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Preface

It is said that in many countries, especially the United States, children are
afraid of mathematics and regard mathematics as an *
But in China, the situation is very different. Many children love mathe-
matics, and their math scores are also very good. Indeed, mathematics is
a subject that the Chinese are good at. If you see a few Chinese students
in elementary and middle schools in the United States, then the top few in

‘unpopular subject.”

the class of mathematics are none other than them.

At the early stage of counting numbers, Chinese children already show
their advantages.

Chinese people can express integers from 1 to 10 with one hand, whereas
those in other countries would have to use two.

The Chinese have long had the concept of digits, and they use the most
convenient decimal system (many countries still have the remnants of base
12 and base 60 systems).

Chinese characters are all single syllables, which are easy to recite. For
example, the multiplication table can be quickly mastered by students, and
even the “stupid” people know the concept of “three times seven equals
twenty one.” But for foreigners, as soon as they study multiplication, their
heads get bigger. Believe it or not, you could try and memorise the multi-
plication table in English and then recite it, it is actually much harder to
do so in English.

It takes the Chinese one or two minutes to memorize 7 = 3.14159- - -
to the fifth decimal place. However, in order to recite these digits, the
Russians wrote a poem. The first sentence contains three words and the
second sentence contains one --- To recite m, recite poetry first. In our

vii
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opinion, this just simply asks for trouble, but they treat it as a magical
way of memorization.

Application problems for the four arithmetic operations and their arith-
metic solutions are also a major feature of Chinese mathematics. Since
ancient times, the Chinese have compiled a lot of application questions,
which has contact or close relations with reality and daily life. Their solu-
tions are simple and elegant as well as smart and diverse, which helps
increase students’ interest in learning and enlighten students’. For example:

“There are one hundred monks and one hundred buns. One big monk
eats three buns and three little monks eat one bun. How many big monks
and how many little monks are there?”

Most foreigners can only solve equations, but Chinese have a variety
of arithmetic solutions. As an example, one can turn each big monk into
9 little monks, and 100 buns indicate that there are 300 little monks, which
contain 200 added little monks. As each big monk becomes a little monk 8
more little monks are created, so 200/8 = 25 is the number of big monks,
and naturally there are 75 little monks. Another way to solve the problem is
to group a big monk and three little monks together, and so each person eats
a bun on average, which is exactly equal to the overall average. Thus the
big monks and the little monks are not more and less after being organized
this way, that is, the number of the big monks is 100/(3 + 1) = 25.

The Chinese are good at calculating, especially good at mental arith-
metic. In ancient times, some people used their fingers to calculate (the
so-called “counting by pinching fingers”). At the same time, China has
long had computing devices such as counting chips and abaci. The latter
can be said to be the prototype of computers.

In the introductory stage of mathematics — the study of arithmetic, our
country has obvious advantages, so mathematics is often the subject that
our smart children love.

Geometric reasoning was not well-developed in ancient China (but there
were many books on the calculation of geometric figures in our country),
and it was slightly inferior to the Greeks. However, the Chinese are good
at learning from others. At present, the geometric level of middle school
students in our country is far ahead of the rest of the world. Once a for-
eign education delegation came to a junior high school class in our country.
They thought that the geometric content taught was too in-depth for stu-
dents to comprehend, but after attending the class, they had to admit that
the content was not only understood by Chinese students, but also well
mastered.



Preface ix

The achievements of mathematics education in our country are remark-
able. In international mathematics competitions, Chinese contestants have
won numerous medals, which is the most powerful proof. Ever since our
country officially sent a team to participate in the International Mathemat-
ical Olympiad in 1986, the Chinese team has won 14 team championships,
which can be described as very impressive. Professor Shiing-Shen Chern, a
famous contemporary mathematician, once admired this in particular. He
said, “One thing to celebrate this year is that China won the first place
in the international math competition --- Last year it was also the first
place.” (Shiing-Shen Chern’s speech, How to Build China into a Mathe-
matical Power, at Cheng Kung University in Taiwan in October 1990)

Professor Chern also predicted: “China will become a mathematical
power in the 21st century.”

It is certainly not an easy task to become a mathematical power. It
cannot be achieved overnight. It requires unremitting efforts. The purpose
of this series of books is: (1) To further popularize the knowledge of math-
ematics, to make mathematics be loved by more young people, and to help
them achieve good results; (2) To enable students who love mathematics
to get better development and learn more knowledge and methods through
the series of books.

“The important things in the world must be done in detail.” We hope
and believe that the publication of this series of books will play a role in
making our country a mathematical power. This series was first published
in 2000. According to the requirements of the curriculum reform, each vol-
ume is revised to different degrees.

Well-known mathematician, academician of the Chinese Academy of
Sciences, and former chairman of the Chinese Mathematical Olympiad
Professor Yuan Wang, served as a consultant to this series of books and
wrote inscriptions for young math enthusiasts. We express our heartfelt
thanks. We would also like to thank East China Normal University Press,
and in particular Mr. Ming Ni and Mr. Lingzhi Kong. Without them, this
series of books would not have been possible.

Zun Shan and Bin Xiong
May 2018
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Chapter 1

Maximum and Minimum
Values

1. Key Points of Knowledge and Basic Methods

A. Use basic inequalities to find maximum
(minimum) values

(1) Use mean value inequalities to find maximum (minimum) values.

By using mean value inequalities, one can conveniently find the min-
imum value of the sum of two positive numbers and the maximum value
of the product of two positive numbers, under some constraint. Let z,y €
Ry, S(z,y) =2 +y, and P(z,y) = xy.

If P(x,y) has a fixed value P, that is 2y = P, then

S(z,Y)min = 2P
obtained when = = y; if S(x,y) has a fixed value S, that is x +y = S, then
1
P max — 2
(2,9) 17

obtained when x = y.
The conclusion is completely similar in the case of three, four, and even
n positive numbers in general.

(2) Use the Cauchy inequality and other inequalities to find maximum
(minimum) values.

Use the Cauchy inequality and other inequalities to lead to a constant
(the maximum or minimum value), and then make sure to find at least a set
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of values for the variables so that the value of the objective function equals
the constant.

B. Use monotonicity of functions to find maximum
(minimum) values

If f(x) is an increasing function on [a,b], then f(2)min = f(a) and
f(x)max = f(b)
If f(x) is a decreasing function on [a,b], then f(x)min = f(b) and

f(x)max = f(a)'

2. Illustrative Examples
Example 1. Suppose that three positive real numbers a, b, and c satisfy

a > 3 and ab+ bc + ca = 16. Find the minimum value of 2a + b + c.

Solution. From the given condition,
(a+b)(a+c)=a*+ab+bc+ca
=a’+16
> 32 416 = 25,
SO
2a+b+c=(a+b)+ (a+c)
> 2/ (a+0b)(a+c)
> 225 = 10,

in which the equality holds when a = 3,a+b = a+c¢, and ab+ bc+ ca = 16,
that is ¢« = 3 and b = ¢ = 2. Thus, the minimum value of 2a + b + ¢
is 10. O

Remark. To find a maximum (minimum) value, one needs to use prop-
erties and theorems to give a series of deformations and “same direction
inequalities” for the given conditions and the objective function, till a con-
stant is found. The key point is that all the equalities must be satisfied at
some moment.

Example 2. Suppose that three real numbers a, b, and ¢ satisfy 2¢+4% = 2¢
and 4% + 2° = 4¢, Find the minimum value of c.
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Analysis. We may find the minimum value of 2¢ first. Note the relation-
ship among the bases of the exponential expressions. Let 2%,4°, and 2¢ be
x,y, and z, respectively. Then the problem for the exponentials can be
reduced to that for the resulting algebraic expressions.

Solution. Denote 2% 4%, and 2¢ by x,y, and z, respectively. Then
z,y, 2 > 0.

From the given conditions,  +y? = z and z? + y = 22, so

2 oy=a2=(z-9y>)? =22 - 222+t

Hence, by using the arithmetic mean-geometric mean inequality, we have

4
ity 1., 1 1
= =_(2 24z
2= 5 4<y+y+y

I 1 3
> .332y2. — . — =2V,
y y 4

] =

When 2y? = %, that is y = %, the minimum value of z is 2V/2 (with
3

the corresponding value T2 for x, satisfying the requirement).

Since ¢ = log, z, the minimum value of ¢ is log, % V2 = log, 3 — g g

Example 3. Suppose that u, v, and w are positive real numbers satisfying
the condition

U/ vw + vv/wu + wy/uv > 1.

Find the minimum value of v + v + w.

Analysis. The involved function and the expression of the given condition
have a big “difference,” so we need to figure out how to make them close
enough to each other. Using the arithmetic mean-geometric mean inequal-
ity can change the condition to uv 4+ vw + wu > 1, which is a quadratic
inequality. We may consider squaring u + v 4+ w to use the condition.

Solution. By using the arithmetic mean-geometric mean inequality and
the given condition, we have

v—;ervw;—u wu—;—v > uv/vw + vvwu + wyuv > 1,
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thus uv + vw + wu > 1. Therefore,

(u+v+w)? =u?+ 0 +w® + 2uv + 20w + 2wu

u2+v2 v2+w2 w2+u2

= 5 + 5 + 5 + 2uv + 2vw + 2wu
> 3uv + 3vw + 3wu > 3,
that is, u + v + w > v/3. On the other hand, choosing u = v = w = ?
satisfies the condition and the value of u + v + w is V/3.
To summarize, the minimum value of u + v + w is v/3. [

Remark. From the above three examples, we can see that when looking
for a maximum (minimum) value, we should be very careful in determining
the condition that makes the equality valid.

Example 4. Suppose that a,b, and ¢ are nonnegative real numbers. Find
the minimum value of

a n b n c
b+c Vec+a a+b

Analysis. It is difficult to apply a basic inequality directly, so we deform

the expression:

\/Eﬂ/wTa*\/:b \/a(Z—i—c) * \/b(cb—i—a) * \/c(;—i—b)'

Then by applying the arithmetic mean-geometric mean inequality to the
denominator of each term of the right hand side expression in the above
equality, we obtain that

a b c
\/ +4/ +4/ > 2.
b+c c+a a+

But a careful checking finds that the equality does not hold in the above
inequality. The reason is that the premise of the previous deformation is

that a,b, and ¢ are all nonzero, but exactly one of them is allowed to be
zero in the original expression! Obviously, there is at most one of a, b, and
¢ to be zero. If one of them is zero, then without loss of generality, we may

assume that ¢ = 0. Now, the original expression = \/% + \/g > 2, in which
the equality holds if and only if a = b # 0. This indicates that 2 is indeed
the minimum value of the original expression.
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Solution. It is obvious that there is at most one zero among a, b, and c.
Suppose that there is one zero among a, b, and ¢. Without loss of generality,

let ¢ = 0. Then
. . a b
the original expression = \/; + \/j > 2,
a

in which the equality holds if and only if a = b # 0.
If a,b, and ¢ are all nonzero, then the original expression

a b c
B Va(b+c) * Vb(c+a) * Ve(a+b)
2a 2 2c

> + +
“a+(b+c¢) b+(c+a) c+(a+b)

It is easy to see that the equality can never be satisfied in the above

inequality.
In summary, when a =0 andb=c# 0,b=0and c=a #0,0or ¢ =0
and a = b # 0, the original expression achieves its minimum value 2. O

Example 5. Find the minimum value of

1 n 1 n 4
sin?A  sin?B  1+sinC

among all AABC.

Solution. From the arithmetic mean-geometric mean inequality and some
trigonometric identity,

1 1 4 2 4

>
sin? A + sin? B + 1+sinC ~ sinAsin B + 1+sinC
B 4 L4
~ cos(A—B) —cos(A+B)  1+sinC
4 4

- 1+cosC’+ 1+sinC’

and the equality is satisfied if and only if A = B.
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By the Cauchy inequality,

1 1 4
>
1+ cosC + 14+sinC = (I14+cosC)+ (1+sinC)
B 4
~ 2+ (cosC +sinC)
4
>

24 \/(12 4 12)(cos? C' + sin® C)
=2(2 - V?2).

The equality in the above holds if and only if cos C' = sin C, that is, ' = 7.
Summarizing the above, it is easy to see that Sin12A + sin12B + 1-‘,—3!10
has the minimum value 8(2 — v/2) when A = B and C = I. O

Some maximum (minimum) value problems do not need much knowl-
edge of inequalities for solutions, but one needs to give an appropriate
deformation or deep analysis and discussion to the objective function or
the given condition.

Example 6. Suppose that x1, 22, and z3 are nonnegative real numbers
satisfying x1 + 2 + z3 = 1. Find the minimum value and the maximum
value of

(171 +31172+51173) (171 + % + %) .

Solution. By the given condition and the Cauchy inequality,

(171 + 3:172 + 5:173) (171 + % + %)

2<¢E¢E+\/ﬁ\/x§2+\/ﬁ %)2

= (.%'1 + X2 +.%'3)2 =1.

The equality is satisfied when ;1 = 1,292 = 0, and 23 = 0, so the required
minimum value is 1.
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Now, we have

(.”L'l + 3zo + bx3) (.%'1 + % + %)

1 5T
= g(fL’l + 3x9 + bx3) (51’1 + 72 + :63)

IN
|

5 2
|:(171 + 3x9 + 5:173) + <5ZE1 + % + x3>:|

1 14 2
_ - <6:E1 + 3362 +6:173>

|

20
1 9
< 20 (621 + 64 + 6:103)2 =5
with the equality being valid when z; = %,xQ =0, and z3 = %, so the
sought maximum value is %. O

Example 7. Suppose that |z;| < 1 for i =1,2,...,n and
|z + |22 + -+ |2n]| =19+ |21 + 22+ - - + 25

Find the minimum value of the positive integers n.

Solution. By the given condition,

i=1 i=1

n
< Z || < n.
i=1

So n > 20.
On the other hand, when n = 20, we choose
19
— 1<4<10
200 o=
€Xr; =
19 11<4<20
200 'S
Then z1,x9, ...,z satisfy all the conditions of the problem.

To summarize, the desired minimum positive integer n is 20. 0
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Remark. There are numerous groups of the numbers {z1, xa, ..., 220} that
satisfy the given condition, but it is enough for us to find one group.

Finally, let us look at an example that requires us to give some deep
discussion.

Example 8. Suppose that real numbers z,y, and z satisfy 22 +y?+2% = 1.
Find the maximum value of

(2% — y2)(y® — 22)(2° — 2y).

Solution. Let f(z,y,2) = (2? — y2)(y? — 22)(2® — xy). From f(z,0,2) =
—2323 and the assumption, the maximum value of f(x,y,2) must be posi-
tive.

Since f(x,y, z) is symmetric with respect to x,y, and z, and since

f(xvyvz) = f(ixv Y, 72)7

we may assume that z >y > z and x4+ y + z > 0. Then 2% — yz > 0.
If f(x,y,2) achieves the maximum value at (z,y, 2), then

f(xvyvz) - f(zv Y, 7’2) = 7217('%2 - yz)(y3 =+ 23) > 07

so y? 423 <0.

If 2 =0, then y = 0, and so f(x,y, z) = 0. Hence, it must be that z < 0,
thus y2 — za > 0.

Since f(x,y,z) > 0, we see that 22 — 2y > 0. By the arithmetic mean-
geometric mean inequality,

IN

[@2 —y2) + (y* — z2) + (27 mr

f(z,y,2) 3

S-slety+2?]’ 1
3 =%

The equality is valid in the above when 22 —yz = y? —zox =22 —xy > 0

and x +y+z = 1. In particular, f(z,y,z2) = % when x = %,y = @, and

2:7\/5:1.

Therefore, the maximum value of f(x,y, z) is %. O
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3. Exercises

Group A

I. Filling Problems

L. If \/x + /y < ay/x +y for all positive numbers = and y, then the mini-
mum value for a is .

2. Assume that x, y, and z are positive numbers that satisfy xyz(x+y+z) =
1. Then the minimum value of (z + y)(z + z) is .

3. Ifa>0,b>0, and a+b = 1, then the minimum value of (a + %) (b + %)
is .

4. Four real numbers z, vy, z, and w satisfy t+y+z+w = 1. Then the maxi-
mum value of M = zw+2yw+3zy+3zw+4xz+5yzis .

5. Suppose that z and y are real numbers. The maximum value of z satis-
fying z+y+2=>5and xy +yz + zx = 3 is .

6. Given z,y € Ry that satisfy x — 3v/x +1 = 3/y+2 — y. Then the

maximum value of x + vy is

II. Calculation Problems

7. Suppose that lga < 0,1gb < 0,1gec < 0, and lg(a + b + ¢) = 0. Find the
maximum value of lg(a? + b? + ¢® + 18abc).

8. Let z,y € Ry and S = min {x,er %, %} Find the maximum value
of S.

9. Let real numbers a and b satisfy a = x1 + 9 + 3 = z12223 and ab =
T1To + Toxs + 371, Where x1,x9,x3 > 0. Find the maximum value of

_ a’+46b+1

p =

Group B

10. Given z,y,z € Ry. Let

oz + Y z
x4y y+z oz+4z’
z x
Q=—* +——,
r+y y+z Z+x
z T Y
= + + .
r+y yYy+z z+<x

Denote f(z,y,z) = max{P,Q, R}. Find f(x,y, z)min-
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11. Suppose that numbers z1, 2o, ..., T1991 satisfy the condition
|x1 — @a| + |x2 — 23| + -+ + 1990 — T1901| = 1991.

Denote y; = %(wl + a9+ - +ay) for k= 1,2,...,1991. Find the
maximum possible value of

ly1 — y2| + |y2 — ys| + - + |y1990 — Yy1901]-

12. Let a,b, and ¢ be positive real numbers satisfying a + b+ ¢ > 1. Find
the maximum value of
a—bc b—ca c—ab
a+ be b+ca+c+ab'




Chapter 2

Usual Methods for Proving
Inequalities

1. Key Points of Knowledge and Basic Methods

To prove inequalities, one needs not only to apply basic properties of
inequalities, theorems, and proven inequalities, but sometimes also to use
methods of proving inequalities cleverly and flexibly. The most often used
methods are described in the following sections.

A. Method of comparison

It is similar to the comparison of two real numbers from Chapter 8 in the
first volume of the book.

B. Synthetic method
Starting from known facts (given conditions, properties of inequalities, the-
orems, proven inequalities), deduce the desired inequality step by step.

C. Analytic method

Starting from the inequality to be proved, look for a sufficient condition
that makes the inequality valid. If this sufficient condition exists, then it
can be asserted that the original inequality must be true.

D. Method of stretching

If it is difficult to prove an inequality, say A > B, one may consider looking
for an intermediate quantity C as a passage by proving that A > C' and
C > B. Then A > B is satisfied by the transitivity of inequalities.

11



12 Problems and Solutions in Mathematical Olympiad: High School 2

E. Method of contradiction

When it is difficult to prove an inequality (such as A > B) directly, one
may proceed by assuming the conclusion to be false (assuming A < B),
and then lead to a contradiction. Then the original inequality is true via
the indirect proof.

F. Method of mathematical induction

We shall cover this part in later chapters.

2. Illustrative Examples

We first look at an example that uses the synthetic method to prove an
inequality.

Example 1. Suppose that three real numbers a,b, and ¢ are all not less
than —1 and satisfy a® + b3 + ¢3 = 1. Prove:

a+b+c+a®+b*+c <4,

and give the condition for the equality to be true.

Analysis. Note that 4 =1+ a® 4+ 1+ 5%+ 14 ¢®. It is enough to prove
a+a?< 1+a3, b+ b2 < 1+b3, e+ <1+
Proof. Note that when x > —1,
l—z—224+2°=(1—-2)*(1+x) >0, (2.1)

and the equality in (2.1) holds if and only if 2 = +1.

From (2.1), we know that x + 22 <14 2% when z > —1.

Substituting « = a, b, and ¢ into the above inequality in succession and
adding the resulting expressions, we have

a+ad®+b+b+c+ <1+ +14+080+1+8 =4

The equality holds in the above inequality if and only if (a,b,c) equals
(1,1,-1) and all rotations of (1,1, —1). O
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Example 2. Let a,b, and ¢ be the three sides of a triangle and let m > 0.
Prove:

a b c
+ > .
at+m b+m c+m

Proof. We use the analytic method. Since a,b, and ¢ are all positive
numbers,
a b c
+ >
a+m b+m  c+m
a(b+m)+b(a+m)> ¢
(a+m)(b+m) c+m
2ab+ m(a + b) c
>
ab+m(a+b)+m? " c+m

(2.2)

eqy_mizab . om
2ab+ m(a + b) ¢

<= m?c — abe < 2abm + m?(a + b)
<=m?(c—a—0b) <ab2m +c). (2.3)
Since a, b, and ¢ are the three sides of a triangle, a + b > ¢, so
m*(c —a—b) <0< ab(2m + ¢),
that is, the inequality (2.3) is satisfied. Hence, the inequality (2.2) is valid.
(]

Remark. In the above proof process, the implication notation “<” can
be changed to “<”, but in the proof process with the analytic method, it
is not necessary to require “=" to be satisfied at any step.
Example 3. Assume that a, b, and ¢ are any real numbers. Prove:

(a® 4 2)(b* + 2)(c* +2) > 9(ab + bc + ca).
Proof. Note that

2
(a2 +2)(b2 +2) > 3[(““’) +1}
3a? + 3b°
& a?b? 4+ 2(a® + %) +4 > %4—3@1)4—3
a? +b?

=+ 1+

> 3ab. (2.4)
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By the arithmetic mean-geometric mean inequality, the above inequality
is true.
Hence, from (2.4) and the Cauchy inequality,

b 2
(a®* +2)(b* +2)(c* +2) >3 [(“JFT) + 1] (® +2)
3(a+b+c)? > 9(ab + be + ca). O
Example 4. Suppose that a > b > 0. Prove: v2a® + 2 > 10.
Proof. Since a >b> 0,
b+ (a—b)* a?

0<ab—b2:b(a—b)gﬁzi.

Hence,

\/_a—i-

12
Z \/§a3+ )
a

+ﬁ+§+§

> V3dd 4 o

i
V205, V2o 4 4
PR

_55@a3.ﬁa3.i.4 4
2 2 a
= 10. O

Remark. In the above proof, we used a deformation of the basic inequality:
If x,y € Ry, then xy < %, which is a very useful result.

In addition, in order to eliminate a, we rewrote v/2a® as the sum of two
terms and (11—3 as the sum of three terms, and consequently their product
is a constant. This is a trick used frequently when solving a problem by
applying mean value inequalities.

Example 5. Prove:

16<Z—<17

Proof. We make the real number vk “larger” and “smaller” respectively
in the following way:

VE—1<VEk<VE+1,
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which implies that

VE4+VE—1<2VE <VE+VEk+1 (k€ Ny).

Thus,

1 - 1 - 1

VE+VE+T " 2vk T VE-1+VE
namely
1
2(VE+1-Vk) < 7 < 2(VE — Vk —1).

Therefore,

80

2(\/8_1—1)<Z—_1+Z—<1+2 (V30 — 1).
k:l

Now, 1 +2(v/80—1) < 1+2(/81—1)=17,s0

16<Z—<17

O

Remark. The degree of changing an expression to a new one should be
appropriate when proving inequalities with the method of stretching by
means of “making it larger” or “making it smaller”. For example, in the
above equation, after obtaining ﬁ < 2(vVk — vk — 1), if we had summed
up the resulting 80 inequalities for k£ = 1,2,...,80, then we would have had

Z—<2\/_

But now 2v/80 > 17, so the above strategy of ‘making it larger” is too
much! Here, rewriting Zk 1 \/— as 1+ Zk 5 T was a key step.

Example 6. Suppose that a,b,¢ > 0 and a + b+ ¢ > abc. Prove: Among
following three inequalities

§+§+g>2 §+§+2
a b ¢~ 77b ¢ a7 ¢ a b~

at least two are valid.

Analysis. Here, there are three inequalities, and “at least two” contains
two cases: Exactly two inequalities are satisfied, or the three inequalities
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are all satisfied. But a direct proof is difficult, so we choose the method of
contradiction. The negation of “two inequalities are satisfied” has also two

cases: None of the three inequalities are satisfied, or exactly one inequality

is valid.

Proof. Suppose that at most one inequality is satisfied. We divide the

situation into two cases for the discussion:

(1) None of the three inequalities are satisfied, in other words

6 3 2 6 3 2 6 3 2
-+ -+ =<2, -+ =<2, -+ -+ <2
a b ¢ b ¢ a c a b
Adding the above inequalities leads to
1 1 1
11<—+—+—)<6,
a b ¢
that is,
1 1 1 6

+ b + p < iR
But from a + b+ ¢ > abe, we see that

2
11 1 1 1 1 b
<_+_+_) 23<_+_+_):3M237
a c

b ab  bc  ca abe
namely
1 1 1
—+-+->V3
a b ¢

The two inequalities (2.5) and (2.6) are contradictory.

(2.5)

(2.6)

(2) Exactly one of the three inequalities is satisfied. Without loss of gener-

ality, assume that

6 3 2
-+ -+ -<2,
a b ¢
6 3 2
-+ -+ -< 2
b ¢ a
6 3 2
-4+ —-4+-2>2
c a b

(2.7) plus (2.8) multiplied by 7 and then minus (2.9) lead to

17 43 17 1 1 1
U>—+—+—>17(-+-+-,
a b c a b ¢

(2.7)
(2.8)

(2.9)



2. Usual Methods for Proving Inequalities 17

that is,
Ly, r (2.10)
a b ¢ 17" '

The inequality (2.10) is contradictory to (2.6).
In summary, the hypothesis is not true, and consequently the original

proposition is true. O
Example 7. Let x1,29,...,2, be real numbers. Prove:
2
wi—al | 2 -1 3 e
T — T > (n x; — xj|°.
1<i<j<n 1<i<j<n

Proof. Note that for every 1 <1i < j < n, there holds
lzi — 25 < |2 — o | + |z — 24

Fixing ¢ and j, and letting k£ be all of 1,2,...,n except for ¢ and j, we
have

(n=2)|zi — x| < ) (|lzi — | + |7k — 25]) — 2|75 — 2/

A
M-

1
< ok — 21| = |ai — 5.
1<k<I<n

Thus, (n —1)[z; — 2;]* < Zl§k<l§n |2k — zil|2s — @]
Summing up the above inequalities for all 1 < i < j <n gives
2

S o tn=Dwi—aP< | D] |wi—

1<i<j<n 1<i<j<n O
In the following, we consider a more difficult problem.

Example 8. Suppose that z,y,z € Ry and x +y + z = 1. Prove:

1 n 1 n 1 <27
1+22 1492 1422710

(2.11)

Analysis. Obviously, 0 < z,y,z < 1. Note that the equality holds in the
inequality (2.11) when 2 = y = z = 1. In order to use the condition
x+y+ 2z =1, we give a bold conjecture: There exist constants A and B
such that the local inequality ﬁ < Ax + B is satisfied for = € (0,1).
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Adding up the three similar local inequalities seems to be able to solve the
problem. From the fact that the inequality H% < Ax + B will become an

equality when = = %, we know that the equation

(1+2*)(Az+B) =1

1
3

has a multiple root z = % Let

(3z — 1)*(ax +b) = 0.
; : _ 20 p _ 21  _ _3
Comparing the coefficients reveals that A = —z5, B = 3,0 = —=5, and

_ 2
b= 2.

Proof. Since z,y,z€¢ Ry and x+y+2=1,s00 < z,y,z < 1. Hence,

(3z —1)? (:p %) <0,

that is,
4
32t - — <0
x x° +x 57 R
or namely
50
—-2)(1+2*)+ =<0
(x—2)(1+2°) + o7
Thus,
50
L+2H)(2—1) > —.
(1+23)2-2)> 2
It follows that
1 27
< —(2-
52 =502
Similarly,
1 27
< —(2-
T+ S50 Y
1 27
<L
52 S50 7
Adding up the three inequalities, we obtain that
1 1 1 27
< 06—
T2 + 15 + T 50[6 (x +y+2)]
27 27
=—6-1)=—.
0 V=1 -
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3. Exercises

Group A
I. Filling Problems
1. Given a,b € R4 such that @ +b = 1. Then the minimum value of
2 2
(a—l—%) +(b+%) is .
2. Suppose that nonnegative real numbers x and y satisfy =z +y < 1.
Then the solutions of the equation 8xy = 5z(1l — z) + 5y(1 — y) are
3. Let n be a given positive integer such that n > 2, and aq,as...,a, €

(0,1) with a,+1 = a1. Then the maximum value of Y | ¢/a( 1 —aiy1)

is

I1. Calculation Problems

4.

Let a,b,¢ > 0 satisfy a + b+ ¢ > %—l—%—i—%. Prove:

A+ +S>a+b+e

. Prove: For any z > v/2 and y > /2, there is the following inequality:

2t =By a?y? — et gt > 2yt

. Suppose that a, b, and c are positive numbers satisfying a? + b% +c? = 3.

Prove:
1 . 1 . 1 > 1
1+2ab 14+2bc 1+ 2ca —

. + < " 4y"

Let > 0 and y > 0, and let n € N,. Prove: H_yg < T

+

. Prove: The inequality

lz| + |yl + |z =z +yl—|ly+z|—|lz+z|+|z+y+2 >0

is satisfied for all real numbers x,y, and z.

. Let a,b, and ¢ be real numbers satisfying abc = 1. Prove: At most two

numbers among 2a — % 2b — =, and 2c¢ — E are greater than 1.

Group B

10. Suppose that aq,as,...,a, and by,bs, ..., b, are all positive real num-

bers and satisfy Y ;_, ap = > _, bi. Prove:
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11. Let a, b, and ¢ be the lengths of the three sides of a triangle. Prove:

vb+c—a n vet+a—b n va+b—c <3
Vo+e—va  e+rva-vbo Va+vb—-ye T o
12. Assume that three real numbers x,y, and z satisfy 22 4+ 3% + 22 = 2.
Prove:

r+y+z<ayz+ 2.



Chapter 3

Common Techniques for
Proving Inequalities

1. Key Points of Knowledge and Basic Methods
A. Variable substitutions

Variable substitution is a common technique in solving mathematical prob-
lems. For some inequalities with rather complicated structures involving
many variables and unclear relations among them, one may introduce new
variables to transform (or partially transform) the original ones, realizing
the purpose of simplifying the structure and presenting the characteristics of
the problem. The usual substitutions are linear substitutions, trigonomet-
ric substitutions, fractional substitutions, and incremental substitutions.

B. “Without loss of generality, assume that”

For the proof of some symmetric inequalities of multiple variables (for exam-

“

ple three variables a,b, and c), one can consider “without loss of general-
ity, assume that” an ordered relation is provided, such as a < b < ¢ or
a > max{b, c}, etc. This amounts to increasing one more condition, and so
decreasing the difficulty of the proof.

For the proof of some other symmetric inequalities of multiple variables
(for example three variables a,b, and ¢), one can consider “without loss of
generality, assume that” the sum of all variables equals a constant, such
as a+b+c=1or abc = 1, etc. This also has the role of decreasing the

difficulty of the proof.

21
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C. Construction method

Sometimes, according to the characteristics or conditions of the inequality,
one may introduce an appropriate figure, equation, function, special exam-
ple, and etc. to realize the transformation of the proposition, which results
in realizing the purpose of proving the inequality.

2. Illustrative Examples

We first look at several examples of substitutions.

Example 1. Suppose that z,y, and z are positive numbers and

1
rt+y+z=——.
Yz

Find the minimum value of (x + y)(y + 2).

Analysis. From /zyz(x +y + z) = 1, we can recall an area formula of a
triangle, so we construct a triangle witha =z +y,b=y+z2,and c=z2+a

as its three sides. By symmetry and a +b =2+ 2 4+ 2y = c+ 2y > ¢, we
know that this triangle is well-defined.
Proof. Construct AABC with the three sides
a=x+y, b=y+z c=z+a.
Then the half circumference p = %(a +b+c) =z +y+ z and the area
S=Vpp—a)p=b)(p—c) = V(r+y+2)eyz = 1.
On the other hand,

25 2
sinC  sinC
and the equality in (3.1) holds if and only if ZC' = 90°. In the latter case,
(x+y)?+ (y + 2)? = (v + 2)%, namely

(z+y)y+2z)=ab= 2

IN

: (3.1)

ylx+y+2z) =xz. (3.2)

The choice of the real numbers = z = 1 and y = /2 — 1 satisfies (3.2),
from which the equality of (3.1) is satisfied.
Hence, (z + y)(y + z) has the minimum value 2. O

Remark. A substitution similar to that in Example 1 is called a linear
substitution. By its geometric meaning, the substitution of Example 1 is
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also referred to as the “tangent length substitution”: Let a,b, and ¢ be the
lengths of the three sides of a triangle, and x,y, and z be the lengths of
the line segments from the three sides divided by the tangent points of the
inscribed circle. Denote

a=x+y, b=y+z, c=z+uw.

Here z,y, 2z € Ry, the selection of which satisfies implicitly the important
property that “the sum of any two sides is greater than the third side.”
The inverse substitution of the above substitution is

B at+c—0

= 5 )

_atb-c

2 b

b+c—a

7= —)
2

where z,y, z,a,b,c € R

For those inequalities that involve (or imply) the sides of a triangle,
sometimes we can consider applying the “tangent length substitution” or
its inverse substitution to solve the problem.

Example 2. Let 21,22, and x3 be positive numbers. Prove:
T1T223 > (T2 + 23 — 21) (21 + 23 — 22)(T1 + T2 — T3).

Proof. Let a =29 +x3— 21,0 =21 + 23— 22, and ¢ = x1 + x5 — x3. Then

_b+c c+a a+b

€ 2 ) = =

$2_ 2 9 :ES_ 2 .

At most one of a,b, and ¢ is not greater than 0. Otherwise, without loss
of generality assume that a < 0 and b < 0. Then z3 < 0, contradictory to
z3 > 0.

When exactly one of a,b, and ¢ is not greater than 0, the inequality is
obviously satisfied.

When a,b, and ¢ are all positive numbers, the original inequality is
reduced to

(b+c)(c+ a)(a+ b) > 8abe.

Since b+ ¢ > 2v/be, ¢ + a > 2y/ca, and a + b > 2v/ab, the above inequality
is clearly satisfied. O
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Remark. In the above process, by using the “tangent length substitution,”

we immediately transformed an “unclear” inequality into that with a clear

structural characteristic.

Example 3. Assume that n positive real numbers ay,as,...,a, (n > 3)

satisty
Lo L
l+a} 1+aj 1+ai 7

n
4

Prove: ajas---a, > (n—1)

Proof. Let a? = tanz; with x; € (0, E) (i =1,2,...,n). Then the given

2
condition becomes

n
g cos? x; = 1.
i=1

By the arithmetic mean-geometric mean inequality,

_2
—1
n n

sinz; =1 —cos®x; > (n—1) H CoS T (i=1,2,...

j=1,j#i

Multiplying the above inequalities produces

namely

l n
Hence, [T, a; = (ITi-; tan?2;)% > (n—1)74.

O

Remark. Here we adopted a trigonometric substitution. From the analogy

between algebraic (in-)equalities and trigonometric identities, we can figure

out needed different substitutions of new formats. As an example, for such

structures as a? 4+ b < r2, one may choose the substitutions a = ¢ cos § and

b=tsinf with 0 <¢ <.

Proof. Make substitutions ﬁ =ux2; (i=1,2,...,n). Then

1—1’1‘
i —
Z;
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and
r1+axo+ -+ x, =1

Using the arithmetic mean-geometric mean inequality, we have that

(aras---an)* = l-zl-2y 1-an
142 n I o T
B (x2+x3+'~+xn)(x1+x3+~~+:1:n)'~(x1+:172+~~~+:17n,1)
B T1Xo "+ Ty

(n — 1) "~/TaTz T (n — 1) "~/T103 Ty - -
(n—1) "y/T1 T2 Tn—1

T1To - Ty

>

= (?’L - l)nv

and so [[[_, a; > (n—1)%. O

Example 4. Suppose that a,b, and ¢ are positive real numbers satisfying
abc = 1. Prove:
1 n 1 . 1 -
142 1420 1+2c—

Proof. Let a =
equivalent to

SH
I
SRS

%, , and ¢ = Z. Then the original inequality is

Y n z n x
20 +y  2y+z 2z+4x

(3.3)

The Cauchy inequality implies that

T Y z
2 2 2
[z(x + 22) + y(y + 22) + 2(2 + 2y)] (x+22+y+2x+z+2y)
> (x+y+2)°

in other words,

X z
(w+y+z)2< i

> 2,
T+ 2z y+2x+z+2y>_<x+y+z>

Thus, (3.3) is valid, and so the original inequality is satisfied. O
Remark. Because of abc = 1 and the symmetry, we made fractional substi-

tutions a = %, b= Z,and ¢ = Z, so creating a condition for the application
of the Cauchy inequality.
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Example 5. For an integer n > 2, let positive real numbers a1, as, ..., a,
satisty

k—1

Zaigak@gkgn).

i=1

Prove: Znil = < 7, and find a condition for the equality to be satisfied.

i=1 aj41

Proof. Let 21 = a; and 2, = ai — Zi:ll a; (2 <k <n). Then

Thtl — T = Q41 — 20k (1§/€§n—1).

Consequently,
n—1 n—1
2 a; _ Z (1 . Ti41 xz)
= G o dit1
n—1
—p_ Z Titl = Ti
a a;
1 i—1 i+1
n—1
T 1 1
=n—--"=— xi(—— )Sn. (3.4)
n ai Q41

The last step in the above is because x; > 0 for 1 < i < n and a; < a;41
for1 <i<n-—1.

The equality in (3.4) holds if and only if z3 = 23 = -+ = 2, = 0,
namely

as = a1, ag = 2a1, ..., ap = 2" 2a;. O

Example 6. Suppose that real numbers a, b, and c satisfy a + b+ ¢ =1
and abc > 0. Prove:

j

abe

ab+ be + ca < 5

+

Proof 1. If ab+ bc + ca < i, then the proposition is true.

Suppose that ab + bc + ca > %. Without loss of generality, let a =

max{a,b,c}. Then a > % from a+b+c=1. Now,

1 1 1
ab+ bc+ ca 1 3 1-13° (3.5)

RS
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and

1 1
ab+bc+ca——-=alb+c)— - +bc
4 4
1
< - — Z+b0:bc’ (3.6)

and the equality in
and (3.6) cannot be

in which the equality in (3.5) is satisfied when a =
(3.6) is satisfied when a = %, so the equalities in (3.5
satisfied at the same time.

Since ab+ be + ca — %+ > 0, multiplying (3.5) and (3.6) gives

1\* ab
(ab+bc+ca—) <2,

o wl=

4 4
that is,
1 Vab
ab+bc+ca— - < ac’
4 2
S0
abec 1
ab+ be + ca < 5 Jrz. O

Proof 2. Since abc > 0, so there are one positive number and two negative
numbers among a, b, and ¢, or all three are positive numbers. For the former
situation, without loss of generality assume that ¢ > 0 and b, ¢ < 0. Then

ab+bc+ca=bla+c)+ca<bla+c)=0b1l-0b) <0,

hence the conclusion is obviously true.
For the latter case, without loss of generality assume that a > 0 > ¢ > 0.
Then a > % and 0 < ¢ < % Now,

\/? (a+b)+\/_<\/_ \/—)

(1c)+\/—<\/— f)

Since Vab > % Z d va = 12 , we see that
\/_ 1—c¢ 1—c¢ \/E
1-— — ) <¢(1l- R S
c(l—c¢) < c(l—c)+ 5 5 5
1 3 c/e ¢ ¢
1Tt i
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Thus, it is enough to prove % - CT\/E -5+ % > 0, namely
3ev/e—c—2y/c+1>0. (3.7)
Since 0 < ¢ < %,
L (3.8)
- —c . .
3 >
From the arithmetic mean-geometric mean inequality,
1 1 1 1\?%
30\/E+§+§z3 30\/_~§~§ = V9ve > 2v/. (3.9)

Adding up (3.8) and (3.9) gives (3.7), so the original inequality is true. OJ

Example 7. Let a,b, and ¢ be positive numbers. Prove:
Vabe(va+ Vb4 e) + (a+ b+ ¢)? > 4y/3abc(a+ b +c).  (3.10)
Analysis. This inequality seems complicated, but after noting that it has

homogeneous symmetry, we may let abc = 1, so that the original inequality
can be simplified.

Proof. Without loss of generality, let abc = 1. Then the original inequality
(3.10) is transformed to

Va+Vbh+ve+ (a+b+¢)?>4/3-Vatb+e (3.11)
Note that v/a + Vb + /¢ > 3{/va-vVb-+/c, sowelet Va+b+c=t

(>0) and prove the following inequality
3+t > 4V3t (3.12)

that is stronger than (3.11).
It is easy to see that t = vVa+b+c > \/§, hence

t4 t4 t4 t4 3
3+t43+—+—+—>443<—)

33" 3° 3
4 , 4 =2
= —t*> /3 =43t
V3 T V3

Hence, the inequality (3.12) is valid, and thus the original inequality is
true. O
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Remark. Different techniques were used to transform the inequality (3.10)
to the inequality (3.11), which was then replaced by the stronger inequality
(3.12). That is exactly the key point of the proof. One may also simplify
the inequality by letting a + b + ¢ = 1 in the present example, and the
interested reader can try this approach.

Finally, we look at an example that will be solved by constructing a
figure.

Example 8. Let z,y, and z be real numbers such that 0 <z <y <z < 3.
Prove:

T
) + 2sinx cosy + 2siny cos z > sin 2z + sin 2y + sin 2z.
Proof. The inequality to be proved is equivalent to

0

1 + sinx cosy + siny cos z > sin x cos x + siny cosy + sin z cos z

< — >sinz(cosz — cosy) + siny(cosy — cos z) + sin z cos z.

=

Construct a figure as shown by Figure 3.1. The circle O is a unit circle,
S1,52, and S3 are the areas of the three small rectangles, and z,y, and
z are the central angles of the corresponding circular sectors, respectively.

Q
=y

Figure 3.1 Figure for Example 8.
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Then

S1 = sinz(cos x — cosy),
Sy = siny(cosy — cos z),
S3 = sin z cos 2.

SiHC651+SQ+Sg<%'7’('12:%780

™ . . .
7 > sin x(cosx — cosy) + siny(cosy — cos z) + sin z cos z.

Therefore, the original inequality is proved. U

Remark. Quantitative relations of some algebraic inequalities may be con-

centrated on specific geometric figures. If such geometric figures can be

constructed, then a rather pretty constructive proof may be obtained by

means of the properties of the figures.

3.

Exercises

Group A

L.

1.

. Assume that x,y, 2z € Ry and

Filling Problems

If two real numbers x and y satisfy 2% — 22y + 5y = 4, then the range
of the values of 22 + 32

. Let two real numbers z and y satisfy 22 + 2y + y?> = 1. Then the sum

of the maximum value and the minimum value of F(x,y) = 23y + 2y°
is

. Suppose that a > 1 b > 1,at +1 < b < 24!, and t € R. Then the

maximum value of 2 agt 2+ ab;1 is

. Let a,b,c € Ry satisfy a + b+ ¢ = 1. Then the minimum value of

a+3c + 4b 8c

a+2b+c a+b+2¢  a+b+3c 15

1+z2 + 1+y2 + 1+z2 = 1. Then the maxi-

mum value of xyz is

II. Calculation Problems

6.

7.

Let a,b, and ¢ be real numbers. Prove:
latbte _ _laf 0] el
l+la+b+c — 14al 1410 1+

Assume that x1,x9, 3,24, and x5 are positive numbers. Prove:

(Il + o + T3 + Xrq + $5)2 > 4(I1$2 + ToT3 + T3X4 + T45 + 175171).
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8. Let 0<a<1,0<b<1,and 0 < ¢ <1. Prove:

a4 + b + ¢ +
b+c+1 c+a+1 a+b+1

1-a)(1—b)(1—c)<1.

Group B

9. Suppose that z,y, and z are positive numbers. Prove:

@+%+%>2\3/9E3+y3+23.

z x

10. Let z,y,z < 0 be such that z + y + z = 1. Prove:

1

2

11. Assume that ZA, ZB, and ZC are the three angles of an acute triangle.
Prove:

<a?4+ 9%+ 22+ 6xyz < 1.

sinA+sinB +sinC +tanA +tan B + tan C > 27.
12. Let a, b, and ¢ be the lengths of the three sides of a triangle. Prove:
a®b(a — b) + b%c(b — ¢) + *a(c — a) > 0,

and state a condition for the equality to be satisfied.
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Chapter 4

Arithmetic and Geometric
Sequences

1. Key Points of Knowledge and Basic Methods

Sequences are functions defined on the set of all positive integers (or inte-
gers). Arithmetic sequences and geometric sequences are the two most basic
members in the family of sequences. Most problems related to sequences
need to be dealt with by transforming them to arithmetic sequences or
geometric sequences.

A. Some basic properties of an arithmetic sequence {an,}

(1) For positive integers p, ¢, 7, and s, if p+s = g+, then a,+as = ag+a,.

(2) For any real number b, the sequence {ba, } is an arithmetic sequence.

(3) If {b,} is also an arithmetic sequence, then {a, + b,} is an arithmetic
sequence.

B. Let S,, be the sum of the first n terms of an arithmetic
sequence {an}. One can prove

Szm = 3(S2m — Sm).

If S,, = S (m # n), then Sy, 4, = 0.

If S, = ¢ and S, = p with p # ¢, then Sp+q = —(p + q).

—~
W N =
o — —

Q

Some basic properties of a geometric sequence {ay}

—_
~—

For positive integers p,q,r, and s, if p+ s = g + r, then a,as = aqa,.

—~~
[\
~—

For any nonzero real number b, the sequence {ba,} is a geometric
sequence.

33
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(3) If {b,} is also a geometric sequence, then {a,b,} is a geometric
sequence.

D. Ideas and methods to deal with sequence problems

(1) Ideas from equations.

Sequence-related problems are often around expansions of a,, and S,,.
In the problems of arithmetic sequences and geometric sequences, one
mainly encounters the five quantities a1, d (or q), n, a,, and S,,, among
which the whole sequence can be determined after the first two quanti-
ties are obtained. Thus, ideas from equations can be used to treat the
problem.

(2) Ideas from functions.

For an arithmetic sequence, if it is not a constant one, a,, can be consid-
ered as a linear function of n and S,, can be considered as a quadratic
function of n. Therefore, ideas from functions can be applied to solving
the problem.

2. Illustrative Examples

Example 1. Suppose that each term of a sequence {a,} is a distinct pos-

itive number and their reciprocals form an arithmetic sequence. Find the

value of %192 tazaz+---+a2014a2015
a1a2015 :

Solution. Let the common difference of the arithmetic sequence {ai} be
d # 0. Then

1 1 1 1 1 1
e e — =d, (4.1)
az a1 az a2 a2015 Q2014
in other words,

ap—az a4z —az _ @G2014 — A2015 —d

aiaz aza3 201402015

By the equal ratios theorem,
a1 — (2015
=d. (4.2)

a1a2 + a2a3 + -+ + 4201402015
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From (4.1), —=— — L = 2014d, that is,

? az01s

01792015 _ 9014d. (4.3)

a1a2015

It follows from (4.2) and (4.3) that 2192td20s® tdanatens — 9014, [

a1a2015

Example 2. Let {ay,} be an arithmetic sequence with common difference
d # 0, and assume that partial terms ay, , ag,, ..., ar,,. .. form a geometric
sequence, where k1 = 1,k = 5, and ks = 17. Find kog17.

Solution. By the condition, a% = aia17, namely
(a1 + 4d)2 =a (a1 + 16d)

Then a;d = 2d2.

Since d # 0, we have a1 = 2d, or equivalently d = %-.

Thus, a5 = a1 + 4d = 3a;.

Consequently, in the geometric sequence ay, , ak,, - - ., ak, ;- . ., the com-
mon ratio ¢ = Z—f =

Since ag,, is the nth term of the geometric sequence {ay, }, we see that
ak, = a13" L.

Since ag,, is the kyth term of the arithmetic sequence {ay,},

kn+1
—Qa

ak, = a1+ (np — 1)d = 5

1.
Therefore, 4,37 ! = %al, from which

k,=2-3""1_-1.

Hence, kpg17 = 2 - 32016 _ 1, O

Example 3. Let the sum of the first n terms of a geometric sequence {a,, }
of real numbers be S,,. Suppose that S19 = 10 and S39 = 70. Find Syo.

Solution. Denote bl = Slo,bg = 520 — 510,b3 = 530 — 520, and b4 -
S0 — S30. Let ¢ be the common ratio of {a,,}. Then by, ba, b3, and by form
a geometric sequence with common ratio r = ¢'°. Hence,

70 = S30 = by + by + b3 = b1 (1 +7+7r%) =10(1 + 7 +r?),

that is, 72 — 7 + 6 = 0, the solutions of which are r = 2 or r = —3.
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Since r = ¢'° > 0, so r = 2, and thus

Sio = 10(1 + 2+ 22 +2%) = 150. 0

Example 4. Suppose that {a,} is an arithmetic sequence and a?, a3, and
a? are also terms of the sequence {a,}. Prove: For any n € Z,, the term

an 1s an integer.

Proof. Let the common difference of the arithmetic sequence {a,} be d.

If d = 0, then a,, = a1 for any n € Z. Since a? is one term of the sequence

{an}, we have a? = a1, from which a; = 0 or 1. Hence, a,, = 0 or 1 for any

n € Z4, so the proposition is satisfied.
If d # 0, then there exist r,s,l € N such that

a? =ay +rd,

a3 =ay +sd = (a1 +d)?,

aj = a; +1d = (a; +2d)>.
It is easy to obtain

201 +d=s—r,
day +4d=1—r,

and the solutions are

4s —3r —1 r—2s+1
a; = = .
! 4 2
Since r,s,1 € N, so a1,d € Q. Also
—25+1
a%:a1+rd:a1+7r(T 23+)
r(r —2s+4s — 3r —4ay)

:a1+ 2

=(1-2r)ay +r(s—r),
that is,
al 4+ (2r —Dag +r(s—r) =0. (4.4)

This is a quadratic equation for variable a; with integer coefficients.
Since the equation (4.4) has the quadratic term coefficient 1, its rational
number solutions must be integers, from which a; € Z.
Thus, d =s —r —2a; € Z, and so a,, € Z.
In summary, a, is an integer for any positive integer n. O
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Example 5. Let {a,} be a geometric sequence with every term a positive
number, and let
1

1 1
S=a1+ar+-+an, T'=—+—+--- 4+ —.
al ag Qp,

Find the product of the first n terms of {a,}.

Solution. Let the common ratio of the geometric sequence {a,} be g.
Then by the hypothesis of the problem, S = na; and T = & when g = 1.

ay
n

So a? = £, and consequently ajas - a, = a} = (£)7.
When ¢ # 1, we have S = al%lqnq and
111
T: ai an q _ a; — anq
-3 aran(l —q)’

S
T-

For the geometric sequence, the product of two terms with the same
distance to the first and last terms respectively equals the product of the

first and last terms, in other words,

thus a1a,, =

a10p = G10p, A20n—1 = A10n, A30p—2 = A10n, ..., GpA1 = G10p.
. . e n
Multiplying the above n equalities leads to (ajas - - - a,)? = (%) , therefore
n
S\ 2
aiag - Ap = — .

Example 6. Let {a,} be a geometric sequence consisting of positive num-
bers and let S,, be its sum of the first n terms.

(1) Prove: % <lgSpi1-
(2) Does there exist a constant ¢ > 0 such that
lg(Sp4+1 — ¢)? Prove your conclusion.

lg(snfc)+lg(sn+27‘3)
2

Proof. (1) Let the common ratio of {a,} be ¢. From the condition, a; > 0
and ¢ > 0.

(i) When g = 1, we have S,, = nay, thus

SpSnto — 82 =nai(n+2)ar — (n+1)%a] = —ai < 0.

n
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(ii) When ¢q # 1,

1— g
Sn:al( q )7
L—q
SO
2177117 n+2 217 n+1\2
Snsn+27s721+1: al( q )( q )7CL1( q ) :7a%qn<0

(1—q)? (1—q)?

In either (i) or (ii), w < log Sy+1, and taking logarithm to
the both sides proves the result.

(2) No, it does not exist such a constant c. The reason is as follows.

If lg(s"fc)jgg(s"“*c) =1g(Sp+1 — ), then
{ (Sn = &) (Sp+2 — ¢) = (Sn+1 — )%,
S, —c¢>0.
We divide our discussion into the following two cases.
(i) When ¢ =1,
(Sn = €)(Sn+2 =€) = (Snt1 = ©)?
= (na; — ¢)[(n+2)a; — ¢ — [(n + 1ay — ¢J?
=—a} <0.

In other words, there exists no constant ¢ > 0 to satisfy the conclusion.
(i) When q # 1, if log(s”'_c)gog(s"“_c) = log(Sy+1 — ¢) is satisfied, then

(Sn —c) (Sn-i-? —c)— (Sn-i-l - 0)2

L | L O B LSV N
e p —q

= —a1q¢"[a1 — ¢(1 — q)].

But since ai1¢™ # 0, so a1 — ¢(1 — ¢) = 0, namely ¢ = leq.

Now, since ¢ > 0 and @ — 1 > 0, we must have 0 < ¢ < 1. But when
0<g<1,
a —a1q"
Sn — = <0,
"l-q 1-g
which does not satisfy S,, — ¢ > 0. In other words, there does not exist a
constant ¢ > 0 that satisfies the requirement.




4. Arithmetic and Geometric Sequences 39

Combining (i) and (ii), we know that there is no constant ¢ > 0 that

satisfies the equality in (2). O
Example 7. Assume that n real numbers a1, aq, ..., a, (n > 3) are mutu-
ally distinct, and let the w sums a; +a; (1 < i < j < n)form a

new sequence according to the increasing order. If the new sequence is an
arithmetic one with a nonzero common difference, find the value of n.

Solution. When n = 3, consider
(al, as, a3) = (]., 2, 3)

The sums of any two of them are 3, 4, and 5, forming an arithmetic sequence.
When n = 4, consider

(a17a27a37a4) = (1737475)

The sums of any two of them are 4,5,6,7,8, and 9, forming an arithmetic

sequence.
In the following, we assume that n > 5 and the sums of two of
ai,as, ..., a, form an arithmetic sequence according to the increasing order.

Without loss of generality, assume that a1 < as < -+ < a,. Let d # 0
be the common difference of the resulting sequence of the sums. Obviously,
among the terms of the sums sequence, a1 + as is the minimum, as + ag
is the next to the minimum, a, + a,_o is the next to the maximum, and
ayn + Gp—1 is the maximum.

Hence, a3 —as = d and a,,_1 — a,,_o = d. As a result, d > 0 and

ag + Ap_1 = (a3 — d) + (an,Q + d) = as + Ap_2.

If n > 6, then the left hand side and the right hand side are respectively
the sums of two different pairs of the numbers, which is contradictory to
the fact that such sums of pairs form an arithmetic sequence of nonzero
common difference. Therefore, there is no solution for n > 6.

When n =5, we have a3 — as = d and a4 — ag = d.

In the sequence of the sums, the third minimal term is a; + a4. From
a1 + ag = (a1 + a3) + d and as + a5 = a3z + a; — d, we see that the third
maximal sum is as + as.

On the other hand, since as 4+ a3 < as + a4 < as+ a4 and the differences
of the two nearby terms of the sequence of the sums are all d, so a; + a5 is
the forth minimum term or the forth maximal term of the sums.
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By symmetry, we may assume that a; + a5 is the forth minimum term
of the sums. Then

ay+az <ap+asz <ay+ag <ap+as
<aztaz<aztag<asz+ag <ag+as
< az+as < a4+ as.
Thus, (a5 + az) — (az + a4) = d, and so
as —ay =d+az — as = 2d,

which contradicts (a1 + as) — (a1 + a4) = d.
Hence, there is no solution for n = 5.
In summary, n = 3 and 4. 0

Example 8. Arrange a sequence {a,, } of positive numbers into a triangular
array as the following shows (there are n numbers in the nth row that is in
the increasing order of the subscripts):

ai
a2 as
Q4 as ag
ar as a9 a10

Let b,, represent the number located at the nth row and the first column of
the array. Suppose that {b,} is a geometric sequence, and from the third
row on, each row is an arithmetic sequence of common difference d (the three
numbers of the third row form an arithmetic sequence of common differ-
ence d, the four numbers of the fourth row form an arithmetic sequence of
common difference d, and etc.). In addition, assume that a1 = 1, a2 = 17,
and alg = 34.

(1) Find the number A(m,n) (in terms of m and n) at the location of the
mth row and the nth column of the array.

(2) Find the value of a2013-

(3) Is 2013 in the array of the numbers? Give the reason of your answer.

Solution. (1) Let the common ratio of {b,} be g.

From the condition, a5 is the number at the location of the fifth row
and the 2nd column of the array, and a;s is the number at the location of
the sixth row and the third column of the array.
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So, by =1,b, =¢" ', a1 =q¢*+d =17, and a5 = ¢° + 2d = 34.
Thus, ¢ = 2,d =1, and b,, = 2" L.
Therefore, A(m,n) = by, + (n —1)d =21 +n — 1.

(2) From 1+24+3+---462=1953,1+2+3+---+ 624 63 = 2016, and
2013 — 1953 = 60, we know that asg13 is the number at the location of the
63rd row and the 60th column of the array.

SO, a2013 = 262 + 59.

(3) Suppose that 2013 is the number at the location of the mth row and
the nth column of the array.

Since in the mth row, 2! is the minimal number and 271 +m — 1

is the maximal number, so
2m=l <2013 < 2™ m — 1. (4.5)

Since 2™t +m — 1 < 210 4+ 10 = 1031 < 2013 when m < 11, we see
that m < 11 does not satisfy (4.5).

Since 2m~! > 211 = 2048 > 2013 when m > 12, it follows that m > 12
also does not satisfy (4.5).

Hence, the above inequality (4.5) has no positive integer solutions.

Therefore, there is no 2013 in the array of the numbers. (]

3. Exercises
Group A
I. Filling Problems

1. Let 7 positive numbers constitute a geometric sequence ai,as,...,ar.
If the sum of the first five terms is and the sum of the last five

62
7V2—6
terms is 12 + 141/2, then the value of the product of the seven terms is

2. Let {a,} be an arithmetic sequence with a; = 19 and ass = —1. Write
A = ay + Gpy1 + -+ + anyg, where n is a positive integer. Then the
minimum value of |A| is

3. The sum of the first n terms of an arlthmetlc sequence {a,} is Sp. If
S25 — 5 and 24 = 25, then the value of 2 is .
az3 ass a43

4. In the sequences {a,} and {b,}, if a1 = 2,3an+1 —a, =0, and b, is the
arithmetic mean of a,, and a,1 for any positive integer n, then the sum

of all terms of {b,} is
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. Let S,, be the sum of the first n terms of an arithmetic sequence {a,}.

Suppose that the geometric mean of %53 and %54 is %55, and the arith-
metic mean of %53 and i&; is 1. Then the general term formula for

{an}is an =

Calculation Problems

Let {a,} be a geometric sequence with the first term a; > 1 and the
common ratio ¢ > 1. Prove: The sequence {log, a1} is a decreasing
sequence.

Let {a,} be a geometric sequence with common ratio q. Prove: A nec-
essary and sufficient condition for the products of any two terms of {a, }
still to be terms of the sequence is that there exists a nonnegative integer
m such that a; = ¢™.

. Let {a,} and {b,} be an arithmetic sequence and a geometric sequence,

respectively. If a3 = b3 > 0 and ay = by > 0, please compare the
magnitudes of a,, and b,.

Group B

9

10.

11.

12.

. Given a positive integer n and a positive number M. For all arithmetic

sequences ag, as, as, . . . that satisfy the condition a2 + aflﬂ < M, find
the maximum value of S = a1 + apyo + -+ a2p41-

Let {a,} be an increasing arithmetic sequence of positive terms, and
let n, k € N4 with £ > 2. Prove:

o Mnt+1)k+1 < (k42 A2k4+2  Onk42 < o | Gnk+2
Ak+1 Ak+1 A2k+1 Ank+1 az

Given S ={1,2,3,...,n}. Let A be an arithmetic sequence of at least
two terms with a positive common difference. Suppose that each term
of A is in S, and putting any other elements of S into A cannot make
an arithmetic sequence with the same common difference as A. Find
the number of such sequences A (a sequence of only two terms is also
considered as an arithmetic sequence).

Two positive sequences satisfy: One is an arithmetic sequence with
r (r > 0) as its common difference, and the other is a geometric
sequence with ¢ (¢ > 1) as its common ratio. Here r and ¢ are positive
integers that are relatively prime. Prove: If there is one pair of equal
corresponding terms for the two sequences, then there are infinitely
many pairs of equal corresponding terms for them.




Chapter 5

Arithmetic Sequences
of Higher Order

1. Key Points of Knowledge and Basic Methods

A. For a given sequence {a, }, denote by b,, the difference a,,+1 — a,, of the
consecutive terms a,1 and a,. Thus, we have a new sequence {b,}, and
the sequence {b,, } is called the first order difference sequence of the original
sequence {an}. If ¢;, = bp1 — by, for n = 1,2,..., then the sequence {c¢,}
is the first order difference sequence of {b,}, and {c,} is called the second
order difference sequence of {a,}; and so on. In this way, we can obtain a
pth order difference sequence of the sequence {a,}, where p € N .

B. If the pth order difference sequence of a sequence {a,} is a nonzero
constant sequence, then we call the sequence {a, } an arithmetic sequence
of order p.

C. An arithmetic sequence of order 1 is just an arithmetic sequence (non-
constant sequence of numbers) that we usually talk about.

D. Arithmetic sequences of higher order are the general name for arithmetic
sequences of order 2 or greater than 2.

E. Properties of arithmetic sequences of higher order:

(1) If a sequence {a,} is an arithmetic sequence of order p, then its first
order difference sequence is an arithmetic sequence of order p — 1.

43
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(2) A necessary and sufficient condition for a sequence {a, } to be an arith-
metic sequence of order p is: The general term of the sequence is a pth
order polynomial of n.

(3) If a sequence {a,} is an arithmetic sequence of order p, then the sum
Sy, of its first n terms is a (p + 1)st order polynomial of n.

Property (1) is obvious, and properties (2) and (3) can be proved by
mathematical induction.

F. The most important and most often encountered problems for arithmetic
sequences of higher order are to find the general term and the sum of the first
n terms, and a deeper problem is to find solutions of difference equations.
The basic methods to solve the problems include:

(1) Method of successive differences: The starting point is a, = a1 +
P (akr1 — ak).

(2) Method of undetermined coefficients: In the arithmetic sequence of
known order, its general term a,, and the sum S,, of its first n terms
are polynomials of n with given degrees. We first write down the poly-
nomial, and then plug in the given conditions to solve the resulting
equations, thus finding the coefficients of the polynomial.

(3) Method of elimination by splitting terms: The starting point is that a,,

can be written in the form of

an = f(n+1) = f(n).

2. Illustrative Examples

Example 1. Suppose that an arithmetic sequence {a,, } of order 2 satisfies
as — ay = 110, and the sum Si; of the first 11 terms of its first order
difference sequence {b,,} is the maximal number. Assume that when Si; is
a maximum value, the maximum value of {a,} is 2017. Find the general
term of {a,}.

Solution. By the condition, {b,} is an arithmetic sequence and b; = as —
a; = 110. Let the common difference of {b,} be d. Then

bi1 =110+ 10d > 0,
b1z =110+ 11d < 0.

Solving the above inequalities, we get —11 < d < —10.
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When S7; is a maximum value, d = —10. In this case,
2b, + 10d
Sy = %11 = 660.

On the other hand,
an+1 = a1+ (a2 —a1) + (a3 —az) + - + (ant1 — an)
=a1+bi+ba+-+by
=a1+ Sn.
Clearly, when S, is a maximum value, a,1 is a maximum value. So,
(@n41)max = a12 = a1 + S11 = a1 + 660 = 2017,

from which a; = 1357.
Thus, @41 = a1 + Wﬂ = —5n? + 115n + 1357, and so a, =
—5n2 4 115n + 1237. O

Example 2. Let every term of the second order difference sequence of a
sequence {a,} be 16, and ags = agg = 10. Find as;.

Solution 1. Obviously, the first order difference sequence {b,} of the
sequence {ay,} is an arithmetic sequence of common difference 16. Suppose
that its first term is a. Then b, = a+ (n — 1)16, and so

n—1

an = a1+ Y (ars1 — ax)
k=1

n—1
=a1+ Z b,
k=1

:a1+a+[a+(2n71)16](n71)

=a+(n—1a+8(n—1)(n—2).

This is a quadratic polynomial of n, in which the coefficient of n? is 8.
Since agz = agg = 10,

a, = 8(n —63)(n — 89) + 10.
Hence,

as1 = 8(51 — 63)(51 — 89) + 10 = 3658. O
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Solution 2. By the condition, the sequence {a, } is an arithmetic sequence
of order 2, so its general term is a quadratic polynomial of n. Also from
ags = agg = 10, we may assume that

an = A(n — 63)(n — 89) + 10.

Since the second order difference sequence of {a,} is the sequence of
constant terms 16, so

(as — az) — (ag — a1) = 16,
namely
az — 2a9 + a1 = 16.
Consequently,
A(3—-63)(3—89) 4+ 10 — 2[A(2 — 63)(2 — 89) + 10]
+A(1—-63)(1—89)+ 10 = 16,
the solution of which is
A=8.
Thus,
an = 8(n —63)(n —89) + 10,
and so as; = 3658. O

Remark. Solution 1 used the method of successive differences and Solution
2 used the method of undetermined coefficients.

Example 3. The first four terms of an arithmetic sequence of order 3 are
30,72, 140, and 240 in succession. Find a formula for its general term.

Solution. By property (2), a, is a cubic polynomial of n, so we assume
that a, = An®+Bn?+Cn+D, where A, B, C, and D are to be determined.
Since a1 = 30,a2 = 72,a3 = 140, and a4 = 240, we can set the system of
equations

A+B+C+ D =30,
8A+4B+2C+ D =172,
27TA+ 9B + 3C + D = 140,
64A + 16B + 4C' + D = 240,
whose solutions are A =1,B =7,C = 14, and D = 8. Hence,
an = n> +7n?+ 14n + 8. O
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Example 4. Observe that % = %—i—%,% = %—l—%, 3= ——l—ﬁ, and 3 1 %—l—%.
Inspired by such examples, state a general rule and then prove it. Prove
that for any integer n greater than 1, there exist two positive integers i < j
such that

1 1 1 1 1

n o i(i+1) +(i+1)(i+2)+ (z’+2)(z‘+3)+"'+j(j+1)'

Proof. The given examples imply the general rule: % = %_H + ﬁ,
namely ﬁ = % — n—+1 withn =1,2,3,.... Thus,
L, 1 VRS SRR SN S
ii+1)  ((+1)GE+2) jE+1) i j+1
Comparing the above equality with % = ﬁ — ﬁ, we find that
i=n—1and j+ 1= (n—1)n. This proves the result. O

Example 5. Find the sum: S, =1:3-2242-4-32 4. -+ n(n+2)(n+1)2

Solution. Since k(k+2)(k+1)? = k(k+1)(k+2)(k+3)—2k(k+1)(k+2),
so the problem of finding S, can be reduced to finding K,, = Y, _; k(k +
L(k+2)(k+3)and T, = > p_, k(k+1)(k +2).

Since k(k + 1)(k + 2)(k + 3) = L[k(k + 1)(k + 2)(k + 3)(k + 4) —
(k—Dk(k +1)(k + 2)(k + 3)], we see that

nzéznj Kk + 1)(k +2)(k +3)(k +4) — (k — Dk(k + 1)(k +2)(k + 3)]
k=1

= én(n +1)(n+2)(n+3)(n+4).

Similarly, we can get that

»lkli—‘

Zn: k(k+1)(k +2)(k +3) — (k — Dk(k + 1)(k +2)]
k=1

1
= Zn(n +1)(n+2)(n+3).
Therefore,

1
Sy =K, —2T,, = l—on(n+1)(n+2)(n+3)(2n+3). 0

Remark. To find K, and T;,, we used the method of elimination by split-
ting terms.
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Example 6. Assume that the sequence {a,} of integers satisfies the con-
ditions:

(1) any2=3a—n+1—-3a,+a,_1 forn=234,...;
(2) 2a2 = a1 + a3z —2;
(3) a5fa4:9anda1:1.

Find the sum S, of the first n terms of the sequence {a,}.

Solution. Let b, = ap+1 — a,, and ¢, = by 41 — by,. From condition (1),
Cn = bpt1 — by
= (an+2 = ant1) = (Ang1 — an)
= py2 — 2ap41 + Gy
= (Bant1 — 3an + ap—1) — 2ap4+1 + an,
= Gn+t1 — 20pn + An—1
=cp1 (R=2,3,4,...).

Thus, {c,} is a constant sequence.
From condition (2), ca = a3 — 2as + a; = 2, hence ¢, = 2. Note that

n—1
a, = aj + g by
k=1

:al‘i‘(n_l)bl‘i‘w

=14+(n—-1)b+(n—-1)(n—2).

2

Now, from condition (3), by = 9, but by = b1 +3-2, s0 by = 3. It follows
that
anpb=143n—-1)4+n—-1)(n—2)
=1+3n—-3+n*—3n+2
2

=n”-.
Therefore, S, =12+ 22432+ -+ + n? = In(n+1)(2n+1). O
Example 7. Suppose that the second order difference sequence of a

sequence {a,} is a geometric sequence, and a; = 5,a2 = 6,a3 = 9, and
a4 = 16. Find a formula for the general term of {a,}.
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Solution. It is easy to calculate out that the second order difference
sequence {Cy,} of {a,} is a geometric sequence with 2 as its first term
and 2 as its common ratio, so C,, = 2". Denote the first order difference
sequence of {a,} as {b,}. Then by =az —a; =1, and

n—1 n—1
bu=bi+ Y (barr—br) =1+ C
k=1 k=1

n—1 1472n71
:1+Z2k:1+ﬁ2
k=1

=2" -1

Consequently,

n—1 n—1
an = a, + Z(ak+1 —ar) =ay + Z(Qk -1)
k=1 k=1

1—2n1

—-54’—7r:7?—2‘*(n‘*1)

=2"—n+4. O
Example 8. Let a1 < as < -+ < a,, be real numbers. The sequence
ai,as,...,an, is called a weakly arithmetic sequence of length m if there
exist real numbers g, x1,..., T, and d such that zp < a1 < 71 < ag <
29 < o < apy < @y and x4 —a; = d for any 0 < ¢ < m — 1 (in
other words, zg,z1,...,z,, constitute an arithmetic sequence of common

difference d).

