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Preface 

This book is a continuation of Mathematical Contests 1998-1999: Olympiad 

Problems and Solutions from around the World, published by the American 

Mathematics Competitions. It contains solutions to the problems from 32 

national and regional contests featured in the earlier book, together with 

selected problems (without solutions) from national and regional contests 

given during 2000. In many cases multiple solutions are provided in order 

to encourage students to compare different problem-solving strategies. 

This collection is intended as practice for the serious student who wishes 

to improve his or her performance on the USAMO. Some of the problems 

are comparable to the USAMO in that they came from national contests. 

Others are harder, as some countries first have a national Olympiad, and 

later one or more exams to select a team for the IMO. And some problems 

come from regional international contests (“mini-IMOs’”). 

Different nations have different mathematical cultures, so you will find 

some of these problems extremely hard and some rather easy. We have 

tried to present a wide variety of problems, especially from those countries 

that have often done well at the IMO. 

Each contest has its own time limit. We have not furnished this 

information, because we have not always included complete exams. As a 

rule of thumb, most contests allow time ranging between one-half to one 

full hour per problem. 

The problems themselves should provide much enjoyment for all those 

fascinated by solving challenging mathematics questions. 
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[999 National Contests: 
Problems and Solutions 

| Belarus 

National Olympiad, Fourth Round 

Problem 10.1 Determine all real numbers a such that the function 

f(x) = {az + sin x} is periodic. Here, {y} denotes the fractional part of 

y. 

Solution. The solutions area = =, rE Q. 

First, suppose that a = = for some r € Q. Write r = ¢ with s,t € Z 

and t > 0. Then 

f(z + 2tr) = iG + 2tm) + sin(x + 2tn)} 

8 : S : 
= {=x +2s+ sina} = {=x = sina} =e as 

tr tr 

Hence, f is periodic with period 2t7z. 

On the other hand, suppose that f is periodic — i.e., there exists p > 0 

such that f(x) = f(x +p) for all zc € R. Then for all e € R, {ax+ 

sinz} = {ax+ap+sin(2+p)} and hence g(x) = ap+sin(a+p) —sinz 
is an integer. Because g is continuous, there exists a single integer k such 

that g(x) = k for all x € R. For any y € R andn EN, setting x = y, 

y+p, yt 2p, ..., y+(n—1)p in the equation g(x) = k and summing 

the resulting n equations yields 

sin(y + np) — siny = n(k — ap). 

Because the absolute value of the left-hand side of this equation is bounded 

by 2, we conclude that & = ap and sin(x + p) = sing for all x € R. In 
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particular, sin (Z + p) = sin (5) = 1. Hence, p = 2mr for some m € N. 

Thus a = . =; =f withr= a € Q as desired. 

Problem 10.2 Prove that for any integer n > 1 the sum S of all divisors 

of n (including 1 and 7) satisfies the inequalities 

kin < S < V2kn, 

where k is the number of divisors of 7. 

Solution. Let the divisors of n be 1 = d, < dg <--- < dy = 7, So that 

djdx41-; = n for each 7. Then 

k 

ey ee > Vite = kV, 
| i=l 

where the inequality is strict because equality does not hold for a 2 

Vd dy. : 

For the right inequality, let S. = 5>,_,d?. By the Power Mean 

Inequality, 

k k n 2 
So d? 1 1 x 
—_ = ee < —_ << — 

a ) 2 2 > = = 5 : D n it 1 di gee sah 6 
j 

because d;, ..., dy are distinct integers between 1 and n. Therefore, 

S< Vi < [2 ™ o/h. 

Problem 10.3 There is a 7 x 7 square board divided into 49 unit cells, 

and tiles of three types: 3 x 1 rectangles, 3-unit-square corners, and unit 

squares. Jerry has infinitely many rectangles and one corner, while Tom 

has only one square. 

(a) Prove that Tom can put his square somewhere on the board (covering 

exactly one unit cell) in such a way that Jerry can not tile the rest of 

the board with his tiles. 

(b) Now Jerry is given another corner. Prove that no matter where Tom 

puts his square (covering exactly one unit cell), Jerry can tile the rest 

of the board with his tiles. 
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Solution. 

(a) Tom should place his square on the cell marked X in the boards below. 

1:3aleht: haehod a 

The grid on the left contains 17 1’s, 15 2’s and 16 3’s. Because every 

3 X 1 rectangle contains a 1, a 2 and a 3, Jerry’s corner must cover a 

3 and two 1’s. Thus his corner must be oriented like a [. Every such 

comer covers a 1, a 2 and a 3 in the right grid, as does any 3 x 1 

rectangle. Because the right grid also contains 17 1’s, 15 2’s and 16 

3’s, Jerry cannot cover the 48 remaining squares with his pieces. 

(b) Consider the following figures. 

Br 

The first figure can be rotated and placed on the 7 x 7 board so that 

Tom’s square falls into its blank, untiled region. Similarly, the second 

figure can be rotated and placed within the remaining untiled 4 x 4 

region so that Tom’s square is still uncovered. Finally, the single 

corner can be rotated and placed without overlapping Tom’s square. 

Problem 10.4 A circle is inscribed in the isosceles trapezoid ABCD. 

Let the circle meet diagonal AC at K and L (with K between A and L). 

ind th 1 f Fin e value o AL-KC 

AhKiaG 

First Solution. 

Lemma. Suppose that a (not necessarily isosceles) trapezoid ABCD 

is circumscribed about a circle with radius r, where the circle touches 
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sides AB, BC,CD, DA at points P,Q, R,S, respectively. Let line AC 

intersect the circle at K and L, with K between A and L, and write 

m= AP and n= CR. Then 

AK - LC = mn + 2r? — ./(mn + 2r?)? — (mn)? 

and 

AL- KC =mn + 2r? + V/(mn + 2r?)? — (mn)?. 

Proof. Assume, without loss of generality, that AB || CD, and orient 

the trapezoid so that lines AB and CD are horizontal. Let t = AK, 

u = KL, and v = LC. Also let o =t+v and a = tv. By the power 

of a point theorem, ¢(t + u) = m? and v(v+u) = n?. Multiplying 
these two equations yields 7(a + uo + u2) = m?n?. Also, A and C are 
separated by horizontal distance m+ n and vertical distance 2r. Thus, 

AC? = (m+n)? + (2r)?, and 

(m'tny? £ (2A? SAC? = (+44 v0) 

m? +Imnt+n? 4 4r? = t(t+u)+o(vt+u)+2ar4+u04+ wv? 

m? +Imnt n? 4 4r? =m? +n? 424+ue+u? 

2mn + 4r? —- 7 =a+u0+4+ v?. 

Multiplying both sides by 7 yields 

m(2mn + 4r? — 2) = 2(m + uc + u?) = (mn), 

a quadratic in 7 with solutions 

m= mn + 2r? + \/(mn +t 2r?2)2 — (mn)?. 

Now, m?n? = t(t + u)v(v + u) > t?v?, implying that mn > 7. 
Therefore, AK - LC = 17 = mn + 2r? — \/(mn + 2r?)? — (mn)?. Also, 

(AK - AL) - (CK - CL) = m?-n?. Hence, AL- KC = ™® = 
mn + 2r2 + ./(mn + 2r?)2 — (mn)?. a 

As in the lemma, assume that AB || CD and let the given circle be 

tangent to sides AB, BC, CD, DA at points P,Q, R, S, respectively. Also 
define m = AP = PB = AS = BQ andn = DR= RC = DS =CQ. 

Drop perpendicular AX to line CD. Then AD = m+n, DX = |m—n|, 
and AX = 2r. Then by the Pythagorean Theorem on triangle ADX, we 

have (m+n)? = (m—n)? + (2r)?, implying that mn = r?. 
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Using the lemma, we find that AK - LC = (3— 2/2)r? and AL- KC = 

(3+ 2/2)r?. Thus, 424° — 17 + 12/2. 

Second Solution. Suppose A’ B’C’D’ is a square with side length s, and 
define K’, L’ analogously to K and L. Then A’C’ = s\V/2, K’L’ = s, 
A'L! = K'C! = 5241 and A’K’ = LC! = 521. Thus, 

A'L'- K'C' _ (f2+1)? 
TT ERG ag Ga 

Consider an arbitrary isosceles trapezoid ABC D with inscribed circle w, 

and assume that AB || C'D. Because no three of A, B, C, D are collinear, 

there is a projective transformation 7 taking ABCD to a parallelogram 

A'B’C’D'. This map takes w to a conic w’ tangent to the four sides of 

A'B'C'D’, Let P = BCN AD, and let £ be the line through P parallel to 

line AB; then 7 maps £ to the line at infinity. Because w does not intersect 

£, w’ is an ellipse. Thus, by composing 7 with an affine transformation 

(which will map parallelograms to parallelograms) we may assume that w’ 

is a circle. 

Let W, X, Y, Z be the tangency points of w to sides AB, BC, CD, 

DA respectively, and W’, X', Y’, Z’ their images under 7. By symmetry, 

line WY passes through the intersection of lines BC and AD, and line 

X Z is parallel to lines AB and CD. Thus, W’Y’ || B’C” || A’D’ and 

X'Z' || A’B’ || C’D’. Because w’ is tangent to the parallel lines A’B’ and 

C’D! at W' and Y’, WY’ is a diameter of w’ and W’Y’ 1 A’B’. Hence, 
B'C’ | A'B’ and A’'B’C'D’ is a rectangle. It follows that A’B’C’D’ 

must be a square because it has an inscribed circle. 

Thus, we are in the case considered at the beginning of the problem. If 

K’' and L’ are the intersections of line A’C’ with w’, with K’ between A’ 

and L’, then aC = = 17+ 12,/2. Now 7 maps {K, L} = AC Nw to 

{K', L'} = A’C’ Nu" (but perhaps not in that order). If r(A’) = K’ and 

T(L) = L’, then because projective transformations preserve cross-ratios, 

= (V2 +1)* =17+4 12V2. 

we would have 
JANIE, IKE is AL! , HOG! 

AK-LC  A’K'. L/C! 
If ee 7(K) = L’ and r(L) = K’, then we would obtain 444° — 

ae < 1, which is impossible because AL > AK and KC’ > LC. It 

follows that 4pKe= = 17+ 122, as desired. 

= 17 +12V2. 

Problem 10.5 Let P and Q be points on the side AB of the triangle ABC 

(with P between A and Q) such that ZAC P = ZPCQ = ZQCB, and let 
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AD be the angle bisector of 7BAC. Line AD meets lines CP and CQ at 

M and N respectively. Given that PN = CD and 3ZBAC = 22BCA, 

prove that triangles CQD and (NB have the same area. 

Solution. Because 37BAC = 2ZACB, 

f PAN= ~NAC ZACPEZLCO =ZO0CE. 

Let @ equal this common angle measure. Thus ACN P and AC'DQ are 

cyclic quadrilaterals, so 

ZANE = ZCOD=ZERN. 

From angle-angle-side congruency we deduce that triangles NAP, CQD, 

and PCN are congruent. Hence CP = CQ, and by symmetry we have 

AP = OB Thus.iCQD|—| NAP) = (NOB. 

Problem 10.6 Show that the equation 

{x} + {y°} = {2°} 

has infinitely many rational non-integer solutions. Here, {a} denotes the 

fractional part of a. 

Solution. Let = 3(125k +1), y = $(125k +1), z = (125k +1) for 
any integer k. These are never integers because 5 does not divide 125k+1. 

Moreover, 

125a° = 33(125h 41) 3° (mod 125). 

Hence 125 divides Re an and x? — evs is an ieee ens, con 
22. Similarly, {y*} = & and {29} = oe sf ae. 6 

oa = z aS as oe and 
therefore {x°} + {y?} = {23}. 

Problem 10.7 Find all integers n and real numbers m such that the 

squares of an n x n board can be labelled 1, 2, ..., n? with each number 

appearing exactly once in such a way that 

(m— lay < (+7)? —G49) < Mai; 

for all 1 <i,7 <n, where a;; 18 the number placed in the intersection of 

the z-th row and j-th column. 
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Solution. Either n = 1 and 2 < m< 3 orn = 2 and m =3. It is easy 

to check that these work using the constructions below. 

Now suppose we are given a labelling of the squares {a;;} which satisfies 

the given conditions. By assumption, a; > 1, so 

m—1<(m-—l)ay < (14+1)?-(14+1)=2 

and m < 3. On the other hand, a,, < n?, so 

An? — 2n = (n +n)? — (n+ n) < mann < mn? 

and 

Thus, 4 — 2 < m < 3, which implies our initial claim. 

Problem 11.1 Evaluate the product 

91999 

kr aw) 
II (4 _ 92000 3) : 
k=0 

Solution. For all real z, let f(x) = sin (si00) - 
When k = 0, the expression inside the parentheses equals —3. Using the 

triple-angle formula sin(3) = 4 sin? @— 3sin 0, and noting that f(k) 4 0 

when 1 < k < 21999, we can rewrite the given product as 

21999 

Tl ve)= TL ze). TL rey. TD rn. 
2200049 

3 

Because sin # = sin(m — 0) = —sin(a + 0), we have 

f(x) = f(2°P — 2) =—f(e@—2°™). 
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Hence, letting S; = {k | 1 < k < 21999, k = i(mod 3)} for 7 = 0,1, 2, 

the last expression equals 

seated pila) 91999 

f(ak)- EE]: (Pes 8b) =| (=fCe— 2) 
k=1 eee zee 2) 

= [76 fire] ere) 
kESo keESy kES2 

21999 91999 

— 

= TL =- || ft) 

Combined with the expression in (1), this implies that the desired product 

is (3)(-1) =3. 

Problem 11.2 Let m and n be positive integers. Starting with the list 

1, 2, 3, ..., we can form a new list of positive integers in two different 

ways. 

(i) We first erase every m-th number in the list (always starting with the 

first); then, in the list obtained, we erase every n-th number. We call 

this the first derived list. 

(ii) We first erase every n-th number in the list; then, in the list obtained, 

we erase every m-th number. We call this the second derived list. 

Now, we call a pair (m,n) good if and only if the following statement 

is true: if some positive integer k appears in both derived lists, then it 

appears in the same position in each. 

(a) Prove that (2,7) is good for any positive integer n. 

(b) Determine if there exists any good pair (m,n) such that 2< m <n. 

Solution. Consider whether some positive integer 7 is in the first derived 

list. If it is congruent to 1 (mod m), then 7 + mn is as well so they are 

both erased. If not, then suppose it is the t-th number remaining after 

we’ve erased all the integers congruent to 1(mod m). There are n such 

numbers erased between j and j + mn, so j + mn is the (+ mn —n)-th 

number remaining. Note that either t and t + mn — n are both congruent 

to 1 (mod n) or both not congruent to 1 (mod n). Hence j is erased after 

our second pass if and only if 7 + mn is as well. 

A similar argument applies to the second derived list. Thus in either de- 

rived list, the locations of the erased numbers repeat with period mn. Also, 
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among each mn consecutive numbers exactly mn—(m-+n-—1) remain. (In 
the first list, n+(| Sen) | = 1) = n+(m —1i+ || =F 1) =m+n—-1 

of the first mn numbers are erased; similarly, m+n — 1 of the first mn 

numbers are erased in the second list.) 

These facts imply that the pair (m,n) is good if and only if when any 

k < mn is in both lists, it appears at the same position. 

(a) Given a pair (2,n), the first derived list (up to k = 2n) is 

4,6,8,...,2n. If nm is even, the second derived list is 3,5,...,n — 

1n+2,n+4,...,2n. If n is odd, the second derived list is 

3,0,...,27—2,n,n+3,n+5,...,2n. In either case, the first and 

second lists’ common elements are the even numbers between n + 2 

and 2n inclusive. Each such 2n—1 (with i < 45+) is the (n—1—i)-th 

number on both lists, showing that (2,7) is good. 

(b) Such a pair exists — in fact, the simplest possible pair (m,n) = (3, 4) 

suffices. The first derived list (up to k = 12) is 3, 5, 6, 9, 11, 12 and 

the second derived list is 3, 4, 7,8, 11,12. The common elements are 

3, 11,12, and these are all in the same positions. 

Problem 11.3 Let aj, a2, ..., @10o9 be an ordered set of numbers. At 

each move it is allowed to choose any two numbers a,,, @m and change 

them to the numbers 

2 2 2 2 a i (Gk a mfa tee reg ete ay eellias hd = ht Bee [geteees gi 
Ge Hs NO An if: NOs 

respectively. Determine if it is possible, starting with the set with a; = z 

for 7 = 20, 40, 60, 80, 100 and a; = 1 otherwise, to obtain a set consisting 

of integers only. 

2 2 
° a a 

Solution. Suppose we change a,, to a;, = a oe (= — am) and am, 
2 2 / / 

n =a ™m a Ne a a 

OO We a, (= an) . Observe that = + = equals 

1a, 1am) | om +|(4-#-2- 2) +9] 
iad, Pa as m ine Geen Gs. rele 

100.7 aeaneeaeks 
which equals “= + %™. Thus, the quantity }7;-; = is invariant under the 

given operation. Originally, this sum equals 

a; il 
Lis Da ae aera 
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When each of the numbers “+, &,..., G} is written as a fraction in lowest 

terms, none of their denominators are divisible by 125. On the other hand, 

125 does divide the denominator of =a0- Thus when written as a fraction 

in lowest terms, J; must have a denominator divisible by 125. 

Now suppose, by way of contradiction, that we could make all the 

numbers equal to integers 6;,b2,...,6100 in that order. Then in [2 = 

pee be the denominator of each of the fractions - is not divisible 

by 125. Thus, when Jz is written as a fraction in lowest terms, its 

denominator is not divisible by 125 either. Then J2 cannot possibly equal 

I,, a contradiction. Therefore, we can never obtain a set consisting of 

integers only. 

Problem 11.4 A circle is inscribed in the trapezoid ABCD. Let Kk, L, 

M, N be the points of intersections of the circle with diagonals AC and 

BD respectively (K is between A and L and M is between B and JN). 

Given that AK - LC = 16 and BM -ND = 2, find the radius of the 

circle. 

Solution. Let the circle touch sides AB, BC,CD,DA at P,Q,R,S, 

respectively, and let r be the radius of the circle. Let w = AS = AP, 

2= BP > BOQ, y= CO = CR, andie = DR =D 51 FAs ii problem 

10.4, we have wz = xy = r? and thus wxyz = r*. Also observe that from 

the lemma in problem 10.4, AK - LC depends only on r and AP: CR, 

and BM - ND depends only on r and BP- DR. 

Now, draw a parallelogram A’B’C’D’ circumscribed about the same 

circle, with points P’,Q’, R’, S’ defined analogously to P,Q, R,S, such 

that A’P’ = C’R’ = ,/wy. Draw points K’, L’, M’, N’ analogously 

to K,L,M,N. Because A’P’. C’R’ = wy, by the observation in the 

first paragraph we must have A’K’ - L’/C’ = AK - LC = 16. Therefore, 

A'K' = L'C’ = 4. Also, as with quadrilateral ABCD, we have 

A'P’. B'P!.C'R'. D'R' = r* = wayz. Thus, B’P’. D'R' = xz, and 
again by the observation we must have B’M’-. N’D’ = BM.ND = 2. 

Therefore, B’M’ = N’D! = 3. 
Letting O be the center of the circle, we have A’O = 44, and 

S’O = r. By the Pythagorean Theorem, A’S’ = \/8r +16. Similarly, 

S'D! = 4/3r + 2. Because A'S’. S'D! = r?, we have 

(8r + 16) (sr + z) i 
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which has positive solution r = 6 and, by Descartes’ rule of signs, no 

other positive solutions. 

Problem 11.5 Find the greatest real number & such that for any triple of 

positive real numbers a, b, ec such that 

kabe > a® + 6° 4+ c?, 

there exists a triangle with side lengths a, }, c. 

Solution. Equivalently, we want the greatest real number k such that for 

any a, b, c>0 witha+b<c, we have 

habe <0 4b ee. 

First pick b = a and c = 2a. Then we must have 

Ora uk O 

On the other hand, suppose k = 5. Then writing c= a+b+42, expanding 

a? + b? + c? — 5abe gives 

2a? + 2b? — 2a7b — 2ab? + abs + 3(a? + b?)a + 3(a + b)a? + 2. 

Either by rearrangement, by the AM-GM inequality, or from the inequality 

(a + b)(a — b)? > 0, we know that 2a? + 2b? — 2a*b — 2ab? > 0. The 
other terms in the expression above are also nonnegative, implying that 

a? + b® +c? — 5abc > 0, as desired. 

Problem 11.6 Find all integers x and y such that 

a® + oy = y? + 2y?. 

Solution. The only solutions are (x, y) equals (0,0), (0, -2), and (2, 4). 

If x = 0 then y = 0 or —2; if y = 0 then x = 0. Now assume that 

both x and y are nonzero, and rewrite the given equation as x3(x? + y) = 

y’(y + 2). : 
We first show that (a,y) = (ab, 2b?), (ab, b?), or (ab, 4) for some 

integers a,b. Suppose some prime p divides y exactly m > 0 times (that 

is, y is divisible by p™” but not p+). Because 2° = y? + 2y? — ay, p 

must divide x as well — say, n > 0 times. 

First suppose p > 2. Then p divides the right-hand side y?(y + 2) 

exactly 2m times. If 3n < m, then p divides the left-hand side x° (x? + y) 
exactly 6n times so that 6n = 2m, a contradiction. If 3n > m, then p 
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divides the left-hand side exactly 3n +m times so that 3n +m = 2m and 

3n =m, a contradiction. Therefore, 3n = m. 

Now suppose p = 2. If m > 1, then 2 divides the right-hand side 

exactly 2m + 1 times. If 3n < m, then 2 divides the left-hand side 6n 

times so that 6n = 2m +1 > 2m, a contradiction. If 3n > m, then 2 

divides the left-hand side 3n + m times so that 3n + m = 2m + 1 and 

3n =m-+1. Alternatively, we could have 3n = m. 

We show that (x,y) = (ab, 2b?), (ab, b?), or (ab, g) for some integers 

a and b. If 2 divides y only once, then from before (because 3n = m 

when p > 2,m > 0) we have y = 2b° and x = ab for some a,b. If 2 

divides y more than once, then (because 3n = m when p > 2,m > 0 and 

3n = m or m+1 when p = 2,m > 1) we either have (x, y) = (ab, b) 

orsta;y) = (ab; a 

Now, we simply plug these possibilities into the equation. We then 

either have a® + 2a* = 8b? + 8, a® + a? = b? + 2, or 8a° + 4a? = b? +4. 
In the first case, if a > 1 then (a? + 1)? > (2b)? > (a?)?. If a < —2 

then (a2)? > (2b)? > (a? — 1)3. Thus either a = —2,—1,0, or 1, and 
these possibilities yield no solutions. 

In the second case, if a > 1 then b? = a® + a? — 2 and some algebra 

verifies that (a? + 1)? > b? > (a?)3, a contradiction. If a < —1 then 

we have (a”)? > 6? > (a? — 1)3. Thus either a = —1,0, or 1. The first 
possibility yields b? = —2, the second yields x = 0, and the third yields 

b = 0. However, we’ve assumed that b is an integer and that x, y + 0, so 

this case yields no solutions as well. 

Finally, in the third case when a > 1 then (2a? + 1)? > 6? > (2a?)?. 
When a < —1 then (2a7)? > b? > (2a? — 1)3. Thus either a = —1,0, or 
1, yielding the two possibilities (a, b) = (—1,0) and (a,b) = (1,2). Only 

the latter gives a solution where x, y 4 0 — namely, (x, y) = (2,4). This 

completes the proof. 

Problem 11.7 Let O be the center of circle w. Two equal chords AB and 

CD of w intersect at L such that AL > LB and DL > LC. Let M and 

N be points on AL and DL respectively such that ZALC = 27MON. 

Prove that the chord of w passing through M and N is congruent to AB 

and CD. 

Solution. We work backward. Suppose that P is on minor arc AC and 
@ is on minor arc BD such that PQ = AB = CD, where line PQ hits 
AL at M' and DL at N’. We prove that ZALC = 2/M’'ON’. 
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Let the midpoints of AB, PQ, CD be T;, Tz, and T3. CD is the image 

of AB under the rotation about O through angle 7T, OT}. This angle also 

equals the measure of AG which equals ZALC. Also, by symmetry we 

have ZT,;OM' = ZM'OT» and ZT,ON' = ZN'OT3. Therefore 

LALC = ZT\OT, 3ZTiOT, 4 TOT, 

= 2(ZM'OT> + ZT2,ON') = 2ZM'ON’, 

as claimed. 

We now return to the original problem. Because 72T,OT3 = ZALC, 

LAIOL R= 41, OT3 =i sZALC. Because ZMON = 4ZALC = 

ZI,OL, M must lie on 7; L. Then consider the rotation about O that 

sends 7; to M. It sends A to some P on AC, and B to some point Q on 

BD. Then PQ is a chord with length AB, passing through M on AL and 

N’ on DL. From the previous work, we know that ZALC = 2ZMON’. 

Because ZALC = 2ZMON, we must have N = N’. Thus the length 

of the chord passing through M and N indeed equals AB and CD, as 

desired. 

IMO Selection Tests 

Problem 1 Find all functions h : Z — Z such that 

h(x + y) + h(ay) = h(a)h(y) +1 

for all x, y € Z. 

Solution. There are three possible functions: 

h(n) = 1 for all integers n; 

h(2n) = 1,h(2n + 1) = 0 for all integers n; 

h(n) =n +1 for all integers n. 

Plugging (x,y) = (0,0) into the functional equation, we find that 

h(0)? — 2h(0) + 1 = 0 and hence h(0) = 1. Plugging in (x, y) = (1, -1) 

then yields h(0) + h(—1) = A(1)h(-1) +1, or h(—1)(1 — h(1)) = 0. 

Thus, either h(—1) = 0 or h(1) = 1. 

First, suppose that h(1) # 1 and h(—1) = 0. Plugging in (x,y) = 

(2,—1) and (a,y) = (—2,1) yields A(1) + h(—2) = 1 and A(—2) = 

h(—2)h(1) + 1. Substituting h(—2) = 1 — h(1) into the second equation, 
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we find that 

1—A(1) = (1— A(1))A(1) +1, 

h(1)? — 2h(1) =0, and A(1)(h(1) — 2) =0, 

implying that h(1) = 0 or A(1) = 2. 

Thus, h(1) = 0, 1, or 2. Plugging y = 1 into the equation for each 

of these cases shows that h must be one of the three functions presented. 

Each of these three functions indeed satisfies the given functional equation. 

Problem 2 Let a, b, c € Q, ac # 0. Given that the equation ax? + 

bxy + cy” = 0 has a nonzero solution of the form 

(x,y) — (ap + a, V2 + a2 WA, bo +b 72 + bo V4) 

with a;, b; € Q, i = 0, 1, 2, prove that it has also has a nonzero rational 

solution. 

Solution. Let (a, 3) = (ap + a1 V2 + a2 W4, bo + bi W2 + be W4) be the 

given solution. If @ = 0 then aa? = 0, which is impossible because a 

and a must both be nonzero. Therefore, 3 ~ 0, and a is a root to the 

polynomial 

at? + bt +c=0. 

Also, a is of the form cp + c1 2 co /4 for some rationals co, C1, C2. 

Because it is a root to a quadratic with rational coefficients, applying the 

quadratic formula shows that it must also be of the form d+ e\/f for 

rationals d, e, f. 

Thus, (co —d) +c) W24+c2 7/4 = e\/f. Writing ch, = co —d, the quantity 

( + V2 4c ¥4)" must be an integer. After expanding this square, 

we obtain an expression of the form a + 6/2 + yW/4 for some integers 

a, B, y. This expression is a quadratic in \/2 with integer coefficients. 

Because x* — 2 is irreducible over Z[z], it follows that a = 6 = y = 0. 

Thus, 0 = 8 = 2(c} + coci) and 0 = y = 2chco + c?. From the first 
of these equations, (cc)? = —2c}co; from the second, (chc1)? = c$. 
Hence —2cj’c2 = c3. This implies that either co = 0 or cp = —¥/2ch. In 

the latter case, because cz is rational we still must have co = C =k 

Then c, = 0 as well, and 3 = cp is rational. Thus, (x,y) = (G, 1) is 

a nonzero rational solution to the given equation. 

Problem 3 Suppose a and b are positive integers such that the product 
of all positive divisors of a (including 1 and a) is equal to the product of 
all positive divisors of b (including 1 and b). Does it follow that a = b? 
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Solution. Yes, it follows that a = b. Let d(n) denote the number of 
divisors of a positive integer n. The product of all positive divisors of n 

is 

I] he I] k - \Dhee Piha 
k|n ; k|n Il; k|n 

Thus, the given condition implies that a“ and b4@(°) equal the same 
number N. Because N is both a perfect d(a)-th power and a perfect 

d(b)-th power, it follows that it is also a perfect ¢-th power of some 

number t, where € = Icm(d(a),d(b)). Then a = tHe} and b = tu 

are both powers of the same number ¢ as well. 

Now, if ais a bigger power of t than b, then it must have more divisors 

than b. Then a = t%) < ¢4) = 6, a contradiction. Similarly, a cannot 

be a smaller power of t than b. Therefore, a = 6, as claimed. 

Problem 4 Let a, b, c be positive real numbers such that Go eos 

Prove that 1 : 1 , 1 . 3 

1t+ab 1+be l1+ca~ 2 

Solution. Using the AM-HM inequality or the Cauchy-Schwarz inequal- 

ity, we have 
1 1 1 9 
SS i 2 
GW 2 Sar Use 4 

for x, y, z > 0. Also, notice that a? + b? + c? > ab+bc+ca because this 

inequality is equivalent to $(a — b)? + $(b—c)? + $(c— a)? > 0. Thus, 

if 1 1 9 
—_ + —— + BA rma, rag Sa? 
l+ab 1+be 1+ca”~ 3+ab+bc+ca 

9 3 
> = -, 
— 34+ 49+ 6” 2 

as desired. 

Problem 5 Suppose triangle 7; is similar to triangle T>, and the lengths 

of two sides and the angle between them of 7 are proportional to the 

lengths of two sides and the angle between them of T> (but not necessarily 

the corresponding ones). Must 7; be congruent to 72? 

Solution. The triangles are not necessarily congruent. Let the vertices of 

T,; be A, B, C with AB = 4, BC = 6, and C'A = 9, and suppose that 

ZBCA = kZABC. 

Then let the vertices of T) be D, EL, F where DE = Sk EF = 4k, 

and FD = 6k. Triangles ABC and DEF are similar in that order, so 
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ZEFD = ZBCA=kZABC. Also, EF = k- AB and FD=k.- BC. 

Therefore, these triangles satisfy the given conditions. 

Because AB < AC, we have Z2BCA < ZABC and k < 1. Thus, 

DE = ~. <i 5 < AB, and triangles ABC and DEF are not congruent, 

as desired. 

Problem 6 Two real sequences x1, %2,... and yj, y2,... are defined in 

the following way: 

1 =41= V3, @nt1 =IntVl+22 a > Unt FO n n+ hee 1+y¥2 

forall’ "1. Prove that 2--7,, 0, <0 st all = 1. 

First Solution. Let z,, = a and notice that the recursion for y, is 

equivalent to 

2a tt = ay Pee 

Also note that z2 = /3 = xj. Because the x; and z; satisfy the same 

recursion, this means that z, = ©,_, for all n > 1. Thus, 

In In 
LnYn = = ; 

en In-1 

Because the 2; are increasing, for mn > 1 we have 322_, > 3a? > 1. 

Thus, 

hig te pie eh Re eB has Me toes | liceg2 
n—1? 

and 

32n—1) > En—1 +4/1+ naalle Sip. 

Also, ,/1+22_) > 2n-1 => Ln > 2p_1. Therefore, 2 < 2nYn = 
“n_ < 3, as desired. 

Ln-1 

Second Solution. Writing x, = tana, for 0° < an < 90°, we have 

In41 = tana, + V1+ tan? a, = tana, + sec an 

1+sina, (“F*) 
= —— = tan | ————_ }. 

COS Gn 2 

Because a; = 60°, we have ag = 75°, ag = 82.5°, and in general 

An = 90° — ae. Thus 

emis be 30° 
Cn, = tan (0 — =) = cot (=) =ot.0,,5 

fo} 

where 0, = 32>. 
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Similar calculation shows that 

2tan0 ea eit i penal 
2 1 — tan? 6,, 

implying that 
2 

LnYn = ——————_. 
s a6 

Because 0° < 0, < 45°, we have 0 < tan? 0, <1 and tpyp > 2. For 

n > 1, we have 0, < 30°, implying that tan? 6,, < $ ANGE oO: 

Note. From the closed forms for x, and y,, in the second solution, we 

can see the relationship y,, = —~ used in the first solution. 
Ln-1 

Problem 7 Let O be the center of the excircle of triangle ABC opposite 

A. Let M be the midpoint of AC, and let P be the intersection of lines 

MO and BC. Prove that if 7BAC = 22 ACB, then AB = BP. 

First Solution. Because O is the excenter opposite A, we know that O 

is equidistant from lines AB, BC, and CA. We also know that line AO 

bisects angle BAC. Thus, 7BAO = ZOAC = ZACB. Letting D be 

the intersection of AO and BC, we then have ZDAC = ZACD and 

hence DC' = AD. 

Consider triangles OAC’ and ODC. From above, their altitudes from 

O are equal, and their altitudes from C are also clearly equal. Thus, 

OA/OD = [OAC]/[ODC] = AC/DC. 

Next, because M is the midpoint of AC we have [OAM] = [OMC| 

and [PAM] = [PMC], and hence [OAP] = [OPC] as well. Then 

OAR IO AP aOR C ican DC 
OD JODP) <HODEMA DP; 

Thus, roremalirey 9 = fe. and a = an = —_ By the Angle Bisector 

Theorem, AP bisects ZC'AD. 

It follows that ZBAP = ZBAD+ ZDAP = ZACP + ZPAC = 

Z APB, and therefore BA = BP, as desired. 

Second Solution. Let R be the midpoint of the arc BC (not containing 

A) of the circumcircle of triangle ABC, and let I be the incenter of triangle 

ABC. We have 
1 

ZRBI = 5(4CAB + ZABC) = 5(180° — ZBRI). 

Thus RB = RI and similarly RC = RI, and hence R is the circumcenter 

of triangle BIC. Furthermore, because VABO! = 30? t=741GO: 
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quadrilateral JBOC is cyclic and R is also the circumcenter of triangle 

BECO. 

Let lines AO and BC intersect at @. Because M, O, and P are collinear 

we may apply Menelaus’ Theorem to triangle AQC to get 

AM CP QO _ 

CM QP AO — 

We know that aaa = 1, and hence $5 = Ba 

Because R lies on AO and QO, we have 

AG ART RO on re 

00 ORL RO -.ChPRO 

which ie turn equals 4 rei because triangles ARC and CRQ are similar. 

Also, 45 = = ra because we are given that ~BAC = 22ACB; ie., 

ZQAC = ZOCA and CQ = AQ. Thus we have shown that -o = a5. 

By the Angle Bisector Theorem, this implies that line AP bisects 7Q AC, 

from which it follows that 2BAP = 3ZACB = ZBPA and AB = BP. 

Problem 8 Let O, O; be the centers of the incircle and the excircle 

opposite A of triangle ABC. The perpendicular bisector of OO; meets 

lines AB and AC at L and N respectively. Given that the circumcircle 

of triangle ABC touches line LN, prove that triangle ABC is isosceles. 

Solution. Let M be the pudpg of arc BC not containing A. Angle- 

chasing gives ZOBM = $(ZA+ZB) = ZBOM and hence MB = MO. 

Because ZOBC = “a and ZCBO, = $(180° — ZB), ZOBO, isa 
right angle. Because we know both that M/ lies on line AOO, (the angle 

bisector of 7A) and that MB = MO, it follows that BM is a median to 

the hypotenuse of right triangle OBO,. Thus, M is the midpoint of OO}. 

Therefore, the tangent to the circumcircle of ABC at M must be 

perpendicular to line AM. This tangent is also parallel to line BC, 

implying that line AM, the angle bisector of ZA, is perpendicular to 

line BC’. This can only happen if AB = AC, as desired. 

Problem 9 Does there exist a bijection f of 

(a) a plane with itself 

(b) three-dimensional space with itself 

such that for any distinct points A, B line AB and line f(A)f(B) are 
perpendicular? 
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Solution. (a) Yes: simply rotate the plane 90° about some axis perpen- 

dicular to it. For example, in the xy-plane we could map each point (z, y) 

to the point (y, —2). 

(b) Suppose such a bijection existed. Label the three-dimensional space 

with x-, y-, and z-axes. Given any point P = (x9, yo, zo), we also view 

it as the vector p from (0,0,0) to (xo, yo, zo). The given condition says 

that 

(a —b)- (f(a) — f(b) =0 
for any vectors a, b. 

Assume without loss of generality that f maps the origin to itself — 

otherwise, g(p) = f(p) — f(O) is still a bijection and still satisfies the 

above equation. Plugging b = (0,0,0) into the equation above, we have 

a- f(a) = 0 for all a. Then the above equation reduces to 

a- f(b) +b- f(a) =0. 

Given any vectors a, b, c and any reals m, n, we then have 

m(a- f(b) +6- f(a)) =0 

n(a- f(c) +e: f(a)) =0 
a- f(mb+nc) + (mb + nc) - f(a) = 0. 

Adding the first two equations and subtracting the third gives 

a-(mf(b) +nf(c) — f(mb+nc)) =0. 

Because this must be true for any vector a, we must have 

f(mb+nc) = mf (b) + nf (c). 

Therefore f is linear, and it is determined by how it transforms the unit 

vectors i= (1,0,0), j = (0,1,0), and k= (0,0,1). If 

f (i) = (a1, a2, a3), f(j) = (b1, b2, b3), and f(k) = (ci, C2, ¢3), 

then for a vector x we have 

ay by Cy 

Taye | a5 0s € |S: 

a3 bs C3 

Applying f(a): a = 0 with a =i, j, k, we have a; = b2 = cz = 0. 

Then applying a- f(b) +b- f(a) with (a,b) = (i,j), G,k), (k, i) we have 

by = —a2, C2 = —bs, cy = —Q3. 
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Setting ky = co, ky = —c), and k3 = bi, we find that 

f (kii + koj + kgk) = kif (i) + kof (Gj) + ka f(k) = 0 

Because f is injective and f(0) = 0, this implies that ky = kg = k3 = 

0. Then f(x) = 0 for all x, contradicting the assumption that f was 

surjective. 

Therefore our original assumption was false, and no such bijection 

exists. 

Problem 10 A word is a finite sequence of two symbols a and b. The 

number of the symbols in the word is said to be the length of the word. 

A word is called 6-aperiodic if it does not contain a subword of the form 

eccccc for any word c. Prove that f(n) > (3)", where f(n) is the total 

number of 6-aperiodic words of length n. 

First Solution. Call a word 6-periodic if it is not 6-aperiodic. 

Ror il f (19) =e 3. To prove the claim for n > 1, it suffices to 

prove that f(n +1) > 3f(n) for all n > 1. 

We prove this inequality by strong induction on n. f(2) = 4 > 3f(1). 

Now assume that n > 3 and that the inequality is true for all smaller n. 

For each positive k less than ¢, we count the words of the form wecccce, 

where w is a 6-aperiodic word of length n — 6k and c is a word of length 

k. There are f(n — 6k) words w and 2* words c meeting these criteria, 

yielding 2° f(n — 6k) words of this form. If 6 | n, we also count the 2% 

words of the form cccccc. Therefore, letting m = | %], our total count T 

equals 

m—1 m—l1 

2* f(n—6k) if6/n and Oe Ss, 2°H f(n—6k) if 6|n. 
k=1 k=1 

Let S be the set of the 2f(m—1) words of the form wos, where wo is a 

6-aperiodic word of length n—1 and s is a single symbol. By construction, 

if a word w in S is 6-periodic, any subword of the form cccccc must appear 

at the end of w. Thus, each of the 6-periodic words in S' is counted at least 

once by T’. As there are 2f(n — 1) words in S and at most T’ 6-periodic 
words in S, it follows that there are at least 2f(m — 1) — T’ 6-aperiodic 

words in S. Therefore, it suffices to prove that T < 4 f(n—1). 
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Using the BROTH hypothesis, a straightforward proof by induction on 
7 shows that (3) f(n—j) < f(n—1) for all j > 1. Then 

6k-1 

2° f(n — 6h) < lie (5) F210) 

21-8 601 f(n—1). 

Thus, if 6 /n, T < $f(n —1). Otherwise, suppose that 6 | n. 

If n = 6, observe that f(m — 1) = 32 since all words of length 5 are 

6-aperiodic. Hence 26 < 2 f(n—1). Otherwise, n > 12. Then 

1 i 3) ce 1 n=l n= nn 

In either case, 

192 1 1 1 
iret 1) 2 fn — 1] —fin—1 

as desired. This completes the induction and the proof. 

jhe eee 

Second Solution. Call a word x71, 22...2,, 6-countable if it satisfies the 

following conditions (each condition applies only for integers / such that 

the x; in that condition are well-defined): 

Gi) {@54412%5k4+205k43, 25k+6L5k+705k+8} #{ bab, aba }; 

(ii) 5~—1 F Lk; 

(Ci) hak = e5. 

The desired result follows from two lemmas. 

Lemma 1. Every 6-countable word is 6-aperiodic. 

Proof. Suppose, by way of contradiction, that there existed a 6- 

countable word x = 21 22...Z,, that was not 6-aperiodic. Among all the 

words c such that cccccc is a subword of z, let c’ be a word of minimal 

length. Suppose that'@invin41-)@miee_1 —Ceecce. 

If 5 | Z, let m’ = |? |’and e = £. By condition (iii), the subword 

Lm! Lm! 41+-+-Lm/+6e/—1 Would be of the form cccccc, a contradiction. 

Therefore, @ is not divisible by 5. For each integer k between 0 and 0—1 

inclusive, m+k-+r is congruent to 4 modulo 5 for some r € {0, 1, 2, 3, 4}. 
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Therefore, by condition (ii), 2mik = m+kt+re F Im+k+1+re = Lm+k+1> 

and it follows that cccccc is of the form abab...ab or baba...ba. This, 

however, contradicts condition (i). Therefore our original assumption was 

false, and every 6-countable word is indeed 6-aperiodic. B 

Lemma 2. For each positive integer m, there are more than (3) 6- 

countable words of length m. 

Proof. Let Qm, be the number of 6-countable words of length m. Also, 

let G,, equal the number of 6-countable words of length m which end 

with aba (or equivalently, by symmetry, with bab), and let y,,, equal the 

number of 6-countable words of length m which do not end with aba (or 

equivalently, with bab). Observe that for 1 < m < 3, Am = 2™ > (3)” 4 

Also, ag = 8 > Gy: It now suffices to prove that a, > (3)” for 

His & 15 

Straightforward counting arguments show that for t > 1, G5(¢41) = Ys¢; 

and Y5(¢41) = 6(Y5¢ + Gst) +75t. Manipulating these equations yields the 

recursive relations (5442) = 7@5(t41) + 6Gs¢ and Y5(¢42) = TYs5(t41) + 

675+. Because Am = Bm + Ym, it follows that 

Os(¢42) = TO5(¢41) + 6ase 

for t > 1. After directly calculating as = 8 > oe and ai9 = 62 = 

(ae with this equation it follows easily by induction that as; > (3 ee 
fone 2 ok. 

Observe that (a51+41, Q5t+2, Ost+3, A5t+4) = (2ast, 4a5¢, 8052, 805+) 
for t > 1. Combined with a5; > (3)°", this implies that a, > (3)™ for 

all m > 5, as desired. B 

Note. Another solution, similar to the second, uses the following condi- 

tions in the definition of 6-countable rather than the above conditions (ii) 

and (iii): 

(ii’) 254-1 = a if and only if to,_2 = 0; 

(iii’) es = Ie if and only if Cp 0, 

where to, t,,... is the Thue-Morse sequence defined by to = 0 and the 

recursive relations to, = tx, tork41 = 1— tox for k > 1. 

Problem 11 Determine all positive integers n, n > 2, such that (Pra) 1s 

even fork = 1,2,..., |)! 
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Solution. Lucas’s Theorem states: Let p be a prime and let a and b be 
positive integers. Express a and 6 in base p — that is, write a = S~"_, aip’ 
and b = 5;_, dip’, where a; and b, are integers between 0 and Desi. 
mclusive for 4 = 1,2, .2<7.'Then 

ay _ (ar\ (ar1\ (a0 ()=G)E)(E) min 
Suppose that p = Z, a = 2° —1, and a,_.1 = dso = **: = Gp = 1. For 

any b with 0 < b < 2° — 1, each term ee in the above equation equals 

1. Therefore, ($) = 1 (mod 2). 

This implies that n + 1 is a power of two. Otherwise, let s = |log, n| 
os s ae PE EO) n n n—k = 

and let k = n—(2°-1) =n—-2 = <n—% = 8. Then (",*) =(",°) 
is odd, a contradiction. 

Conversely, suppose that n = 2° — 1 for some positive integer s. For 

k = 1,2,...,|$], there is at least one 0 in the binary representation of 

a = n-—k (not counting leading zeros, of course). Whenever there is a 0 

in the binary representation of n—k, there is a 1 in the corresponding digit 

of b = k. Then the corresponding > equals 0, and by Lucas’s Theorem, 

ae) is even. 

Therefore, n = 2° — 1 for integers s > 2. 

Problem 12 A set of n players took part in a chess tournament in which 

each pair of participants played against each other exactly once. After the 

tournament was over, it turned out that among any four players there was 

one who scored differently against the other three (i.e., he got a victory, a 

draw, and a loss). Prove that the largest possible n satisfies the inequality 

Gn. 9. 

Solution. Let A; = Ag => --- > Ap denote “A, beats Az, A> beats 

Az, ..., An—1 beats A,,,” and let X | Y denote “X draws with Y.” 

First we show it is possible to have the desired results with n = 6: call 

the players A, B,C, D, E, F’. Then let 

A= p= 6 =] D> A, 

P= A PF] Bb. = CC, > Dk = £, 

and have all other games end in draws. Visually, we can view this 

arrangement as a regular pentagon ABC DE with F at the center. There 

are three different types of groups of 4, represented by ABCD, ABCF, 

and ABDF. In these three respective cases, B (or C), A, and A are the 

players who score differently from the other three. 
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Alternatively, let 

A=>B=CsD=H=SF=SA, 

B=>D=>F=>B, Ca AZSERTC, 

AWD; BY EO. 

In this arrangement there are three different types of groups of four, 

represented by {A, B,C, D}, {A, B, D, E}, and {A, B, D, F}. (if the 

players are arranged in a regular hexagon, these correspond to a trapezoid- 

shaped group, a rectangle-shaped group, and a diamond-shaped group.) In 

these three cases, A, B (or D), and A (or D) are the players who score 

differently against the other three. 

Now we show it is impossible to have the desired results with n = 10 

and thus all n > 10. Suppose, by way of contradiction, it were possible. 

First we prove that all players draw exactly 4 times. 

To do this, draw a graph with n vertices representing the players, and 

draw an edge between two vertices if they drew in their game. If V 

has degree 3 or less, then look at the remaining 6 or more vertices it 

is not adjacent to. By Ramsey’s Theorem, either three of them (call 

them X,Y, Z) are all adjacent or all not adjacent. Then in the group 

{V, X,Y, Z}, none of the players draws exactly once with the other players, 

a contradiction. 

Thus each vertex has degree at least 4; we now prove that every vertex 

has degree exactly 4. Suppose, by way of contradiction, that some vertex A 

were adjacent to at least 5 vertices B,C’, D, E, F. None of these vertices 

can be adjacent to two others. For example, if B was adjacent to C and D, 

then in {A, B,C, D} each vertex draws at least twice — but some player 

must draw exactly once in this group. Now in the group {B,C, D, E} 

some pair must draw: without loss of generality, say B and C. In the 

group {C, D, E, F} some pair must draw as well. Because C can’t draw 

with D, E, or F from our previous observation, assume without loss of 

generality that & and F' draw. 

Now in {A, B,C, D}, D must beat one of B, C and lose to the other; 

without loss of generality, say D loses to B and beats C. Looking at 

{A,D,E,F}, we can similarly assume that D beats E and loses to 

F. Next, in {A,C,D,E} players C and E can’t draw; without loss 

of generality, say C beats H. Then in {A,C, EF, F}, player C must lose to 

F’. However, it follows that in {C,D, E, F} no player scores differently 

against the other three players — a contradiction. 
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Now suppose A were adjacent to B, C, D, E, and without loss of 

generality assume B | C. Then ABC is a triangle. For each vertex K 

besides A, B, C, look at the group {A, B,C, kK}: K must draw with one 

of A, B, C. By the Pigeonhole Principle, one of A, B, C draws with at 

least three of the K and thus has degree at least 5. From above, this is 

impossible. 

It follows that it is impossible for n to be at least 10. Because n can be 

6, the maximum 7n is between 6 and 9, as desired. 
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2 Brazil 

Problem 1 Let ABCDE be a regular pentagon such that the star region 

ACEBD has area 1. Let AC and BE meet at P, and let BD and CE 

meet at Q. Determine [APQD]. 

Solution. Let R= ADN BE, S = ACN BD, T = CEN AD. Now, 

APQR ~ ACAD because they are corresponding triangles in regular 

pentagons QT RPS and ABCDE. Because ACAD ~ APAR as well, 

we have APQR = APAR. Thus, 

(APQD] = [APQD] ih 2{APR] + [PQR] + [RQT] 

[ACEBD]  5[APR]+[PQR] + 2[RQT] 

3[APR]+[RQT] 1 
6[APR] +2[RQT] 2 

Problem 2 Given a 10 x 10 board, we want to remove n of the 100 

squares so that no 4 of the remaining squares form the corners of a rectangle 

with sides parallel to the sides of the board. Determine the minimum value 

of n. 

Solution. The answer is 66. Consider the diagram below, in which a 

colored circle represents a square that has not been removed. The diagram 

demonstrates that n can be 66: 

Now we proceed to show that n is at least 66. Suppose, for sake 

of contradiction, that it were possible with n = 65. Denote by a, the 
number of squares left in row i (i = 1,2,...,10). In row i, there are 

(3) pairs of remaining squares. If no four remaining squares form the 
ul E 

corners of a rectangle, then N = Pree (3) must not exceed Ce) = 45. 
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Note that, with a fixed )>;°, a; = 35, the minimum of 37?2, eis 
attained when and only when no two a,’s differ by more than 1. Thus, 
45 = ean cs) = 5: S) +5- @) = 45, i.e., this minimum is attained 
here, implying that five of the a;’s equal 4 and the rest equal 3. Then it is 
easy to see that aside from permutations of the row and columns, the first 

five rows of the board must be as follows: 

We inspect this figure and notice that it is now impossible for another 

row to contain at least 3 remaining squares without forming the vertices 

of a rectangle with sides parallel to the sides of the board. This is a 

contradiction, because each of the remaining 5 rows is supposed to have 

3 remaining squares. Thus, it is impossible for n to be less than 66, and 

we are done. 

Problem 3 The planet Zork is spherical and has several cities. Given 

any city A on Zork, there exists an antipodal city A’ (i.e., symmetric with 

respect to the center of the sphere). In Zork, there are roads joining pairs 

of cities. If there is a road joining cities P and Q, then there is a road 

joining P’ and Q’. Roads don’t cross each other, and any given pair of 

cities is connected by some sequence of roads. Each city is assigned a 

value, and the difference between the values of every pair of cities joined 

by a single road is at most 100. Prove that there exist two antipodal cities 

with values differing by at most 100. 

Solution. Let [A] denote the value assigned to city A. Name the pairs 

of cities 

(Zi, 24), (22, 23), (Zs, 23), crea (Zn, es) 

with 0 < [Z;]—[Z/] for all 7. Because any given pair of cities is connected 

by some sequence of roads, there must exist a,b such that Z, and Zh are 

connected by a single road. Then Z/, and Z; are also connected by a single 

road. Thus, [Z,] — [Z;] < 100 and [2] — [Z,] < 100. Adding, we have 

[Za] — (Z1] + [Ze] — [Zp] < 200. 

Hence, either 0 < [Z,] — [Z/] < 100 or 0 < [Z] — [2] < 100. In either 

case, we are done. 
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Problem 4 In Tumbolia there are n soccer teams. We want to organize 

a championship such that each team plays exactly once with each other 

team. All games take place on Sundays, and a team can’t play more than 

one game in the same day. Determine the smallest positive integer m for 

which it is possible to realize such a championship in m Sundays. 

Solution. Let a,, be the smallest positive integer for which it is possible 

to realize a championship between n soccer teams in a,, Sundays. For 

n > 1, it is necessary that a, > 2/4] — 1 — otherwise the total number 

of games played would not exceed 

Gaps ey 
a contradiction. 

On the other hand, 2[4]| — 1 days suffice. Suppose that n = 2¢ + 1 or 

2t + 2. Number the teams from 1 to n and the Sundays from | to 2¢+ 1. 

On the 2-th Sunday, let team 2 either sit out (if m is odd) or play against 

team 2¢ + 2 (if n is even), and have any other team 7 play against team 

k, # 2t + 2 where j + k = 2i (mod 2t +1). Then each team indeed plays 

every other team, as desired. 

Problem 5 Given a triangle ABC, show how to construct, with straight- 

edge and compass, a triangle A’B’C’ with minimal area such that A’, 

B’, C’ lie on AB, BC, CA, respectively, ZB’ A'C’ = ZBAC, and 

ZA'CLB = Z AGB: 

Solution. All angles are directed modulo 180°. 

For convenience, call any triangle A’B’C’ proper if A’, B’, C’ lie on 

lines AB, BC, CA, respectively, and AABC ~ AA'B'C’. The problem 

is, then, to construct the proper triangle with minimal area. 

Suppose we have any proper triangle, and let P be the point (different 

from A’) where the circumcircles of triangles AA’C’ and BB’A’ meet. 

Then 

ZBIPC = 860° = 24 PB SZC PA 

= 860° — (180° 32 CBA) — (180° = ZBAC) 

= 180° — ZACB, 

so P also lies on the circumcircle of triangle CC’ B’. 

Next, 

ZPAB=2PC A = ZR CA SVB ESP 

= 2B'CC =ZB' CP’ =7PCA 
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and with similar reasoning we have 

LAB ZeOwie—~PCA=7PB'C’ =ZPBC. 

There is a unique point P (one of the Brocard points) satisfying 

ZPAB = ZPBC = ZPCA, and thus P is fixed — independent of 

the choice of triangle A’B’C’. Because P is the corresponding point in 

similar triangles ABC and A’B’C"’, we have 

/ Tals IPN ; [A’B'C"] = [ABC] (=) 

Thus [A’B’C"] is minimal when PA’ is minimal, which occurs when 

PA’ | AB (and analogously, when PB’ | PC and PC’ | PA). Thus, 

the proper triangle with minimal area is the pedal triangle A’B’C’ of P 

to triangle ABC. This triangle is indeed similar to triangle ABC: letting 

0 = ZPAB be the Brocard angle, it is the image of triangle ABC’ under 

a rotation through @ — 90°, followed by a homothety of ratio | sin 0]. 

To construct this triangle, first draw the circles {X | ZBXA = 

ZBCA+ ZCAB} and {Y | ZCYB = ZCAB + ZABC} and let P’ 

be their point of intersection (different from B). We have ZAP’C = 

ZABC + ZBCA, and 

ZP! AB = 180° — ZABP’ — ZBP'A 

— 180° — (ZABC — ZP’BC) — (ZBCA+ ZCAB) = ZP'BC, 

and similarly ZP’BC = ZP’CA. Therefore P = P’. Finally, drop the 

perpendiculars from P’ to the sides of triangle ABC to form A’, B’, C’. 

This completes the construction. 
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3 Bulgaria 

National Olympiad, Third Round 

Problem 1. Find all triples (x, y, z) of natural numbers such that y is a 

prime number, y and 3 do not divide z, and x? — y? = 2”. 

Solution. We rewrite the equation in the form 

(a — y)(a? + ay + y?) = 2?. 

Any common divisor of x — y and x* + xy + y? also divides both z? and 

(x2 + cy+y?) —(a+2y)(x—y) = 3y?. Because z* and 3y? are relatively 
prime by assumption, x — y and x? + zy +y” must be relatively prime as 
well. Therefore, both « — y and 2? + xy + y? are perfect squares. 

Writing a = ,/x — y, we have 

etayty=(a+y+(e+yyty? =at +3a7y + 3y? 

and 

A(x? + xy + y*) = (2a? + 3y)? + 3y?. 

Writing m = 2,/2? + zy + y? and n = 2a? + 3y, we have 

m? =n? + 3y? 

or 

(m —n)(m+n) = 3y?, 

so (m—n,m-+n) = (1, 3y), (y, 3y), or (3, y). 

In the first case, 2n = 3y? — 1 and 4a? = 2n — 6y = 3y? — by — 1. 

Hence, a? = 2 (mod 3), which is impossible. 

In the second case, n = y < 2a? + 3y = n, a contradiction. 

In the third case, we have 4a? = 2n — 6y = y? — 6y — 3 < (y — 3)?. 
When y > 10 we have y? — 6y — 3 > (y — 4)”. Hence, we must actually 

have y = 2,3,5, or 7. In this case we have a = ve ou which is real 

only when y = 7,a=1, 2 =y+a? = 8, and z = 13. This yields the 
unique solution (a, y, z) = (8, 7, 13). 

Problem 2 A convex quadrilateral ABC D is inscribed in a circle whose 

center O is inside the quadrilateral. Let MN PQ be the quadrilateral whose 

vertices are the projections of the intersection point of the diagonals AC 
and BD onto the sides of ABCD. Prove that 2[|M NPQ] < [ABCD]. 
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Solution. The result actually holds even when ABCD is not cyclic. We 
begin by proving the following result: 

Lemma. /f XW is an altitude of triangle XY Z, then 

OW ood (=) 
5 ; 

Proof: X lies on an arc of a circle determined by ZYXZ = 

180° — ZY — ZZ. Its distance from YZ is maximized when it is at 

the center of this arc, which occurs when ZY = ZZ. At this point, 
XW _ 1 tan (Seeeey. a 

Suppose M, N, P,Q are on sides AB, BC, CD, DA, respectively. Also 

let T be the intersection of AC and BD. 

Leta = ZADE. 6 = ZBAC, y = ZCAD, 0 = ZDBA, From 

the lemma, MT < 1AB- tan & and QT < 4AD- tan (24). 
Also, ZMTQ = 180° — ZQAM = 180° — ZDAB. Thus 2/MTQ] = 

MIO sn Z2MIrO = + tan (7% ) tan (44) AB - ADsin ZDAB. 

Because son + ors — = 90°, this last expression exactly equals +AB : 

AD sin ZDAB = 5[ABD)}. Thus, 2[/MTQ] < $[ABD]. 
Likewise, 2,NTM] < 4[BCA], [PTN] < 4[CDB], and [QTP] < 

+[DAC]. Adding these four inequalities shows that 2{[.N PQ] is at most 

$([ABD] + [CDB)) + 4([BCA] + [DAC}) = [ABCD], 

as desired. 

Problem 3 In a competition 8 judges marked the contestants by pass 

or fail. It is known that for any two contestants, two judges marked both 

with pass; two judges marked the first contestant with pass and the second 

contestant with fail; two judges marked the first contestant with fail and 

the second contestant with pass; and finally, two judges marked both with 

fail. What is the largest possible number of contestants? 

Solution. For a rating r (either pass or fail), let 7 denote the opposite 

rating. Also, whenever a pair of judges agree on the rating for some 

contestant, call this an agreement. We first prove that any two judges 

share at most three agreements. Suppose, by way of contradiction, this 

were false. 

Assume, without loss of generality, that the judges (labelled with 

numbers) mark the first four contestants (labelled with letters) as follows 
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in the left table: 

Eke 

D 

d 

d 

QS © Gl ele Sie Si. Ss SY Sus, Salts) 

SISSISIsSieS) S598 Sais SFO HAHA ac shy S|) SSS SS) Sas SFO THAIS Ss oh CONDO OB WN Se ool oro o Ss oc COND OF C NW Si Sik Sh sito esis 

Applying the given condition to contestants A and C’, judges 3 and 4 must 

both give C the rating ¢; similarly, they must both give D the rating d. 

Next, applying the condition to contestants B and C’,, judges 5 and 6 must 

both give C the rating c; similarly, they must both give D the rating d. 

The condition then fails for contestants C' and D, a contradiction. 

Thus, each pair of judges agrees on at most three ratings, as claimed. 

Hence, there are at most 3 - (5) = 84 agreements between all the judges. 
On the other hand, for each contestant exactly four judges mark him with 

pass and exactly four judges mark him with fail, implying that there are 

(5) + (5) = 12 agreements per contestant. It follows that there are at most 
&* = 7 contestants. As the following table shows (with 1 representing pass 

and 0 representing fail), it is indeed possible to have exactly 7 contestants: 

Cus) Cy (Or CO NM — oo GOFF OOFRF He oOo oOC HH Ee OorordcgrorF es) ES es) ee OrrordcorF|y rFoorroo FF 

Problem 4 Find all pairs (a, y) of integers such that 

ae? Sy Wy? 

Solution. When y? + 3y > 0, (y+1)° > 2° > y3. Thus we must 
have y? + 3y < 0, and y = —3, —2,—1, or 0 — yielding the solutions 

(x,y) = (1,0), (1, -2), and (—2, —8). 
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Problem 5 Let B, and C; be points on the sides AC and AB of triangle 
ABC. Lines BB, and CC, intersect at point D. Prove that a circle can 

be inscribed inside quadrilateral AB, DC, if and only if the incircles of 

the triangles ABD and ACD are tangent to each other. 

Solution. Let the incircle of triangle ABD be tangent to AD at T; 

and let the incircle of triangle ACD be tangent to AD at T>. Then 

DT, = 3(DA+ DB — AB) and DT, = 31(DA+ DC — AC). 
First suppose a circle can be inscribed inside AB, DC\. Let it be tangent 

to sides AB,, Bj D, DC), C\ A at points E, F’, G, H, respectively. Using 

equal tangents, we have 

AB — BD = (AH + HB) — (BF — DF) 

= (AH + BF) —- (BF —- DF) = AH+ DF 

and similarly AC - CD = AE + DG. Also, AH + DF = AE+ DG 

by equal tangents, implying that AB — BD = AC — CD and thus 

DA+DB—- AB= DA+ DC — AC. Therefore DT; = DT», T, = Th, 

and the two given incircles are tangent to each other. 

Next suppose the two incircles are tangent to each other. Then DA + 

DB— AB = DA+ DC — AC. Let w be the incircle of ABB}, and let 

D’ be the point on BB, (different from B,) such that line CD’ is tangent 

to w. Suppose, by way of contradiction, that D # D’. From the result 

in the last paragraph, we know that the incircles of triangles ABD’ and 

ACD’ are tangent and hence D'A+ D'’B — AB = D'A+ D'C — AC. 

Because DB — AB = DC — AC and D’B — AB = D’'C — AC, we 

must have DB — D'’B = DC — D'C by subtraction. Thus DD’ = 

|DB—D'B| = |DC — D'C|. The triangle inequality then fails in triangle 

DD'C, a contradiction. This completes the proof. 

Problem 6 Each interior point of an equilateral triangle of side | lies in 

one of six congruent circles of radius r. Prove that 

Rez v3 
yall 

Solution. From the condition, we also know that every point inside or 

on the triangle lies inside or on one of the six circles. 

Define R = ene Te Orient the triangle so that B is directly to the 

left of C, and so that A is above BC. Draw point W on AB such that 

WA = R, and then draw point X directly below W such that WX = R. 

In triangle WX B, WB =1—R= V3R and ZBWX = 30°, implying 
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that XB = R as well. Similarly draw Y on AC such that Y A = R, and 

Z directly below Y such that YZ = ZC = R. 

In triangle AWY, ZA = 60° and AW = AY = R, implying that 

WY = R. This in turn implies that XZ = R and thatWX = YZ = 

Ry2. 
Now if the triangle is covered by six congruent circles of radius r, each 

of the seven points A, B, C, W, X, Y, Z lies on or inside one of the circles, 

so some two of them are in the same circle. Any two of these points are 

at least R < 2r apart, so r > /3/10. 

National Olympiad, Fourth Round 

Problem 1 A rectangular parallelepiped has integer dimensions. All of 

its faces of are painted green. The parallelepiped is partitioned into unit 

cubes by planes parallel to its faces. Find all possible measurements of 

the parallelepiped if the number of cubes without a green face is one third 

of the total number of cubes. 

Solution. Let the parallelepiped’s dimensions be a, b, c. These lengths 

must all be at least 3 or else every cube has a green face. The given 

condition is equivalent to 

3(a — 2)(b — 2)(c — 2) = abc, 

or 

If all the dimensions are at least 7, then 4; - a rar Cy = sa 5 

a contradiction. Thus one of the dimensions — say, a — equals 3, 4, 5, 

or 6. Assume without loss of generality that b < c. 

When a = 3 we have bc = (b — 2)(c — 2), which is impossible. 

When a = 4, rearranging the equation yields (b — 6)(c— 6) = 24. Thus 

(6, c) = (7,30), (8,18), (9, 14), or (10, 12). 

When a = 5, rearranging the equation yields (2b — 9)(2c — 9) = 45. 
Thus (b,c) = (5,27), (612) e0e07,0), 

Finally, when a = 6, rearranging the equation yields (b— 4)(c—4) = 8. 
Thus (6, c) = (5, 12) or (6,8). 

Therefore, the parallelepiped may measure 4 x 7 x 30, 4 x 8 x 18, 
4x9x14,4x 10x 12,55 x 27,5x6x12,5*x7x9,or6x6x8, 
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Problem 2 Let {a,,} be a sequence of integers such that for n > 1 

(n — 1)anyi = (n+ l)an — 2(n — 1). 

If 2000 divides aj999, find the smallest n > 2 such that 2000 divides Onn 

Solution. First, we note that the sequence a, = 2n — 2 works. Then 

writing b, = a, — (2n — 2) gives the recursion 

(nr — 1)bn41 = (m+ L)bn. 

For n > 2, observe that by = be [[pxz fat = be Hasg> = SO Upy. 
Thus when n > 2, the solution to the original equation is of the form 

—1 = ye 

for some constant c. Plugging in n = 2 shows that c = a2 — 2 is an 

integer. 

Now, because 2000 | aig99 we have 2(1999 — 1) + Et -c=0=> 

—4+ 1001c = 0 => c= 4 (mod 2000). Then 2000 | a, exactly when 

An = 2(n— 1) + 

2(n—1)+2n(n—1)=0 (mod 2000) 

<=> (n—1)(n+1)=0 (mod 1000). 

(n — 1)(n + 1) is divisible by 8 exactly when n is odd, and it is divisible 

by 125 exactly when either n — 1 or n +1 is divisible by 125. The smallest 

n > 2 satisfying these requirements is n = 249. 

Problem 3 The vertices of a triangle have integer coordinates and one 

of its sides is of length \/n, where n is a square-free natural number. 

Prove that the ratio of the circumradius to the inradius of the triangle is 

an irrational number. 

Solution. Label the triangle ABC. Let r, R, K be the inradius, 

circumradius, and area of the triangle; let a = BC, b = CA, c = AB 

and write a = p1\/M, b = p2,/G2, C = p3,/Qs for positive integers p;, q 

with q; square-free. By Pick’s Theorem (K = I + 4B —1), K is rational. 

Also, R = wee and r = a Thus a = abelatets) is rational if and 

only if abe(a + b +c) = a*be + ab?c + abc? is rational. Let this quantity 
equal m, and assume, by way of contradiction, that m is rational. 

We have a2bc = m1,/q2q3, ab?c = m2\/q3qi. and abe? = m3,/H@ 

for positive integers ™m,™m2,™m3. Then ™,/q2q3 + M2,/qaq1 = m — 
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m3,/qig2. Squaring both sides, we find that 

meqoq3 + m5qaq + 2m1mM293,/G gz = m? + m3 — 2mm3,/H4- 

If \/q is not rational, then the coefficients of \/qig2 must be the same 

on both sides. However, this is impossible because 2m m2q3 is positive 

while —2mmz3 is not. 

Hence, JnG2 is rational. Because q, and q2 are square-free, this can 

only be true if g; = gz. Similarly, go = q3. 

Assume without loss of generality that BC = \/n so that gq; = q2 = 

q3 =n and p; = 1. Also assume that A is at (0,0), B is at (w,x), and C 

is at (y, z). By the triangle inequality, we must have p2 = p3 and hence 

we +2 Sy +e = pan 

(w — y)? + (4 —z)* =n. 

Notice that 

n=(w—y)+(e—2z) =w? +a? +y'? +27 =2p3n=0 (mod 2), 

so n is even. Thus w and x have the same parity; and y and z have 

the same parity. Then w, x, y, z must all have the same parity because 

w? +a? = y* + 27 (mod 4). Then n = (w—y)? + (2 — z)? = 0 (mod 4), 
contradicting the assumption that n is square-free. 

Therefore our original assumption was false, and the ratio of the 

circumradius to the inradius is indeed always irrational. 

Note. Without the condition that n is square-free, the ratio can be 

rational. For example, the points (7,27 —7) form a grid of points \/2 apart. 

In this grid, we can find a 3\/2-4\/2-5v2 right triangle by choosing, say, 

the points (0,0), (3,3), and (7,1). Then q; = q2 = qz, and the ratio is 

indeed rational. 

Problem 4 Find the number of all natural numbers n, 4 < n < 1023, 

whose binary representations do not contain three consecutive equal digits. 

Solution. A binary string is a finite string of digits, all either 0 or 1. 

Call such a string (perhaps starting with zeroes) valid if it does not contain 
three consecutive equal digits. Let a, represent the number of valid n-digit 
strings; let s,, be the number of valid strings starting with two equal digits; 
and let d,, be the number of valid strings starting with two different digits. 

Observe that a, = s,, +d, for all n. 
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An (n+ 2)-digit string starting with 00 is valid if and only if its last n 
digits form a valid string starting with 1. Similarly, an (n + 2)-digit string 
starting with 11 is valid if and only if its last n digits form a valid string 

starting with 0. Thus, s,42 = @n = Sn + dp. 

An (n + 2)-digit string starting with 01 is valid if and only if its last 

n digits form a valid string starting with 00, 01, or 10. Similarly, an 

(n + 2)-digit string starting with 10 is valid if and only if its last n digits 

form a valid string starting with 11, 01, or 10. Thus, dp42 = s, + 2dp. 

Solving these recursions gives 

Sn+4 = 38n42 —S, and An+4 = 3dn+2 == ain} 

which when added together yield 

Aan+4 = 3An+2 = Chee 

Thus we can calculate initial values of a, and then use the recursion to 

find other values: 

PMNS? onl ee (eos SGN cO 1 | 20.4 | S10 

Qn }2])4]6] 10] 16 | 26} 42 | 68 | 110 | 178 

Now of the a, valid n-digit strings, only half start with 1. Thus only half 

are binary representations of positive numbers, and exactly 

il 
gia + a2 ++ + a1) = 231 

numbers between 1 and 1023 have the desired property. Ignoring 1, 2, and 

3, we find that the answer is 228. 

Problem 5 The vertices A, B and C of an acute-angled triangle ABC 

lie on the sides B,C;, C,A, and A,B, of triangle A,B,C, such that 

ZABC = 2ZA,B,Q, ZBCA = Z2B,C, Ai, and ZCAB = 2C, A,B. 

Prove that the orthocenters of the triangle ABC and triangle A, B,C, are 

equidistant from the circumcenter of triangle ABC. 

Solution. Let H and Hy, be the orthocenters of triangles ABC’ and 

A,B,C, respectively, and let O, O4, Og, Oc be the circumcenters of 

triangles ABC, A, BC, AB,C, and ABC;, respectively. 

First note that 2BA,C = 2C,A,B, = ZCAB = 180° — ZCHB, 

showing that BA,CH is cyclic. Moreover, 

BC CB 
——_—§— = — —— = 0A 
2sinZBA,C 2sinZCAB 

OA = 
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so circles ABC and B.A,CH have the same radius. Similarly, CB, AH 

and AC, BH are cyclic with circumradius OA. Then ZH BC) = 180° — 

ZC, AH = ZHAB, = 180° — 2B,CH = ZHC4Ay\, and hence angles 

ZHOcC;, ZHO,4A:, ZHOgB, are equal as well. 

