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Preface

It is said that in many countries, especially the United States, children are
afraid of mathematics and regard mathematics as an *
But in China, the situation is very different. Many children love mathe-
matics, and their math scores are also very good. Indeed, mathematics is
a subject that the Chinese are good at. If you see a few Chinese students
in elementary and middle schools in the United States, then the top few in

‘unpopular subject.”

the class of mathematics are none other than them.

At the early stage of counting numbers, Chinese children already show
their advantages.

Chinese people can express integers from 1 to 10 with one hand, whereas
those in other countries would have to use two.

The Chinese have long had the concept of digits, and they use the most
convenient decimal system (many countries still have the remnants of base
12 and base 60 systems).

Chinese characters are all single syllables, which are easy to recite. For
example, the multiplication table can be quickly mastered by students, and
even the “stupid” people know the concept of “three times seven equals
twenty one.” But for foreigners, as soon as they study multiplication, their
heads get bigger. Believe it or not, you could try and memorise the multi-
plication table in English and then recite it, it is actually much harder to
do so in English.

It takes the Chinese one or two minutes to memorize 7 = 3.14159- - -
to the fifth decimal place. However, in order to recite these digits, the
Russians wrote a poem. The first sentence contains three words and the
second sentence contains one --- To recite m, recite poetry first. In our

vii
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opinion, this just simply asks for trouble, but they treat it as a magical
way of memorization.

Application problems for the four arithmetic operations and their arith-
metic solutions are also a major feature of Chinese mathematics. Since
ancient times, the Chinese have compiled a lot of application questions,
which has contact or close relations with reality and daily life. Their solu-
tions are simple and elegant as well as smart and diverse, which helps
increase students’ interest in learning and enlighten students’. For example:

“There are one hundred monks and one hundred buns. One big monk
eats three buns and three little monks eat one bun. How many big monks
and how many little monks are there?”

Most foreigners can only solve equations, but Chinese have a variety
of arithmetic solutions. As an example, one can turn each big monk into
9 little monks, and 100 buns indicate that there are 300 little monks, which
contain 200 added little monks. As each big monk becomes a little monk 8
more little monks are created, so 200/8 = 25 is the number of big monks,
and naturally there are 75 little monks. Another way to solve the problem is
to group a big monk and three little monks together, and so each person eats
a bun on average, which is exactly equal to the overall average. Thus the
big monks and the little monks are not more and less after being organized
this way, that is, the number of the big monks is 100/(3 + 1) = 25.

The Chinese are good at calculating, especially good at mental arith-
metic. In ancient times, some people used their fingers to calculate (the
so-called “counting by pinching fingers”). At the same time, China has
long had computing devices such as counting chips and abaci. The latter
can be said to be the prototype of computers.

In the introductory stage of mathematics — the study of arithmetic, our
country has obvious advantages, so mathematics is often the subject that
our smart children love.

Geometric reasoning was not well-developed in ancient China (but there
were many books on the calculation of geometric figures in our country),
and it was slightly inferior to the Greeks. However, the Chinese are good
at learning from others. At present, the geometric level of middle school
students in our country is far ahead of the rest of the world. Once a for-
eign education delegation came to a junior high school class in our country.
They thought that the geometric content taught was too in-depth for stu-
dents to comprehend, but after attending the class, they had to admit that
the content was not only understood by Chinese students, but also well
mastered.



Preface ix

The achievements of mathematics education in our country are remark-
able. In international mathematics competitions, Chinese contestants have
won numerous medals, which is the most powerful proof. Ever since our
country officially sent a team to participate in the International Mathemat-
ical Olympiad in 1986, the Chinese team has won 14 team championships,
which can be described as very impressive. Professor Shiing-Shen Chern, a
famous contemporary mathematician, once admired this in particular. He
said, “One thing to celebrate this year is that China won the first place
in the international math competition --- Last year it was also the first
place.” (Shiing-Shen Chern’s speech, How to Build China into a Mathe-
matical Power, at Cheng Kung University in Taiwan in October 1990)

Professor Chern also predicted: “China will become a mathematical
power in the 21st century.”

It is certainly not an easy task to become a mathematical power. It
cannot be achieved overnight. It requires unremitting efforts. The purpose
of this series of books is: (1) To further popularize the knowledge of math-
ematics, to make mathematics be loved by more young people, and to help
them achieve good results; (2) To enable students who love mathematics
to get better development and learn more knowledge and methods through
the series of books.

“The important things in the world must be done in detail.” We hope
and believe that the publication of this series of books will play a role in
making our country a mathematical power. This series was first published
in 2000. According to the requirements of the curriculum reform, each vol-
ume is revised to different degrees.

Well-known mathematician, academician of the Chinese Academy of
Sciences, and former chairman of the Chinese Mathematical Olympiad
Professor Yuan Wang, served as a consultant to this series of books and
wrote inscriptions for young math enthusiasts. We express our heartfelt
thanks. We would also like to thank East China Normal University Press,
and in particular Mr. Ming Ni and Mr. Lingzhi Kong. Without them, this
series of books would not have been possible.

Zun Shan and Bin Xiong
May 2018
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Chapter 1

Permutations and
Combinations

Combinatorial mathematics, also known as combinatorial analysis, is an
important branch of mathematics with a long history.

Combinatorial mathematics intersects many branches of mathematics,
so it is difficult (and unnecessary) to define it formally. The readers can
roughly understand the most basic characteristics of combinatorial mathe-
matics involved in this book.

An important problem in combinatorial mathematics is the counting
problem, which aims to determine the number of elements that meet certain
restrictions. “Permutations” and “combinations” are the simplest and most
basic contents in this subject.

Addition Principle and Multiplication Principle

Addition principle and multiplication principle are the basic principles
of counting, and also the basis of further research on other combination
problems.

1. Addition Principle Suppose the methods to accomplish one objective
can be divided into n disjoint classes. In the first class, and there are my
different methods, in the second class, there are ms different methods, ...
and there are m,, different methods in the nth class. Then the total number
of the methods of accomplishing the task is

m1+mo+ -+ my.
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“

The spirit of the addition principle is that the “whole” is equal to the sum
of “parts.” Applying the addition principle is to divide the “whole” (the
methods of accomplishing one task) into several disjoint classes, so that the
number of the elements in each class is easy to calculate. As for how to

group the method, of course, it depends on the specific problems.

Remark 1. The addition principle can be expressed in a more general form
using the set language:

Let S be a (finite) set and S1,5s,...,5, be a partition of S, that is,
51,852, ...,5, are pairwise disjoint and their union is S. Then

IS] = [S1] + [S2| + -+ |Snl.

Here and later, the notation | X| represents the number of elements in the
finite set X.

However, if S1, S9,...,.S, are not pairwise disjoint, in order to calculate
|S|, we need a slightly deeper method — the inclusion-exclusion principle,
which will be discussed in Chapter 4.

2. Multiplication Principle If there are m; ways to do the first thing,
ms ways to do the second thing after the first thing is done, ..., and m,
ways to do the nth thing after the (n — 1)st thing is done, then there are

mip X mg X -+ X My

different ways to do the first thing, second thing, ..., and the nth thing in
succession.

The key point of applying the multiplication principle is that the process
of accomplishing a task is divided into several steps, and the number of the
methods in each step is easy to determine.

The multiplication principle can also be expressed in the set language,
but this form is a little abstract, and it is not needed in this book, so we
will not discuss it.

Some Basic Counting Problems

In this section, we introduce some typical counting problems in permuta-
tions and combinations. Many counting problems can be treated as one of
these models.
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1. Permutations

(1) Permutations without repetition Selecting k(1 < k < n) elements
from n different elements in order and without repetition is called a permu-
tation without replacement of k£ elements from n different elements, which is
called a k — permutation for short. The number of all such permutations
is denoted as PX.

From the multiplication principle,

PZ:n(n—l)---(n—k-{-l).

(There are n methods to select the first element. After selecting the first
element, there are n — 1 methods to select the second element because the
first element cannot be repeated, . .., and finally, there are n—k+1 methods
to select the kth element.)

In particular, if & = n, then we get the full permutation formula of
n different elements (that is, the number of n-permutations of n different
elements):

Pr=nxn-1)x---x2x1=nl

For convenience, we define 0! = 1. Then the above formula can be rewritten
as

(2) Permutations with repetition Selecting k(k > 1) elements orderly
and repeatedly from n different elements is called a k-permutation with
repetition of n different elements.

It is easy to know from the multiplication principle that the number of
k-permutations with repetition of n different elements is n*. (There are n
ways to select the first element. After selecting the first element, there are
still n ways to select the second element, ..., and finally, there are n ways
to select the kth element.)

(3) The Full permutations of a finite number of repeated elements
Let n elements be divided into k groups. The elements in the same group
are the same as each other, and the elements in different groups are differ-
ent. Let the number of elements in &k groups be ni,na,...,ng(ny + ns +
-+ +mnp = n). Then a full permutation of these n elements is called a
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full permutation of a finite number of repeated elements, and the
number of such permutations is

n!
77,1!77,2! .. .nk!

To prove this, suppose the numbers of z,y, ..., z are ny,na, ..., ny respec-
tively. Let’s take any one of these permutations. Assume that these n
numbers of x are marked with subscripts 1,2,...,n1. Then there are n;!
ways to attach subscripts. If these ny numbers of y are also marked with
subscripts, then there are ny! ways to do so. Finally, n; numbers of z are
also marked with subscripts, and the number of ways is ny!.

In this way, according to the multiplication principle, each permutation
that meets the requirements produces ni!ns! ...ng! permutations marked
with subscripts. Also, it is easy to know that no two different permutations
generate the same permutation marked with subscripts. In turn, any per-
mutation marked with subscripts can be obtained in this way. Therefore,
ni!ns! ... ng! times the number of permutations in question is the number
of all the permutations marked with subscripts, and the latter is exactly the
number of permutations of n different elements, i.e., n!, thus the above for-
mula is obtained for the number of the full permutations of a finite number
of repeated elements.

Remark 2. The above solution used a very important idea: correspon-
dence. However, this correspondence is not a one-to-one correspondence
(a satisfactory permutation corresponds to a set consisting of nq!lna!. .. ng!
permutations marked with subscripts).

Correspondence is an important idea to deal with counting and many
other combination problems. Please refer to the following content and
Chapter 3.

Remark 3. If every n; is 1 (thus k = n), then our formula reduces to the
full permutation formula of n different elements.

Remark 4. The full permutation of a finite number of repeated elements
is certainly an integer, so we get a “by-product”:

(i) Let nq,no,...,nk all be positive integers. Then

(n14+ng + -+ ng)!
77,1!77,2! .. .nk!

is an integer.
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In particular, take k = 2, and let n; = m and ny = n. Then, since

(m+n)!  (m+n)---(n+1)

mln! m!
is an integer, we know that:
(ii) The product of m consecutive positive integers can be divisible by m!
(that is, the integer multiple of m!; see the definition of exact division
in Chapter 6).

Therefore, it is not difficult to deduce a very basic result as follows:

The product of m consecutive integers is divisible by m!.

In fact, if the m consecutive integers are all positive or negative, then
the said conclusion becomes (ii); if there are both positive and negative
numbers in the m consecutive integers, then there must be a zero in them,
so their product is zero and of course, can be divisible by m!.

By the way, it is not difficult to deduce (i) by using (ii) repeatedly.

(4) Cyclic permutations Choosing k(1 < k < n) elements from n differ-
ent elements (without repetition) followed by arranging them on a circle,
is called a k-cyclic permutation of n different elements. If one k-cyclic
permutation can be rotated to get another k-cyclic permutation, then the
two permutations are considered to be the same.

The number of k-cyclic permutations of n different elements is

Pfl n!
&k k-(n—k)

In particular, the total number of cyclic permutations made of all n different
elements is (n — 1)!.

To prove it, we notice that for every fixed k-cyclic permutation, the
circle is cut between any two elements, just producing k different “straight
line permutations”, that is, k-permutations. The k-permutations generated
by different k-cyclic permutations must be different from each other. Any
k-permutation can be obtained in this way. Therefore, k times the number
of k-cyclic permutations is equal to the number of k-permutations, i.e., P¥.

2. Combinations

(5) Combinations without repetition Taking k(1 < k < n) elements
out of n different elements with no order and without repetition is called a
combination (without repetition) of k elements out of n different elements,
which is called a k-combination for short.
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The number of combinations of n elements taken k at a time is denoted
as (Z) Then

n\ Pt onn—-1)---(n—k+1)
k) ko k!

In fact, for every fixed k-combination, arranging all its elements will produce
k! different k-permutations. Obviously, different k-combinations produce
different permutations, and each k-permutation can be obtained in this

way. Hence, we get the result k! (Z) = Pk

Remark 5. Since the number of combinations is certainly an integer, com-
bining this fact with the above results, we once again obtain “the product of
k consecutive positive integers can be divided by k!,” that is, Remark 4 (ii).

(6) Combinations with repetition Taking k(1 < k < n) elements out of

n different elements with no order but repeatedly is called a combination

(without repetition) of %k elements out of n different elements, which is
called a k-combination with repetition for short.

The number of k-combinations with repetition of n different elements is

" +:7 ! ) To prove that, suppose the n elements are 1,2,...,n. Let the

selected k elements be
ar <ap <o <ag (S n).
Then obviously,
1<)m+0<a+l<---<ap+k—1(<n+k—-1).

If {a1,as,...,a;} correspond to {a; +0,a2 + 1,...,ax + k — 1}, then the
latter is a k-combination of 1,2,...,n+ k — 1.
In turn, any k-combination

(1<) <by<---<bp(€Sn+k—1)
of 1,2,...,n+ k — 1 also corresponds to a k-combination with repetition
(1<) <bp—1<--<bp— (k—1)(<n)

of 1,2,...,n.

Therefore, the above correspondence is a one-to-one correspondence, so
the number of the k-combinations with repetition is equal to the number
of the k-combinations of 1,2,...,n+k —1, i.e., ("ﬂ:f 1).

Remark 6. See Example 1 and Remark 1 in Chapter 3 for a different
solution to this problem.
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Illustrative Examples

Example 1. How many possible permutations can be made of nine ones
and four zeros, if no two zeros are adjacent?

Solution First arrange nine ones to generate 10 “gaps.” Then insert four

zeros into the 10 “gaps.” Hence there are (140> = 210 ways.

Example 2. Find the number of five-digit numbers such that each digit
appears at least twice.

Solution There are 9 such five-digit natural numbers if all 5 digits are
the same. In other cases, if a five-digit number does not contain 0, then
there are exactly two different digits (one appears twice and the other three

times) in such a five-digit number, hence there are (g) (?) (?) = 720 such
numbers. (There are (g) ways to select two of the five positions; there are
(?) ways to fill in the same non-zero digits in these two positions; finally,

fill in the other same digits in the remaining three positions in (f) ways.)

If a five-digit number contains 0 (note that 0 cannot be placed as the first
digit), then the count of the five-digit numbers in which 0 appears twice is

(3) (?) = 54; the count of the five-digit numbers in which appears three
times is (g) (?) = 36. So, there are 54 + 36 = 90 (qualified) five-digit

numbers containing digit 0.
Hence, there are 720 + 90 4+ 9 = 819 such five-digit numbers in total.

Example 3. The elements in a nonempty set A are all positive integers,
and the set satisfies the property: If a € A, then 12 — a € A. Determine
the number of such sets A.

Solution From the property of A, we know that A must be a union of
several of the six sets {1,11}, {2,10}, {3,9}, {4,8}, {5,7} and {6}, so the
number of A satisfying the requirement is

(5 (8 (5 () () () =0

Example 4. AUBUC ={1,2,...,10} is the union of sets A, B, and C.
Find out how many ordered triples (A, B, C') are there.

Solution If A, B, and C' meet the requirement, then any element in
{1,2,...,10} only belongs to one of A, B, and C, belongs to two of A,
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B, and C, or belongs to all of A, B, and C, so there are 34+ 3+ 1 = 7 cases
in total.

Because {1,2,...,10} has 10 elements in total, there are 7'° ways to
select sets A, B, and C (this counting considered the order of the three
sets), that is, there are 7'° ordered triples that meet the requirement.

Example 5. Take out aj,as, and as from the numbers 1,2,...,14 in
ascending order from left to right such that as —a; > 3 and ag —as > 3.
Try to find the number of different ways that meet the above requirements.

Solution The point of this question is to make the correspondence
(a1,a2,a3) — (a1,a2 — 2,a3 — 4).

Clearly we know that a; < as —2 < a3z — 4 are three numbers selected from
1,2,...,10, and this correspondence is one-to-one. So, the number of ways

equals (130> = 120.

Example 6. How many subsets of the set {1,2,...,100} contain at least
one odd number?

Solution The number of all subsets of the set {1,2,...,100} is easy to
determine, which is 2'%°, but it is a little troublesome to directly find the
number of subsets that meet the requirement. However, the number of
undesired subsets, that is subsets of {2,4,...,98,100}, is clearly known to
be 2°0. Therefore, the number of the desired subsets is 2100 — 250,

Remark 7. Let S be a finite set and A be a set of elements with “some
properties” in S. When |S| is known (or easy to find), if |A| is not easy
to determine, then we can (try to) consider the set A (the complement
of A with respect to S), that is, the set of elements in S that do not
have “some properties”. Because |A| + [A| = |S|, if one finds |A|, then
|A] is obtained (indirectly). This is a quite basic idea in counting problems
(Example 6 is only a simple application), and it has been extended to a very
important principle in combinatorial mathematics — including-excluding
principle (see Chapter 4).

Example 7. Suppose each term of a sequence aj,as,...,a, is one of
0,1,...,k —1 (k > 2 is an integer). Find the number of sequences in

which 0 appears even times. (Express the answer as a simple function of n
and k.)
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Solution In this question, it is more suitable to consider the sequences of
“0 appears odd times”, which can be treated as the “complementary” (or
“companion”) sequences of “0 appears even times.”

Let z,, and y,, be the numbers of the sequences of “0 appears even times”
and “0 appears odd times” respectively. For each integer ¢ > 0, we clearly
know that there are ("} )(k — 1)"~" sequences containing exactly ¢ zeros (in

such sequences, there are (?) ways to arrange ¢ zeros in n positions; then
fill in the remaining positions with 1,2,...,k — 1, and each position has
k — 1 ways). Therefore,

Ty = (g) (k—1)" + (g) (k—1)""2 4 (Z) k-—D" %+ (1)

and

Yn = (?) (k— 1)1+ (g) (k —1)"3 + (g) (k—1)" "4+ (2

Add (1) and (2), subtract (2) from (1), and apply the binomial theorem
(see Chapter 2) to get

Ty + Yn = k™, (3)
Tp —yn = (k—2)"™. (4)

Therefore, z, = $[k™ + (k — 2)"].

7

Remark 8. The correctness of the equality “(3)” can be seen from the
combinatorial significance (it is not necessary to use (1) and (2)). After
finding out z,, + vy, in order to determine x,,, we can try to deduce another
equivalent relation between x,, and y,, (the simplest, of course, is to consider
Xy —Yn). However, without deriving (1) and (2), such an equality seems to

be difficult to establish.

This problem can also be solved by the recursive method (it is not
necessary to use (1) and (2) or the binomial theorem), which is left for the
reader to complete (Exercise 10 in Chapter 3).

Remark 9. “Complementary” (or “companion”) quantities generally have
good behaviors as a whole. (Refer to Remark 7 and Equation (3) above.)
The introduction of quantities that are complementary (in some sense) to
the quantities under consideration is often a basis for solving some prob-
lems. There are also such problems later in this book.
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Exercises

Group A

1.

How many 3-digit numbers can be constructed from the digits 1, 2, 3,
4, 5, 6 if each digit may be used (i) only once; (ii) as often as desired?

. How many 7-digit numbers can be constructed from the digits 1, 2, 3,

4,5,6,7,8,9 if each digit can be used only once, and 8 and 9 must not
be adjacent?

. How many ways are there to arrange a program list with 6 singing pro-

grams and 4 dancing programs, so that any two dance programs are not
adjacent?

There are 9 rooms, of which 2 will be painted white, 3 will be painted
green, and 4 will be painted yellow. How many plans are there?

. Use the letters a,b, and ¢ to form five-letter words. In each word, a

appears at most twice, b appears at most once, and ¢ appears at most
three times. Find the number of such words.

. Suppose n boys and n girls sit in a circle such that no two boys are

next to each other, and so do any two girls. How many arrangements
are there?

Put n+1 different balls into n different boxes. How many ways are there
if each box is not empty?

. How many different results can be produced by rolling k& same dice at

the same time?

Group B

9.

10.

Take out any three different numbers from 1 to 300 such that the sum
of the three numbers is divisible by 3. How many options are there in
total?

Given five points in a plane, it is known that the straight lines con-
necting these points are not parallel, perpendicular to each other, or
coincident with each other. Construct perpendicular lines through each
point to the lines between any two of the other four points. Find the
maximual number of the intersection points of these perpendicular lines
(excluding the known five points).
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11. Find the number of ordered non-empty set pairs A and B satisfying
the following conditions:

(1) AUB ={1,2,...,12};

(2) ANB=0;

(3) the number of elements of A is not an element of A, and the number
of elements of B is also not an element of B.

12. Given the set S = {1,2,...,10}, find the number of unordered pairs of
its non-empty subsets A and B satisfying AN B = @.
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Chapter 2

Binomial Coefficients

Combination numbers (Z), also known as binomial coefficients, is an

important role in combinatorial mathematics. This chapter briefly discusses
play basic properties of binomial coefficients and some identities expressed
by them.

Basic Properties of Binomial Coefficients
Combination numbers (Z) have the following three aspects:

(1) Combinatorial significance: the number of k-combinations of n different
elements.

(2) Explicit representation:(Z) = "(nfl)”];fnfkﬂ) = k!(gik)!.

(3) Coefficients of the binomial expansion

(z+y)" = zn: (Z) aFynF or (14 2)" = kz: (Z) k.

k=0

The above identity is called the binomial theorem, so we also call (Z) the

binomial coefficients.

Remark 1. Generally speaking, n and k in (Z) are positive integers. For

convenience, we agree on (8) =1 when n > 0. (Note that the “0-element
set” is the empty set, and there is only one way to take 0 element out of
n elements); when k is a negative integer or 0 < n < k, we have (Z) =0

(Because k elements cannot be taken out of an n-element set). Clearly we
see that these conventions are consistent with the above (2) and (3).

13
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Based on “counting,” it is not difficult to give a proof of the binomial
theorem. From

(z+y)" =(@+y) - (r+y),

n times

it can be seen that the expansion of the right side is obtained by taking
any term in the first parentheses on the right side, taking any term in the
second parentheses, ..., and taking any term in the nth parentheses, and
then multiplying these terms, and finally adding all the results. Hence, the
expansion of (x 4+ y)" has the form

I+y Zankxy k?

where a, ; is the number of times that each term x*y"~* appears in the
above expansion, which is obviously the number of ways to (non-repeatedly)

take k numbers of x from n parentheses, which is by definition (Z) (note

that if x is selected from k parentheses, it means that y must be auto-
matically selected from the remaining n — k parentheses). This proves the
binomial theorem in (3).

There are three basic properties of the binomial coefficients:

(4) Symmetry: For integers k and n > 0, we have (Z) = (n " k)

(5) Recurrence relation: For integers k and n > 1, it holds that ( } ) =

(") + (1)

(6) Unimodality: If n is even, then

(6)<(i) < <(2)>>(20)- ()

if n is odd, then

()< (D) == ()= ()~ (1) - ()

In particular, the maximum of the nth degree binomial coefficients ( 8 ) ,

(?) e (Z) is ( [Z] ) . (Here and later [z] represents the maximal
2

integer not exceeding the real number x).
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To prove (4), (5), and (6), let n and k be positive integers. (In other
cases, the conclusion can be known from the agreement in Remark 1).

Both (4) and (5) can be easily derived from the explicit representation
(2) of (7 ), and the details are omitted here. The following is a demon-
stration based on counting:

Let X be an n-element set. Obviously, the complementarity correspon-
dence of X is a one-to-one correspondence from the set of k-element sub-

sets of X to the set of (n — k)-element subsets. Because there are (Z) and

(n " k) subsets of k elements and (n — k) elements in X respectively, we
obtain (4).
To prove (5), we note that on one hand, there are (Z) subsets of k

elements in X. On the other hand, these k-element subsets can be divided
into two (disjoint) k + 1 classes: one class does not contain a fixed element

a in X, while the other class contains a. The former has (n & 1) subsets

of k elements, and the latter has (Z B %) subsets of k elements. According

to the addition principle, the total number of k-elements subsets of X is
(n & 1) + (2: i ) Combining the two results, we obtain (5).

Remark 2. The argument derived by considering the combinatorial signif-
icance as above is often called a combinatorial argument. Its basic idea is
to establish a one-to-one correspondence between two (finite) sets, so that
the numbers of elements of the two sets are equal; or count the number
of elements of the same set in two different ways to generate the required
equality. There are also some examples in this chapter.

The results in (6) can be proved by the explicit representation (2) (the
details are omitted here), or by mathematical induction on n using (5):
When n = 1 and 2, (6) is obviously true. Assume that (6) is true for n.
Now consider the case of n + 1(n > 2). We just need to prove:

TL+1 n+1 . ?’L+1
< k ><<k+1>1struefor2§k+1§[ 5 }

From (5), we have ("Zl) = (Z) + (kf1> and (7;6111> = (kfil) +
» ). Hence, the problem is equivalent to proving that the inequality

(kﬁ1> < (kil) istruefor 2<k+1< [HTH]
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When n is even, k41 < ["T'H] = 5; when n is odd

k—l—lﬁ{

Therefore, by the principle of mathematical induction, the above inequality
is true.

Now let’s talk about some basic equalities involving the sum of the
binomial coefficients:

) |
o (£) (1) () (222 )+ (2) () e (1) (6) = ()

We prove the above basic equalities in the following.

Proof of (7): The first proof is based on recursion. Using the recurrence
formula (5) repeatedly, we have

G)e ()= ()= (1)
(") (") = (7))
(n;3)+<n-§3>:<n§4)

then we can obtain (7).

The more formal expression is to let the left side of (7) be aj. Then (for
k> 0)

n+k+1
akﬂ*liak‘: k+1 5

it can be easily proved by induction and the formula (5).
The second method is based on counting: Let X be a set of n + k + 1

elements, and divide its (" + Z i ) subsets of k elements into k41 (disjoint)
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k+1 classes (let ay, ..., a be the specified k elements of X): the first class

excluding aq; the second class including a; but excluding as; the third

class including a; and as but excluding as; the (k + 1)st class including

ai,as,...,ai. Clearly, the first class, the second class, ... , the kth class,

and the (k+1)st class have (nzk), ("Zf; 1),... , ("IL 1), and (g) =1

k-element subsets respectively. By the addition principle, we obtain (7).
This argument is a generalization of the proof of (5).

Proof of (8): The first method is to use the binomial theorem: Take x =1
and y = 1 in the identity (3).

The second method is based on counting the number of subsets of an
n-element set X. On one hand, all subsets of X can be classified into
n classes: 0-element subsets (i.e., the empty set), l-element subsets, 2-
element subsets, ... ,and n-element subsets. By the addition principle, the
set X has (g) + (T) +-- 4+ (Z) subsets.

On the other hand, each subset of X is composed of several elements
selected from X. Therefore each subset corresponds to a selection of these
n elements. Since each element can be selected or not, there are 2 x 2 x
.-+ X 2 = 2" ways to select elements from X to form a subset (based on the
multiplication principle). Comparing the two ways of counting, we obtain

(8).

Proof of (9): The equality (9) is a direct corollary of the binomial theorem
(taking + = 1 and y = —1), which can also be proved by the idea of
combination. For this purpose, we rewrite (9) as

(6) ()¢ (2 e () +(5) 5) ¢

This is equivalent to: The number of subsets of an n-element set X with
an even number of elements is equal to the number of subsets of X with an
odd number of elements.

Now, let’s take an element a from X, and for any subset A of X that
has an even number of elements, if a € A, then match A to A\{a}; ifa ¢ A,
then match A to AU{a}. Clearly we see that this is a correspondence from
the subsets of X with an odd number of elements to the subsets of X with
an even number of elements, which is a one-to-one correspondence. Thus,
the numbers of elements in these two sets are equal, which leads to the
equality.

Proof of (10): There are (m : ") ways to select a group of k people from m

men and n women. In addition, such groups of k£ people can be divided into
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k+1 classes: the ith class consists of i men and k—i women (i = 0,1, ..., k).

Obviously, there are (T) (ki 1) groups in the ith class, so there are
Zf:o (m> (kﬁl> groups of k people. We can deduce (10) by using the

%

addition principle.

Remark 3. The equality (7) can also be proved by (2) (the essence is the
same as the first proof of (7)), but it is not easy to prove (8), (9), and (10)

by (2).

Remark 4. The equality (10) is usually called Vandermonde’s identity.
See Example 1 in Chapter 16 for another proof.

Vandermonde’s identity can be seen as the expansion of (m ,;L ") about

(T) and (;l) (i,j < k), which is similar to the binomial theorem.
Taking some special values of m,n, and k in the equality (10), we can
get many interesting results. For example, let m = n = k and use (4).

Then

() + (1)« - ()

Combinatorial Identities

Combinatorial identities form an important part of combinatorial mathe-
matics, among which the most common ones involve the sum of the binomial
coefficients. In the previous section, we have introduced some of these basic
identities and several proof methods (induction and recursion, application
of the binomial theorem, and combinatorial demonstration). Here are a few
more examples demonstrated by the identical deformations.

The most basic deformation is to deform a single term of the sum, so
as to transform the sum into a form that is easy to deal with.

The following two identities are useful in this kind of identical
deformation.

(11) (Z) = (Z:D‘
o) (2) (5) = () (370,
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In order to prove (11) and (12), the explicit representation of the binomial
coefficients is very useful. We can easily get (11) by (2). And since

(+) () = 7 =

n! (n—m)!
m!(n —m)! (n —k)!(k —m)!

n n—m
m k—m)’
we have (12) (note that taking m =1 in (12) leads to (11)).
We now give another proof of (12) by the combinatorial method: Con-

sider the number of ways to select k people from n people to form a com-
mittee and then select m people from these k people to form a group.

Based on the multiplication principle, on one hand, the number of selec-
tion methods is (Z) (ﬁ), on the other hand, if the group of m people is
selected first, and then k& —m people are supplemented from the remaining

n — m people to form the committee of k, then the number of methods is
( " ) (Z -m ) Combining the two results, we obtain the equality (12).

m m

Illustrative Examples

Example 1. Prove:

() > k(7)) =n-2""

(i) 3 k2 (;;) = n(n+1)272.
k=0

Proof. (i) From (11), k (Z) =n (2:1) Therefore,

L) () g () e
= \F okl e
(The basic equality (8) was used in the proof.) We can see that the effect
of (11) is to “absorb” the summing target k into the binomial coefficients,
so as to transform the sum into a known sum.

Please also note that k£ in the last sum above is actually £ — 1 in the
previous one, so the range of summation changes from 1 < k < n to 0 <
k <n —1. In the proof of identies, this method of “substitution” is often



20 Problems and Solutions in Mathematical Olympiad: High School 3

used, which does not set a new variable, but only changes the range of the
summation.

(ii) Using k(k — 1) (;;) =n(n—1) (ng) and k? = k(k — 1) + k, we can
transform the sum into

=nn—1)2"24n-2""1 =n(n+1)2"2

Example 1 can also be proved by counting.

First we prove (i). Consider the number of ways to select several people
from n people to form a committee, and elect a chairman from the com-
mittee. For kK = 0,1,...,n, the number of ways to elect a committee of k
members and then choose a chairman from them is (Z) k. According to
the addition principle, the number of methods is equal to the sum of the
left side of (i). On the other hand, if we first choose the chairman and then
calculate the number of all committees including the chairman, then the
number of methods is equal to the right side of (i). Combining the two
results, (i) is proved. (Refer to the combinatorial proof of (8)).

A combinatorial proof of (ii) may be derived if a secretary is co-opted
in each of the above committees (the chairman and the secretary may be
held by the same person). In fact, for k = 0,1, ..., n, the number of ways
to elect a committee of k£ members first and then choose the chairman and
the secretary from them is (Z) - k2, so, the total number of methods is
equal to the left side of (ii).

Now choose the chairman and the secretary first. There are n ways for
the chairman and the secretary to be the same person, and 2"~ ways to
choose a committee including the chairman; there are n(n — 1) ways for the
chairman and the secretary to be two persons, and 2”2 ways to choose a
committee including these two persons. Therefore, the total number of the
selections is n - 2771 + n(n — 1)2"72 = n(n + 1)2"~2. Combining the two
results, we obtain (ii). O
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Example 2. Prove ) (Z) (;) _ gn-m (7;1)
k=m

Proof. This is easy to prove from (12). We have

2 ()0 -Z ()6
(E () G) e

Proof 2. Consider the number of methods to select m formal representa-
tives and a (unlimited) number of informal representatives from n people.
On one hand, for m < k < n, first select k people, and then select m

formal representatives from them, so there are (Z) (:1

the total number of methods is Y ,_ (Z) ( y )

m

) methods. Hence,

On the other hand, there are (Zl) ways to select m formal represen-

tatives from n people first; and then there are 2 =™ ways to select infor-
mal representatives from the rest of the n — m people. Hence there are

(Z) 2" 7™ ways in total. The conclusion is proved by combining the two

results. O
. _ 2
Example 3. Prove the identity: > ., (?) (njz> =312 (?) .

Proof. From (4) and Vandermonde’s identity, the left side of the equality
becomes

() ()-S5

(2

~
Il
=]

I

&

3
[e=]
7N
> 3
~__
T s
[=)
7N
=3

Il
>
3
7N
> 3
~~—_
3
Y
~
7N
3
| .
El
~
| I

=0 L i=n—k

(since <nik) =0 ifi<n—k)
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_ ~(n k n ¥
Z<k)2 (n—k) (using Example 2)

k=0
n n 2 n n 2

_ k _ i S

=> 2 <k) 722 <Z) (let i = k). -
k=0 1=0

(Note that in the second step above, we changed the order of summa-
tions of i and k to make it easy to find the new inner sum. See Remark 4
in Chapter 15 for these.)

Proof 2. This is a combinatorial proof. Consider the following counting
problem:

There are n men and n women, from which n people are to be elected
to form a committee, and then from the n people, elect several women to
form a leading group (where the number of women in the leading group is
unspecified, possibly zero). How many selections are there in total?

The first counting method: For 0 < i < n, there are ( ) ways to

n-—1
elect n — i women from all the women to form a leading group, and (n j 1)
ways to elect i people from the remaining n+ ¢ men and women to make up
the committee of n members. Therefore, the n-member committee with the
leading group composed of n —i women has (nﬁl) (njz> = (?) (njz>
selections methods.

Summing over ¢ = 0, 1,...,n, and by the addition principle, we see that

there are > (?) (n ¥ l) selection methods.

The second counting method: For 0 < i < n, there are (?) and (ni 1)

ways to elect ¢ from women and n — ¢ from men respectively, so there are

2
(?) (nil) = (7;) n-person committee composed of ¢ women. In each

of these committees, there are obviously 2¢ ways to elect a leading group
from i women. Therefore, there are 2 (?)2 ways of choosing an n-member
committee with ¢ women and the leading group. Sum over i. Then there
are Y o 2 (?)2 selection methods.

Combining the results of the above two kinds of counting, we have
proved the identity. 0

Remark 5. In elementary mathematics, in addition to the induction and
recursion method, the identical deformation method, and the combinatorial
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counting method mentioned above, there is a more powerful method that
we will introduce in Chapter 16: the generating function method.

Induction, recursion, and identical deformation are universal methods,
which appear almost everywhere in algebraic and trigonometric summa-
tions; the combinatorial counting method and the generating function
method are the methods that can reflect the characteristics of combina-
torial mathematics.

Remark 6. In combinatorial mathematics, the combinatorial proof of a
combinatorial identity (refer to Remark 2) is often the most admired. How-
ever, it is usually not easy to make such a proof. In fact, many of the
equalities that have been proved by other methods have not been proved
by an combinatorial argument. This chapter introduced a lot of examples
of combinatorial arguments. It is hoped that the readers will experience
the most basic ideas and techniques in combinatorial mathematics, which
may be helpful for further research on other topics.

Exercises

Group A
k

1. Prove: Y (1) (?) = (=1)* ("g1>
i=0

2. Prove: Y ¢ <n+k> =2"
k=0 k

k=0
R
5. Prove ];1(1,1 (k)—l-i-%-i- +%
m ([ n k 1, if m =mn,
6. Prove kz: (—1)F+ (k>(m):{o, ifm#£n
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Group B

(3] 2 )
s prover S {(1) - (0m) Y = o ().
k=0
9. Suppose n and k are positive integers and k + 3 < n. Prove that (2),

(k . ), (k v 2), and (kis) can’t form an arithmetic sequence.

10. Give a combinatorial proof of (22"> =2 (Z) +n2.
11. By using properties of combination numbers and the combinatorial
method, give two proofs of the equality

() = ()



Chapter 3

Counting: Correspondence
and Recursion

Correspondence and recursion are very basic ideas and methods widely used
in mathematics. In this chapter, we show some applications of correspon-
dence and recursion in counting problems through several examples.

Correspondence

Let X and Y be two sets. Suppose for each x € X, there is a unique element
y in Y corresponding to it. Then we get a mapping from the set X to the
set Y, denoted as

f: X—>Y.

Generally, we call y the image of = (under the mapping f) and call = the
preimage of y (under the mapping f), denoted as y = f(z).

If for any two different elements x and 2’ in the set X, there always
holds that

fz) # (@),

namely the images of different elements are different, then f is an injection
from X to Y.
If there is (at least) one x € X for each element y in the set Y such that

flx) =y,

that is, every element in the set Y is an image of some elements in the set
X, then f is called a surjection from X onto Y.

25
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If the mapping f is both injective and surjective, then it is called a
one-to-one mapping (or a one-to-one correspondence).

Now let X be a finite set and | X| be the number of elements in the set
X. The basic idea of finding |X| using the correspondence method is to
try to make a one-to-one mapping from X to a set Y, and |Y| is easy to
determine. Because there is a one-to-one correspondence between (finite)
sets X and Y, we have | X| = |Y|. From this we can (indirectly) find | X]|.
Sometimes, this process needs to be carried out several times, that is, to
establish a series of one-to-one mappings X - Y — Y’ — ... — Y” such
that [Y"| is easy to find, and |X| = |Y”|. (By the way, if the numbers of
elements two finite sets X and Y are equal, then there must be a one-to-one
correspondence between X and Y. We only need to number the elements of
X and Y respectively (arbitrarily) first, and then let the first element of X
correspond to the first element of Y, the second element of X correspond to
the second element of Y, etc. This correspondence is obviously one-to-one.)

The correspondence method is not suitable for every counting problem,
and there is no simple rule to follow for what kind of problems can be
dealt with by correspondence. The examples in this chapter and the book
show some basic applications of the correspondence methods in elementary
problems.

Example 1. Let n > 1 and & > 0. Find the number of (ordered) non-
negative integer solutions of the indeterminate equation

14+, =k (1)

Solution First, make the substitution 2; = y; — 1(i = 1,...,n). This
obviously gives a one-to-one correspondence between the non-negative inte-
ger solution set of (1) and the positive integer solution set of the equation

Pt Ay =n+k 2)

Each group of positive integer solutions to equation (2) can be expressed
intuitively as follows: If n + k identical balls are arranged in a row, then
there is a gap between two adjacent balls, and there are n + k — 1 gaps
in total. Take any n — 1 gaps and insert a “board” into each gap. The
n — 1 “boards” divide n + k balls into n sections. If the numbers of balls
in each section from left to right are y,...,y,, then y; is a positive inte-
ger (1 < i <mn),and y1 +---+y, = n+k, that is, (y1,...,yn) is a
group of positive integer solutions of (2). In turn, for any group of posi-
tive integer solutions (yi,...,y,) of (2), it obviously corresponds to a way
of inserting “boards”. (That is, we insert a “board” between the (y;)th



3. Counting: Correspondence and Recursion 27

and (y1 + 1)st balls (starting from the left side),..., and between the
(y1+--+yn—1)thand (y1+---+yn—_1+ 1)st balls respectively.) Therefore,
a positive integer solution set of (2) corresponds to a way of inserting n — 1
“boards” into the above n+k —1 gaps one by one. The latter obviously has
(" ZE; ! ) = (n + ,]: -1 ) methods. Therefore, the number of non-negative
integer solutions to equation (1) is (" + ]1: !

It is not hard to see from the above argument that the number of

(ordered) positive integer solutions (1, ..., 2,) to equation (1) is (fL B } )

Remark 1. It is no accident that the result of this problem is the same
as the number of k-combinations with repetition of n elements (in Chap-
ter 1). In fact, it is easy to point out that there is a one-to-one corre-
spondence between the two problems, so the essences of the two are the
same. Let aq,...,a, be n distinct elements. Suppose in any k-combination
with repetition, a; repeats x; times (i = 1,...,n). Then (z1,...,z,) is a
non-negative integer solutions to (1). In turn, any group of (ordered) non-
negative integer solution to (1) also corresponds to a k-combination with
repetition of ay,...,a,.

Therefore, this problem can be treated as an intuitive expression of the
k-combination with repetition problem of n elements, which is sometimes
more convenient for applications.

Note that if it can be guessed in advance that the number of ordered
non-negative integer solutions to equation (1) is (n +,’§ -1 ), then it is not
difficult to give a proof by induction on n:

When n = 1, the conclusion is obviously true (there is a total of one solu-
tion to (1)). Assume that conclusion is true when the number of unknowns
is less than n. Next, consider the number of solutions to equation (1) with
n unknowns, and rewrite (1) as

T+ Xy =k — T,

Since 0 < z,, < k, the values of the right side of the above equation are
all non-negative integers not exceeding k. Let r = k — x,,. It can be seen
from the addition principle and the inductive hypothesis that the number
of (ordered) non-negative integer solutions to equation (1) is

TZ:J<H1;LT1) :io(nzw) _ <n+:1).

(The last step applied the identity (7) in Chapter 2.)
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Example 2. Let S be a finite set, |S| = n, and k be a positive integer.
Find the number of ordered k-subset families (S1,...,S;) of S satisfying

SiN-- NS = 0.

Solution The solution here is to match a family of subsets S1,..., Sk of
S ={x1,...,2,} to a k X n numerical table composed of 0 and 1:
X1 X2 o
S
S,
Sk
Figure 3.1

As shown in Figure 3.1, if the element x; belongs to the set S;, the

number 1 will be marked in the cross grid of row ¢ and column j in the table.
k

Otherwise, the cross grid will be marked with 0. Obviously, (] S; = @ is

i=1
equivalent to that any column in this table is not all 1. Let T" denote the

set of the above k x n numerical tables that each column in the table is not
all 1. Clearly we that the set of ordered subsets (Si,...,S;) that meet the
requirement corresponds to the set 1" one by one.

Because there are two ways to fill in every grid in the numerical table,
the 15¢, 224 nth columns of any numerical table in 7' each has 2¥ — 1
selections, and the selections of each column are independent, so |T'| =
(28 — 1)". Therefore, the number is (2% — 1)".

Remark 2. The numerical table described in the solution directly describes
the relation of subordination between the sets and the elements, which is
very useful.

There are two purposes of the numerical table filling method. One is
to distinguish whether the elements belong to a subset (this is all we need
in this question, so the numbers 0 and 1 can be replaced by any other two
different numbers). The other is to make sure that the sum of the numbers
filled in row 7 of the numerical table is equal to the number of elements of
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S; and the sum of the numbers filled in column j is equal to the number of
subsets containing x; in Sy, ..., S,. Both aspects are of clear combinatorial
significance.

Sometimes, for specific problems, other number filling methods can also
be used, as long as the “horizontal addition” and “vertical addition” (of
numbers in the numerical table) are properly explained.

Remark 3. For other two solutions to this problem, see Example 4 below
and Example 5 in Chapter 4.

Example 3. Let n be a positive integer. In a permutation (x1,x2,...,Z2,)
of the set {1,2,...,2n}, if |x; — ;41| = n for a certain i (1 <i < 2n — 1),
then this permutation is said to have property P. Prove that there are
more permutations with property P than those without property P.

Proof. Let S denote the set of permutations with property P; S’
denotes the set of permutations such that there is only one ¢, satisfying
|x; — xi+1| = n. Then S” C S. And let T denote the set of permutations
without property P.

First of all, let’s note that if # = (x1, ..., x2,) is any permutation of the
set {1,2,...,2n}, then for any x;, there must be a unique xy in 1, .. ., To,,
such that |z — ;] = n (this is because xy is one of x; + n and x; — n, and
exactly one of these two numbers belongs to {1,2,...,2n}).

For any 7 € T, the (unique) number x, satisfying |z — 21| = n cannot
be x5. Therefore,

[z, e, ..., 2on) = (X2, .o, X1, T1, Ty - - -, Tap)

is a correspondence from T to S”.
If the images of two elements © = (z1,...,z2,) and 7’ = (2, ...,2%,)
in T are the same under the mapping f, that is

/ / / / /
(T2 ey T 1, X1, Thy oy Ton) = (Toy ooy T, T Ty ey Ty)

(here |z — x1] = n and |z} — z}| = n), then from the definition of S, we
know that k = I, so a; = z}(i = 1,...,2n), i.e., 7 = 7, hence f is an
injection. Therefore, |T'| < |S'| < |S|. O

Remark 4. Injection is also very important in combinatorial mathematics.
Let X and Y be finite sets. If we can establish an injection from X

to Y, then |X| < |Y|. This is a basic method to generate inequalities in

combinatorial mathematics. (See the above solution of Example 3.)
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Remark 5. By the way, if finite sets X and Y satisfy |X| > |V, then
we can see from Remark 4 that any mapping f from X to Y must not be
injective, so (by definition) there exist x, 2’ € X with « # a2’ such that
f(z) = f(@).

This fact can be treated as an extension of the famous “pigeonhole
principle,” which is widely used in combinatorics.

Remark 6. Example 3 can also be solved by the inclusion-exclusion prin-
ciple. Please refer to Example 7 in Chapter 4.

Recursion

Many counting problems are related to recursion. Generally speaking, a
recurrence relation is a special relation of quantities with integer parame-
ters. Depending on this relation and the initial values of the given quantity,
the quantity can be calculated step by step.

The most common case is that the quantity that we count only depends
on an integer parameter n — let the quantity be a,, and a,, satisfies a
recurrence relation of order k: There is a (fixed) positive integer k and a
function f of k + 1 variables such that for all n > k,

an = f(an-1,-..,an_g,n) (3)

(the initial values ag,ai,...,ar—1 are known), so a,(n > k) is uniquely
determined by the recurrence formula (3) and the initial values.

In elementary problems, the above positive integer k is usually very
small while f has a very simple form. In these cases, it is possible for us to
obtain a,, (in an explicit expression of n) from (3).

Example 4. Use the recurrence method to solve Example 2 in this chapter.

Solution We regard k as a fixed integer, and let a,, denote the number
of ordered subset groups (Si,...,Sk) satisfying S1 (- Sk = O of the
n-element set S. Then a; = 2% — 1.

Let a be a fixed element of S. For any subset group (Si,...,Sk) of
S that meets the requirements, let 7, = S;\{a} (¢ = 1,...,k). Then
(Th,...,Ty) is a subset group of the (n — 1)-element set S\{a}. In turn,
for any subset group (71,...,T%) of S\{a} that meets the requirements,
whether or not adding a (but excluding the case of adding a to all) to each
T; produces exactly 2¥ — 1 subset groups of S that meet the requirements.
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From the above (many to one) correspondence,
an = (28 = Da,_1. (4)

This is the simplest (first order) linear homogeneous recurrence formula
with constant coefficients. Combining it with a; = 2* — 1, we obtain a,, =
(2F —1)m.

Example 5. Let a circle be separated into n sectors S, . . ., S, (as shown in
Figure 3.2). Now k different colors are used to color these n sectors (n > 3
and k > 3). Each sector is colored with one color, and adjacent (i.e., the
ones with a common edge) sectors are colored with different colors. Find
the total number of coloring methods.

Figure 3.2

Solution Let a,, denote the number of satisfactory coloring methods for
n sectors. It follows that az = k(k — 1)(k — 2).

Let n > 4. There are k different coloring methods for sector Sy; (after
coloring S7) there are k— 1 coloring methods for Ss, so that Se and S; have
different colors; there are k — 1 coloring methods for S3, so that S3 and So
have different colors; - - -; there are k — 1 coloring methods for 5, so that
Sp and S,_1 have different colors. Hence there are k(k — 1)”*1 different
coloring methods in total.

However, the above coloring methods include the case of S; and S,
being in the same color, and the number of such coloring methods is exactly
an—1. (51 and S,, can be combined as one sector, and then the said coloring
method is to color n — 1 sectors with k colors, so the adjacent sectors have
different colors.)

Thus we obtain

an =k(k—1)""1 —a,_1(n>4).
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This is a first order linear non-homogeneous recurrence formula with con-
stant coefficients. We can obtain a, by the following method. From the
above equation,

an — (k= 1)" = —[an_1 — (k — 1)" Y (n > 4).

Therefore, a,, — (k — 1)" is a geometric sequence with the first term ag —
(k—1)3 and common ratio —1. Hence, it’s easy to find that a,, = (k—1)"+
(=1)"(k = 1) (n = 3).

Example 6. How many n-digit numbers can be constructed by 1, 2, and
3, so that there are no two adjacent 17

Solution Let a,, be the number of n-digit numbers that meet the require-
ment. Easily we know that a; = 3 and as = 8, and when n > 3, we divide
the n-digit numbers that meet the requirement into two categories accord-
ing to the rightest digit: If the rightest digit is 2 or 3, then there are a, _1
ways to construct the n-digit numbers; if the rightest digit is 1, then the
second rightest digit can only be 2 or 3, so there are a,,_o ways to construct
the n-digit numbers. Thus, (from the addition principle) we get

ap = 2ap_1 + 2an_2 (n > 3). (5)

This is a (second order) linear homogeneous recurrence formula with con-
stant coefficients. It can be obtained by the well-known method of charac-
teristic equation that

L2443 —2+3
" 23 2v/3

The following Example 7 is a classic problem, which we will discuss
again in Chapter 4.

(14+V3)" + (1—V3)"(n >1). (6)

Example 7. In a permutation {a1,...,a,} of the set {1,2,... ,n}, if a; #
(i = 1,...,n), it is called a dislocation arrangement (also called a
derangement). (In other words, in a dislocation arrangement, no element
is in its natural position.) Find the number D,, of dislocation arrangements.

Solution Obviously, D; = 0 and Dy = 1. For any dislocation arrange-
ment

(ar,a2,...,a,) (7)
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of {1,2,...,n} with n > 3, the first position a; can be any other n — 1
numbers except 1. If a; = k(k # 1) is taken, then the arrangement (7)
can be classified in two categories according to whether ay is 1: If ax = 1,
then number of these dislocation arrangements is the number of dislocation
arrangements of n — 2 elements, so there are D,,_5 in total; if ay # 1, then
this dislocation arrangement is the arrangement of the elements 1,2,..., k—
1, k+1,...,n in the 2 to the nth of these n — 1 positions, where 1 is
not in the kth position and all other elements are not in their own marked
positions. This arrangement is equivalent to a dislocation arrangement of
the n — 1 elements marked as 2,3, ...,n, so there are D,,_1 in total. Hence
(from the addition principle)

Dy = (n—1)(Dp_1 + Dy_s), (n > 3). (8)

This is a (linear homogeneous) recurrence relation with non-constant coef-
ficients (the coefficients are related to n), which can’t be solved as (5).
We suppose E, = 2=, Then (8) can be transformed into

1 1
E, = (1 - _) En 1+ —FE,_o,
n n
that is
1
En - Enfl = <E> (Enfl - En72)~

Using this recurrence relation repeatedly, we can get (notice that £y = 0
and By = $): Forn > 2,

b= (3) () 5
2)(2) (F)an

(1"

n'
n—1 2
Thus B, = S5 + S+ + 55 s0
11 1
=n! R . 1=
Dn—n.<1 TR 4 (=1) n!). (9)

In the above example, a so-called unary recurrence relation (i.e., a one-
subscript sequence) is established. In combinatorial mathematics, binary
(and multivariate) recurrence relations are often involved. The most typical
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example is the binomial coefficients, which we are familiar with. If we let

C(n, k) = (Z), then there is a binary recurrence relationship
C(n,k)=Cn—1,k)+C(n—1,k—1). (10)

Generally speaking, binary recurrence relations are not easy to deal with.
In more elementary problems, they are often related to binomial coefficients.
Let’s give an example.

Example 8. Find the number of k-element subsets of the set {1,2,...,n}
that don’t contain consecutive integers.

Solution Let f(n, k) denote the number. Then f(n,1) = n and f(n,n) =
0 (for n > 1).

When 1 < k& < n, the subsets that meet the requirement are classified
in two categories: The first kind of subsets contain the element 1, so they
must not contain the element 2, from which there are f(n — 2,k — 1) such
subsets. The other kind of subsets don’t contain the element 1, so there are
f(n —1,k) such subsets. Thus, we get the recurrence formula

fn,k)=f(n—1,k)+ f(n—2,k—1). (11)

It is not very simple to find the explicit representation of f(n,k) directly
from (11). If it is noted that (11) is similar to the recurrence formula (10)
(thus the result should be related to the binomial coefficients) and the initial
values of (previously mentioned) f(n,k) are taken into account, then it is
easy to find that

nk+1). (12)

ro = ("7

(A complete demonstration should be based on the double mathematical
induction method, i.e., assume that f(n — 1,k) = (";k) and f(n — 2,

k—1)= (Z:lf), and then prove f (n, k) = (ni]k“Ll) by (11).)

Remark 7. A proper classification of the set under consideration and an
application of correspondence are the basic methods for establishing recur-
rence relations, as in the previous examples.

Remark 8. The first step of the recurrence method is to establish a recur-
rence relation. Due to different focuses, different recurrence relations may
be derived for the same problem, but not every such relation is suitable for
solving the problem. Let’s take Example 2 of this chapter as an example:
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Let g(n,k) denote the number of ordered subsets (Si,...,Sk) of the
n-element set S satisfying S1()---[) Sk = @. Suppose

Si()- Sk =T, |T|=i.

Then for any given T, the number of ordered subset groups (S1, ..., Sk—1)
established by the above equation is equal to the number of ordered subset

k=1
groups (T4,...,Ti—1) of the (n — i)-element set S\T satisfying (| T; = O,
i=1
i.e., g(n—i,k—1). Now Sy can be any subset of S\T, so there are 2"~* in
total, and because 7 has ("

9

g(n, k) :zn: (”) 2" ig(n —i k—1), (13)

- (3
1=0

) selections, it is concluded that

where ¢(0, k) = 1.

Although g(n, k) = (2 —1)" can be obtained from the above recurrence
relation by using the generating function method, it is not easy to derive
this solution by elementary methods. Therefore, we may be helpless in the
face of (13) and can only seek other solutions. (On the other hand, if we
can guess the solution, then (13) will come into use. It is not difficult to
prove our results by induction.)

Remark 9. The second step of the recurrence method is to solve the estab-
lished recurrence relation. Generally speaking, this is rather difficult. We
will not discuss it for the purpose of this book.

On the other hand, we remind the readers that a recursive relation may
be more suitable for studying some problems because it provides the basis
of an inductive argument. For example, it is easy to prove by the recurrence
relation (5) and mathematical induction that a,, (for n > 3) in Example 6
are all even numbers, but this is not clear from the general term formula (6).
Later in this book, there are some examples that use a recurrence formula
derived from a general term formula for the purpose of a proof.

Exercises

Group A

1. Find the number of monotone nondecreasing mappings that map the set
{1,2,...,n} to itself.

2. There are k different kinds of postcards, i.e., there are a; postcards of
the ith kind (i = 1,...,k). How many different ways are there to send
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them to n people? (Allow the same postcard to be sent to the same
person.)

. The positive integer n is written as the sum of positive integers, which

is called a partition of n. If the orders of addends are different, they are
regarded as different partitions. Find the number of ordered partitions
of n. (eg,3=3=241=142=1+41+1, so the integer 3 has 4
different ordered partitions.)

There are n(> 3) points on a circle. Every two points are connected by
a chord. If there are no three chords intersecting at a point (except the
end points), find the number of intersection points of these chords in the
circle.

. Determine how many parts that a plane is separated into by n lines of

general position (i.e., no two lines are parallel or three lines share one
point).

. Find the number of subsets of the set {1,2,...,n} that do not contain

consecutive integers.
Let a; =0or1(i=1,2,...,n), and try to find the number of sequences
(a1,a9,...,a,) that satisfy a1 <as > a3 <aqg >a5<---.

Group B

8.

10.
11.

12.

Solve Example 8 of this chapter by using the proof method of (6) in
Chapter 1.

. Let k be a fixed positive integer with 1 < k < n. Determine how many

integer sequences 1 < a1 < ag < --- < ap < n satisfy that a; and ¢ have
the same parity (i =1,2,...,n).

Use the recurrence method to solve Example 7 in Chapter 1.

Let S be a finite set, |S| = n, and k be a positive integer. Find the num-
ber of subset groups (S1,Sa,...,Sk) that satisfy S; C Sy C --- C Si.
Determine the number of sequences consisting of 0 and 1 that meet the
following conditions:

(1) there are n zeros and n ones in the sequence;
(2) when counted from left to right, the number of 1 is never less than
that of 0.



Chapter 4

Counting: Inclusion-Exclusion
Principle

Many counting problems can be expressed in the following form:

Let S be a known finite set, and suppose P1,..., P, are n properties
related to the elements in S (for each element x in S and any property P;,
it can be determined whether x has property P;). Find the number N of
elements in S that do not have any property P;(i = 1,...,n).

Suppose S; = {z|x € S and x has property P;} (i = 1,...,n). Then
the above problem can be converted into a more mathematical form:

Let S1,...,S, bensubsets of S. Find |S1N---NS,,|, where S; represents
the complementary set of S; with regard to S.

If [S1N---NS,| (i-e., N) is not easy to find directly, but for any positive

integer k and any non-empty subset {i1,...,ix} of {1,...,n}, the number
of elements of the set S;; N---NS;, is easy to determine (note that these
elements may also have properties other than P; ,...,P;, ), then we can

find [S; N --- N S,| from the information. This is the basic idea of the
inclusion-exclusion principle. To be exact, we have

Theorem 1 (Inclusion-exclusion principle). Suppose Si,...,S, are
subsets of S. Then

S5

=S| => 18+ >
i=1

Sir [ S
1<i1<ia<n

A Si () () S

1<iy<--<ip<n
SIARRAES

37

+(=D"

. (1)
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Remark 1. In the above formula, the number N of elements that do not
have any property P; can be obtained by counting according to the following
process: In S, the elements with property P; are excluded first, and the
number of remaining elements |S| — >°1" | [S;| is obviously less than N,
because those elements with multiple properties are repeatedly excluded
many times; Therefore, every two properties P;, and P, (1 <y < iz < n)
are supplemented by the elements with the both properties P;, and P;,, so
the number of elements [S| — 37" | [Si| + 32, o;) ciy<p [Si NS5, | is greater
than N, because the elements with & > 2 properties are counted 1 + (g)
times repeatedly, and excluded only k = (?) times. Therefore, it must
exclude the elements with all properties P;,, P;,, and P;, for every three
properties P;,, P;,, and P, (1 < i; < i2 < i3 < n), hence the obtained
number

n

ISI=D 1S+ >0 1Sa()Sul = Yo 150 ()8 [)S:l
i=1 1<i1<i2<n 1<i1<iz<iz<n

is less than N. So supplement and exclude repeatedly (i.e., “include” and

“exclude”), and finally get the required N. Therefore, the formula in Theo-

rem 1 is called the inclusion-exclusion principle, also known as the successive

sweep principle.

Proof of Theorem 1 The method of proof has been suggested in
Remark 1. For any = € S, if  does not belong to any subset S;(i =
1,...,n), then x is counted once in |S| on the right side of (1), and 0 time
in the rest terms, so such z is counted once on the right side of (1).

If = belongs to k sets in Si,...,.S,, where k > 1, then = is counted 1
time, (?) times, (g) times, ..., (:) times, 0 time, ..., 0 time in the first
term, the first summation, the second summation, ..., the kth summation,
..., and the nth summation on the right side of (1), respectively. Therefore,
this x is counted

1-— (lf) - (g) — e (—1)R (2) = 0 times

on the right side of (1). Based on the above discussion, the right side of (1)
exactly counts the number of elements in S that do not belong to any 5;,
that is, the left side of (1). O

For any subsets Sy,...,5, of S, since S;U---U S, = Sin---Ns, (the
duality principle of intersections and unions), we have [S; U---US,|+|S1 N
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---N S,| = |S|. Therefore, the following Theorem 2 can be derived from
Theorem 1, which is sometimes easier to apply.

Theorem 2 (Dual form of the inclusion-exclusion principle). We
have

’Slu...USn

= > 1sl- >

1<i<n 1<ii<ia<n

Si [ i
HADS S s Nse
1<ip <-<ip<n

s Ns

In particular, if Si,...,S, form a partition of S, then Theorem 2
becomes the equality in Remark 1 of Chapter 1.

Now we turn to applications of the inclusion-exclusion principle. Let’s
give two basically straightforward problems to help the readers get familiar
with the inclusion-exclusion principle.

Example 1. In positive integers less than 1000, determine how many inte-
gers that are neither divisible by 5 nor by 7.

Solution Let S be the set of positive integers less than 1000 and Sy be the
set of integers divisible by positive integers k in S. Then S5 N S7 is the set
of integers in S that are neither divisible by 5 nor by 7. From Theorem 1,

155 () 5| = 151 = 1551 = 871 + |S5 () S|

Clearly we know that |S| = 999, [S5| = [22] = 199, |S7| = [%2] = 142,
and |S5 N S7| = |Sss| = [52] = 28. Therefore, [S5 N S7| = 686.

Example 2. Use the digits 1, 2, and 3 to construct n-digit numbers, so
that all the digits 1, 2, and 3 appear at least once in an n-digit number.
Find the number of such n-digit numbers.

Solution Let S be the set of all the n-digit numbers consisting of 1,2,
and 3, and denote

Sk = {x|z € S, thereis nodigit k ina}, k=1, 2, 3.

Then |S| = 3™ and |Si| = 2" (k = 1,2,3). Since there is only one n-digit
number in S without digits & and I (1 < k <1 < 3), ie., |[Sp NS =1,
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obviously
|Sl NSy N 53| =0.

Then from Theorem 1, the desired number is

55 NFs] = 151 (1511 + 18] +185]) + 5115

+ ’Szﬂss’ + ‘S3m51‘ - ’Slﬂ52ﬂ53’
=3"-3-2"+3.
Example 3. There are 100 math questions solved by three people A, B,
and C, and each of them solves exactly 60 of them. The questions that are
solved by only one person are called difficult questions, and the questions
can be solved by all the three people are called easy questions. Determine

whether there are more difficult questions than easy questions? How many
more?

Solution We use A, B, and C' to represent the set of questions solved by
A, B, and C respectively. Then |A| = |B| = |C| = 60. By the inclusion-
exclusion principle,

100 = (AUBUC( = |A]+|B| +|C| - ’AﬂB’ - ’Bﬂc’ - ’CﬂA’
+‘AﬂBﬂC’.
Thus,
AN B|+|BNOC|+|cN4a|-|anBNC| =50

Let a be the number of questions solved only by A. It is still obtained
by the inclusion-exclusion principle that

a=|A] - ’AHB’ - ’AﬂC’ +‘AﬂBﬂC‘.

In the same way, let 8 denote the number of questions solved only by B
and  denote the number of questions solved only by C', which have similar
equalities with regard to a. Thus, it’s easy for us to know that

a+5+7=Lﬂ+wpum—2QAﬂBwaﬂc‘

+ leNal-laneNe]) + |aNBNcC]|

- 180—2><80+’AﬂBﬂC’,
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that is, a+ 8+~v—|ANBNC| = 20. Therefore, there are 20 more difficult
questions than easy ones.

The following Examples 4 and 5 are Examples 7 and 2 in Chapter 3,
respectively. We now use the inclusion-exclusion principle to solve them.

Example 4. Find the number D,, of the dislocation arrangements of the
set {1,2,...,n}.

Solution Let S be the set of all permutations of {1,2,...,n}, and Sj be
the set of all permutations (aq,...,a,) satisfying ar = k in S (i.e., k is in
its natural position) for k =1,...,n.

Obviously, |S| = nl. For 1 < k < n and any k-element subset 1 < i; <

- <k <nof{1,2,...,n} (there are (2) in total), |S; N--- NS, | =

n — k)!. Then we can derive from Theorem 1 that
(
’gl N---N3-

nl — (’1‘) (n—1)!+ (’2‘) (n—2)! = (—1)" (Z) (n— n)!

m(1-%+%—---+(—1)”1). @)

Dy

n!

Example 5. Let S be a finite set with |S| = n and k be a positive integer.
Find the number of k ordered subset groups (S1,...,S%) of S satisfying
SiN---NS,=0.

Solution Let S = {1,2,...,n} and let A be the set of all groups of k
ordered subsets (S, ..., S;) of S. Then |A| = (2")* = 2"*. Suppose

k
Ai{(Sl,...,Sk)eAﬁeﬂSl}, i=1,2,...,n.

=1

For any 1 < r < n and any r-element subset B = {i1,...,4,} of S,
the ordered group (Si,...,S5¢) € A; N---N A;. is equivalent to B C
NF_,Si, which is obviously equivalent to B C Sj(l = 1,..., k). Therefore,
each ) has 277" selections. Hence |A;, N ---N A; | = (277 ")*. By the
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inclusion-exclusion principle, the desired number is

AN = e (1) e ®)

- é(—l)r (Merr=e-r

(In the last step, the binomial theorem was applied.)

Remark 2. When we use the inclusion-exclusion principle to solve prob-
lems, we often get complicated results. In this way, we make some com-
ments on the solution of a counting problem.

The solution of a counting problem is usually an explicit expression
of an integer parameters (e.g., both (2) and (3) are regarded as solutions
of the problems). But for the same problem, due to different methods of
solving, solutions may be derived in very different forms, and which one is
better should not be generalized. However, for answers, usually the simpler
expression is better. Therefore, we should simplify the results of complex
forms as much as possible (e.g., reduce the above formula (3) to formula
(4)), but it’s not always easy. (If you like, you can try to “simplify” (2).)

On the other hand, (;) identities are generated by k different forms
of solutions of a counting problem. Some combinatorial identities can be
proved based on this point (Refer to Remarks 2 and 6 in Chapter 2). There-
fore, in this sense, the more complex the form of a solution, the more likely
it is to deduce interesting “by-products.” See Example 6 below.

Example 6. Let X and Y denote two sets of n and m elements respectively.
Find the number of surjections from X to Y. Here m and n are positive
integers.

Solution 1 Suppose Y ={y1,...,ym}. Fori=1,2,...,m, let S; denote
the set of mappings from X to Y that do not take value y;. The set of
surjections from X to Y is the same as the set of mappings from X to Y
that do not belong to any S;, so the total number is [S; N --- NSy,

There are m™ mappings from X to Y (because the image of any element
in X can be any element in Y).

S; is the number of mappings from X to Y\{y;}, so |S;| = (m—1)". On
the other hands S; N S; is the number of mappings from X to Y'\{y;, y;},
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so [S; N S| = (m —2)". In general, for 1 < 43 < -+ < i < n with
1<k<m-—1,

S, m . ﬂ S5,
Note that a mapping from X to Y takes at least one element of Y, so
SiN...NS, =0.

Therefore, according to the inclusion-exclusion principle (Theorem 1),
the number of surjections is

50| == () on e (7 Y2
(=) <mn1 1)

=§<—1)’€ () = o)

=(m—k)".

Solution 2 When n < m, we can get a simple result from another angle.

In fact, if n < m, that is, |X| < |Y|, then the number of surjections
from X to Y is certainly 0.

If n = m, that is, | X| = |V, then the number of surjections from X to
Y is the number of one-to-one mappings from X to Y, that is, the number
of full permutations of elements in Y, which is n!.