(1) Prove: If a1 < as < as, then the sequence a1, a9, a3 is a weakly arith-
metic sequence of length 3.

(2) Let A be a subset of the set {0,1,2,...,999} that contains at least 730
elements. Prove: A contains a weakly arithmetic sequence of length 10.

Proof. (1) Consider the first order difference sequence dj,ds of the
sequence a1, as,as. If dy = do, then by choosing zg = a1, 1 = as, rs = as,
and x3 = ag + dy, we see that ay,as, az is a weakly arithmetic sequence. If
dy > do, then by letting d = dq + ‘12—2 and choosing x1 = a1 + %dg, To = X1 —
d,x9 = x1+d,and x3 = x1+2d, we have g < a1 < 11 < as < T2 < ag < T3
and the conclusion is satisfied. If d; < ds, then by letting d = %1 + do and
choosing 1 = a1 + %dz, rg = x1 —d,r9 = x1+d, and x3 = x1+2d, we again
obtain the conclusion. Hence, a1, as, as is a weakly arithmetic sequence.
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(2) Suppose that there is no weakly arithmetic sequence of length 10.
Consider the following sets

A = {100k, 100k + 1,100k + 2, ..., 100k + 99}, k =0,1,2,...,9.

Note that the sequence 0,100,200, ...,1000 is an arithmetic sequence of
length 11. So, there exists an index k&’ such that Ay does not have an
element that belongs to A.

For remaining indices k, consider the following sets

Ay = {100k + 10,100k + 10§ + 1,...,100k + 105 + 9}, j =0,1,2,...,9.

Since 100k + 107, 100k + 105 + 10,...,100k 4+ 105 + 100 is an arithmetic
sequence of length 10, there exists a j such that Ay ; does not have an
element that belongs to A. Also, all the 10 numbers of Ay, ; form an arith-
metic sequence, so every Ay, ; has at least one element that does not belong
to A.

The above discussion indicates that there are at least 100 +9(10+9) =
271 elements in the set {0,1,2,...,999} that do not belong to A, but this
contradicts the fact that A has at least 730 elements.

In summary, the proposition has been proved. O

3. Exercises
Group A
I. Filling Problems

1. Denote the first order difference sequence of a sequence {a,} as A{a,}.
If all terms of the sequence A(A{a,}) are 1 and a9 = ag2 = 0, then the
value of a7 is

2. The sum of the first n terms of the sequence {n?} is

3. If the first six terms of a third order arithmetic sequence are 1,2, 8,22 47,
and 86, then its general term is

4. The first order difference sequence of {a,} is {n(n +2)}. Then the gen-
eral term of {a,} with a; =2 is

II. Calculation Problems

5. Suppose that a given sequence {a,} satisfies a,, = n*—2n342n% —n+1.
Find the sum 5, of its first n terms.
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. The first term of a sequence {a,} is a1 = 1, the first term of the first

order difference sequence of {a,} is 7, and the second order difference
sequence of {a,} is {6n + 6}. Find the general term formula of {a,}.

.1 1 1 _ 1 1 1
7. Prove: mtiat temom =gttt
Group B
8. If the first order difference sequence of {a,} is a geometric sequence

11.

12.

with common ratio ¢ (# 1), then prove: The general term of {a,} is
1-¢
1—q

n—1

an = a1 + (a2 —a1)

. Find the sum S,, = a + 4a® + 9a® + - - - + n%a" (a # 1).
10.

Arrange positive odd numbers according to Table 5.1 and denote the
number at the mth row from the top and the nth column from the left
as amp. Find the general term formulas of the sequence {a,,1} and the
sequence {ain, }.

Table 5.1 Table for Exercise 10.

1 3 7113 |21 | 31
5 9 | 16 | 23

11 | 17 | 25
19 | 27
29

The first term of a sequence {a, } is a; = 4 and the first order difference
sequence of {a,} is {n?}. Find the general term of {a,}.

Let {a,} be an arithmetic sequence of order 2 with initial values a; = 1
and as = 3. If the sum of its first three terms is S3 = 13, find a formula
for the sum S, of the first n terms of {ay,}.
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Chapter 6

Sequence Summation

1. Key Points of Knowledge and Basic Methods

Sequence summation is an important aspect of sequence research. The sum
of the first n terms is usually denoted as S,,, that is,

Sn:al—l—ag—l—---—i—an:Zak.
k=1

A. Important formulas

(1) 14243+ +n=in(n+1).

(2) 2+22 432+ +n? = tn(n+1)(2n+1).

(3) B4+25433+. 403 =(1+243+-- - +n)?=1in*(n+1)>%.

(4) For any arithmetic sequence, Sy, 4y = Sy +Sp+mnd, where m,n € N

and d is the common difference.

(5) For any geometric sequence, Sy, 4n = Sp + ¢"Sm = Sm + ¢Sy, where
m,n € N4 and ¢ is the common ratio.

(6) If the common ratio ¢ of an infinite geometric sequence {a, } satisfies
lg] < 1, then the sum of all the terms

I

a1

S = lim S, =

n—00 1-— q'
B. Basic methods
(1) Idea of reduction.

“When solving a problem, we always use the problems that have
been solved before, the results obtained or the methods adopted, or the
experience that we have obtained from solving them” (quoted from Polya).

53
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In the middle school algebra textbooks, only the summation formulas for
arithmetic and geometric sequences are deduced, so reducing the summa-
tion problem of sequences to that of arithmetic or geometric sequences is
an important idea in solving problems.

(2) Summation by splitting terms.

Split the general term formula of a sequence {a,} into the difference
of two expressions in the form of a,, = f(n + 1) — f(n), where f is a
function, and then eliminate the middle terms by mutual cancellation in
the summation. This method of summation by means of “splitting first
and elimination second” is called the summation by splitting terms. The
method is the most frequently used one in sequence summation.

(3) Summation by combining terms.

Put some terms together to sum up, and then find S,,.

There are numerous methods of summation for sequences, and which
method to choose depends on the concrete situation.

2. Illustrative Examples

Example 1. Find the sum Y227 (~1 )"%

Solution. For n € N, we have

2 1 1 2 1
wantl_nt +n_:n+ +L(O!:1byconvention),
n! n! n! n! (n—1)!
SO
n“+n+1 n+1 n
-1 = (-1 n"
(=1)"—— S IR S v
n+1 1.on
= (-1 —(-1)"
(=) n! (=1) (n—1)!

It follows that

2015 2015

77,2 n n n
;<1>"—+m o > e ey
2016

S 2015 U
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Example 2. Assume that a; = 32%—];1 for all natural numbers k. Let A =

ap+ay +---+ag and B = aqgay ---ag. Find %.

Solution. For any number m greater than 1, since

1 12
m—1 m+1 m2-1

SO

1 2
m+1 m—-1 m2—-1

Multiplying 2* to the both sides and letting m = 32k, we get

2k 2k 2k+1
32 11 32 1 3 _q1 (6.1)
Substituting £ = 0,1,...,9 into (6.1) and adding the equalities give
1 210
A== — ———. 6.2
2 3210 o 1 ( )
On the other hand, denote
C = 202122 L. 29 _ 245
D=3"+1) (321 + 1) (322 + 1) (329 + 1)
1
= (3 - 1) (3 +1) (321 + 1) (3 + 1) (37 + 1)
1 1 1
=3 (3 = 1) (3% 1) (37 + 1) - (3% 1) =
1
- = ( 21 1).
2
Then
1 D 3 -1
B0 2w (6.3)
1 10 10
By (6.2) and (6.3), 4 = (% . 32%‘0‘11> A m

Example 3. Suppose that the general term of a sequence {a,} is ar = 2F
for k = 1,2,...,n. Find the sum of all possible products a;a; (1 < i <
Jj<n).
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Solution. Since ), ;i aia; = sla?+a3+ - +a+(a1+az+- - +an)?,
and

202" -1
a1+a2+~'+an:¥:2(2"71),
2-1
44" —1)  4(22" —1)
2, 2 2 _ —
a) +ay +---+a, = 1-1 3 )

so we have that

> o=y | e -y

4
= g(22"+1 —3-2" 4 1).

O
Example 4. A sequence {z,} is defined as follows: 27 = % and z, =
2’5;3:15”_1 for n = 2,3,.... Prove: For any positive integer n, there holds

that 1 + 2o +-- -+ 2, < 1.

Proof. From the given condition we know that x,, > 0 for any n € N,
and

T = (2]€ 73):17]6,1 - (2]€ - 1):17k, k= 2,3,....

Thus, we have

ixk = + i[(?k — 3):Ek_1 — (2/€ — 1)$k]
k=1

k=2

=x1+x1 — (2n— Dz,

=1-02n—-1)z,
<1.
Hence, the proposition is valid. O

Example 5. Suppose that the sum of the first n terms of a sequence {a,}
is S, = 2a, — 1 and the sequence {b,} satisfies by = 3 and byy1 = ap + by,
for k=1,2,.... Find the sum of the first n terms of the sequence {b,}.
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Solution. Since S,, = 2a, — 1, we have a; = S1 =2a; — 1, s0 a1 = 1.
Also

ar = Sk — Sk—1 = (2a — 1) — (2ax—1 — 1)
= 2ap — 2a_1,
thus
ap = 2ag_1.

Hence, {a,} is a geometric sequence with first term 1 and common ratio 2.
Choosing k =1,2,...,n — 1 in bgy1 = ay, + by gives
by = a1 + by,
by = az + by,

bn = an71+bn71~

Adding up the both sides of the above equalities, we obtain

2t —1
by =Sp_1+b="F——+3=2"""1+2
1+ 01 51 + +
Therefore, the sum of the first n terms of the sequence {b,} is

SL=1+2+22+- 42" 4 2m=2"42n— 1. 0

Example 6. The sum of all terms of the sequence
1,1, 3,3, 3% 32, ..., 32002 32002

is denoted by S. For a given positive integer n, if one can choose different
terms of the sequence whose sum is exactly n, then it is called one option of
choice. The number of all options of choice with the same sum n is denoted
as an. Find a1 +as +---ag.

Solution. Note that 1 +1+3+3+32+324+... 4314301 =37 _ 1,
Let P, = a1 + a2+ -+ agn_1, where n € N .
For the sequence

1,1,3,3,...,3"1 37l 3n 3n (6.4)

of 2(n + 1) terms, the number of options of choice to represent a natural
number from 1 to 3" — 1 from the first 2n terms is denoted as P,. If the
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number of options of choice to represent a natural number m € [1,3" — 1]
from the first 2n terms of the sequence (6.4) is a,,, then there are 2a,
options of choice to represent the natural number m + 3™ by the sequence
(6.4). There are a,, options of choice to represent the natural number m +
2 - 3™ by the sequence (6.4). Besides, it is easy to obtain that as» = 2 and
as.gn = 1.

Therefore, we deduce that P41 = P, + 2P, + P, +2+ 1= 4P, + 3.
Furthermore,

Pr=a1+a3_1=2+1=3.

Thus, Py = 4Py_1 +3 = 4(4P,_5 +3) + 3 = -+ = 47 1P| + 3472 4
43 p 44 ) =413 4 (4 1) =4 — 1.
In this problem, n =2003, so a1 + as + - - 4+ ag = Pagoz =423 — 1. O

Remark. The problem can be extended to a general case: Suppose that
an integer k > 2 and a sequence

Lo 1, k koo ky oo, BN R BT (neNY)
(6.5)

is given, in which there are k—1 repeating numbers for 1, k, ..., k"~ ! respec-
tively. The sum of all terms of the above sequence is denoted by S. For a
given natural number m € [1,k™ — 1], the number of options of choice to
represent m as the sum of different terms of the sequence (6.5) is denoted
as a,,. Then a1 +as + - ag = 2n(k=1) _ 1. The solution method for the
present problem is the recursive method.

Example 7. Assume that a sequence {a,} satisfies: S,, = 1—a, (n € N),
where S, is the sum of the first n terms of {a,}.

(1) Find a formula for the general term of {a,,}.

(2) Let ¢, = 1+1a + - and denote by P, the sum of the first n terms

of {¢n}. Prove: P, > 2n — <.

Solution. (1) Since
Sp=1—anp, (6.6)
o
Sn+1=1—an41. (6.7)

(6.7) — (6.6) gives ant1 = —an41 + Gn, thus ang1 = ga, for n € N
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Also, a1 = % when n = 1, from which

n—1 n
1/1 1
nif_ by == - .
“ 2(2) <2) » e Ny

(2) From the given condition,

n

1 1 1 1
P, _

1 1
=4+ — 42
3+1_(1)”+1 * Zl—a2
2 1=2
2 2n+1 n i
= 5 T o7 gn+1 _ Z
2 ont -
Rt =)D ( =
i=2
2 1
>-4+1+4+2 (n—2)=2n—-(n>2).
3 5
When n = 1, we have P, = 2 > 2 — . Therefore, the conclusion is

true. 0

Example 8. Let f(n) be a function defined on the set of all positive inte-
gers such that f(1) = 2 and

fln+1)=f(n)? = fn)+1, n=1,2,3,....

Prove: For any integer n > 1, there holds that

1 1 1 1 1 1 1
e [ C R0 I T () B S

Proof. Note that f(n) > 1 for any n € N. Then

1 1 1 1

fn+1) =1 fm)?2—fn) fn)—1 f(n)
It follows that
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Therefore,

"1 - 1
;W Zl[ —1 fk+1)—1

1

S flntr 1) -1

On the other hand, from the recursive formula we know that f(n +
) =1 = f0 ) > 170) = 10 [ 4 D) = 1> (7)1
[f(n— 1) 1)? > [f(2) — 12" = 22" . Hence, by (6.8) we have
i 7t > L e

Again from the recursive formula, we are sure that f(n) € N4, and
consequently f(n+1) = f(n)? — f(n) +1 < f(n)?. This recursive relation
implies that f(n+ 1) < f(1)%" = 22", from which

1 - 1 - 1
Fnr 1) —1 22" —1~ 227

(6.8)

Therefore,
SN | 1
> <o
To summarize, the proposition is proved. 0

3. Exercises
Group A
I. Filling Problems

1. Let the general term of a given sequence {a,} be a, =
WJ1+ n_lg + m, and let the sum of its first n terms be S,. Then

[Sn] = . ([Sn| represents the largest integral part
of S,,.)
2. Suppose that for any positive integer n, the parabola y = (n? +
n)z? — (2n + 1)x + 1 intersects the x-axis at two points A, and B,,.
If | A, B,,| represents the distance between the two points, then the value
of |[A1By| 4 |A2Bs| + - - - + | A2002 B2002| s
3. The sum o7 + &5 + -+ 3+ + gy =
The value of 11 +2-21+3-3!+4 -4l 4 ... 4+ nn! = .
5.If a € R and a # —1, then a — 2a% + 3a®> — -+ + (=1)""tna" =

e~
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4 5 +3
6. The sum j55 + 557 + -+ n(n+n1)(n+2)
7. Suppose that the consecutive terms a,, and a,1 of a sequence {an} are
the two roots of the equation z? — ¢,z + (3) =0, and a; = 2. Let the
sum ¢y + ¢a + -+ + ¢, + -+ of the infinite sequence {c,} be S. Then

S:

II. Calculation Problems

1 1 1
8. Calculate: arctan Tri7z T arctan m + .- -+ arctan m

9. Find the sum of the first n terms of 1 3 2743 e n‘tz_é) 3n-

Group B

10. Let x =1+ \% + % + ﬁ +-t \/ﬁ' Determine the value of [z],
where [z] is the maximal integer not greater than x.

11. Let f(n) be the integer that is the closest to +/n. Find Ziiof ﬁ

12. Let S,, be the sum of the first n terms of a sequence {a,} that satisfies

45, = 3a, + 2" (n >0 and n € Z).

(1) Find a relation formula for a,, and a,_1.
(2) Find all the values of ap that make the sequence ag, a1, as,... an
increasing one.
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Chapter 7

Synthetic Problems
for Sequences

Sequence problems in mathematics competitions are not restricted to the
synthesis of sequence knowledge, but in most cases are related to the con-
tents of functions, inequalities, number theory, and combinatorics. Con-
sequently, we need to apply various knowledge and methods to solving
problems.

1. Illustrative Examples

Example 1. Removing all perfect squares from the sequence 1,2, ... of all
positive integers, we obtain a new sequence {a,} according to the original
order. Find the general term a,,.

Solution. Suppose that k? < a,, < (k+1)? with k¥ € Z,. Then a, = n+k.
Since k% <n+k < (k+1)%

B —k—-n<0,
B+k—n+1>0.

By properties of integers, we have

1
R —k—n+ <0,

1
W+k—n+1>0

63
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It follows that

1 1
\/ﬁf§<k<\/ﬁ+§,

hence k = [y/n + 1].
Thus, the desired general term formula is a,, = n + [\/ﬁ + %] O

Example 2. Assume that a monotonically increasing geometric sequence
{a,} satisfies as + a3 + a4 = 28, and a3 + 2 is the arithmetic mean of as
and ay.

(1) Find the general term formula of the sequence {a,,}.
(2) Let b, = an log% a, and S,, = by + by + --- + b,. Find the minimum
value of the positive integers n that satisfy S,, +n2" > 50.

Solution. (1) Let the common ratio of the geometric sequence be ¢ (¢ # 0).
By the hypothesis of the problem,

a1q+a1q® + a1q® = 28, (7.1)
a1q + a1 = 2(a1¢* + 2). (7.2)
After eliminating the constant terms in (7.1) and (7.2), we obtain
6a1q® — 15a1¢> 4+ 6a1q = 0,
that is
2¢> — 5g+2=0.

The solutions of the above are ¢ = 2 or ¢ = 3. Substituting into (7.1) gives
ay = 2 or a; = 32. Since {a,} is monotonically increasing, so a; = 2 and
q = 2, Hence, the general term formula of the sequence {a,} is a,, = 2".

(2) From (1) we have b, = anlogi an = —n2". Then
Sp=by+by+-+b,=—(1-24+2-2243-254... 4 n2").
Denote
T,=1-2+2-22+3.2% ... 4 n2" (7.3)
Then

2T, =1-22+2-2 +3.24 4 ... 4 (n — 1)2" 4+ n2"+L. (7.4)
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(7.3) — (7.4) gives that

—Tp=1-24+1-224...41.2" —p2nt!

=2t 9 pontl
in other words,
Sy =—(n—1)2"T! —2,
Now, the inequality S,, + n2™ > 50 is the same as
—(n—1)2"t — 2 4 2"t > 50,
namely

2™ > 26.

65

Since 24 = 16 < 26 < 32 = 2° and the function 2% is a monotonically
increasing one, it follows that the minimum value of the positive integers

that satisfy the condition is 5.

O

Example 3. Suppose that a finite sequence {a,} has 2k terms (the integer
k > 2) and the first term a; = 2. Let the sum of the first n terms be S,
and assume that a,41 = (¢ —1)S, +2 (k =1,2,...,2k — 1), in which the

constant a > 1.

(1) Prove: The sequence {a,} is a geometric sequence.

(2) If a = 277 and a sequence {bn} satisfies Llogy(araz---an) (n
1,2,...,2k), find the general term formula of the sequence {b,}.

(3) If the sequence {b,} in (2) above satisfies the inequality

3

3
bl_—’+

b2—§‘+---+

3
b2k__‘ §47

2 2

3
bog—1 — 5‘ +

find the value of k.

Solution. (1) First we see that as = 2 when n = 1, thus 2 = a.
When 2 <n <2k -1,

a1 = (a—1)S,+2, ap = (a—1)Sn—1 + 2, ant1 — an = (a — 1)ay,

an+1
Qn

SO

= a. In other words, the sequence {a,} is a geometric sequence.
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(2) From (1) we know that a, = 2a""1, so

(n— l)'n.

arag - - ap = 2"a AT - ong T = gt e
1 (n—1)n n—1

by = - — 1, n=1,2,... 2k
2{7” 21@—1} m—1 "

(3) Suppose that b,, < %, whose solution is n < k + % Since n is a positive
integer, b,, < % when n < k, and b,, > % when n > k+ 1. Now, the original

expression
3 3 3
R e B X A X
(3-0)+(5-0) e (5-w)
3 3
+(bk+1—§)+---+<b2k—§)

(b1 + -+ bag) — (b1 + -+ + b)
A ) [HOREDE ]

2k —1 2k —1
k2
2k —1°

The inequality % < 4 is equivalent to k% —8k+4 < 0, whose solution
is4—2vV3<k<4+2V3.
Since k > 2, the original inequality is satisfied for k = 2,3,4,5,6,7. O

Example 4. Suppose that two sequences {2, } and {y,, } satisfy 21 =z5=1
and y1 = y2 = 2. Assume that “= = ) jil and % > A%, where
A is a nonzero parameter and n = 2 3,4, .

(1) If @1, x2, and x3 constitute a geometric sequence, find the value of the
parameter \.

(2) When A > 0, prove: Z"“ < (neNy).

(3) When A > 1, prove:

T — Ty — Ty — A
1 y1+ 2 y2+'”+ n — Yn < (n € N,).
T2 —Y2 T3 — Y3 Tpt1 = Ynt1  A—1
Solution. (1) From the conditions 1 = z2 = 1 and 2 = A%2, we have
23 = \. Furthermore, x4 = \? from "= )\” and x5 = )\6 from Is = /\””4
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If x1,z2, and z3 constitute a geometric sequence, then :E% = x125,
namely A2 = A®. Since A\ # 0, the solutions are A = £1.

(2) By the hypothesis, A > 0,21 = 29 = 1, and y1 = y2 = 2. So, 2, > 0
and y, > 0. From properties of inequalities, we have

Yn+1 Z A Yn Z )\2yn—1 Z Z An—l% :)\n—l.
Yn Yn—1 Yn—2 'A%

On the other hand,

Ln41 =\ Ln — )\Q:En—l — .= An—lw_2 _ An—l

Tn Tn—-1 Tn—2 Ty
Hence,

Yn+1 >\l — Tn+t1 (

ne N+)7
Yn T

and consequently,

Yn+1 Yn

(3) When A > 1, by (2) we know that v, > z, > 1 (n € N4). Also
from (2), z:ﬁ < 7= (n € Ny). Then
Yn+1 — Tn+1 Z Yn — Tn
Tn41 T

)

and so

— T xX
Yn+1 n+1 > ntl _ -1 (

yn — Tn T

It follows that

561—3/1_’_562—3/2_’_.”_’_ LTn — Yn

T2 — Y2 T3 —Ys Tn4+1 — Ynt1

1 1\t = (H)" A
<l+4+—-——+--- - = A < .
shERT +</\> 1-1 A—1 O

Example 5. Let a sequence {a,} (a, > 0) satisfy a1 = 0,a2 = 1,a3 = 9,
and S2S,,_o =1052_, (n > 3), where S,, is the sum of the first n terms of
the sequence {a,}. Find the expression of a, (n > 3).
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Solution. Since S2S,_» = 10S3_,, we have
2
Sn Snfl
=10——.
Sn—l Sn—2

Let b, = Sfil (n>3). Then b, = (10bn,1)%, hence

[NIE

1

b, = 10 (105175_2)

Thus, S, = 10S,,_1, and so

ap =95,-1=9a,_1+95,_2 = 10a,_1.
Since az = 9, we see that a,, = 9-10"73 (n > 3). O
Example 6. Suppose that the sum of the first n terms of a sequence {a,, }

is S, and a; = 1. Assume that S,, = n(a, + an—1) when n > 2. Find the
value of [%]

Solution. From the given conditions we know that S; =1 and Sy = 0.
When n > 3, the condition S,, = n(a, + a,—1) together with the equal-
ities a, = S, — Sn—1 and ap—1 = Sp—1 — Sp_o imply

Sn = n(Sn - Sn—2)7
that is
nSp—2 = (n—1)S,.

When n is an even integer, S,, = 0.

When n is an odd integer, SS”iz = .
Therefore,
5,2017 _ 52017 52015 SSS . 2017 2015 o §

Soo1s Sa013 STt 201620142’

and azp17 = Sa017.
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Also, since a2y, < 3 H2016 1 —2017- 3 = 15123 and
2017
1
aor > [ = L o0,
1=2

we see that 30 < agg17 < 40.
Therefore, [“210”] =3. O

Example 7. Let a function f(z) defined on R satisfy: f(1) = %, and for
any real numbers z and y, it is always true that

F@)fly) = f(z +y) + flx—y). (7.5)
Suppose that a sequence {a,, } satisfies a,, = 3f(n)—f(n—1) forn € N.
(1) Find a formula for the general term of the sequence {a,}.

(2) Let b, = (334@8)2 with n € Ny, and let S,, be the sum of the first n
terms of the sequence {b,}. Prove: S, < 1.

Solution. (1 ) Letting x=1and y = 0 in (7.5) gives f(1)f(0) = 2f(1).
Since f(1) = =2, we have f(0) = 2.
Substltutlng z=mnand y = 1 into (7.5) ensures that

f)f(1) = f(n+1)+ f(n—1),
and consequently,

For 1) =2 i) — fn—1).

Therefore,
Gns1 = 3f(n+ 1) — f(n) = 9f(n) — 3f(n— 1)
=3[3f(n) — f(n—1)] = 3ay,.

On the other hand, a; = 3f(1) — f(0), so a,, = 8- 3771,

_ _2a, _ _2483"°t _ 3"
(2) By (1)7 b’ﬂ - (3an78)2 - (3.8.371,—1,8)2 - (371,1)2-
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It is easy to show that 3" — 1 > (3% — 1) is satisfied by all k € N .
Thus,

3k 43" 1 1
by = < =2 — .
(3k —1)2 — (3k —1)(3k+1 — 1) 3k—1 3kl 1
Hence,

<y Lo Ly Y
=Cl\3T=1 3 P-1 P-1
(o

3n—1 3l —1

=2 1 L =1 72 1
I I e B T e O
Example 8. Suppose that a given sequence {z,,} satisfies:

z1 >0, Zpy1 = Vo, +2¢/22 +1, ne N,

Prove: Among x1,xs,.. ., 22016, there exist at least 672 irrational num-
bers.

Proof. By the method of mathematical induction, we can show that {z,}
is a sequence of positive numbers, and

Tnt1 = \/gxn + 2\/W N
From the hypothesis of the problem,
(#nt1 = VBan)? = 4(a], + 1),
namely
xthl + 22 — W5xp 1 = 4.
By the same token, we obtain
9531+2 + xiﬂ — 2\/5xn+1xn+2 =4.
Subtracting the above two equalities gives
xi+2 — 22 — 2\/5xn+1(xn+2 —x,) =0,
in other words,

(xn+2 - xn)(xn+2 + Tn — 2\/5xn+1) = 0.
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Since 49 — o, # 0, it follows that x5 + =, — 2v/b&p41 = 0, that is,

CEE RN

Tn+1

This shows that among the three terms x,,,x,+1, and x,42, at least one

term is an irrational number.

2016
3

among X1, o, ..., X2016- O

As a consequence, there are at least [ ] = 672 irrational numbers

2. Exercises
Group A
I. Filling Problems

1. Let three positive numbers a,b, and ¢ constitute a geometric sequence
with common ratio ¢ # 1 such that log, b,log; ¢, and log.a form an
arithmetic sequence. Then the common difference d =

2. Group the terms of the sequence 1,2,3,... of positive integers from

the left to the right according to the following rule: The first group
.., the
nth group has n(n + 1) numbers, .... Then the number 2014 belongs
to th group.

has 1 - 2 numbers, the second group has 2 - 3 numbers,

3. Given the function f(z) = z? cos ZZ. Suppose that in a sequence {a,},
the general term a, = f(n)+ f(n+1) (n € N1). Then the sum Sigo of
the first 100 terms of the sequence {a,} is

II. Calculation Problems

4. In an arithmetic sequence {ay}, let a1 = 1 and the sum S,, of the first
n terms satisfy the condition
Son dn + 2

= ,m=1,2,....
Sy n+1

(1) Find a general term formula of the sequence {a,}.
(2) Denote b, = a,p®™ (p > 0). Find the sum T}, of the first n terms of
the sequence {b,}.

5. Let the first term a; and the common difference d of an arithmetic
sequence {a,} be both integers, and let the sum of the first n terms
be S,.
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(1) If a1; = 0 and a14 = 98, find a general term formula of the sequence
{an}.

(2) If a; > 6,a11 > 0, and S14 < 77, find general term formulas for all
possible sequences {a,}.

6. Suppose that the sum of the first n terms of a sequence {a,} is S, and

the points (n, Sn—") are all on the graph of the function y = 3z — 2.

(1) Find a general term formula of the sequence {a,,}.

(2) Let b, = a3 ~— and T}, the sum of the first n terms of the sequence
{bn}. Find the minimal positive integer m such that T,, < #& is
satisfied for all n € N ..

7. As quence {a,} satisfies a1 = 5 and any1 = a2 +a, forn € N,. Let

b +—an and

Sp=0b1+by+ -+ +by, P,="0b1ba- by,.

Find the value of 2P, + .5,,.

8. Assume that a1 = 2 and the points (a,,a,+1) are on the graph of the
function f(x) = 22 + 2z forn=1,2,3,....

(1) Show that the sequence {lg(1 + ay)} is a geometric sequence.

(2) Let T, = (1+a1)(14+az)--- (1 +ay,). Find the general terms of the
sequences {7}, } and {a,}.

(3) Denote b, = -+ - 1+2. Find the sum S,, of the first n terms of the
sequence {b, }, and show that

2
Sp+——=1.
+ 37, —1
Group B
9. Let three sequences {a,}, {b,}, and {c,} satisty:
by = an — anta, Cn = ap + 2an4+1 + 3an42 (n=1,2,3,...).
Prove: A necessary and sufficient condition for the sequence {a,} to
be an arithmetic sequence is that {¢,} is an arithmetic sequence and
bn <bpy1 forn=1,2,3,...
10. Suppose that positive number sequences {z,} and {y,} satisfy the

condition: For all positive integers n,

2 2
Tnt2 = Tn + xn-‘,—l? Yn4+2 = Yy, + Yn41,

and x1,x9,y1, and yo are all greater than 1. Prove: There exists a
positive integer n such that x, > yy.



11.

12.
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Let ay,as,... be a sequence of integers, in which there are not only
infinitely many positive integers but also infinitely many negative inte-
gers. If for each positive integer n, the n remainders of the integers
ai,as, ..., a, divided by n are mutually different, prove: Every integer
appears just once in the sequence a1, aso, .. ..

For the give function f(z) = gz;ﬁgf,

a sequence {x, } satisfies:

1 =2, Tpy1 = f(zn) (n € N4).

Denote b,, = logs iﬁ;} (n € N,).

(1) Prove: The sequence {b,} is a geometric one. And find a general
term formula for the sequence {b,,}.

(2) Denote ¢, = —nby, (n € N4). Find a formula for the sum T,, of
the first n terms of the sequence {c¢;, }.
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Chapter 8

Coordinates Systems

1. Key Points of Knowledge and Basic Methods

A. In a rectangular coordinates plane, a point with the horizontal coordi-
nate and the vertical coordinate both rational numbers (integers) is called
a rational point (integral point). Problems concerning rational points can
often be solved by reducing to problems with integral points.

B. The distance between two points P;(z1,y1) and Pa(22,y2) in a plane:

|PLPy| = /(z1 — 22)2 + (y1 — y2)*-

C. Coordinates of fixed proportion points

Suppose that a point P(z,y) is on the straight line that passes through two
s
points Py (z1,y1) and Pa(x2,y2) with Py p— APP,. Then
T+ Ao
1+ 7
_ ity
1+ A

Corollary. Three points Pi(x1,y1), Pa(22,y2), and Ps3(x3,ys3) are co-linear
(not parallel to the y-axis) if and only if

Yr—Y2 Y2 — Y3

1 — T2 .%'2—.%'3.

D. In a rectangular coordinates system, it is easy to get the following result
from the coordinates formula for a fixed proportion point:

75
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Theorem 1. The coordinates of the center of gravity for a triangle with
vertices A(xa,ya), B(xp,yp), and C(xc,yc) are (LATiptic yatyptyc)

This theorem can be extended to the arbitrary case of n points. That
is, the coordinates of the center of gravity G, of n points P;(z;,y;) (i =
1,2,...,n) are

1 « 1 «

Theorem 2. The coordinates of the inner center of a triangle with vertices
A(za,ya), B(zp,yp), and C(zc,yc) are

ars +brg +crc aya +bys + cyc
at+b+c ' at+btbtc )’

where a,b, and c are the lengths of the three sides of the triangle NABC
opposite to the three vertices A, B, and C, respectively.

Theorem 3. The coordinates of a parallelogram with successive vertices
A(LL'A, yA)» B(LUB, yB)» C(LL'C, yC)» and D<$Da yD) SG/tZSfy

TA+Tc =TB+Tp,

ya+Yyc =Yy +¥Yp-

Theorem 4. The directed area of ANABC' can be expressed as
) 1 za ya
A= 5 1 B YB
1 2c ye

Note that in the usual sense, the area of NABC is the absolute value of the
determinant A.

Corollary. If and only if

1 24 ya
1 xzp YB | = 07
1 z¢ ye

the three points A(xa,ya), B(xg,yn), and C(xc,yc) are co-linear.
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E. Basic methods

The combination of numbers and figures is an information transformation
that is full of mathematical feature, and analytic geometry reflects this
thought perfectly. By means of a perpendicular coordinates system, we
can make a correspondence between pairs (z,y) of ordered numbers and
points of the plane, so that a correspondence is established between the
equality relation f(xz,y) = 0 satisfied by pairs of ordered numbers and
curves in the plane. Therefore, we can not only use algebraic methods to
study shapes, sizes, and position relations of figures, but also use properties
of figures to illustrate algebraic facts. Such mutual transformations and
organic combinations between the information of algebraic expressions and
the information of figures make us much more flexible when solving related
problems.

2. Illustrative Examples

Example 1. Suppose that in a perpendicular coordinates system xQOy, the
coordinates of point A(x1,y1) and point B(xa,ys2) are all positive integers
of one digit, the angle of the line segment O A and the positive direction of
the z-axis is greater than 45°, the angle of the line segment OB and the
positive direction of the z-axis is less than 45°, the projection of B onto
the z-axis is B’, the projection of A onto the y-axis is A’, and the area of
AOB'’B is 33.5 more than the area of AOA’A. Let x1,y1, 72, and yo form
a number a four-digit positive integer T1Z27271 = 21103 + 22102 + 1321041
Find all such four-digit numbers, and write out the solution process.

Analysis. Express the areas of AOB’B and AOA’A in terms of the coor-
dinates of the points, and then make discussions according to the feature
of the figure and properties of integers.

Solution. Asshown in Figure 8.1, the area relation of AOB’B and AOA’A
implies that

T2Yo — T1Y1 = 67.

Since 1 > 0 and y; > 0, so xoys > 67. Also, since zo and y- are
positive integers of one digit, we have

I2y2:89:72
or

$2y2:99:81
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yl
y=x
B(xz» yz)
" A(x,, )
0 B' X

Figure 8.1 Figure for Example 1.

The condition ZBOB’ < 45° implies that xy > yo, from which zoys #
81. Thus, x2y2 = 9 - 8, namely xo = 9 and y2 = 8. Hence, z1y; = x2y2 —
67 = 5. Since ZAOB’ > 45° so x1 < y1. Again the fact that z; and y; are
positive integers of one digit ensures the only possibility that ;1 = 1 and
y1 = 5. Therefore,

T1T2Y2Y1 = 1985 D

Remark. In general, some simple knowledge of elementary number theory
is often used to deal with integral point problems.

Example 2. Pick three arbitrary points (lattice points) in a plane with
all integral coordinates. Prove: They cannot constitute the three vertices
of an equilateral triangle.

Analysis. If the three vertices of an equilateral triangle are all lattice
points, then from the determinantal expression of its area, we see that
the area of the triangle is a rational number. But the area in terms of
the three sides of the triangle is an irrational number, which leads to a
contradiction.

Proof. We use the method of contradiction. Let the coordinates of
the three vertices of an equilateral AABC be A(x1,y1), B(x2,y2), and
C(x3,ys), where z; and y; are integers for i = 1,2, and 3. Then from

1 1 1 Y1
Saapc = the absolute value of 3 1 x0 w2,

1 x5 ys
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we see that the area of the equilateral triangle is a rational number. On
the other hand, by

V3 V3

T|AB|2 = (2 — 21)* + (y2 — 1)?]

we know that the area of the equilateral triangle is an irrational number.
This gives a contradiction, so three points whose coordinates are all integers
cannot constitute an equilateral triangle. O

Saapc =

Example 3. Prove: There does not exist a closed broken line in a plane
with an odd number of vertices and the length of each line segment 1, such
that the coordinates of each vertex are both rational numbers.

Analysis. Suppose that such a closed broken line exists. Assume that the

coordinates of all the vertices are (%, %), where 3+ and &+ are irreducible
fractions fori = 1,2,...,2k+1. Using the method of odd-even analysis and

a relation of the coordinates for nearby vertices, we arrive at a contradiction.

Proof. Suppose that such a closed broken line exists. Without loss of gen-
erality, assume that the origin of a coordinates system is one vertex of the
broken line, which is denoted as Ap. The coordinates of the other vertices

a1 C1 an Cp
Ay =22, A== ),
! <b1’d1)’ ’ (bn dn>

35, ¢ are both irreducible fractions. We also denote Apy1 = Ap.

If the two integers p and ¢ are both odd or even, we write p = g;
otherwise we write p #Z ¢. In the following we use mathematical induction
to prove

are

where

bkEl, dkEl(k:1,2,...,7’L),
ak + ¢ £ ag—1 + cp—1 (k:1,2,...,n,n+1).

2 2
When k =1, from (‘;—i) + (2—11> =1, we obtain

272
aidy — 22
2 — "1 1
by

Since aq and by are relatively prime, so d; can be divided by b1, and vice
versa (that is, by can be divided by d;). Thus, by = +d;, and consequently

2_ 2 _ 2, 2
b =di = a7 +ci.
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On the other hand, a; and ¢; cannot be both even (otherwise b; is also even,
a contradiction); they cannot be both odd, since the sum of the squares of
two odd numbers can be divided by 2, but cannot be divided by 4, thus
cannot be a perfect square. It follows that

a1 Zc, by =dy =1,
and furthermore
a1 +c1 Z£0=ag+ c.
Suppose that the conclusion is true for k =1,2,...,m —1 <n. Let
Gm  Qm_1 G Cp  Cm_1 C

by b1 b dy dp d

where § and 7 are irreducible fractions. Since the length of each line seg-

ment is 1, so
a\? c\2
— -] =1
(b) +(d)

Similar to the case of k =1, we have a # ¢ and d = b = 1. Also, since

Um G Gme1  aby_1 + a1

[ S T
the fraction ¢ is irreducible. Hence, b,, is a factor of bb,,_1, and thus

b, = 1. By the same token, we see that d,,, = 1. Also a,, = ab,,—1+ba;,—1
(similarly ¢, = ¢dp—1 + dcym—1). Hence,

Gm + Cm — Qm—1 — Cm—1
= abmfl + bamfl + Cdmfl + de,1 —Am—-1 — Cm—1

am,l(b — ].) + abm,1 + Cmfl(d — ].) + Cdm,1

a—+c
1.

Therefore,

Am + Cm, i—é Am—1 + Cm—1,

and this is exactly what we have wanted to prove.
As a consequence, when the number n + 1 of the vertices is odd, from
the above proof,

Ap+1 + Cnt1 Z ao + o,

so the broken line cannot be closed. In other words, the closed broken line
desired in the problem does not exist. O
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Example 4. In a coordinates plane, a triangle with its three vertices all
integral points is called an integral point triangle. Find the number of the
integral point right triangles OAB with the point I(2015,7 - 2015) as the
inner center and the coordinates origin O as the right angle vertex.

Solution. See Figure 8.2. Without loss of generality, assume that the point
A is in the first quadrant. Let ZzOL = . Then tana = 7, and the slope
of the straight line OA is

w)_tana—l_?—l_?)

kOA:tan(a—Z -

T 14tana 147 4

Thus, ko = —%.
Since A and B are integral points, we write A(4t1,3t1) and B(—3t2, 4t2),

where t; and ¢ are positive integers. So, |OA| = 5t; and |OB| = 5ts.
The radius of the inscribed circle of AOAB is

V2 V2
- 101 =5

On the other hand, r = w

- 5v2-2015 =5 - 2015.

r =

, namely
|AB| = |OA| + |OB]| — 2r,
and then
|AB|?> = (JOA| + |OB| — 2r)* = |OA|* + |OBJ>.
Hence,

(5t1 + Bty —2-5-2015)% = 25t7 4 25t3.

-
=y

Figure 8.2 Figure for Example 4.
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In other words,
(t1 +to —2-2015)2 = 2 + £2.
Let t1 = x + 2015 and to = y + 2015. Then
(x4 )% = (x + 2015)2 + (y + 2015)2,
that is 2y = 2015z + 2015y + 20152, namely
(x —2015)(y — 2015) = 2-2015% = 2- 5% . 132 . 312

From |OA| > 2r and |OB| > 2r, we see that  — 2015 and y — 2015 are
positive integers. Also there are 2-3-3-3 = 54 positive factors of 2-52-132-312,
therefore there are 54 pairs of (x,y) that satisfy the condition.

Hence, there are 54 triangles that satisfy the given requirement. U

Example 5. Choose three points D, E, and F' on the three sides BC,CA,
and AB of AABC, respectively. Suppose that % = % = %. Prove:
AABC and ADEF have the same center of gravity.

Proof. Set up a rectangular coordinates system as in Figure 8.3. Let the
coordinates of A, B, and C be A(a,b), B(0,0), and C(c,0). Then the for-
mula for the coordinates of the center of gravity implies that the coordinates

of the center of gravity of AABC are G (“+c 9).

3 03
Let % = % = % = A. The formula for the coordinates of a fixed

proportion point gives D (ﬁ—%\,O) ,E (ﬁ—)‘f,li—%), and F(ﬁ,%)
Again from the formula for the coordinates of the center of gravity, we see
that the coordinates of the center of gravity of ADFEF are also G (“+c b).

33
Therefore, AABC and ADEF have the same center of gravity. O
Yy
A
F,
E
B D C X

Figure 8.3 Figure for Example 5.
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Remark. The method that by establishing a coordinates system in the
plane of a plane figure to solve a geometric problem via the knowledge
and methods of analytic geometry is called the analytic method (or the
method of coordinates). Whether the process of the analytic method
is complicated or simple depends on the choice of the coordinates system.
Experiences tell us: According to the feature of the geometric figure, choos-
ing one special point (such as the middle point of a line segment, center
of a circle, etc.) as the origin of a coordinates system, and a special line
(such as the symmetric axis of the figure or one side of a rectangle, etc.)
as a coordinate axis, is a technique that avoids a complicated process of
problem solving.

Example 6. Suppose that two points P and @ are on the side AB of
ANABC and a point R is on the side AC. Assume that P,Q, and R divide
the perimeter of AABC into three equal parts, as Figure 8.4 shows. Prove:

S 2

Sarer 2

Saapc 9

Proof. Set up a rectangular coordinates system with A as the origin and
the straight line AB as the z-axis. Suppose that the sides of AABC oppo-
site to LA, /B, and ZC are a,b, and ¢, respectively, and let the horizontal
coordinates of Q and P be ¢ and p, respectively. Then

1
q—p:§(a+b+c),

|AR| = |PQ| — |AP| = q — 2p.

So
yr _ |AR| _q—2p
ye  |AC] b
y
2 C
o
@ P 0 Bx

Figure 8.4 Figure for Example 6.
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Since 25Apor = yr(q¢ — p) and 25A4aBc = TBYC, We have

Sarer _ yrle—p) _ (¢=p)(a—2p)

SaaBc Yyoxrp be

By noting that

1 1
p=q-gla+tb+ec)<c—latb+o),

we get
2
q—2p> g(a—i—b—i-c)—c

2 1
> g(a+b+c)—§(a+b+c)

1
= 6(a+b+c).
It follows that
S 2 b 2 2 (b 2 2
APQR>_.(G+ +¢) >_.(—i-c) .2 .
SaaBC 9 4bc 9 4bc 9

Remark. The number % in this problem is the optimal value: Choose b = ¢
and @ the same as B. Then p — %q as a — 0, and the ratio of the areas
approaches %.

Example 7. Please design a method to dye all the integral points: Every
integral point has one of the white, red, or black colors, so that

(1) the points of one fixed color appear on infinitely many straight lines
that are parallel to the horizontal axis;

(2) for any point A with the white color, point B with the red color, and
point C' with the black color, a point D with the red color can always
be found such that ABCD is a parallelogram.

Prove: You can design a method satisfying the above requirement.

Analysis. Classify the integral points according to the odd-even number
structure of the coordinates. This will lead to a dying method satisfying
the condition.
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Proof. We divide all the integral points of the plane into three groups:
P ={(z,y) | (x,y) = (0dd, odd)},

Q = {(z,y) | (x,y) = (even, even)},
R ={(z,y) | (x,y) = (odd, even) or (even, odd)}.

Dye all points of P with the white color, all points of Q with the black
color, and all points of R with the red color.

Obviously, this dying method satisfies condition (1), and no three points
with distinct colors are co-linear. Otherwise, suppose that white point
A(x1,y1), red point B(z2,y2), and black point C'(z3, y3) are co-linear. Then

(Y2 —y1)(x3 — 21) = (y3 — y1) (w2 — 21).

Since x3 — 7 and y3 — y; are both odd numbers, yo — y; and xo — x1 are
one odd and one even. Then one side of the above equality is odd and the
other side of the equality is even, which is impossible.

Suppose that the point D of the parallelogram ABCD is (24, y4). Then

Ty =T + T3 — T2,

Y4 = Y1+ Y3 — Y2.
Clearly, x4 and y4 are integers. Since z1 + z3 and y; + y3 are both odd
numbers, while x2 and y2 are one odd and one even, thus x4 and y4 are

one odd and one even, that is D is a red point. Hence, the condition (2) is
also satisfied. O

Remark. There are simpler dying methods for this problem. For exam-
ple, Dye all integral points of the forms (0,n — 1), (0,—n) (n € N4), and
(p,q) (p,q € Z,and p # 0) to the white color, black color, and red color,
respectively.

Example 8. Suppose that integers n and k satisfy n > 2 and k > gn — 1.
Prove: For any chosen k different integral points (x,y) (1 < x,y < n), there
always exists a circle that passes through at least four of such points.

Proof. Assume that there are a; chosen points on the straight line y = 3.
Suppose that a; > 2. Let the horizontal coordinates of the a; points on
the line y = i be x1,9,...,2,, and satisfy z; < 9 < -+ < z,,. From
T+ 2o <21 +a3 < x2+23 < To+xg<x3+Ty <0< g1 < Xg,,
we see that there are at least 2a; — 3 different values among all the sums of

two distinct terms in x1, 22, ...,2,,. This is also true for the case a; < 2.
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Since there are exactly 2n — 3 different values among all the sums of two

distinct terms in 1,2,...,n, and since

> (2a; —3) =2k —3n>5n—2—3n> 2n -3,

=1

by the drawer principle, there exist four different points

(‘Tllvyl)a (‘Tlllayl)v (l'/g,yg), («T/g/,yg)

such that 2} + 2§ = 2}, + 24 and y1 # ya.

Therefore, there exists a circle that passes through these four points. [

3. Exercises

Group A

I. Filling Problems

1. Suppose that D, E, and F are three points on the sides BC,CA, and
AB of NABC, respectively, and ‘Iggi = % = % = % Also, let
line segments BE and CF intersect at L, line segments C'F and AD
intersect at M, and line segments AD and BFE intersect at N. Then
SaLmN 1
Saapc Cduals

2. Assume that the coordinates of the three vertices A, B, and C' of AABC
are (—1,5),(—2,—1), and (5, 2), respectively. Choose three points P, @,
and R in the plane, so that the middle points of the line segments
PQ,QR, and RP are C, A, and B, respectively. Then the coordinates
of P are

3. There are given three parallel lines [, 2, and 3 with [, between [; and

l3. Let the distance between [; and Iy be a, and the distance between [y
and [3 be b. If the three vertices of an equilateral triangle ABC' are on
l1, 12, and I3 respectively, then the side length of the equilateral triangle
is

II. Calculation Problems

4.

For any natural number n, connect the origin O and the point A,,(n,n+
3). Let f(n) represent the number of integral points on the line segment
OA,, except for the end points. Find the value of f(1) + f(2) +--- +
£(1990).
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5. Extend the sides AB and AC of AABC to D and E so that |[BD| =
|CE|. Let the middle points of BC and DE be M and N, respectively,
and let AT be the interior angular bisector of ZA. Prove: MN || AT.

6. Make eight marks on a chessboard such that each row and each column
have just one mark. Prove: The number of marks in a black check is an
even number.

7. There are two triangles ABC and A’B’C’ in the same plane. Sup-
pose that the straight lines AA’, BB’, and CC’ are mutually parallel. If
ANABC' also represents its signed area with appropriate + or — signs,
and so do all other involved triangles, prove:

3(AABC + AA'B'CY)
= AAB'C' + ABC'A' + ACA'B' + AA'BC + AB'CA + AC'AB.

8. Let @ be the inner center of AABC, |BC| = a,|CA| = b, and |AB| = c.
Prove: For any point P, it is always true that

a|PA]? + b|PB|* + ¢|PC)?
= a|QA]* +b|QB|* + ¢|QC* + (a + b+ ¢)|QP|>.

Group B

9. Asin Figure 8.5, there are two fixed points P and @ on the same side of
a fixed straight line I. Find the third point R such that |PR|+ |RQ|+
|RS| achieves the minimum value. where RS L [ with S the foot of the

perpendicular.
p% |
Q
P
R
0 S k3

Figure 8.5 Figure for Exercise 9.
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11.
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Prove: In a rectangular coordinates system, there is a set of n points,
in which there are no three points that are co-linear, and the center of
gravity of any subset of this set is an integral point.

In a coordinates plane, move points according to the following rule:
A known point P(z,y) can be moved to any one of the four points
Py (z,y+2x), Pp(x,y—2x), Pr(x—2y,y), and Pr(z+2y,y), but if we
move P to @, we cannot return to P from ). Prove: If starting from
the point (1,1/2), then we are never able to come back to the original
starting point.

Given a 100-side polygon P in a plane rectangular coordinates system
that satisfies:

(1) The coordinates of the vertices of P are all integers.
(2) All sides of P are parallel to the coordinates axes.
(3) All side lengths of P are odd numbers.

Prove: The area of P is an odd number.



Chapter 9

Straight Lines

1. Key Points of Knowledge and Basic Methods
A. Several forms of straight line equations

1
2

(1)
(2)
(3)
(4)
()

Point-slope form: y — yo = k(x — x0).
Slope-intercept form: y = kx + b.
Tw
In

wo-point form: Z=%L = Y-UL
m2_$1 Y2—Y1

ntercepts form: £ + ¥ = 1.
General form: Az + By + C =0 (A and B are not both zero).

4
)

B. Normal equation of a straight line

Suppose that the distance of the origin O and a straight line [ is p, the ray
OD is perpendicular to [, and the angle of the rotation from the positive half
z-axis to OD is « in the direction of counter clockwise. Then the equation
of the straight line [ is

rcosa+ysina—p=0.

We call the above equation the normal equation of the straight line [.
If the equation of [ is given by the general form

ax +by+c=0(c<0),

then its normal equation is
ar +by+c

89
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C. Position relation of two straight lines

(1) Suppose that the slopes of two straight lines both exist. Let the equa-
tions of the two straight lines be I1 : y = kyx + by and s : y = kox + bo,
respectively. Then:

If and only if k1 = ko and by # bo, the two lines I3 and [y are parallel;

if and only if k; = ko and b; = bs, the two lines [; and [ coincide;

if and only if ky # ko, the two lines [; and [y intersect, and in particular
if and only if k1 ko = —1, the two lines [; and l5 are perpendicular.

When two lines intersect, by solving the system of their equations, we
can find the intersection point.

(2) If the slopes of two intersecting straight lines I; and Iy both exist, the
angle of the rotation from the straight line /; to the straight line [ is « in
the direction of counter clockwise, and k1ko # —1, then

Let the angle between the two straight lines be §. Then

ko — k1
1+ k1ko

tanf = |tana| = ’

If at least one slope of the two straight lines does not exist, then their
position relation and their angle can be written out directly from the spe-
cialty of their graphs.

When two straight lines are parallel or coincident, their angle is 0°. The
range of the angles of two straight lines is [0, 90°].

(3) Suppose that the general equations of the two straight lines are
ly: Ayx+ Biy+Cy =0and ls : Asx + Boy + Co = 0. Then their position
relation can be reduced to the above cases for discussion, but it can also
be determined directly via the ratios of their coefficients. If Ay, By, Co # 0,
then

if and only if ’2—; = g—; g—;, the two lines [; and [y are parallel;
if and only if f‘—; = g—; = %, the two lines Iy and ls coincide;

if and only if ’2—; #+ g—;, the two lines [; and [5 intersect, and in particular
if and only if A1 Ay + B1Bs = 0, the two lines /3 and [y are perpendicular.

If one of Ay, By, and Cy equals 0, then we can discuss it as a special
case.
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D. Distance of a point to a straight line
Suppose that the distance of a point P(x1,y1) to a straight line [ : ax +
by +c=01is d. Then
axy + by +c
Va2 +u2 |
If straight lines [; and [o are parallel, then their equations can be
expressed as

d =

li:iar+by+c1 =0, ly:ax+by+co=0,
and their distance equals

_ e~

E. Basic methods

Equations of straight lines have various forms. When solving problems,
we should consider the selection of the equation with an eye to the whole
situation. For the equation of a straight line, it is important to master the
meaning of the slope and intercepts, and to use them to determine the
equation of the straight line and judge the position relation.

2. Illustrative Examples

Example 1. Suppose that the equation of a straight line m is y = kz + 1.
Let A and B be two points on the straight line m, whose horizontal coordi-
nates are just the two distinct negative real roots of the quadratic equation
(1—k?)2? — 2kx — 2 = 0 of one variable , let a straight line [ pass through
the point P(—2,0) and the middle point of the line segment AB, and let
CD be a line segment on the y-axis. Consider all possible straight lines
l that have no common point with C'D. Does the maximum value of the
length of C'D exist? If it does exist, find the maximum value; if it does not
exist, express your reason for the answer.

Analysis. This problem is actually to find the range of the intercept of
the straight line [ on the y-axis.

Solution. Write A(x1,y1) and B(z2,y2). Then

2k

I’l‘i’IQZW.



92 Problems and Solutions in Mathematical Olympiad: High School 2

Denote the middle point of the line segment AB by M. Then

xr1 + T2 k
rM 5 12 UM Ty + 152
Let the straight line [ intersect the y-axis at Q(0,b). From the fact that

P(-2,0),Q(0,b), and M = ( k ﬁ) are co-linear, we have

=
b—0 0
0-(-2) Az —(-2)
thus
1
RN

On the other hand, since z; and x5 are the two distinct negative real
roots of the quadratic equation (1 — k?)z? — 2kx — 2 = 0 of x, the following
is satisfied:

2k

T <Y

X1 + Xro =
M =T

A =4k +8(1 — k?) > 0.
The solution of the above system is

1<k<V2

Therefore,

1

= m € (00, —(2+ v2)) U (2, +00).

Hence, the maximum value of the length of CD exists, and |C'D|nax =
4+/2. O

Example 2. In a right AABC, the altitude of the hypotenuse is AD, and
the inner centers of AABD and AACD are M and N, respectively. Extend
the line segment M N to intersect AB and AC at K and L, respectively.
Prove: Saapc > 25A4K1L-

Analysis. Set up a rectangular coordinates system with the straight line
containing AC' as the z-axis and the straight line containing AB as the
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Figure 9.1 Figure for Example 2.

y-axis, and assume that |[AC| = a and |AB| = b. Then the key step of solv-
ing the problem is calculating |AK| and |AL|, which are just the vertical
and horizontal intercepts of the straight line M N. Computing the coordi-
nates of M and N, we can find the equation of the straight line M N, thus
proving the proposition.

Proof. Establish a rectangular coordinates system with the straight line
containing AC' as the z-axis and the straight line containing AB as the
y-axis, and assume that |AC| = a,|AB| = b, and |AD| = c¢. Then

ab
= Var i
Let the radii of the inscribed circles of AACD and AABD be r; and
r9, respectively. Then the coordinates of N and M are N(c¢ — r1,7r1) and

M (re,c — rq). Thus, the slope of the straight line M N is

This indicates that AAKL is an isosceles right triangle (see Figure 9.1),
the equation of the straight line MN is y —r = —(z — ¢+ r1), and the
vertical and horizontal intercepts of M N are both ¢. Consequently,

2b2 2b2

a a
= —ab= SaaBc. 0

95 paxs = F = <O
AAKL =€ a?4+b2 ~ 2ab 2

Example 3. Given two points A(1,0) and B(3,0). Find a point P(z,y)
on the straight line [ : z +y — 5 = 0, so that the angle ZAPB between the
line segments PA and PB becomes maximal.

Solution. As Figure 9.2 shows, |AB| = 2 and P is a point on the line
l. Draw AE and BF to be perpendicular to AB, which intersect [ at F
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0| 4(1.0) B@3.0) x

Figure 9.2 Figure for Example 3.

and F, respectively. It is obvious to see that
/AEB < LAFB
and
T
JAFB = —.
4

When the point P does not coincide with E or F', the slopes of the
straight lines PA and PB are

Y Y
kpa = ——, kpp=——.
PA= s FPBT g

Let ZAPB = «, and denote tana = R.

(1) When P is located in the upper half plane,

Yy Yy

kpp —kpa 3 -1

R= — ==
1+kppkpa 1+ 252

)

[

after a simplification of which we have

R(z® — 4z + 3+ y?) = 2y. (9.1)
Substituting = 5 — y into (9.1) gives

Ry*> — (3R+ 1)y +4R =0.
At this time, the discriminant of the above quadratic equation

A= (3R+1)> - 16R* >0,

and its solution is f% <R<I.
Clearly, R > 0, so Rpax = 1 and then apax = 5.
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(2) When P is located in the lower half plane,

n_ kpa —kpp _ s i
1+ kpakpp 14557

x—1 xz—

a manipulation of which and a substitution of x =5 — y give
Ry? -~ (BR— 1)y +4R = 0.

Now,
A= (3R—1)>-16R*>0,

and its solution is —1 < R < %

By the same reason, R > 0, so Ryax = % with amax = arctan %

In summary, the maximum value of ZAPB is 7, and the coordinates of
the point P are (3,2). O

Remark. In fact, the solution of this problem is based on such a geometric
fact: If the angle ZAPB formed by a point P on a straight line [ and two
points A and B not on the straight line [ is the maximum, then the circle
ABP and the straight line [ are tangent. Otherwise, the straight line [ and
the circle ABP have another common point, denoted as ). Then any point
M that is located in the line segment PQ must satisfy ZAMB > ZAPB,
leading to a contradiction.

For the present example, it is easy to see that [ intersects the straight
line AB at the point C'(5,0) and intersects the y-axis at the point D(0,5).
By the circular power theorem, we know that

|CP|? = |AC||BC| =4-2 =8,

hence |CP| = 2V/2.
It follows that |CP| : |[PD| = 2. From the coordinates formula of a fixed
proportion point, it is easy to obtain the coordinates (3,2) of the point P.

Example 4. If acosf +bsinf = c and a cos ¢+ bsin ¢ = c(# = km with
ke Z), prove:

a b c
0+¢ 0+¢ 0—¢ "
= = Cos —

Ccos sin

Proof. When a = b = 0, it is obviously true. For a and b not equal to 0 at
the same time, the given conditions indicate that the two different points
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A(cosf,sin ) and B(cos ¢, sin ¢) are on the straight line
ax + by = c. (9.2)
Also the equation of the straight line determined by A and B is
(sinf — sin ¢)(z — cos ¢) — (cosf — cos ¢)(y —sin¢p) = 0,

in other words,

T COS

+ ysin 5 = COs———. (9.3)

Since two distinct points determine a straight line uniquely, the equa-

0+ ¢ .0+ 9 0—¢
2

tions (9.2) and (9.3) are the same, and consequently

a b c

0o o 0t 0—¢°
5 sin = COS ~—5+ O

CcOs

Remark. Associating the given equations to the equation of a straight
line, and then using the property of the coincidence relation for the straight
line to solve the problem, we have transformed an algebraic problem to a
problem of analytic geometry. We should grasp the essence of the problem
as a whole, and figure out a solution method creatively. This is a necessary
quality for the students to take part in the mathematics competition.

Example 5. Suppose that we are given a fixed point O and two fixed
straight lines [; and [lo that are mutually perpendicular. Make two mov-
ing straight lines passing through O and forming the right angle. One of
them intersects l5 at P and the other intersects [; at Q). Assume that the
orthogonal projection of O onto PQ is R. Find the trajectory of R (see
Figure 9.3).

Analysis. Since OR L P(@Q, we can write down the coordinates of R via
the normal equation of the straight line PQ. And then by using OP 1 OQ,
we are able to find the trajectory of R that satisfies the given condition.

Solution. Choosing O as the origin and the straight line passing through
O and parallel to [; as the z-axis, we establish a rectangular coordinates
system. Let the equations of [; and Il be

y =k, (9.4)
x=h, (9.5)
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y
Qo I
R, H
R 12
R,
O X
P

Figure 9.3 Figure for Example 5.

respectively, where k& and h are known numbers. Let the normal equation
of PQ be

xcosa+ysina—p=0. (9.6)
Then the coordinates of R are

T =pcosa, y = psina. (9.7)
From (9.4) and (9.6), the coordinates of @) are

_ ksi
(pismo‘, k:) : (9.8)
cosa
from (9.5) and (9.6), the coordinates of P are
(h, P—hﬂ) . 9.9)
sin o
By OP 1 0Q, (9.8), and (9.9), we obtain
h(p — ksin«) N k(p — hcos )
cos o sin o

)

that is,
kpcosa + hpsina = kh. (9.10)

Substituting (9.7) into (9.10), we find that the equation of the trajectory
of the point R is kx + hy = kh.

This is a straight line, whose intercepts on the z-axis and the y-axis are
h and k, respectively. In other words, if we let Ry be the intersection point
of Iy with the z-axis and Rs be the intersection point of [; with the y-axis,
then the straight line R; Ry is the required trajectory. O
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Remark. By choosing an appropriate coordinates system and selecting the
normal equation for the straight line in a flexible way, we can reduce com-
plicated computations. In addition, for problems concerning trajectories,
we should not only point out the concrete figure of the trajectory, but also
pay attention to the completeness and purity of the trajectory.

Example 6. Consider the point net consisting of all integral points of a
rectangular coordinates plane. Try to prove the following conclusions for
the straight lines of rational slopes:

(1) Such straight lines either do not pass through the lattice points of the
net or pass through infinitely many lattice points of the net;

(2) for each of such straight lines, there exists a positive number d such
that, except for possible lattice points on the straight line, there does
not exist any lattice point of the net whose distance to the straight line
is less than d.

Proof. (1) If [ is a straight line with a rational slope, then its equation
can be written as ax 4+ by + ¢ = 0, where a and b are integers that are not
both 0. Let (21,y1) be a point of the straight line, and let 21 and y; be
both integers. Since

a(xy + kb) +b(y1 — ka) + ¢ =axy + by + ¢ =0,

we know that all points of the form (z1 + kb,y1 — ka) (k = 0,+1,+2,...)
are on the same straight line. As a consequence, if a straight line with a
rational slope contains integral points, it must have infinitely many integral
points. Therefore, it is impossible for the line to contain only finitely many
integral points.

(2) The distance from a point (p, q) to the straight line [ is
de lap + bg + ¢
va? + b2
Since [ has a rational slope, a and b can both be chosen to be integers. So,
ap + bq can only take integral values. Thus, if ¢ is also an integer, then d is
either equal to 0 or at least equal to ﬁ. If ¢ is not an integer, then d is

at least equal to ﬁ, where € is the distance of ¢ to the nearest integer.
O

Example 7. Prove: If Py (z1,y1) and Pa(x2,y2) are two points that are on
the different sides of a straight line Az + By + C = 0, then Az, + By, +C
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and Axzs + Bys + C have different signs; if Py(x1,y1) and Py(x2,y2) are on
the same side of the straight line Az + By + C = 0, then Az + By, +C
and Axs + Bys + C have the same sign.

Proof. Suppose that the straight line connecting P; and Ps intersects the
straight line Az + By + C = 0 at a point P(x,y). Let |PiP|: |PPy| = A.

. . . R TEDY
Then, by the coordinates formula for a fixed proportion point, z = O“H—/\“
and y = y1+/\y2 . Thus,

1 + Az + Ay2

W
A + B C=0
L+ A F ’
the solution of which is A = 7%.

If P, and P, are on the different sides of the straight line, then P is
an interior division point of P; Py, namely A > 0. So Ax; + By; + C and
Azxo + Bys + C have different signs.

Suppose that P; and P, are on the same side of the straight line. When
P, P, intersects the straight line, P is an exterior division point of P P,
namely A < 0. Then Azq + By + C' and Az + Bys + C have the same
sign. When P; P, is parallel to the straight line, we have

A(zy —x1) + B(y2 —y1) =0,

and consequently Axy + By; = Axo 4+ Bys, so Axy + By + C = Axs +
Bys + C| still the same sign for the both sides. O

Example 8. In a coordinates plane, we ask whether there exists a family
of infinitely many straight lines l1,lo,...,1,, ... that satisfy the conditions:

(1) The point (1,1) € {,, forn=1,2,3,....

(2) knt1 = an — by, where ky, 41 is the slope of [,,41, and a,, and b,, are the
intercepts of [,, on the x-axis and the y-axis, respectively, n = 1,2,3,....

(3) kpkpy1 >0 withn=1,2,3,....

Solution. No such a family of straight lines exists to satisfy (1), (2), and
(3). Otherwise, let the equation of I,, be

y—1=k,(z—1).

Then the horizontal and vertical intercepts of [,, are

1
n:]-i_v bn:]-*knv
¢ k

n
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SO
1
n—bp=k,—-—=%k,
a kn +1
are all well defined for n =1,2,3,.... Consequently,

kn #£0, n=1,2,3,....

For n > 1, we have

1
kn+1_kn = _k_a
1
kn_kn—l = _k y
n—1
1
by —ky = -

Adding all the above equalities, we get

11 1
kn+1k1<k—l+k—2+~-~+k—).

From k,, # 0 and condition (3), k,kn4+1 > 0, so all k,, have the same sign.
If k, >0 forn=1,2,3,..., then from k,41 = k,, — k% < ky, we see
that ﬁ“ > k%, hence

1 1 1 n
kni1=ki1—|—+—4+-+— | <k ——.
= (k1+k2+ +kn) Tk
It follows that k,4+1 < 0 when n > k%, a contradiction to k,+1 > 0.
If £, <0 forn=1,23,..., then the same contradiction will come by
the same reason.

Therefore, there does not exist an infinite family of straight lines satis-
fying (1), (2), and (3). O

Remark. In this problem, we transformed the research question whether a
family of straight lines exists or not to an algebraic problem that was then
investigated by using the related knowledge of sequences and their limits.
This method is widely used in analytic geometry.
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3. Exercises

Group A

I.
1.

Filling Problems

If point M (a, %) and point NV (b, %) are both on the straight line I :
x +y = 1, then the points among P (l, b) and @ (l, c) that also lie on
l are
. Among all straight hnes passing through the point (1/2,0), the number of
those that pass through two different rational points is
. Suppose that nonnegative real numbers x and y satisfy 3z+y = 1. Then
the minimum value of = + /x2 + 32 is .
. A light ray that goes along the direction of the straight line z—y+3 =10
is reflected by the straight line 2z —y 4+ 2 = 0 when the ray hits it. Then
the equation of the straight line that contains the reflected light ray is

. Given the point A(3,5) and the straight line [ : @ — 2y +2 = 0. Let B
be a moving point on the y-axis and C' a moving point on [. Then the
minimum value of the perimeter of AABC' is

.LetEf{(xy)|0<x<20<y<2}ande{(:17y)|:17<102<
y < x—4} be two point sets in a plane of rectangular coordinates. Then

the area of the point set

xr1 +x =+
G—{( 12 2,1/127y2> ‘($17y1)6E7($27y2)€F}

is

. Suppose that real numberb z and y bamsfy :17 <y,y <6—2z,and z > 1.
Let @ = (22 —y,m) and b = (—=1,1). If @ || b, then the minimum
value of the real number m is

|5

II. Calculation Problems

8. Given the straight line [ : y = 42 and the point R(6,4), find a point
@ on [ such that the triangle bounded by the straight lines RQ, !, and
the z-axis in the first quadrant has the minimal area.

9. In a plane rectangular coordinates system zOy, let a point set be given
as

K =A{(z,9) | (|z| + [3y| = 6)(|3z[ + [y| — 6) < 0}

Find the area of the plane region corresponding to the point set K.
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10. If (z,y) is a moving point in the region given by |z| + |y| < 1. Find the
maximum value of the function

flz,y) =ax+y (a>0).

Group B

11. In AABC, the length of the altitude AD over the side BC'is |AD| = 12,
and the length of the bisector AE of ZA is |AE| = 13. Let the length of
the median line AF of the side BC be |AF| = m. What are the value
ranges of m so that ZA is an acute angle, right angle, or an obtuse
angle, respectively?

12. Given a circle O of radius R in a plane and a straight line a outside
the circle. Pick two points M and N on a such that the circle O" with
diameter M N is tangent to circle O from outside. Prove: There exists
a point A in the plane such that all the angles ZM AN are the same.



Chapter 10

Circles

1. Key Points of Knowledge and Basic Methods
A. Egquation of a circle

Standard equation: (z —a)?+ (y—b)? = r?, where (a, b) is the center of the
circle and 7 (r > 0) is the radius. The general equation: z? + y? + Dz +
Ey+F =0 (D?+ E?—4F > 0). The center of the circle is (—%, —%) and
the radius is £v/D? + E? — 4F.

B. Tangent lines of circles

The equation of a tangent line to a circle 22 + y? = r? at a point P(zq, o)
of the circle is oz + yoy = 2.

The equation of a tangent line to a circle (x — a)? + (y — b)? = r? at a
point P(xq,yo) of the circle is (x¢g — a)(x — a) + (yo — b)(y — b) = r2.

The equation of a tangent line to a circle 22 + 4>+ Dz + Ey + F =0
at a point P(xg,yo) of the circle is xoz + yoy + D“;ﬂ + Ey"’% + F=0.