Let Z(71, 72) denote the angle between rays r; and Tf. Because O4C' = 

O,B = HB = HC, quadrilateral BO,CH is a rhombus and hence a 

parallelogram. Then 

Z(OA, HOa) = (OA, OB) + Z(OB, HO) 
= 2/ACB + Z(CO4, HO4) 

= 27ACB+ ZCO,H 

=2Z2ACB+2ZCBH 

= 22 ACB + 2(90° — ZACB) 

= SU 

Similarly, Z(OB, HOg) = Z(OC,, HOc) = 180°. Combining this result 
with ZHO,A; = ZHOBB, = ZHOcC, from above, we find that 

Let this common angle be @. 

We now use complex numbers with the origin at O, letting p denote 

the complex number representing point P. Because HBO ,C is a 

parallelogram we have 04 = b+ and we can write aj = b+c+ 2a 

where x = cis 6. We also have b} =c+a+2b and cj =a+6+4 2c for 

the same x. We can rewrite these relations as 

a =a+b+c+ (x—1)a, 

b} =a+b+c+(rz—-1)b, 

cy =a+b+c+(#—1)ec. 

Thus the map sending z toa+b+c+(e-1)z=h+(r—-l)zisa 
spiral similarity taking triangle ABC into triangle A’B’C’. It follows that 
this map also takes H to Hj, so 

hy=h+(@—-Dh=ch 

and OH, = |hy| = |z||h| = |h| = OH, as desired. 
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Problem 6 Prove that the equation 

r+y +2343 = 1999 

has infinitely many integral solutions. 

Solution. Observe that (m — n)? + (m+n)? = 2m® + 6mn?. Now 
suppose we want a general solution of the form 

C Tine a 
z, 2, =F =i ee a oe rs SD (28h, 250) (« Olea Ipoh 5) 

for integers a, b and odd integers c, d. One simple solution to the given 

equation is (x,y, z,t) = (10,10,—1,0), so we try setting a = 10 and 

é= —1. Then 

iP eh, ale mere 
re) yt = 10 — b, 10 b,-~--,-- is 

Cadi ( Pate QED ser 
is a solution exactly when 

1+ 3d? 
(2000 + 6067) — —. =1009 ms <= eal gS '80b7 

The second equation is a Pell’s equation with solution (d;, b;) = (9, 1). 

We can generate infinitely many more solutions by setting 

(diaiib;, eu) = (Od, c+ 800,,, 90, + da) for = 1,2,3)e-«. 

This can be proven by induction, and it follows from a general recursion 

(Pn4-1>4n41) rE (PP at M19nD, P19n a G1Pn) 

for generating solutions to p? — Dq? = 1 given a nontrivial solution 

(pi, 0). 

A quick check also shows that each d,, is odd. Thus because there are 

infinitely many solutions (b,,, d,,) to the Pell’s equation (and with each d, 

odd), there are infinitely many integral solutions 

PPD BR, Bs 
(teat) = (10 - bn, 10 + bn, —5 = Sea fs 5 ) 

to the original equation. 
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4 Canada 

Problem 1 Find all real solutions to the equation 4x? — 40| x] +51 = 0, 

where [x] denotes the greatest integer less than or equal to 2. 

Solution. Note that 

(2a — 3)(2e — 17) = 4a? — 402 + 51 < 4x? — 40| a] +51 =0, 

which gives 1.5 < x < 8.5 and 1 < |x| < 8. Then 

40|x| — 51 
SS oe 

2 

Bie 02] x =| | 

Testing |x| € {1,2,3,...,8} into this equation, we find that |x| can only 

equal 2,6,7, or 8. Thus the only solutions for x are 29/2, V189/2, 

Vv 229/2, and /269/2. A quick check confirms that these values work. 

so it is necessary that 

Problem 2 Let ABC be an equilateral triangle of altitude 1. A circle, 

with radius | and center on the same side of AB as C, rolls along the 

segment AB; as it rolls, it always intersects both AC and BC. Prove 

that the length of the arc of the circle that is inside the triangle remains 

constant. 

Solution. Let w be “the circle.” Let O be the center of w. Let w intersect 

segments AC and BC at M and N, respectively. Let the circle through 

O, C, and M intersect BC again at P. Now ZPMO = 180°—ZOCP = 
60° = ZMCO = ZMPO, so OP = OM = 11, and P coincides with N. 

Thus, 7MON = ZMOP = ZMCP = 60°. Therefore, the angle of the 

arc of w that is inside the triangle ABC is constant, and hence the length 

of the arc must be constant as well. 

Problem 3 Determine all positive integers n such that n = d(n)?, where 

d(n) denotes the number of positive divisors of n (including 1 and n). 

Solution. Label the prime numbers p; = 2, po = 3,.... Because n is a 

perfect square, we have 

co 

n= []p". d(n) = [[@a +1) 
2 



1999 National Contests: Problems and Solutions 4| 

for some nonnegative integers a;. Then d(n) is odd and so is n, whence 
a, = 0. Because ag = 1, we have 

By Bernoulli’s inequality, we have pi? > (p; — 1)a; +1 > 2a; +1 

for all primes p; > 5 that divide n. Also, 392 > 2a +1 with equality 

only when az € {0,1}. Thus, for equality to hold above, we must have 

a1 = a3 = a4 = G5 = --- = 0 and ae € {0,1}. Therefore, n = 1 and 

nm = 9 are the only solutions. 

Problem 4 Suppose aj,qa2,...,a@g are eight distinct integers from the 

set S = {1,2,...,17}. Show that there exists an integer k > 0 such that 

the equation a; — a; = k has at least three different solutions. Also, find 

a specific set of 7 distinct integers {b,,b2,---,b7} from S such that the 

equation 

bb; =k 

does not have three distinct solutions for any k > 0. 

Solution. For the first part of this problem, assume, without loss of 

generality, that aj < ag < --: < ag. Also assume, for the purpose 

of contradiction, that there does not exist an integer k > O such that 

the equation a; — a; = k has at least three different solutions. Let 

Gn Gee OC, Ol Peer. i, Len 

16 >ag—a, = 0, +... +67 >14+14+24+2434344=16, 

for otherwise three of the 6;’s would be equal, a contradiction. Because 

equality must hold, II = (6),62,...,67) must be a permutation of 

(leno 2ao.o. 4): 

We say we have a m-n pair if some (6;, 6:41) = (m,n) or (n,m). Note 

that we cannot have any 1-1 or 1-2 pairs (6;, 6;41) — otherwise we would 

have a;12 — a; = 2 or 3, giving at least three solutions to a; — a; = 2 or 

3. Nor can we have two 1-3 pairs because then, along with 6; = 4, we’d 

have three solutions to a; — a; = 4. Then considering what entries each 1 

is next to, we see that we must have II = (1,4,...,3,1), (1,3,...,4,1), 

(Merle sana sor: (fin Gils L)- 

Now we cannot have any 2-2 pairs—otherwise, along with the 1-3 

pair and the 6; = 4, we’d have three solutions to a; — a; = 4. Thus 

we have Il = (1, 4,2, 3, 2;3,1), (1,3,2;3, 2,4, 1), (,4,1,3,2,3,2),. or 
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(2,3, 2,3,1,4,1). In any case, there are at least four solutions to a; —a; = 

5, a contradiction. 

Thus, regardless of the {a1, a2,..., ag} that we choose, for some integer 

k € {1,2,3,4,5} the equation a; — a; = k has at least three different 

solutions. 

For the second part of the problem, let (bi, b2,...,b7) = (1, 2, 4,9, 14, 

16,17). Each of 1, 2, 3, 5, 7, 8, 12, 13, and 15 is the difference of exactly 

two pairs of the b;, and each of 10, 14, and 16 is the difference of exactly 

one pair of the 6;. No number is the difference of more than two such 

pairs, and hence the set {b1, b2,...,67} suffices. 

Problem 5 Let x, y, z be nonnegative real numbers such that r+y+z = 

1. Prove that 

ay + y+ 272 < a 
mr Oy 

and determine when equality occurs. 

Solution. Assume without loss of generality that z = max{z, y, z}. 

If o> yz, then 

wytyeteasayty zt vat 2(zy +(x —y)(y—2)) 

a : es | 4 2 

where the last inequality follows from the AM-GM inequality. Equality 

occurs if and only if z = 0 (from the first inequality) and y = 3 in which 

case (x,y,z) = (2, 4,0). 

If a> 2 > 14 then 

wey + yet Pa = wre + zy + ya — (a — 2)(z—y) (a — y) 
4 

= 9? 2- 2° aie oe = zy tyzrs 7? 

where the second inequality is true from the result we proved for x > y > z 

(except with y and z reversed). Equality holds in the first inequality only 

when two of x, y, 2 are equal, and in the second inequality only when 

(22,9) = (4, 5; i Because these conditions can’t both be true, the 

inequality is actually strict in this case. 

Therefore the inequality is indeed true, and equality holds when (2, y, z) 

equals (3, 3,0), (3,0, 3), or (0, 3, 3). 
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5 China 

Problem 1 Let ABC be an acute triangle with ZC > ZB. Let D be a 

point on side BC such that 7ADB is obtuse, and let H be the orthocenter 

of triangle ABD. Suppose that F is a point inside triangle ABC and is 

on the circumcircle of triangle ABD. Prove that F is the orthocenter of 

triangle ABC if and only if both of the following are true: HD || CF, 

and #7 is on the circumcircle of triangle ABC. 

Solution. All angles are directed modulo 180°. First observe that if P 

is the orthocenter of triangle UVW, then 

ZV PW = (90° — ZPWV) + (90° — ZWVP) 

=ZWV + ZUV = 180° — ZVOW. 

Suppose that F’ is the orthocenter of triangle ABC’. Then 

ZACB = 180° — ZAF'B = 180° — ZADB = ZAHB, 

so ACH B is cyclic. As for the other condition, lines CF’ and HD are 

both perpendicular to side AB, so they are parallel. 

Conversely, suppose that HD || CF and that H is on the circumcircle 

of triangle ABC’. Because AF DB and AHCB are cyclic, 

ZAFB = ZADB = 180° — ZAHB = 180° — ZACB. 

Thus, F' is an intersection point of the circle defined by ZAFB = 

180° — ZAC'B and the line defined by CF | AB. There are only 

two such points: the orthocenter of triangle ABC and the reflection of C 

across line AB. The latter point lies outside of triangle ABC, and hence 

F must indeed be the orthocenter of triangle ABC. 

Problem 2 Let a be a real number. Let {f,,(x)} be a sequence of 

polynomials such that fo(z) = 1 and fn41(x) = tfn(x) + fr(ax) for 

WD Op Migdy: dn5s 

(a) Prove that 
i 1 

for n= Uy Lyin ae 

(b) Find an explicit expression for f;, (2). 
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Solution. When a = 1, we have f,(z) = (z + 1)” for all n, and part 

(a) is easily checked. Now assume that a # 1. 

Observe that f,, has degree n and always has constant term 1. Write 

fn(@) = co +1" +--+ +Cnx”. We prove by induction on n that 

(a 1), = (a"*? "= Dest 

for 0 <2 <n (where we let c_; = 0). 

The base case n = 0 is clear. Now suppose that 

fn—1(@) = bo + biz +--+ + dpa" 

satisfies the claim: specifically, we know (a* —1)b; = (a"~* —1)b;_1 and 
(at! — 1b; >5 = (at 1)bagy forest, 

For 7 = 0, the claim states 0 = 0. For 7 > 1, the given recursion gives 

c, = b;-1 +a"d; and c;_1 = bj; +a*~1b;_1. Then the claim is equivalent 

to 

(a* — 1)e; = (a"** *— egy => (a — 1)(;_-1 + a*b;) 

SN ae D(Ge5 a —bpe4) 

<= (a’ — 1)b, 4 + a’ (a*,— 1b, 

=1(a i aap Ba? Sa Aha 

<=> (a —1)b;-1 + a*(a™“* — 1)bx_1 

= (a’~* — 1)b-1 + (a — a*")b,_-) => (a" — 1)d;_1 

= (a —1)b;24; 

so it is true. 

Now by telescoping products, we have 

i 
Ci Ck arse Co 

oY Earth 7 Tee? =A) — iii) = Se eee 

k=1 e. fae =) 

~ Teena’ = 0 To ih 

ha “i (ak all) peel 

nt 

= it Ck Cn—i = 

open Co n—1) 
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giving our explicit form. Also, f(x) = 2" fp (=) if and only if c; = cp_; 
for? = 0,1,...,m, and from above this is indeed the case. This completes 
the proof. 

Problem 3 There are 99 space stations. Each pair of space stations 
is connected by a tunnel. There are 99 two-way main tunnels, and 

all the other tunnels are strictly one-way tunnels. A group of 4 space 

stations is called connected if one can reach each station in the group 

from every other station in the group without using any tunnels other than 

the 6 tunnels which connect them. Determine the maximum number of 

connected groups. 

Bee) an extension of the Solution. In this solution, let f(x) = 

definition of (3) to all real numbers ~. 

In a group of 4 space stations, call a station troublesome if three one-way 

tunnels lead toward it or three one-way tunnels lead out of it. In each group 

there is at most one troublesome station of each type for a count of at most 

two troublesome stations. 

If a group of four stations contains a troublesome station, say A, then 

it is either impossible to reach A from the other stations or impossible to 

reach the other stations from A. 

We claim that if a group of four stations A, B, C, D contains neither a 

troublesome station nor a two-way tunnel, then it is connected. We start 

at any station and travel along one-way tunnels until we reach our starting 

position. If we pass through all four stations, we are finished. Otherwise, 

we must pass through exactly three — say, from A to B to C. From 

each of these three stations we can reach any other of the three. Now, 

because D is not troublesome, we may assume without loss of generality 

that a one-way tunnel leads from A to D; thus, we can reach D from any 

station. Similarly, we can reach any station from D. Therefore, our group 

of four stations is connected. 

Label the stations 1,2,...,99. For ¢ = 1,2,...,99, let a; one-way 

tunnels point into station 7 and b; one-way tunnels point out. Station 7 is 

troublesome in (=) oe (@) groups of four. Adding over all stations, we 

obtain a total count of 37/25 Ke) + ne This equals 7/25 f (az) for 
5 : : 198 : 

nonnegative integers %1,%2,...,Z19g with es xz; = 96-99. With- 

out loss of generality, suppose that x1,%2,...,%% are at least 1 and 

Lh+1,Ck+2)+--,L19g are zero. Because f(x) is convex as a function 

of x for x > 1, this is at least k(°°9?/"). Also, mf(x) > f(ma) when 

m <1 and mz > 2. Letting m = k/198 and mx = 96 - 99/198 = 48, 
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we find that our total count is at least 198 (Ca Because each unconnected 

group of 4 stations has at most two troublesome stations, there are at least 

99(“) unconnected groups of four and at most (°?) — 99(%) connected 

groups. 

All that is left to show is that this maximum can be attained. Arrange 

the stations around a circle, and put a two-way tunnel between any two 

adjacent stations. Given two distinct stations A and B that are not adjacent, 

place a one-way tunnel running from station A to station B if and only if 

A is 3, 5, ..., or 97 stations away clockwise from B. In this arrangement, 

every station is troublesome 2(*°) times. It is easy to check that under this 
arrangement, any group of four stations containing a two-way tunnel is 

connected. Now suppose that station A is troublesome in a group of four 

stations A, B, C, D with B closest and D furthest away clockwise from 

A. If one-way tunnels lead from A to the other tunnels, three one-way 

tunnels must lead to D from the other tunnels; if one-way tunnels lead to 

A from the other tunnels, three one-way tunnels must lead from B to the 

other tunnels. Thus every unconnected group of four stations has exactly 

two troublesome stations. Hence equality holds in the previous paragraph, 

and there are indeed exactly (°?) — 99(7) connected groups. 

Problem 4 Let m be a positive integer. Prove that there are integers a, 

b, k, such that both a and 6 are odd, k > 0, and 

2m = al? + b°? +b - 21999. 

Solution. The key observation is that if {t;,---,t,} equals {1,3,5,..., 

2” — 1} modulo 2”, then {t{,---,t%} does as well for any odd positive 

integer s. To show this, note that for i 4 7, 

ti — th (te ty) + eg ae tH’). 

Because t?~'+¢2~t;+-- -+t5~* is an odd number, t; = t; <> t? = tf 
(mod 2”). 

Therefore there exists an odd number ag such that 2m — 1 = aj? (mod 
21999). Hence if we pick a = ag (mod 219) sufficiently negative so that 
2m —1-—a'® > 0, then 

2m —1-a!% 
(a, b, k) == (« Ly | 

is a solution to the equation. 



1999 National Contests: Problems and Solutions 47 

Problem 5 Determine the maximum value of such that if f(x) = 
x? + az? + ba + ¢ is a cubic polynomial with all its roots nonnegative, 
then 

f(a) = A(z — a)? 

for all 2 > 0. Find the equality condition. 

Solution. Let a,(,y be the three roots. Without loss of generality, 

suppose that0 <a<§<v-. We have 

L—-a=x+a+6+y720 and f(z) =(e4—a)(x— B(x —7). 

If 0 < x < a, then (applying the AM-GM inequality to obtain the first 

inequality below) 

~f(2) = (a-2)(8 - 2)(7-2) < (a+ 6 +732) 
1 1 Pts PR ay See 

Silay Ei teCemel? fi) 57 (e a)”, 

so that f(a) > —3-(x—a)*. Equality holds exactly when a—x = B—z = 

 — x in the first inequality anda +6+y-32=2+a+(+7 in the 

second; that is, when x = 0 anda=f=¥y. 

If @ < x < ¥, then (again applying the AM-GM inequality to obtain 

the first inequality below) 

~ f(a) = (w—0)(x~ B)(y- 2) < ele +7-a-)® 
1 if 

< spetatB+yy = a7 (ta), 

so that again f(z) > — (x — a)®. Equality holds exactly when 

xz—a = x—3 = y—z in the first inequality and +y—a—8 = z+0a+6+); 

that is, when a = G = 0 and y = 2z¢. 

Finally, when a < x < G or x > y then 

1 3 be eh a7 eo) 

Thus, \ = + works. From the above reasoning we can find that 

A must be at most —F or else the inequality fails for the polynomial 

f(x) = a? (a —1) at x = §. Equality occurs either when a = 6 = ¥ and 

x = 0; or when a = (3 = 0, 7 is any nonnegative real, and x = 3. 



48 China 

Problem 6 A 4x4 4 cube is composed of 64 unit cubes. The faces of 

16 unit cubes are to be colored red. A coloring is called interesting if there 

is exactly 1 red unit cube in every 1 x 1 x 4 rectangular box composed of 4 

unit cubes. Determine the number of interesting colorings. (Two colorings 

are different even if one can be transformed into another by a series of 

rotations.) 

Solution. Pick one face of the cube as our bottom face. For each unit 

square A on this face, we consider the vertical 1 x 1 x 4 box with A 

at its bottom. If the 7-th unit cube up (counted from A) in the box 

is colored, then write the number 7 in A. Each interesting coloring is 

mapped one-to-one to a 4 x 4 Latin square on the bottom face. (In an 

n x n Latin square, each row and column contains each of n symbols 

Q1,-.-,@n exactly once.) Conversely, given a Latin square we can reverse 

this construction. Therefore, to solve the problem, we only need to count 

the number of distinct 4 x 4 Latin squares. 

Note that switching rows of a Latin square will generate another Latin 

square. Thus if our four symbols are a, b, c, d, then each of the 4! - 3! 

arrangements of the first row and column correspond to the same number 

of Latin squares. Therefore there are 4! - 3! - x four-by-four Latin squares, 

where x is the number of Latin squares whose first row and column both 

contain the symbols a, b, c, d in that order. The entry in the second row 

and second column equals either a, c, or d, yielding the Latin squares 

Ge © al Ge Dy Ol 

b 1a— dae ay fone xe! 

CA dae i € a SD as 

do feeb Va diet Gb 

@ iy @ @! a ee | 

De Oa bo Gee. 

en 106 808 Dal” C @: dab 

ad ab <e dice beta 

!. 3!- 4 = 576 interesting colorings. AS Thus x = 4, and there are 
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6 Czech and Slovak Republics 

Problem 1 In the fraction 

29 = 28 +27 = ---+16 

1 rad Wa eae 

parentheses may be repeatedly placed anywhere on the numerator, granted 

they are also placed on the identical locations in the denominator. 

(a) Find the least possible integral value of the resulting expression. 

(b) Find all possible integral values of the resulting expression. 

Solution. (a) The resulting expression can always be written (if we 

refrain from cancelling terms) as a ratio - of two integers A and B 

satisfying 

PAs =1(2)(3)) (20 Ol eo fe 11 13 hy 10 323 229, 

(To find these exponents, we could either count primes directly factor by 

factor, or use the rule that 

sgl 0 
is the exponent of p in n!.) 

The primes that have an odd exponent in the factorization of 29! cannot 
A “vanish” from the ratio 4 even after making any cancellations. For this 

reason no integer value of the result can be less than 

H=2-3-17 -19- 23-29 = 1292646. 

On the other hand, 

DQ ((--7((28 = 27) = 26) ~ --- = 17) = 16) 
15 + ((--- ((14 + 13) + 12) +--- +3) +2) 

_ 29-14 (27)(26) --- (16) 
4.15 28 3 G2e3 22) 

_ 29-14? 27! 
28 (15!) 

OP ea oe igs 21 919s 28 
(211. 36. 58.72.11 - 13)? 

(Again it helps to count exponents in factorials using (1).) The number H 

is thus the desired least value. 

= 29-7 = Hi. 
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(b) Let’s examine the products A and B more closely. In each of the 

fourteen pairs of numbers 

{29, 15}, {28, 14},..., {16, 2}, 

one of the numbers is a factor in A and the other is a factor in B. The 

resulting value V can then be written as a product 

DON Fi IBN ES 16\""* 

15 14 2 : 

where each €; equals +1, and where €; = 1 and €2 = —1 no matter 

how the parentheses are placed. Because the fractions a 26 ae are 

greater than 1, the resulting value V (whether an integer or not) has to 

satisfy the estimate 

1 ay 16 poet ee gees 
where H is the number determined in part (a). It follows that H is the 

only possible integer value of V! 

Problem 2 Ina tetrahedron ABC'D we denote by E and F the midpoints 

of the medians from the vertices A and D, respectively. (The median from 

a vertex of a tetrahedron is the segment connecting the vertex and the 

centroid of the opposite face.) Determine the ratio of the volumes of 

tetrahedra BCE F and ABCD. 

Solution. Let K and L be the midpoints of the edges BC and AD, and 

let Ap, Do be the centroids of triangles BCD and ABC, respectively. 

Both medians AAg and DD lie in the plane AK D, and their intersection 

T (the centroid of the tetrahedron) divides them in 3 : 1 ratios. T' is also 

the midpoint of KL, because 

It follows that 

and hence AATD ~ AETF and EF = $AD. Because the plane 
BCL bisects both segments AD and EF into halves, it also divides both 

tetrahedra ABCD and BCEF into two parts of equal volume. Let G be 
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the midpoint of HF. The corresponding volumes then satisfy 

[BCEF| [BCGF| GF [BCG LEG 2 1 

ple eae 

2 

ABCD] | PCED) ED. (BCI 3 KL 9° 

Problem 3 Show that there exists a triangle ABC for which, with 

the usual labelling of sides and medians, it is true that a # b and 

a+ma = 6+ ms. Show further that there exists a number k such 

that for each such triangle a +m, = b+ mp, = k(a +5). Finally, find all 

possible ratios a : b of the sides of these triangles. 

Solution. We know that 

so 3 

m2 —m? = q(e == 6"). 

If the desired condition mz — m)» = b—a ¥ 0 is to be satisfied, then 

necessarily m_ + mp = 2(b+ a). From the system of equations 

Ma —M,=b-a 

we find that we would then have m, = $(7b — a), my = 3(7a — b), and 

if 
atm, =b+m = gia). 

Thus k = f. 

Now we examine for what a # 6 there exists a triangle ABC with sides 

a,b and medians m, = ¢(7b—a), m5 = +(7a—b). We can find all three 

side lengths of the triangle AB,G, where G is the centroid of the triangle 

ABC and B, is the midpoint of the side AC: 

b 2 2 1 1 
AB, = 35, AGEN idan ks AIO tie (Dea), 

f Toye 1 
BiG gi = 5 g (7a b) aa (7a — b) 

Examining the triangle inequalities for these three lengths, we get the 

condition 

Bera Sere 
3 b A 

from which the value ¢ = 1 has to be excluded by assumption. This 

condition is also sufficient: once the triangle AB,G has been constructed, 
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it can always be completed to a triangle ABC with b = AC,ma = 

AA,,mp = BB. Then from the equality m2 — m? = 3(b? — a?) we 

would also have a = BC. 

Problem 4 In a certain language there are only two letters, A and B. 

The words of this language satisfy the following axioms: 

(i) There are no words of length 1, and the only words of length 2 are 

AB and BB. 

(ii) A sequence of letters of length n > 2 is a word if and only if it can 

be created from some word of length less than n by the following 

construction: all letters A in the existing word are left unchanged, 

while each letter B is replaced by some word. (While performing this 

operation, the B’s do not all have to be replaced by the same word.) 

Show that for any n the number of words of length n equals 

27 +4+2-(-1)” 
5 ' 

Solution. Let us call any finite sequence of letters A, B a string. From 

here on, we let --- denote a (possibly empty) string, while * * * will stand 

for a string consisting of identical letters. (For example, B x ** B is a 
— 

string of k B’s.) k 

We show that an arbitrary string is a word if and only if it satisfies the 

following conditions: (a) the string terminates with the letter B; and (b) 

it either starts with the letter A, or else starts (or even wholly consists of) 

an even number of B’s. 

It is clear that these conditions are necessary: they are satisfied for both 

words AB and BB of length 2, and they are likewise satisfied by any new 

word created by the construction described in (ii) if they are satisfied by 

the words in which the B’s are replaced. 

We now show by induction on n that, conversely, any string of length 

n satisfying the conditions is a word. This is clearly true for n = 1 and 

n = 2. If n > 2, then a string of length n satisfying the conditions must 

have one of the forms 

AA-:-B, AB-:-B, Bxx*x BA---B, Bx B, 
SS ——e) 

2k 2k+2 

where 2 < 2k <n — 2. We have to show that these four types of strings 
arise from the construction in (ii) in which the B’s are replaced by strings 
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(of lengths less than n) satisfying the condition — that is, by words in 
view of the induction hypothesis. 

The word AA---B arises as A(A---B) from the word AB. The 
word AB.---B arises either as A(B---B) from the word AB, or as 
(AB)(---B) from the word BB, depending on whether its initial letter A 
is followed by an even or an odd number of B’s. The word 

BxxxBA---B 
—— 

2k 

arises as (B * x x B)(A---B) from the word BB, and the word 

Bxx*B as (Bxx x B)(BB) 
SS ——_——’ 

2k+2 2k 

from the word BB. This completes the proof by induction. 

Now we show that the number p,, of words of length n is indeed given 

by the formula 

2” 4+2-(-1)” 
Pra = 3 : 

It is clearly true for n = 1 and 2 because p; = 0 and po = 2, and the 

formula will then follow by induction if we can show that ppi2 = 2” + pn 

for each n. This recursion is obvious because each word of length n + 2 

is either of the form A---B where --- is any of the 2” strings of length 

n, or of the form BB--- where --- is any of the p, words of length n. 

Problem 5 In the plane an acute angle APX is given. Show how to 

construct a square ABC'D such that P lies on side BC and P lies on the 

bisector of angle BAQ where Q is the intersection of ray PX with CD. 

Solution. Consider the rotation by 90° around the point A that maps B 

to D, and the points P,C,D into some points P’,C’, D’, respectively. 

Because ZPAP’ = 90°, it follows from the nature of exterior angle 

bisectors that AP’ bisects ZQAD’. Consequently, the point P’ has the 

same distance from AD’ and AQ, equal to the side length s of square 

ABCD. This distance is also the length of the altitude AD in triangle 

AQP’. Because the altitudes from A and P’ in this triangle are equal, 

we thus have AQ = P’Q. Because we can construct P’, we can also 

construct Q as the intersection of line PX with the perpendicular bisector 

of the segment AP’. The rest of the construction is obvious, and it is 

likewise clear that the resulting square ABC'D has the required property. 
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Problem 6 Find all pairs of real numbers a and 6 such that the system 

of equations 
cacao Te ety , 
Eee) re + y2 

has a solution in real numbers (z, y). 

Solution. If the given system has a solution (x,y) fora = A, b= B, 

then it clearly also has a solution (kx, ky) for a = tA, 6 =ckB, tor 

any k # 0. It follows that the existence of a solution of the given system 

depends only on the value of the product ab. 

We therefore begin by examining the values of the expression 

(u+v)(u3 + v3) 

(u? + v?)? 

where the numbers u and v are normalized by the condition u? + v? = 1. 

This condition implies that 

Neder eS 

P(u,v) = (u+ v)(u? + v3) = (ut v)?(u? — uv + 0?) 

= (u? + Quv + v*)(1 — uv) = (1+ 2uv)(1 — uv). 

Under the condition u? + v? = 1 the product uv can attain all values in the 

interval (—4, 5] (if uw = cosa and v = sina, then wv = 5 sin 2a). Hence 

it suffices to find the range of values of the function f(t) = (1+ 2t)(1—t) 

on the interval t € [—4, 5]. From the formula 

2 1 
f(t) =-27 +4+1=-2(¢-3) +3 

it follows that this range of values is the closed interval with endpoints 

f (3) =0 and f (2) = 2. 
This means that if the given system has a solution, its parameters a and 

b must satisfy 0 < ab < 2, where the equality ab = 0 is possible only if 

x+y = 0 (then, however, a = b = 0). 

Conversely, if a and b satisfy 0 < ab < 3, by our proof there exist 

numbers u and v such that u?+-v? = 1 and (u+v)(u3+v) = ab. Denoting 
eT) +¥ and b/ = u® + v3, the equality a’b/ = ab 4 0 implies that both 

ratios ~ and = have the same value k 4 0. Then (x,y) = (ku, kv) is 
a 

clearly a solution of the given system for the parameter values a and b. 
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7 France 

Problem 1 

(a) What is the maximum volume of a cylinder that is inside a given cone 

and has the same axis of revolution as the cone? Express your answer 

in terms of the radius R and height H of the cone. 

(b) What is the maximum volume of a ball that is inside a given cone? 

Again, express your answer in terms of R and H. 

(c) Given fixed values for R and H, which of the two maxima you found 

is bigger? 

Solution. Let 2 = /R*+ H? be the slant height of the given cone. 

Also, orient the cone so that its base is horizontal and its tip is pointing 

upward. 

(a) Any cylinder satisfying the described conditions can be enlarged, 

if necessary, so that the circumferences of its two circular faces lie on the 

cone. The top face of the cylinder cuts off a smaller cone at the top of 

the original cone. If the cylinder has radius r, then the smaller cone has 

height r - = and the cylinder has height h = H —r- a. Then the volume 

of the cylinder is 

9 9 r 9 ees r 
N= TT H(les) =4rR H(se-5en(i= a) 

By the AM-GM inequality on 35, 5%, and 1 — =, this is at most 

2 I r c r\\3 ae: 2 4nR H-= (s5+55+(1-5)) = rH, 

with equality when r/2R=1—r/R <=> r=§R. 

(b) Any sphere satisfying the described conditions can be translated, if 

necessary, so that its center lies on the cone’s axis. It can then be enlarged 

and translated vertically, if necessary, so that it is tangent to the base and 

lateral face of the cone. 

Let the sphere have radius r. Take a planar cross-section of the cone 

slicing through its axis, cutting off a triangle from the cone and a circle 

from the sphere. The triangle’s side lengths are ¢, ¢, and 2R, and its 

height (from the side of length 2R) is H. The circle has radius r and is 

the incircle of this triangle. 

The area K of the triangle is $(2R)(H) = RH and its semiperimeter 

iss = R+4£. Because K = rs we have r = #4. and thus the volume of 
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mer yy atest 
—7Tr = —T ees 

oe a ee 
(c) We claim that when h/R = V3 or 2\/6, the two volumes are 

equal; when Viaae h/R < 2, the sphere has larger volume; and when 

0<h/R < V3 or 2 < h/R, the cylinder has larger volume. 

We wish to compare 

Ae Piss 4. Se TENG aes rt ea ee a7 rit Han at (5) 

Equivalently, multiplying by 

20 

4n R? H 

we wish to compare (R+¢)? and 9RH? = 9R(l?—R?). Writing d = ¢/R, 
this is equivalent to comparing (1 + ¢)° and 9(¢? — 1). Now, 

(1 + ¢)° — 9(¢° — 1) = $° — 6d? + 36 + 10 = ($ + 1)(¢ — 2)( — 5). 

Thus when ¢ = 2 or 5, the volumes are equal; when 2 < @ < 5, the 

sphere has larger volume; and when 1 < @ < 2 or 5 < @, the cylinder 

has larger volume. Comparing R and H instead of R and ¢ yields the 

conditions stated before. 

the sphere is 

(R+2)°, 

nt+2 

Problem 2 Find all positive integers n such that (n + 3)” oe 

Solution. nm = 2 and n = 8 are solutions to the equations; we shi they 

are the only ones. 

First observe that the function 

fhe (Fee) leo aga) 
is an increasing function for n > 0. To see this, note that the derivative 

of In f(m) with respect to n is 

In (1 + : ) . 
n+2 (n+ 2)(n+ 3) 

By the Taylor expansion, 

1 = 1 1 1 
re Ce epee oe eh a aa a | ME ewes 
n( =) Dewey: ee 25 
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and hence 

d 
Festa) =n (SS eee 
dn n+2 (n+ 2)(n +3) 

2(n+2)—-1 n 2 

Hepa | Gea Ae 
Thus In f(m) and therefore f(n) are indeed increasing. 

Now, notice that if f(n) > 2 then we have 

laa ate eal 
(w+3)” S242)" > "-- > 2 (wt3= 7)" S- >. > 2". (3). 

so that 

Then 

1 
3” +4 4 --.4 (n+ 2)" < (et get +3) (n +3)” 

so the equality does not hold. 

Because 2 < f(6) < f(7) < ---, the equality must fail for all n > 6. 

Quick checks show that it also fails for n = 1,4,5 (in each case, one 

side of the equation is odd while the other is even). Therefore the only 

solutions are n = 2 and n = 3. 

Problem 3 For which acute-angled triangle is the ratio of the shortest 

side to the inradius maximal? 

Solution. Let the sides of the triangle have lengths a < b < c; let the 

angles opposite them be A, B, C; let the semiperimeter be s = $(a+b+c); 

and let the inradius be r. Without loss of generality, assume that the triangle 

have circumradius R = & and that a = sin. A, b= sin B, c= sin C. 

The area of the triangle equals both rs = $r(sin A + sin B + sinC) 

and abc/4R = 5 sin Asin BsinC. Thus 

mi sin Asin B sin C 

ar sinA+sinB+sinC 

and 
a snA+sinB+sinC 

sin BsinC 
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Because A = 180° — B—C, sinA = sin(B + C) = sinBcosC + 

cos B sin C' and we also have 

° = cot B+ csc B + cot C + esc C. e 

Note that f(x) = cot x + csc z is a decreasing function along the interval 

0° < x < 90°. Now there are two cases: B < 60°, or B > 60°. 

If B > 60°, because C > B > 60°, the triangle with A’ = B’ = C’ = 

60° has a larger ratio a’/r’. Therefore we may assume that B < 60°. 

We may further assume that A = B — otherwise, the triangle with 

angles A’ = B’ = $(A+ 8B) < B and C’ = C has a larger ratio a’/r’. 
Because C' < 90° we have 45° < A < 60°. Now, 

a sinA+sinB+sinC — 2sinA+sin(2A) 

aak sin B sinC ~ sin Asin(2A) 

= 2csc(2A) + csc A. 

Now csc x has second derivative csc x(csc? x + cot? x), which is strictly 

positive when 0° < x < 180°. Thus, both csc x and csc(2z) are strictly 

convex along the interval 0° < x < 90°. Therefore, g(A) = 2csc(2A) + 

csc A, a convex function in A, is maximized in the interval 45° < A < 60° 

at one of the endpoints. Because g(45°) = 2+ V2 < 2V3 = g(60°), it is 

maximized when A = B = C = 60°. 

Therefore the maximum ratio is 2\/3, attained with an equilateral 

triangle. 

Problem 4 There are 1999 red candies and 6661 yellow candies on a 

table, made indistinguishable by their wrappers. A gourmand applies the 

following algorithm until the candies are gone: 

(a) If there are candies left, he takes one at random, notes its color, eats 

it, and goes to (b). 

(b) If there are candies left, he takes one at random, notes its color, and 

(i) if it matches the last one eaten, he eats it also and returns to (b). 

(i1) if it does not match the last one eaten, he wraps it up again, puts 

it back, and goes to (a). 

Prove that all the candies will eventually be eaten. Find the probability 

that the last candy eaten is red. 

Solution. If there are finitely many candies left at any point, then at the 
next instant the gourmand must perform either step (a), part (i) of step 
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(b), or part (ii) of step (b). He eats a candy in the first two cases; in the 

third case, he returns to step (a) and eats a candy. Because there are only 
finitely many candies, the gourmand must eventually eat all the candies. 

We now prove by induction on the total number of candies that if we 

start with r > 0 red candies and y > 0 yellow candies immediately before 

step (a), then the probability is 4 that the last candy eaten is red. 

Suppose that the claim is true for all smaller amounts of candy. After 

the gourmand has completed steps (a) and (b) and is first directed by the 

algorithm to return to (a) suppose there are r’ red candies and y’ yellow 

candies left. We must have r’ + y’ < r+y. The probability that r’ = 0 is 

Similarly, the probability that y’ = 0 is 

1 1 

ry) (r+) A ie 
(In the case r = y = 1, this proves the claim.) 

Otherwise, the probability is 

2 

Coa 
that both 7’ and y/’ are still positive. By the induction hypothesis, in this 

case the last candy is equally likely to be red as it is yellow. Thus the 

overall probability that the last candy eaten is red is 

ees em en ee 

Con GaGa Re 
y'=0 r’,y’>0 

— 

This completes the inductive step, and the proof. 

Problem 5 From a given triangle, form three new points by reflecting 

each vertex about the opposite side. Show that these three new points 

are collinear if and only if the distance between the orthocenter and the 

circumcenter of the triangle is equal to the diameter of the circumcircle of 

the triangle. 

Solution. Let the given triangle be ABC and let the reflections of 

A, B,C across the corresponding sides be D, E, F. Let A’, B’,C" be the 

midpoints of BC, CA, AB, and as usual let G, H, O denote the triangle’s 

centroid, orthocenter, and circumcenter. Let triangle A” B’C” be the 
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triangle for which A,B,C are the midpoints of B’C”,C” A", A” B", 

respectively. Then G is the centroid and H is the circumcenter of 

triangle A” B’C”. Let D’',E,' F’ denote the projections of O on the 

lines B’C”,C” A", A” B", respectively. 

Consider the homothety h with center G and ratio —1/2. It maps 

A, B,C, A", B",C” into A’, B’,C’, A,B,C, respectively. Note that 

A'D’ 1 BC because O is the orthocenter of triangle A’B’C’. This 

implies that AD : A'D’ = 2:1= GA: GA' and ZDAG = ZD'A'G. 

We conclude that h(D) = D’. Similarly, h(E) = E’ and h(F) = F’. 

Thus, D, FE, F are collinear if and only if D’, E’, F’ are collinear. Now 

D!, E’, F"’ are the projections of O on the sides B’C”,C” A”, A” B", 

respectively. By Simson’s theorem, they are collinear if and only if O 

lies on the circumcircle of triangle A’ B’C”. Because the circumradius 

of triangle A” B’C” is 2R, O lies on its circumcircle if and only if 

OF = 2k. 
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8 Hong Kong (China) 

Problem 1 Let PQRS be a cyclic quadrilateral with 7PSR = 90°, and 
let H and K be the respective feet of perpendiculars from Q to lines PR 

and PS. Prove that line HK bisects QS. 

First Solution. QK and RS are both perpendicular to PS. Hence QK 
is parallel to RS and thus 72KQS = ZRSQ. Because PQRS is cyclic, 

ZRSQ = ZRPQ; quadrilateral PH KQ is also cyclic because ZPKQ = 

ZPHQ = 90°, and it follows that 2RPQ = ZHPQ = ZHKQ. Thus, 

ZKQS = ZHKQ. It follows that line HK bisects the hypotenuse QS 

of right triangle KQS, as desired. 

Second Solution. The Simson line from Q with respect to APRS goes 

through H, K, and the foot F’ of the perpendicular from Q to RS. Thus, 

line HK is line F’'K, a diagonal in rectangle SFQK, so it bisects the 

other diagonal, QS. 

Problem 2 The base of a pyramid is a convex nonagon. Each base 

diagonal and each lateral edge is colored either black or white. Both colors 

are used at least once. (Note that the sides of the base are not colored.) 

Prove that there are three segments colored the same color which form a 

triangle. 

Solution. Let us assume the contrary. By the pigeonhole principle, five 

of the lateral edges must be of the same color. Without loss of generality, 

assume that they are black segments from the vertex V to By, Bo, Bs, 

B,, and Bs where B,B2B3B,4Bs is a convex pentagon (and where the 

B,’s are not necessarily adjacent vertices of the nonagon). B,B2, Bo Bs, 

B3B,, B,Bs, and Bs By, cannot all be sides of the nonagon, so without 

loss of generality suppose that B, By is colored. Because triangle VB; B; 

cannot have three sides colored black, B, Bz, Bz Ba, B,B, must be white. 

Now triangle B, BB, has three sides colored white, a contradiction. 

Problem 3 Let s and t be nonzero integers, and let (x, y) be any ordered 

pair of integers. A move changes (x,y) to (x — t, y — s). The pair (2, y) 

is good if after some (possibly zero) number of moves it becomes a pair 

of integers that are not relatively prime. 

(a) Determine whether (s,t) is a good pair; 

(b) Prove that for any s and ¢, there exists a pair (x, y) which is not good. 
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Solution. (a) Let us assume that (s,¢) is not good. Then, after one move, 

we obtain (s — t,t — s), so we may assume without loss of generality that 

s—t = 1andt—s = —1 because these numbers must be relatively prime. 

Then s + ¢ cannot equal 0 because it is odd. Also, s +t =(s—t)+2tF 

(st) + Ov = Landis +t nbs) 128A hes 8) oe al 

Hence, some prime p divides s + t. After p — 1 moves, (s,t) becomes 

(s—(p—1)t,t—(p—1)s) = (s+t,t+s) = (0,0) (mod p), a contradiction. 

Thus, (s,t) is good. 

(b) Let x and y be integers which satisfy sx — ty = g, where 

g = gcd(s,t). Writing s = gs’ and t = gt’, we have s'x — t’'y = 1, 

so gcd(z, y) = 1. Now suppose, by way of contradiction, that after k 

moves some prime p divides both x — kt and y — ks. We then have 

0O=a2-—kt=y-—ks=>0 

Ill s(x — kt) =t(y—ks) ==> 0 

=sx—ty=g (mod p). 

Thus, p divides g, which divides s and ¢, so the first equation above 

becomes 0 = x = y(modp). However, x and y are coprime, a 

contradiction. Therefore, (x, y) is not good. 

Problem 4 Let f be a function defined on the positive reals with the 

following properties: 

Om aes sane 

(ii) fle +1) =2f(2); 

(iii) f(x) = 109), 

where g(x) is a function defined on the reals satisfying 

g(ty + (1 — t)z) < tg(y) + (1 — t)g(z) 

for all real y, z, and any0 <t <1. 

(a) Prove that 

tlg(n) — g(n — 1)] < g(n +t) — g(n) < t[g(n + 1) — g(n)] 

where n is any integer and 0 < ¢t < 1. 

(b) Prove that 
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Solution. (a) Setting t = + in the given inequality, we find that 

g (50 + )) < 5 (a(u) + 9(z)). 

Now fix t (perhaps not equal to » constant. Letting y = n —t and 

z=n-+tin 

a(5u+2)) < (ol +912) 
gives g(n) < $(g(n—t) +.9(n+t)) or 

g(n) — g(n—t) < g(n +t) — g(n). (1) 

Plugging in z = n, y =n -— 1 into the given inequality gives 

g(t(n — 1) + (1—#)n) < tg(n — 1) + (1-2) g(n), 
or 

t[g(n) — g(n — 1)] < g(n) — g(n -t). 

Combining this with (1) proves the inequality on the left side. The 

inequality on the right side follows from the given inequality with z = n, 

Tae ps al 

(b) From (ii), f(3) = 3f(5) and f($) = $f£(8) = Zf(g). Also 
oe f(1) = 1 and f(3) = 2f(2) = 2. Now, if we let n = 2 and 

t = = in the inequality in part (a), we find 

5[9(2) - 9(1)] <9 (3) — 92) < 5 [9(8) - 9(2)] 
Exponentiating with base 10 yields 

FBR 8) 
Plugging in f (3) = . yields the desired result. 

3 
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9 Hungary 

Problem 1 I have n > 5 real numbers with the following properties: 

(i) They are nonzero, but at least one of them is 1999. 

(ii) Any four of them can be rearranged to form a geometric progression. 

What are my numbers? 

Solution. First suppose that the numbers are all nonnegative. If x < 

y <2 < w < v are any five of the numbers, then z,y,z,w; 2, y, Zz, Vv; 

L,Y,W,V; ©,2Z,w,v; and y,z,w,v must all be geometric progressions. 

Comparing each two successive progressions in this list, we find that 

L=y=z=w=v. Thus, all our numbers are equal. 

If some numbers are negative in our original list, replace each number 

x by |x|. Property (ii) is preserved, and thus from above all the values |z| 

are equal. Hence, each original number was 1999 or —1999. We are also 

given n > 5, implying that some three numbers are equal. However, no 

geometric progression can be formed from three —1999s and a 1999, or 

from three 1999s and a —1999. Therefore, all the numbers must be equal 

— to 1999. 

Problem 2. Let ABC be a right triangle with ZC = 90°. Two squares 

S; and Sp» are inscribed in triangle ABC such that S; and ABC share 

a common vertex C’, and Sz has one of its sides on AB. Suppose that 

[Si] = 441 and [S)] = 440. Calculate AC + BC. 

Solution. Let S; = CDEF and S, = KLMN with D and K on AC 

and N on BC. Let s; = 21,82 = 440 and a = BC,b = CA,c= AB. 

Using ratios between similar triangles AED, ABC, EBF, we find that 

e = AB = AE+ EB = c(s;/a+ 81/b) or s,(1/a + 1/b) = 1. 

Because triangles ABC, AKL, NBM are similar, we have c = AB = 

AL+ LM + MB = s9(b/a+1+4 a/b) and s2 = abc/(ab+c*). Then 

ey huey ce gat es ee | 
~ Vee ab?" ab ae a oe 

Thus, ¢ = 1/,/1/s3 — 1/s? = 21/440. Solving s2 = abe/(ab + c?) for 
ab yields ab = sgc?/(c — s2) = 21? - 22. Finally, AC + BC =a+b= 
ab/s; = 21-22 = 462. 
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Problem 3 We are given a pyramid PABCD such that ABCD is a 2 by 
2 square and the altitude from P passes through the center of ABC'D. Let 
O and K be the centers of the respective spheres tangent to the faces, and 

the edges, of pyramid PABCD. Determine the volume of the pyramid if 

O and K are equidistant from the base. 

Solution. Let r, R be the spheres’ respective radii, and let h be the 

pyramid’s height. By symmetry, O and K lie on the altitude through P. 

Take a cross section of the pyramid with a plane perpendicular to the 

base, cutting the base at a line through its center parallel to AB. It cuts 

off an isosceles triangle from the pyramid with base 2 and legs V/h? + 1. 

The triangle’s incircle is the cross-section of the sphere centered at O and 

hence has radius r. On one hand, the area of this triangle is the product of 

its inradius and semiperimeter, or $7(2 + 2Vh? +1). On the other hand, 

it equals half of the product of its base and height, or 5 -2-h. Setting 

these quantities equal, we find that r = (Vh? +1-—1)/h. 

Next, by symmetry the second sphere is tangent to AB at its midpoint 

M. Because K must be distance r from plane ABCD, we have R? = 

KM? = r? +1. Furthermore, if the second sphere is tangent to AP at 

N, then by equal tangents we have AN = AM = 1. 

Then PN = PA—-1=~wh2 + 2-1. Also, PK =h-+-r if K is on the 

opposite side of plane ABC'D as O, and it equals h — r otherwise. Thus 

PK? = PN?+NK?* 

(h+r)? =(Vh?+2-1)? 4+ (r? +1) 

+2rh =4-2V/h2 +2. 

Recalling that r = (Vh? +1 —1)/h, this gives 

Tht el 1) = 2 = V he. 

This equation has the unique solution h = V7 /3. Thus, the volume of the 

pyramid is 4 -4- va = 4y/7/9. 

Problem 4 For any given positive integer n, determine (as a function of 

n) the number of ordered pairs (x, y) of positive integers such that 

a? — y? = 107 - 30°”. 

Prove further that the number of such pairs is never a perfect square. 

Solution. Because 102-30?” is even, x and y must have the same parity. 

Then (a,y) is a valid solution if and only if (u,v) = (4, =) isa 
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pair of positive integers that satisfies u > v and wv = 5? . 302”. Now 

52 . 302” = 22” . 32n . 52n+2 has exactly (2n + 1)?(2n + 3) factors. Thus 

without the condition wu > v there are exactly (2n + 1)?(2n+3) such pairs 

(u,v). Exactly one pair has wu = v, and by symmetry half of the remaining 

pairs have u > v. It follows that there are 4 ((2n + 1)?(2n +3) —1) = 
(n + 1)(4n? + 6n + 1) valid pairs. 
Now suppose that (n + 1)(4n? + 6n + 1) were a square. Because n + 1 

and 4n? + 6n+1 = (4n+2)(n+1) —1 are coprime, 4n? + 6n + 1 must 

be a square as well. However, (2n + 1)? < 4n? +6n+1 < (2n+2)’,a 
contradiction. 

Problem 5 For 0 < z,y, z < 1, find all solutions to the equation 

Bi y Zz 3 

l+yt+2zr ve l+z2+ay * lfefye chy ee 

Solution. Assume x + y+ 2 > 0, because otherwise the equation is 

meaningless. (1 — z)(1—2z) > 0 > 1+ 2¢@ > x +z, and hence 

xz/(1+y+zx) < «/(x+y+z). Doing this for the other two fractions yields 

that the left-hand side is at most (x +y+z)/(x+y+z) < 3/(a+y+z). 

If equality holds, we must have in particular thatr+y+2z2=3>2= 

y = z =1. This is indeed a solution to the given equation. 

Problem 6 The midpoints of the edges of a tetrahedron lie on a sphere. 

What is the maximum volume of the tetrahedron? 

Solution. Let the sphere have center O and radius r. First let A, B,C 

be any points on its surface. Then (OAB] = $0A-OBsinZAOB < 

sr”. Likewise, the height from C to plane OAB is at most CO = 

r, whence tetrahedron OABC has maximum volume r? /6. Now, if 

{A, A’}, {B, B’}, {C,C’} are pairs of antipodal points on the sphere, the 

octahedron ABC'A'B’C’ can be broken up into 8 such tetrahedra with 

vertex O and therefore has maximum volume 4r°/3. Equality holds for a 

regular octahedron. 

In the situation of the problem, shrink the tetrahedron T' (with volume 

V) by a factor of 1/2 about each vertex to obtain four tetrahedra, each 

with volume V/8. Then the six midpoints form an octahedron with volume 
V/2. Moreover, the segment connecting two opposite vertices C and D 
of this octahedron has T’s centroid P as its midpoint. If O ¢ P then 
line OP is a perpendicular bisector of each segment, and then all these 
segments must lie in the plane through P perpendicular to line OP. Then 
V/2 = 0. Otherwise, the midpoints form three pairs of antipodal points, 
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which form a polyhedron of volume at most 4r?/3. Therefore, V < 8r3/3, 
with equality for a regular tetrahedron. 

Problem 7 A positive integer is written in each square of an n? by n? 
chess board. The difference between the numbers in any two adjacent 

squares (sharing an edge) is less than or equal to n. Prove that at least 

|n/2| + 1 squares contain the same number. 

Solution. Consider the smallest and largest numbers a and b on the board. 

They are separated by at most n? — 1 squares horizontally and n? — 1 

vertically, so there is a path from one to the other with length at most 

2(n? — 1). Because any two successive squares differ by at most n, we 

have b — a < 2(n? —1)n. All the numbers on the board are integers 

lying between a and b, so only 2(n? — 1)n +1 distinct numbers can exist. 

Therefore, because n* > (2(n? — 1)n + 1)(n/2), more than n/2 squares 

contain the same number. 

Problem 8 One year in the 20th century, Alex noticed on his birthday 

that adding the four digits of the year of his birth gave his actual age. That 

same day, Bernath — who shared Alex’s birthday but was not the same 

age as him — also noticed this about his own birth year and age. That 

day, both were under 99. By how many years do their ages differ? 

Solution. Let c be the given year. Alex’s year of birth was either 

18uv or 19uv respectively (where u and v are digits), and thus either 

c= 18uv+ (9+ut+v) = 18094 1lu+ 2v orc = 19uv+ (10+u+v) = 

1910 + Liu + 2v. 

Similarly, let Bernath’s year of birth end in the digits u’, v’. Alex and 

Bernath could not have been born in the same century. Otherwise, we 

would have 1lu+2v = 1lu’ +2v’ > 2(v—v’) = 11(u’ —u). Thus either 

(u,v) = (u’,v’) or else |v — v’| > 11, which are both impossible. Now 

without loss of generality assume Alex was born in the 1800s, and that 

1809+ 1lw+2v = 1910+ 11u’ + 20’ > 11(u—u’) + 2(v—v’) = 101 > 

u—u’ = 9,v—v' = 1. The difference between their ages then equals 

19u’v’ — 18uv = 100 + 10(u’ — u) + (v’ — v) = 9. 

Problem 9 Let ABC be a triangle and D a point on the side AB. The 

incircles of the triangles ACD and CDB touch each other on CD. Prove 

that the incircle of ABC touches AB at D. 

Solution. Suppose that the incircle of a triangle XYZ touches sides 

YZ,ZX,XY atU,V,W. Then (using equal tangents) XY +YZ+ZX = 
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(YW + YU) + (XW 4+ ZU) + XZ = (2YU) + (XZ) + XZ, and 

VUES OY ey Za 
Thus, if the incircles of triangles ACD and C'DB touch each other at 

E then AD+ DC — CA =2DE = BD+DC-—-CB= AD-CA= 

(AB— AD) —- BC > AD = $(CA+AB- BC). If the incircle of ABC 

is tangent to AB at D’, then AD’ = 4(CA+ AB — BC) as well — so 
Ds=D', as: desired: 

Problem 10 Let R be the circumradius of a right pyramid with a square 

base. Let r be the radius of the sphere touching the four lateral faces and 

the circumsphere. Suppose that 2R = (1+ /2)r. Determine the angle 

between adjacent faces of the pyramid. 

Solution. Let P be the pyramid’s vertex, ABCD the base, and M,N 

the midpoints of sides AB,C'D. By symmetry, both spheres are centered 

along the altitude from P. Plane PMN intersects the pyramid in triangle 

PMN and meets the spheres in great circles. Let the smaller circle have 

center O. It is tangent to PM, PN, and the large circle at some points 

U, V, and W, respectively. By symmetry, W lies on the altitude from 

P, implying that it is diametrically opposite P on the larger circle. Thus 

OP = 2R-—r = Vor, triangle OUP is a 45°-45°-90° triangle, and 

ZOPU = ZOPV = 45°. Therefore, triangle NPM is isosceles right, 

and the distance from P to plane ABC'D equals BC/2. 

Hence, one can construct a cube with P as its center and ABCD as 

a face, and this cube can be decomposed into six pyramids congruent to 

PABCD. In particular, three such pyramids have a vertex at A. Thus three 

times the dihedral angle between faces PAB, PAD forms one revolution, 

and this angle is 120°. Stated differently, suppose that the three pyramids 

are PABD, PADE, PAEB; let P’ be the midpoint of AP, and let B’, 

D’, E’ be points on planes PAB, PAD, PAE such that lines B’P’, 

D'P’, E'P’ are all perpendicular to line AP. The desired angle is the 

angle between any two of these lines. Because these three lines all lie in 

one plane (perpendicular to line AP), this angle must be 120°. 

Problem 11 Is there a polynomial P(a) with integer coefficients such 

that P(10) = 400, P(14) = 440, and P(18) = 520? 

Solution. If P exists, then by taking its remainder when divided by 
(x — 10)(a — 14)(a — 18), we may assume that P is quadratic. Writing 
P(x) = aa* + bx +c, direct computation reveals P(x + 4) + P(x — 4) — 
2P(x) = 32a for all x. Plugging in x = 14 gives 40 = 32a, which is 
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impossible because a must be an integer. Therefore, no such polynomial 
exists. 

Problem 12 Let a,b,c be positive numbers and n > 2 be an integer 
such that a” + 6” = c”. For which k is it possible to construct an obtuse 

triangle with sides a®, b*, c*? 

Solution. First observe that a < c and b < c. Thus, for m > n we have 

Ce CLG One Gi a bs ba — a be while for m, <n 

we have ¢” = c™~"(a" +6") < a™ "a" +b™—"6" = a™ +b™. Now, a 

triangle with sides a’, b*, c* exists if and only if a*+b* > c*, and it is then 
obtuse if and only if (a*)?+(b*)? < (c*)?, ie., a2* +62" < c?*. From our 
first observation, these conditions are equivalent to the inequalities k < n 

and 2k > n, respectively. Hence, n/2 < k <n. 

Problem 13 Let n > 1 be an arbitrary real number and k be the number 

of positive primes less than or equal to n. Select k + 1 positive integers 

such that none of them divides the product of all the others. Prove that 

there exists a number among the k + 1 chosen numbers which is bigger 

than n. 

Solution. Suppose otherwise, for the sake of contradiction. Our chosen 

numbers @j,...,@,41 must then have a total of at most k distinct prime 

factors (the primes less than or equal to n). Let o,(a@) denote the highest 

value of d such that pt | a. Also let g = a1@2---@x41. Then for each 

prime p, 0p(q) = eae Op(a;), and it follows that there can be at most 

one hostile value of 7 for which 0,(a;) > Op(q)/2. Because there are at 

most & primes which divide qg, there is some 7 which is not hostile for any 

such prime. Then 20p(a;) < Op(q) => Op(ai) < Op(q/a;) for each prime 

p dividing q, implying that a; | q/a;, a contradiction. 

Problem 14 The polynomial «* — 2x? + ax + b has four distinct real 

roots. Show that the absolute value of each root is smaller than /3. 

Solution. Let the roots be p,q,7, s. We have p+q+r+s=0,pq+pr+ 

pstgqr+qs+rs = —2, and hence p*+q?+r?+s? = 0?—2(—2) =4. By 

the Cauchy-Schwarz inequality, (1+1+1)(q?+r?+s?) > (q+r+s)? for 
any real qg, r, s. Furthermore, because q, 7, s must be distinct, the inequality 

becomes strict. Thus, 4 = p? + q?+7?+ 8? > p* + (—p)?/3 = 4p?/3 or 

lp| < \/3. The same argument holds for q, 7, and s. 

Problem 15 Each side of a convex polygon has integral length and the 

perimeter is odd. Prove that the area of the polygon is at least J3/4. 
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Solution. 

Lemma 1. /f 0 < x,y < 1, then 

Jl—a#2?+vV1—-y2 >VJ/1-(«¢+y-1)?. 

Proof: Squaring and subtracting 2 — x? — y” from both sides gives the 

equivalent inequality 2,/(1 — x?)(1 — y?) > —2(1 — x)(1 — y), which is 

true because the left side is nonnegative and the right is at most 0. a 

Lemma 2. /f 7; + ---+ 2%, <n-—1/2 and 0 < a; < 1 for each i, then 

pear Vl a Us V¥3/2. 

Proof: | We use induction on n. In the case n = 1, the statement is 

clear. If n > 1, then either min(x,,22) < 1/2 or a; + x2 > 1. In the 

first case, we immediately have max(,/1 — x?, \/1 — x2) > V3/2. In the 

second case, we can replace x1, £2 by the single number x; + x2 — 1 and 

use the induction hypothesis together with the previous lemma. a 

Let P,Q be vertices of our polygon such that £ = PQ is maximal. 

The polygon consists of two paths from P to Q, each of integer length 

greater than or equal to ¢; these lengths are distinct because the perimeter 

is odd. Then the greater of the two lengths, m, is at least £+ 1. Position 

the polygon in the coordinate plane with P = (0,0),Q = (¢,0) and the 

longer path in the upper half-plane. Because each side of the polygon has 

integer length, we can divide this path into line segments of length 1. Let 

the endpoints of these segments, in order, be Po = P, P; = (21, y1), Po = 

(22, Y2),---, Pm = Q. There exists some r such that y, is maximal. Then 

either r > x, + 1/2 or (m —r) > (€—2,) + 1/2. Assume the former 

(otherwise, just reverse the choices of P and Q). We already know that 

y, = 0, and by the maximal definition of 2 we must have x; > 0 as well. 

Because the polygon is convex, we must have y; < yo <--- < yp and 

@) 5 %2<--- < ay. Now yizi — yi = V1 — (@i41 — 24), so 

r—1 r—l 

i=0 i=0 

by the second lemma. Hence triangle PP,Q has base PQ with length 
at least 1 and height y, > V3 /2, implying that its area is at least V3/ 4. 
Because our polygon is convex, it contains this triangle and hence the area 

of the whole polygon is also at least /3 /4. 
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Problem 16 Determine if there exists an infinite sequence of positive 
integers such that 

(i) no term divides any other term; 

(ii) every pair of terms has a common divisor greater than 1, but no integer 

greater than 1 divides all of the terms. 

Solution. The desired sequence exists. Let po,p1,... be the primes 

greater than 5 in order, and let g3; = 6,q3:41 = 10,q3i12 = 15 for 

each nonnegative integer 7. Then let s; = p,q; for all 1 > 0. The sequence 

S0, $1, $2,... Clearly satisfies (i) because s; is not even divisible by p; for 

a # J. For the first part of (ii), any two terms have their indices both in 

{0,1}, both in {0,2}, or both in {1,2} (mod 3), so they have a common 

divisor of 2, 3, or 5, respectively. For the second part, we just need to 

check that no prime divides all the s;. Indeed, 2 / s2,3 } 81,5 J so, and 

no prime greater than 5 divides more than one s;. 

Problem 17 Prove that, for every positive integer n, there exists a poly- 

nomial with integer coefficients whose values at 1,2, ...,n are different 

powers of 2. 

Solution. It suffices to prove the claim when n > 4, because the same 

polynomials which work for n > 4 work for n < 3. For each 7 = 

1,2,...,m, consider the product s; = []j_, ,4;(i—j). Because n > 4, one 
of the terms i — 7 equals 2 and s; is even. Thus, we can write s; = 24m; 

for positive integers q;,m; with m; odd. Let L be the least common 

multiple of all the g;, and let r; = L/q;. For each 7, there are infinitely 

many powers of 2 which are congruent to 1 modulo |m;"|. (Specifically, 

by Euler’s theorem, 2%(!?":'!)7 = 1 (mod |m**|) for all 7 > 0.) Thus there 
are infinitely many integers c; such that c;m;' +1 is a power of 2. Choose 

such c;, and define 

"5 

For each k,1 < k < n, in the sum each term (Teja 9) A 

vanishes for all 2 # k. Then 

T% 
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a power of 2. Moreover, by choosing the c; appropriately, we can guarantee 

that these values are all distinct, as needed. 

Problem 18 Find all integers N > 3 for which it is possible to choose 

N points in the plane (no three collinear) such that each triangle formed 

by three vertices on the convex hull of the points contains exactly one of 

the points in its interior. 

Solution. First, if the convex hull is a k-gon, then it can be divided 

into k — 2 triangles each containing exactly one chosen point. Because no 

three of the points are collinear, the sides and diagonals of the convex hull 

contain no chosen points on their interiors, giving N = 2k — 2. 

Now we construct, by induction on k > 3, a set S of 2k — 2 points 

consisting of a convex k-gon S; and a set S_ of k — 2 points inside, such 

that (i) no three of the 2k — 2 points are collinear; (ii) each triangle formed 

by vertices of the k-gon contains exactly one point of S2 in its interior. The 

case k = 3 is easy. Now, assume we have a convex k-gon P; P2... Px and 

a set Sj. Certainly we can choose @ such that P; P2... P,Q is a convex 

(k + 1)-gon. Let R move along the line segment from P;, to Q. Initially 

(at R = Py), for any indices 1 <7 <j < k, the triangle P;P;R internally 

contains a point of S by assumption; if R moves less than some sufficiently 

small distance d;;, the interior of triangle P;P;R still contains this point 

and no others. Furthermore, by choosing the d;; small enough, we can 

guarantee that whenever 0 < P,R < dj;, R is not collinear with any 

two points from S. Similarly, for any index 1 <i < k, P; P; contains the 

points P; and P; but none of the other points in S’ = {P,, P2,..., P,}US. 

Because there are only finitely many points in S’, if P,R is less than a 

sufficiently small value e;, the interior of triangle P;P;,.R will not contain 

any of the points in S’. 

Now fix a position of R such that P,R is less than the minimum as 

and the minimum e;; P; P2...P,R is a convex (k + 1)-gon. Let P be 

an interior point of the triangle bounded by lines P; P;, RP,—1, P,.R such 

that P is not collinear with any two points from S'U {R}. We claim the 

polygon P; P2...P,R and the set S U {P} satisfy our condition. If we 

choose three of the P;, they form a triangle containing a point of S' by 

hypothesis, and no others. Any triangle P;P; R (i, 7 < k) contains only the 
same internal point as triangle P;P;P;,, and each triangle P; P, R contains 

only P. And by construction, no three points from our set our collinear. 

This completes the induction step. 
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10 Iran 

First Round 

Problem 1 Suppose that a; < az < --- < a, are real numbers for some 

integer n > 2. Prove that 

4 4 4 
Q1Q5 + G2G3 +++: +a,a; = a2at + a305 fee pf a,as. 

First Solution. We prove the claim by induction on n. For n = 2, the 

two sides are equal. Now suppose the claim is true for n — 1, ie., 

4 4 4 4 4 4 Q1Qq + Q2Q3 + +++ + Gn-101, = G2Q, + aga +---+a14a,_}. 

Then the claim for n will follow from the inequality 

4 4 4 4 4 4 
An—14,, + AnQ, — Qn—-10] > Gna,,_, + a14a,, — aa, 4 

(Notice that this is precisely the case for n = 3.) Without loss of generality, 

suppose a, — a; = 1 — otherwise, we can divide each of a1, an_1, Gn by 

Gn — a1 > 0 without affecting the truth of the inequality. Then by Jensen’s 

inequality for the convex function xz*, we have 

4 
ay (Gn — Gn—1) + a7, (Gn—1 — a1) > (21(an — On—1) + On(@n—1 — a1) 

4 
= (@n—1(@n — a1)) = an_1 (An — a1), 

which rearranges to yield our desired inequality. 

Second Solution. We use an elementary method to prove the case n = 3. 

Define 

p(x, y,2) = cyt + y2* + 224 — ya* — zy* — az". 

We wish to prove that p(z,y,z) > 0 when zt < y < z. Because 

p(x, @,2) = p(z,y,y) = p(z,y, 2) = 0, we know that (y—2)(z—y)(z—2) 
divides p(x, y, z). In fact, 

DC, U; 2) = yz" Sas zat —xz* + xy* = yx* 

zy(z> — y) + z(2* — z*) + zy(y® — 2°) 

zy(2* — y?) + az(y? — 2°) + 2z(2® — y*) + cy(y* — 2°) 

zy sg vy a(z —y)(a® —y*) 

( =(y- z(2?7 + 2y+y?) — 2(2”? +2y+y7)) 
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= -#)e¢-yi(e — 2) ye 2) + y(z* — 2*)) 

=(y—a)(z-y)(z-a2)(2? t+zet+a?+y? +yz+y2) 

1 
= 5 xr)(z—y)(z xz) ((« t+y)?+(yt+ zyrt(zt+ oe) 

2 0, 

as desired. 

Problem 2 Suppose that n is a positive integer. The n-tuple (a1,..., @n) 

of positive integers is said to be good if aj +--- +a, = 2n and if for 

every k between 1 and n, no k of the n integers add up to n. Find all 

n-tuples that are good. 

Solution. Suppose we have a good n-tuple (a1, ...,@,,), and consider the 

suMS 41,0, +42,...,@,; +@2+:::+@,_1. All of these sums are between 

0 and 2n exclusive. Thus, if any of the sums is 0 (mod 7), it equals n 

and we have a contradiction. Also, if any two are congruent modulo n, we 

can subtract these two sums to obtain another partial sum that equals n, a 

contradiction again. Therefore, the sums must all be nonzero and distinct 

modulo n. 

Specifically, ag = a; +-::+ a,x (mod n) for some k > 1. If k > 1 

then we can subtract ag from both sides to find a partial sum that equals 

n. Therefore k = 1 and a, = a2 (mod n). Similarly, all the a; are 

congruent modulo n. Because the a; have sum 2n, one of the a; is at most 

2. Hence, the a; are either all congruent to 1 modulo n, or all congruent 

to 2 modulo n. 

If the a; are all congruent to 1 modulo n, then (a), a@2,...,@,,) must be 

a permutation of 1,1,...,1,2+ 1. For every k between 1 and n, no k of 

these n integers add up to n, so these n-tuples are indeed good. 

If the a; are all congruent to 2 modulo n, then (a),a@2,...,@n) = 

(2,2,...,2). If m is odd, then no k of the a; have sum n and this n-tuple 

is good; but if n is even, then any 4 of the a; have sum n, and the n-tuple 

is not good. 

Problem 3 Let J be the incenter of triangle ABC and let AI meet the 
circumcircle of ABC at D. Denote the feet of the perpendiculars from J 
to BD and CD by E and F, respectively. If [E+ IF = AD/2, calculate 
ZBAC. 
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Solution. A well-known fact we will use in this proof is that DB = 
DI = DC. In fact, ZBDI = ZC gives ZDIB = (ZA+ ZB)/2 while 
ZIBD =(ZA+ ZB)/2. Thus DB = DI, and similarly DC = DI. 

Let 0 = ZBAD. Then 

1 1 
{ID AD = 51D (IE + IF) 

I 
1 1 
5BD IE +=>CD- IF =[BID]+(DIC| 

ID 1 Fp \BAD] + [DAC]) = 51D - (AB + AC) -sin®, 

whence aha = 2sin 0. 

Let X be the point on ray AB different from A such that DX = DA. 

Because 7X BD = ZDCA and ZDXB = ZX AD = ZDAC, we have 

AX BD = AACD, and BX = AC. Then 

AD “e AD ay ee UE 

AB+AC AB+BX AX  2cos6’ 

so that 2sin@cos@ = 5, and. BAG = 20'= 30" 06.150": 

Bsn) = 

Problem 4 Let ABC be a triangle with BC > CA > AB. Choose 

points D on BC and FB on ray BA such that 

BD =BE= AC. 

The circumcircle of triangle BED intersects AC at P and the line BP 

intersects the circumcircle of triangle ABC again at Q. Prove that AQ + 

OC = BP. 

First Solution. Except where indicated, all angles are directed modulo 

180°. 

Let Q’ be the point on line BP such that 2BEQ’ = ZDEP. Then 

ZQ'EP = ZAED — ZBEQ! + ZDEP = ZBED. 

Because BE = BD, ZBED = ZEDB, and because BE'PD is cyclic, 

ZEDB = ZEPB. Therefore 2Q’ EP = ZEPB = ZEPQ' and Q'P = 

Q'E. 