Combining the results of the above two countings, we get a “by-product”

(note that (7;) = (m”j k) , and replace m — k with ¢ in (5)):

Zm:<_1)i (ﬂz) "= {((),1)%!, i . - . (6)

(6) is called Euler’s identity, which combines binomial coefficients and inte-
ger powers, and it is a very basic result. (In Chapter 14, we will give a
different proof of (6).)

The inclusion-exclusion principle can also deduce inequalities. Let’s give
an example of this.

Example 7. Let n be a positive integer. In a permutation (x1,x2,...,Z2,)
of the set {1,2,...,2n}, if |z; — 2; 41| = n for a certain i (1 < i < 2n — 1),
then this permutation is said to have property P. Prove that there are
more permutations with property P than those without property P.
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Proof. See Example 3 in Chapter 3 for a solution to this problem. The
solution here (using the inclusion-exclusion principle) is more natural and
general.

We prove that the number of permutations with property P is more
than half of all permutations, that is, $(2n)!.

For k € {1,2,...,n}, let S denote the set of permutations such that &
and k + n are adjacent. Then S = U}'_, S} is the set of all permutations
with property P. It is easy to get from Theorem 2 (refer to Remark 1 and
Theorem 4 below) that

Sz I - Y [N (7)
k=1 1<k<i<n

Also |Si| =2 (2n — 1)! (if we combine k and k + n as one element, then
there are (2n — 1)! permutations, and the positions of k& and k + n can be
exchanged) and |Sg N ;| = 2% - (2n — 2)!. The reason is the same as above,
that is, combining k¥ and k +n and combining [ and [+ n, we see that there
are (2n — 2)! permutations, and if the positions of k and k + n, and [ and
I + n are exchanged, then there are two possibilities respectively. Hence,
we can get from (7) that

|S|Zn-2-(2n—1)!—(g)-22-(2n—2)!

1
=2n-2n—-2)-n> - (2n)l
(20 =2 n> 5 - (20) -
The number of elements of some sets can be estimated by the inclusion-
exclusion principle (see Example 7 above). We give a brief introduction to
its basic principle.
Let S1,..., S, be subsets of a finite set S. For convenience, suppose

UOZ|S|,Uk: Z Snﬂﬂsuc

1<t < <ig<n
We want to give a more accurate upper (lower) bound estimate of |S; N
NSyl or|S;U---US,| using (known) o; (i =0,1,...,n).
For this purpose, directly using the formula

’§1 N---N5.
in Theorem 1 is generally not suitable, because there are too many terms

in (8) and it is not easy to simplify (refer to Remark 2). We will prove the
following Theorem 3.

(1 <k<n).

=o9g—01+02— -+ (=1)"0, (8)
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Theorem 3. Let k be a positive integer and k < n. If k is an even number,
then

505 o
if k is odd, then

ENARNALA

In other words, the partial sums o9 — oy + 02 — --- + (—=1)*0p (k =
0,1,...,n) are alternately not less than and not more than the actual value

> 00— 01+ 09—+ (=1)Foy. (10)

of [S;N---NS,| (this can be seen as a mathematical representation of the
process described in Remark 1).

Note that Theorem 3 is equivalent to the following theorem (refer to
Theorem 2).

Theorem 4. Let k be a positive integer and k < n. If k is even, then
’51 U e U S,
if k is odd, then
‘51 U . U S,

In order to use Theorem 3 (or 4) to estimate the upper and lower bounds
of [SyN---NS,| (or [S;U---US,|), the parameter k should be selected
properly. On one hand, it makes the sums in (9)—(12) easy to deal with,

> 01— o2+ + (1) Foy; (11)

<oy —op+ -+ (—=DFoy. (12)

while on the other hand, it makes the upper and lower bounds as accurate
as possible. However, in primary problems, it is usually enough to take a
small value of k (formula (7) of Example 7 is equivalent to taking k = 2 in

(11)).

Proof of Theorem 3. This can be similar to the proof of Theorem 1.
For any « € S, if © does not belong to any set S;(i = 1,--- ,n), then z is
counted once on the left and right sides of (9) and (10) respectively. If =
belongs to r sets (r > 1) in Sy,..., Sy, then x is counted 0 time on the left
side of (9) and (10), and it is counted

1= (1) +(5) =+ 0 (5)

times on the right side. Easily we know that the sum in the above is equal
to (—1)F (T B 1) (see Exercise 1 in Chapter 2), which is not less than 0
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when k is an even number, and not more than 0 when k is an odd number.
Therefore, (9) and (10) are proved.
Note that if o1, ..., 0, satisfy

012022 2 0p, (13)
then when k is even, by the obvious inequality

(=1 o1 + (1) Poppa + - + (1) "0
= —Ok41 + 2 — -+ (=1)"0"
= (041 — Ok+2) = (Oht3 — Ohga) — - <0

and the equation (8), we can obtain (9). When k is odd, (10) can be simi-
larly proved. (Refer to the following Remark 3.)

By the way, although the formula (13) is not always true, it is satisfied
in many cases (Please verify that the inequality (13) is true for Example
7). In these cases, Theorem 3 (and Theorem 4) can be established more
simply and directly.

Remark 3. To estimate the alternating sums, we can try the simple prin-
ciple below:

Suppose aq,...,a, are non-negative real numbers. If a3 > -+ > a,,
then

0<a;—ag+---+(=1)""ta" <ay.

In fact, let .S,, denote the sum mentioned in the above formula. Then, when
n is even,

Sn = (a1 —az) +-+ (an-1 — an)
:al*(CLQ*a3)*"'*(an72*an71)*an-

From aj, > apy1 and a,, > 0, we know that 0 < 5, < a;.
When n is odd,

Sp=(a1—a2)+- 4+ (an—2 —an_1) +an
=a; — (a2 —az) — -+ — (an—1 — ay).

Therefore, as above, 0 < S, < a;.
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Exercises

Group A

1.

Find the number of positive integers not exceeding 1000 that are divisible
by at least one of 2, 3, and 5.

. In the full permutations of a, b, ¢, d, e, and f, find the number of

permutations in which abe and ef don’t appear.

Find the number of permutations with property P in Example 7.
Prove that the number of permutations with property P in Example 7
is less than Z - (2n)!, but greater than 2 - (2n)!.

Group B

5.

Find the number of (ordered) integer solutions to the equation x1 4+ 22+
x3 + x4 = 20 that satisfy the conditions that 1 < z7; < 6,0 < 25 <
7, 4 <x3 <8 and 2 < x4 <6.

. Let n be a given positive integer. Find the number of solutions

(1,...,2y) to the equation
Ty+ Ty =0,

where z; = 0,1, or 2(i=1,...,n).
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Chapter 5

Combinatorial Problems

The problems of combinatorial mathematics are various and flexible. In this
section, some basic methods of combinatorial mathematics will be shown
through several combinatorial problems in mathematical competitions.

Example 1. Seven vertices of a cube are marked with 0, and one vertex
is marked with 1. Now do the following operation: Add 1 to the number
of two endpoints of an edge. Can you repeat the above operation so that
(i) the eight numbers are equal; (ii) the eight numbers are all multiples of
three?

Solution The answer is “no.” To prove that the eight numbers can’t be
equal, we consider the sum S of the numbers of the eight vertices. This is
an even number because each operation increases S by 2. Therefore, the
operations do not change the parity of S. At the beginning, S = 1 is an
odd number, so S is always an odd number. But if the eight numbers are
equal, then S is an even number, which is impossible.

However, we note that considering S is not sufficient to show that (ii) is
impossible. (Because during the operations, the value of S can be a multiple
of 3.)

To solve (ii), we select four vertices so that any two of them are not
the two endpoints of an edge. Let a be the sum of the numbers of the four
vertices, and b be the sum of the numbers of the four remaining vertices.
Consider T'= a — b. It can be seen from the rule of the operation that each
operation does not change the value of T'. At the beginning, T'= +1, so T
is always +1. If the numbers of all eight vertices are divisible by 3, then T’

49
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should be divisible by 3, but it’s impossible. (Notice that considering the
value of T' can also solve (i).)

Remark 1. Match the object that we consider to a certain quantity, and
solve the problem by studying the latter, which is a universal method in
mathematics.

The quantities (S and T) involved in Example 1, which remain
unchanged in the changing process, are often called invariants. Invariant
is a very important concept in mathematics; In some problems, we often
use an invariant to prove impossibility, or make a further argument based
on it.

Example 2. Let n > 2. Mark points Ay, As,..., A, on a circle in the
counterclockwise order and place a plate at each point A;. Take a plate at
any two different points A; and A;, and move them to the adjacent points
in the opposite directions (the plates can overlap). For what value of n,
after several such moves, can we make n plates stack at one point?

Solution When n is an odd number, the answer is “yes” (please point
out an operation procedure by yourself).

The following proves that when n is even, the answer is “no”.

Let a; be the number of plates at point A; (each a; is equal to 1 at the
beginning). The main point of the argument is to consider the following
sum

S =a1+2a3+ -+ na,

after each move of the plate.

For any two points A; and A;, where a; > 0 and a; > 0, let one plate
at A; and at A; move to the adjacent points the counterclockwise and
clockwise directions, respectively. There are four situations:

(1) i #nand j # 1. The plates at A; and A; are moved to 4,41 and A;_1
respectively. The change of the sum S after moving is

(i + D(aip1 +1) +i(a; = 1) + (j — 1)(aj—1 + 1) + j(a; — 1)

— (i + 1)aj1 —ia; — (j — 1)aj_1 — ja; =0,

that is, S is unchanged.
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(2) i =n and j # 1. The plates at A; and A; are moved to A; and A4;_1
respectively. The change of the sum S after moving is

1x (a1 +1) +n(an —1) + (G = (aj-1 +1) +ja; — 1)
—a1 —nan — (j — Daj—1 — ja; = —n,

thus S decreases by n.
(3) i #n and j = 1. Similarly, we know that S increases by n.
(4) ¢ =mn and j = 1. Obviously, S is unchanged.

To conclude, the corresponding S will either not change or increase or
decrease by n.

At the beginning, S =14+2+---+n = w If n plates can finally
be stacked together, then S = ni, where i is an integer (1 < i < n), that is,
the final S is a multiple of n. Therefore, from the change law of S above,
we can see that at the beginning S should also be a multiple of n; but when
n is even, that’s clearly not true. This proves that when n is even, it is

impossible to stack all plates at one point.

Remark 2. The value of S in this problem may change during the move
of the plate, but the remainder on the division by n is a constant. In the
language of congruence (see Chapter 8), S is invariant modulo n. (The
S in question (i) in Example 1 is similar to this, wheres is an invariant
modulo 2.)

Example 3. n students who take a math exam. The exam consists of m
questions. Consider the following statistics:

Let « be a real number (0 < o < 1). At least am problems are difficult
problems (a difficult problem is that at least an students have not solved it);
at least an students pass (a student passes means that he (or she) solves

at least awm problems). Try to determine whether the above situation is

2 3

possible with a = %, 4, and %.

Solution (1) It is possible when o = % Suppose there are three students
S1, 52, and S5 and three questions Py, P>, and P3. Assume that S; worked
out P; and P,, Ss worked out P;, and Ps, S3 couldn’t work out P, and Ps.
Then the students S7 and S passed the exam, and P, and P5 are difficult
problems.

(2) It is impossible when o = %. To prove it, let r be the number of difficult
problems and t be the number of students who have passed the exam. Let
Py,...,P., ..., P, be all the questions (the first r problems are difficult
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P1 P2 eee P,- eee Pm
Sy
S,
S,
Sll
Figure 5.1

problems), and Si,...,St,..., S, be all the students (the first ¢ students
are those who passed the exam). Construct a numerical table shown in
Figure 5.1. If S; worked out P, fill in 1 in the grid where line ¢ intersects
column j; otherwise fill in 0. Then the table is filled with mn numbers.

On the other hand, the number of integers in the table can be estimated
in the following way: Because the students who passed the exam have solved
at least am problems, there are at least amm numbers of 1 in each of the first
t rows, so the number of 1 in the table is > ¢ - am > o?mn. In addition,
there are at least an students who have not solved each problem, so there
are at least an numbers of 0 in each of the first r columns, and the number
of 0 in the table is > 7 - an > a?mn. Therefore, we come to the conclusion
that

mn = (number of 1) 4 (number of 0) > 2a2mn,

which is not true when o = %.
(3) Tt is also impossible when o = %. Since 2 x (%)2 < 1, the above
argument no longer works.

Let’s consider the t x r table in the upper left corner of Figure 5.1 (that
is, the table corresponding to whether the students who passed worked out
the problem), which has a total of rt numbers.

For any student .S; who passed, suppose he (or she) worked out z difficult
problems and y easy problems. Then x + y > am. It is also obvious that
y < m—r, so combining @ —1 < 0 and m < =, we easily get z > (2 — %) .
Therefore (looking by row), the number of 1 in the above ¢ x r table is
>(2-1)rt

Similarly, for any difficult problem, if 2’ students who have passed didn’t
work it out and 3’ students who have failed didn’t work it out, then the
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inequality 2’ > (2 — 1)t is obtained from 2’ +y' > an, y’ < n —t, and
n < é, so that the number of 0 in the ¢ X r table is greater than or equal
to (2 — é) rt.

Combining the above results, we obtain that

1 1 1
rt2<2—)rt+<2—>rt—2<2—>rt,
@ @ @

which is not true when a = L. (Notice that the method of (3) can also
solve the problem in (2).)

Remark 3. The main contribution of the numerical table in the solution
is to make the statement of the argument intuitive and clear, and it’s not
essential. The filling method of the numerical table in this problem is only
to distinguish whether an element belongs to a certain set (that is, whether
an element has a certain property), so the numbers 0 and 1 can be replaced
by other two different numbers.

The main point of this argument is to calculate (estimate) the same
quantity in two different ways, and then produce applicable results. This
is a fairly basic way to deal with many combinatorial problems. The above
two examples are done in this way, and there are many others (see Remark 2
in Chapter 2).

Example 4. There are n (n > 3) people in a party. Prove that there are
two people in the party such that at least [%] — 1 of the remaining n — 2
people know either both of them or neither of them (it is assumed that
“knowing” is a symmetric relationship).

Proof. Use Xi,..., X, to denote the n people. Let each X; correspond
to the (" 5 1) pairs of two persons formed by the n — 1 people other than
X: divide these pairs into class A and class B: Class A is where neither
person in the pair knows X; or both two persons know X;, and class B is
where exactly one of them knows X;. The conclusion of this problem is to
prove that there exists a pair in class A such that at least [%] — 1 people
correspond to it.

We first consider the number of pairs in class B that X; corresponds to.
Suppose X; knows k people and doesn’t know the rest n — 1 — k people.
Then X; corresponds to k(n—k—1) pairs in class B. By the basic inequality,
it can be seen that this number is less than or equal to @, that is, the
number of correspondences that from any person to the pairs in class B is

. (n—1)*
less than or equal to .
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Construct the following table (where Yi,...,Ynm_1 represent (Z) =
2

@ pairs consisting of n people): If Y; is a two-person pair in class B

that X; corresponds to, fill in 1 in the grid where row i crosses column j;
otherwise fill in 0. (Please draw a diagram by yourself).

Therefore, the sum of numbers in row 7 of the numerical table is the
number of pairs in class B that X; corresponds to; the sum of numbers in
column j is the number of persons in (one of) two-person pairs in class B
corresponding to Y; among n persons.

Consider the sum N of all numbers in the table. On one hand,
(n—1)?

YR

n(n—1)
2

N = the sum of nrows < n -

On the other hand, N is also equal to the sum of

must be a column sum no more than
(n—1)?

, columns, so there

N < HT < n—1
n(n—1) — n(n—1) — 2 7
2 2

that is, there is one column sum less than or equal to [ﬂ] Hence there

2
is a two-person pair Y; in class B such that no more than ["771] people
correspond to it. Therefore, among the remaining n — 2 people (excluding

two people in Yj), at least

e e LR

people correspond to Y;, which is a pair in class A. U

Remark 4. It is convenient to focus on “two-person pairs of class B” firstly,
because the number of “two-person pairs of class B” that each person cor-
responds to is easy to express and estimate. (See Remark 7 of Chapter 1.)

The basic idea of the above argument is: First of all, use the information
of the sum of each row to produce the result of the whole quantity N; then
apply this result to derive the information of the sum of a column, and then
solve the problem. This method, from a single to the whole, and then from
the whole to a single, is widely used in combination problems. There are
some examples later in this book.

Example 5. At a party of 33 people, each participant was asked, “How
many of the rest of you have the same surname as you, and how many have
the same age as you?” As a result, the answer includes all integers from
0 to 10. Prove that there must be two people with the same surname and
the same age.
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A, -+ A, B, -+ B,

33

Figure 5.2

Proof. Mark 33 people as 1,2,...,33. Let the different ages of these 33
people be A1, ..., A,,, and the different surnames be By, ..., B,. Construct
a numerical table as shown in Figure 5.2. For the kth person, if his/her age
is A;, fill 1 in the cross grid of the kth row and the column where A; is
located; otherwise fill in 0. If his/her surname is B;, fill 1 in the cross grid
of the kth row and the column where B; is located; otherwise fill in 0.

Obviously, there are two 1 in each row. Suppose there are a; numbers
of 1 in the column where a; is located, and there are b; numbers of 1 in the
column where B; is located (1 <i<mand 1< j < n). The number of 1 in
the numerical table shall be calculated by row and by column respectively,
and the results shall be the same, hence

a1+ 4 am + by 4 - + by = 2 X 33 = 66. (1)

One the other hand, a; is the number of people aged A;, and b; is the
number of people with the same surname B;. From the known conditions,
we see that ay,...,am,b1,...,b, contain the numbers 1,2,...,11. Hence

ai 4+ am+b+ by >14+24---+11 = 66.

Combining it with formula (1), we see that aq,...,am,b1,...,b, must be
an arrangement of 1,2,...,11, so m +n = 11. Hence m,n < 10.

Suppose a; = 11, that is, there are 11 people of age A;. Because the
number of surnames n < 10, there must be two of these 11 people with the
same surname.

The starting point of this argument is to consider the same quantity
a1+ -+ am + by + -+ b, in two ways, so as to infer that the situation
in problem is actually an extreme situation (i.e., ai, ..., am,b1,...,b, form
exactly an arrangement of 1,2,...,11). U

In many problems in mathematics competitions, the test builder inten-
tionally conceals some extreme situation and asks the solvers to reveal it.
The following Example 6 is also such a problem.



56 Problems and Solutions in Mathematical Olympiad: High School 3

Example 6. There are 2n players in a chess match, and there are two
rounds. In every round, each player has to compete with the others one
by one. The scoring rule is: 1 point for the winner, % point for each draw,
and 0 point for the loser. Suppose for each player, the difference between
his scores in the first round and in the second round is at least n points.
Prove that the difference is exactly n points.

Proof. Suppose the ith player got a; points in the first round and b; points
in the second round (1 < i < 2n). Let’s suppose the 15 ond o kth
players scored less in the first round than in the second, while the (k+ 1)st,
..., (2n)th players scored more in the first round than in the second. Since
|ai—bi| Z’n(Z: 1,...,277,),

bi—a; >n(1<i<k),a;—b;>n(k+1<i<2n). (2)

Suppose set A consists of the 15,274 kth players, set B consists of
the (k + 1)st, ..., (2n)th players, and let

k 2n k 2n
a:Zai,a’: Z ai,b:Zbi,bI: Z bi. (3)
i=1 i=k+1 i=1 i=k+1
Let’s consider the total score of players in set A, and compute the difference
between the second round and the first round. It can be seen from (3) that
the difference is b—a. On the other hand, we should note that the sum of the
scores of the two players in each game is 1, so the contribution of the scores
of the players in A obtained in the competitions between each other to b—a
is, that is to say, b — a is actually obtained in the competitions between
players in A and players in B. Obviously, in the first round, the total score
obtained in the competitions between players in A and players in B is > 0;
In the second round, the total score obtained in the competitions between
players in A and players in B is < k(2n — k) (as there are k(2n — k) games,
each game can contribute up to 1 point). Therefore, b—a < k(2n—k). For
the same reason, a’ — V' < k(2n — k).
Furthermore, b; —a; > n (1 <i < k) in (2) are added to get b —a > kn.
Similarly, ' — V' > (2n — k)n. Hence

kn<b—a<k(2n-—k), )
2n—kn<d - <k(2n-—k).
In particular,

kn < k(2n — k) and (2n — k)n < k(2n — k).
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Thus n < 2n — k, and n < k, so k = n. Combining it with (4), we know
that b — a = n? and o’ — b’ = n?. Hence, from (3),

n 2n
Z(bZ - ai) = 7’L2, Z (ai — bz) = 7’L2.
i=1 i=n+1
Therefore, the inequalities in (2) must all hold as equalities, that is b; —a; =
n(i=1,....,n)and a; —b; =n(i=n+1,...,2n), hence |a; — b;| =n (i =
1,2,...,2n). O

Example 7. At a party, each participant has at most three acquaintances.
Prove that the participants can be classified in two groups, so that each
person has at least one acquaintance in his/her group.

Proof. First, the participants were randomly classified in two groups
(group I and group IT). Let S denote the sum of the numbers of acquain-
tances that each participant has in his/her own group. Suppose there is
a person A in group I, who has at least two acquaintances in the group.
Then we transfer A to group II, so that A has at most one acquaintance
in group II. Now consider the change of S due to this action. In group I,
at least two people lose one acquaintance in their group. In group II, at
most one person gains an acquaintance in his group. Also A himself has
fewer acquaintances in his group. Therefore, the value of S after adjust-
ing is strictly decreasing. Since the sequence of strictly decreasing natural
numbers can only have a finite number of terms, the above decrease will
stop after a finite number of times. Thus, the grouping method that meets
the requirement is given (since no more adjustment can be done). 0

Remark 5. The following proof can also be used for Example 7 (the same
idea as above): Since there are only a limited number of grouping meth-
ods, S has only a limited number of possible values, among which there
must be a minimum value. It is easy to prove (by contradiction) that the
grouping corresponding to the minimum S meets the requirement. (Note
that in the previous solution, when the adjustment process stops, S does
not necessarily reach the minimum value.)

In mathematics, quantities with extreme properties (maximum, mini-
mum, most, least, etc.) are often very important. In some problems, quan-
tities with extreme properties give the desired solutions; in other cases, we
can make further arguments based on them.

Example 8. Let S be a set of 2n points in a plane, where any three points
are not collinear. Now, color n points red and n points blue. Prove that n
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straight line segments that are pairwise disjoint can be found, in which two
ends of each segment are heterochromatic points in S.

Proof. Because there are only n pairs of points, there are finitely many
ways to match red with blue points. For each pairing method 7, consider
the sum S(7) of the lengths of the n line segments. There must be a certain
7 to minimize S(m). Suppose there is a line segment RB intersecting R'B’
in 7 (here R and R’ represent the red points, and B and B’ represent the
blue points). Then replace the 2 line segments with RB’ and R’'B. Since
the sum of any two sides of a triangle is larger than the third side, the sum
S(7') of the line segment lengths of its corresponding pairing method #/
must be smaller than S(7), which contradicts our selection of 7. Hence the
n line segments in 7 are pairwise non-intersecting. O

In this solution, each pairing method corresponds to a (numerical) quan-
tity, and the quantity with extreme properties corresponds to the pairing
that meets the requirement of the problem.

Example 9. Several people attend a party, and some of them know each
other. Tt is known that (i) if two people have an equal number of acquain-
tances, then they do not have common acquaintances; (ii) there is one
person with at least 100 acquaintances. Prove that there must be someone
who has exactly 100 acquaintances in the party.

Proof. Consider any person A (as an undetermined parameter). Let the

acquaintances of A be Bi,...,B,(n > 1). Because A is the common
acquaintance of any two of By,..., By, according to the condition (i), the
numbers of people known by By, ..., B, are different from each other. How-

ever, from this information alone, it can’t be asserted that there are exactly
100 of these numbers of people.

Now we suppose A is (one of) the person who has the most acquain-
tances. Then the number n of people he/she knows controls the numbers
of people that By,..., B, know — they are all not greater than n. And
By, ..., B, all know at least one person (i.e., A). Therefore, combined with
the previous results, the numbers of people that n people By, ..., B, know
are exactly an arrangement of 1,2,...,n. And condition (ii) shows that
n > 100, so 100 appears in the above sequence, that is, there is someone in
By,..., B, who knows exactly 100 people. O

Example 10. Can you fill in a real number in every small grid of a 17 x 17
grid table, so that these real numbers are not all zero, and the number in
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each grid equals the sum of the numbers in all adjacent grids (grids with
common sides are called adjacent grids)?

Solution The answer is “yes.” We construct a grid table that meets the
requirement:
Fill in
11,0, -1,-1,0,1,1,0, -1, -1,0,1, 1,0, =1, —1

in the first row (from left to right) of the grid table in turn. Thus, each
number in the first row is equal to the sum of the numbers in its adjacent
grids in that row. Fill in 0 in each grid of the second row. In this way, each
number in the first row meets the requirement.

In order to make each number in the second row meet the requirement
of the problem, the opposite number of the corresponding number in the
first row should be filled in each grid of the third row (from left to right),
that is, fill in —1, —1,0, 1, 1,..., 0, 1, 1. Then, fill in all in the fourth row,
so that the numbers in the third row meet the requirement. In this way,
the 5 row to the 8" row are the same as the first four rows, - - -, etc., and
the last row is the same as the first row.

Remark 6. To prove the existence of something with a certain property,
we often use the construction method, that is, actually construct objects
that meet the requirement. (Of course, we can also use the proof by con-
tradiction or other methods.)

There is often more than one thing that meets the requirement of the
problem. We can choose something with special properties to try, that is,
make it meet appropriate sufficient conditions to ensure that it meets the
requirement of the question. This kind of idea of retreating in order to
advance is often used in construction.

Example 11. There are n (n > 2) lines that are placed in a plane, where
no two lines are parallel and no three lines share one point. These lines
divide the plane into several regions. Show that it is possible to fill in a
non-zero integer with absolute value less than or equal to n in each region,
such that the sum of the numbers in all regions on the same side of each
line is 0.

Solution When n = 2, the problem is easy to solve: Fill +1 and —1 in
the regions as shown in Figure 5.3, which obviously meets the requirement.

In general, consider all the intersection points of n lines. Each intersec-
tion point can be regarded as the case when n = 2. For any intersection
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Figure 5.3

Figure 5.4

point, write +1 and —1 in each region near the vertex (just as in the pre-
vious case). Then the sum of the numbers on the same side of each line
is apparently 0, since it is true at each vertex (Figure 5.4 shows a filling
method when n = 3).

Now for each region, we write the sum of the numbers at all its vertices.
Clearly we know from the condition of this question that any region has at
most n “vertices,” so the absolute value of this number is less than or equal
to n, and the sum of the written numbers in the region on the same side of
any straight line is obviously 0. But unfortunately, this filling method may
make the numbers filled in some regions equal to 0. Therefore, we haven’t
fully obtained the filling method that meets the requirement.

Now we modify the above idea to get the filling method that meets
all the requirements. Let’s fill in the numbers so that the numbers in the
same region all have the same sign. If this can be done, then the sum of
the numbers in each region is nonzero, whose absolute value is less than or
equal to n, and all the required conditions are satisfied.

We need to prove that this method of filling 4+1 is compatible, that is,
the number filled in each region can be uniquely determined. It is not hard
to see that this is equivalent to the following question:

For the regions determined by n straight lines in the problem, we can
color them in black and white, so that any two regions with common edges
have different colors.
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This can be proved by mathematical induction. The conclusion is obvi-
ously true for n = 2. Assume that the proposition is true for n = k. When
one more straight line is added, it divides some regions into two parts. We
will change the color of each region on one side of the straight line (that
is, the original black region will be colored white, while the original white
region will be colored black), while the region on the other side will retain
the original color. Combined with the inductive hypothesis, it is known
that such a coloring makes the colors of any two regions with common
edges different, i.e., the regions connected “diagonally” are colored with
the same color. Therefore, the conclusion is also true for n = k + 1.

Exercises
Group A
1. There are 100 numbers on the blackboard:
NI
727377777100

Each operation allows to erase two numbers a and b arbitrarily selected
on the blackboard, and then write another number a + b + ab. After
99 such operations, suppose only one number is left on the blackboard.
Find the number.

2. Given a quadratic trinomial f(z), we can replace f(z) with zf (1 +1)

or (x—1)%f (ﬁ) Can we get 22 + 10z +9 from 22 + 4x + 3 after such
operations?

3. Fill in the numbers in the 3 x 3 grid table shown in Figure 5.5. Now, the
table is operated as follows: At each step, we may add a same number to
two adjacent cells (adjacent numbers refer to the numbers in two small
grids with common sides). After several operations, is it possible that (i)
all the numbers in the grid table are 0?7 (ii) the numbers at four corners
of the grid table are 1, and the rest numbers are 07

013 2
6710
41915

Figure 5.5
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. Suppose there are n points in a plane, any three of which are the vertices

of a right triangle. Prove: n < 4.

. Let S be a finite set of real numbers with |S| > 2. Let A = {(a, b)|a,b €

S,a+be S}t and B = {(a,b)|a, b€ S,a —be S}. Prove: |A| = |B].

. Prove that it is possible to arrange all n-digit numbers consisting of the

only digits 1 and 2 into a circle, so that there is only one digit difference
between any two adjacent numbers.

Group B

7. There are six questions in a math test, and it is known that exactly

100 students have answered each question correctly. For any two stu-
dents, there is at least one question that neither of them can work out.
Determine at least how many students take the test.

In an n x n real numerical table, the absolute value of each number is
less than or equal to 1, and the sum of all numbers in the numerical
table is 0. Prove that the numbers in each column can be exchanged
appropriately (i.e., exchange positions), so that the absolute value of
the sum of the numbers in each row of the new numerical table is not
greater than 2.

Prove that any 2n (ordered) pairs (a;,b;) of positive numbers can be
classified into two groups with n pairs in each group, so that the dif-
ference between the sums of a; in the two groups does not exceed the
maximum number in a;, and the difference between the sums of b; in
the two groups does not exceed the maximum number in b;.



Chapter 6

Exact Division

Number theory, known as the queen of mathematics, is a fascinating and
important branch of mathematics.

Elementary number theory problems often appear in mathematics com-
petitions, which are flexible and diverse.

Solving problems of number theory certainly requires relevant knowl-
edge in this field, but the more important and difficult thing is to
understand and put into applications. This chapter and the following two
chapters will briefly introduce the most basic content of number theory, and
show and explain some basic ideas and techniques in elementary number
theory through some simple examples.

Exact Division

The basic objects of concern in elementary number theory are the natural
number set and the integer set. We know that addition, subtraction, and
multiplication can be performed in the set of integers, and these operations
satisfy some laws (i.e., the associative law and commutative law of addition
and multiplication, and the distributive law of addition and multiplication),
but in general, division cannot be performed, that is to say, even though a
and b are integers with b # 0, the number ¢ is not necessarily an integer,
thus leading to the first basic concept in elementary number theory: exact
division.

Let a and b be integers with b # 0. If there exists an integer ¢ such
that a = be, then b exactly divides a, denoted as bla. We say that b is a
divisor (or factor) of a and a is a multiple of b. If there is no such an

integer ¢, then b doesn’t exactly divide a, denoted as b1 a.

63
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From the definition of exact division, it is easy to deduce several simple
properties of exact division (the details are left for the readers to complete):

(1) Let a, b, and ¢ be integers. If bjc and c|a, then bla. That is, exact
division is transitive.

(2) Let a, b, and ¢ be integers. If bla and blc, then b|(a & ¢). That is,
the integers that are multiples of b are closed under addition and sub-
traction. Therefore, if integers ai,...,a, are all multiples of b, then
bl(ar + -+ + ay).

(3) Let a and b be integers. If b|a, then either a = 0 or |a| > |b|. Therefore,
if bla and alb, then |a| = [b].

Remark 1. In problems of exact division, sometimes it is not easy to
directly prove bla. We can (try to) choose an appropriate “intermediate
quantity” ¢ to prove b|c and c|a, and then we can draw a conclusion accord-
ing to the property (1).

This method is similar to the scaling method for inequalities: In order
to prove B < A, first “amplify” B to a proper C, and then (expect to)
prove C' < A.

Remark 2. Property (2) provides a basic idea to prove b| (a1 + - -+ + a,):
We can try to prove a stronger (and often easier to prove) proposition:

each a; is a multiple of b (i = 1,...n).

Of course, this proposition is not necessarily true. Even when it is not
true, the above idea still has a (often effective) modification: Properly
group the sum aj + - - -+ a, into ¢; + - - - + ¢, and show that b|cy, ..., | cp,
which of course can lead to b|(a1 + - - + ay).

Remark 3. Property (3) provides a basic way to a transition from exact
division to inequality. (3) can also be replaced with the following two
statements:

(i) If an integer a # 0 and |a| < |b|, thenbdoesn’t exactly divide a.
(i) If bla and |a| < ||, then a = 0.

For any two integers a and b(b > 0), it is not necessarily that a is
divisible by b, but we have the following conclusion, called the division
with remainder, which is the most basic and important result in elementary
number theory.
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(4) (Division with remainder) If a and b are integers and b > 0, then
there exist integers ¢ and r such that

a=>bq+r, where(<r <b; (1)
the integers ¢ and r are uniquely determined by the above condition.

In fact, suppose bq is the maximum multiple of b not exceeding a, that
is, the integer ¢ satisfies bg < a < b(q+ 1). Let 7 = a — bg. Then naturally
0 < r < b. Therefore, we get a representation similar to (1).

If there are integers ¢; and r; to make a = bg; + 71 and 0 < r; < b,
then b(¢ — q1) = 1 — r from (1), thus b|(r — r1). But 0 < |r — 1| < b, so
r—ry = 0, that is, » = 1 (refer to Remark 3(ii)), hence ¢ = ¢;. This proves
the uniqueness.

Remark 4. The integer ¢ in the equality (1) is called the (incomplete if
r # 0) quotient of a on the division by b, and the number r is called the
remainder of a on the division by b. If r = 0, then a is divisible by b.

The core of the division with remainder is the inequality with regard to
the remainder r, which plays an important role in an argument.

Remark 5. The above argument shows that the quotient ¢ is actually [%]
(the largest integer not exceeding ), which is sometimes very useful.

Greatest Common Divisor

Let ay,as,...,a, be integers that are not all zeros. An integer (e.g., 1)
that can exactly divide all aq,ao,...,a, is called their common divisor
(or common factor). From the property (3), a nonzero integer has only
finitely many divisors, so there are only a finite number of common divisors
of ai,as,...,a,, among which there must be a unique maximum. We call
it the greatest common divisor (GCD) of ay,as,...,a,, denoted as
(a1,az,...,a,). Note that if d is a common divisor of a1, as, . .., ay,, then —d
is also their common divisor, so the GCD must be a positive integer.

If (a1, a9, ...,a,) =1, then ay, as, . . ., a, are relatively prime (coprime);
in other words, ay, as, ..., a, are relatively prime means that their common
divisors are only £1. If any two numbers in aj,aq,...,a, are relatively
prime, then ap,as,...,a, are pairwise coprime. It is obvious that if the
numbers are pairwise coprime, then they must also be relatively prime, but
the converse is not necessarily correct.
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We mainly deal with the GCD (a,b) of two integers, where b # 0.
Because (a,b) = (a, —b), we can suppose b > 0 in the following discussion.

(5) Let a and b be integers, b > 0, and bla. Then (a,b) =

(6) There is the equality (a,b) = (a +b, b), that is (a, b) is a functlon with
regard to a that has a period of b. In general, (a, b) = (a + bq, b) for
any integer q.

Both (5) and (6) can be derived from the definition, of which (5) is
trivial. To prove (6), let d = (a, b) and d’ = (a + b, b). Then d|a and d|b,
so d|a + b (property (2)), that is, d is a common divisor of a + b and b,
hence d < d'. Similarly, d’ < d, thus d = d’. The general situation can be
derived by using this method repeatedly, which is not hard to prove directly
as above.

In order to find the greatest common divisor effectively and obtain its
nontrivial properties, we apply the following basic facts, which are called
Euclidean (division) algorithm.

(7) (Euclidean algorithm) Let a and b be integers with b > 0. Repeat
the division with remainder in the following way. After a finite number
of steps, it must stop (i.e., the remainder is zero):

a divided by b : a = bqg + 19,0 < 19 < b;
b divided by rg : b =10q1 + 71 0 < 11 < 19;
ro divided by ry : 79 = 1192 + 12, 0 < 12 < 711;

rp—o divided by 7,1 1 Thoo = Tn_1qn +7n, 0 < 7 < rp_1;
rp—1 divided by 7, @ rp—1 = Tn@nt1-

Then (a,b) = rp.
In fact, since the remainders rg,r1, ..., r, are integers, and
rog>Ty > >y > >0,

after a finite number of steps of the above divisions with remainders, the
last remainder must be zero. On the other hand, from the properties (6)
and (5),

(a,b) = (bgo + 10, b) = (b, o) = (10, r1) =

= (Tnflv Tn) = (ann+17 Tﬂ) =Tn-
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Given a and b, Euclidean algorithm can not only solve (a,b) in a finite
number of steps, but also prove that the equation

ax + by = (a,b) (3)

has integer solutions x and y, and provides an algorithm to find a group of
integer solutions. To be specific, we do things in the reverse order. From
the penultimate line in (2), we obtain

(avb) =Tn =Tn—2 —Tn—-14n,

which represents (a,b) in the form of “r,_ ;X integer +r,_oX integer”;
substitute r,_3 = rp—2¢n—1 + rn—1, the third line from the bottom in (2),
into the above formula, and eliminating r,,_1 to get

(a’ b) = rn—2(1 + Qn—IQn) — 'n—3Qn,

which represents (a,b) in the form of “r,_ox integer +r,_sx integer”.
In this way, a group of integer solutions = and y of (3) is finally obtained.
Now we can easily deduce the following:

(8) Two integers a and b is coprime if and only if there exist integers x and
y such that

ax + by = 1. (4)

In fact, if (a,b) = 1, then the above result shows that (4) has integer
solutions. Conversely, if 2 and y make (4) true, then obviously (a, b) exactly
divides the left side of (4), so (a,b)|1, that is, (a,b) = 1.

Equalities (3) and (4) are called Bézout’s identities, which are widely
used.

Now we prove some important properties of the GCD:

(9) Any common divisor of a and b is a divisor of their GCD.
(10) Let m be a positive integer. Then m(a,b) = (ma, mb).
(11) Let (a,b) =d. Then (%, ) =1.
(12) Let a and b both be coprime with m. Then ab is also coprime with

m, that is, integers coprime with m are closed under multiplication
(try to compare it with property (2)). In general, if ai,...,a, are all
coprime with m, then a; - - - a,, is coprime with m.

(13) Suppose blac. If (b, ¢) = 1, then b|a.
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Property (9) is the most essential property of the GCD, which is a direct
consequence of the equality (3).

To prove (10), let d = (a,b) and d' = (ma,mb). Then md exactly
divides ma and mb, so md < d’. On the other hand, if both sides of (3) are
multiplied by m, we obtain d'|md, so d’ < md. Thus d' = md.

(11) is a corollary of (10): From d (%, ) = (%.d, 2 - d) = (a,b) = d,

d d
a b _1
d d)

It is shown in (11) that coprime integers can be naturally generated from
integers that are not relatively prime.

Proof of (12): From (a,m) = 1 and (8), there exist integers = and y such
that az + my = 1; similarly, there exist 2’ and y’ such that bz’ + my’ = 1.
Multiply the two formulas to get

we have

ab(zz’) + m(axy + bx'y + myy') = 1,

thus (ab,m) = 1 (still using (8)). The general situation is not difficult to
prove by mathematical induction.

Proof of (13): From (b, ¢) = 1, there exist « and y, such that bz +cy = 1,
so abr + acy = a, the left side of which is a multiple of b (since blac).
Therefore b exactly divides a that is on the right side of the above equality.

Remark 6. The above properties are proved by Bézout’s identity, which
eventually relies on the division with remainder (refer to (7) and Remark 4).

Remark 7. From (9), we can easily prove that

(ar,a9,...,a,) = ((a1,a2),...,an).

Therefore, it is not difficult to deduce that (9), (10), and (11) are also true
for the greatest common divisor of more than two integers. For the purpose
of this book, we omit the details.

Least Common Multiple

Let ay,as,...,a, be non-zero integers. A number that is a multiple of all
ai,as,...,an is called their common multiple. The least positive common
multiple is called the least common multiple (LCM) of aj,as,...,an,
written as [a1, az,. .., an].

We mainly deal with the LCM [a, b] of two integers.
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(14) Let m be an integer, a|m and b|m. Then [a, b]|m. That is, any common
multiple of @ and b is a multiple of their LCM.

(15) Let m be an integer. Then ma,b] = [ma, mb.

(16) This is the equality (a,b)[a,b] = |ab|. In particular, if (a,b) = 1, then
[a, b] = |ab|.

(17) Let by,ba,...,b, be integers that are pairwise coprime, and a is any

arbitrary integer. If b;la(i = 1,2,...,n), then by ---by,|a. Therefore,
in particular, the LCM of positive integers that are pairwise coprime
is equal to their product.

Proof of (14): Let D = [a, b]. It is known from the division with remain-
der that there exist integers ¢ and r such that m = Dg+r with 0 <r < D.
Obviously, r is also a common multiple of a and b, so from 0 < r < D and
the minimality of D, we obtain r = 0, that is, D|m.

Proof of (15): Let D = [ma, mb] and D’ = [a,b]. We can deduce that
a |% and b ’% from ma|D and mb|D. Therefore, D’ < £ by definition. On
the other hand, mD’ is a multiple of ma and mb. By definition, D < mD’.
Combining the two results, we see that D = mD’.

Proof of (16): Let a and b be positive integers. First, consider the case
of (a,b) = 1. From al[a,b] and b|[a,b], there exist integers z and y such
that [a,b] = ax and [a,b] = by, thus blax. But (a,b) = 1, so from (13) we
know that bz and ablax, i.e., ab|a,b]. But ab is a common multiple of a
and b, so [a, b] < ab. Hence [a, b] = ab.

The general case can be reduced to the above special case. Let d =
(a,b). Then from (11), we know (%, %) = 1, so from the proven results,

[¢,0] =2.5 =95 Then, (using (10) and (15), we get that

a b a b 5 ab
(a,b)[a,b] =d - (E, E) -d [E, E] =d°- i ab.

Proof of (17): Since a is a multiple of b; and bg, from (14) and (16),
we can deduce [b1, bo]|a, and then bybs]a. Because bs and b1by are coprime
(using (12)), and a is a multiple of b1by and bs, there is byby - bg|a similarly.
If we repeat this argument, we can get by - - - b, | a. In addition, if we take
a = [bl,...,bn], then [bl,...,bn] = bl bn

Remark 8. Property (17) provides another way to decompose an exact
division problem: In order to prove bla, decompose b into the product of
several integers by, ...,b, that are pairwise coprime, and prove b;la (i =
1,...,n) (refer to Remark 2). For a standard application of this technique,
please refer to Remark 5 of Chapter 7.
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Remark 9. Clearly, we see that properties (14) and (15) are still true for
the least common multiple of more than two integers, but (16) is not so,
that is

(a1,a9,...,a,) a1, a2,...,a,) = |a1az2 ... ay|

is not true in general (it is not difficult for the readers to give a counterex-
ample).

Illustrative Examples

Let’s give some examples involving exact division.

The basic technique of proving bla is (by definition) to decompose a
into the product of b and an integer. The decomposition often arises from
taking special values in some algebraic factorization. The following two
decompositions are very useful.

If n is a positive integer, then

2"yt = (z—y) (@ " Ry by Ty . (5)
If n is a positive odd integer, then (replace y with —y in (5))

"yt = (Y (@ =" Ry — Ty, (6)
Example 1. Let F, = 22" + 1 with & > 0. Prove: If m > n, then
E, | (Fn —2).

Proof. Take z = 22" and y = 1in (5), and replace n with 2m—"~1,
Then we obtain (22" — 1)[(22" — 1). And since 22" — 1 = (22" — 1)
(22" 4 1), we have (22" + 1)[ (22" — 1). Therefore, (22" + 1)[(22" — 1).
(Refer to Remark 1.)

The problem can also be demonstrated as follows: Using the formula
for the difference of squares repeatedly, we get

22" _1=0" — ¥+ 12> +1)--- 22" +1),

that is, F} satisfy the following recurrence relation:

F,—2=Fy - F - Foo- Fpq.

Because m > n, we see that F,, appears on the right side of the above
formula, so we can draw the conclusion. ]

Example 2. Suppose n > 1 is an odd number. Prove:

LT (n—1)!
9 n—1 n I8

n
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Proof. Note that n |1 (n — 1)! is not always true for 1 <k <n — 1.
The skill of the argument is to deform (1 +i4-+ ﬁ) (n—1)! by

pairing. For 1 < k < ”Tfl, since n is odd, n — k # k, thus ,g?{_ll)cg is an

integer. Therefore,

(%-ﬁ-nlk)(n—l)!:ﬁ(n—l)!

is a multiple of n, thus their sum is also a multiple of n. (Refer to
Remark 2.) O

Example 3. Suppose m and n are positive integers with m > 2. Prove:
2m —-1)1 (2" +1).

Proof. First, it is easy to prove that the conclusion is true for n < m. In
fact, when m = n, the conclusion is trivial; when n < m, the result can be
deduced from 2" +1 < 2™7! +1 < 2™ — 1 (note that m > 2). (Refer to
Remark 3.)

Finally, the case of n > m can be reduced to the above special case by
the division with remainder: Suppose n = mq + r with 0 < r < m and
q > 0. Because

2"+ 1=(2m1—-1)2" 4+ 2" 4+ 1,

while (2™ — 1)|(2™¢ — 1) (using (5)), we have (2™ — 1) { (2" + 1) (since
0 <r < m). Therefore, (2™ — 1) ¢ (2" + 1) when n > m. O

Example 4. Let n be a positive integer.

(i) Prove: (2In+4, 14n+3) = 1.
(ii) Prove: (n!4+1, (n+1)I+1)=1.
(iii) Let Fy, = 22" 41 with k > 0. Prove: Form # n, we have (B, ) =1.

Proof. To prove (i), only one equality is needed: 3(14n + 3) — 2(21n +
4)=1.
To prove (ii), we note that

m+n!+1)—(n+1)!+1)=n. (7)

Suppose d is the GCD of n!+ 1 and (n+ 1)! 4+ 1. Then d|n from the above
formula. Furthermore, d|n! since d|n. Combining it with d|(n!+ 1), we get
d|l, sod = 1.



72 Problems and Solutions in Mathematical Olympiad: High School 3

To prove (iii), we may assume that m > n. From Example 1, there
exists an integer x such that

Fop + xF, = 2. (8)
Suppose d = (F,,, F,,). Then the above formula implies that d|2, so d =1
or 2. But F,, is obviously odd, thus necessarily d = 1. O

Remark 10. Being coprime is very important in elementary number theory
(refer to properties (12), (13), (16), and (17)). The basic starting point of
proving that two integers a and b are coprime is to establish Bézout’s iden-
tity (4) (refer to property (8)), as the solution of problem (i) in Example 4.

In general, Bézout’s identity (4) satisfied by a and b is not easy to obtain,
so we often adopt the following variation method: Make an equation similar
to (4) (rvefer to (7) and (8)):

ax + by =, (9)
where r is an appropriate integer. Now let (a,b) = d. Then d|r from the
above equation. Here r being appropriate means that d = 1 can be derived
from d|r through a further demonstration (as (ii) of Example 4), or the
divisors of r are few, and the result can be proved by the exclusion method.

In addition, (9) is equivalent to a|(by — r) or b|(ax — r). Sometimes,
these are more easily derived by exact division (refer to the solution of (iii)
in Example 4).

Example 5. Suppose m, a, and b are all positive integers with m > 1.
Prove:

(m®—1,m’—1) =ml®? —1.

Proof. We use Euclidean division on the exponents. From (2) (notice that
4o, q1, - - - are all non-negative integers now),

(m® =1, m" —1) = (mP®*T — 1, mb - 1)
= ((mb% —1)m"™ +m™ — 1, m® — 1)
= (mTO - 17 mb - 1)7

where (m® —1)|(m"® — 1) and property (6) were applied. Therefore, repeat
the above argument to get

(m®—1,m* —1) = (m* — 1, m"™ — 1)

— (mTO _ 17 mrl _ 1)
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=(m™t =1, m™ —1)
= (m™+t — 1, m™ —1)

=m™ —1=m®" —1.

O

Example 6. Let k be a positive odd number. Prove: w (1% 4 2F 4

...J’_nk).

Proof. The problem is equivalent to proving n(n+1) | 2(1¥+2F ... 4-nF).
Since n and n + 1 are coprime, we decompose the problem into proving

n|2(1% + 28 4. 4 nF) and  (n+1))201F + 28 .- £ 0P).

(Refer to Remark 8.) Now it is easy to know from formula (6) that (notice
k is a positive odd number)

21+ 2k k) =P+ (= DR 4+ [(n—DF 15 4 20"

is a multiple of n. Similarly, 2(1% 4 --- 4+ n*) is a multiple of n + 1. This
proves the conclusion. (Refer to Remark 2 and Example 2.) O

Example 7. Prove that for any positive integer k less than n!, it is possible
to select at most n numbers (not necessarily distinct) from the positive
divisors of n!, such that their sum is equal to k.

Proof. We prove it by induction on n. The conclusion is obviously true for
n = 2. Assume that the statement is true for n — 1. Now consider the case
of n. Suppose 1 < k < n!. We want to prove that k can be expressed as the
sum of not more than n positive divisors of n!. When k < n, because k|n!,
the conclusion is established trivially. When k > n, do the division with
remainder. Suppose k = k'n +r with 0 < r < n. Then since n < k < n!,
1§k’§ﬁ<n—!:(n—1)!,
n o n

so from the inductive hypothesis, there exist positive integers di’ < -+ <
dp withm < n—1and d;'|(n—1)! (1 < i < m), such that k¥’ = dy+---+d,,,.
Therefore,

k=k, +r=nd,+-+nd, +r. (10)

Obviously, nd;" (1 < i < m) are distinct positive divisors of n!. If r = 0,
then (10) is a satisfactory representation of k (note that m <n—1 < n); if
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r > 0, then from r < n, we have r|n!, and since r <n <ndy’ < --- < nd;n,
the m + 1 < n numbers on the right side of (10) are the distinct positive

divisors of n!. Therefore, (10) is a satisfactory representation of k. O
Exercises
Group A

1. Let n and k be positive numbers.

Prove: In 1,2,...,n, exactly [%] numbers can be divisible by k.

2. Let a, b, ¢, and d be integers a — c|ab + cd. Prove a — clad + be.

3. Let a and b be positive integers. Suppose a? 4+ ab + 1 can be divisible
by b2 + ab + 1. Prove that a = b.

4. Let a and b be positive integers, and b'le + %1 is an integer. Prove:
(a,b) <+Va+hb.

5. Let m and n be positive integers and m be an odd number. Prove:
(2m —1,2" +1) =1.

6. Let a, m and n be positive integers such that a > 1 and a™ + 1]a™ + 1.
Prove: m|n.

7. Let a and b be positive integers, and ¢ be an integer. A necessary and
sufficient condition for the equation

ar +by = ¢ (1)
to have an integer solution is (a,b)|c. When this condition is satisfied,
let © = xo and y = yo be a group of integer solutions of (1). Prove: all
integer solutions of (1) are

by ¢ 4
r=x9+ —— =yYp— ——
T T T W)
where t is an arbitrary integer.

8. Let a and b be positive integers greater than 1 with (a,b) = 1. Prove:
There exists a unique pair of integers r and s satisfying ar — bs = 1
with0 <r <band 0 < s <a.

9. Let a and b be positive integers with (a,b) = 1. Prove: For an integer

n > ab — a — b, the equation
ar+by=n (2)

has a non-negative integer solution; but when n = ab—a—b, (2) doesn’t
have a non-negative integer solution.
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Group B

10.

11.

12.

13.

14.

15.

16.

(i) Let @ and b be coprime integers, and m and n be any positive
integers. Prove that (a™,b") =1

(ii) Prove: For any positive integer n, we have (a™,b") = (a, b)".

Let the product ab of positive integers a and b be the kth power of an
integer (k > 2). If a and b are coprime, prove that a and b both are
kth powers of integers.

To be exact, if ab = x*, then a = (a,z)* and b = (b, z)*.

Let k be a positive integer (k > 2). If the kth power of a rational
number is an integer, prove that the rational number is an integer.
Consequently, deduce that for integers a and b, if b*|a*, then b|a.

Let m and n be positive integers with (m,n) = 1. Prove: Any positive
divisor of mn can be uniquely expressed in the form of dyds, where d;
and ds are positive divisors of m and n respectively.

Suppose an integer ¢ > 1. Prove:

(i) Each positive integer n can be uniquely expressed as

n=apq" + -+ arq+ ao,

where a; are a integers satisfying 0 < a; < ¢—1 (0 < ¢ < k) and
a, # 0. This expression is called the base-q representation of n, and
the numbers a; are called the digital codes in the g-ary representation.
(ii) There are the equalities

n n .
a; = [E} _q{qiﬁ] fori=0,1,...,k.

Suppose n > 1 and m = 2"~1 (2" — 1). Prove: Any integer k (1 < k <
m) can be expressed as the sum of some distinct divisors of m.

Let a > 1 be a given integer, A, =14+ a+---+a" (n > 1). Find all
positive integers that can exactly divide a certain term in the sequence

{An}.
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Chapter 7

Prime Numbers

Prime numbers constitute a subset of the natural number set, which is
the most powerful one. This chapter mainly introduces basic properties of
prime numbers and the unique factorization theorem of positive integers.

Prime Numbers and the Unique Factorization Theorem

An integer n (n > 1) has at least two different positive divisors: 1 and n. If
n has no proper factor (that is, it doesn’t have a divisor greater than 1 but
less than n), then n is a prime number, and we usually use the letter p
for a prime; if n has a proper factor, that is, n can be expressed in the form
of a-b (a and b are integers greater than 1), then n is called a composite
number.

As a result, positive integers are classified in the three categories: 1,
prime numbers and composite numbers.

The following simple facts can be easily drawn from the definition:

(1) An integer greater than 1 must have a prime factor.
(2) Let p be a prime number and n be any integer. Then either p divides
n exactly, or p is coprime with n.

In fact, an integer greater than 1 has positive divisors greater than 1.
Among them, the minimum must not have a proper factor, so it is a prime
number. This proves (1).

As for (2), we note that (p,n) is a divisor of p, so it is known from the
definition of prime numbers, that either (p,n) = 1 or (p,n) = p, that is,
either p and n is coprime or p exactly divides n.

7
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Remark 1. In number theory, it is often needed to prove that a positive
integer is 1. (For example, prove that the greatest common divisor of inte-
gers is 1, referring to Remark 10 of Chapter 6.) Property (1) provides a
number theoretic characterization of whether an integer is 1. Therefore, we
often (prove by contradiction) assume that the number under consideration
has a prime factor, so that we can use the sharp properties of prime numbers
(see (2) and (3)) for further demonstrations to derive contradictions.

The most important properties of prime numbers are as follows:

(3) Let p be a prime number and a and b be integers. If p | ab, then at least
one of a and b is divisible by p.

In fact, if @ and b are not divisible by p, then from (2), p is coprime with
both a and b, so p and ab are coprime (the property (12) of Chapter 6), a
contradiction!

One of the most classical results of prime numbers was proved by Euclid
in the third century B.C.:

(4) There are infinitely many prime numbers.

Prove by contradiction: Suppose there is only a finite number of prime

numbers. Let p1 = 2,ps = 3,...,pg be all the prime numbers. Consider
N=py---- pr+ 1. Obviously N > 1, so N has a prime factor p (property
(1)). Because p1,...,py are all the prime numbers, so p must be a certain

pi (1 <i < k), sop exactly divides N —py----- pr. = 1, which is impossible.
Hence there are infinitely many prime numbers.

(Please note that py - -+ - pr + 1 is not necessarily prime.)

Now we prove the most basic result of integers, called the unique fac-
torization theorem of positive integers, or the fundamental theorem of
arithmetic.

(5) (Unique factorization theorem) (i) Every integer greater than 1 can
be decomposed into the product of a finite number of prime numbers.
(ii) If the order of prime factors in the product is ignored, then the
factorization in (i) is unique.

Part (i) is a direct corollary of the definition of prime numbers. Let n > 1.
If n is a prime number, then there is no need to prove it. If n is a composite
number, then n = ab, where a and b are greater than 1 (and therefore less
than n). If a or b still has a proper factor, repeat the above decomposition.
Because there is only a finite number of divisors of a positive integer, we
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can decompose n into the product of prime numbers after a finite number
of steps.
The uniqueness of factorization is far from trivial. Let n > 1 have two

factorizations

n=pi-pr=qq. (1)
Then we need to prove that k£ = [ and the prime numbers py, ..., pg form a
permutation of ¢1,...,q. It can be seen from (1) that ¢1(g2---q;) is divis-

ible by p1; by property (3), p1 exactly divides g1 or g2 --- q;. If p1 | g1, then
because p; and ¢; are prime numbers, necessarily p1 = q1; if p1| g2 q,
repeat this argument to know that p; must be one of ¢o, ..., q;, so we can
cancel p; on both sides of (1). Then consider ps and repeat the above pro-
cess. Finally, we see that the two kinds of factorizations of n are exactly
the same. (]

By collecting the same prime factors in the factorization of n, we know
that each integer n greater than 1 can be uniquely written as

n=pitepets (2)
where p1, ..., px are prime numbers that are different from each other, and
a1, ...,qE are positive integers. The formula (2) is called the standard

factorization of n.
From the standard factorization of positive integers, several basic results
about their divisors can be easily obtained:

(6) Let the standard factorization of n be in the form of (2). Then a nec-
essary and sufficient condition for a positive integer d to be a divisor
of n is that its standard factorization is

d:pll...pfaogﬁigai(izl,,.,,k), (3)

(7) Let 7(n) denote the number of positive divisors of n, and o(n) denote
the sum of positive divisors of n. Let the standard factorization of n
be in the form of (2). Then

m(n) = (a1 +1) - (ak + 1), (4)
7p<111+171 .“pgk-i-l_l
o(n) = P or—1 (5)

(8) An positive integer n is a square number if and only if 7(n) is an odd
number.
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Let’s prove (6) first. The sufficiency is obvious. The following proves
the necessity. If d = 1, then this is the form of (3) (all 8; = 0); if d > 1,
then from d|n, we get n = dd' (d' is a positive integer). By the unique
factorization theorem, the product of the prime factor decompositions of d
and d’ is the same as that of factorization (2), so the standard factorization
of d has the form of (3).

Proof of (7): Obviously, the exponent 3; in (3) has a; + 1 selections and
is independent of each other. And from the unique factorization theorem,
all possible selections of exponents f1, ..., 3, produce distinct divisors of
n. Therefore, from the multiplication principle,

7(n) = (a1 + 1) (ag + 1).
In addition, o(n) can be expressed as
om)=0+p1+--+pi") A4+ +p"), (6)
because after multiplying the right side of the above formula term by term,
each number in the form of (3) just appears once, that is, the process gives
all positive divisors of n. The formula (5) can be obtained from (6) by the
sum of the first n terms of a geometric sequence.

Proof of (8): Let n > 1 and let the standard factorization of n be in the
form of (2). Then we can derive from the formula (4) that 7(n) is an odd
number, which is equivalent to that all «; in (2) are even, that is, n is a
square number.

Another proof: Obviously, when d passes through all positive divisors
of n, the quotient 7 also passes through all positive divisors of n. We make
the divisor d of n (< /n) correspond to the divisor 5 of n(> y/n). Clearly
this is a one-to-one correspondence.

Therefore, when /n is an integer, that is, n is a square number, 7(n) is
an odd number (now \/n |n); otherwise 7(n) is even.

If the standard factorizations of positive integers a and b are given, then
it is easy to write their GCD and LCM.

(9) Let @ = pi™* ---pp* and b = pi*-- 'pg’“ be the standard factorizations
of the positive integers a and b, where py,...,p; are distinct prime
numbers. In order to make the two factorizations contain the same
prime numbers formally, we allow the exponents «; and S; to be 0,
that is, o; and f§; are non-negative integers (i = 1,...,k). Then

(avb) :ptlll "'pzkv a; = min<ai7 61')7 i1=1, 7k7

[a,b] = pb* - - pP*, by = max (g, Bi), i =1, ..., k.
The proof is similar to that of (6), and the details are left to the readers.
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Remark 2. For more than two integers, the GCD and LCM have simi-
lar results. The significance of these formulas is mainly theoretical, which
makes it more convenient to prove some properties of the GCD and LCM
(refer to Example 3 below). It is not a simple tool for a practical calcula-
tion, because it is usually very difficult to find the standard factorization
of a positive integer.

Distinguishing Method of Prime Numbers and
the Standard Factorization of n!

Although prime numbers have very good properties, their distribution in
natural numbers is very irregular (see Exercise 6 in this chapter). Given a
positive integer n, it is very difficult to judge whether n is prime or not.
The following (10) is an old distinguishing method, which is more practical
when n is not very large.

(10) If n > 1 and n is not divisible by prime numbers that are not greater
than /n, then n is a prime number.

Therefore, to apply this method, it is necessary to know all prime num-
bers not greater than /n.

The proof is very simple: If n is not a prime number, then n = ab,
where a and b are both greater than 1. We may assume that a > b. Then
b < y/n. Because b > 1, the number b has a prime factor p, and since b|n,
so pln. But p < b < /n, a contradiction!

It can be imagined that it is more difficult to determine the standard
factorization of a positive integer effectively. But interestingly, for any pos-
itive integer n, we can find the standard factorization of n!.

(11) For any positive integer m and prime number p, the notation p®||m
represents p | m but p®*! { m, that is, p® is the power of p appearing
in the standard factorization of m.

For any n > 1 and prime p, let p®» || nl. Then

R B R

(Since {17} = 0, when p! > n, there is only a finite number of non-zero

terms in the sum of (7).)
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To prove it, we construct a numerical table as shown in Table 7.1:

Table 7.1
1 2 k n
p
pZ
pl

If p' |k, fill in 1 in the cross grid of row ! and column & in Table 7.1;
otherwise fill in 0. Therefore, the sum of the numbers in the kth column is
the power of p contained in the standard factorization of k, and the sum of
the numbers in all n columns in the table is ay,.

On the other hand, for [ > 1, the number of 1 in row [ is equal to the
number of terms that are divisible by p' in 1,2,...,n, i.e., [z%} (Exercise 1
in Chapter 6). Since the sum of the column-sums is equal to the sum of
the row-sums, the equality (7) is deduced.

Remark 3. Formula (7) has a simple relationship with the base-p repre-
sentation of n, which is more applicable to some problems:
Let the p-ary representation of n be (refer to Exercise 14 in Chapter 6)

n=(ay---ao)p = ao+ ap+ -+ app®,
where 0 < a; <pfori=1,...,k with ax # 0. Let S,(n) = ao + -+ + a.
Then
n— Sp(n)
p—1 =
To prove the above, notice that 0 < a; <p—1. Then for [ =1,2,... k,

apz

0<aq1p™ +-+aip+ao<p.

Therefore [1%} = akpk_l +---4ajr1p+a;. When [ > k, we have [1%} =0,
thus from (7), we get that

ap = (app™ '+ +ap+ar)
+ (app™ 2+ 4 ag)
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+ (axp + ax—1)
+ak
=ar(l+p+-+p" )+ Faltp) ta

k o1 L&
=> a—r = (ap' —a)
=1 p—1 p-1 1=0
1
= (= 5,(m)

This is the desired result.

Illustrative Examples

Example 1.

(i) Let m be a positive integer and 2™ + 1 be prime. Prove: m is a power
of 2.

(ii) Let a and m be integers greater than 1 such that o — 1 is prime.
Prove: a =2 and m is prime.

Proof. To prove (i), we just need to show that if m is not a power of 2,
then 2™ 4 1 is not prime.

A basic technique of proving that a number greater than 1 is not prime
is to point out a proper factor of it.

Since m is not a power of 2, it has odd factors greater than 1. Suppose
m = kr with & > 1, 2t 7 and r > 1. It can be seen from formula (6) in
Chapter 6 that 2™ + 1 has a proper factor 2¥ 4 1, so 2™ + 1 is not prime.

The idea of proving (ii) is similar to (i). If @ > 2, then ™ — 1 has a
proper factor a — 1; if m is not prime, let m = rs (r and s are greater than
1). Then 2™ — 1 has a proper factor 2" — 1. O

Remark 4. A number of the form F,, = 22" +1 is called a Fermat num-
ber. Example 4 (iii) in Chapter 6 points out an interesting property of
Fermat numbers: They are pairwise coprime. (From this, we can immedi-
ately deduce that there is an infinite number of prime numbers.)

The prime numbers in Fermat numbers are called Fermat prime num-
bers. For example, Fy =3, Fy =5, F» = 17, F3 = 257, and F; = 65537 are
all prime numbers. But F5 = 641 x 6700417 is not prime. At present, it is
not known whether there is an infinite number of Fermat prime numbers,
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and whether there is an infinite number of composite numbers in F),.
(Of course, at least one of these two statements is true.)

A number of the form M, = 2P—1 is called a Mersenne number, where
p is a prime number. For example, Ms, M5, and M7 are all prime numbers,
but M;; = 23 x 89 is not prime. Whether there is an infinite number
of prime numbers and whether there is an infinite number of composite
numbers using Mersenne numbers are unsolved problems.

Fermat numbers and Mersenne numbers are very important in theory
and applications. In mathematics competitions, there are often problems
involving these two kinds of numbers.

Example 2. Let a and b be coprime integers. Prove that (a2 + b2, ab) = 1.

Proof. Let d = (a® + V%, ab). If d > 1, then d has a prime factor p (see
Remark 1).

From d|ab, we obtain p|ab. But p is prime, so at least one of a and
b is divisible by p. Let’s suppose p|a. Combining it with p|(a® + b?), we
deduce p|b?, so p|b (using the sharp property of prime numbers again).
Therefore, p is a common divisor of a and b, which contradicts (a,b) = 1.

This problem can also be proved by the following method (without the
help of prime numbers): Notice that a® + b? being coprime with ab is equiv-
alent to a? +b? being coprime with both a and b (see (12) in Chapter 6).
Since (a,b) = 1, clearly (a? + b2, a) = (b*, a) = 1. (See Exercise 10 (i) in
Chapter 6.) Similarly, (a® + b2, b) = 1, which proves the conclusion. O

Example 3. Let a, b, and ¢ be positive integers. Prove:
[a,b,c]? (a,b,c)?

[a,b][b,c][c,a]  (a,b)(b,c)(c,a)’

Proof. Suppose the standard factorizations of a, b, and ¢ are

a=ptepit, b=pitooplt, e=pltept,

where «;, ;, and 7; are all non-negative integers. From the formula in (9),
the problem is equivalent to proving that for non-negative integers «, (3,
and -y, there is

Qmax{a, 67 ’Y} - max{a, ﬁ} - max{ﬂ, ’Y} - ma’X{FY? Oé}
= 2min{a, 8,7} — min{«, S} — min{S3, v} — min{y, a}. (8)
It is not difficult to directly check the formula (8) (it may be assumed that

if @« < 8 <, then the left and right sides are both equal to —f), but a
more general proof is to use the inclusion-exclusion principle:
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Let N = max{a,(,7}. If N = 0, then there is nothing to prove.
We may suppose N > 1. We introduce three properties into the set
S =1{1,2,...,N}: P, is “not greater than «,” Pg is “not greater than
B, and P, is “not greater than v.” Then there is 0 element in S that
does not have any properties of P, Pg, and P; there are o elements with
property Pg; there are min{a, S} elements with properties P, and Pg,
etc. From Theorem 1 in Chapter 4,

max{a, #,7} —a — f —v+min{a, 8} + min{3, v}
+ min{y, a} — min{a, 38,y = 0}. (9)
We also have
max{c, 8} + min{a, B} = a + G,

max{f,7} + min{3,7} = 8 + 1, (10)
max{vy,a} + min{y,a} = v+ a.
From (9) and (10), we obtain (8). O

Example 4. Let n, a, and b be integers such that n > 0 and a # b. Prove

. a” —b"
that if n| (a™ — b"), then n | =

a”=b"
a—b -
Let t = a—0b. If ptt, then since p is prime, (p®, t) = 1, so from
n_ pn
t )

Proof. Let p be prime and p® || n. We only need to prove p®

pa|an_bn:t.

n bTI
we can deduce that p® ‘ =

If p| ¢, then by the binomial theorem,

’ ;bn b+ = zj: ( ) b (11)

Suppose p? || i. Then clearly 3 < i — 1. Therefore, the power of p con-
tained in (?) -t =n (" ) t*~1 is at least «, that is, each term on the

7 71— 1

right side of (11) is divisible by p®, so p® ’“ —b"  (Refer to Remark 2 in
Chapter 6.) O

Remark 5. In order to prove n|m, usually we make the standard factor-
ization of n, i.e., n = p{"* ---pp*, and then the problem is decomposed into
proving p* |m(i = 1,...,k) (refer to Remark 8 in Chapter 6). The advan-
tage of doing so is that it allows us to apply the sharp property of prime
numbers. Please check the role of prime numbers in the above argument.
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(2m)!(2n)!