If we draw a tangent line to a circle that passes through a point P(xq, yo)
outside the circle, then:

When the equation of the circle is the standard one, the length of the

tangent line segment between P(zg, o) and the tangent point is
Vo~ + (g0~ D2~ 72,

when the equation of the circle is the general one, the length of the tangent
line segment between P(z,yo) and the tangent point is

\/x3+y§+Dx0+Eyo+F.

103
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C. Position relations of straight lines and circles

(1) Suppose that the distance of the center of a circle C' and a straight
line [ is d and the radius of the circle is ». When d > r, the circle C
and the straight line [ are disjoint; when d = r, the circle C' and the
straight line [ are tangent; when d < r, the circle C' and the straight
line [ intersect at two points.

(2) Put together the equations of a straight line and a circle, and elimi-
nate one variable. Then, we obtain a quadratic equation of the other
variable. If its discriminant A > 0, then the circle and the straight line
intersect at two points; if A = 0, then the circle and the straight line
are tangent; if A < 0, then the circle and the straight line are disjoint.

D. Position relations of two circles

Suppose that the radii of two circles are r1 and ro, respectively and the
distance of the centers of the two circles is d.

When d > r; + ry, the two circles are exterior to each other; when
d =11 + ro, the two circles are tangent from outside; when |r — ro| < d <
r1 + ra, the two circles intersect at two points; when d = |r; — r2|, the two
circles are tangent from inside; when d < |r; — 73], one circle is inside the
other.

E. Basic methods

(1) The standard equation and the general equation of a circle can be
transformed to each other, and we may choose one of them according
to the actual situation, when solving problems.

(2) We should be good at transforming the problem on the position relation
of a circle and a straight line or another circle to an algebraic relation,
when solving a problem.

(3) Circles have symmetry. One can use the position relation of a chord and
the center of a circle to establish an appropriate coordinates system for
the convenience of solving problems.

2. Illustrative Examples

Example 1. Suppose that the following are given: The straight line [ :
y = 3z + 4, a moving circle O : 22 + ¢y = r? (1 < r < 2), a rhombus
ABCD with the inner angle 60°, the vertices A and B on the straight line
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Figure 10.1 Figure for Example 1.

[, and the vertices C' and D on the circle O. When r varies, find the range
of the values for the area S of the rhombus ABCD.

Analysis. A geometric problem is always related to a figure. Draw
Figure 10.1. Assume that the distance of the opposite sides of the rhombus
is d. From the conditions and properties of a rhombus, d = \/7§|CD|. Thus,
the following solution process looks natural.

Solution. Since one inner angle of the rhombus ABCD is 60°, so ANACD
or ABCD is an equilateral triangle. Without loss of generality, assume
that AACD is an equilateral triangle, as Figure 10.1 shows.

Since the distance of the center of the circle O to the straight line [ is
2 > r, the straight line [ and the circle O are disjoint.

Let the equation of the straight line CD be y = v/3z 4+ b. Then the
distance between the straight lines [ and CD is d = “75—4‘.

|I‘Xlso the distance from the center of the circle O to the straight line C'D

b

is 45, hence

b1 2
|CD| = 24/r2 — <—|2|> = /42 — b2,
Since d = §|CD|, we have

=4 = ?\/47"2 — b2

2
After a simplification we get b? — 2b + 4 = 3r2.
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The assumption that 1 < » < 2 implies that 3 < b% — 2b+ 4 < 12.
The solutions are —2 < b<lor 1l <b<4.
On the other hand,

V3
4

V3 [ 2 V3

2
S =2Sracp=2" |CD|2=2-—(—) d?> = == (b—4)2

1 \/3 6

Since the function S = %(bfél)2 is monotonically increasing on (—2, 1)
and (1,4), respectively, it follows that the range of the values for the area
S of the thombus ABCD is (0,2v/3) U (3v/3,6V3). O
Example 2. As Figure 10.2 shows, in a rectangular coordinates system
Oy of a plane, two circles O; and O3 are both tangent to a straight line
l : y = kx and the positive half z-axis. Suppose that the product of the
radii of the two circles is 2 and an intersection point of the two circles is
P(2,2). Find the equation of the straight line .

Solution. By the given conditions of the problem, the centers O; and Oz
of the circles are both on the angular bisector of the xz-axis and the straight
line /.

Suppose that the inclination angle of the straight line [ is . Then k =

2t
T—¢2°
Since the centers O; and Os of the circles are on the straight line y = tx,

we may write them as O1(m,mt) and Oz(n, nt).
Since the intersection point P(2,2) is in the first quadrant, there must
be that m > 0,n > 0, and ¢ > 0.

tan . Denote t = tan % Then k =

:y

Figure 10.2 Figure for Example 2.
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Thus,
the equation of the circle Oy : (x —m)? + (y — mt)? = (mt)?,
the equation of the circle Oy : (z —n)? + (y — nt)? = (nt)?.
Consequently,

(2—m)?+ (2 —mt)? = (mt)?,
(2-n)?+ (2 —nt)? = (nt)2

In other words,

m? — (44 4t)m +8 = 0,
n?—(4+4t)n+8=0.

Hence, m and n are the two solutions of the equation 22 — (4 +4t)x+8 = 0,
and so mn = 8.
Since the product of the radii of the circles is mt - nt = 2, we find that
1
t? =1, thus t = 1.
2t 1

Hence, k = = = T = %. As a result, the equation of the straight

line [ is y = %x. O

Example 3. As Figure 10.3 shows, in a rectangular coordinates system
2Oy of a plane, the diagonals AC' and BD of the inscribed quadrilateral
ABCD to a circle M with an equation 2% + 4> + Kz + Ey + F = 0 are
perpendicular to each other, and AC' and BD are located in the z-axis and
y-axis, respectively.

(1) Prove: F < 0.
(2) If the area of the quadrilateral ABCD is 8, the length of the diagonal
AC'is 2, and E . E =0, find the value of K% + E? — 4F.

Solution. (1) Method 1: From the given conditions of the problem, the
origin O(0,0) is the intersection point of the chords AC and BD, so they
must be inside the circle M. Consequently,

0’+0°+K-0+E-0+F<0,

that is, F' < 0.

Method 2: By the given conditions, it is not difficult to find that the two
points A and C are on the negative half axis and the positive half axis of
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Figure 10.3 Figure for Example 3.

the z-axis, respectively. Suppose that the two points are written as A(a,0)
and C(c,0). Then ac < 0.

For the equation 2% + y? + Kz + Ey + F = 0 of the circle, when y = 0,
we have 22 + Kz + F = 0, the solutions z4 and x¢ of which are just the
horizontal coordinates of the points A and C, respectively. It follows that
raxc = ac = F. Since ac < 0, it is true that F' < 0.

(2) The area of a quadrilateral ABC'D whose diagonals are perpendicular
is S = w. Since S = 8 and |AC| = 2, we see that |BD| = 8.

Also, since AB-AD = 0, so ZA is a right angle. It follows from |BD| =
2r = 8 that » = 4. For any circle given by the equation x? + v + Kz +
Ey+ F =0, the radius r of the circle satisfies KTz + ETz — F =72, Hence,

K? 4+ E? — AF = 49® = 64. O

Example 4. As Figure 10.4 indicates, in a rectangular coordinates system
2Oy of a plane, there are given two circles C; : (z +3)%2 + (y —1)? = 4 and
Co:(x—4)2+(y—5)2=4

(1) If a straight line [ passes through the point P(4,0) and the length of
the chord formed by the intersection of the line and the circle C is
21/3. Find the equation of the line.

(2) Suppose that P is a point in the plane satisfying: There exist infinitely
many pairs of mutually perpendicular straight lines /; and [ passing
through P such that they intersect the circle C7 and the circle Cs
respectively, and the length of the chord, which is formed from the
intersection of the straight line /; and the circle C'1, and the length of
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Figure 10.4 Figure for Example 4.

the chord, which is formed from the intersection of the straight line o
and the circle C5, are equal. Find the coordinates of all points P that
satisfy the condition.

Analysis. If the radius of a circle is known, then the length of a chord can
be expressed in terms of the distance from the center of the circle to the
chord.

Solution. (1) Let the equation of the straight line [ be y = k(x — 4),
namely kx —y — 4k = 0. From the center-chord distance theorem, we see
that the distance of the center of the circle C to the straight line [ is

d=4/22— (%)2 = 1. Combined with the point-line distance formula,
we get the equation % = 1, which can be simplified to

24k + Tk = 0,
whose solutions are k =0 or k = —214.

Hence, the desired equations of the straight lines [ are y = 0 or y =
—2l4(:v —4), that is, y = 0 or Tx + 24y — 28 = 0.
(2) Let the coordinates of the point P be (m,n), and let the equations of
the straight lines [; and l5 be
1
y—n==klx—m), y—n= —E(:C—m),
respectively. In other words, kx — y +n — km = 0 and f%:r —y+n+

1 —
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Since the length of the chord formed by the intersection of the straight
line [; and the circle C; and the length of the chord formed by the
intersection of the straight line Iy and the circle Cy are equal, and since
the two circles have the same radii, from the center-chord distance theo-
rem, the distance of the center of the circle C; to the straight line [; equals
the distance of the center of the circle Cs to the straight line ls. Hence,

| =3k —1+n—km| _ |—2=5+n+tm|

VE24+1 /k%Jrl

a simplification of which gives (2—m —n)k =m —n—3 or (m—n+8)k =
m—+n— 5.

There are infinitely many solutions for the variable k to the above linear
equations when the coefficients and the right hand sides of the two linear
equations are both zero. This observation implies that

2—-m—n=0, m—-—n+8=0,
or
m—-—n—3=0, m+n—5=0.

Solving the above systems of equations gives that the coordinates of the
3 13

point P are (75,7) or (%,f%) O
Example 5. Suppose that the equation of a circle O is 2 4+ 4? = 1 and P
is a moving point outside the circle O. Draw two tangent lines to the circle
O that pass through P with tangent points A and B. Connect A and B,
and the straight line AB intersects the straight lines y = x and y = —x at

points M and N, respectively. If

) 4

2 4 =10
oM FjoNE ~

find the equation of the trajectory of the point P.

Solution. At the point P, draw a perpendicular line PC to the straight
line y = x with the intersection point C' and a perpendicular line PD to
the straight line y = —x with the intersection point D.

It is easy to deduce that the six points P,O, A, B, C, and D lie on the
same circle.

Also, since |PA| = |PB|, so
LACO = LOAM.

Thus, AOAM ~ AOCA and [OM| = 1241 = L
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Similarly, |ON| = ﬁ. Also, since the quadrilateral PCOD is a rect-
angle, we have

5 4

= 2 4 4|OD)?
|OM|2+|ON|2 5|0C|* + 4|0D|

= 5|PD|* +4|PC?

5<w;;02+4<u%;0210

Simplifying the above gives

9 9
5:102 + §y2 + zy = 10. (10.1)

Since AB intersects both straight lines y = x and y = —1,

(w,y) 7é (1’1)7 (_1’_1)’ (ﬁ _@>7 <_ﬁ £> .

27 2 272

To summarize, the demanded trajectory equation is (10.1) with the
above four points excluded. O

Example 6. We are given a circle O : 2% +y? = 2 (O is the origin) and a
moving straight line [ that passes through a fixed point (m,0) (m > r > 0),
which does not coincide with the z-axis and intersects the circle [ at two
points P and @ (P and @ are allowed to coincide). Suppose that S is the
symmetric point of P with respect to the z-axis.

(1) Prove: The straight line S@Q passes through a fixed point; and find the
coordinates of the fixed point.
(2) Find the maximum value of the area of AOSQ.

Solution. (1) By symmetry we know that if the straight line [ passes
through a fixed point, then this fixed point must be on the xz-axis. Suppose
that [ : y = kx 4+ m. Substituting 2> + y2 = 2 into the above equation
gives

(1 + E*)y? + 2kmy +m? —r* = 0. (10.2)
Write P = P(21,y1) and Q = Q(z2,y2). Then the coordinates of S are
(1, —y1) and the equation of the straight line SQ is y+y; = 254 (g —1).

T2—T1
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So by letting y = 0, we obtain that

_ yilwe — 1) oo = T1Y2+ Tapn

Y1+ Y2 b Y1+ Y2
_ (kyr + m)ya + (ky2 + m)y
Y1+ Y2
2k
_ Y1Y2 m
Y1+ Y2

T

By applying Vieta’s theorem to (10.2), we get x = %, in other words,
SQ passes through the fixed point B = (%, 0).

(2) From (1) we know that

1 1
Sprosq = §|OB|(|y1| + [y2|) = §|OB||y1 + ya|

r2

— .
|kl + 17

172
2m

2km
1+ k2

Also the straight line [ intersects the circle O at two points, so the dis-
criminant A = 4k?m? — 4(1 + k%)(m? — r?) > 0 for the equation (10.2).
Thus, |kl > 7mefﬂ, and consequently when 7mef’”2 > 1, namely

m > \/2r,

g < r? B r3vm?2 — 2
£05Q N - m2 ’
Vm2—r2
when Y2=r® < 1, namely r < m < v/2r, we have Srosq < &5 O

Example 7. In a coordinates plane, a circle that passes through the origin
with r the radius is completely in the region y > z*. Find the maximum
value of r.

Analysis. See Figure 10.5. From the graph of the function y = x*, we see
that the region y > z* is the shaded part of the figure.

Solution. By symmetry, to find the maximum value of r, we may assume
that the equation of the circle is
22+ (y—r)? =1
By the given condition, for any x € [—r,r|, there always holds that

—Vr2 — a2 >t
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Figure 10.5 Figure for Example 7.

Let © = rcosf. We only need to make the discussion for 0 < 6 < Z.

2
So, 1 — V12 —r2cos?0 > rtcos 0 is always satisfied for any 6 € [0, %).
Thus, r — rsin@ > r* cos* #. Consequently,
3 < 1—sinf 1

cos* 0 (1 —sin®)(1 +sinfh)2’

Note that

1 1/4\°
(1 —sin®)(1 +sinh)? = 5(2 —2sin6)(1 +sinf)(1 +sin ) < 3 <§) ,

and the equality is achieved when sin 6 = % Since 73 < m is

satisfied for any 0 € [O, g], it follows that 3 < ﬁ, and so r < %\3/5
2(3
Conversely, when r = 33/2, it is always true that r — /1% — 22 > 24
for any x € [—r,7]. Thus, the circle 22 + (y — r)? = r? is completely in the
region defined by the inequality y > z*.
In summary, the maximum value of r is %\3/5 O

Example 8. In a rectangular coordinates plane, find the number of the
integral points on the circle centered as (199,0) with 199 as its radius.

Solution. Let A(z,y) be an integral point on the circle O. The equation
of the circle O is
y? + (z — 199)% = 1992,

Obviously, z = 0,y = 0;x = 199,y = 199;2z = 199,y = —199; and
xz = 398,y = 0 are 4 groups of solutions of the equation. But y and 199
are relatively prime when y # 0 and y # £199, so at this time 199, y, and
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|199 — x| are an array of Pythagorean numbers. Thus, 199 can be expressed
as the square sum of two positive integers, namely 199 = m? +n2. On the
other hand, 199 = 4 - 49 + 3, and by assuming m = 2k and n = 2l + 1, we
have

199 +4k* + 42 + A+ 1=4(K* + > +1) + 1

which contradicts the fact that 199 is a prime number of the type 4d + 3.
Hence, there are exactly four integral points (0,0), (199, 199), (199, —199),
and (389,0) on the circle. This means that the number of integral points
on the circle is 4. O

3. Exercises
Group A
I. Filling Problems

1. Let two point sets in a plane be A = {(z,y) | (y — ) (y — 1) > 0} and
B ={(zy) ]| (x-1)2+(y—1)?2 < 1}. Then the area of the figure
represented by AN B is

2. In a rectangular coordinates system of a plane, give the point A(0, 3)
and the straight line L : y = 22 — 4. Let the radius of a circle C' be 1
with the center of the circle on the straight line L. If there exists a point
M on the circle C such that |[MA| = 2|M O], then the value range of the
horizontal coordinate of the center of the circle C' is

3. Let a and b be two real roots of an equation 2> +cot #-x—cscf = 0. Then
the location relation between the straight line passing through the two
points A(a, a?) and B(b,b?) and the circle 2% +y? = 11is

4. If there are two and only two points on a circle (x — 3)% + (y + 5)? =
that have the distance 1 to the straight line 4x — 3y = 2, then the range

of the values for the radius of the circles is
5. Draw two tangent lines from the point M (3,2) to the 01rcle 22 +y2=3
with two tangent points A and B. Then the length of the minor arc with

A and B as the end points is

6. The equatlon of the trajectory for the mlddle point of a chord AB to
a circle 22 + y? = r? with ZACB = 90° at a fixed point C(c,0) (|c| <
V2|r|) s
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Calculation Problems

A light ray [ starting from the point A(—3,3) reaches the a-axis and
then is reflected by it. Suppose that the straight line that contains the
reflected light ray is tangent to the circle 2%+ y? —4x — 4y +7 = 0. Find
the equation of the straight line that contains the light ray [.

. Let a circle satisfy:

(1) The length of the chord formed by its intersection with the y-axis
is 2;

(2) it is divided into two arcs by the z-axis such that the ratio of the
arc lengths is 3 : 1.

Among all the circles satisfying the above conditions, find the equation
of the circle such that the distance of its center to the straight line
l:x — 2y =0 is minimal.

Suppose that the straight line  + 2y — 3 = 0 and a circle 22 + y? + = —
6y + F = 0 intersect at points P and . Let O be the origin. For what
values of F'is OP 1 OQ valid?

Group B

10.

11.

12.

Let O be the origin of the z-y coordinates. Suppose that a straight line
passing through the point O intersects the circles C; : 22 + y? + 2z +
2y = 0 and Cy : 22 + 3% — 42 + 2y = 0 at points Q and P respec-
tively, excluding the point O. Find the equation for the trajectory of
the middle point of PQ).

In a rectangular coordinates system of a plane, a circle centered at a
point C' (t, %) passes through the coordinates origin O and intersects
the z-axis and y-axis at points A and B that are different from the
origin O.

(1) Prove: The area S of AAOB is of fixed value.

(2) Let the straight line [ : y = —2x + 4 intersect the circle C' at two
different points M and N with |[OM| = |ON|. Find the standard
equation of the circle C.

There is a typhoon on the sea near some beach city. The current cen-
ter of typhoon is located at P on the sea in the south-east direction
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with angle 0 (0 = arctan \1/—05 ) and has a 300 km distance to the city O

(see Figure 10.6). It moves along the north-west direction with angle
45° in the speed of 20 km per hour. The current radius of the circular
region influenced by the typhoon is 60 km, which is increasing at the
rate of 10 km per hour. How many hours later will the city be hit by

the typhoon?

North
y T_»
East
[0l
S/IV N
&
{
I
P’
45°
P

Figure 10.6 Figure for Exercise 12.
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Ellipses

1. Key Points of Knowledge and Basic Methods
A. Standard equation and properties of ellipses

Standard equation of an ellipse with the foci on the z-axis: Let the foci be
Fi(—c,0) and F5(c,0) (¢ > 0), the length of the major axis be 2a, and the
length of the minor axis be 2b (a > b). Then the standard equation of the
ellipse is
22 2
a2t p
where a? = b2 4 ¢2. The ranges of x and y are —a < z < a and —b < y < b,
respectively; the symmetric axes are z-axis and y-axis; the vertices are
(—a,0),(a,0),(0,-b), and (0,b).
The equations of the directrices are z = :l:%.
The eccentricity e = £ < 1.
Similarly, one can write down the standard equation and the equations

=1 (11.1)

)

of the directrices for an ellipse whose foci are on the y-axis, and the corre-
sponding properties.

B. Second definition of ellipses (foci-directriz definition)
and focal radii

The trajectory of a point satisfying the following property is an ellipse:
The ratio of the distance of the point to a fixed point (focus) and the
distance of the point to a fixed straight line (directrix) is a positive constant
(eccentricity) e < 1.

117
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Suppose that P(zg, o) is a point on the ellipse (11.1). Then the left
focal radius |PFy| = a + exp and the right focal radius |PFy| = a — exy.

C. Optical properties of ellipses

Light rays emitted from a focus of an ellipse will go to the destination of
the other focus after the refection from the ellipse.

D. Chord length formula of conic sections
and midpoint of a chord

Substitute the equation y = kx + m of a straight line into the equation
f(z,y) = 0 of a conic section, and eliminate y (or x), resulting in a quadratic
equation. If the straight line intersects the conic section at two points, then
the discriminant of the quadratic equation is greater than 0. Suppose that
the two intersection points are A(x1,y1) and B(z2,y2). Then by Vieta’s
theorem we can calculate out that

|AB| = \/1 + k‘2\/($1 + $2)2 —4x120

1
=\/1+ k—Q\/(yl + y2)? — 4y1yo.

Let the middle point of a chord AB be M (xg,yo). Then zy = ””1'5”
Yyi1t+y2
it

and yo =
In particular, the length of a focal chord of the ellipse (11.1), whose
N . . . _ 2ab?
inclination angle is a, is [AB| = pirrms-
E. FEquation of the straight line containing a midpoint
chord of a conic section

Let M (z0, o) be the middle point of a chord PQ of a conic section Az? +
Cy? 4+ Dx + Ey + F = 0. Suppose that the slope of PQ is k. Then

_ 2A:Z?0 + D

N 2Cyo+ B

A
—Seyers (@ — 20).

The equation of the straight line PQ is y — yg =

F. Tangent lines and chords at contact of conic sections

(1) Suppose that P(a2’,3’) is a point on a conic section L : Ax? + Cy? +
Dz + Ey + F = 0. Then the equation of the tangent line to the curve
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L at the point P is

/ /
Aa:’quCy’quDa7 +$+Ey tY

F=0.
2 2 +

(2) Suppose that P(a’,y’) is a point that is in the region of a conic section
L: Az?+Cy?+ Dz + Ey + F = 0 that does not contain a focus (or the
center of a circle). Then two tangent lines can be drawn to the curve
L, which pass through the point P. Let their tangent points be @ and
R. Then the equation of QR is

+x Yy +y

/
A:v’x+Cy’y+Dx2 +FE 5 +F=0.

(3) Suppose that P(a’,y’) is a point that is in the region of a conic section
L : A2?+Cy?+ Dz + Ey+ F = 0 that contains a focus (or the center of
a circle), and a straight line that passes through the point P intersects
the curve L at two points @@ and R. The two tangent lines to the curve
L at the two points (Q and R intersect at a point G. Then the trajectory
of the point G is the straight line

/
A:E’x—l—Cy'y—i—Dx +F=0.

+x v +y
E
2 + 2

Here, we avoid introducing the concepts of poles and polar lines of conic
sections.

G. Basic methods

When solving problems related to straight lines and conic sections, one
often puts together the equation of the straight line and the equation of the
conic section as a system, and then solve the system via algebraic methods.

Every point in the items D, E, F, G above is applicable to circles, ellipses,
hyperbolas, and parabolas.

2. Illustrative Examples

Example 1. As Figure 11.1 shows, A and B are the two vertices of an
ellipse 2—2 + 'Z—j =1 (a > b > 0) along the z-axis, and P is a point on the
ellipse that is different from A and B. Draw two lines [; and [o that are
perpendicular to PA and P B, respectively. Suppose that /1 and [ intersect
at a point M. When the moving point P moves along the ellipse, find the
equation of the trajectory of the point M.
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Figure 11.1 Figure 1 for Example 1.

7//3 x

i m
=Q <

Figure 11.2 Figure 2 for Example 1.

Analysis. Since [y 1 PA and [, 1 PB, from the symmetry of the ellipse,
we see that the four points A, P, B, and M are on a circle, and the center
of the circle is the intersection point of the y-axis and PM.

Solution. By the given condition, A, P, B, and M are on a circle, and
the center NV of the circle is on the y-axis, the perpendicular bisector of
the chord AB, so we assume that the coordinates of N are N(0,t), as
Figure 11.2 shows. Let the coordinates of the points P and M be P(zg, yo)
and M (z,y). Since N is the middle point of the diameter PM, so

€Ty = —&T, y+y0:2t7

and thus yo = y — 2t.
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Since the point P is on the ellipse,

2 2
ate=h
and consequently
2 2 — 2
i Gt )Y
a b2

Also, the fact that |[NA| = |N M| implies
2 +a®=(t—y)? +2°,
hence
22 442 — a?
2y ’

t =

From (11.2) and (11.3),
x? 22 — a2\’
il -1
" ( by ) ’

22 _ g2 (:c2 - a2)2
+
a? (by)?

Since |z| = |xo| < a, we have 2% — a? # 0, so by (11.4),

in other words,

=0.

1 2?2 — a?

e S
a2 b2y2 ’

namely

or in the standard form

. (a2)2 =1 (Jz| < a).
D

121

(11.2)

(11.3)

(11.4)

Therefore, the trajectory sought is an ellipse (excluding its two inter-

section points (+a,0) with the z-axis).

O

Example 2. As Figure 11.3 indicates, the left focus of the ellipse
E: 9”9—2 + % =1 1is Fy, a straight line [ that passes through F} intersects
the ellipse E at two points A and B, and the coordinates of a point )
are (f%, 0). If Cﬁ 1 /@, find the slopes of all possible straight lines [.
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Ay

Q Fl_m

Figure 11.3 Figure for Example 2.

Solution. Let the right focus of the ellipse be F5 and the inclination angle
of the straight line | be ZFoF1A = 0. Then LF>F1B = 7w — 0. Also let
|BFy| = t. Then by the given condition and the definition of ellipses,

|BFy| =6 — t.
In AFy BFy, by the law of cosines,
|BFy|? = |BF\|* + |Fy F»|? — 2| BFy||F\ F| cos(m — 6),
that is
(6 —t)? =t* + 4% + 8t cos b,

the solution of which is

5
"~ 3+2cosh’

In the right AQBF;, we have t = |BF;| = |QF|cosf = 2 cos®.
It follows that

_ 5 D
3+ 2cosf 2 ’

namely 2cos? 6 + 3cosf — 2 = 0, that is,
(2cosf — 1)(cosf +2) = 0.

Since cos @ + 2 > 0, we must have 2cosf — 1 = 0. Thus, cosf = %, and

_x
809—3.

By the symmetry of the ellipse, the slopes of the straight line [ are

+/3. O
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Remark. Using the definition of conic sections and features of the corre-
sponding figures can establish more directly the relation between the known
and the unknown, avoid complicated manipulations and make things sim-
pler, and sometimes prevent from possible mistakes in solving problems.

In the current example, if we use the polar coordinates equation of
the ellipse, it may be more convenient to make the statements; if we use
the parametric equations of the ellipse, it may be much simpler to solve the
problem.

Example 3. Suppose that the left and right foci of an ellipse C' : 2—; +

z—j =1 (a > b > 0) are Fy and F, respectively, the eccentricity is e, the
straight line [ : y = ex + a intersects the x-axis and the y-axis at A and B,
respectively, and P is the Symmegig point of the point F; with respect to
the straight line [. Assume that AM = \A

(1) Prove: A =1—¢€2.
(2) Determine the value of A such that APF} F; is an isosceles triangle.

Analysis. Combine the equations of [ and C to find the common point
M, and prove the conclusion of (1) from AM = AAB; a condition to make
APFF; an isosceles triangle is $|PFy| = c.

Solution. (1) Since A and B are the intersection points of the straight line
l 1y = ex+a with the z-axis and the y-axis respectively, so the coordinates
of A and B are (—%,O) and (0, a), respectively. From

Yy =exr+a,

22 2

ate=h

we have x = —c and y = % (in which ¢ = Va b2) Thus, the coor-
dinates of the point M are ( c, —) It follows from AM )\/@ that

( +__)*>\( a), hence A =1 — ¢2.

(2) Since PFy L I, so ZPFyF; = 90° + ZBAF] is an obtuse angle. For
APFF; to be an isosceles triangle, it is necessary that |PFy| = |Fy Fy|,
namely 3|PFi| = c.

Let the distance from F1 to | be d. By §|PF1| = d = le=a+0tal _

1+e2
_ 2

a—ce __ . =
Trer = C, we obtain e? . Thus, A =1 — €2 = 3.

That is, APF, F5 is an 1sosceles triangle when \ = % O
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Figure 11.4 Figure for Example 4.

Example 4. As Figure 11.4 shows, let A and B be the left and right
vertices respectively of an ellipse f—z +y?=1(r>0),and PA L AB and
MB 1 AB. Draw a tangent line to the ellipse that passes through the
point P with the tangent point F' different from A, and draw a tangent line
to the ellipse that passes through the point M with the tangent point F
different from B. Assume that AE and BF intersect at a point C. Prove:
The three points P,C', and M are co-linear.

Proof. It is easy to see that the coordinates of A and B are A(—r,0) and
B(r,0). Let the coordinates of P and M be P(—r,t) and M(r,s). Then
the equation of the chord at contact at the point M with respect to the
ellipse is T + sy = 1.

Substituting the above into the equation of the ellipse in the problem
and after a manipulation, we get

(1+ s*)y* — 25y = 0.

It follows that

_2s
YEg = 11 s
2
Now, zgp =1 (1 — 513_552) = ﬁr.
Thus, the coordinates of E are (%;—zir, %)
Similarly, the coordinates of F' are F’ (’i—‘t%r, %)
2s
From kap = 1715252 = 2 we know that
H—SQ—T+T T
s
lag 1y = ;(w—i—r). (11.5)
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Similarly,
t
ZBF:y:f;(xfr). (11.6)
o . . . =
Eliminating y from (11.5) and (11.6), we obtain z¢c = 57
Consequently, yo = £ (i;—zr + 7“) = %
. t—s . 2t
Hence, the coordinates of C' are C' (H—jr, t+_55>
As a result, Ye—UM — 52—_'5 and <Y — 52—_’5, from which the three
To—T M r rxo—xTp T
points P,C, and M are co-linear. O

Example 5. Let a point O be the center of an ellipse, and let A be an
arbitrary point on the ellipse that is different from any of its vertices. Draw
a perpendicular line to the major axis of the ellipse at the point A with
M the foot of the perpendicular. Connect A and O and extend AO to
intersect the ellipse at another point B, and connect B and M and extend
BM to intersect the ellipse at a point C'. Does there exist an ellipse such
that BA L CA?

Solution. Choose the center of the ellipse as the origin, the major axis
of the ellipse as the z-axis, thus establishing a coordinates system. Let
the equation of the ellipse be i—i + Z—z = 1. If a® = 2b?, then necessarily
BA 1 CA.

Let the coordinates of A and C be A(z,yo) and C(z1,y1). The condi-
tions of the problem imply that the coordinates of M and B are M(zg,0)
and B(—xg,—yo). Substituting the above into the equation of the ellipse

and simplifying the resulting expression, we obtain
(a®k?* + b)a? — 2a*k*wox + a*k*2d — a®k* = 0.

By Vieta’s theorem,

2a%k%xo
1 — X9 = 55— 5.
1 07 22k2 + b2
Thus, from the equation y = k(x — x¢) of the straight line BC, we get
2a%k%xg 2a2k3x¢

n=kle—zo) =k 57 = g
Again from the conditions of the problem, the slope of the straight line
AB is
Yo

kAB =
To
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and the slope of the straight line AC' is

20°k3xg
kac = Y1 — Yo  a2kzgoe Yo
- _ - 2a2k2xg !

T1 = To RZ102

The requirement BA | C' A implies kapkac = —1, and by noticing that
= 5=, a manipulation gives the condition a? = 2b? for the existence of

the demanded ellipse. O

Example 6. As in Figure 11.5, an ellipse with its center as the origin,

the foci on the z-axis, and the eccentricity @ passes through the point

(\/5, g) Suppose that a straight line [ that does not pass through the
origin intersects the ellipse at two points P and @, and the slopes of
the straight lines OP, PQ, and OQ constitute a geometric sequence. Find
the range of the values for the area of AOPQ.

Solution. By the condition of the problem, let the equation of the ellipse
be

Fromgz§andf—2+%:1,wehavea:2andb:1.
Thus, the equation of the ellipse is % +132 =1
The hypothesis of the problem guarantees that the slope of the straight
line [ exists and is not equal to 0, so we may assume that the equation of

the straight line [ is y = kx +m (m # 0). The two points P(x1,y1) and

=Ty,

Figure 11.5 Figure for Example 6.
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Q(x2,y2) satisty

y = kx +m,
2?2+ 4y —4=0.

Eliminating y gives (1 + 4k?)x? 4+ 8kma + 4(m? — 1) = 0. Its discriminant

A = 64k*m? — 16(1 4 4k?)(m? — 1) = 16(4k* —m? + 1) > 0.

—8k 4(m?—1
Also, 1 + x9 = H_Tz%,fl?ﬂz = Wv and

y1y2 = (kxy +m)(kae +m) = E2xy20 + km(xy + 22) + m?.
Since the slopes of the straight lines OP, PQ, and O@ constitute a
geometric sequence, so
Y1 Y2 k2x1mo 4+ km(xy + 22) + m?

_ — k2
xr1 T2 T1T2

)

namely %;"52 +m? = 0. Since m # 0, we have k% = %, that is k = :I:%.
Since the slope of the straight line OQ exists and is nonzero, and since
A >0, we find that 0 < m? < 2 and m? # 1.

Let d be the distance of the point O to the straight line [. Then

1 1 |m| —

1
= SmlV (@1 +22)% — 41w = Vm2(2 = m?),

so the range of the values for the area of AOPQ is (0,1). O

Example 7. Draw two perpendicular chords AB and CD of the ellipse
2 2

% + 4 =1 that pass through the right focus F'. Suppose that the middle

points of AB and C'D are M and N, respectively.

(1) Prove: The straight line M N must pass through a fixed point, and find
the fixed point.

(2) If the slopes of AB and C'D both exist, find the maximum value of the
area of AFMN.

Solution. (1) The condition of the problem implies that the coordinates
of the focus F' are F'(1,0).
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(i) When the slopes of the chords AB and C'D both exist, suppose that
the slope of AB is k and the slope of C'D is —%.

Assume that the equation of l4p is y = k(x — 1). Substituting it into
the equation 9”5—2 + % =1 of the ellipse gives

(5k? + 4)2* — 10k*x + 5k — 20 = 0.

Consequently,
R TA+2ITp 5k?
M 2 B2+ 4
—4k

k(o —1) = ——
yu = k(za = 1) = 5

; 5k> —4k
Hence, the coordinates of M are M <5k2+4, m).

Since CD 1 AB, after replacing k with —% in the coordinates of the
point M, we obtain the point

5 Ak
N(—2— " ).
<4k2+5’4k2+5)

When k # =£1,
- s T 36k(R2 1) 9k
T _5 5k _ 4 T 5k2_5’
s — e 2020k T 5K -5

and at this time the equation of [,y is

Ak —ok 5
B _ .
Y x5 BR2-5 %2 +5)°

—9k 5
=—|z—=).
e 9
Hence, the straight line {5,y passes through the fixed point ( g, O).

When k£ = 41, it is easy to obtain the equation x = % of Ipsn, which
also passes through the same fixed point (g, 0).

namely

(ii) When the slope of the chord AB or the slope of the chord C'D does
not exist, it is easy to see that the straight line M N is the z-axis, which
also passes through the fixed point (g, 0).
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To summarize, the straight line M N passes through the fixed point
5

E(2,0).

(2) From (1), we know that the area of AFMN is

1
S = §|EF||3/M — YN

2| -4k 4k
T 9(5k2+4  4k245

- 8k(k? +1)
| (52 4+ 4)(4k2 +5) |
Without loss of generality, assume that k& > 0. Then

8(—20k5 — 19k* + 1942 + 20
(5k% + 4)%(4k? + 5)2
—8(20k* + 39K + 20)(k2 — 1)
(52 + 4)2(4k2 + 5)2
Setting S" = 0 gives k = 1.
We see that S” > 0 when k& € (0,1) and S < 0 when k € (1,00). It

follows that S has the maximum value é—f when k = 1.

Therefore, the maximum value of the area of AFMN is é—?. O

S =

Example 8. For a given ellipse C] : i—i + g—j =1, a straight line [ that does
not pass through the origin intersects the ellipse at two points A and B.

(1) Find the maximum value of the area Sarpap for AOAB.

(2) Does there exist an ellipse Cy such that for each tangent line to Cy
intersecting the ellipse C; at two points A and B, the area Spoap
of AOAB always equals the maximum value obtained from (1)7 If it
exists, find the ellipse; otherwise, give your reason.

Solution. (1) Suppose that the slope of the straight line [ exists. Let the
equation of [ be y = kx +m. By substituting y = kx + m into the equation
of the ellipse, we obtain

(a®k* 4+ b)2? 4 2a*kmx + a*m? — a?b* = 0.
Suppose that the points A and B are A(z1,y1) and B(x2,y2). Then

2a%km a’m? — a?b?

A
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Consequently,
|AB| = /(22 — 21)? + (y2 — y1)?
= V1+k2y/ (22 + 21)? — a7

2ab
= V14 k2 \/a?k? + b2 — m?2.

a2k2 1 b2
Let the height of AOAB with respect to the side AB be h. Then

_ml
V14 k?
Thus, the area of AOAB is

1 b
Snoan = 5| ABIh = _ablm| S

a2k?2 + b2
Fix k. Then
ablm| JERE T —m? ab
S004B = 515 3 e ak? 402 —m? < o

It follows that for any k, there holds that Sapoap < %b, and the equality is
satisfied if and only if a?k? 4 b? = 2m?2.

If the slope of the straight line [ does not exist, then let x = m. It is
easy to show that Saoap < %, and the equality is satisfied if and only if

a? = 2m?2.
ab

Therefore, the maximum value of the area of AOAB is 4.

= %, and any tangent line to this

y?
b2
ellipse intersects the ellipse C : ””—2 + y_2 =1 at two points A and B with

the property that Saoap = %b.

(2) There exists an ellipse Cj : % +

In fact, suppose that an ellipse that satisfies the requirement is 2—;4— Z—; =
A with some A € (0,1). Then the equation of a tangent line to the ellipse
at any point (zg,y) on it has the format of
ZTor | Yoy
= T N
Since 0 < A < 1, it is easy to see that the tangent line intersects the ellipse
2 2
C1: Zz + %z = 1 at two points A and B.
If yo = 0, then zo = +av/A. From the equation of the tangent line, we
2
see that z = % = 4av/\. By (1), the necessary and sufficient condition

for Shoap = %b is a® = 2(v/Aa)? = 2)\a?, that is, A\ = %
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In the following, we show that if yg # 0, it is still true that Saoap = %b

when A\ = % This time, the equation of the tangent line at any point

(z0,yo) of the ellipse i—i + g—j =1is

b2.’L'0 b2
Y= ———T+ —
ayo 2y0
Let k = — 220 and m = 2. Then
a?yo 2yo
2
b b2x2
a2k? + b2 2 2950) b2 =2 <1+ ng)
ay Yo
Since Z—é + z;_% = %, we have
2
b
a2k? 4+ b2 = o2 ( 2170> + b2
a“Yo
2 (1 b2x(2)
a’y?
b4
= 53 = 2m2.
2y
By (1), we obtain that Saoap = %b.

2
In summary, there exists an ellipse Cy : 2 + #r = %, and any tangent

2

line to this ellipse intersects the ellipse C7 : 75 + Zé—j =1 at two points A

and B with Saoap being %b exactly. O

3. Exercises
Group A
I. Filling Problems

1. Let P be a point on the ellipse ””4—2 + % =1, and let k = |PF1||PF3]
(Fy and F» are the two foci of the ellipse). Then the difference of the
maximum value and the minimum value of k is .

2. Suppose that an ellipse i—i + Zé—j =1 (a > b > 0) and the circle
22 +y? = (L+ 0)2 (¢ is the half focal distance) have four different
intersection points. Then the value range for the eccentricity e of the
ellipse is .

3. In an ellipse 2—; + Zé—j =1 (a > b > 0), denote the left focus by F, the
right vertex by A, and the upper end point of the minor axis by B. If the

eccentricity of the ellipse is e = ‘/52_1, then ZABF =
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4. Given an ellipse Z_j + Zé—j =1 (a > b > 0). Draw a chord AB passing
through the center O. Let F' be the right focus of the ellipse. Then the
maximum value of the area of AABF is

II. Calculation Problems

5. As Figure 11.6 shows, a circle centered at the origin O with radius R
intersects the positive half y-axis at a point B. There is now a moving
ellipse (the major axis and minor axis vary, but the z-axis and y-axis
are always the symmetric ones) that intersects the circle O at A in the
first quadrant, and the straight line BA intersects the x-axis at a point
D. Prove: The product |BA||BD]| is of fixed value.

E
g

Figure 11.6 Figure for Exercise 5.

6. Let the two end points of the major axis of an ellipse i—z + Z—; =1(a>
b > 0) be A and B. If there exists a point P such that ZAPB = %’T,
find the value range for the eccentricity of the ellipse.

7. Prove: Let P be a moving point on an ellipse i—z + Z—; =1(a>b>0)
that is not a vertex, O be the center of the ellipse, and F' be the right
focus of the ellipse. A tangent line [ to the ellipse at a point M on the
second quadrant part of the ellipse is parallel to OP, and M F intersects
OP at a point N. Then [MN| = a.

8. Let the equation of an ellipse be 2—2 + z—j =1(a>b>0). A line
segment P(Q is a focal chord passing through the left focus F' but not
perpendicular to the z-axis. If there exists a point R on the left directrix
such that APQR is an equilateral triangle, find the value range for the
eccentricity of the ellipse, and express the slope of the straight line PQ
in terms of e.
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Group B

9.

10.

11.

12.

A bird’s view of the Stadium “Bird’s Nest” for the 2008 Beijing Olympic
Games is shown in Figure 11.7. The inner and outer steel skeletons are
ellipses of the same eccentricity. From the outer vertices, draw tangent
lines to the inner ellipse. If the product of the slopes of the tangent

lines AC and BD is f%, find the eccentricity of the ellipses.

N

Figure 11.7 Figure for Example 9.

Suppose that the left vertex of an ellipse C : i—z + 7;—; =1(a>b>0)
is A(—a,0), two points M and N are on the ellipse, and MA L NA.
Does the straight line M N pass through a fixed point? If so, give the
coordinates of this point; if not so, express your reason.

We are given the circle C; : 22 + 32 = 1 and an ellipse Cy : 2—; + Z—; =
1 (@ > b > 0). Question: If and only if what conditions do a and b
satisfy for any point P on Cs, there always exists a parallelogram that
has P as a vertex, is tangent to the circle Cy, and is inscribed into the
ellipse C57

Let E be a given ellipse 2—2 + z—j =1 (a>b>0), and let A; be the
set of all straight lines with distance d to the origin. Does there exist
a constant d (0 < d < b) such that for any | € Ay, there always are
l1,1l5 € Ay with the property that I3 and 5 pass through two intersection
points P and @ of [ and the ellipse E, respectively, and {; || 27 Give
your reason.
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Chapter 12

Hyperbolas

1. Key Points of Knowledge and Basic Methods
A. Standard equation and properties of hyperbolas

Standard equation of a hyperbola with the foci on the z-axis: Let the foci
be Fi(—¢,0) and F5(c,0) (¢ > 0), the length of the real axis be 2a, and the
length of the imaginary axis be 2b (@ > b). Then the standard equation of
the hyperbola is

1'2 y2

> b
where ¢ = a? +b2. The range of z is ¢ < —a or = > a; the symmetric axes
are the z-axis and the y-axis; the vertices are (—a,0) and (a, 0).

The equations of the directrices are z = :l:%.

The equations of the asymptotes are y = :l:ga:.

The eccentricity e = £ > 1.

Similarly, one can write down the standard equation and the equations

=1 (12.1)

)

of the directrices for a hyperbola whose foci are on the y-axis, and the
corresponding properties.

B. Second definition of hyperbolas (foci-directrix
definition) and focal radii

The trajectory of a point in a plane satisfying the following property is a
hyperbola: The ratio of the distance of the point to a fixed point (focus)
and the distance of the point to a fixed straight line (directrix), which does
not pass through the fixed point, is a positive constant (eccentricity) e > 1.

135
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Suppose that P(z,yo) is a point on the hypobola (12.1). Then the left
focal radius |PFy| = |exg + a| and the right focal radius |PFs| = |exg — al.

Let the inclination angle of a chord AB of the hyperbola that passes
through a focus be a. Then |AB| = 20b”

[62—cZsin? al

C. Optical properties of hyperbolas

The opposite direction extension of light rays emitted from a focus of a
hyperbola will go to the destination of the other focus after the refection
from the hyperbola.

D. Special hyperbolas

(1) Hyperbolas of equal axes: Hyperbolas with the same length of the real
axis and imaginary axis.
Standard equation of hyperbolas of equal axes with the foci on the
p-axis: & — L =1 (a>0).

a? a?
Equation of hyperbolas with the coordinates axes as the asymptotes:
xy =k (k#0).

(2) Equation of the family of the hyperbolas with the same asymptotes
T2 L\ (A£0).

(3) Conjugate hyperbolas: The hyperbolas given by 2—2 — z—j =1 and 2—2 —
z—z = —1 respectively are called the mutually conjugate hyperbolas.

The other contents are referred to the previous chapter on ellipses.

2. Illustrative Examples

Example 1. Given the point A(2,1). Let the right focus of the hyperbola
% — % =1 be F and let a point P be on the right branch of the hyperbola.

(1) Find the minimum value of |AP| + |PF|.
(2) Find the minimum value of |AP| 4+ §|PF |, and write down the corre-
sponding coordinates of the point P.

Analysis. The question (1) can be transformed to another one if we can
consider using the definition |PF| = |PF’| — 2a (in which F’ is the left
focus), realizing the purpose that A and F’ will be on the different sides of
the curve. Compared to (1), the question (2) has an additional coefficient
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F' @) F x

Figure 12.1 Figure 1 for Example 1.

vh

P 4

Figure 12.2 Figure 2 for Example 1.

\/Tg_ If we can observe that e = v/5, then

V5
5

|PF|

|AP| + *=|PF| = |AP| + —

= |AP|+ d (d is the distance of P to the directrix).

As shown in Figure 12.2, the minimum value is |[AK|.

Solution. (1) As Figure 12.1 shows, in the equation z? — y4—2 =1 of the
hyperbola, a = 1,b = 2,¢ = /5, and F’ is the left focus. By the definition
of a hyperbola, |AP| + |PF| = |AP|+ |PF’'| — 2a > |AF’| — 2a. Since the
distance of F'(—+/5,0) and A(2,1) is

|AF'| = /(2 + V5)2 + 12 = \/10 + 4V/5,
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and the minimum value of |AP| + |PF| is achieved when the point P is on
the line segment AF’, the minimum value of |[AP|+ |PF| is |[AF'| — 2a =

V10445 — 2.
: B

(2) See Figure 12.2. The right directrix is = % = %2, and the eccentricity

= /5. Draw two perpendicular lines to the right directrix that pass
through the point A and an arbitrary point @ on the right branch of the
hyperbola, respectively, with K and E the feet of the perpendicular. Let
K A intersect the curve at the point P. Then P is the desired point and
|AK]| is the minimum value. We prove it in the following:

V5 IQI

QA+ —QF| = QA + —— = [Q4| +|QE| > |[EA| > |AK]

IPF| _, 5
5 5

and the equality is satisfied when @ = P. Thus, the minimum value is
2 — g that is achieved at P (\/75, 1). O

= |AP|+ —

Remark. Sometimes, it is simple and direct to use the definition of conic
sections for an extremal value.

Example 2. Suppose that the coordinates of the two foci of a hyperbola
are F1(—2,0) and F5(2,0), and a tangent line to the hyperbola intersects
the z-axis at @ (%, 0) with slope 2.

(1) Find the equation of the hyperbola.
(2) Let the tangent point of the tangent line to the hyperbola be P. Prove:
L PQ = ZF>PQ.

2

Solution. (1) Assume that the equation of the hyperbola is 2—2 - & =1
Since it is tangent to the straight line y = 2 (:E — %), namely y = 2z — 1, so
the system of the equations

2 2
LAl
a? b2
y=2xr—1

has only one solution, from which the equation of x,

2?2 (22 —1)2
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has two equal real roots. Thus, its discriminant equals zero, and so

-+ (-3) (4

Simplifying the above gives b — 4a% +1 = 0.

Note that the coordinates of the two foci of the hyperbola are (—2,0)
and (2,0). Hence, the half focal distance is ¢ = 2, and thus a® + b* = 4.
Combined with the previous equation, we see that a> = 1 and b?> = 3.
Therefore, the equation of the hyperbola is

2
2 Y
¢ —==1
3
(2) Since a? = 1 and b? = 3, the equation (12.2) is 22 — @ = 1, whose
solution is z = 2. Substituting it into y = 2z — 1 gives y = 3. Thus, the
coordinates of the tangent point P are (2, 3).
Hence, the slope of F} P is

3-0 3

k=——o=-.

2—(-2) 4
Also, the slope of the tangent line PQ is t = 2, so
t—k 1
tan ZF1 PQ = Tk 2

Note that the horizontal coordinates of Fy and P are the same, and it
follows that F5 P is parallel to the y-axis, from which tan ZF, PQ = % = %
Therefore, tan ZFy PQ = tan ZF, PQ, that is, ZF1 PQ = ZF>,PQ. (]

Example 3. As Figure 12.3 indicates, A and B are the common vertices
of an ellipse 2—; + Z—; =1 (a > b > 0) and a hyperbola z—z — z—j =1, P and
(@) are moving points on the hyperbola and ellipse respectively, which are
different from A and B, and they satisfy AP +BP = )\(1@ + Bﬁ) AeR
and |[A| > 1). Prove:

(1) The three points O, P, and @ are on the same straight line.
(2) If the slopes of the straight lines AP, BP, AQ, and BQ are ki, k2, ks,
and k4 respectively, then ki + ko + k3 + k4 is a fixed value.

Proof. (1) Since O is the origin, so

AP + BP = 20P,
AQ + BO = 200.
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\%P;
AL

Figure 12.3 Figure for Example 3.

Also O? = )\@ from /ﬁJrB? = )\(/@JrBﬁ) Thus, the three points

O, P, and @ are co-linear.

2) Write P(z1,y1) and Q(z2,y2). Then 22 — a2 = %y? and 22 — o? =
1 bz Y1 2

2
— ‘g—QyS Hence,

Y1 Y1 201y1 2071

k ko = = = ——. 12.3
1+ k2 x1+a+:1717a x? — a? a? y1 ( )
By the same token,
2b2 X9
ks +ky = ———. 12.4
s+ ka 7 0 (12.4)

From (1) we know that the three points O, P, and @ are co-linear, and
consequently Z—i = ;—;
Therefore, by (12.3) and (12.4) we have

2b2 202
kit ko kg4 kg = =t - 22

in other words, ki + ko + ks + k4 is a fixed value. O

Example 4. A straight line passing through an arbitrary point P(xq, yo)
on the right branch of the hyperbola z? — 7’4—2 = 1 intersects the two asymp-
totes of the hyperbola at two points A and B. If P is the middle point of
AB, prove:

(1) The straight line [ and the hyperbola have only one intersection point.
(2) The area of AOAB is a fixed value.
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Proof. (1) The equations of the two asymptotes of the hyperbola are y =
+2z.
When yy = 0, it is easy to get the equation z = xg of the straight line
[, and so there is only one intersection point of [ and the hyperbola.
When yg # 0, clearly the straight line [ has a slope, and thus assume
that the equation of the straight line [ is

Y —yo = k(z — x0).

Combining the above with y = 2x to form a system of two equations,

we find the solution that gives the coordinates (kzk":y“, 2k20=2y0 ) of the

2 k—2
point A, and combining the same equation with y = —2x, we obtain the
coordinates (kz]:_;;“ ,— rik“_;;y“) of the point B,

Since P is the middle point of AB, so km” e IRRE ]mk”—@y” = 210, from which
k= 4;]“. Thus, the equation of the btralght hne lisy—yo = 4;]“ (x — xp).

Combining the above equation of [ with that of the hyperbola gives
2
4a? — {yo + %(w - :Co):| = 4, that is,

4x 2
4yaa? — {yo + _y 0 (x — xo)} = 4y, (12.5)
0
Also, since P(:Bo,yo) is on the hyperbola z? — 7’4—2 = 1, we have the

y4“ = 1, namely y3 = 423 — 4, thus the equation (12.5) can be

reduced to 4y3z? — (4zoz — 4)? = 4y3, whose simplified version is

equality 22 —

—42® + 8zor — 4 — y5 = 0.

Hence, the discriminant A = 6423 — 16(4 +y3) = 6423 — 16y3 — 64 = 0.
Equivalently, the straight line [ and the hyperbola have only one intersection
point.

(2) Since Saoap = 3|OA||OB|sin ZAOB, and since ZAOB has a fixed
value, it is enough to prove that |OA||OB| is of a fixed value.

When the slope k does not exist, it is easy to see that |[OA||OB| = 5.
When the slope k exists, from the two equalities

kxo — Yo 2 2]{3170 - 2y0 2 20
oA = (22X =
| | < k—2 ) + k—2 (2$0—y0)2,

kzo —vo \ > 2hkxo — 2yo \ 2 20
|OB|2 _ ( Zo yo) + (_ Zo yO) _ ’
kE+2 k+2 (220 + yo)>

we see that |OA]2|OB|? = ;1002)2 = 25, namely |OA||OB| = 5. O

4z
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2

Example 5. Let the left and right foci of the hyperbola C' : % — y5—2 =1 be
Fy and F3, respectively, and let P be a moving point on the hyperbola in
the first quadrant. Suppose that the center of gravity and the inner center
of APF|F5 are G and I, respectively.

(1) Does there exist a point P such that IG || Fy F»? If so, find the point P.
If not so, express your reason.

(2) Let A be the left vertex of the hyperbola C and let a straight line [
passing through the right focus F» intersect the hyperbola C' at points
M and N. If the slopes of AM and AN are ki and ko respectively and
ki + ko = f%, find the equation of the straight line [.

Solution. (1) Suppose that there exists a point P(zg,y0) (o > 0 and
yo > 0) such that IG || F1F>. Since G is the center of gravity of APFy Fs,
we can write G (%, 2).

Since I is the inner center of APF;F5, if the radius of the inscribed

circle of APFF5 is r, then
1 1
SAPFR P = §|F1F2||y0| = §(|PF1| + |PFy| + |FLFy|)r,

thus, 1 - 2c|yo| = 3(|PF1| + |PFy| + 2¢)r. That is,

_ 2cy0
N |PF1| + |PF2| +2c¢

r

The condition IG || Fy F> requires that

2¢cyo _ Y%
|PF1|+|PF2|+2C 3’

from which |PFi| + |PFy| = 4c = 12.
Also from |PFy| — |PF;| = 2a = 4 we get |PFy| = 4.
Consequently,

(o —3)% +y5 = 16,

2 2
Lo _ %

4 )

=1

The solutions of the above system are x¢p = 4 and yo = /15 since the
point P is in the first quadrant.
Hence, there exists a point P(4,+/15) such that IG || Fy F5.
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(2) By the condition of the problem, let the equation of the straight line
[ passing through F5(3,0) be y = k(z — 3), and the straight line and the
hyperbola intersect at M (z1,y1) and N(x2,y2). Then from

y=k(z-3),
{5:172 — 4y% = 20,
we have
(5 — 4k*)2? + 24k*x — 36k* — 20 = 0.

Vieta’s theorem implies that

g o 2R
1 w2_4k275’
_ 36k*+20
T TR s
Also
Y1 Y2 $1—3 .%'2—3
ki + ko = =k
1+ 2 I1+2+$2+2 <I1+2+$2+2)
1 1
=k|l2-5(— + ——
|: ($1+2+I2+2):|’
while

]. + ]. - $1+$2+4
T+ 2 ,’B2+27{E1.’L'2+2(.’L'1+.’L'2)+4

- 24k? + 4(4k? - 5)
 36k2 4 20 + 48k2 + 4(4k2? — 5)

2k — 1
5k2

It follows that
2k? — 1 1 1
ki+ke=k|2—-b—5— | =
1+ k2 ( 52 )
in other words, k = —2.
Therefore, the desired equation of the straight line [ is y=—2x+6. O

Example 6. As Figure 12.4 indicates, I} and F» are the left and right foci
of the hyperbola C : ””4—2 —y? =1, and a moving point P(xo,yo0) (yo > 1) is
on the right branch of the hyperbola C. Suppose that the angular bisector
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Figure 12.4 Figure for Example 6.

of ZFyPF; intersects the z-axis at a point M (m,0) and the y-axis at a
point N.

(1) Find the range of the values for m.
(2) If the straight line [ passing through F; and N intersects the hyperbola
at points D and E, find the maximum value for the area of AF,DE.

Solution. By the condition of the problem, the coordinates of the foci are
Fi(—v/5,0) and (v/5,0). The equation of the straight line PF} is

Yo —0
y=2=0 1 B,
$0+\/5( )

namely
yox — (zo + V5)y + V5yo = 0.

The equation of the straight line PF5 is

namely
yox — (w0 — V5)y — VByo = 0.
Since the point M (m,0) in on the bisector of ZF; PF5, we have

o + VByol _ lyom — V5yol
Vi + @t VB2 \Ji+ (w0~ VB)?
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From yo > 1 and y3 = 122 — 1, we see that z¢ > 2v/2 and

2
5 5
y(2)+($o+\/5)221w(2)+2\/5w0+4= <§$0+2> :

g+ (z0 — V6)? = (?fﬂo - 2)

It is easy to see that —VE<m< \/5, SO

m+v5 _ V5-m
\/751'04—2 \/Tgl'o—2.

Solving the above equation gives m = %, and combined with g > 2v/2,

we get 0 < % <V2.
Therefore, the range of the values for m is (0, v/2].

(2) From (1), the equation of the straight line PM is

o — E
Letting x = 0 in the above gives y = —ziyle = —yio.
0

Thus, the coordinates of the point N are (0, ,y_(])_
Also, the slope of the straight line [ is
1
- (%) 1

ki = = .
—V5-0 V5o

Consequently, the equation of the straight line [ is

1
y:_\/gyo(ﬂx/g)'

Eliminating z from the system

1
y= (4 VB,
\/5y0
:E_2 _y2 = 17

4

we obtain
(12.6)

(5ya — 4)y* + 10yoy + 1 = 0.
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The discriminant of (12.6)
A = 100yg — 4(5y2 — 4) = 80y2 + 16 > 0.

Write D(x1,y1) and E(z2,y2). Then

oy — 10yo B 1
Y1 Y2 = 5y§ e Y1Yy2 = 5y§ 4
Hence,
ly1 — v2| = V(41 + 42)? — 4192
1090 \° 1
= -— Y pp——
5yp —4 Sy —4
B 4/5y2 +1
5y5 — 4]
Since yo > 1,
10yo 1
= - <0, =——>0,
Y1+ Y2 5y(2) ) Y1Y2 5y(2) 1

from which y; < 0 and y2 < 0.
Consequently,

1
SARDE = §|F1F2||y1 — Y

1 4/5y2 + 1
o5, V% L

2 5y§ —4
Denote 5y§ —4=t. Thent>1, and

VE+5 5 1
T2 _ 45 a3t

t

1 1\? 1
= 4 — —_— —
\/g\/5 (t + 10) 20

Sampr = 4V5

Therefore, when ¢ = 1, namely the point P is P(2v/2,1), the area of

AFyDE achieves the maximum value 44/30.

Example 7. Let A and B be two points on the hyperbola 2% — y2—2 =A(\#£
0), a point N(1,2) be the middle point of the line segment AB, and the
perpendicular bisector of the line segment AB intersect the hyperbola at

two points C' and D.
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(1) Determine the range of the values for A.
(2) Try to judge whether the four points A, B,C, and D are on the same
circle. Express your reason.

Solution. (1) By the condition of the problem, we may assume that the
equation of the straight line AB is y = k(xz — 1)+ 2. Substituting it into the
equation of the hyperbola and simplifying the resulting expression lead to

(2 — k*)2? + 2k(k — 2)z — [(k —2)* +2)\] = 0. (12.7)

Write the point A as A(z1,y1) and the point B as B(x2,y2). Then a4
and x5 are the two different real roots of the equation (12.7), and as a

consequence,
A = 4k*(k —2)% + 42 — k*)[(k — 2)® +2)] > 0, (12.8)
and x1 + a2 = %
Since N (1,2) is the middle point of the line segment AB, so kﬁ;’;) =1,

whose solution is £ = 1. It follows that the equation of the straight line
ABisy=1-(x—1)+2,thatisy =z + 1.

Substituting & = 1 into (12.8), we have 4 + 4(1 + 2X) > 0. Solving it
gives A > —1.

Also, since C'D is the perpendicular bisector of the line segment AB,
the equation of the straight line containing C'D is

y72:7(x71)7

namely y = —x + 3. Substituting it into the equation of the hyperbola and
after a manipulation, we obtain

22 4+ 62 —22—9=0. (12.9)

From the hypothesis of the problem, the equation (12.9) has two differ-
ent real roots, thus the discriminant of the above quadratic equation

Ay =62 —4(—21—9) >0,

the solution of which is A > —9.
Since A # 0, we see that the range of the values for A is (—1,0)U(0, +00).

(2) Write C as C(x3,ys3), D as D(x4,y4), and the middle point M of the
line segment C'D as M (xg,yo). Then x5 and x4 are the two roots of the
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equation (12.9). So, x5 + x4 = —6 and z3z4 = —2X — 9. Consequently,

xr3+x
xro = 32 4:—3, Yo = —xp + 3 = 6.

Hence, by the chord length formula,

|CD| = /1+ (=1)?z3 — z4] = ﬁ\/(xg + x4)% — dwgny
= V262 —4(—2X = 9) = 49+ A

Simplifying the equation (12.7) results in 22 — 2z — 2\ — 1 = 0, so by the

same reason as above,

|AB| = \/1 + 12\/($1 + ZC2)2 —dxix0 = 4V1+ A

Obviously, |AB| < |CD|, and since C'D is the perpendicular bisector of

the line segment AB, if there exists

A€ (—1,0) U (0, +00)

such that the four points A, B, C, and D are on the same circle, then C'D
must be the diameter of the circle with the point M as the center of the

circle.
The distance of the point M to the straight line AB is

lxo —yo+1] |—3—-6+1]
d— _ 43,
V2 V2

and the Pythagorean theorem implies that

2
|IMA]* = |MB|* =d* + <—|AB|>

2
= (4V2)2 + (2V1 + N)?
= 36 + 4\

2
On the other hand, (@) = (21/9+ \)? =36 + 4\, so

IMAP> = |MB|* = |MC|* = |MD|*.
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Therefore, when A € (—1,0) U (0, +00), the four points A, B,C, and D
are on the circle centered at M(—3,6) with radius 2v/9 + A. 0

Example 8. There are given an ellipse I’y : 2—2 + z—j =1 and a hyperbola
2

[y & — Zé—j =1, where a > b > 0. Let the left and right foci of the ellipse be
F) and F5 respectively and the left and right foci of the hyperbola be F3 and
Fy respectively. Draw a straight line passing through Fj, which intersects
the ellipse at two different points A and B (the point B is between the
points A and Fj). Suppose that the straight lines F5A and FyB intersect
at C. If the three lines AFy, BF3, and C'F; intersect at one point, find the
value of a? : b2.

Solution. Let ¢; = Va2 — b2 and ¢o = Va2 + b2. Then the four points
F1, Fy, F3, and Fy are Fy(—c1,0), F3(c1,0), F5(—c2,0), and Fy(c2,0).
Applying Menelaus’ theorem to the straight line ABFy and the triangle
CF3F5, we obtain
|CA| |F3Fy| |[F2B|
|AFs| |[FyF| |BO|
Also in ACF5F5, the three lines AFy, BF3, and C'F; intersect at one
point, so by Cava’s theorem,
|CA| |F31| |[F2B| 1
|AFs| |FLF| |BC|

|FsFy| _ |F3Fy| . %es _ en—ch )
[FuiF2| — |FiFs|’ from which G = 9o that is

Co = (3 + 2\/5)01.

1.

It follows that

Therefore,

a?:b® =3:2V2. O

3. Exercises
Group A
I. Filling Problems

1. Suppose that F; and Fb are the left and right foci of the hyperbola

C - g—z = 1,P is a point of the hyperbola C, and P is in the

first quadrant. If Iﬁgl = %, then the radius of the inscribed circle of

APFlFQ is
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2. A straight line is drawn to pass through the right focus of the hyperbola
22— y2—2 =1 and to intersect the hyperbola at two points A and B. If a
real number \ makes exactly three straight lines [ satisfying |AB| = A,
then \ =

3. Let the focal distance of a hyperbola 2—2 - Z—; =1 (a>1,b>0) be 2¢,
a straight line [ passes through the points (a,0) and (0, ), and the sum
of the distances from point (1,0) to the straight line [ and from point
(—1,0) to the straight line [ be s > 2c. Then the range of the values for
the eccentricity e of the hyperbola is

4. Suppose that the two end points of a line segment Wlth a2ﬁxed length
1(1>2 ) are both on the right branch of a hyperbola £ a2 —%=1(a>0
and b > 0). Then the minimum value of the horizontal coordinate of the
middle point of AB is

5. Let P be a point on an equal axis hyperbola 2?2 —y? = a? (a > 0), and

let F} and F» be its left and right foci. Then the range of the values of
|PF1||+\T3F2| is
PO

II. Calculation Problems

6. The center of a hyperbola 3z2—y? = k moves on the straight line [ : y = x
and the symmetric axes of the hyperbola are kept parallel to the coor-
dinates axes. Does there exist such a hyperbola during the translation
such that the lengths of the chords obtained from its intersections with
the straight line I and the y-axis are both equal to 21/2? If there does,
find the equation of the hyperbola; if there does not, explain the reason.

7. Let a straight line [ passing through the point P(0, 1) with slope k inter-
sect the hyperbola C : 22 — % =1 at points A and B.

(1) Find the value range of k.
(2) If Fy is the right focus of the hyperbola C' and |AF,| + |BFy| = 6,
find the value of &.

8. As in Figure 12.5, let P(x0,y0) be a point on a straight line z = m (y #
+m and 0 < m < 1). Draw two tangent lines PA and PB from P to
the hyperbola 22 — 32 = 1 with tangent points A and B. Mark the fixed
point M (L+,0).
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(1) Prove: The three points A, M, and B are co-linear.

(2) Draw the perpendicular line to the straight line z — y = 0 at the
point A with N the foot of a perpendicular. Find the equation of a
curve drawn from the center of gravity of AAMN.

b

Figure 12.5 Figure for Exercise 8.

9. Let the eccentricity of a hyperbola C' : i—z — 7;—; =1(a>0andb>0) be
2, and let a straight line [ passing through a point P(0, m) with slope 1
intersect the hyperbola C at two points A and B with AP = 3PB and

OA.OB =3.

(1) Find the equation of the hyperbola.

(2) Let @ be a moving point on the right branch of the hyperbola C
and F' the right focus of the hyperbola C. Does there exist a fixed
point M on the negative half z-axis such that ZQFM =2/QMF?
If there does, find the coordinates of the point M; if there does not,
please give your reason.

Group B

10. As Figure 12.6 shows, a straight line y = ma +b (=1 < m < 1 and
—1 < b < 1) intersects the circle 22 +y? = 1 at two points P and @ and
the hyperbola 22 — % = 1 at two points R and S. If P and @ divide
the line segment RS into three equal parts, find the values of m and b.
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Ry

R

Figure 12.6 Figure for Exercise 10.

11. Let P be any point of a hyperbola, PQ be a tangent line to the hyper-
bola at the point P, and F} and F; be the foci of the hyperbola. Prove:
PQ bisects LFyPF5.

12. Prove: From any point of a hyperbola, draw two tangent lines to
another hyperbola with the same asymptotes. Then the area of the
triangle bounded by the straight line passing through the two tangent
points and the two asymptotes is a fixed value.



Chapter 13

Parabolas

1. Key Points of Knowledge and Basic Methods
A. Standard equation and properties of parabolas

Definition of parabolas: The trajectory of a point in a plane satisfying the
following property is a parabola: The ratio of the distance of the point to
a fixed point (focus) and the distance of the point to a fixed straight line
(directrix), which does not pass through the fixed point, equals 1 (eccen-
tricity).

Standard equation of a parabola with the focus on the positive semi-
axis of the z-axis: The standard equation of the parabola with the focus
F(5,0)(p>0)is

y? = 2pz.

The range of x is x > 0; the symmetric axis is the z-axis; the vertex is
(0,0).

The equation of the directrix is z = —£.

The eccentricity e = 1.

Suppose that P(xo,yo) is a point on the parabola. Then the focal radius
|FP| =g+ g

Let the inclination angle of a chord AB of the parabola that passes
through the focus be a. Then |[AB| = Sijg’a.

Similarly, one can write down the standard equation and the equation

of the directrix for a parabola whose focus is on the negative half z-axis or
on the positive (negative) half y-axis, and the corresponding properties.

153



154 Problems and Solutions in Mathematical Olympiad: High School 2

B. Optical properties of parabolas

Light rays emitted from the focus of an parabola will go along the direction
that is parallel to the symmetric axis of the parabola after the refection
from the parabola.

C. Graph of a quadratic function of one variable

The graph of a quadratic function of one variable is a parabola whose
symmetric axis is parallel to (or coincides) the y-axis.
The other contents are referred to the chapter on ellipses.

2. Illustrative Examples

Example 1. As Figure 13.1 shows, the vertex of a parabola y = 22 is O,
line segment AB is a chord of length 2 that passes through the focus F,
and D is the intersection point of the perpendicular bisector of AB and the
y-axis.

Find the area of the quadrilateral AOBD.

Solution. Let the coordinates of the points A and B be A(x1,y1) and
B(x2,y2), the focus of the parabola be F (0, i), and the equation of the
directrix be y = *i From the definition of a parabola, |[AF| = y; + % and
|BF| = y2 + }. So,

1 3
2=|AF|+|BF|:y1+y2+§, y1+y2=§.

Sy

o

Figure 13.1 Figure for Example 1.
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The middle point of AB is C' (%, %), and

2 2
Y2 — 1 Ty — 7

kap = = =21 + To.
T2 — T1 T2 — T1

Thus, kcp = fmlj_mz and the equation of C'D is
ity L L Tt T
y 2 xr1 + o 2 '

Letting x = 0 gives the coordinates (0, % + %) = (0, %) of the point
D. Hence, |OD| = 2.

Since AB passes through the focus F, the equation of AB is y —
kapx, namely y = kapz + i, from which y1 + yo = kap(x1 + z2) +
(z1 + x2)* + &. Tt follows that (z1 4 22)? = 1.

Consequently, kap = 1 + 22 = 1 or —1, so OD and AB intersect at
the acute angle 45°.