Because BEPD and BAQC are cyclic, we have 

Bh =U =2UprT = ZOAQ, 

ZQ'BE = ZQBA = ZQCA. 
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Combining this with BE = AC yields that triangles EBQ’ and ACQ are 

congruent. Thus BQ’ = QC and EQ’ = AQ. Therefore 

AQ + QC = EQ’ + BQ’ = PQ'+ BQ’, 

which equals BP if Q’ is between B and P. 

E is on BA and P is on CA, so E and P are on the same side of BC 

and thus BD. D is on BC and P is on AC, so D and P are on the same 

side of BA and thus BE. Thus, BEPD is cyclic in that order and (using 

undirected angles) ZBEQ’ = ZDEP < ZBEP. It follows that Q’ lies 

on segment BP, as desired. 

Second Solution. Because BEPD and BAQC are cyclic, we have 

CPED=Y PB DiETZOBC Aa 20 AC 

and 

ZEPD = 180" — 7DBE = 180° — Z@BA = ZA0G, 

which together imply APED ~ AQAC. Then 

AC - HP AGP Dp 

igi es ee 
As in the first solution, BEPD is cyclic in that order, so Ptolemy’s 

Theorem implies that 

BD3EP % BE! PD exBP.- DE. 

Substituting BD = BE = AC, we have 

BOT BoD ce 

DE DE 

or AQ + QC = BP, as desired. 

BP; 

Problem 5 Suppose that n is a positive integer and let 

dy < dg <dg<dg 

be the four smallest positive integer divisors of n. Find all integers n such 
that 

n= di +d3+d3+d?. 

Solution. The answer is n = 130. Note that z* = 0 (mod 4) when z is 
even and that 2” = 1 (mod 4) when z is odd. 

If n is odd, then all the d; are odd and n = d? + d3 +d? +d? = 
1+1+1+41=0 (mod 4), a contradiction. Thus, 2 | n. 
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If 4 | n then d; = 1 and dy = 2, andn = 14+0+d3 +d? 40 (mod 4), 
a contradiction. Thus, 4 / n. 

Therefore {d,,d2,d3,d4} = {1,2,p,q} or {1,2,p,2p} for some odd 

primes p,q. In the first case, n = 3 (mod 4), a contradiction. Thus 

n = 5(1+ p?) and 5|n, so p = dz = 5 and n = 130. 

Problem 6 Suppose that A = (a, a2,...,@,) and B = (by, bo, ..., bn) 

are two 0-1 sequences. The difference d( A, B) between A and B is defined 

to be the number of 7 for which a; 4 b; (1 <i <n). Suppose that A, B, 

C are three 0-1 sequences and that d(A, B) = d(A,C) = d(B,C) =d. 

(a) Prove that d is even. 

(b) Prove that there exists a 0-1 sequence D such that 

WD Ae) Bs) == GDC) == S. 

Solution. (a) Modulo 2, we have 

d(A, B) = (a, — by) + (a2 — b2) +--+ + (Gn — bn) 

= (a) + ag +--+ +an) + (b1 + bo +--+ + dp). 

Thus, 

3d = d(A, B) + d(B,C) + d(C, A) =2 (Son + Soa + Soa] ; 
il al i=1 

so d must be divisible by 2. 

(b) Define D as follows: for each 7, if a; = b; = c, then let 

d; = a; = b; = c;. Otherwise, two of a;,b;,c; are equal; let d; equal 

that value. We claim this sequence D satisfies the requirements. 

Let a be the number of 7 for which a; 4 b; and a; # c; (that is, for which 

a; is “unique”). Define @ and y similarly, and note that d(A,D) = a, 

d(B, D) = B, and d(C, D) = y. We also have 

d=d(A,B) =a+8 

d= d(B,Cy=8-n7 

diz CoA) iets is 

Thus,a = 6=y= q as desired. 
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Second Round 

Problem 1 Define the sequence {z,,}n>0 by Xo = 0 and 

grtl "3 

t,1+— —, ifn =3"(3k +1), 
Th eS a 

ev 1 
In—-1 — eS if n = 3"(3k + 2), 

where k and r are nonnegative integers. Prove that every integer appears 

exactly once in this sequence. 

First Solution. We prove by induction on t > 1 that 

: Gras Sv als Sues 
(i) {20;21,.+..4Sgetep {-252,-353,...,S}. 

+ 3°-1 (i) 2305) = = 

These claims imply the desired result, and they are easily verified for 

t = 1. Now supposing they are true for t, we show they are true for t+ 1. 

For any positive integer m, write m = 3"(3k + s) for nonnegative 

integers r, k, s, with s € {1,2}, and define r,, =r and s, = s. 

Then for m < 3°, observe that 

Tm = Tm+3t = Tm+2-3t and Sm = Sm+3t = Tm+42-3') 

so that 

Im — lIm—-1 = L3t+m — L3t4+m—1 = L2.3t+m — L2.3t+m-1- 

Setting m = 1,2,...,k < 3° and adding the resulting equations, we have 

Lk = M3t+1k — L3t 

Lk = @2.3t4+k — X2.3t- 

Now, setting n = 3° in the recursion and using (ii) from the induction 

hypothesis, we have x3: = 3¢ — and 

3° +3 ae | 
(09s. aaaa} =f —} ee 5 

e 3° +1 
sates 37] . 2-3¢-1 5 

Then setting n = 2 - 3° in the recursion we have 29.3: = —3¢ — giving 

girl ae: 3t 1 

{Xo.3t,...,Xgtti_o} = ; a =F } 
9 re aes 5 
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girth _ 4 

2 

Combining this with (i) and (ii) from the induction hypothesis proves the 

claims for ¢ + 1. This completes the proof. 

Lg. 3trl 4 

Second Solution. For n; € {—1,0,1}, let the number 

pila at nai No| 

in base 3 equal >>", n; - 3°. It is simple to prove by induction on k that 
the base 3 numbers with at most k digits equal 

Baan 3S ae | 
9 ’ 9 RTO EB ) ’ 

which implies that every integer has a unique representation in base 3. 

Now we prove by induction on n that if n = ama@m_1...a9 in base 

3, then tp, = [bmbm-1...bo] in base 3, where b; = —1 if a; = 2 and 

b; = a, for all other cases. 

For the base case, 9 = 0 = [0]. Now assume the claim is true for 

fo — wee WO, Oy 8220p -et Os UU, then 

UR 

Bie | 

Pi eye 

=] ely see eee ead 
Tr r+1 

AAD eee OF TOKO 0). 
——_——" 

r 

if mstead 1 = 0,,07;-1...a; 20 0..-0, then 

Te 

sean a 
Ln = n-1 + oy: 

iba tr abal ie Re 112.1 
T. r+l 

5 SOE e. 
ie 

In either case, the claim is true for n, completing the induction. 

To finish the proof, note that every integer appears exactly once in base 

3. Thus each integer appears exactly once in {%}n>0, as desired. 
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Problem 2 Suppose that n(r) denotes the number of points with integer 

coordinates on a circle of radius r > 1. Prove that 

n(r) < 6V rr. 

Solution. Consider a circle of radius r containing n lattice points. We 

must prove that n < 6V rr. 

Because r > 1 and 6 ¢/m > 8, we may assume n > 8. Label the n lattice 

points on the circle P;, P2,..., P, in counterclockwise order. Because the 

sum of the (counterclockwise) arcs ee Ps, Po Ps. Sh, bt oie An.cone. Of 

the arcs P;P,,2 has measure at most #2 — say, without loss of generality, 

arc P; P3. 

Consider a triangle ABC inscribed in an arc of angle an Its area 

is maximized by moving A and C to the endpoints of the arc and then 

moving B to the midpoint (where the distance to line fe: is greatest). At 

that point ZCAB = ZBCA = and ZABC = 180° — 27 so 

[ABC] = abe _ (2r sin =)(2r sin 2*)(2r sin : 

4r 4r 

- (2r=)(2r2=)(2r=) 
~ Ar 

ee Ar? 73 
ar 

Because triangle P; P;P3 is inscribed in an arc of measure an by 

the preceding argument, [P; P2P3] < ae Because P,, P2, and P3 

are lattice points, the area [P; P2P3] is at least 4 (this can be proven 

by either Pick’s Formula K = I + 4B —TI or the formula K = 
b lar yo — Loy1 + Foy3 — T3YQ + 23y1 — x Yy3|). Therefore, 

< V8r203 = IV Pr? < 6War?, 

as desired. 

Problem 3 Find all functions f : R — R satisfying 

f(f(z) + y) = f(a? — y) + 4f(a)y 

for all x,y € R. 



1999 National Contests: Problems and Solutions 8| 

Solution. Let (x,y) = (x, x”). Then 

F(f(@) +2") = f(0) + 4x? f (2). (1) 

Let (x,y) = (2, —f(x)). Then 

F(O)'= fle f(a) = 4f(@)?. (2) 

Adding (1) and (2) gives 4f(x)(f(x) — x?) = 0. This implies that for 

each individual x, either f(x) = 0 or f(x) = 2”. (Alternatively, plugging 

a i) into the original equation also yields this result.) Clearly 

f(x) =0 and f(x) = 2? satisfy the given equation. We now show that f 

cannot equal some combination of the two functions. 

Suppose that there is an a 4 0 such that f(a) = 0. Plugging in 7 = a 

into the original equation, we have 

f(y) = f(a’ —y). 

If y # $, then y? # (a? —y)? so f(y) = f(a? — y) = 0. Thus f(y) = 0 
for all y # S. As for f(S-), by choosing x = 2a or some other value in 

the original equation, we can similarly show that f (=) c= 

Therefore f(x) = 0 for all x or f(x) = x? for all z, as claimed. 

Problem 4 In triangle ABC, the angle bisector of 7BAC meets BC at 

D. Suppose that w is the circle which is tangent to BC’ at D and passes 

through A. Let M be the second point of intersection of w and AC’. Let 

P be the second point of intersection of w and BM. Prove that P lies on 

a median of triangle ABD. 

Solution. Extend AP to meet BD at E. We claim that BE = ED and 

thus AP is a median of triangle ABD, as desired. In fact, 

Bie ED —— BE — b= hbo BA 

—— ABE PAA Bae, ZU BP—ZBALE. 

Let N be the second intersection of w with AB. Using directed angles and 

arc measures, because AD bisects the angle between lines AN and AC, 

we have DM = ND and 

ND-PD _ DM-PD 
ZBAE = ZNAP = 5 = 5 SOB ZEB? 

as desired. 



8) Iran 

Problem 5 Let ABC be a triangle. If we paint the points of the plane in 

red and green, prove that either there exist two red points which are one 

unit apart or three green points forming a triangle congruent to ABC. 

Solution. We call a polygon green (respectively, red) if its vertices are 

all green (respectively, red); we call a segment green (respectively, red) if 

its endpoints are both green (respectively, red). 

Suppose, by way of contradiction, there were no such red or green points, 

and let the sides of triangle ABC be a, b, and c. Without loss of generality 

assume that a < b,c. 

First we prove no red segment has length a. If XY were a red segment 

of length a, then the unit circles around X and Y must be completely 

green. Now draw Z so that AXY Z = AABC. The unit circle around Z 

must be completely red, or else it would form an illegal triangle with the 

corresponding points around X and Y. On this unit circle we can find a 

red unit segment, a contradiction. 

Now, the whole plane cannot be green so there must be some red point 

R. The circle w around R with radius a must be completely green. Then 

pick two points D, E on w with DE = a. Because a < b,c, we can 

construct F' outside w so that ADE F = A ABC; F must be red. Thus if 

we rotate DE around R, F' forms a completely red circle of radius greater 

than a — and on this circle we can find two red points distance a apart, 

a contradiction. 

Third Round 

Problem 1 Suppose that S = {1,2,...,m} and that A,, Ao,..., Ax are 

subsets of S such that for every 1 < 71, 72,723,714 < k, we have 

|A;, Cay U Ae U Aj, | <n-2. 

Prove that k < 2”—?, 

Solution. For a set 7’, let |7’| denote the numbers of elements in T. We 

call a set TC S 2-coverable if T C A; U A; for some i and j (not 

necessarily distinct). Among the subsets of S that are not 2-coverable, let 
A be a subset with minimum | A]. 

Consider the family of sets S; = {AN A,, AN Ag,..., ANAx}. (ANA; 
might equal A‘ A; for some distinct 7 and j, but we ignore any duplicate 
sets.) Because A is not 2-coverable, if X € S$), then A — X ¢ S,. Thus, 

at most half the subsets of |A| are in S,, and |S,| < 2/4!-}, 



1999 National Contests: Problems and Solutions 83 

On the other hand, let B = S — A and consider the family of sets 

S, = {BN A1,BN Ag,...,BM Ax}. We claim that if X € S>, then 
B—X ¢ S2. Suppose on the contrary that both X,B— X € S> for some 
X = BM A; and B— X = BN Ap. By the minimal definition of A, 

there are A; and A; such that A; UA; = A \ {m} for some i,j, and m. 

Then 

|Ag U Ay UA;UA;| =n —1, 

a contradiction. Thus our assumption is false and |S2| < 2/%l-1 = 
gn—j|Al—1 

Because every set A; is uniquely determined by its intersection with sets 

A and B = § — A, it follows that k < |S,|-|S2| < 2”-?. 

Problem 2. Let ABC be a triangle and let w be a circle passing through 

A and C. Sides AB and BC meet w again at D and EF, respectively. 

Let y be the incircle of the circular triangle # BD and let S be its center. 

Suppose that y touches the arc DE at M. Prove that the angle bisector 

of ZAMC passes through the incenter of triangle ABC. 

Solution. Let O and R be the center and radius of w, r be the radius 

of y, and J be the incenter of triangle ABC. Extend lines AI and CT to 

hit w at M4 and Mg respectively. Also let line AD be tangent to y at 

F,, and let line CE be tangent to y at G. Finally, let d be the length of 

the exterior tangent from M, to w. Notice that because line AM, bisects 

ZDAC, we have DM, = M,C. Similarly, EMco = MGA. 

Applying Generalized Ptolemy’s Theorem to the circles M4, C, D, and 

y (some of them degenerate) externally tangent to w gives 

CG-DM,=M,C-DF+d-CD 

Ce= DEN « ripe 2 d- =MAG ( CD ) : 

Note that d? equals the power of M, with respect to y, so d? = M,4S? — 

r’. 

By Stewart’s Theorem on cevian M4M in triangle SOM ,, we also 

have 

M,S2.-OM + M,O?-MS = MaM?-SO+SM-MO-SO 

M,S?-R+R?-r=M,M?-(R+r)+r-R-(R+r) 

M,4M?(R+r) = (MaS? -r?)R=d°R, 
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Combining the two equations involving d?, we find 

CG-DF\* _MaM?(R+r) 
CD es R 

MDA ONP (ER =). 
(Ae \R+r CD 

McM\* (_R ol 
McA] ~ \R Ae AE 

CG=DP=(CG GB) UF LFB)=CB- DB 

Mac? ( 

Similarly, 

Now 

and similarly 

AF — EG = (AF + FB) —-(EG+GB) = AB- BE. 

Furthermore, because AC DE is cyclic, some angle-chasing gives ZBDC = 

ZAEC and ZDCB = ZBAE, so ACBD ~ AABE and 

CG-DF CB-DB AB-BE AF-EG 

CDall (nabiC Dah. signi watieonl ool 2 TI 
Therefore we have 

MaM McM sn ZMAM,  sinZMcCM 

MiO- MeA sin7ZMaAC sinZACMo 

By the trigonometric form of Ceva’s theorem in triangle AMC applied to 

lines AM,, CMc, and MI, we have 

snZMAM, sinZACMc sinZCMI _ 

sinZM,AC sinZMcCM sinZIMA ~ 

so that 

sin ZO sin ZAM A  —$—- ZC 

because ZAMC < 180°. Therefore, line MJ bisects ZAMC, so the 

angle bisector of AMC indeed passes through the incenter J of triangle 

ABC. 

Problem 3 Suppose that C,,C2,...,C,, are circles of radius 1 in the 

plane such that no two of them are tangent and the subset of the plane 

formed by the union of these circles is connected (i.e., for any partition of 

{1,2,...,n} into nonempty subsets A and B, Usea Ca and U,e5 Cr are 
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not disjoint). Prove that |S| >, where 

the set of intersection points of the circles. (Each circle is viewed as the 

set of points on its circumference, not including its interior.) 

Solution. Let T = {C,,C2,...,C,}. For every s € S and C € T 

define 
Of a ter ces 

f(s,C)=4 9 PUNC 
where k is the number of circles passing through s (including C). Thus 

nde 
CeT 

for every s € S. 

On the other hand, for a fixed circle C € T, let so € SMC be a point 

such that 

f(6o,C) =min{ f(s, C) |'s eS nc}. 

Suppose that C’,C2,...C are the circles which pass through so. Then C 

meets C2,...,C, again in distinct points s2,...,s,. Therefore 

1 k-1 
Sy GIO a ol 
sEC 

We have 

SI SSE Wie Cade daha C) Sn, 
seS CET CET ses 

as desired. 

Problem 4 Suppose that —1 < 21, @2,...,%» < 1 are real numbers such 

that 7; + 22 +...+2, = 0. Prove that there exists a permutation o of 

{1,2,...,} such that, for every 1<p<q<n, 

1 
Zo) Siemans aoa) <2- m 

Also prove that the expression on the right hand side cannot be replaced 

by 2— 4. 

Solution. If n = 1 then x; = 0, and the permutation a(1) = 1 suffices. 

If n = 2 then |21|,|x2| < 1 and |x, + x2| = 0, and the permutation 

(a(1),0(2)) = (1, 2) suffices. Now assume n > 3. 
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View the x; as vectors. The problem is equivalent to saying that if we 

start at a point on the number line, we can travel along the n vectors £1, 

a9, ..., 2m in some order so that we stay within an interval (m, m+2- +]. 

Call x; long if |x;| > 1—-— A and call it short otherwise. Also call 

x, positive if x; > 0 and negative if x; < 0. Suppose without loss of 

generality that there are at least as many long positive vectors as long 

negative vectors — otherwise, we could replace each x7; by —x;. We make 

our trip in two phases: 

(i) First, travel alternating along long positive vectors and long negative 

vectors until no long negative vectors remain. Suppose at some time 

we are at a point P. Observe that during this phase of our trip, 

travelling along a pair of vectors changes our position by at most 

+ in either direction. Thus if we travel along 2t < n vectors after 

P, we stay within 4 < = of P; if we travel along 2¢ + 1 vectors 

after P, we stay within + ol = - <2= = of P. Therefore, during 

this phase, we indeed stay within an interval J = (m, Tee oor +] of 

length 2 — +. 

(ii) After phase (i), we claim that as long as vectors remain unused and 

we are inside J, there is an unused vector we can travel along while 

remaining in J. This fact implies that we can finish the trip while 

staying in J. 

If there are no positive vectors, then we can travel along any negative 

vector, and vice versa. Thus, assume there are positive and negative 

vectors remaining. Because all the long negative vectors were used in 

phase (i), only short negative vectors remain. 

Now if we are to the right of m + 1 — , we can travel along a 

short negative vector without reaching or passing m. If we are instead 

on or to the left of m+ 1— i, we can travel along a positive vector 

(short or long) without passing m + 2 — +. 

Therefore it is possible to complete our journey, and it follows that the 

desired permutation o indeed exists. 

However, suppose = is changed to <. This bound is never attainable 

for n = 1, and it is not always attainable when n = 2 (when 2, = 1, 

x2 = —1, for example). 

Ifn = 2k+1 > 3 or 2k+2 > 4, suppose that 2} = v2 =--- =a, = 1 
and Spo. = Cprg = 3-* = Gop, = — ay. If n is even, we can let 

Xn» = 0 and ignore this term in the permutation. 
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If two adjacent numbers in the permutation are equal then their sum is 
either 2 > 2 — a or —2- ear <-2 s 4 Therefore in the permutation, 

the vectors must alternate between —-a ond 1, starting and ending with 
k 

- k+1" 
Then the outer two sors cay UPMOs Saree A, so the ay 2k— 1 

vectors add up to 2- >> A > 2— 4, a contradiction. Therefore, = cannot 

be replaced by +. 

Problem 5 Suppose that 7;,...,7,, are real numbers. Prove that there 

Cxisisus 1 1.2. wo} such that 

1S Sita 14 2h < 2, 

for 1 <i<n-—2, and 

Tm 

o— 
Dr 
1S) 

Solution. Let o = >>¥_, |r;| and for 7 = 0,1, 2, define 

oo ; Yr; and i, = ) [5,5 

(Pe n=? Re 0 

where congruences are taken modulo 3. Then we have 0 = 8; + 82 + 83 — 

t; — tg — tg, and 20 equals 

(s; + 82) + (s2 + 83) + (83 + 81) — (t1 + te) — (to + t3) — (t3 + th). 

Therefore, there exist 7; # %2 such that either s;, + s;, > s/3 or 

Leet | S —s/3 or both. Without loss of generality, we assume that 

$i, +8i, > 0/3 and |s;, +53,| > |ti, +%,|. Thus, s;, +3; +hy+ti, 2 0. 

We have [s;, + $i. + ti,] + [8:, + Sig + tig] = 81, + Sig = 7/3. Therefore 

at least one of s;, + $;, +t;, and s;, + 5;, +t, is bigger or equal to 7/6, 

and we are done. 
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1! Ireland 

Problem 1 Find all nonzero reals x > —1 which satisfy 

i z x? + 3x + 18 

(c+1-—Vx+1) (x +1)? 

Solution. Make the substitution y = x + 1, so that y € (0, 1) U(1, 00) 

and « = y* — 1. Then the inequality is equivalent to 

(y? — 1)? 9 (y? — 1)? + 3(y? —1) +18 
(y? —y)? y* 

(y +1)? _ y* +y? +16 
We y* 

<> (yt 1)*y? <y*+y?+16 

<=> 2y? < 16, 

so the condition is satisfied exactly when y < 2; Le., exactly when 

y € (0,1) U(1, 2) and  € (—1,0) U (0,3). 

Problem 2 Show that there is a positive number in the Fibonacci 

sequence which is divisible by 1000. 

Solution. In fact, for any natural number n, there exist infinitely many 

positive Fibonacci numbers divisible by n. 

The Fibonacci sequence is defined thus: Fo = 0, Fy = 1, and Fxy2 = 

Fyuii + F; for all k > 0. Consider ordered pairs of consecutive Fibonacci 

numbers (Fo, Fi), (£1, F2),... taken modulo n. Because the Fibonacci 

sequence is infinite and there are only n? possible ordered pairs of integers 

modulo n, two such pairs (F;, F}+1) must be congruent: F; = F;4,, and 

Fi41 = Fitm+1 (mod n) for some i and m. 

Ihde 1 then, SF — hy se Fes i Peay =P cae 9, OUD). 

Likewise Fito = Pig, + Fy = Fitmei + Kam = Fitoom (mod n): 

Continuing similarly, we have F; = Fj; (mod n) for all 7 > 0. In 

particular, 0 = Fo = Fm = Fom = --- (mod n), so the numbers F,,, 

fom, ... are all positive Fibonacci numbers divisible by n. Applying this 

to n = 1000, we are done. 

Problem 3 Let D, E, F be points on the sides BC, CA, AB, respec- 

tively, of triangle ABC such that AD | BC, AF = FB, and BE is the 

angle bisector of 7B. Prove that AD, BE, CF are concurrent if and only 
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if 

a’(a—c) = (0? —c*)(a +0), 

where a = BC, b=CA, c= AB. 

Solution. By Ceva’s Theorem, the cevians AD, BE, CF in AABC are 

concurrent if and only if (using directed line segments) 

JANIE JED) (CUE 

EB) DOMHA ~ 

In this problem, 46 = 1, and GE — 4 Thus AD, BE, CF are 

concurrent if and only if BD = - 

This in turn is true if and only if BD = . Because 

AB? = Bs 81) AG — CD", ros last Soon nore exactly 

when the following equations are true: 

2 ac ; 2 ar : 
AB* — = ACe 

Q@==¢ Gee 

(a+c)?e? a2" = (a +.6)7b4 — a" 

at ~— arc? = (b? —¢*\(a +c)? 

a*(@—c) = (0? — c*) (ac). 

Therefore the three lines are concurrent if and only if the given equation 

holds, as desired. 

Alternatively, applying the law of cosines gives 

BD sctos Ba 6C) a7 4-7 1= 4 2ab a? + c? — b? 

DC beos'C  *b 2ac a2+b2—c? a2+b%-—c?- 

Again, this equals < exactly when the given equation holds. 

Problem 4 A 100 by 100 square floor is to be tiled. The only available 

tiles are rectangular 1 by 3 tiles, fitting exactly over three squares of the 

floor. 

(a) If a 2 by 2 square is removed from the center of the floor, prove that 

the remaining part of the floor can be tiled with available tiles. 

(b) If, instead, a 2 by 2 square is removed from the corner, prove that the 

remaining part of the floor cannot be tiled with the available tiles. 

Solution. Choose a coordinate system so that the corners of the square 

floor lie along the lattice points {(z,y) | 0 < zy < 100,2,y € Z}. 
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Denote the rectangular region {(z,y) | a < x < b,c < y < d} by 

[(a, a) ca (0, d)). ; ; Pe. 

(a) It is evident that any rectangle with at least one dimension divisible 

by 3 can be tiled. First tile the four rectangles 

[(0, 0) — (48, 52)], [(0,52) — (52, 100)], 

[(52, 48) — (100, 100)], and [(48,0) — (100, 52)]. 

The only part of the board left untiled is [(48, 48) — (52,52)]. Also recall 
that the central region [(49, 49) — (51, 51)| has been removed. It is obvious 

that the remaining portion can be tiled. 

(b) Assume without loss of generality that [(0,0) — (2, 2)] is the 2 by 2 
square which is removed. Label each remaining square [(z, y)—(x@+l,y+ 

1)] with the number L(z, y) € {0, 1, 2} such that L(a, y) = x+y (mod 3). 
There are 3333 squares labelled 0, 3331 squares labelled 1, and 3332 

squares labelled 2. However, each 1 by 3 tile covers an equal number of 

squares of each label. Therefore, the floor cannot be tiled. 

Problem 5 Define a sequence u,, n = 0,1,2,... as follows: up = 0, 

u, = 1, and for each n > 1, un4+1 is the smallest positive integer such 

that Un41 > Un and {uo, U1,---,Un+1} contains no three elements which 

are in arithmetic progression. Find woo. 

Solution. Take any nonnegative integer n (e.g., 100) and express it in 

base 2 (e.g., 100 = 11001002). Now interpret that sequence of 1’s and 

0’s as an integer in base 3 (e.g., 11001003 = 981). Call that integer t,, 

(6.9% nec) = 981). 

We now prove that t, = un by strong induction on n. It is obvious that 

to = Uo and that t; = u,. Now assume that t, = ux for all k < n. We 

shall show that t,, = un. 

First we show that u, < t, by proving that, in the sequence 

to, t1,t2,...,¢m, no three numbers form an arithmetic progression. Pick 

any three numbers 0 < a < @ < y < n, and consider t,, tg, and t, in 

base 3. tq and t. contain no 2’s, so in the addition t, +t, no carrying 

can occur. Also note that t, and t, differ in at least one digit, and in that 

digit the number ¢, +t, must contain a 1. On the other hand, 2tg consists 

of only 2’s and 0’s, so tg + ty # 2tg for any choice of a, 3, y. Therefore, 

among to,t1,t2,...,¢n, no three numbers are in arithmetic progression. 

Hencetuy, = t,, 

Next we show that u, > t, by showing that for all k € {t,_1 +1, 
tn—1+2,...,tn —1}, there exist numbers a and b such that tg +k = 2t,. 
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First note that k must contain a 2 in its base 3 representation, because the 
t; are the only nonnegative integers consisting of only 1’s and 0’s in base 
3. Therefore, we can find two numbers a and b with 0 Sy Un Ih 

such that: 

e whenever k has a 0 or a | in its base 3 representation, t, and ty, each 

also have the same digit in the corresponding positions in their base 

3 representations; 

e whenever k has a 2 in its base 3 representation, t, has a O in the 

corresponding position in its base 3 representation, but t, has a 1 in 

the corresponding position in its base 3 representation. 

The ¢, and ty, thus constructed, satisfy tg < ty < k while tg + k = 2ty, 

SO ta,t»,k form an arithmetic progression. Thus, u, > t,. Putting this 

result together with the previous result, we have forced uy, = tn. Hence 

Ui00 = tioo = 981. 

Problem 6 Solve the system of equations 

y* — (x + 8)(a? + 2) =0 

y* — (8+ 4x)y + (16 + 16x — 5a”) = 0. 

Solution. We first note that the solutions (x, y) = (—2, —6) and (—2,6) 

both work and are the only solutions with x = —2. 

Assume that x #4 —2. We substitute y? = (x + 8)(x* + 2) into 

y? +16 + 16x — 52? = 4(x + 2)y to get 

A(x + 2)y = 2? + 32? + 182 + 32 = (x + 2)(2? +24 16). 

Dividing by x + 2, we find that 4y = x? + 2+ 16. Solving for y and 
substituting the resulting expression into the first given equation, we obtain 

x? — 142° — 952? = 0 

or x7(x + 5)(2 — 19) = 0. Thus, x € {0,—5,19}. Using the equation 

Ay = x? +2416, we find that (x,y) = (0,4), (—5, 9), or (19, 99). It can 

be easily checked that each of these pairs works. 

Problem 7 A function f : N — N satisfies 

(i) f(ab) = f(a)f(b) whenever the greatest common divisor of a and b 

elle 

(ii) f(p + q) = f(p) + f(q) for all prime numbers p and q. 

Prove that f(2) = 2, f(3) = 3, and f(1999) = 1999. 
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Solution. We shall write (i)a,, when we plug (a,b) (where a and b are 

relatively prime) into (i), and (ii)»,q when we plug (p,q) (where p and q 

are primes) into (ii). 

First we find f(1), f(2), and f(4). By (i)i1,, we find f(1) = 1. By 

(i)2,3 we find f(6) = f(2) f(3), and by (ii)3.3 we get f(6) = 2f(3). Thus, 

f (2) = 2. By (ii)2,2, we then also find that f(4) = 4. 

From (ii)3,2 and (ii)5,2, respectively, we obtain 

fO)= fC) 2.5 FM) =f) +2 = fC) +4. 

By (ii)5,7 we have f(12) = f(5) + f(7) = 2f(3) +6, and from (i)4,3 we 
have f(12) = 4f(3). Solving for f(3) yields f(3) = 3. Then, using the 

above equations, we find that f(5) = 5 and f(7) =7. 

We proceed to find f(13) and f(11). By (i)3,5, we have f(15) = 15. 

From (ii)13,2 and (i1);1,2, respectively, we find 

MO ry AU Meni Ae aa AON eed ye gi Ape th. 

Finally, we can calculate f(1999). By applying (i) repeatedly, we find 

f (2002) = f(2-7-11- 13) = f(2)f(7)f(11) f(13) = 2002. Noting that 

1999 is a prime number, from (ii)1999,3 we obtain 

f (1999) = f(2002) — f(3) = 1999, 

as desired. 

Problem 8 Let a, b, c, d be positive real numbers whose sum is 1. Prove 

that Ae b2 a d2 1 
a ieee ees Se 
Lh opie Th Be eae aD 

with equality if and only ifa=b=c=d=1/4. 

Solution. Applying the Cauchy-Schwarz inequality, we find 

[(a + b) + (b+ c) + (ce +d) +(d+a)] 

( a? b? Cc ae 

delle BEG Wacaad avd 
)2tbreray 

Hence 

Caer 5 aia ea Ce ee 
GHbe AB Go sed. Sasa 42 2 

with equality if and only if 

QO —G4¢  c-Fd da 

que Puan a b 
Le, if and only ifa=b=c=d=}. 
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Problem 9 Find all positive integers m such that the fourth power of the 

number of positive divisors of m equals m. 

Solution. If the given condition holds for some integer m, then m must 

be a perfect fourth power and we may write its prime factorization as 

m = 244234935495 7407 ... for nonnegative integers a2,a3,5,07,.... The 

number of positive divisors of m equals 

(4az + 1)(4a3 + 1)(4a5 + 1)(4a7 + 1)--- 

This number is odd, so m is odd and az = 0. Thus, 

4a3 + 1 Aas +- 1 4a7+1 1= 
Bas 5a Tar 

where we write x» = HERES for each p. We proceed to examine x, through 

three. cases: p-=13..p:— >, and p > 5. 

When az = 1, #3 = 2 3; when a3 = 0 or 2, 73 = 1. When az > 2, by 

Bernoulli’s inequality we have 

3% — (8 + 1)%8/2 > 8(a3/2) +1 = 4a3+1 

so that x3 < 1. 

When as = 0 or 1, z5 = 1; when as > 2, by Bernoulli’s inequality we 

have 

5% = (24 + 1)%9/? > 24a5/2+1=12a5,+1 

so that x5 < oa <Z. 

Finally, for any p > 5 when ap = 0 we have xp = 1; when ap = 1 we 

have p°? = p > 5 = 4a, + 1 so that x, < 1; and when a, > 1 then again 

by Bernoulli’s inequality we have 

Do roe 12a, ee 

so that as above z, < x. 

Now if a3 # 1 then we have xz, < 1 for all p. Because 1 = r2%325 - -- 

we must actually have z, = 1 for all p. This means that a3 € {0,2}, 

Ge eOnl randyay = Gay =) Up Hencesminadn(3-).5,.0cr 

eae) a 

Otherwise, if a3 = 1 then 3 | m = 54(4as + 1)*4(4a7 + 1)*---. Then 
for sone prime p’ > 5, 3 | dap +1 so that ap > 2; from above, we have 

WSF 2. Then 13%527°°: < ao < 1, a contradiction. 

sie the only such integers m are 1, 5*, 3°, and 3° - 54, and it is easily 

verified that these integers work. 
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Problem 10 Let ABC-DEF be a convex hexagon such that AB = BC, 

CD = DE, EF = FA, and 

ZABC + ZCDE + ZEFA = 360°. 

Prove that the respective perpendiculars from A,C,E to FB, BD, DF 

are concurrent. 

First Solution. The result actually holds even without the given angle 

condition. Let C, be the circle with center B and radius AB = BC, C2 

the circle with center D and radius CD = DE, and C3 the circle with 

center F' and radius FF = F'A. The line through A and perpendicular to 

line F'B is the radical axis of circles C3 and Cj, the line through C and 

perpendicular to line BD is the radical axis of circles C; and C2, and the 

line through FE and perpendicular to line DF is the radical axis of circles 

Cz and C3. The result follows because these three radical axes meet at the 

radical center of the three circles. 

Second Solution. We first establish a lemma. 

Lemma. Given points W #4 X and Y # Z, lines WX and YZ are 

perpendicular if and only if 

YW We Sr ee (1) 

Proof: Introduce Cartesian coordinates such that W = (0,0), X = 

(1,0), Y = (a1, y1), and Z = (x2, y2). Then (1) becomes 

wit yi — 23 —y9 = (#1 — 1)? +97 — (@2 - 1)? — 9, 
which upon cancellation yields x; = x2. This is true if and only if line 

Y Z is perpendicular to the x-axis WX. ei 

If P is the intersection of the perpendiculars from A and C to lines FB 

and BD, respectively, then the lemma implies that 

PF? — PB? = AF? — AB? and PB? — PD? = CB? —CD?. 

From the given isosceles triangles, we have EF = FA, AB = BC, and 

CD = DE. Adding the two equations then gives 

PF? — pp? = EF? — Fp". 

Hence, line PF is also perpendicular to line DF, which completes the 
proof. 
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I2 Italy 

Problem 1 Given a rectangular sheet with sides a and b, with a > b, 
fold it along a diagonal. Determine the area of the triangle that passes over 
the edge of the paper. 

Solution. Let ABC'D be a rectangle with AD = a and AB = b. Let 

D’ be the reflection of D across line AC, and let E = AD’ BC. We 
wish to find [C'D’E]. Because AB = CD’, ZABE = ZCD'E = 90°, 
and BEA = ZD'EC, triangles ABE and C'D’E are congruent. Thus 

AE = EC and CE? = AE? = AB? + BE? = b? + (a — CE)?. Hence 

CE = a It follows that 

b ob [CD'B] = [4c] - [ace] = 2 3 Poa 
4a 

Problem 2 A positive integer is said to be balanced if the number of its 

decimal digits equals the number of its distinct prime factors. For instance, 

15 is balanced, while 49 is not. Prove that there are only finitely many 

balanced numbers. 

CE= 

Solution. For n > 15, consider the product of the first n primes. The 

first sixteen primes have product 

(2-53) (3-47)(5-43)(7-41)-11-13-17-19-23-29-31-37 > 100*-10® = 107°, 

while the other n — 16 primes are each at least 10. Thus, the product of 

the first n primes is greater than 10”. 

If x has n digits and is balanced, then it is greater or equal to the product 

of the first n primes. If n > 16, then from the previous paragraph x would 

be greater than 10” and would have at least n + 1 digits, a contradiction. 

Thus z can have at most 15 digits, implying that the number of balanced 

numbers is finite. 

Problem 3 Let w, w 1, w2 be three circles with radii r, 7, r2, respectively, 

with 0 < ry) <r <r. The circles w; and we are internally tangent to w 

at two distinct points A and B and meet in two distinct points. Prove that 

AB contains an intersection point of w and wy if and only if 7; +r2 =r. 

Solution. Let O be the center of w, and note that the centers C’, D of 

w1,W2 lie on OA and OB, respectively. Let E be a point on AB such 

that CE || OB. Then AACE ~ AAOB. Hence AC' = CE and E is on 

w . We need to prove that r= 71 + 2 if and only if & is on we. 
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Note that the following conditions are equivalent: r = rj +72; T—T2 = 

r1; OB— BD = AC; OD = CE; CEDO isa parallelogram; DE || AO; 

ABDE ~ ABOA; BD = DE; E is on w2. This completes the proof. 

Problem 4 Albert and Barbara play the following game. On a table 

there are 1999 sticks: each player in turn must remove from the table 

some sticks, provided that the player removes at least one stick and at 

most half of the sticks remaining on the table. The player who leaves just 

one stick on the table loses the game. Barbara moves first. Determine for 

which of the players there exists a winning strategy. 

Solution. Call a number k hopeless if a player faced with k sticks has 

no winning strategy. If k is hopeless, then so is 2k+1: a player faced with 

2k + 1 sticks can only leave a pile of k+ 1,44 2,..., or 2k sticks, from 

which the other player can leave k sticks. Because 2 is hopeless, so are 

5, 11,..+.53°2"—1 for alin > 0., Conversely, if 3-2" —1 <.k < 3-2"*1—1, 

then given k sticks a player can leave 3 - 2” — 1 sticks and force a win. 

Because 1999 is not of the form 3-2” — 1, it is not hopeless and hence 

Barbara has a winning strategy. 

Problem 5 On a lake there is a village of pile-built dwellings, set on 

the nodes of an m x n rectangular array. Each dwelling is an endpoint 

of exactly p bridges which connect the dwelling with one or more of the 

adjacent dwellings (here adjacent means with respect to the array, hence 

diagonal connection is not allowed). Determine for which values of m, 

n, p it is possible to place the bridges so that from any dwelling one can 

reach any other dwelling. (Given two adjacent dwellings A and B, there 

may be several bridges, each of which connects A to B.) 

Solution. Suppose it is possible to place the bridges in this manner, and 

set the villages along the lattice points {(a,b) | 1 <a<m,1<b<n}. 

Color the dwellings cyan and magenta in a checkerboard fashion, so that 

every bridge connects a cyan dwelling with a magenta dwelling. Because 

each dwelling is at the end of the same number of bridges (exactly p of 

them), the number of cyan dwellings must equal the number of magenta 

dwellings. Thus, 2 | mn. 

We first examine the case when at least one of m, n, and p equals 1. 

If (m,n) = (1,2) or (2,1), all values of p work. If m = 1 and n > 2 (or 
n = 1 and m > 2) then p bridges must connect (1,1) and (1,2) (or (1, 1) 
and (2,1)). Then neither of these dwellings is connected to any other 
dwellings, a contradiction. Finally, we cannot have p = 1 and mn > 2, 
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because otherwise if any two dwellings A and B are connected, then they 
cannot be connected to any other dwellings. 

Now assume that 2 | mn with m, n, and p greater than 1. Assume 
without loss of generality that 2 | m. Build a sequence of bridges starting 
at (1,1), going up to (1,7), right to (m,n), down to (m,1), and left 
to (m — 1,1); and then weaving back to (1,1) by repeatedly going from 
(k,1) up to (k,n — 1) left to (k — 1,n — 1) down to (k — 1,1) and left 

to (k — 2,1) fork = m—1,m-—3,...,3. (The sideways E below shows 

this construction for m = 6, n = 4.) 

So far we have built two bridges leading out of every dwelling, and any 

dwelling can be reached from any other dwelling. For the remaining p— 2 

bridges needed for each dwelling, note that our sequence contains exactly 

mn bridges, an even number. Thus if we build every other bridge in our 

sequence, and do this p— 2 times, then exactly p bridges come out of every 

dwelling. 

Thus either mn = 2 while p equals any positive integer, or else 2 | mn 

with m,n,p > 1. 

Problem 6 Determine all triples (2, k,n) of positive integers such that 

Sele we 

Solution. All triples of the form (3* — 1,k,1) for positive integers k, 

and'(2° 253): 
The solutions when n = 1 are obvious. Now, n cannot be even because 

then 3 could not divide 3* = (2) + 1 (because no square is congruent 

to 2 modulo 3). Also, we must have x # 1. 

Assume that n > 1 is odd and x > 2. Then 3* = (x +1) 3" (—2)', 

implying that both « +1 and 5~"")\(—a)* are powers of 3. Because 

eat+1<2?—-2+1< 0% (-2);, we must have 0 = Sa em 

n(mod x + 1), so that +1] n. Specifically, this means that 3 | n. 

Writing x’ = x3, we have 3* = 23 +1 = (a’ +1)(2” —2' +1). As 

before z’+1 must equal some power of 3, say 3’. Then 3° = (3-1)? +1 = 

33t _ 32t+1 4 3t+1 which is strictly between 3°! and 3°* for t > 1. 

Therefore we must have t = 1, 2’ = 2, and k = 2, giving the solution 

(ey kt) = 25273): 
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Problem 7 Prove that for each prime p the equation 

7 thd Oe ge 

has no integer solutions (a,n) with a,n > 1. 

Solution. When p = 2 we have a” = 13, which is impossible. Other- 

wise, p is odd and 5 | 2? + 3?. Because n > 1, we must have 25 | 2? + 3?. 

Hence 

P+ (5—2)? = 2P+ ((?)s -(=2)P 14 (-2)°] = 5p-2?-! (mod 25), 

so 5 | p. Thus p = 5, but the equation a” = 2° + 3° = 5*- 11 has no 

solutions. 

Problem 8 Points D and EF are given on the sides AB and AC of triangle 

ABC such that DE || BC and DE is tangent to the incircle of ABC. 

Prove that 
DE< AB + BC+CA 

8 

Solution. Let BC =a, CA =b, AB =c. Also let h = 242° be the 
distance from A to line BC, and let r = a the inradius “ot triangle 

ABC. Note that 
ae h=2r bbe =a 

be < laine 

Letx =b+c-—a,y=c+a-—b,z=a+b-—c. Then 

Caine se (2 mut) = 4x(y + 2) 

by the AM-GM inequality. Therefore, (a +b +c)? > 8(b+c¢-—a)a, or 

Aone Ae = +c i alas de YS 2r ag < ABTBCS CA 

a-b+e 8 h vy 8 

Because DE || BC, we have 22 pee oe Substituting this into the above 

inequality gives the desired result. 

Problem 9 

(a) Find all the strictly monotonic functions f : R — R such that 

f(e@+fy)) =fla)t+y, for all x,y € R. 

(b) Prove that for every integer n > 1 there do not exist strictly monotonic 

functions f : R — R such that 

f(at f(y) =f(x)+y", for all z,y € R. 
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Solution. (a) The only such functions are f(x) = x and f(x) = —z. 
Setting z = y = 0 gives f(f(0)) = f(0), while setting « = —f(0), y =0 
gives f(—f(0)) = f(0). Because f is strictly monotonic it is injective, so 
f (0) = —f(0) and thus f(0) = 0. Next, setting « = 0 gives f(f(y)) =y 
for all y. 

Suppose f is increasing. If f(x) > x then e = f(f(x)) > f(x), a 

contradiction; if f(x) < x then « = f(f(x)) < f(x), a contradiction. 

Thus f(x) = x for all a. 

Next suppose that f is decreasing. Plugging in x = —f(t), y = t, 

and then x = 0, y = —t shows that f(— f(t)) = f(f(-t)) = —t, so 

f(t) = —f(—t) for all t. Now given z, if f(x) < —z, then 

x= f(f(z)) > f(-2) =-f(2), 

a contradiction. If instead f(x) > —a, then 

a= f(f(x)) < f(-2) = —f(2), 

a contradiction. Hence we must have f(x) = —a for all x. 

Therefore either f(x) = x for all x or f(x) = —z for all z, and it is 

easy to check that these two functions work. 

(b) Because f is strictly monotonic, it is injective. Then for y 4 0 

we have f(y) # f(—y) so that f(x + f(y)) # f(@+f(—y)) and hence 

f(z) +y" 4 f(x) + (-y)”. Thus, n cannot be even. 
Now suppose there is such an f for odd n. By arguments similar to 

those in part (a), we find that f(0) = 0 and f(f(y)) = y”. Specifically, 

f(f(1)) = 1. If f is increasing then as in part (a) we have f(1) = 1; then 
f(2) = f(1+f(1)) = fF) +1" = 2 and 2” = f(f(2)) = f(2)=2,a 
contradiction. If f is decreasing, then as in part (a) we have f(1) = —1, 

then 

f(2)= f(1+ FC-1)) = f4) + C1)" = -2 

and 

a contradiction. 

Problem 10 Let X be a set with |X| = n, and let A;, Ao,..., Am be 

subsets of X such that 

(a) |A;| = 3 for ¢.= 1,2... 5.9. 

(b) |A;M A;| < 1 for all 1 4 j. 

Nyack College Library 
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Prove that there exists a subset of X with at least |\/2n]| elements, which 

does not contain A; for i = 1,2,...,m. 

Solution. Let A be a subset of X containing no A;, and having the 

maximum number of elements subject to this condition. Let k be the size 

of A. By assumption, for each z € X — A, there exists i(x) € {1,...,m} 

such that Aj(z) C AU {x}. Let Lz = AN Aj), which by the previous 

observation must have 2 elements. Because |A; A;| < 1 for i ¥ J, the 

L must all be distinct. Now there are (a 2-element subsets of A, so 

there can be at most é sets L,. Thus n —k < Ci or k? +k > 2n. It 

follows that 
- 

(-1+ V1+ 8n) > V2n = 1, k > 

that is, k > | V2n|. 

NleR 
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I3 Japan 

Problem 1 Each square of a 1999 x 1999 grid contains one or zero stones. 
Find the minimum number of stones needed such that, when an arbitrary 

blank square is selected, the total number of stones in the corresponding 

row and column is at least 1999. 

Solution. Place stones in a checkerboard pattern on the grid, so that 

stones are placed on the four corner squares. This placement satisfies the 

condition and contains 1000 x 1000 + 999 x 999 = 1998001 stones. We 

now prove this number is minimal. 

Suppose the condition is satisfied. Assume that the minimum number 

of stones in any row or column is k. Without loss of generality, assume 

that some column contains k stones. For each of the & stones in that 

column, the row containing that stone must contain at least k stones by 

our minimal choice of k. For the 1999 — k blank squares in our column, 

to satisfy the given condition there must be at least 1999 — k stones in the 

row containing that square. Thus total number of stones is at least 

1999\? 19997 _ 1999? 
[ceack 2 ees _ Ae s k? + (1999 — k)? =2 (i 5 a 

and it follows that there indeed must be at least 1998001 stones. 

= 1998000.5, 

Problem 2 Let f(x) = x? +17. Prove that for each natural number n, 

n > 2, there is a natural number x for which f(x) is divisible by 3” but 

not by 3°71, 

Solution. We prove the result by induction on n. If n = 2, then x = 1 

suffices. Now suppose that the claim is true for n > 2 — that is, there is 

a natural number y such that y? + 17 is divisible by 3” but not 3"*1. We 

prove that the claim is true for n + 1. 

Suppose we have integers a,m such that a is not divisible by 3 and 

m > 2. Then a? = 1(mod 3) and thus 3a? = 3” (mod 3”*1). Also, 
because m > 2 we have 3m — 3 > 2m —1 > m-+1. Hence 

avs)? Sy oa oe ae So (mod Sea): 

Because y® + 17 is divisible by 3”, it is congruent to either 0, 3”, or 

2-3” modulo 3”*!. Because 3 does not divide 17, 3 cannot divide y either. 

Hence applying our result from the previous paragraph twice — once with 

(a,m) = (y,n) and once with (a,m) = (y+ 3"7!,n) — we find that 

3"+1 must divide either (y + 3"~1)3 +17 or (y+ 2-3"~1)3 + 17. 
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Hence there exists a natural number 2’ not divisible by 3 such that 3”*" | 

x’3+17. If 3"+? does not divide x’?+17, we are done. Otherwise, we claim 

the number x — x’ + 3” suffices. Because x = x! + 37-1 43"-143""1, 

the result from two paragraphs ago tells us that 2°? = 2/3 +3"+4+3"+3" = 

a’3 (mod 3"*1). Thus 3”*! | 23 +17 as well. On the other hand, because 

x = a! +3”, we have 2° = 2 + 3"! 4 x3 (mod 3"*”). It follows that 
3”+2 does not divide x? + 17, as desired. This completes the inductive 

step. 

Problem 3 From a set of 2n +1 weights (where 7 is a natural number), if 

any one weight is excluded, then the remaining 2n weights can be divided 

into two sets of n weights that balance each other. Prove that all the 

weights are equal. 

Solution. Label the weights a), @2,...,@an41. Then for each 7, 1 < 

j < 2n, we have 

OP ay te cay Sa Sea cD aon = A2n+1 

(3) (3) j) where a = 0, n of the other c;"" equal 1, and the remaining c\ equal 

—1. 

Thus we have 2n equations in the variables aj, @2,...,@2n. Clearly 

(@1,@2,..-,@2n) = (Gan41, @2n41;---,@2n41) is a solution to this system 

of equations. By Cramer’s Rule, this solution is unique if and only if the 

determinant of the matrix 

2) (a) 
by ty) 

Cc Ci as Cc Mr 1 2 2n 

2n 2n on cfm) fm). fam 
is nonzero. The diagonal entries of M are all even, and its off-diagonal 

entries are all odd. Hence if we multiply M by itself, the resulting matrix 
has odd diagonal entries and even off-diagonal entries. This implies that 

(det )* = det(M7?) is odd, so det M must indeed be nonzero. 

Problem 4 _ Prove that 

f(a) = (a? +1?)(a? + 2)(a? + 37)--- (a? +n?) 41 
cannot be expressed as a product of two integral-coefficient polynomials 
with degree greater than 0. 
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Solution. The claim is obvious when n = 1. Now assume n > 2 and 
suppose, by way of contradiction, that f(x) could be expressed as such a 
product g(x)h(x) with 

g(x) = ao +ayx+---+ a2”, 

Note eet et 
where £, £’ > 0 and the coefficients a; and 6; are integers. 

For m = +1,+2,...,-+n, because (mi)? + m? = 0 we have 1 = 

f(mi) = g(mi)h(mi). Because g and h have integer coefficients, g(mi) 

equals either 1, —1, 7, or —i. Moreover, because the imaginary part of 

4 
g(mi) = (ao — agm? + agm4 — ---) + m(ay — agm? + asm4 — ---)i 

is a multiple of m, g(mi) must equal +1 for m 4 +1. Going further, 

because 1 = g(mi)h(mi) we have g(mi) = h(mi) = +1 for m 4 +1. 

Then by the factor theorem, 

g(x) — h(x) = (a? + 27)(x? + 3°) --- (a? + n7)k(z) 

for some integer-coefficient polynomial k(a) with degree at most 1. 

Because (g(z), h(z)) equals (1,1), (—1,—1), (¢, —7), or (—i,7), we have 

2 > |g(é) — A(é)| = (—1 + 2?)(-1+ 37) --- (-1 + n*)|k(@)|, 

and hence we must have k(i) = 0. Because k(x) has degree at most 1, 

this implies that k(a) = 0 for all x and that g(x) = h(x) for all x. Then 

az = g(0)h(0) = f (0) = (17)(2?) --- (n?) + 1, which is impossible. 

Problem 5 For a convex hexagon ABCDEF whose side lengths are 

all 1, let MM and m be the maximum and minimum values of the three 

diagonals AD, BE, and CF. Find all possible values of m and M. 

Solution. We claim that the possible values are VSM <"3*and 

IES OS P# 

First we show all such values are attainable. Continuously transform 

ABCDEF from an equilateral triangle AC'E of side length 2, into a 

regular hexagon of side length 1, and finally into a segment of length 3 

(for instance, by enlarging the diagonal AD of the regular hexagon while 

bringing B, C, E, F closer to line AD). Then M continuously varies from 

/3 to 2 to 3. Similarly, by continuously transforming ABCDEF from a 

1 x 2 rectangle into a regular hexagon, we can make m vary continuously 

from 1 to 2. 
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Now we prove no other values are attainable. First, we have AD < 

AB+BC+CD =3, and similarly BE,CF < 3 so that M < 3. 

Next suppose, by way of contradiction, that m < 1 and assume without 

loss of generality that AD < 1. Because AD < AB = BC=CD =1, 

LDC A<ZDAC, ZABD < ZADB, 

ZOBD = 27CDBSZBCA=4ABAC. 

Therefore, 

ZCDA+ ZBAD = ZCDB + ZBDA+ ZBAC + ZCAD 

> ZCBD+ ZDBA+ ZBCA+ ZACD 

=ZCBA+ ZBCD. 

Consequently ZCDA+ZBAD > 180° and likewise ZEDA+ZFAD > 

180°. Then 

ZCDE+ ZBAF = ZCDA+ ZEDA+ ZBAD+ ZFAD > 360°," 

which is impossible because ABC DEF is convex. Hence m > 1. 

Next we demonstrate that M > \/3 and m < 2. Because the sum of the 

six interior angles in ABC'DEF is 720°, some pair of adjacent angles has 

sum greater than or equal to 240° and some pair has sum less than or equal 

to 240°. Thus it suffices to prove that CF > 3 when ZA+ ZB > 240°, 

and that CF < 2 when ZA+ ZB < 240°. 

By the law of cosines, 

CF? = BC? + BF? —-2BC- BF cosZFBC. 

Thus if we fix A, B, F’ and decrease ZABC, we decrease ZF. BC and 

CF. Similarly, by fixing A, B, C and decreasing 7BAF, we decrease CF. 

Therefore, it suffices to prove that V3 > CF when ZA+ ZB = 240°. 

Likewise, it suffices to prove that CF < 2 when ZA+ ZB = 240°. 

Now suppose that 7A + 7B does equal 240°. Let lines AF and BC 

intersect at P, and set x = PA and y = PB. Because 2A+ 2B = 240°, 

ZP = 60°. Then applying the law of cosines to triangles PAB and PCF 

yields 

Le AB 9? yay 

and 

CF? = (x+1)?+(y+1)? - (e+ 1)(y4+1) =24+24+y. 
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Therefore, we need only find the possible values of x + y given that 

x* +y* — xy = 1 and x,y > 0. These conditions imply that 

(x+y)? +3(e-y)?=4, xr+y>0, 

and |x — y| <a+y. Hence 

it 3 
t qietyy+5@-y)’ 

(x+y)? <(e@+y)?+3(2-y)? =4, IA 

so l <2%-+4ys< 2.and J3 < CF < 2. This completes the proof. 
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14 Korea 

Problem 1 Let R and r be the circumradius and inradius, respectively, 

of triangle ABC, and let R’ and r’ be the circumradius and inradius, 

respectively, of triangle A’B’C’. Prove that if ZC = ZC’ and Rr’ = R'r, 

then the triangles are similar. 

Solution. Let w be the circumcircle of triangle ABC. By scaling, 

rotating, oe and reflecting, we may assume that A = A B= 

R= R’,r =r’ and that C, C’ lie on the same arc AB of w. If the triangles 

were similar before these transformations, they still remain similar, so it 

suffices to prove they are now congruent. 

Because 

a 5(AC + BC — AB) cot(ZC) 

and 

ae > (A'C! + B’'C’ — A'B’) cot(ZC’) 

= se + BIC! — AB) cot(ZC), 

we must have AC + BC = A’C’ + B’C’ and hence AB + BC+CA= 

A'B' + B'C' + C'A’. Then the area of triangle ABC is $r(AB + BC + 

C'A), which thus equals the area of triangle A’ B/C’, 5 (AB! + B'C'+ 

C’A’). Because these triangles share the same base AB, we know that 

the altitudes from C and C’ to AB are equal. This implies that AABC 

is congruent to either A.A’ B’C’ or AB’ A'C’, as desired. 

Problem 2 Suppose f : Q — R is a function satisfying 

|f(m +n) — f(m)| < 

for all positive rational numbers m and n. Show that for all positive 

integers k, 

nr 

k 

S24) - 725) < 

Solution. It follows from the condition | f(m +n) — f(m)| < = that 

it1 _ 93 

£2) - f@)| < = a1 
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Therefore, for k > 7, 

|f(2") - <DIK 2it+1) _ #29) < ki. 

From the above inequality, we obtain 

lic - 42] = S728) ~ 1 f2)| < ey = Y. 
21 tl 

This completes the proof. 

Problem 3 Find all positive integers n such that 2” — 1 is a multiple of 

3 and 2 a is a divisor of 4m? + 1 for some integer m. 

Solution. The answer is all n = 2" where k = 1,2,.... 
First observe that 2 = —1 (mod 3). Hence 3 | 2" — 1 if and only if n is 

even. 

Suppose, by way of contradiction, that £ > 3 is a positive odd divisor 

of n. Then 2/ — 1 is not divisible by 3 but it is a divisor of 2” — 1, so it 

is a divisor of 4m? + 1 as well. On the other hand, 2° — 1 has a prime 
divisor p of the form 4r + 3. Then (2m)? = —1(mod 4r + 3), but a 

standard number theory result states that a square cannot be congruent to 

—1 modulo a prime of the form 4r + 3. 

Therefore, n is indeed of the form 2" for k > 1. For such n, we have 

ete ih 

3 

The factors on the right side are all relatively prime to 2 because they are 

all odd. They are also Fermat numbers, and another result from number 

theory states that they are relatively prime. (Suppose that some prime p 

divided both 22° +1 and 22° +1 fora < 6. Then 22° = 2?” = —1 (mod p). 
b-—a b= a=i 

Hence —1 = 2? = (2? \r = (217)" = 1(mod p), implying 
that p = 2. This is impossible.) Therefore by the Chinese Remainder 

Theorem, there is a positive integer c simultaneously satisfying 

2" Hie" PC Bier i. 

c=27" (mod 27, +1) — foralli=1,2,...,k—1 

and c = 0(mod 2). Putting c = 2m, 4m? + 1 is a multiple of >=, as 

desired. 
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Problem 4 Suppose that for any real x with |x| # 1, a function f(z) 

satisfies 

Find all possible f(z). 

= 3+ Then the given equation can be Solution. Set t = a 1 
rewritten as 2 34+t : 

se)+ 5 (FS mr _ 
Similarly, set t = 22 so that = 5 z-3 — 3t' Again we can 

rewrite the given equation, this time as 

Batt —3 
t)= 5 (TE) +s = 

Adding these two equations we have 

8t 3 io 
—— —— | = hee ones (EF) +7 (2) = 20 

so that er ye ; 

pallet? te} 

and some algebra verifies that this solution works. 

Problem 5 Consider a permutation (a),@2,...,@g) of 1,2,...,6 such 

that the minimum number of transpositions needed to transform (a1, a2, a3, 

@4,Q5,@¢) to (1,2,3,4,5,6) is four. Find the number of such permuta- 

tions. 

Solution. Suppose we are given distinct numbers 6j, b2,...,b, between 

1 and n. In a k-cycle involving these numbers, b, is mapped to one of the 

other k — 1 numbers; its image is mapped to one of the k — 2 remaining 

numbers; and so on until the remaining number is mapped to b;. Hence 

there are (k — 1)(k — 2)---(1) = (k — 1)! cycles of length k involving 

these numbers. 

Any permutation which can be achieved with four transpositions is 

even, sO a permutation satisfying the given conditions must be either (i) 

the identity permutation, (ii) a composition of two transpositions, (iii) a 

3-cycle, (iv) a composition of a 2-cycle and a 4-cycle, (v) a composition 

of two 3-cycles, or (vi) a 5-cycle. Permutations of type (i), (ii), and (iii) 

can be attained with fewer transpositions from our observations above. 
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Conversely, any even permutation that can be achieved with zero or two 

transpositions is of these three types. Hence the permutations described in 

the problem statement are precisely those of types (iv), (v), and (vi). 

For type-(iv) permutations, there are ($) = 15 ways to assign which 
cycle each of 1,2,...,6 belongs. There are also (2 — 1)!(4 —1)! = 

ways to rearrange the numbers within the cycles, for a total of 15-6 = 90 

permutations. 

For type-(v) permutations, there are 4() = 10 ways to assign which 
cycle each number belongs to (because (3) counts each such permutation 
twice, once in the form (abc)(de f) and again in the form (de f)(abc)). 

There are (3 — 1)!(3 — 1)! = 4 ways to rearrange the numbers within these 

two cycles for a total of 10 - 4 = 40 type-(v) permutations. 

Finally, for type-(v) permutations there are ©) = 6 ways to choose 

which five numbers are cycled, and (5 — 1)! = 24 different cycles among 

any five numbers. This gives a total of 6:24 = 144 type-(v) permutations, 

and altogether 

90 + 40 + 144 = 274 

permutations which can be attained with four permutations, but no fewer. 

Problem 6 Let a1, a@2,---,@1999 be nonnegative real numbers satisfying 

the following two conditions: 

(a) ay + ag +---+@1999 = 2; 

(b) aya2 + a2a3 + --- + Ai998@1999 + Gigg9d1 = 1. 

Let S = a? +. a3 +---+ 299. Find the maximum and minimum possible 

values of S. 

Solution. Without loss of generality assume that aj999 is the minimum 

a;. We may also assume that a; > 0. From the given equations we have 

4 = (a, + a2 +--+ + a1999)* 

> (a, +ag+---+ a1999)” — (a, — ag + a3 — -+- — Aiggg + a1999)” 

= 4(a, + a3 +--- + @1999)(a2 + a4 +--+ + Aig98) 

> 4(a,aq + aga3 +--+ aig9ga1999) 

+4(a,a4 + aga +-+: + A1g996@1999) + 401 (a6 + ag +--+ + a1998) 

= 4(1 — ayg99a1) + 4(a1a4 + a2a5 --- + A199641999) 

+4a;(ag +ag+---+ a1998) 
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= 4+ 4(a,a4 + aga5 +--+ + a199641999) 

+4a (ag + ag +--+ + aig9g — A1999) 

= a. 

Hence equality must hold in the first and third inequality. Thus we must 

have 

(i) a; + a3 +-*-+@1999 = 2 +44 +--+: + a1993 = 1 

(ii) @1a4 = A2a5 = --- = Aj996A1999 = O 

(ili) ag + ag +--- + Aig9g = Aigg9. 

Condition (ii) implies ag = 0. From (iii) we get ag = ag = --- = 

ai993 = 0. Thus from (i), we have ag = 1, and from (b), we have 

a, + a3 = 1. Applying these to the first given condition (a), we have 

a4 + a5 +--+ + Aig999 = 0, 

so that ag = a5 = --- = Aj999 = O. Therefore 

S=ai+a,+a3 

=a?+1+4+(1—a;)? because a2 = a; +a3 = 1 

= 2(a? =a, +1) 

Thus S has maximum value 2 attained when a, = 1, and minimum value 
3 se 5 when a; = = 
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[5 Poland 

Problem 1 Let D be a point on side BC of triangle ABC such that 

AD > BC. Point E on side AC is defined by the equation 

AE 0 .BD 

PGR Ap BC. 

Show that AD > BE. 

First Solution. Fix the points B,C, D and the distance AD, and let A 

vary. The locus of A is a circle with center D. From the equation, the 

ratio faa is fixed. Therefore, \ = i is also fixed. Because F is the 

image of A under a homothety about C’ with ratio , the locus of all points 

E is the image of the locus of A under this homothety — a circle centered 

on BC. Then BE has its unique maximum when E is the intersection 

of the circle with line BC farther from B. If we show that AD = BE 

in this case then we are done (the original inequality AD > BE will be 

strict because equality can only hold in this degenerate case). Indeed, in 

this case the points B, D, C, E, A are collinear in that order, and our 

equation gives 

AE - (AC — BD) = AE. (AD — BC) = EC: BD => AE- AC 

= (AE + EC)-BD=AC-.BD= AE 

BD AD = bE, 

Second Solution. Let F be the point on AD such that FA = BC, and 

let line BF hit side AC at E’. By the law of sines we have 

ie sin ZAP EY _sinZDFB 

alee See sin ZFE/A sin ZCE'F 

ine E'C=CB sin ZO | sin ZF BD 

* ‘sinZCE’B sin ZCE' F 

sas AMY sinc DEBE DB. = BDI a AL 

Ow sine BDy SED CAD=BOGMUEC 

and E’ = E. 

Let & be the line passing through A parallel to side BC. Draw G on 

ray BC such that BG = AD and CG = FD, and let lines GE and @ 

intersect at H. Triangles ECG and EAH are similar, so AH = CG = 
AE FD. 48. 
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By Menelaus’ Theorem applied to triangle CAD and line EFB, we 

have 
CEPAR Dba. 
BAGED* BOO 

Thus 

AE AF-DB AF “pp 2p pa = PB S| per 
a ee EG: Tee FD-BC IBC 

implying that quadrilateral BD AH isa parallelogram and that BH = AD. 

It follows that triangle BHG is isosceles with BH = BG = AD. Because 

BE in a cevian in this triangle, we must have BE < AD, as desired. 

Problem 2 Given are nonnegative integers aj < ag < --- < @01 smaller 

than 5050. Show that one can choose four distinct integers a@,, Gj, Gm, An 

such that 

5050 | (ax + a1 — Gm — an). 

Solution. First observe that the a; are all distinct modulo 5050 because 

they are all between 0 and 5050. Now consider all sums a; + aj,7 < J; 

there are (ea = 5050 such sums. If any two such sums, ax + a; and 

Gm + Gn, are congruent mod 5050, we are done. (In this case, all four 

indices would indeed be distinct: if, for example, k = m, then we would 

also have | = n because all a; are different mod 5050, but we chose 

the pairs {k,l} and {m,n} to be distinct.) The only other possibility is 

that these sums occupy every possible congruence class mod 5050. Then, 

adding all such sums gives 

100(a1 +a +-+-+a191) = 0+1+---+5049 = 2525-5049 (mod 5050). 

Because the number on the left side is even but 2525 - 5049 is odd, we get 

a contradiction. 

Problem 3 For a positive integer n, let S(m) denote the sum of its digits. 

Prove that there exist distinct positive integers {n;}1<;<50 such that 

ny + S(mi) = ng + S(n2) =--- = 59 + S(n50). 

Solution. We show by induction on k that there exist positive integers 

N1,.--,Mx With the desired property. For k = 1 the statement is obvious. 

For k > 1, let my <--- < mg_1 satisfy the induction hypothesis for k—1. 
Note that we can make all the m, arbitrarily large by adding some large 
power of 10 to all of them, which preserves the described property. Then, 
choose m with 1 < m < 9 and m = m; + 1(mod 9). Observing that 
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S(x) = «(mod 9), we have m; —m+S$(m,)—$(m) +11 = 98 for some 
integer @. By choosing the m, large enough we can ensure 10° > m,_1. 
Now let n; = 10°+! + m, for i < k and me = m+ 10 — 10. It is 

obvious that n; + S(n;) =n; + S(n;) for i,7 < k, and 

(10'** + my) + (1+ S(m1)) 

(my + S(m,) +1) + 10!+? 

(92 + S(m) + m — 10) + 10°*? 

(m+ 10't* — 10) + (9+ S(m)) 

ny ae S(nz) 

I 

She ae S(nk), 

as needed. 

Problem 4 Find all integers n > 2 for which the system of equations 

a? +23 +50 = 1621 +1222 

xs +23 +50 = 16x + 1223 

ae, +2 +50 = 162,27 +122), 

a? + 27 +50 = 162y + 1201 

has a solution in integers (%1,22,...,2n). 

Solution. Answer: n = 0 (mod 3). 

We rewrite the equation x?+y?+50 = 16r+12y as (x—8)?+(y—6)? = 

50, whose integer solutions are 

oy (7 13), (sea (9; 13), (Gy); (3, 11) 

Sy CS AUD) LS) Gg e515 

Thus every pair (x;,2i+1) (where 2,41 = x1) must be one of these. If 

3 | n then let r3; = 1, 73:41 = 7, 23:42 = 18 for each 7. Conversely, if 

a solution exists, consider the pairs (%;,2;+1) which occur. Every pair’s 

first coordinate is the second coordinate of another pair, and vice versa, 

which reduces the above possibilities to (1,7), (7, 13), (13,1). It follows 

that the x; must form a repeating sequence 1,7, 13,1,7,13,..., which is 

only possible when 3 | n. 
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Problem 5 Let a1, @2,.--,@n, 01, b2,...,6n be integers. Prove that 

S_ (lai —a5| + [bi -8;/) < SD lai — By). 
1<i<j<n 1<i,j<n 

Solution. Define fiapy(2) = 1 if either a << x < borb< 2x <a, and 

0 otherwise. Observe that when a, b are integers, |a — b]| = 0, fta,o} (2) 

where the sum is over all integers (the sum is well-defined as only finitely 

many terms are nonzero). Now fix an arbitrary integer x and suppose 

a< is the number of values of i for which a; < x. Define as, b<, bs 

analogously. We have 

(ac — bg) + (as — bs) = (ag + ay) — (b< + b5) 

=n—n=0 => (a< — de)(a> — bs) <0, 

Thus acay + bcby < acbs + ayb<. Now acay = yes Jicca (e) 

because both sides count the same set of pairs, and the other terms reduce 

similarly, giving 

> Seaeal®) shikebe bh Pe) = Do Sian; @)- 

1<i<j<n 1<i,j<n 

Because x was an arbitrary integer, this last inequality holds for all integers 

x. Summing over all integers x and using our first observation, we get the 

desired inequality. Equality holds if and only if the above inequality is an 

equality for all x, which is true precisely when the a; equal the b; in some 

order. 

Problem 6 In a convex hexagon ABCDEF, ZA + ZC + ZE = 360° 

and 

AB-CD.EF =BC.-DE:- FA. 

Prove that AB: FD. EC = BF .-DE-CA. 

First Solution. Construct point G so that triangle GBC is similar to 

triangle BA (and with the same orientation). Then ZDCG = 360° — 

(ZGCB + ZBCD) = ZDEF and 

CO. oF Ag ea EE 
CD CD ED’ 

so ADCG ~ ADEF. 

Now $5 = $% by similar triangles, and ABC = ZABF+ZFBC = 
ZCBG + ZFBC = ZFBG. Thus AABC ~ AFBG, and likewise 
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AEDC ~ AFDG. Then 

AB HCG BED OF BG PD 

CA DE BF GF DF BR 

as needed. 

Second Solution. Invert about F' with some radius r. The original 

equality becomes 

A'B’ . CD! . r2 RB’ Cio D'E’.- 2 r2 

A'F . oF Cry DF EF BF. oF EE E'F A'F 
or 

AB! OED 

BEE DiC’ 
The original angle condition is 

ZFAB+ ZBCF + ZFCD + ZDEF = 360°. 

Using directed angles, this condition turns into 7A’B’F + ZF B'C! + 

L£C'D'F + ZF D’'E' = 360°, or ZA'B’C! = ZE'D'C’. Thus triangles 

A’ B'C"',” E'D'C’ are similar, giving 

MiBS MB Dp! 

AC’ EC’ 
or, equivalently, 

al 3 SE ce Ma EO r?4 Pek DP Eire AC ASS 

AF BF DF CF-E'F BF D'F-E'F AF-C'F 

Inverting back yields the desired result. 

