satisfy I(B8,W ) = P(B),
and among them, let %} be the one with the smallest total Euclidean
distance of the white segments. We prove that n white segments in W do
not intersect each other. Otherwise, suppose the white segments WX and
Y Z intersect; without loss of generality, let them be sequentially W, Y,
X, Z in clockwise direction on the circumference (as shown in Fig. 3.5).
Since the black segments in B do not intersect, there cannot be a black
segment connecting YX to WZ and a black segment connecting X7 to
WY at the same time. We might as well suppose there is no black segment
connecting Y X to WZ. We then replace YZ and WX with WY and ZX
to obtain a weak white pairing scheme W}, which clearly reduces the total
Euclidean distance of all white segments.

e

Fig. 3.5



40 Mathematical Olympiad in China (2023)

Next, we compare I(B, Wp) and I(B, W),):

e For any black segment connecting WY to j(_}?, or ZX to 5(_?, or WY
to W_?, or ZX to I//V_E, the total number of intersections between them
and WX, YZ and WY, ZX is 1.

e For any black segment connecting WY to /Z_)?, its intersection number
with WY, WX, YZ, ZX is 1.

Therefore, I(B, Wy) = I(B,W),), which contradicts the fact that )
minimizes the total Euclidean distance of all white segments. Hence, %} is
a valid white pairing scheme, completing the proof of Lemma 2.

Remark This problem exhibits a certain symmetry or, more precisely, a
sense of ‘duality,” that is, using white points and black points to calculate
the coloring distance and get the same maximum value. This is a phe-
nomenon that often occurs in mathematics. The key to solving the problem
lies in the idea of counting twice, using the total number of intersections
between black and white segments I(B, W) as a bridge to connect the col-
oring distances P(B) and P(W).
The scores for this problem are as follows:

Score 21 | 18 [ 15|12 9 | 6| 3 0
Count | 36 | 11 | 8 | 10 | 36 | 6 | 31 | 470

The average score for this problem is 2.7 points, making it the lowest-
scoring problem in this exam. For students who eventually entered the
National Training Team, the average score for this problem reached 11.9
points, while those who did not enter the National Training Team but won
gold medals had an average score of less than 4 points on this problem.

Second Day
(8:00-12:30; 30th December 2022)

Find the smallest integer n 3 that satisfies the following: there
exist n points Ay, Ao, ..., A, on a plane, with no three points being
collinear, and for any 1 ¢ n, there exists 1§  n(j = 9)
such that segment A;A;;, passes through the midpoint of segment
AiAi+1. Here, An+1 = Al.

(Contributed by Fu Yunhao)

Solution First, we prove that n = 6 satisfies the condition of the problem.
Let Py, Ps,..., Ps be the vertices of a regular hexagon in clockwise order.
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Let Al == Pl,AQ == P37A3 == P5,A4 == P27A5 == P6,A6 == P47 and then the
6 points satisfy the condition of the problem, as shown in Fig. 3.6.

45
Al A3
A, Ay
4,
Fig. 3.6

In the following, we prove that n 5 does not meet the condition. It is
obvious that n = 3 does not meet the condition because for any 1 ¢ n,
the described 1§ n needs to satisfy

j—i=-1,0,1(modn).

When n = 4, suppose Aj, As, Az, Ay satisfy the condition. Then A; A,
and A3A4 must bisect each other, and A; A3 and A4A; must bisect each
other, which is clearly impossible!

Thus, we only need to consider the case with n = 5. Suppose Aj, As,
As, Ay, As satisfy the condition. For any 1 ¢ 5, the described j needs
to satisfy j =4+ 2, i + 3(mod 5). We discuss in the following two cases.

Case 1: Among segments A;A;11(i = 1,2,3,4,5), there are two segments
bisecting each other. Due to symmetry, we might as well assume that A; Ao,
A3 A, bisect each other. Noting that an affine transformation of the plane
does not affect the conclusion, we may assume that segments A; Ay, A3Ay
are perpendicular bisectors of each other and have the same length. Estab-
lish a plane rectangular coordinate system with their intersection point O
as the origin, and set A;(0,—2), A2(0,2), A3(2,0), A4(—2,0). Thus, the
midpoint M (1,1) of A3 As must lie on segment A4As or segment Aj As.
By symmetry, we may assume that M lies on A; A5. Note that the slope of
A1 M is 3, so we can set the coordinates of As as (14 z,1+ 3x), x > 0, as
shown in Fig. 3.7.

Now we consider the midpoint N of A4As. If it lies in the interior of
segment AjAs, then 1+ z+ (—2) = 0, which gives z = 1. But now, Ay, As,
Ay are collinear, a contradiction. If N lies in the interior of segment As Ag,
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4,(02) 45
M(1,1)
0
A4(-2,0) A45(2,0)
4,(0,-2)
Fig. 3.7

then

L+a+(=2)  1+3a
2 2 ’
which also gives x = 1, a contradiction.

Case 2: No two segments in A;A;11(: = 1,2,3,4,5) bisect each other.
By symmetry, we might as well assume that the midpoint B; of Aj As lies
on A3A4. Then the midpoint B3 of A3Ay lies on As5A;, the midpoint Bs of
A5 Aq lies on As Az, the midpoint By of A3 Az lies on A4 A5, and the mid-
point By of A4A5 lies on A A,. This implies that sequentially connecting
Az, Ay, As, Ay, As will form a star (as shown in Fig. 3.8).

By the law of sines, we have

1= ﬁ sin lAiBZBZ+2 > AiBrL'+2

N 1 sin lAiBH_gBi - i Asz

o H z+1Bz+d > Ai+1Bi _ 1

AiBi

i=1

where the indices are modulo 5. This is a contradiction!
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To sum up, the desired minimum is n = 6.

Another proof of case 2 here is as follows. For 1 i 5, consider the
following equalities (since B; is the midpoint of A;A4,11) and the inequality
(the sum of two sides is greater than the third side):

BiBits + BitsAit1 = BiAit1 = AiB;,

Biy3Aiy1 + BigsBiy1 > Aiv1Biyr.
Summing over indices ¢ = 1,2,3,4,5, the left and right sides of the two
expressions sum up to be equal, but one is an equality and the other is a
strict inequality, leading to a contradiction.

Remark Note that if the problem is changed to ‘For any 1 ¢ 5, there
exists 1 j n(j =1) such that line A;A;;1 passes through the midpoint
of segment A;A;11’, the answer remains n = 6.

The proof for n = 5 is essentially the same as in Case 1 (but allows x
to take negative values). For Case 2, we know that for the convex polygon
formed by these five points, any two adjacent vertices cannot have adjacent
indices, otherwise the line connecting them cannot pass through the mid-
point of another segment. Therefore, the configuration must be as shown
in Case 2.

This is a simple problem, and combinatorial geometry is a regular
feature of IMO preliminary problems. However, simple graphs and finite
extremes are not common in IMO preliminary problems, which makes it
difficult to find similar problems.

Affine transformations, which can significantly reduce the complexity of
subsequent discussions, were scarcely used by the candidates in the exam.
This shows that there is still much room for improvement in broadening
students’ horizons in future teaching.

The most difficult part of this problem is to find the appropriate discus-
sion method. The solution in the reference answer essentially only needs to
discuss two cases, while many candidates have poor ability in handling clas-
sification discussions. Not only did some candidates discuss all 32 cases one
by one, but there were also some solutions that used incorrect symmetry
assumptions.

The scores for this problem are as follows:

Score 21 181 15 |12 9 | 6| 3 0
Count | 295 | 82 | 118 | 39 | 38 | 4 | 12 | 20

The average score for this problem is 17.0 points. The average score for
students who won the silver medal reached 17.9 points, which is more than
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1 point lower than the average score for students who won gold medals but
significantly higher than the average score for students who won the bronze
medal (11.8 points). Although there is a slight barrier that caused a few
students to score 0 points, the average score for this problem is similar to
that of the first problem, and there are more students in the high-score
range.

Prove that there exists a positive integer C' such that the following
statement holds:

For any infinite arithmetic sequence of positive integers
ai,as,as, ..., if the greatest common divisor of a; and as is square-
free, then there exists positive integer m  C - a2 such that a,, is
square-free.

Note: A positive integer N is said to be square-free if it is not divisible
by any square number greater than 1.

(Contributed by Qu Zhenhua)

Solution We prove that C = 8 satisfies the condition of the problem.

(1) First, consider the case where a1 and as are coprime. Let d = a2 — a1
be the common difference. For any prime p, if p | d, then p { a1, and thus
p does not divide any a,,. If p 1 d, then p{ a1, and then any consecutive p?
items in sequence {a,} form a complete system modulo p?, where exactly
one of them is divisible by p?.

Let N = 4as. We prove that there exists 1 n N such that a, is
square-free. If 1 m N and a,, has square factors, then there exists
prime p such that p? | a,,. Thus, p{d and p van. However, the number

of terms in a1, as, ..., ay divisible by p? does not exceed L% . Therefore,
assuming that the number of terms with square factors in a1, aq,...,ayN is
M, then

p<yan p<van
1
N Y S+Van
pS\/ﬁp
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The last inequality is due to

R 1 1
<Z+Z(2k72)2k_§'

k=2
When N = 4ag, Jay < vVNas = 2a5 = %, so M < N. Therefore, there
exists a term in aq,as,...,ay that is square-free.

(2) Assume ged(aq,a2) = ged(ar,d) =q=q1---q > 1, where q1,...,q are
pairwise distinct primes. Note that each a; is divisible by ¢g. For each prime
gi, there exists a term a;, such that vy, (a,) = 1. In fact, we can choose
t; € {1,2} because a; and as cannot both be divisible by qi2. By the Chinese
remainder theorem, there exists k € {1,2,..., ¢} such that k = ¢;(mod ¢;),
1 4 [ Thus, for 1 ¢, there is a = a¢, (mod g;d), so vy, (ar) = 1.
Consider the subsequence ay, @r+q,Grt2q,- .. With common difference
qd (divisible by ¢?). It can be seen from the construction that ¢? { ax(1
i <1), that is, each term in the subsequence does not have ¢1,¢2,...,q as
square factors. Let b; = W. Then by < bs < --- is a positive integer
arithmetic sequence with common difference d, and the first term b; = %k
is coprime with d. By the conclusion in (1), there exists ¢  4by such that
b; has no square factors. And since ¢ is coprime with b;, ax4(i—1)q = qb; is
also square-free. Therefore,

k4 (i—1)g g <4byg=4akyq < 4(k+q)az 8daz < 8a3.

Remark The proof of this problem requires estimating the number of
terms containing square factors from a1, as, . . ., any (or from a subsequence),
denoted as S(IV), and then proving the existence of a term that is square-
free by showing S(N) < N. Note that primes can be classified into three
categories:

e Irrelevant prime p: For any n, p* { a,,.

e Good prime p: Among consecutive p? terms in a,,, there is exactly one
term that is divisible by p?.

e Bad prime p: Among consecutive p terms in a,,, there is exactly one term
that is divisible by p?. (This is equivalent to pla1, p|d = az — a1, p? 1 d.)

There are only a finite number of bad primes, denoted as q1, ..., q:. Let
Q = q1--qt, and then @ | d. In the reference solution, we first consider
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the case without bad primes, where S(N) < % + y/an. For the general
case, select a subsequence such that it does not contain bad prime factors.
Of course, this can also be written in one step by selecting a subsequence
first and then estimating the number of terms with square factors. Many
students adopt this approach in their exam papers, which is essentially the
same as the reference solution.

In addition, bad primes and good primes can be discussed together.
Suppose N = 5a3—u  4a3,0 wu < @ suchthat Q | N. Among consecutive
Q terms in a,,, there are p(Q) terms that are not divisible by any ¢?. Hence,

among ai, as, .. .,ayN, there are N%Q) terms that are not divisible by any

¢2. Denote

[Njg=1 n N:q¢ta, VI i<t
[N]g is the union of ¢(Q) congruence classes modulo Q. Suppose p is a
good prime. Remove n such that p? | a,, from p? | a,,. Hence, one term of
every p? term is removed in each congruence class modulo @, and no more

2 an

than ¢(Q) [% terms are removed. Note that if p? | a,, then p roR

sop < %V Therefore,

N—=S(N) [[INlol= > «(@)

Q i Q
> Nggg) - 0(Q) %
NSO(Q) Nay
20 *@(Q)\/F
—olQ)/g 31/ Ve

N (1 |4a2

Consequently, C' = 5 also satisfies the requirement.
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The scores for this problem are as follows:

Score 21 1811512 | 9 6 3 0
Count | 143 | 13 | 18 | 2 | 25 | 36 | 78 | 293

The average score for this problem is 6.9 points. The average score for
students who won gold medals is 15.5 points, while the average score for
students who won silver and bronze medals is only 2.6 points.

There are n(n 8) airports, and there are direct one-way flights
between some airports. For any two airports a and b, there is at least
one direct one-way flight either from a to b or from b to a (there may
be flights both from a to b and from b to a). It is known that for
any set A(1 |A] n — 1) consisting of several airports, there are
at least 4 - min{|A|,n — |A|} one-way flights from airports in A to
airports outside A.

Prove that for any airport z, it is possible to depart from z and
return to z via no more than v/2n direct one-way flights.

(Contributed by Ai Yinghua)

Solution Represent each airport as a point. If there is a direct one-way
flight from airport a to airport b, draw a directed edge ab, thus obtaining
a directed graph G. Denote r = L\/gj, and then r 2. We prove that for
any vertex v, there exists a directed cycle of length not exceeding 2r that
passes through v. This will establish the proposition stated in the problem.

We use proof by contradiction. Assume that there does not exist a
directed cycle of length not exceeding 2r passing through v in G. For each

positive integer k& r, define

N, ={z € V(G) | © = v, and the length of the shortest directed path
form v to x is k}.

Let T, = N1 J- - - U Ng. First, we prove the following fact:

(x) For1 'k r—1, if the directed edge :E’)y is from Ty to its complement
T, then there must be x € Ni, and y € Nyy1.

The proof of fact (x) is as follows: It is obvious that y = v; otherwise,
from v to x there is a directed path of length not exceeding k, and combing
edge x?/ = ﬁ, we get a directed cycle passing through v with length not
exceeding 1 +k r < 2r, a contradiction. Suppose x € N;(1 i k), and
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then from v to z there is a directed path P with length i. Combining P
with @, we get a directed edge from v to y with length not exceeding i+ 1.
Let d be the shortest path from v to y, and thend i+1 k+ 1. From
y € (T U{v})°, we know d k41, and thus d = k + 1, i = k. Therefore,
x € N, y € Nigq1.

In addition, we assert |T,,| 2

5 .

Proof of the Assertion We use proof by contradiction. Assume |T}.| < 3.
For each 1 <i r — 1, consider the set M of all directed edges from T; to
TF. On one hand, by the conditions of the problem, we have

M| 4 -min|T;|, n-—|T;|=4-|Ti|

On the other hand, from fact (x) we know that for any edge Iy in
M, there is ¢ € N;, y € N;y1. Then it follows that the number of edges
in M does not exceed the number of ordered pairs (z,y) € N; x Ny,
that is, [M|  |Ni| - |[Ns41]. Combining these estimates, we obtain for any
1 ¢ r—1,thereis

4-Ti|  [Ng| - [Nigal- @®

Denote t; = |T;| = |N1| + -+ + |N;|. From the problem’s conditions, we
know t; = |[N1| 4 = 22. From fact (x) we know that all directed edges
zy from Ty to its complement Tf satisfy y € Na. In particular, [Na| 1.
Thus, [N1| |T2| -1 |T7] -1 < § — 1. Similar to fact (x), we can prove
that all directed edges :c? from {v} U N7 to its complement satisfy = € Ny,
y € Ny. Therefore,

Then it follows that

AL+ [MN1])

to = |N1| + |No|  |N1|+ KA

>|N1|+4 87

and hence t 9 = 32.

Based on this, we use induction to prove that for 1 &k < r, there is
tr  (k+ 1)% Assume that for a certain 3 ~m 7, ty—2  (m — 1)2
and t,,—1 m? have already been established. From @ we know that for
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1 4 r—1,thereis 4¢; < (t; — t;—1)(tiy1 — t;), and thus

4tm—1
t tn— —_—
" mot tmfl - tm72

4tm—1

= tm—2 + (t'm—l - t'm—Q) +
tmfl - tm72

tm—2 + 2\/ 4tm—1
(m — 1)% + 2V4m?
= (m + 1)2ﬂ

which completes the induction proof. Thus, |7 (r + 1) =
(lVE] + 1)2 > % contradicts the previous assumption |T.| < 5. There-
fore, we have completed the proof of the assertion.

Similarly, define K; = {x € V(G) | ¢ = v, and the length of the shortest
directed path form z to v is ¢}, and let U; = K3 U --- U K;. Symmetrically,
we can prove that [U.|  F.

Note that T;. and U, are subsets of V(G)\{v}, and there is |T;,| %,
|Ur| %, so0 T, and U, must intersect. Take x € T, N U,.. Then from v to
x there is a directed path of length not exceeding r, and from x to v there
is a directed path of length not exceeding r. The union of the two paths
forms a directed cycle passing through v of length not exceeding 2r, which

is a contradiction!

Remark We can also estimate the size of S; = {v}UT; using the conditions
of the problem and prove the conclusion of the problem by establishing
IS % + 1. It is easy to see that all directed edges z from S; to S¢
satisfy € N;, y € N1, so there is |N;| - |[Niy1| 4 - min{|S;|,n — |S;|}.
Under the hypothesis of |[S,| < § 4 1 in the proof by contradiction, note
that all directed edges @ from S,_1 to its complement satisfy y € IV,.
Thus, we can get [N,.| 1, |S,_1| < §. Therefore, for 1 i < r — 1, there
is |N;| - [Nj41] 4 -|S;|. From this, we can use induction to prove that for
k <r—1, thereis [S| 1+ (1+k)2
The scores for this problem are as follows:

Score 21 | 18 [ 15|12 9 | 6| 3 0
Count | 70 | 8 | 21| 7 | 34| 6| 22| 440

The average score for this problem is 4.0 points. The average score for
students who entered the National Training Team is close to 18 points. The
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average score for other students who won gold medals on this problem is
less than 7 points.

Analysis of the Scores

Score Distribution

The number of candidates participating in the final this year increased
compared to last year, with a total of 608 candidates. The average score for
the entire exam paper (with a full score of 126 points) was m = 53.4, with
a standard deviation of o = 24.4.

Gold and Silver Medal Cutoff Scores

The theoretical number of silver medalists is 40% of all candidates. In prac-
tice, 267 candidates (43.9%) received silver medals, with the cutoff score
being 36 points.

Within the silver medal range 421 points (i.e., [15, 57] points), the
correlation between the total score and the scores of individual problems is
shown in the following table:

Problem Number|Problem 1|Problem 2|Problem 3|Problem 4 |Problem 5|Problem 6

Correlation with 0.49 0.39 0.20 0.51 0.40 0.25
Total Score

The theoretical number of gold medalists is 30% of all candidates. In
practice, 204 students (33.6%) received gold medals, with the cutoff score
being 63 points.

Within the gold medal range +21 points (i.e., [42, 84] points), the cor-
relation between the total score and the scores of individual problems is
shown in the following table:

Problem Number |Problem 1|Problem 2|Problem 3|Problem 4 |Problem 5 |Problem 6

Correlation with | 4 g9 0.42 0.23 0.01 0.63 0.41
Total Score

China National Training Team for the International
Mathematical Olympiad

For the two-day test, the 60th place score on the first day is 42, and the
60th place score on the second day is 51 (the 46th—97th place scores on the
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first day are all 42, and the 59th—75th place scores on the second day are
all 51).

The lowest score required to be selected for the 2023 China National
Training Team for the International Mathematical Olympiad is 90 points.?
The distribution of their scores over the two days is as follows:

Score | First-day Candidates | Second-day Candidates
63 6 21

60
57
54
51
48
45
42
39
36
33
30
27

—_
Elw oo oo |w

O || ([OD|FH [ [HFH|W|O |k | |

N (DN [ [ DN | >

Within the range of £21 points from the National Training Team cutoff
(i.e., [69, 111] points), the correlation between total score and individual
problem scores is as follows:

Problem Number|Problem 1|Problem 2|Problem 3|Problem 4 |Problem 5|Problem 6

Correlation with 0.05 0.29 0.25 0.10 0.18 0.46
Total Score

2For the students with a total score of 90 (a total of 13 students), ranking was done
according to the pre-announced team selection rules: ‘If the total scores are the same,
priority is given based on weighted scores calculated as follows: Weighted Total Score =
(Problem 1 Score + Problem 4 Score) + (Problem 2 Score 4+ Problem 5 Score) x 1.1 +
(Problem 3 Score + Problem 6 Score) x 1.2. The higher weighted total score ranks
first. If the weighted total scores are still the same, the scores of Problem 6, Problem 3,
Problem 5, Problem 2, Problem 4, and Problem 1 are compared in sequence, and the
higher score ranks first.” In this competition, only the ‘weighted total score’ ranking was
used.
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The 21st Chinese Girls’
Mathematical Olympiad

2022

The 21st Chinese Girls’” Mathematical Olympiad (CGMO) was held from
10th to 14th August 2022, at Tianjin Nankai High School. The competition
was hosted by the Chinese Mathematical Society, and organized by the
Tianjin Mathematical Society and Tianjin Nankai High School.

A total of 143 female students from 36 teams, representing various
provinces, municipalities, autonomous regions, the Hong Kong Special
Administrative Region of China, and Macau Special Administrative Region
of China, participated in the competition.

After two rounds of contests (4 hours and four questions each), Yuan Lai
from The High School Affiliated with Renmin University of China and 43
other students won the gold medals (first prize), Wang Kexin from Wuhan
No. 2 High School in Hubei Province and 53 other students won the silver
medals (second prize), and Qi Yufei from The High School Attached to
Northwest Normal University and 44 other students won the bronze medals
(third prize). In addition, Yuan Lai and 17 other students (tied for 15th
place) qualified to participate in the 2022 China Mathematical Olympiad
(CMO), and the Beijing team won the first place in the team.

Director of the main examination committee: Xiong Bin (East China
Normal University).

53
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Members of the main examination committee (in alphabetical order):

Ai Yinghua (Tsinghua University);

Fu Yunhao (Southern University of Science and Technology);
Han Jingjun (Fudan University);

He Yijie (East China Normal University);

Lai Li (Tsinghua University);

Lin Tianqi (East China Normal University);

Luo Zhenhua (East China Normal University);

Qu Zhenhua (East China Normal University);

Wang Bin (Academy of Mathematics and Systems Science, CAS);
Wu Yuchi (East China Normal University);

Xiao Liang (Peking University);

Yao Yijun (Fudan University);

Zhang Sihui (University of Shanghai for Science and Technology);
Zhang Zili (Tongji University).

First Day
(8:00-12:30; 12th August 2022)

Consider all the real sequences xg,x1,x2,...,T100 satisfying the
following conditions:

(1) Tog = 0,
(2) For any integer i,1 ¢ 100,1 x; —x;—1 2 holds.

Find the largest positive integer & 100 such that
Tk + Tg41 + -+ 2Too Tot+Ti+ o+ Tpo1
holds for any such sequence xg, x1, T2, ...,Z100-

(Contributed by Zhang Sihui)

Solution On one hand, if z; = 2i,1 ¢ 34, x344; = T34 +J = 68 + 7,
1 j 66, then the sequence satisfies the given conditions. We have

100 67 33 34
Z Tj — le = Z($67+j —$34+j) — le =332_-34x35 < 0.
j=68 =0 j=1 =1

This example shows that for & 68, the condition is not satisfied.
On the other hand, for any sequence xzg,x1,x2,...,x100 that satis-
fies the given conditions, it is easy to see that z; 24,1 1 100.
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For 0 s<t 100, the inequality x; — s t — s holds. Thus,

100 66 34 32
IEIED DR PEIETOED IE
j=67 1=0 J=1 1=1
32
342 — Z 2i
=1
=342 -32x 33
> 0.

Based on the above analysis, the desired largest k is 67.

Let n be a positive integer. There are 3n women’s volleyball teams
in the tournament. Each two team plays at most once (there are no
ties in volleyball games). Assume that a total number of 3n? games
have been played. Prove that there exists a team whose number of

wins and number of losses are both greater than or equal to 2

-

(Contributed by Ai Yinghua)

Solution Assume that the conclusion does not hold. Let the number of
wins for teams Py, ..., Py be less than %, and the number of wins for the
remaining 3n—k teams is not less than 7. By assumption, we know that the
number of losses is less than 7. Since the total number of wins for all teams
is 3n2, there must be a team with at least n wins, and hence 3n — k > 0.

The number of games among Pi,..., P, does not exceed the sum of
their wins, so it does not exceed %. Similarly, the number of games among
@1,...,Q3,_1 does not exceed the sum of their losses, so it is less than
@ (3n — k > 0 is used here).

The number of games between teams Pi,..., Py and Q1,...,Q3p—k is
at most k(3n — k), so it can be seen that the total number of games N
satisfies

nk  n(3n—k)

N < &
<4Jr 4

3n?  9n?
+ E(3n —k) %Jr%:?)nQ,

which contradicts the conditions. Therefore, the assumption is false, and

the original statement is proved.

Let I be the incenter of a triangle ABC with AB > AC, and let
AM be the median. The line passing through I and perpendicular to
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BC meets line AM at point L. Let J be the reflection of I about A.
Prove that ZABJ = Z/LBI.

(Contributed by Luo Zhenhua)

Solution We need the following lemma.

Lemma In AABC, the incenter is I, and the incircle ©I touches sides
BC,CA,AB at points A, B1,C1, respectively. Suppose A1l intersects
B1C1 at point L, and then AL passes through the midpoint M of BC.

Proof of the lemma As shown in Fig. 4.1, draw a line passing through
L and parallel to BC, intersecting AC at point X and AB at point Y.
Connect IB1,1C,IX,1Y.

Fig. 4.1

From AL 1 BC, XY BC, it follows that A1 L | XY. Thus, ZILX =
/IB1X = 90°. Therefore, points I, L, X, B are concyclic. Likewise, points
I,L,C1,Y are concyclic. Hence, /IX By = ZILB) = ZIY C}.

Combining /IB1 X = ZIC1Y = 90°,IBy = ICy, we have AIB1 X &
ANIC1Y. Thus, IX =1Y.

Also note that IL L XY, so L is the midpoint of XY . Combining XY
BC, it can be seen that AL passes through the midpoint M of BC. The
lemma is proved.

We return to the original problem. As shown in Fig. 4.2, let the incircle
oI of AABC touch sides BC,CA, AB at points Ay, By, C1, respectively.
By the lemma, point L lies on B1C;. Suppose S is the midpoint of BI and
T is a point on AS, satisfying /T BS = /BAS.

In the following we will prove that points B, T, L are collinear.

From £/TBS = £ZBAS, we know ABST AASB, and hence BS? =
SA-ST. And since BS = SI, IS? = SA - ST. Therefore, AIST AASI,
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SO
/BTI=/BTS+ £ZITS = ZABI + ZAIB =180° — ZBAI.

Let H be the orthocenter of AAIB. According to the properties of
the orthocenter, we have /BHI = Z/BAI, and hence points B, T, I, H are
concyclic. Therefore, /STH = /BTH — /BTS = /BIH — ZABI = 90°.
Combining ZAC1 H = 90°, it follows that points A, Cy,T, H are concyclic,
and AH is the diameter of this circle.

Consequently,

/ITCy = ZHTC, — ZHTI = 180° — ZHAC, — ZHBI
= 180° — (90° — ZABI) — (90° — ZABI — /BAI)
= 2/ABI + /BAI.

And by

1
/ILB, = ZICi L+ ZLIC, = §ABAC + /ZABA, = /BAI +2/ABI,

we have LITC, = ZILBy, and hence points I, T, Cy, L are concyclic. Then
we get LZITL = /IC1L = /Z/BAI, and thus Z/BTI + ZITL = 180°. There-
fore, points B, T, L are collinear, and ZLBI = /TBI = Z/BAS.

And since AS is the midline of ABIJ, AS BJ, /BAS = ZABJ.
Therefore, ZABJ = ZLBI, completing the proof.

Given a prime p 5. Find the number of distinct residues modulo p
of the product of three consecutive positive integers.

(Contributed by Wang Bin)
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Solution Denote the set D = {0,1,...,p — 1} and the polynomial
flx)=(z—Da(z+1) =2 -2

The congruence and the congruence symbol = in this problem both repre-
sent congruence modulo p. For k =0, 1,2, 3, denote

By, = {b € Dlthere are k elements a € D such that f(a) = b}.

Consider element b in Bs, and there exists a; = as such that f(a1) =
f(a2) =b. Thus,

0 = (a —a1) — (a5 — az) = (a1 — az)(a? + aras +a3 — 1)
:>a%+a1a2+a§ =1.
In this way, for a3 = —a; — aq, there is
a§ + asaq + a? = (a1 + a2)2 — (a1 +a2)ar + a% =1,

which implies f(as) = f(a1) = b. By the definition of By, we know that ag is
congruent to one of a1 and ag, so a3 = —2a7, or azg = —2a2. We may as well
set the former, and then a? + ajas + a3 = 3a? =1, 3b = 3a3 — 3a1 = —2a;.
When 3 is a quadratic residue modulo p, there are two of a;; when 3 is not
a quadratic residue modulo p, a; does not exist. Therefore, using Legendre
symbol, there are exactly 14 (%) of a1, and the number of the corresponding
b is also exactly 1+ (%) Thus, |Bs| =1+ (;’—))

It is obvious that |By| 4 2|Bs| + 3|Bs| = |D| = p.

On the other hand, we consider (u,v) satisfying f(u) = f(v) and u Z v
(called a collision), which is equivalent to u? + uv +v? =1 and u — v # 0.
After the substitution of (z,y) = (“g”, %) (that is, (u,v) = (z+y,y—=x),
such that (z,y) and (u,v) are in one-to-one correspondence), it transforms
to 22 4+ 3y?> =1 and z Z 0.

Now, we consider the number of (z,y) satisfying 22 + 3% = 1 (i.e.,
(3y)? = 3 — 32?) modulo p:

- 3 — 322 -3\ = (2% -1
-y (50) -+ (5)2(50)

r=1
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The above equation has used the reduced residue system modulo p of

z = % and }_, (%) = 0. Among these T pairs of (z,y), there are

exactly 1+ (%) pairs where x = 0 (i.e., 3y* = 1), so the number of colliding

ordered pairs (u,v) is

oot (@) (3) - () -rm

There are exactly % such colliding unordered pairs (u,v). Since the
elements in Bs correspond to 3 collisions, the elements in Bs correspond
to 1 collision, and the elements in B; and By correspond to 0 collision,
| Ba| +3|Bs| = 4.

Thus, |Bs| = M%‘Bﬂ. Therefore, the number of all possible residues for
f(z) modulo p is

M + | By

|B1| + [B2| + | B3| = p — |Ba| — 2|B3| = p — 3

B T_2p+(%3) 2p+1
—PT3 3 3

Remark 1 Another approach to calculating the number T is as follows:
Consider the congruence equation z2 + 3y? = 22 equivalent to 3y? =

22 — 2% = (2 + 2)(2 — z) with a total of p? solutions (y = 0 has exactly

2p — 1 solutions, y = 1 has exactly p — 1 solutions, etc.). Among these, the

number of solutions for z = 0 is

mo=1+(p—1) {1—1—(_73)],

the rest of the number of solutions of z=1,2=2,...,2 =p — 1 are equal
(one can use (z,y, z) < (kz, ky, kz) to match the solutions of z = 1 to the

solutions of z = k), and all are T' = % =p— (%3)

If you are not familiar with the Legendre symbol, you can first get
0 mo 2p, and then you can derive the number T' € {p — 1,p,p + 1} for
22 4 3y? = 1. Then, it follows that the solution to this problem is p — %,

which is an integer.

Remark 2 Another way to understand the solution number T' = p— (_73):

for each y, the number of = that satisfy 22 = 1 — 3y is 1 + (1%3’2)
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Therefore,

p-1 1—3y2 iy p—1
Top=Y () =Y a-wy

y=0

- pil ((*3)’”%1111)—1 4ot 1) =(-3)"T (p—1)=— (__3) '

y=0

Second Day
(8:00-12:30; 13th August 2022)

As shown in Fig. 4.3, points K and L are in the interior of triangle
ABC, point D lies on side AB. It is known that points B, K, L,C
are concyclic, and ZAKD = /BCK,ALD = /BCL. Prove that
AK = AL.

(Contributed by He Yijie)

Fig. 4.3

Solution As shown in Fig. 4.4, let the extensions of AK and AL intersect
the circle passing through points B, K, L and C at points X and Y, respec-
tively. Connect BX and BY. By combining the given conditions, we get
/AKD = /BCK = /BXK, ZALD = /BCL = /BY L. Therefore,
DK BX, DL BY. Thus, we have

AK AD AL
AX T AB AV
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Fig. 4.4

Since K, L,Y, X are concyclic, by the power of a point theorem, there is
AK - AX = AL - AY.
Multiplying the above two equalities gives AK2 = AL?, namely, AK = AL.

Find all positive integers n with the following property: there exist
nonempty finite sets of integers A, B, such that for any integer m,
exactly one of the following three statements is true:

(i) there exists a € A, such that m = a(mod n);
(i) there exists b € B, such that m = b(mod n);
(iii) there exist a € A and b € B, such that m = a + b(mod n).

(Contributed by Fu Yunhao)

Solution Let A+ B = {a+0b | a € A,b € B}. The question can be
understood as: the remainders of A modulo n, the remainders of B modulo
n, and the remainders of A + B modulo n exactly constitute a division of
all the remainders modulo n.

(1) In > 1is odd, let n = 2k + 1,k € Zso. Taking A = {k}, B =
{k+1,k+2,...,2k}, then A+ B = {2k + 1,2k + 2,...,3k}. Thus,
A, B, A+ B are disjoint, and their union is exactly 2k 4+ 1 consecutive
numbers, forming a complete residue system modulo 2k+1 that satisfies
the conditions.

(2) If n > 1 satisfies the conditions, then for any integer d > 1, dn also
satisfies the conditions. In fact, let the corresponding sets for n be A
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and B. Let
A'={a+azn|acAx=0,1,...,d—1},
B ={b+an|beB,x=0,1,...,d—1}.

We verify that A" and B’ satisfy the requirements for dn.

Since the remainders of A’, B’, A’ + B’ modulo n are exactly the
remainders of A, B, A + B modulo n, it follows that the remainders of
A’ B’, A’ + B’ modulo n are disjoint, and of course the remainders of
A’ B’ A" + B’ modulo dn are disjoint, so at most one of (i), (ii), (iii)
holds.

Consider any integer m. If there exists a € A such that m =
a(mod n), then m is congruent to one of a + zn(x = 0,1,...,d — 1)
modulo dn, so (i) holds. Similarly, if there exists b € B such that m =
b(mod n), then (ii) holds. If there exist a € A and b € B such that m =
a + b(mod n), then m is congruent to one of a 4+ (b+ an)(z =0,1,...,
d — 1) modulo dn, so (iii) holds. Hence, there is exactly one of (i), (ii),
(iii) holds. A’, B’ modulo dn satisfies the requirements of the question.

By (1) and (2), we know that all integers n > 1 except powers of 2
satisfy the conditions.

When n = 8, it is easy to verify that A = {1,2},B = {3,6}A+ B =
{4,5,7,8} satisfy the requirements. Combining with (2), all 2¥(k  3)
satisfy the requirements.

Since A, B, A + B are non-empty sets, they modulo n have at least
three distinct remainders, n 3, and hence n = 1,2 do not satisfy the
conditions.

When n = 4, if A and B modulo 4 have only one remainder, then
A+ B modulo 4 also has only one remainder and does not satisfy the
requirements. If A or B modulo 4 has at least two different remainders,
we might as well suppose a1, as € A are not congruent modulo 4. Taking
any b € B, then a; + b is not congruent to as + b modulo 4, and thus
A+ B modulo 4 has at least two remainders, which does not meet the
requirements. Therefore, n = 4 also does not satisfy the conditions.

In summary, the required n is all positive integers except 1,2 and 4.

Let n 3 be an integer. Given a convex n-gon P. An assignment to
each vertex of P a color from red, yellow or blue is called ‘good’ if
every interior point of P lies in the interior or on a triangle whose
vertices are those of P with three different colors. Find the number
of distinct good coloring methods.
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Note: Two coloring methods are considered distinct if there exists a
vertex assigned with different colors.

(Contributed by Xiao Liang)

Solution The number of ‘good’ colorings is given by

fn) =

2" — 2, if nis odd,
2" — 4, if n is even.

Let the vertices of P be labeled sequentially as A, Ag, ..., Ay, and the
subscripts are modulo n. First of all, note that good coloring is exactly the
coloring method in which all adjacent vertices are of different colors and all
three colors are present.

Clearly, a good coloring uses all three colors. Next, we prove that in a
good coloring, adjacent vertices have different colors. Otherwise, suppose
adjacent vertices A;, A;11 are of the same color. Take a point X inside P
that is very close to the midpoint of A;A; 1, and then X is only included
in the interior of a triangle with A;, A;11 and some other point as vertices,
but the three vertices of such a triangle are not of different colors. , so such
coloring is not good.

In the following we will show that coloring where adjacent vertices are
of different colors and all three colors are present is good. We use induction.
When n = 3, the three vertices must have different colors, so this coloring
method is good. Assume this conclusion holds for any less than n, and
we will prove that this holds for convex n-gons. Take three vertices A, B, C
with distinct colors (without loss of generality, assume A = Ay, B = A;, and
the colors of the three points are red, yellow, and blue, respectively). If the
chosen points lie on the side or inside AABC), it satisfies the requirements,
so it is only necessary to discuss the parts of P that corresponds to the
exterior of each of the three diagonals AB, BC,CA separately (if one of
the diagonals is a side of P, there is no need to discuss that side). In the
following, we consider the convex polygon corresponding to the AB side,
ie.,, A1As... A;, and the same applies to the remaining two cases.

If there is a blue point in A3 Az --- A;_1 that is a different color from A
and B, the inductive hypothesis states that this point or any point on the
boundary lies on the boundary or inside of some different-colored triangle.

If there are no blue points in A;As--- A;_1, since adjacent points are
always of different colors, there must be that AsAs---A; is blue (i is
even), while AgAs--- A, 1 is red. At this point ABA; A, ABAsAs, ...,
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ABA;_1A; are all different-colored triangles which cover the convex poly-
gon A1 As -+ A;. This completes the inductive proof.

Finally, we calculate the number of good coloring methods. For this we
need not to consider the geometry shape. First we calculate the number
of coloring methods in which adjacent points have different colors, denoted
as D,. It is clear that Dy = D3 = 6 (a digon with adjacent points of
different colors is understood as two points of different colors). For n 4,
it is divided into two cases:

e A, and As are of different colors, and then the color of A; are uniquely
determined by the colors of Ay and A,,.

e A, and A, are of the same color, and then we can combine A,, and A,
into B. Then BAs---A,_1 is a n — 2 polygon with adjacent points of
different colors.