Therefore, the area of the quadrilateral AOBD is

(SIS

1 . o -

Example 2. A line segment AB of fixed length a is sliding on the parabola
y = 22. Find the minimum value of the vertical coordinate for the middle
point M of AB.

Analysis. At the first glance the problem can be solved via the definition
of a parabola. In Figure 13.2, [ is the directrix. Passing through A, B, and
M, draw three perpendicular lines to the directrix with Ay, By, and M,

y
" B
| A
4
4
O X
0 I
4, M, B,

Figure 13.2 Figure for Example 2.
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as the feet of the perpendicular, respectively. By the knowledge of plane
geometry and the definition of a parabola, it is easy to get that

1
| MM, | = §(|AA1| +|BB1|)

1 1

SUAF| + |BF|) = 5|AB|
1

= —a.

2

Also, since |M M| =y + i, so the minimum value of y,; is expected
to be %a — %. But it is not easy to solve the “equality” problem in the
above inequality. Since |AF|+ |BF| > |AB]|, a condition for the inequality
to become an equality is that the three points A, F', and B are co-linear.
Note that the minimal length of a chord that passes through the focus is
2p = 1. So, the above approach works if a > 1. However, this approach
does not work to solve the inequality issue in the case that 0 < a < 1.
Hence, we solve the problem by means of ideas from functions.

Solution. Let the coordinates of A and B be A(x1,2?) and B(xq,3). By
|AB| = a, we have

(21— @2)* + (2] — 23)* = a?,
that is (z1 — 22)%[1 + (21 + 22)?] = @®. So from

CL2

(xl + 172) = m -1, (131)

in other words,
20zt +23) — (21 — 12)° = ——— — 1,

we see that

2 4 2 2
i +x3 1 a 9
_ = - | — — — 1
5 1o —m? + (21 — x2)
1 1 1
>-(20-1)=~a—~
z g D=g50- 7
and the equality holds if and only if (1 —2)? = a. But (13.1) implies that
2
m Z 1, namely

(1 — 290)* <
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(i) When a < a?, that is @ > 1, the minimum value %a — % is obtained as
(11 — 12)? = a.

(i) When a > a?, that is 0 < a < 1, we have (21 — 12)? < a? < a. Note
that the function

a2
y = ;+:C(:c€(0,a2])

is monotonically decreasing. It follows that the minimum value of the

st c 12 2 2
objective function is ;a° as (1 — x2)* = a”. 0

Remark. When using the function idea to find extreme values, we should
try to dig out the restriction condition; otherwise a mistake may occur.

Example 3. As Figure 13.3 shows, in a rectangular coordinates system
2Oy of a plane, P is a moving point not on the z-axis that satisfies the con-
dition: One can draw two tangent lines passing through P to the parabola
y?> = 4z, and a line segment [p connecting the two tangent points is per-
pendicular to PO. Assume that the straight line [p intersects the straight
line PO and the z-axis at points @ and R, respectively.

(1) Prove that R is a fixed point.

(2) Find the minimum value of Ig—%.

Solution. (1) Let the coordinates of the point P be (a,b) (b # 0). Clearly,
a # 0. Denote the coordinates of the two tangent points A and B as

Figure 13.3 Figure for Example 3.
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(x1,9y1) and (z2,y2), respectively. Then the equations of PA and PB are
respectively

Y1y = 2(z + 1), (13.2)
Y2y = 2(x 4 x2), (13.3)

while the coordinates (a, b) satisfy both (13.2) and (13.3). Thus, the coor-
dinates (x1,y1) of A and (x2,y2) of B both satisfy the equation

by = 2(z + a). (13.4)

So, (13.4) is just the equation of the straight line AB.

The slopes of the straight lines PO and AB are 3 and %, respectively.
From PO 1L AB, we see that %% = —1, hence a = —2.

It follows that (13.4) is y = 2(x — 2), therefore the intersection point R

of AB and the z-axis is the fixed point (2,0).

(2) Since a = —2, the slope of the straight line PO is k1 = —% and the
slope of the straight line PR is ko = —%. Denote ZOPR = «. Then « is
an acute angle and

|PQl 1 |14 kiko
|QR| - tan « n kl — kQ
L+ (=3) (=3)
~F+

Consequently, the minimum value of % is 21/2 obtained when b = £2+/2.
O

Remark. The line segment AB is the chord at contact of the point P with
respect to the parabola y = 4x.

Example 4. Let a parabola C : y? = 2px (p > 0) be given. A straight
line [ and the parabola C' intersect at two points A and B, the straight line
connecting A and the vertex O of the parabola intersects the directrix at
B’, and the straight line connecting B and the vertex O of the parabola
intersects the directrix at A’. Suppose that AA" and BB’ are both parallel
to the z-axis.



13. Parabolas 159

(1) Prove: The straight line [ passes through a fixed point.
(2) Find the minimum value for the area of the quadrilateral ABB'A’.

Solution. (1) Let the equation of the straight line | be y = kx +m, and let
the coordinates of A and B be A(za,ya) and (xp,yg), respectively. From
the given condition of the problem,

= kx +m,
o (13.5)
y° = 2px.
Substituting the first equation into the second one in (13.5), we obtain that
2p 2pm
2
- — — =0.
Y % Y+ L
By Vieta’s theorem,
+ _2p ~ 2pm
Ya v YyB = kvyAyB* P

— 2pm
So, yp = Tya

The equation of the straight line AB" is y = £4z. Since the point B’ is
on the directrix, the vertical coordinate of the point B’ is

_Ya (_g) __pya

v = 2 s

Since AA’ and BB’ are both parallel to the z-axis, so yg = yp+, which
means that

2pm PYA
e 13.6
kya 2w (13.6)

Also, since the point A is on the parabola C, we have
v = 2pTa. (13.7)
If we substitute (13.7) into (13.6), then we obtain

pk
5
Thus, the equation of the straight line [ is

y=k(z-12).

Hence, the straight line [ passes through the fixed point F' ( o 0).

m =
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(2) From the definition and properties of parabolas, |[AA’| = |AF| and
|BB'| = |BF|. Then

|AA'| = |BB'| = |AF| + |BF| = |AB|.
By (1) and the conditions of the problem, the quadrilateral ABB’A’ is
a right-angled trapezoid, and so
1 1
5= SIA'B(AX| + [BB/) = 1| A'B| AB]

1

= 5(ya - yp)V (xa —2B)2 + (ya — yp)?

5, namely the

quadrilateral ABB’ A’ is a rectangle, its area has the minimum value, which
is 2p2. O

Hence, when the inclination angle of the straight line [ is

Example 5. Suppose that E(m,n) is a fixed point inside a parabola y? =
2px (p > 0). Draw two straight lines passing through E with slopes k;
and ko respectively, intersecting the parabola at A, B,C, and D. Assume
that M and N are the middle points of the line segments AB and CD,
respectively.

(1) When n = 0 and k1ke = —1, find the minimum value of the area of
AEMN.

(2) Let k1 + ko = A (A # 0 with X a constant). Prove: The straight line
M N passes through a fixed point.

Solution. Let the equation of the straight line containing AB be z =
ti(y —n) + m, where t; = kil, and substitute it into y? = 2pz. We then
have

92 — 2pt1y + 2ptin — 2pm = 0.
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Denote A(x1,y1) and B(xg,y2). Then y; + y2 = 2pt1, and so
21+ a2 = t1(y1 +y2 — 2n) + 2m = t1(2pt1 — 2n) + 2m,

from which the coordinates of M are M (pt? — nty + m, pt1).

Suppose that the equation of the straight line containing CD is z =
to(y —n)+m, where to = é By the same reason, we have the coordinates
of N as

N (pt3 — nty +m, pta).

(1) When n = 0, we have the points E(m,0), M (pt? + m,pt;) and

N(pt3 + m,pta), so |[EM| = |pt1]y/1 + 12 and |[EN| = [pta]\/1 + £3.
The assumption k1ko = —1 implies t1to = —1, from which the area of
AEMN is

1
S = S|EM|IEN]|

= _[pPtita|y/ (1 +13)(1 + t3)

in which the equality is valid if and only if [¢1] = |t2] = 1.
Hence, the minimum value of the area of AEMN is p?.

(2) The slope of MN is

p(tl — tg) 1

Cop(t - 1) —nti—t)  (titta) = %

kavin
So, the equation of the straight line containing M N is

y—ph =7 [z — (ptT — nt1 +m)],

t1+f2)—%

in other words,

n
y(tl—l—tz—g) —ptita =2 —m.
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Now, k1 + ko = % + % = \, namely t1to = % Substituting it into
the above equality gives

n t1+t
y<t1+t2—)pl 2:$*m,
P A

that is

Py _ ny _
(t1+t2)(yf/\>f:17+p m

When y — £ =0, wehavex—l—%—mzo. Namely, y = § and

xr =m — % give a pair of solutions of the equation, hence the straight line
passes through the fixed point (m -3 g) O
Example 6. As Figure 13.4 indicates, in a rectangular coordinates system
2Oy of a plane, F' is a moving point on the positive semi-axis of the z-axis.
Draw a parabola C' with F' as its focus and O as its vertex. Let P be a
point on the parabola in the first quadrant and @ a point on the negative
half z-axis such that PQ is a tangent line to C' and |PQ| = 2. Two circles
C; and C5 are both tangent to the straight line OP with the tangent point
P and also both tangent to the z-axis. Find the coordinates of the point
F that makes the sum of the areas of the circles 'y and C5 the minimum
value.

Solution. Suppose that the equation of the parabola C is y? = 2pz (p > 0)
and Q is (—a,0) (a > 0). Assume that the centers of the circles C and Cs
are O1(x1,y1) and Oa(x2,y2), as Figure 13.5 shows.

y
G
C
P
G
QO\F x

Figure 13.4 Figure 1 for Example 6.
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v

Figure 13.5 Figure 2 for Example 6.

Let the equation of the straight line PQ be & = my —a (m > 0).
Combine it with the equation of C'. After eliminating x from them, we get

y* — 2pmy + 2pa = 0.

Since PQ and C are tangent at the point P, so the discriminant of the
quadratic equation is

A =4p*m? —4-2pa = 0.

The solution of the above is m = /27“. It follows that the coordinates of

P are

(zp,yp) = (a,\/2pa).

Consequently,

[PQ| = v1+m?lyp — 0]

= J1+ %\/2%
_ I T,
From |PQ| = 2, we have
4a® + 2pa = 4. (13.8)

Note that OP is tangent to the circles C7 and Cs at the point P, so
OP 1 O10,. Let the circles ¢y and Cs be tangent to the z-axis at two
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points M and N, respectively. Then OO, and OO5 are the angular bisec-
tors of ZPOM and ZPON, respectively, and as a result, Z0;005 = 90°.
Thus, by the projection theorem,

y1y2 = [O1M||O2N|
= 10, PY0:P| = [OPP
:x2p+y123 = a? + 2pa.
Combing the above with (13.8) implies that
Y1y2 = a® + 2pa = 4 — 3a®. (13.9)
Since O1, P, and O3 are co-linear,

y1—+2pa  y1—yp |O1P]  |O:M|

V2pa—y2  yp—y2 |POs|  |O2N| g’

which can be simplified to

2
= . 13.10
Y1+ Y2 a1y ( )
Denote T' = y? + y3. Then the sum of the areas of the circles C; and
Cs is mT'. By the condition of the problem, it is enough to consider the

minimum value problem for 7T'.
From (13.9) and (13.10), we know that

4
T = (1 +92)* — 201y2 = =—Yivs — 2Y1Y2

2pa
4 212 2
B (4 — 3a%)(2 — a?)
o 1—a2 '

Make the substitution ¢ = 1 — a?. Since
4t = 4 — 4a® = 2pa > 0,

we get ¢t > 0, and so

t+1)(t+1 1
w:3t+;+4

1
22,/3t¥+4:2\/§+4.

T —
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The equality in the above inequality holds if and only if t = @, and in this
case

1
a=V1—t=,/1-—.
V3

Combining the expression of a with (13.8), we finally get

p 1-a¢* 1 3t 1
2 a _ 1 _ N —_ /3
Ji—s V3-VB VB8
and consequently, the coordinates of F' are (3;\/? O). 0

Example 7. From a point P outside a parabola 3? = 2px (p > 0), draw
two tangent lines to the parabola, with tangent points M and N. Let F be
the focus of the parabola. Prove:

(1) |PF|? = |MF||NF)|.
(2) ZPMF = /FPN.

Proof. Let the given three points be P(zg,y0), M (21,y1), and N(x2,y2).
It is easy to find the equation y1y = p(x + x1) of the tangent line PM and
the equation yoy = p(x + x2) of the tangent line PN.

Since the point P is on the two tangent lines, there hold that y,yo =
p(zo + x1) and yayo = p(xo + x2). Thus, the two points M and N are on
the straight line yoy == p(x + x¢), from which we know that the equation
of the straight line M N is yoy = p(x + o).

Putting the two equations yoy = p(x + z9) and y? = 2pz together, we
have [p(z + z0)]? = 2pydz, namely

Y2
x2+2< O—O)er:rgO.
p

By Vieta’s theorem,

Y2
1+ 1o =2 (—0 170) , T1T2 :x%.
p

(1) Since the focus of the parabola is F’ (g, O), by the definition of parabolas,

|MF| =21 + g, INF| = 25 + g.
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Hence,

IMF|INF| = (a1 +%) (22 + 2)

=z122 + = (21 + x2) pz

2(

+
irga(don) s

NS

Therefore, |PF|? = |MF||NF)|.

(2) Since (wo %,yo) , (w1 — %,y1), and (wz - %,yg) are the components
of the vectors F' HP,F M, and F'N, respectively, using the dot product, we

have
F.}%IFJ\—{[) = (:co— g,yo) : (561 - gayl)

2
Tox1 — 1_?<$0 + 1) + r + Yoy1

2 4
p P’
= XoT1 — 5(170 +x1) + T +p(xo + 1)
P P’
=$0$1+§($0+!B1) T

(ro+5) (n+3)

—
|F M| :I1+§, FP.FM = |FP||FM|cos ZPFM,

On the other hand,

from which

FP-FM C (wo+5) (e +5) wo+5

cosZPFM = = — )
[EP[[EM|  [FP| (21 + %) [P
By the same argument, we have cos ZPFN = %.

Therefore, cos /PFM = cos /ZPFN, from which /PFM = /PFN.
Combining the above with the equality |FP|? = |FM||FN|, we see that
AMFP ~ APFM, hence Z/PMF = Z/FPN. O
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Example 8. Let A, B, and C be three different points on a parabola y = x2
and let R be the radius of the circumcircle of AABC. Find the range of
the values for R.

Solution. For any a > 0 choose A(a,a?), B(—a,a?), and O(0,0). Then
the center of the circumcircle of AOAB is on the y-axis, which is assumed
to be Q(0,b). Since the equation of the perpendicular bisector of OA is

a? 1( a)
I e
L a 2)°

letting x = 0 in the above gives b = % + % Thus, we know that the radius
of the circumcircle of AOAB can take all values of the interval ( %, +oo).
Now, assume that A, B, and C are three different points on the parabola
y = 22, and R is the radius of the circumcircle of AABC. Let (a,b) be the
center of the circle. Then the equation
(x—a)?*+ (2> =0 - R*=0 (13.11)
has three distinct real roots, so it must have four real roots, denoted as
Z1,%2,x3, and x4. Since the equation (13.11) is
ozt + (1 —2b)2* — 2ax +a* +b* — R* =0,
we have
T1+ X2+ X3+ T4 =0.
It follows that
x] + 23 + 23 +xi+22xixj =0.
i#]
Also from 3,  w;z; =1 —2b <0, we find that b > 3.
Since
22b—1) = fZinzrj =23 423 + 23+ 23
i#]

> 4y/22x32da] = 4/ |v1zows Ty
= 4y/]a? 4+ b% — R?|,
we obtain the inequality
4b* —4b+1 > 4(a® + b* — R?).

It follows that R% — a® + % >b> %
Therefore, R? > a® + 1, from which R > 1. O
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3. Exercises

Group A

I. Filling Problems

1. Two parameters a and b of a parabola y = ax?+bx+1 satisfy 8a®+4ab =
b3. When a and b vary, the equation of the trajectory for the vertex (s, t)
of the parabola is .

2. Given the fixed point B(—1,0) and two moving points P and @ on the
parabola y = 22 — 1. When BP L PQ, the value range of the horizontal
coordinate for the point @ is .

3. Let P, P, be a chord of the parabola 2> = 3. If the equation of the
perpendicular bisector of Py P, is z + y = 3, then the equation of the
straight line containing the chord Py Ps is

4. In a rectangular coordlnates system zOy of a plane, two pomts Aand B

are on the parabola y? = 2z with F the focus and satisfy ﬁ O? =—1.
Then the minimum value of Saora + SAaorB 1s

II. Calculation Problems

5.

Given the circle P : 22 + y? = 2z and the parabola S : y? = 4z, and
draw a straight line [ passing through the center P of the circle that has
four intersection points with the above two curves, denoted as A, B, C,
and D according to the order from the top to the bottom. If the lengths
of the line segments AB, BC', and C'D constitute an arithmetic sequence
with the same order, find the equation of the straight line [.

yl

o)
)
Q
Ry

Figure 13.6 Figure for Exercise 5.
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Let be given a parabola y* = 2px (p > 0), a point B the focus of the
parabola, a point C(c,0) on the positive semi-axis of the z-axis, and a
moving point A on the parabola. Question: In what range of the values
of ¢ is ZBAC always an acute angle for all the possible locations of the
point A?

Suppose that A(a,b) and B(—a,0) (ab # 0) are fixed points on a
parabola y? = 2px (p =+ %) Let M be a point on the parabola. If
straight lines AM and BM intersect the parabola at other points M;
and Ms respectively, prove: When the point M moves on the parabola
(as long as My and M, exist and My # Ms), the straight line M Mo
always passes through a fixed point. Also, find the coordinates of this
fixed point.

. As in Figure 13.7, P is a moving point on the parabola y? = 2z, two

points B and C are on the y-axis, and the circle (z — 1)? +y? = 1 is
inscribed into APBC. Find the minimum value of the area of APBC.

Yy P

@)
=
8y

C

Figure 13.7 Figure for Exercise 8.

Group B

9.

10.

If there exists a symmetric point on the parabola y = 2 with respect
to a straight line y = m(x — 3), find the value range of the real
number m.

Let a straight line y = x + b and a parabola y? = 2px (p > 0) intersect
at two points A and B, and a circle passing through A and B intersect
the same parabola y? = 2pz at two different points C' and D. Prove:
AB 1 CD.
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11.

12.
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Let F be a focus of the given parabola C : % = 4z. And a straight
line [ from the point F' intersects C' at two points A and B.

(1) If the slope of [ is 1, find the angle between OA and OB.
(2) Suppose that FB=)AF. IfAe [4,9], find the range for the values
of the intercept of [ with the y-axis.

For a given integer n > 2, let My(zo,yo) be an intersection point of
the parabola y? = nz — 1 with the straight line y = z. Show that for
any positive integer m, there must exist an integer & > 2 such that
(2, y5) is an intersection point of the parabola y? = kx — 1 with the
straight line y = x.



Chapter 14

Parametric Equations

Key Points of Knowledge and Basic Methods
Parametric equations commonly used for some curves

Parametric equations of straight lines:

T = xo +tcosa, .
{ (t is a parameter).

Yy =1YyYo+tsina,

Parametric equations of circles:

T = a-+ rcosa, .
{ (v is a parameter),

y=b+ rsina,
where the center of the circle is (a,b) and the radius of the circle is
r(r>0).
Parametric equations of ellipses:

x =z9+ acosb, )
(0 is a parameter),

Yy = 1yo + bsinb,
where the center of the ellipse is (xq,yo), the length of the semi-major

axis is a, and the length of the semi-minor axis is b (a > b > 0).
Parametric equations of hyperbolas:

x =1x0+ asech, )
(0 is a parameter),

Yy = Yo + btand,

where the center of the hyperbola is (zg,yo), the length of the real half
axis is a (a > 0), and the length of the imaginary half axis is b (b > 0).

171
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(5) Parametric equations of parabolas:
x = 2pt?, :
(t is a parameter),
y = 2pt,

where the focus of the parabola is (12—7, 0) and the directrix is © = —

[MS]

B. Basic methods

Parametric equations provide a bridge that connects the relationship of
multi variables. In the process of solving a problem, by introducing a
parameter or parametric equations, one can relate multi variables to a sin-
gle variable for simpler computations, so that the purpose of solving the
problem is easily realized.

Parameters or parametric equations play a prominent role in solving
trajectory equations, extremal values, value ranges of variables, simplifying
computations, and etc.

2. Illustrative Examples

Example 1. A point P is on the circle A : 22+ (y —1)? = 1 and makes the
counter clockwise rotation along the circle with a constant angular velocity.
At the same time another point @ is on the circle A : (v —3)2+(y—2)2 =1
and makes the clockwise rotation along the circle with the same constant
angular velocity. If the initial positions of the points P and @ are (0,2) and
(2,2) respectively, find the maximum and minimum values of the distance
between the two points P and Q.

Solution. As in Figure 14.1, let the point P come to a point M at a
time moment and ZPAM = . Then the point Q moves to a point N and
ZQBN = —0, so the coordinates of the points M and N are

M (cos (g +9) ,1 4+ sin (g +0)),
N3+ cos(m —0),2 +sin(r — 0)), 0 € (—m,m),

respectively, and thus

IMN| = +/(—sinf — 3+ cosf)2 + (1 + cosf — 2 — sin )2
= /2(cos @ — sin )2 — 8(cosf — sin 6) + 10
= /2(cos @ —sinf — 2)2 + 2

_ \/2 [\/Esin (%—0) —2}2+2.
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Figure 14.1 Figure for Example 1.

Clearly, when 7 — 0 = —73, that is 0 = %T’T, the distance between the
two points P and @Q has the maximum value /14 + 8v/2; when T-0=3

2
namely 6§ = —7, the distance between the two points P and @ has the

minimum value /14 — 8v/2. O

Remark. Introducing the parametric equations of the circles, expressing
the distance between two moving points in terms of the central angle 6,
and using the feature of easy determination of the maximum value and
the minimum value of trigonometric functions, made the solution to the
problem easy to obtain. However, as in this problem, we should be careful
about the value range of 6.

Example 2. A straight line passing through M (2, 1) intersects the ellipse
% + y4—2 = 1 at two points A and B, so that a point M is the one-third
point of the chord AB. Find the equation of the straight line.

Solution. Let the parametric equations of the straight line AB be

r=2+tcosa, .
(t is a parameter).

y=141sinq,

Now, « can vary. Let the corresponding parameter values to the two
points A and B be respectively ¢; and to. Then t; = —2t5, and so t; +t3 =
—ty and t1ty = —2t3. Thus, t1ty = —2(t; +t2)?.

2

Substituting the parametric equations of the straight line into % +4 =

1, we get

(4sin® o + cos® a)t? + (8sina + 4 cosa)t — 8 = 0,
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and then

—(8sina + 4 cos ) 8

ti+t2 =  titg = —

4sin? o + cos? a 4sin® o + cos2a’
Since tltg = 72(t1 + t2)2,

447

tana =
6
Hence, there are two desired straight lines whose equations are y — 1 =
_4Eﬁ(w —2)andy —1= _él%ﬁ(w — 2), respectively. O

Remark. In the current example, the geometric meaning of the parameter
in the parametric equations was combined with Vieta’s theorem. If M is
the middle point in the problem, then t; + t2 = 0, and the length of the
chord AB can be calculated via |AB| = |t1 — ta] = \/(t1 + t2)? — 4t1ts.
Such strategies have many applications in parametric equations of straight

lines.

Example 3. If there are two points on the hyperbola C : z? — 3% = 1,
which are symmetric with respect to a straight line [ : y = k(x + 4), find
the range of the values for k.

Solution. Let A(x1,y1) and B(x2,y2) be the two points of the hyperbola
that are symmetric with respect to the straight line I. Then 2% — y? = 1
and 23 — y3 = 1. Subtracting one from the other gives

(1 + x2) (21 — 22) = (y1 + y2) (41 — y2) = 0.
Let the middle point of AB be M(xo,y0). By kap = L= (2, #

€Tr1—I2
x2),x1 + o = 2x0, and y1 + y2 = 2yo, we obtain

2{B0 — 2y0kAB =0. (14.1)

If k& # 0, then the equality (14.1) is deformed to

1
220 + 2y07 = 0. (14.2)

Also the fact that M (zo,yo) is on the straight line ! implies
Yo = k(zo + 4). (14.3)

Solving (14.2) and (14.3) together gives the point M (-2, 2k).



14. Parametric Equations 175

Let the parametric equations of the straight line AB be

r=—241tcosqa, ) 1
t is a parameter and tana = —— |.
y =2k +tsina, k
Substitute the above into the equation of the hyperbola. We then have
(cos® a — sin® a)t? — (4cosa + 4ksina)t + 3 — 4k* = 0. (14.4)

Since tana = f%, we get cosa = —ksina, and after substituting it
into (14.4), we find that

t2(k? —1)sin® a + 3 — 4k? = 0.

It follows that 3k§4_k12 < 0 from t? > 0 and sin® a # 0. In other words,

(k* —1)(4k* —3) >0, k#0,

the solutions of which are k € (—o0,1) U (7@7 0) U (O, @) U (1, +00).
If £ = 0, then the equation of the straight line [ is y = 0. This time

there exist points that are symmetric with respect to [ on the hyperbola C.
In summary, k € (—oo,1) U (—@, \/7§) U (1, 400). O

Example 4. Draw two mutually perpendicular chords OA and OB from
the vertex of a parabola y?> = 2pz (p > 0). Find the equation of the
trajectory for the middle point M of the line segment AB.

Solution 1. See Figure 14.2. Letting the equation of the straight line OA
be y = kx, and solving the system of the equations

y = ku,
y? = 2pz,
we find the coordinates of the point A to be (z—’;, %p)
Let the middle point of AB be M (z,y). Then

1/2p 2 1 2
w:§<ﬁ+2pk)=p<ﬁ+k),

1 (2p B 1
y—2<k 2pk)—p(k k:)

Eliminating k from the above gives that y? = px — 2p?.
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yA A

S
=y

B

Figure 14.2 Figure for Example 4.

Solution 2. Write A(2pt?,2pt1) and B(2pt3, 2pts). Then
2pt1 2pt2 o 1
2pt2 2pt2 ity

koakop =

)

namely t1t5 = —1.
For the middle point M (z,y), we have

{w =p(t3 +13),

Y= p(tl + t2)7
and substituting 1o = —1 into the above and eliminating t; and ¢y ensure
that

y* = px —2p°. O

Remark. In Solution 1, using the slope k of OA as a parameter fastened
the process of finding the result. In Solution 2, although two parameters ¢,
and to were chosen, actually there was only one parameter because of t1t5 =
—1. So, the parameter elimination processes of the two solution methods
have no essential difference, but Solution 2 is obviously more feasible and
open.

Example 5. Suppose that there is a fixed pint A on an ellipse C' : 2—2 — g—j =
1 (a#10),and P and @ (both are different from A) are two arbitrary points
on C satisfying PA L QA. Prove: The straight line passes through a fixed
point.
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Proof. Let the three points be A(asecf,btanf), P(asecay,btanay), and
Q(asecas,btanas). Then the equation of the straight line PQ is

(x —asecar)(btana; — btanas) = (y — btan g )(asec g — asecaz),

which can be rewritten as

ap — Qg a1+ ag al + ag

b cos -z — asin ~yfabcosT =0. (14.5)
Since
bap = DI g = O
asin O‘lT“’ @ asin asz
we see that
kapkag = —1,

which is equivalent to

—0 -0 0 0
b2COSa1 cosoz2 +a2$ina1Jr n 82T =

sin
2 2 2 2

0.

The above equality is valid if and only if

b2 [COS (w — 9) + cos %}

2 [Cos%—m%%wﬂ _o

& (a? +b?) cos % + b2 (COS wcoséi + sin w sin@)

—a? (Coswcosﬁ—sinwsinﬁ) =0

2

a?+b% 1 a; —ay (a2 +b%)sinf . o +az
cos - sin

b2 — a? cos b 2 (a®? — b2) cosd 2

+ cos atay 0.

2
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The last equality can be written as

_ 2 b2 2 b2
bcos a 5 a2 QZQ i— 02 sec — asin & ;OQ .bZQ jaQ tan 6
_aboos T2 _ 0,
2
the comparison of which to (14.5) implies that the straight line PQ always
passes through the fixed point (a% sec 6, b% tan 9). O

Remark. Since A, P, and @ are on the hyperbola, we only needed to
introduce three angles (eccentric angles) to express the coordinates of the
three points respectively by using the parametric equations.

Example 6. As Figure 14.3 shows, A and B are the left and right vertices
of an ellipse i—i + 'Z—z =1 (a>b>0), and P and @ are two points on the
ellipse that are different from any vertex. Let the straight lines AP and
@B intersect at a point M, and the straight lines PB and AQ intersect at
a point V.

(1) Prove: MN L AB.
(2) If the chord PQ passes through the right focus Fs, find the equation of
the straight line M N.

Solution. (1) Let P(acosa,bsina) and Q(acos3,bsin3) be the coordi-
nates of the points P and . Write A(—a,0) and B(a,0). Then

lap:a(l+cosa)y = bsina(z + a), (14.6)
lgp s a(cosf — 1)y = bsin B(x — a). (14.7)
y

=

Fo 1o Nx

=

=

Figure 14.3 Figure for Example 6.



14. Parametric Equations 179

Eliminating y from (14.6) and (14.7) combined together, we see that
sina(cos 8 —1)(z 4+ a) = sin B(1 + cosa)(z — a)
< [sina(cos S — 1) — sin B(1 4 cos a)]x
= alsina(l — cos §) — sin B(1 4 cos a)]
& [sin(a — ) — sina — sin Bl
= alsina — sin 8 — sin(S + «)]

Oé—5<. a—p Oé+5)
sin x

< COS

2 2 2
—acosoﬁLﬁ sinaiﬂ—sinaJrﬂ
N 2 2 2

acos#
= Ty = e

cos —+

(since P and @ are different from the vertices).

acos &8

By the same token, xny = P Thus, zp; = xy,andso MN L AB.
S T3

(2) Note that ﬁ = (acosa — ¢, bsin«) and m = (acosff —¢,bsin ).
The fact that P, F5, and Q) are co-linear

= Fgﬁ and 1?26 are co-linear
= sinS(acosa — ¢) = sina(acos f — ¢)

= asin(a — 8) = ¢(sina — sin f)

:asina_ﬁcosa_ﬁ —ccosa+ﬁsina_6
2 2 2 2
a—pf a+p
= acos = ccos
2 2
acoso‘zﬁ a?
cos 55
2
It follows that the equation of the straight line M N is z = % O

Example 7. Assume that ZAOB = 6 (¢ is a constant and 0 < 6 < T),
moving points P and @ are on the rays OA and OB respectively, and
the area of APOQ is always 36. Let the center of gravity of APOQ be G,
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a point M be on the ray OG, and the condition |OM| = 3|OG]| be satisfied.
Find:

(1) The minimum value of |OG].
2) The equation of the trajectory for the moving point M.
J y g

Solution. (1) Establish a rectangular coordinates system with O as the
origin and the angular bisector of ZAOB as the z-axis. Then we can write

0 0 0 0
Placos—,asin= ), @Q(bcos—,—bsin— |.
2 2 2 2
So, the coordinates of the center of gravity G(zo,yo) of AOPQ are

1 0 0 1 0
To =3 <acos§ +bcos ~ +0) = z(a+b)cos,

3 2 3 2
1 0 0 1 0
Yo =3 (asin§ - bsin§ + 0) = g(a - b)sina
Thus,
|0G” = 2%, + y&,
1 2 0 0
= §(a2 +b%) + §ab <COS2 7~ sin? 5)
1 2
= §(a2 +b%) + §abc050
1 2 4 0
> 2 .2ab+ ~abcosf = —abcos® —.
9 9 9 2
Also Spopg = %ab sinf = 36, that is ab = Si?e, SO
4 72 0 0 0
>/ =——cos? = = /16 cot = = 44/ cot =.
|OG|_\/9sin9COS 5 \/6(:0 5 cot 5
When a = b = %, the above inequality becomes equality, so

|OG|min = 44/ cot g.

(2) Write M (z,y). From |OM| = 2|OG|, we have

1 0
$:§IG:§(Q+I))COS§>O,
3 1 0
y:§yG:§(a—b)sin§>O,
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the solutions of which are

g0 0= -
2
Substituting the above into ab = S& and simplifying the resulting expres-

inf
sion, we obtain

2 2
’ 7 i 7 =1(x>0),
36 cot 3 36 tan 3
which is the equation of the trajectory for the moving point M. O

Example 8. Given three points A, B, and C' in a plane that are not co-
linear, and with the line segment AB as its axis (major axis or minor
axis) draw an ellipse that does not pass through the point C'. Suppose that
the ellipse intersects the two other line segments AC' and BC at E and
F, respectively. Draw the tangent lines to the ellipse from E and F', and
assume that the two tangent lines intersect at a point Cy. Similarly, draw
two other ellipses with the line segments BC' and AC' as an axis respectively,
and obtain the intersection points Ay and By of the corresponding tangent
lines respectively. Prove: No matter what length to choose the other axis
of each ellipse, the three straight lines AAy, BBy, and CCy always pass
through a fixed point.

Proof. We first consider the ellipse with the straight line containing the
line segment AB as an axis. Establish a rectangular coordinates system,
so that the equation of the ellipse is Z_j Zé—j =1 (a # b). Let the ellipse
intersect the straight lines AC' and BC' at the points £ and F' respectively.
Draw from E and F' the tangent lines to the ellipse and they intersect at
the point Cj.

Write A(—a,0), B(a,0), E(acosa, bsina), and F(acos3,bsin3). Then

. y  bsina
AE 2 a  a(l+cosa)’

Y —bsin 8
lBF5 =

r—a a(l—cosp)’
Solving the above two equations, we obtain

a cos azﬂ

rTo=——F"
008520‘
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Thus, the equations of the tangent lines to the ellipse passing through

FE and F are
rcosa  ysina _q
a b
xcosﬂ+y5mﬂ _ 1
a b

respectively, and solving them together gives

a cos O‘“’
Toy = ———
o cos BT
From z¢ = z¢,, we know that CCy L AB.
Similarly, AAg L BC and BBy 1. AC.
Therefore, the straight lines AAg, BBy, and C'Cy coincide with the three

altitudes of AABC, and consequently they all pass through the orthocenter
of AABC. O

3. Exercises

Group A
I. Filling Problems
1. Two vertices A and B of AABC' are the two foci of
r=—1+2y2cosb, )
) 0 is a parameter.
y =2+ 2sind,
The vertex C' moves on the circle 22 + 2 = 64. Then the trajectory
equation for the center of gravity of AABC' is .
2
2. At a point M (not the origin) on the major axis of an ellipse 25 + ¥z =
1 (a > b>0), draw a chord PP’ that is perpendicular to the major axis
AA’. Then the trajectory equation for the intersection point @) of A’P’
and PA is
3. The intersection points of a stralght line passing through the point
P(—2,3) with the inclination angle 27 and the circle 2% 4+ y? = 25
are A and B. Then the value of |PA||PB| is
4. There are two points P and @ on the ellipse 2 4 y =1 w1th center O.

ﬁ
If the product of the slopes of OP and OQ is —1, then |OP]2 +10Q|?* =
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II. Calculation Problems

5. Let a moving straiéght line [ be perpendicular to the x-axis and intersect
2
the ellipse

xT

Z + % =1 at two points A and B. If P is a point on [
satisfying |PA||PB| = 1, find the equation of the trajectory of the point
P.

6. As Figure 14.4 shows, C'D is a diameter of an ellipse z—z + z—j =1. At
the left end point A of the major axis of the ellipse, draw a parallel
line to C'D, intersecting the ellipse at another point N and intersecting
the straight line containing the short axis at M. Prove: |AM||AN| =
|CO||CD|.

7/\4 D
A [0 B X
C

Figure 14.4 Figure for Exercise 6.

7. In a rectangular coordinates system xQOy of a plane, the right focus of
a hyperbola C : 2—; — z—j = 1 is F. A straight line passing through
F intersects the hyperbola C' at two points A and B. If |OF||AB| =
|F'A||F B, find the eccentricity e of the hyperbola C.

8. There is a point B outside a circle centered at A with radius 2cos#6,
where 0 < 0 < Z. Suppose that |[AB| = 2sin6, and M is the center of a
circle that passes through B and is tangent to the circle A at a point T’
from outside.

(1) When 6 takes some value, what curve is the trajectory P of the
point M7

(2) The point M is a moving one on the trajectory P and N is a mov-
ing point on the circle A. Denote the minimum value of |[M N| by
f(0). Find the range for the values of f(6) (you do not need to
prove it).
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Group B
9. Let P be any point on a hyperbola > _ Z—j =1(a>0and b > 0).

a2

At P draw two parallel lines to the asymptotes, each intersecting the
other asymptote at @ and R, respectively. Prove:

(1) |PQIIPR| = 7(a® +b°).
(2) The area of the parallelogram PQOR is Sab.

10. As in Figure 14.5, at a moving point P on an ellipse Z—j + z—j =1(a>
b > 0), draw two tangent lines PA and PB to the circle 22 + y? = b2
with two tangent points A and B, respectively. Let the straight line
AB intersect the z-axis and y-axis at M and N, respectively.

(1) Find the minimum value of the area of AMON.

(2) Does there exist a point P on the ellipse such that the two tangent
lines to the circle are mutually perpendicular? If there exists such
a point P, what condition should a and b satisfy? Then also find
the coordinates of the point P. If the point P does not exist, state
the reason.

N,
ey

Figure 14.5 Figure for Exercise 10.

11. At any point P not on an ellipse i—z + Z—; = 1, draw two straight lines
1 and [ that intersect the ellipse at two points A, B and C, D, respec-
tively. If the inclination angles of I; and Il are a and [, respectively
and a+ 3 = 7, prove: The four points A, B,C, and D are on the same
circle.



14. Parametric Equations 185

12. Let the left vertex of a hyperbola i—i - Zé—j =1 (a,b > 0) be A and
the right focus be F. From F' draw any straight line that intersects
the right branch of the hyperbola at two points M and N. Suppose
that AM and AN intersect the right directrix at two points P and Q.
Prove: The circle with PQ as diameter passes through the point F'.
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Chapter 15

Families of Curves

1. Key Points of Knowledge and Basic Methods

A collection of curves with some common properties is called a family of
curves.

A. Families of straight lines

(1) The family of the straight lines passing through a fixed point (g, yo)
is
AM(Y = yo) + A2(z — 20) = 0,
where A1 and \; are parameters.
(2) The family of the straight lines that are parallel to a straight line Az +
By+C=0is
Axr+ By+ =0,

where A #£ C, and X is a parameter.
(3) The family of the straight lines that are perpendicular to a straight line
Az +By+C=0is

Bx — Ay+ A =0,

where ) is a parameter.
(4) When the general forms of two straight lines [ and Iy are fi(z,y) =0
and fo(x,y) = 0 respectively, the family of the straight lines

Mfi(x,y) + Aafa(x,y) = 0 (A1, A2 are parameters)

(i) represents all the straight lines that pass through the intersection
point of [; and 5 if [; and [y intersect;

187
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(ii) represents all the straight lines that are parallel to {1 and ls (or
imaginary straight lines) if [; || lo.
(5) The family of the straight lines with sum a of the z and y intercepts is
z Y
A + a— A

=1 (X is a parameter).

(6) The family of the straight lines whose distance to the origin equals
r(r>0)is

xcosf + ysinf = r (0 is a parameter).

B. Families of conic sections generated by straight lines

(1) If the equations of the three sides of a triangle are f;(x,y) = 0 (i =
1,2,3), then the equation of the family of the conic sections passing
through the three vertices of the triangle is

fl(w’y)f2<$7y) + /\f2<$7y)f3($,y) + Mf3($,y)f1($,y) =0,

where A and p are parameters.

(2) If the equations of the four sides of a quadrilateral are f;(x,y) =0 (i =
1,2,3,4), then the equation of the family of the conic sections passing
through the four vertices of the quadrilateral is

fl(xvy)fff»(xvy) + )\fQ(Ivy)f4(I7y) =0 (A isa parameter),

where fi(z,y) =0 and f5(z,y) = 0, and fo(x,y) = 0 and fa(x,y) =0
are the equations of the opposite sides of the quadrilateral, respectively.

(3) The equation of the family of the conic sections that are tangent to two
given straight lines fi(x,y) = 0 and fa(x,y) = 0 at given points M;
and M> is

filx,y) fa(z,y) + Afs(x,y) fs(z,y) =0 (N is a parameter),

where f5(z,y) = 0 is the equation of the straight line that passes
through M; and Ms.

(4) The equation of the family of the conic sections that pass through the
four intersection points of two straight lines f1(x,y) = 0 and fa(x,y) =
0 with a conic section F(z,y) =0 is

F(Ivy) + Afl(xvy)fQ(Ivy) =0 (A is a parameter).
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C. Families of circles

Using families of circles is an important method to find equations of circles,
and also a simple and direct way of proving co-circle of four points.
For two circles

Ci(x,y) =2 +9y>+ Dz + Ey+ F; =0 (i = 1,2)
with distinct centers, the equation
Cl(xvy) + ACQ(xvy) =0

represents the family of the circles with the common axis. When \ # —1,
it gives a circle; when A = —1, it is reduced to the straight line

(leDQ)I#»(El*EQ)y‘i’(Fl*FQ):Ov

and this straight line is called the root axis of the two circles.
For a given circle Ci(x,y) = 0 and a point (m,n) on the circle, the
equation

Ci(z,y) + M[(z —m)* + (y —n)?] = 0 (\ is a parameter)
represents the family of the circles that are tangent to the circle Cy (z,y) =0
at the point (m,n).

D. Families of centered conics

When Ay # 0 and A, p are not both negative, the standard equation of the
family of the centered conics can be written uniformly as

2 2
z Y
A T
Aop
(1) The equation of the family of the centered conics with common foci is
2 y?

where m and n are constants, the half focal distance is ¢ = /|m? — n?|,
and A is a parameter.
(2) The equation of the family of the centered conics with two common
vertices is
a A

where (+a,0) are the fixed vertices, and A is a parameter.
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(3) The equation of the family of the ellipses with a common eccentricity

is
2 2
x Yy
P + ol A,
where a and b are constants, and A > 0 is a parameter.
(4) The equation of the family of the hyperbolas with common asymptotes
is
2 2
x
-5 =A
a b2
where a and b are constants, and A (# 0) is a parameter.
(5) The equation of the family of the conic sections that pass through the
intersection points of two conic sections

fE2 y2 1'2 y2
TV ad e Y
T T N )

2 2 2 2
(Gog) (G g
where A (#£0) is a parameter. This equation does not contain fx_z +
%—2 =1.
In general, if the equations of two conic sections are fi(z,y) = 0 and

fa(x,y) = 0 respectively, then the equation of the family of the conic sec-
tions that pass through the intersection points of the two conic sections is

)\1f1($,y) + Agfg(fﬂ,y) = 07

where A\; and Ao are parameters.

E. Basic methods

Using a family of curves to solve problems is basically to choose charac-
teristic quantities of the equation of the curves (such as the slope of the
equation of a straight line, intercept b, the radius of a circle, a and b of a cen-
tered conic, etc.) as variables to obtain a family of the curves. According
to the known quantity, using the method of undetermined coefficients, one
can realize the goal of solving the problem. This method often reflects the
mathematical viewpoint of parameter transformations and solution strate-
gies of global treatments. The types of problems include finding the coor-
dinates of a point, the equation of a curve, properties of a geometric figure,
and so on.
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2. Illustrative Examples

Example 1. Find the equation of a circle that is tangent to the circle
2% +y? —4x —8y+15 = 0 at the point P(3,6) and passes through the other

point Q(5,6).

Solution. The tangent point (3,6) is on the known circle, so it can be
thought as the “point circle”: (x — 3)? + (y — 6)? = 0, so we establish the
equation of the family of the circles

:B2+y2—4x—8y+15+/\[(9c—3)2+(y—6)2]:O.

Substituting the point Q(5, 6) into the above equation, we find that A = —2.
Hence, the equation of the desired circle is 22 + y? — 8z — 16y + 75 = 0.
0.

Remark. When trying to find the equation of a circle that is tangent to a
known straight line or a known circle at a given point, it is often to treat
the tangent point as a “point circle” and then to use the equation of the
family of the circles with a common point to solve the problem. This is an
important method and technique.

Example 2. Suppose that 0 < a < b. Passing through fixed points A(a,0)
and B(b,0) respectively, draw straight lines [ and m so that they intersect
the parabola y? = z at four different points. When the four points are
on the same circle, find the trajectory of the intersection point P of the
straight lines [ and m.

Solution. Let the equations of the straight lines I and m be y = k1 (z — a)
and y = ko(x — b), respectively.

Then the coordinates of all points on the straight lines [ and m satisfy
the equation

(kix —y — kra)(kaw — y — kab) = 0.

Thus, their intersection points with the parabola satisfy the system of
the equations

Yy’ =z,
(kix —y — k1a)(kaw — y — kab) = 0.
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If the four intersection points are on the same circle, then the equation
of the circle can be written as

(krx —y — k1a)(kox — y — kob) + A(y? — ) = 0.

In this equation, the term that contains xy must be zero, hence ky = —ko.
Assume that ky = —ky =k # 0. Then

straight line [ : y = k(z — a), straight linem : y = —k(z —b).
Eliminating & from the above two equations gives 22 — (a+b) =0 (y #
0), and this is the sought equation of the trajectory. (]

Example 3. The ellipse 22 +2y?—2 = 0 and the straight line z+2y—1 =0
intersect at two points B and C. Given A(2,2), find the equation of the
circle that passes through the three points A, B, and C.

Analysis. For this problem, we could find the coordinates of B and C,
and then find the equation of the circle passing through the known three
points. But here we can consider the problem from the angle of families of
conic sections. Every curve of the family of the conic sections

MNa?+2y* —2) +pu(z+2y—1)=0

passes through B and C. However, very obviously the family does not
contain all the conic sections that pass through B and C, since all the
circles passing through B and C' are not in the family. But we can construct
another family of the conic sections

Aa? +2y% = 2) + p(z + 2y — 1)(z — 2y +m) =0,

which contains the circles passing through B and C.

Solution. Let the equation of the desired circle be
Mz? +2y* —2) + p(z + 2y — 1)(z — 2y +m) =0,
which becomes
A+ p)x? + (2N — 4p)y? + p(m — Da 4+ 2u(m + 1)y —mp — 22 =0
(15.1)

after expansion. Let A + © = 2\ — 4y and choose y = 1. Then A\ = 5.
Substituting it into (15.1) results in

622 + 6y* + (m — )z +2(m + 1)y —m — 10 = 0. (15.2)
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Putting A(2,2) into (15.2) gives m = —8, and so (15.2) is
622 + 6y% — 9z — 14y — 2 = 0. O

Remark. If two curves Cy : fi(x,y) = 0 and Cs : fa(x,y) = 0 have inter-
section points, then the curve Afi(z,y) + uf2(z,y) = 0 must pass through
the same points, but curves that pass through the intersection points may
not be of the above form. When the two curves are conic sections and inter-
sect at four points that are not co-linear, the curve Af1 (z,y) + pufa(z,y) =0
can represent all the conic sections that pass through the four points.
Hence, in the process of using the family of the conic sections, one should
consider the feature of the equation.

Example 4. Let a be a real number, and let the two parabolas y = 22 +
x +a and = = 4y% + 3y + a intersect at four points.

(1) Find the range of the values for a.
(2) Prove that the four intersection points are on the same circle, and find
the coordinates of the center of the circle.

Solution. Let A € R. The equation of the conic sections that pass through
the intersection points of the two parabolas is

P +r—y+at dy? —2+3y+a)=0. (15.3)
(1) Let A = —1 in (15.3). Factorizing the resulting expression gives
(x —2y)(z +2y+2)=0.

The two parabolas have four intersection points if and only if the system

of the equations
r—2y=0,
G){ )
y=x"+x+a
and the system of the equations
r+2y+2=0,
m>{ )
y=x"+r+a
have four groups of different solutions.
Eliminating z from (I) gives

4y* +y+a=0.

By requiring the discriminant to be greater than 0, we get 1 — 16a > 0, so
1

a < .
16
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Eliminating 2 from (IT) gives
4y® + 5y +a+2=0.

Requiring the discriminant to be greater than 0 gives 25 — 16(a + 2) > 0,
S0 a < —%.

If the systems (I) and (IT) of the equations have common solutions, then
there exist real numbers z and y that satisfy

z—2y=0,c+2y+2=0, y=a’+z+a,

1
2

with a = —%.
To summarize, the range of the values for a is (foo, f%) U (f

the solutions of which are z = —1 and y = —

DO[=
—
=2}
N—

(2) Letting A = I in (15.3) gives

3 1 5
2 2, 90 4 0 _
-4y +4:17 4y+4a 0,

namely

cr ) (b))
8 Y7%) T3 1 ‘

This indicates that the four intersection points of the two parabolas lie
31

on the circle with (fg.g) as the center. O
Example 5. Suppose that A and B are two intersection points of a straight
line y = x + b and the ellipse 322 4+ y? = 1, and O is the origin. If AOAB

is an acute triangle, find the range of the values for b.

Solution. Let a straight line y = 2 + b intersect the ellipse 322 4+ y2 = 1 at
two points A; and Bj such that ZA;0B; is the right angle. Clearly, the
equation of the straight line A} B] that is symmetric to the straight line
A1 By with respect to the origin is

y=x—b.

Then the equation of the family of the curves that pass through the two
straight lines A; By and A} B} and the ellipse 322 + % = 1 is

My —2—b)(y —x+b) + p(32® +y*> — 1) =0,
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that is
A4 3p)2 — 222y + (A + w)y? — (A + ) = 0. (15.4)

If A1 A} L By Bj, then the equations of A; A] and B; Bj can be assumed
to be

r+ky=0, kx —y =0,
respectively. Then
(z + ky)(kz —y) =0,
namely
kx? + (k* — )ay — ky? = 0. (15.5)

If the family of the curves (15.4) contains the family of the curves (15.5),
then we may let

E=A4+3u, k> —1= -2\, —k=A+pu, \b> +pu=0,

the solutions of which are k = 24 /5 (choose k = 2 ++/5), A = —4 — 2/5,
pw=2++/5, andb:ig.

As Figure 15.1 shows, this means that the desired straight line y =
x + b satisfying the condition of the problem is above the straight line

A1 By (y =z+ g) or below the straight line A} B} (y =z — @) That
is,b>§orb<—§.

By

Figure 15.1 Figure for Example 5.
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Without loss of generality, assume that the straight line AB intersects
the ellipse at the two points A’ and B’ above A;Bj. Since |OB’| > |OA|,
it is enough to consider that ZOA’B’ is also an acute angle.

Eliminating y from y = x + b and 322 + y? = 1, we obtain

42 + 20z +b*> — 1 =0. (15.6)
Write A’(x1,y1) and B’ (x2,y2) with 21 < z3. From (15.6),

—b—V4=3b2 (V2 2v/3
— 1 (7<b< T)'

T =

Consequently,
3b— V4 — 3b2
—

Since the slope of the straight line y = x + b is 1, it is sufficient to have
koar > —1, namely

Y1 =

3b — 4 — 3b2 -
—b — /4 — 3p2 ’
the solution of which is b < 1.
In summary, and using the symmetry of the ellipse, we find that the

range of b is (—1,—§>U(\/T§,l>. O

Remark. (1) There is a more concise method concerning that ZOA'B’
is also acute: Since A’B’ is oriented, that is, its slope is 1. Assume that
OA’ 1 A’B’. Then the equation of OA’ is y = —z. Combining it with the
equation of the ellipse to solve, we get the solutions = = f% and y = %
Now, b=y —x=1,s0 ZOA'B' < § when b < 1.

(2) We can also solve the acute angle problem for ZOA’B’ by the equa-
tion of the curve family, similar to the previous examples: Assume that
OA’ 1 A’B’. Then the equation of OA’ is y = —x. Considering the exis-
tence of the slope of OB’, we may assume that the equation of OB’ is
x =ty. Then

(z +y)(z—ty) =0,
in other words,

22+ (1 -ty —ty? = 0. (15.7)
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Comparing (15.7) and (15.4) gives
T=A+3u, 1—t=—=2X\, —t=A+pu, \b>’+p=0,

the solutions of which are A = —pu = —% and b= 1.
Since the slope of A’B’ is 1, we know that ZOA'B’ < T when b < 1.

Example 6. As Figure 15.2 shows, let two circles be intersected by two
straight lines. The two straight lines intersect the first circle at A’, B’, C",
and D’ that form the two chords A’C’ and B’D’, and the second circle at
A, B,C, and D that form the two chords AB and DC. The four chords
intersect at four points. Prove: The four points are on the same circle that
has the same root axis as the original circles.

Figure 15.2 Figure for Example 6.

Proof. Let the equations of the circles O; and Oy be Ci(x,y) = 0 and
Cy(z,y) = 0, respectively, and let the equations of the straight lines Iy
and Iy be Li(x,y) = 0 and La(z,y) = 0 respectively. Then the equations
of AB and DC are of the form Cy(z,y) + A\ Li(z,y)La(z,y) = 0 (A is
a parameter); the equations of A’C’ and B’D’ are of the form Cy(z,y) +
XeLi(z,y)La(z,y) = 0 (A2 is a parameter). Thus, the four intersection
points of AB, DC and A’C’, B’ D’ are on the curve \yCs(z, y)— A C1 (z,y) =
0. Clearly, this is the equation of a circle (denoted as the circle O), namely
the four points are on the same circle.

On the one hand, we know that the equation of the root axis for the cir-
cles O7 and Os is C1(x,y) — Ca(z,y) = 0. On the other hand, the equation
of the root axis for the circles Oy and O is (A2 — A1)C1(z,y) — A2 Ca(z,y) +
AMC1(z,y) = A2[Ci(z,y) — Cao(z,y)] = 0. Therefore, the circles O, Oy, and
Os have the common root axis. O

Example 7. Let M N be a chord of a circle O and R be the middle point
of the chord M N. Draw two chords AB and CD at the point R. A conic
section that passes through A, B,C, and D intersects M N at P and Q.
Prove: R is the middle point of PQ.



198 Problems and Solutions in Mathematical Olympiad: High School 2

y
Y C
N
M p X
% B
D

Figure 15.3 Figure for Example 7.

Analysis. The conic sections that pass through A, B,C, and D can be
viewed as the family of the conic sections passing through the intersection
points of the circle with /1 and ls.

Proof. Set up a rectangular coordinates system with R as the origin and
MN as the x-axis; see Figure 15.3.

Suppose that the coordinates of the center O of the circle are (0, a) and
the radius is 7. Then the equation of the circle is

22+ (y —a)* =12 (15.8)

Let the equations of AB and CD be y = kix and y = kox, respectively.
Combine them together to form the equation

(y — k1z)(y — ko) = 0. (15.9)

Then the equation of the family of the curves that pass through the four
intersection points A, B, C, and D of (15.8) and (15.9) is

My — k12)(y — kox) + plz? + (y — a)®> — 1% = 0. (15.10)
Letting y = 0 gives
(Merkg + p)a? + p(a® — r?) = 0. (15.11)

The two roots of (15.11) are the horizontal coordinates of the intersection
points P and @ of the conic section and M N. By Vieta’s theorem, xp +
zg =0, so R is the middle point of PQ. O

Remark. This example is essentially a generalization of the butterfly the-
orem in plane geometry.
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Example 8. Suppose that the three pairs of the opposite sides of the
inscribed hexagon of a conic section are all non-parallel. Prove: The inter-
section points of the three pairs of the two straight lines containing the
opposite sides of the hexagon are co-linear.

Proof. Let the equation of the conic section be F(z,y) = 0, let the
equations of the six sides AB, BC,CD,DE,EF, and FA be l;(z,y) =
0 (i = 1,2,...,6) respectively, and let the equation of the diagonal AD
be m(x,y) = 0. Then the equation of the conic sections that pass through
the four points A, B,C, and D is la(z,y)m(z,y) + Ml (z,y)l3(x,y) = 0.
Properly choose A1 so that the above equation coincides with F(x,y) = 0.
Let this value of A\; be \]. Then

lo(z, y)m(z,y) + Aall(xvy)li%(xvy) = mF(z,y)=0. (15.12)

By the same reason, the equation of the conic sections that pass through
the four points A, D, E, and F is l5(z,y)m(z,y) + A2la(z,y)ls(x,y) = 0.
Properly choose A2 so that the above equation coincides with F(x,y) = 0.
Let this value of Ay be \,. Then

Is(z,y)m(z,y) + MNola(z,y)ls(z,y) = poF(z,y) = 0. (15.13)

Eliminating m(x,y) from (15.12) and (15.13), we obtain

/\/1l1<x7y)13<x7y)15(w’y) - )\élg(w,y)l4(:c,y)16(;v,y)
= [uls(2,y) — p2lo(z,y)|F(2,y) = 0. (15.14)

Clearly, the coordinates of A satisfy I3 (z,y) = 0 and lg(z,y) = 0, so the
point A is on the curve represented by the formula (15.14); by the same
reason, B, D, C, E, and F are also on the curve represented by (15.14).

Denote the three intersection points of the three opposite sides by L, M,
and N. The coordinates of the point L satisfy l;(x,y) = 0 and l4(z,y) = 0,
so the point L is on the curve represented by the formula (15.14); by the
same reason, M and N are also on the curve represented by (15.14).

Since L, M, and N are not on the curve represented by F(x,y) = 0, so
the three points must be on the straight line

pls(z,y) — pala(z,y) = 0.
That is, L, M, and N are co-linear. O

Remark. The above conclusion is nothing but Pascal’s theorem.
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3. Exercises

Group A

I. Filling Problems

1. The equation of a straight line that passes through the intersection point
of the straight lines 2z — 3y = 1 and 3z + 2y = 2 and is parallel to the
straight line y + 3x = 0 is

2. A circle is tangent to the straight line x + 3y —26 =0 at A(8,6) and
passes through the point B(—2,—4). Then the equation of this circle is

3. The equation of a centered conic with the foci (—2,0) and (2,0) that
passes through the point P (— —5) is

4. The long and short axes of an ellipse are parallel to the coordinates

axes, respectively. Suppose that the ellipse is tangent to the straight line
2x 4y = 11 at the point P(4,3) and passes through the points Q(0, —1)
and R(1,v/10+1). Then the equation of the ellipse is

II. Calculation Problems

5.

Given an ellipse 2—; + z—j =1 (a > b > 0). Find the hyperbola with the
same foci as the ellipse such that the area of the quadrilateral with their
intersection points as its vertices is maximal. And find the coordinates

of the vertices of the quadrilateral.

. From the vertex A of AABC, draw the perpendicular line to BC, with D

as the foot of the perpendicular. Choose any point H on AD. Suppose
that the straight lines BH and AC intersect at F, and the straight lines
CH and AB intersect at F', Prove: AD bisects the angle formed by ED
and DF.

Pick any point M in a line segment AB, and construct two squares with
AM and BM as one side on the same side of AB, respectively. Let the
circumscribed circles of the two squares intersect at points M and N.
Prove: No matter how M is chosen, M N always passes through a fixed
point.

Group B

8. Let A and B be two points on an ellipse 322 + y? = A, let N(1,3) be

the middle point of the line segment AB, and let the perpendicular
bisector of the line segment AB intersect the ellipse at C' and D. Does
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11.

12.
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there exist a real number A such that the four points A, B,C, and D
are on the same circle? Give your reason.

. Given a family of curves 2(2sin § —cos 0+ 3)x? — (8sin+cosf+1)y = 0

with 6 being a parameter, find the maximum value for the length of
the chord obtained from the intersection of the curve family with the
straight line y = 2z.

Assumption: Every two of three given circles intersect. Prove: The
straight lines that contain a resulting chord each from the intersections
intersect at one point, or are mutually parallel.

Draw a tangent line to a circle M from any outside point E with tangent
point F'; and draw a secant line F'AB with intersection points A and B
to the circle. Connect the middle point O of EF and B, intersecting the
circle M at D. Also ED intersects the circle M at C. Prove: AC || EF.
In a quadrilateral ABCD, the diagonal AC' bisects ZBAD. Pick a
point E on CD, and BE and AC intersect at F'. Extend DF' to inter-
sect BC at G. Prove: ZGAC = ZFEAC.
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Chapter 16

Derivatives

1. Key Points of Knowledge and Basic Methods
A. Meaning of derivatives

The derivative of a function y = f(x) at & = x( is the instantaneous rate
of change of the function f(z) at the point & = xy.

B. Geometric meaning of derivatives

The derivative of a function y = f(x) at & = x¢ is the slope of the tangent
line to the graph of the function f(x) at the point = = .

C. Deriwative formulas of basic elementary functions

(1) (¢)) =0 (c is a constant); (2) (z%) = az®~! (a is a constant);
(3) (sinx)’ = cosw; (4) (cosx) = —sinx

(5) (*) = a* Ina; (6) (e7) = e*;

(7) (log, )’ = 375 (8) (Inz)" = 3.

D. Operational rules of derivatives
If u(z) and v(x) have derivatives at , then
[u(z) £ v(@)] = u'(z) =v'(2);
[u(@)o(@)]" = v (z)v(z) + u(2)v’ (z);
[U(x)}' _ u'(z)o(z) —u(z)v'(z)

v(z) v(x)?

In particular, if ¢ is a constant, then [c¢f(z)] = cf'(x).

203
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E. Derivatives of composite functions

We call the function y = f(g(z)) the composite function of functions y =
f(u) and u = g(z). If the function f(u) has the derivative f/(u) at u = g(x)
and the function u = g(x) has the derivative at z, then the composite
function y = f(g(x)) has the derivative at x, and

Yo = youy = f'(g(x))g ().

F. Applications of derivatives
(1) Monotonicity of functions

In some interval D = (a, b) in the domain of a function f(z), if f/'(x) > 0,
then the function f(x) is monotonically increasing in D; if f'(x) < 0, then
the function f(z) is monotonically decreasing in D; if f/(x) = 0, then f(z)
is a constant function in D.

(2) Local extreme values of functions

Let D = (a,b) be an interval in the domain of a function f(x). Assume
that f/(xo) = 0 for some a < zg < b.

If f'(x) > 0 in the interval (a,xo) and f’(z) < 0 in the interval (zo,b),
then f(z) is a local maximum value of f(x).

If f'(z) <0 in the interval (a,z0) and f’(x) > 0 in the interval (z,b),
then f(zo) is a local minimum value of f(z).

~— L —

(3) Absolute maximum and minimum values of functions

Suppose that a function f(z) is defined on [a,b]. Then among the local
extreme values and the function values f(a) and f(b) at the end points of
[a, b], the maximal (minimal) number is the absolute maximum (minimum)
value of f(z) on [a,b]. The absolute maximum and minimum values of f(z)
on [a, b] are also called the maximum and minimum values of f(x) on [a, b],
respectively.

G. Basic methods

Monotonicity of functions, local extreme values, and the absolute maximum
or minimum values are all related to the signs and zeros of the derivative of
the function on some interval. Hence, the main work in using the derivative
tools to determine the monotonicity of the function, and find the local
extreme values and the absolute maximum (minimum) value is to find the
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zeros of the derivative and determine the signs of the derivative function
on the subintervals partitioned via the zeros of the derivative.

Using the geometric meaning of the derivative, one can find the slope of
the tangent line to a curve. Let P(z0,yo) be a point on the curve y = f(x).
Then the equation of the tangent line to the curve y = f(z) at the point
Pis

y—yo = f'(x0)(z — x0).

2. Illustrative Examples

Example 1. Suppose that a function f(z) = lnx — ax with a > 0 and let

g9(x) = f(z) + ().

(1) If the maximum value of the function f(x) is —4 for 1 < x < e, find
the expression of the function f(z).

(2) Find the range of the values for a so that the function g(x) is a monotone
function on the interval (0, 4o00).

Solution. (1) Since f/(z) = 1 —a, so f(z) is monotonically increasing on

(0, %) and f(x) is monotonically decreasing on (%,+OO). Thus, f(z) has

the maximum value when x = %

(i) When 1 < = < 1, namely a > 1, we have f(2)max = f(1) = —4. The
solution is a = 4, which satisfies the condition.

(ii) When 1 < % < e, namely % < a <1, we have f(2)max = f (%) = —4.
The solution is @ = e > 1, which does not satisfy the condition and
so is omitted.

(iii) When 1 > e, namely 0 < a < 1, we have f(2)max = f(e) = —4.
The solution is a = g, which does not satisfy the condition and so is

1
a
a

omitted.

In summary, f(z) = Inz — 4.

(2) Since g(z) =lnz —az + 1 —a,

() 1 1 1 22+1
r)=——a—-—5=—|=-—3 ~= —a.
g 2 4

i) When a > 1, we have ¢/(z) < 0, and ¢/(z) = 0 only when z = 2.
1

Hence, g(x) is monotonically decreasing on (0, 400).
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(ii) When 0 < a < I, we have ¢/(z) < 0if € (O%f,/lfa)

When L€ (3= /4 —a, 4+ /% ~a), it holds that ¢'(z) > 0.
When 1 € (%—I—./%—a,—i—oo),wehaveg(w)<0.

Hence, ¢g(z) is not monotonic on (0, +00).
To summarize, the range of the values for a is [%, —|—oo). O

Example 2. Suppose that the maximum value of the function f,(z) =
2"(1—x)?on [$,1] isa, (n=1,2,...). Find the general term formula for
the sequence {a,}.

Analysis. Obviously, we should find the maximum value of f,(x) on [%, 1]
respectively for different positive integers n. This requires that for different
n, we need to find out f, (3), fn(1), and the local extreme values of f,(x)
inside ( , 1) respectively, and then make comparisons of them.

Solution. First we calculate out that f/(z) = na" *(1—x)?—2z"(1—z) =
2" (1 —2)[n(l — ) — 2z].

When z € [$,1], from f/,(z) = 0 we know that z = 1 or z = s Also
fa(1) = 0.

When n =1, we find +2:%¢[ 1] Smcefl( )— 5,80 a1 =

When n = 2, we see that 15 = % € [1 1] Since fg(l) = 1g» SO
1

?'Hool»—‘

as = 16"
1
When n > 3, clearly nLH € [5, 1].
Since f](z) > 0 for xz € [%, #) and f)(z) < 0forz € (nLH’ 1), hence
fn(x) achieves the maximum value at x = 2. In other words,

o — n \" 2 2_ 4n?
"\ n+2 n+2)  (n+2)nt2

In summary,

1
ga TLZI,
Ap = 4n2 oy
CEP R -

In the following, we look at several problems that are solved by means
of derivatives.
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Example 3. Suppose that two real numbers z and y satisfy 2% 4+ 3¥ =
4% + 9Y. Find the range of the values of U = 8% 4 27Y.

Solution. Let a = 27 and b = 3Y. Then the known condition is reduced to

a+b=a%>+b% anda,b>0.

(r=2) +(3) -

1
5
From the graph in an aOb plane, t = a + b € (1,2]. Also

In other words,

(a4+b)?—(a®>+b*) t*—t

b = =
“ 2 2
So, it follows that
U=8"+27"=d’+ 1’
= (a+b)> — 3ab(a + b)
2 —t
=t*-3 ¢
1 3
=
2" T3
Denote f(t) = —4t 4+ 3¢, Then for ¢ € (1,2],
() = fgﬂ +3t = —;t(t —2)>0.

Thus, f(¢) is monotonically increasing on (1,2]. It is easy to see that
f(t) € (1,2] when t € (1,2].
To summarize, the range of the values of U = 8% + 27V is (1, 2]. O

Example 4. We know that 7 is an irrational number. The question is
whether

sinmx +sinz (x € R)

is a periodic function.

Solution. Suppose that f(x) = sinmz + sinz is a periodic function.
Assume that 7> 0 is a period of f(x).
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Taking derivative to the both sides of f(z +T) = f(¢t) gives

f(x+T)=mcos(rx + wT) + cos(m +T) = wcosmx + cosx = ['(x).

(16.1)
Let z =0 in (16.1). We have
meosTl +cosT = f'(T) = f'(0) =n + 1,
and thus
7T =2mm, T =2nw (m,n € Z,),
namely
m
T=—.
n
This contradicts the fact that 7 is an irrational number.
Hence, f(x) is not a periodic function. O

Example 5. Prove: (1) The given equation 22 —x — 1 = 0 has exactly one

real root 7, and r is an irrational number. (2) The number  is not a root of
any quadratic equation ax? + bx + ¢ = 0 (a # 0) with integral coefficients.

Proof. (1) Let f(z) = 2® —2—1. Then f’(z) = 32?—1. The function f(z)

is monotonically increasing on | —oo, f% , monotonically decreasing on

(—\/ig, %) , and monotonically increasing on (%, +oo), so f(z) obtains a

local maximum value % —1(<0)atz = f% and a local minimum value
—3% —1(<0)atz= % Also from f(1) = -1 < 0 and f(2) =5 > 0, we

see that the equation f(x) = 0 has a unique real root r € (1,2). It is easy
to see that r is also a unique root of f(z) = 0.

Suppose that 7 = 2, where m and n are positive integers that are
relatively prime. Then m? = n?(m + n), so from n? | m® we know that
n = 1. In other words r is an integer, which is a contradiction to r € (1,2).
Hence, r is an irrational number.

(2) Suppose that r satisfies ax? + bx + ¢ =0 (a,b,c € Z and a # 0). Then

(16.2)

ar’ +br+c¢=0,
i —r—1=0.
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Multiplying the first equality by r and then subtracting the second one

multiplied by a in (16.2), we obtain
br? +(a+c)r+a=0. (16.3)

Multiplying (16.3) by a and then subtracting the first equality of (16.2)

multiplied by b, we arrive at
(a® + ac — b*)r + (a* — be) = 0.
Since r is an irrational number, it follows that
{a2+acb2 =0,

a? —be=0.

The assumptiorgl a # 0 implies be # 0. Substituting b = % into a? +
ac —b? = 0 gives % = 2+ 1. Thus, r = %, which contradicts the fact that

r is an irrational number. O

Example 6. For two different points A(x1,y1) and B(ze,y2) on the graph
of a function, if there exists a point M (xq,yo), where z¢ € (x1,x2), such
that the tangent line [ at the point M is parallel to AB, then we say that

zitwo
2

AB has a “dependent tangent.” Particularly, when zo = , We say

that AB has a “mean value dependent tangent.”
Let a function f(z) = Inx — 1ax? + bz (a > 0) be given with the

p
condition that f’(1) = 0.

(1) Express b as a function of a, and find the intervals of monotonicity of
f(@).