Third Solution. Position the hexagon in the complex plane and let 

a= B-—A,b=C-—B.,...,f = A-—F. The product identity implies 

that |ace| = |bdf|, and the angle equality implies — — = is real and 

positive. Hence, ace = —bdf. Also, a+b+c+d+e+f = 0. Multipiying 

this by ad and adding ace + bdf = 0 gives 

a?d + abd + acd + ad” + ade + adf + ace + bdf = 0 

which factors to a(d + e)(c +d) + d(a + b)(f +a) =0. Thus 

ja(d + e)(e + d)| = |d(a+b)(f + )|, 

which is what we wanted. 
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16 Romania 

National Olympiad 

Problem 7.1 Determine the side lengths of a right triangle if they are 

integers and the product of the leg lengths is equal to three times the 

perimeter. 

Solution. One of the leg lengths must be divisible by 3. Let the legs 

have lengths 3a and b and let the hypotenuse have length c, where a, ), 

and ¢ are positive integers. From the given condition we have 3ab = 

3(3a + 6+), or c= ab — 3a — b. By the Pythagorean theorem, we have 

(3a)? + b? = c? = (ab — 3a — b)?, which simplifies to 

ab|(a — 2)(b — 6) — 6] = 0. 

Because a,b > 0, we have (a,b) € {(3,12), (4,9), (5,8), (8, 7)}, and 

therefore the side lengths of the triangle are either (9, 12,15), (8,15, 17), 

or (7, 24, 25). 

Problem 7.2 Let a, b, c be nonzero integers, a # c, such that 

a ase 

ce. +R 

Prove that a? + b? + c? cannot be a prime number. 

Solution. Cross-multiplying and factoring, we have (a—c)(b? —ac) = 0. 

Because a # c, we have ac = b?. Now, 

a ++ =a? 4+ (2ac—b*) +e 

=(a+c)?-b =(at+b+c)(a—b+o). 

Also, |a|, |c| cannot both be 1. Then a? + 6? +c? > Jal + |b] + |c| > 
la + b+ c|,|a — b+ cl, whence a? + b? + c? cannot be a prime number. 

Problem 7.3. Let ABC'D be a convex quadrilateral with ZBAC = 

ZCAD and ZABC = ZACD. Rays AD and BC meet at E and rays 
AB and DC meet at F’. Prove that 

(a) AB- DE =BC-CE; 

(b) AC? < $(AD- AF + AB: AE). 
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Solution. 

(a) Because ZBAC + ZCBA = ZECA, we have ZECD = ZBAC. 

Then ACDE ~ AACE, and on = ae. Because AC is the angle 

bisector of ZA in triangle ABE, we also have os = EE Thus 
CE _ AB DE = Be Whence AB: DE= BC -CE. 

(b) Note that AC is an angle bisector of both triangle ADF and triangle 

AEB. Thus it is enough to prove that if XL is an angle bisector in 

an arbitrary triangle XYZ, then XL? < XY - XZ. Let M be the 

intersection of XL and the circumcircle of triangle XY Z. Because 

PXY De AXMZ, wehave Xf? = XL“XM = XY : XZ. as 

desired. 

Problem 7.4 In triangle ABC, D and E lie on sides BC and AB, 

respectively, F’ lies on side AC such that EF || BC, G lies on side BC 

such that EG || AD. Let M and N be the midpoints of AD and BO, 

respectively. Prove that 

soe 
Tonal Wiemann: 

(b) the midpoint of FG lies on line MN. 

Solution. 

(a) Because EF || BC, AAEF ~ AABC and $& = 44. Similarly, 
because EG || AD, ABEG ~ ABAD and a = ae Hence 

$e 4+ 45 =1. Bol AD 

(b) Let lines AN, EF intersect at point P, and let @ be the point on 

line BC such that PQ || AD. Because BC || EF and N is the 

midpoint of BC, P is the midpoint of EF. Then vector EP equals 

both vectors PF’ and GQ, and PF'QG is a parallelogram. Thus the 

midpoint X of FG must also be the midpoint of PQ. Because M is 

the midpoint of AD and AD || PQ, it follows that points M,X,N 

must be collinear. 

Problem 8.1 Let p(x) = 2x? — 3x? 4+ 2, and let 

S = {p(n) |n EN, n < 1999}, 

T = {n? +1|ne€N}, 

U = {n?+2|neNy}. 

Prove that SMT and SOU have the same number of elements. 
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Solution. Note that |S 7’ is the number of squares of the form 2n? — 

3n? +1 = (n — 1)7(2n + 1) where n-€ N,n < 1999. For n < 1999, 

(n — 1)?(2n + 1) is a square precisely when either n = 1 or when 

ne {4(k? —1) | k =1,3,5,...,63}. Thus, |S T| = 33. 
Next, |S 9 U| is the number of squares of the form 2n? — 3n? = 

n?(2n—3) where n € N,n < 1999. For n < 1999, n?(2n—3) is a square 
precisely when either n = 0 or when n € {4(k?+3) | k = 1,3,5,..., 63}. 

Thus |S 1 U| = 33 as well, and we are done. 

Problem 8.2 

(a) Let n > 2 be a positive integer and 

Z1,Y1, 22, Y2,--+52ns Yn 

be positive real numbers such that 

Lytle te + Lyn > Lyi + Ley2 + +++ + LnYn- 

Prove that 

Ly x2 
f+ agt---+tn S++, 

Y1 Y2 Un 

(b) Let a, b, c be positive real numbers such that 

ab + be + ca < 3abe. 

Prove that 

a Eb Le able 

Solution. 

(a) Applying the Cauchy-Schwarz inequality and then the given inequality, 

we have 

nm 2 n n n n 

Li ve; Yin) < Daw Desa De. 
(> ) i=l Te ae =r 

Dividing both sides by $7", x; yields the desired inequality. 

(b) By the AM-HM inequality on a,b,c we have 

9abc 9ab 
c=3 a+b+e> ————— > — = 

— ab+be+ca~ 3abc 

The given condition is equivalent to ~ -- + ++ “ < 3, implying that 
a+b+c> ++e4H. Hence: setting a) “wa, So ==) byes snc 
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1 and yi = <3,y2 = 73 = + in the result from part (a) gives 
a+b+c<a?+b?+4+c?, as desired. 

Problem 8.3 Let ABCDA'B'C’D’ be a rectangular box, let E and F 
be the feet of perpendiculars from A to lines A’D and A’C respectively, 
and let P and Q be the feet of perpendiculars from B’ to lines A’C’ and 
A'C respectively. Prove that 

(a) planes AFF and B’PQ are parallel; 

(b) triangles AEF and B’ PQ are similar. 

Solution. 

(a) Let (P,P)... P,) denote the plane containing points P;, Po, ..., Py. 

First observe that quadrilateral A’B’C'D is a parallelogram and thus 

lies in a single plane. 

We are given that AF’ | A’D. Also, line AE is contained in plane 

(ADD’A), which is perpendicular to line CD. Hence AE | CD as 

well, and therefore AE | (A’B’CD) and AE 1 A’C. Because we 

know that A’C' | AF, we have A’C 1 (AEF) and A'C 1 EF. 

Likewise, B’Q | A’C. Because lines EF, B’Q, and A’C all lie 

in plane (A’B’CD), it follows that EF || B’Q. In a similar way we 

deduce that AF || PQ. Hence the planes (AEF) and (B’PQ) are 

parallel, as desired. 

(b) Because EF || B’Q and FA || QP, we have ZEFA = ZPQB’. 

Furthermore, from above AE | EF and likewise B’P | PQ, 

implying that ZAE F = ZB’PQ = 90° as well. Therefore AAEF' ~ 

AB’ PQ, as desired. 

Problem 8.4 Let SABC be a right pyramid with equilateral base ABC, 

let O be the center of ABC, and let M be the midpoint of BC. If 

AM = 2S0 and N is a point on edge S'A such that SA = 25SN, prove 

that planes ABP and SBC are perpendicular, where P is the intersection 

of lines SO and MN. 

Solution. Let AB = BC = CA = s. Then some quick calculations 

show that AO = Bs, AM = 5, AS = FES and AN = ses Then 

AO. AM =AN.-AS = 8° , whence MONS is a cyclic quadrilateral. 

Thus, ZMNS = 90°, and P is the orthocenter of triangle AMS. Let Q 

be the intersection of lines AP and MS. Note that ZAMB = ZAQM = 

ZQMB = 90°. From repeated applications of the Pythagorean theorem, 
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wehave AB? = AM? +. MB? = AQ? +QM?+ MB? = AQ? + QB", 

whence ZAQB = 90°. Now AQ | QB and AQ 1 QM, so line AQ 

must be perpendicular to plane (SBC). Because plane (ABP) contains 

line AQ, planes (ABP) and (SBC) must be perpendicular. 

Problem 9.1 Let ABC be a triangle with angle bisector AD. One 

considers the points M,N on rays AB and AC respectively, such that 

ZMDA = ZABC and ZNDA = ZBCA. Lines AD and MN meet at 

P. Prove that 

AD® = AB- AC - AP. 

Solution. Because AADB ~ AAMD, 42 = 44. Also, ZMAN + 
ZNDM = 180°, whence AMDN is cyclic. Because ZDCA = 

ZADN = ZAMN, AADC ~ AAPM, and 42 = 40. Therefore, 

ADAD AD AM AD AC _ 
ABACAP ADACAM °° 

as desired. 

Problem 9.2 For a,b > 0, denote by t(a,b) the positive root of the 

equation 

(a+ b)x* — 2(ab— 1)z — (a +d) = 0. 

Let M = {(a,b) |a 4b, t(a,b) < Vab}. Determine, for (a,b) € M, the 

minimum value of t(a, b). 

Solution. Consider the polynomial 

P(x) = (a+ b)z? — 2(ab— 1)z — (a+b) =0. 

Because a+b # 0, the product of its roots is — ot = — 1° Hence Pommnst 

have a unique positive root t(a, b) and a unique negative root. Because the 

leading coefficient of P(x) is positive, the graph of P(«) is positive for 

x > t(a,b) and negative for 0 < x < t(a,b) (because in the latter case, x 

is between the two roots). Thus, the condition t(a, b) < Vab is equivalent 

to P(Vab) > 0, or 

(ab — 1)(a +b — 2Vab) > 0. 

a+b > 2V/ab by the AM-GM inequality, where the inequality is strict 

because a ¢ b. Thus t(a,b) < Vab exactly when ab > 1. 



1999 National Contests: Problems and Solutions 12] 

Now using the quadratic formula, we find that 

2 

seh) eee elise (SS) ili 
a+b a+b 

Thus given ab > 1, we have t(a,b) > 1 with equality when ab = 1. 

Problem 9.3 In the convex quadrilateral ABCD the bisectors of angles 
A and C' meet at I. Prove that there exists a circle inscribed in ABCD if 
and only if 

[AIB] + [CID] = [AID] + [BIC]. 

Solution. It is well known that a circle can be inscribed in a convex 

quadrilateral ABC D if and only if AB + CD = AD+ BC. The bisector 

of angle A consists of those points lying inside 7BAD equidistant from 

lines AB and AD. Similarly, the bisector of angle C consists of those 

points lying inside 7BC'D equidistant from lines BC and BD. 

Suppose ABCD has an incircle. Then its center is equidistant from all 

four sides of the quadrilateral, so it lies on both bisectors and hence equals 

I. If we let r denote the radius of the incircle, then we have 

[AIB] + [CID] = r(AB + CD) =r(AD + BC) = [AID] + [BIC]. 

Conversely, suppose that [AJ B]+(CID] = [AID]+[BIC}. Let d(J, ¢) 

denote the distance from J to any line @, and write « = d(J,AB) = 

dd, AD) and y= dl, BC) = d(1,CD). Then 

[AIB] + [CID] = [AID] + [BIC] 

AB-2+CD-y=AD-2+BC-y 

x (AB — AD) =y(BC —CD). 

If AB = AD, then BC = CD and it follows that AB+CD = AD-+ BC. 

Otherwise, suppose that AB > AD; then BC > CD as well. Consider the 

points A’ € AB and C’ € BC such that AD = AA’ and CD = CC". By 

SAS, we have AAIA’ © AAID and ADCI & AC'IC. Hence IA’! = 

ID = IC’. Furthermore, subtracting [AI A’] + [DCI] = [AID] + [C’IC] 

from both sides of our given condition, we have [A’IB] = [C’IB] or 

TA! 1B <sin ZA'‘TB = 1C’-1B~sin ZCIB. Thus ZA'IB = ZC'IB, 

and hence AA/IB = C'IB by SAS. 

Thus ZJBA’ = ZIBC’, implying that J lies on the angle bisector of 

ZABC. Therefore x = d(I, AB) = d(I, BC) = y, and the circle centered 

at I with radius x = y is tangent to all four sides of the quadrilateral. 
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Problem 9.4 

(a) Let a,b € R, a < b. Prove that a < x < 6 if and only if there exists 

0< A <1 such that = Aa +(1 — A). 

(b) The function f : R — R has the property: 

fre + (1—A)y) < Af (x) + (1 — A)F(y) 

for all z,y € R, x # y, and all 0 < A < 1. Prove that one cannot 

find four points on the function’s graph that are the vertices of a 

parallelogram. 

Solution. 

(a) No matter what x is, there is a unique value A = a such that 

a = \a+(1—A)b. Also, 0 < HE <1 = a<xa <b, which 
proves the claim. 

(b) The condition given says that f is strictly convex. Stated geometri- 

cally, whenever x < t < y the point (t, f(t)) lies strictly below the line 

joining (x, f(x)) and (y, f(y)). Suppose there were a parallelogram 

on the graph of f whose vertices, from left to right, have x-coordinates 

a,b,d,c. Then either (b, f(d)) or (d, f(d)) must lie on or above the 

line joining (a, f(a)) and (c, f(c)), a contradiction. 

Problem 10.1 Find all real numbers and y satisfying 

1 ie it 

At 274 

loge7 y — log, x > 

274 —4* rH Al alo IA 

Solution. First, for the second equation to make sense we must have 

x,y > 0 and thus 27¥ > 1. Now from the third equation we have 

1 - 
Se 
27Y ~ 4% 41’ 

which combined with the first equation gives 

Bre iy aac: Syeel 
4e 4741 ~ 6’ 

whence x > 5: Similarly, the first and third equations also give 

epee en 
6 2791 YaTw 
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whence y < 3. If either x > $ or y < 4, we would have logy, y—log, z < 
z, contradicting the second given equation. Thus, the only solution is 

(x,y) = (5,4), which indeed satisfies all three equations. 

Problem 10.2 A plane intersects edges AB, BC, CD, DA of the regular 

tetrahedron ABCD at points M, N, P, Q, respectively. Prove that 

MN2NP-PQ-QM >AM-BN-CP-DO. 

Solution. By the law of cosines in triangle MBN, we have 

MN? = MB? + BN? MB-BN>MB.-BN. 

Similarly, NP? > CN .CP, PN? > DP- DQ, and MQ? > AQ: AM. 

Multiplying these inequalities yields 

(MN -NP-PQ-MQ)* > 

(BM -CN-DP.- AQ)-(AM-BN-CP.- DQ). 

Now the given plane is different from plane (ABC) and (ADC). Thus 

if it intersects line AC at some point 7’, then points M,N,T must be 

collinear — because otherwise, the only plane containing M, N, 7 would 

be plane (ABC). Therefore it intersects line AC’ at most one point T’, and 

by Menelaus’ Theorem applied to triangle ABC and line MNT we have 

AMABN AC 10a 

MB-NO-TA ~ 
Similarly, P,Q,T are collinear and 

INO EIE NOS GS 

OD=re° TAT 

Equating these two fractions and cross-multiplying, we find that 

AM-BN-CP.DQ=BM-:-CN:.: DP: AQ. 

i§ 

This is true even if the plane does not actually intersect line AC: in this 

case, we must have MN || AC and PQ || AC, in which case ratios of 

similar triangles show that AM. BN = BM -CN and CP: DQ = 

DP. AQ. 

Combining this last equality with the inequality from the first paragraph, 

we find that 

(MN-NP-PQ-QM)? >(AM-BN-CP- DQ)’, 

which implies the desired result. 
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Problem 10.3 Let a, b, c (a 4 0) be complex numbers. Let 2; and 22 

be the roots of the equation az? + bz +e = 0, and let w; and we be the 

roots of the equation 

(a+@)z2+(b+6)z+(@4+c) =0. 

Prove that if |z1|,|z2| <1, then |w1| = |we| = 1. 

Solution. We begin by proving that Re (b)? < ja+@|?. If 2 = z2 = 0, 
then b = 0 and the claim is obvious. Otherwise, write a = m+ ni and 

c=r-+si, and write z} = z+ yi where t = |21| = ,/z? + y? < 1. Also 

note that 

r? +s? = |cl? = |az20|? < |al?|z1|? = (m? + n*)t?. (1) 

Assume without loss of generality that z} # 0. Then |Re(b)| = 

| Re (—b)| = | Re (az, + c/z1)| = | Re (az1) + Re(c/z1)|; that is, 

[Re(b)| = |(ma — ny) + (re + sy)/#| 
= |e(m + 1/8) + y(s/t? — n) 
< Ve +P im +r/P) + (6/P — np 
= tn +r]P) + (6/P — np, 

where the inequality follows from the Cauchy-Schwarz inequality. Proving 

our claim then reduces to showing that 

t ((m+r/t?)? + (s/t? —n)?) < (m+r)? + (n—s)? 

<> (mt? +r)? + (st? —n)? < # ((m+r)? + (n—-s)) 

<=> (r’ +87)(1—t?) < (m? +n?)(t4 - 2?) 

<=> (1-127) ((m? +n’)t? — (r? + 8?)). 

1 — ¢? > 0 by assumption, and (m? + n?)t? — (r? + s?) > 0 from (1). 
Therefore our claim is true. 

Now because |c/a| = |z1z2| < 1, we have |c| < |a| and a+¢ 4 0. Then 
by the quadratic equation, the roots to (a + @)z? + (b+ b)z+ (@+c) =0 
are given by 

—(b+6) + \/(b+b)? — 4(a+@(G+c) 

2(a +@) 
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or (dividing the numerator and denominator by 2) 

—Re(b) + \/ Re (b)? — |a + e|? oo = Re) 2 1,/\a 4 e|? — Re (b)? 

a+é ae a+té ; 

When evaluating either root, the absolute value of the numerator is 

Re (b)? + (Ja + |? — Re(b)*) = |a +@|, and the absolute value of the 

denominator is clearly |a + ¢| as well. Therefore indeed |w | = |we| = 1, 

as desired. 

Problem 10.4 

(a) Let 71,41, Z2, Yo,---,Xn, Yn be positive real numbers such that 

GQ) ©1yi < Loy2 <-+- < LnYn} 

Gi) 2 +@o +++: +a, > yi +yo+---+ ye for all k=1,2,...,n. 

Prove that 

1 1 1 il 1 1 
pre ee ae ee 
Xy1 x2 In Y1 Y2 Un 

(b)let A == Ja7,d5,.0.,0,+ CN be.a_set such that for all distinct 

subsets B,C C A, Se ines Se xz. Prove that 

rEB rEC 

1 1 1 ee aan eee 
ay ag An 

Solution. (a) Let m = —-, 6; = x; — y% for all i<n. We les 

are given that 7] > 72 > --: > Mp > O and that Sis 6; > 0 for all 

1<k<vn. Note that 

nr 1 1 n 

Se | 6 
we a) pes: 

nt 

= tn S45: +S) (te — Te+1) (51 + bn +++ + de) > 0, 
Cu k=1 

as desired. 

(b) Assume without loss of generality that aj < aj <--- < Gy, and 

let y; = 2°-+ for all i. Clearly, 

ay < a2y2 <*** <AnYn- 

For any k, the 2* — 1 sums made by choosing at least one of the numbers 
ae k 

@1,42,...,@% are all distinct. Hence the largest of them, )7;_, a;, must 
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be at least 2* — 1. Thus for all k = 1,2,...,n we have 

a, tagt-+-+ax >2°-l=ytyot-+++ ye. 

Then by part (a), we must have 

a, ag ee a Yr Ya Yn ees 

as desired. 

IMO Selection Tests 

Problem 1 

(a) Show that out of any 39 consecutive positive integers, it is possible to 

choose one number with the sum of its digits divisible by 11. 

(b) Find the first 38 consecutive positive integers, none with the sum of 

its digits divisible by 11. 

Solution. Call an integer deadly if its sum of digits is divisible by 11, 

and let d(n) equal the sum of the digits of a positive integer n. 

If n ends in a 0, then the numbers n,n+1,...,2+9 differ only in their 

units digits, which range from 0 to 9. Hence d(n),d(n+1),...,d(n+9) 

is an arithmetic progression with common difference 1. Thus if d(n) # 

1 (mod 11), then one of these numbers is deadly. 

Next suppose that if n ends in k > O nines. Then d(n +1) = 

d(n) + 1 — 9k: the last k digits of n + 1 are 0’s instead of 9’s, and 

the next digit to the left is 1 greater than the corresponding digit in n. 

Finally, suppose that n ends in a 0 and that d(n) = d(n + 10) = 

1 (mod 11). Because d(n) = 1(mod 11), we must have d(n + 9) = 

10 (mod 11). If n+9 ends in k 9’s, then we have 2 = d(n+10)—d(n+9) = 

1 — 9k = k = 6 (mod 11). 

(a) Suppose we had 39 consecutive integers, none of them deadly. One 

of the first ten must end in a 0: call it n. Because none of n,n + 

1,...,n +9 are deadly, we must have d(n) = 1 (mod 11). Similarly, 

d(n +10) = 1 (mod 11) and d(n + 20) = 1 (mod 11). From our third 

observation above, this implies that both n + 9 and n + 19 must end 

in at least six 9’s. This is impossible, because n + 10 and n + 20 

can’t both be multiples of one million! 

(b) Suppose we have 38 consecutive numbers NV, N+1,...,.N +37, none 

of which is deadly. By an analysis similar to that in part (a), none of 
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the first nine can end in a 0. Hence, N + 9 must end in a 0, as must 

N +19 and N + 29. Then we must have d(N + 9) = d(N +19) = 

1(mod 11). Therefore d(N + 18) = 10(mod 11). Furthermore, if 

N + 18 ends in k 9’s we must have k = 6 (mod 11). 

The smallest possible such number is 999999, yielding the 38 

consecutive numbers 999981, 999982, ..., 1000018. Indeed, none 

of these numbers is deadly: their sums of digits are congruent to 1, 

Dee VO; 2 ee, LOL ee tO, 2. dae, 9, and 10 (mod 11), 

respectively. 

Problem 2 Let ABC be an acute triangle with angle bisectors BE and 
CM. Prove that 7A = 60° if and only if there exists a point K on BO 
(K # B,C) such that triangle K LM is equilateral. 

Solution. Let J be the intersection of lines BL and CM. Then ZBIC = 

180° — ZICB—ZCBI = 180°—4(2C'+ ZB) = 180°—4(180°— ZA) = 
90° + ZA, and thus 7BIC' = 120° if and only if 7A = 60°. 

For the “only if’ direction, suppose that 7A = 60°. Let K be the 

intersection of BC and the internal angle bisector of ZBIC. We claim 

that triangle KLM is equilateral. Because 7BIC = 120°, we know 

that ZMiB = ZKIB-= 60°. In addition, ZJBM ZIBK and 

IB = IB. Hence by ASA congruency we have AJIBM = AIBK, and 

IM = IK. Similarly, [IL = [kK = IM. Combined with the relation 

ZKIL = ZLIM = ZMIK = 120°, this equality implies that triangle 

KLM is equilateral. 

For the “if” direction, suppose that K is on BC and triangle KLM is 

equilateral. Consider triangles BLK and BLM: BL = BL, EV =a 

and ZMBL = ZKBL. There is no SSA congruency, but we do then 

know that either ZLKB+ ZBML = 180° or ZLKB = ZBML. 

Because ZKBM < 90° and 7MLK = 60°, we know that 7DK B+ 

ZBML > 210°. Thus ZL KB = ZBML, whence ABLK = ABLM, 

and BK = BM. It follows that JK = IM. Similarly, JL = Ik, and I 

is the circumcenter of triangle KLM. Thus ZLIM = 2ZLKM = 120°, 

giving ZBIC = ZLIM = 120° and ZA = 60°. 

aed 

Problem 3 Show that for any positive integer n, the number 

yen eas | 
Sy, = (2 aac ae )-mrsgeg (YF )ox 

0 2 2n 

is the sum of two consecutive perfect squares. 
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Solution. Let a =1+ V3, 8 =1- V3, and T, = 3 (0?! + pas * 

Note that a@ = —2, a = 2+ /3, and oe = 2— /3. Also, applying 

the binomial expansion to (1 + V3)” and (1 — V3)”, we find that T;, = 

reo (731")3* — which is an integer for all n. 2k 
Applying the binomial expansion to (2 + /3)?"*1 and (2 — V3)?"*1 

instead, we find that 

2\ 2n-+1 2\ 2n+1 

(s) fable) 
4 

Qant+2 4 Ban+2 

Sa= 

92n+3 

a qQint2 + 2(ag)?""1 snes patent 1 

ee eee ee eS 
(a2nt1 ke 

ST ve GOES TET Bas 
ch eail 1 
= gendt * 5° 

Thus 2°"? Sno 4 fo Then 2° | 1 sbot 2" © and ence 
Tn = 2” (mod 2”*!). Therefore 

TS Aywlisck. «felicia via A Lieto ok 
Dn = Banal eS |S = ———— 

92n+1 S Qn+1 Qn+1 

is indeed the sum of two consecutive perfect squares. 

NlR 

Problem 4 Show that for all positive real numbers 71, 2%2,---,2,, such 

that 

£1%Q°-+Xy = 1, 

the following inequality holds: 

: + : fe Oe Ray : = 
m—-lte, n—1+ 29 n= lees 

First Solution. Let aj = %/%1, ag = 2/2, ..., Gn = %/Ep. Then 

a142°::a@, = 1 and 

1 i 1 & 1 

a ee | Ns ee Ge ee BS es 
Q1-"Ak—-14kK41°"'An 

< 1 

take (m—1)o" 
-1 n—-1 n—-1 —1 ay Heap tani +.+ar 
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by the AM-GM inequality. It follows that 

1 ay +-<-+ag7t tap} t+---+an} 

M—-1+ee— (n—1)(ap* +ap7*+ +--+ a8 77) 
Summing up yields }°f_, ;—7;5> < 1, as desired. 

Second Solution. Let f (2) = ——. We wish to prove that )7""_, f (ai) < 
1. Note that ae 

> 2(n—1)+y+z 

ON) oe ese rare aErS EST 
Suppose that any of our x; does not equal 1, so that x; < 1 < x, for 

some j,k. If f(%;) + f(a) < —4, then all the other f(x;) are less than 
eee 

1. Then 3>;"_, f (xi) < 1 and we are done. 
Oa 

Otherwise, f(x;) + f(x~) > —y. Now set av’, = land x, = x;2p. 

We have xx, = %j2%, while 7; <1 < a, > (1—2;)(z, —1) >0=> 

aya, > vi ta,. Leta = 2(n—1),b = (n—1)?+0;2% = (n—1)?+2'2%, 

and c= —. Also let m = 2; + 2, and m’ = at x},. Then we have 

f (aj) + flax) = aes and F(a5) + fee) = Fa 

Now $& >c>a+em>(b+m)c=> ¢ >, and 

a+cm! 
=b —m’') > 0 => —— (a be)(m—m!) > 0 SE 

a+ecm 

as ae (xj) + Fee) = F(a) + F (ae). 

Hence as long as no pair f(x;) + f(@e) < => and the 2x; do not 

all equal 1, we can continually replace pairs x; and x,» (neither equal to 

1) by 1 and x;x,. This keeps the product x;x2---2p equal to | while 

increasing )+7"_, f(a;). Then eventually our new >7j"_, f(ai) < 1, which 

implies that our original 5>""_, f(a;) was also at most 1. This completes 

the proof. 

Third Solution. Suppose, for the sake of contradiction, that Ese a 

sctre t + cee > 1 Letting y; = 2;/(n— 1) fori = 1,2,...,n, 

we have 1 1 

+ Se Siu 
ie Utes ee Lun 

and hence 

Gol Ge ee ree ——— > — —. arey aan 

1+y 1+ ye 1+ y3 1+ Yn 
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Y2 ¥3 Yn 

Lt Uae ght 03 1+ Yn 

Y2Y3 °°" Yn 
> (n — 1) 2-3] ——— 
ee ay aed 

We write analogous inequalities with ~~ ie as ee ay on the left 

hand side. Multiplying these n inequalities together gives 

=r) ek 
Diep t 

k=1 

~1)" y1y2°7 Yn 
(Lepyy) erga) 372 a) 

1 > ((n—1)y1)((n — 12): ((n — Lun) = 21%2°°- Xn, 

a contradiction. 

Problem 5 Let 71, 22,...,2n be distinct positive integers. Prove that 

(2n + 1)(a1 + 2g +---+ 2p) 
5 

Solution. Assume without loss of generality that 71] < rg < --: < Zp. 

We will prove that 3x2 > 2(a; + v2 +--+: + @%~-1) + (2k + 1)z4. Then, 

summing this inequality over k = 1,2,...,n, we will have the desired 

inequality. 

First, 21 +2 + °+° + @,=1 < (a4 — (K=—1)) + (ee — (Rh —2)) F< 

(zp — 1) = (k—1)a, — “S. Thus, 

ei t+a3+---+22> 

2(@1 + @o+-+-+2~-1) + (2k + 1)ay < (4k — 1)ay, — k(k — 1). 

Now 

3x2 — [(4k — 1)a, — k(k — 1)] = 2p (3a, — 4k +1) +k(k — 1), 

which is minimized at x, = 2k. Because ce ke 

rp(3a, —4k +1)+k(k —1) > k(38k —4k+1)+k(k-1) =0 

so 

Bay > (4k — Lay — K(k — 1) > 2(ay + ap +--- + re_1) + (2k + ig as 

and we have finished. 

Problem 6 Prove that for any integer n, n > 3, there exist n positive 

integers @),Q2,...,Q» in arithmetic progression, and n positive integers 

bi, b2,..., bn in geometric progression, such that 

by <a; <be< ab < ++ ae. 
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Give an example of such progressions a1,a2,...,@, and b,,b9,...,bn 

each having at least 5 terms. 

Solution. Our strategy is to find progressions where b,, = a,_1 + 1 and 

bn—1 = Gn—2 +1. Write d = an_1 — Gn_2. Then for all 2<i,7 <n-1 

we have bj41—bj < bp —bn—1 = d, so that by = bn + 07 (bi — bi41) > 
i, tr An — 9d =e, 4, 

If we simply ensure that b; < aj, then b; = b) + ba — bi) < 

a, + (j — 1)d = a, for all j. Thus the chain of inequalities would be 

satisfied. 

Leet bys bope: <,by equal kl k?T7(k-+ 4), 0. ke + 1)"—1-here 

k is a value to be determined later. Also set an_; = b, — 1 and 

Qn—2 = bn—-1 — 1, and define the other a; accordingly. Then d = 

An —An—1 = by —bp_1 = (R+1)"~?, and ay = (k+1)"-7(k+3—n)— 

Thus, we need only pick k such that 

(k++ A)" *(k+3.—n)—1 =k" > 0. 

Viewing the left hand side as a polynomial in k, the coefficient of k”~+ is 

zero but the coefficient of k"~? is 1. Therefore, it is positive for sufficiently 

large k and we can indeed find satisfactory sequences a), da2,...,@,, and 

by, 02, --<70n- 

For n = 5, we seek k such that 

(Gael) (ke 9) = 1 ak 0, 

Computation shows that k = 5 works, yielding 

625 < 647 < 750 < 863 < 900 < 1079 < 1080 < 1295 < 1296 < 1511. 

Problem 7 Let a be a positive real number and {z,,} (n > 1) be a 

sequence of real numbers such that 7; = a and 

En+1 > (n+ 2)x Ske, 

for all n > 1. Show that there exists a positive integer m such that 

> 1999!. 

Solution. We will prove by induction on n > 1 that 

n 

CS So kar ia wil 

k=1 

For n = 1, we have x2 > 321 > 41 = 4. 
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Now suppose that the claim holds for all values up through n. Then 

+2 > (n+ 3)an41— >, kee 
k=1 

i) 

= (n+ Vent + 2n41 — )- ko 
k=1 

n+1 

> (n+ 1)tn41 +25 ke ~ So kes = = Daher 

as desired. Furthermore, 7; > 0 by definition and x2, 73,...,%p are 

also positive by the induction hypothesis. Thus tp42 > (n+ 1)an41 > 

(n+ 1) (a-n!) =a-(n+1)!. This completes the inductive step. 

Therefore for sufficiently large n, we have 2,41 > n!-a > 1999!. 

Problem 8 Let O,A,B,C be variable points in the plane such that 

OA = 4, OB = 2V3, and OC = \/22. Find the maximum possible 
area of triangle ABC. 

Solution. We first look for a tetrahedron IM NPQ with the following 

properties: (i) if H is the foot of the perpendicular from M to plane 

(NPQ), then HN = 4, HP = 2\/3, and HQ = 22; and (ii) lines 

MN, MP, MQ are pairwise perpendicular. 

If such a tetrahedron exists, then let O = H and draw triangle ABC 

in plane (NPQ). We have MA = /MO? + OA? = VMH? + HN? = 
MN, and similarly MB = MP and MC = MQ. Hence 

[ABCM] < =(4BM] MCs z (Sua . oB) -MC 

aL (Gu | MP) - MQ = [MNPQ], 

and therefore the maximum possible area of triangle [ABC] is [NPQ]. 

It remains to find tetrahedron M NPQ. Let « = MH, so that MN = 

Vx? +16, MP = Vx? + 12, and MQ = Vx? + 22. By the Pythagorean 
Theorem on triangle M HN, we have NH = 4. Next let lines NH and 

PQ intersect at R. In similar right triangles M HN and MRN, we have 

MR= MH. MN = F(a? + 16). 
Because MN ih (MPQ) we have MN 1 PQ. Because MH 1 

(NPQ), we have MH | PQ as well. Hence PQ | (MNHR), so that 
MR is an altitude in the right triangle MPQ. Therefore MR- PQ = 
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2|M PQ] = MP: MQ, or (after squaring both sides) 

x? + 16)? 
be (x? + 16) Vx? + 12 + w? + 22 = Vx? + 12a? + 22. 

16 

Setting 4y = x? + 16’and squaring both sides, we obtain 

(y* — 4y)(8y + 2) = (4y — 4)(4y + 6) 

(y — 6)(4y* +y — 2) =0. 

Because y = ;(x? + 16) > 4, the only solution is y = 6 => x = V8. 

Then by Mert MN = V24,MP = 20, MQ = ¥V30, we get the 

required tetrahedron. 

Then [MN PQ] equals both }MH -{MPQ] and 4MN- MP. MQ. 

Setting these two expressions equal, we find that the maximum area of 

[ABC] is 
MN-MP-MQ ~ Sahat 

NPQ] = sr 

Problem 9 Let a, 7 be integers and let p be a prime such that p > |a|/+1. 

Prove that the polynomial f(a) = x” + ax + p cannot be represented as a 

product of two nonconstant polynomials with integer coefficients. 

Solution. Let z be a complex root of the polynomial. We shall prove 

that |z| > 1. Suppose |z| < 1. Then, z” + az = —p, we deduce that 

p= |z" +az| = |z||2""* +a] <|2z"™| + Jal < 1+ Ia, 

which contradicts the hypothesis. 

Now, suppose f = gh is a decomposition of f into nonconstant 

polynomials with integer coefficients. Then p = f(0) = g(0)h(0), and 

either |g(0)| = 1 or |h(0)| = 1. Assume without loss of generality that 

|g(O)| = 1. If 21, z2,..., 2 are the roots of g then they are also roots of 

f. Therefore 

1 = |g(0)| = |z122--> 2x | = |21||z2|--- 12%] > 1, 

a contradiction. 

Problem 10 Two circles meet at A and B. Line @ passes through A and 

meets the circles again at Ox and D respectively. Let M and N be the 

midpoints of arcs BC and BD, which do not contain A, and let K be the 

midpoint of CD. Prove that ZMK N = 90°. 
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Solution. All angles are directed modulo 180°. Let M’ be the reflection 

of M across K. Then triangles MKC and M’KD are congruent in that 

order, and M’D = MC. Because M is the midpoint of BC, we | have 

M'D = MC = MB. Similarly, because N is the midpoint of BD we 

have BN = DN. Next, 

ZMBN = (180° — ZABM) + (180° — ZNBA) 

— /MCA+ZADN = ZM'DA+ZADN = ZM'DN. 

Hence AM'’DN ~ AMBN, and MN = M'N. Therefore NK is the 

median to the base of isosceles triangle M NM", so it is also an altitude 

and NK 1LMK. 

Problem 11. Let n > 3 and A), Ao,..., A, be points on a circle. Find 

the greatest number of acute triangles having vertices in these points. 

Solution. Without loss of generality assume the points Aj, Ao, ..., An 

are ordered in that order counterclockwise. Also, take indices modulo n so 

that A,41 = A1,An+2 = Ag, and so on. Denote by A;A; the arc of the 

circle starting from A; and ending in A, in the counterclockwise direction; 

let m(A;A;) denote the angle measure of the arc; and call an arc A; A; 

obtuse if m(A;A;) > 180°. Obviously, m(A;A;) + m(A,;A;) = 360°, 

and thus at least one of the arcs A;A; and A;A; is obtuse. Let x, be 

the number of obtuse arcs each having exactly s — 1 points along their 

interiors. If s # }, then for each 7 at least one of the arcs A;Aj4, or 

A;+;A; is obtuse. Summing over all 7, we deduce that 

Ls tin» 2N (1) 

for every s # 5. Similar reasoning shows that this inequality also holds 

even when s = . For all s, equality holds if and only if there are no 

diametrically opposite points A;, Aj+5. 

The number of non-acute triangles A;A;A, equals the number of non- 

acute angles 7A; A; A;. For each obtuse arc A; A, containing s — 1 points 
in its interior, there are n — s — 1 such angles A;,A;A,: namely, with those 

A; in the interior of arc A; Aj. It follows that the number N of non-acute 

triangles is 

N = 24(n— 2) + xo(— 3) +. 04 Byers: 1 ie ey 
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By regrouping terms and using (1) we obtain 

if n is even. 

Equality is obtained when there are no diametrically opposite points, 

and when x, = 0 for k < }. When n is odd, for instance, this happens 

when the points form a regular n-gon. When n is even, equality occurs 

when m(A;A2) = m(A2A3) = ++: = m(An_-1An) = au + € where 

0<e< 3. 
Finally, note that the total number of triangles having vertices in the n 

points is (3) = ain inn 2) | Subtracting the minimum values of N found 
above, we find that the maximum number of acute angles is fee datntl) 

(n—2)n(n+2) 

24 
if n is odd, and if n is even. 

Problem 12 The scientists at an international conference are either native 

or foreign. Each native scientist sends exactly one message to a foreign 

scientist and each foreign scientist sends exactly one message to a native 

scientist, although at least one native scientist does not receive a message. 

Prove that there exists a set S' of native scientists and a set 7’ of foreign 

scientists such that the following conditions hold: (i) the scientists in S 

sent messages to exactly those foreign scientists who were not in T’ (that 

is, every foreign scientist not in T’ received at least one message from 

somebody in S, but none of the scientists in 7’ received any messages 

from scientists in S$); and (ii) the scientists in 7’ sent messages to exactly 

those native scientists not in S. 

Solution. Let A be the set of native scientists and B be the set of foreign 

scientists. Let f: A — B and g: B — A be the functions defined as 

follows: f(a) is the foreign scientist receiving a message from a, and g(b) 

is the native scientist receiving a message from b. If such subsets S, 7’ 
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exist we must have T = B — f(S). Hence we prove that there must exist 

a subset S C A such that A — S = g(B — f(S)). 

For each subset X C A, let h(X) = A—g(B-—f(X)). If X CY, then 

f(X) c f(Y) => B= f(Y) C B— f(X) = 9(B- FY) 

C 9(B— f(X)) = A-g(B- f(X)) 

C A~g(B- f(¥)) => A(X) C H(Y). 
Let M = {X C A| h(X) C X}. The set M is nonempty because 

A € M. Furthermore, it is given that g is not surjective, so that some 

native scientist ap is never in g(B — f(X)) and thus always in h(X) for 

all X C A. Thus every subset in M contains ao, so that S = (\yeyy X 

is nonempty. 

From the definition of S we have h(S) C S. From the monotony of 

h it follows that h(h(S)) C h(S). Thus, h(S) € M and S C A(S). 

Combining these results, we have S = h(S), as desired. 

Problem 13 A polyhedron P is given in space. Determine whether there 

must exist three edges of P that can be the sides of a triangle. 

Solution. The answer is “yes.” Assume, for the purpose of contradiction, 

that there exists a polyhedron P in which no three edges can form the sides 

of a triangle. Let the edges of P be Fy, Fo, F3,..., En, in non-increasing 

order of length, and let e; be the length of E;. Consider the two faces that 

share £1: for each of those faces, the sum of the lengths of all its edges 

except / is greater than e;. Therefore, 

C241 Caveat On yi 2ey: 

Because we are assuming that no three edges of P can form the sides of 

a triangle, we have e;41 + ej42 < e; fori =1,2,...,n —2. Hence, 

2(e2 + €3 +++: +n) 

= €2 + (€2 +3) + (€3 + e4) +--+ + (En-1 + en) + €n 

< €2 + (€1) + (€2) +++ + (€n-2) +n, 

0 

€2 tb €g fe CS Cj“ Cy = Cyn =e] eit O'= cere 

a contradiction. Thus, our assumption was incorrect and some three edges 
can be the sides of a triangle. 
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Fourth round 

Problem 8.1 A father wishes to take his two sons to visit their grand- 
mother, who lives 33 kilometers away. He owns a motorcycle whose 
maximum speed is 25 km/h. With one passenger, its maximum speed drops 

to 20 km/h. (He cannot carry two passengers.) Each brother walks at a 

speed of 5 km/h. Show that all three of them can reach the grandmother’s 

house in 3 hours. 

Solution. Have the father drive his first son 24 kilometers, which takes 

8 hours; then drive back to meet his second son 9 kilometers from home, 

which takes Z hours; and finally drive his second son a more hours. Each 

son spends 8 hours riding 24 kilometers, and Z hours walking 9 kilometers. 

Thus, they reach their grandmother’s house in exactly 3 hours — as does 

the father, who arrives at the same time as his second son. 

Problem 8.2 The natural number A has the following property: the sum 

of the integers from | to A, inclusive, has decimal expansion equal to that 

of A followed by three digits. Find A. 

Solution. We know that 

k=(14+2+---+A)-—1000A 

A+1 
_~AA+) ooo, =A a 0 

2 2 

is between 0 and 999, inclusive. If A < 1999 then k is negative. If 

A > 2000 then 4++ — 1000 > 4 and k > 1000. Therefore A = 1999, 
and indeed 1+ 2-+---+ 1999 = 1999000. 

Problem 8.3 On sides BC, C'A, AB of triangle ABC lie points Aj, 

B,, C, such that the medians A; Ag, By Bo, CiC2 of triangle A; B,C; 

are parallel to AB, BC, CA, respectively. Determine in what ratios the 

points A;, By, C; divide the sides of ABC. 

First Solution. A,, B,, C; divide sides BC, CA, AB in 1 : 2 ratios 

(so that Fa = s, and so on). 

1 Problems are numbered as they appeared in the contests. Problems that appeared more 

than once in the contests are only printed once in this book. 
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Lemma. Jn any triangle XY Z, the medians can be translated to form a 

triangle. Furthermore, the medians of this new triangle are parallel to 

the sides of triangle XY Z. 

Proof: Let x, y, z denote the vectors YZ. ZX Rees Y respectively. 

Observe that x +y+2z2= 0. Also, the vectors representing the medians 

of triangle XY Z are 

x Yy Z 
Mg, AX 5 3 Sgt Diy UCN eat 

These vectors add up to $(x + y+z) = 0, so the medians indeed form 

a triangle. 

Furthermore, the vectors representing the medians of the new triangle 

are 

mz + te satyte—sy=— ty, 
2, 4 4 

and similarly -2z and —3x. Therefore, these medians are parallel to X Z, 

WO, ive! ZAG ra 

Let D, E, F be the midpoints of sides BC, CA, AB, and let 1,, lo, Is 

be the segments A, A2, By Bo, Ci Co. 

Because 1,, lg, 3 are parallel to AB, BC, CA, the medians of the 

triangle formed by 1), Jo, l3 are parallel to CF, AD, BE. From the 

lemma, they are also parallel to B,C), Cy Ai, A; By. 

Therefore, BE || A,B,, and hence ABCE ~ AA,CB,. Then 

ico aa Bt Me 1 as) 
LOOT EC POP O ON @ OE 

Similarly 

Ons pe’ 

BA Wo AC 

Ai wel acie. 

GH. 9 BA }~ 

Solving these three equations gives 

BiG -CyA Ww eAPB yt 

AG BA CB 3’ 
as claimed. It is straightforward to verify with the above equations that 
these ratio indeed work. 

Second Solution. As above, we know that A,B, || BE, B,C, || AD, 
Ci Ay || CF. 
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Let A’, B’, C’ be the points dividing the sides BC,CA, AB in 1 : 2 
ratios. Because cA = rom we know A’B’ || BE || A,B, and so on. 

Suppose, by way of contradiction, that A, were closer to B than A’. 
Because A,B, || A’B’, B, is farther from C than B’. Similarly, C is 
closer to A than C’, and A; is farther from B than A’ — a contradiction. 

Likewise, A; cannot be farther from B than A’. Thus A, = A’, 
BiB and Cra oo 

Problem 8.4 We are given 40 balloons, the air pressure inside each of 

which is unknown and may differ from balloon to balloon. It is permitted 

to choose up to k of the balloons and equalize the pressure in them (to 

the arithmetic mean of their respective original pressures). What is the 

smallest k for which it is always possible to equalize the pressures in all 

of the balloons? 

Solution. k = 5 is the smallest such value. 

First suppose that k = 5. Note that we can equalize the pres- 

sure in any 8 balloons A, B,...,H: first equalize the pressure in the 

groups {A, B,C, D} and {E, F,G, H}, and then equalize the pressure in 

{A, B, E, F} and {C, D,G, H}. 

Divide the 40 balloons into eight 5-groups of five and equalize the 

pressure in each group. Then form five new groups of eight — containing 

one balloon from each 5-group — and equalize the pressure in each of 

these new groups. 

Now suppose that k < 4. Let bi, be, ..., bao denote the original air 

pressures inside the balloons. It is simple to verify that the pressure in each 

balloon can always be written as a linear combination a;b; +--+ daoba0, 

where the a; are rational with denominators not divisible by any primes 

except 2 and 3. Thus if we the 6; are linearly independent over the rationals 

(for instance, if b; = e/), we can never obtain 

il il il 
secs 3s GIT Yiscs peter ey 7001+ 102 + + 70 40 

in a balloon. In this case, we can never equalize the pressures in all 40 

balloons. 

Problem 8.5 Show that the numbers from 1 to 15 cannot be divided into 

a group A of 2 numbers and a group B of 13 numbers in such a way that 

the sum of the numbers in B is equal to the product of the numbers in A. 
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Solution. Suppose, by way of contradiction, this were possible, and let 

a and b be the two numbers in A. Then we have 

(1+2+---+15)-a—b=ab 

120 =ab+a+b 

121 = (a+ 1)(b+1), 

Because a and b are integers between 1 and 15, the only possible solution 

to this equation is (a,b) = (10,10). However, a and b must be distinct, a 

contradiction. 

Problem 8.6 Given an acute triangle ABC, let A, be the reflection of A 

across the line BC, and let C; be the reflection of C across the line AB. 

Show that if A,, B, C; lie on a line and C, B = 2A,B, then 7CA;B is 

a right angle. 

Solution. By the given reflections, we have AABC = AABC, = 

AA, BC. 

Because 7B is acute, C; and A lie on the same side of BC’. Thus C1 

and A, lie on opposite sides of BC as well. 

Because C,, B, A; lie on a line we have 

180° = ZC, BA+ ZABC + ZCBA, 

= ZABC + ZABC' + ZABC, 

so that ZABC' = 60°. We also know that 

Cb — 2 Ay Baa =| AB: 

implying that triangle ABC is a 30°-60°-90° triangle and ZCA,B = 

ZBAC = 90°. 

Problem 8.7 In a box lies a complete set of 1 x 2 dominoes. (That is, 

for each pair of integers 7, 7 with 0 <i <7 <n, there is one domino with 

2 On One square and J on the other.) Two players take turns selecting one 

domino from the box and adding it to one end of an open (straight) chain 

on the table, so that adjacent dominoes have the same numbers on their 

adjacent squares. (The first player’s move may be any domino.) The first 

player unable to move loses. Which player wins with correct play? 

Solution. The first player has a winning strategy. If n = 0, this is clear. 

Otherwise, have the first player play the domino (0,0). If on his first move 

the second player plays (0, a), have the first player play (a, a). 
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At this point, the second player faces a chain whose ends are either 0 
or a. Also, the domino (0,k) is on the table if and only if the domino 
(a,k) is on the table. In such a good situation, if the second player plays 
(0,k), then the first player can play (k,a) next to it. On the other hand, 
if the second player plays (a,k), then the first player can play (k,0). In 

both cases, the same conditions for a good situation occur. 

Therefore the first player can always play a domino with this strategy, 

forcing the second player to lose. 

Problem 8.8 An open chain of 54 squares of side length 1 is made so 

that each pair of consecutive squares is joined at a single vertex, and each 

Square is joined to its two neighbors at opposite vertices. Is it possible to 

cover the surface of a 3 x 3 x 3 cube with this chain? 

Solution. It is not possible; suppose, by way of contradiction, it were. 

Create axes so that the cube has corners at (37, 37, 3k) for i,j,k € {0,1}, 

and place the chain onto the cube. Imagine that every two adjacent squares 

in the chain are connected by pivots, and also let the start and end vertices 

of the chain be “pivots.” 

Consider some pivot P at (x,y,z). The next pivot Q in the chain is 

eitherat_ (7.0 ch, 2 1), toe doy, deal),.or (ae 1,y 22.1.2). Incany 

case, the sum of the coordinates of P has the same parity as the sum of 

the coordinates of @ — and hence all the pivots’ sums of coordinates have 

the same parity. Suppose without loss of generality the sums are even. 

Form a graph whose vertices are the lattice points on the cube with even 

sums of coordinates, and join two vertices with an edge if the two lattice 

points are opposite corners of a unit square. Every square in our chain 

contains one of these edges — but because there are exactly 54 such edges 

(one across each unit square on the cube’s surface), and 54 squares in our 

chain, every edge is used exactly once. Then as we travel from pivot to 

pivot along our chain, we create an Eulerian path visiting all the edges. 

However, four vertices — at (0,0,0), (0,1,1), (1,0,1), and (1,1,0) — 

have odd degree 3, so this is impossible. 

Problem 9.1 Around a circle are written all of the positive integers from 

1 to N, N > 2, in such a way that any two adjacent integers have at least 

one common digit in their decimal expansions. Find the smallest N for 

which this is possible. 

Solution. NV = 29. Because 1 must be adjacent to two numbers, we 

must have N > 11. Then 9 must be adjacent to two numbers, and the 
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next smallest numbers containing 9 as a digit are 19 and 29. Therefore 

N > 29, and indeed N = 29 suffices: 

19-9 09 98.8 AS 177 07 oil 0 22 Ot et Os 

Problem 9.2 In triangle ABC, points D and E are chosen on side CA 

such that AB = AD and BE = EC CE lying between A and D). Let F 

be the midpoint of the arc BC of the circumcircle of ABC. Show that 

B,E>D, F he omaccicle. 

Solution. Let J be the incenter of triangle ABC. Because AD = AB, 

ZADB = 90° — £542 and 

LBDC = 180° —-ZADB = 90" + 52CAB 

= 180° — ZICB —ZCBI=ZBIC. 

Therefore, BI DC is cyclic. 

Note that because 7BAF = ZF AC, F lies on line AJ. Some angle- 

chasing then shows that F’ is the center of the circle passing through B, 

I, and C. From above, this circle passes through D. Thus, FD = FC 

and ZFDC = ZDCF = ZBCA+4ZCAB. 
Because BE = EC and BF = FC, line EF is the perpendicular 

bisector of BC. Therefore, 

ZBEF = 90° — ZBCA = 180° — ZADB — ZF DC = ZBDF, 

and BEDF is indeed cyclic. 

Problem 9.3 The product of the positive real numbers z, y, z is 1. Show 

that if 
ie ek 
pe liatveme ming yee ae 
fr ee 

then 1 1 1 
tba ver os Eediapel inlaid k k k seas ery oe 

for all positive integers k. 

Solution. Observe that 

(x — 1)(y — 1)(z —1) = ayz — ay —yz—zert+a+y+z-1 
Fat yal 

SS ee mines ll a “eal | 
alte Shragy 

=£+y+2z2------ =u) 
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For any positive integer k, c® >1 = > g>1andze* <1 —s z<1. 
Similar relations hold for y* and z*. Therefore, 

ge at) 

<0 => (e* — 1)(y* — 1)(2* - 1) 
<0> ahy* zh g*y* y*z* oh a” tee et yet 

0g” yh 2” 

1 i 1 

gk "yk " Zk? 

as desired. 

Note. At first glance, it may be unclear why we examined the expression 

(x — 1)(y—1)(z—1). We might have instead written x = 4, y = 8, 

= a for some positive numbers a, b, c. (For example, we could take 

Gib = i, C= =) The first given inequality then becomes 

z ues hes reese <> ab+b’c+ca 
Oi tec x, El crore 

> ab’ + bc? + ca? => 0> (a—b)(b— c)(c—a) 

= abe (= —1) (2-1) (=-1) a0 

El tet (yesh) (1): 

Problem 9.4 A maze consists of an 8 x 8 grid, in each 1 x 1 cell of 

which is drawn an arrow pointing up, down, left or right. The top edge 

of the top right square is the exit from the maze. A token is placed on 

the bottom left square, and then is moved in a sequence of turns. On each 

turn, the token is moved one square in the direction of the arrow. Then the 

arrow in the square the token moved from is rotated 90° clockwise. If the 

arrow points off of the board (and not through the exit), the token stays 

put and the arrow is rotated 90° clockwise. Prove that sooner or later the 

token will leave the maze. 

Solution. Suppose, by way of contradiction, that the token could stay in 

the maze indefinitely. Because there are only finitely many squares, the 

token visits at least one square infinitely many times. The arrow on this 

square must make infinitely many 90° rotations, so the token must visit all 

the squares adjacent to it infinitely many times. It follows that the token 

visits all the squares on the board infinitely many times. Specifically, the 
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token visits the upper-right square at least four times. At some point, then, 

this square’s arrow will point out of the maze. When the token next lands 

on this square after this point, it will exit — a contradiction. 

Problem 9.5 Each square of an infinite grid is colored in one of 5 colors, 

in such a way that every 5-square (Greek) cross contains one square of 

each color. Show that every 1 x 5 rectangle also contains one square of 

each color. 

Solution. Label the centers of the grid squares with coordinates, and 

suppose that square (0,0) is colored maroon. The Greek cross centered at 

(1,1) must contain a maroon-colored square. However, the squares (0, 1), 

(1,0), and (1,1) cannot be maroon because each of these squares is in a 

Greek cross with (0,0). Thus either (1,2) or (2,1) is maroon — without 

loss of generality, say (1, 2). 

Then by a similar analysis on square (1,2) and the Greek cross centered 

at (2,1), one of the squares (2,0) and (3,1) must be maroon. (2,0) is in 

a Greek cross with (0,0) though, so (3,1) is maroon. 

Repeating the analysis on square (2,0) shows that (2,—1) is maroon. 

Spreading outward, every square of the form (i + 27,22 — 7) is maroon. 

Because these squares are the centers of Greek crosses that tile the plane, 

no other squares can be maroon; because no two of these squares are in 

the same 1 x 5 rectangle, no two maroon squares can be in the same 1 x 5 

rectangle. 

The same argument applies to all the other colors — lavender, tickle- 

me-pink, green, neon orange. Therefore the five squares in each 1 x 5 

rectangle have distinct colors, as desired. 

Problem 9.7 Show that each natural number can be written as the 

difference of two natural numbers having the same number of prime factors. 

Solution. If m is even, then we can write it as (2n) — (n). If n is 

odd, let d be the smallest odd prime that does not divide n. Then write 

n = (dn) — ((d—1)n). The number dn contains exactly one more prime 
factor than n. As for (d — 1)n, it is divisible by 2 because d — 1 is even. 
Its odd factors are less than d so they all divide n. Therefore (d — 1)n 
also contains exactly one more prime factor than n, and dn and (d— 1)n 
have the same number of prime factors. 

Problem 9.8 In triangle ABC, with AB > BOC, points K and M are 
the midpoints of sides AB and CA, and IJ is the incenter. Let P be 
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the intersection of the lines AM and CI, and Q be the point such that 

QP | KM and QM || BI. Prove that QI | AC. 

Solution. Draw point S' on ray CB such that CS = CA. Let P’ be 

the midpoint of AS. Because triangle AC'S is isosceles, P’ lies on line 

CI. Also, P’ and M are midpoints of AS and AC, implying that have 

PiMiuleS Cott follows:that P= P'. 

Let the incircle touch BC,C'A, AB at D, E, F respectively. Writing 

a= BC,b=CA, c= AB, and s = $(a+b+c), we have 

1 
Pee’ ROC bs (sae) im Slt crs a) SUA, 

Bree pepe 

APR = Ps: 

Therefore 

SID) TEE AMIE % 

DB RAPS F i. 

and by Menelaus’ Theorem applied to triangle ABS, P lies on line DF. 

Then triangle PDE is isosceles, and ZDEP = ZPDE = ZFEA= 

90° — <4 while ZCED = 90° — <©. Therefore 

. Jy i 
ZPEA = 180° — ZDEP — ZCED = 90° — ait 

Now let Q’ be the point such that Q’/T | AC and Q’M || BI. Then 

LQ'EP = 90° — ZPEA= &. 
We also know that 7Q’MP = ZIBC (from parallel lines BC || MP 

and IB || Q’M), and ZIBC = © as well. Therefore 2Q’MP = 
ZQ'EP, quadrilateral Q’EM P is cyclic, and 2Q’/PM = 2Q'’EM = 

90°. Therefore Q = Q’, and QI is indeed perpendicular to AC. 

Problem 10.2 In the plane is given a circle w, a point A inside w, and a 

point B not equal to A. Consider all possible triangles BX Y such that X 

and Y lie on w and A lies on the chord XY. Show that the circumcenters 

of these triangles all lie on a line. 

Solution. We use directed distances. Let O be the circumcenter and R 

be the circumradius of triangle BX Y. Drop the perpendicular OO’ to line 

AB. 
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The power of A with respect to circle BXY equals both AX - AY and 

AO? —-R?. Therefore 
BO” tn OC! A2 

BO'+O'A 

(BO? — O'0?) — (OA? — OO”) 

AB 

BO'-O'A= 

SpA ANG 

ARE 

This is constant because AX - AY also equals the power of A with respect 

to w. 

Because BO’ — O'A and BO’ + O'A = AB are constant, BO’ and 

O’A are constant as well. Thus O’ is fixed regardless of the choice of X 

and Y. Therefore O lies on the line through O’ perpendicular to AB, as 

desired. 

Problem 10.3 In space are given n points in general position (no three 

points are collinear and no four are coplanar). Through any three of them 

is drawn a plane. Show that for any n — 3 points in space, there exists 

one of the drawn planes not passing through any of these points. 

Solution. Call the given n points given and the n — 3 points random, 

and call all these points /evel-O. Because there are more given points than 

random points, one of the given points is not random: say, A. Draw a 

plane P not passing through A, and for each of the other points X (whether 

given or random) let X’ be the intersection of line AX with P. Call these 

points X’ level-1 points, and call X’ given or random if and only if X is 

given or random, respectively. 

Because no four level-0 given points are coplanar, no three level-1 given 

points are collinear; because no three level-0 given points are collinear, no 

two level-1 given points coincide. Thus we have n—1 level-1 given points 

and at most n — 3 level-1 random points. 

Now perform a similar construction — one of the level-1 given points, 

say B’, is different from all the level-1 random points. Draw a line @ in P 

not passing through B’ not parallel to B’X’ for any level-1 point X’ 4 B’. 

Then for each other level-2 point (whether given or random), let X” be the 

intersection of B’X‘ with this line. Call these points X” level-2 points, 

and again call X’ given or random if and only if X is given or random, 

respectively. 

Because no three level-1 given points were collinear, all of the level-2 

given points are distinct. Thus we have n — 2 level-2 given points but at 
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most n — 3 level-2 random points. Therefore one of these given points C” 
is not random. 

Consider the drawn plane (ABC). If it contained some level-0 random 
point — say, Q — then Q’ would be collinear with B’ and C’, and thus 
Q” would equal C’y a contradiction. Therefore plane (ABC) does not 
pass through any of the level-0 random points, as desired. 

Problem 10.5 Do there exist 10 distinct integers, the sum of any 9 of 

which is a perfect square? 

Solution. Yes, there do exist 10 such integers. Write S = a, + ay + 

-++-+ G19, and consider the linear system of equations 

S—a=9-1? 

Sean = oo? 

S — ajo =9.107. 

Adding all these gives 

95 = 9-(17 +27 +..-+ 107) 

so that 

Of StS Ok 1" eet 10 9k". 

Then all the a,’s are distinct integers, and any nine of them add up to a 

perfect square. 

Problem 10.6 The incircle of triangle ABC touches sides BC, CA, AB 

at A,, By, Cy, respectively. Let K be the point on the circle diametrically 

opposite C,, and D the intersection of the lines B;C; and A; K. Prove 

that CD. = © B;. 

Solution. Draw D’ on B,C, such that CD’ || AB. Then ZD/CB, = 

ZC, AB, and ZCD'B, = ZAC,By,, implying that AAB,C, ~ AC B,D’. 

Thus, triangle CB; D’ is isosceles and CD’ = CB,. Recall that CB, = 

CA, and hence triangle C'A;D’ is also isosceles. Also, ZD'CA, = 

180° — ZB, implying that ZCA,D' = —. 
Note that 7CA,K = ZA,C,K = 90°—ZC, KA, = 90°—2C, A,B = 

4 ZB. Therefore, D’ lies on A,K, and by definition it lies on ByC}. 

Hence D’ = D. 

Thus, CD = CD! = CB,,as desired. 
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Problem 10.7 Each voter in an election marks on a ballot the names of 

n candidates. Each ballot is placed into one of n + 1 boxes. After the 

election, it is observed that each box contains at least one ballot, and that 

for any n+1 ballots, one in each box, there exists a name which is marked 

on all of these ballots. Show that for at least one box, there exists a name 

which is marked on all ballots in the box. 

Solution. Suppose, by way of contradiction, that in every box, no name 

is marked on all the ballots. Label the boxes 1,2,...,n, and look at an 

arbitrary ballot from the first box. 

Suppose it has n “chosen” names Al, Bob, ..., Zed. By assumption, 

some ballot in the second box does not have the name AI on it; some ballot 

in the third box does not have the name Bob on it; and so on, so some 

ballot in the (7+ 1)-th box does not have the i-th chosen name on it. Then 

on these n+ 1 ballots, one from each box, there is no name marked on all 

the ballots — a contradiction. 

Problem 10.8 A set of natural numbers is chosen so that among any 

1999 consecutive natural numbers, there is a chosen number. Show that 

there exist two chosen numbers, one of which divides the other. 

Solution. Construct a table with 1999 columns and 2000 rows. In the 

first row write 1,2,...,1999. 

Define the entries in future rows recursively as follows: suppose the 

entries in row 2 arek + 1,k +2, ..., k + 1999, and that their product is 

M. Then fill row 7+1 with M+k+1,M+k+2,...,M+k+1999. All 

the entries in row 7 + 1 are bigger than the entries in row 7. Furthermore, 

every entry divides the entry immediately below it (and therefore all the 

entries directly below it). 

In each row there are 1999 consecutive numbers, and hence each row 

contains a chosen number. Because we have 2000 rows, there are two 

chosen numbers in the same column — and one of them divides another, 

as desired. 

Problem 11.1 The function f(a) is defined on all real numbers. It is 
known that for all a > 1, the function f(a) + f(ax) is continuous. Show 
that f(x) is continuous. 

Solution. We know that for a > 1, the functions 

P(a) = f(x) + f(az), 



1999 National Contests: Problems and Solutions 149 

Q(a) = f(a) + f(@a), 
P(ax) = f(ax) + f(a?x) 

are all continuous. Thus the function 

1 
5 (P(x) + Q(z) — Plaz)) = f(a) 

is continuous as well. 

Problem 11.3 In a class, each boy is friends with at least one girl. Show 

that there exists a group of at least half of the students, such that each boy 

in the group is friends with an odd number of the girls in the group. 

Solution. We perform strong induction on the total number of students. 

The base case of zero students is obvious. 

Now suppose that we know the claim is true for any number of students 

less than n (where n > 0), and we wish to prove it for n. There must be 

at least one girl; pick any girl from the n students. We now partition the 

class into three subsets: the subset A consisting of this girl, the subset B 

consisting of this girl’s male friends, and the subset C consisting of the 

remaining students. 

Because we are using strong induction, the induction hypothesis states 

that there must be a subset C” of C,, with at least Iel students, such that 

any boy in C’ is friends with an odd number of girls in C’. 

Let Bo be the set of boys in B who are friends with an odd number of 

girls in C’, and let Bg be the set of boys in B who are friends with an 

even number of girls in C’. Then there are two possible cases: 

(i) |Bo| > 432. 
The set S = BoUC’ will realize the claim, i.e., S will have at least 

= elements, and each boy in S will be friends with an odd number of 

girls in S. 

(ii) |AU Bg| > AL 
Let T = AU Bg UC’. Each boy in C’ will be friends with an 

odd number of girls in C’ but not the girl in A. Each boy in Bz will 

be friends with an even number of girls in C’ and the girl in A for 

a total odd number of girls in T. Finally, T has at least } elements, 

and hence T realizes the claim. 

Thus the induction is complete. 
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Note. With a similar proof, it is possible to prove a slightly stronger 

result: suppose each boy in a class is friends with at least one girl, and 

that every boy has a parity, either “even” or “odd.” Then there is a group 

of at least half the students, such that each boy in the group is friends with 

the same parity of girls as his own parity. (By letting all the boys’ parity 

be “odd,” we have the original result.) 

Problem 11.4 A polyhedron is circumscribed about a sphere. We call 

a face big if the projection of the sphere onto the plane of the face lies 

entirely within the face. Show that there are at most 6 big faces. 

Solution. 

Lemma. Given a sphere of radius R, let a “slice” of the sphere be a 

portion cut off by two parallel planes. The surface area of the sphere 

contained in this slice is 2 RW, where W is the distance between the 

planes. 

Proof: Orient the sphere so that the slice is horizontal. Take an 

infinitesimal horizontal piece of this slice, shaped like a frustum (a small 

sliver from the bottom of a radially symmetric cone). Let its width be 

w, its radius be r, and its slant height be @. Its lateral surface area (for 

infinitesimal w) is then 27ré. If the side of the cone makes an angle 0 

with the horizontal, then @sin@0 = w and Rsin@ = r so that the surface 

area also equals 27 Rw. Adding over all infinitesimal pieces, the complete 

slice has lateral surface area 27 RW, as desired. | 

Let the inscribed sphere have radius R and center O. For each big 

face F’ in the polyhedron, project the sphere onto F to form a circle k. 

Next connect k with O to form a cone. Because the interiors of the cones 

are pairwise disjoint, the cones intersect the sphere’s surface in several 

non-overlapping circular regions. 

Each circular region is a slice of the sphere with width R(1 — 4/2) 
and bounds an region of area 27 R?(1— 4/2) > 4(47R?) of the sphere’s 
surface. Thus each circular region takes up more than = of the surface 

area of the sphere, implying there must be less than 7 such regions and at 
most six big faces. 

Problem 11.5 Do there exist real numbers a, b, c such that for all real 

numbers x, y, 

lz +al+|aty+b\+|ly+e| > |z|+ lat y|+lyl? 
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Solution. No such numbers exist. Suppose they did. Let y=—b=—-z. 
Then for all real x we have 

lz + a] + |—b— a2 +c > [z|+ |-b| + |-b— a}. 

If we pick x negative’ with sufficiently large absolute value, this gives 

(—2% —a)+(—b—2+c) > (—z)+|b| + (-b-—2) > -a+ce 

> |d| 2 0, 

so c > a. On the other hand, if we pick « positive and sufficiently large, 

this gives 

(c+a)+(b+a2-—c)>(z)4+ |b|+(b+2)>a-—c 

> |b| > 0, 

so c < a as well — a contradiction. 

Problem 11.6 Each cell of a 50 x 50 square is colored in one of four 

colors. Show that there exists a cell which has cells of the same color 

directly above, directly below, directly to the left, and directly to the right 

of it (though not necessarily adjacent to it). 

Solution. By the pigeonhole principle, at least one-quarter of the squares 

(625) are the same color: say, red. 

Of these red squares, at most 50 are the topmost red squares of their 

columns, and at most 50 are the bottommost red squares of their columns. 

Similarly, at most 50 are the leftmost red squares in their rows and at most 

50 are the rightmost red squares in their rows. This gives at most 200 

squares. The remaining 425 or more red squares then have red squares 

directly above, directly below, directly to the left, and directly to the right 

of them. 

Problem 11.8 A polynomial with integer coefficients has the property 

that there exist infinitely many integers which are the value of the poly- 

nomial evaluated at more than one integer. Prove that there exists at most 

one integer which is the value of the polynomial at exactly one integer. 

Solution. First observe that the polynomial cannot be constant. Now let 

P(x) = Cyt” + Cp-12"1 +--+ + c9 be the polynomial with c, # 0. The 

problem conditions imply that n is even and at least 2. We may assume 

without loss of generality that c,, > 0. 
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Because P() has positive leading coefficient and it is not constant, there 

exists a value NV such that P(x) is decreasing for all 2 < N. Consider 

the pairs of integers (s,t) with s < t and P(s) = P(t). Because there 

are infinitely many pairs, there must be infinitely such pairs many with 

Si<elNe 

For any integer k, look at the polynomial P(x) — P(k — x). Some 

algebra shows that the coefficient of x” is zero and that the coefficient of 

gl is f(k) = tas + Cn(nk): 

Let K be the largest integer such that f(/) < 0 (such an integer exists 

because from assumptions made above, c, -n > 0). Then for sufficiently 

large t we have 

PURO PUR 2 OP et) a 

and 

POS PKA aS Pho FS Pe es) 

Therefore we must have s = K +1-—t and P(t) — P(K +1-—t) =0 for 

infinitely many values of t. However, P has finite degree, implying that 

P(x) — P(K +1 — 2) is identically zero. 

Then if P(a) = b for some integers a, b, we also have P(K +1—a) = b. 

Therefore there is at most one value b that could possibly be the value of 

P(a) at exactly one integer x — specifically, b = P(4#*). 

Fifth round 

Problem 9.1 In the decimal expansion of A, the digits occur in increasing 

order from left to right. What is the sum of the digits of 9A? 

Solution. Write A = a,a2...a,. By performing the subtraction 

ai Gy a3 === az 0 

oi Chi, “ip Os Says GH: 

we find that the digits of 9A = 10A — A are 

@1, Gg —@1, Ag — Ag, ..., Gk-1 — Ag_2, Ax — Ag_1 — 1, 10 — ag. 

These digits sum to 10 — 1 = 9. 

Problem 9.3 Let S be the circumcircle of triangle ABC. Let Ap be the 
midpoint of the are BC of S not containing A, and Co the midpoint of 
the arc AB of S not containing C. Let S; be the circle with center Ao 
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tangent to BO, and let S2 be the circle with center Co tangent to AB. 
Show that the incenter J of ABC lies on a common external tangent to 
Si and Soe 

Solution. We prove 4 stronger result: J lies on a common external tangent 

to S; and S_ which is parallel to line AC. 