Example 5. Let m and n be non-negative integers. Prove: Rl(m )l is

an integer.

Proof. We just need to prove that for each prime p, the power of p in the
denominator does not exceed its power in the numerator (see Remark 5).
From the formula in (11), this is equivalent to proving that

S(FE) 2 GlBl 5] e

We hope that for [ =1,2,...,

e =) Bl 5

thus, it proves (12). (Refer to Remark 2 in Chapter 6.)
In fact, the following stronger inequality is valid: For any real numbers
z and y,

22] + [2y] = [2] + [y] + [z + v (13)

To prove (13), first, [k + a] = k + [a] for any integer k& and real number «.
Clearly, if we subtract an integer from z (or y), then the inequality (13)
will not change. Therefore, for 0 < 2 < 1 and 0 < y < 1, it only needs to
prove (13). Hence, the problem is reduced to proving that

22] + [2y] > [z + ).

Note that now [z +y] = 0 or 1. If [x 4+ y] = 0, then the above inequality
is obviously true. If [x +y] = 1, then = +y > 1, so one of z and y is
>1. Suppose x > %. Then [2z] + [2y] > [22] > 1. Therefore, the result is
correct.

The following method can also be used for this problem. Let

(2m)!(2n)!

m!n!(m +n)!’

f(m’n) =

Prove by induction on m: For any integer n > 0, the number f(m,n) is
always an integer.
When m = 0, obviously f(m,n) = (27:1) is an integer. It’s not hard to

verify that there exists the recurrence formula

fm+1,n)=4f(m,n) — f(m,n+1).
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Therefore, from the inductive hypothesis that f(m,n) is an integer for all
n, we derive that f(m+1,n) is an integer for all n. (Refer to Remark 9 in
Chapter 3.) O

Example 6. Let m and n be positive integer. Prove: n!(m!)™ | (mn)!.

Proof. Using the first solution of the above example, we prove that for
any prime number p,

= [mn = /[n [m

i—|= —l+n|=]). (14)
=2 (5] [5])

1=1 { p =1 \LP LP

However, unlike the case of Example 5, the stronger inequality

)= [s] o)

p P

isn’t valid generally (the readers can give a counterexample). To prove (14),
we distinguish two situations.

(i) If p f m, then by the division with remainder, m = p'q + r with 1 <r <
p', where ¢ = [%} (see Remark 5 in Chapter 6). Therefore, m > [%} P41,
and multiplying it by z% to both sides of it, we get

mn m n m n
CRTERCEE

p p p p p
that is, (15) is established and thus (14) is proved.

(ii) If p| m, let m = p®m’ and ptm’. Clearly (14) becomes

2152 ()

which reduces to case (i), so (14) is proved.

There is also a combinatorial proof of this problem: There are (mn)!
methods to make a full permutation of mn different elements. Consider the
following three steps. Step 1: We divide mn elements into n groups with m
elements in each group, and suppose there are k methods (of course, k is an
integer). Step 2: We treat a group as an element and make a permutation
of these groups. Then there are n! arrangements. Step 3: The elements in
each group have m! arrangements. Therfore there are k-n!- (m!)™ arrange-
ments in total. Hence k - n!- (m!)™ = (mn)!, which obviously leads to the
conclusion.
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A more direct argument of Example 6 is based on recursion. We induct

on n. When n = 1, the conclusion is obviously true. Assume that the
(mn)!
* nl(m!)m

conclusion is true for n, that is is an integer for any positive integer

m. We have
(mn+1)! (mn)!
(n+ D)!I(m!h)n+t1 * pl(m!)n
_ (m(n+1))! " nl(m!)"
(n+ 1)!(m!)n+t (mn)!
_ (mn+m)(mn+m—1)---(mn+1)
(n+1)-m!

~(mn4+m—1)---(mn+1)
(m —1)!

B (mn—i—m—l

aninteger.
m— 1 >, integ

Combining the above with the inductive hypothesis, we deduce that
(m(n+1))!

D) () T is an integer for all positive integers m. 0

Example 7. (i) Let p be a prime number. Prove that p’(i) for k =
1,2,...,p—1.

(ii) Let n be a composite number. Prove: (T), (Z) e, (n " 1) can-
not be all divisible by n.

Proof. (i) Because k (i) =p (z: i) (the formula (11) in Chapter 2),
p‘k(i) But 1 <k <p-1,s0 ptk, and p is prime, thusp' (i) )
(ii) Let p be a prime factor of the composite number n, and let

k+1 (

pP<n<p k is a positive integer). (16)

If n # p¥, then p¥ < n—1. We now prove p { (;Z ), and then combining
it with p|n, we know that n { (;Z )

Because (p’i) = ' oIk it can be seen from the result in Remark 3

n:
pFl(n—p
that the power of p in (5“) is

Sp (pk) + Sp(n — pk) — Sp(n)
p—1 '

(17)
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From (16), the p-ary representation of n has k + 1 digits (that is, it’s in
the form of axp”® + - -+ + a1p + ag), so the numerator of (17) is

L+ ((ax = 1) +ak—1 +---+a1+aog) = (ak + a1+ +ai +ag) =0,

thus p t (;Z).

Now let n = pF. Notice that the power of p in (pfﬁl) is
Sp (S, 0* D=8, (0h) _ ko)1 _ g
p—1 p—1
Since n is a composite number, k > 2, thus, p* { (pf: ), ie,nt (pf: )
(Notice that p*~1 <n —1.) O

Question (ii) of this example can also be solved by formula (7), but it
is more convenient to use the result in Remark 3.

Our purpose is to select a proper ¢t < n — 1 for a prime factor p of n, so
that the power of p in n is greater than that in (2), leading to n ¢ (2)

The inequality (16) gives some information about the base-p represen-
tations of n, so we choose t, which makes the base-p representations of
t and n — t have applicable information. In this way, we can determine

Sp(t) + Sp(n —t) — Sp(n), so as to find the power of p in (?)

Exercises
Group A

1. Prove that a positive integer n can be uniquely expressed in the form
n = ¢°r, where ¢ and r are both positive integers and 7 has no square
factor (that is, it’s not divisible by a square number greater than 1).

2. Let 7(n) be the number of positive divisors of n. Prove:

(i) 7(n) < 2/n;
(ii) the product of all positive divisors of n is n"s.

3. Let M, = 2P — 1 and p be a prime number. Prove: If p # ¢, then
(M, My) = 1.

4. Let n be a positive integer. Prove: 22" +22"7" 41 has at least n distinct
prime factors.

5. Prove that there is an infinite number of prime numbers in the form of
4k — 1 and an infinite number of prime numbers in the form of 6k — 1
(k is a positive integer).

6. Let n be a given positive integer. Prove that there exist n consecutive
positive integers, each of which is not a prime number.
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Prove that all integers greater than 11 can be expressed as the sums of
two composite numbers.

Group B

8.

12.

13.

14.

If a positive integer n satisfies o(n) = 2n, then n is called a perfect
number. Prove: An even number n is a perfect number if and only if

n =2F"1(2¥ — 1) and 2* — 1 is a prime number.
1

. Let n > 1. Prove: 1+ % + .-+ o is not an integer.
10.
11.

Let n > 1. Prove: 1+ % 4+ -+ 271%1 is not an integer.
Let k > 1 be an integer. Prove that there exist prime numbers p and ¢
such that p|¢* + 1 and ¢[p* + 1.

Let a1, as9,...,a, be positive integers. Prove:

ai - Qp

[T (aia5)

1<i<j<n

[a1,...,a,] >

Prove: If positive integers m and n satisfy
(my,n) + [m,n] = m+n,

then one of m and n is a multiple of the other.
Let positive integers a, b, z, and y satisfy (a® + b?) | (ax + by). Prove:
22 4+ y? and a® + b? are not coprime.



Chapter 8

Congruence (1)

Congruence is an important concept in number theory, which is widely used.
This chapter briefly introduces congruence, including the basic properties
of congruence, the complete residue system and reduced residue system,
Euler’s theorem, and other famous theorems in number theory.

Congruence and Congruence Class

Let m be a positive integer, and a and b be integers. If m | (a —b), then we
say that a and b are congruent modulo m, written as

a = b(modm).
If mt (a— ), then we say that ¢ and b are not congruent modulo m,
written as

a % b(modm).
It is obvious that a and b are congruent modulo m if and only if ¢ and b
have the same remainder on division by m.

For a fixed modulo m, the congruence has many properties similar to

ordinary equations.

) (Reflexivity) a = a(modm).
) (Symmetry) If a = b(mod m), then b = a(mod m).
3) (Transitivity) If a = b(mod m) and b = ¢(mod m), then a = ¢(mod m).
) If a = b(modm) and ¢ = d(modm), then a + ¢ = b+ d(mod m).
) If a = b(modm) and ¢ = d(modm), then ac = bd(mod m).

) If a = b(modm) and k and c are integers with k& > 0, then a*c =
b*c(mod m).

91
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These properties are not difficult to prove by definition. For example,
(5) can be derived from ac — bd = a(c — d) + d(a — b) and the known
conditions. It’s not hard to see that (4) or (5) can be used repeatedly to
establish the formulae of addition, subtraction, and multiplication for more
than two congruences (with the same modulo).

Notice that the cancellation law of congruence does not hold, that is,

ac = be(modm)

may not imply a = b(modm) (the readers can give a counterexample).
However, we have the following results:

(7) If ac = be(modm), then a = b(modl). In particular, when

(e;m)
(¢c,m) = 1, there is a = b(mod m), that is, when ¢ and m are coprime,
¢ can be canceled from both sides of the congruence without changing
the modulo.
It’s not hard to prove (7). Because m | c(a —b), which is equivalent
to

m C

(aib)v

(e;m) | (e.m)

according to the properties (11) and (13) in Chapter 6, it follows that

e | (@ .
Now we mention several simple but useful properties involving con-
gruence:

(8) If a = b(modm) and d|m, then a = b(mod d).
(9) If a = b(mod m) with d # 0, then da = db(mod dm).
(10) If @ = b(modm;)(i = 1,...,k), then a = b(mod[m, ..., mg]).

In fact, (8) and (9) are obvious, while (10) is an equivalent expression
of property (14) in Chapter 6 (refer to Remark 9 in Chapter 6).

The above properties (1), (2), and (3) show that congruence is an equiv-
alent relation in the set of integers, so all integers can be classified by mod-
ulo m. Specifically, if a and b are congruent modulo m, then a and b belong
to the same class; otherwise, they do not belong to the same class. Every
such class is called a congruence class modulo m.

By the division with remainder, any integer must be congruent modulo
m with a number in 0,1,...,m — 1, and the m numbers 0,1,...,m — 1
are not congruent modulo m with each other, so modulo m has m distinct
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congruence classes, that is
M, ={n|n€Z,n=i(lmodm)},i=0,1,...,m— 1.

For example, there are two congruence classes modulo 2, and one is the odd
class and the other is even. The numbers in the two classes have the forms
2k + 1 and 2k, respectively (k is an integer).

Take a representative in each of the m residue classes. Then such m
numbers are called a complete residue system modulo m, or a com-
plete system for short. In other words, m numbers c1,...,c,, are called
a complete system modulo m if they are not congruent to each other
modulo m.

For example, 0,1,...,m — 1 form a complete system modulo m, which
is called the minimum nonnegative complete system (modulo m).

If 4 and m are coprime, then we know clearly that all numbers in the
congruence class M; are all coprime with m (Chapter 6, property (6)). Such
a congruence class is called a reduced congruence class modulo m. We
use p(m) to denote the number of reduced congruence classes modulo m.
This is called the Euler function, which is an important function in num-
ber theory. Obviously, ¢(1) = 1, while for m > 1, ¢(m) is the number of
the integers in 1,2,...,m — 1 that are coprime with m. For example, if p
is a prime, then ¢(p) =p — 1.

Take a number as a representative in each of the ¢(m) reduced con-
gruence classes, such ¢(m) numbers are called a reduced residue sys-
tem modulo m, or a reduced system for short. That is, ¢(m) numbers
T1, .., Tp(m) are called a reduced system modulo m if they are all coprime
with m and are not congruent to each other modulo m.

The ¢(m) positive integers which are not greater than m and coprime
with m are called the least positive reduced system modulo m.

Remark 1. According to the definition, for any two complete (reduced)
systems modulo m, we may adjust the order of the numbers in one of
them appropriately, so that the numbers in the two systems are congruent
modulo m correspondingly. Therefore, from the properties (4) and (5), the
sum, product, sum of squares, and other quantities of the numbers in the
two complete (reduced) systems must be congruent modulo m.

It is a quite basic technique in number theory to generate a congru-
ence relation (i.e., the exact division relation) by two complete (reduced)
systems. Many problems in this chapter and this book do so.
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The following results, which generate another complete (reduced) sys-
tem from one complete (reduced) system, are very useful.

(11) Suppose (a,m) =1 and b is an arbitrary integer.

(i) If ¢1,...,¢p form a complete system modulo m, then ac; +
b,...,acy, + b also form a complete system modulo m.

(ll) If T1y.-. 7Ttﬂ(m)
ari, ..., ary(m) also form a reduced system modulo m.

form a reduced system modulo m, then

In fact, the m numbers ac; + b,...,ac,, + b are not congruent to
each other modulo m. If ac; + b = ac; + b(modm) (i # j), then ac; =
acj(modm). Since (a,m) = 1, we have ¢; = ¢;(modm) from (7), which is
impossible.

To prove (ii), notice that the p(m) numbers ary,...,aryu,) are all
coprime with m (property (12) in Chapter 6). From (i) we deduce that
they are not congruent to each other modulo m, which proves (ii). It is not
difficult to derive the result by (11)(i).

(12) Suppose (a,m) = 1 and b is an arbitrary integer. Then there exists
an integer z such that az = b(modm); all such z form a congruence
class modulo m.

In fact, take any complete system ci,..., ¢, modulo m. Then from
11(i), acy — b, ... ,ac,, — b form a complete system modulo m, so there
exists 4 such that ac; — b = 0(modm), that is, ac; = b(modm). If two
numbers z and 2’ both satisfy az = b(modm) and az’ = b(mod m), then
ax = ax’(modm). Because (a,m) = 1, we have © = 2/(modm), that is,
and z’ belong to the same congruence class modulo m.

Remark 2. If (a,m) = 1, then from (12), there exists « such that
ar = 1(mod m). (1)

The congruence (1) is similar to the equation axz = 1 in complex num-

bers. Therefore, we call a that satisfies (1) the inverse of a modulo m,

Lor %(mod m), and they form a congruence class modulo m

written as a™
(that is, they are uniquely determined in the sense of modulo m). In par-
ticular, there is one a~! satisfying 1 < a=! < m. (Notice that if (1) has
a solution, then a must be coprime with m, so the notation ¢!

meaningful when (a,m) = 1.)

is only
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Remark 3. The inverse modulo m has the following simple properties that
are very convenient for applications.
Suppose a and b are both coprime with m.

—
[

~—
—

fa=b(modm). Then L = l(modm), and vice versa;

All the proofs are simple. It is not difficult to derive (i) and (ii) from
the definition and (7). Also from (ii) and the definition, we see that
a+b 1 1 1
===+ —- b .

1

ab a b a b
which implies (iii).

Note that from (i) we can deduce: If a1, ..., ay,(m) form a reduced sys-

L_ also form a reduced system modulo m.

e (m)

1
- d
—+ . (mod m),

tem modulo m, then ai

PRI

Some Famous Theorems in Number Theory

In this section, we will prove Euler’s theorem, Fermat’s little theorem, and
Wilson’s theorem.

(13) (Euler’s theorem) If (a,m) = 1, then a*("™ = 1(modm).

(14) (Fermat’s little theorem) If p is a prime number and p { a, then
aP~! = 1(mod p).

(15) (Wilson’s theorem) If p is a prime number, then (p — 1)! =

—1(mod p).
To prove (13), let’s take any reduced system r1,...,7,(y) modulo m.
Since (a,m) = 1, we see that arq,..., ary(m) also form a reduced system

modulo m (see (11) (ii)). Therefore (refer to Remark 1)
T Tm) = (1) - (arg(my) = a7y (mod m).

Because 71, ...,7,(m) are coprime with m, there is (ry - “To(m), m) = 1.
We may remove 71 - -+ 7y (m) on both sides of the above formula (see (7))
and get the result.

(14) is a corollary of (13): Take m = p, and note that ¢(p) = p — 1.
Proof of (15): When p = 2, the conclusion is obvious. If p > 3, then from
Remark 2, for each a with 1 < a < p — 1, there exists a unique a~! with
1 <a ! < p-—1such that aa=! = 1(modp). And a = a~!(modp) is
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equivalent to a®> = 1(modp), that is, a = a=! = £1(mod p). Hence, the

p — 3 numbers 2,3,...,p — 2 can be matched into % pairs, and each pair
{a,a='} satisfies aa~! = 1(mod p). Therefore
p-=1-2---(p-2)(p—1)

=1-(p—1)=—-1(modp).

Remark 4. Fermat’s little theorem can be expressed as (sometimes more
convenient): If p is prime, then a? = a(mod p) for any integer a. (This is
obviously true when p | a; it is equivalent to (14) when p t a.)

Remark 5. In (15), p > 1 is a prime number, which is also a necessary

condition for (p—1)! = —1(mod p). In fact, if p has a prime factor ¢ < p—1,
then ¢ | (p — 1)!, so it is easy to know ¢| 1, which is impossible.
Although the congruence (p — 1)! = —1(mod p) is a characterization of

p > 1 being a prime number, it is not a practical method to distinguish
prime numbers because (p — 1)! is too large to calculate (refer to (10) in
Chapter 7).

Basic Properties of Euler’s Function

This section introduces some basic results of Euler’s function.

(16) If m > 2, then ¢(m) is an even number.
(17) Let m = pi™* - - - pg* be the standard factorization of m. Then

wene )2

Therefore, if (m, n) =1, then p(mn) = p(m)p(n).

(18) > 4| #(d) = m, where the summation }, ,, represents that d takes
over all the positive divisors of m. (e.g., 32,5 ¢(d) = ¢(1) + ¢(2) +
p(3) + ¢(6).)

To prove (16), take a = —1 in Euler’s theorem (13), and we obtain
(=1)?(™) = 1(modm). Because m > 2, it must be that (—1)9(™) = 1,
namely, ¢(m) is even.

Another proof: For any positive integer i that does not exceed m and
is coprime with m, clearly m — ¢ and m are coprime, and 1 < m —i < m.
If there exists ¢ such that m — ¢ = 4, then m = 2i. Because m > 2, we
have ¢ > 1, so (m,i) = @ > 1, which is contrary to (i,m) = 1. Therefore,
all positive integers that do not exceed m and are coprime with m can be
paired by sum m, which means that ¢(m) is even.
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Proof of (17): We use the inclusion-exclusion principle. Let S =

{1,...,m} and S; = {z € S| p; exactly divides «} (i = 1,..., k). Then
o(m) = | S1N---NSk|. Also we can find out that |S| = m, |S;| = o
19N S;| = ;2-(1 < i < j < k), and etc. Hence from Theorem 1 in
Chapter 4
r m m
dmy=m-Y Ty Yy
-1 Pi <<k PiPi P1- Pk

In addition, if (m, n) = 1, then m and n do not have common prime factors.
From formula (2), we derive that p(mn) = ¢(m)ep(n).

Formula (2) can also be demonstrated by the following method: For
positive integers n and k, define

L,

if n is divisible by k,
fe(n) = e
0, if nisn’t divisible by k.

For prime p, because p { n is equivalent to (p,n) = 1, from the definition
of Euler’s function, we see that (notice that pq,...,px are all the distinct
prime factors of m):

Z fpl (1 - fpk(n))
:mfzfpl(n)fzfp2( +pr1 fp2
n=1 n=1

prl fpz 'fpk (n) (3)

From the definition of fi(n), the sum Y " | fi(n) is equal to the number
of integers divisible by k in 1,2,...,m. When (k1, k2) = 1, the relation
k1kz|n is equivalent to ki|n and ka |n, 80 fi, ke (n) = fiy (n) fry (n). Thus
m

RHSof 3)=m— — — — — - + e (=D
D1 D2 pip2 pPip2 - Pk
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(The fr(n) defined above is the characteristic function of the set of integers
divisible by k. For the characteristic functions of a set, see Remark 2 in
Chapter 17.)

We refer to equation (2) in (17), sometimes rewritten as

Hp pi— 1), ore(m) =[] p* -1,
p|Im
which is easier for practical uses.

Proof of (18): Let S = {1,2,...,m} and Sq = {z € S|(x,m) = d}. It
is obvious that d takes over all positive divisors of m, and these S; form
a partition of S (that is, each number in S must belong to a certain Sy,
and there is no common element between different S;). Therefore, by the
addition principle (Remark 1 in Chapter 1), we obtain that

> 1Sal = 18] =m. (4)
d|m
On the other hand, for a fixed d|m, if © € Sy, then z = da’/, and
(2/,2) = 1. Because 1 < 2/ = Z < 2 the value |S4| is equal to the

’d . d = d°
number of x satisfying (w’,%) = 1lin 1,..., %, that is, <p( ) Hence
from (4),
> () =m
4 qg) -
d|m

But when d runs over all positive divisors of m, the quotient “ also
runs over all positive divisors of m. Let % = d’. Then the above formula

> ) =

d' |m

becomes

Illustrative Examples
Example 1. Prove: Perfect squares are congruent to 0 or 1 modulo 4.

Proof. If n is any integer, then the conclusion can be proved by classifying
n modulo 4. But in fact, by classifying n modulo 2, we can determine the
remainder of n? on division by 4: Let k be an integer. If n = 2k, then
n? = 4k? is congruent to 0 modulo 4; if n = 2k + 1, then n? = 4k(k+1)+1
is congruent to 1 modulo 4. 0

Remark 6. The conclusion of (and similar to) this question is quite simple
but useful. It gives a necessary condition for an integer to be a perfect



8. Congruence (1) 99

square through the remainder: If an integer is not congruent to 0 or 1
modulo 4, then it must not be a perfect square.

If m is a certain positive integer, then there are m possible values for
the remainders of any integer modulo m, but the number of remainders
modulo m of the square (cube, etc.) of an integer may be greatly reduced.
This fact shows a basic idea of how congruence can be used to solve many
problems.

Example 2. Let a and b be integers, p be prime, and a? = b”(mod p).
Prove: a? = b?(mod p?).

Proof. From the known conditions and Fermat’s little theorem, a =
b(modp) (see Remark 4), that is

a = b+ mp (misaninteger).

From the above formula and the binomial theorem

ap=(b+mp)p=bp+(11))mp-bp1+---+(§>(mp)p

= bP(mod p?).

(Note that in the above sum, except for b, each term is divisible by p2.)
O

Example 3. Let (a, m) = 1. Then there exists an integer k with
1 <k < m, such that a* = 1(modm).

Proof. Because (a, m) = 1, the m integers a,a?,...,a™ are all coprime
with m, so there are at most m — 1 possibilities for their remainders on
division by m (i.e., 1,2,...,m—1). Therefore, there must exist ¢ and j(1 <
i < j < m) satisfying a’ = a’(modm), that is, a’(a’~% — 1) = 0(modm).
Because (a’, m) =1, wehave m | (a?"—1). And 1 < j—i <m,sok =j—i
meets the requirement. O

Remark 7. Euler’s theorem shows that the positive integer k£ in Example 3
can be (quantitatively) taken as o(m).

Clearly we know from Example 3 that if (a,m) = 1, then the numbers
in the sequence {a"} (n > 1) modulo m must be periodic; the minimum
positive period is less than m. However, it is a very complicated problem to
determine the minimum positive period, i.e., the minimum positive integer
k satisfying the requirement of Example 3. We will introduce it briefly in
Chapter 19.
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Example 4. Let p be a prime number. Prove:

(i) (f’;l) = (—1)* (modp) for k= 0,1,...,p— 1.
(if) For any positive integer k, there holds that (2) = [%] (mod p).

Proof. (i) When k = 0, the conclusion is obvious. For k = 1,...,p — 1,
because p‘ i) (see Example 7 in Chapter 7), combining the recurrence

relation of binomial coefficients

()= ()=o),
(7") + (121) =otmoan.

The result can be obtained by induction on k from the above formula.

(ii) The p consecutive integers k—1, ..., k—p+ 1 form a complete system
modulo p, in which there is exactly one number divisible by p. Suppose this
number is k — ¢ for some 0 < i <p—1. Then

- [ 5 - 55

On the other hand, the above p numbers form a reduced system modulo p
after removing k — 1.
Thus, if we let Q = W, then

we see that

Q = (p— 1)!(modp). (5)

Obviously,
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Since p is prime, pt (p — 1)!. Thus from the above formula,
(5)
p

Example 5. Suppose p > 5 is prime. For p 1 k, we define % as a solution
x satisfying kx = 1(mod p) (refer to Remark 2). Prove:

ol D

1 1 1

—+—=++-+———=0(modp).

12 + 52 +-+ P17 (mod p)
Proof. Since p is prime 1,2,...,p— 1 compose a reduced system modulo
p. It follows that i 1 2, A p+1 also compose a reduced system modulo p

(see Remark 3), so for p > 5, (refer to Remark 1)

p—1 2 p-1
2 (%) =D k= %p(p —1)(2p — 1) = 0(mod p).

k=1

In addition, due to

1\ 1
z Eﬁ(modp)(k:I,Q,...,pfl),

by combining the above formula, the conclusion is proved.

The second solution is a little complicated, but more general: Because
%, %, e 1 form a reduced system modulo p, so for any integer a (here
pta), weseethata-1,a-1

Sreees A pT1 also form a reduced system modulo
p (see (11)(ii)). Thus

—1

5 (v3) =5 (3) oo

that is

a -1) kzkiz (mod p). (6)

On the other hand, because p is prime, a?> — 1 = 0(mod p) implies
a = +1(mod p). Hence, for p > 5, we can choose (parameter) a to satisfy
ptaand pf(a? —1). For such a, the result can be obtained from (6). O
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Example 6. Let a and b be positive integers, and n be a positive integer.
Prove:

n!|b" ta(a+b)(a+2b) -+ (a+ (n—1)b).

Proof. We just need to prove that for any prime number p with 1 < p < n,
if p@ || n!, then p®|b" ta(a +b)---(a + (n — 1)b). (Refer to Remark 5 in
Chapter 7.)

If p| b, then since (see (11) in Chapter 7)

S S
=1 v l:lpl p-177

which means that a < n — 1, we have p®|b" !, and the conclusion follows.
If p t b, then there exists by such that bb; = 1(mod p*) (see Remark 2),
thus

blala+0b) - (a+ (n—1)b) = abi(aby + 1) - (aby + n — 1)(mod p®).

The right side of the congruence is the product of n consecutive integers,
so it is divisible by n!, and it’s also divisible by p®*. That is

p®|bfa(a+0b) ...(a+ (n—1)b),
but pt by, so (p®, b}) = 1, thus

p*lala+0b)---(a+(n—1)b).
O

This method converts integers that form an arithmetic sequence into
consecutive integers, in the sense of congruence.

Example 7. Let m and n be positive integers. Prove:
nll(m” =1)(m" =m)---(m" —m

Proof. We have



8. Congruence (1) 103

When n = 1, the conclusion is obvious. When n = 2, because m(m — 1)

is even, the conclusion is also true. Let n > 3, and suppose p is a prime

number. Then the power of p that appears in n! is @ = ) 2, [1%} Let

B denote the power of p on the right side of (7). We prove that o < 8 is

always true, and then the conclusion is proved. Distinguish two situations:
If p|m, then 8> "1 thus (notice that n > 3)

“n n n(n—1)
—_— = < < < .
a<;pl p—l_n_ 5 <B

If p{m, then (p,m) = 1. From Fermat’s little theorem, m?~! = 1(mod p),
thus, for any positive integer k divisible by p— 1, we have p|m* —1. And in

1,2,...,n, there are [p%l} numbers divisible by p — 1, so there are at least
[p%l} numbers divisible by pin m —1,m? —1,...,m" —1,s0 8 > [p%l}
And o < p%l, thus the integer a < L%}, hence o < . 0
Exercises
Group A

1. Prove: A perfect square is congruent to 0 or 1 modulo 3; it is congruent
to 0, 1, or 4 modulo 5.

Prove: A perfect square is congruent to 0, 1, or 4 modulo 8.

Prove: A perfect square is congruent to 0 or +1 modulo 9.

Prove: The fourth power of an integer is congruent to 0 or 1 modulo 16.
Let a be an odd number and n be a positive integer. Prove: a?" =
1(mod 2™ + 2).

6. Let p be an odd prime number. Prove:

Uk

(i) 1232 (p—2)> = (—1)"= (mod p);

1

+

(ii) 22-42-----(}7—1)2

N‘

(-1)"

7. If p and q are distinct odd prime numbers such that pq | 2P9~! —1, prove
that p|2971 — 1 and ¢|2P~! — 1; also prove the converse.
8. For a positive integer n, S(n) denotes the sum of all digits in its

(mod p).

decimal representation; T'(n) denotes the alternating sum of its dig-
its (starting from the rightest digit). Prove: S(n) = n(mod9) and
T(n) = n(mod 11).
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10.

11.

12.

13.
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. Prove: The sum of positive integers that are not greater than m and

coprime with m is %mg@(m), where m > 2.

Prove Wilson’s theorem by Fermat’s little theorem and Euler’s identity
(formula (6) in Chapter 4).

Suppose a positive integers a is coprime with 10. Find the last two
digits of a?° (in the decimal system).

Let n be an even number, and aq,...,a,, and by, ..., b, are both
complete systems modulo n. Prove: ay +b1,...,a, + b, do not form a
complete system modulo n.

Let p > 3 be a prime number, and aq,...,a,-1 and by,...,b,—1 both
are reduced systems modulo p. Prove: a1bq,...,a,-1b,—1 do not form

a reduced system modulo p.

Group B

14.
15.

16.

17.

Prove: Euler’s theorem can be derived from Fermat’s little theorem.
Give a proof of Fermat’s little theorem (independent of Euler’s
theorem).

Let p be a prime number. Prove that there exists an infinite number
of positive integers n such that p|2™ — n.

Prove: For any given integer m, there always exists an infinite number
of positive integers n such that

2" 430 1,27 4+3"—2,..., 2" +3" —m

are all composite numbers.



Chapter 9

Indeterminate (Diophantine)
Equations (1)

Indeterminate (Diophantine) equations, generally speaking, refer to the
equations in which the number of unknowns is greater than that of equa-
tions, and the range of unknowns is restricted (e.g., integers, positive inte-
gers, and rational numbers).

The indeterminate equation is an important topic in number theory,
and also a very difficult and complicated one.

In mathematics competitions, indeterminate equations are often
involved. The purpose of this chapter is to briefly introduce some basic
methods of dealing with indeterminate equations, as well as several kinds
of widely used equations.

Basic Methods of Solving Indeterminate Equations

In elementary mathematics, there are three basic methods to deal with
indeterminate equations:

(i) Factorization method.
(ii) Congruence method.
(iii) Inequality estimation method.

Let’s give a few examples to illustrate the spirit of these methods.
Example 1.

(i) Prove: The equation x(x+1)+1 = y? has no positive integer solutions.
(ii) Let k be a positive integer and k > 2. Prove: The equation z(z +
1) = y* has no positive integer solutions.

105
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Proof. Multiply both sides of the equation in (i) by 4, and rearrange into
(2z + 1) + 3 = 492, that is

2z +2y+1)(-2x+2y—1)=3. (1)

Now assume that the equation has positive integer solutions z and y. Then
2x+2y+1 > —2x+2y —1 are both integers (in fact, they are both positive
integers), and since 3 is prime, so it is deduced from (1) and the unique
factorization theorem ((5) in Chapter 7) that

—2r+2y—1=1,2z+2y+1=3. (2)

The integer solution to the equations (2) is x = 0 and y = 1, a contradiction.
Proof of (ii): The above factorization method is not easy to work now.
Let’s use another decomposition method: If the equation has positive inte-
ger solutions z and y, then because x and x 4 1 are coprime, and their
product is the kth power of an integer, so x and = + 1 are both the kth
power of positive integers (refer to Exercise 11 in Chapter 6), that is

z=u" z4+1=2" y=uv, (3)

where u and v are positive integers. From (3), we get v¥ —u* = 1, that is
(v—w)(" P2 o 2l = 1 (4)

Because k > 2, it is obviously impossible. O

Remark 1. Factorizing is the most basic method for indeterminate equa-
tions, and its proof is based on the unique factorization theorem of integers.

The main function of factorizing is to convert the original equation into
several equations that are easier to deal with. (For example, the binary
quadratic equation (1) was converted into a system of binary linear equa-
tions (2), and the equation in (ii) was converted into a system of equa-
tions (3), which is easier for a further demonstration.)

In general, there are two ways to factorize. One is to use the factor-
ization of polynomials to generate the factorization of integers (refer to (i)
and (4)). The other is to use the properties of integers (coprime, divisibility,
etc.) to derive specific properties in the factorization (refer to question (ii)).

Of course, there is no fixed procedure to follow for the decomposition
method. Sometimes, factorizing is quite difficult, and sometimes it’s hard to
demonstrate further properties. Some examples and exercises are selected
in this book, which will be discussed later. The factorization method is
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often used in combination with other methods (such as congruence, etc.);
please refer to Example 3 below.

Congruence is also a powerful tool for dealing with indeterminate
equations.

Example 2. Prove that the equation
w2yt -4 =7 (5)
has no integer solutions.

Proof. If integers x, y, and z satisfy (5), then because the square of an
integer is congruent to 0 or 1 modulo 4, the left side of (5) = 22 + y? =
0, 1, 2(mod 4), but the right side = 3(mod 4), which is contradictory. (We
actually have proved that there are no solutions to the equation (5) mod-
ulo 4; refer to Remark 5 in Chapter 8.) O

Remark 2. The solution of Example 2 shows a basic spirit of applying
congruence to solve indeterminate equation problems: If integer A = 0,
then the remainder of A on division by any positive integern (n > 1) is
certainly 0. Therefore, if a certain n > 1 can be found so that A is not
congruent to 0 modulo n then the integer A must not be 0. The essence
of this idea is to convert a problem in the (infinite) set of integers into
a problem in the residue class a (finite set) modulo n. The latter can be
greatly simplified, so it is easy to produce a contradiction or get applicable
information.

The congruence method deals with indeterminate equations, which is
mainly used to prove that there is no solution to the equation or derive
some necessary conditions of the equation having solutions, so as to prepare
for a further solution (demonstration).

The key of the congruence method is, of course, to choose an appropriate
modulo, but how to choose the modulo depends on the specific problem,
and it may take several attempts. (e.g., equation (5) has an integer solution
modulo 3, so modulo 3 cannot solve Example 2. Similarly, it is easy to verify
neither modulo 5 nor modulo 7 works.)

On the other hand, congruence is not a “universal method” to prove that
the equation has no solution. That is, an equation has no integer solution
does not necessarily imply that there exists n > 1, making the equation
have no solution modulo n.

For a simple example of this, please refer to Exercise 15.
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Example 3. Find all positive integer solutions (m, n, x) to the equation
27" +3" =2 (6)

Solution Obviously 3 { x, so 22 = 1(mod 3). Taking equation (6) mod-

ulo 3 gives that
1=2"+3"=(-1)" (mod 3). (7)
Thus, m is even. Suppose m = 2k. Convert (6) into
(z —2")(z +2F) =3 (8)

It is deduced from (8) and the unique factorization theorem that both
positive integers = — 2% and z + 2* are powers of (prime) 3, but the sum of
these two numbers is 22 (notice that 31 z), so (z — 2, 2 + 2%) = 1, hence

r—2F =1, 2428 =3"
By eliminating x from the above two formulas, we get
3n —1 =21 (9)

If n is odd, then 3™ is three times the square of an odd number, so the
left side of (9) = 3 — 1 = 2(mod4), but the right side = 0(mod4), which
is impossible. Hence n is even (this can also be derived from equation (6)
modulo 4). Let n = 2I, and decompose the left side of (9) by using the
difference of two squares formula. It is not difficult to find its solution, but
we prefer to use the following method: The number 3! is odd. Supposed it
is 2u + 1. Then (9) becomes

u(u+1) =21, (10)

If u > 1, at least one of u and u 4 1 has an odd prime factor, and (10) is
obviously not true. Hence, u = 1, thus k = 2. Therefore, all the solutions
are (m, n, x) = (4, 2, 5).

Remark 3. The purpose of proving that m is even is to create conditions
for the decomposition of equation (6) (refer to Remark 1), which can be
seen clearly from the above solution.

The fact that m is even is not easy to derive from (6) itself. Taking
the equation (6) modulo 3 (see (7)), we can simplify the equation (two
unknowns are eliminated), and then some (weaker but applicable) results
are easily produced.
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By the way, we mention the difference between modulo 4 and modulo
other integers (3, 5, 7, etc.) in Example 2: Taking modulo 5 as an example,
we see that the left side of equation (5) modulo 5 still has three terms,
while a square number modulo 5 has three possible values 0, 1, and 4.
The combination of these three terms can produce all the residue classes
modulo 5, so it can’t solve the problem.

Finally, we briefly talk about the estimation method of dealing with
indeterminate equations.

Example 4.

(i) Find all the integer solutions to the equation 522 — 6zy + 7y? = 130.
(i) Prove that the equation z(z + 1) + 1 = y? has no positive integer
solutions.

Solution Suppose the equation in (i) has an integer solution, it should
have a real solution first, so its discriminant as a quadratic equation of x
should be nonnegative, i.e.,

(—=6y)> —4 x 5 x Ty? +4 x 650 > 0.

It can be found that 32 < 25, i.e., |y| < 5. Therefore, the integer y can take
the values 0, £1, +2,..., +5. Substitute them into the original equation
one by one to verify (we can first check whether the above discriminant is
a perfect square), so all the solutions are (z, y) = (3, 5) and (=3, —5).

(ii) is (i) of Example 1, and we use the estimation method to solve: If the
equation has a positive integer solution, then from z? < x(x + 1) + 1 = y2,
we see that y > z. Since x and y are integers, y > x + 1. Hence

> (x4+1)7° >z(@+1)+1,

a contradiction.
The argument can also be expressed in another way: If the equation
has positive integer solutions x and y, then

2 <zlz+1)+1< (x+1)°,

which indicates that 2(z+1)+1 is between two consecutive square numbers,
so it cannot be a square number.

Remark 4. The estimation method generally includes two aspects. First,
if an indeterminate equation has an integer solution, it certainly has a real
solution. When the real solution set of the equation is a bounded set, we can
use this necessary condition to determine a bound of the integer solution
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(there is at most a finite number of integers in a bounded range), and then
verify one by one to determine all the solutions. (The graph of the equation
in (i) is an ellipse, and the range of its real solutions is bounded.)

If the range of the real solutions of the equation is unbounded then
the above method can’t work. In this case, we should focus on integers,
and use the properties of integers to generate applicable inequalities. (The
argument in (ii) applies the most basic property of integers: If integers z
and y satisfy y > x, then y >z + 1.)

The estimation method, of course, is not limited to indeterminate equa-
tions. Many problems can be solved by this method. Please pay attention
to the related examples and exercises in this book.

Example 5. Find all positive integer solutions to the indeterminate
equation

(a®> —b)(a+b%) = (a+b)>. (11)

Solution Obviously, if b = 1, then a = 2. In the following we consider
the case of b > 1. Suppose (a, b) = d. Then a = a;d, and b = byd, where
the positive integers a; and by are coprime. Then (11) is converted into:

a1a1bid® + ay(day — 1) — 3by] = bi(dby +1).

Because b; exactly divides the right side of the formula above, it exactly
divides the left side as well, so by | (da; — 1), which means that by | (a — 1).
Because a > 1, in particular a — 1 > by (refer to Remark 3 in Chapter 6).
From (11) (notice that b> 1),

(a+b)*> (a® —b)(a+0),
so a+b>a%—b, that is, 2b > a(a — 1). Thus
ala—1) a—1

b "
soa; =1, and a — 1 = b;. Hence b = byd = a(a — 1). Substitute it into
(11), and then

2>

Zalv

a+a?(a—1)%=d’

The left side of the above formula should be divisible by a2, i.e., a?|a, so
a = 1, which is impossible. Therefore, the only positive integer solution of
the equation is a =2 and b = 1.
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Some Kinds of Indeterminate Equations

In this section, we briefly introduce some basic and widely used indetermi-
nate equations.

(1) Linear indeterminate equations This is the most thoroughly
understood kind of indeterminate equations. If such an equation has
one integer solution, it has an infinite number of integer solutions.
And people can effectively judge whether there is a solution to a linear
equation and can give all its solutions. For the purpose of this book,
we will not discuss the general situation. For the results of the most
commonly used binary linear indeterminate equations, please refer to
Exercise 7 and Exercise 9 in Chapter 6.

(2) Pell equation The binary quadratic indeterminate equations are more
complicated, which are essentially reduced to the study of (hyperbolic)
equations

2 —dy*=c (12)

where d and c are integers, d > 0 and d is not a square number, and ¢ # 0.
A special form

r? —dy* =1 (13)

of equation (12) is the most fundamental and important, which is called the
Pell equation. It can be proved (but not discussed in this book) that the
equation (13) must have an infinite number of positive integer solutions.
Assume that (21, y1) is the solution in the positive integer solutions (x, y)
of (13) that minimizes x4 yv/d (called the basic solution of (13)). Then
all the positive integer solutions of (13) are given by
Tn = %[(Il +Vdy)" + (21 — Viy)"],
(14)

1 n n
yn = 5 =llo+ Vey:)" — (21 — Vey1)"]

(n=1,2,---).
It is not difficult for the readers to derive the linear recurrence relation
satisfied by z,, and y,, from (14):
Tn = 2:511'11—1 — Tp—2, (15)
Yn = 2T1Yn—1 — Yn—2.

Remark 5. The Pell equation is mainly used to prove that there is an infi-
nite number of integer solutions to a problem in mathematics competitions,
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so in fact, it is not necessary to apply the above profound theorem, since
for a specific d, a group of positive integer solutions (z1,y1) of (13) can be
found by using the trial-and-error method (we actually know that the equa-
tion must have solutions!). No matter whether (21, y;) is the basic solution
or not, an infinite number of positive integer solutions of the equation is
given from (14).

We also briefly talk about the difference between equations (12) and
(13). The equation (12) does not always have solutions, but if it has a
solution, it is not difficult to prove that (12) also has an infinite number of
positive integer solutions.

In fact, if (u, v) is a of positive integer solution of (12), and (zy, ¥n)
is any positive integer solution of (13) (there is an infinite number of such
solutions), then

T+ \/Ey = (u + vxﬂ) (:cn + yn\/a)
= Uy + dvyn + (uyn + ve,)Vd (16)

leads to an infinite number of positive integer solutions (z, y) of (12) (please
verify). (However, positive integer solutions of (12) may not be all given
by (16), which will not be discussed in this book.)

(3) Pythagorean equation x2+ y2? = 22. This is a very special
quadratic indeterminate equation with three unknowns, which has a
distinguished geometric significance and is widely used.

We only discuss positive integer solutions of Pythagorean equa-
tion. Because of the homogeneity of the equation, we can assume that
(x, y, z) = 1. Such a solution is called a primitive solution of the equation,
also called primitive Pythagorean numbers.

Let’s note that if (x, y, z) = 1, then suppose that (z, y) = d and we see
that d?|2z? from the equation, so d |z (see Exercise 12 in Chapter 6), thus
d|(x, y, z). Hence, d = 1. Similarly, (z, z) = 1 and (y, z) = 1. Thus, z,
y, and z are pairwise coprime! Therefore, we only need to discuss positive
integer solutions satisfying (x, y) = 1.

Taking the equation modulo 4 and since (x, y) = 1, we can see that
one of x and y is odd and the other is even. Assume that is even. The
following result (sometimes called the Pythagorean number theorem) gives
all the primitive solutions of Pythagorean equation.
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Theorem All positive integer solutions (z, y, z) of the equation 2 +y? =
2?2 satisfying (v, y) = 1 and 2|y can be expressed as x = a® — b?, y = 2ab
and z = a? + b%, where a and b are any integers satisfying a > b > 0, one
of a and b is odd and the other is even, and (a, b) = 1.

It’s easy to prove the theorem (in both aspects). We leave it for practice.

(4) Indeterminate equation xy = zt. This quadratic equation with
four unknowns also has many uses. All its positive integer solutions
are very easy to find:

Let (x, z) = a. Then = ac and z = ad, where (¢, d) = 1. Hence,
acy = adt, i.e., cy = dt. Because (¢, d) = 1, then d|y. Let y = bd.
Then t = be. Therefore, the positive integer solutions to the equation
ry = zt can be expressed as

r=ac,y=>bd, z=ad, t = bc,

where a, b, ¢, and d are all positive integers, and (¢, d) = 1. Conversely,
we easily know that z, y, z and ¢ given above are solutions.

The following derivation can also be used (it may be easier to
remember):

Suppose % = % = £, where § is an irreducible fraction, i.e., (¢, d) = 1.
Since & is obtained after the reduction of £, then 2 = ac and z = ad (this

can also be derived by divisibility as above); similarly, ¢t = ¢b and y = db.

Example 6. Prove: There is an infinite number of triangle numbers that

are perfect squares (a triangle number is a number of the form @,
where n is a natural number).
Proof. The problem is to prove that the indeterminate equation
TL(TL+].) _ k2,
2
ie.,
2 2
(2n+1)"—2-(2k)" =1, (17)

has an infinite number of positive integer solutions.
We know (see (2) and Remark 5) that the Pell equation

22 -2y =1 (18)
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has an infinite number of positive integer solutions (z, y), and « must be
odd. Take modulo 4 on (18). Then y must be an even number. Thus, let
n = 5= and k = &, and we can get a positive integer solution of (17)
from a positive integer solution of (18). Hence there is an infinite number

z—1

of positive integer solutions of (17). (In fact, we can find all the solutions
of this problem.) O

Example 7. Let a, b, ¢, and d be all positive integers, such that ab = cd.
Prove: a* 4+ b* + ¢* + d* is not prime.

Proof. From ab = cd, we obtain that a = us, b = vt, ¢ = vs and d = ut,
where u, v, s, and ¢ are all positive integers (see (4)). Thus

a0 A dt = (b (st )

is not prime.
The argument applied the factorization method. Please compare it with
Example 1 in Chapter 7. O

Example 8. Let n > 1 be an odd number. Suppose n has a decomposition
n = uv, where 0 < u — v < 4¥n. Prove: Such a decomposition of n is
unique.

Proof. Prove by contradiction. If there are two different decompositions
of n, that is n = uv = ujvy, then u = ad, v = be, uy = bd, and v = ac (see
(4)). Obviously, u — v # v’ — v (otherwise, from uv = w'v’, it is easy to
obtain u = v/, and v = v’). Assume that u — v > v’ —v’. Then

16v/n > (u—v)* — (v — 'L/)2

= (ad — bc)2 — (bd — ac)2

_ (@~ )& - )

= (a—b)(d—c)(a+b)(c+d). (19)

Since u — v > u —v’, we have (a — b)(d — ¢) > 0. And because n is an odd
number, a, b, ¢, and d are all odd numbers. Therefore, it is derived from
(19) that

163/ > 2-2-2Vab - 2vVed = 16V abed = 164/n,

a contradiction. O
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Exercises

Group A

1.

Let x and y be integers greater than 1. Find all positive integer solu-
tions of the equation z¥ = 2% — 1.

2. Let y > 1. Find all positive integer solutions of z¥ = 2% 4 1.
3. Prove that the product of three consecutive positive integers cannot be
the kth power of an integer, where k > 2 is a given positive integer.
4. Try to determine all integers that can be expressed as the difference of
squares of two integers.
5. Prove: If n = 4(mod9), then n cannot be expressed as the cubic sum
of three integers.
6. Prove: The equation xf + -+ + a1, = 1599 doesn’t have integer
solutions.
7. Find all integer solutions to the equation z? + = = y* + 3 + > +v.
8. Let a, b, and ¢ be three distinct positive integers. Prove: a + b, b + ¢,
and ¢ + a can’t all be powers of 2.
9. Find all the triangles whose side lengths are integers and the (value of)
perimeter is twice the area.
10. Find all positive integer solutions of 3% + 4Y = 5%,
11. Prove the Pythagorean number theorem in (3) of this chapter.
Group B
12. Find all positive integers m and n, such that 1! + 2! 4 - - +m! = n2.
13. Find all finite sets of distinct positive integers such that their product
is equal to their sum.
14. Prove: The equation x? + y? + 22 = 6zyz has the only solution x =
y=2z=0.
15. Prove: For any positive integer m, the congruence equation
62y — 22 — 3y + 1 = 0(mod m)
always has integer solutions, but the indeterminate equation 6xy — 2z —
3y + 1 = 0 has no integer solutions.
16. Let p be prime. Prove: If 27 — 1 is a power of a prime number, then it

must be prime.
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Chapter 10

Problems in Number Theory

This chapter introduces some number theory problems in mathematics
competitions.

Example 1. Let a and b be positive integers with 1 < a < b. Prove that
there must exist two numbers in b consecutive integers such that the product
of the two numbers is divisible by ab.

Proof. Note that for any n > 1, any two numbers in n consecutive integers
must not be congruent modulo n, that is, they form a complete system
modulo n, so there is one (and only one) number divisible by n. From this
and 1 <a < b, it can be seen that one of the given consecutive b integers is
a multiple of b, denoted as x; There’s also one number that’s a multiple of
a, denoted as y. If x # y, then zy is a multiple of ab, and the conclusion is
proved. If x =y, then from a|z and b|x, we know that [a, ] | .

If (a, b) = d, then d|a and d|b. And because a < b, we have b > 2d.
Therefore, in the given b (> 2d) consecutive integers, either at least d inte-
gers are less than z, or at least d integers are greater than z. In either case,
from the above fact, we can always choose a number from the given inte-
gers, which is different from x and is a multiple of d. Suppose this number
is z. Then xz is a multiple of [a, bld = ab. O

Example 2. Let S = 112!..-100!.Prove that there is an integer k£ with

1 < k <100 such that % is a perfect square and k is unique.

117
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Proof. Using (2i — 1)!(2i)! = [(2i — 1)1]* - 2i, we know that

50 50 2
S =[] — 1)1 2i) =2 - 50! (H (2i — 1)) .
i=1 i=1
Thus, take k£ = 50, and then % is a perfect square.
In order to prove that £ must be equal to 50, notice that if 53 < k£ < 100,

then the prime number 53 only appears once in (the standard factorization

S

of) 5’“—0!!, SO 5’“—0!! is not a perfect square, and the above has proved that £; is

a perfect square, thus
S S k!

k' 5017 50!
is not a perfect square. If k = 51 or 52, obviously 5k—()!! is not a perfect square,
SO % is not a perfect square.
: 50! 50!

If k < 46, then the prime number 47 appears once in 97, so 9y is not a

% . sk_o!! is not a perfect square. If k = 47, 48, or
49, we easily know that 5k—()!! is not a perfect square, and it is also deduced

perfect square, and % =

that % is not a perfect square. Therefore, k can only be 50. Combining it
with the previous result, we find that £ = 50 is the only solution. O

Example 3. Prove: If integers a and b satisfy 2a? +a = 3b? + b, then both
a — b and 2a + 2b + 1 are perfect squares.

Proof The known equation can be rearranged into
(a—b)(2a+2b+1) = b*. (1)

Note that 2a+2b+1 is odd, so it is not 0, thus the greatest common divisor
of a — b and 2a + 2b+ 1 exists, which we denote as d. We first prove d = 1.
If d > 1, then d has a prime factor p. We know p|b? from p|a —b and (1),
so the prime number p exactly divides b, but p|2a+2b+ 1, thus we deduce
that p|1, a contradiction. Hence d = 1, that is, a — b and 2a + 2b+ 1 are
coprime. Because the right side of (1) is a square number, from Exercise
11 in Chapter 6, |a — b| and |2a 4+ 2b + 1| are both perfect squares.

Next we prove that a — b > 0, so that in combination with (1), we know
2a + 2b+ 1 > 0, and the conclusion then follows.

Suppose a — b < 0. Since |a — b| is a square number, b — a = r? with
r > 0. From (1), r exactly divides b, and then from b — a = r?, there is
r|a. Suppose b = byr and a = a;r, and substitute into the equation in this
problem. Then it can be reduced to

ai +6air +3r* +1=0. (2)



10. Problems in Number Theory 119

Taking the above equation modulo 3, we obtain af + 1 = 0(mod 3), which
is impossible (since squares of integers are congruent to or 1 modulo 3).
Therefore, the assumption a—b < 0 leads to a contradiction, so our assertion
is proved.

Remark 1. It can also be proved that a — b and 2a + 2b + 1 are coprime
by other methods, but it is more direct to prove it by prime numbers and
the equation (1).

Remark 2. The proof of a—b> 0 is another important point of the above
argument, which seems not easy from the algebraic point of view. We derive
the equation (2) by the assumption and proven result, and then obtain
a contradiction from arithmetic point of view (compare the remainders
modulo 3 on both sides of (2)).

By the way, the above integer r is actually equal to (a — b,b) = (a,b)
(see Exercise 11 in Chapter 6), but we do not need this conclusion.

Remark 3. The equation in the problem can also be rearranged into
(a—b)(3a+3b+1) = a’.

Therefore, it can also be proved that 3a + 3b + 1 is a perfect square in a
similar way.

Example 4. Prove: For any prime number p, there exists a positive integer
n such that

p|2" 4+ 3" 4+ 6" — 1.
Proof. When p =2 or 3, just take n = 2.
Let p > 3. We want to select n that can make 2", 3" and 6™ modulo

p greatly simplified. Fermat’s little theorem has such an effect: From this
theorem we have

2p=1 3r=1 6P~ =1 (mod p).
Thus
3-2071 12.377 1 6P =342+ 1 =6 (modp),

that is 6-2P72 +6- 3772 + 6 - 62 = 6 (mod p).
Therefore, p|2P~2 + 372 + 6P~2 — 1, that is for p > 3, we can take
n=p-—2.
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Using the inverse of mod p, the above argument can also be expressed
more directly as follows:
From Fermat’s little theorem,
1 1 1
2= _ 372 = _ 6’2 = — (modp),
5 3 g (modp)
and % are the inverses of 2, 3, and 6 modulo p respectively.

11
20 3
Therefore, according to the operational rule of inverses (see Remark 3 in

where

Chapter 8) we could know:
1 1 1
2432 6P 1= -1

2 3 6
2+1
= ?HLTJrfl:O (mod p).

Notice that from the above proof, for any nonnegative integer &, the number
n = (p— 1)k + p — 2 always meets the requirement, so there is actually an
infinite number of such n.

Example 5. Let a > 1 be an integer and set S = {a? +a — 1, a® + a® —
1, a*+a®—1, ---}. Prove that there exists an infinite subset in S, in which
the numbers are pairwise coprime.

Proof. We inductively construct an infinite subset T = {by, bo, --- } of S,
which has the properties in the problem.

Let by = a? + a — 1. Now we prove that for all n > 1, if we have
already found n numbers by,...,b, in S, then we can always choose
bpi1 = a™tt +a™ —1in S, which is coprime with all of by, ..., b, (that is
coprime with N = by ----- by), where m is a (to be determined) parameter,
depending on by, ..., b,. Therefore, by, ..., b,, b,+1 are pairwise coprime.
By mathematical induction, we construct such an infinite subset 7" of S.

In fact, since the numbers in S are all coprime with a, we have
(N, a) = 1. Therefore, for m = ¢(N), from Euler’s theorem, we obtain
a¥N) = 1(mod N), thus

bpyr = a?MH 4L g#WN) 1 =441 —1=a (modN).

Because (a, N) = 1, it is known from the above formula that (b1, N) =1,
that is, the number b, that we selected meets the above requirements.
O

Remark 4. To find (or prove) that a certain number is coprime with N,
we can consider the decomposition of its prime factors. However, for the
number in the form of a™*! 4 a™ — 1 involved in this problem, it seems
that this idea is not easy to realize.
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The above solution is based on the consideration of congruence: A num-
ber being coprime with N is equivalent to that it belongs to a reduced
congruence class modulo N, that is, it is = r(mod N), where r is an integer
coprime with N. For this problem, in order to realize this idea, we should
first select an appropriate m, which can make a” modulo N greatly simpli-
fied. For this purpose, Euler’s theorem can be used (see the above proof).

Example 6. Prove: For any positive integer n > 2, there exists a set §
consisting of n positive integers such that for any a € S and b € S (a # b),
there is (a — b)* | ab.

Proof. We inductively construct a set of m positive integers S, =
{a1,..., an}, so that for any a; and a; (i # j), there are a; — a; | a; and
a; — aj | aj. Therefore, there is (a; — aj)2 |a;a;, so S, meets the require-
ment of the problem.

When n = 2, take Sy = {1, 2}. Assuming that the existing n-element
set S, satisfies the requirement, we will construct S, 1 based on it. How-
ever, unlike the case in Example 5, we cannot expect that S, 11 here is
generated by adding a certain positive integer to S, (for all n > 2). (See
Remark 5 below.)

Let S;l ={a1 + 4z, ..., a, + x, where x > 0 is any common multiple
of the numbers in S,,. It can be seen from the inductive hypothesis of S,
and the selection of x that for any ¢ # j, the difference (a; + x) — (a; +
x) = a; — a; exactly divides a; and a;. Since it also exactly divides z, the
difference exactly divides a; + = and a; + x. This means that S, has the
same properties as S,,.

Now let Sy, 41 = S;l Jz. Because (a; + z) — x = a; exactly divides z, it
also exactly divides a; + 2. Since it has been proved that S, has the said
properties, the set S, 41 also meets our requirement. This completes the
inductive construction. O

Remark 5. Notice that if for each n > 1, there exists an n-element set
with a certain property (the elements may be all related to n), it may not
follow that there exists an infinite set with this property.

As far as this problem is concerned, it is easy to prove that there cannot
be an infinite set consisting of positive integers to meet the requirement of
the problem. Suppose {a1,aq, ...} is such a set, where a1 < ag < .... Then
particularly there is (a, — a1)2 |anay (for all n > 2). But a, is a positive
integer, so a,, — oo. For a,, that is large enough, obviously (a,, — a1)2 >
anay, a contradiction!
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Therefore, the following proposition cannot be true:

For all n > 2, if S, satisfies the requirement of the problem, then there
exists a positive integer a,11 ¢ Sy, which makes S,+1 = S, [Jan41 also
satisfy the requirement of the problem.

(Otherwise, from this proposition and the induction principle, we can
recursively generate an infinite set consisting of positive integers from S5 to
meet the requirement, which is inconsistent with the fact mentioned above.
Please compare it with the solution of Example 5.)

Remark 6. In consideration of Remark 5, suppose there already exists an
n-element set S, satisfying the requirement. To construct S, 1, we first
construct an n-element set S’,’I (its elements directly or indirectly depend on
n) based on S, that still meets the requirement. Then add an appropriate
number to S;l to generate Spy1.

There are two basic methods to construct (above) S, from S,,. One is
“translation”, and the other is “scalar multiplication”.

(1) A translation of S,, refers to the set S, + x = {a + z|a € S, }, where
x # 0 is a (undetermined) parameter.
For this problem, using the inductive hypothesis of .5,,, it is not difficult
to see that if z > 0 is a common multiple of all numbers in S,,, then
the n-element set S,, + x has the required properties.

(2) A scalar multiplication of S, refers to the set t.S,, = {at|a € S, }, where
t # 0 and 1 is a (undetermined) parameter.

We notice that the properties of S, in this problem maintain unchanged
under scalar multiplications, that is, for any positive integer ¢ > 2, the
n-element set ¢S, always has the properties mentioned above. But this
fact does not seem convenient for us to construct S,1 by adding a positive
integer y to tS,. (The readers can try to choose positive integers ¢ and y,
so that ta; —y |y and ta; —y| ta; for i = 1,...,n.) In contrast, in order
to add a positive integer y to the translation set x + 5, to generate S, 11
(where 2 > 0 is a common multiple of all the numbers in S, ), we need to
select y such that z +a; —y|lyand 2+ a; —y|(x + ;) fori=1,...,n. It
is easy to see that taking y = = will meet the requirement (see the solution
of Example 6).

Remark 7. The first step in the solution of Example 6 is to decompose
the original quadratic problem into two (stronger) linear problems, which
are often easier to deal with. But for this problem, this procedure doesn’t
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have special benefits. By the way, our proof actually gives the following
stronger (and perhaps more interesting) result: For any n > 2, there exist
n positive integers a1 < az < -+ < ay, such that a; — a; = (a;, a;) (for all
1<j<i<n).

Example 7. Let p be an odd prime number. Prove:

i ( ) <p+]> =27 + 1(mod p?).
7=0

Proof. Note that for j =0,1, ---, p—1,

4!

(p+j> D e+i-D e+ )

Because (?) is a multiple of p when 0 < j < p (Example 7 in Chapter 7),
from the above formula,

(7)C)=C)

which also holds obviously when j = 0. Thus

S007)-50-0)

=2+ (2}7) — 1(mod p?). (3)

p

Finally, from Vandermonde’s, identity i.e. (10) in Chapter 2,

()-E0) -5 () =

Combining the above with formula (3), we obtain the result. O
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Remark 8. For a prime number p > 3, the congruence

<2p> = 2(mod p?)
p

has other proof methods. Let’s introduce two more here by the way.
One method is to use: For 1 < j < 172;1,

2p—j)(p+J) = jlp — j) (mod p?),

thus

<2p>—2- L Tler-ie+i)

1 pz;l .
52-7@71)!};[11(19—])

1
22'7@?_1)!([)71)!

= 2(mod p?).

Another method is to note: For 1 < k < p — 1, if k! is the inverse of k

1 1 1

modulo p, then form a reduced system modulo p, so in the

10 25 =0 p—1

sense of modulo p, they are an arrangement of 1, 2, ..., p — 1. Hence
20\ _ptl pt2 ptp—1) 2
D 1 2 p—1 P

=217 p+ 1) 27 p 1) (- 1) p D)
=2(1-p+1)2-p+1)--(p—1p+1)

=2 ((ik)p—i— 1) = 2 (mod p?).

Example 8. For a prime number p > 5, prove that » _, _2p (Z)
3
(mod p?).

Il
o
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Proof. Because p ‘ (Z) for 0 < k < 2?;77 so we just need to prove that

Z % (Z) = 0 (mod p?).

0<k<2
For 0 < k < p,
Lfip\ _(—1)--(p—k+l)
p\k) k!
_ (=D(=2)- (k41
- k!
5(4)’“*1% (mod p).

bR
VR
> 3
~_
I
i
=
B
|
-
el

2
0<k< L

Il
El e
|
[\}

[\)
w|"‘

0<k<2?p 0<k<%
= X ; 1
o k k
0<hk<Z2 0<k<f
1
— - (modp). (4)
D<k<?

Let S = Z§<k<%p . Then (pairing!)
28 = Z l—l—L = Z LZO(modp)
kK p—k k(p—Fk) '
Pok<? Pok<ZP
The result can be obtained from the above formula and (4).

Example 9. Find all odd integers n > 1 such that for any positive integers
a and b that satisfy a|n, b|n, and (a, b) =1, there is a +b — 1| n.

Solution Obviously, if n is a power of an odd prime number, then it
meets the requirement of the problem. We prove in the following that such
n are all the solutions.



126 Problems and Solutions in Mathematical Olympiad: High School 3

Let n have at least two distinct odd prime factors, and take any one of
the prime factors p of n. Then n can be expressed as n = p¥s, where k > 1,
odd number s > 1, and p{ s.

Because p |n, s|n, and (p, s) = 1, it can be seen from the condition that
p—+s—1|n. We hope that p can be selected to make p+ s — 1 coprime with
s. Note that (p+s—1,s)=(p—1,s). If (p — 1, s) > 1, then there exists
a prime number ¢ such that ¢|s and ¢|p — 1. Particularly, ¢ < p. But
q|s and s|n, so ¢|n. Therefore, if (parameter) p is the minimum prime
factor of n, then (p+ s — 1, s) = 1 (otherwise, from the above argument,
n will have a smaller prime factor ¢, which contradicts the selection of p).
Because p + s — 1 exactly divides n, that is, exactly divides p*s, we have
p+s—1|pF. Since p is a prime number, p+ s —1 is also a power of p. Note
that s > 1,s0 p+ s — 1> p, and there exists @ > 1 such that

p+s—1=p~. (5)

Further, from s|n, and p+s—1|n and (p+ s — 1, s) = 1, we know that
(p+s—1)+s—1=p+2(s— 1) exactly divides n (= p*s).
Note that p — 2 > 0, so from the minimality of p,

(p+2(571)73):(p727 3):1
Hence there exists 8 > 1 such that
p+2(s—1)=p". (6)

From 5 and 6, we get p + p® = 2p®, but this is impossible, because p*
and p? are both divisible by p?, but p? { p. (That is to say: the equation
doesn’t hold modulo p?.)

It can also be seen from the perspective of algebra: Since 8 > «, we
have 8 > a+1, so

p+p’ >p-pPt>pop® > 2

Example 10. Find all the positive integer solutions (z, y, z) to the
equation

2 +y+1=uayz.
Solution Rearrange the equation into

z(yz —2?) =y + 1.



10. Problems in Number Theory 127

2

Let yz — x* = n. Then the above equation becomes xn =y + 1, so

P =yz—n=(en—-1)z—n=xn—2—n. (7)
Thus zn > . Let
n=ax+k(k>0). (8)
Then (7) gives
rk =z +n. (9)

From (8) and (9), we get (note that at this point we do not need k, n, x,
and z to be positive integers)

z=1n-1)4+(x-1)(k-1)=2. (10)

Obviously, (z —1)(n — 1) and (z — 1)(k — 1) are all nonnegative integers,
so the following three possible cases can be obtained from (10):

(@ =Dk =1) =2
s (@ =1k =1) =0;
(z—=1(n-1)=1(x—-1)(k—1)=1.

— 0. (r —
-1)=2 (z -

By solving the above three equations in turn, we can get the solution of
this problem as follows, (z,y,2) = (2,1,5), (2,9, 1), (3, 2, 5), (3, 14, 1);
(1,1,3), (1,2, 2), (5,9, 3), (5, 14, 2); (2, 3, 2). There are nine solutions
total.

The above solution of Example 10 mainly relies on an algebraic defor-
mation to get the equation (10) that is easy to deal with. However, in
Example 11 below, a property of integers is needed to generate an applica-
ble decomposition.

Example 11. Let n be a given odd integer. Then the equation
22 +n® =4°
has at most a finite number of positive integer solutions (a, b, x).
Proof. Obviously z is an odd number, and «a is also an odd number, oth-
erwise n® is the square of an odd number, and take the original equation

modulo 4: its left side = 14 1 = 2(mod 4), while the right side = 0(mod 4),
a contradiction.
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Decompose the equation into
(2" — 2)(2° + 2) = n. (11)

Let (2 —x, 2° +2) =d. Then d|(2° — z) + (2° + 2), i.e., d|2"F!, s0 d is
a power of 2. Because d| (2° + z) — (2° — z), that is, d |2z, and z is odd,
we get d = 1 or 2. Since 2 — z is odd, it follows that d = 1, that is, 2° —
and 2° + z are coprime.