Thus, we get
Dn = anl + 2Dn72~

Using the characteristic roots, we obtain the general formula D, = 2" +2-
(=)™

Returning to the original problem, we need to subtract from the above
calculations the colorings that use only two colors. This only occurs when
n is even, and there are exactly 6 such colorings. Therefore, the number of
good colorings is

D, =2"—-2, if n is odd,
f(n) = , o

D, —6=2"—4, ifniseven.
Let x1, %2, ..., 211 be non-negative real numbers whose sum is equal
to 1. For i =1,2,...,11, denote

T+ Tiy1, if 4 is odd,
vi= x; + Ti41 + Ti42, if 7 is even,

where 12 = 1. Let F(21,29,...,211) = Y1Y2 - Y11-

Prove that when F achieves its maximum, there must be xg < xs.

(Contributed by Qu Zhenhua)

Solution Consider F' as a function of x1, s, ..., 211 is a continuous func-
tion, it has a maximum on the bounded closed set

= {(.’171,332,...,3311)6 (R>0)11|$1 +x9+ -+ T11 :1}.
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Suppose F' takes the maximum at (a1, as,...,a11) € 2, and it is obvious
that F' > 0 at this time.

(1) a3:a5:a7:a9:a11:0.

If ag > 0, let af = 0,a}, = as + a4. For the other i, let a; = ay,
so the sum remains unchanged. We will prove that F'(aq,as,...,a11) <
F(al,d),...,a}), which is equivalent to

(ag + az + a4)(as + aq)(aq + as + agp)
< (ay + a5 + aj) (a3 + a3) (@} + a5 + ag).
By as+a4 = al+a)y and as < al), if follows that the above inequality is estab-
lished. This is inconsistent with F' taking the maximum at (a1, as, ..., a11),
so az = 0. Similarly, we can prove a5 = a7 = ag = a1 = 0.

In the analytic expression of F, let z3 = x5 = x7 = 19 = x11 = 0. Now

we consider F' as a function of x1, 2, 24,...,T10:

F = (x4 x2)(x2 + x4)xs(v4 + x6) 26 (26 + 28) 28 (28 + 10)T10(210 + 21)Z10,

and then F' takes its maximum at (a1, az, a4, ag, as, a1p). It is obvious that
ai, aq, 06,08, a10 > 0.

(2) a9 = 0.

We use proof by contradiction. Assume as > 0. If a3 ay, let ay =
a1 + ag, afy = 0. For the other i, let a, = a;, so the sum remains unchanged.
We will prove

F(a1,az,a4,...,a10) < F(a),a),as,...,a7,)
& ai(aio + a1)(ar + az)(az + as) < aj(alo + ai)(al + ay)(ay + aj).
Since a1 < a,a1p + a1 < ajy + af, we also only need to prove that
ar(ay + az)(az +as)  ay(a) +ay)(a; + ay) = (a1 + az)(ar + az)as,
S ar(az +ag)  aglar +a2) & aras  agae

hold. If a1 au, let aly = a4 + az,a = 0. For the other i, let a = a;, and
then similarly we have

F(a/17a/27a/47" '70/10) < F(all7a/127a/£la' "70/110)'

Both are inconsistent with the fact that F takes its maximum at
(al,ag,a4,a6,a8,a10). Thus, as = 0
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In the analytic expression of F, let x5 = 0. Now we consider F as a
function of x1, x4, xs, X8, T10:

F = 23(z4 + x6)w6(v6 + 78)Ts(ws + 10)T10(T10 + 71)27,
and then F takes its maximum at (a1, a4, ag, as, aio).
(3) a1 = a4, a6 = ao.

Let af = a} = (a1 + a4), af = a}y = 3(as + aio), ay = as, which keeps
the sum unchanged. By the arithmetic-geometric mean inequality, we have

ajaj afadf, (as+ag)(aw+a1) (af + af)(al +al),

asato  agayy, (as +as)(as +aw) (ag + ag)(ag + ayp).
And by ag = ag, multiplying these inequalities together gives
F(ai,aq,...,a10) F(a},al,...,al).

Since F takes its maximum at (a1, aq,...,a10), the equality of the above
equation is established, which implies a1 = a4, ag = a1g.

In the analytic expression of F, substitute x4 with x; and z19 with xg,
so now we consider F' as a function of x1, xg, Ts:

F= x‘fz%zg(xl + x6)2($6 + 1'8)27
and 2x1 + 2z6 + 23 = 1.

(4) Next we solve the system of equations (this system of equations is

obtained by matching the coefficients of the AM-GM equality, which will

be used in (5))

2 1 1 1 1
+ +

=14+ —- u,v>0
U utv v u+v v+1 v+1

We prove that there are unique positive real solutions u, v with v < 1.
From the first equation, we get 2 = 1+ vip and thus u = QUQSZJLU. And
from the second equation, we get % + -1 =1+ L Substituting « and

u-+v v417
simplifying in terms of v, we obtain

403 + 502 —4v — 4 =0.

Let f(t) = 4t3+5t> —4t—4. Then f'(t) = 12t>+ 10t —4 is negative first and
then positive on [0, +00), and hence f(¢) first increases and then decreases
on [0,400). Since f(0) = —4 < 0, f(1) =1 > 0, f has a unique solution
v € (0,1) on [0, +00), and hence u is uniquely determined.
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(5) Let u,v > 0 be the solution that satisfies the system of equations in

2 1 _ . . . . . .
(4), and let = + w5 = k. Using the arithmetic-geometric mean inequality,

we have
F(x1,26,28)
4 9 2 2
_ (ﬁ) (@) x8(a:1 —i—xﬁ) (x6+x8> w2 (u +v)2 (v + 1)
U v U+ v v+1
utv?(u+v)% (v +1)2
1111

(r1 +x6)+ n

11
u+v v+1(z6+x8))

4 2
X | —r1+ —x¢ + a8 +
u v
uto?(u +v)% (v +1)?
1111

4 2 2 2 2 2 H
X{|l—+ r1+ (—+ + xe n+ {1+ g
U u+v v u+v v—+1 v+1

402 4+ 2 +1 2
= 4 (U 111)1 (’U ) (kal + QkIG + kxg)ll

uto?(u4 ) (v + 1)%k

- 1111t :
The above equality holds if and only if z; : ¢ : g = uw : v : 1, that is,
Hence, F' takes its maximum

1 Ta = v T = u
2ut20+1°"6 = 2uF20+10*1 T 2ut20+1°
ifandonlyif zg =23 =25 =27 =29 =211 = 0,21 =24 =
1

— v — 3 3 J—
T10 = 3379571 T8 = Fugaori- At this point, z¢ = vrg < xs.

Irg =

u —
Jut2041° L6 =
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The 19th China Southeastern
Mathematical Olympiad
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The 19th “Wenshan Cup” China Southeastern Mathematical Olympiad
(CSMO) was held from 31st July to 4th August 2022, at Bailuzhou Middle
School in Ji’an city. A total of 1692 students from 151 high schools across
the country participated in this event. After intense competition, Jiangxi
University of Technology High School and Shanghai Huayu Private Middle
School won the first place in the total team score of the 10th Grade and
11th Grade, respectively, and a total of 161 students won gold medals. The
main examination committee included: Tao Pingsheng,! Zhang Pengcheng,
Li Shenghong, Yang Xiaoming, Xiong Bin, Wu Quanshui, Lin Tianqi, Gong
Fuzhou, Hu Zhiming, Wang Jiajun, Liu Bin, Dong Qiuxian, Wu Genxiu,
He Yijie, Luo Ye, and Song Yuanlong.

This was a vibrant and rewarding event—the organizing committee pre-
pared a variety of academic and cultural activities for the participants.
Through academic lectures, interviews with famous experts, highlights of
the live broadcast of activities, wonderful cultural performances, as well as
a visit to the Millennium Academy and Millennium Kiln, displaying the tra-
ditional and modern convergence and integration of Luzhong. It narrated
the stories of the flourishing development and rapid changes in Jinggang-
shan, opening a window for participants from various regions to learn about
Ji’an and Luhong.

ITao Pingsheng, January 1946-10th March 2023.
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Bailuzhou Middle School of Ji’an City is renowned at home and abroad
for its long history of educational operation, elegant study environment and
remarkable educational benefits. The school has a long history of literary
style, and its predecessor is the Bailuzhou Academy, one of the four major
academies in Jiangxi founded by Mr. Jiang Wanli, a famous patriotic prime
minister and educator, in 1241, which is the alma mater of Wen Tianxiang.
The school upholds the spirit of ‘inheriting civilization and pursuing excel-
lence’, and has nurtured generation after generation of talented individuals
who have made practical contributions to society. These include prominent
figures in the scientific community, outstanding educators, business elites,
and accomplished individuals in arts and sports.

10th Grade
First Day
(8:00-12:00; 2nd August 2022)

Suppose positive sequence {a,, } satisfies a; = 14++/2 and (a, —a,_1)
(an + an-1—2y/n) =2(n 2).
(1) Find the general term formula for sequence {ay};

(2) find the set of all positive integers n such that |a, = 2022,
where |2 denotes the greatest integer less than or equal to .

(Contributed by Wu Genxiu)

Solution
(1) By (a2 — 1 —v2)(az + 14+ v/2 —2v/2) = 2 and a,, > 0, we have

az = V2 + V3.

Assuming a, = v/n ++v/n+ 1, we prove this for n + 1 as follows:
By (an+1—an)(ant1+an—2v/n + 1) = 2, substituting a,, = v/n+v/n + 1
into this we have

afH_l —2vn+lapy1 —1=0.

And according to a,41 > 0, the solution is a,+1 =vn+ 1+ vn + 2.
(2) Note that a2 = (y/n+vn+1)?> =2n+1+2y/n(n+1). By

1
n < n(n+1)<n+§,

it follows that v4n +1 < /n+ vn + 1 < /4n + 2.
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If [/n+ vn+ 1] = [V4n + 2], then there exists k& € N such that
Vin+ 1<k +4dn+ 2,

namely, 4n + 1 < (y/n+vn+1)?2 < k*  4n + 2. Hence, 4n + 2 = k?
contradicts square number = 0 or 1(mod 4). Therefore,

la, = |[VRn+Vn+1l =[Vin+2 .

From all positive integers n that satisfy |a, = 2022, there must be

|V4n +2 = 2022, that is,
2022  V4n + 2 < 2023,
which implies
1022120.5 n < 1023131.75.
The set of all positive integers n that satisfy |a, = 2022 is
{n 1022121 n 1023131,n€ N },

which has a total of 1011 elements.

As shown in Fig. 5.1, in acute-angled triangle ABC, AB > AC. H
is the orthocenter, and AM is the midline. BE | AC at point F,
CF 1 AB at point F'. Point D lies on side BC, satisfying ZCAD =
/BAM and ZADH = /M AH. Prove that EF bisects segment AD.

(Contributed by Zhang Pengcheng)

M D

Fig. 5.1


https://1023131.75
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Solution As shown in Fig. 5.2, denote the circumcircles of ABC and

HBC as circle O and circle P, respectively. By the properties of the
orthocenter, we know that circle O and circle P are symmetric about
point M.

Assume that the extension of AM intersects circle P at point N, and
then AM = M N. Connect HN, BN,CN.

Thus, quadrilateral ABNC' is a parallelogram. Hence, BN 1 BE, and
point P lies on HN.

And since OP AH and OP = AH, HP AO,ie., HN AO.

It is easy to see that LBAO = ZCAH. And since ZBAM = ZCAD,
ZOAM = ZHAD.

Therefore, ZADH = /M AH = Z/DAQO, and hence HD OA, that is,
point D lies on HN.

Suppose the extension of AD intersects circle O at point G. Then

AD-DG=BD-DC=HD-DN,
and thus points A, N, G, H are concyclic.
Therefore, ZAGH = ZANH = ZOAM = ZGAH. And since OA =
OG,

AD 1 OH.
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Suppose AD and EF intersect at point T, and lines FF' and BC' inter-
sect at point K. Given that points B,C, E, F' are concyclic, it follows that

/BAO =90° — ZACB = 90° — ZAFE,

and hence AO L EF.

And since AD 1 OH,AH | BC, ZAOH = /KTD,/AHO = Z/KDT,
so AOH KTD.

Hence,

KT AO 1 AB
KD  AH  2cosA  2AE @
In KCF, by the sine rule, it follows that
KC sinZKEC sinZABC  AC
KE sn/KCE sin/ACB AB’ @
Line TEK intercepts ADC'. According to Menelaus’ theorem, we have

AT DK CE

el |

TD KC FEA @
Line DCK intercepts ATFE. According to Menelaus’ theorem, there is

TD AC FEK

DA CF KT~ " @

Multiplying @ and @, we get
AT DK AC EK

that is,

AT KT KC AFE @
AD KD KE AC’

Substituting @ and @ into @, we have % = % . % . ﬁ—g = %

Therefore, EF bisects segment AD.

Let z; be an integer greater than 1. Denote f(x;) as the greatest
prime factor of ;. Let 2,41 = x; — f(x;) (¢ is a natural number).

(1) Provethat for any integer o greater than 1, there exists a natural
number k(xg) such that zyz)41 = 0;

(2) Let V(x¢) denote the number of distinct numbers in f(zg),
f(1),. .., f(Th(ao))- Find the greatest number in V/(2),V (3),...,
V(781) and give reasons. (Note: Bailuzhou Academy was founded
in 1241 AD, and has a history of 781 years.)

(Contributed by Luo Ye)
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Solution Let p; = f(z;) be a prime number.

(1) By definition, for any i, if z; € N4, x; > 1, then it is easy to see that
Ti > Tit1 0 is a descending integer sequence and p; | x;41. Therefore,
for any initial z9p € N,z > 1, this descent can only be performed a
finite number of times. So there must be some natural number k£ such that
T 2,Tk+1 < 2. But since zp41 0 and py | Tg+1, k1 cannot be 1,
there must be x41 = 0.

(2) Tt is easy to know that p; is an increasing sequence while z; is a
strictly decreasing sequence, ¢ = 0,1,...,k. Let i1,...,is be the number in
1,...,k such that p;, > p;,—1,1 =1,2,...,s. Thus, V(x) = s + 1. Denote
g0 = po,qt = pi,,l = 1,2,...,s. We know that qo,...,qs are all different

prime numbers in f(zg),..., f(zx), and ¢ > gs—1 > -+ > qo. It is easy to
know that qiq—1 | x4, = 1,2,...,s. Let k; = ﬁ: It can be seen that
ks < ks—1 < --- < ky is a strictly decreasing sequence of positive integers.

First, we prove s 4. Now we assume s 5 inversely, namely,
V(Io) 6.

Therefore, there is g5 13,94 11, and then g > 13 x 11 = 143.

If go = 2, then x( is a power of 2. Since xy = 781, xo€ {256,512}. But it
can be verified that V' (256) = 2, V(512) = 3 is inconsistent with V' (z¢) 6.

Similarly, go = 3 can be verified.

Thus, ¢qo 5, and hence g5 19,94 17, g3 13,2 11,1 7.
So we have

xo > 17 x 19 = 323.

Therefore, ks  2,ky 3.

We can confirm that g;_1  23; otherwise, we would have g > ¢s_1¢s
29 x 31 > 781, a contradiction.

By definition, we know that m;,z;41,...,7;,, is an arithmetic
sequence and covers all multiples of ¢; from ¢;(qi+1ki+1) to qi(qi—1k:). Thus,
we have the following properties:

Property (i):  qi41ki+1 < qi—1k; and the maximum prime factor of every
number in qy1ki+1 +1,...,q—1k; is not greater than ¢;.

Property (ii): There is at least one prime number for every 11 consecutive
numbers between 1 and 118.

Property (iii): If ¢;—1 11 and ¢—1k; 118, then ¢;—1k; is exactly the first
number greater than or equal to ¢;+1ki+1 + 1 and divisible
by q—1. Specifically, define I 11 = {qiy1kiy1 + 1, qy1kigr +
2,...,(]1,1,1{31},[ = 1,2,...,87 1.
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Then by properties (i) and (ii), we know that none of the numbers in I,
can be prime numbers, nor can they have prime factors larger than ¢;.

We can prove g3 = 13.

Since ¢3 13, all prime factors of gsks + 1,...,qg3ks are not greater
than qq.

If g3 17,then qs 19,95 23, so ks must be 1. Therefore,

ksqaqs  To — Qo — q1 — q2 — g3 — q4 < 760,
so g5 40. Thus, g5 € {23,29,31,37}.

(a) If g5 = 23, since gsks +1 =24 < 34 gsky, 29 € I5 while 29 > g5 > qu,
which contradicts property (i).

(b) If g5 = 29, then gsks+1 = 30 cannot be divisible by g3, while gsks+1 =
31 € I5, which contradicts property (iii).

(¢) If g5 = 31, then gsks + 1 = 32. If ky = 3, then there is 37 € I5, which
contradicts property (iii).

Similarly, consider q4k4 + 1 = 39. If 41 € Iy, then it is inconsistent
with property (iii), so g2 = 13, k3 = 3.

Consider the sequence starting with gzk3 +1 = 52. The next number
divisible by ¢; € {7,11} is 55. However, 53 € [51,55] is a prime number,
and 53 > ¢o, a contradiction.

(d) If g5 = 37, then gsks +1 = 38. If g3 > 19, then 41 € I;, a contradiction.
Therefore, g3 = 19,q4 23, s0 xg  qaqs > 781, a contradiction.

Thus, there must be g3 = 13. Consequently, go = 11,1 = 7,90 = 5.
Hence, k3 < 781/(11 x 13) < 6, and thus 3 k3 5. If k3 = 3, then
qsks +1 = 39. If 41 € I3, then 41 > ¢o, a contradiction. If k3 = 4, then
gsks + 1 = 53 is a prime number, contradicting property (iii). If ks = 5,
then x;, =5 x 11 x 13, and it is easy to see that V(z;,) = 2, so V(zg) =
V(zsy) +3 =5 < 6, a contradiction.

In summary, V(zo) 5 and greatest number can be achieved when
xg = 320. Therefore, the greatest number is 5.

Given integers m,n 2. Color each cell of a grid table S of m rows
and n columns either red or blue such that the following conditions
hold: for any two cells in the same row, if they are both colored red,
then the two columns they belong to are such that all cells in one
column are colored red, and all cells in the other column are colored
blue. Find the number of different coloring methods.

(Contributed by He Yijie)
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Solution Let (7,j) denote the intersection cell of row ¢ and column j,
wherel ¢ m,1 j n.
The analysis is divided into the following three cases:

Case 1: There is no column in S where all cells are red.

In this case, by the given conditions, each row in S has at most
one red cell. Therefore, there are n + 1 coloring methods for each row
(1 way for all blue cells, n ways for having at least one red cell). By
the multiplication principle, a total of (n + 1)™ coloring methods are
obtained. Excluding the cases where all red cells are concentrated in one
column (n cases), there are (n + 1)™ — n coloring methods that meet the
requirements.

Case 2: There is exactly one column in S where all cells are red.

Assume that column % is all red cells, where k € {1,2,...,n}. Consider
the grid table S(k) with m rows and n—1 columns composed of the remain-
ing grids in S, and then there is no column in S(k) where all cells are red.
Similar to case 1, it can be seen that each row of S(k) has at most one red
cell, and S(k) has n™ — (n — 1) coloring methods.

For each coloring method, the coloring methods of S obtained after
adding the red cells in the column k satisfy the conditions. In fact, if there
are two red squares P and @ in the same row, since S(k) has at most
one red cell in that row, one of P and @ must be in column %k and the
other one in S(k). At this point, the two rows to which P and Q belong
indeed have one column (column k) that all cells are red, meeting the
requirements.

Note that there are n ways to choose k, by the addition principle, there
are n - (n™ —n + 1) coloring methods that meet the requirements.

Case 3: There are two columns in .S where all cells are red.

Without loss of generality, assume column j and column k are entirely
red. Then, the red cells (1, j), (1, k) clearly do not conform to the problem’s
requirements. Therefore, such a coloring method does not exist.

Combining Cases 1, 2, and 3, the number of coloring methods that meet
the requirements is

n+D™—n+n-0™ —n+1)=(n+1)m+nmt —n2
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10th Grade
Second Day
(8:00-12:00; 3rd August 2022)

Suppose positive sequences {a,}, {b,} satisfy: ay = by = 1, b, =
anbn_1 —(n  2).

4

Find the minimum value of 4v/b1bs - - - b,,, + Zk | a21 , where m
is a given positive integer.

(Contributed by Li Shenghong)

1
Solution By the assumption, there is a,, = bb’ +f n 2.
b )\ (p 1
Thus, ajas---ap, =as---ap, = ( 2+4)b(1b32+ bi,( +4), that is,
bn _ bn o b2"'bn
aag---an az---an  (ba+ %) (bs+3) - (bt 3)

1

(1+ﬁ)(1+ﬁ)~-(1+¢) et

And by
m 1 1 m 1 m
Drara T a v T Ak — by
=1 a1as ar aq 2 aia9 ag 2 aia9 ag
- b b
=1+4) L g
2 a1a2 Ak—1 a1a2 ag
b b'm
L N
aq a1ag - - am
4b'm
=5———"—  5—4\/biby by,
aiaz - - am
it follows that 4v/b1bg -+ by + > pey P p— 5.
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1
Let by = b3 = -+ = by, = i. By a, = lz)’if, we can get ay = %,
az = a4 = -+ = a;, = 2, and hence
S 1
Vbib b+ )
k=1
1 m—1 1 1 m—3
=4 = 142414+=4+--.. -
1 +1+2+4 +2+ + 5

=5.

Therefore, the minimum value of 4v/b1bs - - - b, + Zzl:l — L g5

ajag---ag

As shown in Fig. 5.3, in  ABC, H is the orthocenter. With H as
the center, the circle passing through point A intersects sides AC'
and AB at points D and F, respectively, where D and E are dif-
ferent from A. The orthocenter of ADE is H’, and the extension
of AH' intersects DE at point F. Point P lies inside quadrilateral
BCDE, satisfying PDE PBC (the vertices are correspond-
ingly ordered). Suppose lines HH' and PF intersect at point K.
Prove that points A, H, P, K are concyclic.

(Contributed by Lin Tianqi)

Solution As shown in Fig. 5.4, suppose the extension of AF intersects

H at point A’. Construct the circumcircle w of AHA’. Suppose line

HH' and w intersect at another point K’ other than H. We will prove
that points A, H, P, A', K are concyclic. This is proved in three steps: (1)
Point P lies on w; (2) Point K’ lies on the circumcircle of PDE; (3) K’
coincides with K.
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(1) Prove that point P lies on w.
By the given condition PDE PBC, there is

/A'DE = /EAF =90° — ZAED = /HAD = /HBC,

namely, ZA'DE = /HBC. Similarly, there is ZA'ED = Z/HCB, and thus
A'DE HBC'. Therefore,

/HPA'"= /(BC,DE) = /HAA'.
Thus, points A, H, P, A’ are concyclic, and hence point P lies on w.

(2) Prove that point K’ lies on the circumcircle of PDE.
By HA = HA' and inscribed angle theorem, we have

/HAH' = /AA'H = ZAK'H,

and thus HAH' HK'A. Therefore, HA> = HH' - HK'. And since
HD=HE =HA,

HD? = HE? =HH'-HK'.
Hence, HDH' HK'D, HEH' HK'E, and thus
/DK'E=/HK'D+ /HK'E = /HDH' + /ZHEH'
=/DHE - /DH'E = 2/BAC — (180° — ZBAC)
= 34ZBAC — 180°.

Suppose BD and C'E intersect at point X. By the properties of Miquel
points, we know that the circumcircles of XDFE and X BC intersect at
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another point P other than X. Note that AB = BD, AC = CE, so

/DPE =/DXFE =360°—-/DAE — ZAEX — ZADX
= 360° — 3Z/BAC.

Therefore, /DK'E + /DPE = 180°, and then points D, P, E, K’ are
concyclic, which implies that point K’ lies on the circumcircle of PDE.

(3) Prove that K’ coincides with K.

Considering that PK' is the radical axis of circle w and the circumcircle
of DPE, and given that FA- FA’ = FD - FE, point F is equidistant
from both circles. Therefore, points P, F, K’ are collinear.

Consequently, K’ coincides with K.

Therefore, points A, H, P, K all lie on circle w, which completes the
proof.

Suppose a, b are positive integers. Prove that there are no positive

. . b2 b2
integers on the interval Trab m)

ontribute ang Xiaomin
Contributed by Yang Xi ing
. B2 B2 B2 B2 B2

Solutlon Ifa b7 then m < m ab 1, SO m, m) C
[0,1). The proposition is true.

If a < b,
(1) When a = 1, the original interval is f’—jb,%) = %H: +b— 1,b).
Because b is a positive integer, there are no other integers between two
consecutive integers b — 1, b.

(2) When a > 1, assume there exists a positive integer b > a > 1 and
the interval #Q(Ib, #[Z}_l) contains positive integers. Take such (a, b) to
minimize a + b.

Let b=aq+7r,q,r e N*,0 r a—1. Then

b? 1) = (ag+71)* Jr17112+(q+1)a7"+r2>0
a+ab 2 a2+ alag+7) T = (¢ +1)a? + ar ’
b2 (aq +1)?
- g1
¢t a?+ab—1 ¢t a?+alag+r)—1

(2¢+1)a? — (¢ —Dar —qg—1—12
(g+1)a?+ar—1
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(2g+1)a® —(¢g—1a(la—1) —g—1—(a—1)
(g+ Da?+ar—1
(g+1)(a*+a)—2—¢q
- (g+Da24ar—1

> 0.

Therefore, is strictly contained in (¢ — 1,¢ + 1). So

b2 b2
a2+ab’ a?2+ab—1

b2 b2 . .
1€ Frap m) is equivalent to

(ag +1)° (ag +1)°
2 q < 2 ° CD
a?+alag+r) a?+alag+r)—1

The left-hand side of equation (1) is equivalent to a?q® 4 2¢ra + 2
(P +qa® +qra s ZF— ¢

The right-hand side of equatlon @ is equivalent to (¢®+q)a®+qra—q <
a’@® +2qra+1r? s q<

aZ—ar—1"

2 2
In summary, we can get positive integer ¢ € ———, m)
It is obvious that r = 0, otherwise ¢ would not exist.

Suppose p=a —r. Then a = p+ r,p,r € N, and thus

T2 7n2
S s 5
= o= (-1
2 "2
namely, S pg’TpT, m)

By definition, it is obvious that p+r = a < a+ b, so (p,r) is also a
set of positive integers that meet the requirements. However, p+1r < a + b,
and this is inconsistent with the minimality of a + b.

Therefore, there are no positive integers on the interval

b2 b2
a?+ab’ a?+ab—1 )"

Student John plays the following game: take a constant v greater
than 1; for positive integer m, the interval between the mth round
and the m+1th round is 27" units of time; in the mth round, a safety
disk area with a radius of 27™%1 is taken in the plane (including the
boundary, the time to take the disk is negligible); after being taken,
the safety disk area will keep the center of the disk unchanged for the
rest of the game, with the radius decreasing at a constant rate v until
it reaches zero, at which point the safety disk area is removed. If John
can completely locate the safety disk area within the existing safety
area in a round before the 100th round (including the 100th round),
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find the minimum value of —; | where [z denotes the greatest

integer that does not exceed =x.

(Contributed by Luo Ye)

Solution

Lemma Suppose the boundary of disk O with radius R is inscribed in
convez quadrilateral ABC D, and let the lengths of AB, BC,CD and DA be
a,b,c and d, respectively. Then the necessary and sufficient conditions for
R 1 arex* — (2a® +2b% — a?b?)2? + (a® — b?)? 0, where x is the length
of diagonal AC.
Proof of the lemma Let ABC = 0, and then ADC = 7 — 6. Then
the length z of diagonal AC satisfies 22 = a? + b? — 2ab cosf and z? =
c? + d? — 2cd cos(m — 6). From these two equations we have

22 cd(a? + b?) + ab(c? + d?)

ab+ cd

Because this disk is also the circumcircle of ABC, by Heron’s formula

we have
abx abzr

R

T 45 apc Vietb+az)atb—az)(atz—-b)(btz—a)

From this, we conclude that the necessary and sufficient conditions for
R 1 are

a®v’z?  ((a+b)? — 2%)(2* — (a — b)?),
namely,
zt — (20% + 2% — a®b?)2® + (a® — b?)* 0.

Denote v = 1+ vp,k = -
value of k is 18.
Denote the disk drawn by John at the beginning of the mth round as

Cin. Therefore, at the beginning of the m 4 1th round, if its radius has

€ N;. We will prove that the minimum

not yet become zero, the radius will have changed to ry,; = 2-mtl _ gy
. L L

St =2 (1o (1 4)) = % Hence, at the begin-

ning of the m + [th round, its radius becomes

2l — (2 — 1 1—w(2' -1
Tm, = maux{O7 L} = maX{O, L)}

2m+lfl 2m+lfl
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It can be seen from this that when vy € , where [y € Ny,

1 1
200F1—1> 200 —1
the number of disks on the plane at the start of any mth round is at most
lo. The radii of these disks are

1—v(2 1
%, l:1,2,...,l().

The problem becomes a plane covering problem: whether it is possible
to cover a disk with radius 2,,1%1 with g disks with radius %ﬂ*l),l =
1,2,...,lp. That is, can a disk of radius 1 be covered with [y disks with
radius ’U()(QI — 1),1 = 1, 2, ey l().

Since if for v > 1, John has a winning strategy, then for any v’ € (1,v),
John also has a winning strategy. Therefore, for any k, if there exists vy €

(ﬁ, ﬂ such that John has a winning strategy, then for &’ > k, there also

TR

(1) We first prove that k = 18 is achievable. That is, prove that there
exists vy € (1—19, %] such that John has a winning strategy. When vy €
(1—19, %], lop = 4, so there are at most 4 disks left on the plane at any time,
and their radii are 1 — vg, 1 — 3vg, 1 — Tvg, 1 — 15vg, respectively.

In the lemma, let f(a,b,c,d) = z* — (2a% + 2b* — a?b?)2? + (a® — b?)2.
At this time, we take the inscribed convex quadrilateral ABCD of disk O
of (a,b,e,d) = (2(1 — vg),2(1 — 3vg),2(1 — Tvg),2(1 — 15vg)). As shown in
Fig. 5.5, connect diagonal AC', let the perpendicular foot of B to AC be
Hp and let the perpendicular foot of D to AC be Hp. With AB, BC,CD
and DA as diameters, making disks Oap,Opc,Ocp and Op 4, triangles
ABHp,BCHp,ADHp and CDHp are covered by disks Oap,Opc,Ocp
and Op 4, respectively. Therefore, convex quadrilateral ABC'D is covered
by these 4 disks. At this time, disk O must also be covered by disks

O4B,0Bc,Ocp and Opa4.

exists v} € ( } such that John also has a winning strategy.
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It is known from the lemma that as long as it is proved that there
exist vg € (1—19, %] and a permutation a,b,c,d of 2(1 — wv),2(1 — 3vy),
2(1 — Tvp), 2(1 — 15vp) such that f(a,b,c,d) > 0.

In fact, let vg = 1—19,(a,b7 e,d) = (2(1 = vg),2(1 — 3vp),2(1 — Twp),
2(1 — 15vp)), and then

36 32 24 8 4

(a,b,c,d): E7E71_9a1_9 :E(

97 8’ 67 2)’

s 12X (814 64) + 72 x (36 +4) 2
xTr~ = :55X - 5
12+ 72 19

so f(a,b,c,d) = (14—9)4[552 —55x (2x 8142 x64—81 x64)+289] > 0. By
the continuous sign-preserving property of f(a,b, ¢, d), we know that there
exists vg € (%, %} such that

f(2(]. — U()), 2(]. — 3’[)()), 2(1 — 7"0()), 2(]. - 151)())) > 0.
(2) We prove that k£ = 18 is the minimum value. That is, prove that when
vy € (%, +oo), John has no winning strategy. We use proof by contradic-
tion.

If there exists vy € (1—18, Jroo], John still has a winning strategy. Then
when vy = 1—18, John has a winning strategy. Therefore, we can use at
most 4 disks with radii (1 — vg), (1 — 3wvp), (1 — 7vg), (1 — 15vp), denoted as
01,04, 03,04 to cover disk O with radius 1.

We discuss the two cases as follows.

(A) As shown in Fig. 5.6, suppose the boundary of disk O with radius 1
intersects disks O, 02, 03,04 at arcs Li, Lo, L3, L4, respectively, in clock-
wise order from the starting point. Then we must be able to find the
inscribed convex quadrilateral ABC'D of disk O such that AB, BC,CD

Fig. 5.6
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and DA are contained within disks O1, 02, O3, 04, respectively. There-
fore, the lengths of AB, BC,C'D and DA must not exceed the diameters of
01,052,035 and Oy, respectively, that is, a certain permutation a, b, c,d of
2(1 — o), 2(1 — 3vg), 2(1 — Twg), 2(1 — 150p).

We know that the radius of disk O is an increasing function
of the side lengths AB,BC,CD and DA. By the lemma, there is
f(AB,BC,CD,DA) 0. Therefore, it must hold for a permutation a, b, ¢, d

of 2(1 — vg),2(1 — 3wg), 2(1 — Tvg), 2(1 — 15vp).
T8
are arranged, we find after calculation that f(a,b,c,d) 0 does not hold.

Therefore, the assumption does not hold in this case.

But in fact, when vg = fix a = 2(1 — vp), and no matter how b,c,d

(B) As shown in Fig. 5.7, there exists at least one disk O;,7 € {1,2,3,4}
such that this disk does not intersect disk O. Without loss of generality, we
can let it be O4. We assume that the boundary of disk O intersects disk
O at arc L. Since the radius of O is smaller than that of O, there must
be two antipodal points £ and F' of O such that they are not covered by
disk Oq, and each of other disks Oz, O3 can cover at most one of E, F (it
has been assumed that E and F are not within O4). Therefore, Oy and
O3 must intersect disk O, which is set to arcs Lo, L. Let us assume that
Ly, Lo, L3 be arranged in clockwise order from the starting point.

Fig. 5.7

Therefore, we must be able to find three clockwise points A, B, C' on the
boundary of disk O such that AB, BC and C' A are within disks O1, O and
Os, respectively. Therefore, the lengths of AB, BC,C A must not exceed
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the diameters of O1, Oz, O3, respectively. In addition, let d = 0, that is, D
coincides with C' (degenerating to a convex quadrilateral).

We know that the radius of disk O is an increasing function of the side
lengths AB, BC,CD,DA. By the lemma, there is f(AB, BC,CD,DA)
0. Therefore, it must hold for a permutation a,b,¢,d of 2(1 — vg),2(1 —
3’1)0), 2(1 — 7’()0), 2(1 — 15’1}0).

But in fact, when vy = =

187
are arranged, we find after calculation that f(a,b,c,d) 0 does not hold.

Therefore, the assumption does not hold in this case.

fix a = 2(1 — vp), and no matter how b,c,d

Therefore, the minimum value of k is 18.

11th Grade
First Day
(8:00-12:00; 2nd August 2022)

Let the real coefficient equation x2 + ax? + bz + ¢ = 0 in 2 have three
positive real roots, and the sum of the three roots be not greater
than 1.

Prove that a®(1 4+ a +b) — 9¢(3 + 3a +a?) 0.

(Contributed by Dong Qiuxian)

Solution 1 Assume that the three positive roots of the equation are
x1, T2, x3. Thus,

r1+ T2+ 23 = —a, 172 + Tox3 + T3, = b, x1X2T3 = —C.
And
a*(1+a+0b)—9¢(3+3a+a?) = a®*(1 +a) + a*b — 27¢(1 + a) — 9ca?
= (1+a)(a® — 27¢c) + a*(ab — 9¢).

Since (r1 +z2 +13)%  (3YT12273)% = 27211073, —a®  —27c, that is,
a® —27¢ 0. And since

(x1 + 22 + x3) (w122 + Tow3 + x3x1)  3YT1x2x3 - 3YT1T2 - T2xg - 3Ty
= 9r17273,
(—a)b  —9c, namely, ab—9c¢ 0. By the given 0 < —a 1, we have
(1+a)(a® —27¢) + a*(ab—9c) 0,

ie,a®(14+a+b)—9c(3+3a+a?) O.



The 19th China Southeastern Mathematical Olympiad 87

Solution 2 Assume that the three positive roots of the equation are
x1,T2,T3.
Given that at least one root of the equation is no greater than %, we

might as well assume x3 %
2 2
Since x1x2 %, we have 2 Aﬁ?j{fj_?@w and then
T1To (-’E1+l'2)2
(I-z1)(A-22)  [2—(z14z2)]*"
According to the KyFan inequality,
2
T1T2T3 (=522) x3

(1*$1)(1*I2)(17£3) 1_ (a:1+12):|2 ' ]_7$3
2

(1'1 —+ To —+ 13)3
[3 — (93'1 —+ 2o + 13)]3,

and thus
L1223
1—(z1 + 22 + x3) + (122 + T123 + 2223)
(z1 4 @2 + x3)°
27 — 27(1‘1 + 2o + LE3) —+ 9(£E1 —+ xo + $3)2.
By substituting z1 +x2+x3 = —a, x122+ 2223+ 23701 = b, T12273 = —C,
from the given conditions we can get ¢ < 0,a < 0, and then TTats
3 . . .
m, which implies
a*(14+a+b) —9¢(3+3a+a?) 0.
This question is the same as the question 2 for Grade 10.
There are n people standing in a queue, counting 1,2,...,n from

left to right. Those who count odd numbers quit the queue. The
remaining people count again from right to left, and those who count
odd numbers quit the queue. The remaining people then count from
left to right again. This process repeats until only one person remains
in the queue. Let f(n) represent the number of the last remaining
person when he counted for the first time. Find the expression for
f(n) and determine the value of f(2022).

(Contributed by Tao Pingsheng)

Solution From the problem statement, we know f(1) = 1,f(2) =
2. f(3)=2,....
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It is obvious that for any positive integer m, there is

f@m+1) = f(2m). @

Therefore, we only need to discuss the case where n is an even number.

When n = 2m, the beginning number of the last remaining person is
f(2m), and after the second count, this person should be at the f(m)th
position from the right because there are only m people in total in the
second count.

Analyze the relationship between two consecutive counts.

Let the kth person in the second count be at position xj in the first
count, and then

x1 = 2m,xe = 2m — 2,x3 = 2m — 4,...,xx = 2m — 2(k — 1),...,
Ty = 2m — 2(m — 1) = 2. Therefore, xf(;,) = 2m — 2(f(m) — 1), namely,
f(2m) =2m+2 —2f(m). @

From (2), we get
f(dm) = 4m + 2 — 2f(2m) = 4f(m) — 2. ®
And,
fAm+2)=22m+1)+2—-2f(2m+1)
= dm+4—2f(2m) = 4f(m). @

Utilizing binary representation, the expression for f(n) can be estab-
lished. According to the above formulas @ and @, we can combine them
and get

=2 3 +2-ar((3])

Suppose the binary expression of the number n is n =
(@rar—1-azar),ar = 1,a; € {0,1},7 < k, and then

f(n) = 2(akar=1azaz) + 2 — 2f (@rar—1 - asaz)
= 2(arar—1 - a302) +2 — 2 [2(@kar—1 - a3) + 2 — 2f(@kar—1 - a3)]
= agap—1 - a20 +2 — agag_1 ---a300 — 4 + 4 f(@gar_1 - as)
= 2(ag — 1) + 4f (@kar_1 - a3),

namely, f(axar—1--az2a1) = 2(ag — 1) + 4f(@xar—1 - asz).
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Similarly, there are
f@rar—1a3) = 2(as — 1) + 4f(@rar—1 - as),
2(ag — 1)+ 4f(agar—1 - ar),

f(@rar—1—as)

etc.