(2) We ask whether there exist two points A and B on the graph of f(x)
such that AB has a “mean value dependent tangent.” If they exist,
find the coordinates of A and B; if they do not exist, give the reason.

Analysis. By the definition of a “dependent tangent,” we should start
from the equality relation between the slopes of AB and the tangent line
to the curve, set up the equation and determine whether it has a solution,
and transform the problem to that of finding a zero of a function.

Solution. (1) Since f/(z) = L —axz+b(z > 0), we have f'(1) = 1—a+b =0,
sob=a—1. Thus,
— 1 -1
f(x) = (az +:1:)(x ) (x> 0).
Also, since @ > 0 and = > 0, we see that az +1 > 0.
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Consequently, f'(z) > 0 when x € (0,1) and f'(z) < 0 when z €
(1, +00).

Hence, the interval of increase for f(x) is (0,1) and the interval of
decrease for f(z) is (1,+00).

(2) Let A(z1,y1) and B(x2,y2) be two points with 0 < 27 < x2 on the
graph of f(z). Then

1 1
y1 =Inxzy — 5@;10% +(a— 1z, y2=Inag— 5@35% + (a — 1)ao,

Y1 — Ya Inz; —lnas 1
= — = —1).
1 — T2 Tr1 — T2 2a(x1 +$2) + (CL )

kap =

The slope of the tangent line to the function graph at z¢ = x”“ is
T+ T2 2 1
= S —1).

5 ) P 2a(:Jc1 +x2) + (a—1)

k= f'(xo) =f'<

Inz;—lnze __ 2
t e, T T namely

The condition k4p = k implies tha

r1  2(x1 —32) 2 (i_; - 1)

In— = = —
T2 T1 + X2 ﬁ-ﬁ-l
Denote i—; =t. Then 0 <t < 1, and the above equality can be reduced
2(t—1)
toInt = | f2ft+—1,that1s
Int + 1 2
n — =2.
t+1

Defi Int 0<t<1). Then g'(t) = 1 — A = (=17
eneg() n+t+1(< _) eng()—?fm—m

Hence, ¢'(t) > 0 when ¢ € (0,1), so g(¢) is monotonically increasing,
and it follows that

gty <g(l)=20<t<1).

This means that the equation In¢ + = 2 has no solution in (0, 1).

t+1
In summary, there do not exist two points A and B on the graph of the
function f(x) such that AB has a “mean value dependent tangent.” O

Remark. This problem gave a new concept, but after a transformation it
was reduced to a familiar problem of solving equation zeros. The technique
of introducing the parameter ¢t = i—; was used cleverly and flexibly in the
solution process. That changed an unfamiliar situation to a familiar one,

and made a complicated case to a simple one.
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Example 7. Suppose that a function f(x) = az?® + bz + ¢ (a,b,c € R and
a # 0) satisfies the inequality |f(x)| <1 for all |z| < 1. Let the maximum
value of |f/(x)] with |z| <1 be K. Try to find all functions f(z) satisfying
|f'(z0)| = K for some z¢ € [—1,1].

Solution. First, |f(0)] = |c| < 1. Since one of b and —b has the same sign
as a + ¢, so from

[fW=la+b+ef <1,
If(=Dl=la-b+cf <1,

we know that |a + ¢| + |b| < 1, namely |a + ¢| <1 — |b|. Thus,
la] = el <fa+el <110,

and consequently |a| <1+ |c| — [b] <2 —1b].
When |z| < 1, we have

|f(x)| = |2az + b] < 2|a] + |b] <4 — |b| < 4.

In fact, with the choice f(z) = 222 — 1, it holds that |f’(1)| = 4, so
K =4.

For f(x) with an xg € [—1, 1] such that | f'(z¢)| = 4, from 4 = | f'(z¢)| <

— |b] we see that |b] = 0 and |a| = 2.

When a = 2, the function is f(z) = 22% + ¢. From |f(1)] =2+ ¢ <1
we have —3 < ¢ < 3. Also ¢ = —1 since |¢| < 1, hence f(z) = 22% — 1.

When a = —2, the same argument gives that f(z) = —2x2 + 1 satisfies
the requirement.

To summarize, the functions that satisfy the given condition are f(z) =
+(222 — 1). 0

Example 8. We are given a function y = f(x) and three points A, B, and
C on a straight line [. Suppose that

—

OA+ (y faxeflO? [(z —1)e” +f()]?:6>,
where e is the base of the natural logarithm, O € [, and a € R.

(1) If @ < 0, find the function f(z) and its intervals of monotonicity.
(2) If a= 71 and the graphs of the function f(z) and a function g(z) =
34 x + m have three different intersection points, find the range
of the Values for m.
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Solution. Since the three points A, B, and C' are co-linear,
OA = —(y — az’?e” — 1)0? +[(z—1)e" + f’(O)]O?,
in which
—(y — ax?e” — 1) + [(x — 1)e” + f(0)] = 1.
It follows that
y = ax’e” + (x — 1)e” + f(0),
y' = [ax® + (2a + 1)z]e”,

and so f/(0) = 0, in other words f(z) = (az?® + z — 1)e®.

(1) Now, f'(z) = (2az + 1)e® + (ax?® + v — 1)e* = x(ax + 2a + 1)e”.

(i) If =3 < a < 0, then f'(z) < 0 when z < 0 or z > —

f'(z) >0 when 0 < z < —24tL,
Thus, for f(x), the intervals of decrease are (—o0,0] and

[72"(1—“, = oo) and the interval of increase is [O, f%]

(ii) If a = —3, then the interval of decrease for f(z) is (—oo, +00) since
f(z) = —3a?e” < 0.

(iii) If @ < —3, then f'(z) < 0 when z < —22H or 2 > 0, and f/(z) > 0
when 72aa_+1 <z <0.

2a+1 , and
a

Hence, for f(x), the intervals of decrease are (foo, 7%] and [0, +00)
and the interval of increase is [7%, 0].

(2) The condition that the graphs of the function f(z) and the function
1

glx) = 5:103 + %x2 + m have three different intersection points is equivalent
to the property that the function h(z) = f(x) — g(x) has three different
ZEros.

When a = —1, From (1)(iii), f(z) = (=2® + 2 — 1)e® is monotonically
decreasing on (—oo, —1], monotonically increasing on [—1,0], and mono-
tonically decreasing on [0, +00). From g(z) = 22 + £2® + m, we have
g'(x) =2+ x.

Clearly, ¢’(z) > 0 whenever < —1 or > 0, and ¢'(x) < 0 whenever
-1 <z <0.

Therefore, g(z) is monotonically increasing on (—oo, —1], monotonically

decreasing on [—1, 0], and monotonically increasing on [0, +00).
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Hence, h(x) = f(z) — g(x) is monotonically decreasing on (—oo, —1],
monotonically increasing on [—1,0], and monotonically decreasing on
[0,400). So, h(x) achieves a local minimum value

301
h-1)=-—2—m

at x = —1, and achieves a local maximum value h(0) = =1 —m at = = 0.
Since h(z) — 400 as © — —oo and h(z) - —oco as x — 400, we see
that h(z) has three different zeros if and only if

Hence, —% — % < m < —1, which is the range of the values for m. O

3. Exercises
Group A
I. Filling Problems

1. The maximum value of function y = z(1+ 1 — 22) is
2. Let a function be f(z) = 2x — cosz, {a,} an arithmetic sequence Wlth

common difference g, and

fla1) + fla2) + -+ + f(as) = 5.

Then the value of f(az)? — ajas equals

3. Suppose that a point P is on the curve y = €” and a pomt Q is on the
curve y = Inz. Then the minimum value of |PQ)| is .

. A function f(z) defined on R satisfies f(1) = 1 and f'(z) < 3 for any
x € R. Then the solution set of the inequality f(log,z) > longmH is

W~

II. Calculation Problems
5. Let a function f(z) =1—e 7.

(1) Prove: When z > 0, it holds that f(z) > 1.

(2) Let a sequence {a,} satisfy a1 = % and ane™ "+ = f(a,) for n > 1.
Prove: The sequence {a,} is monotonically decreasing, and a,, < 2%

for any n.
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6. Given an integer n > 1. Prove: There exists a positive integer m greater

than n™ such that "Zﬂgn is a positive integer.

7. We are given a function f(z) =In(1 +z) +1— 2z + faz’ (a > 1).

(1) Let the tangent line at the point P(0,1) to the curve C : y = f(x)
be [. If the straight line [ and the curve C have only one common
point, find all the possible values of a.

(2) Prove: There is an interval [x1, 23] (21 < 22) on which the function
is monotonically decreasing. Also find the value range for xo — 1.

12

8. Let b > 0 and be given the equation 3= + Z—; = 1 of an ellipse and the
equation 22 = 8(y — b) of a parabola, as shown by Figure 16.1. Draw a
parallel line to the z-axis at F'(0,b + 2), whose intersection point with
the parabola in the first quadrant is G. Suppose that the tangent line

to the parabola at G passes through the right focus Fj of the ellipse.

(1) Find the equations of the ellipse and parabola satisfying the
conditions.

(2) Let A and B be the end points of the long axis of the ellipse, respec-
tively. Investigate whether there exists a point P on the parabola
such that AABC' is a right triangle. If the answer is yes, indicate
how many of such points exist (you do not need to find the coordi-
nates of these points).

YA

\ F

N

o
) |

7

Figure 16.1 Figure for Exercise 8.
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Group B

9. Give a function
1
f(w)zln:zc—l—a(——l), a€R,
T

and assume that the minimum value of f(x) is 0.

(1) Find the value of a.
(2) Let a sequence {a,} satisfy a; = 1 and a1 = f(a,)+2 (n € Ny).
Denote

Sn = [al] + [aQ] +o At [an]v

where [m] represents the maximal integer that does not exceed the
real number m. Find S,,.

. 2 g2

10. Suppose that a function f(z) = [In(1 + 2)]" — {7

(1) Find the intervals of monotonicity for the function f(z).

(2) If an inequality (1 + %)n—m < e is satisfied for all n € N, where e

is the base of the natural logarithm, find the maximum value of a.

11. We have a function f(z) =In(z+ 1)+ %ﬂ + ax — 2, where a > 0.

(1) When a = 1, find the minimum value of f(z).
(2) If f(x) > 0 for = € [0, 2], find the range of the values for the number
a.

12. Let f(x) = }fgz (a > 0and a # 1), and let g(z) be the inverse function
of f(x).
(1) If an equation log, m = g(z) about x has a real number

solution on the interval [2, 6], find the value range for ¢.
(2) When a = e (e is the base of the natural logarithm), prove:

n 2

2—n—n
;g(kb V2n(n 1)

(3) When 0 < a < %, compare the magnitudes of ‘ Son_y f(k)—n| and

4, and express your argument.
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Chapter 17

Mathematical Induction (I)

1. Key Points of Knowledge and Basic Methods

Usually those propositions that are related to positive integers directly or
indirectly can be considered to be proved by mathematical induction.

A. Fundamental forms of mathematical induction

(1) First form of mathematical induction: Let P(n) be a proposition
related to all positive integers n. Suppose that

1° P(1) is true (foundation);
2° if P(k) is true, then it is deduced that P(k + 1) is also true
(induction).

Then P(n) is true for all positive integers n.
If P(n) is defined on the set N\{0,1,...,r — 1}, then “P(1) is true”
in 1° should be replaced by “P(r) is true.”
(2) Jump form of mathematical induction: Let P(n) be a proposition
related to all positive integers n. Suppose that

1° P(1),P(2),...,P(l) are true;
2° if P(k) is true, then it is deduced that P(k +1) is also true.

Then P(n) is true for all positive integers n.

217
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(3) Second form of mathematical induction: Let P(n) be a proposition
related to all positive integers n. Suppose that

1° P(1) is true;
2° if P(n) (1 < n < k) is true for any positive integer k, then it is
deduced that P(k + 1) is also true.

Then P(n) is true for all positive integers n.

Each of the above forms of mathematical induction consists of two steps:
“foundation” and “induction,” and neither can be omitted. In the process
of “induction,” the indispensable premise of “inductive hypothesis” must
be used.

B. Proof techniques of mathematical induction

(1) “Moving starting point forward” or “moving starting point backward”:
In some propositions P(n) of all positive integers, it is relatively dif-
ficult to verify P(1), or P(1), P(2),...,P(r — 1) cannot be unified to
the process of induction. At this time one may consider moving the
starting point forward to P(0) (if it is meaningful) or moving the start-
ing point backward to P(r) (and then proving P(1), P(2),...,P(r—1)

separately).
(2) Increase the “span”: For propositions P(n) defined on M = {ng,no +
r,ng + 2r,...,ng + mr,...} (ng,r,m € N), one should consider the

method of increasing the “span” when using mathematical induction,
that is, verify P(ng) in the first step, and prove that P(k + r) is true
under the assumption that P(k) (k € M) is true in the second step.

(3) Strengthen the proposition: Some propositions that are not easy to
prove by mathematical induction can be more conveniently proved by
using mathematical induction via strengthening the proposition. There
are usually two methods to strengthen the proposition: One is to make
the proposition general and the other is to strengthen the conclusion.
As for to what appropriate extent the conclusion of the proposition
should be “strengthened,” it can be determined only by catching the
features of the proposition, making a careful exploration, and giving a
bold conjecture. In this way one can find a proper scheme to solve the
problem.
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2. Illustrative Examples

Example 1. Try to prove that any postage of n (n > 7 with n € N) cents
can be paid with stamps of 3 cents and 5 cents.

Proof. 1° When n = 8, the conclusion is obviously true.

2° Suppose that the proposition is true for n = k (k > 7 with n € N).

If the k-cent postage is paid with all stamps of 3 cents, then there are at
least 3 of them. Then by replacing three 3 cents stamps by 2 stamps of 5
cents, the postage of k + 1 cents can be paid. If there is at least one stamp
of 5 cents, then it is enough to replace the 5 cents stamp with 2 stamps
of 3 cents, so that the postage of k + 1 cents can also be paid. Thus, the
proposition is also true when n =k + 1.

In summary, the proposition is true for all natural numbers n > 7. 0O

Remark. The key of the above proof is how to move to P(k+ 1) from the
inductive hypothesis. Here, we adopted the method of classification for the
discussion. We can also use the jump form of mathematical induction to
prove the proposition.

Proof. 1° When n = 8,9, and 10, the proposition is true from 8 = 3 4+ 5,
9=3+4+3+3,and 10=5+5.

2° Suppose that the proposition is true for n = k (k > 7 with & € N).
Then for n = k + 3, the proposition is also true from 1° and the inductive
hypothesis. This completes the proof. O

Remark. The above proof actually used the technique of increasing the
“span”; the “span” is 3.

Example 2. Label the prime numbers with ordered numbers from the
smallest to the largest: The first prime number is represented by 2, the
second prime number by 3, and so on. Prove: The nth prime number
P, < 22",

Proof. 1° When n =1, we have P =2 < 221, so the conclusion is valid.
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2° Suppose that the proposition is true for n < k, that is
P<2? (i=1,2,...,k).
Multiplying the both sides of the k inequalities gives
PPy Py < 224202t g2t
So,
PPy P+ 1<22 2 22"

Since Py, Ps, ..., P, cannot divide Py P5--- Py + 1, it follows that any
prime factor ¢ of P\ P5 -+ Py + 1 cannot be any of P;, Ps, ..., Py, and thus
must be greater than or equal to Py1;. Hence,

Pop1 Sq< PPy Po+1<2,
in other words
Pk+1 < 22k+1.
To summarize, P, < 22" for any natural number n. 0
Remark. Here, we used the second form of mathematical induction: The

premise for P41 < 22" t6 be true is that P < 221,P2 < 222, P < 22"
are all true.

Example 3. Let a; and b; (i = 1,2,...,n) be all positive numbers, and let
A=>" a;and B= )" b;. Prove:

i aibi < AB
P az+b1 - A+B

Proof. When n =1 and 2, it is easy to verify the conclusion.
Assume that the inequality is true for n = k. Then

AR, a;bi o - a;b; k41041
;ai+bi _;ai+bi * Qg1 + brg
- A'B’ ag1bgi1
T A+ B apg1+ b
(A"+apy1)(B"+byr1)  AB

= (A +agpr) + (B + b)) A+ B
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where A = S0 ai, A = A+ apy1, B = X0 bi, and B = B’ + by
This means that the inequality is also valid for n =k + 1.
By mathematical induction, the inequality is true for n € N. U

Remark. In the above, we verified the inequality for the first two natural
numbers. This is because that in the process of proving P(k) = P(k + 1),
besides using the truth of P(1), we also used the truth of P(2).

Example 4. Suppose that a sequence aq,as, ... of positive real numbers
satisfies that for each positive integer k,

kak

—_. 17.1
ai-l—k—l ( )

g1 =

Prove: For each positive integer n > 2,

ay+ag+---+a, > n.

Proof. From (17.1) we have

2 _ _
k Sak+k 1:ak+k 1’
Af+1 ag ar

from which aj > % — £=1, Thus,
Ak+1 Qg

Zak>z<ak+1 akl)_ L (17.2)

Am+1

In the following, for n > 2 we use mathematical induction to prove

ay+ag+---+a, >n.
When n = 2, letting k¥ = 1 in the inequality (17.1) gives as > al—l, SO
a1+a22a1+%22.
Assume that the conclusion is true for a positive integer n > 2.
For the positive integer n+1, if a1 > 1, then the inductive hypothesis
implies that

a1 +ax+---+ap+ a1 >n+ 1.
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If an41 < 1, by the inequality (17.2) we obtain that

a1+ az + -+ ap + Ang1

n—1 1
+ An+1 = +
Ap+1 Ap+1 An+1

>n—1+2=n+1.

>

+ Anp41

That is, the conclusion is valid for n + 1.
To summarize, the conclusion is true for n > 2. O

Example 5. Suppose that a sequence {a,,} satisfies
a1 =2, ax="7T, ap=3an-1+2a,-2 (n>3).

Prove: For any positive integer n, one can express as,—1 as the square sum
of two positive integers.

Proof. Write down the first odd numbered terms of the sequence:
a; =2=1%2+12, a3=25=3%+42
as =317 =112 + 142, a7 = 4021 = 39% + 502

Conjecture: For the subsequence ay,as,...,a2,-1,a2n+41, - .- of the odd
numbered terms of the sequence {a,}, any two consecutive terms can be
expressed as

agn—1 =’ + 7,
azgnt1 = (a+28)% + (2a + 28)%

We prove the above conjecture by using mathematical induction as fol-
lows:

Froma; =2 =12+1%2a3 =25 = (1+2-1)2+(2-1+2-1)? and
as =317=(3+2-4)? +(2-3+2-4)2, we know that the proposition is true
forn =1,2, and 3.

Assume that the conjecture is valid for n < k. Denote a4 23 = o/ and
2a + 23 = [B'. By the recursive relation and the inductive hypothesis, we
have that

a2k+3 = 3212 + 2a2k41
= 13agx 1 — 4agk 1
= 13[(a+26)* + (2a + 28)%] — 4(a® + B?)
= [a+268+22a+28)]* + [2(a + 28) + 2(2a + 28))?
= (o' +26') + 2o/ + 287,

in other words, the conjecture is true when n =k + 1.
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In summary, as,_1 can be expressed as the sum of the squares of two
positive integers for n € N.. 0

Remark. Here, we used the method of “conjecture first-proof second”:
Find a general rule through an observation to several special cases, and
then give a rigorous proof.

Example 6. Prove: There exists an infinite sequence {a,,} of positive inte-
gers a1 < ag < ag < --- such that a% + a% +-- 4 a% are perfect squares for
all natural numbers n.

Analysis. We suppose to use mathematical induction to prove it. The key
point is to show that P(k) = P(k+1). Assume that af+a3+---+a} = 2*
and a%_ﬂ = y% Then a? + a3 + - + ai_H = 22 + y2. If the conclusion
is true, then there exists z such that 2% + y?> = 22. By the Pythagorean
theorem, it is not difficult to think it out that a? + a3 + --- + a2 being
“perfect squares” should be strengthened to “squares of odd numbers.”

Proof. We strengthen the conclusion by proving that there exists an infi-
nite sequence {a,} of positive integers a; < as < az < --- such that
a? + a3 + -+ + a? are squares of odd numbers for all natural numbers n.

When n = 1, it is enough to choose a; = 5.

Suppose that the conclusion is true for n = k, that is, there exist k
positive numbers a; < az < -+ < ay, such that af+a3+---+ai = (2m+1)?
for some m € N.

Choose ap1 = 2m? + 2m. Then

ai+a3+--+ap+ai,, = (2m+ 1)+ (2m? + 2m)?
= (2m? +2m + 1)?,
which is the square of an odd number. Also, since a; > 5 and ag > aq, so
2ap41 =ai+a3+---+ap —1>a; — 1> 2ay,

namely a1 > ai. Thus, the conclusion is also true for n = k 4+ 1. Hence,
the conclusion is valid for all natural numbers n. O

Remark. The technique of strengthened proposition was adopted for the
current example. Strengthening a proposition can get a stronger inductive
hypothesis, and sometimes can make it easier to go though the path from
P(k) to P(k+1).
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Example 7. Let {a;} be an infinite sequence of real numbers. Define

ap + Qg1

=1,2,...).
2 (k ’27 )

ajy, =
We call {a)} the mean value sequence of {a;}. By the same way, one
can define {a}} as the mean value sequence of {aj}, which is called the
second grade mean value sequence of {ax}, and so on. If {ax} and the
corresponding ascending grades mean value sequences {a} }, {a}},... are all
sequences of integers, then we say that {aj} is a “good” sequence. Prove:
If {ax} is a good sequence, then {a?} is also a good sequence.

Proof. If {a;} and its first, second, ..., and up to mth grade mean value
sequences are all sequences of integers, we call {ax} an “mth grade good
sequence.” We prove that if {a;} is a good sequence, then {a?} is always an
mth grade good sequence for any nonnegative integer m. This is actually
the conclusion of the current problem.

When m = 0, since {ax} is a good sequence, so {a3} is a sequence of
integers, namely {a?} is a Oth grade good sequence, the conclusion being
true.

Assume that {a?} is an mth grade good sequence. In the following, we
prove that {a?} must be an (m + 1)st grade good sequence. Obviously,

a%—l—aﬁﬂz ar + ap+1 2+ ak+ak+1fak 2
2 2 2 T

Ak +ak41 ap+agy1
2 2

Since the sequences with the general terms and

— Ok+1
respectively are both good sequences, by the inductive hypothesis, the

a a a a
k+2k+1 and k+2k+1

sequences with the general terms
are both mth grade good sequences. Consequently, {a7} is an (m + 1)st
good sequence. This completes the proof. 0

— aj41, respectively

Remark. In the above proof, we changed the original conclusion with an
equivalent form to express the question, for the convenience of proof by
using mathematical induction.

Example 8. For arbitrary 2n—1 subsets with two elements of {1,2, ..., n},
prove: It is always possible to select n among them such that the number
of elements in their union is not more than %n + 1.
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Proof. We only need to show that it is always possible to select 3k
(k < %) subsets of two elements among the 2n — 1 subsets of two ele-
ments, such that the number of elements in the union of the remaining
subsets is not more than n — k.

We use induction on k.

When k = 0, it is obviously satisfied.

Assume that for £ > 1 there can be selected 3(k — 1) subsets of two
elements such that the number of elements in the union of the remaining
subsets is not more than n — k + 1.

By the drawer principle, from

2 —1—3(k—1) <2(n—k+1),

we know that there exists an element x; in the remaining subsets, which
belongs to three remaining subsets at most.

Thus, it is possible to select additional three subsets of two elements
such that the remaining 2n — 1 — 3k subsets do not contain xj, and so the
conclusion is true for k+1. Therefore, the conclusion is valid for all positive
integers k < 2’3;1

Let k = [”771] in the example. Then n — [”Tfl] < %n + 1. O

3. Exercises
Group A
I. Filling Problems

1. If a sequence {a,} is defined as a; = 3 and a,,41 = 3% for n > 1, then
the last digit of a1993 is
2. Let f(n) =2n+ 1, and the sequence {g( )} satisfy g( )=3and g(n+
1) = f(g(n ))forn>1 Then g(n) =
3. Assume that a1 = = and Gpt+1 = a + 6a,, + 4 for n > 1. Then the
general term formula of ay, is

II. Calculation Problems

4. Suppose that a sequence {a,} satisfies

_ 1
a1 =1, as=u, an+1zw+(n+2), n > 2.
an+an71

For what real numbers of x is the sequence {a,, } that of positive integers?
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5. All the centers of n semicircles are on a straight line [, every two of the
n semicircles intersect to each other, and are all on the same side of [.
Question: How many pieces of the arcs from these semicircles can be
obtained at most from all the intersection points?

6. If {a,} is a sequence of all positive terms such that a, 41 < a, — a? for
all n > 1, prove: For all n > 2, it is always true that

- 1
a .
"= n42

7. Suppose that 2™ balls are divided into several piles. Choose arbitrary
two piles A and B and make changes according to the following rule:
If the number p of balls in A is not less than the number ¢ of balls in
B, then move ¢ balls from A to B. This is considered one shift. Prove:
After finitely many shifts, all the balls can be moved to one pile.

8. Write numbers 1,2, ...,2016 as the first line, and then each of the next
lines will be obtained by adding the two consecutive numbers in the cur-
rent line, for example, the numbers of the second line are 3,5, ...,4031.
If the last line has one number, find this number.

Group B

9. Prove: Every positive proper fraction 7+ can be represented as the sum
of the reciprocals of different positive integers.
10. Find all the real numbers z > —1 such that for alla; > 1 (i =1
with n > 2), it is always true that

2

g Ly eeey

n

Hai+x < aiag - an +x
2 2 ’

i=1

11. Prove: Any equilateral triangle can be partitioned into n (n > 3 with
n € N) isosceles triangles.

12. On a table with 1993 x 1993 checks, remove an arbitrary check. Prove:
The remaining figure can be exactly covered by several L-shaped figures
(the union of 3 checks).



Chapter 18

Complex Numbers

1. Key Points of Knowledge and Basic Methods
A. Representation forms of complex numbers

Algebraic form: z =a+ bi (a,b € R).
Geometric form: Points Z(a,b) in a complex plane or vectors 07 start-
ing from the origin.

Trigonometric form: z = r(cosf + isinf) (r > 0 and 6 € R).
Exponential form: z = re®.

B. Conditions for the equality of complex numbers

A necessary and sufficient condition for two complex numbers z; = aj + by
and z3 = as + bai to be equal to each other is

a; = ag and b1 = bg.

A necessary and sufficient condition for two nonzero complex numbers
z1 = ri(cosfy + isinfq) and zo = ro(cosfs + isinfy) to be equal to each
other is

rn =T2 and 91 — 92 = 2k (k € Z)

C. Operational rules of complex numbers

Addition and subtraction: (a+ bi) £ (¢+di) = (a+¢) + (b £ d)i.
Multiplication: (a + bi)(c+ di) = (ac — bd) + (bc + ad)i and

r1(cosf +isinby) - ro(cos by +isinby) = rira[cos(0y + 02) + i sin(6; + 62)].

227
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Division: 455 — 4etbd 4 be—adi (¢ 4 di # 0) and

ri(cosfy +isinfy) 7y

0, — 0 6, —0 .
ro(cosfy +isinfy) 7o 080 2) +isin(6: 2)] (r2#0)

Powers: [r(cosf + isind)]™ = r"(cosnb + isinnb) (n € N).
Roots: The nth roots of a complex number r(cosf 4 isinf) are

0+ 2k 0+ 2k
+ 2T + ”) (k=0,1,...,n—1).

Y7 | cos -+ isin
n

D. Moduli of complex numbers and conjugate
complex numbers

Properties of conjugate complex numbers:

(1) 22 = |2]* = [2*

(2) 24z =2R(2),z — z = 2iS(2) (N(z) and J(z) represent the real part
and the imaginary part of the complex number z respectively);

(3) Z=7z

(4) z1 £ 22 =71 £ Z3;

(5) zim =71 %2

(6) (2) = Z (22 #0)

(7) a necessary and sufficient condition for z to be a real number is Z = z,

and a necessary and sufficient condition for z to be a purely imaginary
number is 7 = —z.

Properties of moduli of complex numbers:

(1) |z[ = |§R(Z)| and [z| > [3(2)];

(2) |zz2---zn| = |21l|22] - - - |2nl;

(3) |2 I— (22 # 0);

(4) |zl| ;|z)2|| < |21 + 22|, and the equality holds when the vectors 021

and OZ, corresponding to the complex numbers z; and zo, respectively
have opposite directions;

(5) |z1+2z2+4 -+ 2zn| < |z1]+|22] +- - -+ |znl, and the equality holds when
the vectors 021,025, ...,0Z, corresponding to the complex numbers
21,22, . .., Zn Tespectively have the same direction.
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E. Basic methods

Using a condition for the equality of complex numbers, we can reduce the
complex number problem to the real number problem, so applications of
the knowledge and methods of real numbers can help solve complex number
problems. Conversely, one can also transform a real number problem to a
complex number problem for an investigation.

The modulus of complex numbers is also one of the efficient methods to
reduce complex number problems to real number ones. Being good at using
the properties of moduli is a prominent aspect in the modulus operations.

The various forms of complex representations make many connections
of complex numbers to other branches of mathematics, so complex numbers
not only have synthetic applications in every branch of algebra, but also
provide powerful solution tools for the subjects of trigonometry, geometry,
etc. Constructing complex numbers according to the feature of the problem
and solving it by using the related knowledge of complex numbers will
provide new ideas towards solving problems in algebra, trigonometry, and
geometry, etc.

2. Illustrative Examples
A. Equality of complex numbers

Example 1. Suppose that a complex number z satisfies 22 4+ 22 = Z # z.
Find the product of all possible values of z.

Solution. Let z = a + bi (a,b € R). From z? 4 2z = Z, we have
a® — b* + 2abi + 2a + 2bi = a — bi.

Comparing the real and imaginary parts gives

a?—-b>+a=0,
2ab+ 3b = 0.

Also from Z # z we know that b # 0, and so 2a+3 = 0, namely a = f%.
Consequently,
3
b=+Va?2+a= :I:g.

Therefore, the product of the values of the complex numbers that satisfy

the condition is (7% + @z) (—% — \/T§Z> = 3. O
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Remark. Solving complex number problems also needs to master and
apply the following conclusions skillfully:

1. Necessary and sufficient conditions for a complex number to be a real
number: (1) z=a+bieR<b=0witha,beR; (2) ze R 2=7
(B)zeR&22>0.

2. Necessary and sufficient conditions for a complex number to be a purely
imaginary number: (1) z = a + bi is a purely imaginary number <
a=0and b # 0 (a,b € R); (2) z is a purely imaginary number <
z2+2zZ=0(z#0); (3) z is a purely imaginary number < 22 < 0. Any
restriction to z should be investigated from the two aspects of the real
and imaginary parts.

Example 2. Suppose that n < 1999 with n € N and there exists a 6
satisfying

(sinf 4 i cos @)™ = sinnd + i cosnb.

What is the total number of such n?

Analysis. If z = r(cosd + isinf), then
2" =7r"(cosnf + isinnf) (n € N),

which is de Moivre’s formula. The premise of using de Moivre’s formula is
expressing a complex number z in its trigonometric form.

Solution. Note that
(sinf +icosh)" = |:COS (g - 0) + isin (% - 0)]n
= cos (%T - n9> + isin (%T - n@) (18.1)
and
sinn# + i cosnf = cos (g fnG) + i sin (g fn9>. (18.2)

By the necessary and sufficient conditions for the equality of complex num-
bers, (18.1) and (18.2) imply that
%—nazzkw+g—ne (k € Z),
the solutions of which are n = 4k + 1 (k € Z).
Since 1 < n <1999, so 0 < k < 4993.
Hence, the number of n that satisfy the condition of the problem
is 500. O



18. Complex Numbers 231

B. Basic operations of complex numbers

Reasonable computation is a problem that needs a great attention in com-

plex number operations. Using different forms of complex numbers flexibly

may finish the operations fast and precisely. At the same time, one should

pay attentions to using the imaginaf/}i unit 7 and the ope\r/zltional properties
3 1 3

of two cubic roots of 1: w = f% + i and w? = —5 — i

Example 3. Prove:

[(2a —b—c)+ (b—c)V3i]> = [(2b — ¢ — a) + (c — a)V3i]>.

Analysis. If we expand the two sides of the equality, then the operations

are too complicated. We may consider the cubic root w = f% + @z of 1

to simplify the operations.

Proof. The left hand side of the equality
= [2a + b(—1 4+ V3i) + ¢(—1 — V3i)?
= (2a + 2bw + 2cw?)?

b
wherew:—%—i—ﬁi and w? = —

~—

o

: i

The right hand2 side of the equzality

= [a(—1 — V/3i) + 2b+ c(—1 + V/3i)]3

= (2aw? + 2b + 2cw)?

= [(2a + 2bw + 2cw?)w?)?

= (2a + 2bw + 2cw?)? = the left hand side of the equality,

so the equality is valid. O
Remark. The number w is a quantity that is very frequently seen in com-
plex number problems and its related properties include: w? = 1,14 w +

w? = 0, and w? = @. These properties are very useful in the process of
solving problems.

Example 4. Suppose that two complex numbers z; and zo satisfy the
following conditions:

[z1] =2, 22| =3, 321 —220=2—14.

Find the value of z125.
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Analysis. The way of trying to solve z; and z out from the conditions
(the system of the equations for z; and z2) will meet a difficulty. Note the
relation of conjugate complex numbers and moduli of complex numbers.
From |z1] = 2 and |z3] = 3, we see that 22 = 277 and 3% = 2%, and
substituting into the third equality will find z;zo.

Solution. By the conditions, we know that z1Z7 = 4 and 29Z25 = 9.
Then

1 1 1
321 — 229 = 521225 — 522212_1 = 82122(25 — SE)

Thus, we have

6(321 — 222) 6(321 — 222) 6(2 — Z)
le2 = = — = —

22'_2*35 32’1722’2 241
6 18 24
___2_~2___ ==
£(2-19) gt e O

C. Moduli of complex numbers and conjugate
complex numbers

Example 5. Let complex numbers z and w satisfy |z| = 3 and (2 +w)(Z —
w) = 7+ 4i. Find the modulus of (z + 2w)(z — 2w).

Solution. From the properties of complex number operations,
T+di=(z+0)(Z—w) = |z]* - |w? - (2w — ZwW).

Since |z|? and |w|? are real numbers and R(zw—zw) = 0, so |2|? —|w|? =
7 and zw — Zw = —44, Also |w|? = 2 from |z| = 3. Tt follows that

(2 +2W)(Z — 2w) = |2]* — 4jw|? — 2(2w — ZW) = 9 — 8 + & = 1 + 8i.

Therefore, the modulus of (z + 2W)(Z — 2w) is V12 + 82 = /65. O

Example 6. Suppose that 21, 29,...2, are complex numbers and satisfy
|z1| + |22 + - -+ |zn| = 1. Prove: There must be several complex numbers

among the above n complex numbers such that the sum of their moduli is

not less than %.
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Proof. For the complex number z; = aj + byi (ag, by € R) for k =
1,2,...,n, there holds that |z;| < |ak| + |[bk|. So

L= |zl < larl+ > [bwl- (18.3)
k=1 k=1 k=1

AE) + (o) = {Bel e}

(18.4)
For the comparison purpose of (18.3) and (18.4), rewrite the right hand
side of (18.3) as

Z lak| + Z lax| + Z |br| + Z b

ap >0 ar <0 b >0 b, <0

= Zak+zak+zbk+

ax>0 aR <0 be>0

Also,

n
D
k=1

n

>

k=1

n

S

k=1

)

> bkl

b <0

So, in the above four terms, there must be one term that is not less than

1
1 say

without loss of generality. Consequently,

sz > Zak Zi>é

ar >0 ar>0 g

Remark. In the following we rethink the problem, starting from another

angle. First,
sz = (Zak> —l—(Zbk) Zmax{Zak Zbk }
k=1 k=1 k=1 k=1 k=1

Without loss of generality, assume that | >} ax| > | >, bx|. Then

n
D
k=1

)

n

>

ak
k=1
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Using the above inequality directly may lead to too much decrease from
the left hand side, so we adopt a novel idea as follows.

Divide the complex plane into four regions via the straight lines y = x
and y = —zx. Since

|21 + [22] + -+ [2n] = 1,

so at least one of the four regions has the property that those complex
numbers among 21, 29,..., %, that are inside this region must have the
sum of their moduli not less than %. For the simplicity of presentation,
we assume that this region is the one that contains the positive direction
of the z-axis (since only moduli of the complex numbers are considered,
otherwise we may make a rotation).
Suppose that the involved complex numbers are 2k, = Q; + bk, 1 (akj >
0) with j =1,2,...,s. Then
S
Z|zk]| > - (1<s<nwithseN),
j=1

=~ =

from which we have

2 2
S S S
§ :ij = § :aka‘ + § :bkj
=1 i=1 i=1
S S 1 S
_ 2 2
2 E :“kj = a; = 5 aj. + by,
i=1 i=1 =1
- 1

Il

Sl
Fj

S

Thus, the problem is completely solved. 0

D. Method of complex numbers

Example 7. Given eight nonzero real numbers aj,as,...,as. Prove:
Among the following six numbers ajasz + agay,aias + asag,arar +
asag, a3as + aqag, asar + asag, and asar + agas, at least one is nonnegative.

Analysis. In the given six numbers, a1, as;as, aq;as, ag; a7, ag appear in
pairs. so we may construct four complex numbers z; = a; + asi, 22 =
a3 + aqi, z3 = as + agi, and z4 = a7 + agi. The moduli of the differences of
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all pairs of two complex numbers appear in the corresponding forms of the
six numbers.

Proof. Let z1 = a1 + asi, 29 = a3 + aqi, 23 = a5 + agt, and z4 = a7 + agi.
Then

|21 = 22f* = (a1 — a3)® + (a2 — aa)®
=a? + a3+ a2 +al—2(aa3 + azay).

Thus

|21] 4 |22]® — |21 — 22| = 2(a1a3 + azay).
Similarly, we obtain

|Zl|2 + |23|2 — |21 — 23|2 = 2(a1a5 + azag),

|z1|% + |za]? — |21 — 24* = 2(a1a7 + azas),

azar + aqas),

2( )
2( )
22| + |23]° — |22 — 2z3]* = 2(azas + asae),
|2 + |2a* — |22 — za]* = 2( )

)

|Z?>|2 + |Z4|2 - |Z3 — Z4|2 = 2(&5&7 + agasg).

The remaining thing to do is only to show that among the four vectors
OZl, 0Z5,0Zs, and OZ4 corresponding to the complex numbers z1, 22, 23,
and z4 respectively, the angle of at least one pair of two vectors is less
than or equal to 5, which is obviously correct. Hence, the proposition is

proved. 0

Example 8. Suppose that cosa 4+ cos 8+ cosy = sina + sin § + siny = 0.
Prove:

cos 2a + cos 23 + cos 2y = sin 2ac + sin 23 + sin 2y = 0.

2

Analysis. If we consider the formula (cosa + isina)® = cos2a + i sin 2«

from the trigonometric form of complex numbers, then we can construct
complex numbers so that we can solve the problem by means of the square
operation of complex numbers.
Proof. Let zp = cosf + isinf. Then

Z0%0 = |z9|* = 1,

25 = cos20 +isin20 (0 = «, 8, and ).
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S0, zo + 25 + 2y = cosa + cos 3 + cosy + i(sina + sin 4 siny) = 0 and

22+ 25+ 2'27 = cos 2 + cos 23 + cos 27y + i(sin 2 + sin 23 + sin 2).

(18.5)
Since zo + 23 + 2y = 0, 50 zo + 23 + 2, = 0, and consequently
1 1 1
—+ —4+—=0,
Za 28 2y
namely
ZaZ8 t 282y + 2y 2a —0
Za B2y o
Hence,
ZaZg + 232y + 2y2a = 0.
It follows that
22425+ 22 = (2a + 28 + 27)% = 2(2a28 + 282y + 2y2a) = 0.
By (18.5),
cos 2 + cos 2 4 cos 2y = sin 2« + sin 23 + sin 2y = 0. 0

3. Exercises

Group A

I. Filling Problems

1. Let a complex number z satisfy z+9 = 10z + 22i. Then the value of |z|
is .

2. A given sequence {z,} of complex numbers satisfies z1 = 1 and z,41 =
Zn+1+ni(n=1,2,...). Then the value of 23915 is

3. If two complex numbers z; and 2z satisfy the condition |z — E|2 =
|1 —z123|%, then (|z1] — 1)(|z2| — 1) = .

4. Assume that arg(z + 1) = % and arg(z — 1) = 2F. Then the complex
number z = .

5. Given a geometric sequence {z,}, where z; = 1,29 = a + bi, and z5 =
b+ ai (a,b € R and a > 0), when the condition 21 + 29 + -+ + 2, = 0 is
satisfied, the minimum value of the natural number n is .

6. Let complex numbers z; and 29 satisfy |z1| = |21+ 22| = 3 and |21 — 22| =

3v/3. Then |(2173)2°% + (2722)20%| =
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II. Calculation Problems

7. Let z1 and z5 be a pair of conjugate complex numbers. If |z — 23| = V6
and j—é is a real number, find |z1].

8. Given complex numbers z; = 1 4+ cosa + isina and 2o = 1 — cos 8 +
isinf (0 < o < m < f < 27) such that argz + argz; = 3T and
|21||22] = V/3, find a and §.

9. Let complex numbers «, 5, and ~ satisfy |a] = || = || = 1. Prove:
%W is a real number.

Group B

10. Let a,b,c € N satisfy the equality ¢ = (a + bi)® — 107i. Find the value
of c.

11. Given three real numbers a,b, and ¢, suppose that complex numbers
21, 22, and 23 satisfy |z1] = |z2| = [23] =1 and 2L + 22 + 2 = 1. Find
the value of |az + bza + czs3|.

12. Assume that 22 + 32 < 1 and a? + b? < 2 (2,y,a,b € R). Use the

complex number method to prove:

|b(x2 — %) + 2axy| < V2.
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Chapter 19

Geometric Meaning
of Complex Operations

1. Key Points of Knowledge and Basic Methods
A. Geometric meaning of complex numbers

From the geometric representation of complex numbers, we know that the

complex numbers z = a+bi (a,b € R) and the points Z(a, b) or the vectors

07 (O is the origin of the coordinates system) of the complex plane both

constitute a one-one correspondence. We thus have |z| = |O7| =+aZ + b2,
Note that equal vectors represent the same complex number.

B. Geometric meaning of addition and subtraction
of complex numbers

The addition and subtraction of complex numbers can be done according
to the addition and subtraction of vectors, that is, they follow the parallel-
ogram rule (or the triangle rule).

As in Figure 19.1, with vectors OZ; and OZ3 corresponding to com-
plex numbers z; = a + bt and 2z = ¢ + di, respectively as adjacent sides,
construct a parallelogram. Let complex number z correspond to the vector
OZ represented by the diagonal of the parallelogram with O as the starting
point. Then

z=(a+c)+ (b+d)i =z + 2.

—
As in Figure 19.2, with vector OZ5 corresponding to complex number
z9 = ¢+ di as one side, and vector OZ; corresponding to complex number

239
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A
> 7

8y

0

Figure 19.1 Addition of Complex Numbers.

kY Z,

c
8y

Z

Figure 19.2 Subtraction of Complex Numbers.

z1 = a+bi as the diagonal, construct a parallelogram OZ> 71 Z. Let complex
number z correspond to the vector OZ. Then

z=(a—c¢c)+ (b—d)i =2z — 2o.

C. Geometric meaning of multiplication and division
of complex numbers

The geometric meaning of multiplication of complex numbers: Let z; =
ri(cosfy + isinf;) and zo = ro(cosfy + isinfy). Then the vector corre-
sponding to the product zjz5 of the two complex numbers is obtained via
rotating the vector OZ; corresponding to the complex number z; the angle
02 counter clockwise (if 63 < 0, then rotating OZ; the angle 03| clockwise),
followed by changing its modulus to the ro multiple of the original one.
The geometric meaning of division of complex numbers: Let z; =
ri(cosfy +isinfy) and zo = ra(cosfs +isinbhy) (22 # 0). Then the vector
corresponding to the quotient ﬁ—; of the two complex numbers is obtained via

—
rotating the vector OZ; corresponding to the complex number z; the angle
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e
02 clockwise (if 03 < 0, then rotating OZ; the angle |f3| counter clockwise),
followed by changing its modulus to the % multiple of the original one.

D. Geometric meaning of taking roots of complex numbers

Let z; be a root of the binomial equation z" = z, and let O—Z1> be the
corresponding vector (O is the origin). Then the vectors corresponding to
the n roots of the equation 2" = z all have O as their starting point and
have their terminal points distributed uniformly on the circle with the origin
as the center and |OZ;| = {/z as the radius. In other words, their terminal
points are just the vertices of a regular n-polygon. The principal values of
the arguments of the two complex numbers corresponding to two nearby
vectors differ by 27“

E. Distance formula for two points of the complex plane

Let the complex numbers correspond to two points Z; and Zs in the com-
plex plane be z; = a + bi and 29 = ¢ + di, respectively. Then the dis-
tance between the two points Z; and Zs is d = [Z1Z2] = |21 — 22| =

Va—or+ b-de.

F. Equations of commonly seen curves in the
complex plane

(1) The trajectory of the point corresponding to all the complex numbers
z satisfying |z — z1| = |z — 22| is the perpendicular bisector of the line
segment Z1Zs.

(2) The trajectory of the point corresponding to all the complex numbers
z satisfying |z — 21| = r is the circle with the point Z; as the center
and r as the radius.

(3) The trajectory of the point corresponding to all the complex numbers
z satisfying |z — z1| + |z — 22| = 2a (|Z1Z2| < 2a) is the ellipse with the
foci Z7 and Z5 and 2a as the length of the long axis.

(4) The trajectory of the point corresponding to all the complex numbers
z satisfying ||z — 21| — |z — 22|| = 2a (|Z1Z2] > 2a) is the hyperbola
with the foci Z; and Zs and 2a as the length of the real axis.

(5) The trajectory of the point corresponding to all the complex numbers
z satisfying argz = 6 is the ray with the origin as its starting point
(the angle with the positive half z-axis as the starting side and the ray
as the terminal side is 0).
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(6) The solutions of a system of complex number equations are the complex
numbers corresponding to the intersection points of the trajectories of
the points that satisfy one equation of the system respectively, and etc.

G. Basic methods

Using the geometric meaning of complex numbers and their operations to
give geometric explanations of quantitative relations and then transform the
problem of the numerical relation to the problem of the graphic properties,
one can use figures to solve problems. The idea and method of combin-
ing numbers and figures not only strengthen the intuitive feature of the
problem, but also play a role of turning difficulty into ease and turning
complexity into simplicity.

2. Illustrative Examples
A. Problems related to moduli

Example 1. Let the complex numbers corresponding to three points A, B,
and C of the complex plane be z1, z3, and z3, respectively. Suppose that
|21 = 1,22 = 212, and 23 = 202, where z = 3(1 + v/3i). Find the area of
the quadrilateral OABC.

Analysis. Rewrite z = 2(1 + v/3i) = 3(cosZ +isinZ) in the trigono-
metric form. Then we know that zo = 21z represents rotating the vector
Ei corresponding to z1 the angle of 5 in the direction of counter clock-
wise around the origin, and then followed by extending its modulus to
three times, arriving at the location of the point B. By the same reason
we can get the location of the point C', and in this way we can decompose
the quadrilateral into two triangles, the areas of which can be calculated
respectively.

Solution. Since z = 2(1 + V3i) = 3(cosZ +isin%) and the point A
corresponds to z; = cosf + isinf with the corresponding vector Ei we
have zo0 = z12 = 21 -3 (Cos T +4sinZ ) This indicates that the point B
corresponds to z,, and the corresponding vector O@ is obtained via rotating
OA the angle of 3 counter clockwise around the point O and then changing
the original modulus to three times:

|OB| =3 and ZAOB = g
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Also z3 = 292 = 29 -3 (cos +isin % ) This means that the point C'

corresponds to z3, and the corresponding vector O? is obtained via rotating
OB the angle of % counter clockwise around the point O and then changing
the original modulus to three times:

|0C| =9 and ZBOC = g
Hence,

SproaB + Srosc

Soasc
1 1
= 510408 sin g +3loBlloc sin%

15
= 2V3.
5 O

Remark. This is a direct application of the geometric meaning of com-
plex number multiplications. Here, it should be noted: (1) The object of
rotation; (2) the rotation direction (determined by the sign of ); (3) the
multiple of change in the modulus.

Example 2. Assume that a complex number z satisfies arg(z + 3) = %w.

For what value of z, the maximum value of v = can be

1
|z46]+]z—3i]
obtained? Also find the maximum value.

Analysis. The equality arg(z + 3) = 471' indicates that the curve repre-
sented by z + 3 with z satisfying the equation is the ray starting at the
origin with the inclination angle %w. The curve represented by z + 3 is
obtained by translating the curve represented by z to the left by 3 units.
From this we can find the trajectory of the point Z, and by using the geo-
metric meaning of the modulus of a complex number, we can transform the
problem to that of finding a point in a straight line that has the minimal
sum of the distances to two fixed points.

Solution. In the complex plane, the curve represented by the equation

arg(z +3) = e
is the ray AE with (—3,0) as its starting point and 27 as its inclination
angle (see Figure 19.3). Thus, the problem is reduced to that of finding a
point Z (corresponding to the complex number z) on the ray AE such that
the value of |z + 6] 4+ |z — 3i| is minimal. The number |z + 6] + |z — 3]
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yA

3

Figure 19.3 Figure for Example 2.

expresses the sum of the distances of the point Z on the ray to the points
B(—6,0) and C(0, 3), respectively.

From Figure 19.3 we see that when the point Z is on the line segment
BC, the value of |z + 6] + |z — 3i| is minimal, and the minimum value is

V/(=6)Z + 32 = 3v/5. Thus,

= = L2
max—3\/5—15

When u achieves the maximum value, let z = x + yi (z,y € R). The
above reduction idea transforms the problem to that of finding the inter-
section point of the straight lines AE and BC. By the knowledge of plane
geometry,

the equation of the straight line AE: x+y+3 =0; (19.1)
the equation of the straight line BC': x —2y+6=0. (19.2)

The solution of the system of (19.1) and (19.2) is z = —4 and y = 1,
from which z = —4 4.
In summary, umpax = \1/—55 when z = —4 + 1. O

Remark. Understanding the geometric meaning of the operations, such
as addition, subtraction, multiplication, division, finding the modulus, and
arguments of complex numbers, and utilizing the method of combing figures
and numbers, can often achieve an unexpected effect.
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1
a+ti
parameter) achieves the maximum value 2 of |z — i|, find the value of a.

Example 3. Given a positive real number a, if z = (here t is a real

Solution 1. Since

1 1 1 a—ti
2= — =
2 a+ti 2a 2a(a+ti)’
1 la — ti
2——|=—.
2a|  2ala+ ti
Thus,
1 1
z——|=_—.
2a 2a

Consequently, in the complex plane, the point Z corresponding to the
complex number z lies on the circle (not containing the origin) centered at
(5,0) with radius 5-. Denote A (5-,0) and B(0,1). Then

2a°

2
1 1
|2 —il = |1ZB| < |ZA| + |AB| = o +1[ () +1,
2a 2a

and the equality is valid when the three points Z, A, and B are co-linear.

It follows that
1 1)?
— — 1=2
2a + <2a> +
2

from the condition of the problem. The solution of the above is a = 5. [

Solution 2. Since z — i = 1H=a¢

atti
P [1+t—ail> (1+t)%+a? 2t+1
z—1i" = = = .
|a + ti]? a? + 2 a? + t2
Since the maximum value of |z —i| is 2, the maximum value of |z —i|? is 4.
Thus, the maximum value of (122'5132 is 3.

Let u =2t + 1. Then v > 0, and so
2t + 1 u 4u

a? +t2 - a2 + 7“2*421“*1 - 4a?2 +1+u? —2u
B 4 1 2

= < = ’
241 Ly~ 27 2VAa2+1-2  Via?+1-1
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with the equality being satisfied if and only if 4“2T+1 = u, that is v =

V4a? + 1. Hence,

2
Y
Va2 +1-1

and its solution is @ = £ (since a > 0). O

B. Problems with principal values of arguments

The combination of numbers and figures is an efficient means to deal with
problems concerning the principal value of arguments.

Example 4. Let a complex number z satisfy

+2

arg 55| = 7. Find the

range of the values for arg z.

Analysis. Let the point that corresponds to the vector z be Z. According
to the geometric meaning of divisions of complex numbers, we may write
z+1 =r(z+2)(cos0+isinf), where z+1 represents the vector with (—1,0)
as its starting point and Z as its terminal point, and z + 2 represents the
vector with (—2,0) as its starting point and Z as its terminal point. Rotate
the vector represented by z + 2 the angle of || counter clockwise (6 > 0)
or clockwise ( < 0). Then it will be parallel to the vector represented by
z+1, and ZAZ B is the fixed value |f]|. This means that the point Z moves
on the circle with AB as a chord and the corresponding central angle 2|6|,
from which the trajectory of the point Z can be obtained. This will give
the solution.

Solution. Let )arg %’ = 0. Then z+ 1 = A(z + 2)(cos @ + isinf) with
A>0.

As in Figure 19.4, denote A(—2,0) and B(—1,0). Then BZ =
Aﬁ(cos& +isinf). When ¢ = %, the vector AZ will be parallel to BZ
after it is rotated the angle of # counter clockwise, so

JAZB =T,
6

Consequently, part of the trajectory of Z is the major arc AB (containing

B but not A) of the circle centered at Oy (7%’ § with radius 1. When

0 = —%, by the symmetry we know that another part of the trajectory of
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Figure 19.4 Figure for Example 4.

Z is the major arc AB (containing B but not A) of the circle centered at
05 (—%, —£> with radius 1. It can be calculated out easily that

V3

T
tana = —, a= —,
3 6
. V3 .
sin 8 = 3 [ = arcsin 5
Therefore, arg z € [%ﬂ' — arcsin @, 7r) U (w, Im + arcsin @ . O

Remark. In general, the argument equation

zZ— 21

arg =60 < Z?:Aﬁ(cos9+isin9) (A>0),

Z — Z9
which means that the trajectory of the point Z is the arc opposite to the
chord Z125.

Example 5. Suppose that two complex numbers z; = 1 4+ cosa +
isina (0 < a < 7) and 22 = 1 —cosf +isinf (0 < B < 27) satisfy
argzy + arg zo = %w. Find sin 0‘4;5.

Analysis. Construct the new complex numbers z = cosa + ¢sina and
2/ = —cos 3 + isin 3. Then the corresponding points Z and Z’ move on
the unit circle centered at the origin. Since z; = 1+ z and 2o = 1+ 2/, one

can determine the ranges of the arguments for z; and z from the figure.
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i

Z;

Figure 19.5 Figure for Example 5.

Solution. Let z = cosa + isina (0 < a < m). Then z; = 1 + z. From
(e}

Figure 19.5, we know that argz; = 3.

Let 2/ = —cosf + isinf = cos(m — ) + sin(m — 8). Then 2, = 1+ 2.
Since —m < 7 — 3 < 0, Figure 19.5 tells us that argzo = 27 + #
Also, since argz; +argz; = § + %ﬂ' — £ = Br we obtain “T_B = —

2 6
It follows that

ol

C. Trajectory problems in the complex plane

Example 6. Suppose that the complex numbers corresponding to two
points A and B in the complex plane are 1 and 4, respectively. Let the
complex number that corresponds to a moving point on the line segment
AB be z. Find the trajectory of the point corresponding to the complex
number 22 in the complex plane.

Analysis. Let z = a + bi. Then 22 = a? — b? 4 2abi. Eliminating the
parameters a and b gives the trajectory of the point corresponding to the
complex number z2.

Solution. Let the complex number corresponding to the moving point on
the line segment AB be z = a + bi (a,b € R). By the condition of the
problem, the coordinates of the two points A and B are (1,0) and (0, 1),
respectively. So, the equation of the straight line that contains the line
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segment AB is x + y = 1. Since the point corresponding to z = a + bi is
on the line segment AB, we have a +b=1with0<a <land 0 <b < 1.
Also,

2% = (a+bi)* = a® — b* + 2abi.
Let the coordinates of the point corresponding to 22 be (x,y). Then
r =a®— b2,
{y = 2ab.
Since a +b =1, we have b =1 — a, thus

{x—aQ(la)Q,
y=2a(l—a).

In other words,

r=2a—1,

y = 2a — 2a>.
Eliminating a from the above and simplifying the resulting expression, we
find that 2% = -2 (y — 1).

Also, since = 2a — 1 with 0 < a < 1, we have —1 <z < 1.
Therefore, the trajectory of the point corresponding to the complex

number 22 is the part of the parabola 22 = —2 (y — 1) that corresponds
to —1 < x < 1, namely the solid curve part of the parabola as shown in
Figure 19.6. O
y
d -
=1 0 N

Figure 19.6 Figure for Example 6.
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Remark. Using the algebraic form of complex numbers z = x + yi
(x,y € R), finding an expression of the relation between x and y, elim-
inating the parameter in the process, and finally obtaining an equation
about x and y, give basic ideas towards solving the trajectory problem.

Example 7. For a complex number z = ¢ + 3 + v/3i, where ¢ is a complex
number that makes % a purely imaginary number, (1) find the trajectory
equation for the point corresponding to z in the complex plane; (2) find the
range of the values for arg z; (3) find the minimum value of |z — 1| 4|z + 1|2

and the complex numbers z that make the minimum value.

Analysis. From the given information, we have |z — (3 + v/3i)| = |t|, and
so if we can find |¢|, we can obtain the answer to the trajectory question.
Solution. (1) Since % is purely imaginary, from
tt =9, namely |t| = 3 (t # £3).

The equality z = t + (3 + +/3i) implies that

t=z— (34 V3i) (2 # 6+ V3i and z # V3i).

t+3 _ _T+3
=5 = we get

Consequently,
|z — (3+V3i)| = |t| = 3.
Hence, the trajectory of the point P corresponding to z is the circle centered

at (3,/3) with radius 3, excluding the points (6,/3) and (0,+/3).

(2) Let one tangent line to the above circle that passes through the origin
be y = kx. The other tangent line is the y-axis. Then

BVl _ g V3

V14 k2 ' 3

Also, since z # /34, it does not reach the y-axis, so
11 7r
argz € [EW’%T) U [0, 5)

(3) We first calculate
=12+ 2+ 1P = -1)E-1D)+(=+1)E+1)
=2(|z> + 1).
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Since |2|min = V/3, it follows that
(I =11 + |2 + 1[*)min = 8.
Now,z:\/giorz:\/g(cos%w—l—isin%w):%—732'. O
Remark. The form of the trajectory equation in the complex plane is
rather special, and it often appears in the form of the complex number

modulus. Hence, one often uses the method of the complex number mod-
ulus to solve a trajectory problem.

Example 8. Let complex numbers z; and 29 satisfy R(z1) > 0, R(22) > 0,
and R(2?) = N(23) = 2.

(1) Find the minimum value of $(z122).
(2) Find the minimum value of |21 + 2| + |z3 + 2| — |21 — 22|

Solution. (1) For k& = 1 and 2, let 2z = xx + yri (vg,yx € R). By the
given conditions,

rp = R(z1) >0, 27 —yi = N(z3) = 2.

Thus

R(2122) = R[(@1 + y1i)(z2 + y21)] = 122 — Y1y2

=/ (¥ +2)(y3 +2) — 112
> (ly1y2| +2) — y1y2 > 2.

Also, when z; = 25 = v/2, we have R(2129) = 2. This means that the
minimum value of R(z;22) is 2.

(2) For k =1 and 2, let the point corresponding to zj in the rectangular
coordinates system zOy of the complex plane be Py (z, yx), and denote the
symmetric point of P, with respect to the z-axis to be Pj. Then P; and
P} are both on the right branch of the hyperbola C : 2% — y? = 2.

Let F1(—2,0) and F»(2,0) be the left and right foci of C, respectively.
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According to the definition of a hyperbola, we have |P Fy| = | P Fs| +

2v/2 and |PyFy| = |PyFy| + 2v/2. Consequently,

lz1 42|+ [ +2|— |z — 22 =|z1 + 2|+ |72+ 2| — |21 — 22

= |PLF\| + |PyFy| — | PPy

= 4V2+ |PLFy| + |PyFa| — [P P3| > 42,

with the equality being valid if and only if F» is on the line segment P P;
(for example, Fy is just the middle point of Py Py when z; = 2z = 2 +1/24).

In summary, the minimum value of |z + 2| + [Z2 + 2| — |Z1 — 22| is

44/2. O

3. Exercises

Group A

1

. Filling Problems
1.

If |z21] = |22] = 1 and |21 + 22| = V2, then |z; — 23| equals

.Letw:z—i—az’,whereaeRandz:M. If |w| < V2,

3+4i
then the range of the principal values for the argument of w is

. Let complex numbers z; = —3 — \/gi,zg =3+ i, and z = V3sin +

i(v/3cosf + 2). Then the minimum value of |z — 21| + |z — 2| is

. Suppose that a is a real number and there exists a complex number z

such that |z + v2| = Va2 — 3a + 2 and |z + v/2i| < a. Then the range
of the values for a is

. Let the complex numbers corresponding to the 20 vertices of the

inscribed regular 20-polygon to the unit circle in the complex plane be

21,22, ..., %20 in succession. Then the number of the points that corre-
spond to the complex numbers 21995, 21995 21895 jg

II. Calculation Problems

6. Let a complex number z; satisfy |z; — 8i] = 2 and another complex
number 2o satisfy |z3] = 4. Denote w = 21 — 29. Find the area of the

figure corresponding to the set M of the complex numbers w.



7.

8.
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Suppose that AABC is an isosceles right triangle with the vertices
arranged in the clockwise direction, where A is a fixed point, B is a
moving point on a fixed circle, and C' is the vertex of the right angle.
Find the trajectory of the point C.
Given two complex number sets

z=——,21 €A, andbER}.

B: =
{Z 240

(1) If AN B =0, find the range of b.
(2) If AN B = B, find the values of b.

A={z]|]z-2| <2},

iZl

Group B

9.

10.

11.

12.

The arguments of complex numbers z1,z2, and z3 are «a, 3, and =,
respectively, |z1| = 1, |22| = k, |23 = 2 — k, and 21 + 22 + 23 = 0. For
what values of k does cos(8 — ) achieve its maximum value and mini-
mum value, respectively? Also, find the maximum value and minimum
value.
Suppose that a and b are real numbers, the two imaginary roots of
22 +2ax +b = 0 are z; and 2o with corresponding points Z; and Zs
in the complex plane, and the circle with Z; and Z5 as the two end
points of its diameter includes the origin in its interior. Find the range
for the existence of the complex numbers z = a + bi, and represent it
with a figure.
Let O be the origin of the complex plane, and let Z; and Zs be two
moving points in the complex plane that satisfy: (1) The arguments
of the complex numbers corresponding to Z; and Zy are fixed values
of  and —0 (0 <@ < F) respectively; (2) the area of AOZ1Z is a
fixed value of S. Find the trajectory equation for the center of gravity
Z of ANOZ1Zy and the minimum value of the modulus of the complex
number corresponding to the point Z.

as

Let nonzero complex numbers ai, as, as, as, and as satisfy Z—f =o=

_ _ 1 1 1 1 1)
o= Z—janda1+a2+a3+a4+a5—4(H+g+g+a+g> =5,
where S is a real number and |S| < 2. Prove: The points in the complex
plane that correspond to the complex numbers aq,as,as,aq, and as,

respectively lie on the same circle.
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Chapter 20

Mean Value Inequalities

1. Key Points of Knowledge and Basic Methods

Let a1, ae,...,a, be n positive real numbers. Denote
n
R

G = Varazan,
_artax+---+ay

n — ’
n

0 _\/a%+a%+---+a%

n

H, =

)

which are called respectively the harmonic mean, geometric mean, arith-
metic mean, and square mean of the n positive numbers.
The four mean values have the following relation:

and any equality holds if and only if a; = a2 = - = ay,.

Proof. (1) We first prove A,, > G,,, using mathematical induction.
When n = 1, since a; = ay, the inequality is true.
When n = 2, since
a, + az)? a, — as)?
(@ 2) = (@ 2) + ajaz > ajag,

4 4
namely % > \/ajaz, the inequality is true.

255
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Assume that the inequality is true for n = k (k > 2 with k£ € N). Then
forn=k+1,

a1+ a4+ agp + g4

Aprr = k1
7a1+a2+-~+ak+1+(k71)Ak+1
B 2k
71 a1+a2+~'+ak+ak+1+(k71)Ak+1
2 k k

Y

1 / _
5 ( k/—a1a2 ceeap + k Gk-&-lAqu%)
\/{“/alag T ag A/ ak+1AZI_i.

After simplifying the above inequality, we obtain

Ap1 > Fatag - arGrt1,

and the equality is valid if and only if a1 =as =+ = ap = a1 = Apy1-

Y

(2) The inequality A, > G,, ensures that

1 1 1 n
R — + 4+ — Z ni{ = -,
ap  a an araz---an  Gp
that is
n
Gn Z 1 1 1 — Hn
ar tag Tt

(3) The inequality @, > A, is equivalent to
n(ai +a3+--+a2) — (a1 +az +---+an)* > 0.
But the left hand side expression of the above
= (a1 —a2)® + (a1 —az)* +---+ (a1 — a,)? + (a2 —az)® +---
+ (a2 = an)? + -+ + (an-1 — an)* > 0,

the inequality in which becomes an equality if and only if a; =agy =--- =
Q.

To summarize, H,, < G, < A, < @, and equalities hold if and only if
a1 =ag =+ = Q. O
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Here, we used a frequently used method for proving propositions related
to positive integers: mathematical induction. The mean value inequalities
can be proved by many methods.

The mean value inequalities involve the sum and product of n posi-
tive numbers, so whether one can view some parts of the expressions in
the problem to be proved or solved as a sum or product of some n posi-
tive numbers, will be the key point whether using this inequality can fin-
ish the task of solving the problem. When using mean value inequalities
to solve problems, one should be good at deforming the structure of the
expression properly. In particular, one should pay an attention to perform-
ing multi-direction and invertible imaginations, thus obtaining successful
information.

2. Illustrative Examples
Example 1. Let a,b,c € Ry and abe < 1. Prove:

1 1 1 6
-+ -4+-2>214—.
a b ¢ at+b+c

Solution. The original inequality is equivalent to

1 1 1
<—+—+—) (@a+b+c)>a+b+c+6.
a b ¢

Since abe <1 and a,b,c € Ry, we have

1 1 1 1
— 4= >3y —— >3
a b ¢ abc
Consequently,
1/1 1 1
—-+=4+- b >
3<a+b+c>(a+ +c) >

On the other hand,

2/1 1 1 o 1,
Z (= — — > - —_ = 0. .
3(a+b+c)(a+b+c)_3 3 o 3Vabc =6 (20.1)

3la+b+c)=a+b+ec

Wl =

Hence,

1 1 1
<E+E+E)(a+b+c)2a+b+c+6. d

Remark. The inequality (20.1) can be proved by the Cauchy inequality.
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Example 2. Assume that four real numbers a, b, c, and d satisfy abed >
a? + b2 + ¢ + d?. Prove:

abed >a+b+c+d+ 8.

Proof. From
abed > a® + 0% + 2 + d? > 4V a2b2c2d2,

we get Vabed > 2.
Suppose that abcd < a4+ b+ ¢+ d—+ 8. Then

A+ +E+dP<a+b+ce+d+8,

that is,

4
2 2 2 2
<¢<a%> -3t () (D)
- 4
_ o3
4 2

in other words,
a+b+c+d<8.

Thus,
2 < \/4abcd§ a—l—bl—ic—i—d<§:2’

a contradiction.
Hence, abed > a+b+c+d+ 8. O

Remark. The arithmetic mean-geometric mean inequality implied a? +
b2+ +d? > 4v/a2b2c2d?, and from the known inequality one got vabed > 2
further. This gave a preparation for making a contradiction by using the
method of contradiction later.
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Example 3. Suppose that x1,z2,...,2,41 are positive real numbers.
Prove:

1 T1  T1xT2  T1T2T3 T1To - Ty,
+ +— —t

Z1 €2 x3 T4 Tn41

Z 4(1 — 1T 'xn+1).

(20.2)

Proof. Let a,b > 0. By the arithmetic mean-geometric mean inequality,

4ab+%22,/4ab.%:4a,

namely
a4 > 4(a — ab).
b
Consequently,
ntz T > d(zywe -k —21T2 - wpp1)  (K=1,2,...,n+ 1),
Lk+1

from which the left hand side of (20.2)
> 41 —a1) +4(wy —z120) + - F4(T122 - 2y — T1T2 - Tiyg1)
=4(1 — x1x2 - - - xpy1) = the right hand side of (20.2). O

Example 4. Let real numbers aq,as, ..., as016 satisty 9a; > 11(1?le (i =
1,2,...,2015). Find the maximum value of

(a1 — a3)(az — a3) - - - (az015 — a30,6)(az016 — a3).

Solution. Denote P = (a1 — a%)(ag — 0{25) cee (CL2015 — a%OlG)(CLQOlﬁ — a%)
From the given condition, for ¢ = 1,2,...,2015,

1
2 2 2
a; — Qi > g %it1 T it > 0.