Because the right side of (11) is the ath power of an integer, 2° — x and
20 + x are both the ath power of positive integers, so there exist positive
integers u and v such that

20 — p=u?,
20 =02, (12)
uv=n.
From (12), we obtain that
u® v =20 (13)
Equivalently,
(w+v) (™t — w24 — a2 ) = 20 (14)

Because n is odd, from uv = n, we know that u and v are both odd numbers,
and also a is an odd number, so the second factor of the left side of (14)
is the sum of an odd number of odd integers, which is an odd integer, so
it must be 1 (since the right side of (14) is a power of 2). Combining the
above with 14, we know that

u+v =21, (15)

Comparing (13) and (15), we see that a = 1.

Because uv = n, we see that u and v have only a finite number of solu-
tions, so we know from (15) that b has at most a finite number of solutions,
and from 12, z has at most a finite number of solutions. Therefore, the
equation in the problem has at most a finite number of positive integer
solutions (a, b, x).

Example 12. Let a, b, and ¢ be given integers. Prove that there is an
infinite number of positive integers n such that n® + an? + bn + ¢ is not a
perfect square.
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Proof. Let a,, = n® + an? + bn + c. Then for any positive integer k,
agkt+1 = 1+ a+ b+ c(mod4),

agpt2 = 20+ ¢(mod 4),
agk1+3 = —1+a— b+ c¢(mod4),

aqr, = c¢(mod 4),
so (eliminating a and c)
A4pt+2 — aqr = 2b(mod 4),

G4k+1 — Qap+3 = 20+ 2(mod 4).
Hence, either aggi2 — aqr = 2 (mod 4) or agpr1 — agpt3 = 2(mod 4). If the
former is true, then since a square number modulo 4 is 0 or 1, a4x12 and
a4y, cannot both be perfect squares. (Otherwise, their difference modulo 4
can only be 0, —1, or 1, but not 2.) This proves that for each k, at least one
of the four numbers a4j41, G4xt2, Gar+3, and agx is not a square number,
so there is an infinite number of terms in a,, that are not squares.

Remark 9. It can be proved by a deeper method that if the three (complex)
roots of the equation x® + az? 4+ bz + ¢ = 0 are different from each other,
then there is at most a finite number of positive integers n which make
n3 + an® + bn + ¢ a perfect square.

Exercises
Group A

1. Let k be a given positive integer. Suppose a1 = k + 1, and ap41 =
a? — ka, +k (n > 1). Prove: Any two terms in the sequence {a,} are
pairwise coprime.

2. Forn >1,let 1 =dy <--- < dr =n be all positive divisors of n. Let
S =dids +dads + -+ + di_1ds. Prove: S < n2.

3. Let p be an odd prime number. Suppose integers aq, - - -, a, form an
arithmetic sequence, the common difference of which is not divisible by
p. Prove: There exists i such that ajas - - - ap + a; = 0(mod p?).

4. Let positive integers a, b, and ¢ satisfy (a, b, ¢) = 1, and ¢ = aa—_bb.
Prove that a — b is a perfect square.

5. Does there exist two powers of 2 (in decimal representation), such that
the digits of one number is an arrangement of those of the other?

6. Find all positive integer solutions (z, y, z) of the equation 2* - 3¥ =
5% + 1.
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Group B

7.

10.

Let a and b be integers. If for all positive integers n, the number 2"a+b
is always a perfect square, prove that a = 0.

. Let a sequence {a,}(n > 1) be defined as: a; = 2, a3 = 5, and

ant1 = (2—n?)an + (2+n2) an—y for n > 2. Prove that for any
positive integers r and s, the number a, - a; is not a term in {a,,}.

. Let ay, a9, - -+, a, be pairwise coprime positive integers and they are

all composite numbers. Prove:

Let n and k be positive integers with 1 < k < n — 1. Prove that (Z)

cannot be a power of a prime number.



Chapter 11

Operations and Exact Division
of Polynomials

Polynomial is a fundamental research object in algebra. This chapter
mainly introduces the basic knowledge of univariate polynomials whose
coefficients belong to the rational number set, real number set, and com-
plex number set, including divisibility, the division with remainder, greatest
common factors and the unique factorization theorem. The readers will see
that these concepts, results and methods are very similar to those for inte-
gers.

Basic Concepts of Univariate Polynomials

In this chapter, for convenience, we use D to denote Z (the set of integers),
Q (the set of rational numbers), R (the set of real numbers), or C (the set
of complex numbers).

Let n be a non-negative integer. The expression

Anx™ + ap_12" "t 4+ - + ag, (1)

where a; € D (i =0,1,...,n), is called a univariate polynomial whose
coefficients belong to D, and also called a univariate polynomial over D.
(For example, we say a polynomial with “coefficients being rational” or
“rational coefficients”.) The set of all polynomials in the form of (1) is
denoted as D[x]. We often use f(x),g(z),...or f,g,...to represent specific
polynomials.

131
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In general we call (1) a polynomial function, that is, we treat x as a
variable in D (refer to Chapter 12), but in this chapter, we do not concern
the value of the polynomial, but treat = in (1) as an indeterminate — not
an undetermined element in D, but only a notation that does not belong
to D.

In the polynomial (1), a;z* is called the ith term, and a; is called the
coefficient of the ith term. If two polynomials f(z) and g(x) are equal
(or identically equal), then it means that the coefficients of the same
term in f(z) and g(z) are equal, denoted as f(x) = g(x) (or f(x) = g(x)).
The polynomial whose coefficients are all 0 is called the zero polynomial,
which is called the zero for short, denoted as 0.

In (1), if a,, # 0, then a,z™ is the leading term of the polynomial (1),
an is the leading coefficient, and n is called the degree of the polynomial
(1), denoted as n = deg f(x), or n = deg f for short. Note that zero-degree
polynomials are non-zero elements in D, and the zero polynomial is the
only polynomial whose degree is undefined.

The polynomials in D[z] can be added, subtracted, and multiplied.
Suppose

f(z) = apz™ + 12"V 4+ Fag, (2)
9(2) = bpa™ + bp_1z™ + -+ by (3)

are two polynomials in D[z]. When we express the sum of f(z) and g(x), if
n > m, then for convenience we assume that b, = --- = b,,41 = 0. Define

f(2) + 9(x) = (an +bp) 2" + (an-1 + bp—1)2" " + - + (ag + bo).

It’s easy to verify that the addition of polynomials satisfies the associative
law and commutative law (because they are all attributed to the addition
of the coefficients). In addition, for any f(z), the polynomial obtained by
changing the sign of each coefficient is denoted as —f(x), and we define
f(z) —g(x) = f(x) + (—g(x)). Then we clearly see that one can perform
the subtraction operation in D[z].

Multiplication can also be implemented in D[z]. Let f(x) and g(z) be
(2) and (3), respectively, and define the product of f(z) and g(x) as

f(J?) : g(iﬂ) = Cn+mxn+m + Cn+m,1$n+m71 + .otz + co,
where the coefficients ¢;(i = 0,1,...,n+ m) are
Ci = Z arbs = a;bg + a;—1b1 + - - - + a1b;—1 + apb;. (4)

r+s=1
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It is also easy to verify that the multiplication in D[z] satisfies the associa-
tive law, the commutative law, and the distribution law (because these are
also attributed to the addition and multiplication of elements in D).

The simple fact that every nonzero polynomial corresponds to a non-
negative integer, i.e., its degree, is very important. (Refer to the proofs of
(5) and (6) below).

Here are some basic results about the degree of polynomials.

(1) Let f(x) and g(x) be nonzero polynomials in D[z].
(i) If f(z) + g(x) is not zero, then

deg (f + g) < max (deg f, degg).
(ii) deg fg = deg f + degg, and in particular, f(x)g(z) # 0.

The property (i) is a trivial corollary of the definition of additions and
degrees of polynomials.

To prove (ii), let f(z) and g(x) be in the forms of (2) and (3), in which
an # 0 and b, # 0. We know from the multiplication rules of polynomials
(see (4)) that

f(z)g(x) = anb,z™ ™ 4 lower terms.

Because anb,, # 0, clearly deg fg =n +m = deg f + degg.

Division with Remainder and Greatest Common Factors

There is a big difference between the three sets Q, R, and C, and the inte-
ger set Z in operations: Division can be performed in the first three num-
ber sets, but in general, it cannot be performed in Z (refer to Chapter 6).
Therefore, there are many differences between polynomials with coefficients
in Q, R, and C and polynomials with integer coefficients in property and
treatment. In this chapter and the next chapter, we mainly consider poly-
nomials with coefficients in @Q, R, and C. For convenience, let F' denote Q,
R, or C. When some concepts and results are also applicable to polynomials
with integer coefficients, we will propose them in particular.

The concept of exact division in F[z] is similar to that for integers.
Suppose f(z) and g(x) € F[z], and g(z) is not zero. If there exists h(z) €
F[z] such that f(z) = g(z)h(x), then g(z) (in F[z]) exactly divides f(x),
denoted as g(z) | f(x). We call g(z) a factor of f(x) and f(x) a multiple
of g(x). If such h(x) does not exist, then g(z) doesn’t exactly divide

f(x), denoted as g(x) 1 f(x).
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From the definition of exact division, it is not difficult to prove the
following properties (let’s suppose f(z), g(x), h(x) € F[z]):

(2) It g(x) [ h(x) and h(x)| f(z), then g(z) | f(z).
(3) If g(x) | f(z) and g(x) | h(x), then for any a(z), B(z) € F|z],

g(x) [a(z)f(z) + B(x)h(z).

g(x x), then either f(x) = 0 or degg < deg f. In addition, i

4) 1 £(z), then either f d deg f. Tn add f
g(x)| f(z) and f(z)|g(z), then f(x) = cg(x), where ¢ is a non-zero
element of F.

The properties (2) and (3) are obvious. To prove (4), we suppose f(z) =
g(x)h(x). If f(z) # 0, then h(x) # 0. Therefore, from (ii) in (1), we know
that deg f > degg.

If there is also f(z)|g(x), then g(x) = f(z)h1(z), so

F@)(h(@)h (@) — 1) = 0.

From (ii) in (1), we know that h(z)hi(x) —1 = 0, so h(z) and hy(x) are
non-zero numbers in F.

Remark 1. The exact division of polynomials with integer coefficients can
be defined the same as above, and the properties (2) and (3) still hold
(just replace F with Z). But the second part of property (4) is somewhat
different:

(4") Let f(x),g(x) € Z][x] such that f(x)|g(z) and g(x)|f(z). Then
f(z) = £g(x).

The fundamental cause for this difference is that division can’t be per-
formed in Z: If the product of two integers is 1, then the two numbers can
only be +1.

The following (5) shows that the division with remainder can be per-
formed in F[z], which is similar to the division with remainder for integers.

(5) (Division with remainder) Let f(z), g(z) € F[z] and g(z) # 0.
Then there exist polynomials ¢(x) and r(z) in F[z] such that

f(x) = g(x)q(z) +r(x), ()

where r(x) is either zero or degr < degg; the quotient ¢(x) and
remainder r(x) are uniquely determined by these conditions.
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Proof. Note that if f(x) =0 or deg f < deg g, then we can take g(z) =0
and r(z) = f(z). If g(x) is a constant ¢, then we can take q(z) = 1f(z)
and r(z) = 0. Hence, in the following we suppose deg f > degg > 0.

Let n = deg f and m = degg, and let a, and b,, be the coefficients of
the leading terms of f(x) and g(x) respectively. Denote q1(x) = a,b;, "™
and suppose

fi@) = f(z) = qi(z)g(x).

Then it is easy to know that either fi(x) = 0 or deg f1 < deg f. If f1 #0
and deg f1 > deg g, repeat the above process for fi(z). In this way, we can
get a sequence of polynomials fi(x),..., fi(z),..., and ¢1(2),...,q(x),...
, such that

fir1(z) = fi(z) — qita1(z)g(2),

and deg f > degfi > --- > degg(>0). Because deg f; are all positive
integers, this process must stop after a finite number of steps, that is, there
exists k that makes fi(z) = 0 or deg fi < degg. Therefore

() = q(x) + -+ (@), (@) = filr)

gives the said representation.
To prove the uniqueness, suppose f(z) has another satisfactory repre-
sentation: f(x) = g(x)q1(z) + ri(x). Combining it with (5), we get

(q(x) = qu(2))g(x) = ri(z) —r(z).

The right side of the above formula is either zero or the degree is < degg.
Therefore, both sides must be zero, so ¢(z) = ¢1(z), and r(x) = r1(x) (rvefer

to (1)).

Remark 2. Since division cannot be performed in Z, the division with
remainder cannot be implemented in Z[z] as in (5). For example, for poly-
nomials f(z) = 22 and g(x) = 2z in Z[x], it is easy to know that there
doesn’t exist q(x), r(x) € Z[z] such that 22 = 2x - g(x) + r(x), where
r(z) =0or degr <1 (i.e., r(z) is an integer).

However, if f(x), g(x) € Z[z], and the leading coefficient of g(x) is+1,
then the same argument as (5) shows that there exist unique ¢(z), r(z) €
Z[z] that have the properties mentioned in (5).
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Remark 3. Uniqueness in the division with remainder is very important.
It can be seen that the formula of the division with remainder does not
change with the expansion of the set to which the polynomial coefficients
belong.

For example, let f(x), g(z) € Q[z] and g(x) # 0. The quotient ¢(z) and
the remainder r(z) can be obtained in Q[z], so that

f(x) =g(z)q(z) + r(x), r(x) =0 or degr < degg.

Because Q € R C C, the above formula can naturally be treated as an
equality in R[z] or C[z]. Hence from the uniqueness in (5), we see that in
R[z] or C[z], the quotient and remainder generated from dividing f(z) by
g(x) are the same as ¢(z) and r(z) above, respectively.

In particular, to say that g(z) exactly divides f(z) in Q[z] is the same
thing as saying that g(z) exactly divides f(x) in R[z] or Clz].

Remark 4. There are some differences in the case of polynomials with
integer coefficients, because the division with remainder can’t be performed
in Z[z] in general. However, if f(z), g(x) € Z[z] and the coefficient of the
first term of g(x) is £1, then it can be seen from Remark 2 and Remark 3
that in Z[z], the equality (of the division with remainder) generated from
dividing f(z) by g(«) is the same as that in Q[xz], R[z], or Clx].

Proof. In particular, if we can prove that g(xz) exactly divides f(z) in C[z],
then there is also g(x) | f(z) in Z[z]. (However, if the leading coefficient of
g(x) is not £1, then it doesn’t have to be true. For example, if f(z) = z+1
and g(x) = 2z + 2, then g(z) | f(x) in Q[x], but g(x) 1 f(z) in Z[z].)

The following results are the basis of defining the greatest common
factor of polynomials.

(6) Let f(x) and g(z) be two polynomials in F[z] that are not both zero.
Denote

S ={f(x)a(z) +g(x)b(x) | a(x), B(x) € Flx]}.

Then there exists a unique polynomial d(x) € S with leading coefficient
1 such that d(z) exactly divides all polynomials in S.

Obviously, there are nonzero polynomials in S. Let d(x) be (one of)
the polynomial with the lowest degree, and we can assume that the leading
coefficient of d(z) is 1. Next we prove that any polynomial in S is a multiple

of d(x).
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In fact, for any f(z) € S, from (5), there exist ¢(z), r(xz) € Fl[z]
such that f(z) = d(z)q(z) + r(z), where r(z) = 0 or degr < degd. If
r(x) = 0, then there is no need to prove it. Otherwise, because d(z) € S
and d(x)q(z) € S, it is easy to know that

r(z) = f(x) — d(z)q(x) € S,

but degr < degd, which contradicts the selection of d(x).

To prove the uniqueness, assume that dy (z) € S also has the said prop-
erties. Then d(z) | di(x) and d; (z) |d(x).

Since the coefficients of the first term of d(z) and dy (z) are all 1, we see
that d(x) = di(x) (refer to (4). The selection of the first term coefficient
d(x) to be 1 is only to ensure the uniqueness). O

From (6), d(z)| f(x) (take a(z) = 1 and S(z) = 0) in S), and similarly,
d(x)|g(z). Hence d(z) is a common factor of f(z) and g(z). On the other
hand, because d(z) € S, there exist a(z), B(x) € F[z] such that

f(@)a(z) + g(x)B(x) = d().

Therefore, if di(x) is any common factor of f(z) and g(z), then dy (z) | d(x)
from the above formula (refer to property (3)), thus degd; < degd. There-
fore d(z) is the unique common factor of f(x) and g(z) with the highest
degree and the leading coefficient 1. We define it as the greatest common
factor of f(z) and g(z), denoted as (f(z), g(x)).

When (f(z), g(z)) = 1, then f(x) and g(x) are coprime. Therefore,
f(x) and g(x) are coprime means that their common factors are only non-
zero elements of F'.

From (6) we get

(7) If f(z), g(x) € Flz] and not both of them are zero, then there exist
a(z), B(x) € F|z] such that

f@)a(z) + g(z)B(x) = (f(2), g(x))- (6)

In particular, if f(z) and g(z) are coprime, then there exist a(z), S(z) €
F[z] such that

f(@)a(z) + g(z)B(x) = 1. (7)

Conversely, if there exist a(z), 8(z) € F[z] such that (7) holds, then
f(x) and g(x) are coprime.

The formula (7) is also known as Bézout’s identity, which is very
useful.
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Similar to the proofs in (12) and (13) in Chapter 6, the following basic
properties of the greatest common factor can be easily established by (7).
(We suppose f(z), g(z), h(z) € Flx])

(8) Any common divisor of f(z) and g(x) must exactly divide their great-
est common factor.
(9) It (f(2), h(x)) = 1 and (g(x), h(z)) = 1, then (f(z)g(x), h(x)) = 1.
(10) Suppose g (z) | f(z)h(z) and (9(z), h(z)) = 1. Then g(z)| f(x).

Remark 5. In the case of integers, the existence and uniqueness of the
greatest common factor of some integers (not all zero) are self-evident, but
not in the case of polynomials.

The property (6) is our foundation, upon which we established the def-
inition of the greatest common factor and its basic properties (please note
that (6) is dependent on division with remainder (5)).

Remark 6. The greatest common factor does not change with the expan-
sion of the set to which the coefficients belong.

For example, (not both zero) polynomials f(x) and g(x) with rational
coefficients have the greatest common factor d(x) € Q[x]. Because Q C R C
C, we see that f(x) and g(x) can also be treated as polynomials in R[z] or
Clz], and let dy(x) and da(z) be their greatest common factor in R[z] and
C[z], respectively. It is not difficult for us to prove that d(z) = dy(z) =
da(z). In fact, there exist a(x), S(z) € Q[x] such that

f(@)a(z) + g(z)B(x) = d(z).

This equality also holds in R[z], so di(x)|d(x). But on the other hand,
d(x) is a common factor of f(x) and g(z) in R[z], so d(x) | di(x). Since the
leading coefficients of d(x) and d; (z) are both 1, we get that d(x) = d;(x).
Similarly, d(z) = da(z).

Remark 7. For two polynomials in F[z], Euclidean algorithm similar to
that for integers can also be established to actually find the greatest com-
mon factor, but this book will not discuss it.

Remark 8. For polynomials with integer coefficients, we can’t define the
greatest common factor as we did above, because (6) doesn’t hold for poly-
nomials with integer coefficients (see Exercise 4 in this chapter).

In Chapter 13, we will briefly discuss the greatest common factor of
polynomials with integer coefficients. We will only mention that they are
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different from the case in F[z]. For example, we can easily know that
polynomials « + 2 and x are coprime in Z[x], but obviously there is no
a(z), B(x) € Z[z], which makes (x + 2)a(x) + z8(x) = 1, that is, Bézout’s
identity in Z[x] does not hold in general.

Irreducible Polynomials and Unique Factorization Theorem

Let p(z) € Fx] and degp > 1. If p(x) cannot be factored into the product
of two polynomials of positive degrees in F, then p(x) is said to be an
irreducible polynomial in F[z], or irreducible over F'; otherwise,
p(z) is reducible over F.

Note that unlike the greatest common factor, irreducibility of polyno-
mials may change with the expansion of the set to which the coefficients
belong. For example, 22 + 1 is an irreducible polynomial in R[z], but it is
reducible in C[z].

Similar to the case of integers, it is very easy to prove (refer to Chapter 7)
the following facts:

(11) There must be an irreducible polynomial factor for any non-constant
polynomial in F[x].

(12) Let p(x) € Flx] be an irreducible polynomial. Then for any f(z) €
F[z], there is either p (z) | f(z) or (p(z), f(x)) = 1.

For any a € F, clearly  — a is an irreducible polynomial in F|z], and
since F' contains an infinite number of elements, we have

(13) There is an infinite number of irreducible polynomials with leading
coefficient 1 in F[z].

In addition, from (9) and (12) we derive

(14) Let p(x) be an irreducible polynomial in F[z]. If the product of two
polynomials f(z) and g(z) in F[z] is divisible by p(x), then at least
one of f(z) and g(z) is divisible by p(z).

With (14) as a tool, it is not difficult to prove the following conclusion.

(15) (Unique factorization theorem) A polynomial f(x) of any positive
degree in F'[z] can be decomposed into the product of a constant in F
and a finite number of irreducible polynomials with leading coefficient
1 in F[z]. Moreover, if the order of these irreducible polynomials in
the product is ignored, then they are uniquely determined by f(z).
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Theorem (15) is similar to the unique factorization theorem for positive
integers in (5) of Chapter 7, and the proof can also be carried out similarly.
The details are omitted here.

Polynomials Modulo a Prime

The polynomials discussed in this section are all polynomials with integer
coefficients, and let p be a fixed prime number.

If the coefficients of the corresponding terms of two polynomials f(x)
and g(z) are all congruent modulo p, then f(z) and ¢g(z) are congruent
modulo p, or are identical modulo p, denoted as

f(z) = g(x)(mod p).

If the coefficients of f(x) are not all divisible by p, then the highest power,
in which the coefficients are not divisible by p, is called the degree of
f(x) modulo p. For example, the degree of the polynomial 302* + 623 + 9
modulo 5 is 3, the degree modulo 2 is 0, and the degree modulo 3 is not
defined.

The integer coefficient polynomial congruence modulo p has similar
properties to the congruence of integers in Chapter 8:

(16) f(z) = f(x)(modp).

(17) If f(x) = g(z)(mod p), then g(z) = f(z)(mod p).

(18) if f(:E))E g(x)(modp) and g(z) = h(xz)(modp), then f(x) = h(zx)
mod p

(19) Tt (2) =g(x)(mod p) and fi(z) =1 (z)(mod p), then
f(z) £ fi(z) =g(z)+g:(z)(mod p),
and
F@) (@) = g(@)g1 (x) (mod p).

(20) f7(z) =f(2")(modp).

Properties (16) ~ (19) can be easily derived from the definition and the
congruence properties of integers. To prove (20), suppose

f(@) = anz" + ap_12" "+ + a1z + ag € L.
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From the binomial theorem, Example 7 of Chapter 7, and Fermat’s little
theorem (Remark 3 of Chapter 8),

fP(x) = [ana™ + (an,lx”*1 44 ao)]p

—1 p
abx"P + (an,lx" 4+ ao)

anx"? + (an_lxn_l + -+ ao)p

= a4, 2™ + ap_12" VP 4 aga® 4 ag
= f(z?)(mod p).

The integer coefficient polynomial congruence modulo p is very important
in number theory, but it is not discussed in this book.

By the way, for a non-prime positive integer m, we can define the con-
gruence relation of integer coefficient polynomials modulo m similarly, and
the properties (16) ~ (19) are still valid, but the property (20) (replacing p
with m) is not correct. In addition, polynomials modulo m have other bad
properties (see Exercise 5 in this chapter), so they are rarely used.

Illustrative Examples

Example 1. Express the polynomial 2 + 322 — 22 4 3 as the difference of
squares of two integer coefficient polynomials of unequal degrees.

Solution Suppose z* + 322 — 2243 = f?(x) —g?(x), where deg f # deg g.

Because the leading coefficient of the given polynomial is positive, deg f = 2

and degg < 1. Suppose f(z) = 2% + ax + b and g(z) = cx + d. Then

2t +32% — 20 + 3 = 2t + 2a2® + (a® + 2b — *)z? + (2ab — 2cd)x + b* — d>.
From the definition of equality of polynomials,

20 =0, a®+2b—c® =3, 2ab—2cd = -2, > —d*> = 3.

Hence a =0,b=2,c=1andd=1,ie., f(z) =22 +2and g(z) =2+ 1
are solutions that meet the requirement.

Remark 9. The method of Example 1 is called the undetermined coeffi-
cient method, which is based on the definition of equality of polynomials.
In this method, we make equations of the coefficients of the like terms, and
then determine the polynomial or derive a contradiction.
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Example 2. Find all real coefficient polynomials f(r) satisfying f(z?) =
f2(@).
Solution Let such a polynomial be

f(@) = anz" + an_12" "' + - + a1z + ao,

where a,, # 0. We prove that a,,_1 = -+ = a3 = ap = 0. Suppose q; (i =
0,1,...,n—1) are not all zero, and let & < n be the largest subscript such
that ay # 0. From f(2%) = f?(z), we obtain that

2 2k 2 k 2
™" + apr™ + -+ a1 +a0:(anx"+akx +~~+a1:17+a0)

ntk we have 0 = 2a,ay, which contra-

dicts a,, # 0 and ay, # 0. Therefore, the above assertion is correct, that is,
f(x) = apz™. In addition, from f(x?) = f?(x), we know that a, = 1, so

flw) =",

Example 3. Let n > 0 be an integer. Prove that the polynomial
(z+ 1)*"! 4+ 27+2 is divisible by 22 + z + 1.

By comparing the coefficients of x

Proof. Prove by induction on n. When n = 0, the conclusion is obviously
true. Assume that the conclusion holds for n—1, that is, (z + 1)2"_1 +gn L

is divisible by 2% + 2 + 1. Then (using the inductive hypothesis)
(x + 1)2nle + "2

=@+1)°(@+1)

=@ +z+1)(z+1)

2n—1 + - xn+1

2n—1 +$(($+ 1)277,71 +:L,n+1)
is divisible by 22 + x + 1, so the conclusion is also true for n. O
Example 4. Let n be a positive integer. Prove:

(1+2) (1+2%) (1+2%) - (1 +a?) = 14a+a® + o+ 42?7

Proof 1 This is a direct method: Let f(x) be the left side. Then

fla) = 21 =) f(@) = 7= (1 a1 +22) - (1427

-2 (- .
- .= 1fx :(1_i)(1+x+x2+...+x2+1*1)

2ntlo1

=l+a+a?+23+--- 42
Here we used the decomposition (5) in Chapter 6.
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Proof 2 If the left side is expanded to ag+ai1x+- - -+anz’, then obviously
N=1+2+---+2"= 27+1 _ 1. Since the coefficients of non-zero terms in
each factor 1 4+ 22" on the left side of the equality are all 1, it can be seen
from the definition of the polynomial multiplication that a; is exactly the
number of subsets of the set S = {1, 2,22 ..., 2"} whose sum of elements
isi(0<qi<2ntl—1).

Obviously, ag = 1. For 1 < i < 27! — 1, clearly we know that the
highest power of 2 in the binary representation of 4 is, not greater than
n, so the set S must have a subset, whose sum of elements is i. From the
uniqueness of the binary representation of positive integers (see Exercise 14
in Chapter 6), there is exactly one such subset, that is, a; = 1(1 < i <
27+1 — 1), which proves the conclusion.

Example 5. Let f(z) = 2* 4+ 2° — 322 + x + 2. Prove: For any positive
integer n, the polynomial f™(z) has at least one negative coefficient.

Proof. We calculate the coefficient of 23 in (). Consider

i (z) ={(@*+2° =32 + oz +2)(a* + 2% — 32 + 2+ 2)
(gt 2 322+ 2))

From the definition of the polynomial multiplication, the 23 terms from the
expansion can be generated in two ways: one is that the x> term in one
factor on the right side of the above formula multiplies the constant terms
of the other factors, which results in n numbers of 23 in total; the other is
that the 22 term in one factor on the right multiplies the 2 term an other
factor and the constant terms in the remaining factors, which results in
n(n—1) numbers of 23. Clearly we know that the coefficient of 2% in f"(z)
isn-2""1 —3n(n—1)-2""2 =n-2""2(—3n + 5), which is negative when

n > 2, while the conclusion is obviously true when n = 1. U

Note that the reason to consider the coefficient of 22 is that the constant
term and the coefficient of the linear term in f™(x) are obviously positive,
while the coefficient of 22 is n - 2"~2(n — 7), which is positive when n > 7.

Example 6. Given a polynomial f(x) = ax?® + bx + ¢ with a # 0, prove
that for each positive integer n, there exists at most one polynomial g(x)
of degree n, which makes
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Proof. If there is a polynomial g (z) = b,2™ + -+ - + by + by, of degree n
that satisfies the condition, then compare the coefficients of 22" terms of
f(g(z)) and g(f(z)) to obtain b,a™ = ab?, that is, b, = a™ L.

Therefore, if for a certain n, there are two distinct polynomials ¢ (2)
and go(z) of degree n satisfying the conditions of the problem, then since
the leading coefficients of g (x) and go(x) are both a™~1, the degree k of
the polynomial h(z) = g1 () — g2(2) is less than n, and

h(f () = g1(f(x)) — g2(f (x))
= f(91(2)) = f(g2())
= a(gi(z) — g3 (x)) + b(g1(z) — g2(x))

where T'(x) = a(g1(x) + g2(x)) + b.

Therefore, comparing the degrees of polynomials on both sides of the
above equality, we see that 2k = k + n, that is, £ = n, contradicting the
previous result k < n. (Note that since the leading coefficients of ¢, (z) and
g2(x) are the same, the degree of T'(x) is also the degree of ¢1(z) and ga(z),
which isn.) O

Exercises
Group A

1. Let f(z) = 2”1 and g(z) = 23+2+1. Find the quotient and remainder
of f(z) on division by g(z).

2. In R[z], express z* + 23 + 2 + 1 as the difference of squares of two
polynomials of different degrees.

3. Let f(x) € Z[z], p be prime, and k be a positive integer. Prove that

k

7" () = f(2”")(mod p).

Group B

4. Let S = {(xz+2)a(z)+z8(z) | a(x), B(x) € Z[x]}. Prove: There doesn’t

exist d(z) € S such that all the polynomials in S are divisible by d(x).

5. (i) Let f(z), g(x) € Z[z] and p be prime. Prove: If f(z)g(z) =
0(mod p), then f(x) = 0(modp) or g(x) = 0(mod p).
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(ii) Prove: If m is a composite number, then there exist f(z), g(z) €
Z[z] such that f(x) # O(modm) and g(x) #Z 0(modm), but
f(z)g(x) = 0(mod m).

6. Determine which of the two polynomials (1+x27x3)100

and
(1 —x2 + x3)100 has a greater coefficient of 22°.

7. Find all positive integers k such that the polynomial 22**1 + x + 1 is
divisible by z* + 2 + 1.
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Chapter 12

Zeros of Polynomials

This chapter introduces the zeros of polynomials and their related contents,
including the identity theorem of polynomials, Lagrange’s theorem of the
congruence equation modulo a prime, the rational roots of polynomials with
integer coefficients, and the Fundamental Theorem of Algebra.

Zeros of Polynomials and the Identity Theorem

In this section, we use D to denote Z, Q, R, or C.

Let f(x) = apa™ + -+ 4+ a12 4+ ag € Dlz], For any « € D, suppose

fla) =ana™ + -+ a1+ ap. (1)

Then f(a) € D, that is, that is each a € D corresponds to a value in D via
f(z), sowe also call f(x) a polynomial function in D, and the indeterminate
a can be called a variable in D. The expression (1) is called the value of
f (z) when x = «, also called the value of f (z) at a.

Clearly we see that the relationship represented by the addition and

multiplication of polynomials remains true after the indeterminate is sub-
stituted by any number in D, that is, if

f(@) +g(x) = hx), flx)g(z) = hi(z),
then

fla) +g(a) = h(a), fla)g(a) = hi(a).
If a number o in D makes f(a) = 0, then « is a zero of f(z), or a
root of f(x), and this situation is particularly important. The following

theorem is called the factor theorem, and its effect is to infer the properties
of polynomials from zeros.

147
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(1) (Factor theorem) Let f(x) € D[x]. Then 2 = « is a zero of f (z) if
and only if f () is divisible by = — a.

In fact, divide f (z) by x — a to get (refer to (5) and Remark 2 in
Chapter 11)

f(x) = (z = a)q(z) + (),

where ¢(x), r(z) € D[z], and r(x) = 0 or degr < 1, thus r(z) is a constant.
Let r(x) = r, and substitute x = « into the above formula. Then we get
r = f(«). Therefore, both two aspects of the theorem are proved.

From (1) and by mathematical induction, we can immediately obtain:

(2) Let f(z) € D[z] and a,...,qa € D are distinct zeros of f (). Then
f (z) is divisible by (x —aq) -+ (z — o).

The following results are obtained from (2):

(3) An nth degree polynomial in D[z] has at most n distinct zeros.

(4) If a polynomial f(z) = anz™ + --- + a12 + ap in D[z] has at least
n + 1 (distinet) zeros in D, then f(z) is the zero polynomial (that is,
all coefficients are 0).

To prove (3), let an nth degree polynomial f(z) have n+1 distinct zeros
a1, ..., Qpt1. From (2), f(z) = (x —aq) -+ (x — apt1)qg(z), and compare
the degrees on both sides of the equality (Chapter 11, (1)). Then we can
derive a contradiction.

Property (4) is a corollary of (3): If f(x) is not the zero polynomial,
then its degree is at most n, resulting in a contradiction from (3).

Now we can prove a very useful theorem:

(5) (Identity theorem) Let f(z), g(z) € D[z]. If there is an infinite num-
ber of & € D to make f(a) = g(a), then f(x) = g(x) (that is, the
coefficients of the same powers in f and g are equal).

Since, if we let h(x) = f(z) — g(x), then h(z) has an infinite number of
zeros, and it is known from (4) that h(z) is identically equal to zero.

Remark 1. Let f(z) and g(z) be two polynomials in D. From the identity
theorem, if f(a) = g(«) for all @ € D, then f(xz) = g(x). The opposite
conclusion is also obviously true. Therefore, two polynomials in D are equal
as functions in D if and only if they are equal as polynomials.
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At the end of this section, we briefly talk about multiple roots of a
polynomial. Let f(z) € Dlz], and @ € D is a zero of f(x). If f(x) is
divisible by (z — )™, but not by (z — «)™"", that is

f@) = (z = )" g(x),

where ¢(x) € D[z], and ¢(a)) # 0, then we call the positive integer m the
multiplicity of zero . When m = 1, the number « is a single root (or
single zero) of f(x). If m > 1, then « is a multiple root of f(z) with
multiplicity m. It is easy to see that the number of zeros (multiple roots
are still counted by their multiplicity) of polynomials of degree n in D|x]
can not exceed n.

Congruence Equation Modulo a Prime Number

The content of this section is similar to that of the previous section. In
fact, from a higher point of view, the two can be expressed in a unified way.

Let f(z) be a polynomial with integer coefficients and p be a prime
number. If an integer a satisfies f(a) = 0(mod p), then a is a zero of f(x)
modulo p, or a solution to the congruence equation

f (z) = (modp) . (2)

(Please note that (2) is called a conditional congruence, or a congruence
equation, which is the same as the notation of being identically zero mod-
ulo p in Chapter 11, but the meanings are different.)

Clearly we know that if a = b(mod p), then f(a) = f(b)(mod p). There-
fore, all numbers in the congruence class 2 = a(mod p) are solutions of (2).
We say that a solution of (2) actually refers to a congruence class mod-
ulo p. If two integers satisfy (2) and are not congruent modulo p, then they
are called different solutions of (2) (i.e., two different congruence classes).
Therefore, the number of distinct solutions of (2) does not exceed p.

The following (6), which is a similar result to (3), is called Lagrange’s
theorem.

(6) (Lagrange’s theorem) If p is a prime number and f(z) is a polynomial
with integer coeflicients such that its degree modulo p is n, then the
congruence equation (2) has at most n distinct (i.e., are not congruent
to each other modulo p) solutions.

When n = 0 and 1, the conclusion is obvious (refer to (12) in Chapter 8).
Prove by induction on n. We assume that the theorem is true for n — 1.
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Now we consider the polynomial f(z) of degree n (modulo p). If there is
no solution to the congruence equation, then there is no need to prove it.
If = a is one of its solutions, divide the polynomial f(x) by z — a, and
we obtain (refer to the proof of (1))

f@)=g(x)(xr—a)+ A, Aisan integer.

If the congruence equation (2) has no solution except for z = a(mod p), then
the proof is completed (because n > 1). Otherwise, let x = b be another
solution of (2), i.e.,

0= f(b) =g0)b—a)+ A(modp).
But obviously
0= f(a) = g(a)(a — a) + A(mod p),

so A = 0(modp). Thus g(b)(b — a) = 0(mod p). Since p is prime and p 1
(b —a), we have g(b) = 0(mod p). It shows that the rest of the solutions of
(2) are the solutions of the congruence equation g(z) = 0(mod p) except for
the solution = a(mod p). But the degree of g(x) modulo p is obviously
n—1. According to the inductive hypothesis, g(x) = 0(mod p), has at most
n — 1 solutions that are not congruent to each other, so the congruence
equation (2) has at most (n — 1) + 1 = n solutions that are not congruent
to each other.

Remark 2. The conclusion in (6) is nontrivial only when n < p.

In addition, we remind the readers that if the prime number in (6) is
replaced by a composite number, then the proposition is no longer correct.
For example, 22 = 1(mod 8) has four solutions * = +1 and +3(mod8);
2? = 1(mod 15) has four solutions 1 and +4(mod 15). The readers should
see the role of prime numbers in the above proof.

It is not difficult to deduce the following (7) from (6), which is similar
to (4).

(7) Let f(z) = anz™ + an—12" '+ +a1x+ ag € Z[z], p be a prime
number and n < p. If the congruence equation (2) has at least n + 1
solutions that are not congruent to each other, then f(x) modulo p is
the zero polynomial, that is, all the coefficients a; (i =0, 1, ..., n) are
divisible by p.
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This is because if f(2) modulo p is a nonzero polynomial, then its degree
modulo p is not greater than n, so from (6), the congruence equation (2)
has at most n distinct solutions, which contradicts the assumption.

Remark 3. Property (7) provides a way to prove that a prime p exactly
divides an integer: Construct a polynomial in the form of (7) such that the
integer under consideration is a coefficient of it, and the number of different
solutions of the polynomial modulo p exceeds n, so (7) gives the desired
result. (Refer to Example 9 below.)

Rational Roots of Polynomials with Integer Coefficients

(8) Let f(z) = apa™ 4+ -+ + a1z +ap € Zlz], n > 1, ayao # 0, and
(Gn,...,a0) = 1. If £ is a rational root of f(z), where the integers b
and ¢ are coprime, then c¢|a,, and b|aop.

In particular, a rational root of a polynomial with integer coefficients,
whose coefficient of the first term is +1, must be an integer.
To prove it, from f (g) =0, we obtain

anb™ + -+ a1bc™t + ape™ = 0.

Since an_1b" e, ..., a1bc® !, apc™ are all divisible by ¢, we see that

¢l anb™, but (b, ¢) =1, so (¢, b") = 1, therefore ¢|a,. Similarly, b|ao.

Remark 4. Since there is only a finite number of divisors of a nonzero
integer, in principle, all rational roots of a polynomial with integer coeffi-
cients can be determined by (8). This is especially useful when the number
of nonzero terms of a polynomial and the number of divisors of a,, and ag
are not too large.

Remark 5. Property (8) provides a basic way of transition from rational
numbers to integers: To prove that a complex number is actually an integer,
if you can prove that it is a rational number first, then by proving that it
is a zero of the polynomial with integer coefficients and the coefficient +1
of its first term, the result is derived from (8).

Fundamental Theorem of Algebra

The famous Fundamental Theorem of Algebra asserts that:

(9) Any nonzero polynomial in C[z] has at least one complex root.
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The proof of this theorem will not be discussed in this book. We only
deal with a few common corollaries:

(10) Irreducible polynomials in C[z] are all linear polynomials.
(11) Any nth degree polynomial f(z)(n > 1) in C[z] can be uniquely
decomposed into

@) =an(x =) (v —an) (3)

in C[z], where a,, is the leading coefficient of f (x), so an nth degree
polynomial with complex coefficients has exactly n complex roots
(counted with their multiplicity).

The assertion (10) is a trivial corollary of (9), and (11) can be derived
from (10) and the unique factorization theorem in C[z] (Chapter 11, (15)).

In addition, let the distinct roots of f () be aq,...,a) and their mul-
tiplicities be myq, ..., my, respectively. Then f (x) can be uniquely decom-
posed into

f@) = an (z—0n)™ - (2 — o)™,

which is the standard factorization of a polynomial with complex
coefficients.

Remark 6. Let f(z) = a,2™ +an_12" 1+ -+ + a1z + ap and expand the
right side of equation (3). Then we obtain that

Ap—1
ay+ -t oy = — )
(79
Ap—2
Qi + - 10y = )
An,
ao
n
oy, = (1) —.
an

This is the famous Vieta’s theorem, which gives the relation between the
roots and the coefficients of an algebraic equation.

From the Fundamental Theorem of Algebra, all irreducible polynomials
in R[z] can also be determined.

(12) Let f(x) € R[z] be an irreducible polynomial. Then f(z) is a linear
polynomial or f(z) = ax? + bx + ¢, where b? — 4ac < 0.
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Such said polynomial is obviously irreducible in R[z]. Conversely, if f(x)
is an irreducible polynomial in R[z]|, and deg f > 1, then f(x) has no real
roots. It can be seen from (9) that f(x) has a nonreal root a, and @ is also
a root of f(z) (Exercise 7 in this chapter), and o # @. Therefore, f(x) is
divisible by (z — a)(z — @) (using (2)) in C[z]. But clearly we know that

g(x) = (z —a)(z —a) = 2° — (a+ @)z + a@ € Rz],

therefore, g(z) also exactly divides f(z) (refer to Remark 3 in Chapter 11)
in R[z], so f(z) must be a quadratic polynomial since it is irreducible, and
f(z) = ag(x)(a € R), so f(x) has the form stated in the theorem.

Remark 7. When b? — 4ac < 0, the quadratic polynomial az? + bx +
¢ can be reduced into a((z — a)® + 82) (a and S are real numbers) by
completing the square. Therefore, from the unique factorization theorem
in R[z] and (12), a real polynomial f(x) of any positive degree can be
uniquely expressed as

f@) =a@=—a)-(@—a) ((@=b)"+c})---((@=0)" +c), (&)
where a, a;, bj, and c; are all real numbers and £ 4 2] = deg f.

We can also collect the same factors in (4) and write the standard fac-
torization (in R[x]) of f(x), but (4) is usually more applicable.

Complex Roots and Divisibility of Polynomials with
Rational (Integer) Coefficients

By using the complex roots of polynomials with rational (integer) coeffi-
cients, we can infer their divisibility.

(13) Let f(z), g(x) € Q[z]. If any root « of g(z) is also a root of f(x), and
the multiplicity of « in g(x) does not exceed its multiplicity in f(x),
then g (x) | f(x) in Q[X]. The converse is also true.

In addition, if the above f(z) and g(z) are both polynomials with
integer coefficients, and the coefficient of the first term of g(x) is +1,
then ¢ (z) | f(z) in Z[X]. In fact, from the known conditions and the
standard factorization of f(x) and g(z) (see the previous section), we
see that g (x) | f(x) in Clz], that is, there exists h(z) € Clz] such that
g(x) = f(x)h(x). From the uniqueness of the division with remainder, h(z)
is actually a polynomial with rational coefficients, that is, ¢ (z) | f(x) in
Q[z] (refer to Remark 3 of Chapter 11). The converse is also true.
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If f(x), g(x) € Z[x], and the coefficient of the first term of g(x) is +1,
then in Z[z], we can do the division with remainder of f(x) on division by
g(x) (Remark 2 of Chapter 11). Therefore, from Remark 4 of Chapter 11,
we know that h(z) must be a polynomial with integer coefficients, that is,
g(x) | f(x) in Zlz].

Further, we have

(14) Let g(x) be an irreducible polynomial in Q[z]. If f(z) € Q|x], and f(x)
and ¢(z) have a common complex root, then g (x) | f(x) (in Q[x]).

In addition, if the above f(x) and g(x) are both polynomials with inte-
ger coefficients, and the coefficient of the first term of g(x) is 41, then
9(2) | f(z) (in Z[z]).

In fact, because g(z) is irreducible, if g(x) { f(z), then g(z) and f(z)
are coprime, so there exist u(x), v(z) € Q[x] such that

f(@)u(z) + g(z)v(z) =1

(see (7) in Chapter 11). By substituting the common root of f(z) and g(x)
into the above formula, we get 0 = 1, a contradiction! Hence, g (z) | f(z)
(in Qlz)).

If f(z), g(x) € Z[x] and the coefficient of the first term of g(z) is £1,
then g (z) | f(x) in Q[z], which means that it is also true in Z[x] (refer to
Remark 4 of Chapter 11).

Remark 8. The claim (14) is a basic result of connecting irreducible poly-
nomials and their complex roots in Q[z], which is very useful.

By the way, it can be seen from (3) in the following Chapter 13 that a
polynomial with integer coefficients is irreducible in Q|x], is equivalent to
that it’s irreducible in Z[z].

Remark 9. The divisibility of polynomials with integer coefficients is
related to the divisibility of integers, which is common in some problems of
mathematical competitions. We give a brief introduction to this.

In order to prove b|a, sometimes a and b can be treated as the values
of polynomials f(x) and g(x) with integer coefficients at a certain integer
k respectively, and then we expect to prove (stronger result):

g(x) | f(z) in Z[z]. (5)
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If the leading coefficient of g(z) is £1, from (13) (or (14)), (5) may be easier
to prove by considering the complex roots of g(x) (but please note, that if
(5) is not true, the conclusion g(k) 1 f(k) cannot be derived).

On the other hand, for non-constant polynomials with integer coeffi-
cients f(z) and g(z), if there is an infinite number of positive integers n,
which make g (n) | f(n), then there must be g (z) | f(z) in Q[x].

This result is to be proved by the readers (Exercise 15 in this chapter).

Illustrative Examples

100_9,.55

Example 1. Find the remainder of z + 1 on division by 22—1.

Solution Because 22 — 1 is a quadratic polynomial,
1% — 225 4+ 1 = (2* — 1)g(x) + azx +b.

Take x = 1 in the above formula, and then a + b = 0; take x = —1, and
then b —a = 4. Hence a = —2 and b = 2, that is, the remainder is —2z + 2.

Example 2. Prove: The polynomial 22" — 222"~ ! 4+ 32272 — ... —2ng +
2n + 1 has no real roots.

Proof. Let f(x) denote the polynomial in the problem. From Remark 7,
f(z) has no real roots if and only if there is no linear factor in its stan-
dard factorization (in R[z]), that is, for all real numbers z, the value f(z)
is always positive or always negative. (Hence this problem is actually an
inequality problem.)

For z <0, obviously f(z) > 0. If > 0, then from

af(x) = x® T — 222 £ 327" — 42?2 4o 4 (20 + 1),
we see that

(L+az)f(x) = flz) +xf(x)
:w2n+1 _$2n+w2n—1 —w2"_2+---+;v+2n+1
2n-+1 1
:xu+2n+1>0.
r+1

Thus, f(z) > 0 for z > 0.
Therefore, f(x) > 0, for all real numbers x, so f(z) has no real roots.

Example 3. Let a be a real number. Determine the number of real roots
of the polynomial z* — 2az? — z + a® — a.
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Solution It can be seen from Remark 7 that the number of real roots of
a (real coefficient) polynomial is the number of linear divisors (counted by
multiplicity) in its standard factorization (in R[z]).

In order to obtain the decomposition of the polynomial in the problem,
we treat it as a quadratic polynomial with regard to a (z as a parameter),
from which we get

vt —2ar* —r+a®—a
=a? - (222 4+ Da+2* -z
(a — 2?4+ z)(a—2® —x—1)

:(:1727x7a)(:172+17*a+1)-

The two factors on the right side of the above formula are both quadratic
polynomials with real coefficients, and the number of their real roots is
easy to determine. Therefore, the number of real roots of the polynomial
in the problem can be determined, and the details are left for the readers
to complete.

Many problems can be solved by using polynomials, which is some-
times called the polynomial method. The basic spirit of this method is:
The problem is converted into a problem about polynomials. By proper-
ties of polynomials, we may derive required conclusions or make further
arguments (solutions). Here are some examples of this technique.

Example 4. It is known that a1, as,...,a, are different from each other,
and by,bs,...,b, are also different from each other. Find the values of
Z1,%2,..., 2y satisfying the following system of equations
Z1 T2 Tn
+ i —=1,
a1 — by a1 — be ar — by
Z1 T2 Tn
+ i —=1,
az —by  az —bo az — by
T T2 Tn
R ——
anfb1+anfb2+ +anfbn

Solution Consider the auxiliary equation with regard to t:

x1 X9 T (t—a)(t—az2) - (t—an)
L S (t—b1)(t—ba) - (L—bp) ©)
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If we remove the denominator of (6), we can either get an identity or get
an equation of degree less than n. It can be seen from the condition that
there are n distinct roots t = ay,as, ..., a,, therefore, after removing the
denominator of formula (6), it must be an identity, so that formula (6) itself
is an identity.

Multiply both sides of (6) by ¢ — b1, and then let ¢t = by, we obtain

(b1 —a1)(b1 —az)--- (b1 —ay)

e (by — ba)(by —b3) -+ (b1 — by)
Similarly,
o — (b2 —a1)(b2 —az) - (b2 — an)
2 (by — b1)(by — b3) -+ (ba — by)’
£, = — (b — a1)(by — az) - (bp — an)

(bn - bl)(bn - b2) e (bn - bnfl).

Example 5. Let m be a positive integer. Prove that

2m —1
—i—cot2 —l—---—i—cot2 mr m( m )

cot? b 27 _
2m + 1 2m+1 2m+1 3

Proof. The construction of a polynomial in this problem is a little difficult.
First of all, from De Moivre’s formula and the binomial theorem, for any
positive integer n and real number 6, there is (here i = /—1)

cosnf +isinnf = (cos@ + isin§)"
n 1
= cosnb + <1> icos" "0 -sinf+---.

Comparing the imaginary parts, we get

n
sinnf = <1> cos” 10 -sind
n n
- (3) cos" 30 -sin® 0 + <5> cos" 7?0 -sin® O+ - .

Now take n = 2m + 1 and 6 = 5.7, 213111,..., 7 Lhen sin(2m +

1)6 = 0, and neither sin 6 nor cos 6 is equal to 0. Dividing both sides of the




158 Problems and Solutions in Mathematical Olympiad: High School 3

s 2T mm
2m—+17 2m—+17 """ 2m+1°

2m+1 2m + 1 2m+1
cot?™ g — cot?®™ 20+ ... ¢+ (=)™ =0,
1 3 2m+1

i.e., the mth degree polynomial equation

2m+1 2m +1 1 m [2m+1
™ — a4 (1) =0
1 3 2m+1

above formula by sin” 0, we get that for § =

has m (distinct) roots zy = cot? 277’211 with k =1,2...,m. Therefore, from
Vieta’s theorem,
cot? T + cot? 27 + + cot? e
2m+1 2m+1 2m+1
<2m + 1)
3 ~ m(2m —1)
2m + 1 3 '

1
Example 6. Given 2n distinct complex numbers ay, ..., an,b1,..., by, fill
them into an n x n grid table according to the following rule: Fill in a; 4+
a; (i, 7 = 1,...,n) in the grid at the intersection of row ¢ and column j.

Prove: If the products of the numbers of each column are equal, then the
products of the numbers of each row are also equal.

Proof. Let the products of the numbers of each column be equal to ¢, and
consider the polynomial f (z) = (z+a1)--- (¢ + an) — ¢. From the known
condition, f (b;) =0 (i =1,...,n). Because b; are not equal to each other,
the nth degree polynomial f (x) has n different roots, so from (2) (note
that the the leading coefficient of f (z) is 1)

f@) = (2 =b1)---(z = bn).
Hence, we obtain the equality
(x4+a) - (x+an)—c=(x—=01) - (x—by).

Take z = —a;(i = 1,...,n). Then (a; + by)---(a; + b,) = (—1)""1¢, that
is, the products of the numbers of each row are all (—=1)"*'¢.
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Example 7.

(i) For what positive integers n, the polynomial 2% + x + 1 exactly divides
2" 4"+ 17

(ii) Prove: If n is a positive integer and 4" 4 2™ + 1 is prime, then n is a
power of 3.

Solution (i) Let f(z) = 2% + 2™ + 1. It is well known that the two
(distinct) complex roots of #% + 2+ 1 are w and w?, where w = %(—1 +/3i)
and w? = 1.

When n =3k + 1,

flw)=w* 2 43 1= +w+1=0,

and f(w?) = 0. Thus, in this case, 2% + x + 1| f(x).

It can also be proved that 22 +x + 1| f(z) when n = 3k + 2. But when
n = 3k, we have f(w) =3 #0, so 2% + 2 + 11 f(x).

To summarize, #2 + z + 1 exactly divides f () if and only if 3 { n. Note
that the above proof shows that the divisibility is valid in C[z], but because
the leading coefficient of 2% + z + 1 is 1, the divisibility is also valid in Z[z]
(see (13)).

(ii) Prove by contradiction. Suppose there exists n that is not a power
of 3, such that 4™ 4+ 2™ + 1 is prime.

If the power of 3 contained in n is 3%, then n = 3¥(3¢ +r). Here, r =1
and 2 when ¢ > 0 and r = 2 when ¢ = 0. We have

3k 6q+2r 3k 3q+r
4"+2"+1:(2 ) +(2 ) 1.

In (i), taking n = 3¢+ r and 2 = 23", we deduce that (23")2 + 23" 4+ 1
exactly divides the right side of the above formula, thus it exactly divides
the left side of the above formula (see Remark 9). But 4™ 42" 41 is prime,
so necessarily

6q+2r 3q+r 2
(23’“) EAR (23’“) R (23’“) 1+ 4.

Therefore, 3¢ +r = 1, thus ¢ = 0 and r = 1, that is, n = 3*, which
contradicts the previous assumption.

Example 8. Prove: If % and cosf are rational numbers, then cosf must
be one of the following five numbers: —1, f%, 0, % and 1.
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Proof. Let % =, where m and n are integers and n > 0. Then
cosnf = cosmm = (—1)". (7)

The key to the demonstration is to prove that for any positive integer n,
the expression 2 cosnf can be expressed as an integer coefficient polynomial
of degree n with regard to 2 cos#, whose leading coefficient is 1, i.e.,

2cosnfd = (2cos6)” +ay (2¢0s0)" 4+ an_1(2c0s0) +an,  (8)

where a1, as, ..., a, are all integers.
This result is easy to prove by induction. Firstly, for n = 1 and 2,

2cosf = 2cosb, 2cos20 = (2cosh)” — 2.
And if the proposition is true for n and n + 1, then the equality
2cos(n+2)0 = (2cosf) -2cos(n+1)6 —2cosnd

shows that the proposition is also true for n + 2. This proves the above
proposition.

Now, from (7), (8) and the conditions, = 2cos@ is a rational root of
the equation

2" +az" o ap 1t Fa, —2(—1)" =0.

Since this equation has integer coefficients and the coefficient of the first
term is 1, its rational root must be an integer (see (8)), that is, 2 cos@ is
an integer. Since —1 < cosf < 1, it must be one of —2,—1,0,1 and 2, that
is, cos @ is one of 71,7%,0, %, and 1.

Example 9. Let p be prime.

(i) Use (7) and Fermat’s little theorem to prove Wilson’s theorem: (p —
1)!'= —1(mod p).
(i) If p > 3, prove

p2

oo (b 1),

p—1

Proof. (i) When p = 2, the conclusion is obviously true. When p > 3,
consider the polynomial of degree p — 2:

F@)=(@-1)(@—2)-(@—p+1)—a" +1.
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From Fermat’s little theorem, the congruence equation f(z) = 0(mod p)
has p — 1 different solutions 2z = 1,2,...,p — 1(mod p), so from (7), the
coefficients of f(z) are all divisible by p. In particular, the constant term
(p — 1)!'+ 1 is a multiple of p.

(ii) Suppose

(-1 (z—-2)(r—p+1)=aP ' —s12P 2+ + 5, 1. 9)

Note that

p—1 = P Y Sp—2 = (P . 5 pf]_ .
It has been proved in (i) that the coefficients s, ..., s,—2 are all multiples
of p.

Taking x = p in (9), we obtain that
pp—2 _ Slpp—?) + . + Sp—?)p — Sp—2 — O

If p > 3, then p?|s,_o can be derived from the above formula and p|s,_3.
(The readers can compare the conclusion of this problem with Example 2
in Chapter 6.)

Example 10. Let p be prime and p = 3(mod4). Prove that

(14 k%) = 4(mod p).

i~

>
Il
—

Proof Because (p — k)* = k2(mod p), we just need to prove that

-

IS
N

(14 k%) = 2(mod p). (10)

>
Il
—

There are several different proofs of (10). Here we only introduce a proof
that is based on polynomials.

The first step of the following proof is to associate the product on the
left side of (10) with the value of a polynomial with integer coefficients. In
fact, suppose

10 ==y a2 o= (51) ).

Then the product is (fl)p% f(=1).
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. . . —1
Since p is prime, the %5~ numbers

2 52 p—1\°
1222 (B (11)

are not congruent to each other modulo p, so they are all the solutions of
f(z) = 0(mod p).
The second step of the proof is to choose another polynomial with inte-

ger coefficients of degree 25 modulo p, which takes these p2;1 numbers in

2
(11) as its zeros modulo p. According to Fermat’s little theorem, 2" —1

meets the requirement.

In the third step, let g(z) = f(z) — (wpz;l —1). Then g(z) is a Z;2th
degree polynomial, but the congruence equation g(z) = 0(mod p) has 27
solutions x = k2 (k; =1,2,..., ’”2;1) Since p is a prime number, g(z) mod-
ulo p is the zero polynomial, thus

ﬁ r— k) — (:zzp2;171>£0(modp)

is true for all integers . In particular, taking = —1 (notice p = 3(mod 4)),
we can get (10).

Exercises
Group A

1. Find the remainder of x1%°°—1 on division by (2% + 1)(z? + z + 1).

2. Find all positive integers n such that 2% +z+1 exactly divides (x + 1)" —
" — 1.

3. Let f(z) € Z[x], and let a, b, and ¢ be different integers. Show that if
f(a) = f(b) = f(c) = —1, then f(x) has no integer root.

4. Let f(x) € Z[z]. If there exist an odd number k and an even number [
such that f(k) and f(I) are both odd numbers, prove that f(z) has no
integer root.

5. Let f(z) = 2™ + a12" ' + -+ + ap_12 + 1 have n real roots, and the
coefficients ay, ..., a,_1 are all nonnegative. Prove: f(2) > 3™.

6. Find all polynomials f(z) satisfying f(z*+1) = f?(x)+1 and f(0) =

7. Let f(x) € R[z] with deg f > 1. If « is a complex root of f (z), show
that the conjugate @ of « is also a root of f (z).

8. Let f(z) € R[z]. Prove that if f(x) > 0 for any real number z, then
f(x) is the sum of the squares of two polynomials with real coefficients.
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Let p be prime and k be a positive integer, and (p — 1) { k. Prove:
There exists an integer a satisfying p{a and p{ (a* — 1).

Group B

10.

11.

12.

13.

14.

15.

Let f(z) = apa™ + -+ + a1z + ag € Clz], a,, # 0, and « is any root of
f(z). Prove:

o] <14+ max
0<k<n-1

Qn

Let f(x) = apa™ + -+ 4+ a1z + ag € Z[z], where 0 < a; < 9(i =
0,1,...,n) and a, # 0. If « is a complex root of f(x), show that
Re(a) <0 or |a| < 4.

Let f(x) = apx™ + a12™ 1 + -+ + an_17 + a,, where 0 < ag < a1 <
- < ap—1 < ap. Prove: The moduli of the roots of f(x) are all greater
than 1.

Let the product of n quadratic polynomials x2 + arx + bi(1 < k < n)
with real coefficients be

f@) =2 + 1z 4+ cono1T + o

If the coefficients ¢y, ¢, . . ., c2, of f(x) are all positive, prove that there
must be a certain k (1 < k < n) such that the corresponding coefficients
ax and by are both positive numbers.

Is there a finite set S consisting of non-zero real numbers such that for
any positive integer n, there is a polynomial whose degree is not less
than n, all its coefficients belong to S, and all its roots are in S?

Let f(z) and g(x) be non-constant polynomials with integer coeffi-
cients. If there exists an infinite number of positive integers n such

that g (n) | f(n), show that g (z) | f(x) in Q[x].
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Chapter 13

Polynomials with Integer
Coefficients

This chapter briefly introduces the basic contents of polynomials with inte-
ger coefficients, including primitive polynomials and the Gauss lemma,
Eisenstein’s criterion of irreducible polynomials, etc.

Primitive Polynomials

Let f(z) = apa™ + -+ + a1z + ag € Z[z] and f(z) # 0. We call the great-
est common divisor (ag,a1,...,a,) of ag,a1,...,a, the capacity of f(z).
A polynomial with a capacity of 1 is called a primitive polynomial. The
following important result, called the Gauss lemma, is a basis of studying
polynomials with integer coefficients.

(1) (Gauss lemma) The product of two primitive polynomials in Z[z] is
still a primitive polynomial.

Proof by contradiction. Suppose there are two primitive polynomials
f(z) = apa™ + -+ ao,
g(x) = bpa™ + -+ bo

such that f(x)g(z) is not primitive. Then there is a prime p exactly dividing
the capacity of f(z)g(x) (refer to Remark 1 in Chapter 7), thus p exactly
divides all the coefficients of f(x)g(z). Because f(z) is primitive, p can’t
exactly divide all a;. Let r be the minimum subscript such that a, is not

165
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divisible by p; similarly, let s be the minimum subscript such that bs is not
divisible by p. The coefficient of "1 in f(x)g(x) is

arbs + ar—i—lbs—l + ar+2bs—2 +---+ ar—lbs+1 + ar—2bs+2 +---

This sum is, of course, a multiple of p. But on the other hand, since p|a;
and p|b; for i <r—1and j <s—1, every term after the first term in the
sum is divisible by p, so also p|a,bs. Since p is prime, p|a, or p|bs, which
is contradictory to our selections of a, and bs. O

Nonzero polynomials in Q[x] are closely related to primitive polynomials
in Zx]:

(2) Let f(z) € Q[z] and f(z) # 0. Then there exists a rational number
a # 0 such that af(x) is a primitive polynomial in Z[z]. In addition, if
there exists a rational number b # 0, such that bf(x) is also a primitive
polynomial, then a = +b.

In fact, let f(z) = apz™ + -+ + a1z + ag, where ag,...,a, are all
rational numbers and a,, # 0. Take an integer ¢ such that cay, ..., ca, are
all integers, and let d = (cay, . .., cay). Then

¢ T )
df (x) 7 +oe 7" + ]

is a primitive polynomial in Z[z] (refer to Chapter 6, (11)).

In addition, if there are rational numbers a and b such that af(z) = g(z)
and bf(x) = h(x) are both primitive polynomials, then g(z) = £h(x).
Because g(z) and h(z) are primitive, # must be an integer without prime
factors, so § = &1 that is, a = £b. This shows that a nonzero polynomial
in Q[z] corresponds to a primitive polynomial uniquely.

Now, let’s briefly talk about the factorization of polynomials with inte-
ger coeflicients.

Let f (x) € Z|x], with deg f > 1. If f (x) has only a trivial factorization
in Z[x] that is, it cannot be decomposed into the product of two polynomials
of positive degree in Z[z], then f (z) is called an irreducible polynomial
in Z[z]. Otherwise, f(x) is said to be reducible (or decomposable) in
Z|x]. For example, 2x + 2 is irreducible and 222 — 2 is reducible in Z[z].

In order to study whether f (x) is reducible in Z[x], we only need to
consider the case that f (x) is a primitive polynomial. We note that if f (z)
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is decomposable in Z[z], because Z C Q, then it is certainly reducible in
Q[z]. The following result shows that the converse is also true. Therefore,
a polynomial in Z[xz] is irreducible in Z[z] if and only if it (regarded as a
polynomial in Q[z]) is irreducible in Q[x].

(3) Let f(x) € Z[z] be a primitive polynomial. If f () is reducible in Q[z],
then f (z) is also reducible in Z[x].

To be exact, let f(z) = g(z)h(z), where g(z), h(z) € Q[z] and deg g,
degh > 1. Then there is a rational number a such that

f(z) =ag(x) - %h(w), and ag(x), %h(w) € Zlx).

In fact, it is known from (2) that there are rational numbers a and b
such that ag(z) = g1(x) and bh(x) = hi(x) are primitive polynomials,
50 abf (z) = g1 () b (x).

By the Gauss lemma, gy () hq(z) is a primitive polynomial, and f (z)
is also a primitive polynomial, so ab must be an integer without a prime
factor, that is, ab = £1.

Therefore, ag(z) and 1h(z) are (primitive) polynomials with integer
coefficients.

Remark 1. From (3) and the unique factorization theorem in Q[z] ((15)
in Chapter 11), it is not difficult to prove the unique factorization theorem
in Z[z]:

Any non-constant polynomial in Z[z] can be decomposed into the prod-
uct of an integer and a finite number of primitive irreducible polynomials
(with a positive coefficient of the first term). Moreover, these irreducible
polynomials are unique if the order of the factors in the product is ignored.

From the unique factorization theorem, it is not difficult to define the
greatest common factor of two polynomials (refer to (9) in Chapter 7) and
establish its basic properties. Since these contents are not needed in this
book, we will not discuss them.

Eisenstein’s Criterion for Irreducible Polynomials

It is very difficult and complicated to judge whether a polynomial with
integer coeflicients is irreducible. The following result gives a sufficient con-
dition for the irreducibility of a polynomial.
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(4) (Eisenstein’s criterion) Let f(z) = a,a™ 4 -+ + ag be a polynomial
with integer coefficients, where n > 1. If there is a prime number p
such that p{a, and pla; (i =0,1,...,n— 1), but p? { ag, then f(z) is
irreducible in Z[z] (thus irreducible in Q[z]).

Proof. The proof here is similar to that in (1). Suppose there are two
(non-constant) polynomials with integer coefficients

g(x) =bpz® + - +by and h(z) =zl +--+c

such that f(z) = g(z)h(x). Because ag = bocy is divisible by p, but not by
p?, so exactly one of by and ¢ is divisible by p, let’s suppose p|co. And
an = bycp is not divisible by p, so p 1 ¢;. Now we can take the minimum

subscript r to make p t ¢,.. Obviously r # 0, and
ar = bocy +bicr—1 + -+ brco.

Because p t bpc, and the rest terms in the sum are all divisible by p, so
p 1 a,, which contradicts the condition in the theorem. O

In particular, it can be seen from (4) that for any positive integer n, the
polynomial ™ +2 is irreducible in Z[X], so there are irreducible polynomials
of any degree in Z[x] (and Q[z]). In comparison, irreducible polynomials in
R[z] are only of degree one or degree two, while irreducible polynomials in
C[z] are all of degree one.

The following (5) is a typical application of Eisenstein’s criterion, and
the result itself is also very important.

5) Let p be prime. Then ®,(z) = 2P~ + 2P~ 2 + .- - + x + 1 is irreducible
( pbep p
in Q[z].

We can’t directly apply (4), but the polynomial

(z+1)P -1
(x+1) -1

xp1+<p>zp2++< p )
1 p—1

meets the condition of (4) (refer to Example 7 in Chapter 7), therefore,
f(z) is irreducible in Z[z]. On the other hand, the reducibility of ®,(z) in
Z[x] is obviously equivalent to that of f(z) in Z[z], so ®,(x) is irreducible
in Z[z], and thus is irreducible in Q[x].

f(@) = By +1) =
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Complex Roots of Polynomials and their Irreducibility
in Z[x]

According to the Fundamental Theorem of Algebra, an nth degree polyno-
mial in Z[z] has n roots in C. Hence the factorization of a polynomial with
integer coefficients in C[z] also helps to decide its irreducibility. Here is an
illustrative example.

(6) Let f(z) be a polynomial with integer coefficients, the leading coeffi-
cient is 1, and f(0) #. If f(x) has only one single root a such that
|a] > 1, then f(z) is irreducible in Z[z].