Therefore, when n = (Ggmi1a2m -~ a201), G2m+1 = 1,a; € {0,1},4 <
2m+1, that is, when the binary representation of n contains an odd number
of digits, we have

f(n) =2(az — 1) +2%(ag — 1) + - + 22" agm — 1) + 2™ f(agm+1)
=2(ay — 1) +2%(ag — 1) + - -+ 22" Yag,, — 1) + 2*™.

When n = (@Gami202mi1 - G201), Gam+2 = L,a; € {0,1},4 < 2m + 2,
that is, when the binary representation of n contains an even number of
digits, we have

fn) =2(az —1)+2%(as — 1)+ + 22" Yag, — 1)
+ 22" f (@ 2@am 1)
=2(ag — 1) +2%(ag — 1) 4+ - + 2" Yag,, — 1) + 221,
In particular, by 2022 = (11111100110) = 219 429 428 427 + 26 4 25 +
22 4 2, it follows that
£(2022) =2(1 - 1) +2%(0—1) +25(1 — 1) +27(1 — 1) +2°(1 — 1) + 2'°
= 1024 — 8 = 1016.

If x; is a positive integer greater than 1, denote f(x;) as the largest
prime factor of z;. Let ;41 = z; — f(x;), where 7 is a natural number.

(1) Prove that for any positive integer greater than 1, there exists a
natural number k such that zp(z,)41 = 0;

(2) let V(x¢) be the number of distinct values in f(zo), f(z1),...,
f(Zk(zy)). Determine the maximum number in V(2),V(3),...,
V(2022) and give your reasons.

(Contributed by Luo Ye)

Solution Let p; = f(z;) be a prime number.

(1) By definition, for any i, if ; € N4, 2z; > 1, it is easy to see that
Ti > Tit1 0 is a descending integer sequence and p; | ;11. Therefore,
for any initial xg € N4, xg > 1, this descent can only be performed a finite
number of times. Therefore, there must exist a natural number k such that
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T 2,Tk+1 < 2. But since zp41 0 and py | Tg+1, k1 cannot be 1,
there must be 41 = 0.

(2) Tt is easy to see that p; is an increasing sequence, while z; is a strictly
decreasing sequence, i = 0,1,... k. Let i1, ...,is be the numberin 1,...,k
such that p;, > p;, 1,0 =1,2,...,s. Thus, V(x) =s+ 1.

Let g0 = po,q1 = pi,,l = 1,2,...,s. But qo,...,qs are all different
prime numbers in f(zo),..., f(zx), and g5 > gs—1 > -+ > qo. It is easy
to find qqi—1 | x4, = 1,2,...,s. Let k; = q;;il
ks < ks—1 < --- < ky is a strictly decreasing sequence of positive integers.
First we prove s 4. Now inversely assume s 5, namely, V(z9) 6.

So there is ¢5 13,94 14, and then zy > 13 x 11 = 143. If ¢y = 2,
then xg is a power of 2. Since xg 2022, zy € {256,512,1024}. But it
can be verified that V(256) = 2,V (512) = 3,V(1024) = 2, contradicting
V(xp) = 6. Similarly, go = 3 can be verified. Therefore, ¢y 5, and thus
qs 19,94 17,93 13,92 11,q; 7. Thus, we have zg > 17x19 = 323,
soks 6,ks 9.

It can be confirmed that gs—; < 43, otherwise there is zy ~ V(xg) —
14z, 5+ gs—10s 5+ 43 x 47 = 2026, a contradiction. Therefore,
qs—1 41,i.e., we have ¢4  41.

By definition, we know that m;,7;11,...,7;,, is an arithmetic
sequence and covers all multiples of ¢; from ¢;(qi+1ki+1) to qi(qi—1k;). Thus,
we have the following properties:

. It can be seen that

Property (i):  qiy1ki+1 < qi—1k; and the maximum prime factor of every
number in ¢41k41 + 1,...,q—1k; is not greater than g¢;.

Property (ii): There is at least one prime number for every 11 consecutive
numbers between 1 and 118.

Property (iii): If ¢;—1 11 and ¢—1k; 118, then ¢;—1k; is exactly the first
number greater than or equal to ¢q;+1ki+1 + 1 and divisible
by q—1. Specifically, define I 11 = {qiy1kiy1 + 1, qy1kigr +
2,...,(]1,1,1{31},[ = 1,2,...,87 1.

Then by properties (i) and (ii), we know that none of the numbers in I,
can be prime numbers, nor can they have prime factors larger than ¢;.

In the following we prove g = 11.

Ifgo 13,thengs 17,94 19. We have kyqq < %, so kyqqs  118. But
q4 can only take one of the values in 19, 23,29, 31, 37,41. Next, we discuss
the different cases.

(a) g4 = 19, then 2 kg4 6,92 = 13,93 = 17. If ks = 2, then kyqs +1 =
39 € I, is exactly the multiple of 13. By property (iii), there is k3 = 3.
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Thus, x;, = 3 x 13 x 17. However, k3zgs + 1 = 52 cannot be divisible by ¢1,
while ks3q3 + 2 = 53 € I3 is a prime number, contradicting property (iii)
(hereinafter referred to as a contradiction)! If k4 = 3, then kyq4+1 =58 € Iy
has a prime factor 29 > g3, a contradiction. If k4 = 4, then kgqs +1 = 77,
and k4qq+2 = 78 is a multiple of 13. Thus, by property (iii) we have k3 = 6.
But k3g3+1 =6 x 17T+ 1 = 103 € I3 is a prime number, a contradiction.
If k4 = 5, then k4qq4 + 2 = 97 € 14 is a prime number, a contradiction. If
ks = 6, then kyqs + 1 = 115 € I is a multiple of 23, a contradiction.

(b) g2 = 23, then 2 ka 5. If ky = 2, then kyqs +1 = 47 € I4, a
contradiction. If k4 = 3, since k4qs + 1 = 70 is not a multiple of g5 13,
then k4qq +2 = 71 € Iy, a contradiction. If k4 = 4, then k4qs +1 =93 is a
multiple of 31, a contradiction. If k4 = 5, then k4qq4 + 1 = 116 is a multiple
of 29, a contradiction.

(c) g4 =29, then 2 kg 4. If ky = 2, then kyqs + 1 = 59 is a prime
number, a contradiction. If k4 = 3, then k4qs + 1 = 88 has no prime factor
less than 13, and hence k4qq4 + 2 = 89 is a prime number, a contradiction.
If k4 = 4, then ksqs +1 = 117 = 9 x 13; while 118 is a multiple of 59, so
q2 = 13, k3 = 9; and since g3 ggif 17.5, g3 = 17. Since k3qz + 1 = 154
is a multiple of 11 and k3q3 + 2 = 155 can be divisible by 31, there must be
q1 = 11, ke = 14; however, kago+1 = 183 is a multiple of 61, a contradiction.

(d) g4 = 31, then 2 ky 3. If ky = 2, then k4qqs + 1 = 63 cannot be a
multiple of g 13. Similarly, 64 and 66 are also not . If go > 13, then 65 is
not, and then 67 € I, a contradiction. Therefore, go = 13, k3 = 5. At this
time the possible values of g3 are 17,19,23,29. But 17 x5+ 1 = 86 is a
multiple of 43, 19 X 5 4+ 1 = 96 is not a multiple of g1, 19 x5 4+2 =97 is a
prime number, 23 X 54+ 1 = 116 is a multiple of 29, and 29 x 5+ 1 = 146 is
a multiple of 73, all of which are not possible. If k4 = 3, then kyqs +1 =94
is a multiple of 47, a contradiction.

(e) qo = 37, then 2 ky 3. If k4, = 2, then kqqs +1 = 75. Since 75
and 77 have no prime factors less than 13 and 79 is a prime number, (1)
g2 =19,ks =4, or (2) go = 13,ks =6 and g3 19.

In Case 1, g3 < ﬁ—if < 29,50 g3 = 23. But k3gzs +1 = 113 € I3, a
contradiction.

In Case 2, q3 is also less than 29, so g3 = 19 or g3 = 23. If ¢35 = 19,
then ksqs +1 = 115 is a multiple of 23, a contradiction. If g5 = 23, then
ksqs + 1 = 139 is a prime number, a contradiction.

If k4 = 3, then kyqqs + 1 = 112 is not a multiple of g3 13, while

kyqqs + 2 = 113 is a prime number, a contradiction.
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(f) g2 = 41, then k4 = 2. Then k4qs + 1 = 83 is a prime number, a
contradiction.

Thus, g2 must be 11, and then gy = 5,1 = 7. Therefore, 4 ko
3?(2122 < 27. By property (iii), we can first exclude those values of ko such
that 11k2+ 1 has a prime number not less than 13. So the possible values of
ko are 4,9,13,19,22. But when k3 = 13 or ko = 22, although ks2gs + 1 does
not have a prime factor greater than or equal to 13, it is not a multiple of
qo = 5, and kago + 2 has a prime factor not less than 13. Thus, only the
cases of ky = 4,9, 19 need to be considered. Considering V(zy) 6, we have
V(zg) 4.Whenky =4, x;,, =4x7x11 =308,V (x;,) = 3 < 4 (Note: there
must be V(zg) = 5 at this time). When ko =9, z;, = 9x 7x 11, V(x;,) = 2.
When ko =19, x;, = 19 x 7 x 11. But at this time, f(z;,) = 19 = g2, while
q2 = 11, a contradiction.

In conclusion, maxsgy <2022 V(29) = 5. And this number can be
obtained exactly when xy = 320.

11th Grade
Second Day
(8:00-12:00; 3rd August 2022)

Let a, b, ¢, d be non-negative integers, and S =a+ b+ c+ d.

(1) If a® + b*—cd?® = 2022, find the minimum value of S;
a® — b +ca® = , ind the minimum value of 5.
2) If a? — b% + cd? = 2022, find the mini lue of S

(Contributed by He Yijie and Zhang Hongshen)

Solution (1) First of all, ¢ and d are both non-zero (otherwise there will
be a? + b? = 2022, and then a? + b* = 0(mod 3), so a,b will be multiples
of 3, leading to 9 | a® + b2, which contradicts a? + b? = 2022).

Since (a +b)? a?+b* 2022,a+b 45.

If a +b = 45, it can only be {a,b} = {0,45} (otherwise a® + b?

12 4 442 < 2022, a contradiction). At this time, cd? = 02 + 452 — 2022 = 3,
which gives ¢ = 3,d = 1, and correspondingly there is S = 49.

If a +b = 46, a and b are of the same parity, and thus cd? is an even
number. Therefore, ¢ and d contain even numbers, and ¢ + d is at least 3,
giving S 46 + 3 = 49 (when {a,b} = {1,45},¢ = 1,d = 2, the equality
can be reached).
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Ifa+b 47,then S 47+1+1 49.

In summary, the minimum value of S is 49.

(2) First of all, there is 02 — 12+ 7 x 172 = 2022, so0 (a, b, c,d) = (0,1,7,17)
satisfies the condition, giving S = 25.

In the following we assume S  24.

If c+d = 24, then a = b = 0. At this time, cd? = 2022. Note that
2022 has no square factors, and thus d = 1,¢ = 2022, which contradicts
c+d=24.

Ife+d 23, by the AM-GM inequality, we have

d d 1 d d\1® 4
2 —_— P — — e — 3
o’ =deg5 4 3 c+2+2>] 27(c+d). D
Therefore,
4 7
2 = %233 < — x 232 < 1900.
cd o7 x 23° < 5 x 23 < 1900

At this point, a? = 2022 + b? — cd? > 2022 — 1900 = 122, so a > 11.
Thus,c+d=5—-a—-b 24— a < 13. Then by using @, we get

4 )
ed? 57 X 13% < 2 x 132 < 400.

Hence, a? > 2022 — 400 > 1600, giving a > 40 > S, a contradiction.
In summary, the minimum value of S is 25.

Remark In estimating the lower bound of S in problem 2, the inequality
(D plays an important role. In fact, if cd? is larger, it is known from (1)
that ¢ + d is also larger, leading to a larger S; if cd? is smaller, then it is
known from the condition that a = v/2022 + b? — c¢d? is larger, also leading
to a larger S.

There are many specific methods of estimating the lower bound and
presenting the answer, for example, one of which is also shown in the fol-
lowing.

Assume S 24, and thena 24, so cd? = 2022+b%—a? 2022—-24% =
1446. By the arithmetic mean-geometric mean inequality, we have
ctd=c+9+4 3@ > 21 (an equivalent form of (1)),
soc+d 22. Therefore,

S3 3(a+b)? (c+d) +3a+b)-(c+d)?+ (c+d)?

2
3a+b)?-22+3(a+b) 222+ {ch
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27 27
Z(GQ —b?) +3(a+b)-22* + chQ

27
= 2022+ 3(a+0b)- 222

Ifa+b 1,thenS® 20.2022+ 3222 > 24° contradicting S  24.
Thus, a + b = 0, and then cd? = 2022. Note that 2022 has no square
factors, and thus d = 1, ¢ = 2022. At this time, S > 24, a contradiction.
When identifying whether there is substantial progress in the lower
bound estimation of S in question 2, ‘the occurrence of inequality (1) or
its equivalent form’ may serve as a major observation point.

As shown in Fig. 5.8, point O is the circumcenter of acute-angled

ABC. P passes through points A, O, and OP BC. Points D and
A are on opposite sides of side BC, satisfying ZABD = LACD =
/BAC. @ is the circle with AD as its diameter, and R is the
circumcircle of BCD. Provethat P, @ and R intersect at the
same point.

(Contributed by Lin Tianqi)

Fig. 5.8

Solution As shown in Fig. 5.9, let the extensions of AC and BD intersect
at point U, the extensions of AB and CD intersect at point V. Suppose
R and the circumcircle of UDYV intersect at points D and M. In the
following we will prove that M is the common point of P, @ and R.
Taking the symmetry point A’ of A about OP, then A’ is an intersection

of Qand P,and AA’ L BC. Let N be the midpoint of BC.
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Fig. 5.9

Since ZABD = ZACD = /BAC, we have AU = BU and AV = CV.
And since O is the circumcenter of ABC, we get OU 1. AB and OV | AC,
and then O is the orthocenter of AUV. Therefore,

Z0UV = ZOAB =90° — ZACB =90° — ZAA'B = ZA'BC,

namely, ZOUV = ZA’BC. Similarly, we can get Z/OVU = ZA'CB, and
thus OUV A'BC.
By the inscribed angle theorem, we have

LMBC = £ZMDC = ZMUYV,

namely, /M BC = ZMUV . Similarly, we can get /ZMCB = /ZMVU, and
thus MBC MUYV.
Combining OUV A'BC and MBC MUYV, we have

/A'MO = /(BC,UV) = /NOA,
namely, ZA'MO = ZNOA. And by ON AA’| it follows that
ZAMO+ Z0AA = /ZNOA+ ZOAA = 180°,

so points A,0, M, A" are concyclic, that is, M lieson P.

And it is obvious that ZABU = ZACYV, so points B,C,U,V are con-
cyclic. By the properties of the Miquel point, we know that AM | DM,
and thus M also lies on Q.

In summary, P, @ and R are concurrent at point M, and thus the
conclusion is established.
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Prove that for any real number A > 0, there exist n positive integers
ai,ag,...,ap(n  2), satisfying a; < as < -+ < a, < 2"\, and for
any 1,2,...,n, there is

(a1,ar) + (az,ar) + - + (an, ax) = 0(mod ay),
where (u,v) denotes the greatest common divisor of integers u
and v.

(Contributed by He Yijie)

Solution Take a positive integer r 2, satisfying 22 ~"t1A > 1.
Consider the positive integers n = b1by---ber + 1 and the n positive
integers below

ol (D

where by < by < --- < byr are all odd prime numbers.
For each k(1  k  27), it is obvious that by are coprime with the
remaining numbers in (1), and hence

(b1,bk) + (b2,b) + -+ + (bp, b)) =n — 1+ by,

b1,b2,. .., bor, bory1 = 2", bar o

= b1by - - - bar + by, = 0(mod by,). ®
For each k(2" +1 k n), there is
L, 1 i 2,
(bibe) =4 by, 2741 i k-1,
be, k 1 n.

Therefore,
(b1,b) + (b, bg) + -+ + (bn, i) =27 - 1+ bary1 + borya + - -+ b1
—9r por portl . 4 ortk=2T-2 _ or+k—2"-1
= by, = 0(mod by,). 3
It is obvious that by > 2". Thus,
=92 417 —1=biby-- bar — 2" 47 > 2bgr — 2" > b,

and hence b, > 2°2 > by-. Therefore, b,, = max{by,ba,...,b,}.
It is clear that by, bo, . .., b, are distinct. Arrange by, bo, - - - , b, in ascend-
ing order as ay, as, ..., an. Note that 27" ~"t1X > 1, and there is

a1 < ag < oo < ap = by =272 < ony
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Combining @ and @, it can be seen that n and aq,as,...,a, satisfy
the conditions.

Remark The format and the proof idea of this problem were inspired by
the 2018 Iran National Team Selection Test problem. The original problem
is as follows:
Different positive integers a1, as, ..., a, are said to be ‘harmonic’ if and
only if
n

Zai = Z (ai,a]-).

i=1 1<i<j<n

Prove that there exist infinitely many positive integers n such that there
are n positive integers that are harmonic.

One way to prove this problem is by taking aq, as, .. ., a, in the following
form
ar =2%ay=2" ... a,_o=2""2a, 1 =3,a, = q(where (¢,6) = 1).

A simplification of

Zaiz > (aiay)

1<i<jgsn

shows that the stated equation holds when n = g + 4.

This question is the same as the question 8 for Grade 10.
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China Mathematical Olympiad
Hope Alliance Summer Camp

2022

The China Mathematical Olympiad “Hope Alliance” was established in
2001. It was proposed by Mr. Qiu Zonghu, the then-director of the
Organizing Committee of the Chinese Mathematical Society. Its aim is
to unite schools with outstanding performances in National Mathematics
Competitions to promote further achievements and collaboration, specifi-
cally targeting the International Mathematical Olympiad (IMO). This is a
communication platform jointly built to explore the rules of discovering and
cultivating mathematical science talents. The “Hope Alliance” holds two
major events each year. Principals and coaches’ meetings are usually held in
the second half of the year to summarize the league’s operations in the previ-
ous year and the development direction and goals for the next few years; the
summer camp that focuses on intensive training, lectures by distinguished
teachers, problem-solving sessions, and exchange activities among member
school students. The camp is designed to enhance the communication and
interaction between students from different schools, improve mathemati-
cal understanding, and raise the overall teaching and student performance
levels. From 2002, when Hope Alliance member schools won the first IMO
gold medal, to 2022, eight schools with 14 IMO national team members have
won 12 gold and two silver medals. This year, a student from another school
successfully entered the IMO National Team. Currently, the Alliance has
16 member schools: Attached Middle School to Jilin University, Liaoning
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Province Shiyan High School, Lanzhou No.1 Senior High School, Beijing
National Day School, Shijiazhuang No. 2 High School in Hebei Province,
Xi’an Gaoxin No. 1 High School, Affiliated Middle School of Henan Nor-
mal University, Jiangsu Xishan Senior High School, Zhenhai High School
in Zhejiang Province, Nanchang No. 2 Middle School in Jiangxi Province,
Yali Middle School in Hunan Province, Xiamen Shuangshi Middle School of
Fujian, Chengdu Jiaxiang Foreign Languages School, Chongqing Bashu Sec-
ondary School, Shandong Experimental High School, Suzhou High School
of Jiangsu Province. In 2022, Tianjin Nankai High School, Guangdong Sun
Yat-sen Memorial Secondary School, and Tongliao No. 5 Senior High School
in Inner Mongolia participated in the program as observing schools.

The 2022 “Hope Alliance” Summer Camp, hosted by Shijiazhuang No. 2
High School in Hebei Province, had three tests in total. The first and third
tests included the first and second rounds of the China Mathematical Com-
petition, and the second test was slightly higher than the second round of
the China Mathematical Competition. The following are the questions and
answers from the second test of this year’s “Hope Alliance” summer camp.

8:30-11:20; 28th July 2022
Find all integers n such that for any three distinct positive real num-

bers a, b, c, there is

an-{-l b'rH—l cn+1

b .
b—cr Tfe—ar oo 0TS

Solution 7 are natural numbers.

When n = 0, it is obvious.

When n 1, without loss of generality, let ¢ = min{a,b,c}. By the
AM-GM inequality, we have

14n
m +n|b*0| (1+n)a,
b1+n
c—ap +nlc—al (1+n)b,
a1+n b1+n Cl+n

b= Jc—ar | Ja—b"

I+n)a+1+n)b—nb—cl—nlc—al=a+b+2nc a+b+c.
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Whenn<0,takea:1—1—%,1):1,0:1—% and let m — 400, and
then 0 > 3, a contradiction.

Given that sequence {F),} satisfies Fy = 0,Fy = 1, F,42 = F41 +
F,(n € N). For an integer m greater than 2, denote R,, as
the remainder of Hk 1 Lkk divided by F,,. Prove that R, is in
sequence {F,}.

Solution From m > 2, we know that F,,, 2. When F,, is a composite
number, F), | ngfl k*. So R,, = 0 = Fy, and the conclusion holds.
When F,, is a prime number, if F,, = 2, then R,, = 1 = Fj, and the
conclusion holds.
When F,, is an odd prime p, then

Hk’f Hk:kp kpk—HkP = [J k(-1

-1 p—1)(p+5
- (Z’T)!(_U%(modp).

By FO = 07 F1 = 1, Fn+2 = FrH—l + F,,L(n S N), it follows that

Vs [(1+vE\" [(1-v5)
5 2 B 2

Fn:
5
1 1
Foy1-Fm1 — F2 = 5 < Zﬁ

And there is

=(-1)™.
Thus, for 2 m, F2_, = —1(mod F,,), so FE~} = (fl)prl(mod p). How-

ever, by Fermat’s little theorem, P~ = 1(mod 4), hence, p = 1(mod 4).

m—1 —

By the general term, we get F,, | Fp,n(m,n € Z;). So by F,,, = p, we
know that m is a prime number or m 4.
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(1) If m is a prime number, then 2 m, F,, = p = 1(mod 4).
And R,, = p—;l !(—1)%8(1D+5)(m0d p), so by Wilson’s theorem
(p—1)! = —1(mod p), there is

B2 = [(%)'} = ()T (- 1) = (1) = ~1(mod p).

Hence, R,,, = F,,,—1 or Ry, = —Fy;,—1(mod F,,,). Therefore, R,,, = F,,,—1
or R,, = Fy,,_o.
(2) If m 4, then the solutions of F,, = p are only Fy = 3, Hfzfl Kk =4,
R4 =1 = Fy, and the conclusion holds.
The proof is completed.

Remark Some results are not obvious. To prove Fy, | Fopn(m,n € Zy),
n n
we can first prove that F,, = (#) — (1*7\/5) is the general term of

sequence F,, = (#) — (1’2—‘/5) )

As shown in Fig. 6.1, in quadrilateral ABCD inscribed in a circle,
BD > AC. Lines BC and AD intersect at E, and lines AB and CD
intersect at F'. Draw a line through F parallel to line C'D, intersecting
line AB at K. U and V are the circumcenters of AFAC and AFBD,

respectively.
Prove that ZUKV = Z/BCD — ZABC.

Fig. 6.1
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Solution 1 As shown in Fig. 6.2, draw a line through F parallel to AB
that intersects line C'D at T.

Fig. 6.2

We have

KB-KF FB?> FD?* TD-TF
EB-EC  BC? DA?2 ED-EA

Therefore, KB- KF =TD-TF.

Thus, K and T have equal powers to the circumcircle of ABDF, so
VK =VT. Similarly, UK = UT.

By the fact that K FTFE is a parallelogram, draw the symmetry point
M of K about the midpoint of BF', and the symmetry point N of T" about
the midpoint of C'F.

By symmetry, we know that VM = VK, BM = KF = TFE. There-
fore, quadrilateral BMTE is a parallelogram, and V is the circumcenter
of AKMT. Therefore, MT  BE, and then ZKMT = ZABC. Hence,
VKT =90°—-ZKMT = 90° — ZABC.

Similarly, NK CE, U is the circumcenter of AKNT, and ZUKT =
90° — LTNK =90° — /BCD.

Consequently, / VKU = /VKT — ZUKT = /BCD — ZABC.

Solution 2 As shown in Fig. 6.3, extend F A to intersect the circumcircle
of ABEK at P.
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Fig. 6.3

By /BPD = /BPFE = /BKFE = /BFD, it follows that points

P, B, D, F are concyclic.

By LZUAK =90° — LZACD and ZVPB = 90° — ZPDB, it follows that

/KPV = /KPB— /VPB
—180° — Z/ZKEB — /VPB
= 180° — ZKEB — (90° — ZPDB)
=90° + ZACB — /DCB

=90° — ZACD.
Therefore, ZUAK = Z/KPV.
By «4BVD = 2/BFD = ZAUC, so isosceles AV BD

AUAC.
By AEBD AEAC, AVBD AUAC, so

PV _ BV _BD _BE_PK

AU AU AC AE AK’
Thus, AKPV AKAU, and then /PKV = ZAKU.
Therefore,

LVKU = LZAKU — LZAKV
=/PKV - ZAKV = /PKA

isosceles
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=/AEB =/BCD — Z/CDE
=/BCD - /ZABC.

Solution 3 As shown in Fig. 6.4, denote the center of the circle as O.
Connect AU, FU,OA,0D,OF.

Fig. 6.4

Since ZAUF = 2/ACD = ZAOD,UA = UF,0A = OD, NAUF
ANAOD.

And since CD EK, we get ‘g—g = ﬁ—f;. Thus, AAUK NAOE.
Therefore, ZAKU = ZAEO.

Similarly, there is ZAKV = /BFEO, so

LUKV = ZUKA—-/VKA=/0OFA—- ZOEB = /AEB
= /BCD — £LABC.

Given the positive integer k [. Let m be the smallest positive
integer, satisfying: for any n  m, no matter how all edges of a
complete graph of order n are colored in red and blue, there will
always exist either a red path of length k& or a blue path of length [.
Prove that m = k + LHle

Note: A path of length ¢ consists of ¢ + 1 points Uy, Us, ..., U1,
satisfying that for any 1 ¢ ¢, there is an edge between U; and
UZ‘+1.
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Solution On one hand, we give the construction of the coloring method
when n =k + LHTlJ — 1, satisfying that there does not exist a red path of
length & or a blue path of length [. First select k points out of n points,
and denote the set of these k points as S. Color the edges between any
two of these k points red, and color all remaining edges blue. Since only
k points are adjacent to the red edges, it is clear that the length of the
red path does not exceed k — 1. Next, we prove that the length of the blue
path does not exceed [ — 1. For a blue path, note that adjacent points on
the path cannot all be in S. And since this path passes through the points

outside S at most LHTlJ — 1 times, the length of this path does not exceed

2([B -1 1-1

On the other hand, we show that m  k+ LHTlJ Let g(k,1) be the value
of m corresponding to a general & [. We prove by induction on k that for
alll  kthereis g(k, 1) &+ |[52].

When k£ = 1, the statement is obviously true. When & 2, assume
that the statement holds for all values less than k, and in the following we
will prove that it also holds for k. Consider any red and blue 2-coloring a
complete graph G of order k + LH'TlJ By the inductive hypothesis, we need
to prove that if the longest red path has length k — 1, then there exists a
blue path of length [.

Suppose the longest red path is U;,Us,...,U;, and the remaining
points are Vl,Vg,...,VHTl . Assume the sets U = {U;,Us,..., U},

vV = {Vl, Vo,..., Vi } Then, by the maximality of the length of
2

Uy,Us, ..., U, it is easy to verify that the following three properties hold

for any subscript within bounds:

(i) V;Uj is blue or V;U,4 is blue;
(ii) V;U; and V;U,41 are both blue;
(iii) For j and three distinct i1,42,43, at least one point in Uj, Uj4q is
connected to at least two points in V;,, V;,, Vi, both by blue edges.

Consider the longest blue path satisfying the following properties: it does
not contain Uy, Uy; both the starting point and the end point are in V;
each pair of adjacent points has one point in U and the other point in V.
Let this path be S, and the starting point and the end point be A and B,
respectively. If S includes all points in V', then adding Uy A, BU), to S will
form a path of length 2 L”le [, which meets the requirements. Therefore,
we might as well assume that S does not contain all points in V. Let W be
the set of all points in V' that are not in S.
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Then we consider the longest blue path that satisfies the following prop-
erties: it does not contain Uy, Uy; it does not contain points in S; both the
starting point and the end point are in W; each pair of adjacent points has
one point in U and the other point in W. Let this path be T'.

Next, we will prove that all points in V are either in S or T. Assume
that there is a point X in V that is not in S or T. Then the number of
points in S and T does not exceed LH—lJ — 1. Therefore, the number of

2
points of S and T in U does not exceed LHTlJ -3 < Lk;‘jj = L%J
({1 k is used). Therefore, there exists subscript 4,2 i k — 2 such
that U;, U;41 are not in S and T'. Using property (iii) for A,C, X € V and
U;,Ui+1 € U, so we can extend S or T, contradicting the maximality of
the path.

Therefore, all points in V' are either in S or T', and the sum of the lengths
of S and T is 2 LHTlJ — 4. Adding S and T to edges Uy A, BUy, Uy C, DUy
will form a cycle of length 2 LHTIJ When [ is odd, cut the cycle somewhere
to get a cycle with a length of [. When [ is even, note that the number of
points of S and T in U does not exceed LHTIJ -2 = 1_74 %. Therefore,
there exists subscript ¢,2 ¢ k& —2 such that U;,U;4; are not in S and T'.
Using property (i), we can get that U; or U,;41 and the cycle just obtained
are connected by blue edges. So by cutting the cycle we can get a cycle
with a length of [. The proof is completed.

14:00-16:50; 28th July 2022

As shown in Fig. 6.5, in AABC, AB = AC, point D is on the
extension of segment AB, and point F is on segment AC, satisfying
BD = CFE. Denote the circumcircle of AABC as I'. The circumcircle
of ABDE intersects I' at another point P, and the circumcircle of
ACDE intersects I' at another point (). Prove that PQ BC.

Solution Take the midpoint M of minor arc BC on circle I'. Since BM =
CM,BD = CE, /DBM = /MCE, we have ADBM = AECM. So
/CEM = /MDA, and hence points A, D, M, E are concyclic.

Therefore, the radical axes of the three circumcircles of AADE, ACQFE
and AABC, which are CQ, AM and DFE, respectively, are concurrent.

Similarly, BP, AM and DE are concurrent. So CQ, BP,AM and DFE
are concurrent.

By symmetry, we have PQQ BC.
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A

Fig. 6.5

Given n 2 is a positive integer. Positive real numbers by, b2, ..., b,
satisfy b1 < by < --- < b, = 1. Prove that

Solution
Lemma WhenO0<xz <y 1, thereis 1127(“;:;) $(y? —2®).
Proof of the lemma We only need to prove 322 (y —x)  (y3 — 23)(1 —
y + z), namely, ¥y + zy — 222 3> — 2%, That is, we only need to prove
y+2x 2 +zy+y>

Since 0 < z,y 1, wehavey %2, 2x 22+ zy, and hence the lemma
is established.

Returning to the original problem, we only need to prove
i 1m_ Z;fbi<%

Using the lemma, we know

— 1 —bgy1 + bk ot k Pt 1 —bgy1 + bk Pt 3 k+1 k

1, 14 1
_3bn—3b1<3.
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Prove that there exists a positive real number ¢ such that for any
positive integer n and n points on the plane, the number of isosceles
triangles formed by these n points does not exceed ¢ - nz.

Solution We first show that among the C2 perpendicular bisectors of the
n points, suppose there are k lines that coincide, and then thereis k& n. In
fact, if the perpendicular bisector of AB coincides with the perpendicular
bisector of CD, then {A, B} N{C,D} =@ or {4, B} = {C, D}.

Consider these C2 perpendicular bisectors. Suppose they are
l1,12, ...,y after removing the duplicates, where the multiplicity of I; is
¢i, and then ¢; n(l1 ¢ m). Suppose l; passes through z; points of
the n points. Since two points determine a line, the point pairs (X,Y") on
different [; are different, so there is

C,+Ci,+---+C2 Ci

After simplifying, we get

<a:1 %>2+(x2%>2+m+(xm %)2 n(nfl)Jrim 2n(n—1).

The number of isosceles triangles desired does not exceed ciz1 + coxo
+ -t T
By the Cauchy inequality, we know

(o (=) ven (= 3) o (s 1))
oney (- 2)' o (o) e (1))

2n(n —1)(cf + 3+ + )
2n%(n —1)(c1 +co+ - +cm) =n(n—1)2 < n’.

Therefore, c1z1 + coxa + + -+ + CTm ns + %(cl +eat -t em) m3.

Let a1,as9,...,a2022 be 2022 distinct prime numbers greater than
2022. Let Ay, Ao, ..., Agp22 be number sets and

A; C{1,2,.. a; — 1}(i=1,2,...,2022).
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Prove that there exists a positive integer m (2|44] + 1)
(2|Aa| + 1) - - - (2| A2022] + 1) such that for any i = 1,2,...,2022 and
any a € A;, there is m # a(mod a;).

Solution Since a1, as,...,as are mutually coprime, it follows from the
Chinese remainder theorem that for any 1,2,...,2022, there exists ¢; that
satisfies

t; = 1(mod a;), t; =0(mod a;)(j =1).

Consider the number o = 232212 t;x;, and then

a = z;(mod a;). @

Denote S; = {0,1,2,...,a; — 1}, and let B; C {0,1,2,...,a; — 1} such
that for any z,y € B; and any z € A;, ¢ —y # z(mod a;) is the set that
has maximal number of elements. And for any t ¢ B;,t € S;, there must
exist u € B;, v € A; such that

+(t —u) = v(mod a;).

Thus, t = u + v(mod a;), so for any ¢t ¢ B;, t € S;, ¢t has at most
2| B;||4;| remainders modulo a;.

Therefore, |B;| + 2|4;||Bi|  a, i.e., |B;] 1=1,2,...,2022.

a;
P WESE
. 2022

Consider the set S = {Zi:l tix; | x; € B; ¢ composed of numbers of
the form @ Then, there are |Bi||Ba|---|Bag2z| in S that are mutually
incongruent modulo ajas - - - asgos.

Denote the remainders of these numbers modulo aias - - - asgas in ascend-
ingorderas 0 r <ro<---< T|Bi||Ba|---|Bagza| @102 - a2022 — 1.

Since T2 — 71,73 — T2,.--37|By||Ba|--|Bao22| — T|Bi1||Bz|--|Bagaz|—1:T1 —
T|B1HBQ\---|32022\ + ajag - -- a2022 all belong to the set 0, a1ag - - - a2022 — 1
and their sum is ajas - - - aggee, there must exist one of the differences, say
m, satisfying

ajaz - - - az022

m 2|A1]+1)(2|A| +1)---(2|A 1),
|B1||Ba| - - - | Bao2z| (2)41] )(2] 42| ) -+ (2| A2o22] )

By the definition of B;, we know that the difference of this number
modulo a; is not congruent to any element in A;.



China National Team
Selection Test

2023

The main task of the Chinese National Training Team for the 64th Interna-
tional Mathematical Olympiad (IMO) in 2023 was to select members of the
Chinese national team for China to participate in the 64th International
Mathematical Olympiad held in Chiba, Japan in 2023.

From 9th March to 18th March 2023, the first round selection was
hosted by Chengdu Jiaxiang Foreign Languages Senior High School in
Sichuan Province. The tests were conducted on 11th, 12th, 16th, and 17th,
8:00 am—12:30 pm on each day. A total of 60 contestants participated in
the tests. After two tests, 19 contestants were selected to enter the second
round.

The second round was held from 23rd March to 31st March 2023 at
Hangzhou Xuejun High School, Wenyuan Campus in Zhejiang Province.
During this period, two tests were conducted on 25th, 26th, 29th, and 30th,
8:00 am—12:30 pm on each day, and the total scores of the four tests were
compared (with equal weights). The top six scorers were identified to be the
Chinese national team members for the 64th IMO. The six members were
Wang Chunji (Shanghai High School, 10th grade), Sun Qi’ao (Shanghai
High School, 11th grade), Shi Haojia (Zhuji Hailiang Senior High School,
10th grade), Zhang Xinliang (Zhenhai High School of Ningbo, 12th grade),
Jiang Zhicheng (Shenzhen Middle School, 11th grade), and Liang Xingjian
(The High School Attached to Hunan Normal University, 12th grade).

The coaches of the national training team are (in alphabet order):
Ai Yinghua (Tsinghua University), Fu Yunhao (Southern University of
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Science and Technology), He Yijie (East China Normal University),
Li Ting (Sichuan University), Qu Zhenhua (East China Normal Univer-
sity), Wang Bin (Academy of Mathematics and Systems Science, Chinese
Academy of Sciences), Wang Xinmao (University of Science and Technology
of China), Xiao Liang (Peking University), Xiong Bin (East China Normal
University), Yao Yijun (Fudan University), Yu Hongbing (Soochow Univer-
sity), and Zhang Sihui (University of Shanghai for Science and Technology).

Test |, First Day
(8 am—12:30 pm; 11 March 2023)

Given an integer n 2, suppose there a point P inside a convex
cyclic 2n-gon AjAs - -+ Ay, such that

ZPAlAQ = APAgAg == APAQI,L_lAQn = ZPAQnAl
Prove that

n

[T 142 -1 42| = [ ] [A2i Azl
=1 =1
where A2n+1 = Al.

(Contributed by Xiao Liang)

Solution 1 As shown in Fig. 7.1, all subscripts are modulo 2n. Denote
/PA1Ay = L/PAs A3 = --- =a. For1 i 2n, extend A;P to intersect
the circle at point B;. Note that

ZAiBiBi_l == lAiAi_lp == lAi-l-lAiBi = Q.

Hence, A;A;+1B;-1B; is an isosceles trapezium. (In fact, B1Bs - - Ba, is
obtained by rotating AsAs---Aa, Ay along the circle clockwise by 2c.)
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In particular, we have A;A;4+1 = B;_1B,. Moreover, as AA;_1PA; and
AB;PB;_4 are similar, it follows that

AP AP A Ay A A .
= = = s 1 1 2n. @
B;P Bi 1P  Bi1Bi  AiAin

Taking all odd 4’s, the product of the fourth fractions in @ equals the
product of the first fractions, which gives

HAQZ 2421 HAQZ o P
A2z 1A2z BQz 1P

Taking all even i’s, the product of the fourth fractions in @ equals the
product of the second fractions, which gives

H A2z 1A2z _ ﬁ A22P
A21A21+1 By P’

=1

Note that in the above two equations, the right-hand sides are equal.
Therefore,

Ly Y P A A n n
|' 21—24124—1 21—14124 A A 4 A A
EL Agi_1As; H L 4y A = };[1( 2i 21+1 ll;[l 2i-142:)7,

yielding the desired identity.