Let £ be the line tangent to S' at B; we claim that it is a common external 

tangent to S; and Sp. 

We are given that BC is tangent to S,. Draw the other tangent from B 

to 5}, intersecting S; at P. Because rays BP and BC are reflections of 

each other across line BAg, ZCBP = 2ZCBAyp = 2ZCAAp = ZCAB. 

Therefore, line BP is tangent to S, and it must be the same line as @. 

Similarly, @ is tangent to S2. Also, because ¢ does not pass through 

the interior of S, it does not intersect Aj Bo. Therefore, it is a common 

external tangent to S; and So. 

The reflection ¢’ of @ across line ApBo is the other common external 

tangent to S; and Sg. Because ZBC'Ap = ZApCopC = ZAodIC and 

ZCyp Ao B = ZAAQCo = ZIAoCo, I and B are reflections of each other 

across line Aj Bo. Therefore, J lies on ’, as desired. 

Furthermore, the angle between line CB and ¢ is ZCBP = ZCAB, 

and the angle between line C'B and line Co Ao is B(CAs + BAb) = 

4(ZCAB + ZBCA). Hence, the angle between line CB and 0’ is 

2-5(ZCAB + ZBCA) — ZCAB = ZBCA, implying that £’ is indeed 
parallel to line AC. 

Problem 9.4 The numbers from 1 to 1000000 can be colored black or 

white. A permissible move consists of selecting a number from | to 

1000000 and changing the color of that number and each number not 

relatively prime to it. Initially all of the numbers are black. Is it possible 

to make a sequence of moves after which all of the numbers are colored 

white? 

First Solution. It is possible. We begin by proving the following lemma: 

Lemma. Given a set S of positive integers, there is a subset T © S such 

that every element of S divides an odd number of elements in T. 

Proof: We prove the claim by induction on |S], the number of elements 

io, af 1ST then let 7 ='S. 

If |S| > 1, then let a be the smallest element of S. Consider the set 

S’ = S\ {a} — the set of the largest |S| — 1 elements in S. By induction 
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there is a subset J” C S’ such that every element in S’ divides an odd 

number of elements in T”. 

If a also divides an odd number of elements in T’, then the set T = T” 

suffices. Otherwise, consider the set T = T’ U {a}. a divides an odd 

number of elements in J. Every other element in T is bigger than a and 

can’t divide it, but divides an odd number of elements in T’ = T \ {a}. 

Hence T suffices, completing the induction and the proof of the lemma. @ 

Now, write each number n > 1 in its prime factorization 

Oh Oe ak 
N =P; Ps POT Es 

where the p; are distinct primes and the a, are positive integers. Notice that 

the color of n will always be the same as the color of P(n) = pip2--: Pr. 

Apply the lemma to the set S = Wit arg: P(i) to find a subset T C S 

such that every element of S divides an odd number of elements in 7’. For 

each q € S, let t(q) equal the number of elements in T' that q divides, and 

let w(q) equal the number of primes dividing g. 

Select all the numbers in 7’, and consider how the color of a number 

nm > 1 changes. By the inclusion-exclusion principle, the number of 

elements in J’ not relatively prime to n equals 

ole Oe(g). 
q|P(n),q>1 

In particular, if g | P(n) is divisible by exactly m > 0 primes, then it 

is counted ("") — (7) + (;) —--- = 1 time in the sum. (For example, 
if 2 = 6 then the number of elements in T divisible by 2 or 3 equals 

t(2) + t(3) — t(6).) 

By the definition of 7’, each of the values t(q) is odd. Because there 

are 2* — 1 divisors g > 1 of P(n), the above quantity is the sum of 2* —1 

odd numbers and is odd itself. Therefore after selecting T, every number 

nm > 1 will switch color an odd number of times and will turn white. 

Finally, select 1 to turn 1 white to complete the process. 

Note. In fact, a slight modification of the above proof shows that T is 

unique. With some work, this stronger result implies that there is in essence 
exactly one way to make all the numbers white up to trivial manipulations. 

Second Solution. Yes, it is possible. We prove a more general statement, 
where we replace 1000000 in the problem by some arbitrary positive integer 
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m. We also focus on the numbers divisible by just a few primes instead 
of all the primes. 

Lemma. For a finite set of distinct primes S = {pi,p2,--.,Pn}, let 
Qm(S) be the set of numbers between 2 and m divisible only by primes 
in S. The elements of Qm(S) can be colored black or white. A permissible 

move consists of selecting a number in Q,,(S) and changing the color 

of that number and each number not relatively prime to it. Then it is 

possible to reverse the coloring of Qm(S') by selecting several numbers 

in a subset Rm(S) © Qm(S). 

Proof: We prove the lemma by induction on n. If n = 1, then selecting 

p suffices. Now suppose n > 1, and assume without loss of generality 

that the numbers are all black to start with. 

Let T = {pi,p2,---,;Pn—1}, and define t to be the largest integer such 

that tp, <m. We can assume t > | because otherwise we could ignore 

Dn and just use the smaller set 7’, and we’d be done by our induction 

hypothesis. 

Now select the numbers in R,,(T’), R(T), and p,Ri(T) = {pre | x € 

R,(T)}, and consider the effect of this action on a number y: 

e y is not a multiple of py. Selecting the numbers in R,,,(T) makes y 

white. If selecting « € R,(T) changes y’s color, selecting xp, will 

change it back so that y will become white. 

e y is a power of py. Selecting the numbers in R,,(T) and R(T) has 

no effect on y, but each of the |R;(T)| numbers in xR,(T) changes 

y’s color. 

© pn | y but y is not a power of pn. Selecting the numbers in R,,(T’) 

makes y white. Because y # pj, it is divisible by some prime in 7’ 

so selecting the numbers in R;(7’) makes y black again. Finally, each 

of the |R,(T’)| numbers in xR;,(T) changes y’s color. 

Therefore, all the multiples of p, are the same color (black if |R,(T)| 

is even, white if |R;(Z')| is odd), while all the other numbers in Q,,(S) 

are white. If the multiples of p,, are still black, we can select p, to make 

them white, and we are done. B 

We now return to the original problem. Set m = 1000000, and let S 

be the set of all primes under 1000000. From the lemma, we can select 

numbers between 2 and 1000000 so that all the numbers 2, 3, ... , 1000000 

are white. Finally, complete the process by selecting 1. 
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Problem 9.5 An equilateral triangle of side length n is drawn with sides 

along a triangular grid of side length 1. What is the maximum number of 

grid segments on or inside the triangle that can be marked so that no three 

marked segments form a triangle? 

Solution. The grid is made up of ne small equilateral triangles of 

side length 1. In each of these triangles, at most 2 segments can be marked 

so we can mark at most 2 . a = n(n + 1) segments in all. Every 

segment points in one of three directions, so we can achieve the maximum 

n(n +1) by marking all the segments pointing in two of the directions. 

Problem 9.6 Let {x} = x — || denote the fractional part of x. Prove 

that for every natural number n, 

es no I 
PEE OS Scr 
ko 

Solution. We prove the claim by induction on n. For n = 1, we have 

0 < 0. Now supposing that the claim is true for n, we prove it is true for 

n+l. 

Each of the numbers Vn? + 1, Vn? + 2, ..., Vn? + 2n is between n 

and n+ 1. Thus 

(VF Fi} = VnbFi—n 
(Ps SAI Ee, 

4n? 

Therefore we have 

(n+1)? (n+1)? 

» ve = Sv + >, {vk} 
k=1 =n?+41 

completing the inductive step and the proof. 
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Problem 9.7 A circle passing through vertices A and B of triangle ABC 
intersects side BC again at D. A circle passing through vertices B and 
C intersects side AB again at E, and intersects the first circle again at F. 
Suppose that the points A, EL, D, C lie on a circle centered at O. Show 

that 7BFO is a rightangle. 

Solution. Because AE DC is cyclic with O as its center, 

LCOA = 2ZCDA = ZCDA+ ZCEA 

= (180° — ZADB) + (180° — ZBEC). 

Because BDF'A and BEFC are cyclic, ZADB = ZAFB and ZBEC = 

ZBFC. Hence 

ZCOA = 360° — ZAFB — ZBFC = ZCFA, 

so AFOC is cyclic. Therefore 

ZORA = 180° — ZACO = 180° — a = 90° - CDA. 

Because ABDF is cyclic, 

ZOFA+ ZAFB = 90° + ZCDA+ ZADB = 270°. 

Hence ZBF'O = 90°, as desired. 

Problem 9.8 A circuit board has 2000 contacts, any two of which are 

connected by a lead. The hooligans Vasya and Petya take turns cutting 

leads: Vasya (who goes first) always cuts one lead, while Petya cuts either 

one or three leads. The first person to cut the last lead from some contact 

loses. Who wins with correct play? 

Solution. Petya wins with correct play. Arrange the contacts in a circle 

and label them 1,2,...,2000, and let (x,y) denote the lead between 

contacts x and y (where labels are taken modulo 2000). 

If Vasya disconnects (a, 1000+a), Petya can disconnect (500+a, 1500+ 

a). Otherwise, if Vasya disconnects (a, b), Petya can disconnect the three 

leads (a + 500, b +500), (a + 1000, b + 1000), and (a + 1500, b + 1500). 

Notice that in each case, Petya and Vasya tamper with different contacts. 

Using this strategy, after each of Petya’s turns the circuit board is 

symmetrical under 90°, 180°, and 270° rotations, ensuring that he can 

always make the above moves — for example, if (a + 1500, b + 1500) 

were already disconnected during Petya’s turn, then (a,b) must have been 

as well before Vasya’s turn. 
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Also, Petya can never lose, because if he disconnected the last lead (a, y) 

from some contact x, then Vasya must have already disconnected the last 

lead (x — 1500, y — 1500), (2 — 1000, y — 1000), or (x — 500, y — 500) 

from some other contact, a contradiction. 

Problem 10.1 Three empty bowls are placed on a table. Three players 

A, B, C, whose order of play is determined randomly, take turns putting 

one token into a bowl. A can place a token in the first or second bowl, 

B in the second or third bowl, and C in the third or first bowl. The first 

player to put the 1999th token into a bowl loses. Show that players A and 

B can work together to ensure that C will lose. 

Solution. Suppose A plays only in the first bowl until it contains 1998 

tokens, then always plays in the second bowl. Also suppose B plays only 

in the third bowl until it contains 1998 tokens, then always plays in the 

second bowl as well. 

Suppose, by way of contradiction, that C doesn’t lose. Without loss of 

generality, suppose that the first bowl fills up to 1998 tokens before the 

third bowl does. Call this point in time the critical point. 

First suppose that the third bowl never contains 1998 tokens. At most 

999 rounds pass after the critical point because during each round, the 

third bowl gains 2 tokens (one from B, one from C). Thus A plays at most 

999 tokens into the second bowl and doesn’t lose. Hence nobody loses, a 

contradiction. 

Thus the third bowl contains 1998 tokens some k < 999 more rounds 

after the critical point. After this k-th round A has played at most k tokens 

into the second bowl, and B has possibly played at most one token into 

the second bow] during the k-th round. Thus the second bowl has at most 

1000 tokens. However, the first and third bowls each have 1998 tokens. 

Hence, during the next round, C will lose. 

Problem 10.2 Find all infinite bounded sequences a1, a2,... of positive 

integers such that for all n > 2, 

An—-1 + An—2 

gcd(an—1, Qn—2) 

Solution. The only such sequence is 2,2,2,..., which clearly satisfies 
the given condition. 

Let gn = gcd(an,an41). Then gn+41 divides both an. and An+2, SO 
it divides gnQn42 — GQn41 = Ay as well. Thus gp41 divides both Qn and 
441, and it divides their greatest common divisor gp. 

an = 
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Therefore, the g; form a nonincreasing sequence of positive integers and 
eventually equal some positive constant g. At this point, the a; satisfy the 
recursion 

gan = An—1 + An—2. 

if g =, then’a,, = G,21 + 4,2 > G,_; so the sequence is increasing 

and unbounded. 

If-¢ > 3, then 

Gai se Op Qn + On—2 
an = Pee << is ae < max{dn_-1,dn—2}. 

Similarly, an41 < max{dn_-1,@,} < max{an_2, an_1}, so that 

max{@n,Q@n41} < max{dn_2,An_1}. 

Therefore the maximum values of successive pairs of terms form an infinite 

decreasing sequence of positive integers, a contradiction. 

Thus g = 2 and eventually we have 2a, = an_1+@n_—2 OF An —An_1 = 

—$(an—1 — @n—2). This implies that a; — a;_; converges to 0 and that 

the a; are eventually constant as well. From 2a, = ayn_1 + Gn—2, this 

constant must be 2. 

Nowila,, = G)a7 = torr > 1; then gcd(a,- 1,42) = eed(an@ 1,2) 

either equals 1 or 2. Now 

Oya = Oh, 

gcd(an—1, 2)’ 

implying either that a,,_; = 0 — which is impossible — or that a,_1 = 2. 

Therefore all the a; equal 2, as claimed. 

2 = An41 iz 

Problem 10.3 The incircle of triangle ABC touches sides AB, BC, CA 

at kK, L, M, respectively. For each two of the incircles of AMK, BEL, 

CLM is drawn the common external tangent not lying along a side of 

ABC. Show that these three tangents pass through a single point. 

Solution. Let D, E, F be the midpoints of minor arcs MK, KL, LM 

of the incircle, respectively, and let S;, S2, S3 be the incircles of triangles 

AMK, BKL, and CLM, respectively. 

Because AK is tangent to the incircle, ZAK D = ZKLD = ZKMD= 

ZDKM. Similarly, ZAMD = ZDMK. Thus, D is the incenter of 

AM K and the center of 5S}. 

Likewise, E is center of Sz and F is the center of S3. By the result 

proved in Problem 9.3, the incenter J of triangle A LM lies on a common 
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external tangent to S; and S2. Because I does not lie on line AB, it must 

lie on the other external tangent. Similarly, the common external tangent 

to Sy and $3 (not lying on line BC) passes through J, as does the common 

external tangent to $3 and Sj (not lying on line C'A). Therefore the three 

tangents all pass through J, as desired. 

Problem 10.4 An n x n square is drawn on an infinite checkerboard. 

Each of the n? cells contained in the square initially contains a token. A 

move consists of jumping a token over an adjacent token (horizontally or 

vertically) into an empty square; the token jumped over is removed. A 

sequence of moves is carried out in such a way that at the end, no further 

moves are possible. Show that at least 4- moves have been made. 

Solution. At the end of the game no two adjacent squares contain tokens. 

Otherwise (because no more jumps are possible) they would have to be 

in an infinitely long line of tokens, which is not allowed. During the 

game, each time a token on square A jumps over another token on square 

B, imagine putting a 1 x 2 domino over squares A and B. At the end, 

every tokenless square on the checkerboard is covered by a tile, so no two 

uncovered squares are adjacent. We now prove there must be at least a 

dominoes, implying that at least a moves have been made: 

Lemma. /f an n Xx n square board is covered with 1 x 2 rectangular 

dominoes (possibly overlapping, and possibly with one square off the 

board) in such a way that no two uncovered squares are adjacent, then at 

least a tiles are on the board. 

Proof: Call a pair of adjacent squares on the checkerboard a tile. If 

a tile contains two squares on the border of the checkerboard, call it an 

outer tile. Otherwise, call it an inner tile. 

Now for each domino D, consider any tile it partly covers. If this tile is 

partly covered by exactly m dominoes, we say that D destroys oa of that 

tile. Summing over all the tiles that D lies on, we find the total quantity 

a of outer tiles destroyed by D, and the total quantity b of inner tiles 

destroyed by D. We then say that D scores 1.5a + 6 points. 

Consider the vertical domino D consisting of the upper-left square in 
the chessboard and the square immediately below it. It partly destroys two 
horizontal tiles. One of the two squares immediately to D’s right must be 
covered, so if D destroys all of one horizontal tile, it can only destroy at 
most half of the other. 
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Armed with this type of analysis, some quick checking shows that any 
domino scores at most 6 points. Also, it can be verified that any domino 

scoring 6 points (i) lies completely on the board; (ii) does not contain a 
corner square of the chessboard; (iii) does not overlap any other dominoes; 

and (iv) does not have either length-1 edge border any other domino. 

In a valid arrangement of dominoes, every tile is destroyed completely. 

Because there are 4(n — 1) outer tiles and 2(m — 1)(n — 2) inner tiles, this 

means that a total of 1.5 - 4(n — 1) + 2(n — 1)(n — 2) = 2(n? — 1) points 

are scored. Therefore, there must be at least 

2(n?7—-1).  n?@-1 

Gi Tag agar! 
dominoes. 

Suppose, by way of contradiction, that we have exactly i 

For this to be an integer, n must not be divisible by 3. In addition, the 

restrictions described earlier must hold for every domino. 

Suppose we have any horizontal domino not at the bottom of the 

chessboard. One of the two squares directly below it must be covered. 

To satisfy our restrictions, this square must be covered by a horizontal 

domino (not a vertical one). Thus we can find a chain of horizontal 

dominoes stretching to the bottom of the board. Similarly, we can follow 

this chain to the top of the board. 

Likewise, if there is any vertical domino then some chain of vertical 

dominoes stretches across the board. However, we cannot have both a 

horizontal and a vertical chain that do not overlap, so all the dominoes 

must have the same orientation: without loss of generality, suppose they 

are all horizontal. 

To cover the tiles in any given row while satisfying the restrictions, we 

must alternate between blank squares and horizontal dominoes. In the top 

row, because no dominoes contain corner squares we must start and end 

with blank squares. Thus, n = 1(mod 3). Then in the second row, we 

must start with a horizontal domino (to cover the top-left vertical tiles). 

After alternating between dominoes and blank squares, the end of the row 

will contain two blank squares — a contradiction. Thus it is impossible 

to cover the chessboard with exactly a 1 dominoes, and indeed at least 
2 : 
= dominoes are needed. a 

dominoes. 

Note. When n is even, there is a simpler proof of the main result: split 

the n? squares of the board into 2 x 2 mini-boards, each containing four 

(overlapping) 1 x 2 tiles. At the end of the game, none of these n? tiles 
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can contain two checkers (because no two checkers can be adjacent at the 

end of the game). Any jump removes a checker from at most three full 

tiles, implying that at least ue moves must take plac.e : 

A similar approach for odd n yields a lower bound of only Se 

moves. However, for sufficiently large n we can count the number of 

tokens that end up completely outside the (n + 2) x (n + 2) area around 

the checkerboard. Each made a jump that freed at most two full tiles, and 

from here we can show that a moves are necessary. 

Problem 10.5 The sum of the decimal digits of the natural number n is 

100, and that of 44n is 800. What is the sum of the digits of 3n? 

Solution. The sum of the digits of 3n is 300. 

Let S(x) denote the sum of the digits of z. Then S(a-+ b) equals 

S(a)+.5(b), minus nine times the number of carries in the addition a+ b. 

Therefore, S(a + b) < S(a) + S(b). Applying this inequality repeatedly, 

we have S(ai +--:+ax%) < S(ai) +--+ + S(ax). 

Suppose that d is a digit between O and 9, inclusive. If d < 2 then 

S(44d) = 8d, and if d = 3 then S(8d) = 6 < 8d. If d > 4, then 
44d < 44(9) has at most 3 digits so that S(44d) < 27 < 8d. 

Now write n = )~n;-10*, so that the n; are the digits of n in base 10. 
Then 

Y= 8ni = $(44n) < S~ $(44n; - 10°) 

= S 5 5(44n:) = S > 8ni, 

so equality must occur in the second inequality — that is, each of the n; 

must equal 0, 1, or 2. Then each digit of 3n is simply three times the 

corresponding digit of n, and S(3n) = 3S(n) = 300, as claimed. 

Problem 10.7 The positive real numbers x and y satisfy 

ety >arty?. 

Show that 2° + y3 < 2. 

Solution. Equivalently we can prove that if x? + y? > 2, then 

et+yp<aetys. 

First notice that 
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by the Power-Mean Inequality. This implies that 

wy? < (23 + y?)2/8 . 91/3 

ee (2? + y?)?/3 (23 + y3)1/3 

=a +y°, 

or 2? — 23 < y3—y?, Now 0 < y?(y—1)? > y3 —y? < yt — y3, so that 

iat ea pee ce 

<a +y', 

as desired. 

Problem 10.8 In a group of 12 people, among every 9 people one can 

find 5 people, any two of whom know each other. Show that there exist 6 

people in the group, any two of whom know each other. 

Solution. Suppose, by way of contradiction, that no 6 people know each 

other. Draw a complete graph with twelve vertices corresponding to the 

people, labelling the people (and their corresponding vertices) A, B,..., LD. 

Color the edge between two people red if they know each other, and blue 

otherwise. Then among every nine vertices there is at least one red Ks, 

and among any six vertices there is at least one blue edge. 

We prove that there are no blue cycles of odd length in this graph. 

Suppose, for sake of contradiction, that there is a blue cycle of length (1) 

3 or 5, (ii) 7, (iii) 9, or (iv) 11. 

(i) First suppose, for sake of contradiction, there is a blue 3-cycle 

(without loss of generality, ABC) or a blue 5-cycle (without loss of 

generality, ABCDE). In the first case, there is a blue edge among 

DEFGHI (say, DE). Any red Ks contains at most one vertex from 

{A,B,C} and at most one vertex from {D, }. In the second case, any 

K;, still contains at most two vertices from {A, B,C, D, E}. 

Now, FGHIJK contains some other blue edge. Without loss of 

generality, suppose F'G' is blue. Now for each edge VjV2 in HIJKL, 

there must be a red Ks among ABCDEFGV,V2. As before, this Ks 

can contain at most two vertices from {A, B,C, D, E}, and it contains 

at most one vertex from each of {F,G}, {Vi}, and {V2}. Therefore V; 

and V> must be connected by a red edge, so HI JK L is a red Ks. Now 

FHIJKL cannot be a red Ke, so without loss of generality suppose F'H 

is blue. Similarly, GHIJKL cannot be a red Kg, so without loss of 
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generality either GH or GI is blue. In either case, ABCDEFGHI must 

contain some red Ks. If GH is blue then this Ks contains at most four 

vertices, two from {A, B,C, D, E} and one from each of {F,G, H} and 

{I}. If GI is blue then this K still contains at most four vertices, two 

from {A, B,C, D,E} and one from each of {F,H} and {G, J}. Either 

possibility yields a contradiction. 

(ii) If there is some blue 7-cycle, assume without loss of generality 

that itis ABCDEFG. As before, any Ks contains at most three vertices 

from {A, B,...,G}, so HIJKL must be a red Ks. Now for each of the 

(3) = 10 choices of pairs {Vi, V2} C {H, I, J, K, L}, there must be a red 

Ks among ABCDEFGYV,V2. Hence, for each edge in HIJ KL, some 

red triangle in ABCDEFG forms a red K; with that edge. ABCDEFG 

contains at most 7 red triangles: ACE, BDF, ..., and GBD. Thus some 

triangle corresponds to two edges. Without loss of generality, either ACE 

corresponds to both HJ and HJ, or else ACE corresponds to both HI 

and JK. In either case, ACE HIJ is a red Kg, a contradiction. 

(iii) Next suppose that there is some blue 9-cycle. Among these nine 

vertices there can be no red Ks, a contradiction. 

(iv) Finally, suppose that there is some blue 11-cycle. Without loss 

of generality, suppose it is ABCDEFGHIJK. There is a red Ks 

among {A, B,C, D, E, F,G, H,I}, which must be ACEGI. Likewise, 

DFHJA must be a red Ks, so AC, AD, ..., AH are all red. Similarly, 

every edge in ABCDEFGHL is red except for those in the blue 11-cycle. 

Now among {A, B,C, D, E, F,G, H, L} there is some red Ks, either 

ACEGL or BDFHL. Without loss of generality, assume the former. 

Because ACEGLI and ACEGLJ cannot be red 6-cycles, AJ and AJ 

must be blue. Then AJ J is a blue 3-cycle, a contradiction. | 

Thus there are indeed no blue cycles of odd length, so the blue edges 

form a bipartite graph — that is, the twelve vertices can be partitioned into 

two sets S; and Sp containing no blue edges. One of these sets, say Sj, 

has at least 6 vertices. But then S; is a red Kg, a contradiction. Therefore 

our original assumption was false. Hence there is some red Ke, so some 

six people do indeed know each other. 

Problem 11.1 Do there exist 19 distinct natural numbers which add to 

1999 and which have the same sum of digits? 

Solution. No such integers exist. Suppose, by way of contradiction, that 
such integers did exist. 



1999 National Contests: Problems and Solutions 165 

The average of the numbers is oe < 106, so one number is at most 

105 and has digit sum at most 18. 

Every number is congruent to its digit sum modulo 9, so all the numbers 

and their digit sums are congruent modulo 9, say congruent to k. Then 

19k = 1999 > k = ¥ (mod 9), so the common digit sum is either 1 or 10. 

If it is 1 then all the numbers equal 1, 10, 100, or 1000 so that some 

two are equal. This is not allowed. Thus the common digit sum is 10. 

Note that the twenty smallest numbers with digit sum 10 are: 

1 Lorne 5 Oly LUO. Lh Gd 244 aca yl OU, 200. 

The sum of the first nine numbers is 

(10+ 20+---+90)+(9+8+---+1) = 450+ 45 = 495, 

while the sum of the next nine numbers is 

(900) + (10+ 20+- --+80)+(9+8+7+---+1) = 900+360+45 = 1305. 

Hence the first eighteen numbers add up to 1800. 

Because 1800 + 190 4 1999, the largest number among the nineteen 

must be at least 208. Hence the smallest eighteen numbers add up to at 

least 1800, giving a total sum of at least 2028 > 1999, a contradiction. 

Problem 11.2 At each rational point on the real line is written an integer. 

Show that there exists a segment with rational endpoints, such that the sum 

of the numbers at the endpoints does not exceed twice the number at the 

midpoint. 

Solution. Let f : Q — Z be the function that maps each rational point 

to the integer written at that point. Suppose, by way of contradiction, that 

for all g,r €Q, 

Fla) +407) > 2p (45*). 

Fors), tera — > and b; = —s. We shall prove that for some 

k, f(ax) and f(b,) are both less than f(0). Suppose that for some 2%, 

f (ai) > f(0). Now we apply the condition: 

a;) + f(0 
f(ai+1) < nae < f(a). 

Because the range of f is the integers, f(aj+1) < f(a) — 1 as long as 

f(a;) > f(O). Therefore, there exists some m such that f(a@m) < f(0). 
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Then 

BR a eee ce parr ser 

so f(a;) < f(0) for 2 > m. 

Similarly, there exists n such that f(b;) < f(0) for 2 > n. Now if we 

take k = max{m,n}, we have a contradiction, 

fan) + F(bx) < 2f(0). 

Problem 11.3 A circle inscribed in quadrilateral ABC'D touches sides 

DA, AB, BC, CD at K, L, M, N, respectively. Let S1, So, S3, S4 be 

the incircles of triangles AKL, BLM, CMN, DNK, respectively. The 

common external tangents to S, and S2, to Sp and S3, to S3 and S4, and 

to S4 and Sj, not lying on the sides of ABC'D, are drawn. Show that the 

quadrilateral formed by these tangents is a rhombus. 

Solution. Let P be the intersection of the two common external tangents 

involving S$, and let Q, R, S be the intersections of the pairs of tangents 

involving S2, $3, S4, respectively. 

As in problem 10.3, the centers of S$), S2, S3, S4 are the midpoints of 

arcs KL, LM, MN, NK, respectively. Line AB does not pass through 

the incenter J of triangle KLM. Therefore, by the results proved in 

problem 9.3, the other external tangent PQ must pass through J, and be 

parallel to KM. Likewise, RS || KM so we have PQ || RS. 

Similarly, QR || LN || SP, so PQRS is a parallelogram. 

Let (X | w) denote the length of the tangent from point X to circle w, 

and let (w; | w2) denote the length of the external tangent to circles w 1 

and wz. Then we also know 

AB = (A| Si) + (Si | $2) + (So | B) 

=(A| 51) + (Si | P) + PQ + (Q | S2) + (S2 | B), 

with analogous expressions holding for BC, CD, and DA. Substituting 

these into AB + CD = BC + DA, which is true because ABCD is 

circumscribed about a circle, we find that PQ+ RS =QR+SP. 

Because PQ RS is a parallelogram, PQ = RS and QR = SP, implying 
that PQ = QR = RS = SP and that PQRS is a rhombus. 

Problem 11.5 Four natural numbers have the property that the square of 
the sum of any two of the numbers is divisible by the product of the other 

two. Show that at least three of the four numbers are equal. 
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Solution. Suppose, by way of contradiction, four such numbers did exist 
with no three of them equal. Select such numbers a, b, c, d so that 

a+b-+c+d is minimal. If some prime p divided both a and b, then from 
a | (b+c)? and a | (b+d)? we know that p divides c and das well. Then 
= = Zi . are a counterexample with smaller sum. Therefore, the four 

numbers are pairwise relatively prime. 

Suppose that some prime p > 2 divided a. Because a divides each of 

(b+c)?, (c+d)?, (d+b)?, we know that p divides b+c, c+d, d+b. Hence 

p divides (b+ c) + (c+ d) + (d+) and thus p | b+ c+d. Therefore 

p | (b+c+d) —(b+c) = 4d, and similarly p | c and p | b, giving a 
contradiction. 

Thus each of a, b, c, d are powers of 2. Because they are pairwise 

relatively prime, three of them must equal 1 — a contradiction. Therefore 

our original assumption was false, and no such counterexample exists. 

Problem 11.6 We are given three convex polygons P), P2, and Ps in 

the plane. Show that the following two conditions are equivalent: 

(i) No line @ intersects all three polygons. 

(ii) For 7 = 1,2,3, there exists a line @; not intersecting any of the 

polygons, such that ?; lies on the opposite side of £; from the other 

two polygons. 

Solution. In this proof, “polygon” refers to both the border and interior 

of a polygon — the problem statement is not affected by this assumption, 

because a line intersecting the interior of a polygon must intersect its border 

as well. 

Suppose that some line @ intersects all three polygons. Orient the figure 

to make @ horizontal, and suppose it intersects each polygon P; at some 

point A;, where A;, A», and Az lie on @ from left to right in that order. 

Any line m not intersecting any of the polygons is either parallel to £; 

intersects @ to the left of A>; or intersects @ to the right of Ag. In all of 

these cases, m does not separate Az from both A; and A3, so m cannot 

separate P from the other polygons. (In the first two cases Ag and A3 are 

not separated, and in the first and third cases A, and Ap are not separated.) 

To prove the other direction, we begin by proving an intuitively obvious 

but nontrivial lemma: 

Lemma. Given two non-intersecting convex polygons, there is a line that 

separates them. 
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Let V be the convex hull of the two polygons. If all its vertices are 

in one polygon, then this polygon contains the other — a contradiction. 

Also, for any four vertices A, B, C’, D in that order on V (not necessarily 

adjacent), because AC and BD intersect we cannot have A and C’ in one 

polygon and B and D in the other. Thus one run of adjacent vertices 

Vi,.--, Vm is in one polygon Q, and the remaining vertices Wj,..., Wr 

are in the other polygon 7. 

Then V;V,, is contained in polygon Q, so line Vi V,, does not intersect 

R. Therefore we can simply choose a line extremely close to V; V,, that 

doesn’t intersect Q, and separates QO and 7. = 

Now suppose that no line intersects all three polygons. Then every two 

polygons are disjoint. For instance, if M were in P} 1 Pz and N #4 M 

were in P3, then the line 1/N would intersect all three polygons. 

Triangulate the convex hull H of P, and P2 (that is, divide it into 

triangles whose vertices are vertices of H). If P3 intersects H at some 

point 1/7, then M is on or inside of these triangles, X Y Z. Without loss of 

generality suppose X € P, and Y, Z € Pp» (otherwise both triangle X Y Z 

and WM are inside either P, or P2, so this polygon intersects P3). Then 

line X M intersects both P,; and P3. Because line XM intersects Y Z, it 

intersects 2 as well — a contradiction. 

Thus H is disjoint from P3, and from the lemma we can draw a line 

separating the two, and thus separating P, and P2 from P3, as desired. 

We can repeat this construction for P; and P2, so we are done. 

Problem 11.7 Through vertex A of tetrahedron ABCD passes a plane 

tangent to the circumscribed sphere of the tetrahedron. Show that the lines 

of intersection of the plane with the planes ABC, ACD, ABD form six 

equal angles if and only if 

AB CD = AG B= AD BG. 

Solution. Perform an inversion about A with arbitrary radius r. Because 
the given plane P is tangent to the circumscribed sphere of ABCD, the 
sphere maps to a plane parallel to P containing B’, O’, D’, the images of 
B, C, D under inversion. Planes P, ABC, ACD, and ABD stay fixed 

under the inversion because they all contain A. 

Now, because C’D’ is in a plane parallel to P, plane ACD = AC’ D’ 
intersects P in a line parallel to C’D’. For a more rigorous argument, 
complete parallelogram C’D'AX. Then X is both in plane AC’D! = 
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ACD and in plane P (because PX || C’D’), so the intersection of ACD 

and P is the line PX, parallel to C’D’. 

Similarly, plane ADB intersects P in a line parallel to D’B’, and plane 

ABC intersects P in a line parallel to B’C’. These lines form six equal 

angles if and only if C’D’, D’B’, B’C’ form equal angles — that is, if 

triangle C’D’B’ is equilateral and C’D’ = D’B' = B'C’. Under the 

inversion distance formula, this is true if and only if 

CD.-r? ie DB.-r? - BC -r? 

AC- AD FAD AB AB-AC’ 

which is equivalent to desired result. 
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i8 Slovenia 

Problem 1 The sequence of real numbers aj, @2,43,... satisfies the 

initial conditions a; = 2, a2 = 500,a3 = 2000 as well as the relation 

An+2 + Qn41 — antl 

An+1 + An-1 aAn-1 

for n = 2,3,4,.... Prove that all the terms of this sequence are positive 

integers and that 270° divides the number a2000. 

Solution. From the recursive relation it follows that a@n42@n-1 = ae 41 

for n = 2,3,.... No term of our sequence can equal 0, and hence it is 

possible to write 
An+2 es An+1 

Op ian 9 nGa-1 

for n = 2,3,.... It follows by induction that the value of the expression 

QAn+1 

Anan—1 

is constant, namely equal to — = 22 0Thusidpiiol=2e, 4, andsall 

terms of the sequence are positive integers. 

From this new relation, we also know that — is an even integer for 

all positive integers n. Write 

42000 21999 a2 
42000 = 

Q1999 21998 Qa) 

In this product each of the 1999 fractions is divisible by 2, and a; = 2 is 

even as well. Thus azq90 is indeed divisible by 279°, 

Problem 2 Find all functions f : R — R that satisfy the condition 

(ea i) 1 a9 

for all z,y € R. 

Solution. For x = 0,y = 1 we get f(—f(1)) = 0. For y = —f(1) it 
follows that f(x) = 1+ f(1)—a. Writing a = 1+ f(1) and f(x) = a—z, 
we have 

1-z—y=flx— fly)) =a-a+ fly) =2a-a-y 

so that a = 4. Indeed, the function f(x) = + — 2 satisfies the functional 
equation. 
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Problem 3 Let FE be the intersection of the diagonals in cyclic quadri- 
lateral ABCD, and let F and G be the midpoints of sides AB and CD, 
respectively. Prove that the three lines through G, F, FE perpendicular to 

AC, BDYAD, respectively, intersect at one point. 

Solution. All angles are directed modulo 180°. Drop perpendicular GP 

to diagonal AC’ and perpendicular FQ to diagonal BD. Let R be the 

intersection of lines PG and F'Q), and let H be the foot of the perpendicular 

from E to side AD. We wish to prove that H, E, R are collinear. 

Because Ff and G are midpoints of corresponding sides in similar 

triangles DEC and ABE (with opposite orientations), triangles DPE 

and AQE are similar with opposite orientations as well. Thus ZDPE = 

ZEQA and therefore AQP D is a cyclic quadrilateral. Because ZEQR = 

90° = ZEPR, the quadrilateral EQ RP is cyclic, too. So 

LADQ = ZAPQ = ZEPQ = ZERQ. 

It follows that ZDEH = 90° — ZADQ = 90° — ZERQ = ZQER. 

Because D, FE, Q are collinear, H, E, R must be collinear as well. 

Problem 4 Three boxes with at least one marble in each are given. In a 

step we choose two of the boxes, doubling the number of marbles in one 

of the boxes by taking the required number of marbles from the other box. 

Is it always possible to empty one of the boxes after a finite number of 

steps? 

Solution. Without loss of generality suppose that the number of marbles 

in the boxes are a, b, and c with a < b < c. Write b = qa+r where 

0<r<aandq> 1. Then express g in binary: 

g= mo + 2m, +--+: +2* me, 

where each m; € {0,1} and m, = 1. Now for each z = 0,1,...,k, 

add 2%a marbles to the first box: if m,; = 1 take these marbles from the 

second box; otherwise take them from the third box. In this way we take 

at most (2* — 1)a < qa < b < c marbles from the third box and exactly 

qa marbles from the second box altogether. 

In the second box there are now r < a marbles left. Thus the box with 

the least number of marbles now contains less than a marbles. Then by 

repeating the described procedure, we will eventually empty one of the 

boxes. 
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19 Taiwan 

Problem 1 Determine all solutions (z, y, z) of positive integers such that 

Gree \i (ee) 

Solution. Leta=xr+1,b=y+1,c=2z+1. Thena,b,c > 2 and 

ol =a +1) 

((a@+1)- Dr spel =(a+1)°. 

Taking the equations mod (a + 1) yields (—1)’ + 1 = 0, so 6 is odd. 

Taking the second equation mod (a + 1)? after applying the binomial 

expansion yields 

(;) (a+1)(-1)°1 + (-1)?+1=0 (mod (a+1)’) 

so (a +1) | b and a is even. On the other hand, taking the first equation 

mod a? after applying the binomial expansion yields 

fom 

1= ({)q it~ (mod'a”); 

so c is divisible by a and is even as well. Write a = 2a; and c = 2c). 

Then 

2a? = ab = (a+ 1)° = 1= ((a +1)" —1)((0+1)7 +1). 

It follows that ged ((a + 1)* — 1,(a +1) +1) = 2. Therefore, using 

the fact that 2a, is a divisor of (a + 1)*! — 1, we may conclude that 

(a+1)% =1= 2a! 

(at 1) eT =o * 

We must have 2°-! > 2a > a, = 1. Then these equations give cj = 1 
and b = 3. Therefore the only solution is (x, y, z) = (1, 2,1). 

Problem 2 There are 1999 people participating in an exhibition. Out of 

any 50 people, at least 2 do not know each other. Prove that we can find 

at least 41 people who each know at most 1958 other people. 

Solution. Let Y be the set of people who know at least 1959 other people, 

and let N(p) denote the set of people whom p knows. Assume by way of 
contradiction that less than 41 people each know at most 1958 people, so 
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|Y| > 1959. We now show that some 50 people all know each other, a 
contradiction. 

Pick a person y; € Y and write By = N(y,) with |B,| > 1959. Then 

|Bi| + |Y| > 1999, and there is a person y2 € By NY. 

Now write By = N(yi) 9 N(y2) with 

|Bo| = |Bi| + |N(y2)| — |Bi U N(yz)| > 1959 + 1959 — 1999 

= 1999 — 40-2. 

Then |B2| + |Y| > 1999, and there is a person y3 € BoNY. 

Now continue in a similar way: suppose we have j < 48 different 

people y1,¥2,-.-,Yyj; in Y who all know each other, and suppose that 

B; = N(y1) A N(y2) N--- A N(y;) has at least 1999 — 407 > 79 > 40 

elements. Then |B;| + |Y| > 1999, and there is a person y;41 € Bj NY. 

Thus Bj41 = B; 1 N(y;+1) has at least 

|B;| + |N(y541)| — |B; UN (yj+1)| = (1999 — 407) + 1959 — 1999 

= 1959 — 40(7 +1) > 0 

elements, and we can continue onward. 

Thus we can find 49 people 41, y2,...,Ya49 such that Byg = N(yi) 

N(y2)M:--AN(yag) is nonempty. Thus there is a person ys59 € Bag. But 

then any two people from yj, y2,..-, Y50 know each other, a contradiction. 

Problem 3 _ Let P* denote all the odd primes less than 10000, and suppose 

p € P*. For each subset S = {p, po,---, px} of P*, with k > 2 and not 

including p, there exists a g € P* \ S such that 

(g+1) | (p1 + 1)(p2 +: 1)--- (pe +1). 

Find all such possible values of p. 

Solution. A Mersenne prime is a prime that has the form 2” — 1 for 

some integer n > 0. Notice that if 2” — 1 is prime then n > 1 

and n is prime because otherwise either (if m were even) n = 2m and 

2” —1 = (2 — 1)(2™ + 1), or (if n were odd) n = ab for odd a, 6 and 

gn — 1 = (2%— 1)(20@-Ve 4 g(e-2)a 4... 4.2441). Direct calculation 
shows that the set J’ of Mersenne primes less than 10000 is 

{ M2, M3, Ms, M7, Mi3} = {3, 7, 31, 127, 8191}, 

where M, = 2? — 1. (21! — 1 is not prime: it equals 23 - 89.) We claim 

this is the set of all possible values of p. 
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If some prime p is not in T, then look at the set S = T’. Then there 

must be some prime g ¢ S$ less than 10000 such that 

(q+ 1) | (Mz + 1)(Mz + 1)(Ms + 1)(Mz + 1)(Mi3 + 1) = 2°°. 

Thus, g + 1 is a power of 2 and q is a Mersenne prime less than 10000 

— and therefore g € T = S, a contradiction. 

On the other hand, suppose p is in T. Suppose we have a set S = 

{p1,P2,---;Pk} C P* not including p, with k > 2 and pj < pz <---< 

Pr. Suppose, by way of contradiction, that for all g € P* such that 

(¢+1) | (pi +1)--- (pe + 1), we have q € S. Then 

4| (pi +1)(p2 +1) = Mo eS 

8 | (M2 + 1)( 

) ) 

\(po + PD Ma e.5 

32 | (Mz + 1)(M3 +1) —> Mz € S 

( 

Fe) 

128 | (M2 + 1)(Ms5+1)= MES 

8192 (M3 a5 1)(M; ate 1)(M7 =F 1) => Mi3€ S. 

Then p, a Mersenne prime under 10000, must be in S — a contradiction. 

Therefore there is some prime g < 10000 not in S with g+1| (pi + 1) 

-- (py +1), as desired. This completes the proof. 

Problem 4 _ The altitudes through the vertices A, B, C of an acute-angled 

triangle ABC meet the opposite sides at D, E, F’, respectively, and 

AB > AC. The line EF meets BC at P, and the line through D parallel 

to EF meets the lines AC and AB at Q and R, respectively. Let N be 

a point on the side BC such that 2NQP+ ZNRP < 180°. Prove that 

BN>CN. 

Solution. Let M be the midpoint of BC. We claim that P, Q, M, R 

are concyclic. Given this, we would have 

ZLMQP + ZMRP = 180° > ZNQP + ZNRP. 

This can only be true if N is between M and C. Hence BN > CN. 

Because ZBEC = ZBFC = 90°, we observe that the points 
B,C,E,F are concyclic and thuy PB: PC = PE- PF. Also, the 
points D, E, F’,M lie on the nine-point circle of triangle ABC so that 
PE-PF=PD- PM. (Alternatively, it’s easy to show that DEFM is 

cyclic with some angle-chasing). These two equations yield 

PB-PC=PD-PM. (1) 
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On the other hand, because AAEF ~ A ABC and QR || EF, we have 

ZRBC = ZAEF = ZCQR. Thus CQBR is cyclic and 

DQ:DR=DB.-DC. (2) 

Now lett MB = MC = a, MD = d, MP = p. Then we have 

PB =p +a DB = ad; PC =p= a, CD =a—d, DP = p—d. 
Then equation (1) implies (p + a)(p — a) = (p—d)p. Therefore a? = dp 
and (a + d)(a — d) = (p — d)d, or equivalently 

DB. DC =DP- DM. (3) 

Combining (2) and (3) yields DQ: DR = DP - DM, so that the points 

P,Q, M, R are concyclic, as claimed. 

Problem5_ There are 8 different symbols designed on n different T-shirts, 

where n > 2. It is known that each shirt contains at least one symbol, and 

for any two shirts, the symbols on them are not all the same. Also, for 

any k symbols, 1 < k < 7, the number of shirts containing at least one of 

the k symbols is even. Find the value of n. 

Solution. Let X be the set of 8 different symbols. Call a subset S of X 

stylish if some shirt contains exactly those symbols in S. Look at a stylish 

set A with the minimal number of symbols |A| > 1. Because n > 2, we 

must have |A| < 7. All the other n — 1 stylish sets contain at least one of 

the k = 8 —|A| symbols in X \ A, so n — 1 is even and n is odd. 

Observe that any nonempty subset S C X contains an odd number of 

stylish subsets: for S = X this number is n; for |.S| < 7, an even number 

t of stylish sets contain some element of X \ S, so the remaining odd 

number n — t of stylish sets are contained in S. 

Then every nonempty subset of X is stylish. Otherwise, pick a minimal 

non-stylish subset S C X. Its only stylish subsets are its 2!5| — 2 proper 

subsets, which are all stylish by the minimal definition of S. However, this 

is an even number, which is impossible. Thus there must be 2° — 1 = 255 

T-shirts. Indeed, given any k symbols (1 < k < 7), an even number 

98 — 28-* of T-shirts contain at least one of these k symbols. 



176 Turkey 

20 Turkey 

Problem 1 Let ABC be an isosceles triangle with AB = AC. Let D 

be a point on BC such that BD = 2DC, and let P be a point on AD 

such that 7BAC' = ZBPD. Prove that 

ZBAC =2JADPC, 

Solution. Draw X on BP such that BX = AP. Then ZABX = 

ZABP = ZDPB — ZPAB = ZCAB — ZPAB = ZCAP. Because 

AB =CA and BX = AP, by SAS we have AABX = AC'AP. Hence 

[ABX| = [CAP], and 2DPC = 180° —ZC PA = 1807-2 AX Be 

ZPXA. 

Next, because BD = 2C’'D, the distance from B to line AD is twice the 

distance from C to line AD. Therefore [ABP] = 2[|;CAP] => [ABX]+ 

[AX P] = 2|ABX]. Hence [AXP] = [ABX] and XP = BX = AP. 

Hence ZPX.A = ZX AP, and ZBAC = ZBPD =ZPXA+ZX AP = 

27PX A =2Z2ZDPC, as desived. 

Problem 2. Prove that 

(a + 3b)(b + 4c)(c + 2a) > 60abe 

for all real numbers O< a<b<e. 

Solution. By the AM-GM inequality we have a+b+b > 3Vab?. 

Multiplying this inequality and the analogous inequalities for b + 2c and 

c+ 2a yields (a + 2b)(b + 2c)(c + 2a) > 27abc. Then 

(a + 3b)(b + 4c)(c + 2a) 

1 8 2 10 
Ss = = Se pd > (a4 gat a) Gi got 3 c) (c + 2a) 

20 
= 9 (a + 2b)(b + 2c)(c + 2a) > 60abc, 

as desired. 

Problem 3 The points on a circle are colored in three different colors. 
Prove that there exist infinitely many isosceles triangles with vertices on 

the circle and of the same color. 

First Solution. Partition the points on the circle into infinitely many 
regular 13-gons. In each 13-gon, by the Pigeonhole Principle, there are at 
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least 5 vertices of the same color: say, red. Later we use some extensive 
case analysis to show that among these 5 vertices, some three form an 
isosceles triangle. Then for each 13-gon there is a monochrome isosceles 
triangle. Thus there are infinitely many monochrome isosceles triangles, 
as desired. 

It suffices now to prove the following claim: 

Claim Suppose 5 vertices of a regular 13-gon are colored red. Then 

some three red vertices form an isosceles triangle. 

Proof. Suppose none of these 5 vertices did form an isosceles triangle. 

Label the vertices Po,..., Pi (with indices taken modulo 13). 

First we prove that P; and P;2 cannot both be red. Assume they could 

be, and say without loss of generality that P;2 and P; were red; then 

Pio, Po, and P3 cannot be red. Furthermore, at most one vertex from 

each pair (P11, Ps), (Ps, P7), and (P7, Pg) is red because each of these 

pairs forms an isosceles triangle with P,. Similarly, at most one vertex 

from each pair (P2, Po), (Po, Pe), and (Ps, Ps) is red. Now three vertices 

from {Pi,, P1, P7, Pg} U {P2, Po, Pg, Ps} are red; assume without loss of 

generality that two vertices from {P,,, Ps, P7, Pg} are also red. Vertices 

P, and Pg can’t both be red because they form an isosceles triangle with 

Pi2, so vertices P,, and P7; must be red. However, then any remaining 

vertex forms an isosceles triangle with some two of P;, P7, P11, Pig. Thus 

we can’t have five red vertices, a contradiction. 

Next we prove that P; and P;;1 can’t be red. If so, suppose without loss 

of generality that Pg and P7 are red. Then P4, Ps, Pg, and Po cannot be 

red as seen in the last paragraph. Po cannot be red either, because triangle 

Po PsP is isosceles. Now each pair (P3, P;,) and (P11, P;) contains at 

most one red vertex because triangles P3P7P,; and P; Pg Pi; are isosceles. 

Also, P, and P3 can’t both be red as shown earlier. Thus at most one of 

{ P,, P3, P11} can be red. Similarly, at most one of {Pi2, Pio, P2} can be 

red. Then we have at most four red vertices, again a contradiction. 

Thus if P; is red then P;_2, P;_1, Pi41, Pj42 cannot be red. Then we 

can have at most four red vertices, a contradiction. | 

Second Solution. Suppose we have k > 1 colors and a number n > 3. 

Then Van der Warden’s theorem states that we can find NV such that for any 

coloring of the numbers 1,2,...,N in the k colors, there are n numbers 

in arithmetic progression which are colored the same. Apply this theorem 

with k = n = 8 to find such an N, and partition the points on the 

circle into infinitely many regular N-gons rather than 13-gons. For each 
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N-gon P; P2...Pyn, there exist 7,7, (between 1 and NV) in arithmetic 

progression such that P;, P;, P, are all the same color. Hence triangle 

P,P; P, is a monochrome isosceles triangle. It follows that because we 

have infinitely many such -gons, there are infinitely many monochrome 

isosceles triangles. 

Problem 4 Let ZXOY be a given angle, and let M and N be two 

points on the rays OX and OY, respectively. Determine the locus of the 

midpoint of MN as M and N vary along the rays OX and OY such that 

OM + ON is constant. 

Solution. Let @ and g be the unit vectors in the directions of rays OX and 

OY. Suppose we want OM + ON to equal the constant k. If OM =c, 

thenO.N = k —c, and thus the midpoint of MN is 3(c# + (k —c)g). As 
c varies from 0 to k, this midpoint traces out the line segment connecting 

$k& with 4kg; that is, the segment M’N’ where OM' = ON! = sk, 

M' € OX, and N’ € OY. 

Problem 5 Some of the vertices of the unit squares of an n xn chessboard 

are colored such that any k x k square formed by these unit squares has 

a colored point on at least one of its sides. If J(m) denotes the minimum 

number of colored points required to ensure the above condition, prove 

that 

lim a = a 
noo nN if 

Solution. For each colored point P, consider any 1 x 1 square of the 

board that contains it. If this square contains m colored points including 

P, we say that P gains = points from that square. Summing over all the 

1 x 1 squares that P lies on, we find the total number of points that P 

accrues. 

Any colored point on the edge of the chessboard gains at most 2 points. 

As for a colored point P on the chessboard’s interior, the 2 x 2 square 

centered at P must have a colored point Q on its border. Then P and Q 
both lie on some unit square, which P gains at most half a point from. 

Thus P accrues at most Z points. 

Therefore any colored point collects at most 4 points, and I(n) colored 
points collectively accrue at most £1(n) points. For the given condition 
to hold, the total number of points accrued must be n?. It follows that 
£1(n) > n? and thus He) > 2. 

Now, given some n x n board, embed it as the corner of an n’ x n/ 
board where 7 | (n’ +1) and n < n’ < n+6. To each 7 x 7 grid of 
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vertices on the n’ x n’ board, color the vertices as below: 

© Of @. 6 © © 0 

OP OD OO. 6 Oy 6 

OF -@ 7" "@. 0, 16" 0 

O= 1 102-50 “6° @ [6 

o Oo 8 © @ 0 0 

oO  “@770. 50° 6 O° @ 

OT TO. Ot OTE Ont! Ce 10 

Then any k x k square on the chessboard has a colored point on at least 

one of its sides. Because we color 2(n’ + 1)? vertices in this coloring, we 
have 

so that 

As n — ox, the right hand side becomes arbitrarily close to 2. Because 
l 2 ‘ l 
ied > 2 for all n, we have limn—oo Je =e. 

Problem 6 Let ABC'D be a cyclic quadrilateral, and let L and N be 

the midpoints of diagonals AC and BD, respectively. Suppose that BD 
bisects ZANC. Prove that AC bisects ZBLD. 

Solution. For now, let ABCD be any cyclic quadrilateral and let L and 

N be the midpoints of AC’ and BD. Perform an inversion with arbitrary 

radius about B. A, D,C are mapped to collinear points A’, D’, C’, while 

N is mapped to the point N’ such that D’ is the midpoint of BN’. There 

are only two points X on line A’D’ such that 7BX N' = ZBA'N’: the 

point A’ itself, and the reflection of A’ across D’. Then 

ZANB=ZBNG = ZBA'N = ZBC'N = AD! 

Ae vie es AND) IBS =. als ot ES ee ee er ee 

= 2 Va Sep aeaD UBC 
= BA DC. 

Similarly, ZBLA = ZDLA — >» AD-BC=BA.- DC. Therefore 

ZANB=ZBNC <= ZBLA= ZDLA. In other words, BD bisects 

ZANC if and only if AC bisects 7BLD. This proves the claim. 
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Problem 7 Determine all functions f : R > R such that the set 

ad ve R and 40} 
x 

is finite and 

f(e—1= f@)=F@) -2-1 

for allzx ER. 

Solution. First we show that the set {x — f(x) |  € R} is finite. If not, 

there exist infinitely many k 4 1 such that for some xp, 7% — f (re) = k. 

Then 

f i. does as well — a Because k takes on infinitely many values, 

contradiction. 

Now choose 2 so that |a — f(ax)| is maximal for z = x. Then for 

y = % —1— f(xo) we have 

y — f(y) =y — (F(@0) — to — 1) = 2(20 — f(xo)). 

Because |9 — f(xo)| is maximal, we must have y— f(y) = xo—f (xo) = 0. 

Therefore f(x) = x for all x. This function indeed satisfies the given 

conditions. 

Problem 8 Let the area and the perimeter of a cyclic quadrilateral C be 

Ac and Pc, respectively. If the area and the perimeter of the quadrilateral 

which is tangent to the circumcircle of C at the vertices of C are Ay and 

Pr, respectively, prove that 

Ao. (Po\" 
Age © EP 

Solution. Let the outer quadrilateral be EFGH with angles ZE = 2a), 

ZF = 2a2, ZG = 2a3, ZH = 2a4. Let the circumcircle of C have 

radius r and center O, and let sides EF, FG, GH, HE be tangent to C 

Nod lege eee « Gad By 

In right triangle EIJO, we have IO = r and ZOEI = a; so that 

EI =rcota,. After finding similar expressions for JF, FJ,..., LE, we 
find that Pr = 2r SY)_, cota;. Also, (EFO] = 4EF-IO = EF -r. 
Finding [FGO}, [GHO], [H EO], similarly shows that Ay = 4 Pp -r. 
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Note that 

IJ = 2rsin ZIK J = 2r sin ZFIJ = 2rsin(90° — az) 

= 2r cos ap. 

Similar expressions hold for JK, KL, LI leading to Po = 2r Soe COS Q;. 

Also note that ZTOJ = 180° — ZJ FI = 180° — 2a, and hence 

1 ; 1 
TOUT = 32! “OJsin ZIOJ = i sin(2a2) = r? sin a2 cos a. 

Adding this to the analogous expressions for [JOK], [KOL], [LOI], we 
find that 

4 
Cl, Gi Ey 

Ac=?T- ye sin @; COS Qj. 

i=l 

Therefore the inequality we wish to prove is 

4 

Ac - P? > Ar: P? 2S sina; pele GS gph FoNap C —> SIN Qj; COS Ay + Lp 

i=l 

4 Pt 2 
i 

> (5Pr : r) - Ar? (> cos «) cae Jeane S sin Qi; COS Q; 

ci 

4 2 4 4 

Sop Ysa: —> Scot. a; S~ sin a; cos a; 

mil i=1 i=l 

4 2 

2 (> cos «) ; 

t=) 

This is true by the Cauchy-Schwarz inequality > a? $>b? > (So a;b;)* 
applied with each a; = /cot a; and b; = \/sin a; Cos Qj. 

Problem 9 Prove that the plane is not a union of the inner regions of 

finitely many parabolas. (The outer region of a parabola is the union of 

the lines on the plane not intersecting the parabola. The inner region of a 

parabola is the set of points on the plane that do not belong to the outer 

region of the parabola.) 

Solution. Suppose, by way of contradiction, we could cover the plane 

with the inner regions of finitely many parabolas — say, n of them. Choose 

some fixed positive acute angle 0 < (300)". 

Take any of the parabolas and (temporarily) choose a coordinate system 

so that the parabola is the graph of y = ax? with a > 0. (Assume that 
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our coordinates are chosen to scale, so that one unit along the y-axis has 

the same length as the unit along the x-axis). Draw the tangents to the 

parabola at x = cote these lines have slopes 2az = +cot@. These 

lines meet on the y-axis at an angle of 20, forming a V-shaped region in 

the plane that contains the inner region of the parabola. 

Performing the above procedure with all the parabolas, we obtain n 

V-shaped regions covering the entire plane. Again choose an x-axis, and 

let the rays bordering these regions make angles ¢; and ¢; + 26 with the 

positive x-axis (with angles taken modulo 360°). Because 2n@ < 360°, 

there is some angle ¢’ not in any of the intervals [f;,¢; + 20]. Then 

consider the ray passing through the origin and making angle of ¢’ with 

the positive x-axis. For sufficiently large x, the points on this ray cannot 

lie in any of the V-shaped regions, a contradiction. Thus our original 

assumption was false, so we cannot cover the plane with the inner regions 

of finitely many parabolas. 
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2! Ukraine 

Problem 1 Let P(x) be a polynomial with integer coefficients. The 
sequence {X,}n>1 Satisfies the conditions 7} = Z2000 = 1999, and 

Tea = P(z,) for. 4 1. Calculate 

Solution. Write a; = x; — x;_; for each i, where we take subscripts 

modulo 1999. Because c — d divides P(c) — P(d) for integers c and d, 

we have a; | a;+41 for all 7. 

First suppose that all the a; # 0. Then Ja;41| > |a;| for all 7. Also 

|a1| = |a2000|, so all the |a;| must be equal. Let m > 0 be this common 

value. If n of the a1, a2,...,@1999 equal m 4 0 and the other 1999 — n 

equal —m, then their sum 0 = 21999 — Zp = G1 + G2 +--+ +4999 equals 

m(2n — 1999) # 0, a contradiction. 

Thus for some k we have a, = 0. Because a, divides a,41, we have 

Qk+41 = 0. Similarly ax42 = 0, and so on. Thus all the x; are equal and 

the given expression equals 1999. 

Problem 2 For real numbers 0 < 21, 2%2,...,2%6 < 1 prove the inequality 

xt e x} 
mo t+ast+ait+aoet+ogt+5 284+ e8+a3+02+284+5 

Ae ne eee ee ed eg 

ret+agt+ap3t+eet+ap2+5° 5 

Solution. The condition 0 < 21,22,...,2%6 < 1 implies that the left 

hand side of the inequality is at most 

: zy + 234+ +26 z; Bes Rose NER AS a ee ae 

2 ae ey ae+a3+---+ag+4 

For t > 0 we have 
OP ge eae et eae ee 
Sans Be hee st, | 

by the AM-GM inequality. Adding up the six resulting inequalities for 

t= 21,%9,...,26 and dividing by (x? + 73 +--- + x@ + 4) shows that 

the above expression is at most 3. 

t? 

Problem 3. Let AA,,BB,,CC; be the altitudes of an acute triangle 

ABC, and let O be an arbitrary point inside the triangle A,B,C). Let 
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M, N, P, Q, R, S be the orthogonal projections of O onto lines AA, 

BC, BB,, CA, CC, AB, respectively. Prove that lines MN, PQ, RS 

are concurrent. 

Solution. Observe that three lines passing through different vertices 

of a triangle are concurrent if and only if their reflections across the 

corresponding angle bisectors are also concurrent; this fact is easily proved 

using the trigonometric form of Ceva’s Theorem. 

Let Ao, Bo, Co be the centers of rectangles OM A, N, OPB,Q, OSC(R, 

respectively. Under the homothety with center O and ratio $, triangle 

A,B,C maps to triangle Ap By Co. Then, because lines AA, BBy, CC) 

are the angle bisectors of triangle A,B,C; (easily proved with angle- 

chasing), the angle bisectors of triangle Ag BoC are parallel to lines AA, 

BB, CC,. 

Because OM A,N is a rectangle, diagonals OA, and MW are reflec- 

tions of each across the line through Ag parallel to line AA,. From above, 

this line is precisely the angle bisector of 7Co Ao Bo in triangle Ap BoCo. 

Similarly, lines OB; and OC; are reflections of lines PQ and RS across 

the other angle bisectors. Because lines OA,, OB,, OC, are concurrent 

at O, from our initial observation lines MN, PQ, RS are concurrent as 

well. 
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22 United Kingdom 

Problem 1 I have four children. The age in years of each child is a 
positive integer between 2 and 16 inclusive and all four ages are distinct. 
A year ago the square of the age of the oldest child was equal to the sum 
of the squares of the ages of the other three. In one year’s time the sum 

of the squares of the ages of the oldest and the youngest children will be 

equal to the sum of the squares of the other two children. Decide whether 

this information is sufficient to determine their ages uniquely, and find all 

possibilities for their ages. 

Solution. Let the children’s present ages be a+ 1, b+ 1, c+1, and d+1. 

We are given that 1 << a<b<c<d< 15. Note that b < 13 so that 

b—a< 12. We are also given 

P=a+h?4e? (1) 

and 

(d+ 2)? + (a +2)? = (b+2)? + (c+2)?. (2) 

Subtracting (1) from (2) gives 4(a + d) + a? = 4(b +c) — a?, or 

a” = 2(b+c-—a-—d). (3) 

Thus a must be even because its square is even. Furthermore, because 

a SO 

a® = 2(b—a+ (c—d)) < 2(b—a) < 24, 

and hence either a = 2 and a = 4. 

If a = 4 then, because a? < 2(b — a), we have 2b > a” + 2a = 24 so 

that b > 12. This forces 6 = 13, c = 14, and d = 15, which contradicts 

the given conditions. 

Thus a = 2. Equation (3) gives b+ c— d= 4. Substituting a = 2 and 

d=b+c-—4 into (1) and simplifying yields 

(b — 4)(c— 4) =10=1-10=2-5. 

Therefore we have (b,c) = (5,14) or (6,9), in which cases d = 15 and 

d = 11 respectively. 

Hence the only possible solutions are (a,b,c,d) = (2,5,14,15) or 

(2,6,9,11), and these indeed satisfy (1) and (2). It follows that there 

is no unique solution, and it is not possible to determine the children’s’ 

ages. 
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Problem 2 A circle has diameter AB and X is a fixed point on the 

segment AB. A point P, distinct from A and B, lies on the circle. Prove 

that, for all possible positions of P, 

tan ZAPX 

tan ZPAX 
is a constant. 

Solution. Let Q be the projection of X onto AP. Note that ZAPB = 

90°, and thus tan ZPAX = £4. Also, XQ || PB so AAQX ~ AAPB. 

Therefore, 

Qx 443" AX-BP 
tan ZAPX = —— = —44 > = —— |, 

QP p Be AE BeAr 

d = tanZAPX AX 
tanZPAX BX 

is fixed. 

Problem 3 Determine a positive constant c such that the equation 

zy? —y*?-a+y=c 

has exactly three solutions (z, y) in positive integers. 

Solution. When y = 1 the left-hand side is 0. Thus we can rewrite our 

equation as 

= Deke 
QF iw= ts 

The numerator is congruent to —1(—2) +c modulo (y + 1), and it is also 

congruent to c modulo (y—1). Hence we must have c = —2 (mod (y+1)) 

and c = 0(mod (y — 1)). Because c = y — 1 satisfies these congruences, 

we must have c = y — 1(mod Icm(y — 1,y + 1)). When y is even, 

lem(y — 1, y+1) = y? —1; when y is odd, lem(y—1,y+1) = $(y?-1). 

Then for y = 2,3,11 we have c = 1(mod 3), c = 2(mod 4), c = 

10 (mod 60). Hence, we try setting c = 10. For x to be an integer 

we must have (y—1) | 10 > y = 2,3,6, or 11. These values give 

gi AS 2, and 1, respectively. Thus there ave exactly three solutions in 

positive integers, namely (x, y) = (4, 2), (2,3), and (1,11). 

Problem 4 Any positive integer m can be written uniquely in base 3 
form as a string of 0’s, 1’s and 2’s (not beginning with a zero). For 
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example, 

98 = 81+9+2x3+2 x 1= (10122)s. 

Let c(m) denote the sum of the cubes of the digits of the base 3 form of 
m,; thus, for instance 

(98) = 1° +02 + 1° +23 + 2° = 18. 

Let n be any fixed positive integer. Define the sequence {u,.} as 

tip = nyrand w= clus; ) for. >*2. 

Show that there is a positive integer r such that u, = 1,2, or 17. 

Solution. If m has d > 5 digits then we have m > 34-1! = (80 + 

piesa i308 a +1 > 8d by Bernoulli’s inequality. Thus m > c(m). 

If m > 32 has 4 digits in base 3, then c(m) < 23 + 23 + 23 + 23 = 
32 <m. On the other hand, if 27 < m < 32, then m starts with the digits 

10 in base 3 and c(m) < 1° +03 + 23 +23 =17 <™m. 

Therefore 0 < c(m) < m for all m > 27. Hence, eventually, we 

have us < 27. Because u, has at most three digits, u,,, can only equal 

8, 16, 24,1, 9,17, 2,10, or 3. If it equals 1, 2, or 17 we are already done; 

if it equals 3 or 9 then us;2 = 1. Otherwise a simple check shows that 

u, Will eventually equal 2: 

8 = (22)s = (12 10 (0d p=> 2: $1 amie pene pci Seal bo Woe 16d 
Problem 5 Consider all functions f : N — N such that 

(i) for each positive integer m, there is a unique positive integer m such 

that f(n) =m; 

(ii) for each positive integer n, f(n +1) is either 4f(n) — 1 or f(n) —1. 

Find the set of positive integers p such that f(1999) = p for some function 

f with properties (i) and (11). 

Solution. Imagine hopping along a sidewalk whose blocks are marked 

from left to right with the positive integers, where at time n we stand 

on the block marked f(n). Note that if f(n) — f(n +1) > 0 then 

f(n) — f(n +1) = 1 — that is, whenever we move to the left we move 

exactly one block. Likewise, whenever we move to the right from f(n) 

we must move to 4f(n) — 1. 

Suppose that we are at block f(a) and that f(a) — 1 is unvisited. If 

we move to the right (that is, if f(a +1) > f(a)) then at some point we 
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must pass through block f(a) to reach block f(a) — 1 again. This is not 

allowed. Thus we must have f(a +1) = f(a) —1. 

Therefore our path is completely determined by the value of f(1): 

whenever we are at f(n), if f(n) — 1 > 0 is unvisited, we must have 

f(n+1) = f(n) — 1. Otherwise, we must have f(n + 1) =4f(n) — 1. 

If f(1) = 1, then consider the function f defined as follows: whenever 

p< ny. < ORT set f(n) = (32" — 1) — nm. “The. function ais 

bijective because for n = 2*,2* + 1,...,2*t! — 1 we have f(n) = 

ght <1. 9ktl 19-0 OF | DAs quick lehecky shows that f jsatisties 

condition (ii) as well. Thus, as proved above, this is the only function 

with f(1) = 1, and in this case because 21° < 1999 < 2"! we have 
f (1999) = (3- 21° — 1) — 1999 = 1072. 

If f(1) = 2, then consider instead the function f defined as follows: 

for'4* <'n < 3:4" set f(n) =(4**) — 1) — ny fons 4° < 1 <4" Siset 
f(n) =(7-4* —1)—n. Again, we can check that this function satisfies 

the conditions and that this is the only function with f(1) = 2. In this case 

because 4° < 1999 < 3-4°, we have f (1999) = (4° — 1) — 1999 = 2096. 
Finally, suppose that f(1) > 3. First we must visit f(1) — 1, f(1) — 

2,...,1. It follows that f(n) = 3 and f(n +2) = 1 for some n. Then 

f(n+3) =4-1—1=3= f(n), a contradiction. 

Therefore the only possible values of f(1999) are 1072 and 2096. 

Problem 6 For each positive integer n, let S, = {1,2,...,n}. 

(a) For which values of n is it possible to express S,, as the union of 

two non-empty disjoint subsets so that the elements in the two subsets 

have equal sum? 

(b) For which values of n is it possible to express S,, as the union of three 

non-empty disjoint subsets so that the elements in the three subsets 

have equal sum? 

Solution. (a) Let o(T) denote the sum of the elements in a set J. For 

the condition to hold o(S;,) = ninth) must be even, and hence we must 
have n = 4k — 1 or 4k where k € N. For such n, let A consist of 

the second and third elements of each of the sets {n,n —1,n—2,n— 3}, 

{n—4,n—5,n—6,n—7}, ..., {4,3, 2,1} (or if n = 4k—1, the last set in 
this grouping will be {3, 2, 1}). Also set B = S,,\A. Then o(A) = o(B), 
as desired. 

(b) For the condition to hold, o(S,) = ning) must be divisible 
by 3. Furthermore, the construction is impossible for n = 3. Thus n 
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must be of the form 3k + 2 or 3k + 3 where k © N. We prove all 
such m work by induction on n. We have S; = {5} U {1,4} U {2,3}, 
Se = {1,6} U {2,5} U {3,4}, Sg = {8,4} U {7,5} U {1, 2, 3,6}, and 
Sg = {9,6} U {8, 7} U {1, 2,3, 4,5}. Now suppose that we can partition 

Sn—6 into AU BUC with o(A) = o(B) =o(C). Then 

o(AU {n—5,n}) =0(BU{n—4,n— 1}) =o(CU {n —3,n — 2}), 

completing the inductive step and the proof of our claim. 

Problem 7 Let ABCDEF be a hexagon which circumscribes a circle 

w. The circle w touches sides AB, CD, EF at their respective midpoints 

P,Q, R. Let w touch sides BC, DE, FA at X,Y, Z respectively. Prove 

that lines PY, QZ, RX are concurrent. 

Solution. Let O be the center of w. Because P is the midpoint of AB, 
AP = PB. By equal tangents, ZA = AP = PB = BX. Thus 7ZZOA = 

ACR = ZPOBm= 72BOX.. It follows that"zZOP ="2POX,*and 

hence 7ZYP = ZPYX. Therefore line YP is the angle bisector of 

ZXYZ. Similarly lines XR and ZQ are the angle bisectors of ZZXY 

and ZY ZX, and therefore lines PY,QZ, RX meet at the incenter of 

triangle XY Z. 

Problem 8 Some three nonnegative real numbers p, q, r satisfy 

ptqftr=1. 

Prove that 
7(pqtqr+rp) < 2+ 9pqr. 

Solution. Given a function f of three variables, let Doeye + (G57) 

denote the cyclic sum f(p,q,r) + f(¢,7,p) + f (7, p,q) — for example, 

Doyen p) = 3pqr +p+q+tr. Because p+q+r = 1 the inequality 

is equivalent to 

7(pq + ar +rp)(p+q+r) 
<Ap+tqtr)>+9pgqr <> 7)- (pq + py? + par) 

cyc 

< 9pqr + > (2p? + 6p?q + 6pq? + 4pqr) <> Yi p'a+ Dra? 
cyc cyc cyc 

2p eg p> + 2¢° ogees a a Se th = Dire mt 
cyc cyc yc 

This last inequality is true by the weighted AM-GM inequality. 
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Problem 9 Consider all numbers of the form 3n? +n-+ 1, where n is a 

positive integer. 