To prove it, let f(x) = g(x)h(x), which is a polynomial with integer
coefficients, and where g(x) and h(x) are both non constant. Since the
leading coefficient of f(x) is 1, it can be assumed that the leading coefficients
of g(z) and h(z) are both 1, and h(a) = 0. Therefore, it is known from
the condition that the integer g(0) # 0, and the moduli of roots f1, ..., B,
of g(z) (are all the roots of f(x)) are all less than 1. Because g (x) =

(x=B)--(z = Br),
1< |g(O) =8|~ 8r] <1,

a contradiction. Therefore, f(z) is irreducible in Z[x].

Remark 2. Let’s briefly talk about the basic spirit of proving the irre-
ducibility of a polynomial by using the information (distribution) of its
roots.

In order to prove that f(x) is irreducible in Z[z], we often use the
proof by contradiction. Assume that f(x) has a nontrivial decomposition:
f(z) = g(z)h(x). Sometimes, considering the value of f(x) at a certain
integer a from two aspects can produce contradictions. On one hand, f(a)
is the product of integers g(a) and h(a); On the other hand, the roots of
g(x) and h(x) are all the roots of f(z). Therefore, with the knowledge of the
distribution of the roots of f(xz), we can get applicable estimates of |g(a)]
and |h(a)| from the decompositions of g(z) and h(x) in C[z]. Combine the
results of the two aspects to derive a contradiction. (In (6), we actually
studied the value of the polynomial at 2 = 0 from these two aspects.)

In elementary mathematics, there is no powerful tool to study the distri-
bution of roots of a polynomial. The main method is the simple inequality
estimation. Therefore, in the elementary field, it is not easy to give inter-
esting results of irreducibility only from the information of roots. (For an
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example of using elementary methods to study the roots of polynomials,
refer to Exercises 10-12 in Chapter 12.)

A polynomial (with integer coefficients) taking prime values is also
related to its irreducibility. The following result provides a simple principle.

(7) Let f(x) be a polynomial with integer coefficients of degree n (n > 1),

and aq, ..., qa, be all its complex roots. If there is an integer & > 1 +
Re(a;)(j = 1,...,n) such that |f(k)| is prime, then f(z) is irreducible
in Z|x].

In fact, if f(z) has a nontrivial decomposition f(z) = g(x)h(x), make
the standard factorization of g(x) in R[z] (see Remark 7 in Chapter 12):

g(@) =b(z—a1)-(z —a,)((x = b1)* + i) (& = bs)* + ),

where b is a nonzero integer, and a;, b;, and ¢; are all real numbers (obvi-
ously, a; is the real root of g (), and b; is the real part of an imaginary
root of g(x)). Because the roots of g (z) are all the roots of f(x), we
have k > 14+ a; and k > 1 +b; (1 < i < r, and 1 < j < s). Hence
lg(k)| > 1; similarly, |h(k)| > 1. And g (z) and h(x) are polynomials with
integer coefficients, so |g(k)| and |h(k)| are both integers greater than 1,
but [g(k)| - |h(k)| = |f(k)| is a prime number, a contradiction. (Refer to
Remark 2.)

Illustrative Examples

Example 1. Determine whether the polynomials z* + 1 and z* + 4 are
reducible in Z[z].

Solution Consider z* 4+ 1 first. We can’t use FEisenstein’s criterion
directly, but

(z+ 1) +1 =2 +42° + 62% + 4z + 2

meets the condition in (4) (taking prime p = 2), so it is irreducible in Z[z],
thus o + 1 is irreducible in Z[z].

A more elementary solution is the method of undetermined coefficients.
Because x* + 1 obviously does not have a linear factor, if it is reducible in
Z[x], it must be the product of two quadratic factors. We can suppose

zt 1= (2% 4+ ax + b)(2* + cx + d),
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where a, b, ¢, and d are all integers. By comparing the coefficients, we
obtain that

a+c=0, ac+b+d=0, ad+bc=0, bd=1.

Hence b = d = +1, thus a® = 2, which is impossible. Therefore, 2* + 1 is
irreducible in Z[x]. For x* + 4, of course, (4) cannot be applied, because it
is reducible in Z[z].

xt 4= (2% — 22+ 2)(2? + 22 + 2).

(If it can’t be seen that z* +4 = 2% + 42 + 4 — 422, then the above
undetermined coefficient method can be used to find the decomposition.)

Example 2. Determine whether the polynomial z°—3x*+923 —622+92—6
is reducible in Z[z].

Solution Using Eisenstein’s criterion (taking p = 3), we know that the
polynomial is irreducible in Z[x].

This problem can also be solved by the method of undetermined coefhi-
cients: Because the leading coefficient of the polynomial in the problem is 1,
its rational roots must be integers, which exactly divide the constant term
—6. After checking through them one by one, we know that the polynomial
has no integer roots, so there is no linear factor. Therefore, if the polyno-
mial is reducible in Z[z], it must be the product of a quadratic polynomial
and a cubic polynomial; As in Example 1, we can derive a contradiction
(the details are omitted here).

Remark 3. The condition in Eisenstein’s criterion is only a sufficient
one for a polynomial (with integer coefficients) to be irreducible in Z[x],
but not a necessary one; many irreducible polynomials do not satisfy this
condition.

In elementary mathematics, the most basic method to determine
whether a polynomial is reducible is of course the method of undetermined
coefficients. By this method, we either derive a contradiction (i.e., irre-
ducible polynomials) or give a required decomposition. This is especially
effective for polynomials of lower degree. For polynomials of higher degree,
the method of undetermined coefficients cannot be ignored, which is often
combined with other tools to derive the required results (see Example 6
below).
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Example 3. Let ay,...,a, be integers that are different from each other.
Prove that the polynomial

(x—ay) - (z—ap) —1

is irreducible in Zx].

Proof. Let f(x) denote the polynomial in the problem and suppose f(x)
has a nontrivial decomposition in Z[z]: f(x) = g(z)h(z). Then, from
f(a;) = —1, we can know that one of g(a;) and h(a;) is +1 and the
other is —1, so g(a;) + h(a;) = 0(i = 1,...,n). Therefore, the polyno-
mial g(x) + h(z) has at least n different zeros, but the degrees of g(x) and
h(z) are both not greater than n — 1. Therefore, from (4) in Chapter 12,
we deduce that g(x) + h(z) = 0, that is, f(x) = —g*(z). Since the leading
coefficient of f(z) is positive, it is obviously impossible. O

Example 4. Let f(x) be a polynomial (with integer coefficients) of degree
n. Prove: If there exist at least 2n + 1 distinct integers m such that |f(m)]
is prime, then f(x) is irreducible in Z[z].

Proof. Let f(x) = g(x)h(z), where g(z) and h(z) are both non-constant
polynomials with integer coefficients. Let r = degg and s = degh. Since
g(x) is not a constant, both g(z) + 1 and g(x) — 1 have at most r roots, so
at most r integers m make g(m) = 1, and also at most r integers m make

g(m) = —1. Therefore, at most 2r integers m make g(m) = +1. Similarly,
at most 2s integers m make h(m) = +1.
However, if an integer m makes |f(m)| = |g(m)| - |h(m)| be prime, then

g(m) = £1 or h(m) = £1. Therefore, from the above proven results, it
can be inferred that there are at most 2r 4+ 2s = 2n different integers m,
which make | f(m)| be prime. This is contradictory to the hypothesis of the
problem, so f(x) is irreducible in Zx].

The following Example 5 is an interesting result, called Cohen’s theo-
rem, which shows that given a prime number (in the decimal system) can

naturally generate an irreducible polynomial (with integer coefficients) in
Z[z].

Example 5. Let p=a, ---a1ag = a, - 10" +--- + a1 - 10 + ap be a prime
number expressed in the decimal system, with 0 <a; <9 (1 =0,1,...,n),
and a, # 0. Then the polynomial

f(x) = ana" + -+ a1z + ag

is irreducible in Z[z].
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Proof. In fact, the condition implies that f(10) is prime, but Exercise 11
in Chapter 12 shows that the real part of any root of f(x) is less than 9, so
the conclusion can be deduced from (7).

Example 6. Let a polynomial f(x) = agz™ + a1zt +-- - +a,_17+a, €
Z[z] satisfiy the following conditions:
(i) 0<ap <ay < -+ < ap—1 < an.
(ii) a, = p™, where p is a prime number (m is any positive integer) and
p Jf an—1-
Prove: f(z) is irreducible in Z[z].
Proof. Prove by contradiction: Suppose there are non-constant polyno-
mials with integer coefficients
g(x) = box" + -+ + by,
h(z) = cox® + -+ + ¢4
such that f(x) = g(x)h(x). Comparing the coefficients, we get
Ap—1 = br—lcs + brcs—la (1)
and
p™ = lan| = [by] - les]. (2)

Since p t ap—1, it is known from 1 that b, and ¢s; cannot be both divisible
by p, so we may assume that p { b,.. Then from 2 we can deduce |¢s| = p™
and |b,| = 1.

It can be seen from Exercise 12 in Chapter 12 that the moduli of the
roots of f (z) are all greater than 1, so the moduli of the roots ay,...,a,
of g (x) are all greater than 1. Combining them with Vieta’s theorem, we

can get
|6 = lbol |aa] -+ - e > [bo] > 1,
which contradicts the previous result |b,| = 1. O

Remark 4. It is usually very difficult to determine whether a given poly-
nomial with integer coefficients is irreducible in Z[z]. However, we can con-
struct an irreducible polynomial with integer coefficients in Z[x] effectively.
Eisenstein’s criterion and Example 6 above are two basic approaches (can
also see Exercise 7 in this chapter).
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Example 7. Let p be a prime number and ¢ be a complex number such
that (¥ =1 and ¢ # 1. If ag,...,a,—1 are all rational numbers satisfying

ap—1CP M+ arl +ag=0.
prove: ap =aj =--- = Gp_1.
Proof. From (P —1 =0, we get ((—1)(¢P" 1+ ---4+(+1)=0. And ¢ # 1,
so (P~ 4+ ... 4+ (+1=0. Thus, the equation in the problem is reduced to
(ap—1 = ap—2) P2 + -+ (ap—1 — a1)( + (ap-1 —ag) = 0. (3)
Let by =ap—1 —ar (k=0,1,...,p—2). Suppose
f(x) =bpoxP 2 + -+ byx + by,

which is a polynomial with rational coefficients. It is known from 3 that
f(z) and ®,(x) = 2P~ + - + 2 + 1 have a common complex root (. But
®,(x) is irreducible in Q[z] (see (5)), so @, (x) | f(z) in Q[x] (see (14) in
Chapter 12). But f(z) is either the zero polynomial or of degree < p — 2,
and the degree of ®,(x) is p—1, so f(z) must be the zero polynomial, hence
all by, = 0, that is, ap = a1 = --- = ap_1. O

Exercises
Group A

1. Prove that the following polynomials are irreducible in Q[z].

(i) 5xt—32%+242+3;
(i) 27—22°+42?+162+2;
(iii) 27—142%+7.
2. Determine whether 7 + 7z + 1 is reducible in Q[z].

3. Determine whether 25 4 42 + 223 + 32? — x + 5 is reducible in Q[z]

4. Prove: If 2" 14+ 2772+ ...+ 2+ 1 is irreducible in Q[x], then n is prime
(n>1).

5. Let p be prime. Prove: #P~1 —2P=2 4 ... — x 4 1 is reducible in Q[z].

Group B

6. Suppose an integer k is not divisible by 5. Prove that 2° — x + k is irre-
ducible in Z[z].
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7. Let f(z) = apa™ 4+ -+ a1z + p € Zx], a, # 0, p be prime, and
1|+ -+ + |an| <p.

Prove that f(z) is irreducible in Z[z].
8. Let f(r) = ana™ + ap_12" 1 + -+ + a1 + ap be a polynomial with
integer coeflicients and a,, # 0. Denote

a;

Qn

M = max
0<i<n—1

If there is an integer m > M + 2 such that |f(m)| is prime, show that
f(x) is irreducible in Zx].
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Chapter 14

Interpolation and Difference
of Polynomials

This chapter introduces Lagrange’s interpolation formula of polynomials
and the difference of polynomials.

Lagrange’s Interpolation Formula

Given n different z-coordinates z1, .. ., x,, and corresponding y-coordinates
Y1, ---,Yn, this gives n different points in the coordinate plane:
(xlayl)v"'a(xnayn)- (1)

The interpolation problem is to find a curve so that it passes through these
n points in (1). In the analytic language, it is to find a function f(x) such
that

f@1) =y1,.., f(@n) = yn- (2)

But obviously there is an infinite number of such functions.

Among all functions, there are many reasons to think that polynomial
functions are the simplest ones (it only involves the addition, subtraction,
and multiplication of constants and the variable x). Therefore, we hope to
find a polynomial f(z) with the lowest degree satisfying (2). The following
Lagrange’s interpolation formula gives a positive answer to this question.

(1) (Lagrange’s interpolation formula) There is a unique polynomial
f(z) whose degree is not greater than n — 1 that satisfies (2); and f(z)

177
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can be expressed in the following form:

) (x —xo)(x —a3) - (x — )
(x1 —22)(z1 —23) -+~ (W1 — W)
(x —a1)(x —x3) - (¥ — )

(z2 —x1) (T2 —23) (T2 — )

fz) =

+Y2

(x —x1)(@ — ) - (¥ — 1)

(Tn — x1) (2 — 22) - (T — Tp—1)

+ Yn (3)
To prove it, we first note that if such a polynomial exists, then it must be
unique. Because if there exist two such polynomials, then the difference of
them will have at least n different zeros. Therefore, from (4) in Chapter 12,
these two polynomials must be equal.

Lagrange gave an explicit construction for the existence of a solution (it
is not difficult for the readers to verify that (3) meets the requirement of
the problem), and his derivation method is as follows:

First, in the special case of yo = - -+ = y,, = 0, find the polynomial f; (z)
satisfying the requirement. In this case, fi(x) has n — 1 different zeros
X2y ..., Tp, S0 it is divisible by (x —z2)--- (z — z,) ((2) in Chapter 12)),
and we want the degree of f1(z) to be as low as possible, so suppose

fi(z) =cl@z—z2)- (& —zn),
where ¢ is a constant number determined by f1(z1) = y1. It’s not hard to
find that
(x —x2) (& — )
(w1 —@2) - (21 — )

Similarly, when y1 =0,...,y;—1 =0, y;41 = 0,...,y, = 0, it can be found
that the (n — 1)st degree if y; # 0 polynomial f;(z) is

fix) =un

(@ —21) (@ —xi1)(@ = Tig1) - (2 — @)
(i — 1) (@ — zim1) (v — Tig1) - (T — 20)
It is easy to verify that f (z) = fi(x) 4+ --- 4+ fn(x) is the solution to the
problem (i.e., (3)).

fz(x) =Y

Remark 1. In the above method, the general problem is treated as a
“superposition” of several special problems, which is worth pondering care-
fully. The readers who understand (n-dimensional) vector coordinates can
see that its essence is

(y17"'7yn):(y1707"'70)+(O7y27"'70)+.'.+(07"'7yn)7
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For the purpose of this book, we will not discuss it. For other applications
of this technique, please refer to (5) in Chapter 19.

Remark 2. The degree of the polynomial (3) can be less than n—1, and it
can also be identically zero. Therefore, the strict expression of the theorem
should be “there exists one and only one polynomial, which either is zero
or its degree does not exceed n —1”. Traditionally, we call indiscriminately
the interpolation polynomial (3) the polynomial with degree not greater
than n — 1.

Remark 3. We know that if f(x) is a polynomial of degree n, then f(z) is
uniquely determined by its values at n 4 1 different points x1,...,Z,11;
Lagrange’s interpolation formula (3) (n is replaced by n+1) gives an
explicit expression of f(x) by those z; and f(z;), that is, all the n + 1
coefficients of f(z) can be expressed by x; and f(z;). We note that the
expressions of the leading coefficient and constant term of f(z) are quite
neat and symmetrical. These facts are often a basic starting point of some
problems involving polynomials and their values (see Example 4 below).

Difference of Polynomials

Difference is an important mathematical concept, which is widely used. It
is also closely related to interpolation. It is not discussed in this book. We
just briefly talk about the difference of polynomials.

We first introduce the concept of difference of general functions. For a
function f(x) and a fixed h # 0,

f(@+h) = f(x)

is called the first-order difference of f(z) with step size h, denoted
as A} f(z) (or Ahf(x)). The difference of A} f(z) is
ALf(@+h) = A f (@)
= (fle+2h) = f(z+h)) = (f(z +h) = f(2))
= flz+2h) =2f(x+h)+ f(z),
and is called the second-order difference of f(x) (with step size h), denoted

as A? f(x). In general, the nth-order difference of f(x) with step size
h is defined as A} f(z) = AL (A} f(x)).
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(2) We have the following formula

@ =3 0 (1) s (@)

=0

In fact, when n = 1, the conclusion is obvious. Assume that (4) is true.
Then

a7 = 3 0 (1) s o =3 0 (1) s sin

Il
3
+
—
—
—
S~—
7
T
o
N
-~
I3
—_
~——
kh
—
8]
+
o~
=
\
)=
\
—_
3
J
/‘§
S~
kh
—
8]
+
~.
=

i=1 1=0
e () (s
sy i [T .
-3 (—1)"* < jl) f(z +ih).

Therefore, (4) is true for all positive integers n.
When f(z) is a polynomial, its difference has quite a good behavior (we
have another way to describe it).

(3) Let f(x) be a polynomial of degree m:
Ama™ + am12™ N+ ayz + ag.

Then, A} f(z) is a polynomial of degree m — n for n < m; but for n > m,
A7 f(x) is always zero.
In fact, by definition we know that

Apf(z) = flxz+h) = f(z)
=am(@+h)" ++a—anz™ — - —agp
= mha,z™ ! + lower powers,

which is a polynomial of degree m — 1, and the first term is mha,,z™ .

Similarly, AZl_lf(x) is a linear polynomial, the first term is m!h™ 'a,,z,
and A} f(x) is the constant m!h™a,,. Hence the (m+1)st and higher order
differences of f(z) are all 0.
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Combining (2) and (3) (taking step size h = 1), we get:

(4) Let f(z) be a polynomial of degree m, and its leading coefficient is a,,.
Then

> (3) st = {O’ LS )

Pt mla,,, if m =n.

In particular, take f(z) = 2™, and take = 0 in the above equality.
Then we obtain Euler’s identity ((6) in Chapter 4)

zn: (-1’ (?Z) i = {?71)" nl, e

P if m =n.

Remark 4. When the step size h = 1 (it is the most common case), we
usually abbreviate A7 f(z) to A™ f(x).

Remark 5. The simple fact that the first-order difference of a polynomial
of degree m is a polynomial of degree m — 1 has many uses. For exam-
ple, based on this, we can prove some propositions about polynomials by
induction (on degrees of polynomials).

(5) Let f(x) be a polynomial of degree n, and its leading coefficient is a,,.
Then we have the following identities

S (=TT flemy 4+ eptn) = (1) nlapzy 3. (6)

g;=0,1
1<i<n

S EDTETTE (D) e+ () @) = nl2"%na T
g;,=0,1
1<i<n

(7)

First we prove (6). When n = 1, the conclusion is obvious. Assume that
the conclusion is true for polynomials of degree n — 1. For a polynomial
f(z) of degree n, let g(z) = f(x) — f(x + x,) with z, # 0. Then g(x) is a
polynomial of degree n — 1, and the coefficient of the first term is —a,nx,,.
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From the inductive hypothesis,

Z (_1)61"1‘""'1‘571—19(81:1/.1 + . _|_ 5n—1$n—1)

g;,=0,1
1<i<n—1
= (=" (n—Day - zp_q - (—annzy,)
= (-1)"nlayxy - xp.

The left side of the above formula is

Z (_1)51+‘~~+67171+0 f(é'll'l + o+ ep_1Tp—1+0- .’L'n)

g;=0,1
1<i<n—1
- Z (_1)€1+"'+8”71 flerxr + -+ en_1Tn_1 + xn)
1ienet
= Y (=D flermy + -t enan).
i

The case of x,, = 0 is obvious. This proves that the conclusion is also true
for polynomials of degree n.

Similarly, (7) can be proved (inductively), as long as we note that g(z) =
flx+z,) — f(x — xy,) is a polynomial of degree n — 1 (if x,, # 0) and the
coefficient of the first term is 2na,x,. We leave the details to the readers.

Integer-Valued Polynomials

If the value of a complex coefficient polynomial f(z) is an integer when
x is an integer, then f(x) is called an integer-valued polynomial. All
polynomials with integer coefficients are of course integer-valued polyno-
mials. However, resembling the formulae of combination numbers, we also
have integer-valued polynomials of any positive degree with non-integer
coefficients.

(6) Let (i) = w (k is a positive integer). Then (i) is an

integer-valued polynomial of degree k.

In fact, the polynomial is obviously of degree k, and since the product
of k consecutive integers is divisible by k! (Remark 4 in Chapter 1), the

value of (i) is an integer when z is an integer.
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(7) The polynomial (}) satisfies (*") = (%) + ("), that is A (}) =
(k i 1) (see Remark 4).

This can of course be checked directly as defined in (6). A more general
method is: Since the equality is true when z values are positive integers, it
is a polynomial identity from the identity theorem ((5) in Chapter 12).

The following results give a characterization of integer-valued polyno-
mials.

(8) A sufficient and necessary condition for an nth degree complex coeffi-
cient polynomial f(z) to be an integer-valued polynomial is that it can
be expressed in the form

an <2)+an_1 (nx1)+---+a1 (f)Jrao, (8)

where each a;(i = 0,1,...,n) is an integer and a,, # 0.

Therefore, for integer-valued polynomials, (i) are the most basic poly-
nomials.

The condition is obviously sufficient. In order to prove the necessity, we
first prove that f(z) can be expressed in the form of (8). Divide f(z) by
the nth degree polynomial (Z) ((5) in Chapter 11). The quotient must be

a constant, that is

f(@) = an (3) + fa(a),

where a,, is a non-zero complex number, and the remainder f;(x) is either
zero or a polynomial with degree less than n; then divide fi(z) by the

(n — 1)st degree polynomial (n v 1) to obtain

fi(z) = an— (nf 1) + fa(x),

where fa(xz) = 0 or deg fo < n — 1, and a,_1 is a complex number. By
repeating the process, we see that f(x) is expressed in the form of (8)
(please note that this representation is obviously unique).

Because f(x) is an integer-valued polynomial, it is known from (2) (tak-
ing h = 1) that A* f(z) is an integer-valued polynomial (k > 1). But clearly
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we know from (7) and (8) that f(0) = ag and

Af(x) = an (nx1)+an_1 (nx2>+---+a2 (f)—i—al.

Therefore, the value of Af(x) at x = 0is a;. Similarly, the value of A¥ f(x)
at x = 0is ag(l <k <n). Thus, ag,...,a, are all integers. This argument
by the way gives an explanation of the coefficients ay, .. ., a, in (8).

A more direct method can also be used to prove that a; is an inte-
ger. Since f(0), f(1),..., f(n) are integers, from (8), we can successively
deduce that ag is an integer, a; is an integer, ..., and a, is an integer.

Illustrative Examples

Example 1. Suppose an nth degree polynomial satisfies
1
(k=0,1,...,n).

Solution Since the values of f(x) at n + 1 different points are known, it
can be uniquely obtained by Lagrange’s interpolation formula that

flk) =

Find f(n+1).

EEDICN | =t ©)
k=0 itk
0<i<n

Thus for any integer m > n,

Therefore, under the condition of the problem,

font1) =30 (1) =

o 1, if n is even.

{o, if n is odd;

The following method can also be used: Since the (n+ 1)st-order difference
of f(z) is zero, we can get the result from formula (5) (replacing m and n
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by n and n + 1 respectively),

n+1

S () (”:”) flz+i) =0. (10)

i=0

Take 2 = 0 in (10) and substitute the value of f (i) (i =0,1,...,n) to get
the above result.

Remark 6. The significance of Lagrange’s interpolation formula is mainly
in theory. It is difficult to solve the interpolation problem in practice, and
the result may not be expressed in a concise form.

It is more convenient to use the difference with step size h for the poly-
nomial interpolation problem at points that form an arithmetic sequence
(with common difference h) (refer to Exercise 4 in this chapter). Please
compare the above two solutions of Example 1.

By the way, for this problem, we can find the value of f(z) at any point,
which can be obtained by the interpolation formula (9) (in principle), while
by difference formula (10) (taking x = £1,42,... in turn), we can only
(recursively) obtain the values of f(x) at integer points

Example 2. Let f(z) be a polynomial of degree n, satisfying f (k) = 1
(k=1,2,....,n+1). Find f(n +2).

Solution This problem can be solved by two methods used in Example 1,
but a simpler and more direct way is to consider (the polynomial of degree
n+1)g(z) = zf(x) — 1. According to the known condition, g(x) has n+ 1
distinct zeros x = 1,2,...,n + 1. Because g(0) = —1, we get (refer to the
solution of (1))

(x—1(xz—-2)(x—n-1)
(=) (n+1)!

g(z) =

Therefore g(n+ 2) _ (71)717 and f(’fl + 2) _ {072 n is odd;

w5 N is even.

Example 3. Let f(x) be an nth degree polynomial, satisfying f(k) =
2F(k =1,2,...,n+1). Find the value of f(n +3). (Express the answer as
an explicit function of n and in the simplest form.)

Solution Since f(z) is a polynomial of degree n, its (n + 1)st order-
difference is zero. From (10) (taking z = 1) and substituting the values of
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f(k) (k=1,2,...,n+ 1), we obtain

~ n —1 1 i
Fn+2) Z +1 (”j )2z+1

=

o)

=0

=2 921" =9nt2 g,

Then using (10) (taking = = 2), we can similarly get

n+1fi n+1\ ;10 n+1 n+42
f(n+3) E <i )2 +< N (272 —2)
n+1
+1 n+1
—gn+3 _y i (1 —9
Z ; ,

=923 _9n —6.

For the particularity of this question, the following method can also be used
(refer to (6)): The function

wo=2(() ()4 ()

is a polynomial of degree n, and obviously g(k) = 28(1 < k < n + 1).
Since the values of two nth degree polynomials f(x) and g(z) are equal
at n + 1 different points, the identity theorem of polynomials shows that
f(z) = g(z). Now it’s easy to find

f(n+3)=gn+3)

-2(r-(31)-(12)

=2"t3 _2n — 6.
Example 4. Let x1,xs, ..., %, +1 be any n+1 distinct integers. Prove that
among the n + 1 values of any nth degree polynomial 2" +a;2" 1 +---+a,
taken at points x1,z9,...,T,+1, at least one of them has absolute value

n!
> ol
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Proof. Let the polynomial be f(z). By Lagrange’s interpolation formula,

n+1
Hk;ﬁz l'k)
Z fle Hk#z( — k)

Since the leading coefficient of f(z) is 1, from the above formula (refer to
Remark 3),

n+1 1

;f(xz Hk;éz( ) -

Let M be the maximum value of |f (z;)| (i =1,...,n+1). Then

n+1 1
M >1
2 a0
But 21, ..., 2,41 are different integers (suppose z1 < -+ < Zy41), SO
[T —an)
ki

Hence,
n+1 1
1<
i:zl (i—Dln+1-14)!
!
O Ziln - )
- Z< ) _2n'
Thus M > 2

2’7l .
Example 5. Let p be a prime number. Find the minimum positive integer
d such that there exists an integer coefficient polynomial f(x) of degree d

with the leading coefficient 1, which satisfies that pP™1| f(n) for all inte-
gers n.
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Solution Let Af(z) = ( 1) — f(x). It can be seen from the two
aspects of A?f(z) (see (5)) th

> (- ( )f(z’) =d.

=0

If pP*1 exactly divides all f(n) (n is an integer), then the left side of the
above formula is divisible by pP*!, so pP*! exactly divides d!, which implies
that d > p?.

This is because if d < p?, then the power of p in d! is

- d] o d d p?—1
;Lf ;pl p—17 p-1

which is contradictory to pP*1|d!, so d > p.

In addition, f () = (z —1)--- (z — p?) is an integer coefficient polyno-
mial of degree p? with the leading coefficient 1. For any integer n, the value
f(n) is the product of p? consecutive integers, so it is divisible by p?!. And
since the power of p in p?!is p + 1, we have pP™1|f(n) (for all integers n).

According to the above results, the minimum positive integer d = p?.

The following method can also be used to prove pP™!|d!:

The known condition shows that 1{ p(fi is an integer-valued polynomial,
so it can be expressed as (see (8))

1 (v () v

where ag, a1, ...,aq are all integers.
By comparing the coefficients of 2% in the above formula, we see that
(note that the leading coefficient of f(xz) is 1) -t = %, that is, d! =
P

pPTlay. Since ag is an integer, pP*1|d!.

Exercises
Group A

1. Find a polynomial f(x) of degree less than 4, which satisfies f(—1)
2i+2,f(0) =1, f(1 )—Oand f( )—21 1, wherei—\/fl.

2. Prove that the polynomial —:17 + —:17 — Exz + —x + 1 is an integer-

valued polynomial.
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3. Let f(x) be a polynomial of degree m. Prove that for any h and integer

n>m,
> (= (”) f(z+ih) =0.
i=0 !

4. Let f(x) be a polynomial of degree n, whose values at consecutive n + 1
integers are all integers. Prove that f(x) is an integer-valued polynomial.

Group B

5. Let f(x) be a polynomial of degree 2n, f(0) = f(2) = --- = f(2n) =
0, f(1)=fB)=---=f(2n—1) =2, and f(2n + 1) = —30. Find the
value of n.

6. Let f(z) be a polynomial of degree n, satisfying f(k) = kiﬂ(k =
0,1,...,n). Find the value of f(n +1).

7. Suppose the degree of a real coefficient polynomial f(z) does not exceed
2n, and for each integer k (—n < k < n), there is |f(k)| < 1. Prove: For
each real number z(—n < x < n), there is |f(z)| < 227,

8. Let aq,...,a, be distinct positive integers. Prove that for any positive
integer k,

is an integer.
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Chapter 15

Roots of Unity and Their
Applications

Let ¢ = e’ = cos 27” +isin 27” The polynomial 2™ — 1 has n distinct roots
¢,C?%,...,("(=1), called the nth roots of unity. Clearly we see that in
the complex plane, the nth roots of unity (or their corresponding points)
are exactly the vertices of a regular n-sided polygon inscribed in the unit
circle.

The nth roots of unity have the following basic properties:

(1) Let k and I be integers. Then ¢¥ = ¢! if and only if & = [(modn).

(2) The product of any two nth roots of unity is still an nth root of unity;
the reciprocal (i.e., (—1)st power) of any nth root of unity is also an
nth root of unity.

(3) Let k be an integer, and (k,n) = 1. Then (Ckl)l (1=1,2,...,n)exactly
give all nth roots of unity.

In fact, (1) and (2) are obvious corollaries of the definition. To prove
(3), just note that because (k,n) = 1, the numbers k, 2k, ..., nk form a
complete system modulo n (Chapter 8, (11)). Combining it with (1), we
know that ¢ (I = 1,2,---,n) give all nth roots of unity.

2mi

Remark 1. The complex number ( = e™ is the most basic nth root of
unity, because its integer powers give all nth roots of unity, and such a
root of unity is called a primitive nth root of unity. (3) shows that for
(k,n) = 1(1 < k < n), ¢¥ is also a primitive nth root of unity. It can be
proved that these are all the primitive nth roots of unity, so the number of
primitive nth roots of unity is ¢(n).

191
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Because (, (2, ...,¢" are n different roots of 2™ — 1, there is the decom-
position

1= (- Da =)o — ).
And 2" —1=(x—1)(1+a+---+2"1). Thus

4) 1+z+-+a"t=(@—() - (x—¢" .

In (4), we make a reciprocal substitution (i.e., replace = by %, and
multiply 2"~ to both sides) to obtain (the equivalent).

(5) Lhat-tat=1—ag) - (1L —a(™).

The following (6) and (7) are basic conclusions about the sum of roots
of unity.

6) 1+¢+¢C+--+¢" 1 =0.
(7) Let k be an integer. Then

1, if nl|k;

l ié—kt _
n £ 0, if ntk.

The equality (6) is a special case of (7) and can also be derived from (4)
(take x = (). As for (7), when n |k, the conclusion is obvious; when n 1 k,
we have (¥ # 1 (see (1)), so by the formula of the sum of a geometric series,
we can draw the conclusion.

Remark 2. From (" = 1 and (6), we can see that for any polynomial f(z),
the value f(C) is either 0 or can be expressed as a polynomial of { whose
degree does not exceed n — 2, that is

fQ)=ao+ar+ - +an_o(""? (1)

where ay (k = 0,1,...,n — 2) are obtained by adding and subtracting the
coefficients of f(z) (it is not difficult to describe the relationship between the
two groups of coefficients using (1)). In particular, if f(z) is a polynomial
with integer coefficients, then the coefficients in (1) are also integers.

Remark 3. Let n be a fixed positive integer. For any integer k, define

RS if n|k;
fk) = 0, if ntk. @)
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This is called the characteristic function of the numbers divisible by n
(also called the characteristic function of the set of numbers divisible by n.
Please refer to Chapter 17). In problems involving divisibility, (2) only gives
a formal representation, so it is of limited use.

The formula (7) gives an analytic representation of (2), so it can be
used to separate the numbers that form an arithmetic sequence in a (finite)
set of integers, which is widely used:

Let n and r be fixed integers, 0 < r < n, and S be a (finite) set of
integers. Then the number N, of the integer in S satisfying = r(modn)
can be expressed as

Ne= 3 flh—r) == 33t

KesS KesS t=1

- Zc*” > (3)

KeS

(In the last step, we exchanged the orders of summations of ¢ and k. For
this, please refer to Remark 4 below.)

Let S be a set of subscripts of a sequence {a;}. Then we can separate
the terms of subscripts = r(mod n) from the sequence. For example, if the
sum of these terms is A,., then

A = Z ar f(k Z akZC(k nt

KesS KeS t=1
1 n
S Y wet 0
t=1 KeS

In elementary problems, the inner sums of (3) and (4) can usually be decom-
posed into the product of simpler polynomials (with regard to (), which is
easy to calculate, so that IV, and A, can be obtained successfully.

Remark 4. In (3) and (4), we both exchanged the orders of summations.
This technique is widely used. We will give a brief introduction here by
the way.

Let a;; be a sequence of numbers with two (ordered) subscripts (a; ;
can also be denoted as a;;). The double sum

m n
PIPILF

i=1 j=1
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can be interpreted as: For a fixed 4, sum over j in the inner first, and then
sum over ¢, which is to sum the numbers in the following number array by
TOWS.

a1,1,a1,2,---,a1,n;
ai,17 ai,27 A} ai,’ﬂ;
Am,1,Am,2, - -« s Adm n -

On the other hand, the double sum

m

j=1i=1

(first sum over ¢, and then sum over j) is to sum the numbers in the number
array by columns. Because the results of the two summations are the same
(that is, the orders of summations can be changed),

m n n m
DD g =) ) ai;
1=1 j=1 j=11:=1

Generally speaking, if the ranges of ¢ and j in a; ; are (finite) integer sets
I and J respectively, then (similarly) we have

ZZ@M :ZZai,j. (5)

icl jeJ jeJ iel

Changing the orders of summations provides an alternative way of looking
at the original sum, which often makes it easier to deal with (calculation,
estimation, etc.).

Illustrative Examples
Example 1. Let P(z), Q(x), R(x), and S(x) be polynomials, and
P(2°) + 2Q(2°) + 2*R(2°) = (2* + 2® + 2* + = + 1)S(w). (6)

Prove: = — 1 is a common factor of P(z), Q(x), R(x), and S(z).
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Proof. Let ¢ be a 5th root of unity (¢ # 1), and take x = (,¢?,¢3, and ¢*
n (6). Then

(¢*)* RO +¢*Q(1) + P(1) = 0 (k = 1,2,3,4),

which means that the polynomial z2R(1) 4+ xQ(1) + P(1) has four different
zeros, so R(1) = Q(1) = P(1) =0 ((4) in Chapter 12). Substituting x = 1
into (6), we get S(1) = 0. Thus P(z), Q(z), R(z), and S(x) all have the
factor x — 1. O

Example 2. Let n be a positive integer. Prove that

HRONORS
() ()
() ()

Proof. Let w be a cubic root of unity (w # 1). From formula (4) (take
n = 3), we know that for r =0, 1, and 2,

( "4 2COS—>
-2
(2" + 2cos )ﬂ) .

—4
2" + 2cos )ﬂ) .

W=

W=

W=

Se= (") ") )
T r+3 r+2-3
B k
t=1 k=0
_ ]‘ > —rt 1 t\ 1
=32 w " (1+w)
t=1
Since @ = w?, we see that w " (1+w)" = (=1)"w?"" and w=?"(1+
w?)® = (=1)"w" 2" are conjugate, and the real part of (—1)" w"=2" is
cos =207 - Therefore
ST

2m 2 -2
ST = ? + § COS (TLTT)T(
The following method can also be used for this problem (the essence is the
same as above): In the binomial expansion

(1+2)" = (g)+<?>z++<2)x”
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taking = 1,w, and w? in turn, we obtain
So + 51+ 52 =27,
So+wSt +w?Se = (1+w)",
So +w?S +wSy = (1 +w?)n.
By solving this system of equations, Sy, S1, and S2 can be obtained. O

Example 3. Prove that there doesn’t exist four integer coefficient polyno-
mials fi (z) (k=1,2,3, and 4) such that the identity

9z +4 = fi () + f5(z) + f5(x) + fi(x) (7)
is true.

Proof. The problem seems ordinary, but it’s not easy to do it.

Let w be a cubic root of unity (w # 1). Then for any integer coefficient
polynomial f(z), from Remark 2, we have f(w) = a + bw (a and b are
integers). Thus (note 1+ w + w? = 0)

Fw) = (a+bw)® = a® + b® — 3ab* + 3ab(a — b)w.

Since ab(a —) is always even, if there is an identity in the form of (7), then
substituting x = w, we get

9w +4 = A+ Bw. (8)

Here both A and B are integers, and B is an even number. Comparing the
real part and the imaginary part of (8), we get B = 9, which is obviously
impossible. (]

Remark 5. If the number of polynomials on the right side of formula (7)
is less than three, then the problem can be solved simply by considering
congruence: Take z = n as any integer, and then 9n+4 = f3(n) + f3(n) +

f3(n).

In particular, this implies that any integer (=4(mod 9)) can be expressed
as the cubic sum of three integers. However, it’s easy to know from
modulo 9 that this is impossible (see Exercise 5 in Chapter 9). But this
consideration can’t work on this problem.

The basic idea of the proof of Example 3 is to take x as a root of unity,
o as to greatly simplify the right side of (7). The purpose of taking x = w
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is to use w? = 1 and expect that the cube of (simplified) f(w) can produce
applicable information, deriving contradictions or as a basis for a further
demonstration. (See Remark 2 in Chapter 9 to compare with the effect of
the congruence method.)

Remark 6. It is not difficult to see from the solution of Example 3 that
the number of polynomials on the right side of formula (7) and the constant
4 on the left side are both irrelevant. The key is that the coefficient of the
linear term (on the left side) is an odd number. Note that for some (linear)
polynomials with an even coefficient of the linear term, there exists such
an identity, for example,

6z =(x+1)° + (x - 1)* + (—2)° + (—2)*. 9)

Remark 7. Example 3 is related to a famous problem in number theory.
We will make a brief introduction here by the way. We know that there is
an infinite number of integers that cannot be expressed as the cubic sum of
three integers. It is conjectured that every integer can be expressed as the
cubic sum of four integers. This problem is extremely difficult and has not
been solved yet, but for the integer n such that n # +4(mod9), it has been
proved that the conjecture is correct.

On the other hand, it is not difficult to prove that every integer n is the
cubic sum of five integers. In fact, note that n® — n is always a multiple
of 6. In (9), replace = by "_T"B. Then the conclusion is true. This solution
is based on the identity (9). The conclusion of Example 3 shows that it is
not possible to prove that an integer of the form 9k £ 4 can be expressed
as the cubic sum of four integers by establishing the identity (7).

From the geometric meaning of the roots of unity, we may expect that
they can be used to solve some problems involving regular polygons. Let’s

give a simple example.

Example 4. Let A;--- A, be a regular n-sided polygon inscribed in the
unit circle and P be a point on the circumference. Prove:

n

> O IPAL =2n.

k=1

27i

Proof. Let ( =e™ , and Ay,..., A, correspond to the complex numbers
1,(,¢2%,--- ,¢" L Let (the complex number of) the point P be z = e*.
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Then
n n—1 n—1
SNIPAL =Y o= =Y (- E - ¢
k=1 k=0 k=0
n—1
=3 (2P =¢Fz—¢Fe 1)
k=0
n—1 n—1
= 2n722§k722§7k = 2n.
k=0 k=0
(The last step applied (6).) O

The following problem is very difficult.

Example 5. For any n points z1, ..., 2, on the unit circle, prove:

‘m‘ax|z—zl|---|z—zn|22, (10)
z|=1

and prove that the equality holds if and only if z1,...,z, constitute the
vertices of a regular n-sided polygon.

Proof. By a proper rotation, we can suppose z1 - -z, = (—1)". Let
P(z)=(z—2z1) (22— 2n)
=2"4az2" '+ ta, 12+ 1
=2"+ f(2) +1,

where f(z) is either zero or its degree does not exceed n —1. Let (1,...,(,
be all the nth roots of unity. Then from (7),

dF=0k=1,....,n-1).
j=1

Hence,

fG)+--+ f(G) =0.

Therefore, if f(z) is not the zero polynomial, then there exists j that makes
F(G) # 0 and Ref(G;) >, 50 [P(G)] = 2+ £(¢))] > 2. 1f f(z) = 0, then of
course |P((;)| = 2. This proves (10).

The above argument also shows that if (10) is an equality, then f({;) =
0(j=1,2,...,n— 1), which implies that f(z) =0, that is, P(z) = 1+ 2",
SO 21,..., 2, are the vertices of a regular n-sided polygon.
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Exercises
Group A
1. Prove: % + 233 + 222 + 2! 4+ 1 is divisible by z* + 2% + 22 + 2 + 1.
2. Let f(z) = 2* 4+ 2 + 2% + = + 1. Find the remainder when f (z°) is
divided by f (z).
3. Let f(z) be a complex coefficient polynomial and n be a positive integer.
If (x — 1) | f(z™), prove that
(" = 1) [ f(z").
4. Prove: (0) v (4) v (8) +ooo= 1 (201 4 2% costE),
5. Let Ay --- A, be a regular n-sided polygon inscribed in the unit circle
and P be a point on the circumference. Prove:
(1) |A1A2| . |A1A32| """ |A1An| =n.
(i) 227 e |45 AR|" = 202
Group B
6. Let (1 + x4+ :B2)n =ag+ a1z + - - + as,x®™. Prove:

(i)
1 n
a0 +az+as+-- = 3(3" + 1),
1 n
a1+a3+a5+~':§(3 *1).
(i)
a0+a3+a6+...:a1+a4+a7+...

:a2+a5+a8+---:3"_1.

7. Try to find all positive integers m and n such that the polynomial 1 4

8.

x4+ 22" + -+ 2™ is divisible by 1+ 2 + 22 + -+ - + 2™.
Let P(z) be a complex coefficient polynomial of degree 3n that satisfies

P(0)=P(3)=---=P(3n) = 2,
P1)=Pd)=-=PBn—2) =1,
P@2)=P(5)=--=PBn—1)=0,

and P(3n+ 1) = 730. Try to determine n.
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Chapter 16

Generating Function Method

The generating function method is widely used. The idea of this method is
very simple, that is, to correspond discrete sequences to a kind of functions,
and to determine the properties of a discrete sequence by studying the
corresponding function.

In elementary mathematics, there are two kinds of basic correspon-
dences.

The first kind is to correspond a (finite) sequence

apg,a1,y...,0n (1)
to the polynomial
Ac(z) =ap+ a1z + -+ + apa”™. (2)

We call (2) the generating function of sequence (1) (The subscript ¢ of A.(z)
indicates that the coefficients of this polynomial correspond to a sequence).

The second kind is to correspond a (finite) positive integer (or integer)
sequence

a1,a,...,0n (3)
to the function
Ae(l') = xa1 + waz 4+ 4 .Ta"’. (4)

(4) is also called the generating function of (3), but now it refers to the expo-
nents of the generating function rather than the coefficients (the subscript
e of A.(z) indicates this). When the numbers in (3) are all non-negative,
Ac(z) is a polynomial, and if there is a negative integer in aj,as,...,an,,

201
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then A.(z) is a rational function (can be expressed as the quotient of two
polynomials).

In the first kind of generating functions, the most common or perhaps
the most important one is

(1+x)"(g)+<?>x+-~+<2)xn, (5)

which is a basic starting point for the study of the binomial coefficients.

The second kind of generating functions is mainly used to deal with
some problems involving the sum of integers. The following basic properties
provide such a connection.

(1) If the generating functions of integer sequences ai,as,...,a,; and
b1,ba,...,b, are A.(z) and B.(x) respectively, then the generating
function of the integer sequence

ai+bj(1<i<m,1<j<n)

is Ae(x)Be(z) (that is, the sum of integer sequences corresponds to the
product of the generating functions).

In addition, for each integer k, the coefficient of % in A, (x)B.(z) is the
number of the solutions of & = a; + b;.

Proving combinatorial identities is the most typical application of the
generating function method. Let’s give a simple example to illustrate the
general idea.

Example 1. Prove:

O @@L ) =)
@ () () @) - 0@ = { (2). e

Proof. To prove (i), consider the coefficient of % in (1+2)™ (1 +z)".
On one hand, in the polynomial

(I+2)" (1+a)"

. m-+n m-+n k m-+n m+n
(g (M) ()

the coefficient of z* is (m ; ")
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On the other hand, multiplying the expansions

(1+z)" = <?>+<T)x++<?)xl++<2)xm,
O

we have the coefficient of ¥ to be

() G+ () G2) -+ () )

Combining the two results, we obtain (i).

The proof of (ii) is similar to (i). On one hand, multiply the expansions
of (1+2)" and (1 — )", and it can be seen that the coefficient of ™ in
(14+2)" (1 —2)"is

0 G- G C5) =G 6)

(5) () ()

On the other hand, replace x with —z? in (5), and we get
1+a)" (1-2)"
-

= (g) - <?> 24t (1) <Z> 2 (-1)" (Z) 22",

Z); when n is odd,

2
the coefficient of #™ is 0. This proves (ii). O

Hence, when n is even, the coefficient of 2" is (—1)2 (

Example 1 shows a basic idea of proving combinatorial identities by the
generating function method: (According to the characteristics of the prob-
lem.) Consider an appropriate generating function and use two methods to
calculate the coefficient of a certain term, and the results are obtained by
combining them. Here are two more examples.

Using two methods to calculate the same quantity, sometimes called
double calculations, has appeared before in this book (refer to Remark 2 in
Chapter 2).
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Example 2. Let (1 +z+ :172)n =ag+ a1z + - + ag,z?". Prove:
0, it 34k

ap — (T) g+ + (=) <Z> do = (—1)! (n) . if k=3l

l

Proof. From the given expansion and the expansion of (1 — )", it is easy

to know that the left side of the equality to be proved is the coefficient of

2F in

(1—2)" (1+z+22)".
On the other hand, in
1-2)" (1+z+2)"
- (1"

(@) @ ()

the coefficient of ¥ is (if 3 1 k) or (—1)' (7) (if & = 3l). The result is
obtained by combining the two aspects. O

Example 3. Prove:

(1) ()= ()

Proof. There are some skills to solve this problem. We note that the gen-
eral term in the expansion of (z~! +:1:)k is lf) 2z2~% When k is odd,

<[lz]> = (klfl> is the coefficient of x=!; when k is even, ([lz]> = (Z) is

2 2 2 2

the constant term. Hence the constant term in (1 + z) (z7! + x)k is <[£] ,
2

and the left side of the equality to be proved is the constant term in

zn: (Z) 2"k (142) (a2 +2)".

k=0
On the other hand, the above expression equals

" 1 " 12n+1
(I4+z)(2+2 "' +2)" == (1+2) (2 +22+1) :%

= —xn s

2n+1

so its constant term is obviously ( ) , which proves the result. 0
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Example 4. Let p be prime. Prove:

zpj (5) (p j j) =27 + 1(mod p?).

=0

Proof This problem is Example 7 in Chapter 10. Here we use the gener-
ating function method to solve it. The idea of demonstration is to convert
the sum into an expression that is easier to deal with (in the sense of
modulo p?). For this problem, it is not very difficult to use the generating
function (5) of combination numbers:

The sum in the problem is >37_, (’;) (p ;j ), which is the coefficient of

2P in the polynomial

2 () e

J=0

I
7N
N
LS
S~

—

—

_|_
)
N—
.
~——
—
_|_
)
N—
Sl

Thus it equals

Jio(f) (ppj> > :Zp: (?)221'.

(So far, we don’t need p to be prime.) When p is prime, p’(’;) (j # 0,
and p), so

Jio(lﬂ)) (ijr]) = (g)220+ (2)22p_1+2p(modp2).

Example 5 is a combination problem that allows a limited number of repe-
titions, which is more complex than the combination with unlimited repe-
titions in (6) of Chapter 1, and it is more convenient to deal with it by the
generating function method.

Example 5. There are 2 red balls, 3 black balls, and 5 white balls (no
difference among the balls in the same color). How many different ways
are there to select 6 balls from them?

Solution One selection method corresponds to a group of nonnegative
integer solutions of the equation z +y + 2z = 6 (x < 2,y < 3, and z < 5),
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and vice versa. It can be seen from (1) that the number of ways is the
coefficient of x° in the expansion of the polynomial

A+z+2)Q 4242+ 231+ + 2% 4+ 2° 4+ 27 4 2°)
The above expression is equivalent to
(1422 + 322 + 32% + 22% + 2°) (1 + o + 22 + 2 + 2% + %),

so we clearly see that the coefficient of 2% is 2434+ 3+ 2+ 1 = 11, that is,
there are 11 ways in total.

Remark 1. Generally speaking, suppose n elements are divided into k
groups, such that the elements in the same group are considered the same
as each other and the elements in different groups are different. Let the
number of elements in the k groups be ny,...,ng (n1 + -+ 4+ np =n), and
let a-(0 < r < n) be the total number of the different methods to take
r from these n elements each time. Then the generating function of the
sequence

a0, A1 - -5 On
is
(1+JZ+~'~+xn1)(1+x+~'~+xn2)~'(1+x+~'~+xn’“), (6)
this is, a,. is the coefficient of 2" in the expansion of (6).

At the end of this chapter, we introduce some (combinatorial) problems
that can be solved by generating functions. The readers will see that linking
a problem to a (appropriate) generating function is only the first step in
solving the problem. The key is to further study the relevant generating
function to produce the required result. There are few ways to deal with

generating functions in elementary mathematics. The basic way is to apply
some properties of polynomials and the roots of unity.

Example 6. Let n > 1. Suppose two n-element sets of rational numbers
(elements can be repeated) satisfy

{ar,...,an} # {b1,...,bn}, (7)

and
{ai +a;1 <i<j<n}={bi+bl <i<j<n} (8)
(The equality here includes the multiplicity of elements, that is, the num-

bers of times that any number appears on the left and right sides of (8) are
the same.) Prove: n is a power of 2.
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Proof. First of all, for any ¢ # 0, the sets {aic,...,a,c} and {bi¢c, ..., byc}
still have the properties in the problem. In particular, let ¢ be a com-
mon denominator of rational numbers aq,...,a,,b1,...,b,. Then we can
assume that aq,...,a,,b1,...,b, are all integers. Furthermore, adding a
large enough positive integer to all a; and b; will not change the problem,
so we can assume that a; and b; (i = 1,...,n) are all positive integers. The
purpose of these procedures is to demonstrate the problem by the knowl-
edge of polynomials.
Now consider the generating functions

Then (refer to Remark 1)
f2(£E) _ Z$2ai +2 Z p%tae; — f($2) +9 Z paita;
i=1 1<i<j<n 1<i<j<n
and
92(:17) _ g(x2) +2 Z 2t
1<i<j<n

Hence from (8),

From (7), f(x) — g(z) is not always zero, so
fa?) — g(=?)
1)~ 9@) "

Furthermore, take = 1 in (9), and then f(1) = g(1) = n, that is, x = 1
is a zero of f(z) — g(z). Since f(z) — g(z) is a polynomial, (the reason to

f(x) +g(x) =

convert a; and b; into positive integers is now clear)

f(@) = g(x) = (z = 1) p(a), (11)

where k is a positive integer, p(x) is a polynomial, and p(1) # 0. (Refer to
the last paragraph of the first section of Chapter 12.)
From (10) and (11),

k p(172)

p(x)

(22 —1)*p(a?)

(z — 1)*p(x)

flx) +g(x) = =(z+1)
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Take z = 1 in the above formula. Then
2n = f(1) + f(1) = 2%,
ie., n =21 which is a power of 2. O

Remark 2. When n is a power of 2, there exist positive integers a1, ..., a,
and by, ..., b, satisfying equations (7) and (8). This construction is a little
troublesome, which will not be discussed here.

Example 7. Weights can be placed on both trays of a balance to measure
objects of weight 1,2,...,n.

(i) Determine the minimum number f(n) of weights needed.
(ii) For which n, the weights of f(n) numbers of weights in (i) are unique?

Solution Let the weights of weights be a1, ...,as. An object of weight %
can be measured if and only if k can be expressed in the form

€1a1 + -+ €sas, (12)

where ¢; = 0 and +1 for ¢ = 1,2,...,s. (When measuring an object, a;
with coefficient —1 means that the corresponding weight is placed in the
same tray as the object, a; with coefficient +1 means that the corresponding
weight is placed in the other tray, and a; with coefficient 0 means that the
corresponding weight is not needed.)

Because there are three choices for each g;, there are 3° numbers in
(12). Apart from 0, the other numbers are all in positive-negative pairs.

Therefore, there are % positive numbers. Hence, s weights can weigh
at most 352—*1 different weights of objects, that is, when n > 38721*1, the

number of s — 1 weights is not enough.
We prove that if we take a; = 3°"! (i = 1,2,...,s), then all integers k

satisfying —35771 <k< ?’2;1 can be expressed in the form of (12). Thus,

we have proved that f(n) = s when n satisfies 35721_1 <n< 32—_1

In fact, let N = 352—_1 Then from the equality

($_1+1+LE) (x—3+1+w3)._.<x_3571 +1+w3s—1)
xd—1 .x_3.$9—1 g ¥ -1
z—1 3 —1 3t —1
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S
7N:173 —1

r—1
=z N g V412N Y
we see that the above assertion is correct.

Now we solve the problem (ii). Firstly, it is not difficult to see that if
n # 35_1 then the weights of the weights are not unique. Because when

al 1_1 <n < 221 it has been proved that a; = 3~! (1 < i < s) is a group
of solutlons. If we take al=3"1(=1,...,s—1) and @}, = 3°~! — 1, then
s—1
the integers with absolute Value <3 2_1 can be expressed by them and
for the integers k satisfying >—=1 <k <n (< o1 1)
3571 -1 3571 —1
Y <k-ad < —
2 - 5 2
so k — al, can be represented by af,...,al_;. Thus 1,2,...,n can also be
represented by af, ..., d..
Then we prove that when n = 352—_1, the weights of f(n) = s weights
ai,as,...,as must be (a permutation of) 1,3,32,... 3571,
Because there are 3° numbers in (12), there is exactly one way to express
the 3° numbers — ,0,1,...,n, and in particular
Gt ta,=n. (13)
Hence

(2" + 14z ™) (@™ +1l+a )= "+ -+ ' +1+a+- -+
From (13),

Z2n o1 g3

2a1 ai 1) .- 2as as 1) = = .
(" + 2 4+ 1) (™ + 2% 4+ 1) o o

27\'1

Take z = e® = cos— + isin 32” (j = 1,...,5) in the above formula.
2migs—1
Obviously, the left side is 0, so the right side is also 0, that is e % =1.

Consequently, it is easy to deduce that a; | 3°71, that is, a; is a power of 3
(1<j<s).

On the other hand, there are no two equal numbers in all a;, so we
can assume that a; < az < --- < as, and since a; is a power of 3, we
have a; > 3771 (1 < j < s). Thus, combining them with (13), we obtain
n=3>_,a;> Zj;é 37 =mn, hence a; = 3971 (j =1,2,...,s).
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Remark 3. Suppose there are s weights, whose weights are aq,...,as (all
positive integers).

(i) If we specify that the weights can only be placed on one end of the
balance, and let b,, be the number of different ways to weigh the object
of weight n, then the generating function of {b,} (n > 1) is (refer to

(1)
(T+z%) (14 2%2) - (L + ).
(if) If the weights can be placed on both ends of the balance, and let ¢,, be

the number of different ways to weigh the object of weight n, then the
generating function of {c¢,} (n > 1) is

(;v_‘“ +1 —|—x‘“) (w““ +1 —|—x“2) s (T 4 T4 a%).

Example 8. Let p be an odd prime number. Find the number of p-element
subsets of the set {1,2,...,2p} whose sum of elements is divisible by p.

Solution The generating function of the sum of subsets of the set
{1,2,...,p} is
fla) = (Lt a) (L+a%) - (14 2")

1
:1+a1x+~'+an:17",n:ip(pfl). (14)

(The power k of each 2* on the right side uniquely corresponds to the sum
of the elements of a subset; the coefficient of z* is the number of subsets
whose sum is k.)

Therefore, the problem is to find the sum of all a; whose subscripts are
divisible by p. From Remark 3 in Chapter 15 and the above (14),

P n
> o= 33

plk t=1 k=1
1<k<n
p
YA+ — 1)
t=1
or 1221
=4 (1) (14 1+ -1
pt:l
2P —p =

(T4 ¢) (14 ¢*) - (14 CF7I1).
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Since p is prime, ¢,2t,...,(p — 1)t form a reduced system modulo p ((11)
in Chapter 8) for any ¢ (1 <t < p — 1), thus the number is

2 —p 2% 2 1
2D O () (L4
p Pi3
e e Y
p p

(We applied (14 ¢) (1+¢?)---(1+¢P~!) = 1, which can be obtained by
taking = —1 in the decomposition of (4) in Chapter 15.)

Example 9. Let p be an odd prime number. Find the number of (non-
empty) p-element subsets of the set {1,2,...,2p} whose sum of elements is
divisible by p.

Solution This problem is related to Example 8, but it is more difficult.
Our method i is actually to use the binary generating function.

Let ( = e . Then the number to be found is the coefficient of z in
the polynomial

P
12 1+ ¢Pa) (1+¢*Fa) - (1+ (PPrRa) (15)
k=1

’B

(refer to (3) in Chapter 15).
The expression (15) can be converted into (notice that ((P+* = ¢k,
r=1,...,p)

P
f(:E) _ lz (1 + CkCL')Q o (1 + Cpkx)Q
L
1< 2 2
- ]_92 (1+ k)’ (1 + g@*l)kx) 1+ )
k=1
124 2 2 1
I (1+Ckx) (1+C(P—1)kx> (1+I’)2+—(1+$)2p
P& p
(r—1)

- (1+(:z:)2.~(1+§P*1x)2(1+x)2+%(1+x)2p
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1 1
— (pp )(wp—l_xp—2+..._$+1)2<1—|—$)2+5(1+J])2p

p—1 2 1 2
= (2P + 1)+ = (x+1)7".
p p

P
In the above we applied the following equality:

Therefore, the coefficient of xP is pp%l X 2+ % <2p) = zlv (<2p> —2) + 2.

Pt — PP —a 1= (14 (o) (14 Ca) - (L4 P ).

This equality can be obtained by replacing 2 with —z in (5) of Chapter 15.

Exercises
Group A

1. Prove by the generating function method that (Z) = ( % ) + (k_1>.

2. Prove: Y ;. (Z) o=k (—1)* ([g]> = (i?) - (ni"l)

3. There are 12 balls, including 3 red, 3 white, and 6 black. How many
different ways are there to take 8 balls from them? If at least 2 black
balls and 1 red ball need to be chosen, how many different ways are
there? (Assume that there is no difference among the balls in the same
color.)

4. What kind of weights of objects can be measured with weights of 1, 3,

5, and 7 under the following conditions?

(i) Weights shall only be placed at one end of the balance.
(ii) Weights can be placed on both ends of the balance.

Group B

5. Find the coefficient of z* in the expansion of (1 +r4+x2+ 4+ x"‘1)2.

6. Try to make two dice that are different from ordinary dice. Mark pos-
itive integers on the six faces of each dice, such that they can be used
(together) with the same effect as two ordinary dice (i.e., count once for
sum 2, count twice for sum 3, etc.).

7. Prove the identity
n 2
n 2n —1
2+() = (o)

k=1

by the generating function method. (See Exercise 11 in Chapter 2.)
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8. Color each number in the set M = {1,2,...,n} with one of the three
colors. Suppose
A={(z,y,2)|x,y,2 € M,z,y, z are in the same color, n |z +y + z},
B ={(x,y,2)|z,y,z € M,z,y, z are in pairwise different colors, n |z +

y+ 2}

Prove: 2|4| > |B|.
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Chapter 17

Sets and Families of Subsets

Let X be a finite set. The set composed of some of its subsets is called a sub-
set family of X. This chapter introduces some basic ideas and techniques
in combinatorial mathematics by some problem involving subset family.

Example 1. Let a set X have n(n > 1) elements (n > 1), Ay, A, ..., Ag
form a family of different subsets of X, their intersections of each other are
not empty, and any other subsets of X cannot intersect all of Ay, Ao, ..., Ag.
Prove: k= 2""1,

Proof. In this problem, not only the k subsets Ay, ..., Ax but also other
subsets of X are also involved, so the problem is related to all subsets
of X.

There are 2" elements in the family of all subsets of X (each element is a
subset of X). They can be matched into 2"~ pairs with their complements
in X. This “intermediate quantity” related to the problem is the starting
point of the argument.

Firstly, there must be & < 2"~!. This is because if k& > 2"~!, then
there are two subsets in Aj,..., A, which are complementary, so their
intersection is the empty set, which is contradictory to the condition.

Then we prove k > 2"~ 1. If k < 27~ ! then apart from A1, ..., Ay, there
will be more than 27! subsets of X, so there is also a pair of complementary
subsets, denoted as C' and D. According to the second condition of the
problem, there exist A; and A; (1 < 4, j < k, and ¢ # j), such that
A;iNC =0 and A;ND =0, but C and D are complementary, so A; C D

215
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and A; C C, and hence
AiﬂAngﬂD:Q

ie., A; N A; = @, which conflicts with the condition, so k > 2"~!. Based
on the proven results, k = 271, 0

Remark 1. There are many combinatorial problems where the relationship
between the condition and the conclusion is quite hidden. The starting
point of solving a problem is often “the intermediate quantity related to
the problem”. If such a quantity is selected properly, then condition in
the problem will naturally come into use. Example 1 can be seen as an
illustrative example.

Example 2. Let X be an n-element set. Find >, gcx [4 N B| and
> apcx |[AUB|. Here A and B independently take all subsets of X.

Solution This problem is quite easy, and there are several solutions, two
of which are introduced here.
Calculate > 4 pcx |A N B| first. We rewrite it into a double sum

AXC;(BXC;‘AQB’. (1)

(First fix A and sum over B. Then sum over A.) For each fixed A, consider
in pairs of B and B (2"~! pairs in total). Because

’AﬂB' + ’Aﬂ?' — |4,
the inner sum of (1) is equal to 2" 71| A|, that is, (1) becomes

21 N AL

ACX

(The effect of pairing is to “eliminate” the variable B.) Now, classify A C X
according to the number of elements. Since there are (2) numbers of

k-element subsets of X, the sum is (using Example 1 of Chapter 2)

2" 1Nk <Z> =n.2n7l.onml — gyl
k=0
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To calculate > 4 pcx |AU B|, we apply

AlJB=4B.
Then |AU B| = n — |AN BJ, and because A and B take over all subsets of
X, we see that A and B also take over all subsets of X. Thus

> Us|- 5 (o-[ane)

A,BCX

=n-2".2" — 4" =3p 4",

Remark 2. Before giving another solution of Example 2, we briefly intro-
duce the characteristic function of a subset of a finite set.

Let X be a set. For a subset A C X, the characteristic function f(z)
of A is a function on X, defined as

fal) 1, if z € A
) =
4 0, ifz¢ A

Therefore, the characteristic function of X is the constant 1, and the char-
acteristic function of the empty set is the constant 0.

There are two intentions of choosing 0 and 1 in the definition of charac-
teristic functions. One is to distinguish whether x belongs to A or not. The
other is that it makes the characteristic function describe basic operations
of the subsets conveniently, and the sum (in some forms) of characteristic
functions has applicable combinatorial significance:

Let A and B be subsets of X.

(1) A is a subset of B if and only if their characteristic functions satisfy
falz) < fp(z) (for all z € X).

(2) The characteristic function of the complement of A with respect to X
is1— fa(z).

(3) The characteristic function of the intersection of A and Bis fa(x)f5(x).

(4) The characteristic function of the union of A and B is fa(z)+ fp(z) —
fa(@)fp(x).

(5) If Ais a finite set, then ) .y fa(z) = |A].

(6) Let x be a fixed element in X and {Ai,..., Ax} be a family of sub-
sets of X. Then Zle fa,(z) is the number of subsets in Aj,..., Ag
containing x. In particular, if X is an n-element set, then ),

fa(z) =21
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All proofs of the above properties are trivial. We leave them to the
readers.

Now we give another summation method of the sum 3, pc |[AN B
in Example 2. It can be seen from (3), (5), and (6) in Remark 2 that the
sum is equal to

So> fa@fs@) =Y. Y fal@)fs(x)

ABCX zeX reX A,BCX
=2 | X @ || X @
reX \ACX BCX
— Z 277,71 . 277,71 —n- 477,71
reX

(In the first step, we changed the order of summations, which makes it
easy to work out the inner sum. Please refer to Remark 4 in Chapter 15,
especially (5).)

Example 3. Let A;(i = 1,...,n) be a family of finite sets, and |A;| =
- = |A,| = r with CI A; = S. Suppose for a fixed positive integer k, the
union of any k sets 11112141, ..., A, is equal to S and the union of any k — 1
sets is a proper subset of S. Prove: |S| > (k " 1), and determine the value

of r for which the equality holds.

Proof. Suppose S = {a1,...,a;} and I = |S|. Construct a numerical table
as shown in Figure 17.1: If a; € A;, fill in 1 in the grid where row 7 intersects
column j; otherwise fill in 0.

Since the union of any k — 1 sets in Ay,..., A, is not equal to S (i.e., at
least one element in S does not belong to this union), if one takes any k — 1
columns in the table, then there must be a row such that the numbers in
the cross grids of this row and the k — 1 columns are all zero. Thus there

Al Az An

Figure 17.1
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are at least k — 1 zeros in this row (of the table). For convenience, we call
such a row “zero row”.

Because the union of any Ay,..., A, sets in Ay,..., A, is equal to S,
the “zero rows” generated by different ways of choosing the above different
k —1 columns cannot be the same row. (And there are exactly k — 1 zeros
in each “zero rows”.)

Therefore, we generate an injection from the (k — 1)-combinations of n
columns to [ rows, so (k " 1) <l ie., |S| > (k " 1) (refer to Remark 4 in
Chapter 3).