Solution 2 As illustrated in Fig. 7.2, let H be the intersection point of A1 A4
and line PAj3. Since A, Az, A3 and A4 are concyclic,
LA3A1 Ay = 180° — LA A3 Ay
=180° — LA A3P — /PA3A,
=180° — LA AsP — LA3As P
= /A>PA;3.
It follows that A;, As, H and P are concyclic, in particular, ZAs HAz =

LA AP = ZHA3Ay, and thus AsH  A3A4. As Ay, Ay, H and P are
concyclic, we have

LAsAH = LAsHA, = LA PAs.


https://A2HA3A4.As
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Fig. 7.2

Together with LA A1 P = LAy A3 H, it follows that AA; Ao P and AAsH Ay
are similar, and

AjAy  AsH

AP AsAy

On the other hand, from ZAsHA; = LA3A1P = ZA3A5P, we see that

ANA3HAs; and AA3AsP are similar, giving

AsAs  PAj

AsH  AyA;

Taking the quotient of the above two equations, we arrive at
A1As - A3A, PA

(A3A43)2  PA3’

The same argument can be applied to Ag; 1, Ag;, Ag; 11 and Ag;yo to obtain
similar relations as above. Multiplying them to reach

= A1A2 . A3A4 = A1P . A3H

H Agi—1Ag; - A2z+1A21+2 H PAy_1 _
=1 (A22A21+1 PAQH_l

where the subscripts are modulo 2n. Now it can be reduced to
n n
[T 1421 A2i* = [ ] |42: Azisa
i=1 i=1

as desired.

Solution 3 Suppose that the circumscribed circle is the unit circle in the
complex plane, and the points A1, ..., As, correspond to complex numbers
21, ..., Z2n, respectively. Without loss of generality (apply a rotation if nec-
essary), assume that point P corresponds to a nonzero real number a < 1,
and denote PAjAy =7 —a € (0,7).
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By the given condition, ﬁ € R, and thus

Z2 — 21 Za— 721

(z1 —a)el®  (z7 —a)e~ia’

eZia (21 7&)

As z1, z9 are unit complex numbers, z; # 25, we can find zo = ry

(2, —a)

azj—1

and likewise zj41 = (j =1,2,...,2n), in which the subscripts are
modulo 2n. If a = 0, then zj11 = —e*?z;, A1 As - -+ Agy, is a regular 2n-gon,
and the conclusion is obvious. In the following, assume 0 < a < 1.
Consider the fractional linear transformation f(z) = e"";(%a), which
has two fixed points (as the two roots of the quadratic equation axz? — (1 +
e?)x 4+ ae?® = 0) say z; and zo. It is easy to verify that x1 # xa.
Let % = wj. As f(z;) = zj+1, we see that wy,wa, ..., ws,, w; form

a geometric sequence, that is, the common ratio is a constant. Now, from

Z1

T1 — LaW; Wi — 4,
Zj ==y —
1-— w; wj; — 1
we have
x2
Zig1 — 2 =
T (wy = D (wyg — 1)
T Z1
x ((wj+1 - —> &wj -1) - (wj - —) (wjt1 — 1)) [
T2 T2
_ (w1 — @) (wj1 — wy)
(w; = (w41 — 1)
Consequently,

n

n n
22j+1 — 225 [W2j+1 — W5 W
| | = I IL = | |
- W ;
j=1 Jj=1

j=1 225 — Z2j-1 2j — W2j—-1 Waj5—1

is a unit complex number (in fact, it is —1), and the conclusion follows.

N people attend a party. There are at most n pairs of friends among
them, and every two people shake hands if and only if they have at
least one common friend.

Given a positive integer m 3 such that m®  n. Show that there
exists a person A, the number of people that shake hands with is no
more than m — 1 times the number of A’s friends.

(Contributed by Wang Bin)
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Solution We introduce a graph that each vertex represents a person and
each edge connects a pair of friends.

Clearly, there exists a connected component G = (V, E) satisfying |E|
[V|  n.In G, for each vertex v, let d(v) be the degree of v and B(v) be
the number of persons shaking hands with v.

Suppose the statement does not hold. For every vertex v, we have

B(v)  (m—1)-d(v)+1. ©)

Here is the key observation: for every vertex vy of degree 1, say v is adjacent
to vy, @ indicates that

ﬂ(’l}o) (m — ].) . d(’U()) —+ 1= m,

and thus d(v1) m+ 1.

Remove all degree-1 vertices and edges incident to them to obtain G’ =
(V', E’"). Note that the numbers of the removed vertices and edges are equal,
so G’ is connected and |E’|  |V'|, implying that G’ is a tree or has a unique
cycle. There are three situations.

(1) G’ is a single vertex v;. By the key observation, d(vy)  m + 1. Then
G includes d(v1) + 1 vertices and every edge of G is incident to v;.
We have

Blor) =0 (m = 1)d(v1),

contradicting the assumption at the beginning of the proof.

(2) G’ includes a vertex v; of degree 1. Then in G, v; is adjacent to some
vertex vo of degree 1. By the key observation, d(v1) m+ 1, that is to
say in G, v is adjacent to d(v1) —1  m vertices of degree 1. Suppose
v102 is an edge in G’. The inequality @ for vy as

B(v1)  (m—1)d(vy)+1
becomes
dva) =1  (m—1d(vi)+1 m?,

ie., d(vy) m?+1.
We further apply the inequality @ to vy to yield

Bva) (m—1)d(va) +1 (m—1)(m?*+1)+ 1.

Note that the friends of v and the persons who shake hands with wvo
are all distinct, unless vs lies on a cycle of length 3 for which vs shakes
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hands with his/her two friends, which is impossible. This indicates that
G includes at least

L+d(v) +Bw2) =2 1+m*+1)+(m—-1)(m*+1)+1-2
=m3+m>m?
vertices, contradicting the condition n ~ m?3.
(3) The degree of every vertex of G’ is at least 2. Then G’ is a cycle vy ~
vg ~ ..o ~ v ~ vy, t > 2. Take the subscripts modulo ¢. By the key

observation, every vertex v; is adjacent to exactly d(v;) — 2 vertices of
degree 1 in G. Now @ applied to v; gives

(d(vi-1) = 2) + (d(vit1) —=2) +2  B(vs)
(m—=1)-d(v;)+1 2d(v;) + 1.
Summing the above inequalities over ¢ = 1,2,...,t will lead to a
contradiction.

To sum up, we have shown that some vertex v must satisfy 5(v)
(m — 1)d(v), as desired.

(1) Given coprime positive integers a and b. Prove that there exist
real numbers A and 3, such that for any positive integer m,

m—1
BL (bR
A - bhl . _
m— 3 Z[{m} {m} Am + 8 ®
k=1
(2) Prove that there exists a positive integer N, such that for any
prime number p > N, the following proposition holds.

Proposition If positive integers a, b and c¢ satisfy that (a+b)(a+c)(b+c)
is not divisible by p, then in the set {1,2,...,p— 1}, there are at least Ll%

ak bk ck

—tHe—r+s—¢ L

p p p
Here, x is the largest integer not exceeding x, and {x} = x —| x is the
decimal part of .

elements k such that

(Contributed by Wang Bin)



118 Mathematical Olympiad in China (2023)

Solution (1) When m is large, we expect the summation in @ to be very
close to the following integral:

axr

" oaz {b—x}dxm~ Ol{az}{bx}dz.

0 m m

Henceforth we guess and prove that @ holds for
1
A= {az}{bz}dx, B =2(a+Db).
0

First, we estimate the difference
1 m
s =
< m m 0 m m

- SR

3

=
Il

GRS
e {b_x}dx. @

It suffices to show this bound is less than or equal to 2(a + b).
Ifm a-+b,every term in @ does not exceed 1, and therefore the sum
is less than or equal to 2a 4 2b. In the following, we assume m > a + b.
For each k, there are two possible situations:

(a) Iffor z € (k,k+1], the decimal function % or 2 isnot continuous.
There are at most a+b—1 of such k’s. Also, as the product > %
always takes values in [0, 1], the corresponding terms will contribute no
more than a + b — 1 to the bound in @

(b) If for z € (k,k+1], 2 or 2 is continuous. Let

m

x=k+9, 6€(0,1].
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Then 22 = 9ok 4 @0 4pq bo — bk B Depote o = 2

bk'rn m m m m m m
= 2 . The corresponding term in @ is

(G S
- % {Z}dx |
%(Lﬂ+(a+%)[<ﬂ+%>) . <a+%5> <ﬂ+%6>Ll5

B af ba ab \ _ ab
—(5+—+2—+2—>‘(L5+—+2—+3ﬁ)—6m2-

Combining the results in (a) and (b), we infer that the bound in @
(when m > a + b) does not exceed

ab

This verifies @

(2) Step 1: A sharper estimate of the summation in Solution 1.

We first evaluate A\ = fol {axz}{bx}dx. Intuitively, this is equivalent to
integrating along the diagonal of an a x b grid, for example, a = 4,b = 3 as
shown in the following left figure. Since the integrand only depends on the
unit square that holds the current portion of the diagonal, by translation
(or taking modulo 1) we can move the diagonal entirely in one unit square,
as in the middle figure (the size of the unit square is enlarged). But this
square can be further divided into ab small rectangles such that the integral
path is along the diagonals, as illustrated in the following right figure.

Essentially, the grid divides the integral from 0 to 1 into integrals from
Lto &0 i ab—1). Note that {az} and {bx} are continuous in each
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unit square. So we have

] ab—1 i+
Af

{ax}{bz}dxAgr — ;{% 1 % g dz
5 (FHHE
ab—1

SECG - o

where in the second summation each integral can be evaluated as

()

[N

a

=0+4+0+ ! = T 1y [ !
B 3ab 2 12ab’
For the first summation in @, note that as i traverses {0,1,...,ab — 1},
({% , é}) takes every pair of

bl ot )]

Therefore,
abz_:l[f+% albzi i+ts [ a b _ab
; b a f 2 2 4°
=0 7=0 k=0
Now we sum up the results and obtain
1 b 1 1 1 1
A=— 2 = ab

ab 4 aba.12ab:Z

12ab’
which gives

3

-1

1[{%} {%}L (T + %)[ 2la| + 2[b| — 1.

=~
Il

When m is coprime with both a and b, as & 4 =ak

- % =1, the two
summations corresponding to (a,b) and (—a,b) have sum equal to ™1

2 Y
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and thus for a, b coprime with m (possibly negative), we have

SEHE G gl a0

k=1

Step 2: Convert the problem into a summation similar to Solution 1.

Assume that the prime number p is sufficiently large, for example,
p > 1015, The symbol = in the context is taken modulo p.

Rename a,b and c as a1, a2 and ag, respectively. Take a4 with a1 + as +
as+as =0. For k€ {1,2,...,p— 1}, define

- {B] ) 52) {2
p p p p
Evidently, hy is an integer, 0  hy < 4, hy € {0,1,2,3}. Also, “;Tk +
%f + aka 1 if and only if hy =0 or 1.

Suppose that among hi, ha, ..., hy—1 there are exactly Lo of 0’s, Ly of
1’s, Ly of 2’s and L3 of 3’s. It is required to show Lo + Ly L%

If a1,as9,a3 and a4 are all multiples of p, then Ly = p — 1 and the
conclusion follows; if exactly two of them are multiples of p, then L; = p—1
and the conclusion follows; if exactly one of them is a multiple of p, then
hp—k =3 — hg, L1 = Ly = 2=, and the conclusion follows as well.

Now we assume al,ag,ag,a4 #0. Then hy,_j =4 — hy, and

Ly=0, Li=0L3, Li+Ly+L3=p—1.

Treat % as a random variable. Loosely speaking, the estimate of L; is

related to the variance of summing hy. Specifically, we consider the sum of
squares

p—1
H=>Y p} =L +4Ly+9Ls = 4(p — 1) + 2L1.
k=1

On the other hand, we have

(S,

Jj=

o (i)

-
—/
E "S
= ,_.
—
<%
—
—N
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For any a,b # 0, define function f(a,b) = ZI,;: %k bp—k . In particular,

124+224+.4+(p-17> p 1 1
iai) = f(1,1) = =2 C4
flai,a;) = f(1,1) o 373 6

Now consider the six-term sum: F'=3"[ ,_. , f(a;,a;). Since H = 2F +
4f(1,1) =4(p—1)+2Ly,our goal L1 | & is achieved once we can verify
F iy

12

Step 3: Turn to estimate ay, as, az and ag4.
By definition of f and the inequality () in step 1 (taking m = p), we
have

ana) - (54 o )b 2ail+las). ()

].20,1'0,]'

Note when |a;|, |a;| are large, the estimate of f(a;,a;) is not very good.
We define an equivalence relation between primitive remainder pairs
modulo p: (a,b) ~ (u,v) if there exists  # 0 such that v = ra,v = rb.

Then,
e S {E) (£

i

S e

p

el
Il

rk=1

which indicates that the value of f(a;,a;) only depends on the equivalence
class of (a;,a;). Returning to the estimate (xx), we wish to find another
pair (u,v) in the class of (a;, a;) that has smaller absolute values.

For any a,b # 0, denote b~! as the reciprocal of b modulo p (so

bb~! = 1). Among the remainders of 0,ab=1,2 x ab™?, ..., VP % ab™?
(mod p), according to the pigeonhole principle there exist two of them
whose difference is /P , and we have

u,v € {£1,£2,...,+[/p|}

such that u = v x ab™!, that is, (u,v) ~ (a,b) (assume u > 0 and u,v
coprime; otherwise replace by m, m) For (a;, aj), let (u;5, vij) be
the (u, v) pair found in the above process; if not unique, any pair will suffice.
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We have f(ai,a;) = f(uij,vi;), and by (xx),
Can (P N\
flai,aj) <4 * IQUU’U”) <4vp.

Let g;; = —— and

UijVij

S ogs= Y[ —

1 i<j 4 1 i<y 4 %idvii
Take § = 107°. If we can find g; ; (by some suitable choice of (u;j, v;;) ~
(@i, a;)) such that G —1+4, then

= Zf azva] > Z < 12UUUU - 4\/5) [

1<j i<j

= 181—;G xp—24y/p > %p

The problem condition p (a+0b)(a+c)(b+ ¢) guarantees that for each pair
(aisaj), as a; +a; £ 0, (uij,vi;) # (1, —1), it is always true that g;; —3.
Call (a,b) a nice pair, if there exist u,v € {£1,+2,. :l:l()} such that
(a,b) ~ (u,v). Clearly, if (a;, a;) is not a nice pair, then gij = —

WiV 11
This indicates that among six pairs (a;,a;)(1 i<j 4),if t]hei"e is 0 or
1 nice pair, then G = —5 + 5 % ( ﬁ) [f f% > —1 4+ 4 and the proof is

done.
Suppose there are two or more nice pairs among SixX pailrs (ai, a]-). From
a1+a2+a3+a4£0,

we see that the four numbers are proportional to simple expressions of u, v.
For instance,

o If (a1,a2) ~ (u1,v1),(a1,as) ~ (ug,vs), then they are proportional to
(uruz, viug, vaul, —UrU2 — VU2 — V2U1);
o If (a1,a2) ~ (u1,v1), (as,aq) ~ (uz,vs), then they are proportional to
(ul(u2 + ’()2), U1 (UQ + ’1)2), 7U2(U1 + ’1)1), 7’[)2(U1 + "Ul)).
Anyhow, there exist z1 + 22 + 23 + 24 = 0 satisfying
(a1,az,a3,a4) ~ (21, 22, 23, 24)
and 1 |z]| 300,z +z; #0.

Now we have (a;,a;) ~ ( -

i
ged (24,25) ged (24,25)

)Iand this natural choice

ged (zq,z,)2

gives g;; = We are still concerned with the value of G =

zz{ <j 9ij : the snnple proportions that lead to G = —1 are of two types:
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e The four numbers are proportional to the first golden ratio (1:—-2:-3:
4). Let ag = p—1,a2 = 2,a3 = 3 and ag = p — 4. Then hy = 1 if and
2k 4 3k k
P P P
%p <k< %p, and there are

only if .In{1,2,...,p— 1}, these k’s exactly satisfy

Ly

|
|
S
I
[
S
|

of them.
e The four numbers are proportional to the second golden ratio (1 : =3 :
—4:6). Let a; =p—1,a2 = 3,a3 = 4,a4 = p — 6. Then hy, = 1 if and

?;Tk + % % .In{1,2,...,p—1}, these k’s exactly satisfy

%p <k< %p, and there are

only if

Li= -p — -p .
of them.

We claim if (a1, a9, as,aq) ~ (21, 22, 23, 24) is not one of the golden ratios
described as above, then G~ —1 4+ §. For the signs of 21, 22, z3 and 24,

(i) If three are positive and one is negative or vice versa, assume 21, 22, 23 >
0,24 = —(21 + 22 + 23). Then G = Z{ i<j 49i; consists of three
positive and three negative terms, in which

ged(z;, 24)2 %

B i:172537
zilz4 |24]

gi4 = —

and g1 2 ﬁ > ¢, hence G > —1+ 6.
(ii) If two are positive and two are negative, assume z1,z4 > 0, 22, 23 < 0.
If z—’ = —2 for some 7,7, let 21 = u > 0,20 = —2u;23 = —v < 0,24 =

u + v where u, v are coprime. Then

o L 1. 1 2,0 @u+v® 1
2w u(utwv) 2uw 2u(u+v)  v(u+wv)’
P U SR S DR S
2w u(utv) 2w  2u(u+v) vu+w)
1 3

=————>—-1+44.
2 2uv +
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The last step requires (u,v) # (1,1),(1,2),(2,1),(1,3), (3,1). We can easily
check that (1,1) gives z1 + z3 = 0,(1,2) gives G = 0, nd the others give
golden ratios. So, G > —1 4+ 4.

If z—f = —3 for some ,j, let 21 = u > 0,20 = —3u;23 = —v < 0,24 =
2u + v where u, v are coprime. Then
1o 3,0)° (3, 2u+v)>  (2,0)°
3w u(u+tw) 3uv 3uu+v)  v(2u+v)’
a 1 1 + 1 + 1 9 4

3w uwRu+v) 3w 3u2u+v) v(2u+w)
1 8

=—-——>-1+40.
3 Juwwv +

The last step requires uv > 4. Otherwise, (u,v) = (1,1),(1,2),(1,4) give
opposite numbers or golden ratios, and (u,v) = (2,1),(1,3),(3,1),(4,1)
give G = fg, %,fg, 7%, respectively. So G > —1 4 4.

If i—J # —2 -3 for every i,j, then the four negative terms in G are
all *i and the two positive terms are larger than 9§, and we still have
G>—-1+59.

Now we have verified Lo+L; L% and thereby the problem statement.

Remark 1 The idea for question (1) is from the trace of the points
({‘f—ff , l;n—k}) in the unit square.

For each point (z,y), consider the value of zy. In a rectangle whose
sides are parallel to the coordinate axes, the average xy value of all points
is equal to the zy value at the center; the average xy value along a diag-
onal is equal to the zy value at the center plus % times the area of the
rectangle.

In this way, our original view of the xy values of a series of discrete points
is transferred to several line segments, and then by splicing and regrouping
them into ab segments, we focus on the corresponding ab small rectangles,
which together form a unit square.

Remark 2 In question (1), the estimate of @ uses Gauss’ trapezium rule,

which causes error of order —1;. Another approach is to compare ak bk
m m m

with f k+2 o % dzx, which leads to similar results. However, if one
simply Compares it with the integral from £ to k + 1, then the error will
involve terms with @b, and this will make further discussion impossible.
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Test |, Second Day
(8 am—12:30 pm; 12 March 2023)

For positive integers m, n, define
S(m,n) ={(a,b) €Z3|1 a m,1 b n,ged(a,b)=1}

Prove that for any positive integers d and r, there exist integers
m,n d, such that

|S(m,n)| =r (mod d).
Here, | A| represents the number of elements of a finite set A.

(Contributed by Fu Yunhao)

Solution Letn=d+r,m=d-(d+r)!+1.Forl b d+r, the number

of integers 1,2, ..., m that are coprime with b is
b
#-d-(d—i—r}!—i—l.

Note that b|(d+r)!, and thus the above number is equivalent to 1 modulo d.
We have,
d+r

|S(m,n)| = Z[l =r (mod d).

b=1

In triangle ABC, Py, ..., P, are n interior points such that no three
points of Pi,..., P,, A, B and C are collinear. Prove that triangle
ABC' can be split into 2n + 1 small triangles such that every vertex
of them is from Py, ..., P,, A, B, C, and the number of small triangles
with one or more vertex at A, B or C' is at least n + /n + 1.

(Contributed by Ai Yinghua)

Solution For side BC, we define a partial order <4 in the set P =
{Pl, ey Pn}

P; <4 P; & P; is an interior point of triangle P;BC < the ray P;F;
intersects side BC'.

Similarly for side C'A, define partial order <p in P. If distinct points
P;, P; are incomparable under < 4, then line P; P; does not intersect segment
BC. As P, P; intersects triangle ABC' at two points, we infer that P;, P; are
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comparable under <p, and therefore an antichain under the partial order
< 4 is a chain under the partial order <p.

According to Dilworth theorem, under the partial order < 4, the n-set
P contains either a chain or an antichain of length at least \/n. If P does
not contain one such chain, then as we have shown, the antichain under < 4
is a chain under <p. Hence, there is always a chain of length at least /n:
either under <4, or under <p.

By symmetry, suppose that under <4 there is a chain of length at least
Vn:Pp <a---<a P, wheret +/n. Draw segments

BR,CPZ(l i t)7P1P27"'7Pt71Pt;PtA7
which split triangle ABC into 2t + 1 triangles

ABCP,, ABPP,, ACPP4 (1 i t-1), ABPA, ACPA.
(%)
Let ko, k1,...,k be the numbers of P-points in ABCP,, ABP,Ps, ...,
ABP; A, respectively. For each such triangle, say ABQR, let Uy,...,Uy
be the P-points in it, assuming ZQBU; (1  j k) in the increasing
order. We draw segments BU; (1 j k) and QUy,UUs,...,UxR to
obtain k£ + 1 small triangles all with vertex B, and then split the poly-
gon QU - - - Ug R into k small triangles (it is well known such triangulation
always exists). Now ABQR is split into 2k + 1 small triangles, and k+ 1 of
them have B as a vertex. Likewise, if 1, ..., [; are the numbers of P-points
in ACPPs, ..., ACP;A, respectively, then each triangle can be split into
2l + 1 small triangles, and [ + 1 of them have C as a vertex.
So we have constructed a triangulation of ABC, in which at least

T=> (ki+1)+> [Li+1)

i=0 i=1
small triangles have B or C as a vertex. Since ko+k1+---+ki+l1+-- -+l =
n —t, we reach
T=n-t)+@2t+1)=n+t+1 n+yn+1,
which is the desired conclusion.

(1) Prove that on the complex plane, on each line through the origin

except the real axis, there is at most one point z satisfying that 1;?423

is a real number.
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(2) Prove that for any complex number a # 0 and any real number 6,
the equation 1 + 223 + 4254 = 0 has at least one root in the set

Sg= z€CRe(z-¢) 2] cos 210

(Contributed by Yao Yijun)

Solution We assume the angles are modulo 27 in the context.
(1) For non-zero complex number z, let z = r(cos@ + isind)(r > 0,0 €
[0, 271)). Define

1 + 223
f(Z) = 564

= r%[(cos(—ﬁéle) + isin(—646)) + r23(cos(—416) + isin(—416))],

and we have

1+ 2% 1+2% -1 93 .
TGR@ImT:rﬁ(sm&err sin416) =0

& sin 646 + r?3sin416 = 0.
For 6 # 0,7, if sin416 = 0, then sin 646 # 0, the above equation does not

have a solution.
If sin416 # 0, then

r=go(0) == (L&M)%

sin416

is uniquely determined. To get r > 0, sin 646 and sin 410 must have opposite
signs. Note that go(f) = —go(6 + 7), and the conclusion follows.

(2) To start, note that

Sp= rell:r 0,49—1 t 9—|—1

20 20
is a sector centered at the origin. We think about the problem statement
23
in reverse: if as z traverses all nonzero elements of Sy, a = — 11‘54 takes

every complex number, then the equation 1 + 222 + a2%% = 0 always has a
solution in Sy.

Use the notations as in Solution 1, and let a = pe'* (p > 0, \ € [0, 27)).
We have

f(z) = —a=—pe
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For fixed A € [0, 71), consider the set of complex numbers
Iy {z|f(2)e™™ € R} = {z[sin(\ + 640) + r*3sin(\ + 416) = 0}.
There are two situations:

(1°) A+ 640 = XA + 416 = 0 (mod 7), implying that
km S5k

0=—, A=—(mod m)
2 23

for some integer k.

(2°) The congruence equations in (1°) do not hold. By an argument similar
to Solution 1, we see that on each line through the origin, there is at most
one point z that belongs to I'y; in particular, any ray starting at the origin
intersects I’y at one point at most.

The set I') consists of curves described by polar equations. Define
1

—sin(\ + 640) \ £
() = (A A+ 6N
sin(\ + 410)
As said, we expect that when z lies in a sector region where the range
of the angles depends on 6 (a 6#-interval), and in this set such that

g)\(o) > 0,

—e P f(z) = — (cos(A + 646) + r*3cos(\ + 416))

_
(97(0)™*
traverses all real numbers.

(55)

The 6 values with ¢gx(f) > 0 consist of several subintervals. At the
endpoints of these intervals, there are two possible cases:

(a) The endpoint 0, satisfies A + 410; = 0 (mod m), yet X\ + 646; #
0 (mod 7). As 6 — 6; in the interval, g)(f) — oo and correspondingly
a— 0(p—0);

(b) The endpoint 6; satisfies A + 646; = 0 (mod 7), yet X + 416, #
0 (mod 7). As # — 6 in the interval, gx(6) — 0 and correspondingly
a — 0o(p = oo or — oo if cos(A 4 646,) = —1 or 1, respectively).

s

1g» there is a subinterval in

Now we claim that for any f-interval of length
which (#x) holds.

(1) If for certain A, there exists 6y in the interval satisfying condition (1°),
then the distance from one of the endpoints, say the right one to 6 is

30 > 3—7{ > 2—’;. Consequently, in the process of 8y approaching this
endpoint, two possible situations may occur (without loss of generality,
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assume sin(A + 646) > 0 in (90,90 + 5—4)1 one is shown in the following
table:

0o 0o + &1 0o + 7% 0o + =5 6o + 2% 0o + T
sin(A+6460) | 0 |+ 0 — — — 0 + 0 - —
sin(A+410) | 0 |— - — 0 + + + + + 0
cos(A + 640) [£1 F1 +1 F1

We see the piecewise continuous function p(6) satisfies

lim p = to0, lim p = Foo,
0—(0o+45)" 0—(00+22)"

/’(9°+I_1):p(90+%>

and hence on 6y + 77, 6o + %) U ((?0 + 2—2, 0y + i—ﬂ, p can attain every
real value. The other possible situation is shown in the following table:

0o 0o + &1 0o + 7% 0o + =5 6o + 2% 6o+ =
sin(A+6460) | 0 |+ 0 — — — 0 + 0 - —
sinA+410) ] 0 |+] + |+|] 0 -] = |=| = |=| o
cos(A + 640) | £1 F1 +1 F1

We see that p attains every real value on (90 + 312, 0y + ‘Z—Z){

(2) If 6, A satisfy condition (2°). We observe that this f-interval contains
at least four zeros of sin(A + 416). As % > %, there must be two adjacent
zeros of sin(A + 410), say 61 and 6, + 77, in between there are two zeros
of sin(A + 646), say 02 and 60 + 7. Assuming that 6; + i—’{ also lies in this
interval, we have either the following table (without loss of generality, let

sin(A 4+ 640) > 0 in (01, 62)),

01 02 02 + &1 01+ & 02 + =5
Sm(A1640) | + |+ ] 0 | - 0 ¥ ¥ ¥ 0
sin(A + 410) 0| — — — — — 0 + +
cos(A + 640) +1 F1 +1
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and taking [01, 02) U[(Gg + a5 0+ ﬁ} [sufﬁces; or the following table:

01 02 02 + &1 01+ & 02 + =5
sin(A+640) | + | + | 0 | — 0 ¥ ¥ ¥ 0
sin(A + 4160) 0 + + + + + 0 — —
cos(A + 640) +1 F1 +1

and taking (A2, 65 + 614] [sufﬁces.
In summary, the problem statement is verified.

Remark 1 This type of result traces back to P. Nekrasoff (Ueber tri-
nomische Gleichugen, Math. Annalen, 29(1887), pp. 413-430). The proof
idea comes from Polish mathematician M. Biernacki’s doctoral thesis Sur
les équations algébriques contenant des parametres arbitraires (Bulletin
de I’Académie polonaise des Sciences et des Lettre, classe des Sciences

Mathématiques, Série A, 1927, pp. 541-685).

Remark 2 Using complex analysis theory, one can reduce g5 to 35.

Test Il, First Day
(8 am—-12:30 pm; 16 March 2023)

Given positive integers n and a satisfyingn > 1, (n,a) = 1. A country
consists of n islands Dy, Ds, ..., D,. For any two different islands D;
and Dj, there is a one-way ferry from D; to D; if and only if

ij =ia (mod n).

A tourist wants to visit as many islands as possible. He can fly to any
island that he chooses and start the tour, but thereafter he must use
the one-way ferries to travel between the islands. Find the maximum
number of islands that the tourist can possibly visit.

(Contributed by Qu Zhenhua)

Solution For prime number p, define v,(n) as the exponent of p in the
factorization of n. Let z(n) =3_, () 21,y(n) = Eip(n):l 1. We will prove
that the maximum number of islands that the tourist can possibly visit,
k(n), is given by

() = Bz(n) 4+ 2y(n) + 1, wva(n) # 1,
3z(n) +2y(n), wva(n)=1
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For x,y € Z,m € Z~y, if zy = za (mod m), then write x — y (mod m). Let
p be a prime factor of n, p* n. For sequence £; — 23 — + -+ — x, (mod n),
it remains the same when modulo p®:

x1 = T3 — - — xp (mod p%).

(1) If ; £ 0 (mod p%), then z;11 and p are coprime. This is because
p°| (241 —a),p® x;, and thus p|(z;+1 — a); as a,n are coprime, we
havep a,andsop ;4.

(2) If ; and p are coprime, then z;11 = a (modp®). This is because
p| zi(x;41 —a), as p x;, we have p* | (x;41 — a).

(3) From (1) and (2), we see that if « 2, the values
x1,Ta,...,x, (mod p®) change at most three times: from 0 to a nonzero
number modulo p®, then to a number coprime with p, then to a mod-
ulo p®.

If a =1,p# 2, then x1,22,...,2, (mod p*) change at most twice: from 0
modulo p to a number coprime with p, then to a modulo p.

If « =1,p =2, then z1,x9,...,2¢ (mod p%*) change at most once: from
0 modulo 2 to a modulo 2.

Suppose that any adjacent pair in the sequence x1, o, ...,z (mod n)
are different. Then in the sequence, each following number differs from the
preceding number modulo p® for some p, and therefore k& k(n).

(4) Now we construct examples with k = k(n). First, for modulo p*:
(i) fa 2,then0—p—a+p* ! — a (mod p?);
(ii) Ha=1,p # 2, then 0 = b — a (mod p), where b, p are coprime and
b# a (mod p);
(iii) f a =1,p =2, then 0 = a (mod 2).

Let n = pi* ---pS» be the prime factorization of n. For each p®, take a
sequence that obeys (i)—(iii). As 0 — 0,a — a are allowed, we can add a
few 0’s at the beginning and a few a’s at the end in order to get a sequence
of length k(n), denoted by L;. We must require that for pj** and p?j (i # j),
the places where the respective numbers change in L; and L; are different.
For example, a; 2, we take
Li:0—=p—at+p P —a—a— - —a (modpi);
then ag = 1,ps # 2, and take
Ly:0-50—-0—-0—-b—a—a— - —a (mod py);

and so on for Ls, ..., Ly,.
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The value of z; is determined by the tth terms of L, Lo, ..., L, and
Chinese remainder theorem. As z; — x441 (mod pi*),i = 1,2,..., w, we
have x; — 241 (mod n). Finally, since 1, s,...,%5;,) modulo n are
distinct, the maximum number k(n) (given at the beginning of the solution)
can be attained. This completes the proof.

Let ABC be a scalene acute-angled triangle, where AP, BQ,CR are
the altitudes and H is the orthocenter. Let the line passing through
A and parallel to BC' intersect line R at point D. Let A; be the
midpoint of BC; K be the point of intersection of R() and AA;.
Suppose that the line through the midpoint of AH and point K
meets line DA; at point As; similarly, define points By and Cs.

Let w be the circumcircle of non-degenerate triangle AsBsCl.
Prove that there exist three circles ©A’, ©B’ and ©C" inscribed in w
that satisfy the following conditions:

(1) ®A’ is tangent to sides AB,AC;®B’ is tangent to sides
BA, BC;®C" is tangent to sides CA, CB;
(2) The centers A’, B’,C" are distinct and collinear.

(Contributed by Zhang Sihui)

Solution 1 Let the midpoint of AH be A*. As illustrated in Fig. 7.3,
/ZA1RH = ZA1;CR = ZRAH, implying that A; R is a tangent line of the
circle say I" with diameter AH. Likewise, A1(Q is also a tangent line of circle
I' (R, @ as the points of tangency), and thus

A1A* LRQ. ®)

Consider the polar reciprocation in circle I': D lies on the polar line of Ay,
and conversely A; lies on the polar line of D in I'. But DA is a tangent

Fig. 7.3
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of I, and thus AA; is the polar line of D, giving
DA* 1L AA;. )

From @ and @, it follows that K is the orthocenter of AA*A; D, and in
particular, A*K 1 A1 D, yielding ZA* A3 A; = 90°. Therefore, As lies on the
nine-point circle of AABC, which is just circle w.

As shown in Fig. 7.4, let N be the center of w and I be the incenter of
ANABC. Let BC = a,CA =b,AB = ¢, and s = %}’“ We introduce the
inversion transformation f with A as the center and the nine-point circle
invariant. Suppose that ®@A’ is the image of the incircle under f. Clearly,
©A’ is tangent to sides AB and AC. Define ®B’ and ©C” in a similar way.

Fig. 7.4

Let M be the foot of the perpendicular dropped from I to side AB. We
assert that ®A’ does not coincide with w, as otherwise AR - AC, = AM?,
orb-cosA-g5 = (HCT*“)Q, implying that a = b or a = ¢, which contradicts
the assumption that AABC' is not isosceles.

In the following, we verify A’, B, C" are collinear. Suppose that

— — N
fﬁ:pjijij@JU:rjé
Then
— — —
CTA YT IO —a TAv b B IO =T,
p q r
To verify A’, B’,C’ are collinear, it suffices to show

b
2i24io0
p q r
Let L be the foot of the altitude from A’ to side AB. Then 44

AT
:_AI;I’AM = s — a. By properties of the inversion f, we see f(M) =

)
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and hence

2, 2 2
lmmALzARuanbmwygzﬁi%rJL

AL 7AM~AL7b2+cgfa2
AM —  AM? T 4(s—a)?

yielding that
. IA”  2(a—b)(a—c)
IA (b+c—a)

and analogously

(c+a—b)? "~ (a+b—c)

Finally, the above equations give % + g + £ = 0. (It requires to find the

~ 2(b—c)(b—a) . 2(cfa)(cfb).

cyclic sum of a(b — ¢)(b+ ¢ —a)?. Treat it as a function of a, g(a). Note
that the coefficient of a® vanishes, so g(a) is quadratic, with g(b) = g(c) =
g(b+¢) =0, and hence g =0.)

Solution 2 Similar to Solution 1, we see that w is the nine-point circle of
AABC. To handle a geometry problem with angle bisectors in a circum-
circle, a common method is to treat the circumcircle as the unit circle in
the complex plane and let

A=a?, B=b C=c

The midpoints of the minor arcs BC,CA, AB are —bc, —ca, —ab, respec-
tively; the incenter I = —(ab+bc+ ca); the nine-point center N = W

Let A’ correspond to complex number a’. As A’ lies on the bisector of
ZCAB (the ray starting from A and passing through I), there exists A > 0
such that

a' = a® + \—(ab + bc + ca) — a®) = a* — Ma +b)(a + c).

Moreover, ®A’ is inscribed in w (since A’ is inside w) and tangent to sides
AB, AC. Tt follows that

A 1
’ / 22
INA"| + |AA"| sin 5 = 5

2 b2 2 1 b2 b
GV 2 et b)ate) = Na+b| ot b
2 2 2
& |(—a® +b* + ?) 72/\(a+b)(a+c)|2 =1 —MNa+b|-la+c|-|b+c)>
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This is a quadratic equation in A. After simplification, it turns out that the

quadratic coefficient is

while the constant term is | — a? + b% + ¢

Ala+bf - la+c® —la+b? |lat+cf b+

=la+b*-Ja+¢]

oo —ef, ()

2|2 — 1. According to Feuerbach

theorem, one root is A = 1, and the other root is the constant term divided
by (). Consequently,

!
a

a® — Ma +b)(a +¢)

Sl — a2+ 0+ A =1

2 _ (at+b)(ate)
ja+b* - Jatcf” - b ]
9 1

@+b)-@+e)-(b—c)(b—72)

x [(—a? + b2 + ) (—a2 + b
9 ab - ac- (—bc)

+e%) —1]

(a+b)-(ate)-(b—c)

1
x (—a®+b%+c?) (_E +

212 2
9 —a*b“c

LA

b2 2

(a+b)-(ate)-(b—c)

(—a? +b% + ) (=b%c? + a%c? + a?b?) — a?b?c?

a?b?¢c?

9 N a2b262 _ b202(b2 + 02) _ a4(02 + b2) + a2(b2 + 62)2 _ a2b262

a

(a+b)-(a+e)-(b—e)

o (—a*+a?(b? +2) - b2 (b + ?)

a

(@a+b)-(a+c):(b—rc)’

o (a® = b?)(a? = ) (B? + %)

(a+b)-(atc) (b—c)

o (a=B- O+

(b—c)

As we know,

a',V',c are collinear < a’

()

—I,b — I,¢ — I are collinear.
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By (xx), it follows that
(a —b)(a —c)(b? + c?)
(b—c)®
(a+b)a+ b=’ — (a—b)a— ) +)
(b cp
(a+b)(a+c)(=2bc) + [(a+b)(a+c) — (a—b)(a—c)](0* + )
(b—c)’
(a+b)(a+ c)(—2bc) + 2a(b + c)(b? + c?)
(b—c)”
—2(bca® — (b3 + ¢3)a + b2c?)
(b o)
—2(ab — c*)(ca — b2).
(b—c)?

a —I=(a+b)(a+c)—

Now, we need only show the three points

X = (abeQ)(cabe)’ v —

(b—¢)®

are collinear. By plane geometry in complex methods, it is equivalent to

(bc — a?)(ab — c?)