(a) How small can the sum of the digits (in base 10) of such a number 

be? 

(b) Can such a number have the sum of its digits (in base 10) equal to 

1999? 

Solution. (a) Let f(n) = 3n?+n+1. When n = 8, the sum of the 
digits of f(8) = 201 is 3. Suppose that there was some m such that f(m) 

had a smaller sum of digits. Then the last digit of f(m) must be either 0, 

1, or 2. Because f(n) = n(n + 3) +1 = 1 (mod 2) for all n, f(m) must 

have units digit 1. 

Because f(n) can never equal 1, this means we must have 3m?+m-+1 = 

10* + 1 for some positive integer k, and m(3m +1) = 10*. Because m 

and 3m + 1 are relatively prime, and m < 3m-+ 1, we must either have 

(m,3m + 1) = (1,10*) — which is impossible — or (m,3m +1) = 

(2®,5*). For k = 1, 5* 43-2" + 1; for k > 1, we have 

Bless BRA. Die OPE Aah 19 ea Bg OF ce 

Therefore, f(m) can’t equal 10* + 1, and 3 is indeed the minimum value 

for the sum of digits. 

(b), Consider: = 1072? — 1. f(s), = 31074426 4107-* 93 90 -— 
Thus, its decimal expansion is 

2939 5.0.0 03, 
Ss “eS 

221 221 

and the sum of the digits in f(10?2? — 1) is 1999. 
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23 United States of America 

Problem 1 Some checkers placed on an n x n checkerboard satisfy the 

following conditions: 

(i) every square that does not contain a checker shares a side with one 

that does; 

(il) given any pair of squares that contain checkers, there is a sequence 

of squares containing checkers, starting and ending with the given 

squares, such that every two consecutive squares of the sequence share 

a side. 

Moe 
Prove that at least 5 checkers have been placed on the board. 

Solution. It suffices to show that if m checkers are placed so as to 

satisfy condition (b), then the number of squares they either cover or are 

adjacent to is at most 3m + 2. This is easily seen by induction: it is 

obvious for m = 1, and if m checkers are so placed, some checker can 

be removed so that the remaining checkers still satisfy (b); they cover at 

most 3m — 1 squares, and the new checker allows us to count at most 3 

new squares (because the square it occupies was already counted, and one 

of its neighbors is occupied). 

Note. The exact number of checkers required is known for m x n 

checkerboards with m small, but only partial results are known in the 

general case. Contact the authors for more information. 

Problem 2 Let ABCD be a convex cyclic quadrilateral. Prove that 

|AB —CD| + |AD — BC| > 2|AC — BD. 

First Solution. Let E be the intersection of AC and BD. Then the 

triangles ABE and DCE are similar, so if we let x = AE, y = BE, z= 

AB, then there exists k such that kx = DE, ky = CE,kz = CD. Now 

|AB —CD| = |k -1|z 

and 

|AC — BD| = |(ka + y) — (ky +2)| =|k-1|-|2—-y]. 

Because |x — y| < z by the triangle inequality, we conclude |AB—CD| > 

|AC — BD|, and similarly |AD — BC| > |AC — BD|. These two 

inequalities imply the desired result. 
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Second Solution. Let 2a,23,2y,26 be the measures of the arcs sub- 

tended by AB, BC, CD, DA, respectively, and take the radius of the 

circumcircle of ABC'D to be 1. Assume without loss of generality that 

B<6. Thena+Z+7+6 = 180°, and (by the Extended Law of Sines) 

“e! 
2 

Ke! 
sin cos |AB — CD| = 2|sina — siny| = 4 

Oma, 

2 

and 

|AC — BD| = 2|sin(a + @) — sin(6+7)| 

= Ot: 
sin 27} los ( 142), = al 5 

Because 0 < $(a+ 7) < $(a+7) + < 90° (by the assumption 

@ <6) and the cosine function is nonnegative and decreasing on (0, 90°], 

we conclude that |AB—CD| > |AC — BD|, and similarly |AD — BC| > 

|AC — BD|. 

Problem 3 Let p > 2 be a prime and let a, b,c, d be integers not divisible 

by p, such that 

ra rb re ra 
—?4+4—7?4+4—7 +4 =2 
Pp Pp Pp Pp 

for any integer r not divisible by p. Prove that at least two of the numbers 

a+6,a+c,a+d,b+c,b+d,c+d are divisible by p. Here, for real 

numbers x, {x} = x — |x| denotes the fractional part of z. 

Solution. For convenience, we write [x] for the unique integer in 

{0,...,p — 1} congruent to x modulo p. In this notation, the given 

condition can be written 

[ra] + [rb] + [rc] + [rd] = 2p for all r not divisible by p. (1) 

The conditions of the problem are preserved by replacing a,b,c,d 

with ma,mb,mc,md for any integer m relatively prime to p. If we 
choose m so that ma = 1(mod p) and then replace a,b,c,d with 
[ma], [mb], [mc], [md], respectively, we end up in the case a = 1 and 
b,c,d € {1,...,p—1}. Applying (1) with r = 1, we see moreover that 
a> bp a = 2p. 

Now observe that 

(el Fe) 
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Comparing (1) applied to two consecutive values of r and using the 
observation, we see that for each r = 1,...,p — 2, two of the quantities 

p—a—|[ra],p —b— [rb], p — c — [re], p — d — [rd 
are positive and two are negative. We say that a pair (r,x) is positive if 
[rz] < p — [a] and negative otherwise; then for each r < p—1, (r,1) is 
positive, so exactly one of (r,b), (7, c), (7, d) is also positive. 

Lemma. /[f7r,,r2,x € {1,...,p — 1} have the property that (r1,x) and 

(r2,x) are negative but (r,x) is positive for all ry <r <9, then 

T2711 = |= | OT 7 — |= | aE 
" a 

Proof. Note that (r’, x) is negative if and only if y 

{rie +1,r’'x+2,...,(r’+1)2} 

contains a multiple of p. In particular, exactly one multiple of p lies in 

{riz,71%+1,...,r2x}. Because [r;2] and [r2z] are distinct elements of 

{p — [a],...,p— 1}, we have 

p—a“2+t+l<rot—ryae<pt+a2-1, 

from which the lemma follows. | 

| fre] 9 [100] 1 [2/3] 4 [5/6] 7 [8/9] 10] 6 
GT A oa eee 
Ce ae nee 

(The above diagram illustrates the meanings of positive and negative in the case 

x = 3 and p = 11. Note that the difference between 7 and 3 here is |4| + 1. The 

next r such that (r, x) is negative is r = 10; 10-7 = [2].) 

Recall that exactly one of (1,5), (1,c), (1,d) is positive; we may as 

well assume (1,) is positive, which is to say b < § and c,d > §. Put 

s; = |8], so that s; is the smallest positive integer such that (51,6) is 

negative. Then exactly one of (s1,c) and (51, d) is positive, say the former. 

Because sj is also the smallest positive integer such that (s1, c) is positive, 

or equivalently such that (s1,—c) is negative, we have s; = |=" |. The 

lemma states that consecutive values of r for which (r, b) is negative differ 

by either s; or 5; +1. It also states (when applied with x = p — c) that 

consecutive values of r for which (r,c) is positive differ by either s or 

8, +1. From these observations we will show that (r, d) is always negative. 
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MaEIEESES] 
Pai 
Boe 

Indeed, if this were not the case, there would exist a smallest positive 

integer s > s, such that (s,d) is positive; then (s,6) and (s,c) are both 

negative. If s’ is the last integer before s such that (s’,b) is negative 

(possibly equal to s,), then (s’,d) is negative as well (by the minimal 

definition of s). Also, 

if gis = S$). Of) 3 = 6 = 3, 4 E 

Likewise, if t were the next integer after s’ such that (t,c) were positive, 

then 

PG = $) OF ts =<s, 1 

From these we deduce that |t — s| < 1. However, we can’t have t # s 

because then both (s, b) and (t, b) would be negative — and any two values 

of r for which (r,b) is negative differ by at least s; > 2, a contradiction. 

(The above diagram shows the hypothetical case when t = s+ 1.) Nor 

can we have t = s because we already assumed that (s,c) is negative. 

Therefore we can’t have |t — s| < 1, contradicting our findings and thus 

proving that (r,d) is indeed always negative. 

Now if d 4 p—1, then the unique s € {1,...,p—1} such that [ds] = 1 

is not equal to p—1; and (s, d) is positive, a contradiction. Thus d = p—1 

and a + d and b+ c are divisible by p, as desired. 

Problem 4 Let aj, @2,...,a, (n > 3) be real numbers such that 

Qi + 493-7 Gy 1 and a? +a24---+42 > n?, 

Prove that max(@1,@9,...,@,) = 2. 

Solution. Let 6; = 2 — a;, and let S = >}; and T = 57 b?. Then the 
given conditions are that 

(a= baltiees 2 (Seabe) Sn 

and 

(4 — 4b, + bY) +--+» + (4 — 4b, + B2) > n?, 

which is to say S < n and T > n? —4n+4S. 
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From these inequalities, we obtain 

T >n*—4n+4S > (n—4)S +45 =n. 

On the other hand, if b; > 0 fori =1,...,n, then certainly b; < 7b; = 

S <n, and so 4 

TSbt + Ee Se nb, £.* nb, = nS. 

Thus we cannot have 6; > 0 fori = 1,...,n, so b; < 0 for some 7; then 

a; = 2 for that 7, proving the claim. 

Note. The statement is false when n < 3. The example aj = a2 = 

- = An—-1 = 2, An = 2 — Nn shows that the bound cannot be improved. 

Also, an alternate approach is to show that if a; < 2 and S*a; > n, 

then )*a? < n? (with the equality case just mentioned), by noticing that 

replacing a pair a;,a; with 2,a; + a; — 2 increases the sum of squares. 

Problem 5 The Y2K Game is played on a 1 x 2000 grid as follows. Two 

players in turn write either an S or an O in an empty square. The first 

player who produces three consecutive boxes that spell SOS wins. If all 

boxes are filled without producing SOS then the game is a draw. Prove 

that the second player has a winning strategy. 

Solution. Call a partially filled board stable if there is no SOS and no 

single move can produce an SOS; otherwise call it unstable. For a stable 

board call an empty square bad if either an S or an O played in that 

square produces an unstable board. Thus a player will lose if the only 

empty squares available to him are bad, but otherwise he can at least be 

guaranteed another turn with a correct play. 

Claim: A square is bad if and only if it is in a block of 4 consecutive 

squares of the form S — - S. 

Proof. If a square is bad, then an O played there must give an unstable 

board. Thus the bad square must have an S on one side and an empty 

square on the other side. An S played there must also give an unstable 

board, so there must be another S on the other side of the empty square. m 

From the claim it follows that there are always an even number of bad 

squares. Thus the second player has the following winning strategy: 

(a) If the board is unstable at any time, play the winning move; otherwise 

continue as below. 
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(b) On the first move, play an S at least four squares away from either 

end and at least seven squares from the first player’s first move. (The 

board is long enough that this is possible.) 

(c) On the second move, play an S three squares away from the second 

player’s first move, so that the squares in between are empty and so 

that the board remains stable. (Regardless of the first player’s second 

move, this must be possible on at least one side.) This produces two 

bad squares; whoever plays in one of them first will lose. Thus the 

game will not be a draw. 

(d) On any subsequent move, play in a square which is not bad — keeping 

the board stable, of course. Such a square will always exist because 

if the board is stable, there will be an odd number of empty squares 

and an even number of bad squares. 

Because there exist bad squares after the second player’s second move, 

the game cannot end in a draw; and because the second player can always 

leave the board stable, the first player cannot win. Therefore eventually 

the second player will win. 

Problem 6 Let ABCD be an isosceles trapezoid with AB || CD. The 

inscribed circle w of triangle BCD meets CD at E. Let F be a point 

on the (internal) angle bisector of ZDAC such that EF’ | CD. Let the 

circumscribed circle of triangle ACF meet line CD at C and G. Prove 

that the triangle AFG is isosceles. 

Solution. We will show that FA = FG. Let H be the center of the 

escribed circle of triangle AC'D opposite vertex A. Then H lies on 

the angle bisector AF. Let K be the point where this escribed circle 

touches C'D. By a standard computation using equal tangents, we see that 
CK = 3(AD+CD — AC). By a similar computation in triangle BCD, 
we see that CE = (BC +CD— BD) =CK. Therefore E = K and 
Pad. 

Because F' is now known to be an excenter, we have that FC is the 

external angle bisector of 7DCA = ZGC A. Therefore 

LGAF = ZGCF = 90° — 52GCA = 90° — 52GFA, 

We conclude that the triangle GAF is isosceles with F A = FG, as desired. 
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24 Vietnam 

Problem 1 Solve the system of equations 

(1 =e Aes) , 5l-2r+y =1+ g2z—yt1 

y> +42 +14 In(y? + 2x) = 0. 

Solution. The only solution is (x, y) = (0,—1), which yields 5 = 5 and 

0 = 0 in the above equations. 

We first solve the first equation for t = 27 —y. Multiplying the equation 

by 5°~! yields 

(T= 545) 44" * "10" 1) = 0. 

If t > 1, then both 1 — 5¢~! and 4'~1! — 10! are negative; if t < 1, then 

both of these terms are positive. Therefore, 2x — y = 1. 

Substituting 2x = y + 1 into the second equation, we find that 

y> +2y+34+In(y?+y+1) =0. 

This has solution y = —1. To prove that this is the only solution, it suffices 

to show that f(y) = y® + 2y+ 3+ In(y? + y 4+ 1) is always increasing. 

The derivative of f is 

2y 41 

ak 
Observe that 2(y? + y +1) + (2y+1) = 2(y+1)? +1 > 0 and that 
y>+y+1>(y+4)? > 0. Thus 

2(y? +y4+1)+ (2y+1) 

ey at 

f'(y) =3y? +24 

f'(y) = 3y? + Soy) 0 

for all y, as desired. 

Problem 2 Let A’, B’, C’ be the respective midpoints of the arcs BC, 

CA, AB, not containing points A, B, C, respectively, of the circumcircle 

of the triangle ABC. The sides BC, CA, AB meet the pairs of segments 

{C' A’, AB’, {AB BC}. EO AC Al} 

at the pairs of points 

{M,N}, {P,Q}, {R, 5}, 

respectively. Prove that MN = PQ = RS if and only if the triangle 

ABC is equilateral. 
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Solution. If ABC is equilateral then MN = PQ = RS by symmetry. 

Now suppose that MN = PQ = RS. Observe that ZNMA!' = 

ZLBMS = (BO! + CA’) = 4(ZC + ZA) and similarly ZC’SR = 
ZMSB = 4(ZA + ZC). Furthermore, 

LALB'C! = ZA'B'B + ZBB'C! = 5(2A eo) 

as well. 

Thus MB = SB, and also AC’RS ~ AC'A'B’ ~ ANA'M. Next, 

by the law of sines in triangles C’SB and A’MB we have 

sin ZC’BS sin << Cigas pe Ce 
sin ZSC'B 2 sin Za 

and 

in ZA’BM sin <4 i ACE ee et oe 
sin ZMA’'B sin — ? 

giving 

GES = sin <S 

MA’ sin 44 

Next, because AC’RS ~ AC’A'B' we have RS = A’B’. ae 

Because AN A’M ~ AC’ A'B’ we have MN = B'C’ . ata Therefore, 

RS = MN implies that 

G's MAU! OS BC 
C’B BA MA \wB 

= ~sin? 7A => sinZC = sin ZA. 

This is only possible when ZA = ZC because 7A + ZC < 180°. 
Similarly, 7A = ZB, and therefore triangle ABC is equilateral. 
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Problem 3 For n = 0,1,2,..., let {zn} and {y,} be two sequences 
defined recursively as follows: 

Lo = 1, 21 = 4, n42 = 3En41 — Ln} 

Ot i Y1 = 2, Ynt2 = 3Yn41 — Yn- 

(a) Prove that x? — 5y? + 4 = 0 for all non-negative integers n. 

(b) Suppose that a, b are two positive integers such that a? — 5b? +4 = 0. 
Prove that there exists a nonnegative integer k such that x, = a and 
Yk = b. 

Solution. We first prove by induction on n that (241, Y%n41) 

aan and sy Lor mee Oy OFOron «=e 0) we have (4,2) = 

StS 143). and for n = 1, we have (11,5) = (2 ete ais), 

Assume that our formula for (%n+41, Y%m+41) holds for n = k and k +1, 

where k > 0. Substituting the expressions for 442, Uk+41, Yk+2s Yk+1 into 

(Tk+35Yk+3) = (3€p42—Lk41, 3YR42 —Ye+1), we find that (wp+43, yx+3) 
equals 

(3(80n41 — te) + 3(3ye+1 — Ye), $(3@K41 — Th) + 3(3yK41 — Ye)) 

= ($(3re+2 + 5yn+a), 5(Ck+2 + 3yn42))- 

This completes the induction step and the proof of our claim. 

(a) We prove that 7? — 5y? + 4 = 0 by induction on n. For n = 0 we 

have 1—5+4=0. Now assume the result is true for n. We prove (with 

the help of our above observation) that it is true for n + 1: 

2 2 
Sin OU, Coun 

tr41 — Yr = (SS) dy (ae 

2 2 
iS Mn — Un 22 

as desired. 

(b) Suppose, by way of contradiction, that a? — 5b? + 4 = 0 for integers 

a,b > 0, and that there did not exist k such that (x, yx) = (a,b). Choose 

such a, b so that a + b is minimal. 

Let (a’,b’) = (395%, 2%). We argue that a’ and 0b’ are positive 

integers. This is true if a and b are the same parity, a < 3b, and 3a > 50. 

Note that 0 = a2 —5b2+.4 = a—b (mod 2). Next, a? = 5b?-4 < 90? => 

a < 3b. In addition, there are no counterexamples with a = 1 or 2. Thus 

a? > 5 and 0 = 5a? — 256? + 20 < 5a” — 25b? + 4a? = 3a > 5b. 
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Using the condition a? — 5b? = —4, some quick algebra shows that 

a’2 —5b’/2 = —4 as well. However, a’ +b! = wt =a—b<at+to. 

It follows from the minimal definition of (a,b) that there must exist some 

(ax, bx) equal to (a’, b’). It is then easy to verify that 

3a’ +50! a! +30 
(a, b) ae (=. 

a ; 

) = (4441, d¢41); 

a contradiction. This completes the proof. 

Problem 4 Let a, 6, c be real numbers such that abe +a+c = b. 

Determine the greatest possible value of the expression 

dpe! 2S 
eee ae ae 

Solution. The condition is equivalent to b = —. which suggests 

making the substitutions A = Tan~'a and C = Tan~‘'c. Then b = 

tan(A + C) and 

4 2 3 

~ tam AFI tam(APC)+1 | tan? O41 
= 2cos? A~ 2cos?(A +.C) + 3cos? C 

=.(2'cos#A 1) = (20087 (Ast GC) 1) 4-3 cos? G 

= cos(2A) — cos(2A + 2C) + 3cos?C 

= 2sin(2A + C) sinC + 3cos? C. 

Letting u = | sin C], this expression is at most 

2u + 3(1 — u?) = —3u? + 2u4+3 
2 1 

Equality can be achieved when sin(2A + C) = 1 and sinC = 3, that 
is, when (a,b,c) = (eine One) or (oe eve . Thus, the 
maximum value of P is 2. 

Problem 5 In the three-dimensional space let Ox, Oy, Oz, Ot be four 
nonplanar distinct rays such that the angles between any two of them have 
the same measure. 

(a) Determine this common measure. 
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(b) Let Or be another ray different from the above four rays. Let a, 3, 7,0 
be the angles formed by Or with Ox, Oy, Oz, Ot, respectively. Put 

p=cosa+cos3+cosy-+cos6, 

q = cos* a + cos” 3 + cos? + cos? 6. 

Prove that p and q remain constant as Or rotates about the point O. 

Solution. Put O at the origin, and let the four rays intersect the unit 

sphere at A, B, C, D. Then ABCD is a regular tetrahedron, and (letting 

X also represent the vector OX ) we have A+ B+C+D=0. 

(a) Let the common angle be ¢. Then 

0=A-(A+B+C+D)=A-A+A-(B4+C+D) =1+43cos¢, 

(b) Without loss of generality let Or intersect the unit sphere at 

U = (1,0,0). Also write A = (21, yi, 21), and so on. Then 

pea “APU B+U <6 + U-D 

=U-(A+B+C+D) 

=F 00, 

a constant. Also, (71, %2,%3,2%4) = (cosa,cos,cosy,cosd) and g = 

S~> x?. The following lemma then implies that g will always equal 4: 

Lemma. Suppose we are given a regular tetrahedron T inscribed in the 

unit sphere and with vertices (xj, yi, 2) for 1 <i < 4. Then we have 

See = Vy =Ve = 3 and )) riyi = Di yi% = Livi = 0. 

Proof. This is easily verified when the vertices are at 

Ao = (0, 0, 1), Bo = (22,0,-4 ’ 

6 
Co = (oe “8, —3); Do Ti eZ, = —%). 

Now assume these equations are true for a tetrahedron ABCD, and 

rotate it about the z-axis through an angle 0. Then each (xi, Yi, 21) becomes 

(a, y’, 2) = (zi cos — y; sin 8, x; sin ® + y; cos 8, z;), and 

Dies = cos’ 0S ° a} 2sincosO S > xiv +sin?0S— y? = 

Sou siping 6 yt +2sinOcosd S— xiy; + cos’ OY) y? = 
wilt col 
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t= be=5 
S_ aly} = sin 8 cos) (x? — y?) + (cos? @ — sin? 6) } | wigs = 0 

S wz, = sind.) az +cos0S— yiz4 = 0 

Size cas ae sind) iyi = 0. 

Similarly, the equations remain true after rotating ABCD about the y- 

and z-axes. 

Now, first rotate our given tetrahedron T’ about the z-axis until one 

vertex is in the yz-plane. Next rotate it about the z-axis until this 

vertex is at (0,0,1). Finally, rotate it about the z-axis again until the 

tetrahedron corresponds with the initial tetrahedron Ap BoCoDo described 

above. Because we know the above equations are true for Ap BoCoDo, if 

we reverse the rotations to return to 7’ the equations will remain true, as 

claimed. 

Problem 6 Let S = {0,1,2,...,1999} and T = {0,1,2,...}. Find all 

functions f : J — S such that 

(i) f(s) =s for alls € S. 

(ii) f(m+n) = f(f(m) + f(n)) for all m,n € T. 

Solution. Suppose that f(2000) = 2000 — t, where 1 < t < 2000. We 

prove by induction on n that f(n) = f(n —t) for all n > 2000. By 

assumption it is true for n = 2000. Assuming it is true for n, we have 

f(n+1) = f(f(m) + 0) = f(f(n-t) + fQ)) =f(n—-t+)), 

completing the inductive step. Therefore, the function is completely 

determined by the value of f(2000), and it follows that there are at most 

2000 such functions. 

Conversely, given any c € S, we show that there is a valid function f 

with f(2000) = c. Set t = 2000 — c, and let f be the function such that 

f(s) = for all s € S while f(n) = f(n—t) for all n > 2000. We prove 

by induction on m+ n that condition (ii) holds. If m+n < 2000, then 

m,n € S and the claim is obvious. Otherwise, m+n > 2000. Again, if 

m,n € S, then the claim is obvious. Otherwise, assume without loss of 

generality that n > 2000. Then 

f(m+n) = f(m+n—t) = f(f(m)+ f(n—-2t)) = f(f(m) + f(n)), 
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where the first and third equalities come from our periodic definition of i 
and the second equality comes from the induction hypothesis. Therefore 
there are exactly 2000 valid functions f. 

Problem 7 For n = 1,2,..., let {u,} be a sequence defined by 

U1 =1, U2 = 2, Unse = 3Un41 — Un. 

Prove that 2 

Un, beter i. 

Un 
Un+2 + Un > 2+ —— 

for all n. 

Solution. We first prove by induction that unun4+2 = u2,,+1 forn > 1. 

Because u3 = 5, for n = 1 we have 1-5 = 2? +1, as desired. 

Now assume that our formula is true for n = k > 1. To prove that 

it is true for n = k + 1, it suffices to prove that upi1Up43 — URURL2 = 

Uz 49 — Uz4,- This equation is true because it is equivalent to 

Uk+1(Uk+1 + Uk+3) = Un+2(Ue + UR+2), 

OF Up+1 * 3UR+2 = UK+2 * 3Uz41. This completes the induction and the 

proof of our formula. 
2 

SND U = ae Same 
If uy, and u,z+1 are positive for n > 1, then uni2 = — is positive 

Un 

as well. Because uw; and uz are positive, u, is positive for all n > 1. 

Therefore, for n > 1, u, + i= > 2 by the AM-GM inequality. Hence 

tig agit Bed 
2 U 1 Un4+1 

Un+2 + Un = ———— + Un = + (unt) > BH 2, 
Un Un Un On, 

as desired. 

Problem 8 Let ABC be a triangle inscribed in circle w. Construct 

all points P in the plane (ABC) and not lying on w, with the property 

that the lines PA, PB, PC meet w again at points A’, B’,C” such that 

"ALB. A’C’ and AB! = A'C’. 

Solution. All angles are directed modulo 180°. We solve a more general 

problem: suppose we have some fixed triangle DEF’. We find all points 

P such that when A’ = PAN w, B’ = PBNw, C’ = PC Nw, then 

triangles A’B’C’ and DEF are similar with the same orientations. In 

other words, we want 7B’C’ A’ = ZEFD and ZC’ A'B' = ZFDE. 

Given X,Y on w, define LXY = LX. ZY for for any other point Z on w. 

Given a point P, we have ZBPA = /BA+ZB'A' = ZBCA+ZB'C'A' 
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and ZOPB = ZCB + ZC’B! = ZCAB + ZC'A'B’. Thus ZB’C’A’ = 
ZEFD if and only if Z2BPA = ZBCA+ ZEFD, while ZC'A'B’ = 

ZF DE if and only if ZCPB = ZCAB+2ZFDE. Therefore our desired 

point P is the intersection point, different than B, of the two circles {P’ | 

ZBP'A=ZBCA+ ZEFD}\and {P’ |)ZCP’B = ZCAB + ZFDE}. 

We now return to the original problem. We wish to find P such that 

triangle A’ B/C’ is a 45°-45°-90° triangle with ZC’ A’ B’ = 90°. Because 

our angles are directed, there are two possible orientations for such a 

triangle: either 7A’B’C’ = 45°, or ZA’B’C’ = —45°. Applying the 

above construction twice with triangle DEF defined appropriately, we 

find the two desired possible locations of P. 

Problem 9 Consider real numbers a, b such that a 4 0, a ¥ 0, and all 

roots of the equation 

ax® — x2? +br—-1=0 

are real and positive. Determine the smallest possible value of the 

expression 
_ 5a” — 3ab+ 2 

a?(b— a) 

Solution. When the roots of the equation are all \/3, we have a = 

b= V3, and P = 12/3. We prove that 12,\/3 is minimal. 

Let the zeroes of ax® — x? + bx — 1 be p = tanst¢,=tan.B.,and 

r =tanC with 0° < A, B,C < 90°. Then 

1 

3/3’ 

ax® — x? + br —1= a(x — p)(x — q)(x4— 1) 

=az* —a(p+q+ r)a? + a(pq + qr + rp)x — a(pqr). 

Thus @ = 57255 = gar > O and p+q+r = par. Then 

oe 

— 2°41 _ _tan(A +B) = tan(180° — A— B), 
pq—1 

implying that A+ B+C = 180°. Because tanz is convex along the 
interval 0° < x < 90°, 

1 
ik tan A+tanB+tanC > 3tan60° = 3V3. 

Hence a < —L. 

Also notice that 

b 
— = pq+ar+rp > 3V Per = 34-5 >9>1, 
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so b > a. Thus the denominator of P is always positive and is an increasing 
function of b, while the numerator of P is a decreasing function of 6. 

Therefore, for a constant a, P is a decreasing function of b. 

Furthermore, 

(p—q)?+(q-r)? +(r—p)? >0= (p+ qtr)? 
1 

> 3(pq+aqr+rp) => = Ae 

3b 1 
>—=—db< -—, 

3a 

and 

5a — 3a(e-)+2 5a2+1 

RT a a es 
Thus for0 <a< it suffices to show that a? 

5a? +1 > 12V3 (< — a?) 

= 4\/3a —12/3a* <> 12/30 + 5a? —4V3a4+1 
1 

ie 3 (a =) (4/30? + 3a — /3) 
3V3 

>0 <> 4/30? + 3a — V3 < 0. 

The last quadratic has one positive root, 

melee ie Re -34+7 1 1 

ee ee res 
so it is indeed negative when 0 <a < euck This completes the proof. 

Problem 10 Let f(x) be a continuous function defined on [0,1] such 

that 

DEMO sf(L) 0: 

Gi) 2f(0) + Hy) = 38 (FS 
Prove that f(x) = 0 for all x € [0, 1]. 

20 ey 
) for all x,y € (0, 1]. 

Solution. We prove by induction on n that f () = 0 for all integers 

n > 0 and all integers 0 < m < 3”. The given conditions show that this 

claim is true for n = 0. Now assuming it is true for n = k — 1 > 0, we 

prove it is true for n = k. 
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If m = 0(mod 3) then 

by the induction hypothesis. 

If m = 1(mod 3), then 1 < m < 3* — 2 and 

re 1 a 

a (= 21 (FE wa) +1 (Ge 7) =9+0=0 

Thus f (#) =. 

Finally, if m = 2 (mod 3), then 2 < m < 3* — 1 and 

of (2) = 24 (Fr) +4(; Gt) =0+0=0 

Hence f (4) = 0, finishing our induction. 

Given any zx € [0,1], we can form a sequence of numbers of the form 

2% whose limit is 2. Because f is continuous, it follows that f (ze) "0 

for all x € [0,1], as desired. 

Problem 11 The base side and the altitude of a right regular hexagonal 

prism ABC DEF — A’ B'C'D’E’F’ are equal to a and h respectively. 

(a) Prove that six planes 

(AB’F’), (CD'B’), (EF'D’), (D'EC), (F’ AE), (B’CA) 

touch the same sphere. 

(b) Determine the center and the radius of the sphere. 

Solution. (a) Let O be the center of the prism. (AB’F’) is tangent to a 

unique sphere centered at O. The other given planes are simply reflections 

and rotations of (AB’F") with respect to O. Because the sphere remains 

fixed under these transformations, it follows that all six planes are tangent 

to this same sphere. 

(b) From part (a), the center of the sphere is the center O of the prism. 

Let P be the midpoint of AF, and let P’ be the midpoint of A’E’. Also 
let Q be the midpoint of PF’, and let R be the projection of O onto line. 

PF’. Note that P, P’,Q, R, O, F’ all lie in one plane. 

It is straightforward to calculate that F’P’ = $ and QO = 3a. Also, 

ZRQO = ZPF'P’ because QO || F’P’. Combined with ZORQ = 
ZPP'F" = 90°, this equality implies that AORQ ~ APP’F’. Hence 
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the radius of the sphere is 

Ds a ee 3ah 
[Pgh (2)? +H? 2/a2 + 4h2 

Problem 12 For n = 1, 2,..., two sequences {z,,} and {y,,} are defined 
recursively by 

= 1, y= 2, Try = 22yn — 152, nti = 17 yn — 122. 

(a) Prove that x, and y, are not equal to zero for all n = 1,2,.... 

(b) Prove that each sequence contains infinitely many positive terms and 

infinitely many negative terms. 

(c) For n = 1999194°, determine whether x,, and y,, are divisible by 7. 

Solution. (a) From the recursion for x41, we find that y, = 

= (15¢, + 2n41) and Yniy = + (152¢n41+2n42) for n > 1. Sub- 

stituting these expressions into the recursion for y,+1 yields 

Cy,42 = 20,41 — 9lp. 

Similar work shows that 

Unt 20,4 SOU ae 

If x, is odd, then z,+42 is odd as well. Because 7; = 1 and x2 = 29 

are odd, all the x, are odd and hence nonzero. Similarly, if y, and yn+1 

are both congruent to 2 modulo 4, then so is y,+2. Because y; = 2 and 

y2 = 22 are congruent to 2 modulo 4, then all the y, are congruent to 2 

modulo 4 and hence nonzero. 

(b) Note that 7,43 = 2(2%n41—9%n)—92n41 = —5%n41—182z,. Thus 

if 2p,Ln41 are positive (or negative) then x,,+3 is negative (or positive). 

Hence, among every four consecutive terms z,,, there is some positive term 

and some negative term. Therefore there are infinitely many positive terms 

and infinitely many negative terms in this sequence. A similar proof holds 

for the yn. 

(c) All congruences are modulo 7 unless stated otherwise. Note 

that ifr, = 211 and x, # O, then (@p42,2n43,%n+4,%n45) = 

(0,524, 3%n,32,), where 52, # 0 and 32, #0. Because 7} = rq = 

1, this implies that x, = 0 if and only if m = 3(mod 4). Because 

19991945 = 31945 = 3.91944/2 = 3 (mod 4), we indeed have 7 | x, when 

n = 1999194°. 
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On the other hand, suppose, by way of contradiction, that 7 | yn for 

some n’, and choose the minimal such n’. From the recursion for y,, we 

have Yn = Yntit3ynse. Ifn’ > 5, then yn/—2 = Yn/—1, Yn'—3 = 4Yn'-1; 
and y,/_4 = 0 — contradicting the minimal choice of n’. Thus we have 

n’ < 4, but (y1, y2, yz, ys) = (2,1, 5,1). Therefore no term y,, is divisible 

by 7. Specifically, 7 does not divide y, when n = 19991945, 
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Problem 1 Find the smallest positive integer n with the following 

property: There does not exist an arithmetic progression of 1999 real 

numbers containing exactly n integers. 

Solution. Look at the 1999-term arithmetic progression with common 

difference + and beginning term 7 where p and gq are integers with 

1 < q < 1999; without loss of generality assume that 1 < p < g. When 

p = 1, the progression contains the integers 1,2,..., aa . When p = q, 

the progression contains the integers 1,2,...,1+ | 1098. Because 1999 
is prime, g does not divide 1999 and hence 

Sei 
Thus the progression contains either 

| | 
an or —/+1l 

qd qd 

integers, and any k of this form can be attained. Call such numbers good. 

Conversely, suppose we have an arithmetic progression containing ex- 

actly k integers, where 1 < k < 1999. Without loss of generality, suppose 

that its common difference is positive and that it contains 0 as its ¢-th 

term. Its common difference cannot be irrational, so it is of the form 7 

for some positive, relatively prime integers p,q. Because 1 < k < 1999, 

1 < q < 1999. Now consider the arithmetic progression with common 

209 
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difference : and 0 as its t-th term. It, too, contains exactly k integers, so 

our previous argument shows that k is. good. 

Now, for g > 32 we have 

epee), See Sees qq q q+1 

Because | +982| = 62 and | 3222| = 1, this implies that every integer k 
between 1 and 63 is good. Also, 

1999 $99 1999 

Pa |= [a |=%% [|= 
1 1999 
| < 62 when gq > 32, = > 71 when gq < 28. 

qd q 

Thus k can take on every value less than 70, but it cannot be equal to 70. 

Thus the desired value of n is 70. 

Problem 2 Let aj, a, ...be a sequence of real numbers satisfying 

Qj+j S Gig ss a; 

forall.t, 94241 5.2.cuemProvedthat 

for all positive integers n. 

Solution. 

Lemma. /[f m,n are positive integers with m > n, then 

n(n +1 
Op ay 4a St ay, idan oo 

2m 

Proof. The result for m = n comes from adding the inequalities 

Q1 + An-1 2 Gn, A2 + An—2 2 An; ---, Qn-1 + Q1 > Gn, 2an > Zan, and 
then dividing by two. Now for positive integers 7, write 

pee 
7 1424-45 

Then the inequality form =n = 7 = k +1 is equivalent to both es = 

and 3, > Bx41. Thus when m > n we have 

as desired. fal 
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The desired inequality now follows from expressing a, + Soe Ee aang 
as an Abed sum and then applying the lemma multiple times: 

a2 a 1 
Five igre ose Da alied Ciba gs tla gk 

Tr nm 

sie ch We SPS Nebo Sa Sr er a 

j=1 J ‘iat War 2 

ITn(n+1 1 i(7+1 
ee S°—— HG +1) 

n i(7 +1) 2n 

as desired. 

Problem 3 Let w; and we be two circles intersecting at P and Q. The 

common tangent, closer to P, of w; and wo, touches w; at A and we at 

B. The tangent to w; at P meets w2 again at C, and the extension of AP 

meets BC' at R. Prove that the circumcircle of triangle PQR is tangent 

to BP and BR. 

Solution. We shall use directed angles. Using tangents and cyclic quadri- 

laterals, we have ZQAR=ZQAP = ZQPC = ZQBC = ZQBR, so 

QABR is cyclic. 

Because ZBPR is an exterior angle to triangle ABP, we have 

ZBPR = ZBAP+ ZPBA. Then again using tangents and cyclic 

quadrilaterals, we have 7BAP+ZPBA = ZBAR+ZPCB = ZBQR+ 

ZPQB = ZPQR. Thus ZBPR = ZPQR, which implies that line BP 

is tangent to the circumcircle of triangle PQR. 

Next, ZPRB is an exterior angle to triangle CRP so ZPRB = 

ZPCR+ZRPC. We know that ZPCR = ZPCB = ZPQB. Letting 

T be the intersection of lines CP and AB, we have ZRPC = ZAPT = 

AQP = 7 BAP —ABAR = 2 BOR. Therefore ZPRB —2ZPQB + 

ZBQR = ZPQR. This implies that line BR is tangent to the circumcircle 

of triangle PQR as well. 

Problem 4 Determine all pairs (a,b) of integers for which the numbers 

a? + 4b and b? + 4a are both perfect squares. 

Solution. If a = 0 then b must be a perfect square, and vice versa. Now 

assume both a and b are nonzero. Also observe that a? + 4b and a? have 

the same parity, and similarly b? + 4a and b” have the same parity. 
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If b is positive then a? +.4b > (|a| +2)? = a?+4|a|+4 so |b| > |a| +1. 

If b is negative then a? + 4b < (|a| — 2)? = a? — 4|a| +4 so |b| > |a| —1. 

Similarly, a > 0 => |a| > |b] + 1 and a < 0 => |a| > |b] — 1. 

Assume without loss of generality that b > a. If a and 6 are positive, 

then from the last paragraph we have b > a+1 anda > 6+1,a 

contradiction. 

If a and b are negative, then we have either a = b ora = b—1. For 

b > —5, only (a,b) = (—4, —4) and (—6, —5) work. Otherwise, we have 

(b+ 4)? <b? + 4a < (b+ 2), a contradiction. 
Finally, if a is negative and b is positive, then we have both |b| > |a|+1 

and |a| > |b] — 1. Then we must have |b| = |a| + 1 and hence a + b = 1. 

Any such pair works, because then a?-+4b = (a—2)? and b?+4a = (b—2)? 
are both perfect squares. 

Therefore the possible pairs (a,b) are (—4,—4), (—6,—5), (—5, —6), 

and (0,7), (n?,0), (n,1—) where n is any integer. 

Problem 5 Let S be a set of 2n + 1 points in the plane such that no 

three are collinear and no four concyclic. A circle will be called good if 

it has 3 points of S on its circumference, n — 1 points in its interior, and 

nm — 1 in its exterior. Prove that the number of good circles has the same 

parity as n. 

Solution. 

Lemma. Suppose we have 2n > 1 given points in the plane with no three 

collinear, and one distinguished point A among them. Call a line good 

if it passes through A and one other given point, and if it separates the 

remaining 2n — 2 points: that is, half of them lie on one side of the line, 

and the other half lie on the other. Then there are an odd number of good 

lines. 

Proof. We prove the claim by induction. It is trivial for n = 1; now 

assuming it is true for n — 1, we prove it is true for n. 

Without loss of generality, arrange the 2n — 1 points different from A 

on a circle centered at A. From those 2n — 1 points, choose two points, B 
and C’, that are the greatest distance apart. Then if P 4 A, B,C is a given 
point, B and C lie on different sides of line AP. Thus line AP is good if 
and only if it separates the other 2n —3 points; by the induction hypothesis, 
there are an odd number of such lines. Finally, line AB is good if and 

only if line AC is good — adding either 0 or 2 good lines to our count, 
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so that our total count remains odd. This completes the inductive step. m 

Suppose we have a pair of points {A,B} in S. Perform an inver- 

sion about A with arbitrary radius. B and the other 2n — 1 points 

CyCa5 2 4 Con21) map-tor2n distinct *points B.C}; C%,..3.5C5,,24 Mo 

three collinear). Also, the circle passing through A, B, Cy, is good if and 

only if the corresponding line B’C;, separates the other C/. By the lemma, 

there are an odd number of such lines; so an odd number of good circles 

pass through any pair of given points. 

For each pair of points count the number of good circles passing through 

these points. Each good circle is counted three times in this manner, 

so if there are k good circles then our count will be 3k. There are 

(7+) = n(2n + 1) pairs of points, each contributing an odd amount 2 
to our count. Therefore 3k = n(2n + 1) => k = n(mod 2), as desired. 
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2 Austrian-Polish Mathematics Competition 

Problem 1 Let n be a positive integer and M = {1,2,...,n}. Find 

the number of ordered 6-tuples (A, A2, A3, A4, As, Ag) which satisfy the 

following two conditions: 

(a) A,, Ao, A3, A4, As, Ag (not necessarily distinct) are subsets of M; 

(b) each element of M belongs to either 0, 3, or 6 of the sets A, Ao, 

A3, Ag, As, Ag. 

Solution. Given k € M, there are (>) ways to put k into exactly 0 of 
the 6 sets, (8) ways to put k into exactly 3 of the sets, and (§) ways to put 
k into all 6 sets. This adds up to 1 + 20 + 1 = 22 ways to put k into the 

sets. Every admissible 6-tuple is uniquely determined by the placement of 

each k. Therefore, there are 22” possible distributions. 

Problem 2 Find the largest real number C} and the smallest real number 

C2 such that for all positive real numbers a, b, c, d, e the following 

inequalities hold: 

b C d e a 
Cy < — + — + — 

sub ea Ge CA fae ee 
< C2. 

Solution. Let f(a,b,c,d,e) = ig +---+zyz- Note that f(e,d,c,b,a) = 

5 — f(a,b,c,d,e). Hence f(a, b,c,d,e) can attain the value x if and only 

if it can attain the value 5 — x. Thus if we find Cy, then Cp = 5 — Cj. 

Ifa=e,b=e€, c=, d=e«, e=1, then 

Ae 1 

1l+e 3 ens 

which for small € can become arbitrarily close to 1. We now prove that 

f(a, 6, c,d, e) is always bigger than 1. Because f is homogenous, we may 

assume without loss of generality thata +b+c+d+e=1. 

The function g(x) = + is convex for all positive 2. Thus by Jensen’s 
inequality, ag(x1) + bg(a2) + --- + eg(as) > g(axy + bra +--- + eas). 
Applying this inequality with 2} = a+b, rg =b+c,..., 25 =e+a, we 
find that 

f(a,0, Cc, d, €) —. 

1 

Doe a(a a b) 

_ (atbtotdte? | Liye ala + 2b) , 

by at)  oaaeeay 

f(a, b, Cc, d, e) = 
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as desired. (Here Dee h(a,b,c,d,e) denotes the sum h(a, b,c, d,e) + 
h(b,c,d,e,a) +--+ + h(e,a,b,c,d).) Hence Cy = 1, so from our initial 
arguments, C'2 = 4. 

Problem 3 Let n > 2 be a given integer. Determine all systems of n 
functions (f1,..., fn) where f; : R — R, i = 1,2,...,n, such that for 
all x, y € R the following equalities hold: 

file) — fo(2) fay) + AY) = 0 

f2(2”) — fs(x)fs(y) + fo(y?) =0 

Fe ik ra) mS ‘PACA READ) ar fay" =>) = (() 

fr(2”) — fila) fily) + frly”) = 0. 

Solution. Setting x = y into the k-th equation gives 2f;,(z*") = fp41(x)? 
(where we write f,41 = fi). Thus if f,(2) = 0 for all x € R, then 

fe41(x) is also always zero. Similarly, all the f;’s are identically zero. 

Now assume that no f;, is identically zero. 

First consider an odd integer k. Given any real value r, let x = 4/r. 

Then 2f,(r) = 2f.(x*) = fri (x)? > 0 for all r. 
Next consider an even integer k. For r > 0, letting 2 = ¥/r as above 

we find that f,(7r) > 0. Furthermore, f;,) is strictly positive at some value 

— because f;,41(x) # 0 for some x, we have fx(x*) = $fr41(x)? > 0. 
Also observe that we cannot have f;,(x) < 0 and f(y) > 0 for some a and 

y because then we’d have fx—1(a*~1) — f(x) fe(y) + fr_-1(y* ') > 0, 

contradicting the (k — 1)-th equation. It follows that f,(a) > 0 for all a. 

Hence fx(x) > 0 for all & and all x. We now prove by induction 

on & that f, is a constant function. For k = 1, plugging in fo(2) = 

2fi(xz) and fo(y) = ./2f1(y) into the first equation gives f\(x) — 

2./ f(x) fily) + fily) = 0 for all z,y € R. By the AM-GM inequality, 
this is true only when f;(x) = fi(y) for all z,y € R. 

Now assume that fx(x) = fp(y) for all z,y. Then f,ii(z) = 

J 2fe(x*) = V2fa(y*) = feti(y) for any z,y € R, completing the 

inductive step. 

Writing f,(2) = cp (where we write cn41 = C1), observe that cy = 

$Cz4, for all k. Because fi,(x) > 0 for all x but f;, is not identically 

zero, each cz is positive. If 0 < cy41 < 2, then 0 < cy < Cry < 2. 

Thus cp > Cn—1 > ++: > C1 > Cn, a contradiction. Similarly, if cy41 > 2 
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then cy > Ce+1 > 2. It follows that cp, < Cp-1 <°+** < C1 < Cn, a 

contradiction. Hence, we must have cy, = 2 for all k. 

Therefore, the only possible functions are f,(x) = 0 for all x, k, and 

fal @ is for alka uk. 

Problem 4 Three straight lines k, 1, and m are drawn through some fixed 

point P inside a triangle ABC such that: 

(a) k meets the lines AB and AC in A, and Az (A; ¥ Az) respectively 

and PA, = PAg; 

(b) I meets the lines BC and BA in B, and Bz (B, ¥ Be) respectively 

anal (2V5%) —. Jelapye 

(c) m meets the lines CA and CB in C, and C2 (Ci # C2) respectively 

and PC; = PC. 

Prove that the lines k, 1, m are uniquely determined by the above 

conditions. Find the point P (and prove that there exists exactly one 

such point) for which the triangles AA; Ao, BB, Bo, and CCC? have the 

same area. 

Solution. Let @ be the reflection of line AB about P. Because A, and 

Ag are also mirror images of each other across P, A must lie on @. Thus 

Ag must be the intersection of 4 and line AC, and this intersection point 

is unique because lines AB and AC are not parallel. Therefore k must be 

the line passing through P and this point, and conversely this line satisfies 

condition (a). Similarly, lines | and m are also uniquely determined. 

Now suppose that triangles AA; A 2 and BB, Bp» have the same area. 

Let Q be the midpoint of ‘AA;. Because P is the midpoint of AyAp; 

we have [AQP] = 3[AAiP] = }[AA1 Ag]. Similarly, let R be the 
midpoint of BB. Then [BRP] = 4[BB2P] = +{BB,Bo]. Therefore 
[AQP] = |BRP, and because the heights from P in triangles AQP and 

BRP are equal, we must have AQ = BR. 

Now because P and Q are the midpoints of A; Aj and A, A, we have 

PQ || AA2 and hence PQ || AC. This implies that Q lies between A and 
B. Similarly, R lies between A and B as well. Because AQ = BR, Q and 
R are equidistant from the midpoint C’ of AB. Therefore the homothety 
about C’ that maps A to Q also maps B to R. This homothety also maps 
line AC to QP because AC || QP, and it also maps line BC to RP. 
Hence it maps C’ to P, so that C’, P, C are collinear and P lies on the 

median from C in triangle ABC. 
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Similarly, P must lie on the medians from A and B in triangle ABC, 
so it must be the centroid G of triangle ABC. Conversely, if P = G then 
k,l,m are parallel to lines BC, CA, AB respectively, and [AA, Ao] = 

[BB, Bo] = [CC,C2] = §[ABC]. 

Problem 5 A _ sequence of integers {Qn}n>1 satisfies the following 

recursive relation 

Qnt1 = a> +1999 forn=1,2,.... 

Prove that there exists at most one n for which a, is a perfect square. 

Solution. Consider the possible values of (an, @n+41) modulo 4: 

ome Ve Pe) 
Gre jo | 0132 

No matter what a, is, the terms a3, a4,... are all 2 or 3 (mod 4). However, 

all perfect squares are 0 or 1 (mod 4), so at most two terms (a; and a2) 

can be perfect squares. If a, and a are both perfect squares, then writing 

a) = a”, a2 = b7'we have a®’+ 1999 = b? or 1999 = b? — (a?)? = 
(b + a?)(b — a3). Because 1999 is prime, b — a? = 1 and b + a® = 1999. 
Thus a? = Sent = 999, which is impossible. Hence at most one term 

of the sequence is a perfect square. 

Problem 6 Find all real numbers x9, 71, 2,..., £19983 > 0 which satisfy 

ee tonne tee =1 

(ore 0, ly, riko 9 1998, where 1999 = Zo. 

Solution. Let R be the positive real root of x* + 22? — 1 = 0, found 

using the quadratic formula: 

Fe = ae kg = R=\-14 v2. 

If tn, 2n41 > Rthen 1 = 224, +2np1tnt+0, > R?+R?+R*=1, 

with equality when tp, = tn4i = FR. Similarly, if 2,,%n41 < RA then 

we must have 2, = Inii = R. Hence either 7, = @nyi = R, 

edt aap lay 100 Dy > Fi 2, hie 

Now ifato.< Athen z1.> Rigs otto i TOS ation = Intnl 

contradiction. Similarly, we cannot have xo > R. Therefore 7) = R and 

the only solution is 

tp =%1 =-+-: =Tig9=R= Sage, 
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Problem 7 Find all pairs (x, y) of positive integers such that 

eo ae 

Solution. Let gcd(z, y) = c, and write a = =, b= z. Then the equation 

becomes 

(ac)et) — (ba)\= 

(ac)?*° = (6e)°F* 

att te = po-e, 

Thus at? | b°-*. Because gcd(a,b) = 1, a must equal 1. Therefore 

is a perfect square. This is true exactly when b is odd, or when 6 is a 

perfect square. If b = 2n +1, then c = (2n+ 1)”; if b = n?, then 

c=n"~—1, Therefore (x,y) equals either 

(Cp eh) anred eet) Fok WG Sane 22) 
for some positive integer n, and any such pair indeed satisfies the given 

equations. 

Problem 8 Let @ be a given straight line and let the points P and Q lie 

on the same side of the line @. The points M, N lie on the line @ and 

satisfy PM 1 and QN L @. The point S lies between the lines PM and 

QN such that PM = PS and QN = QS. The perpendicular bisectors 

of SM and SN meet at R. Let T be the second intersection of the line 

RS and the circumcircle of triangle PQR. Prove that RS = ST. 

Solution. All angles are directed modulo 180°. Let T” be the reflection 

of R across S; we wish to prove that PRQT" is cyclic. 

Because RM = RS = RN, ZRMN = ZMNR =a. Note that 

PMRS is a kite which is symmetric with respect to line PR. Hence 

LPRM.= (ZS RP sy 2M PRreoLRPS = eean4es he 

ZRMP. =*90° +x. Similarly, ZORS = ZNRQi=wZSOR = 

ZRQN = v, and ZRSQ = ZQNR = 90° +z. In triangle MNR, 

2(x-+y+u) = 180°. In triangle PMR, y + z+ 90° +. x = 180° so that 

2(@ ++ y +z) = 180°. Hence 2u = 2z. 

Orient our diagram so that line MN is horizontal and so that P and 

@ are above line MN. From the given information, S is above line MN 

and between lines PM and QN. Also, because R is the circumcenter of 
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triangle MSN, R lies below between lines PM and QN and below S. 
This information allows us to safely conclude that u = z, or ZSPR = 
ZSRQ. 

Similarly, y = v and ZPRS = ZSQR. Thus APSR ~ ARSQ. Let 
A and B be the midpoints of PR and QR, respectively. Then SA and 
SB are corresponding medians in similar triangles PRS and RQS. Hence 
AASR ~ ABSQ. It follows that 

LASB = ZASR+ZRSB = ZBSQ + ZRSB = ZRSQ = 90° +2. 

Thus ZASB + ZARB = ZASB + ZPRQ = 90° +2+y+2z = 180° 

and ASRB is cyclic. Because PRQT" is the image of ARBS under a 

homothety about R with ratio 2, it follows that PQRT” is cyclic as well. 

Problem 9 Consider the following one player game. On the plane, a 

finite set of selected lattice points and segments is called a position in this 

game if the following hold: 

(i) the endpoints of each selected segment are lattice points; 

(ii) each selected segment is parallel to a coordinate axis, or to the line 

y = 2%; or to the line y= —z; 

(iii) each selected segment contains exactly 5 lattice points and all of them 

are selected; 

(iv) any two selected segments have at most one common point. 

A move in this game consists of selecting a new lattice point and a new 

segment such that the new set of selected lattice points and segments is a 

position. Prove or disprove that there exists an initial position such that 

the game has infinitely many moves. 

Solution. There exists no position so that the game can last for infinitely 

many moves. 

Given any segment, let its extreme point be its leftmost, upper-leftmost, 

highest, or upper-rightmost point (depending on whether the segment is 

parallel to y = 0, y = —x, x = 0, or y = z). Let any segment’s other 

four lattice points form the segment’s mini-segment. Observe that no two 

mini-segments pointing in the same direction can intersect. 

Also, given any position, call a lattice point a missing point if it is the 

extreme point of a selected segment in one direction, but does not lie on 

any other selected segment pointing in the same direction. (Notice that 
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during the game, a lattice point might switch between being missing and 

not-missing.) 

Lemma. Given an integer N > 0, if the game continues forever then at 

some point at least N missing points will exist at the same time. 

Proof. Suppose we have k lines that contain at least one selected 

segment. Some {£] of them must point in the same direction. Each 

of these lines contains at least one different missing point: its leftmost, 

upper-leftmost, highest, or upper- rightmost extreme point. Therefore it is 

enough to show that & gets arbitrarily large. 

For sake of contradiction, suppose that k is bounded. Then all the 

selected segments will lie on some finite number of lines. These lines 

have only a finite set S of ¢ intersection points, so from some position 

onward no new selected point will be in S. At this point suppose we have 

s selected segments, and p selected points outside of S. 

After n more moves there will be s + n mini-segments, and p+ n 

selected points outside of S. Each mini-segment contains 4 points for 

a total count of 4(s +). On the other hand, each of the t points lies 

on at most 4 mini-segments, and each of the p+ n other points lies on 

at most 1 mini-segment, yielding a total count of at most 4t + (p +n). 

Thus 4(s + n) < 4t+ (p+), but this is false for large enough n — a 

contradiction. 5 

Now suppose in our original position we have s selected segments and 

p Selected points. From the lemma, eventually we will have more than 

4(p — s) missing points. Suppose this happens after nm moves, when we 

have s + n selected segments and p+ n selected points. Then as in the 

lemma, we will have s + n mini-segments each containing 4 points — 

for a total count of 4(s +n). On the other hand, each of the missing 

points lies on at most 3 mini-segments, and all the other selected points 

lie on at most 4 mini-segments each. Thus our total count is less than 

3:-4(p—s)+4-(p+n-—4(p—s)) = 4(s +n), a contradiction. This 
completes the proof. 
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3 Balkan Mathematical Olympiad 

Problem 1 Given an acute-angled triangle ABC, let D be the midpoint 
of minor arc BC of circumcircle ABC. Let E and Ff’ be the respective 
images of D under reflections about BC and the center of the circumcircle. 

Finally, let kK be the midpoint of AZ. Prove that: 

(a) the circle passing through the midpoints of the sides of the triangle 

ABC also passes through K. 

(b) the line passing through K and the midpoint of BC is perpendicular 

to AF. 

Solution. 

(a) Let M, B,, and C; denote the midpoints of sides BC, CA, and AB, 

respectively. We have AABC ~ AMB,C, and ZC, MB, = ZA. 

Also, BECD is a rhombus, with ZBEC = ZCDB = 180° — ZA. 

The homothety centered at A with ratio - maps triangle BEC’ to 

triangle Cj KB,. Thus, 7C, KB, + ZC;MB, = ZBEC+ZA= 

180°, so MC, K B, is cyclic. 

(b) Because ED = 2EM and EA = 2EK, MK || AD. DF isa 
diameter, so AD | AF’. Hence also MK | AF. 

Problem 2 Let p > 2 be a prime number such that 3 | (p — 2). Let 

S = {y* — 2° —1| # and y are integers, 0 < 2, y < p— 1}. 

Prove that at most p elements of S are divisible by p. 

Solution. 

Lemma. Given a prime p and a positive integer k > 1, if k and p—1 

are relatively prime then x* = y® = x = y(mod p) for all x, y. 

Proof: If y = O(mod p) the claim is obvious. Otherwise, note 

that c* = y* => (zy—!)* = 1(mod p), so it suffices to prove that 

k=] => a=1(mod p). 

Because gcd(p — 1,k) = 1, there exist integers 6 and c such that 

b(p—1)+ck = 1. Thus, a* = 1 => a& = 1 => al) = 1 (mod p). 

If a = 0 this is impossible. Otherwise, by Fermat’s Little Theorem, 

(a~’)P-! = 1(mod p) so that a = 1 (mod p), as desired. 

Alternatively, again note that clearly a # 1 (mod p). Then let d be the 

order of a, the smallest positive integer such that at = 1(mod p); we 
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have d | k. Take the set {1,a,a”,...,a?~}. If it does not contain all 

of 1,2,...,p— 1 then pick some other element 6 and consider the set 

{b, ba, ba?,...,ba*~1}. These two sets are disjoint, because otherwise 
ba’ = a’ = b = a)—! (mod p), a contradiction. Continuing similarly, we 

can partition {1,2,...,p—1} into d-element subsets, and hence d | p—1. 

However, d | k and gcd(k,p — 1) = 1, implying that d = 1. Therefore 

a = a‘ = 1(mod p), as desired. x 

Because 3 | p — 2, gcd(3,p — 1) = 1. Then from the claim, it follows 

that the set of elements {1°,23,...,p%} equals {1,2,...,p} modulo p. 

Hence, for each y with 0 < y < p—1, there is exactly one x between 0 

and p—1 such that x? = y* —1(mod p): that is, such that p | y? — 2? —1. 

Therefore S contains at most p elements divisible by p, as desired. 

Problem 3. Let ABC be an acute triangle, and let M, N, and P be the 

feet of the perpendiculars from the centroid to the three sides. Prove that 

4 MNP. t 
et Sy 
20 MABC) ~ 4 

Solution. We begin by proving that 

9[M NP] 

[ABC] 

Let G be the centroid of triangle ABC, and let M, N, and P be on sides 

BC, AC, and AB, respectively. Also let AB = c, BC = a, CA =b, 

and K = [ABC]. 

We have 

= sin? A+ sin? B + sin? C. 

[ABGTS = = 50° eee eo 
3 5 ca 

Similarly, GN = 2%, so 

2K? sin A K?a? 

9c Rabe’ 
Summing this formula with the analogous ones for [VGM] and [MGP] 
yields 

1 
[PGN] = GP -GNsinA = 

K? (a? + b? +c?) 

9 Rabe 

Dividing this by [ABC] = K and then substituting K = #2, q = 
2Rsin A, b = 2Rsin B, and c = 2RsinC on the right yields 

MNP uf aaa = (sin? A + sin? B + sin?C), 

[MNP] = 

as desired. 
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Hence the problem reduces to proving ‘ < sin? A+sin? B+sin? C < 2. 
Assume without loss of generality that A > B > C. 

To prove the vee inequality, first note that A < 90° > B > 45°. 
The function sin? x is concave on [45°, 90°]. We can thus apply Jensen’s 
Inequality to give 

sin? A+ sin? B < 2sin? (5 + =] = 2cos? (S) 

Hence it suffices to prove 

L+cos.C 41 =— cos’ C 

{ J 1 
—(cosC + 5) =a; 

which is true. 

For the left inequality, note that sin? x is an increasing function on 

(0, 90°]. We have B > #2 =4. g0 

A 
sin? A + sin? B + sin? C > sin? A + cos? (5) 

if 3 
= — cos’ A+ 5 cos A+ 5. 

By assumption A is the largest angle, implying that 90° > A > 60° and 

‘ > cos A > 0. Therefore 

wie vie age 

1 
—C¢os * A+ 5 cos A + 

as desired. 

Problem 4 Let {z,}n>o0 be a nondecreasing sequence of nonnegative 

integers such that for every k > 0 the number of terms of the sequence 

which are less than or equal to k is finite; let this number be y;. Prove 

that for all positive integers m and n, 

mat dwe > (n+1)(m+1). 

Solution. Under the given construction, y, < ¢ if and only if x > s. 

This condition is equivalent to the condition that y, > t if and only if 

x4 < s. Thus the sequences {x;} and {y;} are dual, meaning that applying 

the given algorithm to {y;} will restore the original {2;}. 
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To find SEG x;, note that among %,2%1,...,@» there are exactly yo 

terms equal to 0, y; — yo terms equal to 1, ..., and yz, _, — Yx,_» terms 

equal to 2,1, while the remaining n+ 1—2,,_, terms equal z,. Hence, 

Dd #i = 0+ (yo) + 1+ G1 = Yo) +> 

+(an a 1) S (Crees a Utes) == In ° (n “iF ex e.-1) 

= yo Wi yer t (ae Dee, 

First suppose that x, — 1 > m, and write x, —1=m+k fork > 0. 

Because x, > m+k, from our initial observations we have ymiz <n. 

Then 2 +1 > Ymtk 2 Ym+k-1 2 °** 2 Ym, SO 

n m Tn—-1 ™m 

Sait oy HF lan Sou — oy 

Ca) j=0 j=0 1=0 

m+k 

=(n+4+1)ry - ye Yi 
i=m+1 

as desired. 

Next suppose that x, — 1 <_m. Then 

Ln SM => Ym > 2 => Ym — 12> 70. 

Because {x;} and {y,;} are dual, we may therefore apply the same argument 
with the roles of the two sequences reversed. This completes the proof. 
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4 Czech and Slovak Match 

Problem 1 For arbitrary positive numbers a, b, c, prove the inequality 

a 1 b ff c ei 

b= 26 Me 2a G6 2b 

First Solution. Set z = 6b + 2c, Ul Ce 20a 20. Len 

a= ¢(4y+2- 22), b= $(4z +2 -2y), c= (4x + y — 2z), so 
the desired inequality becomes 

4 —2 4 _— — YZ ms in ith se Baas! agent 

9x 9y 9z 

which is equivalent to 

& Zz 

(E+2)+(+2)+ (+2) +3 (44242) 20. y  & ae eo 2 Caan iRpiee 

This inequality is true because by the AM-GM inequality, the quantities 

in parentheses are at least 2, 2, 2, and 3, respectively. Alternatively, it is 
14 true by the AM-GM inequality on all 15 fractions of the form 7 on the 

left-hand side (where 3 - (2 Higertas ) contributes nine such fractions). 

Second Solution. By the Cauchy-Schwarz inequality 

(uv, + Usd + ugu3)? < (u? + ud + uz) (v2? + v2 + v3), 

the quantity (a + b+)? is at most 

a b Cc 

a ee | a) 20) Ol eae 2a) cla 20), 
(Sut c+ 2a ci A [a( te c) (c a) c(a )| 

On the other hand, from the inequality (a — b)? + (b—c)? +(c—a)? >0 
we have a(b + 2c) + b(c + 2a) + c(a + 2b) < (a+b-+c)?. Combining 
these gives 

a b c 
a(b + 2c) + b(c + 2a) + c(a+ 2b) < Gs: ah oF ats 5) 

[a(b + 2c) + b(c + 2a) + c(a + 26)], 

which yields our desired inequality upon division by the (positive) expres- 

sion a(b + 2c) + b(c + 2a) + c(a + 26). 

Problem 2 Let ABC be a nonisosceles acute triangle with altitudes 

AD, BE, and CF. Let & be the line through D parallel to line EF. 
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> SS ay —— 

Let P =BC 0 EF, Q = £n AC, and R = £n AB. Prove that the 

circumcircle of triangle PQR passes through the midpoint of BC. 

Solution. Let M be the midpoint of BC. Without loss of generality we 

may assume that AB > AC. Then the order of the points in question on 

line BC is B, M, D, C, P. Because ZBEC = ZBFC = 90°, BCEF 

is cyclic so that ZQCB = 180° — ZBCE = ZEFB = ZQRB. Thus 

RCQB is cyclic as well and 

DB: DE=DGQ =D: 

Quadrilateral MM RPQ is cyclic if and only if DM -DP = DQ: DR, 

so it remains to prove that DB: DC = DP. DM. Because the points 

B,C, E, F are concyclic, we have PB:PC = PE-PF. The circumcircle 

of triangle DEF (the so-called nine-point circle of triangle ABC) also 

passes through the midpoints of the sides of triangle ABC, which implies 

that PE - PF = PD-PM. Comparing both equalities shows that 

PB-FrC = FD: PM. Denoung Mb = MC San Mii =e ae 

the last equality reads (p+ u)(p— u) = (p—d)p = w=dp <— 

(u+d)(u—d) =(p—d)d — > DB-DC = DP. DM. This completes 

the proof. 

Problem 3 Find all positive integers k for which there exists a ten- 

element set M of positive numbers such that there are exactly k different 

triangles whose side lengths are three (not necessarily distinct) elements 

of M. (Triangles are considered different if they are not congruent.) 

Solution. Given any 10-element set M of positive integers, there are 

exactly ("?) triples x,y,z (a < y < z) chosen from the numbers in M. 
Hence, k < ies = 220. On the other hand, for each of the Cs) pairs x, y 

from M (with x < y) we can form the triangle with side lengths 2, y, y. 

Hence, k > ie) = 55. Then applying the following lemma, the possible 

values of & are then 55, 56,... , 220. 

Lemma. Suppose we have some positive integers n and k, with 

Pr’) ses ("5") 
Then there exists an n-element set M of positive numbers, such that 
there are exactly k triangles whose side lengths are three (not necessarily 
distinct) elements of M. 
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Furthermore, there exists an n-element set S, with numbers x1 < x < 

-++ < Xp such that x, < 2x1 and such that all the ota pairwise sums 

Gree, AS CR 1) 

are distinct. Exactly (a) triangles can be formed from the elements of 

Sn 

Proof: | We prove the claim by induction on n; it clearly holds for 

n = 1. Now suppose the claim is true for n and that eg <ikyS Co, 

If ("37) < k < (“4”) + (n +1), then first find the n-element set 
M' = {x1,%2,...,2£n} from which exactly k — (n + 1) triangles can be 

formed. Choose 2,41; > 2-max{M’}, and write M = M’U {ay41}. 

Then exactly k triangles can be formed from the elements of M: k—(n+1) 

triangles from {21,22,...,2,,}, and an additional n +1 triangles with side 

leneihs 2.27735 nore = Lee ant 1. 

Otherwise k = ("37) +n+1+4, where g € {1,2,...,("3")}. To 

the set S,, described in the lemma, add an element x,,,; which is greater 

than x,, but smaller than precisely g of the ("3") 
from S,. This gives a set M from which exactly k triangles can be 

formed: (a) triangles from {71,22,...,%n}, 2 +1 additional triangles 

with side lengths 2;,%n+41,%n+41, and exactly g more triangles with side 

lengths 7;,2%;,%n+41 (where 4,7 #n-+ 1). 

None of the numbers xz; + 2,41 equals any of the original pairwise 

sums. Thus we can construct S;,,,1, completing the proof of the lemma. m 

original pairwise sums 

Problem 4 _ Find all positive integers k for which the following assertion 

holds: if F(a) is a polynomial with integer coefficients which satisfies 

0< F(c)-< k for all ce {0,1,...,4 +1}, then 

F(0) = F(1) =--: = F(k+1). 

Solution. The claim is false for k < 4 — we have the counterexamples 

Fig = 22 — 2) tor k >71, F@) = 238 = 2) for ky= 2, and 

F(x) = «(4 —2)(x — 2)? for k = 3. 
Now suppose k > 4 is fixed and that F(x) has the described property. 

First of all F(k +1) — F(0) = 0, because it is a multiple of k + 1 whose 

absolute value is at most k. Hence F(x) — F(0) = x(x — k — 1)G(za), 

where G(x) is another polynomial with integer coefficients. Then we have 

k > |F(c) — F(0)| = c(k+1-c)|G(o)| 
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for each c= 1,2,...,k. If 2<c< k-—1 (such numbers c exist because 

k > 4) then 

Uke t=) = lke Dae Nh ale) Oe 

which in view of our first inequality means that |G(c)| < 1 => G(c) = 0. 

Thus 2,3,...,k — 1 are roots of the polynomial G(x), so 

F(x) — F(0) = 2(z — 2)(x —3)---(«-k+1)(2 -k—-1)H(z), 

where H(z) is again a polynomial with integer coefficients. It remains 

to explain why H(1) = H(k) = 0. This is easy: both values c = 1 

and c = k satisfy k > |F(c) — F(0)| = (k — 2)!-k- |H(c)|. Because 

(k — 2)! > 1, we must have H(1) = H(k) =0. 

Problem 5 Find all functions f : (1,00) — R such that 

f(z) — fy) = Y — £)F (xy) 

for all x,y > 1. 

Solution. For every t > 1 we use the equation in turn for (x, y) = (t, 2), 

(t,4) and (2¢, 2): 

f(t) — f(2) = (2-4) f(2t), 

f(t) — F(A) = (4-2) f (42), 

f(2t) — f(2) = (2 — 2t) f(4t). 

We eliminate f(t) by subtracting the second equation from the first, and 

then substitute for f(2t) from the third. This yields the equality 

(4) + (t — 3) f(2) = t(2t — 5) f(4t) 

for any t > 1. Taking t= 5 we get f(4) = $f(2), and feeding this back 

gives 
5 

(: - 3) f (2) = t(2t — 5) f(4t). 

It follows that for any t > 1, t 4 2, 

f(2) 4t) = —— 

so by the middle of the three equations in the beginning of this solution 
we obtain 

Fi) =F) + (4 OF(40) = 5412) + SPO) _ 200) 
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This formula for f(t) holds even for t = 3, as can now be checked 

directly by applying the original equation to x = . and y = 2 (and using 

7; (>) eS 252), Setting c = 2f(2), we must have 

for all x. This function has the required property for any choice of the 

real constant c. 

Problem 6 Show that for any positive integer n > 3, the least common 

multiple of the numbers 1, 2, ..., m is greater than ea 

al) ~" (is5u)) 
Hence it suffices to show that n- ({nxi) divides Icm(1, 2, ..., n). Using 

an argument involving prime factorizations, we will prove the more general 

assertion that for each k < n, Iem(n,n — 1,...,n — k) is divisible by 

n-(";)). 
Let k and n be fixed natural numbers with k < n, and let p < n 

be an arbitrary prime. Let p® be the highest power of p which divides 

Solution. For any n > 3 we have 

EC) El 

Icm(n,n—1,...,2—k), where p® | n—£ for some £. Then for each < a, 

we know that p’ | n—@. Thus exactly Fa of {n—£+1,n—£42,...,n} 

k—£ and exactly | =*| of {n—£—-1,n—0—2,...,n—k} are multiples of p’, 

so p’ divides Fa se | S| < | of the remaining k numbers — that 

is, at most the number of multiples of p between 1 and k. It follows that 
n(n—1)+:(n ore (dt Eel) (n- 0) Bt anOti ey n—-1 

p divides 1 - ( k WES 

times, so that indeed n- (a) [Iom(n,n —1,...,2—k). 
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5 Hungary-Israel Binational 

Mathematical Competition 

Individual Round 

Problem 1 Let S be the set of all partitions (a1,a2,...,@,) of the 

number 2000, where 1 < a; < ag <--: < ay and a; +a2+---+ap = 

2000. Compute the smallest value that k + a, attains over all such 

partitions. 