When |S| = (k " 1), each row in the numerical table is a “zero row,”
and calculate the number of ones in the numerical table by rows and by
columns respectively (note that there are exactly r ones in each column), so

nr = (k—l) (n—(k-1)),

ie., r= (Z:}) O

Example 4. Let X be a finite set, and Aq,..., A,, are its subsets such

that |A;] = (i = 1,...,m) and |A; N A;| < k(1 <i < j < k). Prove:
T2m

X1 2 o

Proof. Let f;(x) be the characteristic function of the set A;, and let d(x) =
>t fi(x), which is the number of times that z appears in Ay,. .., A,,. We
have (refer to Remark 2)

SNod@) = Y @) +2>) Y fi@fi@)

zeX rzeX 1=1 rzeX 1<i<j<m

(change the summation order)

Y@z Y Y s

i=1z€X 1<i<j<maz€X
m

=S jal+2 Y ]AiﬂAj’
i=1 1<i<j<m

IN

m
Tm+2< )k
2

=rm+m(m — 1)k. (2)
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On the other hand, from Cauchy’s inequality,

3 (@) > ﬁ (Z d(;v))
1 i ? r2m?
=X (;w) =X (3)

Combining (2) and (3), we get the result. In this solution, we started from

considering two aspects of Y d*(z) (refer to Remark 1).
Please note that when deriving (3), we used

Do dlx) = Al (4)
zeX i=1

This is equivalent to that in the table representing the subordinate rela-
tionship between the elements of X and Ay,..., A, (see Example 3), the
number of 1 calculated by rows is equal to the number of 1 calculated by
columns. (4) can be easily derived by changing the summation order (refer
to solution 2 of Example 2):

Dod@) =) @)=Y filz) =) Al

reX reX i€l i€l xeX =1
This problem can also be proved by the following method: Let X =
{x1,...,x;. Similar to Example 3, make an [ x m numerical table represent-
ing the subordinate relationship between the elements of X and Ay, ..., A,,
(please draw the table by yourself). Assume that row ¢ has a; ones (a; is
d(z;) in the previous solution). We call two numbers of 1 (not necessarily
adjacent) in any row the 1 x 2 sub table. Therefore, the number of 1 x 2
sub tables in the table is

L (a, 1< , 1 1

On the other hand, each 1 x 2 sub table corresponds to an element in the
intersection of a pair of sets in Aj,..., A,,; conversely, an element a, in
any intersection of A; and A;(i # j) corresponds to a 1 x 2 sub table (in
row 7 of the table). Therefore, the number of 1 x 2 sub tables is
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Combining (5) and (6 ) we obtain

which is actually (2) Now (usmg ( )) we can derive the conclusion in the
same way as the previous solution. O

The starting point of the second proof is to consider the 1 x 2 sub tables
in the numerical table, which is similar to the consideration of 3~ d?(x) (in
the former solution).

Example 5. Let X be an n-element set, and A;,..., A, be its subsets
such that |4;| = r(¢ = 1,...,m). Prove: X has a subset Y such that the
number of sets in Ay,..., A,, which is contained in Y or in Y is less than
or equal to 5.

Proof. For any Y C X, let f(Y) be the number of sets in Ay,..., A,
contained in Y or not intersecting Y~ (i.e., contained in Y). Let
]., 1fAJ§YorAJ§7,
fiY) = :
0, otherwise.

Then

Z fy) = Z Z f;(Y) (change the summation order)

YCX YCX j=1

SN L. (7)

j=1YCX
For a fixed A;, the set X\ 4; has 2"~" subsets, and the unions of each subset
and A; are actually all subsets Y of X containing A;; and all subsets of
X\A, are actually the subsets of X which do not intersect A;. Therefore,
the inner sum of (7) is 277" + 277" = 2"""~1 thus

> AY) =m2nrr

YCX

= > S =

YCX

ie.,

(8)

The above formula shows that the average value of 2" numbers of f(Y)
is equal to z%r, hence Y C X, which makes f(Y) < 5y, therefore,
this Y meets the requirements (it can also be proved by contradiction
from (8)). O
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Remark 3. The method of Example 5 is often called the average argument,
whose spirit is to give the properties of a single item from the average result
(so-called “from average to single”).

It may not be easy to prove directly that a certain item has a cer-
tain property, but the sum (arithmetic mean), or sum of squares (square
mean), or product (geometric mean) of some items may have good proper-
ties. According to the characteristics of specific problems, it is a very basic
technique to take some average the an “intermediate quantity” (refer to
Remark 1). There are such examples later in this book.

Example 6. Let X be an n-element set and F be a family of some
3-element subsets of X, in which every two subsets have at most one com-
mon element. Prove: X has a subset, which does not contain any 3-element
subset in F, and the number of elements is at least [v/2n].

Proof. If only one of the two conditions is required, the problem is
extremely trivial.

In order to prove the result of this problem, we (naturally) take the
largest subset of X that does not contain any 3-element subset in F', denoted
as S. (Because X has a subset that does not contain any subset in F', such
as the empty set or a 2-element set, and X has only a finite number of
subsets, the largest subset must exist, but it is not necessarily unique.)

Let |S| = r. Then |X\S| =n — r. Because of the maximality of S, for
any element x in X\S, the set S U (x) must contain a certain 3-element
subset in F, that is, corresponding to this x, the set S has a (different)
family S} of 2-element subsets, and the union of any 2-element subset A,
in it and x belongs to F.

In this way, we generate a mapping f from X\S to a set in 2-element
subset family of S.

Now we prove that this mapping is an injection. Let 2,y € X\S with
x # y. Then there are no common elements in the corresponding families
S; and Sy, because if there exist A, € S; A, € S such that A, = A,,
then both {z} U A, and {y} U A, belong to the family F, and they have
two common elements, which contradicts the assumption on the family F.
Hence the conclusion is proved, from which we get

n—r=IX\5 <) [5;]

zeS

< the number of all 2 — element subsets of S = (;) ,
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le,n—r< @ To prove r > [v/2n] by this inequality, we rearrange it
to 2n < r(r+1), so

r(r+1) > Vn,
and 7 = [\/r(r + 1)] > [vV2n]. O

At the end of this chapter, we introduce the famous Sperner’s theo-
rem, which is considered to be the most fundamental result in the theory
of family of subsets.

Example 7. Let X be an n-element set, and A, ..., A,, be subsets of X
that do not contain each other. Prove:

"<l

2
Proof. If subsets S; (i =0,1,...,n) of X satisfy |S;| =i and
@ZSOC51C"-CSn=X,

then {So,S1,...,S,} is said to be the maximal chain of subsets of X. If
Sk C Sk4+1 C --- C S, = X has been determined, then there are k different
choices of Si_1 such that Sy_1 C Si (1 <k <n). From the multiplication
principle, the subsets of X have n! maximal chains. In addition, for any
fixed (k—1)-elements subset S, since S contains k subsets of (k—1)-elements
and is included in n — k subsets of (k + 1)-elements of X, the number of
maximal chains containing S is

Ex(k—1)x--x1xn—k)x(n—k—1)x---x1=Ekl(n—Ek).

We suppose the n! maximal chains are C;(i = 1,2,...,n!), and construct
an n! x m numerical table as shown in Figure 17.2.

If the maximal chain C; contains the subset A; in the problem, fill in 1
in the cross grid of row ¢ and column j; otherwise fill in 0. Therefore, the

A Ay e

&

G

Figure 17.2
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number of 1 in column j is the number of the maximal chains containing
A, which is |A4;|!(n — |A;|)!. However, there is at most one 1 in each row
(because there is no subset in Aj,..., A, containing another subset in
A1,...,Ay). Therefore, calculating the numbers of 1 in the table by rows
and by columns, we obtain

D14l — (4! < nl,
j=1

i.e.

i 1
Z <1.

50
| 4]

But (2) reaches its maximum value when k = [2] (see (6) in Chapter 2),

som < ([g]) is deduced from the above formula. O

The above proof belongs to Lubell et al. It is extremely ingenious and
worth pondering.

Exercises
Group A

1. In a campaign, each party makes n different promises (n > 0). It is
known that any two parties make at least one same promise, but no
two parties have exactly the same promises. Determine the maximum
possible number of parties.

2. For each non-empty subset of the set 1,2,...,n, define an “alternating
sum” as follows: Arrange the elements of a subset in descending order
and then subtract or add the succeeding number alternately from the
largest number (e.g., the alternating sum of the subset {1,2,4,7} is
7—442—1=4 and the alternating sum of {3} is 3.) Find the sum S
of all alternating sums.

3. Let theset A ={0,1,2,...,9}, and let By, ..., By be non-empty subsets
of A, and if i # j, B; N B; has at most two elements. Find the maximum
value of k.

4. Let S ={1,2,...,10} and A4, ..., A be k subsets of S, satisfying |4;| =
5(i =1,2,---,k)and |[A; N A;| <2 (1 <4,j <kandi#j). Find the

maximum value of k.
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Group B

5.

In order to open a safe, a committee of 11 members is organized. Several
locks are added to the safe, and the keys to these locks are assigned to
the committee members (one lock may have multiple keys). How many
locks are needed at least so that any six members can open the safe,
but no five members can open the safe? In addition, in the case of the
minimum number of locks, how should you allocate keys to members to
meet the above requirements?

. Let Ay, Ay, ..., A, be all 2-element subsets of S = {ai,...,a,}, and

when A, N A; # @, one of A; and A; is {a;,a;}(1 <i,7 <nandi#j).
Prove: Each element in S is exactly in two A;.

Let S = {1,2,3,...,20}. For any 9-element subset T" of S, a function
f(T) takes integer values between 1 and 20. Prove: No matter what a
function f is, there always exists a 10-element subset S’ of S, such that

FS\{k) # k for all k € 5.

. Let Ay,..., A, be n distinct finite subsets (n > 2), with the property:

For any A; and A;, there always exists Ay such that Ay = A; UA;. Let

m= min |4, > 2.
1<i<n

Prove: There exists z € '61 A; such that x belongs to at least - sets in

1=

Ai,. A,
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Chapter 18

Graph Theory Problems

Graph theory, an important branch of combinatorics, develops rapidly and
is widely used.

Problems related to graph theory often appear in mathematics competi-
tions. These problems do not require much knowledge, but are intelligent,
flexible and have most competitive features.

This chapter only deals with the most basic concepts and terms in graph
theory. We provide some problems solved by graphs. These solutions also
show some basic ideas and techniques in combinatorics.

The said graph usually refers to a simple graph (unless otherwise
stated), which is a graph composed of several different points and segments
connecting some of them. Some points in the graph may not be connected
with other points, but any point is not connected with itself, and at most
one segment is connected between any two end points. In addition, the two
points of a segment are usually considered to be unordered (that is, the
direction of the line segment is not considered). Such a graph is called an
undirected graph. If the direction of line segments of a graph is considered,
it is called a directed graph. We only consider undirected graphs.

The above graph is usually denoted by the letter G. The points in graph
G are called vertices. The set of all vertices is denoted as V(G) or V.
A segment in a graph G is called an edge, and the set of all edges is
denoted as E(G) or E.

Please note that the graph mentioned here does not involve usual geo-
metric properties, so the position of a vertex and the length or the curvature
of an edge in the graph are all irrelevant. We only care about the numbers
of vertices and edges in a graph, the number of edges incident to a vertex,
and which vertices have edges between them, etc.

227
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Let V' be the set of vertices and x € V be a vertex. The number of
edges incident to x is very important. We use d(x) to denote this number,
which is called the degree of x.

Many problems can be restated in the language of graph theory: Use
vertices to represent the objects under study and use edges that connect
pairs of vertices to represent the relationship between the corresponding
objects, thus making a graph.

“A graph is worth a thousand words.” Graphs often make a problem
intuitive, clear, and help think and express arguments.

Example 1. Ten people attend a meeting. After the meeting, we obtain
the statistics that the numbers of each person’s friends are

(i) 3,3,3,3,5,6,6,6,6, 6;
(i) 1,1,3,3,3,3,5,6,8,9.

Prove: Both sets of statistics are wrong.

Proof. We represent people as vertices. If two people are friends, then
form an edge between the corresponding two vertices.

The sum of the degrees of each vertex should be twice the number
of edges (because each edge is calculated twice). In particular, the sum of
degrees is an even number, but the sum of numbers in (i) is an odd number,
so the statistics of (i) are wrong.

The sum of numbers in (ii) is even, but they can’t be used as the degrees
of vertices of a graph. Because the vertex of degree 9 is connected with all
other vertices, it is in particular connected with two vertices of degree 1.
Therefore, the vertex of degree 8 cannot be connected with any vertex of
degree 1. In this way, there are only 7 vertices left for connection, which
conflicts the degree of 8. O

Remark 1. As for the solution in (i), it can be proved: If the set of vertices
and the set of edges of a graph G are V and E respectively, then

> d(z) =2|E|.

xeV
This is the most basic conclusion in graph theory and has many uses.
Remark 2. Generally speaking, it is not easy to determine whether a

sequence of non-negative integers equals the degrees of the vertices of a
graph. We will not discuss it here. For some specific problems, if the answer
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is yes, then is usually necessary to construct a graph that meets the require-
ment; if the answer is no, use the necessary condition: The sum of the
degrees is even, as shown in (i) in Example 1; we can also use the enumer-
ation method as shown in (ii).

Example 2. Let S = {x1,22,...,2,} be a set of points in a plane, where
the distance between any two points is at least 1. Prove: There are at most
3n pairs of points in S, such that the distance between each pair of points
is exactly 1.

Proof. Take n points in S as vertices, if the distance between two vertices
is 1, then an edge is formed between the corresponding vertices. Then we
obtain a graph G. Our problem is equivalent to proving that the number
of edges in G satisfies |E| < 3n.

In the graph G, the vertices connected with the vertex x; are all on
the circumference with x; as the center and 1 as the radius. Because the
distance between any two points in the set S is > 1, there are at most 6
points in S on this circumference, so d(z;) < 6.

From the theorem in Remark 1,

d(w1) + -+ d(zn) = 2|E],
so 6n > 2|E|, i.e., |E| < 3n. O
The following Example 3 is a little difficult.

Example 3. The 20 members of a tennis club play 14 single games, and
each member takes part in at least one game. Prove that there must be 6
games, such that the 12 players are all different.

Proof. Represent these 20 members by vertices vy, ..., vo0. If there is a
game between two members, form an edge between the corresponding ver-
tices, and we get a graph G.

It is known from the condition that G has 14 edges. Let d; denote
the degree of v;. Then d; > 1 (i = 1,2,...,20). From the conclusion in
Remark 1,

di +dp+ - +dyo =2 x 14 = 28.

Erase d; — 1 edges at each vertex v;. Since an edge may be erased at both
ends, the number of erased edges shall not exceed

(dy — 1)+ (dg — 1)+ -+ (dog — 1) = 28 — 20 = 8,
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after erasing these edges, we have at least 14 — 8 = 6 edges in the graph,
and now the degree of each vertex is at most 1, thus, the 12 vertices of these
six edges are different from each other, which indicates that there exist 6
edges (games) that meet the requirements. O

Remark 3. A graph obtained by erasing some edges or vertices (along
with the edges derived from these vertices) in a graph G is called a sub-
graph of G. Erasing vertices and edges is a very basic technique in graph
theory. Its main purpose is to produce a subgraph with some properties
from G (see Example 3); or, we often infer the properties of G itself from
the properties of some subgraphs of G. We often do this when we use an
inductive argument.

Example 4. There are 18 teams attending a tournament. In each round,
each team plays one game against another, and in subsequent rounds, these
two teams won’t compete again. Now it’s the ninth round, and prove that
in the previous eight rounds, there must be three teams that have not yet
played against each other.

Proof. We use 18 vertices vy, ..., v15 to denote the 18 teams. If two teams
have played in the previous eight rounds, then form an edge between the
corresponding two vertices. It should be proved that there must be three
vertices that are not connected with each other in the graph.

Since each team only plays one game in each round, the degree of each
vertex in the graph is 8, so there must be two vertices that are not con-
nected. Suppose that v is not connected with vig, and vy is connected

with vs, ..., v9.
If there is a vertex in vs, . . . , vg that is connected to v1g, then there must
be a vertex in the 8 vertices v11,v129,...,v1s that is not connected to v1g

(because d(vip) = 8). It may be assumed that v1; is not connected with
v19. Then vy, v19, and v17 are the three vertices that meet the requirement.

If none of vs,...,v9 is connected with v1g, consider the first round of
competition, and suppose v; and vo have played in the first round. In this
round, there are 7 teams in vs, ..., vg, so at least one of them needs to play
against one of the teams v11,v19,...,v15. Without loss of generality, sup-
pose v3 is connected with v17. Since d(vs) = 8 and vs is already connected
with v; and v11, we know that wvs is not connected with some vertex in
Vg, Uy, Vs, Vg, U7, Us, and vg. Suppose vz is not connected with v4. Then vs,
vy4, and vyg are three vertices that are not connected with each other. [
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In the solution of Example 4, the enumeration method was used to
divide the problem into various situations, discuss and analyze them one
by one, and finally draw the conclusion.

The enumeration method usually does not look impressive, but it is the
most basic method in mathematics, especially in combinatorics.

The key of the enumeration method is to find the right object to discuss.
If we choose the right starting point for the discussion, the argument is often
well organized. Otherwise, it may be confusing and hard to proceed.

The following Example 5 is a famous problem.

Example 5. Six points are given, any two of which are connected by
an edge. Now color the edges red or blue. Prove that there must be a
homochromatic triangle (i.e., three edges have the same color) in the graph.

Proof. We use the enumeration method (but simpler than the previous
one). Let Ay,..., Ag denote the 6 points.

Consider the five edges A Ay, A1 As, A1 Ay, A1 As, and AjAg derived
from A;. Since the five edges only have two colors, at least three edges
have the same color. We suppose that A1 A, A1 A3, and A1 Ay are all red.
If the three edges of the triangle AsA3A4 are all blue (as shown in Fig-
ure 18.1, the solid line represents red and the dotted line represents blue),
then the conclusion is true. If at least one of the three edges of the trian-
gle A3A3A, is red, assume that the edge AsAs is red. Then the triangle
A1 A5 A3 is a homochromatic triangle.

This problem can also be solved by the following method: If there are
x homochromatic triangles (note that these triangles may have common

edges), then there are (g) — z heterochromatic triangles.

Now consider the number S of homochromatic angles (that is, the angle
composed of two edges in the same color).

Ay

Figure 18.1
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On one hand, each homochromatic triangle has three homochromatic
angles, and a heterochromatic triangle has one homochromatic angle, so

S:3w+<<§>—x>:2w+20. (1)

On the other hand, if a vertex is contained in k red edges, then it is con-
tained in 5 — k& blue edges, so the number of homochromatic angles with

) C2)

It is easy to know that the minimum value of the above expression is (g) +

this point as its vertex is

(3) = 4. Thus § > 6 x4 = 24. Combining it with (1), we know that z > 2,

that is, there are at least two homochromatic triangles in the graph. O

In the above argument, the same quantity is calculated (considered) in
two ways, which has appeared many times before.

Remark 4. There are n vertices in a graph. If any two of them are con-
nected by one edge, then the graph is called a complete graph, denoted
as K,,, which is often concerned in graph theory.

The conclusion of Example 5 can be put in another way: “after each
edge of K is arbitrarily colored red or blue, there must be a homochromatic
K5 in Kg.” Obviously, if Kg is replaced with K,(n > 6), then the above
conclusion still holds, but if Ky is replaced with K5, the conclusion may
not be correct (please give a counter example).

More generally, let ¢1 ---qr be given positive integers such that ¢; >
2(i=1,...k) and k > 2. Let ¢; - - - ¢; be k different colors, and color each
edge of K,, with one of these k colors. A deep theorem of Ramsey asserts
that there exists a positive integer ng (depending on ¢ - - - ¢x), such that
when n > ng, at least one of the following is contained in the above K,,: a
K, of color ¢i, a K, of color ¢, ..., or a K, of color c.

The minimum ng with the above properties, denoted as R(q1, . .., qx), is
called the Ramsey number, which is very important but very difficult to
be determined. At present, only a few cases have been solved. Our previous
discussion shows that R(3,3) = 6.

There are some problems about the Ramsey number in mathematics
competitions. Please refer to Exercise 7 in this chapter.
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Whether a graph contains complete subgraphs is an interesting topic.
The following Example 6 is a classical result, which shows a restriction of
the degree of vertices in a graph not containing K.

Example 6. If a graph G has n vertices and does not contain K, (as a
subgraph), where r is a fixed positive integer, then the degrees of vertices
in G satisfy the inequality

mip (o) < | 2227

Proof. Prove by contradiction. Let (r —2)n = (r — 1)g+ ¢ with 0 < ¢t <
r — 2. Assume that the conclusion is wrong. Then for each z € V', degree
d(z) > q+ 1.

Take any vertex z;; € V, and let S;, denote the set of vertices in
G connected with x;, by edges. Then take another vertex z;, € S;, and
the corresponding set S;,. From the inclusion and exclusion principle, we
obtain that

Sin [ Sis Si |J S

which follows since both 5;, and S;, contain at least ¢ + 1 elements. Then
take another element z;, € S;, N.S;, and the corresponding set S;,, and we
obtain that

=[S, + 15, —

Sic [V S [ Sis

and proceed (inductively) in this way. Finally, for z;,_, € ﬂ;;fSij and the

corresponding set S;._,, we have
r—1 r—2 r—2
ﬂ Sij = |Sir—1| + ﬂ Si]‘ - Sir,l U ﬂ Sij
j=1 j=1 =1

>q+1+(r—2)(¢g+1)—(r—3)n—n
=(r=1(g+1)—(r—2)n
=r—1-—t>0,

so there is at least one vertex x;, € ﬁ;;}Sij. As can be seen from the above

construction of S;;, we obtain a complete graph K, whose set of vertices is
{i,, @iy, ..., 2.}, which contradicts with the known. O
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If a graph does not contain K., then there is an important result about
the restriction of the number of its edges, which is called Turan’s theorem.
This book will not discuss it. The following Example 7 is its special case.

Example 7. If a graph G has n vertices and does not contain K3 as a
2
subgraph, then the number of edges in the graph G satisfies |E| < &-.

Proof. We introduce several different proofs.

Proof 1: Prove by induction on the number n of vertices. We only consider
the case when n is an even number (when n is odd it can be carried out
similarly). When n = 2, the conclusion is obvious. Assume that the con-
clusion is true for all even numbers n not exceeding 2k. Now we prove that
for n = 2k + 2, the conclusion is also true.

Let G be a graph with n = 2k 4+ 2 vertices and no triangles. If there
is no edge in G, there is no need to prove it. Otherwise let G' have an
edge connecting vertices u and v. Erase v and v and the edge connected
with v and v in G, and get a subgraph G’. Then G’ has 2k vertices and
no triangles. By the inductive hypothesis, G’ has at most % = k? edges.
Now let’s see how many edges G may have beyond that. Note that any
other vertex w cannot be connected with both v and v, since otherwise u, v
and w are the vertices of a triangle in GG. Therefore, if u is connected with
[ vertices in G’, then v can only be connected with 2k — [ vertices in G’ at
most. Therefore, the number of edges in G is at most

2

B2+l + (2k— 1)+ 1= ”Z
Proof 2: Let the vertices of G be 1, ...,z,. Let’s note that if two vertices

z; and z; are connected, since there is no triangle in the graph, then

(vefer to the last paragraph of the previous solution). Now we will sum over
all the connected vertices z; and z; of (2). Because each z; is connected
with d(x;) vertices z;, each d(x;) appears d(z;) times in the sum, and (on
the right side of the inequality) n contributes |E| times (if there is one edge,
then it contributes one n), so

n

> d(x:) < nlE|. (3)

=1
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Then from Cauchy’s inequality and the theorem in Remark 1,

Y )z (Z dm)) — (I (@

i=1
Combining (3) and (4), we can get the result.

Proof 3: Let 21 be (one of) the vertex (vertices) with the largest degree in G,
let d(x1) = d, and let d vertices connected with 1 be x,, p_1,. .., Tp—di1-

Since G does not contain triangles, any two vertices in z,,Tn,_1,...,
Tp—d+1 are not connected, so it is easy to know that the number of edges
in G satisfies

|E| < d(z1) + d(z2) + - + d(2n_a). (5)

Now, from the selection of d = d(z1), there is d(x;) < d(i =1,...,n—d),
so from (5) we can get the conclusion that

_ 2 2
|E| < (n—d)d < nod+dy _n°
2 4 0

Remark 5. For the first proof of Example 7, please refer to Remark 3 and
Example 8 below.

Remark 6. The average inequality (3) in Proof 2 is generated from the
“single” inequality (2) by summation (this method and Remark 3 of the
previous chapter are two sides of the same coin). This technique is also
commonly used in combinatorial mathematics and is also a “trick” in alge-
bra to prove equalities and inequalities.

Remark 7. It is not difficult to see that the inequality (5) holds for any
vertex x1. Therefore, at the beginning of Proof 3, 1 can be treated as a
(undetermined) parameter. After deriving (5), if d(xy) is selected as the
maximum, then the upper bound of the right side of (5) can be estimated
effectively.

Example 8. Suppose a graph G has n vertices and g edges. Mark the
edges with the numbers 1,2, ..., q. Prove that there must be a vertex, such
that starting from this vertex, one can go through [Qn—q] edges whose labels
form an ascending sequence.

Proof. Let L(x) denote the maximum length of a valid path (meaning that
the edges have ascending labels) if we start at vertex x. Next we prove that
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there exists x such that L(z) > [Qn—q] Since the condition contains little
information in this regard, we consider the average of all L(x). If we can
prove that

S L) 22, (6)

zeV(G)

then we can immediately draw the conclusion (refer to Remark 3 in the
previous chapter).

Now we prove (6) by induction on the number ¢ of edges. If ¢ = 1, then
there is only one edge. Let the vertices connected by it be 21 and z2. Then
the left side of (6) is L(z1) + L(z2) = 2 > 2 x 1. Assume that (6) is true
for ¢ — 1. Then consider the case of g edges.

Let x1 and x2 be connected by the edge labeled 1 and erase the edge
(but 21 and xo are preserved). The resulting graph G’ has ¢ — 1 edges.
If L'(z) is defined in G’ similarly as L(x) in G, then from the inductive
hypothesis,

> D) z2-1). (7)

zeV(G’)
On the other hand,
L(x1) > L'(x2) + 1, (8)

(since starting from x1, one can go to xo first, and then go through L'(xz2)
edges starting from z5) and

L(x2) > L'(z1) + 1, (9)

and for the vertex z different from 2y and xs,

L(z) > L'(z). (10)
Add (7), (8), (9), and (10), and then we obtain (6). O
Exercises
Group A

1. Determine whether the sequence 6,6,5,3,3,2,1 can be the degrees of
vertices of a graph.

2. Prove that among n(>2) people, at least two of them have the same
number of friends (within these people).
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. Suppose 2n people attend a party, where each person knows at least n

others. Prove: There exist 4 people who can sit around the round table,
so that everyone knows the people next to him.

. Given any 6 points in a plane, no three points are collinear. Prove:

Among triangles with these points as vertices, there must be a triangle
whose longest side is the shortest side of another triangle.

. There are 500 participants in a meeting. (i) If everyone knows 400 peo-

ple, can we select 6 people, such that any two of them know each other?
(ii) If everyone knows more than 400 people, prove: We can always find
6 people, such that any two of them knows each other.

. Prove that it is possible to color the edges of K5 red or blue, so that it

does not contain a homochromatic Kjs.

Group B

7.

There are 17 scientists, each of whom communicates with the others.
They only discuss three problems in their communication; and only one
problem is discussed between each two scientists. Prove: There are at
least three scientists discussing the same problem with each other.
Prove: If a graph G has n vertices and m edges, then the graph contains
at least 32(m — ’21—2) triangles.
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Chapter 19

Congruence (2)

This chapter introduces two important topics in congruence: The order of
an integer modulo m and the famous Chinese remainder theorem.

The Order of a Modulo m

Let m > 1 be a fixed integer, and a be an integer that is coprime to m.
From Example 3 of Chapter 8, we see that there exists an integer k with
1 < k < m such that a* = 1(modm). We call the minimum positive integer
(still denoted as k) with this property the order of a modulo m.

The following (1) shows that the order of a modulo m has a very sharp

property.

(1) Let (a,m) = 1, k be the order of a modulo m, and u and v be any
integers. Then a" = ¢”(modm) if and only if v = v(mod k).

In particular, ¢* = 1(modm) if and only if k|u.

In fact, the condition is obviously sufficient. To prove the necessity, we
a’(mod m)
and (a,m) = 1, we easily know that a (modm). By the division with
remainder, | = kq + 7, where 0 < 7 < k, so a*? - a" = 1(modm), that is,
a” = 1(modm). From 0 < r < k and the definition of k, there must be
r=20,s0u=r(modk).

From (1) we can immediately derive the following result.

u:

can assume that v > v and let | = v — v. Then from «
I —

(2) Let (a,m) = 1 and let the order of @ modulo m be k. Then the sequence

a,a?,a®, ..., modulo m is periodic, and the minimum positive period

239
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is k. In addition, the k numbers a, a?, ..., a"

other modulo m.

are not congruent to each

The following (3) can be derived from (1) combined with Euler’s theorem
((13) in Chapter 8).

(3) Let (a,m) = 1. Then the order of a modulo m exactly divides the Euler
function value @(m). In particular, if m is a prime p, then the order of
a modulo p exactly divides p — 1.

Remark 1. It is very useful to find the order of @ modulo m. By using
(1) and the order of a modulo m, we can derive the divisibility relation
from the exponent of some integer powers, which is another basic method
of generating exact division in number theory.

Remark 2. On the other hand, it is usually difficult to determine the
order of @ modulo m, which can be realized only when the problem has
some particularity (see Example 2 and Example 3 below). For certain a
and m, we can calculate the remainder of a,a?,a?,... modulo m one by
one to obtain the order; if we use (3), then this procedure can be slightly
simplified.

Remark 3. From (3), we know that the order of a modulo m cannot
exceed p(m). If there is an integer g with (g,m) = 1 such that the order
of ¢ modulo m is exactly ¢(m), then it is said to have a primitive root
modulo m, and g is said to be a primitive root modulo m.

If there exists a primitive root g modulo m, then the reduced system
modulo m has a very simple structure. The reason is: We derive from (3)
that ¢,¢%,...,9%°("™) are not congruent to each other modulo m and all
of them are coprime with m, so these ¢(m) numbers, which are terms in
a geometric sequence, form a reduced system modulo m. This brings a
convenience to deal with some problems.

However, there doesn’t exist a primitive root for every m > 2. It can be
proved that if and only if m = 2,4, p!, and 2p' (p is an odd prime number),
there exists a primitive root modulo m.

Chinese Remainder Theorem

From (12) in Chapter 8, we can easily get a basic result of the following
congruence equation.
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(4) Let (a,m) = d. Then the linear congruence equation
ax = b(modm) (1)
has solutions if and only if d|b.

Suppose (1) has a solution = ¢. Then m|(ac — b), thus d|(ac — b).
And d|a, so d|b. Conversely, if d|b, then the congruence equation (1) has
the same solution as

ggc = g (mod %) (2)

Because (%,2) = 1, we deduce that (2) has solutions from (12) in
Chapter 8, and these solutions form a congruence class modulo 7. In
fact, it is not difficult to prove that when d|b, the congruence equation
(1) (modulo m) has exactly d solutions.

However, even if every (linear) congruence equation has solutions, the
system of congruence equations made from them may not have solutions.
Such an example is easy to find. The following result, known as the Chinese
remainder theorem or Sun Tzu theorem, gives a sufficient condition for the

existence of solutions of a system of congruence equations and is widely

used.
(5) (Chinese remainder theorem) Let mq,...,my be positive integers
that are pairwise coprime. Then for any integers by, ..., bx, there must

be a solution to the system of the linear congruence equations

x =by(modmy),. ..,z = bg(modmy) (3)
and all the solutions constitute one congruent class modulo my - - - my.
To be exact, the solutions to the system of congruence equations (3)
are

= MM by + -+ MM, b (mod my - - -my,), (4)

where M; and M[l (1 < i < k) are determined by the following con-
ditions:

my - my = M;m,;, MiMfl = 1(mod mi).
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In fact, as known by the condition (m;, M;) = 1, there is an integer M;l
such that M;M; ' = 1(modm;). In addition, m;|M; for j # 4, so the
number d; = MiMjl satisfies

d; = 1(modm;),d; = 0(modm;) (for j # 1i). (5)

We note that the congruence equations (5) are k special cases of (3). It
is easy to verify that for 1 < ¢ < k, the “superposition” bid; + - - - + brdy
of solutions of (5) satisfies the system (3) of congruence equations, so (4)
gives the solution of (3).

On the other hand, if  and 2’ both are solutions of (3), then z =
2/ (modm;) for 1 <i < k.

Hence from the condition that mq,...,m are pairwise coprime, x =
2/ (modmy - --my) ((10) in Chapter 8). Therefore, the solutions of (3) com-
pose a congruence class modulo my - - - my.

Remark 4. The main strength of the chinese remainder theorem is that
when the moduli are pairwise coprime, the system (3) of congruence equa-
tions must have solutions.

In addition, the above derivation of the solutions (4) is similar to the
derivation of Lagrange’s interpolation formula in Chapter 14 (refer to (1)
in Chapter 14). For specific problems, we can follow this spirit without
applying formula (4).

Lucas’ Theorem

Let n > k be a positive integer and p be a prime number. Lucas’ theorem
gives a relation between the combination number (Z) modulo p and the

base-p representations of n and k. This result provides a way to deal with
some problems of combination numbers modulo p.

(6) (Lucas’ theorem) Let n > k be a positive integer and p be a prime
number. Let the base-p representations of n and k be

n:(ad"'ao)p7 k:(bd"'bo)p,

where 0 < a;,b; <p—1(i=0,...,d) and ag # 0. Then

(2) =11 () o

Therefore, p| (2) if and only if there exists an ¢ such that a; < b;.
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To prove it, we first prove a lemma:

Lemma Let p be a prime number, n = pA + a, and k = pB + b, where
A>B>0and 0<a,b<p—1. Then

)= () ()

Proof of the lemma: Since p is a prime number, p| (’;) (1<i<p-1),thus

(14 z)P = Zp; (Z;) 2' =1+ 2P (mod p).

Therefore

2

Because the coefficient of z¥ in (1+2)" = Y"1 (") xtis (Z), we consider
the coefficient of 2% = 2PB+? on the right side of the above formula.
Since 0 <a,b<p—1,for0<i< Aand0<j<a, when b < a,

pi+j=pB+b=k)
has a unique group of solutions j = b and ¢ = B. This implies that (Z) =
(g) (Z) (mod p), so the conclusion is true.
When b > a, the equation pi+j = k has no solutions, so (Z) = 0(mod p).
Since (‘;) = 0, the conclusion is also true.

Proof of Lucas’ theorem Prove by induction on the number d of digits
in the base-p representation. When d = 1, the conclusion is obviously true.
Assume that the theorem is true when the number of digits is d. When the
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number of digits is d + 1, take a = ag, A = a1 + - - + agp®™',b = by, and
B =b; +---+bgp?l. (Note that the number of digits of A in the base-p
representation is d). Then n = pA + a and k = pB + b. Obviously, A > B
and < a,b < p— 1. Hence from the lemma, we obtain

n\ (A a
k) \B)\b
i1 \bi b
A
(use the inductive hypothesis for (B))

= H (2%) (mod p).

This shows that the conclusion is also true when the number of digits is
d+1. O

Illustrative Examples

Example 1. Let a and m be positive integers with a > 1. Prove:
m|o(a™ —1).

Proof. Obviously, a and a™ — 1 are coprime, and clearly we know that
the order of @ modulo ™ — 1 is m, so m|e(a™ — 1) from (3). (Refer to
Remark 1.) O

Example 2. Let p be an odd prime number. Prove that any prime factor
of 2P — 1 has the form 2pxz + 1, where z is a positive integer.

Proof. Let ¢ be any prime factor of 27 — 1. Then ¢ # 2. Let the order of
2 modulo ¢ be k. Then k|p from 27 = 1(modq), so k = 1 or p (note that
p is prime, which is the main factor to determine the order k). Obviously,
k # 1, since that otherwise 2! = 1(mod ¢), which is impossible, so k = p.
Now, from Fermat’s little theorem 297! = 1(modq), we deduce that
klq — 1, namely p|g—1 (refer to (3)). Because p and ¢ are both odd
numbers, ¢ — 1 = 2pz (z is some positive integer). O
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Example 3. Let n be a positive integer. Prove that any prime factor of
22" 41 has the form 2"z + 1, where z is a positive integer.

Proof. Let p be any prime factor of 22° + 1. Then p # 2. Let the order
of 2 modulo p be k. From

22" = —1(mod p), (6)
we obtain that 22" = 1(modp), so k|27, therefore k is a power of 2.
Suppose k = 2!, where 0 < [ < n+ 1. If I < n, then square both sides of
22 = 1(mod p) for several times to generate 22° = 1(mod p). Combining it
with (6), we obtain 1 = —1(mod p), which is impossible. Thus, there must
be | = n+1, i.e., the order k = 2"*!. Similar to the previous problem we
know that 2"*1p — 1, s0 p — 1 = 2"tz (z is a positive integer). O

Remark 5. From Example 2 and Example 3, we see that any prime factor
of a Mersenne number M, = 2P — 1 is greater than p, and any divisor of
M, must be = 1(modp). Any divisor of a Fermat number F,, = 22" + 1 is
= 1(mod 2"*1). (Refer to Remark 4 in Chapter 7.)

In addition, Example 3 also shows that for any fixed [ > 2, there is an
infinite number of prime numbers of the form 2!z + 1.

This is because for n > [, all prime factors of F;, are = 1(mod 2"*+1),
which of course = 1(mod 2!). Also F,(n > 1) are pairwise coprime, so these
prime factors are mutually different (refer to Example 4 in Chapter 6).

Example 4. Suppose m, a, and b are all positive integers and m > 1.
Then

(m® —1,m? — 1) = m(®? —1.

Proof. Let d = (m®—1,m?—1). Because (a,b)|a and (a,b)|b, it’s easy to
know that m(®? — 1lm® — 1 and m(*? — 1|m® — 1, thus m(*® — 1|d ((9)
in Chapter 6).

On the other hand, m and d are obviously coprime. Let the order of m
modulo d be k. Then from

m® = 1(modd), m®= 1(modd),

we deduce that k|a and k|b, so k|(a,b). Therefore, m(*?) = 1(modd), i.e.,
dlm(®?) — 1. Tt follows that d = m(®?) — 1. O
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This problem is Example 5 in Chapter 6. The above solution applied the
property (1) of the order, which depends on the division with remainder.
Therefore, the essences of the two solutions are the same.

Example 5. Let n > 1. Prove: n{2" — 1.

Proof. Prove by contradiction. If there exists n > 1 such that n|2™ — 1,
then n must be odd. Let k be the order of 2 modulo n. Then from

2" = 1(modn) (7)
we know k|n. Since 2¥ =1 (modn), we have 2 =1 (mod k), i.e.,
k2% —1. (8)

But the order k satisfies 1 < k < n, and obviously k # 1 (otherwise, n =1
is deduced), so 1 < k < m. By repeating the above argument from (8), it
is found that there is an infinite number of integers k;(¢ = 1,2,...) that
satisfy k;|2¥ — 1, and n > k > k; > ky > --- > 1, which is obviously
impossible.

This proof can also be expressed (more simply) as follows: Taking n > 1
as the minimum integer such that n|2" — 1. The above argument generates
an integer k such that k|2¥ — 1 and 1 < k < n, which contradicts the
minimality of n.

In addition, this problem can also be solved in a slightly different way:
Suppose there exists n > 1 such that n|2” — 1. If p is any prime factor of
n, then p # 2. Let k be the order of 2 modulo p. Then it is easy to know
that

2" = 1(mod p), 9)

so k|n. The fact k|p — 1 is derived from Fermat’s little theorem 2P~! =
1(mod p), so k|(n,p —1).

Now we take (a parameter) p as the minimum prime factor of n. Then
(n,p — 1) = 1, so k|1, that is, & = 1, hence 2! = 1(modp), which is
impossible. O

Remark 6. The method of Example 5 is the so-called method of infinite
descent. Its main point is to assume (from the proof by contradiction) that
there is a solution and to derive a “smaller” solution. For this, please refer
to Remark 4 in Chapter 20.
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Remark 7. In the second solution, we converted the congruence (7) mod-
ulo n into the congruence (9) modulo p (p is a prime factor of n), which
weakens the hypothesis of proof by contradiction, but still characterizes
n > 1 (refer to Remark 1 in Chapter 7).

There are many good properties of congruence modulo p (refer to the
second section in Chapter 8, the fourth section in Chapter 11, and the
second section in Chapter 12), but they are not particularly beneficial to
this problem.

Example 6. Prove that for any positive integer n, there exist n consecutive
positive integers, each of which is exactly divisible by a square number
greater than 1.

Proof. Because there is an infinite number of primes, we may choose n dis-
tinct prime numbers p1, ..., pn, and p?,...,p? are pairwise coprime. From
the Chinese remainder theorem, the system of congruence equations

= —1(modp?),...,r = —n(modp?)

has an integer solution « > 0. Then z + 1,...,2 + n are divisible by
p?,...,p2 respectively.

This problem can also be solved by the following method: Let Fj, =
22" 4 1(k > 0). Then since Fi, ..., F, are pairwise coprime, the system of
congruence equations

r=—1(mod F?),...,z = —n(mod F?)

has an integer solution x > 0. For any positive integer solution z, the
numbers x 4+ 1,...,x + n are the n consecutive positive integers that meet
the requirement.

Note that this solution does not need to apply the concept of prime
numbers. (]

Remark 8. The Chinese remainder theorem can often convert the problem
of “finding n consecutive integers with some properties” into “finding n
pairwise coprime numbers with some properties,” and the latter is easy to
solve.

Example 7. Let n and k be given integers with n > 0. Suppose k(n — 1)
is even. Prove: There exist  and y such that (z,n) = (y,n) = 1 and
x4y = k(modn).
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Proof. First we prove that the conclusion holds when n is a power p® of
prime p. In fact, we can prove that there exist « and y such that p { xy and
z+y=Ek.

If p = 2, then the condition shows that k is even, so we can take z =1
and y =k — 1. If p > 2, then one of the pairsx =1,y =%k — 1 and x = 2,
y = k — 2 can meet the requirements.

In general, let n = p{* - - p®" be the standard factorization of n. It has
been proved above that for each p;, there are integers x; and y; such that
pi {2y and x; +y; = k(i = 1,2,...,7). The Chinese remainder theorem
shows that the system of congruence equations

x =x1(modpi?), ...,z = z,(mod pim)
has a solution z; similarly
y = yi1(modpi),...,y = y,(mod pi")

also has a solution y. Now it is easy to verify that x and y meet the require-
ment of the problem: Because p; 1 x;y;, then p; ¥ zy(i = 1,...,r), so
(xy,n) =1. Also

r+y=a;+y =k(modp) (i=1,...,r),
thus z + y = k(mod n). O

Remark 9. The demonstration of Example 7 shows the most basic effect of
the Chinese remainder theorem: A problem related to any positive integer
is reduced to the case of a power of a prime number (or prime number),
which is easier to deal with (please compare it with Remark 5 in Chapter 7).

The following Example 8 is a basic result about the arithmetic property
of the binomial coefficients.

Example 8. Let p be prime, n be a positive integer, and
n=(am - -a1a0)p

be its base-p representation, where a; satisfy 0 < a; < p(i = 0,1,...,m)
and a,, # 0.
Prove that there are exactly

N =(ao+1)(a + 1)+ (am + 1) (10)
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numbers in the binomial coefficients (8), (?) e (Z) that are not divis-

ible by p, and determine for which n there will be N =n + 1.

Proof. The result can be deduced directly from Lucas’ theorem. For <
k < n, let the p-ary representation of k be

k= (b -+ - b1bo),.-

From Lucas’ theorem (see (6) in this chapter), we know that

MRUGIEE

Hence p { (Z) if and only if for each ¢ = 0,1,...,m, there is 0 < b; < q;
(it means that there are a; + 1 options for each b;). Therefore, there are
N =(ap+1)(ag + 1)+ (am + 1) such numbers k.

Then we prove N = n + 1 (that is, none of the coefficients of an nth
degree binomial is divisible by p) if and only if a; = p—1(: = 0,1,...,m—1)
and a,, # 0.

In fact, from (10),

N=an [[ai+ D) +ams [] @+D++(a+1). (1)
<m <m—1
In addition, because a; <p—1(i=1,...,m), for r > 1,
[T +1) = (a0 +1) - (arr +1) < p". (12)
i<r

From (11) and (12),

m
n+1:N§Zaipi+1.
i=0
Comparing it with N =n+1=>"/ a;p' + 1, we know that for all r, the
inequality (12) must hold as equality, i.e., a; =p—1(: =0,1,...,m —1).
d

In particular, it is deduced from this problem that there are exactly 2°
odd numbers in (g), )., (), where s is the number of digit 1 in the
binary representation of n; Therefore, all the coefficients of an nth degree

binomial are odd if and only if n has the form 2¥ —1 (k is a positive integer).
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Exercises
Group A

1. Let p be an odd prime number. Prove that the prime factor of 2P 4 1
either is 3 or has the form 2pz + 1 (z is a positive integer).

2. Let a > 1 be an integer and p be an odd prime. Prove that the prime
factor of a? — 1 can either be divisible by a — 1 or has the form 2px + 1
(x is a positive integer).

3. Solve the system of congruence equations

x = 1(mod4),z = 2(mod5),r = 4(mod 7).

4. Let n be a given positive integer. Prove that there are n consecutive
positive integers, none of which is a power of a prime.

Group B

5. Let n > 1. Prove that the order of 2 modulo 5" is (5") = 4 x 57~ 1.

6. Let m and k be integers greater than 1. Prove that there is a reduced
system modulo m such that all the prime factors of these numbers are
greater than k.

7. In the Cartesian plane, for any given positive integer n, prove that there
exists an integer point whose distance from any irreducible integer point
is greater than n (an integer point refers to a point whose coordinates
are integers in the Cartesian plane, and an irreducible integer point is
an integer point whose coordinates are coprime).

8. Let A be an infinite subset of the set of positive integers, n be a given
integer, and n > 1. It is known that for any prime number p that doesn’t
exactly divide integer n, there is an infinite number of elements in the
set A that are not divisible by the integer p.

Prove that for any integer m > 1 with (m,n) = 1, there is a finite
number of different elements in the set A, whose sum S satisfies S =
1(modm) and S = 0(mod n).

9. Let p be a given odd prime number. Prove that there is an infinite
number of prime numbers = 1(mod p).



Chapter 20

Indeterminate Equations (2)

By showing examples, this chapter introduces several kinds of special inde-
terminate equations and solutions that are often involved in (higher level)
mathematics competitions.

Example 1. Prove that the indeterminate equation
(x+1)Y—2"=12,y,2>1 (1)
has only one group of positive integer solutions z = 2, y = 2, and z = 3.

Proof. First of all, simplify (1) modulo z + 1 (refer to Remark 3 in
Chapter 9). Then we get

(=1)**! = I(mod z + 1),
so z is odd. Decompose (1) into
(z+1)Y ="t —2" 2 1.

Thus = must be even; otherwise the parities of the two sides of the above
equality are different. Similarly, convert (1) into

(z+1) @+ 1) 24+l =07

and then y is also even.
Now let = 227 and y = 2y;. Then from (1),

(+1)" =D+ D" +1) = 2”. (2)

251
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Because x is even, the greatest common divisor of (z + 1)¥* — 1 and (x +
1)¥1 + 1 is 2, and obviously z | (x + 1)¥* — 1. From these and (2), it follows
that

(x+ 1) —1=227 (z+1)¥ +1=2""1
This implies 2°~1 > 22%,s0 21 = 1, i.e., 2 = 2. Hence y =2 and z = 3. O

Remark 1. Equation (1) is a special case of the famous Catalan’s con-
jecture. Catalan conjectured that 32 and 23 are the only positive integer
powers with a difference of 1, that is, the indeterminate equation

=y’ =1, a,b>1 (3)

has only a group of positive integer solutions x = 3, y = 2, a = 2, and b = 3.
With a deeper method, this problem has been completely solved recently,
and the elementary method can deal with some special cases of (3). Also
see Exercise 1 and Exercise 2 in Chapter 9.

Example 1 can also be proved by the following method: We first prove
that = has no odd prime factor. Suppose p is an odd prime number such
that x = p®zq1, where a and x; are positive integers and p { z1. By the
binomial theorem, rewrite (1) as

xy + Z (f) zt =2, (4)
i=2

Hence z |y, so p|y. Let y = p’y1, where b > a and p { y;. The main
point of the argument is to compare the powers of prime p on both sides of
formula (4).

For 2 < i <y, suppose p°||i (i.e., p°|i but pTt {4). Then in

Yy i Yy y_l I3 pbyl y_l a i
xr = — r = — X ,
(z) i (i—l) P\ ) @)

the power of prime p is at least d = b+ ai —c. If ¢ =0, then d > a + b; if
c¢>0,since p>3,theni>p°>c+1,s0d>b+a+cla—1)>a+0b,

. Y )
ie,d>a+b+ 1. In a word, pottt! ’(f) x%, hence p@+b+l |y (f) z*.

i=2

Also pat?||zy, thus the power of p on the left side of formula (4) is a + b.
But p®*||z*, and from (1) we know z > y, from which az > ay > ap® >
a(b+1) > a+b,ie., az > a+b. Hence the powers of p on both sides of the
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formula are not equal, which is impossible. Therefore, x does not have an
odd prime factor, i.e., x is a power of 2. Suppose x = 2". Then equation
(1) will be reduced to Exercise 2 in Chapter 9, which is easy to solve.

Remark 2. The essence of the above argument is to derive a contradic-
tion from (4) modulo p®**+1. Because this is based on the calculation and
estimation of the power of p in each term of (4), sometimes it is called the
method of comparing the powers of prime numbers. This technique
is widely used.

Example 2. Prove that the indeterminate equation
oyt = 22 (5)
has no positive integer solutions.

Proof. Prove by contradiction. Suppose (5) has positive integer solutions.
We choose a group of solutions that minimize z among all such solutions.
The idea of the argument is to create another group of solutions (r, s,t) so
that 0 < t < z. Since the selected solutions give the minimum, this leads
to a contradiction.

First of all, there must be (z,y) = 1, because if d = (z,y) and d > 1,
then from (5) we know d*| 22, that is, d? | z, and (%, g, dz—z) is also a group
of positive integer solutions of (5), but % < z, which is contradictory to
the selection of z.

Rewrite (5) as
(@) + ()2 = 22

Since (z,y) = 1, we have (22, y?) = 1, so (22,92, 2) is a group of primitive
Pythagorean numbers. From the Pythagorean numbers theorem in the sec-
ond section of Chapter 9, we see that there exist integers a > b > 0 with
(a,b) = 1, one of which is even and the other is odd, such that (suppose y
is even)

v =a* -0, y?=2ab, z=ad>+0b% (6)

From 22 + b? = a® and (a,b) = 1, we know that a is odd and b is even. By
applying the above theorem, there exist integers p > ¢ > 0 with (p,q) =1,
one of p and ¢ being even and the other being odd, such that

r=p°—q* b=2pga=p>+q.
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From (6), we see that y? = 4pq(p? + ¢°), i.e.,
Y\ 2
(§> = pg(p* + ¢*).

Because (p,q) = 1, the positive integers p, ¢, and p? + ¢ are pairwise
coprime. The above formula shows that their product is a square of integers,
so there are positive integers r, s, and ¢ such that

p=r’q=5p+q¢ =1,

thus
rt 4+ st =12
Hence we get a group of positive integer solutions (r, s,t) of (5). But

O0<t=+vVp?+q@=+Va< Jz<z,
which contradicts the minimality of z. O

Remark 3. From Example 2, we immediately derive that the Fermat equa-
tion

"yt =z2"n>2,

has no positive integer solutions when n = 4. For the other two simple
corollaries of Example 2, please refer to Exercise 1 in this chapter.

Remark 4. The proof method of Example 2 is called the infinite descent
method, which is an important method first proposed by Fermat.

Here are the main steps to prove that an indeterminate equation doesn’t
have positive integer solutions by the infinite descent method. Start from
the opposite conclusion, and suppose there is a group of positive integer
solutions we try to construct another group of positive integer solutions
to this equation, such that the new solution is “strictly smaller” than the
original one. Here, strictly smaller eyes refers to that a quantity taking
positive integer values related to solutions strictly decreases. If the above
process can go on infinitely, then there will be a contradiction because there
is only a finite number of terms in a strictly decreasing positive integer
sequence.

The infinite descent method can also take different forms (the essence
is the same as above): Suppose there exist positive integer solutions and
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choose a group of “minimum” solutions. The “minimum” solution here
means that a quantity taking positive integer values and related to solu-
tions reaches the minimum. The core of the argument is still to try to
create a new solution to the equation, which is “strictly smaller” than the
selected solution, thus generating a contradiction (refer to Example 5 in
Chapter 19).

How to construct a smaller solution depends on the specific problem of
course. Example 5 in Chapter 19 applied the property of the order, which
depends on the division with remainder (refer to (1) in Chapter 19). In
Example 2, Pythagorean theorem was applied twice, and in Example 3
below, (the more elementary) Vieta’s theorem will be used.

Remark 5. The infinite descent method is not limited to dealing with
indeterminate equations. If a problem can generate another state from one
state, and there is a strict reduction in a quantity of positive integer values
related to the state, the descent method can be used to generate a con-
tradiction (i.e., the problem has no solution) or a solution. For example,
Euclidean algorithm in (7) of Chapter 6 is essentially an infinite descent
method: After a finite number of divisions with remainder, it must reach
the “minimum state” and produce the greatest common divisor. The argu-
ment in (5) of Chapter 11 is also a descending method: From one state to
another, it corresponds to a strictly decreasing positive integer (the degree
of polynomials related to the state), so the process must stop after a finite
number of steps. Thus the representation with remainder is given.

Example 3. Prove that if the equation
2+t 1 =ayz (7)
has positive integer solutions (z,y, z), then z = 3.
Proof. Prove by contradiction. If there is a positive integer z # 3 such
that the equation (7) has a positive integer solution (x,y), then z= # vy,
since otherwise we get 222 + 1 = 222, so z = 1 and z = 3, a contradiction.
Since x and y are symmetric, we may assume that x > y. Select a solu-

tion (zo,yo) from these solutions to minimize x¢. Consider the quadratic
equation in one variable x

2 —yozr +ys +1=0. (8)
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From Vieta’s theorem, the other root of (8) is
L1 = Yoz — Zo,
which is an integer, and

241 241
0<$1:u§y0+ < Yo-
X0 y0+1

Therefore, there is another positive integer solution (yo,z1) of (7), which
satisfies yo > 21 (from the previous discussion, yo # x1) and yo < x¢. This
contradicts the minimality of xg. (]

There are some indeterminate equations, which are difficult to deal with
by the decomposition method of (as mentioned in Chapter 9) and the esti-
mation method of but need to apply some in-depth congruence knowledge:
quadratic residue (or called the square residue). For the purpose of this
book, we will not discuss it in depth, but only introduce one of the most
basic and commonly used results:

Lemma Let p be a prime number of the form 4k + 3. Then
z? +1 = 0(mod p) 9)

has no integer solutions.

In other words, for any integer x, a prime factor of 22 4 1 is either 2,
or = 1(mod 4).

The proof is quite simple. Assume that there exists z satisfying (9).
Then

z? = —1(mod p),

so xP~1 = (fl)prl(modp). But p { z, thus from Fermat’s little theorem,
2P~ = 1(mod p), and hence (—1)% = 1(modp), that is, —1 = 1(mod p).
This implies that p = 2, which is impossible.

Remark 6. It is not difficult to prove that there is an infinite number of
prime numbers of the form 4k + 1 from the above lemma and Euclid’s idea

of proving that there is an infinite number of prime numbers (see (4) in
Chapter 7) (try to compare it with Exercise 5 in Chapter 7):

Suppose there is only a finite number of prime numbers of the form
4k + 1. Let all of them be p1,...,px. Consider

N =(2p1-pp)® + 1.



20. Indeterminate Equations (2) 257

Because N > 1, N has a prime factor p. Because N is odd, we see that
p # 2. Then from the above lemma, p = 1(mod4). Since p is obviously
different from py,...,px (otherwise p|1, which is impossible), we obtain a
new prime number of the form 4k+1, which is contradictory to the previous
assumption.

Example 4. Let p be a prime number of the form 4k + 3, and let n be a
positive integer satisfying p|n. If n can be expressed as the sum of squares
of two integers, that is, there are integers = and y, such that

n= $2 + y27 (10)
then the power of p in n is even.

Proof. First prove that x and y are both divisible by p. If not, assume
that p { . Then there is an integer x; such that zz; = 1(mod p). Multiply
the both sides of (10) by 2%, and then modulo p to get (notice that p|n)

(z19)* + 1 = 0(mod p).

Since p = 3 (mod4), this contradicts the lemma above, so p|(z,y). Let
p%||(z,y). Then p?>*|n. We prove that p>¥||n, that is, the power of p in n
is even.

Let n = p**m, = p®z; and y = p®y;. Then m, x1, and y; are all
integers, and p t (z1,y1). From (10), we obtain

2 2
m=x1+yi.

Suppose p|m. Then by the same argument as above, p|(x1,y1), which
leads to a contradiction. Therefore the proposition is proved. U

Remark 7. There are many important and interesting results about the
sum of squares of positive integers, which are not discussed in this book.
To express a positive integer as the sum of the squares of two integers has
a complete characterization, which is the following Gauss’ theorem:

A necessary and sufficient condition for a positive integer n to be
expressed as the sum of the squares of two integers is that the power of
any prime factor of the form 4k + 3 in n is even.

Example 4 proves the necessity of the theorem, while the proof of the
sufficiency of Gauss’ theorem relies on an important fact: Prime numbers of
the form 4k + 1 can be expressed as the sum of the squares of two integers.
It is not easy to prove this proposition. This book does not introduce it.
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Remark 8. The demonstration of Example 4 shows that if p is a prime
number of the form 4k 4 3, and integers x and y satisfy

2?2 4 4% = 0(mod p),

then both z and y can be divisible by p. This version of the lemma is
sometimes more convenient for applications.

Example 5. Prove that the equation
y* =2 -5 (11)
has no integer solutions.

Proof. First of all, if x is even, take (11) modulo 4 to get y?> = 3(mod 4),
which is impossible. If 2 is an odd number, when 2 = 3(mod4), from
(11), y* = 2(mod4), which is still impossible. Hence z = 1(mod4), so
2?2 + 2+ 1 = 3(mod4), and 22 + = + 1 must have a prime factor p of the
form 4k + 3. Deform (11) into

y'=(z 1) +x+1) 4,

and take modulo p. We obtain y*>+22 = 0(mod p). From Remark 8, p|(2,y),
that is, p = 2, which is impossible. Thus, equation (11) has no integer
solutions.

In the above argument, some necessary conditions (of having solutions)
are derived by congruence. The purpose is to generate a prime factor of
the form 4k + 3 on the right side of (11), to apply the lemma or the fact in
Remark 8.

Any integer that is = 3(mod4) must have a prime factor of the form

4k + 3. This simple conclusion is fundamental in this kind of argument.
O

Example 6. Prove that the equation

yP=a—4 (12)
has no integer solutions.
Proof. First, if = is even, then y is even. Thus the left side of (12) =
0,4,16(mod 32) while the right side = —4(mod 32), which is impossible.
Therefore, x is odd. If + = —1(mod4), then from (12), we obtain y? =
—5 = 3(mod8), which is also impossible, so x = 1(mod4). Deform (12)
into

Y2+ 6% = (x4 2)(z* — 227 + 2222 — 2%z + 2Y). (13)
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Since x + 2 = 3(mod 4), the number x + 2 has a prime factor p of the form
4k + 3. From (13), we know that y? 4+ 62 = 0(mod p), so p|(6,y), thus
p = 3. Hence 3|z + 2, i.e., z =1 (mod 3).

On the other hand, from 2 = 1 (mod 4), the second factor on the right
side of (13) is also = 3 (mod 4), so it has a prime factor of the form 4k + 3.
Similar to the above case, it can only be 3, namely x* — 223+ 2222 — 23z +24
is divisible by 3.

However, since (already proven) z = 1(mod 3),

at — 223 + 2227 — 232 4 2% = 1(mod 3),

a contradiction! So equation (12) has no integer solutions.

The following solution can also be used: Therefore, Take (12) modulo
11. On one hand, it is known from Fermat’s little theorem that for any
integer x, there is 1% = 0,1 (mod 11), since 11 is a prime number. Thus
we know 2° = 0, +1 (mod 11), and the right side of (12) is congruent to
—4,-3,-5 (mod 11).

On the other hand, it is easy to verify y?> = 0,1,3,4,5,9 (mod 11).
Therefore, (12) modulo 11 has no solutions, so it has no integer solutions.

O

Example 7. Let p be prime and p = 3(mod4). Integers z, y, z, and t
satisfy 2% + y?P + 2% = 7. Prove: playzt.

Proof. Because the equation in the problem is homogeneous, we can
assume that (x,y, z,t) = 1.

First of all, consider the original equation modulo 4. Then from this
fact that a square number modulo 4 is or 1, and the above assumptions, it
is easy to know that there must be two even and one odd numbers in x, ¥y,
and z (so ¢ is an odd number); suppose x is odd, and y and z are even.

The equation can be decomposed into

y?P 4 2% = (12 — 2?)M, (14)
where M = 2(0=1) 4 ¢2(0=-2)2 4 ... 4 22(0=1 Since z and ¢ are odd
numbers,

M= ("2 4+ (P 20)? + -+ (2P 1)? = p = 3(mod 4).

Therefore, M must have a prime factor g of the form 4k + 3, and ¢ has an
odd power in M.

From ¢|M and (14), we know that (y?)? + (27)? = 0(mod q). Since ¢ =
3(mod4), we can deduce that ¢|y and ¢|z from the lemma (see Remark 8),
50 ¢?P|(y*" + 22P). On the other hand, q appears odd times in M, and from



260 Problems and Solutions in Mathematical Olympiad: High School 3

(14), q|(t* — 2?), i.e., t* = 2*(modq), thus

M= (2P~ 4+ #2)P 222 + . 4+ 227D = p2(P—Y(mod ¢).
Since ¢|M, this implies that g|pz?P~1. If ¢ # p, then ¢|z>P=1Y so the
prime number g¢|z, which also shows that ¢|t. Combining it with (the
proven) ¢ly and ¢|z, we obtain that ¢ is a common divisor of z, y, z,
and t, which contradicts the previous assumption. Therefore, ¢ = p, so ply
and pl|z, which proves the conclusion.

Exercises
Group A

1. Prove: The area of a right triangle with integer side lengths cannot be
twice a square number; the area of an isosceles triangle with integer side
lengths cannot be a square number.

2. Prove: A positive integer of the form 4k + 3 cannot be expressed as the
sum of the squares of two integers; there is an infinite number of positive
integers of the form 4k + 1, which cannot be expressed as the sum of the
squares of two integers.

3. Prove: There doesn’t exist an even number ¢ and an odd number z > 5

such that
i(fl)k x a2k72 _ J?(.CE — 1)
2k 2

k=2
4. Prove: The equation y? = 23 4 7 has no integer solutions.
5. Prove: The equation y? = 2% + 11 has no integer solutions.

Group B

6. Let a and b be positive integers such that ab + 1|a? + b?. Prove that
‘ibj_bf is a square number.

7. Prove: The area of a right triangle with integer side lengths cannot be

a square number.
8. Prove: The equation z* — y* = 22 has no positive integer solutions z, ¥,
and z.
9. (i) Prove: The equation z* 4+ y* = 222 has no positive integer solutions
x, y, and z, where x # y.
(ii) Prove: The equation z* —y* = 222 has no positive integer solutions
x, y, and z.



Comprehensive Exercises

1. Three of eight boys and five girls are chosen as representatives, includ-
ing at least one girl. How many choices are there in all?

2. Six people stand in a row, where A is not at the left end and B is not
at the right end. How many different arrangements are there?

3. Prove: Among n-digit numbers composed of digits 1 and 2, we cannot
choose more than [712—:1} distinct numbers that have at least three digits
different from each other.

4. Seventeen pairs of men and women are arranged in a row. It is known
that the height difference between each pair of man and woman does
not exceed 10cm. Prove: If both men and women are arranged from
high to low, then the height difference between each pair is still not
greater than 10 cm.

5. In a chess round robin, each player is known to score up to k points
(1 point for the winner, for the loser, and % for each draw). Prove:
There is a player who plays no more than 2k games.

6. There are n(> 3) players in a table tennis round robin, and no one
beats everyone else. Prove: There must be three players A, B, and C'
such that A beats B, B beats ', and C beats A.

7. Let aq,...,a, be integers such that a; + -+ 4+ a, is a multiple of 6.
Prove: a$ + -+ + a3 is also a multiple of 6.

8. Starting from the second term in a sequence, each term is equal to the
sum of the previous term and all its digits, and the first term is 1. Is
there a term equal to 123456 in this sequence?

9. Prove: %_H (27?) is an integer.
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Let n be a positive integer, Prove: (%l) + (22"> N R (32) .37 g
divisible by 2™.

Let (m,n) = 1. Prove % is an integer.

Let m and n be coprime positive integers. Prove:

5 ot

Let n > 1 be an integer. Prove: n® +n* + 1 is not prime.
Let a1 =1, ag = 2, and for n > 1 define

Spt1 — 3ay, if a, - apyq is even;
an+2 = . .
Gpt1 — G, if ay, - ap41 is odd.

Prove: For n > 1, we have a,, # 0.

Let H = {h € C|h™ = —1}, and n be a positive integer such that n > 2.
Evaluate ", o (1 —h)~2.

Prove: Any positive integer n can be expressed in the form

n=ce112 4922 + 332 + .- 4+ ,,m?,

where m is some positive integer and ¢; =1 or —1(: = 1,2,...,m).
Prove: For any positive integer a; > 1, there exists an increasing pos-
itive integer sequence ay, as, as, ... such that a? + --- + a% is divisible
by a1 + -+ ay for all k£ > 1.

Let n be a given positive integer. Prove that there exist n consecutive
positive integers, none of which can be expressed as the sum of the
squares of two integers.

Let n > 2. Prove: In any (4n — 3) x (4n — 3) numerical table composed
of 0 and 1, there must be a 2 x n sub-table in which elements are all 1
or all. (The n columns of this table need not be adjacent.)

Let B(n) denote the number of partitions of n as the sum of powers of 2.
Prove: When n > 2, the number B(n) is even. (Here the partition is
an unordered partition; refer to Exercise 3 in Chapter 3.)

Let k be a positive integer, m = 2F+1, and r # 1 is a root of 2™ —1 = 0.
Prove: There exist f(z),g(z) € Z[z] such that f3(r) + ¢*(r) = —1.
Let p(x) be an integer coefficient polynomial and p(n) > n for n > 1.
Define 1 = 1,22 = p(x1),...,2, = p(xn_1), and suppose that for any
positive integer NV, there is a term divisible by N in the sequence {z,,}.
Prove: p(z) =z + 1.

Suppose a > 1 is a given odd number. Prove that there are only finitely
many numbers m such that 2™|a™ — 1.
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Let v(k) denote the number of 1 in the binary representation of k, and
n be a positive integer. Evaluate il}l(—l)”(k)ki(i =1,2,...,n).
Let aq,...,a, be distinct positive integers such that for any positive
integer k, the number (a;+k) - - - (a, +k) is divisible by a; - - - a,,. Prove:
ai,...,a, is a permutation of 1,2,...,n.

Determine all positive integers n such that there is an integer m satis-
fying that 2" — 1 exactly divides m? + 9.

Prove: There do not exist integers a, b, c > 1 that are pairwise coprime,
such that b[2% + 1, ¢[2° + 1, and a|2¢ + 1.

Let n > 1 and k£ > 0 both be integers. Suppose a1, ..., a, are integers,
and their remainders on the division by n+k have at least k+1 different
values. Prove: The sum of some of these n numbers is divisible by n+k.
(Note that when k = 0, this question becomes a well-known result.)
Let 7 and s be nonzero integers and k be a positive real number. A

Gtk for
a

sequence {a,} is defined as: a1 = r,as = s, and a,q2 =

n > 1. Prove: A necessary and sufficient condition for all a: to be
integers is that Tz"’:j"’k
Prove: For any odd number, a multiple of it can be found such that
every digit in the decimal representation of the multiple is odd.

Let n > 1 be an odd number and ci,...,c, be any integers. For
any permutation a* = (ay,...,a,) of {1,2,...,n}, define S(a*) =
Z?:l c;a;. Prove: There exist two different permutations a* and b* of
{1,2,...,n} such that n! exactly divides S(a*) — S(b*).

Let a;, b;, and ¢; be integers (1 < i < n), and for each i, at least one of

is an integer.

the three numbers a;, b;, and ¢; is an odd number. Prove: There exist
integers A, B and C, such that among the n numbers

Aa; + Bb; + Cc; (i=1,...,n),

there are at least %n odd numbers.