If a2016 — CL% S 0, then P S 0.
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In the following, we consider the case that asgis — a% > (. Denote
as017 = a1. By the arithmetic mean-geometric mean inequality,

L 1 2016 2016 2016
Pomw < — . —a?
2016 &~ (@i = ai11) = 5575 (Z Z % )

2016 2016 1 2016
i(l —a;
2016(Z Z ) 2016 1a( @)
1 2016 |:ai + (1 N ai):|2

— 2016 . 2
1

= ——:2016-- = -

2016 ’

o)
1
P< 42016
When a1 = as = -+ = agp16 = %, the equality in the above inequality

holds and the condition
9a; > 1la? , (i=1,2,...,2015)
is satisfied. Now, P = 42%. O

Example 5. Assume that a,b, and ¢ are positive real numbers and a + b+
c=1. Prove:

a n b n c <1 1+1+1
a+b2 b+c2 c+a?2 " 4\a b ¢/

Proof. From the given condition and the arithmetic mean-geometric mean
inequality,

a a
a+b2  ala+b+c)+ b2

B a
a2+ b2 +ab+ac

a 1
< = .
~ 2ab+ab+ac 3b+c
By the arithmetic mean-harmonic mean inequality,

4 4 <b+b+b+c 3b+c

3 1 1 1 1 1 — -
pte stptpte 4 4




20. Mean Value Inequalities 261

So,

Similarly,

o
+ | >
o
[\v]
IN
—_
N
Y
olw
Q|
~

c <1 3+1
c+a?2 " 16\a b))

Summing up the above three inequalities gives
a n b n c_ - 1 /4 n 4 n 4y 1/1 n 1 n 1
a+b  b4+c2 c+a2 " 16\a b ¢) 4\a b ¢) O

Example 6. Suppose that a,b, and ¢ are positive real numbers satisfying
abc = 8. Prove:

2 b2 C2

VA +)(1+cB) * VL +A) (1 +a?) * V(@ +a?)(1+b?)

a

4
> .
-3

Proof. Let a = 2x,b = 2y, and ¢ = 2z. Then xyz = 1, and the original
inequality is equivalent to

I2 y2 2’2

VA1 8y%)(1 +829) * VA +82%)(1 + 829) - VA +82%)(1 + 89)

Since 1+ 2 > 2y, so y? +y* > 293, and thus

1
> 2.
-3

dyt + 4yt +1> 858 + 1,
namely
1+ 8y < (142972
Hence, it is enough to show that
22 Y2 52
2211222 (L4281 +242) T (11221 1 207)

The above inequality is equivalent to

1
> —.
-3

327 (1 4 22%) + 3y%(1 + 2y%) + 32%(1 + 22?)
> (1+22%)(1+ 2y%)(1 + 227,
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which is equivalent to
2?4?22 160zt oyt oY) > 94 A(a2y? +y22? + 2%?).
Since z* + y* + 2* > 22y? 4+ y?22 + 2222, so it is sufficient to show:
2?4 y? 224202t 4yt 21 >0.
By the arithmetic mean-geometric mean inequality,
2+ + 22 > 3/a2y222 = 3,
ot oyt 4 21 > 33/ adytat = 3,
and consequently 22 + y2 + 22 + 2(z* + y* + 2%) > 3+ 2-3 = 9. That is,

the original inequality is satisfied. O

Example 7. Assume that positive integers ay, aso, . .., a, satisfy

n

;zai:&l, Za%-:2+;

i=1

Find the value of the positive integer n.

Solution. The arithmetic mean-harmonic mean inequality implies

6n _apt+2a3+ -+ nay
tn(n+1) B tn(n+1)
- in(n+1) _ tn(n+1)
Tt 2t 2+ 2
Note that
6n 12 12

)

<
nn+1) n+1 " n

1

2

sn(n+1) _ n(n+1)  gn*(n+1) 1,
2+ 1 2n + 1 2n +2 47

It follows that 1n—Q > in? In other words, n® < 48, namely n < 3.

When n = 1, we have a; = 6 and al—l = 3, a contradiction. So, n # 1.

When n = 2, the equations a; + 2a2 = 12 and al—l + % =2+ % have no
positive integer solutions, and thus n # 2.

When n = 3, we obtain a; = 6,a2 = 3, and ag = 2, therefore n = 3
satisfies the condition.

In summary, n = 3 is the unique solution. O
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The mean value inequalities can be generalized further. Let
T1,%2,...,T, be n positive real numbers and a real number r # 0. Then
the number

1
M <x§+x5+'“+l’2)*
.
n

is called the rth power mean of x1,xa, ..., Ty.

Theorem. If a and 8 are nonzero real numbers and o > (3, then M, >
Mg, that is,

N 1
<x?+x%+~'+w%>“ . (wf+x§+~~+xfi>ﬁ
n - n ’

and the equality holds if and only if x1 = x2 = --- = x,. This inequality is
called the power mean inequality.

Example 8. Suppose that the three sides of a triangle are a,b, and c
respectively and its area is S. Prove:

a” +b" 4" 22"3%53, n € Nj.

Proof. When n = 1, the fact a + b + ¢ > 2v/3v/3S is a frequently seen
geometric inequality, so the conclusion is true for n = 1.
Assume that the conclusion is true for n = k, namely

ak+bk+ck22k-3%-55.

Then for n = k + 1, by the power mean inequality,

1

<ak+1+bk+1+ck+l>m <ak+bk+ck)% <2k e
> —— > . .Sz

3 3

|
w
4
%
N—
e

and thus

k+1

k
AL Rl L > 3 (% gzt 'S§> e gkl gizltl) ko
In other words, the original inequality is satisfied for n = k + 1. U

Remark. Since the general power mean inequality is rarely used in com-
petitions, we do not give more discussions here.
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3. Exercises
Group A
I. Filling Problems

1. Two positive real numbers z and y satisfy (x“) + (y”) = 16. Then
the value of z 4y is
2. Leta—\/3a:+1+\/3y+1+\/3z+1where

r4+y+z=1 and z,y,z>0.

Then [a] =
3. Ifad> 0,b,c > 0, and b+c> a + d, then the minimum value of

c+d + a+b is

II. Calculation Problems

4. Let a,b,c € R4. Prove:

4
a+ Vab+ Vabe < g(a—i—b—i—c).

5. Suppose that x,y, z,w € Ry. Solve the system of equations

r+y+z+w=4,

1 1 1 1 1
—+o4++—=5-
r Yy z w

TYyzw’
6. Assume that z,y, and z are all positive real numbers and zyz = 1.
Prove:
264+2 yS+2 642 T Yy oz
Tttt ——2=23(-+=+-).
T Y z y oz oz

7. Let n € Ny. Prove: n[(l—i—n)% —1} <l+z+354-+41
8. Assume that a, b, and c are positive real numbers and satisfy a?+b%+c? =
%. Prove:

242 1202 22
l1—a*+c +1 b*+a +1 c“+b >
c(a + 2b) a(b+ 2c) b(c+ 2a)

Group B

9. Let x,y, and z be positive numbers and z? + y? + 22 = 1. Find the
minimum value of
x z  zx
g=" 2
2 x oy
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10. If positive numbers a, b, and c satisfy a + b+ ¢ = 1, prove:

+1 bJrl +1 >1000
2T b cre) = o

11. Given a positive integer k, if z* 4+ y* + 2¥ = 1, find the minimum value
of FF1 gk t1 gkt

12. Let n be any positive integer greater than 1 and let ay,as,...,a, be
positive numbers. Find the maximal positive number A such that

ay~! ay”!
+
\/aqffl + (n?2 = 1)agas - - - an \/ag*1 +(n? = 1D)araz---ay
n—1
P n > A

\/QZil + (n? - 1Daraz - an—1

is always satisfied.
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Chapter 21

Cauchy Inequality

1. Key Points of Knowledge and Basic Methods
Cauchy inequality. Let a;,b; e R (i =1,2,...,n). Then

(5) <(5) (59)

and when a1, as, ..., a, are not all zero, the equality in the above inequality
holds if and only if b; = Aa; (1 <@ < n) for some real number .

Proof. If Y7 , a? =0, then a1 = az = -+ = a,, = 0, and the inequality is

obviously true.
When 77 a? # 0, construct the quadratic function

flz) = (Zaf) ) (Zaﬂu) ~17+Zb12.

It is easy to see that f(z) = DI (a;x — b;)*> > 0, so the discriminant of
the quadratic function A < 0, that is

(o) -+ (89) (Be) =

In other words,
n 2 n n
(o) = () (59)
i=1 i=1 i=1

and the equality is valid if and only if a;x — b; = 0 for all ¢, namely b; =
Aa; (1 < i< n) for some real number \. O

267
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There are many proofs of the Cauchy inequality; here we chose con-
structing a quadratic function to prove it.

Making appropriate substitutions for the number arrays a; (i =
1,2,...,n) and b; (i = 1,2,...,n) in the Cauchy inequality produces the
following commonly used corollaries:

Corollary 1. Leta; € R (i = 1,2,...,n). Then ”Zl ai > (>0, al)z,
where the equality holds if and only if a1 = as = = Qyp.

Corollary 2. Let a; € R (i = 1,2,...,n). Then (3], a;) (Z" i) >

i=1a; ] —

n?, where the equality holds if and only if a1 = as = -+ = ap.

Corollary 3. Leta;,b; € R (i =1,2,...,n) be such that b; # 0 and % >0

fori=1,2,...,n. Then (3.1, a;b;) (Z?:l ‘;—Z) > (X, ai)2’ where the

equality holds if and only if b3 = b3 = --- = b2.

Corollary 4. Let a;,b; € R (i = 1,2,...,n) be such that b; # 0. Then
2

(>, by) (Z?:l %) > (X1, a;)?, where the equality holds if and only if

a? = \b? and b; > 0 fori=1,2,...,n with X\ some real number.

The key point of applying the Cauchy inequality to solve problems is
to find or construct two groups of numbers a; (i = 1,2,...,n) and b; (i =
1,2,...,n) in the expressions already known or to be solved.

2. Illustrative Examples

Example 1. Let a,b,c € Ry and a + b+ ¢ = 3. Prove:

/ 3.4/ 1
a2+3 \/b2+3 \/02+3 abe’

Proof. Denote u = (\/a2+3 \/b2+3 \/62+3) and v = (Vb, /¢, /a). Then
the Cauchy inequality and the given condition imply that

2
/b n c n a
a? +3 b2 +3 c2+3

1
<
- <a2+3+b2+3+62+3

)<b+c+a)

s 1 N 1 N 1
T \a2+3  B2+3 243)
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By the arithmetic mean-geometric mean inequality,
> +3=a’+1+1+1>4Va?=4Va,
and similarly b* 4+ 3 > 4v/b and ¢® 4+ 3 > 4,/c. Thus,
1 1 1 1/1 1 1
i3 P s @t3 s Z(ﬁ‘L%‘L_b)
_ \/%+\/%+\/@< GTH’+HTC+‘:+TG _atbtec

4V abc o 4V abc © 4abe |
and so
2
[ b +\/ c +\/a <3(a+b+c)7 9
a?+3 b2 +3 2+3) = 4Vabe  4Vabe
When a = b = ¢ =1, the above inequality becomes equality. O

Remark. The proof here cannot be made one step to finish. The applica-
tion of the Cauchy inequality is a key step.

Example 2. Suppose that z,y, and z are positive numbers and = + y +
z > 3. Prove:

1 1
+ + <
r+y+22 y+z+a2? z+az+y?

and express a condition for the equality to be satisfied.

)

Proof. By the Cauchy inequality, we have

(r+y+22)c+y+1)>(x+y+2)72 (21.1)
namely
1 1
< rrytl (21.2)
r+y+22 7 (r4+y+2)?
Hence,

r+y+1 y+z+1 z+x+1
(x+y+2)? (Y+z+2)? (2+2+y)?

_2ztyta)+3
(x+y+2)?

S@ty+2)?-2@x+y+2)—3>0.

When x + y + z > 3, the above inequality is obviously correct.
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The equality holds in (21.1) & (z,vy, 2%) = (z,y, 1), from which 2% = 1,
namely z = 1.
By symmetry, the original inequality becomes equality if and only if

Remark. Here, we first used the Cauchy inequality to prove the “local”
inequality (21.2).

Example 3. Let a,b, and ¢ be the lengths of the three sides of a triangle.
Prove:
(cta—b* (a+b—c)* (b+c—a)
ala+b—c) blb+c—a) clc+a—0>)
Analysis. In order to make the structure of the inequality simpler and
clearer, we first give the “tangent length substitution”:

> ab + be + ca.

cta—b=2z, a+b—c=y, b+c—a=-z.

Proof. Let c+a—-b=2,a+b—c=y,and b+ c—a = z. Then
r+y b_y—i—z C_z—l—:zc

2 2 T2
at+b+c=xz+y+=z.

Denote the left hand side of the inequality to be proved as S. Then
224 294 224
+ + .
y@+y)  2y+z) z(z+)

The Cauchy inequality ensures
S
SWE+y)+2y+2) +aiz+a) 2 (@ +y” +27)°
It follows that
N 2a? + y? + 22)?2
T4y + 22yt yz+ oz
2(z% + y? + 2%)?
T2yt 422+ (2% 4 y? + 22
(x+y+2)?
3

=2t +y? +22>

_(a+b+0)?

3 > ab + be + ca. 0
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Example 4. Let ay,as,...,a, (n > 2) be real numbers. Prove: One may
choose €1,¢9,...,e, € (—=1,1) such that

(Zai> + (Zsiai> < (n—i—l)Za?.

Proof. We show that

2
n 2 [%] n n

(Za) + (D - > a| <@+ d (21.3)
i=1 i=1 i=[z]+1 i=1

This means that, if we choose ¢;, = 1 for i = 1,..., [%] and ¢; = —1 for

i = [%] + 1, then the conclusion is true. (Here, [z] represents the integral
part of the real number z.)
In fact, the left hand side of (21.3) is

=l =
2 2
5] n
=2 Z a; | +2 Z a;
= gin
By the Cauchy inequality, and the facts that n — [3] = ["Tl] and [z] < z,
we have
2 2
(3] n e LE] . n
2 Zai +2 Z aj §2[§}Za?+2<n7{§}> Z a?
= el = [
4] n+1 -
:2{—}2 12—1-2{ 5 ] Z af
= ns
(3] n
<nZa?+(n+1) a?
i=1 J:[%]-&-l
<(n+1)> af,
i=1

which gives (21.3), so the proposition is proved. O
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Example 5. We are given n (n > 2) positive real numbers ay, ag, ..., ay
that satisfy

n n 1 1 2
;ai.;a—i§<n+§).

Prove: max{ai,as,...,a,} <4min{aq,as,...,a,}.

Proof. Denote m = min{aq,as,...,a,} and M = max{ai,az,...,a,}.
From the symmetry, without loss of generality we may assume that

m=a; <ay <---<a, =M.

By the Cauchy inequality, we have

1\* 1 1 1
ntg) 2(@tazt o tan) | —+—+t—
1

ag Gn,

M Ap—1 M

(@@)
(gm_ﬂg)?

2(m+ M) <5V Mm,

11 1 1
@+@+m+%1+Mw—+;+m+ +—>
2

Y

namely

which is the same as
M — 5v/Mm + 2m <0,
(2VM — /m)(VM —2y/m) < 0.
Therefore, VM < 2y/m, that is M < 4m. O

Example 6. Let a,aq,...,a, be given real numbers not all of which are
zero, and let rq, 72, ..., 7, be real numbers. If an inequality >, _; 7 (2 —

1 1
ar) < (Crpoi2i)? — (Opiai)? is satisfied for any real numbers
T1,%2,...,Ty, find the values of r1, 71, ..., 7.
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Solution. From the given condition, if we choose x1 =zo =--- =, =0,
then

1
n n 2
Zrkak > (Zai) , (21.4)
k=1 k=1

and if we choose x = 2ay (k=1,2,...,n), then

1
n n 2
> reay < (Zai) : (21.5)
k=1 k=1

So, (21.4) and (21.5) imply that
n n %
Zrkak = (Zai) . (21.6)
k=1 k=1

By the Cauchy inequality,

Zrkak < (Zri) (Zai) . (21.7)
k=1

k=1 k=1

Since ay,az,...,a, are not all zero, the formulas (21.6) and (21.7) ensure
that

(i r§> ) > 1. (21.8)
k=1

Choose zj, =1, (k= 1,2,...,n). From the given condition and (21.6),
we obtain

1
n n 2
> r}é‘s<§ r}‘;> ,
k=1 k=1

namely

rE < 1. (21.9)

NE

b
Il

1

Combining the formulas (21.8) and (21.9), we have

dori=1 (21.10)

k=1

n
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By multiplying the same number 1 and Y ,_, 7% to the left and right
hand sides of (21.6), respectively, it follows that the equality in the Cauchy
inequality (21.7) is valid, hence there is a real number A such that

re =Aag, k=1,2,... n. (21.11)

Substituting (21.11) into (21.6) results in

A= (iai) 2 .
k=1

Substituting the value of A back into (21.11), we finally get

1
n -2
r; = a; (Zai) (j=1,2,3,...,n).
k=1

d

Example 7. Suppose that 1, x9,...,2, (n > 2) are all positive numbers
and Y ., x; = 1. Prove:

Zﬂ—% m Zﬁ

Proof. The left hand side of the inequality can be written as

;ﬁ:;ﬁ*;m (21.12)

For positive numbers y1, yo, . . ., yn, the following inequality

1 yl 1yz

is a simple corollary of the Cauchy inequality. Choosing y; = /1 —z; in
the above inequality gives

n 1 n?
> .
izzlvl_wi i VI—a

Using the Cauchy inequality again, we have

> Vi< (3]

(21.13)

1

[i (1- xz)] i =+/n(n—1) (21.14)

2
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and

zn: VT < V. (21.15)

i=1

Combining the formulas (21.12), (21.13), (21.14), and (21.15) gives
SLU N . S V-

2 n
n
> = — V91—,
s VI— i ;

R R

1 n

O

Remark. The Cauchy inequality has a very good generalization, namely
the famous Holder inequality:

Assume that a; > 0,0; >0 (i =1,2,...,n),p > 1,9 > 1, and %—i—% =1
Then

S

1 1
n n n q

S (Yt ()

i=1 i=1 i=1
and the equality is valid if and only if ¥ = Xb (i =1,2,...,n; and X > 0).
Example 8. (1) Let three positive real numbers a,b, and ¢ satisfy the
condition

(a® + 0% +c*)? > 2(a* + b* + ). (21.16)

Prove: The numbers a, b, and ¢ must be the lengths of the three sides of a
triangle.

(2) Let n (n > 3) positive real numbers ay, as, ..., a, satisfy the inequality
(@2 4+a2+---+a2)?>(n—1)(a] +aj+---+a}). (21.17)

Prove: Any three numbers in {aj,as,...,a,} must be the lengths of the
three sides of a triangle.
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Proof. (1) From the given condition, we know that
2a%b? + 2b%¢* 4+ 2c%a® — a* — bt — ¢t > 0.
Factorizing the left hand side of the above inequality gives
(a+b+c)la+b—c)b+c—a)lc+a—0b)>0.

By symmetry, we may assume a > b > ¢, so that three factors of the
left hand side are positive, and the above inequality implies that the fourth
one is also positive, that is b+ ¢ > a. This indicates that a,b, and ¢ can be
the lengths of the three sides of some triangle.

(2) Proof 1. Since n > 3, by the Cauchy inequality,

(nfl)(azllJra%Jr'“wLafl)<(a%+a§+'~+ai)2

a?+a3+a3 al+di+a3 °
_ (@1 TayTag L2 T D L 244 a?
2 2
<(n-1) {(a%+a§+a§)2 N <a%+ai+a§>2+a3+...+aﬂ.

Canceling the same factor n — 1 and eliminating the same terms from the
both sides in the above, we have

2(af + ay + a3) < (a} + a3 + a3)?.

This is exactly the same condition as in (1), so by (21.16), a1, az, and
as can be the lengths of the three sides of a triangle. From the symmetry
of ay,as,...,a,, we know that any three numbers from them can be the
lengths of the three sides of a triangle. O

Proof 2. Rewriting the formula (21.17) and using the Cauchy inequality
with parameters, we have

(nfl)(a‘waa%Jr'“Jra‘f)<(a%+a§+'~+ai)2

1 2
= [A(a%+a§+a§)-;+ai+---+ai}

IN

1
{)\2(a§+a§+a§)2+aﬁ+m+aﬂ <ﬁ+n3).
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In order to eliminate ay,...,a, from the both sides of the above, let
)\—12 +n—3=mn—1. Then \? = % Substituting A2 = % into the above
inequality gives

2(ai + ag + aé) < (a? + a3 +a3)?

and the remaining part of the proof is the same as in Proof 1. O

Remark. Many important inequalities can be written as a form with
parameters. For example:
The mean value inequality

1 n
Yaras - -an < - g i,
i—1

where a; > 0,\; >0 (i =1,2,...,n), and My Aa--- A\, = 1.
The Cauchy inequality:

(Zm) géAzaf-Z%bf,
where \; >0 (i=1,2,...,n).

3. Exercises
Group A
I. Filling Problems

1. Three real numbers z,y, and z satisfy two equations

20+ 3y + z = 13,
422 + 9y% + 22 — 22 + 15y + 32 = 82.

Then the respective values of x,y, and z are
2. The maximum value of y = vz2 — 2% 4+ V222 — 21 is
3. Suppose that a,b, and ¢ are all real numbers and a+2b+3c+4d = \/—

Then the minimum value of a? + b% + ¢ + d? + (a + b + ¢ + d)?
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4. Let ay,a2,a3, and a4 be different numbers among 1,2,...,100 that
satisty
(af + a3 + a3)(a3 + a3 + a3) = (a1az + azas + azas)”.

The count of such ordered number arrays (a1,as,as,aq) is

II. Calculation Problems

5. Let a, b, and ¢ be positive real numbers and a cos? +bsin® 6 < ¢. Prove:
Vacos® 0+ Vbsin? 0 < (/.
6. Find the minimal real number k such that for any a,b,c,d € R,
V(@2 + 1) (02 +1)(2+ 1) + /(02 + 1)(c2 +1)(d% + 1)
/(2 +1)(@ + 1) (a2 + 1) + /(@2 + 1) (a2 + 1) (b2 + 1)
> 2(ab+ be+ cd + da) — k.

7. Let a,b,c,d >0 and a+ b+ c+ d = 3. Find the minimum value of
a® b3 c? d3
b+c+d+a+c+d+a+b+d+a+b+c'

Group B
8. Let aj,aq,...,a, be all positive numbers and n € N. Prove:
n n
k2 k
E <4 E —.
oGt az e ag =1 ¥

9. Suppose that P is a point inside AABC, numbers 71,79, and r3 are
the distances of P to the three sides whose lengths are aq, a2, and as,
respectively, and R is the radius of the circumscribed circle of AABC.
Prove:

1
V2R

Also find a condition for the equality to be true.
10. Let a; € Ry with 1 < i < n. Prove:

1
— >
1 1 1 1 1 1 =
m‘i‘ ++m a‘i‘a‘f‘""i‘—

1+as An

(a3 + a3 +a3)*.

VIt V2 + /s <

S =




11.

12.
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Assume that = € (0, %) and n € N1. Prove:

2

12N 2n
1—sin""x 1—-cos™x " 9
5 . 5 > (2" —1)°.
s’ x cos“™ x
Let n be a positive integer and a1, as, ..., a, be real numbers. If for

any 1 <m <mn,
m + Qi1+ - F+ap >m—+ (m+1)+---+n,

prove: aj +a3 +---+a2 > tn(n+1)(2n + 1).
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Chapter 22
Rearrangement Inequalities

1. Key Points of Knowledge and Basic Methods

Rearrangement inequalities. Let two groups of numbers a1, as, ..., ay,
and by, b2, ...,b, satisfy a1 <as <---<a, and by <by <---<b,. Then

a1by, + agby_1 4+ -+ anby (reverse order sum)
< arby, + agby, + -+ + anby, (random order sum)
< aiby + ashs + - -+ + apby, (same order sum)
where {t1,t2,...,t,} ={1,2,...,n}. If and ounly if a1 = as = --- = a, or
b1 = by = --- = b,, the equalities are valid.

Proof. (1) Since
(an —ap)(by, —by,) >0 (t, <n,k <mn, and k € Ny),
SO
anbyn + arbe, > apby, + anbe, .
If by, = by (tr < n), then the above inequality implies that
arby, +agby, + -+ arby, + -+ apby,
< arby, +asby, + -+ arby, + -+ anbt,.
If by, = bp—1 (t, < n — 1), then by the same inequality,
arby, +asby, + -+ arby, + - ag—1by,_, + -+ anby,
<aiby +agby, + -+ apby, -+ an_1bp_1 + anby,,

281
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Continuing in this way, we obtain the inequalities on the random order sum
and the same order sum.

(2) Since by < by < -+ < by,
—b1 = =by > > —by.
From (1) we know that
(=bn)ar + (=bp—1)az + -+ + (=b1)an
> (=by,)ar + (=be,)az + -+ + (=by, )an.
Dividing (—1) from the both sides of the above proves the inequalities on

the reverse order sum and the random order sum. O

The rearrangement inequalities have wide applications in solving com-
petition problems. Their applications appear after reasonably constructing
two groups of ordered numbers a1 < as < --- < a, and by <by <--- < b,
according to the need.

2. Illustrative Examples
Example 1. Assume that a > 0,b > 0, and ¢ > 0. Prove:
1 1 _ af+¥+c

1
a + c ™ a3k

(=)

Proof. Without loss of generality, assume that a > b > ¢ > 0. Then
1 1 1 1 1 1
2> >3 S>>, — > >
GV BEEEE keSS ab

Hence, by the rearrangement inequalities,

%+%+%=a2-;—3+b2-b%+c3-0—3
§a2~ci3+b2 =+ biS
:a5-$+b5~$+c5'%
§a5-#+b5-m+c5-ﬁ

a® + 8+ 8
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Example 2. There are 2007! different sequences from the permutations of
the 2007 numbers of 1,2, 3,...,2007. Do there exist four sequences:

ai,az,...,a2007; bi,b2,...,b2007; C1,C2,...,C2007; di,d2,...,d2007,

such that a1b1 + a2bs + - - - + asoo7b2007 = 2(c1di + cads + - - - + c2007d2007)?
Prove your conclusion.

Analysis. By the rearrangement inequalities, we know that the maximum
value of a1b1 + asbs + - - - + aspgrb2oor 1S ngi? i2, while the minimum value
of erdy + eady + - - + caoordaoor is Yooy (2007 — i+ 1). If

2007 2007

D i <2 (2007 — i+ 1),
i=1 i=1

then the four sequences in the problem do not exist.

Solution. From the rearrangement inequalities,

a1b1 + a2b2 —+ o+ 020071)2007 < 12 + 22 —+ -+ 20072

2007 - 2008 - 4015

: = 2696779140,
Cldl + Czdg + -+ 02007d2007 > 1-2007+ 220064+ ---4 2007 -1
2007 2007 2007
= > k(2008 — k) =2008 > k— > K
k=1 k=1 k=1
= 2008 - mgﬂ — 2696779140
= 1349397084.

Thus,
2(c1dy 4 cada + - -+ + ca007d2007) > 2698794168 > 2696779140
> aiby + agbz + - -+ + a2007b2007-
Therefore, there do not exist four sequences that satisfy the condition. O

Example 3. Let 21, z2,...,2, and a1, a9, ..., a, (n > 2) be two groups of
arbitrary real numbers that satisfy the conditions

(D) z14+a2+- + 3, =0;
(2) |za]+ |2 + -+ |zl = 15
(3) a1 >az > -+ > ay.



284 Problems and Solutions in Mathematical Olympiad: High School 2

Find the minimum value for a real number A that makes the inequality
|11 + agxe + -+ - + apxy,| < Alar — ay)
satisfied.
Solution. Letiy,1s,... 1,71, J2,- .., j: be a permutation of 1,2, ..., n such
that
Ty 2 Xy 2 20, 20> w5 2 x5 20 2 x5,

Denote A = x;, + x4, +---+x;, and p = —(x;, +z;, +---+x;,). Then
by the condition of the problem,

A—pu=0, A+pu=1

Hence, A = = %
Without loss of generality, assume that ajx1 + aswo + -+ + anxy, > 0

(otherwise, if ayxy + agwa + -+ + apx, < 0, then for z, = —a; with ¢ =
1,2,...,n, the numbers o/, a5, ...,z still satisfy (1) and (2), and
la12] + asxh + -+ + apal,| = |larry + agwy + - + anzyl,

so (3) is also satisfied). By the rearrangement inequalities,
a1xr1 + asxs + -+ aply
< a1%, +ag®i, + -+ asTi, + asp1xy o+ Ay,

< al(xil +I1‘2 + +11715) +an(xj1 +$j2 ++IJ1)
1

= §(a1 —ap).

On the other hand, if one chooses r; = %,xQ =x3 =+ =2x,1 =0,
and z,, = f%, then x1,x9,...,x, satisfy (1) and (2), and

larx1 + agxe + -+ - + apx,| = §(a1 —ap).

Therefore, the minimum value of A that satisfies the inequality in the
problem is % O
Remark. In this problem, if we choose a; = % with ¢ =1,2,...,n, then

T2 Tn, 1 1
R e
Ty nl =2 2n

This is the second problem in the 1989 National Mathematics Compe-
tition for High Schools.
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Example 4. Suppose that z >y > z > 0. Prove:

2 2 2
x z A
y .,y > 22 4y 4 22,
z T Y

Proof. Since 22 > yx > y? and 2% < yz < 92,
o Pty oyt yr <2yt dyroyz+ 7 22
that is
2222 4P+ P < ay? 4 yPas + y2l,
and so

(x4 2) <92 (2 + 22 + 2%) — 2222

zT—z Vo +2) < —Z P b a2 - TR
namely
y2(;1c2—z2) gy(:c3—z?’)— r—z 252
Yy
It follows that
2 2%z 2Py 2P 22z Y’z
—t—t — < —+ —+ —.
z y T z y T
Hence,
x2 22z Y’z 2
z y x
> (2.9 4,2 +y23 2. 24292
- 2 x x
> (2% +y? + 27)? (22.1)
In other words,
2 2 2

x z2%x z
L Y
z Yy x
and the necessary and sufficient condition for the equality to be satisfied is

rT=y=z. O

Remark. The second inequality in the formula (22.1) was from using the
Cauchy inequality. In the process of solving many mathematical problems,
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one needs to use flexibly the tools of mean value inequalities, the Cauchy
inequality, the rearrangement inequalities, and etc.

Example 5. Assume that a1 > ay > -+ > a, >0and by > by > -+ >

b, > 0. Let i1,12,...,1, and j1, jo, ..., jn be two arbitrary permutations of
1,2,...,n. Prove:
n n n n
a;i, b arbs
js
DATRD RS
r=1s=1 r=1s=1

Proof. By the rearrangement inequalities, we obtain that

n n bs n air _ a,
g ;qus’ ;qus_T r+s

T

Consequently,
n n
a;.b @4, 95, _ Qi,.
n n ar n o n arbs
<stZT+3=ZZT+S -
s=1 r=1 r=1s=1

Example 6. Suppose that 0 < p < a; < ¢ (¢ = 1,2,...,n), and

b1,b2,...,b, is a permutation of a1, as, ..., a,. Prove:
2
aq as anp n p q
n§—+—+---+—§n+[—}< - — —).
by ba by 2 q p

So, we only need to show the left inequality in the problem. Without
loss of generality, assume that a; < as < -+ < a,. The rearrangement
inequalities imply that

When n = 2k is an even integer, the above inequality can be rewritten as

a a an a1 an a a
B () koo Gkt
by by by an a1 k41 ar
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it holds that

Now, for o € 2—7

q
p

|
o) e (- )

al ag

— 4+ =+ _<2k: k —

R (\[ \[)
n p q
+ = - /=] -
2<\/; \/;>

When n = 2k + 1 is an odd integer, we have

a a a a (07 A — a
_1+_2+...+_n§<_1+_)+...+<£+ k+1>+_
Q41 Qaf

<200 (7 1)
Nﬁ(ﬁﬁ)

To summarize the above two cases, we have proved the inequality. [

and thus

Example 7. Let two groups of ordered numbers a; < as < --- < a, and

b1 < by <--- < b, be given. Prove that

ait+ax+---+an by +by+ -+ by
n n

1
E(albn +aghp—1+ -+ apb) <

1
E(albl + a2b2 —+ -4 anbn)
If and only if a; = ay = -+ = a, or by = by = --- = by, the equalities

are valid.
Proof. The rearrangement inequalities ensure that
a1by, + asbn,_1 + -+ anby < ar1by + asby + - + apby,
a1b, + asb,_1 + -+ anby < arby + asbs + -+ an_1by + anby,

aiby, + agby_1 + -+ anby < arbp_1 + agb, +azby + -+ anbp_2,
aib, +agby_1 + -+ anby < arby +agby + -+ apby_y.
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Adding up the above n inequalities and then dividing by n? give

a1by, + agbp—1 + -+ anb a1+a2+"'+an.b1+b2+"'+bn
n n n '

By the same token, we can show that

aitapt---tan bitbt--+by arbiFasby -+ anbn -

n n n

Remark. The above two inequalities are called Chebyshev’s inequalities.
In the following, we look at an example of applying Chebyshev’s
inequalities.

Example 8. Let x; >0 (i =1,2,...,n) and k > 1. Prove:

ZH% z;ng

Proof. By symmetry, assume that z; > x9 > --- > x,, > 0 without loss of
generality. Then

n 1 n x]H_l

Py

k
o i=1

X

=1

1 - 1 - - 1
ok = ak — — xk’
o} 5 :v’z
1+ a1 1+ a9 1+ x,

n

1 - xk
Zl+xz;xz=¥wzzx—kﬁ

i=1

IN
S|
]
|'M:
|~
NgE

—
—|—s&
K

IN
S|
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3. Exercises
Group A
I. Filling Problems

1. Let b1,b2,...,b, be a permutation of positive numbers aq,aso, ..., ay.
Then the minimum value of 7+ + “2 + -+ ‘;" is
2. Let the radius of a circle O be R, let ANABC be the inscribed trlangle
of the circle O, and let hgy,hy, and h. be the altitudes on the sides

BC, AC, and AB of AABC, respectively. Then the minimum value of
sin A sin B sinC
he th, TR IS

II. Calculation Problems

3. Let x,y, and z be positive numbers. Prove:

22 g2 g2 g2 g2 2

r+vy Y+ z z+x

> 0.

4. Suppose that z; and y; (i = 1,2,...,n) are real numbers satisfying
Ty > 29 > - 2w and yp > Y2 > o0 > yn. If 21,290,002, s any
permutation of y1,ys, ..., Yn, prove:

Z(xi —yi)* < Z(xz

5. Assume that a1 > ag > -+ > a, > 0and by > b2 - > b, > 0. Prove:
bi, b; b; by
a?lagz coeabn <atay?ap™ < ali"a2 '...alr, where by, biy, ..., b;

in
is any permutation of by,bs, ..., b,.
6. Let a set {a1,a9,...,a,} ={1,2,...,n}. Prove:
1 2 n—1 a1 a2 Gn—1

-+ -+ + < —+ ==+ +
2 3 n as  as an

7. Suppose that ai,as,...,a, € N are mutually different. Prove:

I4odt s+ 2y

4 p i <g 244

2 n g2 n?

Group B

8. Let%§p<1 Suppose that a; > 0and 0 < b; <p (i = 1,2,...,n
withn >2). If 3" a; = >, b; =1, prove:

n

p
Yol I o S ot

=1\ 1<j<nj#i
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9. Assume that a1 > as > --->a, >0and 0 < by < by <--- < b, or
O0<ap <ay <---<ap,and by >by>--->0b, >0. Let r,s > 1.
Prove:

n a/r n r n s
Sk () /(5on)-
i=1 1 i=1 i=1
10. Let z1,x9,...,2, € Ry satisfy 1?11 + 1?@ + -+ 1?@ = 1. Prove:
I1+I2+"'+$n> —_— .
n—1
11.

Let a,b, and ¢ be the lengths of the three sides of a triangle such that
a+b+c=2S. Prove: For any positive integer n,

an

" " 2\"?
> (Z 'Snfl.
b+c+c+a+a+b_ <3>

., ap, be all positive numbers and let k be a positive integer
Denote a,, 41 = a;. Prove:

12. Let aq,aq,..

n

k+1
Z .
k

1 n
> a;
= =1 = > ai
Sabta e+ taigy +af, T B




Chapter 23

Convex Functions and
Jensen’s Inequality

1. Key Points of Knowledge and Basic Methods
A. Definition of convex functions

Let a function f(z) be continuous on an interval I. If for any two numbers
1 and x2 in I, the inequality

; (ml +x2> < f@) + f (@) (23.1)

2 2

is always satisfied, then f(z) is called a convex function on I.

If the inequality sign in (23.1) is reversed, then such f(z) is called a
concave function on I.

If the inequality sign in the above becomes the strict one for all distinct
points 21 and xo in I, then the convex (concave) function is called strictly
convex (concave) on 1.

The geometric meaning of a convex function is: For any chord passing
through two points on the graph of y = f(x), the middle point of the chord
must be above the curve or on the curve. The situation is just opposite for
concave functions. For strictly convex (concave) functions, for any chord
passing through two distinct points on the graph of y = f(z), the middle
point of the chord must be above (below) the curve.

B. Determination of convex functions

One can use the definition of convex functions to determine the convexity of
a function, and the following theorem can also be used to determine quickly
the convexity of certain functions.

291
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Theorem. Assume that f(x) is twice differentiable in an open interval
(a,b). Then a necessary and sufficient condition for f(x) to be a conver
(concave) function on (a,b) is: For all x € (a,b), it is always true that
f"(x) >0 (<0). If f"() > 0 (< 0) for all x € (a,b), then the function
f(x) is strictly convex (concave) on (a,b).

C. Jensen’s inequality

Suppose that f(z) is a convex function on an interval I. Then for any
T1,%2,...,Ty € I, there holds that

p(BEEE ) < L) + o)+ S

n n

and the equality is valid when ;1 = 29 = -+ = x,,. If in addition f(x) is
strictly convex, then the above inequality is strict for all mutually distinct
T1,%2,...,T, € I, and the equality is valid if and only if x1 = 2o = -+ =
T

Suppose that f(x) is a concave function on an interval I. Then for any
r1,T3,...,T, € I, there holds that

f<$1+$2+"'+$n
n

) > Lif@) + flaa) + -+ Flan),

n

and the equality is valid when x; = 29 = --- = z,,. If in addition f(z) is
strictly concave, then the above inequality is strict for all mutually distinct
T1,%2,...,Ty € I, and the equality is valid if and only if x1 = 29 = -+ =

Ty,

Proof. We only prove it for the case of convex functions. When n = 1, the
proposition is obviously true. Assume that the proposition is satisfied for
n =k. When n = k 4+ 1, denote

A—

k+1(x1+x2+~~+xk+xk+1).

Then
(k+ DA+ (k—1A zy4+a2+- 4o +ap1+(E—1)A

A= ok - ok

Also denote
T+ To+ -+ xp
A ;
Tp1 +(E—1)A
A .

B =

C:
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Then
B+C 1
1) =1 (259 < 5l + s
1 Ty +xo+ -+ xp Tpp1 + (K—1)A
-5 () ()
1(1
< 3 {0 + fGaa) o+ )
+ 3l + £+ 4 1))
= S f@) + f(E2) + oo Fane) + (B = DA
Therefore,
FA) € [ a) + fw2) + oo+ flan) + Flanr)
and the equality is valid when z; =29 = -+ =z, = Tp41.
In summary, the proposition is true for all natural numbers n. O

D. Corollary of Jensen’s inequality

Suppose that f(z) is a convex function on an interval I. Then for any
T1,%2,...,T, € I and any nonnegative numbers Ay, Ag, ..., A\, satisfying
A+ Ao+ -+ A, =1, there holds that

FOqzr +Xozo + -+ Apzpn) < A f(xr) + Xaf(x2) + -+ A f(xn),

and the equality is valid when ;1 = 29 = -+ = x,,. If in addition f(x) is
strictly convex, then the above inequality is strict for all mutually distinct
T1,%2,...,T, € I and any positive numbers A1, Ao, ..., A\, satisfying \; +
Ao+---+ A, =1, and the equality is valid if and only if x1 = x5 = -+ - = x,.

For a concave function f(x), there is a similar corollary with the inequal-
ity sign just reversed.

2. Illustrative Examples

Example 1. Prove: (1) f(z) = sinx is a concave function on [0, 7].
(2) g(z) = logx is a concave function on (0, +00).
(3) h(z) = tanx is a convex function on [0, ).
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Proof. (1) For any 1,22 € [0, 7], we have

1
M = _(Sinxl + SinxQ)
2 2
. T1 22 T1 — X2 . T+ X2
= sin cos < sin ,
2 2 2

namely

f(fﬂl);rf(fﬂz) §f<$1;$2).

Hence, f(x) = sinx is a concave function on [0, 7.

(2) Let x1,x2 € (0,+00). Then

1 1
0811 T 08T —; o8 T2 _ log \/x122 < log ntn ;;62»

and so

g(z1) J2Fg($2) <g <171 J2rfl?2) '

Thus, g(x) = logz is a concave function on (0, +00).

(3) When 0 < r1,To < %,

sinzy;  sinzg  sin(xy + 22)

tanx; + tan o

COST1  COSTy  COST1 COS T2
2sin(zy + x2)
cos(z1 + x2) + cos(xy — x2)

2sin(zy + x2)
~ cos(xy +a2)+ 1
T+ T2

=2t
an—p—,

that is

h(xl);rh(xg) >h <:171 J2rx2>

Therefore, h(z) = tanx is a convex function on [0, 5).

d

Remark. In this example, one can use the second derivative to prove the

convexity or concavity. The convexity or concavity of these special func-

tions have wide applications.
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Example 2. Suppose that % <z <5. Prove:
2vVr +1+v2x — 3+ V15 — 3z < 2V/19.

Proof. It is easy to show that y = /x is a strictly concave function on
[0,4+00). By Jensen’s inequality,

Wr+1+vV2x—-3+V1b—-3z=vVr+1l+Ver+1++vV2x—3++V15—-3z

S4\/x+1+x+1+jx3+153x

=2Vx + 14.

Since x + 1,2z — 3, and 15 — 3z cannot be the same number, so

2T+ 1+V2x — 3+15 — 3z < 2z + 14 < 2V/19. O

Example 3. Assume that z,y,z > 0 and z +y + z = 1. Prove:

Yz 2x Ty 3
+ + <-
T+ yz Y+ zx z+axy — 2

Proof. Construct AABC with y + z,z + x, and x + y as the three sides.
By the law of cosines,

cos A = ($+y)2+(x+z)2—(y+z)2 _ I2+:17y+xzfyz
2(z +y)(z +2) (z+y)(x+2)

SO

sin — = .
2 T+ yz

By the same token,

. B 2T . C Yy
sin — = , sin—=,/——.
2 Y+ zx 2 z+xy

Since y = sinz is a concave function for z € (O, %),

sing +sin2+sin§ A+ B+C 7
3 R

in other words,

Yz zx Ty A . B . C
+ + = SN — + sin — + Sin —
T+ yz Y+ zx z+xy 2 2 2

Wl

and the equality is true if and only if z =y = 2z =
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Remark. Since x,y, and z are positive numbers, using = + y,y + 2z, and
z 4+ x to represent the sides of a triangle can reduce an algebraic problem
to a geometric problem or trigonometric problem.

Example 4. Suppose that a,b, and ¢ are positive real numbers and a* +
b* + ¢* = 3. Prove:

1 n 1 n 1
4—ab 4—bc 4-—ca

<1

Proof. Let f(z) = = with z € [0, ¢]. From

ey
, B 1
fi@) = e A= Vo)
f”(x) _ 7(3\/_74)(\/_74) < 0,

da/a(d - Vo)

we know that f(x) is a strictly concave function on [0, %] By Jensen’s
inequality, we get

1 1 1 3

4 —ab + 4 —be + 4—ca — 4 — ] @2bP+b2c24c2a?
\/ 3
a4+b4+c4 :
4 — /5= 0

Example 5. Find the maximal possible constant k such that for all
x,y, 2 € R4, the following inequality

A

IN
I
_

x Yy z
+ + Y NCESTE:
Vy+z itz Jr+y o v

is always satisfied.

Solution. By the homogeneity, assume that = 4+ y + z = 1 without loss of
generality. Since

2
x(lx)Q%QI(lx)(lx)g%(;) _ 4
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and so
x Y z T Y z
+ + = + +
Vyt+z Vz+rz ety Vi—-z ViI-y JV1-—=z
5 5 5
_ €T n Y4 n z4
el —oP P e
i 3 23
> + L4
1/ 4 4/ 4 4/ 4
27 27 27

127 7/ s 5 5
— Z($4 +y4 +Z4)

On the other hand, since y = z% is a convex function on the interval
(0, +00), Jensen’s inequality implies that

TEA N P i Ca R G
1 Y =2\ 3 T

and the equality in the above inequality is satisfied if and only if z =y =

z = % Hence, the maximum value of k is @. ]

Remark. Assuming that  + y + z = 1 thanks to the homogeneity may
give the benefit of simplifying the inequality.

Example 6. Let a;; > 0 and z; > 0 with a;; = a;; for i,j = 1,2,...,n,
and assume that

n
an=1, i=12...,n
k=1

Denote y; = > po_jamzy for i = 1,2,...,n. Prove: y1y2-- -y, >

L1y Tp.

Proof. Applying Jensen’s inequality to the concave function f(z) = Inz
implies that

Iny; =1In (Z aikxk> > Zaik Inz, (1=1,2,...,n).
k=1 k=1

Since Inx is an increasing function, we see that

P a )
Yy, > xitag? ekt (1=1,2,...,n).
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It follows that

T T ag "1 Gin
Yigo - yn = ot g Y e = gy,
namely the original inequality is satisfied. O

Example 7. Let n € N satisfy n > 2. Prove: When z € (O, 21"),

cot 2"z + < cotz.

. n+1__
Sin =2 2.’,E
n

Proof. Repeatedly using the obvious trigonometric identity
1
cot2x + ——— = cotx
sin 2x

gives

1 1

- - 4+ 4 = = cotx — cot 2" x.
sin2x  sindx sin 2"x

Let f(z) = =i Then f/(z) = — 52 and f"(z) = Sulzt2eols 5

sinx* sin? x sin® x

so f(x) is a strictly convex function on (0, 2 ).

Jensen’s inequality now ensures that

f(2x)+f(417)+~~+f(2”x)Zn.f<2x+4“7+'~+2"x>

n
1
= n .- ——-
. 41 I
sin 27 =2y
n
and consequently
n
cotx —cot2"x > T onti_g
sin =———=x
n
namely
cot 2"z + —— 55— < cota.
sin =———=x

n

By the condition for the equality of Jensen’s inequality, we know that
the equality cannot hold in the above, thus the original proposition is
true. 0
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Example 8. Let a; € R4, 0<z; <1 (i=1,2,....,n),and > . a; = L.

Prove:
- a; 1
Z 1 S 1 ay ,,a2 an ?
o + x; +$1 R )
and the equality is valid if and only if x1 = 29 = -+ = x,,.

Proof. If some z; equals 0, then the inequality is clearly correct. So, in

the following we assume that 0 < z; <1 fori=1,2,...,n. Let y; = Inx;.

Then —oco0 < y; <0 and z; = €% (i =1,2,...,n). Consider the function

. t
Since f'(t) = — Tt (TFet)®
strictly concave function on (—o0,0). By Jensen’s inequality,

> and f’(t) = el(e! — 1)tz < 0, so f(z) is a

n w 1
Y e < (e
‘ 1+evi — ’
=1
that is
n
Z a; < (1 + 201 02 ”.Ian)fl
% 1+$1 — 1 2 n .
i=1
It is easy to see that the equality holds if and only if y; = yo = -+ = xy,,
namely 1 =22 = -+ = x,. ]

3. Exercises
Group A
I. Filling Problems

1. In AABC, the maximum value of sinA 4 sinB + sinC

is

2. Let A= \3/3 — 3+ {0'/3 + /3 and B = 2+¢/3. Then the size relationship

of A and B is
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II. Calculation Problems

3. Suppose that positive numbers a; (i = 1,2,...,n) satisfy Y ; a; = 1.

Prove:
1(0+2)2 (02)’
i1 a; n

4. Let p be a natural number, a a positive constant, and xq,xo,..., 2,
positive numbers such that xy + x2 + -+ 4+ x, = 1. Prove:

1 a \? a\? a \? n2a+1\"
—|lx1+— ) +lx2+—) + -+ T+ — > .
n xr1 X2 Tn n

5. Given a positive integer n > 3. Prove:

VIn+8<vn+vn+1l4+vVn+2<3vVn+1.

6. With n > 2, let x1,x9,...,z, be positive numbers satisfying x; + z2 +
-+ +x, = 1. Prove:

xr1 n o n n Tn >\/x1+./x2+~~+./xn
VIi—z21  1—29 V1—x, vn—1 '
7. Let P be any point inside AABC. Prove: There is at least one among

/PAB,/PBC, and ZPC A that is less than or equal to 30°.
8. Let m > 2. Then in AABC, there holds that

A B C s
tan — + tan — + tan — > 3tan —.
m m m 3m

Group B
9. Suppose that z,y,z >0 and z +y + z = 1. Prove:

1 1 1 28\ *
FJFZE y—2+y Z—2+Z > 3
10. Suppose that x; > 0 (i = 1,2,...,n) satisfy x1 + 22 + -+ + x, >

X1 Xy (n>2). Let 1 < a < n. Prove:

¢ o o 1
T+ay+-+ nos o, 2sh

XT1X Ty
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11. Let x,y, and z be positive numbers such that zyz = 1. Prove:

x3 Y3 23 3
+ + > -
QI+y)(1+2) (I+2)0+2) (Q+z)(1+y) 4
12. Assume that a > > 0 and a4, aq,...,a, € R4. Prove:
1

(a%+ag+---+a%)a . (af+a§+---+a5>ﬁ

n n
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Chapter 24

Recursive Sequences

1. Key Points of Knowledge and Basic Methods
A. Recursive sequences

A sequence {a,} determined by initial values and an equation of the form

ntk = Flantk-1,---,an) (24.1)

is called a kth order recursive sequence.
In particular, when the form of (24.1) is

Antk = Clntk—1 + C2antk—2 + -+ + cran + f(n), (24.2)

the sequence {a,} is called a kth order linear recursive sequence with con-
stant coefficients. Here, ¢1, ¢a, ..., ¢ are constants and ¢, # 0. If f(n) =0,
then the sequence {a, } determined by (24.2) is called a kth order homoge-
neous linear recursive sequence with constant coeflicients.

Arithmetic sequences satisfy the recursive formula a,, 2 = 2a,,41 — ap,
and geometric sequences satisfy an41 = ga, in which ¢ is a nonzero con-
stant. They are the simplest homogeneous linear recursive sequences with
constant coefficients.

B. General terms of homogeneous linear recursive
sequences with constant coefficients

The formula for general terms of a homogeneous linear recursive sequence
with constant coefficients can be given by its characteristic roots.

303
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Definition 1. The equation

z* :clzrkfl + -tk

is called the characteristic equation of (24.2), and the roots of this equation
are called the characteristic roots of the sequence {a,}, which are denoted
as )\1,/\2,. . -7/\k-

Theorem 1. In (24.2), if f(n) =0 and A1, Az, ..., \p are mutually distinct,
then the general term formula for the sequence {a,} is

an = AAT + AgAy + - + ApAp,

where Ay, Ao, ..., Ag are constants and are determined by the initial values
a1,ag,...,0k.

Theorem 2. Under the same conditions of Theorem 1 except that there
are multiple roots among A1, A2, ..., Ak, if the distinct characteristic roots
are M, Az, ..., As (s < k), and the multiplicity of \; ist; for 1 <i < s, then
the general term formula for the sequence {ay} is

an = A1 (n)A] + A2(n)Ay + -+ + As(n)AL,

where Ai(n) = Bgi) +B§i)n+ ‘e +B£:)nti_1 with 1 <@ < 5. Here, BJ@ are
constants, which can be determined by the initial values.

When f(n) are of some special nonzero forms, the general term of the
sequence (24.2) can be solved out by transforming to the homogeneous
form. For example, when f(n) = ¢ (¢ is a nonzero constant), the transfor-
mation b,, = a, + m
for {a,} to a homogeneous problem for the linear recursive sequence {b, }

with constant coefficients.

can change the nonhomogeneous problem

C. Ideas and methods for problems of recursive sequences

The problems related to recursive sequences are mainly of two types.

(1) Find the general term of a recursive sequence

There is no universal method for general terms of arbitrary recursive
sequences, but for some concrete and special recursive sequences, there
are quite a few frequently used methods. For example, ideas of changing
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variables (a reduction to homogeneous linear recursive sequences with con-
stant coefficients, including arithmetic or geometric sequences, etc.), the
fixed point method, the guess first-proof second method (combined with
mathematical induction), and so on.

(2) Investigate properties of recursive sequences

It may not (or may) be required to find the general term, but it is
often needed to make a flexible deformation to the recursive sequence, and
combine the knowledge of algebra, number theory, and combinatorics to
solve the problem.

D. Recursive method

Some problems in algebra, number theory, and combinatorics may be solved
via establishing a model of recursive sequences, and especially, recursion is
an extremely useful computational method. The related concrete materials
will be introduced in the third book of this series for high school students,
so this part will not be touched in this chapter.

2. Illustrative Examples

Example 1. Let a sequence {a, } satisfy a; = & and a, 41 = arctan(sec a,)
with n € N4. Find a positive integer m such that

. . . 1
sinaj -sinag - -+ -sina,, = —.
! ° ™ 100
Analysis. A key point of solving this problem is to find the general term of
the recursive sequence. From the condition it is easy to see that seca,, > 0,
so tan? Apy1 = sec? an, namely tan? Apt1 — tan? a, = 1.

Solution. From the given condition we see that a,4+1 € (f%, g) for all
positive integers n, and

tan a,41 = seca,. (24.3)

Since seca, > 0, actually a,y1 € (0,%). By (24.3), tan%a,,1 =

sec? a, = 1+ tan®a,, and so

1 3n—2
n — -1+t 2 =n—14-= s
anp =N + tan” a; n 3 3

2

tan
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that is,
3n —2
tana, = 3
Therefore,
. . . tana; tanasg tan a,,
SInaj SINag - -+ SN Ay, = ..
seca; secas SeC
tana; tana tana
= L. 2. ™ (by (24.3))
tanas tanas tan a1
_ tana; 1
C tanamgi V3m 41
Solving the equation ﬁ = ﬁ, we obtain m = 3333. (]
Example 2. Assume that a sequence {a,} satisfies a; = a2 = 1 and
2
ay, = % (n > 3). Find a formula for the general term.

Solution. The provided condition gives a3 = 3 and
Aplp—o = ai_l + 2, Gpt1an-1 = ai + 2.

Subtracting the first equality from the second one in the above to eliminate

— g2 _ 42
the constant 2, we have apy1an—1 — anan—2 = a; — a;,_;, namely

anfl(anqu + anfl) = an(an + an72)~

Ant1+An—1 _ _ap
Thus, =0t = 2= Consequently,
Gp +Qpn—2  4p-—1 a4 +az as
—_ g e ey —_ T .
Op—1+0n-3  Gn-2 az+ar a2
Multiplying all the above equalities results in 2ntitdn—t — &n jp other
az+ay as
words
Gnt1 + Qn—1 = 4ay,. (24.4)

The characteristic equation of (24.4) is 22 —4z+1 = 0, and its characteristic
roots are r1 = 2 + V3 and To =2 — V3. Hence,

an = A1(2+V3)" + A2 (2 — V3)".
The initial values a1 = as = 1 give
24+ V3)A1 +(2-V3)4y =1,
{ (7T+4V3)A; + (7T — 4V3) Ay = 1,
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the solutions of which are A; = \2/\_; and Ay = 5+\?}/_ Therefore, the

general term of the sequence {a,} is

(8VB=5)2+ V)" + (5+3v3)2 - v3)"]. o

ap =

2f

Remark. Some recursive sequences are nonlinear in format, but are essen-
tially linear recursions. This requires us to “discard the false and retain the
true.”

Example 3. Let n be a given positive integer A sequence ag,aq,...,an

is defined by: ag = 5 and ar = ap—1 + == for k = 1,2,...,n. Prove:
1-1<a, <1

Proof. The recursive relation gives that

1 1 1
- " - — . k=1,2,...,
ar  ag—1(ag—1+n)  agr—1  ap—1+n

Consequently, we have

1 1 1

ag—1+n  ag—1  ai

Summing up the above equalities with k = 1,2,...,n, we find that

1 1 n |
P P 251

k=1

where we have used the property that ax_1 > 0 for k = 1,2,...,n, which
is easy to see from the recursive formula. Therefore, we have a,, < 1 since
ag = %

On the other hand, the recursive formula implies that ay > ag_q for
k=1,2,...,n,s0 for any k € {1,2,...,n}, we have ay_1 < a, < 1. Thus,
we obtain

11 - 1 1 n
S - > .
ag  Qn Zak 1t+n Zln—l—l n+1

It follows that

S

+

N

3

+

N
S

In summary, the proposition is true. O
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Remark. For many problems on recursive sequences, it is not necessary
to find the general term, but to show some properties of the general term.
Then one gives a concrete analysis to concrete problems according to the
feature of the recursive formula. In this problem, we considered to choose
the reciprocals and then split the terms to sum up, starting from the feature
of the recursive formula to go forward.

Example 4. Let a sequence {a, } be defined as follows: a; =1 and

an 1

—+ — =1,2,....
2+4an7 n ) <

Ap41 =
Prove: When n > 2, the numbers , /# are all positive integers.

2

n’

Analysis. Since the conclusion involves the radical sign and the term a
we let b, = 2(122—71, and square the both sides of the given recursive

relation, from which one can find ideas easily for solving the problem.

Proof. Denote b, = ,/#. Then b2 = %22—_1, and so we have a, =

2
1 1 : 2 — 4y _1_ 1
73 + 5. Since ay, | = 3 + T6a2 + 3, it follows that

1+11<1+1)+ Ll
b 20 AN 2] e (hrg)

1,1
b2 T2
that is
b2, = 2b2(b7 +2).
Consequently,
by =207 [2b7 (b, +2) +2] =4b%(b%_, +1)%. (24.5)
Since by = 2(152—_1 =4 and b3 = %%L—l = 24, by (24.5) and the fact
that b, b3 € N, the numbers b,, € N when n > 1. O

Remark. Transforming the problem about a,, to that about b,, via chang-
ing the variable may solve the problem smoothly. We may have used the
fixed point method to find the general term of the recursive sequence, but
it would be difficult to show that the radial expressions are all positive
integers.
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Example 5. Suppose that a is an irrational number greater than 1 and

n is an integer greater than 1. Prove: The number (a + Va2 — 1)% + (a—
a2 —1)w is an irrational number.

Proof. Denote z = (a +v/a% — 1)#. Then (a — Va2 —1)% = 1. Letay =

xk + IL,C with k = 0,1,2,.... Then the sequence {a;} satisfies the following

recursive formula

1
Ak+2 = <$+—) agy1 —ax, k=0,1,2,....
T

If o + % is a rational number, then combining ag = 2 and a1 = = + %,
we know that for any positive integer k the number ay is always a rational
number. In particular, a,, = 2"+ an = 2a must be a rational number, which
contradicts the assumption that a is an irrational number. Therefore, z+ %
is an irrational number, thus proving the proposition. 0

Example 6. A sequence aq,as,...,a201 of positive integers satisfies the
properties that a; = a1 = 19999 and a’lfm — a; is always the same
positive integer for each ¢ = 2,3,...,200. Find asgg-

Solution. Let a”%“’“ —a;=c. Thence€ Z,, and
Air1 — Qj = a; — a;—1 + 2c.
Denote d; = a;+1 —a; (i =1,2,...,200). Then

di =di_1 +2¢ (i = 2,3,...,200).

So, d; = dy +2(i — 1) (i =1,2,...,200).

When i > 2,
1—1
a; = Z(aj+1 —aj) +a
j=1
i—1 i—1
= Zdj +a1 = a1 +Z[d1 +2(j—1)]
=1 =1

=a1+ (1 —1)[d1 +2(: — 1)¢].

Clearly, the above equality is also satisfied by a;.



310 Problems and Solutions in Mathematical Olympiad: High School 2

From aspr = a1 + 200(dy + 199¢) = a1 we know that d; = —199c.
Thus, a; = ay + (¢ — 1)(i — 201)ec.
Also from a101 = a1 + 100(—100)c = a; — 100%¢ = 19999 — 100%c € Z

. < 19999 -
~— 10000 '

That is, c = 1.
Therefore, a; = 19999 + (i — 1)(i — 201), and in particular

aspp = 19999 + 199(—1) = 19800. O

Example 7. A positive integer sequence {a, } is defined as follows: a; =

2,a9 = 7, and —% < Up41 — aajl < % for n = 2,3,.... Find the general

term of the sequence.

Solution. It is difficult to determine a,, from the given recursive formula,
but can we obtain a linear recursive sequence with constant coefficients
that is familiar to us from the given condition? A bold conjecture: a,4+1 =
pay, + qan—1, where p and ¢ are constants to be determined.

By trying the first several terms of the sequence, we find that a; =
2,a0 = 7,a3 = 25,a4 = 89,... to guess the values of p and ¢. Conjecture:
Gp41 = 3ap, + 2a,—1 for n > 2.

We prove the above conjecture with mathematical induction in the fol-
lowing.

When n = 2 and 3, the above conjecture is correct.

Suppose that a1 = 3ax + 2ax—1 for all K < n. Then for k =n + 1,

2 2
Ayt an+1(3an + 2an—1) Up410n—1 — Gy,

= :3an+1+2an+2-

an an an
Note that
2 2
Gp+1Qp—1 — Q;, 20,1 as, 11(2a,-1
2. = “lapy1 — S — .
G, G, n—1 2 anp

By the inductive hypothesis, we see easily that a,, > 2a,,_1, hence

1

a2,
3ap+1 + 2a, — —ntl

n
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2
Since a2 is an integer and |ay,42 — Intt| < %, we find that
a? ., a? .,
|ant+2 — (Bant1 + 2an)| < |ant2 — Z—+ + Z—+ — (Ban+1 + 2a,)
n n
1 1
<4-=1
2 2

Thus, apy2 = 3an+1 + 2a,, and so the conjecture is true for k =n + 1.

To summarize, the sequence {a,} satisfies a; = 2,a2 = 7 and a,, =
3ap-1 + 2a,—2 for n = 2,3,.... Using the characteristic equation to solve
the homogeneous linear recursive equation with constant coefficients, we
find the general term

L _1TH5VIT (34 VT ”+17_5m 3-VIT\
"T68 2 68 2 - o

Remark. If a mathematical problem already has a conclusion, it is usu-
ally much easier to solve it, but obtaining a conclusion frequently needs a
conjecture. Problems related to sequences are more so. After accumulat-
ing some experience, making a conjecture is often successful. That is also
a kind of mathematical intuition.

Example 8. Prove: There exists a unique infinite sequence {a,, } consisting
of positive integers such that a; = 1,as > 1, and af’H_l + 1 = apap42 for
n=12...

Proof. If {a,} is a sequence of positive integers satisfying the condition,
3 3 3
then a, € N for any n € N, and from ay = afl = (a2+a1) e N,

2
we deduce that as | 2. Since as > 1, we must have ay = 2. Since {a,}

is a second order recursive sequence, every term of the sequence {a,} is
uniquely determined by the recursive formula.

We still need to prove in the following: Each term of the sequence {a,, }
defined by a1 = 1,a2 = 2, and af’lﬂ +1=apapyo forn=1,2,...1is indeed
a positive integer.

In fact, when n < 4, it is easy to see that a, € Ny . Suppose that
an € N for n <k (k > 4). We show below: a1 € Ny. First,

ak—1 ak—1

(a;4+1)3+1
ak—2
1

= m (az_l +3a8_, +3a3_, +1+ ai_2).

_aiJrl_ 1

ak+1 =
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Note that

1
ak+1*a (ak 1+3ak 1+3ak 1+]‘+ak 2)EN+,
k—2

and

P (GZA +3ag_y +3aj_; + 1+ aiﬂ)

=af | +3a5_, +3a;_, +ap3 €N,
So, to show that a1 € Ny, it is sufficient to show:
(ag—1,ap—2) = 1.
a272+1

Since (ag—1,a5-2) = ( — ,ak_g) < ((1%72 + 1,ak_2) =1, it follows
that apy1 € N4 (]

3. Exercises
Group A
I. Filling Problems

1. If a sequence {a,} satisfies a1 = % and a,41 = a2 +a, for any n € N,
then the integral part of 220116 an1+1 is
2. Suppose that a sequence {a,,} satisfies a; = 1 and a, 110, — 2n(an 41 —

an)+1 =0 for n > 1. Then the general term of the sequence is a,, =

II. Calculation Problems

3. Let ag = 2,a1 = 3,a2 = 6, and for n > 3,
an = (n+4)an_1 —4na,_o + (4n — 8)a,_s.

Find the general term a,,.

4. A sequence {a,} satisfies a1 = 2 and an1 = % + i for n > 1. Find
the general term a,, of this sequence.

5. Find the minimal positive integer k£ such that there exist at least two

sequences {a, } satisfying the following conditions:

(1) For any positive integer n, there holds that a,, < an41.
(2) For any positive integer n, it is true that a,42 = any1 + ap.
(3) ag = k.
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6. Given a sequence of positive integers a1, as, ... with the property that
every positive integer appears just one time, prove: There exist integers
m and n such that 1 <n <m and a1 + a,,, = 2a,.
7. A sequence {1z, } is defined as follows: x; = 2 and nz,, = 2(2n— 1)z,
for n = 2,3,.... Prove: For every positive integer n, the number x,, is
a positive integer.
4
8. A sequence {z,} is defined as follows: x; = 2 and x4 = $5"x+1 for
n=1,2,.... Prove: When n > 2, it is true that % <z < 2.
9. The definitions of sequences {a,} and {b,} are:
1 b 1+0b b
G =1, by=2, apyq—=-tontnOn oy LH O F AnOn
bn, Gn,
Prove: asois < 5.
10. Let two sequences {a,} and {b,} satisfy ap = 1,b9 = 0, and
a = Ta, + 6b, — 3,
vt (n=0,1,2,...).
bn+1 = 8an + 7bn — 4,
Prove: a, (n=0,1,2,...) is a perfect square.
Group B
2 _
11. A sequence {a, } satisfies: ap =1 and a,,+1 = Tant/45a, 36 ”35[1"36 forn € N.
Prove:
(1) For any n € N, the number a,, is a positive integer.
(2) For any n € N, the number a,a,+1 — 1 is a perfect square.
12. An infinite sequence ag, a1, ... consists of real numbers, in which ag

and ay are two different positive real numbers, and a,, = |an 1 — any2]
forn=0,1,2,.... Question: Is it possible that this sequence can be a
bounded one? Prove your conclusion.
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Chapter 25

Periodic Sequences

1. Key Points of Knowledge and Basic Methods
A. Concept of periodic sequences

(1) For a sequence {a,}, if there exist definite positive integers 7' and ng
such that for all positive integers n > ng the equality a,i7 = a, is
always satisfied, then we call {a,} a periodic sequence with period
T starting from the ngth term. When ng = 1, we say that {a,} is a
purely periodic sequence, and when ng > 2, we say that {a,,} is a mixed
periodic sequence.

(2) Let {a,} be a sequence of integers and let m be some chosen positive
integer greater than 1. If b, is the remainder of a,, after divided by m,
that is b, = a,, (mod m) and b,, € {0,1,2,...,m — 1}, then we call the
sequence {b,} the modular sequence of {a, } with respect to m, which
is denoted as {a,, (mod m)}.

If a modular sequence {a,, (mod m)} is periodic, then we say that
{a,} is a periodic sequence with respect to the module m.

B. Important properties and conclusions
of periodic sequences

(1) The range of a periodic sequence is a finite set.

(2) If T is a period of {ay}, then kT is also a period of {a,} for any k € N .
(3) A periodic sequence must have the minimal period.

(4) If T is the minimal period of a periodic sequence {a,} and T is any
period of {a,}, then T'| T".

315
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(5)

(1)

2.

Problems and Solutions in Mathematical Olympiad: High School 2

Any kth order linear recursive sequence satisfying a homogeneous linear
recursive relation

Gptk = C1Antk—1 + C2Unik—2 + -+ + cpan (n € Ny and ¢ # 0)

with constant coefficients is a modular periodic sequence with respect
to any positive integer m (>2).

Problems and methods related to periodic sequences

Given a general term expression, find the sum of the first n terms of
the sequence: First calculate several terms of the sequence to make an
observation on periodicity of the sequence, and if so then reduce the
original problem to the sum of several terms within one period; or take
some algebraic transformation according to the general term formula
to find its period, and then solve the problem by means of periodicity
of the sequence.

Given a recursive formula, find some particular term, the sum of sev-
eral terms, or determine some features of the general term (such as
divisibility and rationality and etc.): From the recursive formula, make
an appropriate transformation to deduce the period, or by calculating
several terms to make observations, conjectures, and give an inductive
proof on periodicity. Then solve the problem by using periodicity.
The concerned problems of modular periodic sequences are often about
judging divisibility of terms, determining some digits of the terms, or
testing whether a term is a composite number or a prime number, etc.
The “module” in a modular periodic sequence is a key of solving the
problem. Finding a proper module means that the problem has been
simplified, and so it is much easier to solve. There is no general method
for finding the module, and an analysis should be performed according
to the condition of the problem. Trying, and sometimes several times
of trying, may lead to the possibility of success.

Illustrative Examples

Example 1. Define a sequence {a,}: an, = +22=L (n, > 2,a; # 0 and

l—an—1

a; # £1). Judge periodicity of the sequence {a,}.
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Solution. Make a trigonometric substitution: Let a, = tan6,, for n =
1,2,...,n. Then

tan I + tan 6
Ap41 = 4 T :tan(er&n).

1 —tan 7§ tan6, 4
So,
tan 6,1 = tan (z + 9n> = tan (ﬁ + Gn_1>
4 2
= tan (3—7T +0n_2) =...=tan (zn—l—éﬁ).
4 4
Hence,

tand, = tan [%(n -1+ 91]

Since tan z is a periodic function of period 7, thus {a,} is a purely periodic
sequence of period 4. O

Example 2. Let {a,} be a sequence of real numbers that satisfies a,,1o2 =
|ant1] — an. Prove: There exists Ng € N such that when n > Ny, it is
always true that a,+9 = an.

Proof. When a,, is always 0, clearly the conclusion is true. So, in the fol-
lowing we assume that a,, is not always 0. Then there must exist Ny € N
such that a, are not always positive or always negative for all n > Nj.

Otherwise, if a,, are always positive, then a,3 = —a, < 0, a contra-
diction; if a, are always negative, then a,412 = |apt1| — an > 0, also a
contradiction. Thus, we may assume that ay, = —a and ay,+1 = b (a,b >

0, and they are not both zero). It follows that
aNo+2 = lan,+1| — an, = b+ a,
ANy +3 = |GN0+2| — ANg+1 = @,
aNg+4 = |aN+3| — ang+2 = —b,
ANg+5 = |aNo+4] — ang+3 = b — a.
(1) If b > a, then
aNy+6 = |any+5| — ang+a = 2b — a,
ang+7 = |ang+6] — ang+s = (20 —a) = (b—a) =D,
aNg+8 = |ang+7| — ang+6 =b— (2b—a) =a—b <0,
aNo+9 = [aNg+s| — ang+7 =b—a—b= —a,
ang+10 =a— (a—b) =b.
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(2) If b < a, then we find that
ANy+6 = @y ANyt+7 = 2a — b > 0, ANy+8 = G — b > 0,
ANy+9 = =@, ANy+10 = b.