(c—a)’

(ca — b?)(be — a?)
(-0

7Z:

XY Z X Y Z
0= X Y

S
(- (2D (1))

Y Z

= N

|

b

b<

N

|
— X X
— olN

Il
S
| =
o
7 N

" (c(a — b)Q(ab — 022) n a(b — C)Q(bc - a22) n b(c— a)Q(ca - b22)> [
6=of e " o= " 6=

_ [ (b= (b
7a2b202(a7b) (b—c¢) cfaQZEl (e =)

cyc
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Finally, we focus on the cyclic sum

> b —)’(be—a®) =abcd  (b—c)’ =Y a®(b—c)’

cyc cyc cyc
= abc {Z (b —c*) -3 Zkb% - ch)}
cyce cyc

- {Z (a®b® — a®c®) — 3abcz (a®b — GQC)} =0,
cyc cyc

as all four cyclic sums in the third row cancel out. This shows the determi-
nant equals zero and the three centers are collinear.

Find the largest positive integer m, such that one can possibly color
some squares of the 70 x 70 grid red satisfying that

(1) there are no two red squares that have the same number of red
squares in their rows and the same number of red squares in their
columns;

(2) there are at least two rows, each with exactly m red squares.

(Contributed by Fu Yunhao)

Solution To start, suppose there are a red squares in the row with max-
imum number of red squares (say the first row), and b red squares in the
column with maximum number of red squares (say the first column). If
a > b, consider the columns of those red squares in the first row: they
must contain distinct numbers of red squares, and these numbers come
from 1,2, ...,b, which have fewer than a choices, a contradiction. Similarly,
a < b is impossible, and thus a = b. Moreover, the numbers of red squares
in the columns where the red squares in the first row are located are exactly
a permutation of 1,2,...,a, and the same for the numbers of red squares
in the rows where the red squares in the first column are located as well.
This means for every 1 ¢ a, there is always a row and a column each
with exactly 4 red squares.

We claim: there exists a coloring of the 70 x 70 grid satisfying (1) and
for which exactly z; rows each contain i red squares, exactly y; columns
each contain i red squares (x;,y; € Zso,i =1,2,...,a), if and only if there
is a coloring of an a X a table, such that its ¢th row contains exactly iz; red
squares and its jth column contains exactly iy; red squares (1 = 1,2,...,a).

()
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First, we prove the necessity. If a coloring of the 70 x 70 grid P satisfies
(1), then construct an a x a table @ such that for every ¢,j € {1,2,...,a},
the ith row, jth column of @ is colored red if and only if there is a red square
in P whose row and column contain ¢ and j red squares, respectively (call
this condition 7T'(3, j)). Note that in P, the number of red squares whose
rows contain 7 red squares is ix;, and the columns where they are located
have distinct numbers of red squares. Therefore, the number of j’s satisfying
condition T'(7, §) is exactly ix;, indicating the ith row of @) contains iz; red
squares. For the same reason, the ith column of @ contains iy; red squares,
and the necessity is verified.

Next, we prove the sufficiency. Suppose in an a x a table @, the ith
row contains exactly ix; red squares and the jth column contains exactly
1y; red squares. Let us color the 70 x 70 grid P as follows. Label the rows
R(i,z)(1 =«  x;) and the columns C(i,y)(1 y ;). If the ith row,
jth column of @ is red, call (i,5) a “good” pair. For a good pair (ig, jo),
consider all good pairs (7o, j) and let jo be the v(io, jo)th smallest of them;
also, consider all good pairs (i,7p) and let igp be the wu(ip,jo)th smallest

of them. Now we color the square in row R (io, ”(Z‘;—OJO)J) [and column

o ( Jo, %J) lof P red. In this way, every good pair (ig, jo) corresponds
to only one pair of row R(ig, ) and column C(jo,y) (the intersecting square
is colored), and hence condition (1) is met; conversely, for each row R(ig, ),
the red squares in it have exactly the j’s such that (ig, jo) is a good pair and
they are ranked (z—1)ig+1, (x—1)ig+2,...,xig in the increasing sequence
of them. For the same reason, each column C(jo,y) contains exactly jo red
squares. The sufficiency is verified.

We return to the original problem and give a coloring scheme with
m = 32. In the 64 x 64 table @, color the square in row 4, column j if and
only if 1 + 7 66. In this way, the numbers of red squares in the rows and
in the columns of ) are both 64,64,63,62,...,3,2. Now let

a=064, T32=T16=1T8=1Ty4=2T4=To=2T]=Y32 = Y16
=Ys = Y4 = Y2 = Y1 = 2,

and let all other z;, y; be equal to 1. By (x) and the above construction, we
see that there exists a coloring of grid P satisfying condition (1), and there
are two rows with 32 red squares each. Hence, m  32.

Finally, we show m  32. Assome z; 2,2m a 69, m 34. We
show that m = 33 or 34 is impossible.
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It only requires to consider a € {66,67,68,69}. For 64 x 64 table @
and any r,s  a, note that the number of red squares in any r rows but s
columns is at most 7(a — s). We shall repeatedly use this property to derive
contradictions.

If a = 69, then z,,, = 2 and all other z;’s are 1. Evidently, y,, = 2 and
all other y;’s are 1. In @, the five rows with the most red squares have at
least 69 + 68 4+ 67 + 66 + 66 of them, while the five columns with the least
red squares have 1 + 2 + 3 + 4 + 5 of them, and

(69 + 68 4 67 + 66 +66) — (1 +2+3+4+5) > 5- (69— 5)

leads to a contradiction.
If a = 68, as

(68+67+66+66)—(1+2+3+4)>4-(68—4),
at least one of y1, Y2, Y3, ys is 2 or more. As
(68 467 + 66 + 66 + 65 + 64 + 63 + 62)
—(14+2+34+4+5+6+7+8)—8-(68—38) >4,
we have ijl (yi—1) 2. Further, as
(68 4+ 67 4+ 66 + 66 + 65 + - - - + 54)
—(142+4+---416)—16- (68 — 16) > 4+ 8,

we have 21° (y; — 1) 3, but this contradicts Y00, (y; — 1) = 2.
If a = 67(m = 33), as

(67+66+66) — (14+2+3)>3-(67—23),
at least one of y1,y2,y3 is 2 or more. As
(67+66+664+65+64+63)—(1+2+3+4+54+6)—6-(67—6) >3,
wehaveZTzl(yi—l) 2. As
(67 + 66+ 66+ 65+ +57) — (1 +24---+12) — 12- (67 — 12) > 3 + 6,
we have leil (yi —1) 3. Further, as

(67 4+ 66 + 66 + 65 - - - 4 45)

—(1+2+---4+24)—24-(67—24) >3 +6+ 12,
we have Zfil (yi —1) 4, but this contradicts Z?ll (yi —1)=3.
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If a = 66(m = 33), there are two ix; = 66, and thus iy; 2 for all 4,
Y1 2. As

(66 + 66 + 65) — (1 +2) —3- (66 —2) > 1,
WehaveZizl(yi—l) 2. As
(66 + 66 + 65+ 64 +63) — (1+2+3+4) —5-(66—4) > 1+2,
WehaveZTzl(yifl) 3. As
(66466 +65+---+59) — (1+2+---+8) —9- (66 —8) > 1 +2+4,
we have Zil (yi —1) 4. Further, as
(66+66+65+:-+51)— (1424 +16) —17- (66 — 16) > 1 +2+4+8,

we have Zlﬁl (yi —1) 5, but this contradicts Zfil (yi— 1) =4.
To sum up, the maximum is m = 32.

Remark 1 The coloring is not unique. For example, let a = 65, £33 = 2,
Yi6 = Ys = Y4 = 2,y2 = 3 and let all other x;,y; be 1. First, color the
squares in row ¢, column j with ¢ + 7  65; then color the first 32 squares
in row 65 and the next 32 squares in row 66; finally, in columns 65 through
70, color 1, 2, 2, 4, 8, 16 squares respectively in rows 1 through 33. It can
be checked that all conditions are satisfied.

k
Remark 2 In general, for n x n grid, it can be shown that Z?:l (yi — 1)
k. The maximum m is given by 2m + logom =~ n.

Test Il, Second Day
(8 am—12:30 pm; 17 March 2023)

Call a nonempty set A of integers ‘a beautiful set’, if for any a € A
and k € {1,2,...,2023}, the set

{geA: 3% = ?jik }[

has exactly 2* elements.
Prove that for a set S of integers, if the intersection of S and any
beautiful set is nonempty, then S contains some beautiful set.

(Contributed by An Jinpeng)
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Solution 1 For positive integer n, call a nonempty set A of integers ‘a
strictly beautiful set of order n’, if A C {0,1,...,3" —1} and forany a € A
and 1k n, there are 2% elements in the set {b€ A [[37%b = 37%a]}.
Clearly, a strictly beautiful set of order 2023 is a beautiful set. We prove
the following proposition by induction:

Proposition For any positive integer n, if S is a set of integers and sat-
isfies that the intersection of S and any strictly beautiful set of order n is
nonempty, then S contains a strictly beautiful set of order n.

Taking n = 2023, it is the problem statement.

If n =1, a strictly beautiful set of order 1 is a 2-subset of {0,1,2} and
the proposition is true. Suppose the proposition is true when n = m; we
show it is also true when n = m + 1. First, note that if Ay, Ay are strictly
beautiful sets of order m, and {i1,i2} is a 2-subset of {0,1,2}, then

{a + i13m|a S Al} U {a + i93™ | a € Ag}

is a strictly beautiful set of order m + 1. Suppose the intersection of integer
set S and any strictly beautiful set of order m + 1 is nonempty. Consider
the sets

51:{0 a<3m|a+z3m65}, 'L:Oal72

We assert that there exists a 2-subset {i1,i2} C {0,1,2} such that the
intersection of S;, (s = 1,2) and any strictly beautiful set of order m is
nonempty. Otherwise, for some 2-subset {j1,72} C {0,1,2} and strictly
beautiful sets B1, By, we have Sj, N Bs = @(s = 1,2), and then the strictly
beautiful set

{a+j13™ |a € B1}U{a+ j23™ | a € By}

of order m + 1 does not intersect S , a contradiction. By the induction
hypothesis, S;, contains a strictly beautiful set Ay of order m, S;, contains
a strictly beautiful set Ay of order m as well. They together imply that S
contains a strictly beautiful set of order m + 1, that is, {a + 113™ |a €
Al} U {a + 223™ | a € AQ}

Solution 2 For integers m, n and n > 0, we call a nonempty set A of
integers ‘an m-beautiful set of order n’, if A C {3"m,3"m+1,...,3"(m+
1)—1} and foranya € Aand 1 k n, there are 2* elements in the set
{be A|[37%b = 37*a|}. Evidently, for any integer m, every m-beautiful
set of order 2023 is a beautiful set. We prove the following proposition by
induction:
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Proposition P,, For any set S of integers and any integer m, there exists
an m-beautiful set A of order n such that A C S or AC S (here S = Z\S
is the complement set of S).

Note that once P,, in particular Pagos is proved, then the set S or S
contains a beautiful set A. However, SNA # @&, and thus A C S, completing
the proof.

If n = 1, by the pigeonhole principle, at least two elements a,b €
{3m,3m + 1,3m + 2} both belong to S or both belong to S. So, A = {a,b}
is an m-beautiful set of order 1, A C S or A C S, yielding proposition P;.
Suppose we have P, and want to prove P,1. For any set S of integers and
any integer m, by the induction hypothesis, there exist: a 3m-beautiful set
of order n,

Ay C [3"-3m,3"(3m + 1)),

a (3m + 1)-beautiful set of order n,

As C [3"(Bm +1),3"(3m + 2)),
and a (3m + 2)-beautiful set of order n,

As C [3"(3m +2),3"(3m + 3)).
They satisfy: for any i € {1,2,3}, either A; C S or A; C S. By the pigeon-
hole principle, among Ay, Aa, As, at least two sets A;,, Ai, (1 41 <iy  3)
are both contained in either S or S. Define A = A;, UA;,. It is easy to check

that A is an m-beautiful set of order n + 1 and either A C S or A C S.
This verifies Pny1 and the problem is solved.

Given positive integer n and n® integers a;jx € {1,—1}(1 1,7,
k  n). Prove that there exist

Tlye- 3 TnsYlyee -y Yny 215+ -, 2n € {]-af]-}a
such that the following inequality holds:
53 S s >
i=1 j=1 k=1

(Contributed by Deng Yu)
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Solution 1 For any (x;), (y;) taking values 1 or -1, we define

n

X = Z[aijkxiyj-

i,j=1
Taking z; = sgn Xy, we get
n n n n
Z Z Z bijkziyjzk = Z (X%
i=1 j=1k=1 k=1

Sum over all possible (x;), (y;) to obtain

E |Xk| E E E Qi1 j1kQigjakLiy LigYj1 Ysa

(wi),(y;) (z4),(yi) 1,82 71,72
= Z Z[ailjlkamzk Z[ Liy Tiy Yj1 Yjo-
11,12 J1,J2 (x4),(y;)

In the second line, the latter sum does not vanish only if 2; = 75 and j; = jo.
Hence,

n
Z |Xk|2 = (2”)2 Z a?jk = 22"712.

(4),(v5) 1,5=1

o find a lower bound o N (s k|, we need to estimate )
To find a lower bound of > ) ) IX. d i #0).(5)
| X |" for some n > 2.) Similarly,

E 1X5|* = E E iy j1 kQig ik Vg sk Vig jak

(z4),(y;) 11,12,13,%4 J1,J2,J3,J4
X E [ Ty LigTizTigY51Y52Y53Y 54+
(wi),(y;)

The last sum does not vanish only if (i1, 2, i3, 4), (j1, Jo2, j3, j4) can be made
into identical (4, j) pairs (it is counted more than once when the four pairs
are all identical). Hence,

§ E [ iy jr1kQisjokQisjskQigjak
11,12,13,%4 J1,J2,J3,J4

2
X Z[ Liy Lig Liz Lig Y51 Y50 YiaYja < 9n4(2n) .
(wi),(y;)
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Now apply Holder’s inequality to derive

= (1xel?)t % (L (i)

z:),(y5) i):(¥5)

1
t
’ DA
(@), (y5)
and thus
2
i ,
DLl |- @eonty? > 22,
([wi)a(yj)
yielding

S
wo| ol

Sl (i) s

(zi),(y;)
Summing over k, it follows:
2
S AR
(i), (y5) K
indicating that for some (z,y;), >_[ | Xk > %2

Remark In the last part, instead of using Holder’s inequality, we can use
the inequality (X — 3n)*(X + 6n)X = X* —27n2X2 + 54n3X 0 when

X O
Sooxt—2m? YT (X 4540 D XK 0.
(@), (y;) (w4),(y;) (w4),(y;)

Therefore,

1 5, 2mm%-n?—-9n* 1 _,.
Sl oo 0t g,
(),(y5)

Summing over k£ to obtain .

Solution 2 First, we need two lemmas.

Lemma 1 Let n be a positive integer and ai,as, ..., a, be real numbers.
Then

z1,...,xp€{—1,1} =1 i=1



146 Mathematical Olympiad in China (2023)

Proof of Lemma 1 As every x; traverses {—1, 1}, in the above inequality
we may replace a; by |a;|, that is, assume a; 0 for i = 1,2,...,n. Note
that when all z;’s change signs, the value of |} " | a;x;| does not change.
Thus, we have

DS T D S

T1yen€{—1,1} =1 z1,.,2n€{~1,1} =1
Tyt T, =0

=2 Z i i

T1,...,xn€{—1,1} =1
T+ +x,>0

2 > z”: iz

@1, @n€{—1,1} i=1
x1+4x,>0

. [
:QZ Z[ T %m

z1,...,en€{—1,1}
14+, >0

By symmetry, observe that

I«

z1,..,2n€{—1,1}
z1+-+xn, >0

does not depend on i; in particular, for ¢ = n, the value is

Z x; = Z 1+ Z[ (-1)

Z1,..,0n€{—1,1} Z1yeyTp—1€{=1,1} Z1yeyTn—1€{~1,1}
z1++xn, >0 1+ tTp_1>—1 1+ tTn—1>1

>L

T1,...,p—1€{—1,1}
T4tz _1€{0,1}

(i)

The last equality holds because x1,x2,...,2,—1 € {—1,1} satisfy 1 + x4

+ -+ xp_1 € {0,1} if and only if exactly "T’l of them take value 1 and

the other ng—l of them take value —1. Now Lemma 1 is proved.
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Lemma 2 For any positive integer n,
n—1 [ 2n—1
L Lgl Von'©

Proof of Lemma 2 Evidently, the inequality holds when n = 1,2,3 (equal

when n = 2). When n = 2m 4, it is equivalent to (27:?)[ \2/1%; when
2m) [ 22m

- N TEe R So, it suffices to prove,
2m | 22m—1
m vym

2m\ [ rp 2kQRk—1) o, yr2k—1
()= I = 15

n=2m+1 5, it is equivalent to (
for any integer m 2,

In fact,

Let

m

ok —1 2%k — 2
a=11 2% B:H2k71'
k=2 k=2

Then A > B and AB = % = # Hence A > \/—%, yielding
2m—1
2m [:22m.1A>22m.L:2_.
m 2 2/m vm
This verifies Lemma 2.

By the two lemmas, we immediately arrive at the following result: for
any n real numbers aq, as, ..., an,

n 271 n

> Dk Z=3 lail
z1,...,xp€{—1,1} =1 2n i=1

Using the result twice, we obtain, for any n? real numbers a;;,

Z[ zn:zn:bw%%

T1ges Ty Y1,--Yn €{—1,1} =1 j=1

- s [ s S (She)h),

T1,..., zn€{—1,1} \y1,..., yn€{—1,1} j=1 \i=1
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on . m
I T2

Ty T, Y1 Yn €{—1,1} Jj=1 i=1

o & "
= EZ[ Z[ Zbijxi

j=lay,..z,e{-1,1} i=1

= 27; ’ [aij]- ®

Return to the original problem. For fixed x1,...,%n,y1,...,Yn, take z; €
{—1,1} such that

Z’szbijkxiyﬂ' 0, k:1,2,...,n.

i=1 j=1

It follows that

n n n n n n
SO i =30 S0 biktis = T

n 2n n n 2
T 2 ﬂa'» | =2%". n
T1yee s TnsYls--Yn ijk| =

T1yeesTn, Y1, Yn €{—1,1} k=1 i=1 j=1

(]

Since the average of the T’s is no less than "72, there must be some

TlyeeesTnyYlys---,Yn € {—1,1} such that

n2

Twl,...,wn,yl,...,yn 2 ’

as desired.

Prove that there exists a constant A > 0 such that for any real number
D > 1, we can find an acute triangle in the rectangular coordinate
system that satisfies the following conditions:

(1) all three vertices are integer points (both coordinates are
integers);
(2) all three side lengths are greater than D;



China National Team Selection Test 149

(3) the area is less than %DQ +X-D5.
(Contributed by Zhang Sihui)
Solution We start with a lemma.

Lemma Let A = 105 For any 0 < € < 1,n € Ry, there exists t €
ZN n— 2, n|[ such that {\/3t} < e. Here, {z} is the decimal part of z.

Proof of Lemma Apply induction to [—loge].

e When [—loge] =0,% <e<1,as

— 2 1 1
a1va) = { 19+42) = —————< (555 ).
19242419 \20°19

for ng = [n], there exists 0 s 19 such that

1
{no\/§75~ ].].\/g} < E < €.

From 4 > A > 11s, we get ng — 11s € ZN n — é,nHand the lemma
holds.
e Suppose the lemma holds when [—loge] = k. When [—loge] = k + 1, let

¢/ = 10e. By the induction hypothesis, there exists t’ € ZN n — 4, n] [such
that {v/3t'} < ¢’. Now let (1+v3)(24+V3)" = Zm + ym V3 (T ym €
Z.). Multiplying it by the conjugate, we find x2, — 3y2, = —2. Take

the least m with y,,, > 1072, Then 10**? < z,, < 10*"3 — 1 (because
Tm = 2xm—1+3ym—17 Ym = xm—1+2ym—1; it follows T < 2y'm7 2Tm—1 <
Ym < 4Ym—1, and hence z,, < 5xpym_1 < gym < 10Ym—1 10’”‘3), while

{ymV3} = 2 € ( ! L) C (107F=3,107%72),

z%@+2+’£m m'm'i_l’m'm

Note that 107F~! < ¢ < 107% and {#'v/3} < €. So, there exists a maximal
nonnegative integer s 1000 such that s - {y,,v/3} < {t'v/3}. We have
{t'V/3 —s-ymV3} < 107%72 < ¢, and moreover,

A 10° A

A
t' — 8ym >mn — —— — 1000 - 105+3 ——— ——>n-=,
Y " 10¢ " 10¢ € " €

which validates the lemma.

Return to the original problem. Take any acute triangle O; 0203 whose
vertices are at integer points and whose side lengths are greater than A'°,
and let its area be A\;. Define A = max{\;,10v/34%}. If D A'9, triangle
010203 meets the problem conditions.
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) 2
In the following, assume D > A0, Take § = D=5 and N = ( +2\/§5) :
Clearly, we have

D 2 D3
5-\/N=5-+Tﬂ> > A

1.e., ?<\/ﬁ.

e Choose € = §,n = v/N in the lemma: there exists € VN — ?, VN|NZ,

such that {zv/3} < ;
e Choose ¢ = §,n = % + vN — 22 in the lemma: there exists y €
VN — 22, /N — 22 + %} such that {y\/g} < 4.

For the above choice of z and y, 224+y? N also, since z+y 2V N+ % <
3vV/N,z? +y? < 9N,

2A A? 24 A2 A2
Pyt - N< == N-a?t <= —\/_ + 5

<(5) \ +2\f(S ?_22'

Now we choose X (0,0),Y (2x,2y), Z(z — V/3y,y + V/3z) to be the vertices
of an equilateral triangle.
Near Z, choose an integer point Z'(u,v) such that

lu—(z—V3y)| <4, |v—(y+v3ax) <é.
Then we have
IXY|=2 22+y2> D,
YZ'| [YZ|-|2Z'|>2 2®+y?-V25 2V/N-V26=D
\Z'X| |XZ|-12Z'|>2 22+y2—V20 2VN-V20=D
On the other hand,

1 1
S xvz = §|XY|‘h(Zl,XY) §|XY|-(h(Z,XY)+|ZZ’|)

1 - -
5-2 224+ y2- (V3 22 +y2 +20)

=V3(@?+y) +25 a2+

3
o\t o4 vas 342 —
\/§N+\/§<7>f :f + \/(; +26 2242
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For the four terms in the upper bound, further estimates are given as
follows:

V3N = ?DQ + ?D& + ?52 < ?DQ

6
+§D%+\/§,

\/g(%)fuiw < 4V/3A%. D15 -2D% = 8342 - D,

V342
62

20 x2+y2<2D7%-3\/N:3(b§+1)*§.\/§)[

< 3D5 +3V2.

<342 D3,

Altogether, it follows that

3 6
S xvz < <%D2+§D% +\/§) 1+ 8V3A4%. D%

+V3A2. D5 + @D% +3\/§)[

V3 V3

< 10V342 . D3 + D’ TD2+>\~D%,

completing the proof.

Test 11, First Day
(8 am—12:30 pm; 25 March 2023)

Is there a positive irrational number z, such that there are at most
finitely many positive integers n satisfying that

1

{kxz} i

for every k € {1,...,n}? Here, for positive real number y, {y} is the
decimal part of y.

(Contributed by An Jinpeng)

Solution Such irrational number z does not exist. We give three solutions
as follows.
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Solution 1 Let z be irrational. In the sequence {z},{2z},...,{nz}, -,
since all terms are distinct and dense in the interval (0,1), there are
infinitely many positive integers d such that

{dz} = min{{az} | a=1,2,...,d}.

Arrange them into an increasing sequence dy < dy < ---. We claim for
everyn=d; —1 (i 2),
1
min{{kz} | k=1,...,n} ={d;—1z} 7

Suppose not, then d; - {d;—12} < 1, which implies that
{di-1d;z} = {d; -| dic1z +d; - {di—12}} = d; - {di—12}.
On the other hand,
{didi1z} = {diy diz +diy{dix}} di—1-{dix}.
It follows that d;—1 - {d;x} d;-{d;—12}. However, we have d;,—; < d; and
{d;x} < {d;—1z}, a contradiction.

Therefore, n = d; — 1 satisfies the problem condition and there are
infinitely many of them. The required irrational number x does not exist.

Solution 2 If z is irrational and satisfies the problem condition, then there
exists ng € Z4 such that for every n  ng, one can find k € {1,...,n} with
{kz} < % As x is irrational, {kz} # 0 for all k € Z,.. For ng, there are
ko € {1,...,n0} and ly € Z such that

1
ng+1°
Suppose (ko, lo) = 1; otherwise, replace them by
tively and the above inequalities still hold.

Let ny = > ng. There are ky € {1,...,n1} and I € Z such
that

0< kox —1p <

ko lo _
gcd(ko,lo) ged(ko lo) LOoPEC

1
knglg

O<kix—11 < 1<k()l‘*l().

ni
Likewise, suppose (ki1,l1) = 1. As ko and [y are coprime, k; and [; are
coprime, we have ,lc—?) #+ ,lc—ll, and hence

1 |k’0[1 —kllo| = |k’1(k’0$—l0) —ko(k1$—l1)|
< maX{kl(kox — ZQ), k’o(k‘l.ﬁ — ll)}
X (since k‘l(kioaj — lo) > 0, k’o(k‘l.ﬁ — 11) > 0)
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ki ko i 1 1
max < —, 1, ince————  ni,kox — 1 —
{nl niy + 1 } ( k()lE — l() 1o 0 ny

which is a contradiction.

Solution 3 For any irrational z, the decimal parts {kx},k € Z are dis-
tinct and dense in the interval (0, 1). So, there are infinitely many positive
integers m that satisfy

{ma} <{kz}, VEk=12,...,m—1.
For each such m 2, let the minimum of {z},{2z},...,{(m — 1)a} be
B = {rz}. Now, for k = 1,2,...,m — 1, it is always {kz} [, and so the
open interval (kx — 3, kx) contains no integer.

In the coordinate plane, consider the parallelogram whose vertices are at
0(0,0), A(m,mx), B(m,mz — () and C(0,—3). We can see that no integer
points lie inside OABC, and only three integer points lie on the boundary
of OABC, which are O,D(m, ma ) and E(r,rz — ) = (r, rx ). Then
AODE has no interior or boundary integer points except the three ver-
tices. By Pick’s theorem, its area is % This implies the area of OABC
25 opr = 1. However, the area of OABC is also equal to mx 8 = mx {ra},
somB 1, L, andfork=1,2,...,m—1,

1
k —.
{ka} o} —
This means n = m — 1 satisfies the problem condition, and there are

infinitely many of them. Hence, the desired irrational number x does not
exist.

For nonempty finite set B of real numbers and real number z, define
dp(x) = min |z — b|.
beB
(1) Given positive integer m. Find the smallest real number A,
such that for any positive integer n and any real numbers

x1,%2,...,%, € [0,1], there is always a set B of m real num-
bers, such that

dp(z1) +dp(x2) + - +dp(z,) An.

(2) Given positive integer m and positive number e. Prove that
there exist a positive integer n and nonnegative real numbers
Z1,%2, ..., Ty, such that for any set B of m real numbers,

dp(z1) +dp(z2) + - +dp(n) > (1 —€)(w1 + 22 + -+ + 7).

(Contributed by Wang Bin)
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Solution (1) Consider two m-element sets

B, — 0 , 2 ".',2m72 [
2m—1"2m —1 2m — 1

B, — 1 , 3 ,“.,Qm—l[
2m—1"2m —1 2m —1

For any x € [0, 1], there exists k € {0,1,...,m — 1} such that 52 x

2m—1

22715:11’ or k € {1,2,...,m — 1} such that 22:;11 x 275’11. Either way,
we have dp, () + dp,(z) = 5——, and thus

n n n n

D dm (@) +)_dea(w:) = Y _ldp, (@) + dp () = 5-—7-

i=1 =1 =1
Taking either B = B; or B = By such that ) ", dp(z;) 5, we see
that A = Wl_Q satisfies the problem condition.

Next, we show \ < Wl_Q is not desirable. Take n = 2m and n-element

set X = %,ﬁ,...,ﬁj . For any set B = {b1,ba,...,b} of m real

numbers, we divide X into disjoint subsets as follows:

m
X = U[Xk, where X, = {x € X : dg(x) = |z — bi|, ¥ minimal},
k=1
in other words, X, consists of elements of X that are closest to by (if x is
equidistant from two or more by’s, choose the minimal k). Note that each
X is a contiguous block of X when the elements are arranged in increasing
order. Hence,

1
Z[|aszk| max ¢ — min x = X (| Xg| —1).
zEX) zEX) n—1
x€Xg
Since | X1| + | Xa| + -+ + | Xm| = n,
= | 1 n
Do date) 3B % (el = 1) = oy (0= m) =
This indicates that A < WI—2 is not desirable. Therefore, A = ;

m—2"

(2) Choose positive integers L, t sufficiently large, such that L*Tm X % >
1 —e. Take

it
B Ct—1"
and n real numbers x1,x2,..., %, as
th=lprg 4L=2 42" 4l L=l and 1¢L s(the sum is L x tL).
For any set B = {b1,ba,...,by} of m real numbers, if for some k €

{1,2,..., L}, [2tF=1 (2t — 2)t*71) N B = @, then dp(tF) > (t — 2)t*~1, and
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for those t“~F of t*, the sum of dp(z) is
dp(th) x tE=F > (t = 2)th=1 x tL=F = (+ — 2)¢E L,

Consider L disjoint intervals [2¢F71, (2t — 2)tF=1] (k = 1,2,..., L), at least
(L—m) of which have an empty intersection with B. So, the above inequality
holds for at least (L — m) intervals, and we obtain

ZBB(%’) > (L—m)x (t— Q)tL_l

LLm t_QXle 1—6 zn:mi.
i=1

2) An alternative solution. Take positive integer n > e * and z; =
,2,...,mn, which satisfy

1

it =

(
1

S = Z[p_u + - +—>1nn S 2

€

Let m-element set B = {b1,ba,...,bn}. For each x;, we focus on

v —dp(wi) = max {wi— | — b} > s — | — ba])
k=1

yeeey, M

where y; = max{y, 0} is the positive part of real number y. Then,

T:Zkl‘ide(zi)) szxlf fbk

=1 k=1
m n
=Dl — i — i)
k=1 1:1=1

When z; %’“, we have z; — [z; —bg| 0, and so (2; — [x; — bx|), = 0;

when z; > % (that is,i < %), we have z; — |z; — bg|  by. Hence,

: ) 2,
Z (i — |2 — bi]), = (zi — |zi — bil) 1 [bk = 222,
i=1 i=1 i=1 k
T=> o —dp@)) D> il —bil), 2m,
i=1 k=1i=1

En:BB(:vi):S—T S—2m S—eS=(1-¢S.
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For convex quadrilateral ABC' D, an interior point P is called a ‘bal-
anced point’, if it satisfies the following conditions:

(a) P does not lie on the diagonals AC, BD;
(b) Extend AP,BP,CP,DP to intersect ABCD at points
A, B, C’, D', respectively, then

AP-PA"=BP-PB'=CP-PC'=DP-PD".

Find the maximum possible number of balanced points of
ABCD.

(Contributed by Fu Yunhao)

Solution Let AC and BD meet at point O. Suppose balanced point P is
an interior point of AAOB, as shown in Fig. 7.5.

4 C D' B

Fig. 7.5

From condition (b), we have
/PC'D' =180° — /PC'A =180° — /PA'C = /PAB=/PB'A
=180° - /PB'D =180° - /ZPD'B = /PD'C' = Z/ZPCD.

Hence, AB CD. This indicates that if ABCD is not a rectangle, a paral-
lelogram or a trapezium, then it has no balanced points.

(1) Suppose ABCD is a rectangle. If there is a balanced point in AAOB or
ACOD, then P lies on the perpendicular bisector of AB, and ZAPD =
90°. This requires AD > AB, and there are at most two balanced points
in AAOB and ACOD. Hence, for rectangle ABC D, there are at most
two balanced points.

(2) Suppose ABCD is a parallelogram. Let ZA > 90°. We assert there is at
most one balanced point in AAOB and it requires AB < AD. If this is
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verified, then there are at most two balanced points in a nonrectangular
parallelogram.

Suppose P is a balanced point in AAOB. As illustrated in Fig. 7.6,
we may assume that the perpendicular bisector of C'D meets the segments
AC, AB at interior points G, H, respectively (by property of P). Note that
P is a balanced point if and only if ZAPD = ZC'. Let E be the symmetric
point of A about H, ZEPC = ZC = 180° — ZB, and so P lies on the
circumcircle of ABCE. Evidently, H is outside this circle. As E, G, D are
collinear, we have G is inside this circle & ZEGC > /C & 2/GCD >
C & LACD > LCAD < AD > CD.

P
G

A

D F C

Fig. 7.6

Thus, when AD > AB = CD, there is exactly one balanced point.
When AD CD, G is not inside the circumcircle of ABCFE. To have
a balanced point inside AAOB, we must require:

(a) if a perpendicular is dropped from the circumcenter O’ of ABCFE to
GH, then the foot is inside GH;;
(b) the distance from O to GH does not exceed the radius O’C.

From (i), it follows that O’ is between the lines AB and CD, ZB > 45°.
From (ii), O'C > GF. Let X be the point on F'H such that OX LOF.
Then

 oF _ BC
FX*COSZOFH "~ 2sinB =oc¢

So, X cannot be an interior point of segment FG, ZFOG < 90°,
and ZDAC = ZFOC > 90°. However, if we let CY LAD at Y, then
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CD -sinB=CY > DY > AD, which implies that
BC CD
0'C= —
2smB = 2

and (ii) cannot hold. This contradiction shows that there are at most two

balanced points in a nonrectangular parallelogram.

(3) Finally, suppose ABCD is a non-parallelogram trapezium. If P is a
balanced point in AAOB, then AB CD. It follows that P lies on the
perpendicular bisector of CD and C'D’CD is an isosceles trapezium
or a rectangle. Also, from the previous argument, we have ZPA'C =
/PD'B, and thus ZAPD = /A'PD' =180°— /B = Z/C. If ABCX is
a parallelogram, then P lies on the circumcircle of AADX. Similarly,
if @ is a balanced point in ACOD and BCDY is a parallelogram, then
Q lies on the perpendicular bisector of AB and on the circumcircle of
ANADY . As a circle intersects a line at two points at most, there are
at most two balanced points in AAOB and another two in ACOD.
However, if both maxima are attained, then the circumcenter O; of
ANADX is closer to AB than O, the circumcenter Oy of AADY is
closer to CD than O (so O is closer to AB than O,). It follows that
0O is closer to AB than Oz, and the trapezium ABCD must have two
opposite acute angles and two opposite obtuse angles, as illustrated in
Fig. 7.7 (E, F,G, H are as defined before).

H p
Q,
G
0, V
X D F 6]
Fig. 7.7

Let the tangent of the circumcircle of AADEFE through E intersect GH at
point Q. Suppose that Py, P, are the balanced points on GH: they must be

inside segment QG, implying QG > v/QP; - QP> = QF, and thus
/EGB =2/EGQ < /ZEGQ+ /GEQ = /ZEQH = Z/O.FA
=90°— LZADE =90° — (/B — LA) < LA,
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but G is outside the circumcircle of AADE, a contradiction. (Let J be the
other point of intersection of BD and the circumcircle of AADFE. We have
/EJB = /FEAD > /EGB, J is inside BG, and G must be inside the
circumcircle of AADE.)

A

Fig. 7.8

Therefore, the number of balanced points in a trapezium cannot
exceed 3. Now we have proved that the number of balanced points in an
arbitrary convex quadrilateral is at most 3. For an isosceles trapezium, there
can be three balanced points, as shown in Fig. 7.8. A specific example is:
A(-1,7),B(1,7),C(4,0), D(—4,0), and the three balanced points are at

e N e e (]

7 7
In all, the maximum number of balanced points is 3.

Second solution for non-parallelogram trapezium We see that B’ satis-
fies ZAB'B = /BB’'C, which is equivalent to % = % by applying
the sine rule in AABB’ and ABB'C.

Suppose the rays DA and C'B meet at point T, and ZC < 90°. If P is
a balanced point in AAOB, then from /BCB’' < ZC < 90° and

sin /BCB' = g—gsinA

is a fixed value, we see that B’ is unique and hence P is unique. Similarly,
if P is a balanced point in ACOD, then sin ZD’AD is a fixed value, which
correspond to two D', and two balanced points P in ACOD.

Third solution for non-parallelogram trapezium If P is a balanced point
in AAOB, then AB  CD. It follows that P lies on the perpendicu-
lar bisector of CD and C'D’CD is an isosceles trapezium or a rectangle.
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Also, from the previous argument, we have /PA'C = ZPD’B, and thus
/APD = /A'PD' = 7w — /B = /C. Likewise, /BPC = /B. So, the bal-
anced point P in AAOB is an intersection point of two circular arcs with
chords AD and BC. There are at most two such points.

Suppose AB and CD are the only parallel sides in ABC'D; P and @ are
two balanced points in AAOB. Then A, P,Q, D are concyclic, B, P,Q,C
are concyclic. Assuming that @ is inside ACPD, we have

/COD > /CQD = 360° — ZPQC — /PQD
= /PBC + /PAD > /OBC + ZOAD,

or ZCOD—-/Z0BC > ZOAD, that is, ZOCB > ZOAD, and thus the rays
BC and AD intersect.

Under the above assumptions, there cannot be two balanced points
in ACOD. Hence, there are at most three balanced points in the non-
parallelogram trapezium ABCD.

Test Il1l, Second Day
(8 am—12:30 pm; 26 March 2023)

Three mutually circumscribed circles ©O, ®01, ®O4 are located on
the same side of line [, and they are tangent to [ at points A, Ay, Ao,
respectively, where A is on A; As. Let ©O and ©0O; touch at By, ©O
and ®O5 touch at By, ®0; and ®0-, touch at C. Suppose the lines
A1C and Ay B> intersect at D1, the lines AsC' and Ay By intersect at
D5. Prove that D1 D5 and [ are parallel.

(Contributed by Yao Yijun)

We provide three solutions as follows.

Solution 1 Let P be the antipode of A in ®O. Since in the right-angled
trapezium A1 AOO1, O1A; = 01B1,0B1= OA, we have

/A By A =180° — ZO,B1A; — ZOB, A
1 1
= 180° — (180° — £4,0,0) — 5 (180° — ZA0O,)
1
= 5(£410,0 + £400,) = 90°,
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and thus line A; By passes through point P; likewise, A; By passes through
point P. Then,

ZDlBQBl = APBQBI = APABl (P, Bg, A, Blare COHCYCHC)
=/B1A1A=/BCA; (listangent to ® Oy)
= /B:CD;.

It follows that C, D1, By, Be are concyclic; similarly, D5 lies on the circum-
circle of AC By B5. Therefore,

£LD1DyBy = £D1ByBy = ZB1 A1 A,

yielding D1 Do 1.