Let a1 < ag < -+ < asgoo < 10'99 be given positive integers. Prove:
There are two non-empty and disjoint subsets A and B of the set
{a1,as,...,az00} such that:

(i) the numbers of elements of A and B are equal;
(ii) the sums of the elements of A and B are equal;
(iii) the sums of the squares of elements of A and B are equal.

Let Sp be a finite set of positive integers. Forn > 1, (recursively) define
the finite sets S, Sa, ... of positive integers: Integer a € S, if and only
if exactly one of @ and a—1 belongs to S;,_1. Prove: There is an infinite



264

35.

36.

37.

38.

39.

40.

41.

42.

Problems and Solutions in Mathematical Olympiad: High School 3

number of positive integers N such that Sy = SyUN +a: a € Sp} (i.e.,
S is the union of Sy and an integer translation of Sp).

Suppose we are given 31 distinct positive integers, where there are
at least 94 pairs of numbers that are coprime. Prove: There are four
integers a, b, ¢, and d in the given integers such that (a,b) = (b, c) =
(¢,d) = (d,a) = 1.

Prove: There is an infinite sequence of positive integers {a,}(n > 1)
such that for n = 1,2,..., the number a? + - - - + a2 is always a perfect
square.

Let ai,...,a, be integers, which satisfy Y ., ita; = 0 for all | =
1,....,k—1. Prove: k!|> i, i*a;.

Let f(z) be a non-constant integer coefficient polynomial. Prove: The
sequence {f(n)}(n = 0,1,...) has an infinite number of (different)
prime factors.

Prove: For each n > 2, there exists an n-degree polynomial f(z) =
2" +a;z" ' 4+ - - + a, with integer coefficients, which satisfies:

(1) none of ay,as,...,a, is zero;

(2) f(x) can’t be decomposed into the product of two non-constant
integer coefficient polynomials;

(3) for any integer x, the number |f(x)| is not prime.

Prove: There is an infinite sequence of positive integers {a,}(n > 0)
such that (a;,a;) = 1 for any i # j, and for all positive integers n,
the polynomial a,x™ + --- 4+ a1z + a¢ cannot be decomposed into the
product of two non-constant polynomials with integer coeflicients.

Let f(x) be an integer coefficient polynomial and p be prime. Suppose
f(0) =0 and f(1) = 1. If f(k) is congruent to either 0 or 1 modulo p
for any integer k, prove that the degree of f(x) is at least p — 1.

Let f(x) be a polynomial of degree n, in which the coefficients are all
+1, and has the form of

flz) = (@ = 1)"g(x),

where g(z) is a polynomial with integer coefficients and m is a positive
integer. Prove: If m > 2F (k > 2 is an integer), then 2¥+!|n + 1.
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Solution 1

Permutations and
Combinations

1. (i) Pg; (ii) 63.

2. The number equals to the number of the 7-permutations of 1,2,...,9
minus the number of permutations where 8 and 9 are adjacent. That
is PJ — 2! x 6 x P53 = 151200. (the number of 7-permutations where 8
and 9 are adjacent can be determined as follows: At step 1, take the
5-permutations of 1,2,...,7 and there are P2 ways; at step 2, insert 8
and 9 as a whole to the head, the tail, or between any two numbers
of the 5-permutations and there are 6 ways; at last, there are 2! ways
to make a full permutation of 8 and 9. According to the multiplication
principle, the number of such permutations is 2! x 6 x P3.)

3. There are 6! arrangements for 6 singing programs. Each arrangement
produces 7 “gaps”. Insert 4 dance programs into these 7 “gaps”. There
are P7 ways in total. Hence, there are 6!P% arrangements of the pro-
gram list.

4. According to the full permutation with repetition formula, there are
%54! plans.

5. It is easy to know that the “words” can be divided into three cate-
gories: 2 numbers of a, 3 numbers of ¢; 2 numbers of a, 1 number of b,
2 numbers of ¢; 1 number of a, 1 number of b, 3 numbers of ¢. There-
fore, according to the addition principle and the full permutation with
repetition formula, the number is 2!853! + 5!2! + 1!?53! = 60.

21!
6. First, let the boys sit in a circle. Then from the cyclic permutation for-

mula, there are (n — 1)! ways. There is a space between every two
adjacent boys; there is a total of n ways. Now let n girls arrange
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in these n spaces, so there are n! ways. Overall there are (n — 1)!n!
arrangements. (It should be noted that after the arrangement of boys,
the arrangement of girls is a (straight line) permutation rather than a
cyclic permutation.)

Obviously, there are two balls in one box, and one ball in each of the
other boxes. Step 1: Take two out of the n + 1 balls, and there are

" ;L 1) ways. Step 2, Regard these two balls as one, and put them in

n (different) boxes with the rest n — 1 balls, so there are n! methods.
n+1
2

Therefore, there are ( ) n!' = %(n + 1)! ways in total.

. The result is a k-combination with repetition of 1,2,...,6. Thus, the

number is equal to

()0

. The numbers are divided into three categories according to their

remainders on division by 3: A = {3,6,...,300}, B = {2,5,...,299},
and C = {1,4,...,298}. There are four cases when the sum of the
three numbers is divisible by 3: Three numbers all belong to one of A,
B and C or three numbers are taken from A, B, and C respectively.

According to the addition principle, there are 3 <1§0) + 1002 different
ways.

Let these five points be A;, As, Az, Ay, and As. Connect any two
points, so there are (g) = 10 straight lines. Every three points form

a triangle, so there are (Z) = 10 triangles. Any four points can gen-

erate (;) = 6 straight lines, and from the fifth point we can draw a
perpendicular line to each of these 6 straight lines, so there are a total
of 5 x 6 = 30 perpendicular lines. These perpendicular lines have at
most (320> = 435 intersection points. However, for each of the above 10
lines, there are three perpendicular lines to it that are parallel to each
other (without intersection points), so 30 intersection points should
be subtracted. In addition, the three altitudes of any of the 10 trian-
gles intersect at one point, so there are 20 intersection points to be
subtracted. Each point A; is the intersection point of 6 perpendicular
lines, so we need to subtract 5 (g) = 75 intersections points. Therefore,

there are at most 310 intersection points.



Solutions: 1. Permutations and Combinations 269

11. Let |A] = k. Then |B| = 12 — k according to condition (1). Because
A and B are not empty, k # 0,1 and 2. From condition (3), we know
that k € A and 12—k ¢ B. Therefore, from (1), k € B and 12—k € A.

Obviously, k # 6; otherwise 6 € B and 6 = 12 — 6 € A, which doesn’t
meet condition (2).

For each k(1 < k <11 and k # 6), we have determined that 12—k € A,
and k € B, so the remaining & — 1 elements of A are selected from the
remaining 10 elements of the set A U B excluding k and 12 — k, and there

are (kl_ol) selections. Then condition (1) uniquely determines B.
Therefore, N = 2,161:1 (kl_ol> - (61_01> =210 (150> = 772. (where the

equality 21161:1 (kl_ol) = ,16020 (113) = 210 can be calculated directly, or
refer to (8) in Chapter 2.)

12. Because the intersection of any two of A, B, and AU B is the empty
set, and their union is set S (where AU B is the complement of AU B
with respect to S), any element of S is in A, B, or AU B, so there
are three situations. Then the number of ordered subset pairs (A, B)
satisfying AN B = @ in S is 319 (refer to Example 4 in this chapter).

The number obtained above includes the case that A and B are
empty sets, which should be excluded: If A = @, then each element
of S is either in B or in B, so there are 2!° sets B. Similarly, when
B = (), there are 2'° sets A. And because there is only one set pair
where A and B are empty sets, there are at least 2194210 -1 =21 1
set pairs in which at least one of A and B is an empty set. Therefore,
there are 3! — (2!1 — 1) ordered non-empty subset pairs (4, B) that
satisfy AN B = @, and the number of the desired unordered pairs is
(310 4+ 1) — 210 = 28501.
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Solution 2

Binomial Coefficients

1. Induct on k. When k£ = 1, the conclusion is obviously true. Assume
that the equality is true for k — 1 (k > 2). Then from the inductive
hypothesis and (5),

g ) )
o ()-0)
()

n+1 n+1 n+1
n+1+k\ 1 n+k\ 1 n+k\ 1

k=0 k=0 k=0
on+1\ 1 12 M+ 1+k—1\ 1
IR P 2"+1+§; k—1 2k-1

2n 4+ 2 1 1
T JaE T g
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Therefore, a,4+1 = 2a, is true for all n > 1, thus from this and n > 1,
we see that a,, = 2".

. Let a,, be the sum. Then ap = a; = 1. For n > 2, we have (using (5))

[5] 3]
(-1)F (n—k—1 (-1)F (n—k—1
()RS

k=0 k=1
In the first term, if n is odd, then [%] = ["T_l], if n is even, then
"7:7 ') =0 and [%] —1= [”771] when k = 5. Hence the first term

of the above formula is

(=]

k=0

Similarly, the second term is

(—1)F (n—1-k\ _ 1[§ (—1)F (n—2—k
4k k 4 4k k '
Hence, we can deduce that a,, = a,_1 — ian,g (n > 2). That is,

1 1 1
Ap — —Qp-1 == | apn_1 — =ap_2o ).
DR Lo gfn=2

Easily we know that a,, — %an,l = 2%, so forn > 1,

1 1 1 1 1 1
TR T A ST R
- n ap  n+l
B ZRE T TR
Using ﬁ (2) = %H (Zii) and the binomial theorem, we can easily

get the result. Refer to the deformation method of (i) in Example 1.

. Let a, be the sum. Using

{04 ()2 1)
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and the binomial theorem, we get

ap = ni(fl)kﬂé (:) + (71)"+1%

k=1
7n717k11 n—1 lnilik1 n oyl
—kz::l( 1)+k< L >+”kz_:1( 1) <k>+( 1)+n

1
= p_1+— Z(—l)k+1

n
k=1 k

3
3
~___
I
S
3
|
+
|

Since a; = 1, the result is obtained from the above formula and math-
ematical induction.

. When n < m and n = m, the conclusion is obviously true. When
n > m, using (12) and (9), we obtain that

s ()

_ zn: (—1)k+m (Z) (Z B :Z) (let i = k — m)
k=m

g

. Let a, be the sum and b, = Ziin " (Q;l), which is the sequence

“complementary” to a,. Then a, + b, = 2?". From (4),

2n n—1
2n 2n 2n
k1 2n — k =0 k n
Thus the result is obtained.
. Let

(5] 2 2
an:kz_o{@) +(kﬁ1)} and bn:2kz_0(2) (kfl)

We prove that a, — b, = —— (2">
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When n is even, from (4) and the Vandermonde identity (refer to

Remark 4)

an_o(”) ( )

b, 2n 2n
- 0 n— n—1) n+1)
Hence a,, — by, (2: ( 1 ( ") If n is odd, then
2n n
Gn, n+1 ) n* - n—1
n—1
2

Thusanfbnf n — n_1>:ni1(27?).

9.

10.

Suppose there exist n and k such that the four numbers form an arith-
metic sequence. Then from

2<kil> - (Z) #(ha)

k+1+n—k’—1
n—=k k+2

we obtain that

=2 (1)

Further, from 2 <k12> = (kil) + (ki3>7 we deduce that when k is
replaced by k+1, (1) also holds. In addition, if we replace k by n—k—2,
then the left side of (1) remains unchanged. The above discussion shows
that the quadratic equation has four roots: k,k + 1,n — k — 2 and
n—(k+1)—2. It follows that k =n—-k -3 and k+1=n—k — 2.
Thus n = 2k + 3, so n is odd and k = "T_?’ Hence the four numbers
mentioned in the problem are the middle four terms of the degree-
n binomial coefficients. From the unimodal property of the binomial
coefficients, we know that they can’t form an arithmetic sequence.

There are (22" ) ways to choose 2 elements from 2n different elements.
On the other hand, this can also be counted as follows: If 2n elements
are (arbitrarily) divided into two n-element sets, then two elements can
be taken from the same set or we can take one element from each set.

The former has 2 (g) methods, and (from the multiplication principle)
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the latter has n? methods. Obviously, there is no repetition between
these two kinds of methods, so there are 2 (Z) + n? kinds of methods,

and we get the result.
11. From (11), (4), and the Vandermonde identity,

e () -3 () () -2 (00 (0)
) (2”71‘ 1) :n (ij‘f) |

Considering the following counting problem, we can derive a combina-
torial proof of the equality: Select n people from n men and n women
to form a committee and specify that the chairman of the committee
must be a woman.

First of all, there are n ways to choose one of the n women as chair-
man. After the chairman being selected, n — 1 people (as members of the
committee) are selected from the remaining 2n — 1 people, with a total
of (27? :11) options. From the multiplication principle, there are n (2: :f)
ways of selecting the n-member committee.

On the other hand, for any k (1 < k < n), there are (Z) ways to select k
from the n women as members of the committee first, and there are k ways
to choose one of them as chairman; There are (n " k) ways to select n — k
from the n men as members, therefore, the n member committee with &
women (one of them is the chairman) has >, _, according to the principle
of addition, sum for £ = 1,2,...,n, then there are k (Z) (nfk) k (71;)2
selection methods options. Combining these two counting results, we get
the equality.
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Solution 3

Counting: Correspondence
and Recursion

1. Let f be any mapping that satisfies the requirements, and sup-
pose 1,2,...,n appear in f(1),f(2),...,f(n) (from left to right)
21T, ..., Ty times, respectively. Then (z1,...,x,) is a set of ordered
nonnegative integer solutions to the equation z1 + --- + z, = n.
On the other hand, from any set of nonnegative integer solutions
(21,...,2,) to the equation, a satisfactory mapping f can be made
(taking f(1) = -+ = f(z1) = L f(z1 +1) = -+ = f(z1 + 22) =
2, flei+ - +xp1+1)=--= f(x1+ - +x,) =n ). Thus,
from Example 1, we know that the number is ot

2. The sending method of the ith postcard is equal to the number of
(ordered) nonnegative integer solutions of 1 + - - - + x,, = a;, which is

(ai, +n— 1) . Hence the number of methods is

n—1
a;+n—1 ap+n—1
n—1 n—1 .

3. Use the solution of Example 1: Arrange n identical balls in a row.
There is a gap between every two balls. There are n — 1 gaps in total.
Each gap has two options: “insert” and “not insert” a partition. One
way of inserting partitions corresponds to an ordered partition of n, and
an ordered partition also corresponds to a way of inserting partitions.
Therefore, the number of partitions is 27~ 1.

4. Every four points on the circumference form a convex quadrilateral, and
its diagonals (two chords under consideration) intersect at one point.
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Therefore, the set of every four points corresponds to an intersection
point. Because there are no three chords intersecting at one point, dif-
ferent sets of four points correspond to different intersection points.
Conversely, for any intersection point, it is easy to know that there is a
set of four corresponding points (as mentioned above). Therefore, the
number of intersection points is the number of 4-element subsets of n

. . n
points, l.e., (4) .

. Suppose n straight lines divide the plane into a, parts. Then a; = 2

n(n+1)

and ap+1 =a, +n+1,s0a, = + 1.

. Let a,, be the number of the des1red subsets. Then a; = 2 and ay = 3.

The subsets that meet the requirement are divided into two cate-
gories: The first kind does not contain n, and there are a,_; such
subsets; the second kind contains n, so it can not contain n — 1, and
there are a,,— such subsets. Hence a,, = a,,—1+a,—2. This is the same
as the recurrence formula of the Fibonacci sequence. Considering the
initial value of a,, we obtain a,, = f,+2, where the definition of f, is
fi=foe=1and f, = fn-1+ fan—2(n > 3). Its general formula is easy
to find.

Please note that if we classify the required subsets into 0-element set,

1-element sets, ... , n-element sets, and apply the result of Example 8§,

n—k+1

then we get a, = >, ( & ), and by combining the above result, we

generate an interesting identity

7.

" (n—k+1
Z( +)Zf'n-i-Z-

k=0

Let b, be the numbers. Then by = 2,bo = 3 and b3 = 5. When n is
odd, the said sequence can be divided into two types: If a,, = 1, then
an—1 = 1, so the number of the sequences is b, _o. If a,, = 0, then the
number of the sequences is b,_o when a,,_1 = 1, and a,,_2 = 0 when
an—1 = 0, so the number of such sequences is b,,—3. Therefore,

bp = 2b, o+ bn_3(7’L > 4) (1)

This recurrence formula is still valid when n is even. Finally, it is not

difficult to prove by induction and (1) that b, = b,—1 + bp_o. Thus

bn = fny2, where f, is the Fibonacci sequence.

Let the & numbers taken out be a; < as < --- < ag, and we prove

that this group of numbers corresponds to a; < as — 1 < ag —2 <
- < ar — (k — 1) one by one, and the latter is a k-combination of
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the n — (k — 1) elements 1,2,...,n — (k — 1). Therefore, the number is
(n —k+ 1) )
k
9. Let b = a; —i+1(i =1,...,n). Then 1 < by < by < - < b <
n—k-+1, and each b; is an odd number. Conversely, each such sequence
b; determines a satisfactory sequence a,. Therefore, the number is equal
to the number of k-combinations with repetition of all odd numbers in
1,2,...,n — k+1, which is (m_lf'ﬂ), where m = ["‘Tk”]
10. Suppose there are x,, sequences with an even number of zeros and y,,
sequences with an odd number of zeros. Then z,, + vy, = k™.

When there is an even number of zeros in ai,as,...,a,_1, take a, #,
and otherwise take a, = 0. This generates a sequence with n terms and
an even number of zeros. It is easy to see that each m-term sequence
with an even number of zeros can be generated in this way. Hence z,, =
(k — 1)@p_1 + Yn—1, and combining it with @, 1 + y,_1 = k"~ ! (see the
previous results), we obtain that

Tp = (k—2)x,_ 1 + k"L (2)
To solve (2), we first use (2) to derive that

Ty —kxp 1= (k—2)Tn_1 +E" ' —k(k —2)zp_o— k" !
= (k — 2)1'11—1 — k‘(k‘ — 2)1'11—2’

or equivalently z, — (2k — 2)x,,—1 + k(k — 2)x,,—o = 0. Therefore x,, =
2[k™ + (k — 2)"]. This can also be derived from (2) recursively.

11. Using the same numerical table as Example 2, we see that S; C Sy
C ... C S is equivalent to that the numbers (from top to bottom)
in any column in the numerical table is a monotone non-decreasing
sequence composed of 0 and 1. There are exactly k£ + 1 such sequences.
Therefore, it is concluded that there are (k + 1)” numerical tables in
total, which is the number of subset groups.

In addition, it is not difficult to derive the recurrence formula for the
problem. Let f(n, k) be the number. For < ¢ < n and a fixed i-element sub-
set S, the number of the corresponding subsets (51, ..., Sk—1) is obviously
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f(i,k — 1), and because there are (?) such Sy,

Fnk) =3 <z> Fik=1), (3)
i=0

and f(0,k) = 1. Tt is not easy to solve f(n, k) out directly from this recur-

rence relation, but if the answer to the question is guessed out, we can

easily prove it by using (3) and by induction.

2
12. There are ( o ) sequences composed of n ones and n zeros. Then calcu-

late the number of sequences that don’t meet the condition (2), which
we call bad sequences. In a bad sequence S, there must be a moment
(counting from left to right), when the number of zeros exceeds the
number of ones for the first time, and at this moment, the number of
zeros exceeds the number of ones by 1. If one exchanges 0 and 1 at this
moment and before (replace 0 with 1 while replace 1 with 0), then the
new sequence 1" has n + 1 ones and n — 1 zeros.

It is not difficult to prove that the above exchanging rule of 0 and 1 gives
a one-to-one correspondence from all bad sequences to sequences composed
of n 4 1 ones and n — 1 zeros.

In fact, this correspondence is an injection. This is because for another
bad sequence S’, either the moment when the number of zeros exceeds the
number of ones is different for S and S’, or it is the same but the following
terms are not identical since S # S’. In either case, the corresponding 7' is
different from 7T".

This correspondence is a surjection: For any sequence T' composed of
n + 1 ones and n — 1 zeros, since the number of ones is more than the
number of zeros, when T is counted from left to right, there must be a
moment when the number of ones is more than the number of zeros for
the first time. Exchanging 0 and 1 at this time and before produces a bad
sequence S. Obviously, this S corresponds to 7' in the previous setting.
Therefore, the correspondence is a surjection.

Because the correspondence is a one-to-one correspondence, the number
of bad sequences is the number of sequences composed of n + 1 ones and

. 2n
n — 1 zeros, that is (n+ 1).
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Therefore, the number of sequences in the problem is (2:) — (nif 1) =
1 2n
n_-‘rl n )"

Remark The number C,, = %ﬂ (27? is called the nth Catalan number.

Many counting problems are related to this.
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Solution 4

Counting: Inclusion-Exclusion
Principle

. Let Sk be the set of positive integers not exceeding 1000 and divisible
by k. Use Theorem 2 to find |S2 U S5 U S5|. Answer: 734.

. Let S7 be the number of permutations that contain abc and S be the
number of permutations that contain ef. Then the desired number is
|S1 N Sa| = 6! — 5! — 4! 4 3! = 582.

. Let Sy be the number of permutations where k is adjacent to k + n
(k=1,2,...,n). Forany r(l <r <n)and 1 <i; < --- < i, <mn,
we can easily know that [S;; N---N.S; | =2"(2n — r)!. Thus, from the
inclusion-exclusion principle (Theorem 2),

s US| = zn:(—z)r <n> (2n — 1)\,

r=0 r
. Using the notation in Remark 3 and from the above result, we know
that

r

n
o, =2" ( ) 2n—r)l(r=1,2,...,n).
From Theorem 4, we obtain that

‘&U...Usn

% - (2n)!

< 01— 02+ 03 =
and

5
>01—02+03—U4>§'(27’L)!.

‘Slu...Usn

283
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5. Make the substitution y1 = z1—1, yo = 22, y3 = x3—4 and yg = x4 —2.
Then the problem is reduced to finding the number of integer solutions
to the equation

Y1 +y2+ys+ys=13 (1)

satisfying 0 < y; <5, 0<y; <7, 0<y3 <4 and 0 <yy <4.

Let S be the set of nonnegative integer solutions of equation (2); St,
S, S3 and Sy are subsets of S satisfying y1 > 5, y2 > 7, y3 > 4, and
ya > 4 respectively. Then the number of solutions is [S1M.S2NS3MN Syl

From Example 1 of Chapter 3, we know that |S| = (136> = 560. In
order to find |S1], let y§ = y1 — 6. Then |S;| is equal to the number of non-
negative integer solutions of ¢ +y2 + ys +ya = 7, i.e., <4+ Z B 1) = 120.

4+5-1
|52|=< A >=56,

4+8-1
|S3] = |S4| = ( A ) = 165,

Similarly,

and

4+2—-1
|Slﬂss|=|slﬂs4|=< +4 >=5,
|2 () Sal = 1S2( ) Sal = 1,

4+3-1
|S5() Sal = ( i ) = 15,

|S1( ) S2l = 0.
In addition, |S; NS; N Sk| and [S1 NSz N S5 NS4l are both 0. Finally, by
the inclusion-exclusion principle, we conclude that the number of solutions
is 81.

6. From Example 1 of Chapter 3, the number of nonnegative integer solu-
tions (x1,...,x,) of the equation
T+t Ty =n (2)

is (2"7: Y). If there is an 2; > 3 in the equation (1), then replace z;

with #; — 3, and the number of non-negative integer solutions of (1)
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with z; > 3 is the same as the number of non-negative integer solutions
of

T+, =n—3,
. . 2n — 4 2n — 4
which is (n—S) = (n_1>.
In general, for 1 < k < n, if there are k£ numbers z; > 3 in the equation
(1), then replace these x; with x;+3, and the number of nonnegative integer

solutions of (1) is equal to the number of nonnegative integer solutions of
the equation

1+ +x, =n— 3k,
which is (72571 ) = (102,
Note that there are (Z) selection methods of k& numbers in xq,...,x,

satisfying x; > 3, so by the inclusion-exclusion principle, the number is

" n\ (2n—3k—1 n\ [2n—3k—1
2o () () 2 e O )

k=0
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Solution 5

Combinatorial Problems

1. Let the numbers written on the blackboard be ag,...,a,. Since
(I4+a)(1+0) =14 (a+0b+ab), it is easy to know by the rule of
the operation that the product

(14+a)(1+az) - (1+ay)

remains unchanged under the operation. In the case of this problem,
let the last remaining number be z. Then

1+x=(1+1)(1+%>...<1+11m>

so x = 100.
2. Let f(z) = ax? + bz + c. Then

1
2 f (——i—l) =a(z+1)? +bx(x+1) + cx?
x

= (a+b+c)x® + (2a + b)x + a,

where the discriminant is (2a+b)% —4a(a+b+c) = b* —4ac. Similarly,
we can verify that the discriminant of (z — 1)2f (ﬁ) is also b? — 4ac.
Therefore, under such an operation, the discriminant of f(z) remains
unchanged. Therefore, we can’t get x? + 10z + 9 from z? + 4x + 3
(because the discriminants of the two are not equal).

3. (i) Yes. It is not difficult to specify the deformation method. (ii) No.

Suppose the three numbers in the first row (from left to right) of the
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table are a1, as and ag, the second row is a4, as and ag, and the third
row is a7, ag and ag. Then

S = (a1 + a3 + as + a7 + ag) — (az + as + ag + ag)
is unchanged under the deformation.
Considering the two points A and B with the largest distance in the
given points, we see that the rest of the points are on the circumference
with AB as a diameter, thus deducing that n < 4.

. If A=, then B= 0, so |A| =|B|. If A # @, then suppose (a,b) € A

and let f((a,b)) = (a +b,a). Since a+b € S and (a+b) —a € 5, we
have (a +b,a) € B. That is, f is a mapping from A to B.

We prove that this is an injection, because if there are two elements

(a,b) # (a/,b) in A while f((a,b)) = f((a’,V')), then (a+b,a) = (a'+
b a’), so a =a', and b =V, a contradiction. Therefore f is an injection
from A to B, so that |A| < |B].

Similarly, for (a,b) € B, let g((a,b)) = (b,a — b). Then g is a mapping

from B to A, which is also an injection, and |B| < |A|. Combining the
above results, we know that |A| = |B.

6.

Note that there are only 2" numbers of n-digit integers consisting of
1 and 2. We prove the conclusion by induction on n. When n = 2,
the conclusion is obviously true. For n > 2, assume that conclusion
is true for n and suppose Ci,Co,...,Con are the numbers arranged
counterclockwise starting from a certain point. Then the 2"+! numbers
101, 10y, ...,1Cqn, 2Can,...,2C,, 207 (arranged counterclockwise)
meet the requirement.

Let 1,2,...,6 denote these 6 questions. Obviously, no one has worked
out the 6 questions. If someone A has worked out 5 questions, suppose
the question that he hasn’t worked out is question 6. Then for any
other student B, the question that neither of them has worked out
can only be question 6, so no one has worked out question 6, which is
inconsistent with the condition. Therefore, everyone can work out at
most 4 questions.

(i) Suppose someone worked out 4 questions, assumed to be 1,2,3,
and 4. It is easy to know that no one can work out both questions
5 and 6. Since there are 100 people who answered each of question 5
and question 6 correctly, the total number of people is >200+ 1 =
201.

(ii) If each student answered at most 3 questions correctly, then
because the sum of the numbers of the questions that all students
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answered correctly equals 600, the number of students is greater

than or equal to Ggﬂ = 200.

The following example shows that there can be exactly 200 students.
If there are 50 students who worked out questions (1,2, 3), (1,5,6), (2,4, 5)
and (3,4, 6) respectively then there will be 200 students, and each question
is answered correctly by exactly 100 people.

Therefore, there are at least 200 students.

8. Let a;;(1 <i,j < n) be the number in the cross grid of row ¢ and col-
umn j, and s; be the sum of the numbers in row ¢. Because there are
only n columns, and there is only a finite number of ways to exchange
the numbers in each column, only a limited number of new tables can
be generated, so there must be a numerical table such that the corre-
sponding |s1| + |s2| + -+ + |8, is minimal. We will prove that there
must be |sg| < 2(k=1,2,...,n) in this case.

Proof by contradiction: Suppose there is one k that makes |s;| > 2. We
may assume that s; > 2. The sum of the numbers in the numerical table
is 0, so s1 + -+ s, = 0. Hence there exists one 7, such that s; < 0. In
addition, there is obviously one j such that ay; > a;; (otherwise s; > s).
By exchanging ay; and a;; in the jth column, we shall prove that the
corresponding |s} |+ - -+ |s,,| in the table obtained after the exchange will
be strictly decreased (here s/, is the sum of the numbers of the mth row in
the new numerical table), which leads to a contradiction (because we have
chosen |s1| + -+ + |s,| as the minimum), hence all |s;| < 2.

In order to prove the assertion just mentioned, we note that for m # i
and k, it is obvious that s/, = s,,, and

/ /
S = Sk — Qkj + Qij, S; = S + Qi — Qjj.

Since |ag;| <1 and |a;;| < 1, we have s, > 2 > apj — a45, i.e., s; > 0. Also
since s; < 0 and ax; — a;; > 0, there is the strict inequality

|sil = Isi + arj — aij] <sil + (ar; — as)-
Hence
Isk] + s3] < (sk — akj + aiz) + (|si| + arj — ai;)
= |sg| + |sql.

Thus, i+ -+]s),| < |si|+ -+ |sn|, and the above conclusion is proved.
|
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9. Induct on n. When n = 1 and 2, the conclusion is obviously true.
Let n > 3, and assume that the conclusion is true for n. Now we
consider 2(n+ 1) pairs of numbers (a;, b;). By symmetry, suppose a; >
ag > -+ > agnp42. According to the inductive hypothesis, the 2n pairs
(as,b3), (as,b4), ..., (a2n+2,b2nt2) can be divided into two groups. Let
Ay and A, denote the sums of a; in the first group and the second
group respectively, and By and Bs denote the sums of b; in the first
group and the second group respectively. Then |41 — A3| < as (because
as,...,0onr2 < ag, BinrglgiL(H a; < ag), and |By — Ba| < 3§£2%§+2 b;.
We may assume that By < Bg. If by < bo, then put (asz,bs) into the

first group and (a1, b;) into the second group. In this case, the sums of the
first group and the second group are A; + as and As + ap respectively, and

|(A1 +az2) — (A2 +a1)| < |Ar — As| + |a1 — as

< as+ (a1 — as)

= a1 = max a;.
1<i<2n+42
The sums of b; in the two groups are By + by and By + by respectively.
Because By — By <0 and by — by > 0,

|(B1 +b2) — (B2 +b1)| = [(B1 — Ba) + (b2 — b1))|
S max{Bg — Bl,bg — bl}

< max b;.
1<i<2n+2
(if 2 and y have opposite signs, then |z +y| < max{|z|, |y|}) Therefore, the
above grouping method meets the requirement.
If by > by, then put (ay,by) into the first group, and put (az,bs) into
the second group. Then the same proof as above shows that this grouping
method also meets the requirement the (details are omitted here).



Solution 6

Exact Division

1. Because the multiple of k£ has the form kx, where x is an integer, the
number of the integers divisible by k£ in 1,2, ..., n is the largest integer
z satisfying kz < n. By definition, this is [%]

2. Because (ad + bc) — (ab+ ed) = (a — ¢)d — (a — ¢)b can be divisible by
a — ¢, from the condition a — ¢|ab + cd, the conclusion a — c|lad + be is
derived.

3. Use b(a? +ab+1) —a(b® +ab+ 1) = b — a (refer to (ii) in Remark 3).

4. Let (a,b) = d. Then a = a;d and b = b1d, where a; and by are coprime
integers (property (11)). The fact d|a; + by can be deduced from the
known conditions, so d < aj + by (property (3)). Thus d? < a+b, that
is, d < +va+b.

5. Let d = (2™ —1,2" +1). Then 2™ — 1 = du and 2" + 1 = dv, where u
and v are integers. From (du + 1)" = (dv — 1)™, and expanding both
sides (note that m is an odd number), we can get dA +1 = dB — 1
(A and B are integers), from which d = 1.

Another Solution: Since m is an odd number, formula (6) gives (2™ +
|(2™™ +1). In addition, 2™ — 1 is a multiple of 2™ — 1. Let 2™" — 1 =
(2™ —1)q. Then 2™ + 1 exactly divides (2" — 1)q+ 2. Thus we obtain the
result (refer to Remark 10).

6. By the division with remainder, n = mq+r with 0 < r < m, and ¢ > 0.
If ¢ is even then from a™ + 1 = (a™? — 1)a” + (a” + 1), there must be
a™+1la"+ 1, but 0 < a” + 1 < a™ + 1, which can’t be true. Hence, ¢
is an odd number. From a" +1 = (¢™?+1)a” — (a” — 1), and noticing
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that ™ + 1]a™? + 1, we deduce that a™ + 1|a” — 1, but 0 < r < m, so
there must be " — 1 =0, i.e., r = 0. Therefore n = mq.
Easily we know that the condition is necessary and sufficient. It’s easy
to verify that z = zg + (ab;’b)t and y = yo — ﬁt give a solution of
the equation. We only need to prove that any solution (2/,y’) to the
equation is in this form. By subtracting ax’ + by’ = ¢ from azg +
byo = ¢, we get a(xg — 2') + b(yo — v') = 0. Thus, alb(yo — ¥'), so
(%bﬂ(%b)(yo —9'). But ap and (aljb) are coprime (property (11)), so
(%bﬂ(yo —9'). Therefore yo — y' = ﬁt, where t is some integer, and
thus 2’ = 2o + ﬁt.

Please note that in order to find a group of integer solutions of

equation (1), we can first find a group of solutions of the equation
ax+by = (a,b), which can be found by Euclidean algorithm. But when
|a| and |b| are not too large, we can also find it by the trial-and-error
method.

. Because (a,b) = 1, there are integers  and y that make az+by = 1. By

the division with remainder, x = bg+r with 0 < r < b. Let aqg+y = —s.
Then ar — bs = 1. Since b # 1, we have r # 0, i.e. 0 < r < b. Thus,
0 < s < a. The proof of the uniqueness can refer to the demonstration

of (4).

. Because (a,b) = 1, the equation ax + by = n must have a group of

integer solutions. According to the method in the previous question,
we may assume that 0 <z < b. In this way, when n > ab —a — b,

by=n—ar>ab—a—-b—ax>ab—a—b—alb—1)=—b,
so y > —1 is also a non-negative integer.

When n = ab — a — b, if the equation has a nonnegative integer solution

y), then ab = (x + 1)a + (y + 1)b, so al(y + 1)b. Since (a,b) = 1, we

have aly + 1. Since y + 1 > 0, we see that y + 1 > a. Similarly, z + 1 > b.
(Refer to Remark 3) Therefore, ab = (z + 1)a + (y + 1)b > ab+ ab = 2ab,
a contradiction.

10.

(i) From (a,b) = 1 and property (12), we deduce that (a2 b) =
L,...,(a™,b) = 1. Thus (a™,b?) =1,...,(a™,b") = 1.
(ii) Let d = (a,b). If d = 1, then using (i) we know that (a™,b") = 1.

Therefore,
ree ()



11.

12.

13.
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(G )
= (a",b").

(Use properties (10) and (11).)
Let ab = 2% and = > 0. Since (a,b) = 1, we see that (a*~1b) = 1.
Suppose (a,z) = d. Then from the previous question

d* = (a*,2%) = (a*,a) = a(a*71,b) = a,

so a is the kth power of an integer. Similarly, b = (b, 2)*, and b is also
the kth power of an integer.

Let the rational number z = %’ (p and ¢ are coprime integers), and
since z¥ is an integer, ¢*[p*. But (p,q) = 1, so (p*,¢*) = 1. Therefore
¢" = +1,ie., g= =1, and x = +p is an integer.

The uniqueness is obvious: Let d/mn and d > 1. If d = miny = mana,
where my and ms are positive divisors of m, and n; and ns are positive
divisors of n, then mg|min;. But (m,n) = 1, so (ma,n1) = 1, thus

ma|my. Similarly, mq|ma, so my = ma, therefore ny = ns.

In order to prove that there exists such a representation, let d|mn with

d > 1. Then

mn = dx, for some positive integer x. (1)

Let (d,m) = r. Then d = d'r and m = m/r, where (m’,d') = 1. Plugging
into the formula (1), we obtain m'n = d’z. Hence d’|m'n, but (d',m’) =1,
thus d’|n. And r is obviously a positive divisor of m, so d = d'r is the
product of a positive divisor of m and a positive divisor of n.

14. (i) Use ¢ to do the division with remainder repeatedly, and then n can

be expressed as:

n=mni1q+ap,0 <ag<qg—1,

ny =n2q+a,0<a <qg-—1,

The obtained quotients n; are strictly decreasing, and finally reaching
0. Let k£ be the maximum subscript that makes ar # 0. Then n =
ap +niqg,ny = a; +na2q,...,Ng—1 = Qkg—1 + Nkgqg, Nk, = ar, SO N =
ap+aiq+---+arg®, where 0 < a; < q—1(i =0,1,...,k) and az # 0.
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Suppose n has another satisfactory representation
n=ay+adq+---+aq, 0<ad <q—-1 (i=0,1,...,1).

Then q|(aop — ay), but 0 < |ag — aj] < max(ao, af) < ¢, s0 ag = ag. Thus,

1 /-1

a1+ asq+ -+ apg" = ay +abg+ - +ajg

Similarly, we obtain a1 = a}. In this way, we know that that there must be
k=1 and a; =al(i=0,1,...,k).
(ii) Easily we know that n;1 = {"—} (refer to Remark 5). Therefore, it

is not difficult to generalize that n; = [qﬂ,} (by using that [[f;—]} = [%] for

the positive integer m), so (ii) is obvious.

15. When 1 < k < 2" —1, from the uniqueness of the binary representation
of a positive integer (see the previous question), the 2" numbers ag +
ap-2+--+ap_1-2"1 (a; =0 or 1) are exactly 0,1,...,2n—1. Hence
k is the sum of the different divisors of 2"~!, so it is the sum of the

different divisors of m.

When 2" — 1 < k < m, by the division with remainder, k = (2" — 1)t +r
with 0 < r < 2" — 1. Obviously, t < 2"~!, so from the above conclusion,
both r and ¢ are the sums of different divisors of 2771, and (2" — 1)t can
be expressed as the sum of different divisors of m = 27"71(2" — 1) (these
divisors are obviously different from the divisors in the representation of ).

16. Let S denote the set of qualified numbers. First, we prove that if m € S,
then m and a are coprime. In fact, for any n > 1,

(a,A,) = (a,l +ani ak> = (a,1) =1
k=0

Therefore, if m € S, then there exists n > 1 such that m|A4,,, which
implies that (m,a) < (A,,a) =1, so m and a are coprime.

Obviously, m = 1 € S. Then we prove that if m > 1 and (m,a) = 1,
then m € S.

Consider the m + 1 numbers Aj, As, ..., A;y1. Because there are m
possible values for the remainder of an integer on division by m, two of the
m + 1 numbers get the same remainder on division by m, so the difference
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between the two numbers is a multiple of m, which we assume to be A; and
A;j(1<i<j<m+1). Because

j—i—1

Aj—a; = attt E a”,
k=0

which is divisible by m, and (a,m) = 1, we have (a**!,m) = 1. Therefore,
from the above formula, we deduce that A;_;_; = f;g_l ay, is divisible
by m (notice that m > 1, so j —i — 1 must be a positive integer). Hence
meS.

To summarize, the desired numbers are all the positive integers that are

coprime with a.
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Solution 7

Prime Numbers

1. When n = 1, the conclusion is obvious. Suppose n = p{"* ---pp* is the
standard decomposition of n > 1, and assume that «ay,...,q; are even
and i1, ...,q are odd. Then

O[Z:2a1(Z:].,,l),a]:2bj+1(j:l+1,,k)

Hence n can be expressed as

b b
n = (p(lll .. .p;llpl_l‘:’ll .. .pkk)Qpl+1 .. .pk,

which has the form ¢?r, where r has no square factor.

In order to prove the uniqueness, let n = ¢*r = ¢3ry, where r and r;
are integers without square factors. We prove that r =y, so ¢ = q1.

To show r = r1, we prove that the prime factors of r and r; are exactly
the same. Suppose this assertion is wrong and we may assume that there
exists a prime p that exactly divides r but does not exactly divide r. Let
the power of p in g and ¢; be a and a;, respectively. Because r has no
square factors, p appears only once in 7. Therefore, the powers of p in ¢%r
and ¢?r; are 2a + 1 and 2ay, respectively. One of the two powers is odd
and the other is even, so they are obviously not equal, but it is impossible.
This proves the above assertion.

2. (i) This can be derived from the second proof of (8). If \/n is not an
integer, then the number of the positive divisors of n that are less than
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Vvn is < [y/n], so the number of the divisors greater than \/n is also

< [vn], and
7(n) < 2[vn] < 2y/n.

If \/n is an integer, then the number of the positive divisors less than

Vris < /n— 1, thus
7(n) <2(vn—-1)+1=2y/n—1<2yn.

(ii) Note that if d is a positive divisor of n, then % is also a positive

divisor of n. Suppose 1 = d; < --- < dp = n are all the positive
divisors of n, where k = 7(n). Then 7= < ..- < 7 are also all the
positive divisors of n. Therefore
n n
di oo dy = — R
1 L 4

so the result is obtained.

. From Example 5 in Chapter 6, we know that (M,, M,) = 29 — 1 =

2 —1 =1 (for any prime numbers p # q).
For n > 2,
22" 422 1= (22 4 1)2 - (222
— T 2 T @ 42 ),
Thus, let a, = 22" +22"" + 1, and for n > 2,
an = (22" =227 4 Da,_q. (1)

It’s simple to verify that a,_1 is coprime with 22" —22" " +1. Obvi-
ously, a; > 1 has (at least one) prime factors. Induct on n, and sup-
pose a,_1 has at least n — 1 different prime factors (n > 2). Because
22"7' —92"7" 1 1 > 1 has a prime factor p, and p does not exactly
divide a,_; (since (a,_1,22" " =22 +1) = 1), from (1), we know

that a, has at least n different prime factors.

. Suppose there is only a finite number of prime numbers of the form 4k —

1, assumed to be p1,...,p,. Consider the odd numberN = 4p; ---p,, —
1. Easily we know that N > 1, so N has prime factors. If all these
prime factors are of the form 4k + 1, then their product is also in this
form. But N is of the form 4k — 1, so N must have a prime factor p
of the form 4k — 1, and obviously p is different from py, ..., p,, which
contradicts the above assumption.
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The same idea can be used to prove that there is an infinite number of

prime numbers of the form 6k — 1.

6.

10.

11.

12.

Take these n numbers as (n+ 1)1 +2, (n+1)!+3,...,(n+ 1!+ (n+1).
For 2 < k <n+1, because (n+ 1)! + k has a proper divisor k, it is not
a prime number.

It can be proved by dividing n into three cases: 3k,3k + 1, or 3k + 2.
Perhaps a more essential solution is to use Exercise 9 in Chapter 6. It
is easy to know that if two positive integers a and b are coprime, then
n can be expressed in the form of ax + by when n > ab + a + b, where
x > 2 and y > 2. In this problem, we take a = 2 and b = 3.

. Let n = 2¥=Im, where k > 2 and 2 { m. According to the formula (5)

in Chapter 7, 2"m = 2n = o(n) = 2;%11 ~a(m), so o(m) = m + 5"5.
But both m and 575 are divisors of m, which are not equal, and o(m)
is the sum of all positive divisors of m, so m only has these two divisors,

that is, m is prime, and 5= = 1.

. Let 28 < n < 21 Then k > 1. We prove that 2* appears exactly

once in (the standard decompositions of) 1,2,...,n. If there is m <n
with m # 2% such that 2%¥|m, then n > m = 2¥.1 > 2F.2 > n, a
contradiction! Let M denote the product of all the odd numbers not
exceeding n. Then in

M'2k_1 M-2k_1
—

1 1
M2 (14— =) =M -2 4 e ——
2 2 n

n
every term is an integer except M‘g,ffl, so M - 2F1 (1 + % 4+t %)
is not an integer. Therefore, 1 + % +- 4+ %(n > 1) is not an integer.
We prove it by a way similar to the previous problem. Let 3¥ < 2n—1 <
3%+1. Then k > 1. Show that 3* appears exactly oncein 1,3, ...,2n—1.
Because 2* + 1 is an odd number greater than 1, it has an odd prime

factor p. Thus, 2|p* + 1. It shows that any prime factor p of 2% +1 and
q = 2 meet the requirement.

For any prime p, let p%i|a; for i = 1,...,n. We see from (9) in this
chapter that it suffices to prove that

n
max{ag,...,q,} > Zai - Z min{o;, o }.
i=1 i<i<j<n

This inequality is very easy to verify (suppose a1 > ag > -+ > «,, and
look at the left and right sides of the above inequality respectively).
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Since (m, n)[m,n] = mn (see (16) in Chapter 6), from Vieta’s theorem,
both the number pair (m,n) and the number pair ((m,n), [m,n]) are
two roots of the quadratic equation #2 — (m + n)x + mn = 0. Hence
these two pairs of numbers are exactly the same. If m = (m,n), then
m|n; if n = (m,n), then n|m.

Since (ax + by)(ay + bxr) = ab(z? + y?) + zy(a® + b?), from the con-
dition, we know that (a? + b?)|ab(x? + y?). If a® + b? and 22 + y? are
coprime, then (a? + b%)|ab. But a® + b? > ab > 0, which will generate
a contradiction. Therefore a? + b? and 22 + 32 are not coprime.



Solution 8

Congruence (1)

1. An integer can be expressed as one of the three forms: 3k, 3k + 1, and
3k+2. Therefore, its square is congruent to 0 or 1 modulo 3. Similarly,
the other conclusion can be proved.

2. It is not necessary to classify the integer modulo 8; modulo 2 is enough
(note that the product of adjacent integers is even).

3. It is sufficient to classify integers modulo 3.

Classify integers modulo 2.

5. Induct on n. Easy to verify for n = 1. Assume that the conclusion is
true for n — 1, ie., ¥ = 142"z (2 is an integer). Square both
sides, and then a®" = 1+ 2"+22/ (2’ is an integer).

=~

Another Proof: Use the identity (see the proof of Example 1 in
Chapter 6)

¥ —1=(a—1)(a+1)(a®+1) (a22 +1) -.,(a2"71 L),
Because the right side of the above formula is the product of n + 1 terms,

each term is even (because a is odd); one of a—1 and a+ 1 must be divisible
by 4, so 22" — 1 can be divisible by 2712

6. Notice that k = —(p — k)(mod p), so from Wilson’s theorem,
12.3%. ... . (p—2)°
=1-(p-1)-3(p-3)---- (p—2)-2-(-1)=
p—1
= ()T 1)
pt1
=(—=1) 2 (modp).

The other congruence can be proved in the same way.
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We have 2P9~1 — 1 = (2(1’_1)‘1 — 1) 20—t 1 291 _ 1 and by exchanging
p and ¢, the other equality is obtained. Hence the both aspects of the
problem hold (using Fermat’s little theorem).

.Letn=ap x10F 4+ 4+ a x1%+ag(0<a; <9, fori=0,1,...,k

and ay, # 0). Then from 10" = 1(mod 9) (for all i > 0), we know that
S(n) = n(mod9). From 10° = 1(mod 11) (for odd number i > 1), we
see that T'(n) = n(mod 11).

. Let 1 =a; <--- < ar =m—1be all the positive integers not exceeding

m that are coprime with m, where k = ¢(m) with m > 2. Because
(m — a;,m) = (a;,m) = 1, the set {a,...,ax} is the same as {m —
ak,...,m —ay}. Therefore a; + -+ +ar = (m—ag) + -+ (m—aq),
from which we obtain the result.

Take n = m = p — 1 in equation 6 of Chapter 4.

Because (a,10) = 1, we have a*®® = 1(mod25), that is, o =
1(mod 25). Also a? = 1(mod4), so a®® = 1(mod4). Therefore a?° =
1(mod 100), i.e., the last two digits of a®® are 01 (refer to (6) and (10)).
If there is a group of a; (1 < i < n) and b; (1 < i < n) such that
a1 + by, ...,a, + b, form a complete system modulo n, then

142+---+n=(a1+b1)+ -+ (an+bn)
a1+~'~+an)+(b1+~~+bn)

(
2142+ ---+n)(modn),

ie,n ’ w This can’t be true because n is even.

According to Wilson’s theorem, the product of numbers in any reduced
system modulo pis=(p—1)---2-1= (p—1)! = —1(mod p).

Let m = p{"---pp* be the standard decomposition of m. We just
need to prove that for any a that is coprime with m, there is a?(™ =

I(modp{)(i=1,...,k) (refer to Remark 5 in Chapter 7 and (10)).

From (6) and the calculation formula of ¢ (m), we only need to prove

that o?" (=1 = 1(mod p*) for any prime number p and integer o > 1. Tt

is not difficult to prove by induction on «. The case of o = 1 is Fermat’s

little theorem (refer to the proof of Exercise 5).

15.

We prove that a? = a(mod p) for any integer a (see Remark 3). Since,
aP = bP(mod p) when a = b(mod p), it suffices to show the conclusion
whena=0,1,...,p— 1.
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For any integer i, from the binomial theorem and Example 7 in

Chapter 7,
= (p P
i+ 1) —iP = it = =1 (modp).
ety (1) = (1) =t
Summing over i = 0,1,...,a — 1, we obtain the result.

16. If p = 2, then all the positive even numbers n meet the requirements.
Ifp>2 taken = (p— 1)2k, where k is any positive integer. Then it is
obtained by Fermat’s little theorem that

1 2k—1

)2’C _ (p _ 1)2k = (2p_1)(p 1)

=1-1=0(modp).

2 —p =21 -1

17. For any given positive integer m, take a sufficiently large ng to make
2m0 4 3" —m > 1. Then 270 4 370 — 1, 2m0 4 3"0 — 2 270 4 370 —
m are all greater than 1, so they have prime factors pi,pa,..., Dm,
respectively. Take

ng=no+k(pr—1)(p2 —1)-- (pm — 1),
where k is any positive integer.
If p; # 2, then from Fermat’s little theorem, 27 =1 = 1(mod p;), so
9nk = gno . k(PL=D 2= (Pm=1) = 9no . 1 = 2" (;od p;).

If p; = 2, then the above formula obviously holds as well.
Similarly, 3"* = 3™°(mod p;), we have

2k 4 3™ — =270 4 3™ — i =0 (modp;) (i=1,2,..., m).

Since 2™k 3™k —4 > 2M0 430 —4 > p;, from the above formula, 2% 3™+ —4
is always a composite number for all: = 1, 2, ..., m. Since k is an arbitrary
positive integer, there is an infinite number of n.
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Solution 9

Indeterminate (Diophantine)
Equations (1)

1. Obviously z is odd. If y is odd, then the equation is decomposed into
(x+1) (2 —a¥ 24— 1) = 2%

The second factor on the left side of the above formula is the sum
of an odd number of odd integers, which can only be 1 (because the
right side is the power of 2). This leads to x +1 = 2%, ie.,y =1, a
contradiction. When y is an even number, z¥ is the square of an odd
number. Consider the equation modulo 4, and there must be z = 1.
This also leads to x = 1, a contradiction. Therefore, the equation has
no solution.

2. This integer x is odd. If y is odd, then the equation has no solution
(using the solution of Exercise 1); if y is even, refer to the solution of
equation (9) in the text, so the only solution is z = 3, y = 2, and z = 3.

3. Let (x—1)z(z+1) = y*, where  and y are positive integers with
x > 2. The equation is converted into (22 — 1)z = y*. Since (z, 2% —
1) = 1, both z and 22 — 1 are the kth power of positive integers, i.e.,
2% = (u2)k and 22 — 1 = v*, where u and v are positive integers. It
can be verified easily that this is impossible (refer to Example 1).

4. Let n = 2% — 2, that is, n = (z — y)(x + y). Because x —y and x +y
have the same parity, either n is odd or 4 |n (this can also be derived
from the original equation modulo 4).
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Conversely, if n is an odd number, then we can take z — y = 1 and
r+y=mn;if4|n, taker —y=2and x +y = 3.

5. Modulo 9 (refer to Exercise 3 in Chapter 8).

6. Modulo 16 (refer to Exercise 4 in Chapter 8).

7. The equation can be rearranged into (22 +1)? = 4(y* +y3 + y? +y)+1.
Because

A+ ) 1= (2 +y+1) =+ 2
= (2 +y)  + 3P+ Ay +1,

when y > 2 or y < —1, there holds that (242 4+ y) < (2z+1)* <
(2y2 +y+ 1)2. Thus, the equation has no solution when y > 2 or
y < —1 (refer to Example 4(ii)). When —1 < y < 2, it’s easy to verify
that the equation has 6 groups of integer solutions.

8. Suppose a > b >c > Ifa+b=2" b+c=2" and ¢+ a = 2%,
then v > w > v, s0o u > w+ 1 and u > v + 1, which implies that
(c+a)+ (b+c) <2v71 42u=1 =2 = g + b, a contradiction.

9. Let integers a, b, and c¢ be the side lengths of a triangle. By Heron’s for-
mula, the problem is equivalent to finding all positive integer solutions
of the equation

d(a+b+c)=(a+b—c)la+c—>b)(b+c—a).

In the above formula, the parities of the three factors on the right side
are the same, and the left side are divisible by 2, so the factors on the
right side are all even. Let
1 1 1
r = §(b+c—a), y = §(a+c—b), z= §(a+b—c).

We may assume that a < b <c¢. Thenx >y >z and z+y+ 2z = xyz.
Hence yz < 3, and then we find x =3, y =2 and z = 1, ie., a = 3,
b=4 and ¢ =5.

10. Considering the equation modulo 3 and modulo 4, we see that x and
z are even numbers. Let © = 2m and z = 2n. Then (3™,2Y,5") is a
group of primitive Pythagorean numbers. Therefore, there are positive
integers a and b, (a,b) = 1, and one of a and b is odd and the other is
even, such that

2Y = 2ab, 3™ =a®— b
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From (a,b) = 1 and a > b, we know that a = 2~ and b = 1. Thus
3+ 1=2%""2
If y > 3, then the right side of the formula is = 0(mod 8), and the left

side is = 2,4(mod 8). Thus y = 2 and hence z = z = 2.
11. Suppose (x,y, z) is a group of primitive solutions of the equation

2?4 y? =22 (1)

Z—T

2

z2—x z+x . zfx+z+:172 zZ+x
2 72 N 2 2 2

=(z,z4x2)=(z,2) = 1.

z+x
2

Because z and z are odd, both and are integers, and

Also from (1),

2
Thus the positive integers and Z;I are both perfect squares that
is, there exist integers a > b > 0 with (a,b) = 1 such that =% = a?,

2= __ 12 _ :
5% =07 and y = 2ab, i.e.,

z— z+x7(y>2
2 2 '

z—x
2

r=a*—0b% y=2ab, z=a*+b (2)
Because z is odd, one of a and b is odd and the other is even.

On the other hand, when a and b satisfy the above conditions, we show
that (z,y, z) given by (2) is a primitive solution of (1), and 2|y.

First, it is easy to verify that the (x,y,z) given by (2) satisfies (1),
and obviously 2 |y. We just need to prove that (z, y) = 1. Let (z,y) = d.
Then d|z, and d|z iec., d| (a® —b?) and d|(a® + b?), so d|2a® and d|2b%,
which implies that d | (2a?,2b%), i.e., d|2(a?,b?). Since (a,b) = 1, we have
(a?,b*) = 1. Hence d|2. But one of a and b is odd and the other is even,

which implies that x is odd, hence d = 1.

12. When m < 4, the solutions are (m,n) = (1,1) and (3,3). When m > 5,
11+ 214+ 31+ 4! = 3(mod 5), and k! = 0(mod 5) when k& > 5. Hence,
' +2+ .-+ m! = 3(mod5) when m > 5, but n? = 0, £1(mod5).
Therefore, the equation has no solution when m > 5.

13. Suppose 1 <z < --- < x, satisfy 1 ---z, =21 + -+ - + x,. We have

Tp (=)< xp =21+ + 2, <Ny,
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ie, (n—1)! <n,son=2or 3. Therefore, the only solution is x; = 1,
To =2 and x3 = 3.

There is at least one even number in z, y, and z. Then taking modulo 4,
we deduce that z, y, and 2z are all even numbers. We suppose z =
2x1, y = 2y1, and z = 2z7. Plug them into the original equation and
repeat the above argument. Then we know that x1, y1, and z; are all
even numbers. The above process is operated repeatedly, and then we
deduce that x, y, and z are all divisible by any positive integer powers
of 2. Therefore the only solution is x =y =z = 0.

Let m = 2*r, where r is odd. Then the congruence equation has the
=l and y = 2%;1“.

Let 2P — 1 = ¢°. Then according to the conclusion of Exercise 1, there
must be that s = 1.

solution z =



Solution 10

Problems in Number Theory

1. The key of the demonstration is to establish the following recurrence
relation:

Uy, = Qp—1an—2 - -a1 + k(n > 2). (1)

It is not difficult to prove it by induction. The conclusion is obviously
true for n = 2. Assume that it is true for n. Then from the known
recurrence formula,

apt1 = ap (an — k) +k =anan_1-- a1 + k.
That is, the conclusion is also true for n + 1.

For any m and n (1 < m < n), it can be seen from (1) that a,, |a, — k.
By mathematical induction, a,, and k are coprime, so a,, and (a, — k) +
k = a, are also coprime.

2. Note that if d|n, then % |n, SO
k—1 =l
S =Y didip =n?

k—1
1 1 n?
<n? - — — =n?
_nZ(di diﬂ)<d1 n

3. If the common difference of the sequence is d, then the sequence is
ai,a; +d,...,a; + (p— 1)d. Because (p,d) =1, these p numbers form

a complete system modulo p, so there is exactly an a; divisible by p,
and the rest p — 1 terms form a permutation of 1,2,...,p — 1 in the
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sense of modulo p. Therefore, according to Wilson’s theorem (see (15)
in Chapter 8),

Mdzlp (p—D!'=—1(modp).
a;
From the above formula and the fact p|a;, we obtain that ajas - - - a, +
a; = 0 (mod p?).
4. The known equation can be rearranged into

(a —b)(c—b) = b2 (2)

If there exists a prime p such that p|(a — b, ¢ —b), then from the above
formula, p|b?, so plb. Also from p|c — b, we deduce that p|c; From
p|a—b, we know that p | a, thus p| (a, b, ¢), which contradicts the known
condition. Therefore (a—b,c—b) = 1, and it follows from (2) that a—b
and ¢ — b are both perfect squares (note that from the known equation
and the condition that a, b, and ¢ are positive numbers, we can deduce
that @ — b > 0, and ¢ — b > 0) follows from (2).

5. There do not exist such two powers of 2. If such numbers exist, assume
that m and n are powers of 2 that meet the requirement of the problem,
and suppose m > n. Then m < 10n. Since both mand n are powers
of 2, m = 2n, 4n, or 8n.

Let S(k) denote the sum of the digits of k (in the decimal representa-
tion). Then, from Exercise 8 of Chapter 8, we know that S(m) = m(mod9)
and S(n) = n(mod9). Also S(m) = S(n), so m = n(mod9), i.e., n, 3n, or
n is divisible by 9, which is impossible (since n is a power of 2).

6. Take the equation modulo 4. Because the right side = 2(mod4), we
have = 1 (otherwise, the left side will be divisible by 4, which leads
to a contradiction).

If y > 1, then the left side of the equation = 0(mod9), and 5% mod-
ulo 9 is 5,7,8,4,2,1 periodically, so z = 6k + 3. Hence 5%+ 1 exactly
divides 57 +1 = (5%)7"! +1, thus 53 4 1 exactly divides 2- 3. In par-
ticular, 7|2 - 3¥, which is impossible, so y = 1, thus z = 1. Therefore,
the solutionis x =y =2 = 1.

7. Suppose a > 0. If b =0, then a = 0. Below we suppose b ## 0. Because
22kq + b is always a square number for all k > 1, we see that 4(22¥~2q+

b) = 22kq + 4b is a square number. Suppose

2%%a +b =212, 2%%a + 4b = y}, (x4, and y, are positive integers).
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From this (eliminating 22), we get
ok +yr < (o + yr) |k — yil = |27 — yil = [30].

Hence 2%¢q + b = x% < (ap + yk)2 < 9b? is valid for any k, so a = 0.
(Since the right side of the inequality is a bounded quantity, if a > 0,
then the left side can be arbitrarily large with k.)

8. By mathematical induction, we know that a, = 2(mod 3)(n =1,2,...),
S0 ar - as = 2 -2 = 1(mod3). Therefore a, - as is not a term in the
sequence {a,}(n > 1).

9. Each a; has at least two prime factors p; and ¢; (p; may be the same
as ¢;), so it can be expressed as a; = p;q;b;.

For i # j, there is (a;,a;) = 1, so p; and ¢; are not the same as p; and
gj. Let N be the largest number of all p; and ¢;. Then

S rEY Y s <Y <

=1 =1 Diqi im1 min pzv Qz P k2
10. Suppose there are positive integers n and k (1 < k < n — 1) such that
(Z) = p®, where p is a prime number and o > 1. Let p? < n < pf+t!

21

(8 is a non-negative integer). Then the power of p in (Z) is

> (-1~ 150)

(The inequality [z + y] < [x] + [y] + 1 was applied here.)

Because the power of p in (Z) is o, we have p® < p” < n, which means
that ( ) <n= (’f)

However, due to 1 < k < n—1, and from the unimodality of the binomial
coefficients, (Z) > (T), which is a contradiction.
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Solution 11

Operations and Exact Division
of Polynomials

1. The quotient is #* — 22 — x + 1 and the remainder is 222 — 2.

2. Refer to Example 1. The polynomial
2 2
1 1
x4+x3+x2+x+1:(:§2+§x+1) —(5\/5> ,

is the only solution.
3. Using the property (20) repeatedly we can get the result.

4. Note that all the constant terms of the polynomials in S are even. If
such d(z) exists in S, then d (x) |z and d () |2, and it is easy to know

that this can’t be true.

5. (i) If the conclusion is not true, let the degrees of f(z) and g(z) modulo

p be n and m respectively. Then the coefficient of z"t™ in f(z)g(z)

is not divisible by p, thus, f(x)g(z) # 0(mod p).

(ii) Let m = ab, where a and b are integers greater than 1. Then f (z) =
az and g (z) = bx are both Z 0(modm). But obviously f (x) g (z) =

abr? = ma? = 0 (modm).

6. Let f(z) = (1+2%—2%) 1 and g(z) = (1—2a? +x3)100. Because
(—2)*” = 220, the coefficients of #2° in f(z) and g(z) are the same

as the coefficients of 22° in f(—z) and g(—x), respectively. Because

f(=z) = (1 + 22 + xS) 19456 a polynomial with non-negative coefficients,
the coefficients of all the terms containing z2° in its expansion are all 1.

Suppose there are n terms of 2% in total. Then the combined coefficient

of 22 in f(—z) is n. In the expansion of g(—z) = (1 — 22 — :1:3)100, the

number of 22%-terms is also n. However, the coefficient of each 229 is £1,
and it’s easy to know that there must be —1 in it, so the final coefficient
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of 22 in g(—=x) is less than n. Therefore, the coefficient of z2° in f(z)
is greater than that of z?° in g(z).
7. According to the condition in the problem, the polynomial

21— (@ 4+ 1) =2 @ 1)
is divisible by z¥ + 2 + 1. Note that when k is odd,
=) 1=+ D) - ) - 1
when k is even,
ak = (xk71)+1:((:r2)%71)+1
=(z4+1)(z—-1)@* 2+ 422 +1)+1.
Therefore
(zF ab + 2 +1) =@ 2+1) = (=), z+1) =1

Combining it with the above (2% 4+ x + 1) [2"(2**! — 1), we see that
2P+t — 1 is divisible by ¥ 4+ 2 + 1. Because

1=z 44 1) - @+ 1),

22+ x+1is also divisible by zF 4+ 2+ 1. Thus k = 1 or 2. But obviously
k =1 does not meet the requirement, so k = 2.



Solution 12

Zeros of Polynomials

1. Use the method of Example 1. Answer: 23 — 1.

2. Use the method of Example 7. Answer: n = 6k =1 (k is a positive
integer).

3. The condition implies that f(x) = (x —a)(x —b)(x — ¢) — 1. If there is
an integer d such that f(d) =0, then (d — a)(d — b)(d — ¢) = 1, which
is impossible.

4. Suppose f(x) has an integer root a. Then f(z) = (z — a)g(z), where
g(x) is an integer coefficient polynomial. Since f(k) and f(I) are both
odd numbers, (k —a)g(k) and (I —a)g(l) are both odd numbers, but k
and [ have different parities, so one of £k — a and [ — a must be even.
This is a contradiction.

5. Because the coefficients of the polynomial f(z) are all nonnegative, all
their roots are non-positive. We suppose f (z) = (x + 1) - (z + ap)
with a; > 0. Because 2 +«a; =1+ 14+ a; > 3¢a;, (i =1,...,n), by
Vieta’s theorem, oy -+ -y, = 1. Hence f(2) = 2+ 1) - (2+ an) >
3" aq - o, = 3" (the arithmetic-geometric mean inequality).

6. Take 79 = 0 and x,,+1 = 22 + 1. Then it is easy to use mathematical
induction to prove that f(z,) =, (n =0,1,...). But z,, are strictly
increasing, so they are different from each other, and hence the equation
f(z) = z has an infinite number of different roots. Therefore from (5),
we know that f (z) = x.

7. By plugging « into the equation and taking conjugation, we know that
f(@) =0.

8. The leading coefficient of f(z) must be positive, and the same linear
factors in its standard decomposition must appear even times. Since
the quadratic factors of f(z) are all of the form (z — b)® + ¢2, these are
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the sums of the squares of two real polynomials. At last, the identity

(l’% + x%) (yf + y%) = (m1y1 + 17292)2 + (21y2 — x2y1)2

shows that the product of the above two factors is still the sums of the
squares of two real polynomials (refer to Remark 7).

9. Let k = (p— 1)g + r. Then since (p — 1) 1 k, we have 0 < r < p — 1.
Because a¥ —1 = a” —1(mod p), we can suppose 0 < k < p—1. Since the
congruence equation ¥ = 1(modp) has at most k different solutions
(see (6)), and there are p—1 reduced congruence classes modulo p, such
a must exist.

10. If |o| < 1, then there is no need to prove. Suppose |a] > 1, and let

M = maXo<g<n—1 Z—: . From ag+ -+ anilanfl — 7anan7
ap Ap—1 _
n n 1
|a| =|=4. ... 4 n
Qn Gnp

<M +]a|+ -+ o)
la|"
la| =1

<M

Therefore |a| < M + 1.
11. If Re(a) < 0 or || < 1, then there is no need to prove. For Re(a) > 0
and |a| > 1, we have Re (1) > 0, so from

[e3

Ozmz‘aﬁﬂ‘,a_z ..... an_
an al |af? o™
aq 9 9
e (aot @) - 9
=R\t ) T e fal”
9
> 1 ,
lo|? — o
we derive the conclusion.
12. For any |z| <1 and x # 1,
(1 —2)(ap + a1z + - + apa™)|
= |ap — (ap — a1)x — (a1 — a2) - (an—1—an) ™ — anpz™

> ag — |(ag —a1)x + (a1 —az) 2 + -+ + a,z™
>ag— (ag—a1) — (a1 —az) — - — (an—1 — an) — a,

=0.
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This is because the arguments of (ag — a1) z, (a1 — az) 2%, ..., a,z™*!
can’t be all equal (unless > 0, but in this case, the conclusion is
obviously true). Therefore, the moduli of the roots of f(z) are all larger
than 1.

13. Since all ¢; > 0, for & > 0, there is f(z) > 0, so f(z) has no non-
negative real root. If b < 0 for a certain k, then 22 + apx + by has a
non-negative root, and so does f(x), which is impossible. Hence b, > 0
for any k.

On the other hand, from the multiplication of polynomials, ¢; =
a1+ - -+a,. Because c; > 0, there must be a certain k such that a; > 0.
This shows that there exists such a quadratic polynomial 22 4 azx + bg.

14. There doesn’t exist a set S satisfying the condition.

Suppose there exists such a set S = {a1,...,ar}. Let
m = min{|a1], ..., |ak|},
M = max{|ai1],...,|ar|}.