Hence, we always have an,+9 = an, and an,+10 = an,+1. Then by
using the recursive formula a,, 49 = |ay+1|—a, and mathematical induction,
we can show that a,+9 = a,, for all n > Nj. O

Example 3. A sequence ai,as,... of integers is defined as follows: a; =
1l,a3 =2, and for n > 1,

S5p+1 — 3ay, if apan41 is an even number,
Ap42 =

Gpt1 — G, if apan41 is an odd number.

Prove: a, # 0 for any positive integer n.

Proof. Calculate the first couple of terms of the sequence:
ar=1,a2=2,a3="17, ay =29, a5 = 22,
ag = 23, a7 =49, ag = 26, ag = —17.
An observation finds: For k € N,
ask+1 =1 (mod 4), agk2 =2 (mod 4), askp+1 = 3 (mod 4).

In the following, we use mathematical induction to prove the above
claim.

The previous calculation shows that the proposition is true for k£ = 0.

Assume that the proposition is true for £ € N. Then asgio - askss is an
even number, so

(Lg(k+1)+1 = 5a3k+3 — 3a3k+2 =3-2=1 (mod 4)

From this and the inductive hypothesis, we know that asyys - A3(k41)41
is an odd number, hence

ag(k+1)+2 = ag(k+1)+1 — A3k+3 = 1-3=2 (rnod 4)

Also from what has been proved, az(x41)41:@3(k+1)+2 is an even number,
therefore

a3(k+1)+3 = 5&3(k+1)+2 - 3&3(k+1)+1 =2-3=3 (mod 4)

In summary, the proposition is true for k + 1.
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This means that a, #Z 0 (mod 4) for any positive integer n, so
an # 0. O

Remark. We actually proved that the modular sequence of the sequence
in the problem with respect to 4 is a periodic sequence of period 3.

Example 4. Suppose that a sequence {a,} of positive integers satisfies
that a,41 is the minimal prime factor of a,, + a,—1 for all n > 2. Prove:
{a,} is a periodic sequence from some term on.

Proof. When a,, and a,,—; are both odd numbers, clearly a,+1 = 2. Thus,
from the odd-even property we know that there must be one term to be 2
among ai,as, ..., as.

In the sequence {a,}, if there exists ¢ € Z such that a; = a;41 = 2,
then a, =2 (n > 1).

If two nearby numbers in the sequence are 2 and 3 (or 3 and 2), then
we have the periodic sequence

2,3,5 273,25 723, ...

If two nearby numbers in the sequence are 2 and 6k+1 (or 6k+1 and 2),
then we get the sequence

2, 6k+1,3,2, ... or 6k+1,2, 3, ...,

namely 2 and 3 (or 3 and 2) appear as nearby numbers, resulting in a period
sequence.

Suppose that the above cases do not happen. Then for any a; = 2
(i > 2), we always have

ai—1 = a;+1 = —1 (mod 6).
Let
ai—1=0k—1, a1 =6l—1 (k,l€Zy).
Now, a;42 is an odd number and a;+3 = 2. So, a;12 = —1 (mod 6), and

can be written as
ait2 =6m—2 (meZy).
From the given condition,
ait1 | (ai+ai-1),  aiy2 | (aiy1 + ai),

so (61— 1) | (6k + 1) and (6m — 1) | (61 + 1).
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It follows that m < I < k, from which a; 11 < a;—1.

Continuing doing the above in this way, we find that a;_1, a;12, ajt+5,. . .
is a strictly decreasing sequence of prime numbers, which is a contradiction.

In summary, {a,} must be a periodic sequence from some term on. [

Example 5. For nonnegative integers m and n, we use a, , to denote the
coefficient of the 2" term in the expansion of the polynomial (1 +z + 22)™.
Prove: For any nonnegative integer k, it is true that

[

0< Y (—Dfap—i; <1.

N
|2

N
Il
=)

Proof. Note that
A+z+2)™ =1 +z+ 23 (amo + am1r+ -+ ampr™ +---),
S0

Am+1,n = Omn + Am,n—1 + Amn—2-

26 .
Now, let S = ZL?’ ](fl)zak,m—. Then from the above recursive for-
mula, we see that
o
Sk — Sk+1 — Sk = Y (=) (ak—ii + Gr—iit1 + Qk—iit2)
i=0
3]

(—1)'aps1-iit2

(=)

1=

2(k3+3)]

= (—1)'aps+3-:,i = Skt
i=0

In the above calculation, we assigned a,, ; =0 for j < 0 or j > 2(m+1).
Consequently, we have

Skya = Sk41 — Skt2 + Sk43
= (Skt1 — Sk+2) + (Sk — Sk41 + Skt2)
= S.

That is, {St} is a purely periodic sequence of period 4.
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Calculating the initial values of the sequence {Si} directly gives Sy =
S; =1and Sy = S35 = 0, and combining it with periodicity of {S,}, we
know that the proposition is true. 0

Example 6. Let a sequence {a,} satisfy a9y = 1,41 = 3, and a,q2 =
4dan41 — ay for n > 0. Try to determine the last two digits of 2af’l — ay, for
any nonnegative integer n.

Solution. Since ag = 1,a1 = 3, and a, 12 = —a, (mod 4), we have
1 (mod4), n=0or3 (mod4),
" {3 (mod 4), n=1or2 (mod4).
Hence, 2a2 — a, =1 or 3 (mod 4).

On the other hand, the remainders of a,, divided by 25 form a periodic
sequence of period 15:

1,3,11,16,3,21,6,3,6,21,3,16,11,3,1;1,3,11, 16,3, ...,
thus a,, = 1,3,6,11,16 or 21 (mod 4). A direct calculation finds that 2a3 —
an =1 (mod 4). Consequently,
0 — o = { 1 (mod 100), n =0 or3 (mod 4),
o 5 (mod 100), n =1 or 2 (mod 4).

Therefore, when n = 4k or 4k + 3, the last two digits of 2a3 — a,, are 01;
when n = 4k + 1 or 4k + 2, the last two digits of 2a3 — a,, are 51. ]

Example 7. Let m be a given positive integer. Suppose that a sequence
{x,} satisfies:

zr=k k=1,2....m+1; Zr41 =2k + Th—m, E=m-+1,....

Prove: there exist m consecutive terms in {z,}, all of which are multiples
of m+ 1.

Proof. We study the sequence {z, (mod (m + 1))}/29, in which
Zn (mod (m + 1)) denotes the remainder of z,, divided by m + 1, which
is written as y,. Since there are only finitely many values (at most m + 1
different values) for each number of y1,ys,. .., there must exit k < n with
k,n € N4 such that

(ykvyk+17 .. ~7yk+m) = (ynayn+17 .. ~7yn+m)- (251)

The above conclusion is from the drawer principle.
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By the recursive formula, we know that yx—1 = Yk+m — Yk+m—1 and
Yn—1 = Yn+m — Yn+m—1. Combined with (25.1) it follows that yx—1 = yn_1.
Deducing backward with the same idea gives that y; = y;4(,—k) for any
1€{1,2,...,m}. Furthermore, by deducing backward to negative integers
according to the recursive formula, one sees that y; = y;1(,—x) for any
I <m withl € Z.

Using the recursive formula and the initial value conditions to deduce
backward, we obtain that zp = z_1 = -+ = x_(,_1) = 1 and =z, =
T_(m41) = = T_(2m—1) = 0. Consequently,

(yn—k—(2m—1)7 s 7yn7k7’m) = (y—(2m—1)7 s 7y*m) = (07 07 s 70)

Also from y_(,,—1) = -+ = yo = 1, the subscript n — k — (2m—1) > 1.
To summarize, there are m consecutive terms in {x,} that are all mul-
tiples of m + 1. O

Example 8. Let m be a given positive integer. For any positive integer
n let Sp,(n) denote the sum of the mth powers of all digits of n in the
decimal number system. For example, S3(172) = 13 + 73 4 23 = 352.
Define the sequence {nk};;“s as follows: ng € N1 and ng = Sy, (ng—1) for
k=1,2,.... Prove:

1) For any ng € N, the sequence {n;}; > is a periodic one.
+ k=0
(2) When ng varies, the set consisting of the minimal periods of the corre-
sponding sequences in (1) is a finite set.

Proof. If n > 101!, then there exists a positive integer p > m + 1 such
that 107 <n < 10PT!. Then

Sm(n) < (p+1)-9™ <9 +Cp- 91 < (9+1)P <n.

Thus, ny1 < ng when ng > 10m+1,
If n < 10m+! then

Spm(n) < (m+1)-9™ < (9+ 1) = 10mF1,

The above discussion indicates that for ng € N, when k£ is sufficiently
large, it is always valid that nj, < 10™*l. So, from some term on, every
term of the sequence belongs to {1,2,...,10m*t —1}.

Combining the above with the definition of {ny}, we deduce that for
any ng € N, the sequence {n;}{5 is a periodic one, thus proving (1).
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Furthermore, we know that when ng varies, as nj eventually enters the

set {1,2,...,10m*Tt — 1}, by the drawer principle, the next 10™*! num-
bers must have two among them that are equal to each other. Therefore,
the minimal periods of all {n;} are always less than 10™*1 hence (2) is
satisfied. O

3. Exercises

Group A
I. Filling Problems
1. Suppose that the sum of any three consecutive terms of a sequence
{z,} is 20. Let 4 = 9 and z1; = 7. Then the value of 3914 is
2. A sequence {z,} of real numbers is defined as follows: zy and z; are
any given positive real numbers, and x,, 2 = 1+f—"“ forn=20,1,2,....
Then 2010 —
2 —
3. A sequence {z,} satisfies: ©1 = 1,20 = —2, and z,42 = w";; ® for
n=1,2,.... Then the value of Ziilf T is .
isfy: = — (VHlzn—1
4. Let a sequence {z,} satisfy: x; = 2014 and 2,41 = Vi for

n > 1. Then the value of x9915 is

II. Calculation Problems

5.

A sequence {a,, } is given in the following way: When n > 1, let as,, = ay,
and when n > 0, let a4,,+1 = 1 and a4,43 = 0. Prove: This sequence is
not a periodic one.

. Let four periodic sequences {a,}, {bn},{cn}, and {d,} satisy: a,41 =

an + by b1 = by + cpy i1 = cn +dy, and dy41 = dy, + a,, for n
1,2,.... Prove: as = b2 = Cy = d2 =0.

For any positive integer k, let f1(k) be the square of the sum of each
dlglt of k. Forn Z 2, let fn(k) = fl(fnfl(k)) Find f100(11)~

. In a sequence ag, a, ... of positive integers, ag is an arbitrary integer,

and for each nonnegative integer n,

1 . .
— Uy, if a,, is even,

2

a+ ay,, ifa,isodd.

An4+1 =

Here, a is a fixed odd number. Prove: This sequence is a periodic one.
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Group B

9.

10.

11.

12.

Suppose that Uy = 0,U; = 1, and U,11 = 8U,, — U,_1 with n =
1,2,.... Prove: There are no terms of the form 3 -5 in the sequence,
where o, 5 € N

Let Sy be a set of finitely many positive integers. Define a sequence of
sets Sp, 51,52, ... as follows: For n = 0,1,2,..., if and only if exactly
one of the conditions a — 1 € S,, and a € S, is satisfied, a € S,41.
Prove: There exist infinitely many positive integers N such that Sy =
50U{N+G|CLGSO}.

Let X be a subset of the set Z of all integers. Denote X 4+ a = {2z +
a|x € X}. Prove: If there exist integers ay,as,...,a, such that X +
a1, X +ao,..., X + a, constitute a partition of Z, then there exists an
integer N such that X + N = X.

Suppose that a sequence {x,} satisfies: 1 and x2 are two relatively
prime positive integers, and x, 11 = z,x,—1 + 1 for n > 2.

(1) Prove: For any integer 7, there exists an integer j > ¢ such that

(2) Does there have to exist j > 1 such that x; | xi‘?



Chapter 26

Polar Coordinates

1. Key Points of Knowledge and Basic Methods
A. Polar coordinates system

As in Figure 26.1, choose one point O in a plane, called the pole. Draw
a ray Ox from the pole, called the polar axis. Then provide a unit length
and a positive direction (often the counter clockwise direction) of an angle.
Thus, a polar coordinates system is established, so that any point P in the
plane may be represented by a pair of ordered numbers (p, ), in which p
represents the length of the line segment OP, called the polar radius, and
0 represents the amount of the rotational angle from Ox to OP, called the
polar angle of the point P.

Sometimes for the purpose of convenience, we may also allow p to take
negative values, and in this case, the coordinates (p, #) represent the point
on the opposite direction extended line of the ray with the polar angle 6
and the distance —p to the pole.

Obviously, any pair of polar coordinates represents a unique point of
the plane, but the polar coordinates of a point are not unique. However,
if one makes the restriction of p > 0 and 0 < § < 27 (or —7 < 0 < ),
then except for the pole, all points of the plane and polar coordinates have
a one-to-one correspondence.

B. Mutual transformations of polar coordinates
and rectangular coordinates

If the pole and the origin coincide, and the polar axis and the positive
direction of the z-axis coincide, then under the two coordinates systems,

325
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P(p,0)

=Y

0

Figure 26.1 Polar coordinates.

the coordinates of a point can be mutually transformed:

D T = pcosb, ) p* =4y
y = psind; tanﬁz%(w;éO).

C. Equations of curves under the polar coordinates system
(1) Equations of straight lines:

(i) The equation 6 = 0y (p € R) represents the straight line passing
through the pole with the polar angle 6.

(ii) The equation p - cos(f — 0y) = a represents the straight line that
passes through the point A(a,fp) and is perpendicular to OA,
where O is the pole.

(2) Equations of circles:

(i) The equation p = r represents the circle centered at the pole of
radius 7.

(i) The equation p? + p3 — 2ppg cos(f — ) = r? represents the circle
centered at (po,0p) of radius 7.

(3) Equations of conic sections:

(i) The equation p = ;=2— represents a conic section with e the
eccentricity and p the distance of a focus to the corresponding
directrix.

When e = 1, the pole is just the focus of the parabola.

When e > 1, the pole is the right focus of the hyperbola. For
p € R, the equation represents the whole hyperbola, and if p is
restricted to R, then the equation represents the right branch of
the hyperbola.

When 0 < e < 1, the pole is the left focus of the ellipse.
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(ii) When the pole and the origin of the rectangular coordinates coin-
cide and the polar axis coincides with the positive direction of the
r-axis, an equation of a conic section can be obtained via the coor-
dinates transformation formulas.

D. Bastic methods

An advantage of polar coordinates is to treat the distance and angle as
the investigation objects, while the rectangular coordinates system is more
systematic. These two systems have their merits and shortcomings, so
the mutual transformations of the two coordinates systems appear to be
extremely important.

2. Illustrative Examples

Example 1. Given two points A and B on an ellipse p = ﬁ that

satisfy E = 2@, where O is the pole. Find the equation of the straight
line AB and the length |AB] of the line segment AB.

Analysis. From the condition of the problem, the three points A, O, and
B are co-linear, so the polar angles of A and B differ by w. Thus, it is
enough to find the coordinates of A and B to obtain the solution.

Solution. Since 1@ = 20?, the three points A, O, and B are co-linear.
Write the polar coordinates of A and B as A(p1,0) and B(p2,0 + ) with
pP1 = 2p2. Then

3 3 3

—2. —9. 2
2 — cosf 2 — cos(f + ) 2+ cosf’

the solutions of which are
9 9

0 2
COSt = — = — = —.
37 P1 47 P2 S

Therefore, the desired equation of the straight line passing though A and
Bis § = farccos 2 (p € R), and

27
|AB|=P1+p2=§- O
Remark. By means of polar coordinates, it is quite convenient to find
the length of a line segment passing through the pole and solve the angle
problem with the pole as the vertex of the angle.
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Example 2. There are an ellipse F1, a parabola E5, and a hyperbola Ej3
with a common focus F' and directrix /; corresponding to F. Let a straight
line lo pass through F' and let the chords obtained from its intersections
with Fy, By, and E3 be AB, PQ, and M N, respectively (as Figure 26.2

shows). Assume that (%) ~ =m and (%) - =n. If m =n, find
min min
the relation between the eccentricity e; of the ellipse and the eccentricity

eo of the hyperbola.

Solution. Take F' as the pole and the ray F'z that is perpendicular to [; as
the polar axis. Let the distance between F' and [; be p. Then the equations
of E1, Fs, and E3 are respectively

€1p p €2p

p= 1—eqcosf’ P=1"coso’ P~ 1 —egcosf’

Suppose that the inclination angle of the straight line lo is @. Then

FAl= —2__ pp= L

1+ejcosa’ 1—ejcosa’
1 1

e1p e1p 2e1p
AB| =|FA FB| = = .
[AB| = |F A+ |FB] 1+elcosa+1—elcosa 1—e?cos?a
By the same token, |PQ| = Sijga and [MN| = %. Consequently,
PQ|  2p 1—e€3cos’a  1—ef+efsin’a
|AB|  sin?a 2e1p B eq sin?
—e? 1—e? 1
= €1 + 2 > €1 + = —
e18s1n” « €1 €1
yﬂ
T X
l

Figure 26.2 Figure for Example 2.
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Therefore, m = é The same argument implies that % > 9,850 N = €.
The condition that m = n means that é = eg, that is, ejeq = 1. O

Example 3. Given the ellipse é +y? = 1 with F as its left focus, at
F draw two straight lines [; and [o that intersect the ellipse at P,Q and
M, N, respectively. Assume that I; 1 [5. Find the maximum value and the

minimum value of the area of the quadrilateral PMQN.

Analysis. The area of the quadrilateral PMQN is S = 1|PQ|-|MN|, and
PQ and M N are the chords that pass through the focus F', so the ellipse
problem can be transformed to the unified equation of conic sections to
deal with.

Solution. From % +y2 =1, wegeta=+v2b=1c=1e= @, and
p=1

Establish a polar coordinates system with F' as the pole and Fz as the
polar axis. Then the polar equation of the ellipse is
V2
5 1

P 1—§c050 B V2 —cosf’

We can write P(p1,6),Q(p2,0 + 7), M (p3,9 + %), and N (p4,9+ 3%)
by the condition of the problem, where 6 € [0,27). Then

1 1 22
P = + = + = s
PQI=p1+p2 V2 —cosf  V/2+cosf 2—cos?d

1 1 2v/2

ﬁfcos(9+%)+\/§+cos(9+%) 2 —sin?6’

|[MN| = ps+ ps =

and so

4 16
2+ cos2fsin®f 8 +sin?20

1
§ = 5IPQIMN] =

Since 0 < sin? 260 < 1, we obtain % < S <2

When sin? 20 = 0, the area S achieves the maximum value 2.

When sin? 260 = 1, the area S achieves the minimum value 19—6. ]
Remark. When exploring a problem on the focal radius or focal chord of a
conic section, it is often more convenient to use the unified polar coordinates

equation of conic sections.
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—
NI :

Figure 26.3 Figure for Example 4.

Example 4. As shown in Figure 26.3, the ellipse ;—i + % = 1 and the
straight line [ : 15 + § = 1 are given, P is a point on [, a ray OP intersects
the ellipse at a point R, and a point @ is on OP that satisfies |OP||OQ| =
|OR|?. When the point P moves on [, find the equation of the trajectory

of @, and state what curve the trajectory is.

Analysis. The three points P, @Q, and R are on the same ray, and OP, OQ,
and OR are the line segments with the coordinates origin as their initial
point. So we can consider to transform the origin to the pole and the z-axis
to the polar axis, resulting in a polar coordinates system. In this way we
can obtain the relation of the polar radii of P,@Q, and R that have the same
polar angle, solving the problem conveniently.

Solution. Set up a polar coordinates system with the origin O as the
pole and the positive direction z-axis as the polar axis. Then the polar
coordinates equations of the ellipse and the straight line [ are respectively
48 24
2
= d =
2 +sin? 6 e e 2cosf + 3sinf
Write P(p1,0),Q(p,0), and R(ps,6). Then |OP||OQ| = |ORJ? implies
that p1p = p2, in other words,
24p B 48
2cosf + 3sinf 2 +sin? 6’

p

Rewriting the equality as
24p%(2 4 sin? 0) = 48p(2 cos§ + 3sin ).

Transforming the above polar coordinates equation to the equation
under the rectangular coordinates, we have 22 + 3y? — 4z — 6y = 0.
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Therefore, the sought trajectory of the point is the ellipse with center
(1,2) (the origin is excluded). The length of its long axis is v/10 and the
length of its short axis is @ (]

Example 5. Suppose that AB and C'D are two moving chords passing
through a focus F' of a conic section, and the line segments AC' and BD
that connect two end points of the chords intersect at a point M. Prove:
The trajectory of the moving point M is the corresponding directrix of the
conic section.

Proof. As seen from Figure 26.4, let the polar equation of the conic section
be p = —2—5. Write A(p1,01), B(p,01+7),C(p2,02), and D(ph, 02+ ).

Denote the moving point on the straight line AC as P(p,0). Then by
sm(@; 02) sm(@l 0)+:>1n(9 92) After

the angle formula in plane geometry,
a manipulation we obtain the equation of the stralght line AC"

61+6 61— 0 61— 0
p{cos <%9) — ecos — 5 2cos9} = epcos — 5 2. (26.1)

By the same way, we have the equation of the straight line BD:

91+7T+92+7T 91792 91792
p |cos ffH — e cos 5 cosf| = epcos g

(26.2)

(26.1) + (26.2) and simplifying the resulting expression give pcosf =
—p, which is just the equation for the corresponding directrix of the conic
section. Hence, the trajectory of the point M is the directrix of the conic
section. O

Figure 26.4 Figure for Example 5.
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Example 6. Given the point A(1,0) and the straight line [ : 2z = 3, the
distance from a moving point M to A is m and to [ is n. Assume that
m+n=4.

(1) Find the trajectory of the point M.

(2) Draw a straight line at A with an inclination angle o, and it intersects
the trajectory of M at two points P and Q. Let d = |PQ|. Find an
analytic expression of d = f(«).

(3) At what values of «, does f(«) have the maximum value? What is the
maximum value?

Solution. (1) Denote M(z,y). Then /(z —1)2 4+ y2 + |z — 3| = 4, from
which

or
Yy =—12(x—4) (3<x<4).

Hence, the trajectory of the point M is the union of the two parabolas,
which is a closed curve.

(2) The two parabolas intersect at B(3,2+v/3) and C(3,—2+/3). From (1),
we know that the two parabolas share the same focus A. Set up a polar
coordinates system with A as the pole and the positive direction of the
r-axis as the polar axis. Then the polar coordinates of the point B are
(4, 3) and the polar coordinates of the point C are (4, 3 ) Since the incli-
nation angle of PQ is o, we write P(p1,a) and Q(p2,« + 7). The loca-
tions of P and @ are different and vary along with the changes of a. See
Figure 26.5.

The polar coordinates equation of y? =4z (0 <z < 3) is p = —=

1—cos0"

The polar coordinates equation of y? = —12(z —4) (3 < z < 4) is

— 6
p= 1+cosO "
(i) When 0 <a < %,

6, 2 8
1+cosf 1—cos(@+m) 1+cosh

|PQ[ = p1+p2=

(i) When £ <o < 2%

2 2 4
PO| = — — _
PRI = p1+p2 T—cosf 1—cos(@+7) sina
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v

)
M
=y

Figure 26.5 Figure for Example 6.

(iii) When 2L < a <,

PQI=prt po = fos b e =
L gy 1+cos(f+m) 1—cosh
Therefore,
8 s
[— 0< < —
l+cosd ~ =53
4 ™ 2w
a) =< ——, s <a< —,
fe sin? o 3 3
8 2m o<
——, —<a<m.
1—cos®’ 3 —
(3) Clearly, when o = % or 2, the function f(a) has the maximum
value 2. In other words, the maximum value of [PQ| is % O

Example 7. An arbitrary straight line passing through a fixed point O
intersects two fixed straight lines at A and B, respectively. A point P is
on the straight line AB. Prove: The point P satisfying IOZ—PW = ﬁ + |Ol—m
must be on another straight line.

Analysis. Since the directed line segments OA, OB, and OP all lie in the
same straight line, so it is rather convenient to solve the problem by using
the analytic method after setting up a polar coordinates system with O as
its pole.
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Proof. Set up a polar coordinates system with O as its pole. Suppose
that the equations of the two fixed straight lines are a; = pcos(6 — «;) for
i =1 and 2, respectively. Also assume that the angle between an arbitrary
straight line passing through O and the polar axis is €, and the polar
coordinates of the point P on the straight line AB are (p,#). Then |OA| and

|OB| equal with ¢ = 1 and 2 respectively. By the given condition,

a;
cos(0—ay)

2 cos(f—aq) n cos(0 — az)

14 aq a

(ag cos g + aj cosan) cos @ + (az sin oy + aq sinas) sin @

)

a1a2
namely a = pcos(f — ), where the constants a and 6, are given by

2a1a9 as sin oy + a1 sin as

a= , tanfy =
Va? + a3 + 2ayas cos(a; — as)

)
a9 COS (X1 + a1 COS (g

with the terminal side of the angle 6y containing the point of the
zy-coordinates

(ag cos g + aj cos ag, az sin g + a; sin ag).

The graph of the polar equation a = pcos(d — 6y) is a straight line
whose distance to the pole is a, which is perpendicular to the straight line
0 =06 O

Example 8. At the center O of an ellipse 2—; + Z—; =1, draw in succession
n radii r1, 79, ..., r,, with nearby two radii making the angle of 27“ Prove:

S k=3 (& ).

Analysis. In a polar coordinates system, it is quite convenient to deal
with problems related to the length of a line segment with the pole as
one endpoint. So we set up a polar coordinates system with the center O
of the ellipse as the pole, and transform the equation in the rectangular
coordinates to that in the polar coordinates to solve the problem.

Proof. Set up a polar coordinates system with the center O of the ellipse

as the pole and the positive direction of the z-axis as the polar axis. Then
2 2 2 .. 2

the polar coordinates equation of the ellipse is 27 04 p =  — 1, that

: 1 _ cos®0 sin? 0
18, o7 = T+ T
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Suppose that the intersection points of the n radii with the ellipse are
Py, P, ..., P, with their polar coordinates

2 ~-1
Pi(p1,0), P, (pz,ﬂJr —W) s Py <pn,9 + 2 27r>.
Hence,
Z >4
z i Pi
1 2(n — 1
== {cos 0 + cos? (0+ _) + o+ cos? |:9+ (n )ﬂ]}
1 1
+ = sin 0 + sin? (6 + 2_7T R sin? 1o + 2(” )7T

n(1 1 1 /1 1 4

_§(§+b_2> 5(—2——2>{cos29+cos(29+;>
dn—1)m

+ - +COS|:29+ (n ]}

YESE T TR n (2042

=3 2 2 ) 7a sin

—Sin(29—2—ﬂ>+Sin(29+6—w>—sin<20+2—w)+---

n n n

n 1+1 n
T2 \a® 2

2(n — 1)7r]

NS

VS

This proves the equality. O
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3. Exercises

Group A

I. Filling Problems

1. For all integers m and n satisfying 1 < n < m < 5, the number of
different hyperbolas represented by the equation p = m of polar
coordinates is

2. The curve represented by the equatlon p= m of polar coor-
dinates is

3. At the focus of the parabola y? = 8z, draw a chord with an inclination

angle . If the length of the chord does not exceed 16, then the range of
the values for 0 is

II. Calculation Problems

4. A Straight line passing through the focus of a parabola intersects the

parabola at two points P and Q. If the perpendicular bisector of PQ
intersects the symmetric axis at R. Prove: |FR| = 1|PQ)|.

5. At the focus of a parabola y? = 2px (p > 0), draw a chord P P,. Find

the value of |FP P+ ‘FP T
2

6. Let A, B, and C' be three points on the ellipse % +4& =1, F be the left
focus, and ZAFB = /BFC = ZCFA. Find \AF| —|— |BF| + \CF|

7. Let the center of a circle A be A(0, 1), the radius be 1, and @ be any
point on the circle A. Choose a point on the ray OQ such that the
distance from P to @ equals the distance from P to the straight line
y = 2. Find the equation of the trajectory for the point P.

Group B

8. Let F be a fixed point, [ be a fixed straight line, the distance from F'

to Il be p (p > 0), and a point M be on [. A moving point N is on the

extended line of M F' and satisfies ”AZJ]VV‘

value of |[M N]|.

[ = 1F‘. Find the minimum

. An ellipse 2—; + z—j =1 (a > b > 0) has an inscribed parallelogram.

If one pair of the opposite sides of the parallelogram pass through the
two foci respectively, find the maximum value for the area of the par-
allelogram.
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10. For a given parabola y* = 2px (p > 0), AB is a chord passing through

11.

12.

the focus F'. If the angle formed by AB and the z-axisis 6 (0 < 6 < ),
find ZAOB.

At one focus F of an ellipse b?z? + a?y? = a?b? (a > b > 0), draw two
mutually perpendicular chords AB and CD.

(1) Prove: \Fl—Al + ﬁ keeps the same value, and —= + LDI keeps

|AB| |C
the same value.
(2) Find the minimum values of |[AB| + |CD| and |AB||CD|.
(3) If M is the end point of the long axis near F, find the maximum
value for the area of AABM.

As shown in Figure 26.6, suppose that A and B are two points on an
2 2

ellipse 2z 4+ % = 1 (a > b > 0),0 is the center of the ellipse, and

OA 1 OB.

NI

Figure 26.6 Figure for Exercise 12.

(1) Prove: ﬁ + ﬁ is of a fixed value.
(2) Find the maximum value and minimum value of ﬁ + ﬁ.
(3) Find the maximum value and minimum value for the area of

ANAOB.
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Chapter 27

Analytic Method for
Plane Geometry

1. Key Points of Knowledge and Basic Methods

The analytic method is a general method that transforms geometric prob-
lems to algebraic ones, and it perfectly reflects the important thought of the
number-figure combination. By means of a rectangular coordinates system,
we can easily combine organically the information about numbers and that
of figures. This method opens a new road when a purely plane geometry
method is found difficult to solve problems.

The analytic method does not always represent tedious computations,
but rather if it is possible to use techniques appropriately, not only it can
make the objective clear, but also realize the goal of simplifying the com-
putation. In the following we introduce some commonly used techniques.

A. Set up coordinates systems cleverly

Properly establishing a coordinates system can reduce much trouble for the
computation, realizing the purpose of making the tedious to the simple.
Generally speaking, the choice of the origin is a very important step. We
often choose those extremely important and unique “special points” as the
origin (for example the center of a circle or the vertex of a right angle). After
the origin is determined, in general we set up a rectangular coordinates
system by selecting a given straight line as the x-axis.

339
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B. Destignation without calculation

In analytic geometry, many quantities do not need to be calculated out
completely. These quantities may only play an “intermediate” role. so we
only need to design such quantities. For example, if the horizontal coordi-
nates of two points A and B satisfy a quadratic equation with x4 # zp,
then in many cases we do not have to calculate x4 and xp, but it is enough
only to know what the values of x4 + xp and z5xp are.

The essence of “designation without calculation” lies in “catching a key
quantity.”

2. Illustrative Examples

Example 1. Extend the two sides AB and AC of AABC to D and FE
such that |[BD| = |CE|. Suppose that the middle points of BC' and DE
are M and N, respectively, and AT is the angular bisector of ZA. Prove:
MN || AT.

Analysis. Without doubt A is the most important point, and the straight
lines AB and AC are symmetric with respect to the straight line AT.
Hence, it is not difficult for us to think of setting up a rectangular coordi-
nates system with A as the origin and AT as the z-axis.

Proof. As Figure 27.1 shows, set up a rectangular coordinates system with
A as the origin and the straight line containing AT as the z-axis. Assume
that ZDAT = 0, and write B(ccosf,csind) and C(bcosf, —bsinf). If we
let |BD| = t, then the vertical coordinates of the two points D and E are

E

Figure 27.1 Figure for Example 1.
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(¢ +t)sinf and —(b+ t) sin §, respectively. Thus,

_yptyc c—b .
= = sin 6,
2 2
yp +ye  (c+t)sind + (=b—t)sinf | c—b
= = smmo = .
2 2

So, ym = yn. Therefore, M N || the x-axis, in other words, M N || AT. O

Example 2. In Figure 27.2, The tangent points of the inscribed circle of an
equilateral triangle ABC with the three sides are D, E, and F) respectively.
If the distances of any point P on the arc EF to the three sides are p,q,
and r, respectively, prove: p% 4+ = q%.

Proof. Set up a rectangular coordinates system with the center of the
triangle ABC' as the origin so that the vertex A is on the y-axis. Assign
the radius of the inscribed circle to AABC' as the unit length. Then the
equations of the three sides AC, AB, and BC' are respectively

Vs + . T 1
T Cos — sin — =1,

6 " YSG

5 Ly 57 1
T oS — sin — =1,

6 Y

3 Ly 3 1
X COS — Sin — = 1.

g TYSHT

yh
A

L

Lz

AN

Figure 27.2 Figure for Example 2.
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Let the coordinates of the point P be (cos6,sin6) with 6 € (%, 5”).
Then

1
1 2
2

rz = ’cos@cosz +sin€sinz -1
6 6

_ [1_Cos(e_g)f:mm(g_%).

By the same token, p% = /2sin (%w — g) and q% = /2sin (%ﬂ' —
Therefore,

1 1 . (0 ) 5 0
p2+r \/5{81n<§ﬁ>+sm<ﬁ7r§)]

SRS
SN—

— /2si 3 97%
= smzﬂ'fi =q2. O

Remark. In the current example, the geometric meaning of the parameter
in the parametric equations of the circle was used, so that the forms of
p%,q%, and r? had a common property, transforming the proof to the
simple trigonometric operations.

Example 3. Suppose that a straight line [ and a circle centered at O do
not intersect, F is a point on [, OF 1 [, and M is any point on [ that is
different from E. From M draw two tangent lines to the circle O with two
tangent points A and B, and from F draw two lines FC and ED that are
perpendicular to M A and M B, respectively, with C and D their respective
intersection points. Let the straight line C'D intersect OF at F. Prove:
The location of F' does not depend on the location of M.

Proof. Set up a rectangular coordinates system with E as the origin and
[ as the z-axis. By symmetry, without loss of generality we may assume
that O is on the positive half y-axis and M is on the negative half z-axis.
Let the radius of the circle be 7, the coordinates of O be (0,a) (a > 0), the
coordinates of M be (—d,0) (d > 0), ZOME = «, and ZOMA = 0. As
Figure 27.3 shows, kay = tan(a — 0) and kgc = — cot(a — ). Since the
coordinates of M are (—d,0), we find the coordinates of the point C' to be
(—d sin?(a — ), zdsin(2c — 20)). Similarly, the coordinates of the point D
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<
t
=y

Figure 27.3 Figure for Example 3.

are (—dsin’(a + 0), 2dsin(2a + 26)). So, the equation of CD is

1dsin(2a + 26) — 2dsin(2a — 26)
—d [sin2(a +6) — sin?(a — 0)]

1
y—gd sin(2a+-20) = [z + dsin® (o + 0)] .
Letting = 0 in the above equation and simplifying the expression, we
obtain that yr = dsin(a + ) cos(a + ) — dsin?(a + 6) cot 2a.. Also d =
|[ME| = —%—, and consequently

tan o

yp = ‘ sin(a + 0)[cos(a + 0) — sin(a + ) cot 2a]

tan «
tasin(a + ) sin(a — ) —
= acot asin(«a sin(a —
sin 2«
_cosa sin? accos? 6 — cos? asin? 0
" Tsina 2sin o cos o
1
-2 —— [sin® a(1 — sin®#) — (1 — sin® a) sin® 0].
2 sin“ «v
In AOMA and AOME, we have 15— = == = |OM|. Hence,
.2 2 2 2
a sin“ 0 a r a® —r
=_(1—sin?0— sin2f) == (1-—) =
Y 3 ( Sin Sin2 . =+ sin ) 3 ( a2> oa
which is independent of the location of M. O

Remark. By symmetry, with the point £ as the origin and the straight
line [ as the z-axis, establishing the rectangular coordinates system may
write relatively easily the coordinates of the points and the equations of
the curves involved in the problem.
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E
C@
A B

1 J
D

F

Figure 27.4 Figure for Example 4.

Example 4. Let AB be a fixed chord of a circle I" and O be a fixed
point on the chord AB. At O draw two chords C'D and E'F of the circle '
(Figure 27.4). Suppose that the chord C'F intersects OA at I and the chord
DF intersects OB at J. Prove: ﬁ — OLB‘ = ‘L — ﬁ

Analysis. Since the relation formula to be shown is complicated and the
known condition “seems” not sufficient enough, it is not easy to do this
problem from the purely geometric knowledge, so we may try to use the
analytic method. Of course, if we calculate the coordinates of every point,
then we can solve the problem, but we do not wish and do not need to do
this way. What we only need is “designation without calculation.”

Proof. Create a rectangular coordinates system with O as the origin and
the straight line containing the chord AB as the z-axis. Assume that the
equation of the circle is 22 + y? + dx + ey + f = 0, the equation of the
straight line C'D is x — t1y = 0, and the equation of the straight line E'F is
x — tay = 0. If we view the union of the two straight lines C'D and EF as
a degenerated conic section, then its equation is (x — t1y)(x — t2y) = 0.

In addition, the circle I' is also a conic section that passes through the
four points C, D, E, and F', so all conic sections that pass through the four
points C, D, E, and F (except for the union of the two straight lines C'D
and E'F) can be expressed as

22+ y? +dr ey + f+ Mx —tiy)(x — tay) = 0, (27.1)

where A € R is a parameter to be determined.
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On the other hand, the union of the two straight lines CF and DFE
is also a conic section passing through the four points C, D, E, and F, so
there exists A such that the corresponding (27.1) is the equation of the
union of the two straight lines CF and DE. Let the coordinates of I and
J be (21,0) and (x2,0), respectively. By letting y = 0 in (27.1), we know
that x; and x» are the two roots of the equation x2 4 dx + f + Az? = 0.
Thus,

d
X1 + To = —H—)\, (272)
_
T1X9 = 1+ )\ (273)

Dividing (27.2) by (27.3) gives - + L = —

1

Since O is the origin, the fact that 21 < 0 < xo implies that

sl

o111
T1 T oI~ |0J|’
namely
1 1 d
[o1] joJ] — f°

Let A=0and y =0 in (27.1). Then we obtain the equation
2 +de+f=0
that x4 and xp satisfy. Hence,

1 1 zatzp d

rA B TATR f
Since x4 < 0 < zp, it follows that
1 1 d
[0A] JoB] |
Therefore,
1 1 1 1
01~ [0J] ~ |04] |0B| O

Remark. The solution process of this problem represents the merit of
“designation without calculation”: Only design some equations and coordi-
nates instead of calculating any coordinates, and then mutually transform
the relations of the problem to find the nature that was “hidden in the
darkness.”
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Example 5. In a circle O, a chord CD is parallel to another chord EF
and intersects a diameter AB in the angle of 45°. If C'D and EF intersect
the diameter AB at P and @, respectively, and the radius of the circle O
is 1, prove: |PC||QE|+ |PD||QF] < 2.

Analysis. Set up a rectangular coordinates system according to the sym-
metry of the circle. So, using the analytic method to solve the problem is
rather appropriate.

Proof. With O as its origin and a straight line parallel to CD as its -
axis, set up a rectangular coordinates system (as in Figure 27.5). Then the
equation of the circle is

:C2+y2:1.

Let the distance between C'D and the z-axis be a (—1 < a < 1) and the
distance between EF and the z-axis be b (—1 < b < 1). Then the equation
of the straight line C'D is y = a and the equation of the straight line FF
is y = —b, and the coordinates of P and @ are P(a,a) and Q(—b, —).

Further, we can obtain the coordinates of C', D, E, and F' as

C (—\/1 — a2,a), D (\/1 — a2,a), E (—\/1 — b2,—b), F (\/1 — b2,—b).
It follows that

|PC|=+v1—-a?+a, |PDl=+1-a?—a,
|QE| =vV1-02—-b, |QF|=+v1-0>+b.

YA
T
0

Figure 27.5 Figure for Example 5.
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Consequently,

[PCIIQE| + |PD|IQF| = 2 (/T —a?)(T — %) — ab)

1_2 1_2
SQ(%GZ))

:2[2—(0;7“7)2%2.

It is impossible that a = b = 0, hence the equality in the above cannot
be satisfied. Thus,

|PClIQE| + |[PDJ|QF| < 2. O

Example 6. As Figure 27.6 shows, the inscribed circle O of a rhombus
ABCD is tangent to each side at F, F,G, and H, respectively. Draw a
tangent line on the arc FF that intersects AB and BC at M and N,
respectively, and draw a tangent line on the arc GH that intersects C'D
and DA at P and @ respectively. Prove: M@ || NP.

Proof. It is easy to think of setting up a rectangular coordinates system
with BD as the z-axis and AC as the y-axis. Without loss of generality,
assume that the circle O is a unit one. Let the inclination angle of OH be 6.
Then the coordinates of H are H(cos6,sinf). Clearly, the coordinates of
D and A are D (ﬁ, 0) and A (0, ﬁ) Thus, the equation of the straight
line DA isIpa :xcosf + ysinf = 1.

A4

M/Ag\Q
)

!
N

E
F

C

Figure 27.6 Figure for Example 6.
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According to the symmetry, we obtain the equations of the other three
straight lines:

lap: —xcosf+ysinf =1,
lpc: —xcosh —ysinf =1,
lep : rcosh + ysinf = 1.

Assume that PQ is tangent to the circle O at the point (cos«,sina).
Then the equation of the straight line PQ is lpg : xcosa + ysina = 1.

Assume that M N is tangent to the circle O at the point (cos 8, sin ).
Then the equation of the straight line M N is Iy : zcos 8+ ysin§ = 1.

Solving the equations of DA and PQ together gives the coordinates of

the point Q:
a+0 s a0
Q COS 5 Sin 5
a—07 s a—0 |°
COS 5 Sin 5

Solving the equations of AB and M N together gives the coordinates of

the point M:
cos % sin &= B
Ml-=2 "2
cos 0;[3 sin 0+,r3
Hence,
yMm — Yo sin ﬂ cosd
kng = 15 5
Ty —XQ cos—cos@—i—cosT
Similarly,
& sin M cos
PN = .
cos M 0089 + cos O‘Tfﬁ
Therefore, kyrg = kpn, in other words, MQ || NP. O

Example 7. As in Figure 27.7, in AABC, a point O is the circumcenter,
the three altitudes AD, BE, and C'F' intersect at a point H, the straight
lines ED and AB intersect at a point M, and the straight lines F'D and
AC intersect at a point N. Prove:

(1) OB L DF and OC L DE.
(2) OH L MN.
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A

M

Figure 27.7 Figure for Example 7.

Analysis. Since there are too many perpendicular relations, we think of
establishing a rectangular coordinates system. Then the problem of show-
ing that the two straight lines are perpendicular is transformed to showing
that the product of the slopes of the two straight lines is —1.

Proof. (1) With the straight line containing BC' as the z-axis and D as the
origin, we set up a rectangular coordinates system. Write A(0,a), B(b,0),
and C(c,0). Then kac = —% and kap = —7. Furthermore, the equation
of the straight line AC'is y = —%(x — ¢), and the equation of the straight
line BE is y = £(x — b).

From the joint equations

(12-‘1-02 ’ a2+c2

we obtain that the coordinates of the point E is E (a26+b62 acz’abc).
a2b+bzc ab?—abc
a2+b2 ’ a2+b2

On the other hand, the equation of the perpendicular bisector of the
straight line AC'isy—§ = < (:17 — 9), and the equation of the perpendicular

2
bisector of the straight line BC is z = HTC.

By the same token, we get F' (



350 Problems and Solutions in Mathematical Olympiad: High School 2

Similarly, from the system

we obtain that the coordinates of the point O is O (l’;r—c, %) Then

P % _ be+a? k ~ab®> —abe  a(b—c)
()B)_%—Z)_ct(cfb)7 PET @b+ b2 beta?’

Hence, kopkpr = —1, namely OB 1. DF.
By the same argument, OC | DE.

(2) Letting = 0 in the equation y = £(x —b) of the straight line BE gives
the coordinates (O, —%) of the point H. Then
—bC;aaz +be 42 4 3be

_ a _
kom = b+c
2

0 alb+e)

While the equation of the straight line DF is y = %=% 2 from

a?+be
ab — ac
=7
Y a? +bc’’
a
=——(x—c),
y=-—(z-0

we obtain that the coordinates of the point N is

a?c + bc? abe — ac?
a2 +2bc—c?2 a2 +2bc—c? )’

The same method gives

a?b + b3c abe — ab?
a? +2bc — b2’ a2 4+ 2bc— b2 )’

Therefore,
P a(b® —c)(a® +be) _alb+o)
MN (c—b)(a% +bc)(a? +3be) a2+ 3bc’
Since kyynkog = —1, we have MN 1. OH. O

Example 8. A quadrilateral ABCD is circumscribed to a circle O. Let
the projection of O to the diagonal BD be M. Prove: BD bisects ZAMC.
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B

Figure 27.8 Figure for Example 8.

Proof. As in Figure 27.8, set up a rectangular coordinates system with
BD as the y-axis and N as the origin.

Suppose that the coordinates of the point O are (¢,0). Without loss of
generality, assume that the radius of the circle O is 1. Then || < 1.

Write D(0,d) and B(0,—b) (b > 0 and d > 0). By the condition of
the problem, to show that BD bisects ZAMC), it is enough to show that
kyva = —kuc.

Let the slope of the straight line that passes through D and is tangent
to the circle O be k. Then the equation of the straight line is y = kz + d.

Since the distance of O to this straight line is 1, we have that 1 = 17;17:‘2,

that is k2 + 1 = (tk + d)?. In other words, k satisfies the equation (1 —
t)k?* — 2tdk + 1 — d* = 0.

Since the straight lines DA and DC' are tangent to the circle O, the two
slopes kpa and kpc are the two roots of the equation

(1 —t*)k* —2tdk + 1 —d* = 0. (27.4)

Substituting —b for d in (27.4), we see that kpa and kpc are the two
roots of the equation

(1 —t2)k* 4+ 2tdk + 1 —b*> = 0. (27.5)
Vieta’s theorem together with (27.4) and (27.5) imply that

2td 2tb
kpa +kpc = ——, kpa +kpc = —

1 — t27 m. (27-6)
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Also via solving the system

Y= kDA$+da
Yy = kBAxfbv

we obtain that the coordinates of the point A is (kijiDA, bigifg’;?)
It follows that

ya _ bkpa + dkpa

kava = —
MA TA b+d
By the same token,
bkpc + dkpc
e

Therefore, thanks to (27.6) we obtain that

b(kpa + kpc)+ dkpe + kpa)

=0.
b+d

kyvia+ kye =

In other words, BD bisects ZAMC 0

Remark. The solution method for this problem is clever. It has two
aspects in “cleverness”: (i) The choice of the coordinates system: The point
M is the origin of the coordinates system, so the proof of the original propo-
sition is reduced to proving kasa + kyprc = 0, which greatly reduces the dif-
ficulty. (ii) Many “intermediate quantities” are not calculated out, so the
“designation without calculation” largely leaves out tedious calculations.

3. Exercises
Group A
I. Filling Problems

1. Let A be a fixed point on a circle O with radius 3. Pick two other points
B and C on the circle such that ZBAC = %. Then the trajectory of the
center of gravity G of AABC is .

2. Assume that O is a point inside AABC. Then SAOACO?JrSAOAB(ﬁJr

—
SropcOA =
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. Two flag poles of heights h and k respectively stand on a horizontal

plane and are 2a units away. Then the figure corresponding to the set
consisting of all the points with the same elevations to the top of the
poles is

II. Calculation Problems

4.

Let AM be the median line of the side BC of AABC. Draw an arbitrary

straight line that intersects AB, AC, and AM at P,Q, and N in succes-
|AB| |AM| |A

sion. Prove: The three ratios AP [AN] and ‘Ag} form an arithmetic

sequence.

. Suppose that @ is a point on a circle with AB as a diameter (Q # A

or B), and the projection of @ onto AB is H. A circle centered at () with
QH as radius intersects the circle with AB as diameter at two points C'
and D. Prove: C'D bisects the line segment QH.

. Draw a semicircle with the side BC' of AABC' as diameter, which inter-

sects AB and AC at points D and FE, respectively. Draw the perpendic-
ular lines of BC' at D and E, with F' and G the feet of the perpendicular
respectively. Let the line segments DG and E'F' intersect at a point M.
Prove: AM 1 BC.

Group B

7. In a “kite-shaped figure” ABCD, let |AB| = |AD| and |BC| = |CD|.

Draw any two straight lines at the intersection point O of AC and BD,
which intersect AD, BC, AB, and CD at E,F,G, and H, respectively.
If GF and EH intersect BD at I and J respectively, prove: |IO] =
|OJ]|.

. Let the center of gravity of AABC be G and form the line segments

AG, BG, and C'G whose extensions intersect the circumscribed circle
of the triangle at P, M, and N, respectively. Prove:

[AG| | IBG| | |CG] _

ce| e T eN)

. As in Figure 27.9, circles O; and Oy are tangent to the straight lines

containing the three sides of AABC, with E, F,G, and H the tangent
points. Suppose that the extensions of EG and F'H intersect at a point
P. Prove: The straight lines PA and BC are perpendicular.
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10.

11.

12.
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P

E- B C F

Figure 27.9 Figure for Exercise 9.

Let the three sides of AABC be a, b, and ¢, the intersection of the three
altitudes be H, the center of the circumscribed circle be O, the radius
be R, and |OH| = d. Prove: a? +b® + ¢ = 9R? — d°.

Draw a circle O with the base side BC' of an acute triangle A; BC that
is not an isosceles one. The altitude A;F on the side BC is a fixed
straight line. At F' draw the perpendicular lines to the two tangent
lines to the circle from A;, with D; and FE; the respective feet of the
perpendicular. Prove: all Dy F pass through a fixed point.

Let the radii of two concentric circles in a plane be R and r (R > r)
respectively, P be a fixed point on the small circle, B be a moving point
on the large circle, the straight line BP and the large circle intersect
at another point C', the line [ that passes through the point P and is
perpendicular to BP intersects the small circle at another point A (if [
and the small circle are tangent at the point P, then the points A and
P coincide) Find:

(1) The set of all possible values of the expression |BC|? + |CA|? +
|AB|%.
(2) The trajectory of the middle point of the line segment AB.
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Synthetic Problems for
Complex Numbers

1. Key Points of Knowledge and Basic Methods

A. Thanks to the introduction of complex numbers, there appear new
contents on some problems related to algebraic equations: An nth order
polynomial equation of one unknown has n roots; Vieta’s theorem is still
valid for equations of complex coefficients; the imaginary roots of equa-
tions with real coefficients appear in pairs of the conjugate form; and so
on. Such materials enable us to investigate solutions of algebraic equations
and related problems more deeply.

B. There are quite a few types of complex equations, and there are many
methods for solving equations of complex numbers. For lower order equa-
tions, a usual method is to use the necessary and sufficient condition for the
equality of complex numbers, resulting in a real number problem to solve.
Sometimes, one may also use the modulus as a breaking point: First find
the modulus |z|, and then find the complex number z.

C. Complex numbers correspond to points or vectors in the complex plane.
Addition and subtraction of complex numbers correspond to the parallelo-
gram rule of plane vectors; multiplication and division correspond to expan-
sion or contraction and rotation of plane vectors. The geometric meaning
of complex numbers and their operations pour great vigor further to com-
plex numbers, bestow them with numerous functions, and provide a basis
for us to solve related geometric problems with the knowledge of complex
numbers.

355
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D. By the root formula of complex numbers, one finds the n roots of the
equation 2" —1 =0 (n € N and n > 2): ¢, = cos Zr + isin Zx (k =
0,1,2,...,n — 1). They are all the nth roots of 1, called the nth order
roots of unity. From the power formula of complex numbers, we have €, =
(cos %w + i sin %w)k = ¢¥, which means that all nth order roots of unity
can be represented as

2 n—1
1, e, €7, oo, 6

There are following properties for the nth order roots of unity:

(1) leg] =1 (k=0,1,...,n—1).

(2) ejek—e+k( k=0,1,...,n—1and j+ k= j+ k (mod n)).
(B) 1+er+e3 4+ 1=0(n22).

(4) Let m be an integer. Then

n, if m is a multiple of n,

1+e"+e+---+er | =
! 2 ! {0, if m is not a multiple of n.

2. Illustrative Examples
A. Egquations over sets of complex numbers

Example 1. Given z € C. If the equation z? — 2zz + % + i =0 with the
unknown z has a real root, find the minimum value for the modulus |z| of
the complex number z.

Solution. Let z = a + bi (a,b € R), and let = 29 be a real root of the
equation x2 — 2zx + % +1¢=20. Then

3
x%—2zx0+1+i20.
It follows that

3
x%—2ax0+120,
—2bxg+1=0.

The second equality above implies xg = i Substituting it into the first

equality gives g1z — 2a4; + 2 = 0, namely 3b2 4ab+1=10. So, a = 3bzb+1.
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Thus,
362 +1\°
2 2, 12 2
= b = b
|z] a” + ( m ) +
25 1 3
=222y - 42
16 * 1652 + 8
5 3
> -+ -=1
= + ) )
and the equality holds if and only if b = :I:%.
Hence, the minimum value of |z| is 1, achieved when a = % and
b:‘ég,ora— %andb— ‘/_ That is,
<2f V5 )
p=t | ==+ =
5 O
Example 2. For given angles a1, aq, ..., a,, discuss the equation
2"+ 2" tsinag + 2" ?sinas + - + zsina,_1 + sinay, = 0.

Does there exist a complex root with its modulus greater than 27

Solution. The answer is “No.” The proof is by reduction to absurdity.
Suppose that there exists an z that is a complex solution of the original
equation such that |zg| > 2. Then

xl = f:cg*l sinq — -+ -+ — T Sin op—1 — Sin .

Taking the modulus for each side and using the modulus inequality, we
obtain that

lzo|™ < |2o|™ | sinay| + - - - + |zo|| sin ay 1| 4 | sin ay|

IN

|lwo™ ™ 4+ -+ |ao| + 1

_lwol" =1 o™ lmol™ o

lzo| — 1 |z —1 "~ 2-1

This clearly gives a contradiction, and it means that the original equa-
tion has no complex roots whose modulus is greater than 2. O

Example 3. Prove: A necessary and sufficient condition for a polynomial
f(x) = 23 + a12? + agx + a3 with real coefficients to have all three roots in
the left half complex plane (namely the real part is less than 0) is a; > 0
with ¢ = 1,2, and 3, and a3 < ajas.



358 Problems and Solutions in Mathematical Olympiad: High School 2

Analysis. Note that an nth order polynomial of one unknown with real
coefficients must have n roots in C, in which imaginary roots appear in
pairs. This means that the equation of the problem must have a real root,
and so the other two roots are either both real or mutually conjugate com-
plex numbers.

Proof. From the theorem that imaginary roots of polynomials with real
coefficients must appear in conjugate pairs, we know that f(z) must have
a real root x1, and the two other roots x5 and x3 are either both real or
conjugate complex numbers.

Necessity: Suppose that the real parts of the three roots are negative
numbers, that is, 1 < 0 and x5 + x3 < 0. Then zox3 > 0.

By Vieta’s theorem, we see that

a] = 7(.’,81 + X2 +.’,E3) > 0,
ao = ,’Bl(.’L'g + .%'3) + zox3 > 0,
az = —x1x2x3 > 0.

Thus

)

aray = —(x1 + 22 + x3) (X172 + T123 + T23)

2 2
= —xixe — x{T3 — T1Tax3 — (T2 + 3) - a9

= —T1ToT3 — x%(xg +x3) — (w2 + 23) - as
> —T1X2x3 = a3.

This proves the necessity.

Sufficiency: Assume that a; > 0 for ¢ = 1,2, and 3, and also a3 < ajas.

Since each coefficient of f(x) is a positive number, so f(x) has no zero
root and positive roots. If all the three roots ar negative numbers, then the
proposition is proved.

If 1 < 0 while 2o = a + bi and 3 = a — bi (a,b € R and b # 0), then
Vieta’s theorem implies that

a1 = —(x1 + 22 + 23) = —(21 + 20a),
as = 2ax1 + a® + b2,
az = —x1(a® + b?).
Hence, a1as = —2az? — x1(a® +b?) — 2aaz. If a > 0, then ajas < —z1(a? +

b?) = as, which contradicts the given condition. So, a < 0.
The sufficiency is thus proved. O
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Remark. For any nth order equation of one variable
U™ 4 ap_ 12" -+ ag =0 (ag #0),

(1) the equation has exactly n roots in the set of all complex numbers;
(2) let @y, 29,...,2, be the n roots of the equation, then they and the
coefficients of the equation have the following relation (namely Vieta’s

theorem):
o
Tt ay ey = -
an
An—2
T1T2 + X123 + -+ + Tn—1Tp = )
an
a
T1To Ty = (—1)"—0.
Gnp
B. Inequalities related to complexr numbers
Example 4. For n complex numbers z, =z + yt (k=1,2,...,n), let r

be the absolute value of the real part for a square root of 27 + 23 +- - -+ 22.
Prove: r < |z1|+ |xa| + -+ + |2

Analysis. Starting from the two equalities for the equal complex numbers,
and using the Cauchy inequality and proof by contradiction, we can show
the inequality in the problem.

Proof. Let a+ bi (a,b € R) be a square root of 2 + 23 + - -+ + z2. Then
(a+bi)® = (21 +y19)> + (22 + 20)> + -+ - + (T + yni)®.
Comparing the real and imaginary parts of the both sides gives

T1Y1 + T2y + - -+ + XY = ab, (28.1)
(23 +a3+-+a2)— (Wi+ys+--+y2)=a>—b>.  (28.2)

In the following, we use proof by contradiction to prove the proposition.
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If r = |a| > |z1]| + |x2| + - - + |2y, then
a® > (|o1| + |az| + - + fon])® > ] + 23 + - + 27,
the combination of which and (28.2) imply that
b >yl tys+o oy

Consequently,

Iab|>\/w?+w§+---+$%\/y?+y%+---+y%- (28.3)
On the other hand, (28.1) and the Cauchy inequality ensure that

lab| = |z1y1 + z2y2 + - + Tpyn|

< \/x§+x§+~~+x%\/y%+y5+~~+y%-

This contradicts the inequality (28.3), so the initial hypothesis is not
true, and therefore

r < o] 4 |we] 4 4 [l O

Remark. It is difficult to get a good idea if trying to prove r < |z1| +
|zo| 4+ -+ + |zn| directly, so we used a circuitous strategy via proof by
contradiction. That is a frequently used method in the case that a direct
proof cannot go smoothly.

Example 5. Suppose that a quadratic function f(x) = az? + bz + ¢ of
real coefficients satisfies the conditions that 0 < |c| < k and |f(z)| < k for
x =cosf +isinf (# is any real number). Prove: For r > 1 there holds

|f(rz)| < (2r* — 1)k.

Proof. Let r > 1 be given. Then

r2+r r2—r

flre) = () +

f(=z) = (r? = 1)c,

where —z = cos(m + 0) + isin(mw + 0).
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Since |f(+2)| < k, it follows that

2 2 _
fre) < @)+ S (o)l + 07 = Dl
< <T2;_r+r22_7“+r21>k
= (2r? = 1)k. 0

Example 6. Given a real number r € (0,1), prove: If n complex numbers
21,22, - -« 5 Zn satisfy

|Zk*].|§’l” (k:1727"'7n)7

then

11 1 ) )
|21+ 204+ + 2| | —+ — 4+ —| =207 (1—77).
Z1 z9 Zn

Proof. Write z;, = x + yri (zr,yr € R) for k=1,2,...,n.
We first show that

2
Sk >0 k=1,2,...,n. (28.4)
Ty + Yi

_ = 2_ (1 2
Denote u = m Then u > 0 and y; = (E — 1) xj,. Thus,

ﬁ
[
Y

1
|zk1|2<xk1>2+<51> 7}
1 2
=—(zp—u)’+1l-u>1—u.
u

Hence, u > 1 — 2, that is, (28.4) is satisfied.
From |z — 1| < r < 1 we know that x; > 0. Since

n

|zl+zg+---+zn|2|3%(21+22+---+zn)|zzgck.

k=1
On the other hand, i = Z’%;ZEZ Consequently,
11 1 11 1 g
—+—+--+—2’%<—+—+---+—)’= .
z1 2o Zn 21 2 Zn = Tk Tk
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Note that zj > 0 for £k = 1,2,...,n, so the Cauchy inequality implies
that
1

1
|21+ 22+ + 2| | =+ —+
Z1 zZ9

V vV
/; o
3
< IV
|
3, wgm
X
% +?s-w
<
| ESTV)
3 SN—
[N
—
|
<
N
(]

C. Problems related to roots of unity
Example 7. Let € = cos %ﬂ' + 7sin %w. Prove:

1) 1—e)(1—€2)---(1—€ 1) =n.
(2) N o (n—1)m __ n_

sin 7-sin 27 -+ - sin == = 5ty

2

Analysis. The expression € = Cos 27r +4sin 27 means that € is the nth

root of unity €;, so €, = €*. Since |1 — ek = 2sm , the equalities can be
shown accordingly.

Proof. The n roots of the equation 2™ — 1 =0 are

2k 2k
€ =cos —m +isin—m (k=0,1,2,...,n—1).
n n

o ; _ 2 s 2 _ _k
By the assumption, € = cos ST 418N 27, SO € = €.

Thus, from
"= (@) — (e — ) (-,

we obtain that

(r—e)(z—€)---(x—e1) = ="l 2 L 41,
That is, (z —€)(x —€?) - (z —e" H =a" 42" 2+ 4+ 1.

(1) Letting x = 1 gives

1-e)(1—€) - (1—e""H =n.
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(2) Noting that
k
|1 — ek| = 2sin—7r,
n

we immediately get

1. T . (n—1)m
2" 1Sln—sm—ﬂ'~'sm(7):n
n n n

)

which proves (2). 0
Remark. The expression cos %w + 4 sin %
and properties of the nth roots of unity. This was very helpful for solving
the problem.

7 reminded us of the definition

Example 8. Let AgA; --- A,,_1 be a regular n-polygon. Suppose that the
radius of its circumcircle O is 1. Prove: The sum of the squares of the
distances from any point P on the circle to every vertex is a fixed value.

Analysis. The point P and the points A; (i = 0,1,...,n — 1) are all on
the unit circle, so the roots of unity can be used to solve the problem.

Proof. Use O as the origin to set up a rectangular coordinates system,
so that the coordinates of Ay are (1,0). Then the corresponding complex

numbers of A; are €, = cos 2n—k7r + ¢sin 2n—k7r (k =0,1,2,...,n — 1). Let
the corresponding complex number of the point P be z. Then |z| = 1.
Consequently,
n—1 n—1 n—1
SIPALE =Y e —al =Y (- a)z-)
k=0 k=0 k=0
n—1
=Y (1— 26 —Zer +1)
k=0
n—1 n—1
= anzzaf_Zek
k=0 k=0
= 2n. O

Remark. All nth roots of unity just divide the unit circle of the complex
plane into n equal arcs, in other words, ¢g = 1,€1,€2,...,€6,-1 are the
vertices of the inscribed regular n-polygon in the circle centered at the origin
of radius 1. Therefore, using the roots of unity can solve many geometric
problems related to regular polygons.
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3. Exercises

Group A

I. Filling Problems

1. Let a € R and complex numbers 21 = a+1, 2o = 2a+21, and z3 = 3a+41.
If |21],|22|, and |z3| constitute a geometric sequence, then the value of
the real number a is .

2. For complex numbers z; = (2—a)+ (1 —0)i, 22 = (3+2a)+ (24 3b)i, and
z3 = (3—a)+ (3 —2b)i, where a,b € R, when |zl| + |22] + |z3] achieves
the minimum value, 3a + 4b =

3. If the pr1n01pal value for the argument of a root zy of the equation
25+ 23 +1 = 0 is in the interval (2, ), then the value of argz is

4. Suppose that a complex number z satisfies 2> = 27. Then the value of
2% + 324 + 2242 is

5. Let A, B,C, and D represent complex numbers a, b, c, and d, respec-
tively. If the four pomts A B C, and D are on the same circle, then the
value of arg b o +arg d

6. Let x1 and x4 be the two roots of a quadratic equatlon ax’ +br+c=0.

2
If o1 is an imaginary number and = =5 is a real number, then the value of
2 4 8 21999
S=1+z+ () +(2) +(2) ++(2) s
7. Let € be a Tth imaginary root of unity. Then & + 1:54 L

1+(~:‘3

II. Calculation Problems

8.

Give two complex numbers z; = 2 + ¢ and 225 = % If the three
interior angles A, B, and C' of AABC form an arithmetic sequence in
succession, and a complex number p = cos A + 2i cos® &, find the range

of the values for |p + 29|

. Suppose that a sequence {a,} (n =0,1,2,...) of rational numbers sat-

isfies a, = ax + P25 #A0(n=20,1,2,...) and x129 = 1, where « and 8
are real numbers, and z; and x5 are complex numbers. Prove:

(1) z1 + x2 is a rational number.
(2) If z1 and xo are not real numbers, then o = §.
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Group B
10. Let a1, as,...,a, be mutually different real numbers. Prove: The equa-
: 1 1 1 . .
tion T T . +---+ Than = 0 has no imaginary roots.
11. Assume that 6p,6,,...,60, (n € N ) are all real numbers, and a is a

12.

complex root of the equation 2" cos @, + 2" cosl,_1+---+cosby = 2.
Prove: |a| > 3.

Determine all the complex numbers « such that for any complex num-
bers z; and 23 (|z1], 22| < 1 and z; # 22), it is always valid that

(z1 4+ @)? 4+ aZ7 # (22 + @) + aZ3.
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Chapter 29

Mathematical Induction (II)

1. Key Points of Knowledge and Basic Methods

In this chapter, in addition to discussing further the two forms and basic
proof techniques of mathematical induction introduced in Chapter 17, we
shall introduce several additional special forms of mathematical induction.

A. Method of reverse induction

The method of reverse induction is also called the backward induction. Its
principle is as follows:
Let P(n) be a proposition related to natural numbers n. Suppose that

(1) P(n) is true for infinitely many natural numbers n;
(2) under the assumption that P(k+1) is true, P(k) is deduced to be true,
too.

Then the proposition P(n) is true for all natural numbers n.
Using proof by contradiction, one can easily show that the principle of
reverse induction is correct.

B. Method of spiral induction

The method of spiral induction is basically an induction method of a kind
alternative transition. Its principle is the following:

Let P(n) and Q(n) be two propositions related to natural numbers n.
Suppose that

(1) P(0) is true;

367
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(2) for any natural number k, if the proposition P(k) is true, then the
proposition Q(k) is deduced to be true; and if the proposition Q(k) is
true, then the proposition P(k + 1) is deduced to be true.

Then the propositions P(n) and Q(n) are true for all natural numbers n.

The above method of spiral induction is with respect to two proposi-
tions. For three, four, or more propositions, there are corresponding meth-
ods of spiral induction.

Problems in mathematical competitions are often given in the form of
one proposition (such as P(n)). To use the method of spiral induction,
one needs to supplement the given proposition with another one (such as
Q(n)). The second one can be called a “companion proposition” of the
original proposition.

C. Double mathematical induction

Let P(n,m) be a proposition related to mutually independent natural num-
bers n and m. Suppose that

(1) P(0,m) is true for all natural numbers m and P(n,0) is true for all
natural numbers n;

(2) if P(n+1,m) and P(n,m+ 1) are true, then it is deduced that P(n +
1,m+ 1) is also true.

Then the proposition P(n,m) is true for all natural numbers n and m.

D. Points of attention

(1) The most basic and most often used forms of mathematical induction
are still the first and second forms of mathematical induction. The
other forms of mathematical induction are usually adapted ones while
it is difficult to use the first or second forms of basic mathematical
induction.

(2) Not every proposition related to natural numbers n can be proved
with mathematical induction. Sometimes, blindly applying the induc-
tive model often leads to a dead end, so flexibility is important during
the process of solving problems.

2. Illustrative Examples

We start with applications of the most familiar basic forms of mathematical
induction.
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Example 1. A sequence aj,as,... satisfies a7 = 0 and a, =
maxi<i<n—1{¢ + a; + an—;} for n > 2. For example, a; = 1 and az = 3.
Find as00-

Analysis. If the general term can be found, naturally one can calculate
az00- It is easy to see that a; = 0,a2 = 1,a3 = 3,a4 = 6, and a5 = 10.
From these we guess that a,, = w

Solution. We use the second form of mathematical induction to show that
nn—1
]
When n = 1, we have a; = 0, so the proposition is true.
Suppose that a, = @ for all n < k.
When n =k +1,

Ap+1 = mMax {1+ a; + apr1—;
+ 1§i§k{ % + z}

~ e {i+ i(i—1) N (k—l—l—z)(k—z)}
1<i<k 2 2
2
= max {iQkiqL K +k}
1<i<k 2
k* + k »
=— 1 lléliaéck{z(z —k)}.

Obviously, i(i —k) < 0 when 1 < i < k—1 and i(i — k) = 0 when i = k.
Consequently, maxi<;<x{i(i — k)} = 0, and so

kR +k (k+D[(k+1)—1]
ap+1 = = .

2 2
Thus, when n = k + 1, the proposition is true.
In particular, ago = 22%192 = 19900. 0

Example 2. Suppose that p and p + 2 are both prime numbers with
p > 3. A sequence {a,} is defined as a; = 2 and a, = ap_1 + [pa"T’l]
for n =2,3,..., where [z] is the minimal integer that is not less than the
real number .

Prove: For n =3,4,...,p— 1, it is always true that n | pa,—1 + 1.

Proof. First, note that {a,} is a sequence of integers.
We use mathematical induction for n. When n = 3, by the condition
az = 2+ p, so pag +1 = (p+ 1)2 Since p and p + 2 are both prime
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numbers, and p > 3, it must be that 3 | p + 1. Hence, 3 | paz + 1, namely
the conclusion is satisfied when n = 3.
For 3 < n < p—1, suppose that k | pay_1 +1 for k =3,...,n—1. Now,

{pakfl" _ Pak—1 +1
k k ’

SO

AL —
pak—1+1:p<ak—2+ Pg b 2D+1

k—1
pap—2 +1
pu— 7 — ].
p(ak 2+ - >+
_ (pax—2+1)(p+k-1)
k—1 '
Hence, for 3 <n <p-—1,
+n—-1
pan—1+1= pi(pan_g +1)
n—1
+n—1p+n—2
:p b (pan—3+1)

n—1 n—2
_ptn—1lp+n—-2 p+43

- n—1 n-2 g (paz 1)
Consequently,
2n(p+1)
a1 +1=—2"2)/_cmn
Pt T )
It follows that (noting that C,,, is an integer)
0| (p+ n)(p+2)(pan_1 +1). (20.1)

Since n < p and p is a prime number, we have

(n,n+p)=(n,p) =1

Also p+ 2 is a prime number greater than n, so we see that (n,p+2) =1,
thus n and (p + n)(p + 2) are relatively prime. Therefore, n | pa,—1 + 1
from (29.1). By mathematical induction, this proposition has been proved.