Solution 2 We establish rectangular coordinates with line [ as z axis, A
as origin, and let O(0,1). For i = 1,2, let r; be the radius of ®0;. Since
the coordinates of the centers O;(x;, r;)(i = 1, 2) satisfy

22+ (ri —1)° = (r; + 1),

we find O1(—24/r1,71),02(2,/r2,r2) and correspondingly, A;(—2,/71,0),
A2(2\/7“_2, 0). Since ®0; and ®O5 are circumscribed,

(/71 + V)] + (11— 72)° = (11 +712)%,
which implies that
VI T2 = /T, (%)
On the other hand, from

—_— ].’E*F?H'B
A 1= )
ry+1

we find B ([—Qﬁ 2t )[ and  similarly, Bs (2‘/E 2r2 )[

r1+17 ri+1 ro+17 ro+1
C P(""l VT2=r2\/T1) 2riry [
- r1+r2 Y ri+re

To show D1 Do 1, it suffices to prove yp, = yp,. In AD; A1 A5 (i = 1,2),
we have

YD, * (COt ZDZAlAQ + cot 4D1A2A1 ) = A1A2.
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Now we prove cotZDi1A1As + cot£LD1AsA; = cotLDsA1As +
cot LDy Az Ay : the left and the right sides are given respectively by

cot ZDlAlAQ + cot lDlAQAl = cot ACAlAQ —+ cot ZBQAgAl
_ rc — xAl + IAQ - 'IBZ

Yyc YB,

1+ /T
-
2

cot ADQA:[AQ -+ cot ZDQAQAl = cot ZBlAlAQ + cot ACAQAl
B, — LA, + TA, —XC
Y, Yo

e S

Taking the difference and using (x), we find

\/_+\/_ Vit

1

- TlTQ(:‘—)Lf‘f—r

So, yp, = yYp,, and D1Dy L.

+ V73— VT -

V=V

Solution 3 In fact, the tangency of ®O and line [ is not needed.
As shown in Fig. 7.9, we find: O, By, 0; are collinear; O, By, Oy are
collinear; O1,C, Oy are collinear. Also, OBy = 0OB3,01A; = 0B,
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0O3A3 = O3Bs, and O A1, O3 A5 are perpendicular to . Moreover,
/CD{By = L/CA1 Ay + LA1A3By = /CA1By + /B1 A1 Ay + LA A3 By

= 5400131 + §ZA101B1 + §£AQOQBQ

1
== (900 — 401310) —+ 5401002 (since 01A1 OQAQ)

= (LOB;C —90°) +90° — LOB1 B>
= /CB1Bs.
Hence, C, Dy, By, By are concyclic, and likewise C, D2, B2, By are concyclic.

We infer that C, D;, By, Be, Dy are concyclic, ZCD1Dy = ZCB1Dy =
180° — AAlBlC = ACAlAQ, yleldmg D1D2 l.

Is there a sequence of distinct integers aj, as, ..., satisfying the two
conditions

(a) For every positive integer k, agz > 0 and agz,4 < 0;
(b) For every positive integer n, |ap+1 — an|  2023y/n?

(Contributed by Xiao Liang)

Solution There is no such sequence. We use proof by contradiction and
assume it exists. Take positive integer N such that

1 1 1
—_—t —— 4 4+ — > 2024.
N+1 + N +2 Tt N2
The existence of N is due to
N? NZ+1 2
1 1 N 1
Z[E Edk:lnNJrl > In(N — 1)
k=N-+1 N+1 *

can be arbitrarily large. Alternatively, we can choose N = 2™ m = 4048:

1 1 1
N+l Ni2 T
( +.+1)+([ L)
om 4 1 om+1 om+1 11 om+2
( ).
22m 1+1 22m

1 m
— 4+ -+ 4+ - = — =2024.
>2+2+ +2 2
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We assert that at least 4046 N2 +2 elements of the sequence ay, ag, . .. are in
the interval S = [—2023N?2,2023N?] and this will lead to a contradiction, as
a;’s are required to be distinct. We shall prove, for k = N, N+1,...,N2—1,

(i) At least kN_+21 elements of a2, ag241,..., 05241 belong to S;
(ii) At least kN—fl elements of ag2 g, Gr21g11,-- -, Ax2 ok belong to S.

Then, the size of S is greater than or equal to
N2
N2
2. Z - Z — —2(N*-N)
k=N+1 k= N+1

> 2N?.2024 — 2N? + 2N > 4046N? + 2.

We prove (i) below. Note for [ € {k?,k® +1,... k> +k — 1},

|al+1 — al| 2023(k + ].) (*)

For the sequence ay2, ag241, ..., 652451, there are three situations.

(a) If some a;  2023N?2. Then (x) implies that at least % ele-
ments of a;,a;41, ..., a2 451 are in the interval [0,2023N?];

(b) If some q —2023N2. Then () implies that at least %
elements of ayz,ap241,...,a; are in the interval [-2023 N2, 0];

(¢) If neither (a) nor (b) occurs. Then the sequence agz, agz241, ..., G2 1p—1
is entirely in S, for a total of & kN—_; elements.

This proves (i); the proof of (ii) is similar and omitted. The contradiction
indicates that such sequence does not exist.

Find the largest real number \ with the following property: for any
doubly stochastic matrix of order 100, one can always keep 150 entries
and change the other 9850 entries to zero such that in the resulting
matrix, the sum of entries in every row and in every column is at
least A.

Note: A doubly stochastic matrix of order n is an n X n matrix in
which all entries are nonnegative and the sum of entries in every row
and in every column is equal to 1.

(Contributed by Qu Zhenhua)
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Solution X\ = 1900

First, we construct doubly stochastic matrix M as follows. Divide M into
four submatrices: the first 75 rows, the first 24 columns form submatrix A;
the last 25 rows, the first 24 columns form submatrix B; the first 75 rows,
the last 76 columns form submatrix C'; the last 25 rows, the last 76 columns
form submatrix D (see Fig. 7.10). In A, all entries are %; in B, all entries
are 0; in C, all entries are %; in D, all entries are 7—16. It is easy to verify
M is a doubly stochastic matrix.

24 76
75 | A c
25 | B D
Fig. 7.10

Suppose we can choose 150 entries of M such that the sum in every row
and column is greater than TZ)O’ and a elements are from A, d elements are
from D. In the first 75 rows and last 76 columns, at least 151 — a — d rows
or columns have no entries chosen from A or D, and each of them must
contain at least 2 entries chosen from C. However, each entry chosen from
C contributes to only one row and one column, implying that 2 - (151 —
a—d)- % = 151 — a — d entries must be chosen from C, but then we have
chosen a+d+ (151 —a—d) = 151 entries from A, C and D, a contradiction.

Hence, A #(7)0.

Next, we show A\ = m has the desired property. Let M be any doubly
stochastic matrix of order 100. Call an entry large if it is greater than or
equal to W

If there are 50 large entries in distinct rows and distinct columns. By
interchanging rows and columns, we can assume they are in the first 50 rows
and 50 columns. Choose the largest entry from each of the last 50 rows and

last 50 columns, each entry is at least the total number of

100 > 19007
entries chosen does not exceed 150, and the sum in each row or column is
at least 1900

We claim the above situation always happens. Suppose to the contrary
that no 50 large entries are in distinct rows and distinct columns. By Hall’s

theorem with deficiency,
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There exist k rows (51 k  100), such that the large entries in these
k rows occupy at most k — 51 columns. (%)

Suppose the large entries in the first & rows occupy the first k& —
51 columns. Divide M into four submatrices A, B,C,D in the same
order as in Fig. 7.10, where A has k rows and k — 51 columns. Let
S(A),S(B),S(C),S(D) be the sums of all entries in A, B,C, D, respec-
tively. As the entries in the first £ — 51 columns add up to k — 51,
we have S(A) + S(B) = k — 51; there is no large entry in C, thus
S(C) < w&sk(151 — k); in addition, S(D)  S(B) + S(D) = 100 — k,
hence

100 = S(A) + S(B) + S(C) + S(D)
17

k—51)4+ —k(151 — k 100 — k
< ( 5)+1900(5 ) -+ (100 )

17
491+~ 7576 =1
9+1900 75 - 76 00,
which is a contradiction.

Therefore, the largest value of \ is —+—

1900 °

Remark 1 We provide further explanation of (x). For a bipartite graph
G =(U+V;E) and A C U, define the deficiency of G as

def(A) = 4] = [Na(A)], 6 = max def(4),

where Ng(A) is the set of neighboring vertices of A. When A = &, define
def() =0.S06 0.

Hall’s theorem with deficiency If the deficiency of a bipartite graph G =
(U 4+ V;E) is 6, then there exists a matching with at least |U| — 0 pairs.
That is, at most & vertices of U are unmatched.

Proof Adding 6 dummy vertices v1,vs,...,vs to V and connecting them
to every vertex of U, we obtain a new bipartite graph G* = (U +
V* E*),V* = VU {v1,va,...,v5}. The deficiency of G* is §(G*) 0.
Now, by the usual Hall’s theorem, there exists a perfect matching in G*
(with |U| pairs). Removing the dummy vertices, the matching includes at
least |U| — 6 pairs.

In the original problem, the locations of large entries give a bipartite
graph G = (U + V; E): let U be the 100 rows and V be the 100 columns;
u;v; is an edge if and only if the entry in row ¢ and column j is large. As
no 50 large entries are in distinct rows and distinct columns, there is no
matching with 50 pairs. Hence, 6(G) 51, which is (x).
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Remark 2 We can also apply Konig-Egervéary theorem to prove there are
50 large entries in distinct rows and distinct columns. Suppose not, then
by Konig-Egervary theorem all large entries can be covered by 49 rows or
columns, say the first [ rows and the last 49-/ columns. Divide the matrix
into four submatrices similar to Fig. 7.10, where all large entries are in A, B
or D. Let S(A),S(B),S(C),S(D) be the sums of all entries in A, B,C, D,
respectively. Then

S(A)+S(B) =1, S(B)+S(D)=49 1.

Since C' does not have large entries, S(C) < 1555 (100 — 1)(51 + 1), and we
find

100 = S(A) + S(B) + S(C) + S(D)

17
I+ (49 -1+ —— (100 — O)(51 +1
<1+ (49 )+1900( 00 —10)(51+1)

17
49 4+ —— - 7576 = 100
+ 1900 ’

a contradiction!

Test 1V, First Day
(8 am—-12:30 pm; 29 March 2023)

Let A, B be fixed points on the unit circle w such that v/2 < AB < 2.
Let P be a moving point on w such that AABP is an acute-angled
triangle and AP > AB > BP. Let H be the orthocenter of AABP,

S be a point on the minor arc AP satisfying SH = AH, and T be

a point on the minor arc AB satisfying TB  AP. Let () be the
intersection of lines ST" and BP.

Prove that as P varies, the circle with diameter H () passes through
a fixed point on the plane.

(Contributed by He Yijie)

Solution 1  We claim that the circle with diameter HQ always passes
through the midpoint M of AB.

As illustrated in Fig. 7.11, let P; be the antipode of P on w and H; be
the intersection of w and the extension of AH. We show QP = QH; as
follows.
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Fig. 7.11

Let O be the center of w. Since SH = AH, S, A are symmetric about
OH, OH1SA. Also, HB1 AP, and thus ZBHO = 180° — ZSAP =
180° — ZSTP = /PTQ. Since TB AP, we find /TPQ = Z/APB —
/APT = /ZAPB — /PAB = ZHBO. Hence APTQ and ABHO are sim-
ilar, £2 = B9 A5 PT = AB, BO = PO, it follows £% = L9 Together
with ZOPQ = 90° — /PAB = ZABH, we find AOPQ and ANHBA are
similar, and hence ZOQP = /HAB = /HAB = ZHP,B. As PQQLP,B,
so OQL P Hy, OQ bisects Py H;, and we get QP = QH;.

Evidently, Hy, H are symmetric about BP, hence QH = QH; = QP;
M is the midpoint of HP;, hence QM L M H. This verifies that the circle
with diameter H(@ always passes through the midpoint M of AB.

Solution 2 Consider the complex plane with origin O. For point X, we
use = to represent the complex number associated with it. First,

3

QGPBﬁq_peRﬁﬂzg_
q—"> qg—b G-

(ol

& qq — pq — qb+ pb = qq — bg — gp + bp
p—b p27b2

pb 1= pb

< q+pbg=p+0.

& (p—b)g+

Similarly,

QeST & q+stGg=s+t.
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Putting them together, we find

__s+t—p—1>
= st—pb

As BT AP, t= “P;as SH = AH, s satisfies

(s — h) G—E)[: (a—h) (2—E>[

PRI Y SR SRR Y
S a
@ESQ—(E—FEG)S—F}L:O.
a

Since s = a is a root of the quadratic equation, by Vieta’s formulas,

h a+b+p
S:—_:b

- = . (h= b =1 =1pl =1
T Tt pa (h=a+b+p,lal =[b] = |p|=1)

Now we have

a  bla+b+p)
b ab+bp+pa
_a(ab+bp + pa) +b(b* — pa) —b
b b(ab + bp + pa)
_ap(ab+ bp + pa) 4 bp(b* — pa) — b*(ab + bp + pa)
b(ab + bp + pa)
(ab+pa)(ap —b*)  a(b+ p)(ap —b*)
b(ab + bp + pa) b(ab+bp+ pa) ’
ap®(a + b+ p) — pb(ab + bp + pa)
ab + bp + pa
_ plap(a+p) — b*(a+p)]
ab+ bp + pa
plap —b*)(a + p)
ab+bp+pa

stt—p—b=p- -1 —b

st —pb =

Therefore,

- a(p+1b) ‘= P+ pp+0)
bp(p +a)’ amp+a)  pta
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As h = a+ b+ p, the circle with diameter H(Q is centered at

1 _a+b p(p+a)+(p+Dh)
glhta)=——+75 T a ,
with radius
Jh—0) = s la b+ a) —plp+b)
_a(pta)+(+D)
2 p+a '

From |a| = |p| = 1, it follows that the circle passes through the midpoint
atb of AB
=20 .

Given integers a,b, and d, satisfying d 0,|al 2 and b
(la| +1)*™*. Let f(z) be a polynomial of real coefficients of order
d; for each positive integer n, let r,, be the remainder of f(n)a™
modulo b.

Prove that if the sequence {r,} is eventually periodic, then f(z)
is a polynomial of rational coefficients.

Note 1: for x € R, =z is the largest integer not exceeding .

Note 2: a sequence {ry,} is eventually periodic, if there exist positive
integers ng, T, such that for any n = ng, ant7 = ap.

(Contributed by Li Ting)

Solution First, we give a lemma.

Lemma Let integer a and real number z satisfy |a| 2 and for any non-
negative integer n,

az

< T
la] + 1

then z is an integer. Here, x 1is the distance between x and the nearest
integer,

x =min({z},1— {z}).
Proof of Lemma Assume a 2 (otherwise replace a by —a). Suppose the

conclusion is false. Assume 0 < z % (otherwise replace z by m F z, where
m is an integer).
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As z € (0, m)lwe can assume

1 1
ak(a+1) #s ak=1(a+1) (k€Z o),
which leads to ? abz <1 - a—+1, akz a—_lH, a contradiction. The
lemma is verified.
Back to the original problem. Suppose the statement is false and let
f(x) = agr? +ag_1297 1 +-- -+ ay1x + ap have irrational coefficients ay, . .
here ¢ is the largest subscript for which a; ¢ Q. Let

f(n)a™ | _ rnten
()

°

en € 10,1).
Define

o) = 450 = 10 () e 00,

=0

Then, except the constant term, all other terms of g(x) have rational coef-
ficients. Let g(x) = cg_x?* + -+ + c1x + co and K be the least common

multiple of the denominators of ¢y, ca,...,cq—;. We have
g(n) n+t zt: i t) [f(n +t— z) ntt—i, i
=0 b

- {zt: (*l)i (f) Eli(rnbﬂﬂ' + €n+ti)}

{S b S

Z1)i(t) gt
Let §,, = Zf:o Entt—i - % Note that

i[( 1)1'( Zf Dlal' _ (al+1)" (ol +1) 1

b b la| +1°

It follows for any positive integers n,n’,

. : . t t [
()b (i) lal 1
|5n75n | Zﬂ€n+t7i7€n +t*i|' b <Z[ b |a|+1

=0 1=0
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We choose positive integers M and n, such that M is a multiple of the
smallest period of {r,}, p(bK)|M, and for n  ng,bK|(a"TM+t — gn+tt).
Now for n ng, we have

g(n 4+ M)an+M+t B g(n)a™*t E: S — 6 < 1
b b n—+ n |a| ¥ 1;
in which the equality is from 7r,4a/4¢—i = Tnye—i,t = 0,1,...,¢t. On the
other hand,
g(n+M)aTL+M+t B g(n)an-l-t [
b b
d—t ) .
_ %(GTL-"-M-Ft — oty ¢ Z[% ({n + M)lgntM+t nla"”rt) ’
i=1

co(a™ —1)gnot

r b

co(aM —1)am0+*
b

n—ng

According to the lemma, € Z, but ¢y is irrational. This inval-
idates the assumption and completes the proof.

Let n 2 be a given integer. Find the minimum value of A, such
that for any real numbers a1, as,...,a, and b,

)\Z[ la; — b+ n Zai Z[ |a;].

i=1 i=1 i=1

(Contributed by Li Ting)

Solution We claim that A, = % VL”_l is the desired smallest value. We
start with a few lemmas.

Lemma 1 The sequence {\,} is strictly increasing.

Proof of Lemma 1 Write

A”ﬁ%+m'

As each term is strictly increasing, so is A,,.
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Lemma2 LetA 1,b>0,and cy,co,...,cn be nonnegative real numbers.
Then

m m [ m [ m
AT e+ b=> Ve A Y citb- &:c
=1 =1

=1 =1

Proof of Lemma 2 Obviously, >\ | vc; + b Yot ¢i+ b, and we find

=1
m M M [
Ylatb—vE) - | dYeatb- &:b
=1 =1 =1
7§:( b B b

T VatbtyE S atbt S

Lemma 3 Let A MXo,b<a c be positive real numbers. Then

MVa—b+Ve+b)—va—ve>IWe—a+20—Vb—Ve—a+b.

Proof of Lemma 3 The inequality is equivalent to

MWa—b+AVe+b—Ve—a+2b) > (Va—Vb)+ (Ve—Ve—a+b)

Ma—b - va—b n va—b
Vetb+ve—a+2b Ja+vh etve—a+b

On one hand,

S A+

As1s> Yemb @

Va+vb

On the other hand, A Xy = V2, Ve+b+Ve—a+2b < efe+
2(c—a)+2b=+2 - (/c++ec—a+D), and thus

Ava—b - va—>b @
Vetb+vVe—a+2b Jet+ve—a+b

By @ + @, the lemma is verified.
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Return to the original problem. Taking a; =--- =ap_1 =b=1,a, =
—(n — 1), we obtain

N |
MW n—l4vn—i=) o tvn—l Tf” — A
n

It is required to show A, is indeed the smallest value, that is, for any real
numbers ai, as,...,a,, and b,

WYl s S S @

Let t = L 3% a; be the average, a] = a; — t(i = 1,2,...,n),/ = b—t.

Note that
M+l el el = Tad,

T o« o«
w3 bo=n TS Tal - S0l

i=1 i=1 i=1

Also, |a; — b| = |a; — V'|. Now, to prove @, it suffices to prove

Z\/be’ im,inwhicha'1+~u+a;:0. @3
i—1 i=1

Assume b > 0. By Lemmas 1 and 2 (let ¢; = |a}] for a} < 0), we can

combine all negative terms in a},al,...,a, into one term. (If the number

of terms decreases to m < n, use A, instead of A\,; if b < 0, combine
all positive terms.) To prove @, we only need: for any nonnegative real
numbers a1, as, . .., a,—1,b, (drop the prime symbols for convenience)

<v +Z b|>[ ﬁ+§¢aﬁ, inwhichcriai>0.
=1 =1 @

Ifo =5, then

<\/?+Z bl>[ c+n—f1:¢€+ (n—1)c

n—1 n—1
=+ (n—l)Zbi \/E+Z\/a7,

and @ follows.



China National Team Selection Test 175

b < 55 = 5= 1 Zl 1 @i, then b < a; for some j. According to
lemma 3, by changing a; and ¢ to b and ¢ — a; + b respectively, the dif-
ference between the two sides of @ will decrease. After a finite number of

adjustments, it will be b %5, and @ follows.

In conclusion, the minimum value of is A = \,, = H+7ﬁ VAR

Test IV, Second Day
(8 am—-12:30 pm; 30 March 2023)

Find all functions f: Z — Z, such that for any integers a, b, and c,
2f(a® + b* + c*) — 2f(ab+ be + ca)
= (fla=b)"+ (f(b=))* + (flc —a))*. (+)
(Contributed by Qu Zhenhua)

Solution Either f(m) =0,Ym € Z; or f(m) =m,¥Y m € Z.
In (x),

e Taking a = b= c = 0: 3(f(0))? = 0, and hence f(0) =
o Takinga=1,b=c=0:2f(1) = (f(l))2+( f(-1 ))2,

(f(1) =17+ (f(-1)" = 1.
It must be either f(1) =1, f(—-1) =+l or f(-1) =0, f(1) =0,2.
o Taking a = b= 1,¢ = 0: 2f(2) — 2f(1) = (f(1))* + (f(—1))* = 2/(1),
yielding f(2) = 2f(1).
e Taking a = 1,b = 0,¢ = —1: 2f(2) — 2f(—1) = (f(2))* + 2(f(=1))*, or
(f(2) = 1)° +2(f(~1) + 1)* = 1.5, and thus
f(2):f(_1)20a or f(2):27 f(_l):_L
which further implies that
J) = F-1) =0, or f(1)=1, f(~1)=-1.
Let g(k) = (f(k))* = (f(~k))*. We have g(~k) = —g(k) and
9(0) = g(1) = 0.

In (%), if (a, b, c) is replaced by (b, ¢, a), then the left side does not change
while the right side changes by g(a—b)+g(b—c¢)+g(c—a). Taking (a, b, c) =
(k,1,0), g(k — 1) + g(1) + g(—k) = 0, or g(k) = g(k — 1) + g(1). Hence,
g(k) = 0 for all k, which means f(—k) = £f(k).
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Taking (a,b,¢) = (k,—1,0) and (a,b,¢) = (k,1,0), the difference of
which gives

2(f(k) = F(=k) = (f(+ 1)) = (F(k = 1))" @
In the first case, f(1) = f(—1) =0.

Claim: For every nonnegative integer k, f(k) = f(—k) = 0. By induction,
k = 0,1 have been verified. Suppose f(£k) = 0, f(+(k—1)) = 0. From (@3,
it follows (f(k+1))> =0, 0or f(k+1) =0, and f(—k—1) = +£f(k+1) =0,
completing the inductive proof.

Therefore, in the first case, f(m) =0,Y m € Z.

In the second case, f(1) =1, f(—1) = -1, f(2) =2f(1) =2.

In (x), taking (a,b,c) = (k,1,—1) and (a,b,c) = (k,1,1), the difference
of which gives

2f(2k+1) —2f(-1) = (f(-1—k)> = (F(L = k)> + (f(2))?
= f(2k+1) = %(f(m 1)) %(f(k 1)L
@

Taking (a,b,c) = (k,2,0) and (a,b,c) = (k,—2,0), the difference of which

gives

2f(2k) — 2f(—2k) = (f(k +2))* — (f(k —2))*. @

In @, taking k = 1, we get f(3) = 3.

In @, taking k = 2, (f(4))> = 2(f(4) — f(—4)). If f(4) = 0, then
k=3 in @9 gives f(3) — f(~3) = —2, implying f(=3) = 5 # £f(3), a
contradiction. Hence, f(4) # 0. As f(—4) = £f(4), it must be f(—4) =
—f(4), 50 (F(4)° = 4f(4), f(4) =4,

Claim: For every nonnegative integer m, f(m) = m. By induction, m =
0,1,2,3,4 have been verified. Suppose f(k) =k for k =0,1,2,...,m — 1.
Ifm=2k+1 5, by (),

f2k+1) = %(f(kﬂ)f - %(f(k—l))2+1:2k+1.
Ifm=2k 6, by(®),

F(2K) — F(-2K) = S(F(k+ 2 — S(F(k — 2)* = 4k,
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and f(—2k) = £f(2k). It must be f(—2k) = —f(2k), so 2f(2k) =
4k, f(2k) = 2k. This completes the induction.
Finally, for positive integer m, taking k = m in @ yields

2(f(m) = f(=m)) = (f(m +1))* = (f(m = 1))* = 4m = f(-m) = —m.

Therefore, in the second case, f(m) =m,¥ m € Z.
It is straightforward to check that f(m) = 0 and f(m) = m are solutions
of (x).

Given a prime number p and a real number A € (0,1). Let s,t be
positive integers such that s ¢ < 1—’\2p. Let S, T be sets of s and t
consecutive integers respectively, let k£ be an integer, such that

[(z,y) € S x T :kx =y (mod p)| 1+ As,

Show that there exist integers a and b, satisfying

t

As’
Contributed by Ai Yinghua)

U

>| =

ak =b (mod p), 0<a

—~

Solution Let the solutions of the congruence equation kz = y (mod p) be
(x1,91), -+, (Tn,yn) in SXT, wheren 14+As 1.8So,S,T are nonempty,
n 2. As T is contained in a complete system of residues mod p, we see
that x;’s are all distinct. Let x1 < 2o < -+ < Xp, U = T; — X1, V; = Y; — Y1-
Then

ku; =v; (mod p), 0 w; s, |v] ¢t

Define a = ng(ZZQ,’UQ) b= gcd('z’vz). We have ged(a,b) =1 and
0<a s, |b t, ka=b(modp).
Since ku; = v; (mod p), it follows

bu; = kau; = av; (mod p).

Let bu; = av; + pw;. We have

Let [ = ltstat,
p
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(1) If L < 1, then all w;’s are zero, and thus bu; = av;. From ged(a,b) = 1,
we see that every w; is a multiple of a. As u; € [0, s] are all distinct, it

follows that
s maxu; a(n—1) ads,
yielding a % Now, from
at  max |av;| = max|bu;| |b] - (aAs),
¢

we obtain [b] 3.

(2)If L 1, then w; can take at most 2L+1 3L integer values in [—L, L].
By the pigeonhole principle, at least 57 of w;’s take the same value. Let F
be the set of the subscripts of these identical w;’s and u;, = min{u; : i € E}.

Since

b(u; — uiy) = a(v; — vy) + plw; — w;y) = alv; —vy,), Vi€ E,

we have a|(u; —u;,); also, 0 w; —usy = x; — 2, S, and hence
s mastu—w,)  aE| - 1)

combined with |v; — v | = |y: — yi,| ¢, it follows that

at  max(alv; —vi|) = |blmax(ui —ui,)  [bl(a([E] —1)).
1€

Note that
L:|b|s+at @<§
P P 6
We get 1 < %, and furthermore
As s As
El-1 ———=—.
] 3L 6L 6L

Applying it to @ and @, we find
Aa 6L, Abls 6Lt,
which further imply that

_ Alb|s + Aat

A
P L

12¢,

but this contradicts the condition t < %

@



China National Team Selection Test 179

Consequently, L 1 cannot occur, and it must be L < 1. By the
argument in @, the conclusion follows.

Given positive integer n, find the smallest positive integer k such
that: for any 2n x 2n grid with k black unit squares (the other squares
are white), one can always make all squares black by a finite number
of operations as follows:

(operation A) take a 2 x 2 square with exactly 1 white square and
color it black;

(operation B) take a 2 x 2 square with exactly 2 white squares and
change the colors of all four squares (black to white, white to black).
(Contributed by Xiao Liang and Fu Yunhao)

Solution The minimum of k is n? +n + 1.

First, we give a grid configuration with n? + n black squares such that
operation A can never be performed, and therefore it cannot be all black
after a finite number of operations. This implies & n2? 4+ n + 1.

Color all anti-diagonal squares black; color (¢, 7), ¢, j both odd and i+j <
2n (above the anti-diagonal) black; color (i, j),4,j both even and i + j >
2n+ 2 (below the anti-diagonal) black. Figure 7.12 shows the configuration
for n = 4, where marked squares are colored black.

* * * *
*
* * *
*
* *
* * *
*
* * * *
Fig. 7.12

Clearly, the grid consists of n? + n black squares, and it satisfies

Condition (x): for any black squares (i, j1) and (4, j2) in the same row,
J1 < Jja2, there exists j1 < j < jo such that (¢ — 1,7),(¢,7), (¢ + 1,7) are all
white; for any black squares (i1, j) and (iz,7) in the same column, i1 < io,
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there exists i1 < @ < i2 such that (i,j5 — 1), (¢,7), (i,5 + 1) are all white.
Here, all squares outside the grid are assumed to be white.

Note that if a configuration satisfies (), then any 2x3 (or 3x2) rectangle
contains at most 2 black squares, as otherwise either (i) two black squares
have a common side; or (ii) a white square shares common sides with 3
black squares, both violating (x).

Next, we show that only operation B can be performed for such a con-
figuration, and condition (x) is satisfied for all subsequent configurations, in
particular, no two black squares can have a common side (called ‘adjacent’).
Once verified, the grid cannot be all black as the number of black squares
never increases. Clearly, the initial configuration satisfies (x). Suppose the
assertion is true after some operation B (since A cannot be performed).
We only need to show the new configuration satisfies (x). By symmetry, let
(¢,71) and (i, j2) be two black squares. There are two cases.

e Case 1: (4,51) and (4,j2) are black before the operation. Then, there
exists j1 < j < jo, such that (i — 1,75),(4,5), (i + 1,7) are all white, as
shown in Fig. 7.13. Note that the rectangle [{ — 1,7+ 1] x [j1 + 1,7 — 1]
contains at most j — j; — 1 black squares (if j — j; — 1 is even, divide it
into 3 x 2 rectangles, each containing at most 2 black squares; if j —j; — 1
is odd, add the squares (i—1,j1), (¢, 1), (¢ +1, j1) then divide). Likewise,
the rectangle [i — 1,7 + 1] X [j + 1,j2 — 1] contains at most jo — j — 1
black squares. Hence, T = [i — 1,i+ 1] x [j1 + 1, j2 — 1] contains at most
j2 — j1 — 2 black squares.

Ji J J2

%/_/ %—/
at most j—j;—1 at most j,—j—1 black squares

Fig. 7.13

After the operation, if the number of black squares in T' does not increase,
then T still has a column of white squares, satisfying (x); if the number of
black squares in T increases, as no black squares can be adjacent before
the operation, the new one must be a corner square of T'. Then, one of
the four squares

(if]-ajl)a (i+17j1)7 (Z‘*laj2)7 (i+]~aj2)
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is black before the operation, meaning that two black squares are adja-
cent, but this is a contradiction.

e Case 2: One of (i,71) and (4, j2) is a new black square (not both, because
the two new black squares are in different rows and columns). By symme-
try, suppose (4, j2) is the new black square and the latest operation B is
performed on a 2 x 2 square in rows i — 1 and . If it changes (i—1, j2) and
(i, j2—1) from black to white, then apply (x) to (4, j1) and (4, j2—1) before
the operation to find j; < j < jo — 1 such that (4,5 — 1), (4,5), (4,5 + 1)
are all white, and they remain white after the operation; if it changes
(¢ = 1,42) and (i,j2 + 1) from black to white, then apply (x) to (i,751)
and (i,j2 + 1) before the operation to find j; < j < j2 + 1 such that
(4,5 —1),(i,9), (i,7+ 1) are all white, and j # jo, j still satisfies (x) after
the operation.

Now we prove k = n? +n + 1 satisfies the problem condition. It suffices to
Prove that if the grid consists of at least n? 4+ n + 1 black squares and at
least 1 white square, then after a sequence of operations B, an operation A
can be performed. Suppose this is not true. We need a lemma first.

Lemma Let x; be the number of black squares in row i. If x;—1 + 2x; +
Tit1 2n + 2, then by a sequence of operations B in the rectangle T =
[i — 1,4+ 1] x [1,2n], we can make two adjacent black squares in a row.
Here, xg = xop41 = 0.

Proof of Lemma First, we assert that we can always perform a sequence
of operations B in T" to make two adjacent black squares while maintaining
the values x;_1,x;, ;41 in the process. Suppose this is not true. Then no
two black squares have a common side in the current configuration. Let
the black squares in row ¢ occupy columns ji,...,J5, (j1 < - - < j.). If for
k=1,...,7—1, columns ji+1,..., jrr1—1 of T contain at most jx41—7jr—2
black squares, the first j; — 1 columns of T' contain at most j; — 1 black
squares, and the last 2n — j, columns of T contain at most 2n — j,. black
squares, then

r—1
T+ 22w 204 (G- 1)+ @n—j)+ Y (rgr — Gk —2) =2n+1
k=1
leads to a contradiction.
If the first j; — 1 columns contain more than j; — 1 black squares or
the last 2n — j, columns contain more than 2n — j,. black squares, then
some 3 X 2 rectangle holds at least 3 black squares: clearly, no two are
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adjacent. Perform an operation B to get two adjacent black squares, and
Zi—1,%i, Tiy1 remain the same.

If for some k € {1,...,r— 1}, columns jr +1,...,jk+1 — 1 of T contain
Jk+1 — jr — 1 or more black squares, then two possible situations can occur:
(i) two adjacent columns (3 x 2 rectangle) hold 3 black squares, then perform
an operation B to get adjacent black squares; (ii) otherwise, each of columns
Jk +1 and jry1 — 1 contains at most one black square, by two operations B
on columns j, jr + 1 and columns jxy1 — 1, jk+1, we can make (i, 5 + 1),
(i, jk+1 — 1) black, with jx41 — jr — 3 or more black squares in between.
Continue until we reach (i) or two adjacent black squares.

Now we have obtained two adjacent black squares. If they are in the
same row, the lemma conclusion follows. If they are in the same column,
perform operations B to move them horizontally until one becomes adjacent
to another black square in the same row. If there are no other black squares
in these rows, then the third row of T' contains at least (2n+2)—2-1—-1=
2n — 1 black squares, two of which must be adjacent. Either way, we have
achieved two horizontally adjacent black squares, and the lemma is proved.

Return to the original problem. Note that

n
1 + Z kiﬂziq + 239 + 22i41)  2(n*+n+1),
i—1

where x9,+1 = 0. If 217 n+1, there are two adjacent black squares in the

first row; otherwise z;  n, then for some ¢ € {1,2,...,n},
2n? +n+2
Toi—1 + 2T2; + T2i11 — 2n + 2,

by the lemma we can perform operations B in rows 2i — 1,24,2i + 1 to get
adjacent black squares in the same row.

Suppose (24, j1), (2,51 + 1) are black. Let u,v be maximal such that
every column from j; — u to j; + v contains a black square. If a column
contains two or more black squares, say column j; — s. By a sequence of
operations B, we can move the black pair (24, j1), (27, j1 + 1) vertically until
the one in column j; is adjacent to the black square in column j; — 1,
and then move this pair vertically until the one in column j; — 1 is adjacent
to the black square in column j; — 2, and so on, until we get a black pair in
columns j; — s, j1 — s+ 1. Eventually, we reach a 2 x 2 square, with at least
3 black squares (this could happen earlier, though). If an operation A can
be performed, then the conclusion (before the lemma) follows. Otherwise,
all four squares are black, and we move them horizontally or vertically until
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they touch other black squares. Suppose at this moment an operation A
still cannot be performed, then it must be a 2 x 3 or 3 x 2 black rectangle.
Consider the 3 consecutive squares say a, b, c adjacent to the black rectangle:
if all are black, turn to the next row or column (if this is always the case,
the grid is all black!); if one or two of them are black, we can perform an
operation A right away; if none is black, by changing a, b to black, we can
get a 2 X 2 square with exactly 3 black squares and perform an operation A.

Henceforth, we assume that every column from j; — u to j; + v contains
exactly one black square. Let y; be the number of black squares in column
j. Then, either there are two adjacent black squares in the first column, or
forsomel j n,y2—1+2Y25 +Y241 2n+2.Since yj, —u = Yj—ut1 =
= Y4 = 1, Yj1—u—1 = Yj1+v4+1 = 0 it follows that

2j¢{jlfuf]-ajl7“;"'7j1+v+1}'

We adopt a similar method as in the lemma to columns 25 — 1,275,275+ 1 to
obtain two vertically adjacent black squares, in the meantime the operations
do not change the two horizontally adjacent black squares that we obtained
earlier. Now, move the vertical pair horizontally and the horizontal pair
vertically so that they ‘meet’, and we reach a 2 x 2 square with at least 3
black squares. The case of four black squares can be handled by the previous
argument. The proof is now complete.
Therefore, the smallest k = n? +n + 1.

Remark 1 For the same grid with n? 4+ n black squares as described, here
are another two proofs that operations A can never be performed.

1. Edited from Liang Xingjian’s solution. Divide the grid into n? 2 x 2
blocks. We show that (a) black squares in a block are never adjacent
(with a common side); (b) black squares in adjacent blocks (with a com-
mon side) always have no common vertex.

The initial configuration satisfies conditions (a) and (b). Suppose the
same is true for the current configuration. If we perform an operation
within a block, by (a) it must be operation B, and by (b) the 8 surround-
ing squares must be all white (see Fig. 7.14, where the block consists of
the four central squares). It is not difficult to see that conditions (a) and
(b) still hold after the operation.

If the operation is not performed within a block, then it is not in
two adjacent blocks, either, by (b). So the operation is on four squares
all in different blocks; it must be operation B. Again, by (a) and (b),
in the figure (now there are four blocks), the squares without question
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2 ?
*
&
* ?
Fig. 7.14

marks are all white, and thus conditions (a) and (b) still hold after the
operation.

2. Edited from Sun Qi’ao and Liu Jinchang’s solutions. Color the grid
squares alternately red and blue. Two black squares are adjacent if and
only if they share a common vertex. The key is to show the current
configuration always satisfies (before and after operation B)

(a) No two black squares have a common side (so each connected com-
ponent is either all red or all blue);

(b) Every red connected component (can be one square) is a chain from
upper left to lower right;

(¢) Every blue connected component (can be one square) is a chain from
upper right to lower left.

The proof involves similar case-by-case discussions and is left to inter-
ested readers.

Remark 2 The following elegant proof that k = n? 4+ n + 1 satisfies the
problem condition is provided by Jiang Cheng.

Lemma If there are more than W black squares in an m xn grid,
then a sequence of operations can make two black squares adjacent (with a
common side).

Proof of Lemma Suppose it is not always possible. Among all such con-
figurations, choose the one with the smallest

YL @+’ (%)

(z,y) is black

value (the summation is over all black squares in this configuration). Then,
there are no two black squares like (z,y) and (z + 1,y + 1), as we can
perform an operation B to get black squares (z,y+ 1) and (x4 1,y), which
give a smaller sum (x). Likewise, there are no black squares

(x,y+1), (z+1y), (z+2,y+2),

as we can perform two operations B to get black squares (z,y + 1),
(x+1,y), (x 4+ 2,y + 2) to make the sum (x) smaller.
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Now consider the expanded grid (i,5)(1 ¢ m+1;1 j mn+1),
whose last row and last column are assumed all white. Suppose, along the
line © +y = a + b + ¢, there are t + 1 consecutive black squares (a +
t,b),...,(a,b+1t). Since this configuration has the smallest sum (%), by the
above argument, none of the following 3t + 3 squares

(a+t+1,b),..., (a,b+t+1),
(a+t+1,b4+1),..., (a+1,0+t+1),
(a+t+1,b4+2),..., (a+2,b+t+1),

can be black (some of them can be in the last row or column; if ¢ = 0, the
squares to the right, bottom, bottom right cannot be black). We see that for
black squares on different lines x+y = ¢;, or different black sequences along
the same line, they all correspond to distinct non-black squares. Hence,
in the expanded grid, each black square correspond to three white square,
and the conclusion follows.