Solution. By the AM-GM inequality, 

k+azp > 2./kax > 2(V 2000) > 89. 

Because k + ax is an integer, it must be at least 90. 90 is indeed attainable, 

as k + a; = 90 for the partition (40, 40,---, 40). 
ee 

50 

Problem 2 Prove or disprove the following claim: For any positive 

integer k, there exists a positive integer n > 1 such that the binomial 

coefficient ("’) is divisible by k for any 1 <i << n—1. 

First Solution. The statement is false. To prove this, take k = 4 and 

assume by contradiction that there exists a positive integer n > 1 for which 

("") is divisible by 4 for every 1 < i <n—1. Then 

Nesytaieren yes (mod 4), 
1=1 

a contradiction. 

Second Solution. The claim is obviously true for k = 1; we prove that 

the set of positive integers k > 1 for which the claim holds is exactly 

the set of primes. First suppose that k is prime. Express n in base k, 

writing n = ng + n1k+-+-+mk™ where 0 < n9,71,...,%m <k—-1 

and n», #~ 0. Also suppose we have 1 < i < n-—1, and write 

t= to tink +--+ +%mk™ where 0 < i9,t1,...,im < k —1 (although 

perhaps 7,,, = 0). Lucas’s Theorem states that 

Ou ie. 
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liek thening sony 1 = Nyy = 0. Alsoy 1.1% Gri 1 's0 
that 7, = 0 but some other i; is nonzero. Then ("9") = 0, and indeed 

(") =0(mod k) for alll <i<n—1. 
Suppose instead that n # k™. If n,, > 1, then letting i = k™ <n we 

have (") = (mm)(1)(1)--- (1) = nm #0 (mod k). Otherwise, some other 
ny #0. Then setting i = njvk? <n we have (”) = (1)(1)---(1) =14 
0 (mod k). Therefore the claim holds for prime k exactly when n = k”. 

Now, suppose the claim holds for some & > 1 with the number n. If 

some prime p divides k, the claim must also hold for p with the number 

n. Thus n must equal a prime power p™ where m > 1. Then k = p” 

for some r > 1 as well, because if two primes p and gq divided k then n 

would equal a perfect power of both p and q, which is impossible. 

Choose i = p™~!. Kummer’s Theorem states that p* | (") if and only 

if t is less than or equal to the number of carries in the addition (n —7) +7 

in base p. There is only one such carry, between the p™~! and p™ places: 

irs 0.80 0 

cs Po OOS oe 0) 

1 ON ee 0) 

Thus, we must have r < 1 and & must be prime, as claimed. 

(Alternatively, for n = p™ and i = p™~! we have 
m—l_4 ‘ 

(") oy. ‘ II tres 
= ad m—1 = aise 

i escag j 

When j = 0 then Cae = p. Otherwise, 0 < j < p™~! so that 

if p’ < p’™! is the highest power of p dividing 7, then it is also the 

highest power of p dividing both p™ —j and p™~* — j. Therefore ae ear 

contributes one factor of p to (") when j = 0 and zero factors of p when 
3 > 0. Thus p? does not divide binomni, and hence again r < 1.) 

Problem 3. Let ABC be a non-equilateral triangle with its incircle 

touching BC, CA, and AB at Aj, Bj, and C}, respectively, and let H; be 

the orthocenter of triangle A; B,C,. Prove that H; is on the line passing 

through the incenter and circumcenter of triangle ABC. 

First Solution. Let w;, ,w2, and O be the incircle, incenter, circumcir- 

cle, and circumcenter of triangle ABC, respectively. Because I # QO, line 

IO is well defined. 
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Let T be the center of the homothety with positive ratio that sends w 

to wo and hence I to O. Also let Az, Bz, C2 be the midpoints of the arcs 

BC, CA, AB of wz not containing A, B,C, respectively. Because rays 

TA, and OAg, point in the same direction, T must send A, to A» and 

similarly B, to Bz and C; to C2. 

Also, because the measures of arcs AC and Aj Bz add up to 180°, we 

know that AAy L CoB. Similarly, BB, L Ca A>.and OO> AL As Be 

Because lines AAs, BB2,CC2 intersect at I, I is the orthocenter of 

triangle 42 B2C2. Hence I is the image of H; under the defined homothety. 

Therefore, IT, H,,J are collinear. From before, T,J,O are collinear. It 

follows that H,,J,O are collinear, as desired. 

Second Solution. Define w ,J,w2, and O as before. Let w3 be the 

nine-point circle of triangle A; B,C}, and let S be its center. Because I 

is the circumcenter of triangle A; B,C), S is the midpoint of TH, and 

I, H;,S are collinear. 

Now invert the figure with respect to w;. The midpoints of A; Bj, 

B,C, CA, are mapped to C, A, B, and thus w3 is mapped to wa. Thus 

I, O, S are collinear. Hence J, H,, O, S are collinear, as desired. 

Problem 4 Given a set X, define 

X! send Gehl | sbE1X ss. th. 

Letus ‘= {12:55 2000} 5 <Considerstwotsets, Aue 35, such that 

|A||B| > 3999. Prove that A’ B’ 4 0. 

Solution. Consider al! |A|- |B] > 3999 sums, not necessarily distinct, 

of the form a + b where a € A, b € B. If both 2 and 4000 are of this 

form, then both A and B contain 1 and 2000 so that 2000 — 1 € A’M B’. 

Otherwise, each sum a + b takes on one of at most 3998 values either 

between 2 and 3999, or between 3 and 4000. Thus by the pigeonhole 

principle, two of our |A| - |B] sums a; + b and az + by are equal with 

a1,a9 € A, bi, b2 € B, and (a1, by) a (a2, be). Then a, ee a2 (because 

otherwise we would have b; = bz and (a1, b;) = (a2, b2)), and therefore 

A’ B’ is nonempty because it contains a; — ay = bo — by. 

Problem 5 Given an integer d, let 

S = {m? + dn? | m,ne€ Z}. 

Let p,q € S be such that p is a prime and r = - is an integer. Prove that 
Ther, 



1999 Regional Contests: Problems and Solutions 233 

Solution. Note that 

(x? + dy”)(u? + dv”) = (cu + dyv)? + d(xv $ yu). 

Write q = a” + db? and p = x + dy? for integers a,b, x,y. Reversing the 

above construction yields the desired result. Indeed, solving for wu and v 

after setting a = zu+ dyv,b = xv — yu and a= zu — dyv,b = xv + yu 

gives 

ax — dby ay + bx 
Ul Sea Wy == ; 

P p 
A Se tase 5 gee 

P p 
Note that 

(ay + bx) (ay — br) = (a? iy db”)y? oft (a? fp dy?)b? 

=0 (mod p). 

Hence p divides one of ay + bx,ay — bx so that one of v1,v2 is an 

integer. Without loss of generality, assume that v; is an integer. Because 

r = uz +dv? is an integer and uy is rational, wu, is an integer as well and 

r € S, as desired. 

Problem 6 Let & and ¢ be two given positive integers, and let a;;, 

1<i<kandl1 <j < @, be ké given positive numbers. Prove that 

if gq > p> 0 then 

‘ty RB 
£ k ‘ k e q 
S S Pp ye q 

1 j=l NKe=1 a= gi 

spa 

all [ 

First Solution. Define b; = Sar a, for j.=-1j25.0.,96, and.denote 

the left-hand side of the required inequality by L and its right-hand side 

by R. Then 
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Using Holder’s inequality it follows that 

La | is} 
of 

= 7L9-P RP. I| bel: oS Seg ho 
Q 
Sk 

The inequality L < R follows by dividing both sides of L? < L¢-? R? by 

L%~” and taking the p-th root. 

Second Solution. Let r = = a= ay. Then r > 1, and the given 

inequality is equivalent to the following inequality: 

“s (S.,) . es 1 
k £ ee 

je i=l a=) 

Ci 

ot 

We shall prove this inequality by induction on k. For k = 1, we have 

equality. For k = 2, the inequality becomes Minkowski’s inequality. 

Suppose that k > 3 and the inequality holds for k — 1. Then by the 

induction assumption for k — 1 we have 

z Hl re 
k-1 e G £ is £ k-1 4 NWO e 

r » r . 5 S a 

j=1 i=1 \j=1 j=l j=1 \i=1 

i 
fe 

Using Minkowski’s inequality with ¢); = wits Cij, Coj = Ckj, we have 

2 /k-1 r\ 7 e r e k r\ 7 

Ye (2 «:) ar Docks = iS (>: cs) 5 

completing the inductive step. 

Team Round 

Problem 1 Let ABC be a triangle and let P; be a point inside triangle 
ABC. 
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(a) Prove that the lines obtained by reflecting lines P, A, P,B, P,C 

through the angle bisectors of ZA, 7B, ZC, respectively, meet at 
a common point P . 

(b) Let A;, By, Cy be the feet of the perpendiculars from P, to sides 

BC, CA and AB, respectively. Let Ao, Bo, C2 be the feet of the 

perpendiculars from P2 to sides BC, C/A and AB, respectively. Prove 

that these six points A,, By, Ci, Az, Bo, C2 lie on a circle. 

Solution. (a) By the trigonometric form of Ceva’s Theorem, we have 

sin ZABP, sin ZBCP, sin ZC AP, x 

sin ZP,BC sin ZP,C Asin ZP, AB 

Now suppose that the given reflections of lines P; A, P; B, P;C meet sides 

BC,CA, AB at points D, E, F,, respectively. Then ZABE = ZP,BC, 

ZEBC = ZABP,, and so on. Thus 

sin ZEBC'sinZFCAsinZDAB _ 

sinZBCF sin ZCADsinZABE — 
as well. Therefore, again by the trigonometric form of Ceva’s Theorem, 

the three new lines also concur. 

(b) Note that P}A,;CB, and P,A2C'B, are both cyclic quadrilaterals 

because they each have two right angles opposite each other. Because 

ZP,CB, = ZAoC'P2, we have 2B, P,C = ZC P Az, and, by the previ- 

ous statement, that implies 7B, A,C = ZC B2Ab2, whence Aj, Ag, By, Bo 

are concyclic. For similar reasons, A, Az, Ci, C2 are concyclic. Then 

all six points A,, By, C,, Az, Bz, C2 must be concyclic, or else the radical 

axes of circles A, Ao B, Bo, By BoC ,Co, CyC2A,Az2 would not concur, 

contradicting the radical axis theorem. 

1 

Problem 2 An ant is walking inside the region bounded by the curve 

whose equation is x? + y? + zy = 6. Its path is formed by straight 

segments parallel to the coordinate axes. It starts at an arbitrary point on 

the curve and takes off inside the region. When reaching the boundary, it 

turns by 90° and continues its walk inside the region. When arriving at 

a point on the boundary which it has already visited, or where it cannot 

continue its walk according to the given rule, the ant stops. Prove that, 

sooner or later, and regardless of the starting point, the ant will stop. 

First Solution. If the ant moves from (a,b) to (c,), then a and c are 

the roots to f(t) = t? +bt +b? —6. Thus c = —a—b. Similarly, if the ant 

moves from (a, 6) in a direction parallel to the y-axis, it meets the curve 

at (a, —a — 6). 
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Let (a,b) be the starting point of the ant, and assume that the ant starts 

walking in a direction parallel to the z-axis; the case when it starts walking 

parallel to the y-axis is analogous. If after five moves the ant is still 

walking, then it will return to its original position after six moves: 

(a,b) — (-a — b,b) — (—a — b, a) — (0, a) 

— (b, -a — b) > (a, —a — b) — (a, }). 

Therefore, the ant stops moving after at most six steps. 

Second Solution. Rotate the curve by 45°, where (x,y) is on our new 

curve C; when 5 (x — y,x + y) is on the original curve. The equation 

of the image of the curve under the rotation is 

Bat +y? iil 2: 

Hence the curve is an ellipse, while the new directions of the ant’s motion 

are inclined by +45° with respect to the x-axis. Next apply an affine 

transformation so that (a, y) is on our new curve C2 when (2, V/3y) is on 

C,. The ant’s curve then becomes 

a? +y* =4, 

a circle with radius 2, and the directions of the ant’s paths are now inclined 

by +30° with respect to the x-axis. 

Thus if the ant moves from P; to P: to P3, then ZP; P>P3 will either 

equal 0°, 60°, or 120°. Hence, as long as the ant continues moving, every 

two moves it travels to the other end of an arc measuring 0°, 120°, or 

240° along the circle. Therefore after at most six moves, he must return 

to a position he visited earlier. 

Problem 3 

(a) In the plane, we are given a circle w with unknown center, and an 

arbitrary point P. Is it possible to construct, using only a straightedge, 

the line through P and the center of the circle? 

(b) In the plane, we are given a circle w with unknown center, and a point 
( on the circle. Construct the tangent to w at the point Q, using only 
a straightedge. 

(c) In the plane, we are given two circles w; and w2 with unknown centers. 

Construct, with a straightedge only, the line through their centers when: 

(i) the two circles intersect; 
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(ii) the two circles touch each other, and their point of contact TJ’ is 
marked; 

Solution. (a) It is not possible. First we prove that given a circle with 
unknown center O, it is impossible to construct its center using only a 
straightedge. Assume by contradiction that this construction is possible. 
Perform a projective transformation on the figure, taking O to O! and w to 

another circle w’. The drawn lines remain lines, and thus they still yield 

the point O’. On the other hand, those lines compose a construction which 

gives the center of w’. However, O is not mapped to the center of w’, a 

contradiction. 

Then the described construction must also be impossible. Otherwise, 

given a circle w with unknown center O, we could mark a point P; and 

draw the line P;,O, and then mark another point P2 not on line P,;O and 

draw the line P,O. The intersection of these lines would yield O, which 

is impossible from above. 

(b) Given a point A not on w, suppose line @; passes through A and hits 

w at B, and Cj, and suppose another line £2 also passes through A and 

hits w at By and C2. The line connecting By By NC C2 and ByC2NC) Be 

is the pole of A with respect to w. Conversely, given any line @ we can 

pick two points on it that are not on w, and construct the poles of these 

two points. If 2 passes through the center of w then these two poles are 

parallel; otherwise, they intersect at the polar of @. 

Now given w and Q, mark another point R on the circle and then 

construct the polar T' of line QR. (If the polar is the point at infinity, pick 

another point for R.) Then line T’Q is the pole of @ — and this pole is 

tangent to w at Q. Hence line QT is our desired line. 

(c) (i) Draw the lines tangent to w; at P and Q. They intersect at a 

point X,, which by symmetry must lie on our desired line. Next draw the 

lines tangent to w2 at P and Q. They also intersect at a point X92 that lies 

on our desired line. Thus line X,X 2 passes through both circles’ centers, 

as desired. 

(ii) Lemma. Suppose we have a trapezoid ABCD with AB || CD. 

Suppose that lines AD and BC intersect at M and that lines AC and 

BD intersect at N. Then line MN passes through the midpoints of AB 

and CD. 

Proof. Without loss of generality suppose that M is on the same side 

of line CD as A and B. Let line MN intersect CD at P. By Ceva’s 

theorem in triangle IM DC applied to the cevians passing through NV, we 
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me DA MB CP _ 
AM BC LPD, 

Triangles MAB and MDC are similar, so = = —. Hence 45 = 1, 

as desired. | 

Now construct a line through T intersecting w; at A and we at C. 

Construct a different line through T' hitting w, at B and wg at D. Under 

the homothety about 7 that maps w; to w2, segment AB gets mapped to 

segment CD. Thus, AB || CD. If lines AD and BC are parallel, pick 

different A and C; otherwise, using the construction in the lemma we can 

find the midpoint F', of CD. Next, from the construction described in part 

(b), we can find the polar F» of line C'D. Then line FF) passes through 

the center O2 of wo. 

Similarly, we can find a different line G,G2 passing through O2. Hence 

Oz is the intersection of lines FF) and G;G2. We can likewise find the 

center O, of w 1; then drawing the line O;O2, we are done. 



1999 Regional Contests: Problems and Solutions 239 

6 Iberoamerican Mathematical Olympiad 

Problem 1 Find all positive integers n less than 1000 such that n? is 
equal to the cube of the sum of n’s digits. 

Solution. In order for n? to be a cube, n must be a cube itself. Because 

nm < 1000 we must have n = 1°,23,..., or 9. Quick checks show 

that nm = 1 and n = 27 work while n = 8,64, and 125 don’t. As for 

n > 6? = 216, we have n? > 6° > 273. However, the sum of n’s digits is 

at most 9 + 9 + 9 = 27, implying that no n > 6° has the desired property. 

Thus n = 1, 27 are the only answers. 

Problem 2 Given two circles w; and we, we say that w; bisects we if 

they intersect and their common chord is a diameter of wo. (If w and 

Ww are identical, we still say that they bisect each other.) Consider two 

non-concentric fixed circles w, and wy». 

(a) Show that there are infinitely many circles w that bisect both w, and 

W9. 

(b) Find the locus of the center of w. 

Solution. Suppose we have any circle w with center O and radius r. 

Then we show that given any point P, there is a unique circle centered at 

P bisecting w, AND that the radius of this circle is Vr? + OP?. IfO =P 

the claim is obvious. Otherwise, let AB be the diameter perpendicular to 

OP, so that PA = PB = Vr? + OP?. 

Because PA = PB, there is a circle centered at P and passing through 

both A and B. This circle indeed bisects w. Conversely, if circle [ 

centered at P bisects w along diameter A’B’, then both O and P lie 

on the perpendicular bisector of A’B’. Thus A’B’ | OP, and we must 

have AB = A’B’ and hence indeed 

PA! = PB’ = PA= PB = v/r? + OP?. 

Now back to the original problem. Set up a coordinate system where w 

is centered at the origin O, = (0, 0) with radius r;, and wy is centered at 

O» = (a, 0) with radius ra. Given any point P = (z, y), the circle centered 

at P bisecting w, is the same as the circle centered at P bisecting we if 

and only if \/r? + O, P? = \/r5 + O2P?; that is, if and only if 

rite ty =p t (ea) ty" 
te Jax = re — ri +a’. 
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Therefore given any point P along the line 

_ rr +e? 
st 2a 

some circle w centered at P bisects both w,; and w2. Because there are 

infinitely many such points, there are infinitely many such circles. 

Conversely, from above if w does bisect both circles then it must be 

centered at a point on the given line — which is a line perpendicular to 

the line passing through the centers of w, and w. In fact, recall that the 

radical axis of w; and we is the line 2a(a — x) = r3 — r? +a”. Therefore 

the desired locus is the radical axis of w,; and we, reflected across the 

perpendicular bisector of the segment joining the centers of the circles. 

Problem 3 Let P;, Po,...,P, (n > 2) be n distinct collinear points. 

Circles with diameter P;P; (1 <7 <j <n) are drawn and each circle is 

colored in one of & given colors. All points that belong to more than one 

circle are not colored. Such a configuration is called a (n,k)-cover. For 

any given k, find all m such that for any (n, k)-cover there exist two lines 

externally tangent to two circles of the same color. 

Solution. Without loss of generality label the points so that P;, Po,..., Pr 

lie on the line in that order from left to right. If n < k + 1 points, then 

color any circle P;P; (1 <7 <j <n) with the i-th color. Then any two 

circles sharing the same 7-th color are internally tangent at P;, so there do 

not exist two lines externally tangent to them. 

However, if n > k+2 then some two of the circles with diameters P; P2, 

P2P3,..., Pr4iPre+2 must have the same color. Then there do exist two 

lines externally tangent to them. Therefore the solution is n > k + 2. 

Problem 4 Let n be an integer greater than 10 such that each of its digits 

belongs to the set S = {1,3,7,9}. Prove that n has some prime divisor 

greater than or equal to 11. 

Solution. Note that any product of any two numbers from {1,3, 7,9} 

taken modulo 20 is still in {1,3,7,9}. Therefore any finite product of 

such numbers is still in this set. Specifically, any number of the form 377° 

is congruent to 1,3, 7, or 9 (mod 20). 

Now if all the digits of n > 10 are in S, then its tens digit is odd and 

we cannot have n = 1,3,7, or 9 (mod 20). Thus, n cannot be of the form 
3/7". Nor can n be divisible by 2 or 5 (otherwise, its last digit would not 
be 1, 3, 7, or 9). Hence n must be divisible by some prime greater than 
or equal to 11, as desired. 
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Problem 5 Let ABC be an acute triangle with circumcircle w centered 
at O. Let AD, BE, and CF be the altitudes of ABC. Let line EF meet 

w at P and Q. 

(a) Prove that AO | PQ. 

(b) If M is the midpoint of BC, prove that 

AP? = 2AD-OM. 

Solution. Let H be the orthocenter of triangle ABC, so that AEH F, 

BFHD, CDHE are cyclic. Then 

AE Ve GAH T=! DH B S90" ZA BD 

= 90 — Ze BC =ZBCH = C, 

while ZOAF = ZOAB = 90° —C. Therefore AO | EF and thus 

AO | PQ, as desired. 

Let R be the circumradius of triangle ABC. Draw diameter AA’ 

perpendicular to PQ, intersecting PQ at T. Then 

AT = AF cos(90° — C’) = AF sinC = AC‘cos AsinC 

= 2Rcos Asin Bsind. 

By symmetry, PT = TQ. Thus by Power of a Point, PT? = PT -TQ = 

AT -TA' = AT(2R — AT). Thus 

AP? = AT? 2 PT? = AT" + AT(2R SAT)= QR AT 

= 4R? cos Asin BsinC. 

On the other hand, AD = AC sinC = 2Rsin BsinC, while OM = 

OC sin ZOCM = Rsin(90° — A) = Rcos A. Thus 

AP? = 4R? cos Asin BsinC = 2AD-OM, 

as desired. 

Problem 6 Let AB be a segment and C’ a point on its perpendicular 

bisector. Construct C1,C2,...,Cn,... aS follows: C; = C, and for 

n > 1, if C, is not on AB, then Cy+1 is the circumcenter of triangle 

ABC,,. Find all points C’ such that the sequence {C;,}n>1 is well defined 

for all n and such that the sequence eventually becomes periodic. 

Solution. All angles are directed modulo 180° unless otherwise indi- 

cated. Then C;,, is uniquely determined by 6,, = ZAC,,B. Furthermore, 



242 Iberoamerican Mathematical Olympiad 

we have 0,41 = 26, for all n. For this to be eventually periodic we must 

have 0541 = 0,41 or 230, = 2"0, for some j,k; that is, 180° must divide 

(2* —27)6 for some k and (not using directed angles) 180°-r = (2*—27)6, 
for some integers p, k. 

Therefore 6, = 180° - 5-45; must be a rational multiple : - 180° 

with p,q relatively prime. Also, if g = 2” for some integer m then 

6n41 = 180° - p = 180°, which we cannot have. Thus g must also 

not be a power of two. 

Conversely, suppose we have such an angle 2 - 180° where p,q are 

relatively prime and q is not a power of 2. First, the sequence of points is 

well-defined because fe will always have a nontrivial odd divisor in its 

denominator. Thus it will never be an integer and 0,41 = ne - 180° will 

never equal 180°. 

Next write q = 2/t for odd t, and let k = $(t)+j. Because t | 2° —1 
we have 

Ora = 2 = 20045, : 180° — 2%C) . = -180° = . - 180°, 

while 

Oy =). 1805 = 2 ete. 
q t 

Thus 6;41 = 0441, so the sequence is indeed periodic. 

Therefore the set of valid points C is all points C' such that 7AC'B (no 

longer directed) equals ‘ - 180° for relatively prime positive integers p, gq, 

where q is not a power of 2. 
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7 Olimpiada Matematica del Cono Sur 

Problem 1 Find the smallest positive integer n such that the 73 fractions 

A 4 $922? 57 23 a ie 03 

are all irreducible. 

Solution. Note that the difference between the numerator and denomi- 

nator of each fraction is n + 2. Then n + 2 must be relatively prime to 

each of the integers from 19 to 91. Because this list contains a multiple of 

each prime p less than or equal to 91, n + 2 must only have prime factors 

greater than 91. The smallest such number is 97, so n = 95. 

Problem 2. Let ABC be a triangle with 7A = 90°. Construct point P 

on BC such that if Q is the foot of the perpendicular from P to AC then 

POt= PB IPC! 

Solution. Draw D on ray AB such that AB = BD, and draw E 

on ray AC such that AC = CE. Next draw F on DE such that 
ZFBD = ZBCA. Finally, draw the line through F’ perpendicular to 

AC. We claim that this line intersects BC and AC at our desired points 

P and Q. 

Because BD || FQ, we have 72BFQ = ZF BD = ZBCA = ZBCQ. 

Hence BF'CQ is cyclic. Furthermore, because BD = BA and DA || F'Q, 

we have PF’ = PQ. Thus by Power of a Point, we have PB. PC = 

PF - PQ = PQ?, as desired. 

Problem 3 There are 1999 balls in a row. Each ball is colored either 

red or blue. Underneath each ball we write a number equal to the sum of 

the number of red balls to its right and blue balls to its left. Exactly three 

numbers each appear on an odd number of balls; determine these three 

numbers. 

Solution. Call of a coloring of 4n — 1 good if exactly 3 numbers each 

appear on an odd number of balls. We claim that these three numbers 

will then be 2n — 2, 2n — 1, and 2n. Let bj,b2,... represent the ball 

colors (either B or R), and let x1, 72,... represent the numbers under the 

respective balls. Then x%41—2%_ = 1 if by = be41 = B; Cpa -2,h = 1 

if by = by41 = R; and x, = p41 if by A dey1. Now, when n = 1, the 

only good colorings are RRR and BBB, which both satisfy the claim. 
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For the sake of contradiction, let 9 > 1 be the least n for which the claim 

no longer holds. Now, let a couple be a pair of adjacent, different-colored 

balls. For our coloring of no balls, one of the following cases is true: 

(i) There exist two or more disjoint couples in the coloring. Removing 

the two couples decreases all the other x; by exactly 2, while the 

numbers originally on the four removed balls are removed in pairs. 

Thus we have constructed a good coloring of 4(n9 — 1) — 1 balls for 

which the claim does not hold, a contradiction. 

(ii) The balls are colored RR:--RBRR--:R or BB---BRBB.--B. 

Then {z;} is a nondecreasing series, with equality only under the balls 

BRB or RBR. Then (4no — 1) — 2 numbers appear an odd number 

of times, but this cannot equal 3. 

(iii) There exists exactly one couple in the coloring. Suppose, without 

loss of generality, that we have a string of m blue balls followed by a 

string of n red balls. It is trivial to check that m and n cannot equal 

1. Then by removing the final two blue balls and the first two red 

balls, we construct an impossible coloring of 4(mo — 1) — 1 balls as 

in case (i). 

(iv) All the balls are of the same color. We then have 4no — 1 > 3 distinct 

numbers, a contradiction. 

Thus, all good colorings satisfy our claim. Specifically, for no = 500, 

we find that the three numbers must be 998, 999, and 1000. 

Problem 4 Let A be a number with six digits, three of which are colored 

and are equal to 1, 2,4. Prove that it is always possible to obtain a multiple 

of 7 by doing one of the following: 

(1) eliminate the three colored numbers; 

(2) write the digits of A in a different order. 

Solution. Note that modulo 7, the six numbers 421, 142, 241, 214, 124, 

412 are congruent to 1, 2, 3, 4, 5, 6, respectively. Let the other digits 
besides 1, 2, and 4 be a, y, and z, appearing in that order from left to 
right. If the 3-digit number xyz is divisible by 7, we may eliminate the 
three colored numbers. If not, the 6-digit number 2yz000 is also not 
divisible by 7, and we may add the appropriate permutation abc of 124 to 
xyz000 to make xyzabe divisible by 7. 
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Problem 5 Consider a square of side length 1. Let S' be a set of finitely 
many points on the sides of the square. Prove that there is a vertex of the 
Square such that the arithmetic mean of the squares of the distances from 

the vertex to all the points in S$ is no less than 3. 

Solution. Let the four vertices of the square be Vj, Vo, V3, and V4, and 

let the set of points be {P,, P2,..., P,}. For a given P,, we may assume 

without loss of generality that P;, lies on side Vi; V2. Writing x = P,V,, 

we have 

4 Nee 

So PeVP = 2? +(1—-a)?+(1+27)+(14+(1-2)*) = € " 5) etre 8: 
t=1 

Hence S~*_, DeLee = 3n,.08 

Thus the average of + Si PV; (for i = 1, 2, 3, 4) is at least 2. Hence if 

we select the V; for which 4 ae P;V,? is maximized, we are guaranteed 

it will be at least 3. 

Problem 6 An ant crosses a circular disc of radius r and it advances in a 

straight line, but sometimes it stops. Whenever it stops, it turns 60°, each 

time in the opposite direction. (If the last time it turned 60° clockwise, ihis 

time it will turn 60° counterclockwise, and vice versa.) Find the maximum 

length of the ant’s path. 

Solution. Suppose the ant begins its path at Po, stops at P;, Po, ..., 

P,,_; and ends at P,,. Note that all the segments P 2; P2;41 are parallel to 

each other and that all the segments P2;+1P2;2 are parallel to each other. 

We may then translate all the segments so as to form two segments P5Q 

and QP,, where ZP9QP, = 120°. Then PoP, < 2r, and the length of 

the initial path is equal to PypQ + QP,. Let PoP, = c, PoQ = a, and 

OF,, =10,, [hen 

il 
(2r)? > c? =a? +b? +ab= (a+b)? —ab> (a + 6) — F(a +b)’, 

so ar > a+b with equality if and only if a = b. The maximum is 

therefore ar. This maximum can be attained with the path where PoP, 

is a diameter of the circle, and PoP, = Pi P2 = Rr 
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8 St. Petersburg City 

Mathematical Olympiad (Russia) 

Problem 9.1. Let xp > 21 >---: > Zn be real numbers. Prove that 

1 il 
ar + +++ + ———— > &p + 2n. 

LQ — X14 1 — XQ In—-1 — Ln 
G5) ae 

Solution. For i = 0,1,...,n —1, we have x; — x;41 > 0. Thus, by the 

AM-GM inequality, 

1 
Li — Li oe ( diy) (x; ah B41) 

Adding up these inequalities for i = 0,1,...,—1 gives the desired result. 

Problem 9.2 Let f(x) = x? + ax + b be a quadratic trinomial with 
integral coefficients and |b| < 800. It is known also that f(120) is prime. 

Prove that f(x) = 0 has no integer roots. 

Solution. Suppose, by way of contradiction, that f(a) had an integer 

root r;. Writing f(z) = (x —1r1)(a — 2), we see that its other root must 

be rg = —a — 1}, also an integer. 

Because f (120) = (120 —1,)(120—r2) is prime, one of |120—7,| and 

|120 — r2| equals 1, and the other equals some prime p. 

Without loss of generality, assume that |120 — r;| = 1. Then r; = 119 

or 121, and |r;| > 119. Also, |120 — rg| is a prime, but the numbers 

114,115,...,126 are all composite: 119 = 7-17, and all the other 

numbers are clearly divisible by 2, 3, 5, or 11. Therefore |r2| > 7, and 

|b] = |ryr2| > |119- 7| > 800, a contradiction. 

Problem 9.3 The vertices of a regular n-gon (n > 3) are labelled with 

distinct integers from {1,2,...,n}. For any three vertices A, B, C’ with 

AB = AC, the number at A is either larger than the numbers at B and 

C, or less than both of them. Find all possible values of n. 

Solution. Suppose that n = 2*°t, where t > 3 is odd. Look at the 

regular ¢-gon P; ---P, formed by every 2°-th point. In this t-gon, some 

vertex A has the second-smallest number, and some vertex B has the 

smallest number. Because t is odd, there must be a third vertex C’ with 

1 Problems are numbered as they appeared in the contests. Problems that appeared more 
than once in the contests are only printed once in this book. 
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AB = AC. Then the number at C must also be smaller than A’s number 
— a contradiction. 

Alternatively, if P, has a bigger number than P; and P», then P has a 

smaller number than P3, P3 has a bigger number than P,, and so on around 

the circle — so that Pj has a bigger number than P,, a contradiction. 

Now we prove by induction on s > 0 that we can satisfy the conditions 

for n = 2°. For s = 1, label the single point 1. For the inductive step, 

note that if we can label a regular 2*-gon with the numbers aj,..., a9: 

in that order, then we can label a regular 2*°+1-gon with the numbers 

Q1, 01 + 2°, a2, a2 + 2°,...,@95,a2s + 2°, as desired. 

(Alternatively, when n = 2° one could label the vertices as follows. For 

7=1,2,...,2°, reverse each digit of the s-bit binary expansion of i — 1 

and then add | to the result. Label the i-th vertex with this number.) 

Problem 9.4 Points A;, B,, C, are chosen on the sides BC,CA, AB 

of an isosceles triangle ABC’ (AB = BC). It is known that Z7BC) A, = 

ZCA,B, = ZA. Let BB, and CC, meet at P. Prove that AB, PC, is 

cyclic. 

Solution. All angles are directed modulo 180°. 

Let the circumcircles of triangles AB,C; and A,B,C intersect at P’, 

so that AB, P’C, and CB,P’ A, are cyclic. Then 

UP C= (180 — ZC; P Bi) (180) — 2 BPA) 

= ZB AC 4 Ai CBs LCAB +2 BOA 

= 180° — ZABC 

= 180° — ZC; BA, 

so BA,P’C, is cyclic as well. 

Now, ZBC,A; = ZA = ZC implies that ABC, A; ~ ABCA, so 

BC,-BA = BA,-BC. Thus B has equal power with respect to the 

circumcircles of triangles AB,C; and A,B,C, so it lies on their radical 

axis Dil’. 

Similarly, ZC.A,B, = ZA implies that AABC ~ AA, B,C, so 

CA-CB, = CB-CA,. Thus C has equal power with respect to the 

circumcircles of triangles B,; AC; and A;BC}, so it lies on their radical 

axis C, RP’. 

Then P’ lies on both line CC, and line BB,, so it must equal P. 

Therefore AB, PC; is indeed cyclic, as desired. 
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Problem 9.5 Find the set of possible values of the expression 

feu2= {—*“ —}. LO + Ue ee 

for positive integers x,y,z. Here {x} = x — |x| is the fractional part of 

a 

Solution. Clearly f(a, y, z) must be a nonnegative rational number below 

1. We claim all such numbers are in the range of f. Suppose we have 

nonnegative integers p and g with p < q, and let x; = y; = 2(q — 1) and 

oy = il, Ine 

A(g al) soap eel 
fees ces za er 

Oe fess: LYZ . . 

Writing X = Gaituries nouce that for any nonzero integer k we have 

f(ka, ky, kz) = {kX }={k|X] +k{X}}={k- f(z,y,2)}. 

Then f (p(q—1)-21,p(g-1)-%,p(q—1)- 2) = Z, so every nonneg- 
ative rational E < 1 is indeed in the range of f. 

Problem 9.6 Let AL be the angle bisector of triangle ABC. Parallel 

lines £; and £2 equidistant from A are drawn through B and C respectively. 

Points M and N are chosen on ¢; and é2 respectively such that lines 

AB and AC meet lines LM and LN at the midpoints of LM and LN 

respectively. Prove that LM = LN. 

Solution. Let A,B,C also represent the angles at those points in trian- 

gle ABC. 

Let line @ pass through A perpendicular to AL. Next, draw M’ and N’ 

on Gso.ithat ZALM' = ZALN = - (with MM’ and N’ on the same sides 

of line AL as B and C, respectively). Finally, let 2 hit 2; at Q. 

We claim that MM’ lies on @;. Orient the figure so that @; and @ are 

vertical, and let r = ZQBA. Note that AM’ = ALtanZALM’ = 

AL tan 4, so the horizontal distance between A and M’ is 

AM'sin(180° — ZAQB) = AL tan 5 -sin(ZQBA + ZBAQ) 

A 
= AL tan > sin (2 +90° = 5) 

A A = ALtan—-cos({— 2). ee) cos (3 c) 
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On the other hand, the horizontal distance between A and f, is ABsinz. 

Thus we need only prove that 

AB sinz = AL tan 4 - COS (5 -x) i 

By the law of sines on triangle ABL, we know that AL sin (4 4 B) = 

AB sin B. Hence we must prove 

“Niel fg 
sin (5 + B) -sin gx sin B - Pas cos (Mee a8 

2 2 

—— sin a 
D, 

sin B sin 5 +s ( — ) 
y) 2 

<=> (sin(A +B) +sin B) -sinz 

A 
+B): COS -sin zx 

I 

I sin B- (sin(A—«)+sinz) <=> sinC -sinz 

=sinB-sin(A—z) <=> ABsinz 

= AC sin(A — 2). 

ABsinz is the distance between A and ¢;, and AC sin(A — zx) is the 

distance between A and £2 — and these distances are equal. Therefore, 

M’ indeed lies on @). 

Now let lines 4B and LM’ intersect at P. Because ZLAP = ZPLA= 

4, AP is the median to the hypotenuse of right triangle M’ AL. Thus line 

AB hits the midpoint of LM’, so M = M’. 

Similarly, MN. =JN"« «Therefore, .ZLM Na=-90% = “ = ZLNM and 

LM = LN, as desired. 

Problem 9.7. A corner is the figure resulted by removing 1 unit square 

from a 2 x 2 square. Prove that the number of ways to cut a 998 x 999 

rectangle into corners, where two corners can form a 2 x 3 rectangle, does 

not exceed the number of ways to cut a 1998 x 2000 rectangle into corners, 

so that no two form a 2 x 3 rectangle. 

Solution. Take any tiling of a 998 x 999 rectangle with corners, and add 

a 2 x 999 block underneath also tiled with corners: 

TS) 
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Next, enlarge this 1000 x 999 board to twice its size, and replace each 

large corner by four normal-sized corners as follows: 

For each corner in the tiling of the 1000 x 999 board, none of the four 

new corners can be half of a 2 x 3 rectangle. Also, the “central” corners 

(like the one marked with x’s above) have the same orientations as the 

original corners tiling the 1000 x 999 rectangle. 

Thus, different tilings of a 998 x 999 rectangle turn into different tilings 

of a 2000 x 1998 board where no two corners form a 2 x 3 rectangle — 

which implies the desired result. 

Problem 9.8 A convex n—gon (n > 3) is divided into triangles by 

non-intersecting diagonals. Prove that one can mark n—1 segments among 

these diagonals and sides of the polygon so that no set of marked segments 

forms a closed polygon and no vertex belongs to exactly two segments. 

Solution. After we mark some segments, let the degree d(V) of a vertex 

V be the number of marked segments it is on. Also, we say we mark up 

a triangulated n-gon with respect to side AB if we mark n — 1 segments, 

no marked segments form a closed polygon, and none of the n — 2 vertices 

besides A and B have degree 2. 

Lemma. Given any triangulated convex n-gon (n > 3) and any two 

adjacent vertices A and B, we can mark up the n-gon with respect to 

side AB in three ways (i), (ii), (iii), each satisfying ihe corresponding 

condition from the following list: 

(i) AB is marked, and d(A) > 2. 

(ii) AB is marked, and d(A) # 2. 

(iii) (d(A), d(B)) A (1,1) or (2, 2). 
Proof For n = 3, given a triangle ABC we can mark sides AB and 

(i) AC, (ii) BC, and (iii) AC. Now suppose that n > 4 and that the 
claims are true for all smaller n; we prove that they are true for n as well. 

AB must be part of some triangle ABC of drawn segments. Then either 
(a) AC is a side of the polygon but BC is not; (b) BC is a side but AC 

is not; or (c) neither AC nor BC is a side. 
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(a) Let P be the (n — 1)-gon formed by the vertices not including A. 

(i) Apply (ii) to P so that d(C) # 2 and BC is marked; then unmark 

BC, and mark AC and AB. 

(ii) Apply (ii) to P so that d(C) 4 2 and BC is marked; then mark AB. 

(iii) Apply (i) to P so that d(B) > 2 and BC is marked. If aC) 2, 

then mark AB; otherwise mark AC. 

(b) Let P be the (mn — 1)-gon formed by the vertices besides B. 

(i) Apply (ii) to P so that d(C) 4 2 and AC is marked; then mark AB. 

(ii) Apply (ii) to P so that d(C) # 2 and AC is marked. If d(A) = 2, 
then mark AB; otherwise unmark AC and mark AB and BC. 

(111) Repeat the construction in (i). 

(c) Let P be the polygon formed by A, C, and the vertices in between 

(not on the same side of line AC as B); and let Q be the polygon formed 

by B, C, and the vertices in between (not on the same side of line BC as 

A). 

(i) Apply (i) to P and Q so that d(C) > 2+2 = 4 and AC, BC are 

marked; then unmark BC and mark AB. 

(ii) Apply (i) to P and Q so that d(C) > 2+2 = 4 and AC, BC are 
marked. If d(A) = 2, unmark BC and mark AB; otherwise, unmark 
AC and mark AB. 

(ii1) Repeat the construction in (ii). = 

Now to the main result. Because there are n > 4 sides but only n — 2 

triangles, some triangle contains two adjacent sides XY and Y Z. Let P 

be the (n — 1)-gon formed by the vertices not including Y, and apply (iii) 

to P and vertices X, Z. 

Then if d(X) or d(Z) equals 2, mark XY or YZ, respectively. 

Otherwise, if d(X) or d(Z) equals 1, mark YZ or XY, respectively. 

Otherwise, both d(X) and d(Z) are at least 3, and we can mark either 

XY or YZ to finish off. 

Problem 10.1 The sequence {z,,} of positive integers is formed by the 

following rule: 2; = 10°°° + 1, and for every n > 2, the number z,, is 

obtained from the number 11z,_; by rubbing out its first digit. Is the 

sequence bounded? 

Solution. If z,_1 has k digits, then zp; < 10* so that llz,_1 < 

11-10" = 1100...0. Thus if 11lz,_; has k + 2 digits, its first two digits 
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are 1 and 0. Rubbing out its first digit leaves x, with at most & digits. 

Otherwise, 11z,,_1 has at most k + 1 digits, and rubbing out its first digit 

still leaves x,, with at most k digits. Therefore the number of digits in 

each x,, is bounded, and the x, are bounded as well. 

Problem 10.2 Prove that any positive integer less than n! can be repre- 

sented as a sum of no more than n positive integer divisors of n!. 

Solution. Fix n, and write a, = - for-each ko. 152).2<97. Suppose 

we have some number m with a, < m < ay_, where 2 <k <n. Then 

consider the number d = az | |. We have 0 < m—d < ax; furthermore, 

because s = || < 1 = k, we know that - = * isan integer. Thus 
ak ak 8 

from m we can subtract d, a factor of n!, to obtain a number less than ax. 

Then if we start with any positive integer m < n! = aj, then by 

subtracting at most one factor of n! from m we can obtain an integer less 

than a2; by subtracting at most one more factor of n! we can obtain an 

integer less than a3; and so on, so that we can represent m as the sum of 

at most n — 1 positive integer divisors of n!. 

Problem 10.5 How many 10-digit numbers divisible by 66667 are there 

whose decimal representation contains only the digits 3, 4,5, and 6? 

Solution. Suppose that 66667n had 10 digits, all of which were 3, 4, 5, 

and 6. Then 

3333333333 < 66667n < 66666666666 = 50000 < n < 99999. 

Now consider the following cases: 

(i) nm =0 (mod 3). Then 

2 1 
66667n = =n- 10° + = n a7 =e 3” 

the five digits of 2 - 3 followed by the five digits of 3- These digits are 

all 3, 4, 5, or 6 if and only if = = 33333 and n = 99999. 

(ii) m = 1 (mod 3). Then 

2 1 
66667n = 31" —1)-10°+ 3(" + 2) + 66666, 

the five digits of 3(n—1) followed by the five digits of 4 3 (n+ 2) + 66666. 
Because $(n + 2) + 66666 must be between 66667 al 99999, its digits 
cannot all be 3, 4, 5, or 6. Hence there are no satisfactory n = 1 (mod 3). 
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(ili) mn = 2 (mod 3). Let a = $(n — 2). Then 

2 1 
66667n = (Fen 12) 1) 10° + 5(n — 2) +.33334, 

the five digits of = 2a+1 followed by the five digits of y = a + 33334. 
The units digits in x and y are between 3 and 6 if and only if the units 
digit in a is 1 or 2. In this case the other digits in x and y are all between 

3 and 6 if and only if the other digits in a are 2 or 3. Thus there are 

thirty-two satisfactory a — we can choose each of its five digits from two 

options — and each a corresponds to a satisfactory n = 3a + 2. 

Therefore there is exactly one satisfactory n = 0 (mod 3), and thirty-two 

satisfactory n = 2 (mod 3) — making a total of thirty-three values of n 

and thirty-three ten-digit numbers. 

Problem 10.6 The numbers 1, 2,...,100 are arranged in the squares of 

a 10 x 10 table in the following way: the numbers 1,...,10 are in the 

bottom row in increasing order, numbers 11,...,20 are in the next row 

in increasing order, and so on. One can choose any number and two of 

its neighbors in two opposite directions (horizontal, vertical, or diagonal). 

Then either the number is increased by 2 and its neighbors are decreased 

by 1, or the number is decreased by 2 and its neighbors are increased by 

1. After several such operations the table again contains all the numbers 

1,2,...,100. Prove that they are in the original order. 

Solution. Label the table entries a1;,@12,..., with a;; in the ith row 

and jth column, where the bottom-left corner is in the first row and first 

column. Also, let 6;; = 10(¢ — 1) + 7 be the number originally in the ith 

row and jth column. 

Observe that 

[Pp = Se 04505; 

i,j=l 

is invariant — this is because every time entries Amn, Apq, Grs are changed 

(with m +r = 2p and n+ s8 = 2q), P increases or decreases by 

bmn — 20pq+ibrs, OF 

10((m — 1) + (r — 1) — 2(p—1)) + (n+ 8 — 2g) =0. 

(For example, if entries a35,@46,457 are changed then P changes by 

+(35 — 2-46 + 57) = 0.) 
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At first 2 = Seay b;;b;;. At the end, the entries a;; equal the b;; in 

some order, and P = piers a;jb;;- By the rearrangement inequality, this 

is at least Sey b;;b;;, with equality only when each a;; = 0;;. 

We know equality does occur because P is invariant. Therefore the a;; 

do indeed equal the b;; in the same order, and thus the entries 1, 2,..., 100 

appear in their original order. 

Problem 10.7 Quadrilateral ABCD is inscribed in circle w centered 

at O. The bisector of ZABD meets AD and w at points K and M 

respectively. The bisector of ZC'BD meets CD and w at points L and 

N respectively. Suppose that AL || MN. Prove that the circumcircle of 

triangle MON goes through the midpoint of BD. 

Solution. All angles are directed modulo 180°. Let P, Q, R be the 

midpoints of DB, DA, DC respectively. Points M and N are the 

midpoints of arcs AD and DC, respectively. Hence M, Q, O and N, 

R, O are collinear, so that ZMON = ZQOR. Furthermore, ZDQO = 

ZDRO = 90° implies that DQOR is cyclic, and ZQOR = 180° — 

ZRDQ'=180"? — ZECDA = ZABC. 

In addition, ZOPR = ZQOPD+ ZDPR = ZABD + ZDBC =} 

ZABC. Then to prove our claim, it suffices to show that APQM 

APRN (with the same orientation) because then 

ZMPN = ZQPR-—ZQPM+2ZRPN = ZQPR=ZABC=ZMON 

Q 

so that M PON would be cyclic. (Alternatively, it is possible that triangles 

PQM and PRN are both degenerate.) 

Now, let a = AB, b = BC, c= CD, D= DA, €= AC, and f = BD. 

Suppose line MN hits lines AD and CD at E and F, respectively. Then 

al —— —. 

LDEF = = (DN + 4M) 

if! —_ — 

yet 6 5 = ( C+ MD) 

— /EFD, 

so DE = DF. Because KL || EF, we have DK = DL. Furthermore, by 
the Angle Bisector Theorem on triangles ABD and CBD, DK = d- a 

and DL =c- -4, so that DHF 
d(b+ f) =c(a+ f) 

(c—d)f = bd — ac. (1) 
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If c = d then we must have bd = ac, so a = b. Then BD is a diameter 

of w so P = O and the claim is obvious. Otherwise c — d, bd — ac ¥ 0, 
and f = aoe 

Now we prove that APQM ~ APRN. Observe that 

ZPQM = ZPQD + ZDQM = ZBAD + 90° 

= ZBCD + 90° = ZPRD+ ZDRN = ZPRN, 

and also note that 7PQM and ZPRN are both obtuse. 

So, we need only prove that 

POT WER = 
— = ——- HS 
QM RN AQ tan ZM AQ 

BC BA 
= z = ~~ _ 

CRtan ZRCN AP tan ZMCD 
BC pes a b 
2 (2) = eS / | Se 2] aS ee 

— tan ZDAN dtanZACM  ctanZNAC 

Because lines CM, AWN are angle bisectors of ZACD, ZDAC, they 

intersect at the incenter J of triangle AC'D. Also, let T’ be the point where 

the incircle of triangle AC'D hits AC. Then 

Ein Le 
tan ZACM = — = ———_ <7 TC ke+e-d) 

ae IT IT 
tan ZNAC = — = —————_-,, 
ae TA s(e+d-c) 

Se tan ZACM a et+d-ec 

tanwaNAG ) eceemed 
Thus (2) is equivalent to 

ac(e+c—d)=bd(e+d-—c) = e 

_ (ac + bd)(c — d) 

bd — ac 

By Ptolemy’s Theorem and (1), we have 

ac+bd  (ac+bd)(c-— d) 

ay eer ane 

as desired. Therefore triangle PQM is similar to triangle PRN, 

ZMPN = ZMON, and M PON is indeed cyclic. 

v) 
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Problem 11.1 There are 150 red, 150 blue, and 150 green balls flying 

under the big top in the circus. There are exactly 13 green balls inside 

every blue one, and exactly 5 blue balls and 19 green balls inside every 

red one. (A ball is considered to be “inside” another ball even if it is not 

immediately inside it; for example, if a green ball is inside a blue ball and 

that blue ball is inside a red ball, then the green ball is also inside the red 

ball.) Prove that some green ball is not contained in any of the other 449 

balls. 

Solution. Suppose, by way of contradiction, that every green ball were 

in some other ball. Notice that no red ball is inside a blue ball, because 

then the blue ball would contain at least 19 green balls. 

Look at the red balls that are not inside any other red balls — suppose 

there are m of them, and throw them away along with all the balls they 

contain. Then we throw all the red balls and anything inside a red ball, 

including 19m green balls. Also, because no red ball is inside a blue ball, 

there are still exactly 13 green balls inside each of the remaining blue balls. 

Now look at the blue balls left that are not inside any other blue balls 

— suppose there are n of them, and throw them away along with all the 

balls they contain. Then we throw away all the remaining blue balls and 

the 13n more green balls inside. 

At this point, all the green balls are gone and hence we must have 

150 = 19m + 13n. Taking this equation modulo 13, we find that 

7 = 6m > m= 12 (mod 13). Then m > 12 and 

150 = 19m + 13n > 19-12 = 228, 

a contradiction. Thus our original assumption was false, and some green 
ball is contained in no other ball. 

Problem 11.3 Let {a,,} be an arithmetic sequence of positive integers. 
For every n, let p, be the largest prime divisor of a,,. Prove that the 
sequence {=} is unbounded. 

Solution. Let d be the common difference of the arithmetic sequence 
and N be an arbitrary number. Choose primes p < q bigger than N and 
relatively prime to d. Then there is some term a, divisible by pq. Because 
Pk = 49> Pp, we have p | oh so that 

k 

Qk 
— > p>N. 
Pk 
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Thus for any N, there exists & such that oe > N, so the sequence ey 
is unbounded. - 

Problem 11.4 All positive integers not exceeding 100 are written on both 
sides of 50 cards (each number is written exactly once). The cards are put 
on a table so that Vasya only knows the numbers on the top side of each 
card. Vasya can choose several cards, turn them upside down, and then 
find the sum of all 50 numbers now on top. What is the maximum sum 
Vasya can be sure to obtain or beat? 

Solution. The answer is 

1 
DDS = gil t2+3+--- +100). 

Vasya can always obtain or beat this: if the 50 numbers on top add to this 

or more, he is done; otherwise, if they add to less, Vasya can flip all of 

them. 

This might be the best Vasya can do. Suppose that the numbers on top 

are 26, 27, 28, ..., 75, with sum 2525, and that the numbers on the k 

cards Vasya flips over are the first k numbers in the sequence 1, 2, ..., 25, 

76, 77, ..., 100. If he flips over 0 through 25 cards, his sum decreases, 

and if he flips over more, his sum is at most 

bh? s+ 20+ 7646-77 + $100 = 2525. 

Either way, Vasya cannot obtain a sum of more than 2525, as claimed. 

Problem 11.5 Two players play the following game. They in turn write 

on a blackboard different divisors of 100! (except 1). A player loses if 

after his turn, the greatest common divisor of the all the numbers written 

becomes 1. Which of the players has a winning strategy? 

Solution. The second player has a winning strategy. Notice that every 

prime p < 100 divides an even number of factors of 100!: the factors 

it divides can be split into disjoint pairs (k,97k) — or, if p = 97, into 

the pairs (k, 89k). (Note that none of these factors is 1, because 1 is not 

divisible by p.) 

If the first player writes down a prime p, the second player can write 

down any other number divisible by p; if the first player writes down a 

composite number, the second player can write down a prime p dividing 

that number. Either way, from now on the players can write down a new 

number q | 100! without losing if and only if it is divisible by p. Because 
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there are an even number of such q, the second player will write down the 

last acceptable number and the first player will lose. 

Problem 11.7. A connected graph G has 500 vertices, each with degree 

1, 2, or 3. We call a black-and-white coloring of these vertices interesting 

if more than half of the vertices are white but no two white vertices are 

connected. Prove that it is possible to choose several vertices of G so that 

in any interesting coloring, more than half of the chosen vertices are black. 

Solution. We first give an algorithm to (temporarily) erase edges from 

G so that our graph consists of chains of vertices — sequences of vertices 

Vi,..., Vn where each V; is adjacent to V;,; — and possibly one leftover 

vertex. 

First, as long as G still contains any cycle erase an edge from that cycle. 

Such erasures eventually make G a tree (a connected graph with no cycles). 

Look at the leaves (vertices with degree 1) that are not part of a chain yet. 

If all of them are adjacent to a degree-3 vertex, then we must have exactly 

four unchained vertices left with one central vertex adjacent to the other 

3. Remove one of the edges, and we are done. Otherwise, one of the 

leaves is not adjacent to a degree-3 vertex. Travel along the graph from 

this vertex until we reach a degree-3 vertex V, and erase the edge going 

into V. This creates a new chain, while leaving all the unchained vertices 

in a smaller, still-connected tree. We can then repeat the algorithm on this 

tree until we are finished. 

Besides our lone vertex, every vertex is in an odd chain (a chain with 

an odd number of vertices) or an even chain (a chain with an even number 

of vertices). For our chosen vertices, in each odd chain pick one vertex 

adjacent to one of the ends. Even with all the original edges back in place, 

for any interesting coloring observe that in any of our chains at most every 

other vertex can be white. Thus in any even chain, at most half the vertices 

are white. Furthermore, if a chosen vertex is white, then in its odd chain 

there is at least one more black vertex than white; if a chosen vertex is 

black, then there is at most one more white vertex than black. 

Suppose there are b odd chains with a black chosen vertex, and w odd 

chains with a white chosen vertex. If there is a lone vertex, there are 

at most 1 + 6 — w more white vertices than black in our graph so that 
1+b—w > 0. We know 1+6—w must be even because 1+6+w = 500 
(mod 2). Then 1+b—w >2andb—w>1, implying that we have more 

black chosen vertices than white. 
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Finally, if there is no lone vertex, then there are at most b — w more 
white vertices than black in our graph. Thus b — w > 0 and we still have 
more black chosen vertices than white. Therefore either way, for every 
interesting coloring we have more black chosen vertices than white, as 
desired. 

Problem 11.8 Three conjurers show a trick. They give a spectator a 

pack of cards with numbers 1, 2,...,2n-+ 1 (n> 6). The spectator takes 

one card and arbitrarily distributes the rest evenly between the first and the 

second conjurers. Without communicating with each other, these conjurers 

study their cards, each chooses an ordered pair of their cards, and gives 

these pairs to the third conjurer. The third conjurer studies these four cards 

and announces which card is taken by the spectator. Explain how such a 

trick can be done. 

Solution. We will have each of the first two conjurers use their ordered 

pairs to communicate the sums of their card values modulo 2n + 1. With 

this information, the third conjurer can simply subtract these two sums 

from 

1+2+---+(2n+1) = (2n+1)(n+1) =0(mod 2n + 1) 

to determine the remaining card. 

From now on, all entries of ordered pairs are taken modulo 2n + 1. 

Also, let (a, b), denote the ordered pair (a+k,b+k) and let its difference 

be b — a (taken modulo 2n + 1 between 1 and 2n). 

bet 

(0, 2n)x, (0, 1)x, (n, 2)x, (nr, 2n — 1)x, (4,2 +1),%, and (2n—3,n+1), 

all represent the sum k (mod 2n + 1). These pairs’ differences are 2n, 1, 

n+3, n—1,n—3,n+5. Because n > 5, these differences are all distinct. 

If n is odd then let (1,2n),, (2,2n — 1)z, ..-, (2 —1,n + 2) ~ also 

represent the sum k (mod 2n + 1). These pairs’ differences are all odd: 

2n—1,2n—3,...,3. Furthermore, they are all different from the one odd 

difference, 1, that we found in the last paragraph. 

Similarly, if n is even then let (2n,1)%, (2n—1,2)z,.... (n+2,n—1)p 

represent the sum k (mod 2n + 1). These pairs’ differences are all even: 

2,4,...,2n —2. They are all different from the one even difference, 2n, 

that we found two paragraphs ago. 

Note that if two of the assigned pairs (a;,b1),, and (a2,b2),, are 

equal, then their differences must be equal and we must have 6b; — a; = 
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by — a2 (mod 2n + 1). Because we found that the differences b — a are 

distinct, we must have (a1, b;) = (a2, 62) and therefore kj = kz as well. 

Thus any pair (a,b) is assigned to at most one sum, and our choices are 

well-defined. 

Now, suppose that one of the first two conjurers has cards whose values 

sum to k (mod 2n + 1). Assume by way of contradiction that he could 

not give any pair (a,b), described above. Then, letting S, = {s+k | 

s € S}, he has at most one card from each of the three triples {0, 1, 2n},, 

{2,n,2n — 1},, {4,n + 1, 2n — 3},, and he has at most one card from 

each of the n — 4 pairs {3,2n — 2},, {5,2n — 4}x, {6,2n — 5}y, ..., 

{n —1,n + 2},. However, these sets partition all of {0,1,2,...,2n}, 

so the magician must then have at most 3 + (n — 4) = n — 1 cards — 

a contradiction. Thus our assumption was false, and both conjurers can 

indeed communicate the desired sums. This completes the proof. 
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| Belarus 

Problem 1 Let M be the intersection point of the diagonals AC and 

BD of a convex quadrilateral ABCD. The bisector of angle ACD hits 

ray BA at K. If MA-MC+MA-CD = MB. MD, prove that 

Z2BKCeAZO DB: 

Problem 2_ In an equilateral triangle of aa) pennies, with n pennies 

along each side of the triangle, all but one penny shows heads. A move 

consists of choosing two adjacent pennies with centers A and B and 

flipping every penny on line AB. Determine all initial arrangements — 

the value of n and the position of the coin initially showing tails — from 

which one can make all the coins show tails after finitely many moves. 

Problem 3. We are given triangle ABC’ with ZC’ = 90°. Let M be the 

midpoint of the hypotenuse AB, H be the foot of the altitude CH, and P 

be a point inside the triangle such that AP = AC. Prove that PM bisects 

angle BPH if and only if ZA = 60°. 

Problem 4 Does there exist a function f : N — N such that 

f(f(n-)) =f(n+1)—- fm) 

for all n > 2? 

Problem 5 Ina convex polyhedron with m triangular faces, exactly four 

edges meet at each vertex. Find the minimum possible value of m. 

261 
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Problem 6 

(a) Prove that {n/3} > a for every positive integer n, where {x} 
denotes the fractional part of x. 

(b) Does there exist a constant c > 1 such that {n/3} = ae for every 

positive integer n? 

Problem 7 Let M = {1,2,...,40}. Find the smallest positive integer 

n for which it is possible to partition M into n disjoint subsets such that 

whenever a, 6, and c (not necessarily distinct) are in the same subset, 

axXb+e. 

Problem 8 A positive integer is called monotonic if its digits in base 

10, read from left to right, are in nondecreasing order. Prove that for each 

n €N, there exists an n-digit monotonic number which is a perfect square. 

> 

Problem 9 Given a pair (G,b) of vectors in the plane, a move consists 

of choosing a nonzero integer k and then changing (4, b) to either (i) 

(a+ 2kb, b) or (ii) (a,b + 2ka). A game consists of applying a finite 

sequence of moves, alternating between moves of types (i) and (ii), to 

some initial pair of vectors. 

(a) Is it possible to obtain the pair ((1,0),(2,1)) during a game with 

initial pair ((1,0), (0,1)), if the first move is of type (i)? 

(b) Find all pairs ((a, 6), (c,d)) that can be obtained during a game with 

initial pair ((1,0), (0, 1)), where the first move can be of either type. 

Problem 10 Prove that 

for all positive real numbers a, b,c, x, y, Z. 

Problem 11 Let P be the intersection point of the diagonals AC and 
BD of the convex quadrilateral ABCD in which AB = AC = BD. Let 
O and I be the circumcenter and incenter of triangle ABP, respectively. 
Prove that if O # I, then lines OI and CD are perpendicular. 
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2 Bulgaria 

Problem 1 A line @ is drawn through the orthocenter of acute triangle 
ABC. Prove that the reflections of @ across the sides of the triangle are 
concurrent. 

Problem 2 There are 2000 white balls in a box. There are also unlimited 

supplies of white, green, and red balls, initially outside the box. During 

each turn, we can replace two balls in the box with one or two balls as 

follows: two whites with a green, two reds with a green, two greens with 

a white and red, a white and green with a red, or a green and red with a 

white. 

(a) After finitely many of the above operations there are three balls left 

in the box. Prove that at least one of them is a green ball. 

(b) Is it possible after finitely many operations to have only one ball left 

in the box? 

Problem 3 The incircle of the isosceles triangle ABC touches the legs 

AC and BC at points M and JN, respectively. A line t is drawn tangent to 

minor arc MN, intersecting NC and MC at points P and Q, respectively. 

Let T be the intersection point of lines AP and BQ. 

(a) Prove that T’ lies on MN; 

(b) Prove that the sum of the areas of triangles AJ’Q and BT’P is smallest 

when t is parallel to line AB. 

Problem 4 We are given n > 4 points in the plane such that the distance 

between any two of them is an integer. Prove that at least * of these 

distances are divisible by 3. 

Problem 5 In triangle ABC, CH is an altitude, and cevians CM and 

CN bisect angles ACH and BCH, respectively. The circumcenter of 

triangle CM N coincides with the incenter of triangle ABC’. Prove that 

[ABC] = 442". 

Problem 6 Let a1, a@2,... be a sequence such that a; = 43, a2 = 142, 

and dn41 = 3an + Gn-1 for all n > 2. Prove that 

(a) Gy, and a,+4 are relatively prime for all n > 1; 

(b) for every natural number m, there exist infinitely many natural num- 

bers n such that a, — 1 and a,+1 — 1 are both divisible by m. 
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Problem 7 In convex quadrilateral ABCD, ZBCD = ZCDA. The 

bisector of angle ABC intersects CD at point EL. Prove that ZAEB = 90° 

if and only if AB = AD+ BC. 

Problem 8 In the coordinate plane, a set of 2000 points {(21,y1), 

(x2, 42), ---» (2000; Y2000)} is called good if 0 < x; < 83,0<y% <1 

for i = 1,2,...,2000 and x; #4 x; when i # 7. Find the largest positive 

integer n such that, for any good set, some unit square contains exactly n 

of the points in the set. 

Problem 9 We are given the acute triangle ABC. 

(a) Prove that there exist unique points A,, B,, and C; on BC; GA 

and AB, respectively, with the following property: If we project any 

two of the points onto the corresponding side, the midpoint of the 

projected segment is the third point. 

(b) Prove that triangle A; B,C is similar to the triangle formed by the 

medians of triangle ABC. 

Problem 10 Let p > 3 be a prime number and aj, q2,...,@p,—2 be a 

sequence of positive integers such that p does not divide either a, or 

at —1 for all k = 1,2,...,p— 2. Prove that the product of some terms 

of the sequence is congruent to 2 modulo p. 

Problem 11 Let D be the midpoint of base AB of the isosceles acute 

triangle ABC. Choose a point E on AB, and let O be the circumcenter 

of triangle ACE. Prove that the line through D perpendicular to DO, the 

line through E perpendicular to BC, and the line through B parallel to 

AC are concurrent. 

Problem 12 Let n be a positive integer. A binary sequence is a sequence 

of integers, all equal to 0 or 1. Let A be the set of all binary sequences 

with n terms, and let 0 € A be the sequence of all zeroes. The sequence 

C = C1,C2,...,Cn iS called the sum a+ b of a = aj,a2,...,an and 

b = by, be,..., by if c; = 0 when a; = b; and c; = 1 when a; ¥ b;. Let 

f : A— Abe a function with f(0) = 0 such that whenever the sequences 
a and 6 differ in exactly k terms, the sequences f(a) and f(b) also differ 
in exactly k terms. Prove that if a, b, and c are sequences from A such 

thata +b+c=O, then f(a) + f(b) + f(c) = 0. 
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3 Canada 

Problem 1 Let a1, a2,...,G2099 be a sequence of integers each lying in 

the interval [—1000, 1000]. Suppose that oan a; = 1. Show that the 

terms in some nonempty subsequence of a1, a2,...,@2099 sum to zero. 

Problem 2 Let ABCD be a quadrilateral with Z2CBD = 2ZADB, 

ZABD =22ZCDB;and AB = CB; Prove'that:AD = CD. 

Problem 3 Suppose that the real numbers aj, @2,...,@1009 satisfy 

(i) ay > ag > -+: = aj00 2 O, 

(ii) ay + a2 < 100, and 

(iii) a3 +aq4+---+a400 < 100. 

Determine the maximum possible value of a? +a3 +--+ ++ ajo, and find all 
possible sequences a1, @2,...,@100 for which this maximum is achieved. 



266 China 

4 China 

Problem 1 In triangle ABC, BC < CA < AB. Let R and r be the 

circumradius and inradius, respectively, of triangle ABC’. As a function 

of ZC, determine whether BC + CA — 2R — 2r is positive, negative, or 

zero. 

Problem 2 Define the infinite sequence a1, a2, .. . recursively as follows: 

On 0nGo—seand 

1 1 n 
Qn = yMn-1 =f g(r — 1)an_—2 + (-1)” (1 a =) 

for all n > 3. Find an explicit formula for 

nr n ae an +2(1 Jon +3() )an-2 een( Ja 

Problem 3 A table tennis club wishes to organize a doubles tournament, 

a series of matches where in each match one pair of players competes 

against a pair of two different players. Let a player’s match number for 

a tournament be the number of matches he or she participates in. We are 

given a set A = {a,a2,..., ax} of distinct positive integers all divisible 

by 6. Find with proof the minimal number of players among whom we 

can schedule a doubles tournament such that 

(i) each participant belongs to at most 2 pairs; 

(ii) any two different pairs have at most 1 match against each other; 

(iii) if two participants belong to the same pair, they never compete against 

each other; and 

(iv) the set of the participants’ match numbers is exactly A. 

Problem 4 We are given an integer n > 2. For any ordered n-tuple 

of real numbers A = (a, @2,...,@,), let A’s domination score be the 

number of values k € {1,2,...,n} such that a, > a; for alll <j <k. 

Consider all permutations A = (aj,a2,...,@n) of (1,2,...,n) with 

domination score 2. Find with proof the arithmetic mean of the first 
elements a, of these permutations. 

Problem 5 Find all positive integers n such that there exist integers n1, 
MH 0.065 (ps SS Vala 

N=NyN2Q:::N_, = 9 pk (m1 -1)(m2—1)---(ne 1) at 
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Problem 6 An exam paper consists of 5 multiple-choice questions, each 

with 4 different choices; 2000 students take the test, and each student 

chooses exactly one answer per question. Find the least possible value of 

nm such that among any n of the students’ answer sheets, there exist 4 of 

them among which any two have at most 3 common answers. 



268 Czech and Slovak Republics 

5 Czech and Slovak Republics 

Problem 1 Show that 

e+ ex ¢/2(a +6) (++) 

for all positive real numbers a and b, and determine when equality occurs. 

Problem 2 Find all convex quadrilaterals ABCD for which there exists 

a point E& inside the quadrilateral with the following property: Any line 

which passes through E and intersects sides AB and CD divides the 

quadrilateral ABC'D into two parts of equal area. 

Problem 3 An isosceles triangle ABC is given with base AB and 

altitude CD. Point P lies on CD. Let E be the intersection of line 

AP with side BC, and let F’ be the intersection of line BP with side AC. 

Suppose that the incircles of triangle ABP and quadrilateral PEC'F are 

congruent. Show that the incircles of the triangles ADP and BCP are 

also congruent. 

Problem 4 In the plane are given 2000 congruent triangles of area 1, 

which are images of a single triangle under different translations. Each of 

these triangles contains the centroids of all the others. Show that the area 

of the union of these triangles is less than 2. 
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6 Estonia 

Problem 1 Five real numbers are given such that, no matter which three 
of them we choose, the difference between the sum of these three numbers 

and the sum of the remaining two numbers is positive. Prove that the 

product of all these 10 differences (corresponding to all the possible triples 

of chosen numbers) is less than or equal to the product of the squares of 

these five numbers. 

Problem 2 Prove that it is not possible to divide any set of 18 consecutive 

positive integers into two disjoint sets A and B, such that the product of 

the elements in A equals the product of the elements in B. 

Problem 3 Let M, N, and K be the points of tangency of the incircle 

of triangle ABC’ with the sides of the triangle, and let Q be the center of 

the circle drawn through the midpoints of MN, NK, and KM. Prove 
that the incenter and circumcenter of triangle ABC are collinear with Q. 

Problem 4 Find all functions f : Z* — Z* such that 

f(F(F(m))) + F(F(m)) + f(r) = 3n 

for alln € ZT. 

Problem 5 In a triangle ABC we have AC # BC. Take a point X in 

the interior of this triangle and let a = ZA, 6 = ZB, 6 = ZACX, and 

w = ZBCX. Prove that 

sinasin@ _ singsiny 

sin(a— 8) sin(— ¥) 
if and only if X lies on the median of triangle ABC drawn from the vertex 

C. 

Problem 6 We call an infinite sequence of positive integers an F’- 

sequence if every term of this sequence (starting from the third term) 

equals the sum of the two preceding terms. Is it possible to decompose 

the set of all positive integers into 

(a) a finite; 

(b) an infinite 

number of F'-sequences having no common members? 
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7 Hungary 

Problem 1 Find all positive primes p for which there exist positive 

integers n, x,y such that p” = x? + y°. 

Problem 2 Is there a polynomial f of degree 1999 with integer coef- 

ficients, such that f(n), f(f(n)), f(f(f(m))),-.. are pairwise relatively 

prime for any integer n? 

Problem 3 The feet of the angle bisectors of triangle ABC are X, Y, 

and Z. The circumcircle of triangle XY Z cuts off three segments from 

lines AB, BC, and C’'A. Prove that two of these segments’ lengths add 

up to the third segment’s length. 

Problem 4 Let k and ¢ be relatively prime integers greater than 1. 

Starting from the permutation (1,2,...,7) of the numbers 1,2,...,n, 

we may swap two numbers if their difference is either k or t. Prove that 

we can get any permutation of 1,2,...,n with such steps if and only if 

n>k+t-—-1. 