Since S does not contain 0, clearly M > m > 0.
Suppose for any positive integer n, there is a polynomial of degree N > n
f(:E) = bN.’L'N + bN_l,’EN_l 4+ - 4+ bz + b,

such that all the coefficients by, - ,by and N roots z1,...,zx belong to
the set S. From Vieta’s theorem,

by—
Ti 4oy = o
by
by—2
T1T2 + 2103 + -+ T1IN A+ FINITN = b
N
SO
bv-1\> L bn_
Pt = (- N-1)  ,bn-2
by by
Therefore
b2 2
Nm? <ai+-+ay = N2‘172bN’2§%+2%
bx by m?2 m

Hence N < M2 2%, i.e., N is bounded. This is contradictory to N > n

m*
and that n can be arbitrarily large.
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Do the division with remainder in Q[z]:

f(@) = g(z)h(z) + r(z), (1)

where h(z) and r(x) are rational coefficient polynomials, r(z) is either
zero or degr < degg. Let N be the absolute value of the common
denominator of the coefficients of h(xz) and r(z), and multiply both
sides of (1) by N. Then the condition of the problem becomes: There
is a monotone increasing sequence {a,} composed of positive integers
such that

M(71:1,2,...) (2)
9(an)

are all integers. (Note that g(z) has only a finite number of zeros.
If there are zeros of then g(z) in {a,}, removing these terms does
not change the problem.) If r(z) is not zero then it can be seen from
degr < degg and a,, — 400 that the sequence in (2) tends to 0, but
these numbers are all integers, so there is an M such that when n > M,
all the terms in (2) are zero, i.e., r(a,) = 0 (for n > M). However, r(z)
is not zero, and there is only a limited number of zeros, which comes
into conflict. Therefore r(z) is the zero polynomial, that is g (x) | f(x)

(in Q[x]).



Solution 13

Polynomials with Integer
Coefficients

1. Use Eisenstein’s criterion directly.

2. Let f(r) = 27 + 7o + 1. Then we can apply Eisenstein’s criterion to
g(x) = f(z —1) (refer to (5)).

3. First of all, the polynomial doesn’t have a linear factor (just check
whether = +1 and £5 is a root; refer to (8) of Chapter 12). There-
fore, if the polynomial is reducible in Q[z] (and thus also in Z[x]), it
must be the product of quadratic and cubic factors. With the method
of undetermined coefficients, a contradiction can be derived.

4. If n is not prime, let n = ab (a,b > 1). Then the polynomial can be

expressed as mxab%ll = %, which is easy to decompose into the prod-
uct of two (non-constant) integer coefficient polynomials. Note that (5)
implies that the converse of the proposition is true.

5. Let f(z) be the polynomial. Then f(—z) = ®,(z) (refer to (5)).

6. Let f(x) be the polynomial. First of all, f (x) does not have a linear
factor. This is because if f () has an integer root a, then 5|k from
a® —a = (mod5). Assume that f(r) has a quadratic factor 2? — azx —

b. It is easy to find that the remainder of f(z) on division by z? —

ar—bis (a4 +3a?b + b — 1) T+ (a3b + 2ab? + k); this must be the zero

polynomial, so a* + 3a?b +b%> — 1 = 0 and a®b + 2ab? + k = 0. Hence
a(a*+3a%b+ b2 — 1) — 3(a®b + 2ab* + k) = 0, that is, a® — a — bab* = 3k.

Because the left side is a multiple of 5, we get 5 | k, a contradiction.
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First prove that the moduli of the complex roots of f(x) are all greater
than 1. In fact, let o be a root of f(x). If |zo| <1, then

P = lanaf + -+ + a0
< lan| - zol" + -+ + la] - |zo|
< lan] + -+ + aal,
which contradicts the known condition (p is not required to be prime

here). Now let f(z) = g(x)h(x), where g(x) and h(x) are non-constant
polynomials with integer coefficients. Then

p=1£(0)| = 1g(0)] - [h(0)]. (1)

Let b be the leading coefficient of g(z:). Then it is known from Vieta’s
theorem that @ is equal to the product of all roots of g(z). But the
roots of g(z) are all the roots of f(z), so their moduli are all greater
than 1. Hence ‘@' > 1, and of course |g(0)| > 1. Similarly, |h(0)| > 1.
But p is prime, and |¢g(0)| and |h(0)| are integers greater than 1, so (1)
can’t be true.

. Suppose f(z) can be decomposed into the product of two positive degree

polynomials (with integer coefficients) g(z) and h(z). Since |f(m)| is
prime, we see that one of |g(m)| and |h(m)| is 1. Suppose |g(m)| = 1.

On the other hand, it can be seen from Exercise 10 in Chapter 12 that

the moduli of the roots of f(z) are all less than M + 1. Therefore if

(a

wh

g(@)=a(r—a)--(z—-ar)
is the coefficient of the first term of g(z)), then
lg (m)| = (m —laa])--- (m — |az])
>|m—(M+1)|" >1,

ich leads to a contradiction.
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Interpolation and Difference
of Polynomials

Loiz? — (1+i)z + 1.
2. Express the polynomial as (refer to (8))

) ())

By using the substitution method (take z = 0,1,2,3, and 4 in turn),
we obtain the undetermined coefficients a = b =1, ¢ = —1, d = 0, and
e = 1. Therefore, the polynomial is an integer valued polynomial.

3. Refer to the proof of formula (5).

4. For any integer a, the polynomial f(z) is integer valued if and only if
g(x) = f(x+ a) is an integer valued polynomial. Hence we may assume
that the n + 1 consecutive integers are 0, 1,...,n. First, express f(z) in
the form of (8), and since f(k)(k = 0,1,...,n) are integers, it can be
deduced that all coefficients of f(x) are integers.

The significance of this problem is mainly theoretical. It uses the val-
ues of the polynomial (at a finite number of consecutive integers) to
give the characterization of the integer valued polynomial. For a spe-
cific polynomial, in order to judge whether it is an integer valued poly-
nomial or not, we prefer to use the undetermined coefficient method in
Exercise 2 to express it in the form of (8).

5. Answer: n = 2. Both two methods of Example 1 can be used to solve
this problem.
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. Use the method of Example 2. Consider g(z) = (z + 1)f(z) — 2. It’s 0

at z =0,1,...,n and g (x) = ((nlﬁ;lx (x—1)---(z —n) and because
g(—1) =1, then we find that

1, n is odd;
fn+1) =49 n
n+2’
From Lagrange’s interpolation formula and the 2n+1 values f(k) (—n <
k <n), we see that f(x) can be uniquely determined:

SOEICIN

k=—n i#k,—n<i<n

n is even.

From the given conditions,

< Y Iz

k=—ni#k

For any real number x such that —n < x < n, we have
I lz—i<@n.
i#k,—n<i<n
In fact, when = > k,
[Tlz—il=(z =&+ a2 =n))(je— (k= 1| |z +n|)
ik
<(n—-k! - (n—k+1)---(2n) = (2n).

Similarly, the case of x < k can also be proved. Thus,

1
== e T i = O G

k i#k

Therefore |f ()| < 323", (2:> =22n,

. The form of the sum is related to Lagrange’s interpolation formula of

the degree-k polynomial z* at n points ay,...,a,. But k may be larger
than n, so we take an integer coefficient polynomial r(x) with degr <
n — 1, which satisfies r(a;) = a¥(i = 1,...,n). For this purpose, let
g(z) =TI/, (x — a;). Note that g(z) is an integer coefficient polynomial
with the leading coefficient 1, so doing the division with remainder in
Z[z], we obtain that

a* = g(z)h(z) +r(2),
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where both h(z) and r(z) are polynomials with integer coefficients, and

degr < n — 1. From the above formula, we see that 7(a;) = af(i =
1,...,n). From Lagrange’s interpolation formula,

n

rw) =3 rtan [ o =2 1)

i=1 i

The sum in the problem is the coefficient of 27! on the right side of
formula (1), and r(z) is an integer coefficient polynomial, hence the coef-
ficient of ™1 is an integer (possibly zero), which proves the proposition.
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Solution 15

Roots of Unity and
their Applications

1. Use the 5th roots of unity.

2. Let f(2°) = f(x)q(z) + r(x), where r(z) = 0 or degr < 3. Let ¢ # 1
be a 5th root of unity. Then r(¢) = T(C2) r(¢3) = r(¢*) = 5 and
degr < 3. Therefore, r(x) = 5, that is, the remainder is the constant 5.

3. We have f (") = (z — 1) g (z). Take ¢ = e as an nth root of unity,
and from f (1) = 0, we know that f ((**) =0 (k =1,...,n). Therefore,
f(z™) is divisible by (z — ¢) (x = ¢?) -+ (@ = (") =a" — 1.

4. Refer to the solution of Example 2. In the binomial expansion of
(z +1)", the result can be obtained by plugging in # = 1,—1, i, and
-1 (the 4th roots of unity).

5. (i) Take 2 = 1 in (4). (ii) Refer to the proof of Example 4.

6. (i) In the expansion of (14 z + xz)n, plug in x = 1 and —1 (2nd roots
of unity) to get the result. The solution of (ii) is similar to that of
Example 2.

7. Let ¢ = emiT be an (m + 1)st root of unity. Then all roots of 1 + = +

4+ a™ are (¥ (k= 1,2,...,m) (refer to (4)). Therefore, a necessary
and sufficient condition for f (z) = 1+ 2™+ -+ 2™ to be divisible by
L+x+---+a™is f(¢¥) =0(1 <k < m). Because
n(m+1) _ 1

flx) =

b
" —1
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the above condition is equivalent to that ¢* is a zero of z(™+1) — 1, but
not a zero of ™ — 1 (note that these two polynomials have no multiple
roots). The former is obviously true, while the latter is

2% 2%
cos 2 4 isin X 4y gk =1,2,...,
m—+1 m+1

Therefore, a necessary and sufficient condition is that m + 1 and n are
coprime.
8. Using the solution of Example 1 in Chapter 14, we obtain that

3nf:1 (—1)F (3”; 1) PBn+1—k) =0,

k=0

m.

in other words,

n - 3n+1 n 3n+1
72942 (—1)YH =0
0 () + 3o

Jj=0 3J

Use the method of Example 2 to find

- S (3n+1 3n-1 3 —1
Z (-0’ (. =2 (\/3) cos "7,
. 3j+1 6

n 3n+1 Y \/g 3n—1COS3n+1ﬂ-
6

JIO

Hence 729 — 4 (\/3)3n_1 cos 3=l 42 (\/§)3n_1 cos 3l = 0.
By considering the parity of n, it is easy to get that n = 4 only.
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Generating Function Method

1. Compare the coefficients of the both sides of
(I4+2)"=0+z)(1+z)""".

2. The method is the same as in Example 3. Verify that the left side of the
equation is the constant term of

" (n
Z ( ) 2" F(1—a) (27 +x)k
im0 \F
3. For the first part of the problem one can use the method of Example 5

(refer to Remark 1). For the second part, the result is the coefficient of

28 in

(z+ 22 +23) 1+ 2+ 2%+ 23 (2 + 23 + 2* + 25 + 25).

4. Refer to Remark 4 of this chapter.

5. The principle in (1) can be used conversely for this problem. The coef-
ficient of 2* is the number of solutions to the equation

k=a1+ as, (1)
where 0 < aj,a9 <n—1. For 0 < k <n—1, then (1) has exactly k + 1
solutions:
O+k1+(k=1),...,(k—1)+1,k+0.

However, if n <k <2n—2,then 0+ k,1+(k—1),...,(k—n)+n and
kE+0,(k—1)4+1,....,n+ (k —n) in the above solutions do not satisfy
ay,as < n — 1. Therefore, the equation (1) has a total of k+1 —2(k —

n+1) = 2n—k— 1 solutions that meet the requirements. In both cases,
the coefficients of ¥ can be written uniformly as

n—ln—k—1|
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6. The problem is equivalent to finding positive integers aq,...,as and
b1,...,bg, satisfying
(™ +"-+$Ca6)($cb1 +...+xb6) = (.TC+---+.CC6)(CC+---+CC6),

and the sets {ai,...,as} and {b1,...,bs} are both different from
{1,2,3,4,5,6}. The above equation is

(xal+...+xa6)(xb1+...+zb6)
20 —1\° -1, 4 g
— — . 1
<x$_1> {I x—l(x+)

—:102(w2+x+1)2(x+1)2(x2—x+1)2

Because a; is a positive integer, z* + - - - + % must contain the factor
x, and also must contain the factors z + 1 and 22 + x + 1 (because the
value of ™ 4 --- + 2% at = 1 is 6). The same conclusion holds for
a2 4 ... + xbs. Hence only the factor (x2 -+ 1)2 is optional. Note
that x2 — z + 1 is irreducible in Z[z], so we can only take

g 4o =a(r+ 1)@+ o+ 1) =+ 207 + 22° + 2
xb1+...+$b62x<x+1)($ —|—;1c—|—1) (;E —:E—i—l)
:x+$3+$4+x5+x6+x8,

ie, ay,...,as = {1,2,2,3,3,4} and {b1,...,bs} = {1,3,4,5,6,8} form
the unique group of solutions.
7. Differentiate the identity

12" =3 (:) o 2)

with respect to x, we obtain that

n(l+z)" " = Zk (k) k=t

In the above formula, replace x w1th =, and then multiply both sides by

z" to get
n(l+z)" Zk()
k=1
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Multiplying the above equality by (1) gives that

et (S0 ) (5 6))

By comparing the coefficients of 2™ on both sides of the above formula,

Er(e) () (02)

8. Let R, S, and T denote the sets of the numbers colored in three colors
in M respectively. Let

() (5) ()
(%) (54)(54)

Note that z, y and z can be the same for (x,y,2) € A, son|x+y+ 2
means that z +y+ z is n, 2n, or 3n. Then x + y+ 2z can only be n or 2n
for (x,y,z) € B. Therefore, |A| is equal to the sum of the coefficients of
the terms of 2™, x%", and 23" in f(x), while | B| is equal to 3! = 6 times
the sum of the coefficients of the terms of 2™ and z*" in g(x).

we get

Let ¢ = e 1 be an nth root of unity. Then the sum of the coefficients
of the terms with degrees being multiples of n in any polynomial p(x) is
Ly _1 p(C*¥). The terms of degrees being multiples of n in f(z), can only
be 2", 2", and 23", and the terms with degrees being multiples of n in
g(z) can only be 2™ and 2?". Therefore,

n

Al == 57 1(h),

Bl= 03" g(ch).

k=1

We need to prove that > ,_, f(¢*) =33 _, g(¢¥) > 0.
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k k k
Let ap =3, cn ¢ b = 2 cg ¢", and ¢ = 3, MUk =1,...,n).
Because
ai + b3 + ¢ — 3agbyey, = b 2 402 + 2 — agbg — bycy —
g+ bg + ¢ — 3agbrer, = (ax + by + cx)(ag + by + ¢, — arby — brcr, — cray)

and RUSUT = M,

- 0, ifl<k<n-—1,
ak—i—bk—l—ck:ZCkm:{ U
= n, if k=n.

Therefore,

n

k) =3 g(ch) = (1) = 39(1)
k=1

k=1 =

= [RI> + 8] + |T° = 3|R| - |S| - |T| = 0.
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Sets and Families of Subsets

1. Suppose there are m political parties. If X denotes the set of all
promises and A; denotes the set of promises of the ith political party
(t=1,...,m), then | X|=n, AiNA; #0,and A; # A; (1 <i,j <m
with i # j). According to the proof of Example 1, m < 2771, It is not
difficult to construct an example to show that the equality can hold.

2. Consider any element a less than n. If a is in a subset A without n, then
it is also in the subset AU {n} with n, and vice versa. Therefore, if the
contribution of a to the alternating sum of A is +a (or —a), then the
contribution of a to the alternating sum of AU {n} is —a (or +a), and
vice versa. Therefore the contribution of a to the sum of all alternating
sums is 0.

On the other hand, the contribution of the element n to the alternating
sum of every subset containing n is n, so the contribution of n to all the
sums is n - 271, To summarize, S = n - 2"~!. (Refer to Solution 1 of
Example 2.)

3. Any subset with more than 3 elements in By,..., Bj, generates a family
of 3-element subsets of the set A, and it is known from the condition that
there will be no common 3-element subsets in these families. Therefore,
in order to maximize k, each B; must satisfy the requirement of |B;| <
3(i=1,...,k). Also it is easy to know that all the families of 1-element,
2-element, and 3-element subsets meet the requirement of the problem,

so the maximum value of k is (110> + (120> + (130) = 175.
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4. Use the method of Example 4 to obtain (refer to (2) and (3))

k 2
% (Z |Ai|> <SlAl+2 > A4l
i=1 i=1 1<i<j<k

Hence 11—0 (5/{)2 < 5k+2 (g) X2, thus k < 6. Please construct an example
to show that the maximum £k is 6.

5. Let n be the minimum number of locks that meet the requirement. Let
A; be the set of locks that the ith member can open (i = 1,...,11), and
A be the set of all locks. The given condition implies that the union of
any 5 sets of Ay,..., Aq1 is not equal to A, and the union of any 6 sets
of Ay,..., Aq; is equal to A, so from the argument in the first paragraph
of Example 3 (note that there is no need for |A;| = |Az| = ---), we get

n=|A]> (151).

The following points out that if (151> locks are added, then the members
can be assigned the keys as required in the problem:

We establish a one-to-one correspondence between the (151> locks and
the 5-element subsets of the set {1,2,...,11}. If a lock corresponds to a
subset {i1,...,i5}, then its keys are given to all members whose label is not
i1,...,15. It is easy to verify that this distribution meets the requirement.

6. If the element a; belongs to m; sets A; (1 < i < n), then by using the
subordination dependence table of the sets and elements, it is easy to
know that mi + -+ -+ m, = 2n.

On the other hand, if there is a certain m; > 2, then there are at least
three subsets containing a;, two of which are A; and A; (both s and ¢ are
not equal to j). However, from the known condition, because A; N A; is not
empty (since both contain a;), one of them must be {as,a:}, but it does
not contain aj, a contradiction. Therefore, all m; < 2, so all m; = 2.

7. If a 10-element subset S’ has the property: for any k € S’, there is
F(S'\{k}) # k, then S’ is called a “good set,” and it is called a “bad
set” otherwise.

If S’ is a bad set, then there exists kg € S’ such that

F(S"\{ko}) = ko.
Let T = S"\{ko}. Then |T| =9 and f(T) = ko, so 8" =T U{f(T)}.
This shows that every bad set is generated by a 9-element set (and f).
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Moreover, any 9-element set can generate at most one bad set according to
the above formula, so the number of bad sets does not exceed the number

of 9-element subsets of S, i.e., (290>. But the number of 10- element subsets

is (?8), and since Gg) > (290>, good sets must exist. (The main point of
the argument is to point out a single-valued correspondence from bad sets
to 9-element subsets.)

8. We may suppose |A1| = m. Also suppose there are s sets that do not
intersect A; in Ay, ..., A,, and mark them as B, ..., By; suppose there
are t sets containing A;, and mark them as C1,...,C;.

Because B; U A; contains A1, according to the condition, it is a certain
Ay, so B;UA; € {C1,...,C}. Because B; and B; do not intersect A;, if
B; # B;, then B;UA; # B;jUA;. Hence the number of B;UA;(i =1,...,s)

does not exceed the number of C4,...,C;, that is, s < t.
Let Ay ={a1,...,am}. After removing By,..., Bs and C,...,C; from
Ay, ..., A,, each of the remaining n— s—t sets has a non empty intersection

with A; (that is, it contains a certain a;), in which suppose there are x;
sets (1 <14 < m) containing a;. Then

T+ -+, >n—s—t.

Let 1 = maxz;. Then from the above the equality, =1 > %H That is,
among the remaining n — s — ¢ sets, at least %H sets contain a;. Also
Ay CCi(i=1,...,t),s0all Cy,...,C; contain a;. Therefore, the number
of sets containing a; is at least

n—s—t n—s+(m-—1)4

+t=
m m

t
(using m > 2)

n
— (using the proven t > s).
m
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Graph Theory Problems

1. Tt can’t be. Refer to Example 1.

2. Use vertices to represent people. If two people are friends, form an edge
between the corresponding vertices. Then a graph G is obtained. Prove
that at least two vertices in G have the same degree. Because the degrees
are not negative and less than or equal to n — 1, the degrees can only
be one of 0,1,2,...,n — 1. But obviously and n — 1 can’t appear at the
same time, so the degrees can only be 0,1,2,...,n—2o0r 1,2,...,n— 1.
Therefore, at least two of the n vertices have the same degree.

3. If a graph G is constructed as in the previous problem, then this problem
will be converted to proving: If G has 2n vertices and the degree of each
vertex is greater than or equal to n, then there is a quadrilateral in G.

If G = Ka,, then the conclusion is obviously true. If G # Ks,, then
there are vertices v and vy unconnected. Because d(v1)+d(vs) > 2n, there
must be two of the rest vertices in G connected with both v; and vs, denoted
as vz and vy. Then vy, va, v3, and vy form a quadrilateral.

4. Color the longest side of each triangle red (if it is an isosceles triangle or
an equilateral triangle, then there may be two or three longest sides), and
then color the remaining sides blue. From Example 5, there must exist a
homochromatic triangle. In this triangle, there must exist a longest side,
which is red. Therefore, all three sides of this triangle are red. Also its
shortest side is red, so it is the longest side of a triangle.

Please note that triangles here have dual meanings: On one hand,
triangles are in the sense of graph theory, while on the other hand,
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triangles are as in general geometry (we can talk about the lengths of

their sides, etc.).

5. (i) May not. An example can be constructed as follows: Take five com-
plete graphs Kigg, and use each vertex to represent one person. If
two people don’t know each other, form an edge between the cor-
responding vertices (note that this definition is different from the
previous one). Since each vertex of Ko is connected with other
vertices in this complete graph, but not with vertices of the other
four complete graphs, each person knows 400 people. If we take any
six vertices, then there must be two vertices in the same complete
graph, and those people represented by the two vertices don’t know
each other.

(ii) It can be deduced from Example 6 (take r = 6): We still use vertices
to represent people, and if two people know each other, then con-
nect these two corresponding vertices by an edge. The construction
method here is just the opposite of that in (i), but it is only for the
convenience of narration, and there is no essential difference.

6. Color the edges of the pentagon red, and color the edges of the pentagram
(connected to the vertices) blue.

7. This problem is equivalent to proving that R(3,3,3) < 17 (refer to
Remark 4). Color the edges of K7 with three colors (red, blue, and
white). Take any vertex and 6 of the 16 edges connected by it must be
in the same color. Suppose v and vy, vs,...,vg are connected by the red
edges. In the complete subgraph Kg with vy,...,vs as the vertices, if
there is a red edge v;v;(1 <@ # j < 6), then there is a red triangle vv;v;
in Kj7. If there is no red edge in Kg, then its edge is colored with only
two colors. From Example 5, there must be homochromatic triangles in
it, so there are homochromatic triangles in K;7.

Please note that it is possible to color edges of K¢ with three colors, so
that there is no homochromatic triangle in it (the readers can try it), thus
R(3,3,3) > 17. By combining the results, we know that (3,3,3) = 17.

8. Let the vertices of G be x1,..., 2y, and d(z;) =d; (i =1,...,n). Let z;
and x; be connected, A be the set of vertices connected with z; except
x; and B be the set of vertices connected with z; except z;. Then the
number of triangles with z;z; as a side in the graph is

|A(\B|=|A] +|B| - [A| Bl > di +d; —n



Solutions: 18. Graph Theory Problems 337

(since |A| =d; — 1, |B| = d;j — 1, and |A|JB| < n — 2). Because each
triangle has three sides, the number of triangles in G is at least
1
k:§ Z (di +dj —n).

x; is connected to x;

Since each d; appears d; times in the above sum and G has m edges,
k= ! i d? —mn
3\ &=~ '
1=1
Because Y-, d; = 2m, from the Cauchy’s inequality,
2
L1 (& 1 [4m? 4m n?
E>=1|— d; | — = — - = — —— .
=3 n<z> m 3(n mn) 3n<m 4)

The result of this problem implies Example 7 (refer to Proof 2 of
Example 7).
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Congruence (2)

1. Let ¢ be any prime factor of 2P 4 1. Consider the order k of 2 modulo gq.
From 27 = —1(modg), we get 2%? = 1(mod ), so k|2p. Because p is
a prime number, kK = 1,2, p, or 2p. Therefore, combining it with 2?7 =
—1(mod q), we easily know that & = 2 or 2p. As in Example 2, it can be
deduced that ¢ = 3 or ¢ = 2px + 1, where x is a positive integer.

2. Let ¢ be any prime factor of a? — 1. Then it is easy to prove that the
order k£ of a modulo ¢ is 1 or p. As in Example 2, it can be seen that
gla—1or qg=2px+1 (xis a positive integer).

3. Let d; be a solution of d; = 1(mod 4), dy = 0(mod5) and d; = 0(mod 7),
that is, d; satisfies d; = 1(mod4) and 35| dy, so we can take d; = —35.
Similarly, we can take dy = 56 satisfying dy = 1(mod 5) and 28|ds; take
dy = —20 satisfying da = 1(mod 7) and 20|d3. Hence the solution of the
system of congruence equations is + = —35 x 1 +56 x 2 — 20 x 4 =
—3(mod 140).

4. Since there is an infinite number of prime numbers, we can take 2n prime
numbers p1,...,p, and qi, ..., q,, which are different from each other.
Because p;q; (1 < i < n) are pairwise coprime, it is known from the
Chinese remainder theorem that the system of congruence equations

z=-1(modpiq1),...,x = —n(mod p,q,)

has positive integer solutions. It is easy to know that z + 1,..., 2 +n
meet the requirement.
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First, prove by induction that 2¢(®") — 1 is divisible by 5", but not by
57+1 from which it is easy to prove the conclusion. In fact, suppose the
order of 2 modulo 5™ is k. Then k| ¢(5"). And the order of 2 modulo 5
is 4, so from 2¥ = 1(mod5) we know that 4|k, thus k = 4 x 5!71 =
@(5!). If I < n, then from 296" = 1(mod 57), we obtain that 2¢3") =
1(mod 5'*1), which is contratictory to the above conclusion.

. If all prime numbers not exceeding k are factors of m, then any reduced

system modulo m satisfies the requirement.

Consider the opposite case, and let N be the product of all prime
numbers not exceeding k that are coprime with m. Then N > 1. Let
r satisfy (r,m) = 1. Because (m,N) = 1, the system of congruence
equations

x =r(modm), x = 1(mod N)

has solutions, and the prime factors of any solution are all greater than
k (since they are coprime with N and m). When r takes ¢(m) numbers
in any reduced system modulo m, the corresponding solutions z, will
form a reduced system that meets the requirement.

There is an infinite number of prime numbers, so we can take (2n + 1)
different prime numbers p; ; with —n <4, j < n. Then the systems of
congruence equations

z =i(modp; ), —n <i, j <n,
and

have solutions x = a and y = b. If the distance between an irreducible
integer point (2/,y’) and the point (a,b) is less than or equal to n, then
suppose a—x' =1 and b—y’ = j, where —n < i,j < n,i.e., 2’ = a—iand
Yy =b—j. But p;j|a—iand p;;|b—7j,so (z/,y) is not an irreducible
integer point.

. Let p be any prime factor of m, and let p® || m with o > 1. Tt is known

from the condition of the problem that there is an infinite subset A;
of A, in which none of the elements are the divisible by p. Hence there
is an infinite number of elements in A;, which have same remainder on
division by mn. Let Ay be the set of these numbers and suppose all the
numbers satisfy = a(mod mn), where p { a.
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Because (m,n) = 1, we have (po‘, %) = 1. From the Chinese remain-

der theorem, the system of congruence equations

r=a"!(mod p%),
1
=0 <mod@> @
p(X

has an infinite number of positive integer solutions (where a1 is the inverse
of @ modulo p®). Take any positive integer solution x, and let B, be a set
of any x distinct elements in As. Then the sum S, of the elements in B,
satisfies S, = ax(mod mn). Combining it with (1), we know that:

Sp = ax = 1(mod p®), S, = (mod m) .
pOt
Now let m = p{*---p*. It can be seen from the above argument that for
each p; (1 <1i < k), a finite subset B,, of A can be selected, where B, C
A\B,, U --UBp,_,(2 <i < k), such that the sum S, of the elements in
B, satisfies

Sp; = 1(mod pi?), Sy, = (mod mT?) . (2)
D;
Consider the set B = Ule By,,. Then the sums of elements in B is S =
Zle Sy, (because By, are mutually disjoint). It can be seen from (2) that
fori=1,2,...,k,

S =1(modm), and S =0(modn).

Therefore the set B meets the requirement. (Please refer to the proof of
the Chinese remainder theorem given in (5) of this chapter.)

9. Suppose there is at most a finite number of prime numbers that are
congruent to 1 modulo p, denoted as p1,..., pp. Let M = py---pg. (If
such prime numbers do not exist, then M = 1.) Let a = pM. Consider
any prime factor ¢ of

al —1

— =a’ '+ fa+l (3)

Obviously, g |aP — 1. Therefore, from the result of Exercise 2, we know
that a = 1(mod q), or ¢ = 1(mod p).
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From the selection of ¢, we know that ¢ exactly divides the right side
of (1), that is a?~* +---+a+ 1 =0(modgq). If a = 1(mod g), then a?~! +
-++a+1=1+4---4+1+41= p(mod q), which implies that p = q. However,
ptaP~t+4--.4a+1 since p|a, which leads to a contradiction. Hence ¢{a—1.

Therefore, ¢ = 1(modp). Because p; |a(1 < i < k), this ¢ is different
from p1,...,pr (otherwise, ¢ does not exactly divide the right side of (1)).
This generates a prime number, which is different from p1,...,pg, but =
1(mod p), a contradiction.

Solution 2 A proof can be derived from the result of Example 1.

Suppose there exist prime numbers that are congruent to 1 modulo p, but
there is only a finite number of such integers. Take any integer a that
is greater than the largest one. Then particularly a > p. If such prime
numbers do not exist, then take a > p. From Example 1 in this chapter,

ple((a)” —1).

Let (a!)? —1 =[] p%. Then

p((a)? —1) = ]pf ' (pi — D). (4)

Because a > p, we have p { (a!)” — 1, that is, p is not equal to any p;, so it is
known from (2) that there exists i such that p| p;—1, namely p; = 1(mod p).
But p;| (a!)? — 1, so p; > a. Thus p; is different from the finite number
of the prime integers that are congruent to 1 modulo p mentioned earlier,
which leads to a contradiction.
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Indeterminate Equations (2)

1. Let the integers ¢ > b > a be the lengths of the three sides of a right
triangle. If %ab = 2u? is twice a square number, then ab = (2u)2. Let
(a,b) = d, a = a1d, and b = byd. Then (a1,b1) = 1. Thus a;b; is a
square number, so a; = 72 and by = s? (r and s are integers). Also
since d|c, let ¢ = dc, and then from a? + b = ¢?
r* + s = ¢, which is contradictory to the conclusion of Example 2.

, we deduce that

If the area of the isosceles triangle whose side lengths are integers a, a,
and b is a square number u?, then Heron’s formula gives that b* + (2u)4 =
(4ab)®, which is contradictory to the result of Example 2.

2. The first conclusion does not need to use Example 4. If 4k +3 = 22 + 42,
then we can use modulo 4 to obtain a contradiction.

To prove the second assertion, we note that from Exercise 5 in Chapter 7,
there is an infinite number of prime numbers = —1(mod 4). Take any two
such prime numbers p and ¢(p # ¢). Then pg = 1(mod4). It is also known
from Example 4 that pg can’t be expressed as the sum of the squares of
two integers.

More simply, take any two prime numbers p and ¢(p # ¢) that are
congruent to 1 modulo 4. For example, take p = 3 and ¢ = 7. Then (pq)" =
1(mod4) for any positive odd number n. It is known from Example 4 that

(pq)" cannot be expressed as the sum of the squares of two integers.
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3. Note that (i) a2 = # (22122) % Let the highest power

of 2 contained in # be 2". Then the left side of the equality is
divisible by 27!, a contradiction.

4. The number = must be odd. Since the equation can be rearranged into
Y2+ 1= (z+2)((z—1)* +3), it is easy to obtain a contradiction from
the lemma in this chapter. Refer to Example 5.

5. As shown in Example 5, z = 1(mod4). The equation can be rearranged
into

y? +4% = 2% + 3% = (2 + 3)(2® — 32 + 3%).

6. Let ‘fb'ibf = q (q is a positive integer). Then

a® +b* = q(ab+1). (1)

Regard (1) as a binary equation with regard to @ and b. Obviously, a = b
will imply that ¢ = 1. Let a > b, and in these solutions, take a solution
(ao, bo) that minimizes a. Consider the quadratic equation with regard
to x

2 — gbox + b3 —q=0. (2)

It already has a solution x = ag, so the other solution is a; = gby — ag,
which is an integer. If ¢ is not a square number, then aga; = b3 — ¢ # 0,
so a; # 0. If a1 is a negative number, then

ai — gboay + b — q > —gboar —q > q—q =0,

which is contradictory to that x = a; is a root of (2). Therefore, if ¢ is
not a square number, then a; is a positive integer. That is, (by, a1) is a
positive integer solution of (1) such that

:b%fq<b%fl

ao 0

ai < bgy
and by < ag, so (bg,a1) is a “smaller” solution of (1), a contradiction.
Therefore ¢ must be a square number.

7. Prove by contradiction. Assume that the conclusion is wrong. We
choose the smallest of all Pythagorean triangles with a square area.
Suppose its side lengths are x < y < z, and %:zzy is a square number.
Similar to Example 2, now (z,y) = 1. Because x? + y? = 22, there exist
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integers a > b > 0 with (a,b) = 1, where one of a and b is odd and the
other is even, such that (we may assume that y is even)

r=a?—0b% y=2ab, z=a’+b>

Since 1zy = (a—b)(a-+b)abis a square number, and the positive integers
a—b, a+b, a and b are pairwise coprime, it follows that they are all
square numbers, that is

a=p’ b=¢* a+tb=u? a—b=0" (3)

20?2 =2¢% ie., (u—v)(u+wv) =2¢* Because both u and v

are odd numbers, (u — v, u+v) = 2. Hence one of u — v and u + v is
212, the other is (2s)*, and ¢2 = 4r2s2. On the other hand, from (3) we
obtain that

Hence u

1
p2:a: §(u2+v2)

[(u+0)* + (u—v)?]

I N

= [(27‘2)2 + (25)"] = r* 4 45,

Thus the triangle with r2, 252, and p as its side lengths is a right triangle,
and its area is %7‘2 282 = (7“3)2, which is a square number. But
@ b 1

(rs)® = 1175 (a® — b*)ab = 52Y-

Thus, we create a Pythagorean triangle with a smaller area. This is a
contradiction.

8. Suppose the equation has a group of positive integer solutions x, y and z.
Then

ot >at —yt=22>0.

Take a = 2* — y*(= (x2)2 - (y2)2), b = 22%y?, and ¢ = 2* + y*. Then
a, b, and c are all positive integers, and they can be treated as the three
sides of a right triangle. But the area of this triangle is %ab = (wyz)?
that is a perfect square, which is contradictory to the conclusion of the
previous problem.

We can also use the infinite descent method directly: Assume that the
equation has a positive integer solution. We choose a solution to minimize
x, and then easily know that (z,y) = 1.
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With modulo 4, we know that x is odd. If y is odd, then we know
from Pythagorean theorem that there exist positive integers a and b with
(a,b) = 1 such that

z? = a® + b2, y2:a2fb2, z = 2ab,
from which a* — b* = (zy)*. But a < z, a contradiction to the minimality
of z.

If y is even, then there exist positive integers a and b with (a,b) = 1,
where one of a and b is odd and the other is even, such that

22 =a? 4+ b2, y? =2ab, z =a® — b2
Because a and b have equal status, we can suppose a is even and b is odd.

Thus we know from y? = 2ab and (a, b) = 1 that there exist positive integers
p and ¢ with (p, ¢) = 1 and ¢ being odd, satisfying a = 2p? and b = ¢, so
o =4p' + ', y=2pq.

From the above formula and Pythagorean theorem, there are coprime pos-

itive integers r and s such that

2p2 = 2rs, q2 =72 32, =71+ s
From 7s = p? and (r,s) = 1, we know that » = u? and s = v?, where
2 — 5% becomes u* —v* = ¢%. But u = /7 < ,

which contradicts the minimality of x.

(u,v) = 1. Therefore, ¢> = r

9. (i) If there exist positive integers x, y, and z satisfying z* 4 y* = 222,

square both sides, and we get

A (zy)t = <$4 ;y4>2.

It can be seen from the original equation that x and y have the
same parity, so the right side of the above equality is the square

of an integer. From the result of Exercise 8, there must be that
44
(ii) Similar to the method in (i). If the said equation has a positive

=0, that is, x = y, a contradiction.

integer solution, square both sides of the equation, and then it can

zt 4y 2
z4+(xy)4< y) '

be converted into

2
The right side of the above equation is the square of a positive
integer, which is contradictory to the conclusion of Example 2 in
this chapter.
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1. There are (?) ways to choose a girl first. There are 3 = 10 ways

M = 80 ways if the

other two are one boy and one girl; there are (?) (2) = 140 ways if the
other two are both boys. Overall, there are 10 4+ 80 + 140 = 230 ways
in total.

2. According to the inclusion and exclusion principle, there are P§—2P3 +
P} = 504 kinds of permutations.

3. Consider the set M of n-digit numbers consisting of 1 and 2. Fora € M,
let M(a) denote the set of numbers b in M such that b and a have
at most one different digit. Obviously, there are exactly n numbers
different from a in M (a), and a € M(a), so |M(a)| =n + 1.

if the other two are both girls; there are

Suppose ai,...,ar € M satisfy that for i # j, at least three digits
are different between a; and a;. Then M (a;) (M (a;) = O(i # j). Hence
there are exactly k(n+ 1) numbers in M (a1)|J--- U M(ax), and | M| = 2™.
Therefore k(n + 1) < 2™

4. The heights of men and women arranged from high to low are repre-
sented by by > -+ > byr and g1 > -+ - > g17 respectively. If there is an 4
such that |b; — g;| > 10, then without loss of generality we may assume
that b; — g; > 10. When j > ¢, we have b; — g; > 10; when k < 4, there
is by — g; > 10. Originally, b1, ...,b; need to match ¢ women, but now
there are at most ¢+ — 1 women ¢1,...,g;—1, a contradiction.
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. There are n chess players in the game. Suppose the player who has

played the least number of games has played m games. Now we use
two ways to estimate the sum S of the points (in the game). On one
hand, S < kn; on the other hand, for each game, the total score is
increased by 1 point, and one game is played by two people, so the
number of games is at least "5* (the minimality of m was used), thus
S > % Therefore m < 2k.

. Consider the player A who won the most. It is known that there must

be a player C' who beat A, and among those who lost to A, there
must be someone who beat C' (otherwise, C' won more times than A).
Suppose this person is B. Then A, B, and C' meet the requirement.

Srad=3"  a; =i (a}—a;). (Refer to Remark 2 of Chapter 6.)

4

. Let the sequence be {a,}(n > 1). Then a;, ae, and ag are congruent

to 1, 2 and 1 (modulo 3) respectively, and S(n) denotes the sum of the
digits of n. From a; = a3 (mod3), we obtain S(a;) = S(a3)(mod 3).
Hence as = a1 + S(a1) = asz + S(as) = as(mod 3). It can be seen that
{an}(n > 1) modulo 3 is periodic, and since 123456 = 0(mod 3), it is
not in the sequence.

. There are many solutions to this problem. For example, from

(27?:‘11) - 2;:? (?), we get (n+1) (27?:'11) = (2n+1) (277), and

(n+1gn+1y:Lson+1K?)

We can also derive more directly from the above result:

n+1 (2n B 2n+1 B 2n N 2n
n+1 \n) \n+tr1) \n+1 n)’

' n+1 n n n+1

Therefore, — (2"> = (2"> 7< 2n ) is the difference between two integers,

so it is an integer.

10.

The difficulty of this problem is to find out that it is actually an alge-
braic problem: By the binomial theorem, we know that

(z+y)" "+ (@x—y)" =2 Z (;) yHign T2,

0<i<2
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From this, the sum is

%((1 + \/§>2n + (1 — \/5)

2n 1

; ((4+2v3)" + (1-2v3)")
=27 ((2+ \/§)n +(2- \/§)n>

— 9n <n> 31, . 2(77,721')7
0<i2 21

which is obviously a multiple of 2™.
11. Since m <m+"> =(m+n) <m+fI 1) and (m,m + n) = 1, we obtain

m (=2

12. By the division with remainder, zm = [22]| n 4 r, (refer to Remark 5
of Chapter 6). For 1 < z,y <n —1 and x # y, since (m,n) = 1, it’s
easy to know the remainders r, # ry, sor1,...,r,—1 is an arrangement
of 1,2,...,n— 1. Thus, the result is easy to prove.

13. Let f(z) = 2° + 2% + 1, w be a cubic root of unity, and w # 1. Then
f(w) = f(w?) =0, s0 22 + x + 1| f(z). In particular, n? + n + 1|f(n).
Because f(n) > n?+n+1 (n > 1), the number f(n) is not prime when
n > 1.

14. We can prove (a stronger conclusion): a, # O0(mod4) (refer to
Remark 2 of Chapter 9.) In fact, it is easy to know by mathemati-
cal induction that {a,} modulo 4 is periodic, and its recurring period
can be determined. Modulo 3 can also solve this problem.

15. For h € H, let x = (1 — h)fl. Then h = ””T_l, and h" = —1 is equiva-

et to (& — 1)" + " = 0, Le., 20 + T, (1) () "+ =0,
Let S = {# = (1—h)"'|h € H}. Then S corresponds to H one by

n
2
one, so the sum is equal to ). g 2? = (g) —2(—1)? Q = @ (using

Vieta’s theorem).

16. For any k, we have 4 = k2 — (k+1)° — (k +2)* + (k + 3)>. Therefore,
if n has such a representation, then

n—|—4:5112+<€222+---+5mm2+(m+1)2
—(m+2)7—(m+3)>+(m+4)?,
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17.

18.

19.
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that is, n + 4 also has such a representation. Because 1, 2, 3 and 4 all
can be expressed in the form, it follows that every integer n can be so
expressed.

Let a1 < -+- < a, be already determined. We prove that we can find
an+t1 such that A, = af 4+ -+ + a2 + a2, is divisible by By,11 =
ar + -+ an + an1 (and an11 > ay). It can be seen from A, 11 =
Ay + (any1— Bp)(ant1+ Byn)+ B2 that if A, + B2 is divisible by B, 41,
then A, is divisible by B, 1. Hence just take a,, 11 = A, + B2 — B,
(now A, + B2 = B,, 11, and obviously a1 > a).

Let p1,...,pn be prime numbers of the form 4k + 3 that are different
from each other (there is an infinite number of them, see Exercise 5
in Chapter 7). From the Chinese remainder theorem, the system of
congruence equations

r=p; —i(modp?) (i =1,2,...,n)

has solutions. If we take a positive solution z, then p; just appears
exactly once in x + 4, so z + ¢ can’t be expressed as the sum of the
squares of two integers (1 < i < n) (refer to Remark 8 of Chapter 19
and Example 4 of Chapter 20).

Let the number of 1 in M be greater than % (4n — 3)%. If M does not
contain a 2 X n sub-table in which all elements are 1, then we use two
methods to calculate the number of 2 x 1 sub-tables 7" in which all
elements are 1.

Calculate by rows. Because there is no 2 x n sub-table of M containing

1 only, the number of T contained in the 2 x (4n — 3) table composed of

any two rows is less than or equal to n — 1.

Therefore, the number of T contained in M is less than or equal to

(=1 ("),

Calculate by columns. Suppose there are d; ones (1 < j < 4n —3) in

column j in M, then the number of T contained in M is

4n—3 d. 1 4n—3 1 4n—3
(1) a3
j=1 2 2 j=1 2 =1
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4

We have assumed that Z;{B d; > % (4n — 3)2, SO We can suppose

4n—3
1 5 1

It is easy to know that when the difference between these d; is the smallest,

4n—3 o )
>, " d3 reaches its minimum, and since

1 1
5(4n—3)2+§:8n2—12n+5:(2n—2)(4n73)+2n—1,

we see that when there are 2n — 2 numbers of 2n — 2 and 2n — 1 numbers
of 2n — 1 among these d; the numbers ) d3 is minimal, that is

2n — 2 2n—1
the number of T > ) (2n —2)+ ) (2n —1).

which is impossible.

20. First prove (i) B(2n+ 1) = B(2n) and (ii) B(2n) = B(2n —1) + B(n).
(i) is obvious, because 2n +1 = 20 4282 4 ... 4200 41 (i > ig > -+ >
ir > 0) uniquely corresponds to a partition of 2n: 2n = 2% 4 2% 4
S+ 21'7".

To prove (ii), write the set of partitions of 2n (as the sum of powers of
2) as A, |J By, where the elements in A,, are the following partitions:

2n =21 4202 o 2 Ly > > e > >0,
while the elements in B,, are the following partitions:
2n =20 420 4. 42 >y > >, > 1.

Then A4,, () B, = @, and an element in A,, uniquely corresponds to a parti-
tion of 2n — 1, while an element in B,, uniquely corresponds to a partition
of n. Hence (ii) holds. From (i) and (ii), it is easy to prove that B(n) is
even by mathematical induction.
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21. From »™ ! 4+ ... 4+ r+1 =0, we obtain that

2k—1

71:7’<1+T+"'+7’2k71>:T(1+T)(].+T2)"'(].+T )

)- (1)

(See Example 4 in Chapter 11.) Note that r + r? = r? 4+ 77+l =
r2 4 p22"7 1) Therefore, each term on the right side of formula (1)

is the sum of the squares (with integer coefficients), and so is their

Qk—l

= (T+T2) (1+r2)~~(1+r

product. This generates the integer coefficient polynomials f(z) and
g(z) such that f2(r) + ¢g?(r) = —1 (refer to Exercise 8 in Chapter 12).

22. For any m > 1, we have 2, = 1 = x1(mod &, — 1), and for any inte-
gers u and v, there is (u —v) |p(u) — p(v). Hence p(z,,) — p(z1) =
O(mod z, — 1), i.e., i1 = 22 (modax,, — 1). In this way, it can
be seen that the sequence {z,} modulo z,, — 1 is periodic, which is
T1,L2y++.yLm—1-

From the known condition, for N = x,,, — 1, there exists x; such that
Zm — 1|z Combining it with the previous result, we can suppose 1 < k <
m — 1. But {z,} is strictly increasing and z,,, — 1 > @,—1, 80 k =m — 1,
ie, Xy — 1|xm_1, hence -1 > x, — 1. Thus x, — 1 = x4, le,
p(m-1) — 1 = xy—1. Therefore p(z) = x + 1 has an infinite number of
different roots, and consequently p(x) = x + 1.

23. When m is odd, a™ —1 = (a — 1)(a™ !t + -+ a+ 1), where the latter
factor is odd, so 2™ |a™ — 1 implies that 2™ |a — 1. There are only
finitely many such m. When m is even, we only need to prove (replace
m with 2m) that there is at most a finite number of m such that
2™ | (a®)™ —1. This is equivalent to replacing a with a? in the original
problem, so we can assume that the given a satisfies a = 1(mod 8).

Leta—1= 2la1, 2t ay, and I > 3. The key is to prove that when m > [,
the order of a modulo 2™ is 2™~!. For this purpose, it can be proved by
mathematical induction first that when m > [, the integer a2m7l —1is
divisible by 2™, but not by 2™*! (leaving the details to the readers).

Let r be the order of @ modulo 2™ (m >1). Then r|2™~! sor = 2t If
t < m — I, then from a2 = 1(mod 2™), we deduce that a2 — 1 is divisible
by 211 which is contrardictory to the previous conclusion, so t = m — [,
ie., r=2ml
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Now it is not difficult to prove the conclusion of this problem. If m

satisfies 2 [a™ — 1 and m > [, then 2™~ !|m. Hence either m < [ or
2m=l < m, and there are obviously finitely many such m.

24.

25.

26.

It can be seen from the formula (6) in Chapter 14 that

S (U ey b )

e;=0,1

0 if 1 <m;

S (=D)" ey x,, ifi=n.
Take 71 = 1,29 = 2,...,2, = 2" ' Then when ¢; = 0 and 1,
the expression &1 + 29 + --- + 2" lg, gives exactly the values
0,1,2,...,2" — 1. Thus when ¢ < n, the sum is 0; when ¢ = n, the

n(n—1

sum is (—1)" n!2 5 (when ¢ < n, it is not difficult to prove the
result by induction on 7).
Let f (k) = (k4 a1)--- (k+ay), which can be regarded as the degree-n
polynomial in k, (with the leading coefficient 1). Then

> (=1 <k> f(k) =n!
k=0

(see formula (5) in Chapter 14). Because f(0) exactly divides f(k)(k =
0,1,...,n), we have f (0) |n!, so f(0) < n! (note that f(0) is a positive
number). But f(0) is the product of n different positive integers, so
ai,...,a, must be a permutation of 1,2,...,n.

The answer is n = 2¥, where k is a non-negative integer.

First, if n has an odd divisor r greater than 1, then since 2" — 1 exactly
divides 2" — 1, the integer 2" — 1 exactly divides m? + 9. Because
312" — 1 and 2" — 1 = —1(mod4), the number 2" — 1 must have a
prime divisor p > 3 that is = —1(mod 4), so m? + 32 = 0(mod p). Thus
p exactly divides m and 3, so p = 3, a contradiction (refer to Remark 8
in Chapter 20). Therefore, n must be a power of 2.

Now we prove that n = 2¥ meets the requirement. Let F; = 22" 41

(i > 0). Then (see the solution of Example 1 in Chapter 6)

22 | — P Fy - FLF.

Note that the congruence equation

22 = —1(mod F})
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has a solution z = 22" ' (mod F;), where i > 1. And (F}, F;)=1for i # j,
(Example 4 in Chapter 6). Hence by the Chinese remainder theorem, the
system of congruence equations

$E22i71(modFi), 1=1,2,...,k—1

has a solution zg. Obviously, x¢ satisfies 23 = —1(mod F;)(i = 1,...,k—1),
SO :1:% + 1 is divisible by Fy_1Fr_o---F; (we used the fact that F; are
pairwise coprime once again).

We take m = 3zo. Then m? + 9 = 9(x3 + 1) is divisible by
Fi - P Fy =22 1.

27. For any integer z > 1, we use p, to represent the minimum prime factor
of . The proof needs the following lemma:

Lemma If p is prime, which makes p|2* 4+ 1, and p < p,, then p = 3.

Proof. Obviously, p is an odd prime number. Assume that the order of 2
modulo p is d. Then it is known from 2°~! = 1(mod p) that d|p — 1. Also
p|2% + 1, so 22 = 1(modp). Thus d|2z, so d|(2x,p — 1). But p < p,,
hence p — 1 cannot have prime divisors that exactly divide x, which implies
that (2z, p—1) = 2, i.e., d|2. Therefore, d =2, so p = 3.

Now let’s solve the problem. If there are integers a, b, and ¢ that meet
the requirement of the problem, then a, b, and ¢ are all odd numbers, and
Pas Pb, and p. are different from each other. We may assume that p, is the
smallest of the three. Because a |2+ 1, we have p, | 2° + 1. However, since
Pa < Py, the lemma above implies that p, = 3. Denote a = 3a’.

Let p be the minimum prime factor of a’, b, and ¢. We prove that p|b.
Suppose p exactly divides a’. It can be seen from (a,c¢) =1 and p < p. that
p < pe. But a]2¢+ 1, so p|2°+ 1. Then from the above lemma, p = 3,
50 9|a. Thus, 9]2¢+ 1, hence 9|22¢ — 1. But it is easy to verify that the
order of 2 modulo 9 is 6, thus 6 | 2¢, i.e., 3| ¢, which is contradictory to that
a and c¢ are coprime. Therefore, p 1 a/. Similarly, we can prove that p 1 c.
Consquently, p|b.

Suppose the order of 2 modulo p is d. Similarly as the lemma above, it
can be proved that d | (2a, p—1), i.e., d| (6a’, p—1). (Usep|band b|2%+1.)
From the selection of p, we see that p — 1 and o’ are coprime, from which
(6a’,p—1) exactly divides 6, i.e., d|6. Thus p|2°—1, hence p = 7. However,
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since
20 +1=(2%)" +1=2(mod7),
we see that p does not exactly divide 2* + 1 a contradiction. O
28. Suppose aq,...,ar4+1 are not congruent to each other modulo n + k.
We consider the following three groups of numbers (here S = a; +-- -+
Ak41):
(l) al,ag,...,ak+1;

(i) S—a1,S —az,...,5 —apy1;
(lll) S»S+ak+2a5+ak+2+ak+3,...,5+ak+2+---+an.

There are (k+ 1)+ (k+1)+n— (k+2)+2 = n+ k + 2 numbers,
so there must be two numbers congruent modulo n+ k. Obviously, the
numbers in (i) are not congruent to each other, and neither are the
numbers in (ii). Note that we can assume that no two numbers are
congruent to each other in (iii), no number in (i) is congruent to a
number in (iii), and also no number in (ii) is congruent to a number in
(iil), since otherwise, the conclusion is true. Therefore, there must be
two numbers in (i) and (ii) that are congruent modulo n + k. If there
exist ¢ # j such that a; and S — a; are congruent modulo n + k, then
the conclusion is obviously true. Thus, there must exists an ¢ such that
a; and S — a; are congruent modulo n + k (1 <i <k +1).

If there are at most two a; satisfying a; = S — a;(mod n+ k), delete such
a; from (i). Then there are at least n + k numbers left. Since now there is
no number in (i) that is congruent to a number in (ii) modulo n + k, no
two in the remaining numbers that are congruent modulo n + k, so there
are exact n + k numbers left. In particular, one of them is congruent to
modulo n + k. Therefore, the conclusion is true.

If at least three a; satisfy the above congruence, supposed as aj, as,
and ag, then 2a1 = 2a9 = 2as(modn + k). If n + k is odd, then this gives
a1 = ag = ag(mod n+k), which is contradictory to the previous assumption
about ai,...,ap+1; if n + k is even, then a1 = as = ag (mod "T'H“), ie.,
a1 = as + "TMMl and a1 = a3z + "T'HCMQ, where M7 and My are both odd
(otherwise a1 = ag or a1 = az(modn + k)). Hence

n+k

az = as + (MQ*Ml)ECLg(mOdTL#»k),

which leads to a contradiction.
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29. Let t = % From the recurrence relation in the problem (for
n > 2), we obtain that

2 2
Ony2n = Ay 1 + k, Gpy10,-1 = a;, + k.

Subtracting one equality from the other in the above gives that

An+2 + (7% o Ap+41 + ap—1
Ap+1 (07

From this, we can recursively obtain (for n > 1) that

Ani2 +an _a3+a1_r2+32+k_

t,
Ap+1 a9 rs

SO pt2 = tapy1 — an. Therefore, if ¢ is an integer, then all a,, are
integers by mathematical induction.

Conversely, if all a,, are integers, then ¢ is a rational number. Let t = 7,
where (u,v) = 1 and v > 0. From a3 = %a — a;, and note that a;, az and
as are integers, we see that v|as. Similarly, v|a; (for ¢ = 2,3,...). Then
from a4y = Taz — az, and that v exactly divides az, a3, and a4, we know
that v? | az. Similarly, v |a; fori = 3,4,.... In this way, it is easy to prove
that v™ | anyq (1 =1,2,...) for any positive integer n.

Now, if v # 1, then we can take a natural number N large enough to
make vV > |k|. In the equality k = ayi1an13 — a?\,ﬂ, the right side is
divisible by vV, but obviously the left side is not divisible by v, which is
a contradiction. Therefore v =1, i.e., t is an integer.

30. We first prove that when m = 5", there exists an n-digit number that
is a multiple of 5™ and its digits are all odd.

Prove by mathematical induction. When n = 1, the one-digit number
5 meets the requirement. Assume that aparp_1---a; is a k-digit number
that meets the requirement for n = k. We need to prove that there exists
ar+1 € {1,3,5,7,9} such that the (k + 1)-digit number

- ko o—
Apr10% - 01 = ap41 X 10° +ag - ay

is a multiple of 51, Since @r @y is a multiple of 5*, the right side of the
above formula is 5% (a1 x 25 41), where [ is odd. It is easy to know that 2*
modulo 5 is 2, 4, 3, and 1 periodically when k£ = 1,2,... . Therefore, it is
easy to verify that for any odd number [ and positive integer k, there always
exists ag41 such that ap1 X 2k 41 is divisible by 5. Thus, axriax - ay is
divisible by 5F+1.
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Now let m be any odd number. Decompose m into 5% -m;, where k > 0
and m1 is a positive integer coprime to 10. From the above conclusion,
we can first construct a multiple of 5%, namely @rar—1 - a1, each digit of
which is odd. (When k = 0, take this number as 1.) Consider the sequence
{A,} (n > 1), where A, is the (nk-digit) number generated by writing the
number ay -~ ay (from left to right) n times repeatedly, that is, A,, has the
form

Q- - Q1G) ---Q1 - Qf - -A7-

There must be two numbers in {A,, }, the difference between which is divis-
ible by my; this difference can be expressed in the form A; x 107 (i > 1 and
j >1). Because m; and 10 are coprime, m; exactly divides A;. And A; is
a multiple of 5%, so A; is a multiple of 5% x m; (we used the fact that m;
and 5 are coprime once again). Of course, the digits of A4; are all odd.

31. Let Y .S(a*) denote the sum of the corresponding S(a*) of the n! per-
mutations a*. If the conclusion is wrong, then we can generate a con-
tradiction by calculating Y S(a*).

On one hand, n! does not exactly divide S (a*) — S(b*) for a* # b*
and there are n! different permutations, so the remainders of S(a*)

modulo n! are exactly 0,1,...,n! — 1. Therefore
I—1)n!
ZS(UL*) = m%(mod nl). (2)
On the other hand, in the n! permutations a* = (aq,...,a,), there are
(n — 1)! permutations of a; = k, where k = 1,2,...,n. Therefore, the

coefficient of ¢; in > S(a*), is

(n+1)!
—

The same conclusion is true for the rest of ¢;, from which

(n—1N(1+2+ - +n)=

n

3 S(at) = @ S e (3)

=1

Combining (1) with (2), we obtain that

N I —1)n!
@%) ; u(md””'
Because n is odd, the left side of the above formula is divisible by n!,
while the right side is not a multiple of n!, for n > 1, a contradiction.
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32.

33.
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We only need to consider the problem modulo 2. For any ternary inte-
ger array (A, B, C'), there are eight possibilities (4, B;, C;) in the sense
of modulo 2, where A;, B;, and C; are 0 or 1(j = 0,1,...,7), and
Ap = By = Cyp = 0. It is easy to verify that for any ternary integer
array (a;,b;,c;) (here at least one of a;,b;, and ¢; is an odd number),
there are exactly four even numbers and four odd numbers among the
eight numbers

aiAj + biB] + CiCj (] == O, ]., .. ,7)

Hence there are exactly three even numbers and four odd numbers in
the seven numbers

(LiAj + biBj + CiCj (] =1,.. ,7)

From this, we know that there are exactly 4n odd numbers in the
following numbers

aiAj—l—biBj—l—ciCj(j:1,...,7, 1=1,...,n).

However, the above numbers can be divided into seven groups. The
numbers in group j are a;A; +b,Bj+¢;C; (i=1,...,n)with1 <j <T.
Therefore, there must be a group, in which the number of odd integers
greater than or equal to %n.

Let S = {ay,az,...,a2000}. We only need to prove that S has two non-
empty subsets C' and D satisfying the conditions (i), (ii), and (iii). This
is because if there exist such C' and D, then by taking A = C/D and
B = D/C, we see that A and B meet the requirement in the problem.

To prove it, let each non-empty subset E of S correspond to an (ordered)

ternary array:

E = (fo(E), f1(E), f2(E)),

where f;(E) denotes the sum of the ith powers of the elements in £ (i =0, 1,
and 2). We prove that this mapping is not an injection, i.e., there are
subsets C' and D such that f;(C) = f;(D) (i = 0,1, and 2). Such C and D
meet the above requirement (refer to Remark 5 in Chapter 3).

for

Because |S| = 2000 and the maximum number in S is less than 101,
any F,

fo(E) <2000, f1(E) <2000 x 10'°, fy(E) < 2000 x 102%.

Therefore, the number of different images does not exceed

(2000)° x 1030 < (211)7 x (210)"%" = 21033,



Solutions: Comprehensive Exercises 359

If the above mapping is an injection, then the number of non-empty subsets

of S should not exceed the number of image elements, that is, 22000 — 1 <

21033 3 contradiction.

34. Let Sp—1 = {a1,a2,...,ax}, where a1 < ag < --- < ay. It is obvious
that the minimum number in S,, is a1, and the maximum number is
ar, + 1. We note that a; ¢ S, for i > 2 if and only if a; — 1 € S,,_1, i.e.,
a;_1 = a; — 1. Therefore,

Z$a5(1+$) Z 2*(mod 2).

a€Sy a€Sn_1

From this, we recursively obtain that

doat=(142)" ) 2%(mod?2).

a€Sy, acSo

On the other hand, from the congruence (1 + z)* = 1 + 22(mod 2) and
by induction on n, it is easy to get that (1 + z)° = 22" + 1(mod2).
Therefore, if N is a power of 2, then

Z 2 = (1 +xN) Z 2%(mod 2).
ac€Shp a€So

Finally, take N as a number greater than the maximum number in Sp.
Then from the above formula, we obtain that

Sy =So| N +a:ac S}

35. The given integers are treated as the vertices of a graph. If two inte-
gers are coprime to each other, then an edge is connected between the
corresponding vertices of the two integers. Our conclusion is that if the
number of edges in the graph is greater than 94, then there must be
a cyclic subgraph of length 4, that is, there are vertices a, b, ¢, and d
such that a is connected to b, b is connected to ¢, ¢ is connected to d,
and d is connected to a.

We prove the following more general result of graph theory:
If a graph G has n vertices and does not contain a cyclic subgraph of
length 4, then the number m of edges in G satisfies

m < Z(l +vIn = 3).

To prove it, let V' be the set of vertices of G, and for any u € V, let d(u)
denote the degree of u (i.e., the number of edges incident to ). The main
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point of the proof is to count the number of the figures in G as shown below
(here x is connected with y and z with y # z, regardless of whether y and
z are connected).

y

For each u € V, there are exactly (d (2u)> above figures, so the number

of such figures is ), .y, (d (2u)> On the other hand, every pair of vertices

{y, z} has at most one x adjacent to both y and z (otherwise, there is a cyclic
subgraph of length 4 in G). Therefore (refer to Remark 4 in Chapter 3),

2(0)=C)

Zd2 <n(n-1) —l—Zd

ueV ueV

that is

From Cauchy’s inequality,
2
(Z d(u)) <n> d*(u)
ueV ueV

Also we know well that » _ d(u) = 2m, so
4m? < n%(n —1) + 2nm.
Therefore, m < (1 + v/4n — 3).

36. We prove that there is a sequence {a,} of positive integers such that
a? + --- + a2 are all the squares of odd numbers. Take a; = 1. If
ai,...,a, have been determined, let a? +- - -+ a2 = (2k + 1) and take
ani1 = 2k2+2k. Then from (2k + 1)°+(2k2 4 2k)° = (2k2 + 2k 4+ 1)°,
we know that af 4 - - -+ a2 + a2, is also the square of an odd number.



37.

38.

39.

Solutions: Comprehensive Exercises 361

For i =1,...,k — 1, the product (i +1)----- (i + k) of k consecutive
integers is divisible by k!, so i* = b;i*~! + ... + br(mod k!), where
b1,...,b, are all integers. Thus, from the condition, we know that

n

i aiik = Z(blaiik_l + -4 bkai)
=1

i=1

=b (Z aiik1> + -+ by (Za)
i=1 i=1
= 0(mod k!).

Suppose for x = 0,1,... , the values of the non-constant integer
coefficient polynomial f(z) = a,z™ + -+ + a1z + ap have only a
finite number of different prime factors py,...,pr. Then ag # 0. Take
x = p1---praot, and let the integer ¢t be sufficiently large. Then f(x)
can be expressed as follows:

f(x) = ao(p1 - prAs + 1),

where A; is an integer that depends on ¢, and when ¢ is large enough,
|A:| > 1. Hence p; - - prA; + 1 has a prime factor p, and obviously p is
different from pq,...,pr. This contradicts the previous assumption.
We can take f(x) = 2™ +210(z" 1 + -+ + 2?) + 105z + 12.
According to Eisenstein’s criterion (take p = 3), f(z) can’t be decom-
posed into the product of two non-constant integer coefficient polyno-
mials. (210 = 2x3x5x 7,105 =3 x5x 7 and 12 = 22 x 3, 50 3
exactly divides the coefficients of x,...,2" !, 32 can’t exactly divide
the constant term, and 3 can’t exactly divide the leading coefficient 1.)

For any integer z, because f(z) = z(z"1+105)+210(z" 1+ - +2)+12,

the value of f(x) is always even. Therefore, |f(z)| can’t take odd prime

values.

If f(x) =2 has an integer solution z, then

fi(z) = 2™ +210(z" ' + -+ 2?) + 105z + 10

has an integer root. However, according to Eisenstein’s criterion (take
p =5), fi(x) cannot be decomposed into the product of two non-constant
integer coefficient polynomials, let alone an integer coefficient linear factor.
This contradicts that f; () = 0 has an integer root.
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If f(z) = —2 has an integer root z, then
fa(z) = 2™ +210(z™ ' + -+ + 2?) + 1052 + 14

has an integer root. However, according to Eisenstein’s criterion (take
p=17), f2(x) cannot be decomposed into the product of two non-constant
integer coefficient polynomials, a contradiction. Therefore, |f(x)| can’t take
even prime 2.

40. Since there is an infinite number of prime numbers, we can (inductively)
select an infinite prime number sequence {p,}(n = 0,1,...), which
satisfies pp, > p1 + -+ + pn_1 for all n > 1. We can see from Exercise
7 in Chapter 13 that the polynomial

fu(z) =poz™ + -+ + pn_1xz + py (for all n > 1)

can’t be decomposed into the product of two non-constant integer
coefficient polynomials, and the same is true with =" f, ( %) That is,
D™ + Pp_12” 44 pro+po can’t be decomposed into the product
of two non-constant integer coefficient polynomials for any n > 1.

This problem can also be solved by using Example 6 in Chapter 13 to
construct a sequence that meets the requirement. Let’s take {p,} as an
infinite prime sequence, which satisfies pg < p; < --- < p, < ---. Then we
can see from Example 6 in Chapter 13 that the polynomial

fa(@) = po” +p1z” ' - 4 pu(n > 1)

can’t be decomposed into the product of two non-constant integer coefficient
polynomials, and the same is true with z" f,, (%) That is, pp,z™ + -+ +
P12+ po can’t be decomposed into the product of two non-constant integer
coefficient polynomials for all n > 1 (refer to Remark 4 in Chapter 13).

41. If the degree of f(x) is less than or equal to p — 2, then by taking the
(p — 1)st order difference of f(x), we see that (see (4) in Chapter 14)

1) (p; 1) ) =0 @

0
Since p is prime, (p ; 1) = (fl)k (mod p) (Example 4 in Chapter 8),
thus the left side of (1) = Zi;é (k)(mod p). Therefore,

> £ (k) = 0(modp). (5)
k=0
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But f(k)(k = 0,1,...,p — 1) modulo p only takes values 0 or 1, and
not all values are 0 and not all values are 1 (because f(0) = 0 and
f(1) = 1). There are p terms on the left side of (2), so (1) can’t be
true.

Let n + 1 = 2!, where ¢ is odd. Let z — 1 = 3. Then

flz) = f(+y)
=y"g(1+vy)
= amy™ + mpry™ T+ (6)
Here ay,, am+1, ... are all integers.

On the other hand, since the coefficients of f(x) are all £1, so with the

mod 2 operation

fl@y=a"+2" '+ 1

i1
R
1 1
S CRRAERY
1
= 5((1 + yzl)q —1). (Use Exercise 3 of Chapter 11.)

= y2l_1 + -+ (mod2). (Use the binomial theorem.) (7)

Comparing (1) and (2), we know that 2! — 1 > m. Because m > 2*, we

have [ > k + 1. Therefore 251 |n + 1.
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