Return to the original problem. If we can always make a 2 x 2 block
with three black squares, then eventually the whole grid is filled with black
squares. According to the lemma, there is a pair of adjacent black squares,
say in the same row. By performing operations B, they move freely in
the two columns. Then each neighboring column must contain exactly one
black square, until on the two sides we find two all-white columns (by an
argument similar to the official proof). This implies that the whole grid can
be separated into a few sub-grids, either the total number of black squares
is less than or equal to n? +n, or there is a pair of vertically adjacent black
squares, which can be moved to meet the horizontal black pair to generate
new black squares.
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The 14th Romanian Master of
Mathematics Competition

2023

Organized by the Romanian Mathematical Society and hosted by the
“Tudor Vianu” national college of computer science, the 14th Romanian
Master of Mathematics Competition (RMM) was held in Bucharest from
27th February to 4th March 2023. The RMM provides a fantastic opportu-
nity for young students from different countries and regions to make new
friends, demonstrate their abilities in mathematics, exchange knowledge
and to enhance cross-cultural contacts, and learn about Romanian culture.
Due to the impact of the pandemic, the Chinese team did not participate
in this competition.

The 14th Romanian Master of Mathematics Competition featured 15
teams from 12 countries, with a total of 90 students participating. After
two days of exams, eight students won gold medals, 13 students won silver
medals, and 26 students won bronze medals. The teams from the USA,
Israel, Romania, Serbia, Bulgaria and Hungary achieved the top six posi-
tions in the overall team rankings.

First Day
1st March 2023

Determine all prime numbers p and all positive integers z and y
satisfying

® +y* = plzy +p).

187
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Solution 1  For prime numbers p and positive integers x and y that satisfy
the given condition, since

(z+y)(2* — 2y + y°) = plzy + p),

we have p | (z +y)(2® — 2y + y?).

() If p| z+y, then % = #Jﬁyz

If p = x+y, then 2% — 2y +y? = zy+p, so p = (x—y)?, which contradicts
p being a prime number.

pr<a:+y,theanfy 2, so

Ty +p

Therefore, z +y  2p  2zy, which contradicts  and y being positive
integers.
(2) If ptx+y, then p | 22 — 2y + 32, so

2 —zy+y?  xy+p

P Tty
is a positive integer. Thus,
3(a® —ay+y* +3(zy +p) _ 3(z+y)*+ 9% SN C et )
p+3(z+y) p+3(z+y) p+3(z+y)

is a positive integer.
Therefore, p+3(x+y) | (9—x —y)p,sop|p+3(z+y) or

p+3x+y)|9-—2—y.
Ifp|p+3x+y) sinceptr+y, thenp=3,sox+y=2or
r+y 4.

If  +y = 2, then z = y = 1, which does not satisfy the condition.

Ifz+y 4,then4(x—y)? 9—ay,sox=y=2o0rxz=y=23, both
of which do not satisfy the condition.

Ifp+3(x+y)|9—x—y, then since p+ 3(x +y) > |9 — x — y|, there is

9—z—-y=0,z+y=09.

Substituting the eight possible values of =z +y = 9, it can be
easily seen that all the triples (z,y,p) that satisfy the conditions are
(1,8,19),(8,1,19),(2,7,13),(7,2,13),(4,5,7), (5,4, 7).
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Solution 2 Let s = z + y. The given equation in the question transforms
to s(s? — 3zy) = p(p + zy), that is,

3_ .2
$y:s p,
35+p

4 3 _ 2

s2 4xy:7(s p).

35+p

Therefore,
(s —2p)(s® +sp+2p*) 4(p* —p*) <0,

and hence s < 2p.
(1) If p| s, then s = p, so ay = p("le) SincetQ—pt—l—@ = 0 has
no solutions, the integers x and y that satisfy the condition do not exist.
(2) If pt s, transform the given equation in the question to

2 oy PP(p+27)
27zy = (9s* — 3sp+p°) — 3sip
Since both sides of the equation are integers and p { s, we have 3s + p|p +
27,3s + p|27 — 3s.

If s =9, then [3s — 27| 3s+p, so 27 —3s 3s+p,s 4. After
verification one by one, it is known that there are no solutions.

If s =9, it can be verified that all the triples (z,y,p) that satisfy the

conditions are (1,8,19), (8,1,19), (2,7,13),(7,2,13),(4,5,7),(5,4,7).

Fix an integer n 3. Let S be a set of n points in the plane, no three
of which are collinear. Given different points A, B,C in S5, AABC
is nice for AB if S apc S apx for all X in § different from
A and B. (Note that for a segment AB there could be several nice
triangles.) A triangle is beautiful if its vertices are all in § and it is
nice for at least two of its sides.

Prove that there are at least 3(n — 1) beautiful triangles.

Solution 1 Construct a graph with the points in § as vertices: For each
beautiful triangle, it is nice for at least two of its three sides. By selecting
two of the edges to connect in the graph, then these connected edges make
the three vertices of this beautiful triangle connected. Denote the graph
formed by connecting lines in this way as G.

If the graph G is not connected, then we can divide the vertices of graph
G into two parts, X and Y, with no edges connecting them. Consider the
set K of triangles with all vertices containing points in both X and Y.
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Denote the triangle with the smallest area as AABC. We might as well
assume A, B € X, C €Y, and then the triangles containing the side AC or
side BC are all in the set K. Since AABC' has the smallest area, AABC
is nice for AC and BC. Therefore, AABC' is beautiful. By the rules for
connecting vertices in G, it is known that vertices A, B, C' are connected,
implying there are edges between X and Y, which contradicts the assump-
tion. Hence, graph G is connected.

Therefore, graph G has at least n—1 edges. Since each beautiful triangle
connects two sides, there are at least %(n — 1) beautiful triangles.

Solution 2 Construct a graph with the points in § as vertices, denoted
as G.

Lemma If the vertices of graph G are divided into two parts, X and Y,
then the triangles containing the side AC or side BC are all in the set K.
Denote the triangle with the smallest areas as NABC, and then AABC is
beautiful.

Proof of the Lemma. We might as well assume A, B € X,C € Y, and then
the triangles containing the side AC or side BC' are all in the set K. Since
AABC has the smallest area, AABC is nice for AC and BC. Therefore,
ANABC is beautiful.

Now we divide the vertices of graph G into two parts, X and Y, where
X contains only one point and Y contains n—1 points. By the lemma, there
exists a triangle whose vertices contain points in X and Y that is beautiful.
Put the vertices of this triangle that are in Y into X . This adds two vertices
to X and subtracts two vertices from Y. The vertex partition of the changed
graph G is still referred to as X and Y. Repeat the above operation. The
beautiful triangles that appear in each operation are mutually different. At
the same time, at most two vertices are added to X after each operation,
and at most two vertices are reduced in Y. The operation is continued until
there are no vertices in Y. This operation is performed at least ”T_l times,
which means that at least ”;1 different beautiful triangles have appeared

in total. The proof is completed.

Let n 2 be an integer, and let f be a 4n-variable poly-
nomial with real coefficients. Assume that, for any 2n points
(1,y1),- -, (T2n, y2n) in the plane,

f@i, 91,y on, yo2n) =0
if and only if the points form the vertices of a regular 2n-gon in some
order, or are all equal.
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Determine the smallest possible degree of f. (Note: The degree of
polynomial g(x,y) = 423y* + zy + 2 — 2 is 7, because 7 = 3 + 4.)

Solution We will prove in two steps that the smallest possible degree of
fis 2n.

(1) First, we prove that degf  2n.
Let zx =z + iyr, k= 1,2,...,2n, and define function g satisfying

g(zlaz_la' "7227“%)

_f(2’1 +7Z1 21— 71 Zon + Zan ZQn—ZQn)

2 72 7Y 2 ’ 2
According to the given conditions, g(z1,z71,. .., 22n, Zan) = 0 if and only
if 21, 29, ..., 22, correspond to the vertices of a regular 2n-gon or they all

coincide. By translating, rotating, and scaling the coordinate system, we can
assume that this regular 2n-gon is centered at the origin and one vertex
is (1,0).

Consider the function

2n—2

G(z) = g(z, T, 2w?, 2w?, . .., 2w w2 W, O, w3 w3,

w2n*17 w2n—1),

— Ty iain
where w = cos o T ising-.

Then G(z) = 0 if and only if z = 1,w? w?,...,w?" "2, that is, 2™ — 1|
G(z).

Assume there exist z1,22 such that G(z1) > 0,G(z2) < 0. Consider
a path from z; to zo that does not pass through the zero point. By the
intermediate value theorem, there must exist a point zg on this path
such that G(z9) = 0, which contradicts the assumption that it does not
pass through the zero point. Therefore, G(z) is either always non-negative
or always non-positive in the complex plane. We might as well assume
that G(z) is always non-negative on the complex plane, i.e., G(z) 0,
vz e C.

Since the regular 2n-gon moved to the unit element is chosen arbitrar-
ily, for any z1, 22, ..., 2an, 9(21,21,- -, 22n, 22n) 0. Hence, every root of
G(z) = 0 is at least a double root. Therefore, by z™ — 1 | G(z), we have
(#" —1)? | G(x). So degG  2n, and hence degf 2n.

(2) Next, we prove that there exists an f satisfying the conditions of the
problem such that degf = 2n.
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Lemma Assume z1, 2o,. .., 22, are 2n non-zero complexr numbers with the
same magnitude, and

zf—i—zg—i—---—i—zgn:(),k::1,2,...,n.

Then z1,zs,...,29, are the vertices of a regular 2n-gon centered at the
origin.

Proof of the Lemma Since 21, 29, .. ., 22, are of the same magnitude, we
might as well assume that these 2n numbers all lie on the unit circle. By
Newton’s formula, for £ = 1,2,...,n, the cyclic sum of any kth power
product of 21, 22, .. ., 29, is all equal to 0. Taking the conjugate of 2¥ + 2§ +
<425 =0, we can get szJrz;ka . ~+z;nk =0,k=1,2,...,n. Therefore,
according to Newton’s formula, for £ = 1,2,...,n, the cyclic sum of any

kth power product of zfl,zgl, .. .,z;l is all equal to 0. By multiplying

n
2129+ * * Zon, We know that for k = 2n — 1,2n — 2,...,n, the cyclic sum of
any kth power product of 21, 29, ..., 29, is all equal to 0. Combining with
the previous conclusion, we can conclude that for £k =1,2,...,2n — 1, the
cyclic sum of any kth power product of zi,zs,..., 22, is all equal to 0.

Consider function

h(z) = (x — z1)(x — 22) -+ (x — zap),
and it is easy to find that the kth coefficient of h(x) is the cyclic sum of the
kth power product of z1, 29, . . . , 22, which equals 0. That is, h(x) = 2?"—C,
where |C| = 1. Therefore, z1, 22, . . ., 225, are the vertices of a regular 2n-gon

centered at the origin. The proof of the lemma is complete.
Returning to the original problem, take

2n n
2 2 2
f(xlvyla' .- ;z2n;y2n) = Z(|Wk| - |w1| )2 +Z|wllc +w§ + e +w§n| )
k=1 k=1
where wi, = 2 — 5 ?lei,zk = + iy, k=1,2,...,2n.

Obviously, if (x1,y1), - - -, (X2n, Y2n) form the vertices of a regular 2n-gon
in a certain order or they are all the same, f(z1,y1,...,T2n,Y2,) = 0. And
when f(21,y1,...,%2n,Y2,) = 0, there must be

lwk]® = 1> =0, k=1,2,....2n
and
w’f+w§+---+w§n =0, k=12,...,n.
The former formula ensures that the magnitude of wi,ws, ..., ws, is the

same. Combining the latter formula and the lemma, it can be concluded
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that wy,wa,...,ws, are the vertices of a regular 2n-gon centered at the
origin or they are all 0. That is, z1, 2o, .., 29, form the vertices of a reg-
ular 2n-gon in a certain order or they are all the same. In other words,
(x1,91)- -+, (T2n,Y2n) form the vertices of a regular 2n-gon in a certain
order or they are all the same.

Second Day
2nd March 2023

Given an acute-angled AABC, let H and O be its orthocenter and
circumcenter, respectively. Let K be the midpoint of segment AH
and that [ be a line through O. Let P and @ be the orthogonal
projections of B and C on [, respectively.

Prove that KP4+ KQ BC.

Solution 1  As shown in Fig. 8.1, take the midpoint M be of BC. Connect
OM,KM,PM,QM, AO, BO,CO, and then there is

AO = BO =CO.

Since OM 1 BC,BP 1 PQ,CQ 1 PQ,/ZQPB = ZOMC = ZPQC =
90°, points P, B, M, O are concyclic and points @, C, M, O are concyclic.

Thus, ZQPM = Z0BC = Z0CB = ZPQM, and hence AM PQ
AOBC, so

PQ  BC

PM OB’
And by OM 1L BC,AH 1 BC,AH = 20M, we know AK || OM and
AK = OM. Thus, quadrilateral OM K A is a parallelogram, so AO = K M.
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In quadrilateral K PM @, by Ptolemy’s theorem, we have
KM-PQ KP-QM+ KQ-PM.

Therefore,
PQ BC
KP+ KQ KMW _AO-O—B_BC.

The proof is completed.

Solution 2 Establish a complex coordinate system with O as the origin
and [ as the real axis, and use the lowercase alphabet to represent the
complex coordinates of each point. We might as well let |a| = |b] = |¢| = 1.
Obviously, there is

1 1 1 1 1

Therefore,

1 1 1
“fe—=)] =22 —1].
a+2<c b)’ 2| ab+ be — 1

|k —p| =

Similarly, there is |k — ¢| = $|2ac + bc — 1].
Consequently,

1 1
|k —p|+ |k —q| = §|2ab+bcfl|+§|2ac+bcfl|

1
—[2a(b—¢)| =|b—¢|.
2

The proof is completed.

Let P(z), Q(x), R(z) and S(z) be non-constant polynomials with real
coefficients such that P(Q(x)) = R(S(x)). Suppose that the degree
of P(z) is a multiple of the degree of R(z).

Prove that there is a polynomial T'(z) with real coefficients such
that

Solution Assume there exists a polynomial T'(z) such that S(z) =
T(Q(z)). By the given conditions, we have

P(Q(x)) = R(T(Q())),

and then P(x) — R(T'(x)) always 0 in the range of Q(x). Since Q(x) is
non-constant, P(z) — R(T'(z)) has an infinite number of zeros, and hence
P(z) = R(T(x)).
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Next, we prove that there exists a polynomial T'(z) such that S(x) =
T(Q(x)).

Comparing degrees, we know that ¢ = degQ(z) | degS(x) = s. Select
polynomials T'(x) and M (z) such that S(z) = T(Q(x)) + M (z) and M (x)
has the smallest degree.

If M(z) = 0, then ¢ = deg@ does not divide degM = m. Otherwise there
exist § and polynomial M (x) such that M(z) = BQ(z)s + M(z). Let
Ty(x) = T(z)+pBx'c, and then S(x) = T1(Q(x))+ M (), degM; < degMy,
a contradiction.

Denote « as the leading coefficient of R(z), and r = degR(z). Since
P(Q(x)) = R(S5(x)),

R(T(Q(z)) + M(z)) — R(T(Q(x))) = P(Q(z)) — R(T(Q(x)))
can be regarded as a polynomial in Q(z). But the left side of the equation
is the sum of aT(Q(z))"~*M (x) and some low-order terms, and its degree
is as(r — 1) + m, which is not a multiple of g, a contradiction. Therefore,
M(z) =0, and then S(x) = T(Q(x)). The proof is completed.

Let r, g,b be non-negative integers. Let I" be a connected graph on
r 4+ g+ b+ 1 vertices. The edges of I' are each colored red, green or
blue. It turns out that I'" has

(i) a spanning tree in which exactly r of the edges are red;
(ii) a spanning tree in which exactly g of the edges are green;
(iii) a spanning tree in which exactly b of the edges are blue.

Prove that I' has a spanning tree in which exactly r of the edges
are red, exactly g of the edges are green and exactly b of the edges
are blue.

Note: A spanning tree of I' is a graph which has the same vertices as
I', with edges which are also edges of I', for which there is exactly
one path between each pair of different vertices.

Solution We use mathematical induction on the number of vertices of I'.
When n = 2, the conclusion is obviously true.
Assume that the conclusion holds for all n = ¢. Then when n =t + 1,
we have r +g+b=1.

(1) If the vertices of graph I' can be divided into two parts X and Y,
such that the edges of the vertices in X and Y are colored the same color,
respectively, we might as well be set to red. Then there is no spanning tree
without red edges. Hence, 1.
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According to the given condition, there is a spanning tree with exactly
r red edges in I'. Suppose one of the red edges is labeled as [, connecting
two vertices that are located in X and Y, respectively. Remove the two
vertices of [, consider this edge as a single vertex, and connect the edges
originally connected to one of the vertices of [ to [, obtaining a new graph
I'y with vertex number ¢ —1. The spanning tree that has exactly r red edges,
becomes a spanning tree with exactly » — 1 red edges in I. There exists a
spanning tree with exactly g green edges in I'. If this tree contains [, then
it becomes a spanning tree with exactly g green edges in [; if it does not
contain [, then in I the tree becomes a connected graph with exactly g
green edges containing a cycle that contains the vertices originally in X
and Y, respectively. Therefore, it contains at least one red edge, and after
removing this red edge the graph becomes a tree with exactly g green edges.

Similarly, there exists a tree with exactly b blue edges in Iy. By the
inductive hypothesis, there exists a spanning tree with r — 1 red edges,
g green edges, and b blue edges. Then, convert vertex [ back into edge I.
Reconnect the edges originally connected to ! according to their colors to
one of the two vertices of [, resulting in a tree with exactly r red edges, g
green edges, and r blue edges. This is consistent with the conclusion.

(2) If the edges between any two parts of the vertices of graph I" have
at least two colors, consider the set of all graphs consisting of r red edges,
g green edges, and b blue edges in I', none of which form cycles. Let the
least number of branches in it be K. If K is not a tree, then there exists
a branch in K containing a cycle that has at least two colors, and the
vertices of this branch are connected to other vertices by edges of at least
two colors. Without loss of generality, assume that all of them have a red
color. Remove a red edge from the cycle, and connect another red edge to
the branch. new graph. The new graph formed is still in the set and the
number of branches is reduced, contradicting the assumption of minimality.
Thus, K is a tree, and the conclusion holds.

Therefore, for any number of vertices n, the conclusion holds.



The 12th European Girls’
Mathematical Olympiad

2023

The 12th European Girls’ Mathematical Olympiad (EGMO) was held in
Portoroz, Slovenia from 13th to 19th April 2023. The European Girls’ Math-
ematical Olympiad is a high-level international mathematics competition
for female students. It aims to support and promote the popularity and
development of mathematics among women, allowing more girls to experi-
ence the joy of mathematics, appreciate its beauty, and enjoy the pleasure
of mathematical exploration. The Chinese Mathematical Society also hopes
to use this competition as an opportunity to further promote mathemati-
cal education, research, and academic construction, and to nurture a new
generation of young scientific and technological talents with international
competitiveness. To this end, the Chinese Mathematical Society accepted
the invitation to send representatives to participate in the competition for
the first time, creating opportunities and conditions for improving China’s
ability and level of mathematics teaching and strengthening international
competitions and exchanges, as well as providing a brand-new international
stage for Chinese female students to demonstrate their basic mathematical
skills and mathematical thinking.

A total of 213 students from 54 countries and regions (including 16
non-EU countries) participated in the competition. Through a week-long
competition and activities, representatives competed with each other and
strived for excellence in the field of mathematics competitions. This compe-
tition also invited Maryna Viazovska, a female Fields Medal winner who is
renowned in the field of mathematics, to communicate with students from
various countries.

197
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The invited Chinese Girls” Olympic Team was led by Prof. Xiao Liang
of Peking University, with Ms. Yu Dandan of the High School Affiliated
to Renmin University of China as the deputy leader. The four members
are Hu Shuwen and Yuan Lai from the High School Affiliated to Renmin
University of China, Su Sihan from the No. 2 Middle School of Shijiazhuang,
and Qiu Yiran from the Experimental High School Attached to Beijing
Normal University.

In this competition, all members of the Chinese Girls’ Olympic Team
achieved full scores and gold medals, and it is the only team where every
member achieved full scores and gold medal, winning the first place in the
overall team rankings. The United States team and the Australian team
won second and third places, respectively.

The teams that ranked in the top 10 in the overall team scores were:

1st place China 168 points
2nd place USA 164 points
3rd place Australia | 155 points
4th place Ukraine 152 points
5th place Turkey 150 points
6th place Romania | 144 points
7th place Germany | 141 points
8th place Bulgaria | 136 points
9th place Hungary | 132 points
10th place Poland 113 points

First Day
(15th April 2023)

There are n 3 positive real numbers a1, aq,...,a,. For each i =
1,2,...,nwelet b; = Wlaiw (here we define ag to be a,, and a,4+1
to be a1). Assume that for all ¢,j € {1,2,...,n}, there is a;  a; if
and only if b;  b;.

Prove that a1 = as = --- = a,,.

Solution 1 Without loss of generality, let as; be the largest among

ai,as,...,ay, and a; be the smallest among them. Then
as—1 + as ai—1+a
bs _Us 1 s+1 9 t—1 t+1 :bt-
as Qg

According to the condition, b;  bs implies a;  as. But a; is the smallest
and ag is the largest. Therefore, all a; are equal.
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Solution 2 Assume all a; are not all equal. Take an a4 that is the largest

satisfying as—1 and as41 are not all the largest. Therefore,

Ag41 + As—1
as

b, = < 2.

Since ay is the largest, b, is also the largest. So all b; < 2(1 ¢ n).
However, on the other hand,

an + a2 a1 +as an—1+ax
biby -+ b, = Bt e A
a1 as Gn,
2,/ana9 . 2y/araz 2\/an—1ar on
- b
ay az (79

which contradicts all b; < 2.

We are given an acute-angled triangle ABC'. Let D be the point on
its circumcircle such that AD is a diameter. Suppose that points K
and L lie on segments AB and AC, respectively, such that DK and
DL are tangent to the circumcircle of triangle AK L.

Prove that line KL passes through the orthocenter of triangle
ABC.

Note: The altitudes of a triangle meet at its orthocenter.

Solution As shown in Fig. 9.1, let M be the midpoint of K'L. Since DK
and DL are tangent to AKL, we have DK = DL, and hence DM 1 KL.
And since AD is the diameter, we know DB 1 AB and DC L AC. There-
fore, B, D, M, K are concyclic, and C, D, M, L are concyclic.




200 Mathematical Olympiad in China (2023)

By using the properties of concyclic points and the alternate angles,
we have

/MBK = /MDK =90° — ZMKD
=90° — ZLKD = 90° — /A,

/MCL = /MDL =90° — ZMLD
=90° — ZKLD = 90° — ZA.

From this we know BM 1 AC and CM | AB. Therefore, line KL passes
through the orthocenter of triangle ABC.

Let k be a positive integer. Lexi has a dictionary D consisting of some
k-letter strings containing only the letters A and B. Lexi would like
to write either the letter A or the letter B in each cell of a k x k
grid so that each column contains a string from 9 when read from
top-to-bottom and each row contains a string from 2 when read from
left-to-right.

What is the smallest integer m such that if D contains at least m
different strings, then Lexi can fill her grid in this manner, no matter
what strings are in D7

Solution We claim that the smallest positive integer m is 281

First, we show that m = 2¥~! — 1 does not satisfy the conditions of
the problem. Let D be all strings of length k& that start with A but are not
entirely A. There are 2°~1 — 1 such strings in total. If Lexi can fill out the
grid, then the first row must be chosen from D, so there must be letter B.
But the column where the letter B is located is not a string that appears
in 9. This is a contradiction.

Next, we demonstrate that m = 2¢~1 satisfy the conditions of the prob-
lem. First note that if D contains the strings all A or all B, we just fill the
grid entirely with A or entirely with B. Hereafter, we assume that D does
not contain the strings of all A or all B.

For a string L of length k, let L represent the string obtained by changing
all A’sto B’s and all B’s to A’s in L. We call this the conjugate of L. By the
pigeonhole principle, when |D|  2*¥~! and D does not contain the strings
all A and all B, D must contain some string L and its conjugate L. At this
point, the k x k grid constructed by Lexi is as follows: if the ith letter of L
is A, fill in the ith row of the k x k gird with L; if the ith letter of L is B,
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fill in the ith row of the k x k gird with L. Note that this construction also
ensures: if the ith letter of L is A, then the ith column from top-to-bottom
is Lj; if the ith letter of L is B, then the ¢th column from top-to-bottom is
L. This filling method satisfies the conditions.

Second Day
(16th April 2023)

Turbo the snail sits on a point on a circle with circumference 1. Given
an infinite sequence of positive real numbers ¢y, ¢co, c3, . . ., Turbo suc-
cessively crawls distances ci, ¢, c3, ... around the circle, each time
choosing to crawl either clockwise or anticlockwise.

For example, if the sequence ¢y, co,c3,... is 0.4,0.6,0.3, ..., then
Turbo may start crawling as follows (Fig. 9.2):

0.4
0.6

g

Fig. 9.2

Determine the largest constant C' > 0 with the following property:
for every sequence of positive real numbers c1, ¢, c3, ... with ¢; < C
for all 4, Turbo can (after studying the sequence) ensure that there
is some point on the circle that it will never visit or crawl across.

Solution The desired positive real number is C' = %

First, we will show that C' = % satisfies the requirement of the question.
Suppose Turbo starts at point P and chooses any point Q # P on the
circle. Turbo will always have a strategy to avoid reaching () because there
are two different arcs from P to @ (clockwise and anticlockwise), one of

which has a length of at least % Turbo can always choose to move in the

direction and thus it will never reach or cross @, for each ¢; = %

Next, we demonstrate that any constant C' > % does not meet the

requirement. Denote ¢ = C'— 1 > 0. Take the sequence 1,1 1 1t

That is, c9;_1 = %,czi = %(z € N). Note that if Turbo continues to

crawl in the same direction twice in a row, it will pass all points on the
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circle because the sum of any two consecutive terms in ¢; is greater than 1.
Assume this does not occur. Then Turbo must change direction after each
move. After every two moves, Turbo will move  along a fixed direction.
After enough moves, Turbo will traverse every point on the circle. Hence,
C > % does not meet the requirement.

We are given a positive integer s 2. For each positive integer k, we
define its twist k' as follows: write k as as + b, where a,b are non-
negative integers and b < s, and then k' = bs + a. For the positive
integer n, consider the infinite sequence d;, ds, ... where d; = n and
d;+1 is the twist of d; for each positive integer .

Prove that this sequence contains 1 if and only if the remainder
when n is divided by s? — 1 is either 1 or s.

Solution First, note that for any i, if we denote d; = as + b, then
diy1 — sd; = (bs +a) — s(as + b) = a(l — s)

is a multiple of s? — 1, namely, d;11 = sd;mod (s?> — 1). Therefore, if some
d,, is congruent to 1 or s modulo s> —1, then s" 'd; = 1 or s modulo s?—1.

Hence, d; =1 or s modulo s? — 1.

Snfl n

Conversely, if d; = 1 or s modulo s2 — 1, then every d,, = or s

modulo s? — 1, i.e., d,, = 1, s mod (s? — 1). Therefore,
diy1 —d; = (bs+a) — (as+b) = (b—a)(s—1) > 0.

Andifd; s%2—1,thena s—1,s0od;y; s>—1.Insummary, the sequence
dy,ds, ... will start to strictly decrease until it is less than or equal to s2—1,
and then it will always remain less than or equal to s? — 1. Combining this
with d; = 1 or s modulo s — 1, we know that d; alternates between 1 and
s when 1 is sufficiently large.

Let ABC be a triangle with circumcircle §2. Let S, and S, respec-
tively denote the midpoints of the arcs AC and AB that do not
contain the third vertex. Let N, denote the midpoint of arc BAC
(the arc BC containing A). Let I be the incenter of ABC. Let wy
be the circle that is tangent to AB and internally tangent to {2 at
Sp, and let w. be the circle that is tangent to AC and internally
tangent to {2 at S.. Show that line I N,, and the line through the
intersections of wy and w, meet on f2.
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(The incenter of a triangle is the center of its incircle, the circle
inside the triangle that is tangent to all three sides.)

Solution First, we will show that point A lies on the radical axes of wy
and w.. This step does not require point NV,.

T

Fig. 9.3

As shown in Fig. 9.3, let the tangent lines to {2 at points S, and S,
intersect at point 7', which is the radical center of wy, w. and 2. Let AB
and SpS. intersect at point P, and let AC and S,S. intersect at point
P.. Then triangle T'S.S; is an isosceles triangle. And since AB TS, and
AC TSy, there is

LAPyP. = LTS.Sp = £5:.5T = LP,P.A.

From these we can see that wy passes through point Py, w. passes through
point P., and AP, and AP, are exactly tangents to wp and w,. In particular,
A lies on the radical axes of wy, and w.. Therefore, the line passing through
the intersection of wy and w, is the line AT.

Next we show that line T'A and line I N, intersect at a point on circle (2.
Let line T A intersect circle {2 at point X. Let line X I intersect circle {2 at
point N. We need to show that N = N,.

As shown in Fig. 9.4, let S, be the midpoint of arc BC (not containing
point A).

Note that the triples of points A, I, S,; B, 1, S, and C, I, S, are collinear
because they lie on the corresponding angle bisectors, respectively. And
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Fig. 9.4

note that AS.X S} is a harmonic quadrilateral, because the tangents at S
and S, and line AX intersect at point T'. By “inverting” it with respect
to point I, this harmonic quadrilateral becomes harmonic quadrilateral
SoCNB. (This is an easy property to prove for a harmonic quadrilateral:

AS. XS, S,B NCiﬂ E E Ei
S.C NB AS, XS. IC IB IA IX 7
and thus AS. - XS, = AS, - XS implies S,C- NB = 5,B - NC.) However,
S.B =5,C.
Therefore, NB = NC'. It follows that N = N,.
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The 64th International Mathematical Olympiad (IMO) was held from 2nd
July to 13th July 2023 in Chiba, Japan. A total of 612 contestants from 112
countries or regions participated the competition. After two days of exams
on the 8th and 9th, all six members of the Chinese team won gold medals,
including Wang Chunji and Shi Haojia with full scores. The Chinese team
won the first place in the team for the fifth consecutive year.

The Chinese team:

Leader: Xiao Liang (Peking University)

Deputy leader: Qu Zhenhua (East China Normal University)

Observers: Fu Yunhao (Southern University of Science and Technology),
Wang Bin (Academy of Mathematics and Systems Science, Chinese
Academy of Sciences)

Head coach: Xiong Bin (East China Normal University)
Team members:

Wang Chunji (Shanghai High School), 10th grade, 42 marks, gold medalist

Shi Haojia (Zhuji Hailiang Senior High School), 10th grade, 42 marks, gold
medalist

Liang Xingjian (The High School Attached to Hunan Normal University),
12th grade, 41 marks, gold medalist
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Zhang Xinliang (Zhenhai High School of Ningbo), 12th grade, 41 marks,
gold medalist

Sun Qi’ao (Shanghai High School), 11th grade, 35 marks, gold medalist

Jiang Zhicheng (Shenzhen Middle School), 11th grade, 42 marks, gold
medalist

The top 10 teams in the total scores:

1. China 240 marks
2. United States of America 222 marks
3.  South Korea 215 marks
4. Romania 208 marks
5. Canada 183 marks
6. Japan 181 marks
7. Vietnam 180 marks
8. Turkey 176 marks
9. India 174 marks
10.  Chinese Taipei 173 marks

Gold medal: score 32 marks;
Silver medal: score 25 marks;
Bronze medal: score 18 marks.

Between May 8th and 17th, the Chinese team received first phase
of training at the High School Attached to Hunan Normal University,
Changsha. The coaches Jin Chunlai, Yu Jun, Fu Yunhao, Leng Fusheng,
Wu Hao and Xiao Liang gave lectures and tests. From 1st June to 8th
June, the Chinese team received second phase of training at Shanghai High
School, Shanghai. The coaches Lu Sheng, Leng Gangsong, Qu Zhenhua,
Zhang Sihui and Ai Yinghua gave lectures and two tests.

From 27th June, the Chinese team received pre-departure training and
preparation at Peking University, Beijing. Academician Tian Gang, Presi-
dent of Chinese Mathematical Society; Professor Gong Fuzhou, Secretary-
General of the Chinese Mathematical Society; Professor Chen Dayue, Dean
of School of Mathematical Sciences, Peking University; Professor Sun Zhao-
jun, Associate Dean; Professor Liu Bin; coaches Xu Disheng, Wang Bin, Fu
Yunhao, Qu Zhenhua and Yao Yijun, and gold medalists of IMO 2022,
Zhang Zhicheng and Jiang Cheng, gave reports, tutoring or had discus-
sions with the team members. Accommodation and other related work was
provided by the School of Mathematical Sciences, Peking University and
Beijing International Centre for Mathematical Research.
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First Day
(8th July 2023)

Problem 1 Determine all composite numbers n > 1 that satisfy: if
dy,ds,...,di are all the positive divisors of n, 1 =d; < ds < --- < dj = n,
then d; divides d;4+1 + djyo forevery 1 &k —2.

(Contributed by Colombia)

Solution The desired composite numbers have the form n = p* where
p is a prime and a 2 is an integer. Clearly, if n = p%(a 2), then
di =p1(i=1,2,...,a+1) and d; = p"~! divides d; 41 + di12 = p'(1 +p)
foralli=1,2,...,a—1.

Now suppose n has at least two distinct prime factors, p being the
smallest and ¢ being the second smallest,then for some ¢ € N ,we have

n n n
dp =n,dg—1=—, ..., dg—i = —,dg—i—1 = —.
p p q

It is known that

n n

(dk—i + dik—it1) = g’ (—- + —) = }%(p +1),

dk_i_l pz pzfl

however, v, (%) > v (ﬁ), and thus the above divisibility relation cannot
hold. This implies that n cannot have two or more prime factors; n must
be a prime power.

Problem 2 Let ABC be an acute-angled triangle with AB < AC. Let 2
be the circumcircle of ABC. Let S be the midpoint of the arc CB of {2
containing A. The perpendicular from A to BC meets BS at point D and
meets {2 again at point £ = A. The line through D parallel to BC' meets
line BE at point L. Denote the circumcircle of triangle BDL by w. Let w
meets {2 again at point P = B. Prove that the line tangent to w at P meets
line BS on the internal angle bisector of ZBAC.

(Contributed by Portugal)

Solution 1 As shown in Fig. 10.1, let S be the midpoint of the minor arc
BC of w. Then SS is a diameter of 2 and AS is the bisector of ZBAC.
Let the tangent line of w at P meet {2 again at point Q(Q = P). Then
Z5QS = 90°. We will prove the corresponding sides of APD and S QS
are parallel, which implies that the lines connecting the corresponding
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QS

A
a) P
L D
Q
c
EA

B

S!
Fig. 10.1

vertices, namely the bisector of ZBAC, the tangent line of w at P, and DS
are concurrent (the intersection point is the internal homothetic center).
First, as A, P, B, E are concyclic and D, P, L, B are concyclic, we find

/PAD = /PAFE = 180° — ZEBP = /PBL = Z/PDL = 90° — ZADP,
and thus AP L DP. Now we see that

e The line segments ADFE and SS are both perpendicular to BC, and so
AD | S S.

e The segment PQ touches w at P, implying that /ZDPQ = Z/DBP =
/SBP = /ZSQP and thus PD || QS.

e Since AP1LPD,PD || QS,QSLS Q, we have AP || S Q, and the corre-
sponding sides of APD and S QS are parallel.

This completes the proof.

Solution 2 As illustrated in Fig. 10.2, let S be the midpoint of the minor
arc BC of w, S is the antipode of S, and thus AES S is an isosceles
trapezium, /S BS = /S PS = 90°. Let segments AE and PS meet at
point T'; lines AP and S B meet at point M. We shall Prove that L, P, and
S are collinear; T and M lie on w.

e Since /LPB = /LDB = 90° — /BDE = 90° — /BSS = /5SS B =
180° — ZBPS, the points L, P, S are indeed collinear.

e Since SS is a diameter of {2, the lines LPS and PTS are orthogonal.
We also have LD || BC, BCLAE. Hence, ZLDT = ZLPT =90°, T € w.
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Fig. 10.2

e Since ZLPM = /SPA = /SEA = /FEAS = /EBS = ZLBM, the
points M, B, P, and L are concyclic, and M € w.

Now, let X be the point of intersection of line BDS and the tangent
line of w at P. Apply Pascal’s theorem to the degenerate cyclic hexagon
PPMBDT to find that PPNBD = X,PMNDT =Aand MBNTP =S
are collinear. Therefore, X lies on line AS , that is, the bisector of ZBAC.

Problem 3 For each integer k 2, determine all infinite sequences of
positive integers a1, as, ... for which there exists a polynomial P of the
form P(z) = 2 e+t + cp, where cg,c1,...,cp_1 are
nonnegative integers, such that

P(a'rb) = Qn+4+10n+2 " Antk (*)

for every integer n 1.
(Contributed by Malaysia)

Solution 1 The infinite sequences that meet the problem conditions are
those arithmetic sequences ai, as, ... with positive initial terms and non-
negative common differences: a,, = a + nd where a,n € N, ,d € N. First,
if a,, = a+nd, taking P(z) = (z +d)(x 4+ 2d) - - - (x + kd), it is not difficult
to check that (%) holds for every integer n 1.

Next, we prove necessity in two steps.

Step 1: The sequence {a,} is either a constant sequence or strictly
increasing.
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Suppose the assertion is false: ap,—1  an, for some ng 2. Then

UnoQno+1 - AQno+k—1 = P(ano—l) P(ano) = Uno+10ny+2 * " Ang+k

yielding an,  @ny+k. Let an, be the first term after a,, and not exceeding
Gno- We haven;  no+k and an,—1  ap,.

Similarly, we can find ay,—1 an, with subscript ny € (n1,n1 + k.
Continue this process to obtain a,, an, @n, ---.Now,all P(a,,) are
bounded; as n; —n;—1  k, all a; are bounded as well. (In fact, for each a;,
there exists n; such that j € [n;+1,n,+k|, andsoa; P(an,).) Let aar be
the largest element of {a, }. We have P(ay) = apri1an42- - apk  aly,
which requires P(z) = 2% and apr41 = apro = -+ = apryk. By induction,
it is easy to see that {a,} is a constant sequence.

Step 2: If {a,} is strictly increasing, then it is an arithmetic sequence with
positive common difference.

Let P(x) = o +dj_12" 1+ +dy. Define C =dy+ -+ +dp_1 + 1.
For any m € N, we have P(m) mF + Cm*~1. Note that

k k-1
On+10n+2*** Gnyk = Plan) ay +Cay™ .