Problem 5 For any positive integer k, let e(k) denote the number of 

positive even divisors of k, and let o(k) denote the number of positive odd 

divisors of k. For all n > 1, prove that $>;_, e(k) and $°7_, o(k) differ 

by at most n. 

Problem 6 Given a triangle in the plane, show how to construct a 

point P inside the triangle which satisfies the following condition: if 

we drop perpendiculars from P to the sides of the triangle, the feet of the 

perpendiculars determine a triangle whose centroid is P. 

Problem 7 Given a natural number k and more than 2* different integers, 

prove that a set S of k + 2 of these numbers can be selected such that 
for any positive integer m < k + 2, all the m-element subsets of S have 
different sums of elements. 
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8 India 

Problem 1 Let ABC be a nonequilateral triangle. Suppose there is an 

interior point P such that the three cevians through P all have the same 

length A where A < min{AB,BC,CA}. Show that there is another 

interior point P’ # P such that the three cevians through P’ also are of 

equal length. 

Problem 2 Let m, n be positive integers such that m < n?/4 and every 

prime divisor of m is less than or equal to n. Show that m divides n!. 

Problem 3 Let G be a graph with n > 4 vertices and m edges. If 

m > n(/4n — 3 + 1)/4 show that G has a 4-cycle. 

Problem 4 Suppose f : Q — {0,1} is a function with the property that 

for x,y € Q, if f(x) = f(y) then f(z) = f((e + y)/2) = f(y). If 
f(0) = 0 and f(1) = 1 show that f(q) = 1 for all rational numbers q 

greater than or equal to 1. 



DD Iran 

9 Iran 

Problem 1 Call two circles in three-dimensional space pairwise tangent 

at a point P if they both pass through P and the lines tangent to each circle 

at P coincide. Three circles not all lying in a plane are pairwise tangent at 

three distinct points. Prove that there exists a sphere which passes through 

the three circles. 

Problem 2 We are given a sequence c,C2,... of natural numbers. For 
. n 

any natural numbers m,n with 1 < m < }7,_, ¢;, we can choose natural 

numbers a1, @2,...,@,, such that 

For each 2, find the maximum value of c;. 

Problem 3. Circles C; and C2 with centers O, and Oz, respectively, 

meet at points A and B. Lines O,B and O2B intersect C2 and C} at 

F and E, respectively. The line parallel to EF through B meets Cj 

and Cz at M and N. Given that B lies between M and N, prove that 

MN = AE+ AF. 

Problem 4 Two triangles ABC and A’B’C’ lie in three-dimensional 

space. The sides of triangle ABC have lengths greater than or equal to 

a, and the sides of triangle A’B’C’ have lengths greater than or equal 

to a’. Prove that one can select one vertex from triangle ABC and one 

vertex from triangle A’ B’C’ such that the distance between them is at least 

otal? — 

Problem 5 The function f : N — N is defined recursively with f(1) = 1 

Bt em eng onlae 
for all n > 1. 

(a) Prove that f(f(n) —n+1) € {n,n+ 1}. 

(b) Find an explicit formula for f. 

Problem 6 Find all functions f : N — N such that 

(i) f(m) = 1 if and only if m = 1; 

(ii) if d = gcd(m, n), then f(mn) = Ane and 
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(iii) for every m € N, we have f?0°(m) = m. 

Problem 7 The n tennis players, A,, Ao,..., An, participate in a tour- 
nament. Any two players play against each other at most once, and 

eK a) matches take place. No draws occur, and in each match 

the winner adds | point to his tournament score while the loser adds 

0. For nonnegative integers d,,d2,...,d,, prove that it is possible for 

Aj, A2,...,An to obtain the tournament scores d;,d2,...,dn, respec- 

tively, if and only if the following conditions are satisfied: 

(i) Baa d; =k. 

(ii) For every subset X C {Aj,...,A,}, the number of matches taking 

place among the players in X is at most 5> A; EX ae 

Problem 8 _ Isosceles triangles A3A,O2 and A,A2Ox3 are constructed 

externally along the sides of a triangle A; Az A3 with O2A3 = O2 A, and 

O3A, = O3A2. Let O; be a point on the opposite side of line Az A3 

as Ay with ZO, A3A2 = 42403 A and ZO, Az A3 = $2A\02A3, 

and let T’ be the foot of the perpendicular from O; to A2A3. Prove that 
PELE OF A,O, 1 O2O3 and that eon a YE aren 

Problem 9 Given a circle I’, a line d is drawn not intersecting [. M, N 

are two points varying on line d such that the circle with diameter MN 
is externally tangent to [. Prove that there exists a point P in the plane 

such that for any such segment MN, ZM PN is constant. 

Problem 10 Suppose that a,b,c are real numbers such that for any 

positive real numbers 71, %2,...,%n, we have 

b (a) (Ee) (Eats 
Prove that the vector (a,b,c) has the form p(—2,1,0) + q(1, —2,1) for 

some nonnegative real numbers p and q. 



274 Israel 

10 Israel 

Problem 1 Define f(n) = n!. Let 

A OD OA W ss Pee 

In other words, to obtain the decimal representation of a write the decimal 

representations of f(1), f(2), f(3),... in a row. Is a rational? 

Problem 2 ABC is a triangle whose vertices are lattice points. Two 

of its sides have lengths which belong to the set {V17, V1999, 2000}. 

What is the maximum possible area of triangle ABC? 

Problem 3. The points A, B, C, D, EF, F lie on a circle, and the lines 

AD, BE, CF concur. Let P, Q, R be the midpoints of AD, BE, CF, 

respectively. Two chords AG, AH are drawn such that AG || BE and 

AH || CF. Prove that triangles PQR and DGH are similar. 

Problem 4 A square ABCD is given. A triangulation of the square is a 

partition of the square into triangles such that any two triangles are either 

disjoint, share only a common vertex, or share only a common side. A 

good triangulation of the square is a triangulation in which all the triangles 

are acute. 

(a) Give an example of a good triangulation of the square. 

(b) What is the minimal number of triangles required for a good triangu- 

lation? 
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I! Italy 

Problem 1 Let ABCD be a convex quadrilateral, and write a = 

ADABSBI= 2A DBayieawGAC Ba a7 DBG} andies=—7 DBA: 

Assuming that a < 90°, 6+ 7 = 90°, and 6 + 2€ = 180°, prove that 

(DOB BO) ADA AC’. 

Problem 2 Given a fixed integer n > 1, Alberto and Barbara play the 

following game, starting with the first step and then alternating between 

the second and third: 

e Alberto chooses a positive integer. 

e Barbara picks an integer greater than | which is a multiple or divisor 

of Alberto’s number, possibly choosing Alberto’s number itself. 

e Alberto adds or subtracts 1 from Barbara’s number. 

Barbara wins if she succeeds in picking n by her fiftieth move. For which 

values of n does she have a winning strategy? 

Problem 3 Let p(x) be a polynomial with integer coefficients such that 

p(0) = 0 and 0 < p(1) < 10’, and such that there exist integers a, b 

satisfying p(a) = 1999 and p(b) = 2001. Determine the possible values 

of p(1). 



276 Japan 

12 Japan 

Problem 1 We shuffle a line of cards labelled a1, a2,...,@3n from left 

to right by rearranging the cards into the new order 

A3,46,--+,43n,42,45,---,A3n—1; 41, A4,°** , A3n—2- 

For example, if six cards are labelled 1,2,...,6 from left to right, then 

shuffling them twice changes their order as follows: 

1, 2,3, 4,5,6. => 336;2,9,154 —> 12,450, 153) 9: 

Starting with 192 cards labelled 1,2,...,192 from left to right, is it 

possible to obtain the order 192,191,...,1 after a finite number of 

shuffles? 

Problem 2 In the plane are given distinct points A, B, C, P, Q, no three 

of which are collinear. Prove that 

AB+ BO +CA+ PQ < AP +AQ 4+ BP+ BO+CP+CQ, 

Problem 3 Given a natural number n > 3, prove that there exists a set 

A,, with the following two properties: 

(i) A, consists of n distinct natural numbers. 

(ii) For any a € A,, the product of all the other elements in A,, has 

remainder 1 when divided by a. 

Problem 4 We are given finitely many lines in the plane. Let an 

intersection point be a point where at least two of these lines meet, and let 

a good intersection point be a point where exactly two of these lines meet. 

Given that there are at least two intersection points, find the minimum 

number of good intersection points. 
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13 Korea 

Problem 1 Show that given any prime p, there exist integers x, y, z, W 

satisfying x? + y? + 22 -wp =O and0<w <p. 

Problem 2 Find all functions f : R — R satisfying 

f(a? —y?) = (« — y) (f(2) + fy) 

for all z,y ER. 

Problem 3 We are given a convex cyclic quadrilateral ABCD. Let P, 

Q, R, S be the intersections of the exterior angle bisectors of ZABD and 

ZADB, ZDAB and ZDBA, ZACD and ZADC, ZDAC and ZDCA, 

respectively. Show that the four points P, Q, R, S are concyclic. 

Problem 4 Let p be a prime number such that p = 1 (mod 4). Evaluate 

p-l in2 2 2k k 

De alas ma p p 

Problem 5 Consider the following L-shaped figures, each made of four 

unit squares: 

Let m and n be integers greater than 1. Prove that an m x n rectangular 

region can be tiled with such figures if and only if mn is a multiple of 8. 

Problem 6 The real numbers a, 0, c, x, y, z satisfy a > b > c > 0 and 

x > y => z> 0. Prove that 

ale b2y2 we 

(by + cz)(bz + cy) i" (cz + ax) (cx + az) A (ax + by)(ay + ba) 

2 

is at least 3. 
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14 Mongolia 

Problem 1 Let rad(1) = 1, and for k > 1 let rad(k) equal the product 

of the prime divisors of k. A sequence of natural numbers a, @2,... 

with arbitrary first term a, is defined recursively by the relation an41 = 

dn +rad(a,). Show that for any positive integer N, the sequence a1, d2,... 

contains some NV consecutive terms in arithmetic progression. 

Problem 2 The circles w1,w2,w3 in the plane are pairwise externally 

tangent to each other. Let P, be the point of tangency between circles w, 

and w3, and let P2 be the point of tangency between circles wz and w3. A 

and B, both different from P,; and P2, are points on w3 such that AB is 

a diameter of w3. Line AP, intersects w; again at X, line BP intersects 

Ww again at Y, and lines AP, and BP, intersect at Z. Prove that X, Y, 

and Z are collinear. 

Problem 3 A function f : R — R satisfies the following conditions: 

(i) | f(a) — f(b)| < |a — b| for any real numbers a,b € R. 

Gi) f(f(F(0))) = 0. 
Prove that f(0) = 0. 

Problem 4 _ The bisectors of angles A, B, C of a triangle ABC intersect 

its sides at points A,, B,C ,. Prove that if the quadrilateral BA, B,C, is 

cyclic, then 
BC re Deen AB 

AC+AB AB+BC  BC+AC 

Problem 5 Which integers can be represented in the form fetus)” 

where x, y, and z are positive integers? 

Problem 6 In a country with n towns the cost of travel from the i-th 

town to the j-th town is x;;. Suppose that the total cost of any route 

passing through each town exactly once and ending at its starting point 

does not depend on which route is chosen. Prove that there exist numbers 
@1,..-,@p and b;,...,b, such that x;; = a; + b; for all integers i, 7 with 

LSet ere 
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[5 Poland 

Problem 1 Let n > 2 be a given integer. How many solutions does the 
system of equations 

Diesews w= Ad, 

22 “i ==) Ap 

7 ee In De. 3) a In—-1 

have in nonnegative real numbers 21,..., 27? 

Problem 2 The sides AC and BC of a triangle ABC have equal length. 

Let P be a point inside triangle ABC such that ZPAB = ZPBC and 

let M be the midpoint of AB. Prove that ZAPM + ZBPC = 180°. 

Problem 3 A sequence pj, p2,... of prime numbers satisfies the fol- 

lowing condition: for n > 3, p, is the greatest prime divisor of 

Pn—1 + Pn—2 + 2000. Prove that the sequence is bounded. 

Problem 4 For an integer n > 3 consider a pyramid with vertex S 

and the regular n-gon A,A)...A, as a base, such that all the angles 

between lateral edges and the base equal 60°. Points Bo, B3,... lie 

on AS, A3S,..., AS, respectively, such that A,B) + BoB3 +--:+ 

B,-1Bn + ByAi < 2A,S. For which n is this possible? 

Problem 5 Given a natural number n > 2, find the smallest integer k 

with the following property: Every set consisting of k cells of an n x n 

table contains a nonempty subset S' such that in every row and in every 

column of the table, there is an even number of cells belonging to S. 

Problem 6 Let P be a polynomial of odd degree satisfying the identity 

P@? =1)=P(@)* 1. 

Prove that P(x) = a for all real z. 
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16 Romania 

Problem 1 A function f : R? — R is called olympic if it has the 

following property: given n > 3 distinct points A,, Ao, ..., A yea nit 

f(A1) = f(A2) = ++: = f(An) then the points Aj, Ag, ..., An are the 

vertices of a convex polygon. Let P € C[X] be a non-constant polynomial. 

Prove that the function f : R? — R, defined by f(z, y) = |P(x + ty)|, is 
olympic if and only if all the roots of P are equal. 

Problem 2 Let n > 2 be a positive integer. Find the number of functions 

f : {1,2,...,n} — {1,2,3,4,5} which have the following property: 

lf(k+ 1) —f(k)| > 3 fork = 1,2,...5n=1. 

Problem 3 Let n > 1 be a positive integer and 21, Zo, ..., Lp be real 

numbers such that |v,41 — %%| < 1 fork =1,2,...,n—1. Show that 

nm n 2 

n* —1 So foxl = |Som| < 
k=1 k=1 

Problem 4_ Let n,k be arbitrary positive integers. Show that there exist 

positive integers a; > a2 > a3 > a4 > a5 > k such that 

ay ag a3 a4 a5 
= + = = 

‘ ey dese fe e (3): 

where ($) = son a~ 2) 

Problem 5 Let P; P2---P, be a convex polygon in the plane. Assume 

that for any pair of vertices P;, P;, there exists a vertex V of the polygon 

such that 7P;V P; = 60°. Show that n = 3. 

Problem 6 Show that there exist infinitely many 4-tuples of positive 

integers (x,y, z,t) such that the four numbers’ greatest common divisor is 

1 and such that 

a ty es ae 

Problem 7 Given an odd integer a, find (as a function of a) the least 

positive integer n such that 229° is a divisor of a” — 1. 

Problem 8 Let ABC be an acute triangle and let M be the midpoint of 
segment BC. Consider the interior point N such that ZABN = ZBAM 

and ZACN = ZCAM. Prove that ZBAN = ZCAM. 
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Problem 9 Find, with proof, whether there exists a sphere with interior 

S, a circle with interior C, and a function f : S — C such that the distance 

between f(A) and f(B) is greater than or equal to AB for all points A 

and B in S. 

Problem 10 Let n > 3 be an odd integer and m > n? — n+ 1 be an 

integer. The sequence of polygons P;, P2, ..., P,, is defined as follows: 

(i) P, is a regular polygon with n vertices. 

(ii) For k > 1, Py is the regular polygon whose vertices are the midpoints 

of the sides of P,_}. 

Find, with proof, the maximum number of colors which can be used such 

that for every coloring of the vertices of these polygons, one can find four 

vertices A, B, C, D which have the same color and form an isosceles 

trapezoid. 



282 Russia 

17 Russia 

Problem 1 Sasha tries to determine some positive integer X < 100. He 

can choose any two positive integers M and N that are less than 100 and 

ask the question, “What is the greatest common divisor of the numbers 

X + M and N?” Prove that Sasha can determine the value of X after 7 

questions. 

Problem 2 Let O be the center of the circumcircle w of an acute-angled 

triangle ABC. The circle w; with center K passes through the points A, 

I, C and intersects sides AB and BC at points M and N. Let L be the 

reflection of K across line MN. Prove that BL 1 AC. 

Problem 3 There are several cities in a state and a set of roads, each 

road connecting two cities. It is known that at least 3 roads go out of 

every city. Prove that there exists a cyclic path (that is, a path where the 

last road ends where the first road begins) such that the number of roads 

in the path is not divisible by 3. 

Problem 4 Let 71, %2,...,Z, be real numbers (n > 2), satisfying the 

conditions —! <2; <a% <--- <a, < | and 

p+ ag t-:- +a =a, +22+-::+2n. 

Prove that 

rt3y, ae r9° Yo at eroo dle ri3y, <x1y1 + Loyo +++: + LnYn 

for any real numbers y; < y2 <-::: < Yn. 

Problem 5 Let AA; and CC, be the altitudes of an acute-angled 

nonisosceles triangle ABC’. The bisector of the acute angle between lines 

AA, and CC; intersects sides AB and BC at P and Q, respectively. Let 

H be the orthocenter of triangle ABC and let M be the midpoint of AC; 

and let the bisector of ZABC intersect HM at R. Prove that PBQR is 

cyclic. 

Problem 6 Five stones which appear identical all have different weights; 
Oleg knows the weight of each stone. Given any stone z, let m(a) denote 
its weight. Dmitrii tries to determine the order of the weights of the 
stones. He is allowed to choose any three stones A, B,C and ask Oleg the 
question, “Is it true that m(A) < m(B) < m(C)?” Oleg then responds 
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“ee ” 

yes” or “no.” Can Dmitrii determine the order of the weights with at 
most nine questions? 

Problem 7 Find all functions f : R — R that satisfy the inequality 

flz+y) + fiyt+z)4+ fle+2) > 3f(a + 2y +32) 

for all x,y,z ER. 

Problem 8 Prove that the set of all positive integers can be partitioned 

into 100 nonempty subsets such that if three positive integers a, b,c satisfy 

a + 99b = c, then two of them belong to the same subset. 

Problem 9 Let ABC'DE be a convex pentagon on the coordinate plane. 

Each of its vertices are lattice points. The five diagonals of ABCDE 

form a convex pentagon A,B,C, DF, inside of ABCDE. Prove that 

this smaller pentagon contains a lattice point on its boundary or within its 

interior. 

Problem 10 Let a, a@2,...,a, be a sequence of nonnegative real num- 

bers, not all zero. For 1 <k <n, let 

GQk—it1 + Ok—it2 T ++: + ak 
UL OS a eee 

1<i<k 1 

Prove that for any a > 0, the number of integers k which satisfy m, > a 
A1+an+--+An = : is less than 

Problem 11 Let aj, a@2,a3,... be a sequence with a; = 1 satisfying the 

recursion 

Gn —2 if a, —2 ¢ {a1,a2,...,an} anda, —2>0 
a = f 
ere Qn +3 otherwise. 

Prove that for every integer k > 1, we have a, = k? = an_1 +3 for some 

n. 

Problem 12 There are black and white checkers on some squares of a 

2n x 2n board, with at most one checker on each square. First, we remove 

every black checker that is in the same column as any white checker. Next, 

we remove every white checker that is in the same row as any remaining 

black checker. Prove that for some color, at most n? checkers of this color 

remain. 
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Problem 13 Let E be a point on the median C'D of triangle ABC. 

Let S, be the circle passing through # and tangent to line AB at A, 

intersecting side AC again at M; let S> be the circle passing through £ 

and tangent to line AB at B, intersecting side BC again at N. Prove that 

the circumcircle of triangle CM N is tangent to circles S; and Sp. 

Problem 14 One hundred positive integers, with no common divisor 

greater than one, are arranged in a circle. To any number, we can add 

the greatest common divisor of its neighboring numbers. Prove that using 

this operation, we can transform these numbers into a new set of pairwise 

coprime numbers. 

Problem 15 WM is a finite set of real numbers such that given three 

distinct elements from M, we can choose two of them whose sum also 

belongs to M. What is the largest number of elements that M can have? 

Problem 16 A positive integer n is called perfect if the sum of all its 

positive divisors, excluding n itself, equals n. For example, 6 is perfect 

since 6 = 1 + 2 + 3. Prove that 

(a) if a perfect number larger than 6 is divisible by 3, then it is also 

divisible by 9. 

(b) if a perfect number larger than 28 is divisible by 7, then it is also 

divisible by 49. 

Problem 17 Circles w; and wy are internally tangent at N. The chords 

BA and BC of w are tangent to wa at K and M, respectively. Let Q 

and P be the midpoints of the arcs AB and BC not containing the point 

N. Let the circumcircles of triangles BQ.K and BPM intersect at B and 

B,. Prove that BPB,Q is a parallelogram. 

Problem 18 There is a finite set of congruent square cards, placed on a 

rectangular table with their sides parallel to the sides of the table. Each 
card is colored in one of k colors. For any k cards of different colors, it 
is possible to pierce some two of them with a single pin. Prove that all 

the cards can be pierced by 2k — 2 pins. 

Problem 19 Prove the inequality 

sin” (2x) + (sin” 2 — cos” 2)” < 1. 
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Problem 20 The circle w is inscribed in the quadrilateral ABCD, and 
O is the intersection point of the lines AB and CD. The circle Wi 1S 
tangent to side BC at K and is tangent to lines AB and CD at points 
lying outside ABCD; the circle w2 is tangent to side AD at L and is also 
tangent to lines AB and C’D at points lying outside ABCD. If O, K, 
L are collinear, prove that the midpoint of side BC, the midpoint of side 
AD, and the center of w are collinear. 

Problem 21 Every cell of a 100 x 100 board is colored in one of 4 colors 

so that there are exactly 25 cells of each color in every column and in every 

row. Prove that one can choose two columns and two rows sc that the 

four cells where they intersect are colored in four different colors. 

Problem 22 The nonzero real numbers a, b satisfy the equation 

a*b?(a2b?.+ 4) = 2(a® +'6°). 

Prove that a and b are not both rational. 

Problem 23 Find the smallest odd integer n such that some n-gon (not 

necessarily convex) can be partitioned into parallelograms whose interiors 

do not overlap. 

Problem 24 Two pirates divide their loot, consisting of two sacks of 

coins and one diamond. They decide to use the following rules. On each 

turn, one pirate chooses a sack and takes 2m coins from it, keeping m 

for himself and putting the rest into the other sack. The pirates alternate 

taking turns until no more moves are possible; the pirate who makes the 

last move takes the diamond. For what initial amounts of coins can the 

first pirate guarantee that he will obtain the diamond? 

Problem 25 Do there exist coprime integers a,b,c > 1 such that 2° + 1 

is divisible by b, 2° + 1 is divisible by c, and 2° + 1 is divisible by a? 

Problem 26 2n+1 segments are marked on a line. Each of the segments 

intersects at least n other segments. Prove that one of these segments 

intersects all the other segments. 

Problem 27 The circles S$; and Sz intersect at points M and N. Let A 

and D be points on S$; and S2 such that lines AM and AN intersect S> at 

B and C, lines DM and DN intersect S; at E and F’, and the triples A, 

E, F and D, B, C lie on opposite sides of line MN. Prove that there is a 

fixed point O such that for any points A and D that satisfy the condition 

AB = DE, the quadrilateral AF‘C'D is cyclic with center O. 
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Problem 28 Let the set M consist of the 2000 numbers 10! + 1, 10? + 

1,..., 1020 +1. Prove that at least 99% of the elements of M are not 

prime. 

Problem 29 There are 2 counterfeit coins among 5 coins that look 

identical. Both counterfeit coins have the same weight and the other three 

real coins have the same weight. The five coins do not all weigh the same, 

but it is unknown whether the weight of each counterfeit coin is more 

or less than the weight of each real coin. Find the minimal number of 

weighings needed to find at least one real coin, and describe how to do 

so. (The balance scale reports the difference between the weights of the 

objects in two pans.) 

Problem 30 Let ABCD be a parallelogram with 7A = 60°. Let O be 

the circumcenter of triangle ABD. Line AO intersects the external angle 

bisector of angle BC’D at K. Find the value ae. 

Problem 31 Find the smallest integer n such that an n xX n square can 

be partitioned into 40 x 40 and 49 x 49 squares, with both types of squares 

present in the partition. 

Problem 32 Prove that there exist 10 distinct real numbers aj, ag, ..., 

G19 Such that the equation 

(x — a,)(x — ag) --- (@ — ayo) = (a +. a1)(x + ag)--- (x@ + ay0) 

has exactly 5 different real roots. 

Problem 33 We are given a cylindrical region in space, whose altitude 

is 1 and whose base has radius 1. Find the minimal number of balls of 

radius 1 needed to cover this region. 

Problem 34 The sequence aj, a@2,...,@2009 of real numbers satisfies the 

condition 

ai tas+---+a8 = (a) +a +--+ + an)? 

for all n, 1 < nm < 2000. Prove that every element of the sequence is an 

integer. 

Problem 35 The bisectors AD and CE of a triangle ABC intersect at 
I. Let £; be the reflection of line AB across line CE, and let ¢ be the 
reflection of line BC across line AD. If lines @; and £5 intersect at some 

point K’, prove that KJ 1 AC. 
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Problem 36 There are 2000 cities in a country, some pairs of which are 
connected by a direct airplane flight. For every city A the number of cities 
connected with A by direct flights equals 1, 2, 4, ..., or 1024. Let $(A) 
be the number of routes from A to other cities (different from A) with at 

most one intermediate landing. Prove that the sum of $(A) over all 2000 
cities A cannot be equal to 10000. 

Problem 37 A heap of balls consists of one thousand 10-gram balls and 

one thousand 9.9-gram balls. We wish to pick out two heaps of balls with 

equal numbers of balls in them but different total weights. What is the 

minimal number of weighings needed to do this? 

Problem 38 Let D be a point on side AB of triangle ABC. The 

circumcircle of triangle BC'D intersects line AC’ at C' and M, and the 

circumcircle of triangle ACD intersects line BC’ at C and N. Let O be 

the center of the circumcircle of triangle CMN. Prove that OD | AB. 

Problem 39 Every cell of a 200 x 200 table is colored black or white. 

The difference between the number of black and white cells is 404. Prove 

that some 2 x 2 square contains an odd number of white cells. 

Problem 40 Is there a function f : R — R such that 

|f(a@+y) +sinz +siny| < 2 

for all x,y € R? 

Problem 41 For any odd integer ag > 5, consider the sequence ao, a1, 

d2,..-, where 

a2 —5 if ay is odd 
Gan = 
ae op if a, is even 

for all n > 0. Prove that this sequence is not bounded. 

Problem 42 Let @,, 4, 4, and £4 be the external angle bisectors of 

angles DAB, ABC, BCD, and CDA, respectively. The pairs of lines 

£, and @,, £ and &., €. and lg, &q and £, intersect at points K, L, M,N, 

respectively. Suppose that the perpendiculars to line AB passing through 

K, to line BC passing through L, and to line CD passing through M are 

concurrent. Prove that ABC'D can be inscribed in a circle. 
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Problem 43 There are 2000 cities in a country, and each pair of cities 

is connected by either no roads or exactly one road. A cyclic path is a 

nonempty, connected path of roads such that each city is at the end of 

either 0 or 2 roads in the path. For every city, there at most NV cyclic paths 

which both pass through this city and contain an odd number of roads. 

Prove that the country can be separated into 2NV + 2 republics such that 

any two cities from the same republic are not connected by a road. 

Problem 44 _ Prove the inequality 

1 re 1 2 Z 

Vl+a? fl+y” vitczy 

for Olay st, 

Problem 45 The incircle of triangle ABC touches side AC at K. A 

second circle S with the same center intersects all the sides of the triangle. 

Let £ and F be the intersection points on ‘AB and BC closer to B; let By, 

and Bz be the intersection points on AC’ with B, closer to A. Finally, let 

P be the intersection point of segments Bj and B,F’.. Prove that points 

B, K, P are collinear. 

Problem 46 Each of the numbers 1,2,..., .N is colored black or white. 

We are allowed to simultaneously change the colors of any three numbers 

in arithmetic progression. For which numbers NV can we always make all 

the numbers white? 
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18 Taiwan 

Problem 1 In an acute triangle ABC, AC > BC and M is the midpoint 

of AB. Let altitudes AP and BQ meet at H, and let lines AB and PQ 

meet at R. Prove that the two lines RH and CM are perpendicular. 

Problem 2 Let ¢(k) denote the number of positive integers n satisfying 

gcd(n,k) = 1 and n < k. Suppose that (5 — 1) = 5” — 1 for some 

positive integers m,n. Prove that gcd(m,n) > 1. 

Problem 3 Let A = {1,2,...,n}, where n is a positive integer. A subset 

of A is connected if it is a nonempty set which consists of one element 

or of consecutive integers. Determine the greatest integer k for which A 

contains k distinct subsets A, Ao,..., A, such that the intersection of any 

two distinct sets A; and A; is connected. 

Problem 4 Let f : N NU {0} be defined recursively by f(1) = 0 and 

f(n) = ee I) tee 2) cts t 

for all n > 2. Determine f (2000). 
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19 Turkey 

Problem 1 Find the number of ordered quadruples (x, y, z, w) of integers 

with 0 < x,y, z,w < 36 such that 

a +y2= 22 +w* (mod 37). 

Problem 2 Given a circle with center O, the two tangent lines from a 

point S outside the circle touch the circle at points P and Q. Line SO 

intersects the circle at A and B, with B closer to S. Let X be an interior 

point of minor arc PB, and let line OS intersect lines QX and PX at C 

and D, respectively. Prove that 

1 buason2 

(AG (PAD ARS 
Problem 3 For any two positive integers n and p, prove that there are 

exactly (p + 1)"*1 — p"*? functions 

f: {1,2,...,n} — {-—p, -p+1,...,p} 

such that |f(i) — f()| < p for all 7,7 € {1,2,...,n}. 

Problem 4 In an acute triangle ABC with circumradius R, altitudes 

AD, BE, CF have lengths h;, ha, hg, respectively. If t;, t2, tz are the 

lengths of the tangents from A, B, C, respectively, to the circumcircle of 

triangle DEF, prove that 

2 
uy 3 

S < -R. 
(=) eer’. 

C—all 

Problem 5 

(a) Prove that for each positive integer n, the number of ordered pairs 

(x, y) of integers satisfying 

a? —ayty=n 

is finite and divisible by 6. 

(b) Find all ordered pairs (x, y) of integers satisfying 

x? — ey + y* = 727. 

Problem 6 Given a triangle ABC, the internal and external bisectors 
of angle A intersect line BC at points D and E, respectively. Let F be 
the point (different from A) where line AC intersects the circle w with 
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diameter DE. Finally, draw the tangent at A to the circumcircle of triangle 

ABF, and let it hit w at A and G. Prove that AF = AG. 

Problem 7 Show that it is possible to cut any triangular prism of infinite 

length with a plane such that the resulting intersection is an equilateral 

triangle. 

Problem 8 Given a square ABC'D, the points M,N, K,L are chosen 

on sides AB, BC,CD, DA, respectively, such that lines MN and LK 

are parallel and such that the distance between lines IN and LK equals 

AB. Show that the circumcircles of triangles ALM and NC'K intersect 

each other, while those of triangles LD Kk and MBN do not. 

Problem 9 Let f : R — R be a function such that 

lf(@+y) = f(a) =fy)| <1 

for all x,y € IR. Show that there exists a function g : R —> R with 

| f(x) — g(x)| <1 for all z € R, and with g(a + y) = g(x) + g(y) for all 

zy ER. 
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20 United Kingdom 

Problem 1 Two intersecting circles C and C2 have a common tangent 

which touches C; at P and C> at Q. The two circles intersect at WW and 

N. Prove that the triangles 1/ NP and MNQ have equal areas. 

Problem 2 Given that x, y, z are positive real numbers satisfying ryz = 

32, find the minimum value of 

a? + dry + Ay? + 227. 

Problem 3 

(a) Find a set A of ten positive integers such that no six distinct elements 

of A have a sum which is divisible by 6. 

(b) Is it possible to find such a set if “ten” is replaced by “eleven”? 
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2! United States of America 

Problem 1 Call a real-valued function f very convex if 

f(x) + f(y) w+ So at (4) tle) 
holds for all real numbers x and y. Prove that no very convex function 
exists. 

Problem 2 Let S be the set of all triangles ABC for which 

1 1 if 3 6 

(a5 ln gayae oR) ~ min{AP, BQ,CR} r’ 
where r is the inradius and P,Q, R are the points of tangency of the 

incircle with sides AB, BC, CA, respectively. Prove that all triangles in 

S are isosceles and similar to one another. 

Problem 3 A game of solitaire is played with R red cards, W white 

cards, and B blue cards. A player plays all the cards one at a time. With 

each play he accumulates a penalty. If he plays a blue card, then he is 

charged a penalty which is the number of white cards still in his hand. 

If he plays a white card, then he is charged a penalty which is twice the 

number of red cards still in his hand. If he plays a red card, then he is 

charged a penalty which is three times the number of blue cards still in 

his hand. Find, as a function of R,W, and B, the minimal total penalty a 

player can amass and all the ways in which this minimum can be achieved. 

Problem 4_ Find the smallest positive integer n such that if n unit squares 

of a 1000 x 1000 unit-square board are colored, then there will exist three 

colored unit squares whose centers form a right triangle with legs parallel 

to the edges of the board. 

Problem 5 Let A; A2A3 be a triangle and let w; be a circle in its plane 

passing through A; and Ag. Suppose there exist circles w2, w3, ..., W7 

such that for k = 2, 3, ..., 7, wz is externally tangent to w,_; and passes 

through A, and Az41, where An+3 = An for all n > 1. Prove that 

W7 = WwW}. 

Problem 6 Let a1, 01,42, b2,..-,@n,bn be nonnegative real numbers. 

Prove that 

ya min{aja;, bib; } < 2 min{a;b;,a;b;}. 

4,g=1 a,j=1 
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22 Vietnam 

Problem 1. Two circles w,; and we are given in the plane, with centers 

O, and Og», respectively. Let Mj and M3 be two points on w, and 

w, respectively, such that the lines O; M{ and O2Mz intersect. Let M, 

and M2 be points on w, and wy, respectively, such that when measured 

clockwise the angles 7M;OM, and 2M3OMz are equal. 

(a) Determine the locus of the midpoint of Md, Mo. 

(b) Let P be the point of intersection of lines O;M, and O2Mp2. The 

circumcircle of triangle 4, PM, intersects the circumcircle of triangle 

O,PO, at P and another point Q. Prove that Q is fixed, independent 

of the locations of MM, and Mg. 

Problem 2 Suppose that all circumcircles of the four faces of a tetra- 

hedron have congruent radii. Show that any two opposite edges of the 

tetrahedron are congruent. 

Problem 3 Two circles C, and C2 intersect at two points P and Q. The 

common tangent of C; and C2 closer to P than to Q touches C; and C2 at 

A and B, respectively. The tangent to C, at P intersects C2 at F (distinct 

from P) and the tangent to C2 at P intersects C, at F (distinct from P). 

Let H and K be two points on the rays AF and BE, respectively, such 

that AH = AP, BK = BP. Prove that the five points A, H, Q, K, B 

lie on the same circle. 

Problem 4 Let a, b, c be pairwise coprime positive integers. An integer 

n > 1 is said to be stubborn if it cannot be written in the form 

n = bex + cay + abz 

for any positive integers x, y, z. Determine, as a function of a, b, and c, 

the number of stubborn integers. 

Problem 5 Let R* denote the set of positive real numbers, and let 

a,r > 1 be real numbers. Suppose that f : Rt — R is a function 

such that (f(x))? < ax” f (£) for all x > 0. 

1 
(a) If f(a), < 27080 for all a S200" Prove that f(z) <0" a tora 

en 0: 

(b) Construct such a function f : Rt — R (not satisfying the condition 

given in (a)) such that f(x) > x"a!~" for all x > 0. 
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| Asian Pacific Mathematical Olympiad 

Problem 1 Compute the sum 

101 x3 

» 1 — 32; + 32? 

where x; = 74> fori =0,1,..., 101. 

Problem 2 We are given an arrangement of nine circular slots along three 

sides of a triangle: one slot at each corner, and two more along each side. 

Each of the numbers 1, 2,...,9 is to be written into exactly one of these 

circles, so that 

(1) the sums of the four numbers on each side of the iriangle are equal; 

(11) the sums of the squares of the four numbers on each side of the triangle 

are equal. 

Find all ways in which this can be done. 

Problem 3 Let ABC be a triangle with median AM and angle bisector 

AN. Draw the perpendicular to line NA through N, hitting lines MA 

and BA at Q and P, respectively. Also let O be the point where 

the perpendicular to line BA through P meets line AN. Prove that 

QO | BC. 

Problem 4 Let n,k be positive integers with n > k. Prove that 

1 ue n) a 
es ———__—_—-_ < ——. 

n+l BRn—ky-* ~ kl(n—k)! ~ k(n —k)”—* 

295 
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Problem 5 Given a permutation (ao, @1,...,@n) of the sequence 0,1,...,n, 

a transposition of a; with a; is called legal if a; = 0, 7 > O, and 

aj—-1 +1 = a,;. The permutation (ao,a1,...,@n) is called regular if 

after finitely many legal transpositions it becomes (1,2,...,n,0). For 

which numbers n is the permutation (1,n,n —1,...,3,2,0) regular? 
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2 Austrian-Polish Mathematics Competition 

Problem 1 Find all positive integers N whose only prime divisors are 2 

and 5, such that the number NV + 25 is a perfect square. 

Problem 2 For which integers n > 5 is it possible to color the vertices of 

a regular n-gon using at most 6 colors such that any 5 consecutive vertices 

have different colors? 

Problem 3 Let the 3-cross be the solid made up of one central unit cube 

with six other unit cubes attached to its faces, such as the solid made of the 

seven unit cubes centered at (0,0,0), (+1,0,0), (0, +1, 0), and (0,0, +1). 

Prove or disprove that the space can be tiled with 3-crosses in such a way 

that no two of them share any interior points. 

Problem 4 In the plane the triangle Ap BoCp is given. Consider all 

triangles ABC satisfying the following conditions: (i) lines AB, BC, 

and C’A pass through points Co, Ao, and Bo, respectively; (ii) ZABC = 

ZA pBoCo, ZBCA = ZBoCopAo, and ZCAB = ZCoAoBo. Find the 

locus of the circumcenter of all such triangles ABC. 

Problem 5 We are given a set of 27 distinct points in the plane, no three 

collinear. Four points from this set are vertices of a unit square; the other 

23 points lie inside this square. Prove that there exist three distinct points 

X,Y, Z in this set such that [XYZ] < %. 

Problem 6 For all real numbers a, b,c > 0 such that a+b+c = 1, prove 

that 

eae) (hc) (a) (1a (ee) 

and determine when equality occurs for each of the two inequalities. 
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3 Balkan Mathematical Olympiad 

Problem 1 Let E be a point inside nonisosceles acute triangle ABC 

lying on median AD, and drop perpendicular EF to line BC. Let M be 

an arbitrary point on segment EF, and let N and P be the orthogonal 

projections of M onto lines AC’ and AB, respectively. Prove that the 

angle bisectors of 7PM N and ZPEWN are parallel. 

Problem 2 Find the maximum number of 1 x 10/2 rectangles one can 

remove from a 50 x 90 rectangle by using cuts parallel to the edges of the 

original rectangle. 

Problem 3 Call a positive integer r a perfect power if it is of the form 

r = t® for some integers s, t greater than 1. Show that for any positive 

integer n, there exists a set S of n distinct positive integers with the 

following property: given any nonempty subset T’ of S, the arithmetic 

mean of the elements in 7’ is a perfect power. 
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4 Mediterranean Mathematical 

Competition 

Problem 1 We are given n different positive numbers aj, a2,...,@,, and 

the set {o1, 02,...,n}, where each 0; € {—1,1}. Prove that there exist a 

permutation (bj, bo,...,bn) of (a1, a2,..., An) and a set {/31, Bo,..-, Bn} 

where each (; € {—1,1}, such that the sign of PD, Sa (;b; equals the sign 

of o; for all 1 <7 < n. 

Problem 2 In the convex quadrilateral ABCD, AC = BD. Outwards 

along its sides are constructed equilateral triangles WAB, X BC, YCD, 

Z DA with centroids $1, S2, $3, S4, respectively. Prove that S;S3 1 S254 

if and only if AC = BD. 

Problem 3. P, Q, R, S are the midpoints of sides BC, CD, DA, AB, 

respectively, of convex quadrilateral ABCD. Prove that 

4(AP? + BQ? + CR? + DS?) < 5(AB? + BC? + CD? + DA’). 
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5 St. Petersburg City 

Mathematical Olympiad (Russia) 

Problem 1 Let 4A), BB ,CC;, be the altitudes of an acute triangle 

ABC. The points Ag and C2 on line AC; are such that line CC bisects 

‘AB, and line AA, bisects C>2B,. Lines Az B, and AA; meet at K, and 

lines C>B, and CC; meet at L. Prove that lines KL and AC are parallel. 

Problem 2 One hundred points are chosen in the coordinate plane. Show 

that at most 2025 = 45? rectangles with vertices among these points have 

sides parallel to the axes. 

Problem 3 

(a) Find all pairs of distinct positive integers a,b such that (b? + a) | 

(a? + b) and b? + a is a power of a prime. 

(b) Let a and b be distinct positive integers greater than 1 such that 

(b? + a—1) | (a2 +6-—1). Prove that b? + a —1 has at least 
two distinct prime factors. 

Problem 4 In a country of 2000 airports, there are initially no airline 

flights. Two airlines take turns introducing new roundtrip nonstop flights. 

(Between any two cities, only one nonstop flight can be introduced.) The 

transport authority would like to achieve the goal that if any airport is shut 

down, one can still travel between any two other airports, possibly with 

transfers. The airline that causes the goal to be achieved loses. Which 

airline wins with perfect play? 

Problem 5 We are given several monic quadratic polynomials, all with 

the same discriminant. The sum of any two of the polynomials has distinct 

real roots. Show that the sum of all of the polynomials also has distinct 

real roots. 

Problem 6 On an infinite checkerboard are placed 111 nonoverlapping 

corners, L-shaped figures made of 3 unit squares. The collection has the 

following property: for any corner, the 2 x 2 square containing it is entirely 

covered by the corners. Prove that one can remove between 1 and 110 of 

the corners so that the property will be preserved. 

Problem 7 We are given distinct positive integers a1,a2,...,d@29. The 

set of pairwise sums {a; + a; | 1 < i < j < 20} contains 201 
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elements. What is the smallest possible number of elements in the set 
{|a; —a;|| 1 <i <j < 20}, the set of positive differences between the 
integers? 

Problem 8 Let ABC'D be an isosceles trapezoid with bases AD and 
BC. An arbitrary circle tangent to lines AB and AC intersects BO at 
M and N. Let X and Y be the intersections closer to D of the incircle 
of triangle BCD with DM and DN, respectively. Show that line XY is 

parallel to line AD. 

Problem 9 In each square of a chessboard is written a positive real 

number such that the sum of the numbers in each row is 1. It is known 

that for any eight squares, no two in the same row or column, the product of 

the numbers in these squares is no greater than the product of the numbers 

on the main diagonal. Prove that the sum of the numbers on the main 

diagonal is at least 1. 

Problem 10 Is it possible to draw finitely many segments in three- 

dimensional space such that any two segments either share an endpoint 

or do not intersect, any endpoint of a segment is the endpoint of exactly 

two other segments, and any closed polygon made from these segments 

has at least 30 sides? 

Problem 11 What is the smallest number of weighings on a balance 

scale needed to identify the individual weights of a set of objects known 

to weigh 1,3,37,...,37° in some order? (The balance scale reports the 

difference between the weights of the objects in two pans.) 

Problem 12 The line @ is tangent to the circumcircle of acute triangle 

ABC at B. Let K be the projection of the orthocenter of ABC’ onto 

é, and let L be the midpoint of side AC’. Show that triangle BK L is 

isosceles. 

Problem 13 Two balls of negligible size move within a vertical 1 x 1 

square at the same constant speed. Each travels in a straight path except 

when it hits a wall, in which case it reflects off the wall so that its angle 

of incidence equals its angle of reflection. Show that a spider, moving at 

the same speed as the balls, can descend straight down on a string from 

the top edge of the square to the bottom so that while the spider is within 

in the square, neither the spider nor its string is touching one of the balls. 
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Problem 14 Let n > 3 be an integer. Prove that for positive numbers 

fy S%25°°* SXn, 
pea a td In—-10n fee f SPEEDS ay tan to + 2p. 
x2 X3 D1 

Problem 15 In the plane is given a convex n-gon P with area less than 

1. For each point X in the plane, let F'(X) denote the area of the union 

of all segments joining X to points of P. Show that the set of points X 

such that F(X) = 1 is a convex polygon with at most 2n sides. 

Problem 16 What is the smallest number of unit segments that can be 

erased from the interior of a 2000 x 3000 rectangular grid so that no smaller 

rectangle remains intact? 

Problem 17. Let AA, and CC be altitudes of acute triangle ABC’. The 

line through the incenters of triangles AA;C and ACC meets lines AB 

and BC at X and Y, respectively. Prove that BX = BY. 

Problem 18 Does there exist a 30-digit number such that the number 

obtained by taking any five of its consecutive digits is divisible by 13? 

Problem 19 Let ABCD be a convex quadrilateral, and M and N the 

midpoints of AD and BC, respectively. Suppose A,B,M,N lie on a 

circle such that AB is tangent to the circumcircle of triangle BMC. Prove 

that AB is also tangent to the circumcircle of triangle AND. 

Problem 20 Let n > 3 be a positive integer. For all positive numbers 

Q1,42,---,Qn, show that 

a1 + A2 a2 + a3 Qn 1 G1 _ G1 1 a2 + ag An + a1 + a2 ; oe ee < ae 

Problem 21 A connected graph is said to be 2-connected if after remov- 

ing any single vertex, the graph remains connected. Prove that given any 

2-connected graph in which the degree of every vertex is greater than 2, 

it is possible to remove a vertex (and all edges adjacent to that vertex) so 

that the remaining graph is still 2-connected. 

Problem 22 The perpendicular bisectors of sides AB and BC of 
nonequilateral triangle ABC meet lines BC and AB at A, and Cj, 
respectively. Let the bisectors of angles A; AC and C,C'A meet at B’, 

and define C’ and A’ analogously. Prove that the points A’, B’,C’ lie on 
a line passing through the circumcenter of triangle ABC. 
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Problem 23 Is it possible to select 102 17-element subsets of a 102- 

element set, such that the intersection of any two of the subsets has at 

most 3 elements? 
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Abel summation For an integer n > 0 and reals a,,a2,...,@,, and 

by, be, OS OR 

n n n—-1 a 

Sabi =, Prat | (bin) a 
1=1 oll a i 

Arithmetic mean-geometric mean (AM-GM) inequality If a,,a2,...,an 

are n nonnegative numbers, then their arithmetic mean is defined as 

+ \7/"_, a; and their geometric mean is defined as (a,a2---an)*. The 

arithmetic mean-geometric mean inequality states that 

n 

with equality if and only if a; = ae +++ = Gp. The inequality is a 

special case of the power mean inequality. 

Arithmetic mean-harmonic mean (AM-HM) inequality If aj, a2,...,an 

are n positive numbers, then their arithmetic mean is defined as 

= Sai a; and their harmonic mean is defined as ——+—-. The 
i® Gone m 211=1 a5 

arithmetic mean-geometric mean inequality states that 

a a%=- Ton 1 
Lesa 50 apie, nm o— ay 

Like the arithmetic with equality if and only if aj = ag = --: = Gp. 

mean-geometric mean inequality, this inequality is a special case of the 

power mean inequality. 

305 



306 Mathematical Olympiads 1999-2000 

Bernoulli’s inequality For « > —1 anda > 1, 

(La)? aber ad, 

with equality when x = 0. 

Binomial coefficient 

(Qeaaom 
the coefficient of x” in the expansion of (a + 1)”. 

Binomial theorem 

eoreZ (Je k=0 

Brocard angle See Brocard points. 

Brocard points Given a triangle ABC, there exists a unique point P 

such that ZABP = ZBCP = ZCAP and a unique point Q such that 

ZBAQ = ZCBQ = ZACQ. The points P and Q are the Brocard points 

of triangle ABC. Moreover, 7ABP and ZBAQ are equal; their value ¢ 

is the Brocard angle of triangle ABC. 

Cauchy-Schwarz inequality For any real numbers aj, a2,...,@,, and 

Oi, Doe 0, 

mr nr nr 2 

Sat Sow> (Soon) 
i=l i=1 i=1 

with equality if and only if a; and 0; are proportional, 7 = 1,2,...,n. 

Centrally symmetric A geometric figure is centrally symmetric (cen- 

trosymmetric) about a point O if, whenever P is in the figure and O is 

the midpoint of a segment PQ, then Q is also in the figure. 

Centroid of a triangle Point of intersection of the medians. 

Centroid of a tetrahedron Point of the intersection of the segments 

connecting the midpoints of the opposite edges, which is the same as 

the point of intersection of the segments connecting each vertex with the 

centroid of the opposite face. 
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Ceva’s theorem and its trigonometric form Let AD, BE, CF be three 
cevians of triangle ABC’. The following are equivalent: 

(i) AD, BE, CF are concurrent; 

me AL -BD: CE 
(i) —~ - —~.— =]; 

(iii) sinZABE sinZBCF sinZCAD 4, 

sn ZEBC sinZFCA sinZDAB 

Cevian A cevian of a triangle is any segment joining a vertex to a point 

on the opposite side. 

Chinese remainder theorem Let k be a positive integer. Given 

integers @1,@2,...,@, and pairwise relatively prime positive integers 

N1,N2,..., Mg, there exists a unique integer a such that 0 <a < nes Nj 

and a = a; (mod n;) fori = 1,2,...,k. 

Circumcenter Center of the circumscribed circle or sphere. 

Circumcircle Circumscribed circle. 

Congruence For integers a, b, and n with n > 1, a = b(mod n) (or “a 

is congruent to b modulo n”) means that a — b is divisible by n. 

Concave up (down) function A function f(z) is concave up (down) on 

(a, b] if f(a) lies under the line connecting (a1, f(ai)) and (b;, f(61)) for 

all 

assay <0 <0y 0. 

Cyclic polygon Polygon that can be inscribed in a circle. 

de Moivre’s formula For any angle a and for any integer n, 

(cosa +isina)” = cosna + isinna. 

Desargues’ theorem Two triangles have corresponding vertices joined 

by lines which are concurrent or parallel if and only if the intersections of 

corresponding sides are collinear. 

Euler’s formula Let O and J be the circumcenter and incenter, respec- 

tively, of a triangle with circumradius R and inradius r. Then 

OI? = R? — 2rR. 
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Euler line The orthocenter, centroid and circumcenter of any triangle 

are collinear. The centroid divides the distance from the orthocenter to the 

circumcenter in the ratio of 2: 1. The line on which these three points lie 

is called the Euler line of the triangle. 

Euler’s theorem Given relatively prime integers a and m with m > 1, 

a?) =@ (mod m), where ¢(m) is the number of positive integers less 

than or equal to m and relatively prime to m. 

Excircles or escribed circles Given a triangle ABC, there are four 

circles tangent to the lines AB,BC,CA. One is the inscribed circle, 

which lies in the interior of the triangle. One lies on the opposite side 

of line BC from A, and is called the excircle (escribed circle) opposite 

A, and similarly for the other two sides. The excenter opposite A is the 

center of the excircle opposite A; it lies on the internal angle bisector of 

A and the external angle bisectors of B and C. 

Excenters See excircles. 

Exradii The radii of the three excircles of a triangle. 

Fermat number A number of the form 2?” for some positive integer n. 

Fermat’s little theorem If p is prime, then a? = a (mod p). 

Feuerbach circle The feet of the three altitudes of any triangle, the 

midpoints of the three sides, and the midpoints of segments from the three 

vertices to the orthocenter, all lie on the same circle, the Feuerbach circle 

or the nine-point circle of the triangle. Let R be the circumradius of 

the triangle. The nine-point circle of the triangle has radius R/2 and is 

centered at the midpoint of the segment joining the orthocenter and the 

circumcenter of the triangle. 

Feuerbach’s theorem The nine-point circle of a triangle is tangent to 

the incircle and to the three excircles of the triangle. 

Fibonacci sequence The sequence Fo, F\,... defined recursively by 

Fo = 0, Fy = 1, and Fre = Frait Fy for all n > 0. 

Generating function If ao, a1, az, .. . is a sequence of numbers, then the 

generating function for the sequence is the infinite series 

do +a,2 + aga? +---, 
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If f is a function such that 

f(z) =a9 + aie + agx* +---, 

then we also refer to f as the generating function for the sequence. 

Harmonic conjugates Let A, C, B, D be four points on a line in that 

order. If the points C’ and D divide AB internally and externally in the 

same ratio, (i.e., AC : CB = AD : DB), then the points C and D are 

said to be harmonic conjugates of each other with respect to the points A 

and B, and AB is said to be harmonically divided by the points C and 

D. If C and D are harmonic with respect to A and B, then A and B are 

harmonic with respect to C and D. 

Harmonic range The four points A, B, C, D are referred to as a 

harmonic range, denoted by (ABCD), if C and D are harmonic conjugates 

with respect to A and B. 

Helly’s theorem If n > d and Cj,...,C, are convex subsets of R%, 

each d+ 1 of which have nonempty intersection, then there is a point in 

common to all the sets. 

Heron’s formula The area of a triangle with sides a, b, c is equal to 

where s = (a+6+c)/2. 

Homothety A homothety (central similarity) is a transformation that 

fixes one point O (its center) and maps each point P to a point P’ for 

which O, P, P’ are collinear and the ratio OP : OP’ = k is constant (k 

can be either positive or negative), where k is called the magnitude of the 

homothety. 

Homothetic triangles Two triangles ABC and DEF are homothetic 

if they have parallel sides. Suppose that AB || DE, BC || EF, and 

CA || FD. Then lines AD, BE, and CF concur at a point X, as given 

by a special case of Desargues’ theorem. Furthermore, some homothety 

centered at X maps triangle ABC onto triangle DEF’. 

Incenter Center of inscribed circle. 

Incircle Inscribed circle. 
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Inversion of center O and ratio r Given a point O in the plane and 

a real number r > 0, the inversion through O with radius r maps every 

point P 4 O to the point P’ on the ray OP such that OP - OP! = r?. 

We also refer to this map as inversion through w, the circle with center O 

and radius r. Key properties of inversion are: 

1. Lines through O invert to themselves (though the individual points on 

the line are not all fixed). 

2. Lines not through O invert to circles through O and vice versa. 

3. Circles not through O invert to other circles not through O. 

4. A circle other than w inverts to itself (as a whole, not point-by-point) if 

and only if it is orthogonal to w, that is, it intersects w and the tangents 

to the circle and to w at either intersection point are perpendicular. 

Jensen’s inequality If f is concave up on an interval [a,b] and Aj, Ao, 

..-5 An are nonnegative numbers with sum equal to 1, then 

Arf (#1) + Ao f (x2) +++: + Anf (En) > f(Arz1 + Agte +--+ + Anzn) 

for any £1,%2,...,2, in the interval [a,b]. If the function is concave 

down, the inequality is reversed. 

Kummer’s Theorem Given nonnegative integers a and b and a prime 

p, p' | (°*°) if and only if t is less than or equal to the number of carries 
in the addition a + 6 in base p. 

Lattice point In the Cartesian plane, the lattice points are the points 

(x,y) for which x and y are both integers. 

Law of sines_ In a triangle ABC with circumradius equal to R one has 

sin’ “sin Be} sin © 

BC AC. | Ag: 
Lucas’s theorem Let p be a prime; let a and b be two positive integers 
such that 

2Rs 

Qh = arp” - Gin Fe 2 Oe CHD Ae Cig 

b = byp* + by-ip"—! +--- + bip + bo, 

where 0 < a,,b; < p are integers fori =0,1,...,k. Then 

= CG) G(R) ea. 
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Matrix A matrix is a rectangular array of objects. A matrix A with m 
rows and mn columns is an m x n matrix. The object in the i-th row and 
j-th column of matrix A is denoted a;,;. If a matrix has the same number 
of rows as it has columns, then the matrix is called a square matrix. In 

a square n x n matrix A, the main diagonal consists of the elements 

41,1, 42,2, BiG s5) Ann: 

Menelaus’ theorem Given a triangle ABC, let F, G, H be points on 

lines BC’, CA, AB, respectively. Then F’, G, H are collinear if and only 

if, using directed lengths, 

Alap Eig CG ls, 

Minkowski’s inequality Given a positive integer n, a real number r > 1, 

and positive reals a1, @2,...,@n, and b;,bo,...,bn, we have 

Fa 1/r a 1/r a 1/9 

(Ste + ma < (> «) _ (>: ") ? 

i=1 

Nine point circle See Feuerbach circle. 

Orthocenter of a triangle Point of intersection of the altitudes. 

Periodic function f(x) is periodic with period T > 0 if 

f(@+T) = f(z) 

for alla: 

Permutation Let S be a set. A permutation of S is a one-to-one function 

a9 — 1S that maps S onto S. lf S = {71, 29, ..., 2,} 18 a finite set, 

then we may denote a permutation 7 of S by {y1,y2,---, Yn}, where 

Ye = T(Lk). 

Pick’s theorem Given a non self-intersecting polygon P in the coordi- 

nate plane whose vertices are at lattice points, let B denote the number of 

lattice points on its boundary and let J denote the number of lattice points 

in its interior. The area of P is given by the formula J + iB —1. 

Pigeonhole principle If 7 objects are distributed among k < n boxes, 

some box contains at least two objects. 
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Pole-polar transformation Let C be a circle with center O and radius 

R. The pole-polar transformation with respect to C maps points different 

from O to lines, and lines that do not pass through O to points. If P # O 

is a point then the polar of P is the line p’ that is perpendicular to ray 

OP and satisfies 

dO, P\d(Osp = ke, 

where d(A, B) denote the distance between the objects A and B. If q is a 

line that does not pass through O, then the pole of q is the point Q’ that 

has polar g. The pole-polar transformation with respect to the circle C is 

also called reciprocation in the circle C’. 

Polynomial in x of degree n Function of the form f(x) = )>p_» axa*. 

Power of a point theorem Given a fixed point P and a fixed circle w, 

draw a line through P which intersects the circle at X and Y. The power 

of the point P with respect to w is defined to be PX - PY. The power of 

a point theorem states that this quantity is a constant; i.e., does not depend 

on which line was drawn. Note that it did not matter whether P was in, 

on or outside w. 

Power mean inequality Let aj, a2,...,a,, be any positive numbers for 

which a; + a2 +-:-+ a, = 1. For positive numbers 21, 72,...,2n we 

define 

Mos = Moin Wi, ts) a BE 

Moc = Max{ 01, 09,+.., 0k ¢, 

an Se ih UD: Mo = 21°25? +--+ 2", 

Ah t t t\1 Mz = (a12} + agri +--+ apat)/*, 

where t is a non-zero real number. Then 

Mr ou, 

fonts & 

Ptolemy’s theorem In a convex cyclic quadrilateral ABCD, 

AC. BD=AB-CD+ AD: BC. 

Pythagorean triple A set (a,b,c) of three numbers is a Pythagorean 
triple if there is a right-angled triangle with sides of lengths a, b, c. If c 
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is the length of the hypotenuse, this is equivalent to the assertion: 

= 07 +b. 

If a, b, c are integers, the triple is primitive if the greatest common 
divisor of a, b, c is 1. All primitive Pythagorean triples (a, b,c) are given 
parametrically by 

Chi RATIO b= — 0 C= 0 

where u > v are relatively prime integers, not both odd. 

Radical axis Let w, and wz be two non-concentric circles. The locus of 

all points of equal power with respect to these circles is called the radical 

axis Of w; and wo. Let w1,w2,w3 be three circles whose centers are not 

collinear. There is exactly one point whose powers with respect to the three 

circles are all equal. This point is called the radical center of w1, we, w3. 

Root of an equation Solution to the equation. 

Root of unity Solution to the equation z” — 1 = 0. 

Root Mean Square-Arithmetic Mean Inequality For positive numbers 

L1,22,~«--,Ln, 

a? +a%+---+22 5 Tit te t+ + 2k 
n n 

Simson line For any point P on the circumcircle of A ABC, the feet of 

the perpendiculars from P to the sides of A ABC all lie on a line called 

the Simson line of P with respect to AABC. 

Stewart’s theorem In a triangle ABC with cevian AD, write a = BC, 
b= CA, c= AB, m= BD, n= DC, and d= AD. Then 

d?a+man = c?n+b’m. 

This formula can be used to express the lengths of the altitudes and angle 

bisectors of a triangle in terms of its side lengths. 

Thue-Morse sequence The sequence to,ti,..., defined by to = 0 and 

the recursive relations to, = tr, tor41 = 1 — tex for k > 1. The binary 

representation of m contains an odd number of 1’s if and only if t, is odd. 

Triangular number A number of the form n(n + 1)/2, where n is some 

positive integer. 
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Trigonometric identities 

sin? x + cos? x = 19 

1+ cot? x = esc? ao 

tan? x + 1 = sec? a; 

addition and subtraction formulas: 

sin(a + b) = sinacosb+cosasinb, 

cos(a + b) = cosacosb $ sinasin b, 

tana + tanb _ 
t + 6) = ————_ 
ae) 1+ tanatanb’ 

double-angle formulas: 

sin 2a = 2sinacosa 

2tana 

wiecwoe 

cos 2a = 2cos?a —1=1-— 2sin’?a 

1 — tan’ a 

1+ tan? a’ 

2ta 
tan 2a = — 

1 — tan“a 

triple-angle formulas: 

sin 3a = 3sina — 4sin° a, 

cos 3a = 4cos* a — 3cos a, 

3tana—tan?a 
tan 3a = 

1—3tan?a 

half-angle formulas: 

Miya § P— cosa 
sin* — = ————,, 

7 2 

9a  I1+cosa 
cos* = = ————; 

2 2 

sum-to-product formulas: 

: : ' b _ 
sina + sinb = 2sin aan COs ot 
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cosa + cosb = 2cos a cos ze = 2 

tana + tanb = ples 
cos acos b 

difference-to-product formulas: 

sina — sinb = 2sin —— cos . - a 

cos a — cosb = —2sin —— sin Z - 4 

sin(a — b)_ 
tana —tanb = —— 

cos acos b 

product-to-sum formulas: 

2sinacosb = sin(a + b) + sin(a — b), 

2 cos acos b = cos(a + b) + cos(a — b), 

2sin asin b = —cos(a + b) + cos(a — b). 

SiS 

Van der Warden’s theorem Given positive integers n and k, there exists 

a positive integer N such that the following property holds: among any 

N consecutive integers, each colored in one of n colors, there exist k in 

arithmetic progression which share the same color. 
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Classification of Problems 

Algebra 

Belarus 99-10.1, 11.1; 99-S-6 

Bulgaria 99-R4-1 

Canada 99-1 

China 99-2; 00-2 

Czech and Slovak 99-6 

Hungary 99-8, 11, 17 

Iran 99-R2-1 

Ireland 99-1, 6 

Italy 00-3 

Japan 99-3, 4 

Korea 00-4 

Mongolia 00-6 

Poland 99-4 

Romania 99-7.1, 7.2, 10.1; 99-S-3, 6, 9; 00-1, 4 

Russia 99-R4-8.1, 8.2, 8.4, 10.5, 11.1, 11.8; 

99-R5-9.1, 10.2, 10.5; 00-11, 32, 41 

Slovenia 99-] 

Ukraine 99-1 

1 Entries are written in the form “year-round-problem” or “‘year-problem,” with the following 

abbreviations: 
round 

selection test 

individual round 

team round 3rnDW 

S17 
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(Algebra, continued) 

United Kingdom 

Vietnam 

Asian Pacific 

Austrian-Polish 

Czech-Slovak Match 

Hungary-Israel 

Iberoamerican 

St. Petersburg 

Combinatorics 

Belarus 

Brazil 

Bulgaria 

Canada 

China 

Czech and Slovak 

France 

Hong Kong 

Hungary 

Tran 

Ireland 

Italy 

Japan 

Korea 

Poland 

Romania 

Russia 

Taiwan 

Turkey 

United States 

Asian Pacific 

Austrian-Polish 

Czech-Slovak Match 

Iberoamerican 

Mathematical Olympiads 1999-2000 

99-1, 4 

99-1, 3 

99-1; 00-1, 2 

99-3, 6 

99-4 

99-T-2 

99-1, 6 

99-92, 10.1, 10.2210:5 

99-10.3, 11.2; 99-S-10, 12; 00-2, 9 

99-2, 4 

99-R3-3; 99-R4-4; 00-2, 00-12 

99-4 

99-3, 6; 00-3, 6 

99-4 

99-4 

99-2 

99-7; 00-4 

99-R1-6; 99-R3-4; 00-7 

99-4 

99-4, 5; 00-2 

99-1; 00-1 

99-5; 00-5 

99-2; 00-5 

99-S-11, 12; 00-10 

99-RA-8.7, 8.8, 9.1, 9.4, 9.5, 10.7, 11.3, 

11.6; 99-R5-9.4, 9.5, 9.8, 10.1, 10.4, 10.8; 

00-6, 12, 21, 24, 29, 31, 37, 39 

99-2, 5 

99-3, 5; 00-3 

99-1, 5; 00-3, 4 

00-5 

99-1; 00-2 

99-3 

99-3 
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(Combinatorics, continued) 

Olimpiada del Cono Sur —: 99-3 

St. Petersburg 99-93, 9.492958; 0022; 6; 11,16 

Combinatorial Geometry 

Bulgaria 99-R3-6; 00-4, 8 

Czech and Slovak 00-4 

Hungary 99-18 

Iran 99-R2-5; 99-R3-3 

Israel 00-4 

Japan 00-4 

Russia 99-R4-10.3, 11.4; 99-R5-11.6; 

00-9, 18, 23, 26, 33 

Turkey 99-9 

Asian Pacific 99-5 

Austrian-Polish 99-9: 00-3, 5 

Balkan 00-2 

Combinatorial Number Theory 

Belarus 99-11.3 

Estonia 00-6 

Hungary 99-4 

Iran 99-R1-2 

Ireland 99-5 

Russia 99-R4-10.8; 00-14 

Slovenia 99-4 

United Kingdom 00-3 

St. Petersburg OOP TIEO. 18 

Combinatorics and Sets 
Belarus 00-7 

Canada 00-1 

China 00-4 

Hungary 00-7 

Iran 99-R3-1, 5 

Italy 99-10 

Romania 00-2 

Russia 00-8, 15 
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(Combinatorics, continued) 

Taiwan 

Hungary-Israel 

St. Petersburg 

Graph Theory 

Belarus 

India 

Russia 

St. Petersburg 

Mathematical Olympiads 1999-2000 

00-3 
99-1-4 
00-7, 00-23 

00-5 

00-3 

00-36, 43 

99-11.7; 00-4, 10, 21 

Functional Equations 

Belarus 

Estonia 

Hungary 

India 

Iran 

Ireland 

Italy 

Korea 

Mongolia 

Poland 

Romania 

Russia 

Slovenia 

Taiwan 

Turkey 

Vietnam 

Czech-Slovak Match 

Geometry 

Belarus 

99-S-1, 9; 00-4 

00-4 

99-4 

00-4 

99-R2-3; 00-5, 6 

99-7 

99-9 

99-2, 4; 00-2 

00-3 

00-6 

00-9 

99-R5-1.2; 00-7, 40 

99-2 

00-4 

99-7; 00-9 

99-6, 10; 00-5 

99-5 

99-10.4, 10.5, 11.4, 11.7; 99-S-5, 7,8: 

00-1, 3, 11 



Classification of Problems 

(Geometry, continued) 

Brazil 

Bulgaria 

Canada 

China 

Czech and Slovak 

Estonia 

France 

Hungary 

India 

Tran 

Ireland 

Israel 

Italy 

Korea 

Mongolia 

Poland 

Romania 

Russia 

Slovenia 

Taiwan 

Turkey 

United Kingdom 

United States 

Vietnam 

Asian Pacific 

Austrian-Polish 

Balkan 

Hungary-Israel 

Iberoamerican 

Mediterranean 

Olimpiada del Cono Sur 

St. Petersburg 

99-1, 5 

321 

99-R3-2, 5; 99-R4-5; 00-1, 3, 5, 7, 9, 11 

99-2; 00-2 

99-1 

99-2, 3. 5;.00-2,23 

00-3, 5 

99-5 

99-1, 2..3, 9, 10; 00-3, 6 

00-1 

99-R1-3, 4; 99-R2-4; 99-R3-2; 

00-1, 3, 8, 9 

99-3, 10 

00-2, 00-3 

99-1, 3, 8; 00-1 

99-1; 00-3 

00-2, 4 

99-1, 6; 00-2, 4 

OORT Sl Aes Ort, 9.1, 9.3; 

99-S-2, 10; 00-5, 8 

99-R4-8.3, 8.6, 9.2, 9.8, 10.2, 10.6; 

JOO Ow LO aa, Li Spel dels 

0-2 lel ts 205-27, 30039, be ae 

99-3 

99-4; 00-1 

99-1, 4, 6; 00-2, 6, 7, 8 

99-2, 7; 00-1 

99-6; 00-2, 5 

99-2, 5, 8, 11; 00-1, 2, 3 

99-3; 00-3 

99-4, 8; 00-4 

99-1; 00-1 

99-I-3; 99-T-1, 3 

99-2, 5 

00-2, 3 

99-2 

99-9.4, 9.6, 10.7; 

OOlsy 12ese 15, 175.22 
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inequalities 

Belarus 99-10.2, 10.7, 11.5; 99-S-4; 00-6, 10 

Brazil 99-3 

Canada 99-5; 00-3 

China 99-5 

Czech and Slovak 00-1 

Estonia 00-1 

France 99-3 

Hungary 99-5, 12, 14; 00-5 

Iran 99-R1-1; 00-10 

Ireland 99-8 

Korea 99-6; 00-6 

Poland 99-5 

Romania 99-8.2, 9.2, 9.4, 10.3, 10.4; 

99-S-4, 5, 7; 00-3 

Russia 99-R4-9.3, 11.5; 99-R5-9.6, 10.7; 00-4, 10, 19 

Turkey 99-2, 8 

Ukraine 99-2 

United Kingdom 00-2 

United States 99-4; 00-1, 6 

Vietnam 99-4, 7, 9 

Asian Pacific 99-2: 00-4 

Austrian-Polish 99-2; 00-6 

Balkan 99-4 

Czech-Slovak Match 99-1 

Hungary-Israel 99-I-1, 6 

St. Petersburg 99-9.1, 10.6, 11.4; 00-5, 9, 14, 20 

Geometric Inequalities 

China 00-1 

Hungary 99-6, 15 

Iran 99-R2-2; 00-4 

Japan 99-5; 00-2 

Romania 99-10.2; S-8, 13 

Turkey 00-4 

United States 99-2 

Balkan 99-3 

Olimpiada del Cono Sur 99-5, 6 

1 7°77 



Classification of Problems 

Number Theory 

Belarus 

Bulgaria 

Canada 

China 

Czech and Slovak 

Estonia 

Hungary 

India 

Iran 

Ireland 

Israel 

Italy 

Japan 

Korea 

Mongolia 

Poland 

Romania 

Russia 

Taiwan 

Turkey 

Ukraine 

United States 

Vietnam 

Asian Pacific 

Austrian-Polish 

Balkan 

Czech-Slovak Match 

Hungary-Israel 

Iberoamerican 

Olimpiada del Cono Sur 

St. Petersburg 

99-11.6; 99-S-2, 3, 11; 00-8 

99-R3-1, 4; 99-R4-2, 3, 6; 00-6, 10 

99-3 

99-4; 00-5 

99-] 

00-2 

99-34-4135 ,410; 00-1, 2 

00-2 

99-R1-5; 00-2 

9922.9 

00-1 

99-7, 0, 7 

99-2; 00-3 

99-3; 00-1 

00-1, 5 

29, .00-9 

99-8.1; 99-S-1; 00-6, 7 

99-R4-8.5, 9.7; 99-R5-11.1; 

00-1, 16; 22, 25, 28 

99-1, 3; 00-2 

00-1, 5 

99-3 

99-3 

99-12; 00-4 

99-4 

99-5, 7; 00-1 

99-2; 00-3 

99-6 

99-]-2, 5 

99-4 

99-1, 4 

99-9.5, 11.1, 11.3; 00-3, 18 

323 
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