Since each an4; > an, it follows that a,4; an, +C foreachi=1,... k.
If a, > C*-2* (obviously a,, > max{dy,...,d;_1}),thenfori=1,...,k,
Qi = apn + 0;,0; € (0,C). Note that

k k—1
ay, +dp—1a; "+ +do = Plan) = Gnp1any2 - - Unpk

= (an+51)(an+52)(an+5k)
=af + (014 +0k)ah "+ 401 O

We infer that d; equals the elementary symmetric polynomial in 41, ...,k
of degree k — i. (A simple viewpoint is to consider both sides as base-a,
numbers.) This means

P(z) = (z+61) - (z + o),

in particular, all §;’s are independent of n. Consequently, if a,, > C* - 2F,

then ap,4; = an, + 9; for each ¢ = 1,..., k. Likewise for a,,+1, we have
Gmti = A + 0;—1 + 01, and thus &; = id;. It follows that for sufficiently
large n, an, any1, ... form an arithmetic sequence.

Using backward induction, we can easily verify the entire sequence {a,, }
is an arithmetic sequence.
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Solution 2 (Edited from Shi Jiahao and Jiang Zhicheng’s solution) The
proof that all arithmetic sequences {a,} with positive initial terms and
nonnegative common differences meet the problem conditions is the same
as in Solution 1. We show necessity as follows.

(0) First, if P(z) = 2%, taking ap to be the smallest element of {a,},
then P(aprs) = apry1- - apvk a’fw in which equality holds, and we get
ay = ap+1 = -+ = ap+k- From the recurrence, a, = ayps for every n.

Next, assume P(z) = z¥. Denote M = ¢j_1 + cxo + -+ co + 2. We
prove the statement in four steps.

(1) Claim: for any positive integer N, from some term on, every term in
the sequence is larger than N.

As api1- ik = Plan) > ak, we have max{a,1,..., a0k} > an
and
max{an1k+1,-- - Antok} > Max{an i1, ..., Qpik -
When n > kM N*,
n k
P(an) = any1 - aptr  max{anii,...,antk} LEJ MNF,

and hence a,, > N.

(2) Claim: there is no pair (4, j) such that |[j —i| % and aj —a; > M.
Otherwise, take a pair (i, ) such that a; is minimal, and on this basis,
a; is maximal (the existence of maximal a; is guaranteed by |j —i| & and
(1); if it is not unique, pick any pair).
If i < j, then from a; > a; + M and

afil(ai+M)>P(ai): a¢ aj,
i+1 t i+m, t=j

we can find ¢ +1 ¢ i+ k such that a; < a;, indicating that (¢,7) is
another pair, but a; is assumed to be minimal, which is a contradiction.

Ifi > j, as a? < P(aj) = aj41-- a4k, thereexists j+1 ¢t j+k
such that a; > a;, (i,t) is another pair, but a; is assumed to be maximal,
which is a contradiction.

(3) Claim: when n is sufficiently large, the polynomials P(x) and Q(x) =
(x+ an+1 — an)(@ + ant2 — ap) -+ (x + anyr — an) are identical.

Note that in the expansion of Q(x), the absolute value of each coefficient
has an upper bound independent of n (since |apy; —an| M,1 @ k).
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This implies that for Q(x) — P(x), a polynomial with integer coefficients
and degree not exceeding k, the absolute values of the coefficients are all
bounded. If Q(z) — P(z) is not the zero polynomial, then the absolute
values of its integral roots are also bounded (independent of n). When n is
sufficiently large, (1) indicates that a,, is large, and P(a,) = Q(ay,) indicates
that P(z) = Q(x).

(4) Claim: {a,} is an arithmetic sequence.

Take n sufficiently large such that P(z) = (z +d1)(z +d2) - - - (z + dy),
where d; = Gn4; — ay. Since P has no positive roots, di,ds,...,d; 0, the
sequence is non-decreasing when n is sufficiently large, and hence d;  ds

di. Note that the unordered factorization of P into linear terms is
unique. Therefore, for every n sufficiently large, a1 —an, =d; (1 @ k),
and in particular, a,1 — a, = d;. It follows that for n sufficiently large,

Gy Gpt1s - - - s Gtk 18 an arithmetic sequence with common difference d; and
di=idy (1 @ k).
Suppose aj,as,... is not an arithmetic sequence. Take the largest m

such that a,, = a;4+1 — dy. Then

P(a'm) = Qm+41 """ Am+k = am-‘rl(a'm-l-l + dl) e (a'm-l-l + (k - 1)d1)
= P(am+1 — du),

but P(z) = (x +di) - (z + kdy) is strictly increasing for = € [—di, 00),
a contradiction!

Second Day
(9th July 2023)

Problem 4 Let x1, 2, ..., %2023 be pairwise different positive real numbers
such that

11 1
ap = ($1+x2+---+xn)(—+—+---+—)

I T2 In
is an integer for every n = 1,2,...,2023. Prove that asges  3034.
(Contributed by Holland)

Solution It suffices to prove, for every n € {1,...,2021}, ant2  an + 3.
If this is true, then asgs3 a2021 +3  ag019 + 6 ay + 3033 =
1+ 3033 = 3034.
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By Cauchy’s inequality, we have

(1 +z2+ -+ 2n) + (Tng1 + Tny2))

1 1 1 1 1
(e )G
1 o T Tn+1 Tn4-2

1 1
+  (Tnt1 + Tny2) +
Tn+1 Tn+2

It follows that

1 1
An+2 (079 + (xn-‘rl + xn+2) < + (07 + 2.
Tn+1  Tn+2
Since x;’s are pairwise different, z,4+1 = 2,42, the second relation in the
above cannot be equal. Since a,’s are integers, we reach a,4+2 a,+3 and
the problem is proved.

Problem 5 Let n be a positive integer. A Japanese triangle consists of
142+ ---+n circles arranged in an equilateral triangular shape such that
for each ¢ = 1,2,...,n, the ith row contains exactly ¢ circles, exactly one
of which is colored red. A ninja path in a Japanese triangle is a sequence
of n circles obtained by starting in the top row, then repeatedly going
from a circle to one of the two circles immediately below it and finishing
in the bottom row. Figure 10.3 shows an example of a Japanese triangle
with n = 6, along with a ninja path in that triangle containing two red
circles.
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In terms of n, find the greatest k£ such that in each Japanese triangle
there is a ninja path containing at least k red circles.

(Contributed by Holland)

Solution The largest integer k is logyn + 1.

Let N = logyn . So, 2V n  2N*! — 1. We construct a Japanese
triangle such that every ninja path contains at most N + 1 red circles. As
shown in Fig. 10.4 (n = 10), in row i,4 = 2°+b,0 a N,0 b < 29
the (2b + 1)th circle is colored red. It is not difficult to figure out that for
a=0,1,..., N, every ninja path passes through at most one red circle in
rows 2%,2% + 1,...,2%1 — 1. Hence, every ninja path passes through at
most N + 1 red circles.

Next, we present four proofs that in every Japanese triangle there is a
ninja path traversing at least N + 1 red circles.

Proof 1 For convenience, we generalize the definition of ninja path to
any contiguous subsequence so that a ninja path does not necessarily start
from the top or finish at the bottom. Since a subsequence contains the same
number or fewer red circles, we turn to prove the statement for generalized
ninja paths.

For each circle C, assign to it the maximum number of red circles that
a ninja path starting from the top and finishing at C' can have. An example
is in Fig. 10.5. Note that

e If circle C' is not red, then the number in C' is the maximum of the one
or two numbers above it;
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Fig. 10.5

e If circle C is red, then the number in C' is the maximum of the number(s)
above it plus 1.

Let the numbers in row ¢ be vy, ..., v; in which v,, is the largest. From the
above observation, we deduce that the numbers in row ¢ + 1 are at least
Vlye s Um—1,Ums Ums Um+1, - - - , U3, Without considering the red circle in row
1+ 1. With the presence of the red circle, the number assigned to that circle
increases by 1. Hence, the sum of the numbers in row ¢ + 1 is at least

(14 4v) +om+1,
which leads us to the following result:
Lemma 1 Let o be the sum of the numbers in row k. For 0 j N,
o9 j-20 41
Proof of Lemma 1 We induct on j. When j = 0, the conclusion is obvious
as the top circle always has the number 1. Suppose we have 05  j-27 41,

then in row 27 the largest number is at least 5+ 1. For all k27, in row k
there is a circle with number at least j + 1, and in the next row we have

or1 o+ (D) +1=0k+ (5 +2)
Therefore,
Oaitt Oy +21(j42) 20 +1+27(j+2)
=(+i+22 +1=(G+1)2H +1,

completing the inductive proof.
For j = N, in row 2V there is a circle whose number is at least N + 1.
So, there exists a ninja path that passes through at least N + 1 red circles.

Proof 2 We generalize the definition of ninja path and assign a number
to each circle as in proof 1. For each positive integer i, let e; be the number
of red circles with number 3.
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Lemma 2 If the red circle in row | has number i, then e; .

Proof of Lemma 2 If two red circles are assigned the same number, then
they cannot be connected by a ninja path. We divide the large triangle into
a smaller one whose top is at the red circle in row [ and [ — 1 lines as shown
in Fig. 10.6. Evidently, these [ subsets contain all the circles.

In each subset, at most one red circle can have number . Thus, e¢; [.
Note that if C' is a red circle with number ¢ 2, then there must be
another red circle above C’s row and with number ¢ — 1.

Lemma 3 For each positive integer i, we have e; 271,

Proof of Lemma 3 We induct on i. The base case i = 1 is evident as
the only red circle with number 1 is the top circle. Suppose the induction
hypothesis is true for 1 ¢ j—1. If e; = 0, the lemma holds. Otherwise,
let row [ be the highest row that contains a red circle with number j. By
assumption, the red circles in rows 1,...,l — 1 all have numbers less than
j, indicating that

-1 el+€2+"'+€j_1 1+2++2]—2:2]—1_1

This gives | 27!, By Lemma 2, e; [ 2771
Now we see that

ertertoteny 142V =2V —1<n,

So, there must be a red circle with number at least IV + 1, and this corre-
sponds to a ninja path through at least N + 1 red circles.
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Proof 3 (Edited from Shi Jiahao’s solution) Define v; as the maximum
number of red circles visited by a ninja path that finishes at the ith circle
of the bottom row. We claim

B T s (%)

=1

If (*) is true, then we have

n

1 1 n
1 z; 2max{v1,v2,,.,,vn} + 2max{v1,v2,...,vn} > 2max{v1,v2,...,vn}’
i=

and max{vi,ve,...,v,}  logsm + 1, which is the problem statement.

We prove (x) by induction. When n = 1, v; = 1 and (*) holds. Suppose
(%) is true for n — 1. Define w;(1 j n —1) as the maximum number
of red circles visited by a (generalized) ninja path that finishes at the jth
circle of row n — 1. Assume the tth circle in row n is red. Then for ¢ = ¢,
v; = max{w;—1,w;}; vy = 1+ max{wi_1,w;} (define wy = w, = —o0).
Under these conditions, we claim

"1 1 "1 1
Z E + 2max{v1,v2,...,vn} Z ﬁ + 2max{w1,w2,...,wn,1} . (**)
i=1 i=1
Once proved, it will complete the induction of (x).
Assume w;_1 wy (otherwise flip v1,ve,...,v, and wy,wa,...,w, SO
that ¢ becomes n+1—t). If max{wy, wa,...,wp—1} =wy, as Vi < t,v; wj
and Vi > t,v; w;—1, and v; = wy+1, we have max{vy, ve,...,v,} 14wy,

and

n

1 1
Z Ui + 2max{’ul,vg,...,vn}

=1
t—1 n
1 1 1 1
Z 2%) + Qwe+1 + Z 2wi1> + Qwi+1

i i=t+1

=

77171 1 1
- Z Qw; + Qwy
=1

which verifies ().

If max{wy,wa,...,wp—1} > wy (and wy wy—1), from the relation
between v; and w; we know max{vi,va,...,v,} = max{wi, wa, ..., Wy_1}.
There are two situations.
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(1) If max{wy,ws,...,wi—1} > wi. Suppose that wy — we—y -+ wg
and wy < wg—1 (2 k t—1). Then for any ¢ < ¢ and i = k, we have
vi  w; and vy  wg—1 wg + 1. On the other hand, for any ¢ > ¢, we
have v; w;_1 and v; = w; + 1. Hence,

t—1 n
1 1 1 1 1
Z Qw; o QWi + 2wk+1> + Qw¢+1 + Z 2wi1>
1 )

1

2max{w1,w2,...,wn,1}

= 1 1 1
- Z Qw; + 2max{w1,w2 ..... Wy —1} + Qwe+1 - 2wk+1'
=1

Since wy wy—1 -+ Wk, (x*) holds.

(2) If max{wii1, Weta,..., W1} > we. Suppose that wy w1
wy and w, < wgy1 (6 k n—2). Then for any ¢ < t,v; w; while for
anyt >t =k+1,v; w;—1,and we have vg41 wir1  wr+1,v =
wy + 1. Therefore,

1 1 LA 1 1
2 %w | et 2 Sy T gwr T wrt

2max{w1,w2,...,wn,1}

= 1 1 1
- Z ﬁ + omax{wi,wa,...,wWn—_1} + Qwi+1 B Qui+1°
=1

Since wy  wip1 -+ wg, (xk) holds.
This completes the proof.

Proof 4 (Edited from Sun Qi’ao’s solution) We show that a ninja path
traverses at least logonm + 1 red circles. If we can show a ninja path
traverses t red circles in a triangle of n rows, then it is also true in a
triangle of n + 1 rows. So, it suffices to show, in a Japanese triangle of
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n = 2F (k € Zy) rows, there is a ninja path through at least k + 1 red
circles.

Now, there is a red circle in each row for a total of 2% red circles. Consider
a relation “—” between red circles: A — B if and only if a ninja path can
go through A then B; in particular, A — A is always true. It is not difficult
to check — is a partial order.

A ninja path traverses red circles A1, Ao, ..., A; in order; it corresponds
to a chain Ay — Ay — - A;. We prove the length of the longest chain is
at least k + 1; by Mirsky’s theorem, equivalently, we prove the minimum
number of antichains in a partition is at least k + 1. Instead, suppose that
the 2¥ red circles can be partitioned into at most k antichains.

Lemma If the highest red circle in an antichain is in row i, then the length
of this antichain is at most i.

Proof of Lemma Let (z,y) be the ath circle (counted from left to right)
in row z + y, in which x € Z,y € N. Then (z1,y1) — (z2,y2) if and only
ifze 1 andys w1, thatis, (x2,y2) lies in the equilateral triangle whose
top circle is (x1,y1).

Suppose the highest red circle is (¢,s),t + s = 4. Any other red circle
(z,y) in this antichain must have either x < t or y < s. Note that if the
first coordinates of A and B are equal, then we must have either A — B or
B — A; it is similar for the second coordinates. This means the antichain
has at most ¢t — 1 red circles whose first coordinates are 1,2, ...,t—1, respec-
tively, and another s red circles whose second coordinates are 0,1,...,s—1,
respectively; the length of the antichain is at most 1 + (¢t — 1) + s = . The
lemma is proved.

For the original problem, assume the highest red circles in these ¢t < k
antichains A, As, ..., A; are located in rows a; < as < --- < a¢, respec-
tively. According to the lemma, we have

a1=1:>|A1|:1;
:a2=2:>|A2| 2;

= as 4 = |A3| 4;

= Q¢ 2t71 = |At| 2t71.

This leads to |Aq| + -+ |4;] 2' —1 < 2% a contradiction. (Note that
A1,..., A, are antichains of a partition.)
In all, the answer is logon + 1.
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Remark We briefly introduce Dilworth’s theorem and Mirsky’s theorem
in finite partially ordered sets. Given a partially ordered set (P, <), a chain
consists of elements any two of which are comparable; an antichain con-
sists of elements any two of which are not comparable. For example,
P ={1,2,...,8}, a < b if and only if a|b: {1,3,6} is a chain; {1} and
{2,5,7} are antichains.

Dilworth’s theorem 1In (P, <), the length of the longest antichain equals
the minimum number of chains in a partition of P (the chains are disjoint
and their union is P). For example, P = {1,2,...,8}, the length of the
longest antichain, say {2,3,5,7} or {4,5,6, 7}, is 4; the minimum number
of chains in a partition of P is also 4: P = {1,2,4,8} U{3,6} U {5} U{T}.

Mirsky’s theorem In (P, <), the length of the longest chain equals the

minimum number of antichains in a partition of P. For example, P = {1,

2,...,8}, the length of the longest chain {1, 2,4, 8} is 4; the minimum num-

ber of antichains in a partition is also 4: P = {1}U{2,3}U{4,5,6,7} U{8}.
The two theorems are dual to each other.

Proof of Dilworth’s theorem First, in any chain partition C1, ..., Cy of P,
an antichain A contains at most one element from each C;. Hence, |A| k.

Next, we apply induction to prove the existence of an antichain whose
length equals the number of chains in a partition of P. The statement is true
for empty and single element sets. For P with |P| 2, consider P = P\{a}.
By the induction hypothesis, there exist P = C;UC2U- - -UC% and antichain
A() with |A()| =k. Evidently, A() n Cz =@ fori= ]., 2, ey k. Let

x; = max{x € C; N A: A is an antichain, |A| = k},

1 4 k, and Apax = {21,22,...,2%}.

Here, z; is well defined because C; is totally ordered. We claim Ay, .y is an
antichain. Suppose for 1 ¢k, z; € A;, A; is an antichain, |A;| = k. For
indices i = j, A; N C; = @. Take y € A; N C;. By definition of z;, we have
y 1z, yet x; # y, and thus x; # z;. Interchanging i, j, we get z; # ;.
This shows Aax is an antichain.

Back to P. If a  z; for some i € {1,2,...,k}, let K be the chain
{a} U{z € C;]z  x;}. By definition of x;, the set P\ K does not contain
any antichain of length k. By the induction hypothesis, P\ K can be covered
by k — 1 disjoint chains, and thus P can be covered by k disjoint chains,



International Mathematical Olympiad 221

completing the inductive proof for this situation. Otherwise, a # x; for
every i € {1,2,...,k}. Then the set Apax U {a} is an antichain of length
k41 in P, and P can be covered by k + 1 chains {a}, C1,Cy, ..., C). This
completes the proof.

Proof of Mirsky’'s theorem First, it is obvious that the length k of the
longest chain cannot exceed the minimum number of antichains in a par-
tition of P. The following constructive proof for necessity is simpler than
that of Dilworth’s theorem. For each element x € P, let

N(z) =max|C]: C is a chain and x € C is the largest element of C.

It is straightforward to check that each set N~!(i), consisting of ele-
ments with the same N value as 4, is an antichain. These k antichains
N=Y1),N71(2),..., N~(k) form a partition of P.

Problem 6 Let ABC be an equilateral triangle. Let Ay, By, Cy be interior
points of ABC' such that BA; = A1C,CBy = B1A, AC; = C1 B, and
/BAC+ /CB1A+ ZAC; B = 480°.

Let BC7 and C' By meet at point As; C'A; and ACY meet at point Bo; ABq
and BA; meet at point Cs. Prove that if triangle Ay B1C is scalene, then
the three circumcircles of triangles AA; Ay, BB1Bs, and C'C1Cs all pass
through two common points.

Note: A scalene triangle is one where no two sides have equal length.
(Contributed by United States of America)
We give six solutions as below.

Solution 1 Denote the circumcircles of AA;As, BB1Bs, CCi1C3 by
da,0B,0c, respectively. We need to find two different points that have the
same power with respect to d4,0p,dc.

Lemma 1. A, is the circumcenter of A3BC; By is the circumcenter of
B>CA; Cy is the circumcenter of CsAB.

Proof of Lemma 1 We only prove the first part; the other two are
analogous. As illustrated in Fig. 10.7, A; is inside BAsC and on the
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A

=

4,

Fig. 10.7
perpendicular bisector of BC; it only requires /BA;C = 2/BAsC.
We have
/BAsC = LA3BA+ /BAC + LAC A,
= %(180O — LACYB) +60° + %(180O — ZCB;1A)
= 240° — %(480O — /BAC) = %ABAlC.
Lemma 1 gives
/B1BsCy = £B1BsA = /ByABy = LC1ACy, = LACSCy = £B1CoCh.

It follows that By, C1, Ba, Cy are concyclic, and likewise Cy, A1, Ca, A3 and
Ay, Bi, As, Bs. Note that the hexagon Ay BoCy A3 B1C5 is not cyclic because
ZCQAlBQ + ZBQClAQ + 41423102 = 480° = 360°. By the radical axis
theorem, the lines A; A3, B1 By and C7C5 intersect at one point say X, and
the powers of X with respect to §4,dp5,dc are equal.
Let A3 = A be the other intersection point of the circumcircle of
A3 BC and 0 4; define By and C'5 in a similar way.

Lemma 2 The four points B, C, Bs,Cs are concyclic.
Proof of Lemma 2 As shown in Fig. 10.8, we use directed angles:
BC3C = B(C3Cy+ CyC3C
= BAC;+ CCiC
=90°+ (C1C,ACy) + C2CiC (since CC1LAB)
=90°+ C1C2Bs.



International Mathematical Olympiad 223

A

Fig. 10.8

Similarly, CBsB = 90° + B1Bs(C,. Since By, (4, B2, Cs are concyclic,
we reach

BB3C = 90°+ C;B3B; =90°+ (C,C3B; = BC3C,

and the lemma is proved.

By similar arguments, C AC3As and ABA3Bs3 are cyclic quadrilaterals
as well. However, AC3BA3C Bs is not a cyclic hexagon, or else A, By, C, B3
are concyclic, Bs lies on the circumcircle of ABC, but Bs is inside ABC,
so this is impossible. Apply the radical axis theorem to these three circles
to find AAs, BB3, C'C3 intersect at one point say Y, and the powers of Y
to d4,0B,d¢c are equal.

We need to discuss the locations of X, Y. Let O be the center of ABC.
Since

£ZBA,C =480° — LCB A — LAC B > 480° — 180° — 180° = 120°,

Aq lies inside  BOC, it is similar for By and Cy. Thus, BA;C, CB;A
and ACYB have non-overlapping interior, which implies that A;ByCh
Ay By is a convex hexagon, X is on segment A Ao, which is inside 4.

Since A; is the circumcenter of AsBC, AjAy = A;Asz. Since
A, Ay, Ay, Az are concyclic, line AA, is the reflection of AA3 = AY about
AA;. As X lies on segment A Ao, the only way we can possibly have X =Y
is that both A; and As lie on the perpendicular bisector of BC', but this
means By and C; are symmetric about AA;, A1 B; = A,C1, which violates
the given scalene condition.

In summary, we have obtained two different points X,Y that have the
same power to d4,dp,dc. Hence, these circles have a common radical axis.
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As X is inside §4 (and inside dp,d¢c as well), this radical axis intersects
the circle at two points. We conclude that 64,05, ¢, or the circumcircles
of AA{A;, BB;By;, CC{C5, have two common points of intersection.

Solution 2 As in Solution 1, we have three different circumcircles ws =
@BlBgong,wB = @ ClcQAlAQ, and we = @A1A2B1B2. Define

_ Pow,,(A) I Pow,,, (B) _ Pow,,(C)

[’ P = " = .
A7 Powy.(A) P Pow,,(B)’ Pow,,, (C)

I'c
By the coaxial circles lemma, d4 = () AA; Ay is the trace of point Z that
satisfies Pow,,, (Z) = I's - Pow,.(Z).

Lemma 3 I'4I'glc=1.

Proof of Lemma 3 Let « = LZA1BC,3 = £B1CA,~v = ZC1AB. The
problem condition implies o + 8 + v = 30°. Let Agp = AA; Nwe and
Ao = AA; Nwp. Then

lAlABl =30° — ﬂ, ZAlABBl = ZAlAQBl = ZBchl =30° + 7,

and thus ZAB1Ag =~ + 8 =30° — «.

. . AAp _ sin(30°—a)
The sine rule gives 55% = Sn(30°F7) °

Express % in a similar way and
we obtain
_ AAc-AA; AC:sin(30° 4v)

a AAB . AAl a ABlsin(?)Oo + 6) '

A

Together with similar expressions for I's, I'c and conditions BA; = C'Aq,
etc., we reach I'al'gl'c = 1.
Now, for any point Y that lies on §4 N dp,

S y€din

Pow,, (Y)"=" Ty Pow,.(Y) =" I'nTg Pow,, (Y)
= Powy, (Y) = I'cPowy, (Y)
=Y €dc.
So,Y € (04 Ndp Ndc). Finally, adopt the same argument as in Solution 1

to clarify that 64 and dg have two different intersection points, completing
the proof.

Solution 3 (Edited from Liang Xingjian’s solution) As in Solution 1, we
see that Aj, By, Cy are the circumcenters of triangles Ay BC, Bo AC, C2 AB,
respectively; AA;y, BB1,CCy are concurrent, say they intersect at X; the
powers of X to () AA;1 Ay, () BB1Bs, () CC1C5 are equal. Since X lies on
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the radical axis of () BB1 B2 and () CC1C5, X is inside () BB} Ba, thus
(O BB1 By and () CC1Cy intersect say at P and Q.
Since PQ is the radical axis of () BB1Bs and () CC1Cs, P, X,Q are

collinear, and
PX -XQ=B1X -BX=A4,X"AX.

So, A1, P, A3, Q are concyclic. To show () AA; Ay also passes through P
and @, it only requires A, A1, P, Q concyclic.

We introduce an inversion transformation centered at A with arbitrary
power. After the transformation, A; lies on the perpendicular bisector of
BC, A; is a point of intersection of () ABCy and () ACBz; moreover,
C1, B; are the symmetric points of A about BCy, CBs, respectively. It is
equivalent to proving that A, P,Q are collinear, that is, A; lies on the
radical axis of () BB1Bs and () CC;Cs.

As illustrated in Fig. 10.9, let () BB1 B2 and () CCC5 intersect lines
BA; and CA; again at points U and V, respectively. As BA; = CA;,
we only need to prove U,V are symmetric about AA;. Note that C is the
circumcenter of ABBy, and thus

{BsUB = /ByB1B = /ByB1A— /BB A = ZC1ABy, — 30°.

Similarly, ZCoVC = ZC1AB; — 30°, so /BUB = ZC;V C. Tt suffices to
prove the symmetric point Cy of Cy about AA; lies on BoU. Since

LABU =150°-ZBA; A = 150°—ZBCyA = 60°+£C1AB; = 90°+4£B,UB

\

Y
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AB1 B>yU. Since
LAC,C = LAC,B =90° — LC1ABy = LAB>C,
A, C, Cy, By are concyclic. Therefore,
LAB>C, = 180° — LACC, = 180° — LABCy = 90° + ZBAB;.

This implies BoCy L AB and C, lies on ByU, completing the proof.

Solution 4 (Edited from Jiang Zhicheng and Wang Chunji’s solutions)
We establish the complex plane with unit circle () ABC'; use a lowercase
letter to represent the complex number corresponding to the point of the
uppercase letter. Let

LACB=/ABC =0, /BCA=/BAC =0,,
LC1AB = LC1BA =05, a=¢e"", p=¢M"  5=¢

From the problem, we have 01 + 0y + 05 = 30°, a3y = —w? where w = e%,
and b = aw, ¢ = aw?.
Note that the second intersection points of BA;,CA; and () ABC' are

ac and %, respectively. Hence,

be(b+ca) —clba) (c+ L)  wwla—wa—wl®  wlatw
= a = a
£ — ¢(ba) 1—a? 1+«

(e

a] =

(The formula for the intersection point of two chords zy and zw of the unit
circle: Ty(ztw)—zw(z+ty) )
: TY—zZW :
Moreover, the second intersection points of BAy, C'As and () ABC are
(7

5 and Sa, respectively. Hence,

By (548) b(s)rBe) WB(1+8)-w(l) @A)

1
5
c(Ba) — b (%) W26 — w (%)
B By +w?B—wp—1 B a+ (w—w?)af + w?
B w2By —w ‘= w(l+ )

a9 a

(%)

2

Here, By = —%-.



International Mathematical Olympiad 227

Next, we try to find the equation for () AA4; As:
(Z —a)(a1 — a2)
(Z —a2)(a1 — a)
(Z —a)(a1 — a2)
(Z —az)a
(Z —a)(a+w? —a—(w—w?)af —w?)
(Z = az)(w(l + a))

(Z —a)(aB) . (Z — a)w
CZ-wwita) T Zwnita

& (Z-aw@Z-a@)F1+7) +(Z - ax)y(1 +a)(Z — )@ =0
& WZ —a2) + wy?a(Z —a)(Z —az) = 0

S B(Z—-a)Z @) —AZ -a)(Z —as) =0
<~

(B8=2Z — (@28 — va)Z — (Ba — vyas)Z + (Bady — yaga) = 0.
(%)
To eliminate as in the coefficients, use (%) and its conjugate form as =
B+(w2—w)+w2(xﬂ_.

eR

R

R

ciR

w?(1+a)B a
_ _ a
0/26—’)/0/:(1+a)[Wﬁ+(1_(»02)"‘(&)20(6—’)/—70(]
_ Be—~a+baf —aya+ (1 —w?)a
N 1+« ’
Ba— vy = Ba+ afa — w?aay + (1 — w)aaBy — wya
Tz = 1+«
_ Ba—Ab+afa—vyac+ (1 —w?)a
N 1+« '
s o BBt ) glat (o) a4
2TRT TR 1 a) w(l+ )
(- +wa)
wl+a)

Here, a8y = —w?

OAAlAQS
(1+a)(8=7)ZZ — e —va + baf — aya + (1 — w?)a)Z
—[Ba — b+ aBa —yac+ (1 —w?)a]Z + w?(B — 7)(1 + wa) = 0.

is used. Substitute them into (xx) to get the equation for
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Now we turn to the equations for (¢) BBy By and () CC;Cs: the coefficients
of ZZ,Z,7Z and 1 are permutations of «, 3, and a, b, ¢ of the above. The
key is to note that every cyclic sum of the coefficients adds to zero, which
implies that the sum of the three equations is 0 = 0. If Z satisfies two equa-
tions, then it must satisfy the third equation. This means the intersection
of two circles also lies on the third circle.

It only requires to show there are two intersection points. As the cen-
tre O is on segments AA;, BBy, CC4, the three circles have common inte-
rior points. We show that they are not mutually inclusive. As Bs is inside
quadrilateral BCy B1C, if Cy and C are both on or inside (-) BB Bs, then
Bs is inside () BB1Bs, a contradiction. Thus, (-) BB;By does not con-
tain or touch () CC;Cs. The same is true for any other pair of the circles.
Therefore, the circles are not mutually inclusive; they have two intersection
points, and the conclusion follows.

Remark Instead of calculating a1, one can also derive the equation ()
for () AA; A5 by calculating the directed angle ZAA; Ay = 5 — 7.

Solution 5 (Edited from Shi Haojia’s solution) Let O be the center of
ABC. As in Solution 1, Ay, By, Cy are the centers of () A3 BC, () B2CA,
(O C2 AB, respectively.

Define ZAC1B = 2a, /BA1C =25, /AB1C = 2. Then a+ 8+~ = %’T
and , 3,y € (%, g) Note that ZAC1C > 3§ > # = LAB5C, and thus
C1 is on segment ABs; similarly, A; is on segment C'By. Assume that B is
inside AOB (as £B3AB = ZC1AB < ZOAB, Bs is not inside AOC).
We have

/CB1By — LAB1By

/4BB1By = 5 = /LCABy; — LACBy

:43203—432/13:(g—ﬁ)—(g—a):a—ﬁ.

Due to symmetry, if any two of «, 8,y are equal, then two sides of A1 B;C}
are equal, contradiction. So, «, 8,~ are distinct, « > 5, and ZBB1Bs > 0.
This implies B, By, By are not collinear, and similarly A, A;, As are not
collinear, C, C1, Cy are not collinear, either.

Claim: () BB; By and () CCC5 have two different intersection points.
Let S = By be the second intersection point of (-) BB1Bs2 and B>C.
Then /BSBy = /BB1By = a—f < §—[=/A,CB = ZB,CB, implying
that C' is on segment B2S and C = S, Bsy. Since S, By are on (-) BB Bo,
C must be inside () BB1Bs. Since By €A AOB CA AB1B and (4 is on
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segment ABQ, ABClBl = ABBQBI — ABchl — ABgBlcl < ZBBgBl
This indicates that C; is outside () BBy Ba, and thereby () CC1Cy and
(© BB; By have two different points of intersection, say L; and Lo.

For point X, denote the power of X with respect to () AA; Az by pa(X),
and likewise pp(X) and pc(X). In any rectangular coordinate system, the
pairwise differences of pa(X), pp(X) and pc(X) are linear functions of the
two coordinates (as the 22 + y? terms cancel out). If ﬁ = )\O_A> + uO@ +
TO? with A+ pu+ 7 =1, then

pa(P) — pp(P) = Mpa(A) — pp(A)) + plpa(B) — pp(B))
+7(pa(C) — p(C));

p(P) — pc(P) = Mps(A) = pc(A4)) + u(ps(B) — pc(B))
+7(p(C) — pc(C)).

We will prove

pa(A) —pp(A) _ pa(B) —pp(B) _ pa(C) — pp(C)
pB(A) = pc(A) — pp(B) —pc(B)  pp(C )—pc(C)’
(

in which the denominators are all nonzero. It will follow that p4(P)—pp(P)
is a constant multiplied by pg(P) — pc(P), and pp(P) = pc(P) will 1mp1y
pa(P) = pp(P). Taking P = Ly, Lo, we have pp(P) = pc(P) = 0, then
pa(P) =0, L1, Ly are on () AA; Ay, and this will complete the proof.

Obviously, pa(A) = pp(B) = pc(C) = 0. Now compute pp(A), pa(B),
pB(C), pc(B), pc(A), pa(C). (It is not required that By lies inside OADB;
use directed angles for all angles involved.) We have

sin ZSBC sin ZCABy
pp(C) = =C8-CBy = =BC 3 7 pes AC § aB0
AR, sm( -8B ABSBQ) .sin(%f(%fa))
B sin Z/BS B sin AAEIC

2.cosoz-sin(oz—%)

— _AB
sin (o — ) - siny ’

(here ZBSBs = a — 8 was shown) and similar expressions for the five
powers. Once

pa(A) —pp(A)  pa(B) — ps(B) ®

pB(A) — pc(A)  pe(B) — pc(B)
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is verified, by interchanging B and C,

pa(A) —pc(A) _ pa(C) = pc(C)
pc(A) —pp(A)  pc(C) —pp(C)’

adding 1 to both sides, and multiplying by —1, we obtain

PA(A) - PB(A) _ PA(C) - PB(C),
ps(A) —pc(A)  pp(C) = pc(C)’

together with @, the conclusion follows. Indeed, we have

.cosﬁ-sin(ﬁ—%).

pB(A) = 71432

pc(A) = —AB

> cos 3 - sin (ﬂ - %) -sin fBsin(y —a)

where the last equality comes from
sin(f — ) -siny —sin(f — ) - sina
=sinf-cosa-siny —sinf - cos7y - sin«

=sinf - (cos - siny — cos~y - sin ) = sin Bsin(y — ).

Moreover,
cosy - sin (7 — 1)
B) = —AB?. 6
pa(B) sin(y —a) -sing3’
cosy - sin (7 — 1)
B) = —AB*. 82 =9
pc(B) sin(y — ) - sina

Together, they give

ps(4) _ _sin(B—y)sina _ pa(B)
p5(A) = pc(A) sin Bsin(y — ) po(B)

as desired.

@
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Solution 6 (Edited from Sun Qi’ao’s solution) As in Solution 1, we have

(1) Ay, Bq,Cyp are the centers of () A2BC,() B2CA, and () C2AB,
respectively;

(2) A1As, B1 By, C1Cs have a common point of intersection, say P;

(3) The powers of P to w, = (O AA1A2,wpy = (OBB1Bs, and w, =
(O CC1Cy, are equal;

(4) Each pair of wg,ws, w. has two intersection points.

Now we Prove that the ratios of the powers of A and A to wy, w,. are equal.

Let /B3ACy = o, ZC3BAy = 8, /A3CBy = « (see Fig. 10.10). The
problem gives a + 8 + v = 120°, «, 3,7 € (30°,60°). By manipulation
of angles, we find LAC:Cy = «,/BC1Cy = 2a,/A1BC = a — 30°,
and so on.

Suppose AB and wy intersect at two points B, Xp; AC and w, intersect
at C, X.; A1 B and w, intersect at B,Y}; A1C and w, intersect at C,Y..
We have

/C1CY, = L/C1CA; = 30° — LZA1CB = 60° — q;

LY.CsAy = LC1Cs A1 — LC1CaYs = B — (60° — a) = 60° — ;
CX.Co= CY.Co=7— CoAiY.— Y.CoAdi=a—p
ACYX,. = AX.Cy+ LCYAC = o — 30°.

On one hand, the power of A to w, is

AC - AX, = AC - A, - Snlo =309
sin(a — )

which is positive when a — 8 > 0 and negative otherwise. The power of A

to wp is

sin(a — 30°)

AB-AX, = AB - ABy - —
sin(a — )

)

leading to the ratio of powers

AB - AX, _ ABs-sin(a—f)  AB . sin(a — f8)

AC-AX, ACs-sin(a—7v) AC; sin(a—7)

~_cosZC1AB . sin(a — )
cos ZB1AC  sin(a —7)

_ sin(120° —v) sin(a — )
sin(120° — 8)  sin(a—7)°

rA =
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A / B,ACy=at
£ C,BA=p
£ A,CBy=y
o+p+y=120°

L B,ACy=a

£ CyBA=p

L A,CBy=y

a+p+y=120°

£.CCY =2 CCBy=60°-ax

Fig. 10.10

On the other hand, the power of A; to w, is
sin(60° — )
sin(a — 3) ’

which is negative when o — 8 > 0 and positive otherwise. The power of Ay

AC-AY.=-A,C-ACy-

to wyp is
sin(60° — B)
sin(a — )

AlB . A1YE7 = *AlB . AlBQ .
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The ratio of the powers is

AlB . Alyia A1B2 - sin(60°
T = =
M T A C-AY,  ACs - sin(60°

B) -sin(a — f)
7) - sin(a —7)

( —
( —
AP S (o0 — Gysinga )
. ) a J—

AP Ssii“n%’ sin(60° — )sin(a — )
_ sin37sin(60° — B)sin(a — B)sin 8
 sin383sin(60° — v)sin(a — )siny

Simplify the above fraction by the triple angle identity
sin 3z = 4sin xsin(60° — x)sin(120° — z)

to reach
sin(120° — y)sin(a — B) .
sin(120° — B)sin(a — )
Now let wp and w, intersect at two points X and Y, as shown in Fig. 10.11.
By the circle power theorem, A, A1, X, Y are concyclic. The common point
of intersection P defined in (2) lies on XY, the radical axis of wp and we.
Finally,

XP-PY =BP-PBy=A,P-PA; = A, Ay, X,Y are concyclic,

and thus A, A1, A, X,Y are all on a circle. The conclusion follows.

TAI -

£ B,ACy=a

L CyBA=P

£ A,CBy=y

a+f+y=120°

£.C\CY =2 CCB,=60°-a

Fig. 10.11
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