O

Remark. (1) Twin prime numbers exist.
(2) Here the natural numbers were restricted to between 3 and p — 1.
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Example 3. Let a sequence {F,,} be defined by: Fy 0 = Fyy1+ F,, F1 =
1, and F» = 1. Prove:
Fl 4+ F=Fonyga.
Analysis. We want to prove the conclusion by mathematical induction.

The first step (n = 1) is easy. Assume that the proposition is satisfied for
n =k (k> 2). Then it suffices to show:

Flo+ Fiyy = Forgs. (29.2)

Substitute the recursive relation of the condition into (29.2) to see the
effect:

(Fig1 + Fr)® + F2py = Forgs, (29.3)
that is,
(F2i1 + FY) + (2FiFyq1 + F2 ) = Fogys. (29.4)

Note that the expression inside the first pair of parentheses of (29.4) is
just Fyq1 (by inductive hypothesis). Thus, to prove (29.4), it is enough to
show that

2F, Fi1 + F2yy = Fajpo. (29.5)
The formula (29.5) is the same as
2F)(Fi—1 + Fi) + F2yy = Fopo,
in other words,
(2FFye1 + FP) + (FF + Fy) = Faiyo, (29.6)

while the expression inside the second pair of parentheses of (29.6) is just
Foi41. So, it is sufficient to show that

2FFy 1 + F? = Fy. (29.7)

The formulas (29.7) and (29.5) have the completely same structure. The
original proposition is denoted as P(n), and the claim 2F, 1 F,, + F7 | =
Fy, 42 is denoted as @Q(n). We can use the alternating relation between the
formulas of (29.5) and (29.7) to get the alternating relation between Q(n)
and P(n), so we may use the method of spiral induction to complete the
proof of the problem.
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Proof. Consider the propositions
P(n): F2  +F2=Fopyr; Qn):2F, 1 F, 4+ Fry = Fonyo.

When n = 1, it is easy to see that P(1) and Q(1) are true.
Suppose that P(k) and Q(k) are satisfied when n = k, namely F, | +
FkQ = F2k+1 and 2Fk+1Fk + Fk2+1 = F2k+2. Then

F,3+2 + F,3+1 = (Fry1 + Fk)2 + F,3+1
= (F¢y1 + 2F1 Fy) + (F7 + Fiyy)
= Iopyo + Fopy1 = Fopgs,

in other words, P(k+1) is satisfied. Since P(k+1) and Q(k) are both true,
we obtain that

2Fo Bt + FRg = 2(Fps1 + Fi) Fyos1 + Fip o
= (FZ, + F2oo) + (F2y +2F1 Fy)
= Fopys + Fopyro = Fopya,

that is, Q(k + 1) is also satisfied. Hence, P(n) and Q(n) are true for all
positive integers n. O

Remark. Using the “method of spiral induction” often needs to combine
the conditions of the problem to determine a “supplementary conclusion”
(sometimes we need to construct such a conclusion). Constructing a good
“supplementary conclusion” not only requires a good understanding of the
condition, but also needs accumulations of usual knowledge.

When using mathematical induction to solve problems, often we are not
sure how to go forward the transition from n to n+ 1 in many cases, or not
able to reach an ideal result. At this time, we ought to pay an attention
to the “method of reverse induction,” which plays a good role in many
occasions.

In the following, we look at two examples to illustrate the method of
reverse induction.

Example 4. Suppose that a function f: N — [1,400) satisfies:

(1) f(2) =2
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(2) for any m,n € N, we have f(mn) = f(m)f(n);
(3) when m < n, the inequality f(m) < f(n) is valid.

Prove: For any positive integer n, it holds that f(n) = n.

Proof. The conditions (1) and (2) imply that f(1) = 1. Suppose now that
f(2%) = 2F for k € N. Then f(2F+1) = f(2%)f(2) = 2F - 2 = 2F*1. Hence,
f(2%) = 2% for any k € N.

Now, we discuss the values of f(n). Let f(n) = I. Then from (2) and
mathematical induction, we see that f(n™) = [ for any m € N.

Assume that 28 < n™ < 281 Then f(2F) < f(n™) < f(2¥*1) from
(3). So, 2F < ™ < 2F*+1 by the previous conclusion. Comparing it with
2k < ™ < 281 we know that

< (—)m <2, (29.8)

which is true for any m € N.
If n > [, then we choose m > ﬁ, from which

(%)m: <1+”T_l)mz1+m”7_l>2,

which contradicts the formula (29.8). By the same way, if n < [, then with

a choice of m > -, we get (%)m > 2, namely (%)m < %, which also
contradicts (29.8). Hence, it can only be that n = (.
In summary, f(n) =n for any n € N . O

Example 5. Prove by the method of reverse induction: If a function f(x)
with its domain [a,b] satisfies that for any z,y € [a,b], the inequality
f (2 < 3lf(@) + f(y)] is valid, then for z1, 22, ...,z € [a,b], we have

2
f<:v1+:vz+---+:bn) <

n

[f(z1) + fz2) + -+ fl@n)].

1
2

Analysis. One may use the same proof method for Example 4 to prove
this proposition.

Proof. When n = 1 and 2, the inequality is obviously correct. Now,
assume that the inequality is satisfied for n = 2¥. Then by the definition
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of f(z), we know that
I1+"'+I2k+1 1 $1+"'+I2k I2k+1+"'+$2k+1
() el () v (B

11 &
2 [ I 2szl’2’“+a

IN

Thus, the inequality is satisfied for any n = 2% (k € N ).
For a general n € Ny (n > 3), let 2 < n < 2*+! for some k € N .
Denote

1
A:E(x1+x2+~'+xn).

Then, since the inequality is true for 25+, we see that

T4, + (28 —n)A - b1

f( - < ot |30 Fa) + @ - ()
Jj=1
On the other hand,
1
e [T a (2" —n) A] = oot A+ (2" —n) A] = A.
Consequently,
2k+1f S Z 2k+1 TL) f(A),

and so f(A) < L ZFl f(xj), namely the inequality is true for n. O

Remark. From the above two examples, we may find that the key to an
effective proof via reverse induction is the possibility of controlling the
natural numbers n in a range. Then we have an inequality relation to use
in the proof (for example the formula (29.8) in Example 4). At the same
time the inequality is true for some particular n. Combining the two points
will make the transition convenient.

In the following, we look at some examples with several natural number
parameters. When solving such problems, one should pay an attention to
choosing right objects for induction. When making induction to several
parameters, first choose the easiest to deal with.
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Example 6. Let m,n € N,. Prove: For positive real numbers z;, 2,
vy xp and Y1,Y2, .-, Yn, if T; +y; =1 withi=1,2,...,n, then

(I—mmyzp)” + (1 —y") (1—p5") - (I —y) 2 1. (29.9)
Analysis. There are two positive integer parameters m and n. First deter-
mine the object of induction. Note that choosing n as the induction object

makes the transition easier, because the second additive term on the left
hand side of (29.9) is easier to deal with during the induction transition.

Proof. Do the induction on n. When n = 1, the condition implies that
Q—z)"+ A=y ="+ (1 -uy") =1,

so (29.9) is valid for n = 1.
Suppose that (29.9) is true for n — 1 (n > 2). Consider the case of n.
First

(I—zwon)™ + (L =)L —92") - (1= yy")
1=z wna (1= yn)]" + (A —y") - (1= yy)
> (1 —T1To Tp—1 F T1T2 T 1Yn)

1= (1 —z1@2 201)" (1 = yp").

Ifweleta = 1—x122 - x,—1 and b = y,, then from the above inequality
we know that, in order to prove (29.9) for n, it is enough to show that
(a4+b—ab)™+ (1 —a™)(1 —0b"™) > 1 is satisfied for any a,b € (0,1). In
other words,

(a+b—ab)™ >a™+0" —a™b™. (29.10)

Now, we prove (29.10) via mathematical induction on m.
Clearly, the inequality (29.10) is valid for m» = 1. Now, assume that
(29.10) is true for m — 1 (m > 2). Then

(a+b—ab)™ —a™ =" 4+ amd™
> (@™ P+ —a™ ™ Y (a + b — ab) — a™ — b + a™b™
=2a™D™ + ab™ t + ba™t — @™y — ™™ — 0™ — ab™
=™ —bv™)(a—a™)+ (@™t —a™)(b—b"),

and with the fact that a,b € (0,1), we know the truth of (29.10) for m.
In summary, the formula (29.9) is satisfied. O
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Remark. This problem can also be dealt with via the method of “double
induction,” which may make the whole process more concise.

Example 7. Let nonnegative numbers a1, as, ..., asgos satisfy:
a; + a; Sai+j Sai—i—aj—i—l

for all 1 < 4,5 < 2006 such that ¢ + j < 2006. Prove: There exists z € R
such that a, = [nz] for any n € {1,2,...,2006}.

Proof. First, we analyze the properties of [nz]. Note that nz — 1 < a,, =
[na] < nw, sox € [%, wtl) Tet [, = [2 2tl)

n’ n’ n

Then we only need to show that Iy N Io N --- N Iyppe is not an

empty set. But this can be realized by proving that maxj<,<2006 %" <
: an+1 o
ming <, <2006 —%5,— -
Consequently, it is enough to show that for any m,n € {1,2,...,2006},

it is true that %= < 2=t pamely

man, < n(am + 1). (29.11)

We use induction on m + n to prove the above inequality as follows.

When m 4+ n =2, we have m = n = 1, and (29.11) is true in this case.

Suppose that (29.11) is satisfied for all positive integers m and n such
that m +n < k. Then for m +n =k + 1, if m = n, then (29.11) is clearly
true; if m > n, then by the inductive hypothesis, we know that

(m —n)a, <n(am—n+1).

The condition a; + a; < a;4; implies that n(am—n + an) < na,y,, from
which ma, < n(am, + 1), namely (29.11) is true. On the other hand, if
m < n, then man—m < (0 —m)(a, + 1) by the inductive hypothesis.

The condition a;+; < a;+a;+ 1 ensures that ma, < m(am +an—m+1).
Therefore,

ma, < nlam, + 1),

which means that (29.11) is satisfied.
To summarize, the inequality (29.11) is true for any m,n €
{1,2,...,2006}. O

Remark. The given condition should be considered to determine the direc-
tion of induction. Otherwise it is hard to obtain useful results.
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Example 8. Suppose that there are 2n (n > 2) points in the space, in
which any four of them are not in the same plane. If there are n? + 1 line
segments connecting the points, prove: These line segments must constitute
two triangles with a common side.

Proof. We denote the proposition to be proved as P(n) and intend to
construct another proposition Q(n): Let there be 2n + 1 (n > 2) points in
the space, in which any four of them are not in the same plane. If there are
n? +n + 1 line segments connecting the points, then these line segments
must constitute two triangles with a common side.

We first show that P(2) is true. For four points in the space not in
the same plane with five line segments connecting them, the resulting fig-
ure must be a tetrahedron with one edge deleted. So, there must be two
triangles with a common side, namely P(2) is correct.

Suppose that P(k) is true. Consider 2k + 1 points that are connected
by k? + k + 1 line segments. Let A be a point with the least number of the
line segments connected to it (if there are more than one such points, just
pick any one among them). Then the number of the line segments from
the point A is less than or equal to k; otherwise, the number of the line
segments would be greater than or equal to

1 1
5(2k+1)(k+1):k2+k+§(k+1)>k2+k+1,

a contradiction. We remove the point A together with all the line segments
connected to it. Then there are 2k points with at least k? + 1 line seg-
ments left. By the hypothesis that P(k) is valid, we know that Q(k) is also
satisfied.

Suppose that Q(k) is true. Consider 2k + 2 points that are connected
by (k + 1)? + 1 line segments. Let A be a point with the least number of
the line segments connected to it. Then the number of the line segments
from the point A is less than or equal to k& + 1; otherwise, the number of
the line segments would be greater than or equal to

1
5(2k+2)(k+2):(k+1)2+k+1>(k+1)2+1,

a contradiction. Remove the point A together with all the line segments
connected to it. Then there are 2k + 1 points with at least

(k+1)2?+1—-(k+1) =k +k+1

line segments left. By the hypothesis that Q(k) is valid, we know that
P(k +1) is also satisfied.
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In summary, by the method of spiral induction, P(n) and Q(n) are both
satisfied for all positive integers n (n > 2). O

3. Exercises
Group A

1. Assume that a sequence {a,} satisfies a9 = a,a1 = b,as = ¢, and
Up = ap—1 — 3an—2 + 27a,_3 (n > 3). If there exists a positive integer
N’ such that a,, are integers for n > N’, prove: a,b, and c are rational
numbers.

2. Prove: There exist infinitely many n € N such that n | 2" + 2.

@

Prove: There exist infinitely many n € N such that n | 2™ + 1.

4. Suppose that a sequence {a,, } satisfies ag; = 31 and ag—1 = 31(I—1)+1
for [ € N1. Denote by S, the sum of the first n terms of the sequence.
Prove:

Soi_1 = %1(412 —3l4+1), So= %1(412 + 31+ 1).

5. Let f be a strictly increasing function defined on the set of all positive
integers and satisfy: (1) f(n) are all positive integers; (2) f(2) = 2;
(3) f(mn) = f(m)f(n) when m and n are relatively prime. Prove:
f(n) = n for all positive integers n.

6. For positive integers a and b such that a > b, let sinf =
0 € (0,%), and A, = (a® + b*)"sinnb. Prove: A, are integers for all
positive integers n.

7. Let m and n be arbitrary nonnegative integers. Prove:
integer.

2ab

2100 where

et 15 an

Group B

8. Let a sequence {ay,} satisfy: a; = 1 and

an —2, ifa, —2¢{a,as,...,a,}tand a, —2 >0,
pi1 =
i an + 3, if otherwise.

Prove: For any positive integer k > 1, there exists a positive integer n
such that a, = an_1 + 3 = k2.

9. Dye one of red, green, and blue colors to each vertex of a regular
n-polygon, such that any two nearby vertices have different colors and
every color appears at least once. Prove: It is possible to partition the



10.

11.

12.
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regular n-polygon into n — 2 triangles with some diagonals, so that the
three vertices of each triangle have different colors.

For any n € N, denote p(n) = k, where k is a nonnegative integer
satisfying 2¢ | n and 2*¥*! { n. Define a sequence {z,} as follows:
2o = 0 and %ﬂ =14 2p(n) — 2,1 for n = 1,2,.... Prove: Every
nonnegative rational number appears exactly once in the sequence.
Find all positive integers m and n such that the m x n-check chess plate
can be partitioned into “L”-shaped (union of three checks) dominoes
completely without repeat.

Suppose that a function f(m,n) satisfies

f(mvn) Sf(m,n—l)—i—f(m—l,n),

where m and n are positive integers and m,n > 2. If f(1,n) =
f(m,1) =1, prove: f(m,n) < Cr} ..
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Chapter 30

Proof by Contradiction

1. Key Points of Knowledge and Basic Methods

For some problems, a direct approach is relatively difficult, but using proof
by contradiction is much easier to do. This is because when using proof
by contradiction to show the proposition “if A then B,” one increases one
condition B artificially; here B represents the negation of condition B.
For a proposition with a conclusion of negative form, it is often proved
via using proof by contradiction. Those propositions with conclusions that
contain “at least” or “at most,” “unique,” “finite” or “infinite,” and so
on are also frequently proved with the approach of proof by contradiction.
Even some propositions, which state conclusions with positive sentences
at the first glance but essentially imply negative factors, may also be con-
sidered to use proof by contradiction for solutions; one example is that
“mutually prime” is the same as “no common factors greater than 1.

2. Illustrative Examples

Example 1. Does there exist a real valued function f(x) on R such that
for any positive integer n, there holds that

3f(—n*+3n+1)—2f(n)* =57

If it exists, find one f(z); if it does not exist, give a proof.

Solution. It does not exist. Here is a proof.
Suppose that it exists. Let n = 1. Then

3f(3) =2f(1)* + 5. (30.1)

381
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Let n = 3. Then
3f(1) =2f(3)% +5. (30.2)

Thus, f(1) > 2 and f(3) >
Subtractmg (30.1) from (

2)
3f(D) - fB)] = [()*f(l)r"]-
/3

gives that

If £(1) # £(3), then f(1)+ f(3) = —2, a contradiction.
If f(1) = f(3), then 3f(1) = 2f(1 ) +5 and now f(1) is not a real
number, also a contradiction. ]

Remark. The process of proving a proposition with the help of using proof
by contradiction is just “making a contradiction,” realizing the purpose of
the proof via “negation of negation.”

Example 2. Prove: It does not exist a positive integer k£ such that k + 4
and k2 + 5k + 2 are both cubic numbers.

Proof. Suppose that it does exist such a k, namely there are positive
integers m and n such that
k+4=m> and k*+5k+2=n’
Then
(mn)® = (k 4+ 4)(k* + 5k +2) = k> + 9k* + 22k + 8
is a cubic number. From
(k+2)° =k +6k> + 12k + 8
< k* 4 9k* 422k + 8
< k3 4+ 9K + 27k + 27 = (k + 3)3,

we see that (mn)? is strictly between the cubic numbers of two consecutive
positive integers, leading to a contradiction.
Therefore, such k£ does not exist. O

Example 3. If a diagonal of a hexagon divides the hexagon into two
quadrilaterals with inscribed circles, then the diagonal is called “good.”
How many good diagonals does a hexagon have at most?
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B C

a

Figure 30.1 Figure for Example 3.

Solution. We first show that among two intersecting diagonals of a
hexagon, there is at most one is good.

Suppose that two diagonals are both good. Without loss of general-
ity, let AD and BE be the good diagonals of the hexagon ABCDEF
(see Figure 30.1). Then the quadrilaterals ABC'D and BCDE both have
inscribed circles.

Thus, the sums of the opposite sides of the two quadrilaterals are equal,
respectively. In other words,

|AB| + |CD| = |BC| + |AD|,
|BC|+ |DE| = |BE| + |CD|.
Adding up the two equalities gives
|AB|+ |DE| = |AD| + |BE|. (30.3)
Let M be the intersection point of AD and BE. Then from the triangle
inequality,
|AD| + |BE| = (|JAM| + M D|) + (|[BM| + |[M E|)
= (IAM| +|BM]) + (|[DM| + [EM])
> |AB|+ |DE|,
which contradicts the formula (30.3).

If a diagonal of a hexagon divides it into two quadrilaterals, then the
end points of the diagonal are two opposite vertices of the hexagon. This
diagonal is called a principal diagonal. Since any two principal diagonals
intersect, so there are at most one good diagonal for a hexagon.

Next, there are many ways to construct a hexagon with a good diag-

onal. For example, as in Figure 30.2, first draw a circle, and then draw a
quadrilateral ABCD such that it makes the circle the inscribed one with
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Figure 30.2 Figure for Example 3.

AD || BC and |AD| > |BC|. The symmetric points of B and C with
respect to AD are F and E, respectively. Then AD is a good diagonal of
the hexagon ABCDEF. O

Remark. A hexagon has only three principal diagonals. The situation
that there is one good diagonal is obvious. The important thing that we
wanted to discuss is of course “whether there exist two good diagonals.” It
was not difficult to obtain the equality (30.3). With Figure 30.1 at hand,
the intuition told us that this equality seems not true. That is the origin
of the contradiction!

Example 4. A sequence {p,} is defined as follows: p; = 2 and p,, is
the maximal prime factor of 1 + pipa---pn—1 (n > 1). Question: Does
11 appear in this sequence?

Solution. If there exists n € N such that p, = 11, then from p; = 2,ps =
3, and p3 = 7, we know that n > 4. And furthermore, 1+p1ps---pn_1,2,3,
and 7 are mutually prime, and the maximal prime factor of 1+pips - pp—1
is 11. It follows that 1 + pips - - - pn_1 must be of the form

L+ pip2- poo1 =5%11% a>0,8>1, a, €N. (30.4)

Taking the module 4 operation to the both sides of (30.4) gives that
—1=(~1)# (mod 4), so 3 is an odd number; taking the module 3 operation
to the both sides of (30.4) ensures that 1 = (—1)**? (mod 3), and thus a
is odd since (3 is odd.
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Using the above conclusion and taking the module 7 operation to the
both sides of (30.4), we have that

1= (—2)2%% = —29%28 (mod 7).

This requires that 2°72% = 6 (mod 7), but for any n € N, clearly 2" =
1,2, or 4 (mod 7), which is a contradiction.

Hence, the equality (30.4) cannot be satisfied , that is, 11 does not
appear in the sequence {p,}. O

Remark. When treating number theory problems using modular opera-
tions, sometimes we need to choose different modules to deduce the desired
result by combining them together for the consideration. However, there is
no unified method for choosing modules, so it is often done by experience
and inspiration.

Example 5. Prove: The number 7 cannot be written as the sum of the
squares of three rational numbers.

Proof. Suppose that one can find three rational numbers x,y, and z such
that

7=a?4y? + 22

Viewing z,y, and z as fractions, and getting rid of their denominators,
we obtain a similar equality

™m? =a® +b* + 2, (30.5)

where n, a, b, ¢, and d are all nonnegative integers, not all of which are 0.

If n is an even number, then there are no odd numbers among a, b, and
¢, or there are two odd numbers among them. If there are exactly two odd
numbers, then the sum of their squares has remainder 2 when divided by 4,
while 7n? has remainder 0 when divided by 4, a contradiction. Therefore,
a, b, and c are all even numbers. Then dividing the both sides of the equality
(30.5) by 4 gives

2 2 2 2
™y =aj+ b7 +cq,

where 0 < a1 +b1 +c1 <a+b+c.
If ny is an even number, then one can repeat the previous step. But
this situation can happen only finitely many times.
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If n is an odd number, say n = 2k + 1, then
? =7 -4k(k+1)=8M +7

for some positive integer M. Note that the remainder of a perfect square
divided by 8 is 0, 1, or 4, a contradiction.

Thus, the equality (30.5) is impossible. This shows that 7 cannot be
written as the sum of the squares of three rational numbers. 0

Remark. Here, we used the infinite descending method. When dealing
with problems of no solutions to indefinite equations, it is often to use the
combination of proof by contradiction and the infinite descending method.

Example 6. Suppose that ay,as,...,a, (m > 2) are all nonzero numbers,
and for any integer k with k =0,1,2,...,n (n <m — 1),

a1+2ka2+~'+mkam:0.

Show that in the sequence aq, as, ..., a,, there exist at least n + 1 pairs of
adjacent numbers with opposite signs.

Proof. Without loss of generality, assume that a,, > 0; otherwise we may

multiply —1 to every number of ai,as,...,an,. Let
n
bi:ZCjiJ, iil,...,m,
j=0

where c¢g, c1, ..., c, are arbitrary real numbers. By the known condition,

m m n n m

Z aibi = a; Cji] = Z Cj Z aiij =0. (306)

i=1 i=1  j=0 j=0 i=1

Assume that there are k pairs of adjacent numbers with opposite signs in
the sequence a1, as, ..., am. Let i1,00,... 0k (1 <ip <idg < -+ < i <m)
denote the subscripts of the first element in these number pairs.

If £ < n+ 1, then we choose

bi = f(i) = (i —x1)(i — x2) - (i — ),

where z; =iy + § for [ = 1,2,...,k, and the function f(z) = (z — z1)(z —

x9) - (x — xp).
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The function f(z) changes sign at 2 if and only if z is one of
r1,%s,...,T5. By noting that

T, = il + 57
we have

bibi1 <0 & i=y4q, [=1,2,... k.

Thus, the subscripts of the number pairs with changing sign in the

sequences ai, g, ..., 0, and by, bs, ..., b, are the same.
Also, since a,, > 0 and b,, > 0, so a; and b; have the same sign for
i=1,2,...,m, from which a;b; > 0. Therefore,
> aibi > 0. (30.7)
i=1

The two formulas (30.6) and (30.7) are contradictory, hence k > n + 1.
O

Example 7. There are 2n points on a circle, which divide the circle into
2n equal parts. There are n+ 1 intervals of respective lengths 1,2,... , n+1
that are placed on the circle. Suppose that the end points of such intervals
are just the 2n points mentioned above. Prove: There must exist an interval
that is in the interior of another interval completely.

Proof. Consider the interval of length 1. If it is already inside another
interval, the proof is completed.

Next, we assume that there does not exist an interval containing this
interval of length 1. Then we remove this interval and straighten the orig-
inal circle into a line segment, thus the original proposition becomes: The
n intervals

Iy = laz,ba), ..., Iny1 = [Gnt1, bny1)

with end points integers are subintervals of [0,2n — 1]. Suppose that the
length of the interval I; is j. Show that there exists ¢ # j such that
I; C Ij.

We use proof by contradiction to do it.
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If there does not exist a pair of intervals with the inclusion relation,
then we define a function

f:4{2,3,...,n} — {0,1,....2n— 1} — {ant1,an+1 +1,. .., bpy1},

. aj, a; < ap41,
f() —{

bja Qj > Ap41-

For any j (2 < j < n), since there are no intervals inside I,,, if a; > a1,
then b,,11 < bj, hence the function f is well defined.

If f(i) = f(j) for ¢ < j, then I, and I; have the same end points. So,
I; C I;, a contradiction.

Therefore, f is injective.

Note that the number of elements in the set

{0,1,...,277,— 1} - {an+1,an+1 + 1,...,bn+1}

is2n—(n+2)=n-2.
It follows that there does not exist an injective function satisfying the
requirement, which contradicts the hypothesis. O

Example 8. We are given an integral point triangle in a rectangular coor-
dinates plane. Suppose that the length of one side of the integral point
triangle is v/n, where n has no square factors. Prove: The ratio of the
radii of the circumcircle and the incircle of this triangle is an irrational
number.

Proof. We use proof by contradiction to prove it. Suppose that % =gqis
a rational number, where R and r are the radii of the circumcircle and the
incircle of the integral point AABC, respectively.

Without loss of generality, we may assume that |BC| = n, and the
coordinates of B,C, and A are (0,0), (z,y), and (z,t), respectively. Here,
2,9y, z,t € Z. Let the lengths of the three sides of AABC be /u,+/v, and
Vw. Here, u,v,w € Ny, and n = u =22 + 4%, v = (v — 2)? + (y — t)?, and
w = 22 + t2. Since

R _abca+b+c _abcla+b+c)

1= 745 29 8S ’

where S is the area of AABC, we see that S is a rational number. Thus,

Vuow(vu + o + Vw) = 85% (30.8)
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is a rational number. By (30.8) we know that

uv/ow + vv/uw = 85%q — wy/uv.

Squaring the both sides of the above equality ensures that y/uv is a rational
number, so uv is a perfect square. By the same token, vw and wu are perfect
squares. We write

u = alag, V= blbg, w = clcg,

where a1, b1, and ¢; are numbers without square factors, and as, bs, co €
N . Since uv is a perfect square, we know that a1b1 is a perfect square. But
since a1 and b; are numbers without square factors, so the only possibility
is that a; = by. Similarly, we can show that b; = ¢;. Hence, a1 = by = ¢;1.
Now, we may write

u=ma3, v=mbi: w=mc3

Note that v = n and n is a number without square factors, from which
as = 1 and m = n. Consequently,

22 +y2 =m,

22 + 12 = nb3,

(2 — 2%+ (y— )% = nc3.
Using a +b > cand a + ¢ > b for AABC, we obtain 1 4+ by > ¢y and
1+ ¢o > by. This requires by = co. It follows that

n=x?+y*=2(zz +yt).
Denote k = 2(zz — yt). Then
n? +k? = 4(2* + y*) (22 + %) = 4n°b3.

So, k? = n?(4b3—1), which means that 4b3—1 is a perfect square. This con-
tradicts the fact that a square number £ —1 (mod 4). Hence, the original
proposition is true. O

Remark. The definition of the so-called “a number without square factors”
is: If for any @ € N, the property 22 | n is not satisfied, then n is called
a number without square factors.
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Exercises

. Let m € N be such that m > 2. Prove: There does not exist n € N

such that 2™ — 1| 2™ + 1.

. Given an integer n > 1, if any two numbers of 1!, 2!, ... n! have different

remainders when divided by n, prove: n is a prime number.

. Suppose that there are 12 numbers ay, as, ..., a2 satisfying:

as(ar —as +as) <0,
a3(a2 —as + a4) <0,

ai1(arp — a11 + as2) < 0.

Prove: One can find at least three positive numbers and three negative
numbers among them.

Given 2n real numbers aq,as9,...,a, and by, b, ..., b,, prove: There
exists an integer k (1 < k < n) such that

n n
> lai —axl <> b — k.
=1 =1

. Find the minimal prime number p (>3) such that there do not exist

nonnegative integers a and b satisfying

’3“ — 2b| =p.

. Let four mutually different real numbers z1, x2, x3, and x4 satisfy the

inequality

1 1 1 1
($1+1172+1173+174) —+ — 4+ —+— | <17

xr1 o T3 Ty
Prove: Choosing any three numbers from x1, x2, x3, and x4 as the side
lengths can construct four different triangles.
A scoring rule of a round competition of 10 participants is: No ties,
1 point for the winner, and 0 point for the loser. Prove: The square
sum of the scores of all participants does not exceed 285.

. There are n points in a plane such that any straight line passing through

any two of these points must pass through a third one. Prove: Such n
points must be on the same straight line.

. There are 20 members in a tennis club of some region who will have

14 competitions of singles with a rule that everyone must compete
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at least once. Prove: There must be 6 singles with the 12 players all
different people.

Suppose that a quadratic equation ax? 4 bz 4+ ¢ = 0 of positive coeffi-
cients has real roots. Prove:

1
min{a,b,c} < Z(a +b+c).
Define a function f: (0,1) — (0,1) by

1
r+ =, <=
2 2
flx) =
9 1
zx-, IZ_
2

)

Let real numbers a and b satisfy 0 < a < b < 1, and define sequences
{an} and {b,} by ap = a and by = b, and a,, = f(an—1) and b, =
f(by—1) for any n > 1. Prove: There exists a positive integer n such
that

(an — an,l)(bn — bnfl) < 0.

Let ay, a9, ..., a, be real numbers satisfying a1 + as + -+ + a, = % +
é+~~+a%. Prove:

1 1 1
n—1+a; n—1+as n—1+a,
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Chapter 31

Construction Method

1. Key Points of Knowledge and Basic Methods

Geometric intuition helps us think about problems. If we can dig out the
geometric meaning of the elements and relations in some algebraic problems
and draw appropriate figures, we are able to achieve the goal of simplifying
complexity and making difficulty easy via combinations of numbers and
figures.

Construction is not restricted to geometric figures. Many mathematical
problems can be solved by constructing and introducing proper mathemat-
ical models according to the characteristic of the problem, for example, via
constructing functions, sequences, sets, drawers, special examples, counter
examples, and etc.

2. Illustrative Examples

Example 1. Prove: For any positive integer n, there exist n consecutive
positive integers that are not powers of prime numbers.

Analysis. This is a problem about existence. We can consider to solve it
by the form of constructing a true example.

Proof. Let a = (n + 1)!. We show that all the following n consecutive
positive integers

a®>+2,a>+3, ..., a* +(n+1)

are not powers of prime numbers.

393
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First, a*> + k (k = 2,3,...,n + 1) are not prime numbers because
k|a*+k.

Second, if a® + k = p”, where p is a prime number and r € N, then
p | k (since if k is not divisible by p, then a? + k has a prime factor that
is different from p, a contradiction). In addition, k cannot have another
prime factor besides p (if ¢ # p is a prime factor of k, then ¢ | a® + k, and
so q | p", a contradiction). Hence, there exists j € N such that k = p/,
from which p/ | a? + k.

But on the other hand, p’*!  k and p’*! { @?. This indicates that
a?+k =p’ (since p’ 71 t a2 + k). As a result, it must be that a? = 0, which
leads to a contradiction. This means that a® 4+ k = p” cannot be satisfied.

Thus, a? + k with k =2,3,...,n + 1 are not powers of prime numbers.

O

Example 2. For each given positive odd number n, prove: There exists a
sequence aj, asg, . . ., azo17 of 2017 terms of positive integers satisfying a; = 1
and asp17 = n, and from the second term on, every term ay is either equal
to the sum of some previous term and a nonnegative integer power of 2,
or is the minimal positive remainder of b (mod ¢), where b and ¢ are two
previous terms.

Proof. We use the construction method to prove it.
If the given positive odd number n = 1, then we may choose the sequence
1,2,1,...,1,1, where
as = ay + 20 = 2,
as = 1= aq (mod CLQ),
ar =1 =a; (mod az) (k > 2).

Next, we consider the case n > 1.
Let x =2' > n (t € Z;). Choose

a=1,a=14+2=a +2°,
a3 =142z =a; + 211,

ay = x = ag (mod ag),

as = (x +1)% = a3 + 22,
ag=1+2" =a; + 2",

a7 =n(z + 1) = ag (mod as).
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(Here, we should note that if we let = + 1 = m, then

as :mQ,

ag=z"+1l=(m-1"+1
=(-D)"tam+ (-1)"+1
= nm (mod m?),

that is ag = (mod as).)
When k > 7, choose ar, = n = a7 (mod ay). O

Remark. Here, the proof of the existence was done via the construction
of an example.

Example 3. Let a,b, and ¢ be positive numbers and abc = 1. Prove:

) sl

Analysis. The given condition can transform the inequality to be proved
to the following one:

(a—1+ac)(a+1—ac)(lac+1—a)<a-ac-1. (31.1)

The inequality (31.1) is symmetric with respect to rotations of a, ¢, and
1, so without loss of generality, assume that a > ac and a > 1.

If a > ac + 1, then it is easy to see that the left hand side of (31.1) is
less than or equal to 0, so (31.1) is obviously satisfied.

If a < ac+1, then the expressions inside the three pairs of parentheses on
the left hand side of (31.1) are all positive, so we may consider constructing
a suitable figure to assist in the proof with the help of geometric intuition.

Proof. Asin Figure 31.1, let ZC' = 90° and C'D be the median line of the
side AB in AABC.

C A

Figure 31.1 Figure for Example 3.
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Assign |BC| = va—1+ac and |AC| = v/a+1—ac. Then |AB| =
V2a and |CD| = £V/2a.

From the area formula, we have 3|AC||BC| < 3|AB||CD|, and the
equality is valid if and only if |AC| = |BC/|. It follows that

Vi(a+1—ac)(a—1+ac) < %\/ﬁ\/%:a.

Similarly,

Ve+1—ac)ac+1—a) < %\/5\/5:1,

Vie+1—-a)(a—1+ac) < %@\/ﬁ:ac.

Multiplying the above three inequalities gives that

V(e —14ac)2(a+1—ac)(ac+1—a)? < d’c,
in other words,
(a —1+ac)(a+1—ac)ac+1—a) < d’c,

which can be rewritten as

1 1 1
—14+-)(b—14=)(c—1+-) <1
(1) (o) (o) = .

Example 4. Do there exist five consecutive positive integers such that
their product is a perfect square?

Solution. There do not exist five consecutive positive integers satisfying
the given property.

In fact, assume that 1 xsx3xs2s = y2, where 21, T2, 3, x4, and 5 are
consecutive positive integers and y € Ny. Let p > 5 be a prime number and
p | y. Then there is only one number among x1, 22, 3, 24, and x5 that is a
multiple of p. Thus, the power index of p in the prime factor decomposition
of this positive integer is an even number.

In the following, we consider the power indices of 2 and 3 in 1, x2, 3, x4,
and x5. There are four cases according to the odd-even combinations.

(1) Both power indices of 2 and 3 are even (then from the previous discus-
sion, this number is a perfect square);
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(2) the power index of 2 is even while the power index of 3 is odd (then 3
times this number is a perfect square);

(3) the power index of 2 is odd while the power index of 3 is even (then 2
times this number is a perfect square);

(4) both power indices of 2 and 3 are odd (then six times this number is a
perfect square).

By the drawer principle, there must be two numbers among
T1,%2,23, 24, and x5 that belong to the same case, say that z,, and z,
belong to the same case. Then they must both be the numbers of the
first case (since the difference of x,, and z,, does not exceed 4), and can
only be (Zm,x,) = (1,4), so such numbers 1,2, 3, 24, and x5 can only
be 1,2,3,4, and 5. But then their product is 120, which is not a perfect
square. This gives a contradiction.

As a consequence, there are no five consecutive positive integers satis-
fying the property. (]

Remark. This is an example of constructing a drawer. How to construct
a drawer is the key for applying the drawer principle. It is also easy to show
that when k € {2,3,4}, there do not exist k consecutive positive integers
such that their product is a perfect square.

Example 5. Suppose that ©; > x9 > x3 > x4 > 2 and x9 + x3 + x4 > T71.
Prove:

(z1 4+ 2o + 23 + 24)* < dw1297324.
Proof. Denote a = x9+x3+x4 and b = xox3x4. Then the original inequal-
ity is (z1 + a)? < 4x1b, that is
23 +2(a—2b)x; +a* <0.

Let f(z) = 22 + 2(a — 2b)x + a?, so we need to show that f(z1) < 0.
Since the discriminant A = 4(a — 2b)? — 4a? = 16b(b — a), and

a  Tot+w3t+T4 1 1 1
E n LoX3T4 B T34 Loy T2X3
<l+l+l:§<1
-4 4 4 4 ’

so b > a, from which A > 0. Thus, the graph of f(z) has two distinct
intersection points with the z-axis. The two intersection points are easily
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found to be

u=2b—a—2y/b(b—a), v=2b—a+2+/bb—a).
We prove below that z1 € [u,v]. The inequalities a < 3z < 3a imply

that z; € [%, a], so it is sufficient to show that [%, a] C [u,v], namely u < §
and a < v. Since

v=2b—a+2blb—a)>2b—a>a.
u=2b—a—2/bb—a)=(vVb— b

() o/ (e P)
o/ (V5+5)

it follows that x1 € [u,v], which implies that f(z1) <0. O

IN

Remark. By constructing a quadratic function and then using properties
of quadratic functions to prove some inequalities, one can simplify the given
problem.

Example 6. Suppose that every vertex of a regular pentagon corresponds
to an integer in such a way that the sum of the five integers is positive.
If the integers corresponding to three adjacent vertices among them are
x,y, and z with the middle y < 0, then do the following adjustment: the
integers x,y, and z will be changed to x + y, —y, and y + z, respectively.
If there is still one negative number among the resulting five integers, then
continue this transformation. Question: Can such transformations be ter-
minated necessarily after finitely many times?

Solution. The answer to the question is positive, in other words, such
transformations must be terminated after finitely many steps.

For the sake of convenience, we write the five integers, which are
arranged with a circular shape like the vertices of the regular pentagon, as

v, w, T, Y, 2,
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where the numbers v and z are adjacent in the circular arrangement.
According to the condition of the problem,

v+w+ax+y+z>0.

Without loss of generality, assume that y < 0. The circular sequence
after the transformation becomes

v, w, :E+y7 -Y, yJFZ
Construct the function

f($1,$2,$3,$64,$5) = .T% + !E% + !E% + !Ei + !E% + ({B1 + .%'2)2
+ (z2 + 173)2 + (a3 + 174)2
+ (24 + 175)2 + (x5 + 171)2.

Then the difference of the function values after the transformation is

fo,w,z +y,—y,y+2) — flv,w,2,y,2)
= [+’ + @+’ + () + W+ + v+ w)’
+(w+az+y)’+2®+22+ (y+z+0)°] - ¥+
+22 P+ 22 (v w)? + (wtx)? 4 (o +y)?
+(y+2)%(z +v)?]
=2yv+wt+ax+y+2z) <O0.

Since the function value of f is a nonnegative integer when the inde-
pendent variables take integer values, so

f(ana$+y»_y»y+Z) Sf(vawawayvz)_l'

In other words, every time after a transformation, the value of f is decreased
at least by 1, Therefore, after finitely many times of transformations, no
more transformations will be needed. O

Remark. The current problem is a test problem of the 27th International
Mathematics Olympiad, and was the one with the lowest score obtained
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by the participants. But the American participant Joseph Kerry received
a Special Prize. The preliminary function that he constructed is

5 5
fl@y, @, 5, m0,5) = Y || + Y i + wip
i=1 =1

5
+ g |z + i1 + Tigol
i=1
5
+ E |Ti + @it1 + Tit2 + Titsl,
i=1

where z¢ = x1,27 = 12, and rg = x3.
The interested reader can verify the effectiveness of the function for
solving this problem.

Example 7. Let S = {1,2,...,2000}. Prove: It must be possible to dye
all the numbers of S with four different colors, such that any seven numbers
that constitute an arithmetic sequence have different colors.

Proof. Since 2000 < 6 - 73 = 2058, so each number of 1,2,...,2000 can
always be represented by a four-digit number (dcba)7 (allowing generalized
four-digit numbers with first digit 0) in the hepta-number system (namely
with only 0,1,2,3,4,5, and 6 as digits of numbers). Construct the set

A;={z e S|x=(dcba)7,a #i,b#i,c#i},

where ¢ = 1,2,3, and 4. We show below that there do not exist seven
numbers in A; (1 < i < 4) that form an arithmetic sequence. For this
purpose, we first show that any seven numbers in the set

A={x eS|z = (dcba)r,a #0,b#0,c# 0}

cannot constitute an arithmetic sequence.

If otherwise, let 21,22, ..., 27 be seven numbers in A that can form an
arithmetic sequence. Assume that its common difference is ¢ > 0. Since the
last digits of these seven numbers are not 0, so none of them can be divided
by 7 (since each number is represented in the hepta-number system). Thus,
there exist 4,5 € {1,2,...,7} with ¢ < j such that 7 | z; — x;, namely
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7| (j —i)t. This means that 7 |¢. Let t = 7k, and let
T = d173 + 0172 + b17 “+ aq.

Then z; = d17% + 17> + b1 7T+ a1 + 7(i — 1)k for i = 2,3,...,7.

If 7 <t <49, then (7,k) = 1, so the remainders of k, 2k, ..., 6k divided
by 7 are one of 1,2,...,6, respectively. Thus, there exists n € {1,2,...,6}
such that

7| by +nk.

This indicates that the second digit from the right to the left of the repre-

sentation of x,41 in the system is 0, which contradicts the fact z,+1 ¢ A.
If 49 <t < 343, then the same argument can show that there exists

ZTp1 with O as its third digit from the right to the left, a contradiction.

If t > 343, then z7 > 6 - 343 > 2000, also a contradiction.

This has shown that any seven numbers in A cannot constitute an arith-
metic sequence. In order to show that any seven numbers in A4; (1 <14 < 4)
cannot constitute an arithmetic sequence, it is enough to note that when
{z1,29,..., 27} C A;, if we let

Yy =x; + 7 — (TP +Ti+14), j=1,2,...,7,

then y; € Afor j =1,2,...,7, so it is reduced to the case with A.

Lastly, we show that 43 U Ao U A3 U Ay = S.

Clearly, A; U Ay U A3 U Ay C S. On the other hand, if x € S but
x & Ay U Ay U A3 U Ay, then the last three digits of the representation of x
in the hepta-number system must be 1,2, 3, and 4 at the same time, which
is impossible.

Hence, we may dye the numbers in Aj, As, A3, Ay with one of the
four different colors respectively, satisfying the prescribed property of the
problem. O

Example 8. Let p be an odd prime number, and a1, ay, ...a,—2 be pos-
itive integers (may be equal) such that p { ay and p { af — 1 for any
ke {1,2,...,p—2}. Prove: It is possible to choose several numbers from
a1, az, ... ap—2 such that their product has a remainder 2 when divided by p.

Proof. We first construct p — 2 sequences:

{bk,i}éc:l (k = 2’37---,]9_ 1)
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These p — 2 sequences satisfy:

(1) for all 1 < i <k, the term by ; equals either 1 or the product of some
numbers in a1, as,...a5_1;
(2) forall 1 <i < j <k, it is always true that by ; # by ; (mod p).

Clearly, when k = 2, the group of numbers b1 = 1 and by2 = a1
satisfies the above conditions.

Suppose that for some k > 2, the sequence {by;}¥_, satisfies the above
two conditions.

Since p 1 ay, so for any 1 < i < j < k, there holds that
akbkﬂ- ‘;’L akbk,j (mod p).

Also from p{ af — 1, we have that

k k k
H akbk,i = aﬁ H bk,i 5_6 H bk,i (mod p).
i=1 i=1 i=1

Hence, the sets {by; (mod p)}¥_, and {apbr; (mod p)}r_, are dif-
ferent, so there must exist some ig (1 < ig < k) such that apbr;, ¢
{bri (mod p)}i;.

Let bk+1,i = bkﬂ' (Z = ]., 2, ceey k) and bk+1,k+1 = akbk,io.

Then the sequence {bk+1,i}fill satisfies the above two conditions.

It is easy to see from the above construction that

{bp—Li (mod p)}€;11 ={L,2,...,p—1}.

It follows that there exists some b,_1 ; such that its remainder is 2 when
divided by p, and it is also the product of some numbers in a1, as, ... ap—2.

O
3. Exercises
Group A
I. Filling Problems
b(b—1)

1. Assume that a,b, and c constitute a geometric sequence, and a, =5—,
and ¢ constitute an arithmetic sequence. When 1 < a < 3 < ¢ < 7, the

range of the values for ¢ is
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2. Suppose that positive real numbers z,y, and z satisfy

2
2, Y

a—|
a:+3 s

2

%+yz+22:4,

224+ 22+ az =4.

Then 2zy + yz + 3xz = .
3. If a function is f(z,y) = /22 +y2 — 6y + 9 + VaZ+y? + 232+ 3 +
Va2 +y2—2V3x+3, then the minimum value of f(z,y) is

II. Calculation Problems

4. Prove: There are infinitely many triples (a, b, ¢) of positive integers such
that a? + b2,b% + 2, and ¢® + a? are all perfect squares.

5. Does there exist a quadratic polynomial P(z,y) of two variables such
that for each nonnegative integer n, there is one and only one pair (k, m)
of nonnegative integers satisfying P(k,m) = n?

6. Let S = {1,2,...,280}. Find the minimal positive integer n such that
every subset of S with n elements contains five mutually prime numbers.

Group B
7. Let n € Ny and z € R. Prove:

(2] + [m+%] - [m+%] ot [x+n;1} = [na].

8. A sequence {a,} is defined as follows: a, = [v2n] for n = 0,1,2,....
Prove: The sequence contains infinitely many perfect squares.
9. Let x1, 22, 73,Y1,Y2,ys € R satisfy 2 + 23 + 23 < 1. Prove:

(z1y1 + 22y2 + w3ys — 1)* > (2] + 23 + 23 — 1)(yf +v3 + 93 — 1).

10. Let @ and b be given positive integers such that (a,b) = 1. Prove: In
the arithmetic sequence {an + b}, there is an infinite subsequence such
that its any two numbers are mutually prime.

11. Let a1, as,...,a100,b1,b2,...,b100 be different real numbers. Fill them
into a 100-100-check table according to the following rule: The number
a; + b; is placed in the check of row 7 and column j. If the product of
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12.
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the numbers in every column is always equal to 1, prove: The product
of the numbers in every row is always equal to —1,

Let A C N be an infinite set, in which each number a is the product of
at most 1990 prime numbers. Prove: There must be an infinite subset
B of A such that the greatest common factors of any two different
numbers in B are the same.
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Solutions for Chapter 1

Maximum and Minimum
Values

2 2
NE Nl _ VT Nl
1. V2. By(\/m) +(\/m> 71,weget\/m+\/m§\/§and

the equality holds when z = y.
2. 2. Itis from

(@ +y)(z+2)=yz+a(@+y+z)
> 2/ yze(x +y+2) =2.

3. 2. Wehavethat( Do+ =ab+5+¢+2>ab+ L +2=
5 15 __ 25
ab+16ab+16ab+2—2+4(a+b)2 =

4. % It is easy to see that ¢(1 —t) < i for any real number ¢, and the
equality is true if and only ift =1 Now, M =xz(l—x)+2y(l —y) +
3z(1—-2) < 1 7+2- 4 +3- Z = %, and the equality holds if and only if
1

2

w—y—z——andw——

5. 8. Fromaz+y+z=>5weget (z+y)? = (5—2)?% and from

2y +yz+ zx = 3, we have xy = 3 — z(5 — 2z). Consequently,
(r—y)?=(z+y)” —dey=(5-2)2 =43 - 2(5 - 2)]
= (13-32)(1+2) > 0.

W=

Solving the above gives —1 < z < %, and z = % when x =y =
6. 94 3v15. Since

(z +y)? (\/y+ +Vzr + ) < 18[(y +2) + (z + 1)],

407
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we obtain (z +y)? — 18(z +y) — 54 < 0, from which z +y < 9 + 31/15,
and the equality holds if and only if o =5 + 315 and y = 4 + 315,
0. It is easy to see that 0 < a,b,c < 1 and a+b+c=1
Now, (f+43:+1) (a+b+c)( +3+21) > 9 (the equal-
ity holds when a = b = % namely 9abc < ab + be +
ca = L(a+b+c)?— (a +b2+c T1-(@+v¥+c?)]. In
other words,

),
)| =

a® + b 4+ 2 + 18abe < 1.

. Consider the three inequalities: (i) = > S; (i) y + 1 > S; (iii) % > 5.

They are all satisfied and at least one equality is valid, too. Our purpose
is to find the maximum value of S satisfying all the above conditions.
Since z,y € Ry, 805 > 0. By (iii), y < % Also (i) implies that % < %,
and (ii) ensures that

In other words, S% <2, s0 S < v/2.
On the other hand, when z = /2 and y = @, we have S = V2.
Therefore, Spax = V2.

. Since a = 1 + 29 + 23 > 3YT1T223 = 3/a, so a > 3v/3. From

3(z1w9 + Tow3 + x371) < (21 + T2 + 23)%,
we have 3b < a. Hence,

a®>+6b+1 a?+2a+1 1
p= 2 < 2 =1+-
a4+ a a“ +a a

1 9 3
<1+—— + V3

33 9

and the equality is satisfied when x1 = x5 = 3 = \/5, namely a = 3v3
and b = /3. Hence,

943

Pmax = 9
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10. We calculate

e -2ty o) + (e — )
Q= @)1 o))

_ @) -ty —2)?

e s (1.1)
=)= 4 e

_ P et (1.2)
-2 - @ty -y’ (1.3)

(x+y)(y+2)(z+2)

In the three numbers z,y, and z, if x is the maximum, then Q < R by
(1.1); if y is the maximum, then @ < R by (1.2); if z is the maximum,
then @ < R by (1.3). Hence, @ < R for any z,y,z € Ry. If we
interchange = and z, then @) becomes P while R does not change, so
P < R. Thus, f(z,y,2) = max{P,Q, R} = R. Now,

2z 2x 2y
+ +
r+y yYy+z z+x

Z4+xrx xT+y y+=z Z+y r+z yY+x
= + + + + + -3
r+y Yy+z z+<x r+y yYy+z z+x

2R =

Zgi/z—i—x.;v—i—y.y—i—z 3€/z+y.x+z.y+x_3:3’

r+y y+z z+=x r+y y+z z+x

where the equality holds if and only if z =y = z. So, f(,¥, 2)min = 3.

11. For k =1,2,...,1990, we have

1 1
Yk — Y1 = E($1+$2+"'+$k)*m($1+$2+"'+$k+1)

(w1 + 22+ + 28 — kTpy1)

' k(k +1)

1
< qul — xo| + 2|xg — x3| + - + klrg — Tg1])-



410 Problems and Solutions in Mathematical Olympiad: High School 2

Thus,

ly1 — y2| + |y2 — y3| + - - + Y1990 — Y1901

<| [ —
ST T e 1990 - 1991
+2] [
x 71:’ —_— “ e —_—
2793 1990 - 1991

1
1990 - 1991

1 2
:|I17I2| 1——— +|I27I3| 1——
1991 1991

+o 4] [{1 1990
R o _ 2
1990 1991 1991

+ -+ 4+ 1990|z1990 — 1991 |

1
<1991 (1— —— | = 1990
= ( 1991) ’

and the equality can be obtained when z; = 1991 and xy = ---

T1991 = 0. Hence, the maximum value is 1990.
12. Note that

a—bc_a+bc—2bc 1_9 be

a+be a+ be T .a+bc'

From a + b+ ¢ > 1, we obtain

be be be
> = .
a+bc " ala+b+c)+bec  (a+b)(c+a)

It follows that

a — be b—ca+c—ab
a+bc b4+ca c+ab
2bc 2ca 2ab

=T G hera o+l cralio’

One can show that

2bc 2ca 2ab
@tb)cta)  Graatd)  crabro

3
> 2,
-2
In fact, multiplying the above by 2(a + b)(b + ¢)(c + a) gives

4[be(b + ¢) + ca(c + a) + ab(a +b)] > 3(a + b)(b+ ¢)(c + a),
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namely
(b%c+ bc?) + (Pa + ca®) + (a®b + ab?) > 6abe.

But the last inequality is obviously true from the arithmetic mean-
geometric mean inequality.

It is easy to verify that when a = b = ¢ = =, the above inequality

1
3
becomes an equality, so the maximum value is %
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Solutions for Chapter 2

Usual Methods for Proving
Inequalities

1. 28

. 5. The original expression

1
= (a® +b%) (1+W>+4

4
2
1 s
* <a+b>

2. (z,y) =(0,0),(0,1), and (1,0).  Note that

25
+4="22

>
o 2

(a+0b)?

DN | =

(1 — )+ 5y(1 —y) — 8zy = 5(z +y) — 5(a® + ) — 8zy
=5(z+y) — 5z +y)* + 2y
=5 +y)[l - (z +y)] + 2zy
> 0.

So, 52(1 — x) + 5y(l — y) > 8zxy, and the equality is valid only if
(z,y) = (0,0),(0,1), and (1,0).
i/ai(l - ai+1)

3. For:=1,2,...,n,
1
-g(ai+1—ai+1+2)

S

(SN

\G/ ai(l — ai+1) =2

DO | =

11
22

IA
)
Wi
N | =

I

[\]
ol
|

1
3 - G(GZ — Qi1 -‘1-3)

413
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Thus,

n 1"
Vai(l —am) <25 2 i — 3
;va( ait1) < 6;(0 ait1 +3)

wlo

2

where the equality holds when a1 = as =---=a, = %

. Itfollowsfroma3+b3+c3+%+%+%22a+2b+202(a+b+c)+

(L+i+d)thata® +0°+ >a+b+e

. Since z > v/2 and y > /2, we have W 295@{@ > (2% +

2 (z?+y*)? 2, .2 : . S
y?)wy, and - > x*+y*. Summing up the three inequalities gives
(22 +4%)? > (22 + y?)(1 + 2y) + 2?y?, expansion of which proves the

inequality after a simplification.

It is from
1 1 1
1+2ab+1+2bc+ 1+ 2ca
S 1 n 1 n 1
T 14a?4+0%2 14024+ 142 +a?
> 3. 3 =
T (4a+ )+ (1 + 02+ c2)+ (142 +a?)
Since > 0,y > 0, and n € N, so (z" 1y + zy"~ 1) — (a™ + ") =

—(z —y)(@" ! —y"71) <0, that is, 2" 1y + 2y" "1 < 2™ +y™. Also,
from (1+22)(1+9?) = 1+ 22 +y? + 2%y > 1+ 22y +2%y? = (1 +ay)?,
we obtain

n n

€T Y

1422 + 1492
(1+22)(1+y2) (1+22)(1+y2)
- (1+zy)? l+ay

Let z be the number in z,y, and z with the maximum absolute value.
Then —1 < Z <land —1< ¥ <1 (z#0). The inequality is obviously
satisfied for z = 0. When z # 0, the original inequality < |f| + |%’ +
Lo |s+ 4[240 - 1+ 4+ [2+241 20 & [2[+ ][4 -
[+ - (E+E+1) +[2+2+1] 20 Since |2 +2] < |2]+ ]2
the original inequality is satisfied.

)
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9. Let 2a — 2b , and 2c¢ — % be all greater than 1. Since at least

one of a, b and c is positive, say a > 0, so 2¢ > 2¢ — % > 1, from
which ¢ > 0. By the same token, b > 0. From 2b — % > 1 we get
b>2(1+1). Also 2 — 7 > 1from 2a— § > 1, namely b < 2 — 1.
Hence, (14 1) < b < 2 — 1. Consequently, ¢ < 1. Similarly, a < 1
and b < 1. That contradlcts abc = 1

10. The inequality is from > ,_; ak+bk = >k — Yoy a‘zk_fgk and

b +br)? _ 1
Sopoy e < Iy B LS (ak+be) = 5 0 o
11. Without loss of generality, assume that a > b > c¢. Then

—_ Ja— (a+b—c)—a b—c g -
Va+b Va \/er\/ES\/EJr\/E Vb — /.

It follows that

vyl )

Denote p = v/a+ Vb and ¢ = \/a — vb. Then pg = a —b and p > 2./c.
The Cauchy inequality implies that

( vVb+c—a N vet+a—b )2
Vb+e—va et a—Vb

()

(cpq+c+pq)( 1 n 1 >
Ve—q Vetaq)\Ve—q Vetq
e p?) 27

c—q? c—q?
czf\/qu2<4'0272cq2<4'
e St e ep S

IN

—4.

Consequently,

vb+c—a n ve+a—>b <9
VbtVe—va  Vetrva-vb T

Combining (2.1) and (2.2) proves the inequality.
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12. If at least one of z, %, and z is not positive, say z < 0, then, since 22 +
y?+22 =2, wehave z+y < /2(22 + ¢2) < 2 and 2y < %(CBQ +y?) <1,
from which

r4+y+z—2—ayz=(x+y—2z)+z(1—zy) <O0.

Now, suppose that x,y, and z are all positive. Without loss of gener-
ality, assume that t <y <z If0< z<1,then24+zoyz —x —y—2 =
(1—2)(1—y)+ (1 —2)(1 —2y) >0. If 2> 1, then

Ty + 2z <2022+ (x+y)2] =21 +ay <2+ 2y <2+ 2y2.



Solutions for Chapter 3

Common Techniques for
Proving Inequalities

1. [3—+5,3++/5].  From the condition, (z —y)? + (2y)? = 4, so by
letting x —y = 2cosf and y = sin 6, we get x = sinf+2cosf, y = sinf.
Thus,

22 + % = (sinf + 2cos0)? +sin® 0 = 3+ V/5sin(h + o).

Therefore, the range of the values for 22 + y? is [3 — /5,3 + /5.

2. =8 Let r = > + y?. Then zy = 1 — 2. From 2% + y* > 2|ay|
we obtain % < r < 2. Then we can find the maximum and minimum
values of F(z,y) = r(1 —r) easily.

3. 5. Letz=b"—-2andy=a’—1. Thenz >0,y >0,and 1 <
Thus,

2.
y S

bt—2+at—1_

x Y € )
<
a2t b2t (y +
p

e Sy TR

1)2
. Then f(p) = § + $ is a monotonically increasing
2]. Hence,

Denote p =
function on [1

L

1) < f(2) =
4. —17+12V/2. Leta+2b+c=z,a+b+2c=y,and a+ b+ 3c = z.
Then a+3c=2y —x,b=2+2x — 2y, and ¢ = z — y. So,
a+ 3c . 4b B 8c
a+2b+c a+b+2¢c a+b+3c
:2yx—x+4(z+9y6—2y)+8(zz—y)

417
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:_17+2.g+4.£+4.f+8.g
x Y Y z

> 17+ 2V8 4 2V32 = =17+ 12V/2,

and the equality is satisfied when a = 3—2v/2,b = v/2—1, and ¢ = /2.
Hence, the minimum value is —17 + 12\/_

V2 _a® v —c T _
5. MF. Let Tra7 ’1+y2 = b, and 7 z2 c. Thena+b+c=1.
Furthermore, 2% = %= = 4-,y* = cia, . Thus,

and 22 :a+b

229 G b c
vy " b4cct+aa+d
a b c 1

< = —.
= 2Vbe2Vca2v/ab 8

That is, zyz < Q, and the equality is valid when a = b = ¢ = %7
namely r =y =z = \/_ Therefore (a:yz)max = @
6. Construct the funct1on f(z) = . We show below that f(z) is an

increasing function on [0, +00).
For 0 < z1 < x5, we have

Z2 rr T2 — T1
T+ay 1+ar (T+a)(l+a)

> 0.

f(ae) = fla1) =
So, f(x) is increasing on [0, +00). Since |a + b+ ¢| < |a| + |b] + |¢],
flla+b+cl) < flal + [b] + |c]).

It follows that
la + b+ ¢
1+ ]a+b+|
la| + [b] + |c|
~ 1+ |a|l+ b+ ¢
el
1+ |al+ 10|+ |e] 14 al+1b|+|c] L1+ ]a| + |b] + ||
ol Bl
T 1+4al 146 14|

7. Thanks to the invariance under rotations, we may assume that

x1 = min{x1, X2, 3, T4, Ts5 }.
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Denote x5y =z for k =1,2,3,4,5. Since
5 2 5 5 5 5
2
Zxk —4Z$kxk+1 = Zxk — 2Z$k;vk+1 +2Zxk$k+2
k=1 k=1 k=1 k=1 k=1

= ({B1 — X9 + T3 — x4 + .%'5)2 —4xix5 + 4x174 + 4075

= ({B1 — X9 + XT3 — x4 + .%'5)2 + 4(.%'2 — .%'1).%'5 + 4x129 > 0.

Hence, the original inequality is satisfied.

. Without loss of generality, assume that a < b < c¢. It is enough to show

that 2225 4 (1 —a)(1 —b)(1 —¢) < 1, that is,

1
1-—- 1-—a)(1—-0)— —| <0.
(1-9a-a-b- —1—=|<0
From 0 < a <1 and 0 <b <1 we know that (1 —a)(1+ a)(1 —b)
(1+0)<1,s0

1
<
1+a)(1+0) ~a+b+1’

(1-a)(1-0) <

namely (1 —a)(1—b) — ﬁ < 0. This completes the proof.

. Denote ¥ = a2,y$—z = b%, and % = ¢?. Then y = ab,z = be, and

x = ca. The original inequality is equivalent to

(a® + 0>+ 62)3 > 8 (a’b® + b°c® + Pa?). (3.1)
Now, we see that the left hand side of (3.1) equals
aS+b54c543 [(a4b2 + a2b4) + (b4c2 + b2c4) + (c4a2 + 02a4)]+6a2b202,
which is greater than or equal to

4 [(a4b2 + a2b4) + (b402 + b204) + (c4a2 + 62a4)] + 3a%b?c?

by Shur’s inequality. But 4[(a?b?+a?b*)+(b*c? +b%ct)+(c*a®+c2at)] is
greater than or equal to the right hand side of (3.1), hence the original
inequality is satisfied.

By symmetry, we can assume that © >y > 2 > 0. Then z+y > % and
z < % Let

-0, 0<0<

W=

2
x—i—y:g—i—é,z:
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We have

22+ y? + 22 + 6ryz = (xz+y)? + 2% — 22y(1 — 32)

Then
22 + 9% + 22 + 6ayz = (v +y)? + 2% — 22y(1 — 32)

> (04 + 27— 5l +9)7(1 - 32)

2 N\?° /1 \? 1/2 \?
(§+5)-+(§_5)._5(§+5).35

5 3,.5 3(1\° 5 1 1
9 2 9 21\3 9 18 2

11. Asin Figure 3.1, let the terminal side OM of ZA intersect the unit circle
at M. Draw M N 1 Ox at M, and draw the tangent line QP at @) that
intersects OM at P. Then from trigonometry, sin A = |[NM|,tan A =
|QP|, and ZA equals the length of the arc M Q. In the following, we
use the computation of areas to prove that

sin A +tan A > 2/A.

The tangent line at M to the circle intersects PQ at T'. Draw the chord
MQ@. Clearly, since ZPMT = 90°, we see that |PT| > |MT| = |QT],

P
y
M,

T

o4 N |O x

Figure 3.1 Figure for Exercise 11.
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SO

Sapmr > Samrq > Sbow—shaped region MQ*

Thus, Saomg + Saorg > 2Ssector OMQ> from which |[NM|+|QP| >
2 times the length of the arc M@, in other words, sin A+tan A > 2/A.
The conclusion is thus proved.

Without loss of generality, let a > max{b, c}. Since

ba® 4+ b*c(b—c) = bla—b)(a —c)(a+b—c) + 2bca® + (b* — b*c — bc?)a,
we have
s = a’bla — b) + b%c(b—¢) + c*a(c — a)
= ba® — (b + ?)a’® + c*a + bPc(b — ¢)
=bla—b)a—c)a+b—c)—(b—c)?a®+ (b+c)(b—c)a
=bla—b)(a—c)a+b—c)+alb—c)?b+c—a).

From a > b,a > ¢, and b+ ¢ > a, we see that s > 0, namely the original
inequality is satisfied. Clearly, the necessary and sufficient condition
for the equality to be true is that a = b = c.
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Solutions for Chapter 4

Arithmetic and Geometric
Sequences

1. 2, Let the common ratio be g. Then from
as + ag + as + ag + a7 = ¢*(a1 + az + az + ag + as),

we find ¢ = V2. By ¢*(a1 + as + az + as + as) = 12 + 14v/2, we get
a1 = /2. Hence, all the terms are (v/2)* for k = 1,2,...,7. Therefore,

arazazasasagar = (V2)'(v2)? -+ (V2)T =21

From ass = a1 + 25d, we get the common difference d = f%.

Z Sl

ow,

A="Tay,+21d="Ta1 +7(n—1)d+21d = 5(87—471).

Since n is a positive integer, |87 — 4n| # 0, so |87 — 4n| > 1. Thus,

A| > L. When n = 22, we have |A| = L, Hence, the minimum value of
5 5 9,
|Al is L.
3. 45 : 1. Since So5 = 25a13, so from the given condition, a3 : ass =

1:5. Hence, a23 : A33 = 5:9 and a33 : 43 = 9:13. Also S65 = 65&33,
therefore Sgs : aq3 = 45 : 1.

4. 2. Since 3a,41 — a, =0, we have “22 = = In other words, {a,} is
a geometric sequence Wlth 2 as the 1n1t1a1 term and = as the common

OJ

ratio. So, a, = 2 (3) . Also from
) 1( N ) L, 1"*1Jr2 "] 4 /1\" !
n = =\0n [e7% =3 5 o =35\ 3 )
2 B 3 3 3\3

423



424

Problems and Solutions in Mathematical Olympiad: High School 2

we see that {b,} is a geometric Sequence with common ratio %, and

thus the sum of all of its terms is S = = =2
3
. ap=1ora, = % — %n Since {a,} is an arithmetic sequence,
nn—1
Sn = nay + %d

Thus 7" =a; + = 1d in particular 73 = a1 +d, S4 =ar+ %d7 and

% = a1 + 2d. Hence,

(a1 + 2d)* = (a1 + d) <a1 + gd),

3
1~2(a1+d)+<a1+§d).

Solving the above gives a; =1 and d =0, or a; =4 and d = —%

. Since a,, = an_1q, we have lga, =1ga,—1 +1gq. So, lga, —lga,_1 =

lgq (a constant). The sequence {lga,} is an arithmetic one and

lga, > 0. Hence,lga,+1 = —(lg an+1ganyo) > \/1gay 1g anyo2, namely
(lgani1)? > lganlga,o. Consequently, 1%;2“ > }g Z"ﬁ In other
words, log,  ant1 >1og, . anta. Therefore, {log, @ny1}isadecreas-

ing sequence.

. Sufficiency: If there exists a nonnegative integer m such that a; = ¢

then a, = a1¢" ' = ¢"¢" ' = "t~V with n € N,. Pick any two
terms ay, and a; in {a,} with k,I € N,. Then

k+(m71)ql+(m71) (k+l+m71)+(mfl)'

aga; =g =q

Since k,l € N1 and m is a nonnegative integer, k+1+m —1 € N4, so
Qopigm—1 = ¢EFHEM=1+0n=1) “and thus apa; = appipm—1. In other
words, the product of any two terms of the geometric sequence {a,} is
also a term of the sequence.

Necessity: Suppose that the product of any two terms of the geometric
sequence {a,} is still a term of the sequence. Since a, = a;q" ' for
n € N4, we have aga; = a q’”‘l 2. Letee N4 be such that aia; = ae.

Then a?¢*=2 = a;¢°~'. The fact of a; # 0 and g # 0 implies that

ay = q¢ 1= (BH=2) (et D)= (k)

Denote m = (e+1) — (k+1). Then ay = ¢ with m an integer clearly.
If ¢ = 1, then a; = 1™ = 1, and the sequence {a,} is 1,1,...,1,....
The integer m can be chosen to be any nonnegative integer, namely,
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there exists a nonnegative integer m such that a; = ¢™. If ¢ # 1,
we use proof by contradiction to show that m must be a nonnegative
integer. Suppose that m is a negative integer. Then —m € N . Since
a; =q™, so

Ay = alqn_l = qmqn—l = qn-i-(m—l)’ ne N+'

Consequently, a_,, = ¢t~ from which aja_,, = ¢" . Let
ai1a_m = a,, where p € N;. Then ¢" ! = ¢?t (=1 Since ¢ # 0 and
q # 1, we must have p = 0, which contradicts p € N;. Therefore, m is
a nonnegative integer.

. Let the common difference of {a,} be d and the common ratio of {b,}
be ¢. Since az = b, s0 a1 +d = aiq, from which d = a;(q — 1).
Consequently,

an —bp =ay + (n—1)d —ajqg"!

=a1+(n—1Da(¢g—1)— arq" !

=a(l—@Ql+q+¢+-+¢" 72— (n-1).

Ifg>1,then 14+q+¢*+---+¢" 2 >n—1,and so a, < b, since a; > 0.
Ifg=1,thena, =b,. If0<qg<1,then l4+g+¢*+---+¢" 2 <n—1,
SO @, < by. In summary, we have a,, < b,.

. Let the common difference be d and a,+1 = a. Then

1
5= ant1+ans2+ o+ aznn = (n+ Da+ gn(n+ 1)d,

1 _ S
so a+ gnd = o Also

M >ai+a2,, =(a—nd)?+ad

4 1 2 1
I _ — (4a — 2
0 (a—i— 2nd) + 10( a — 3nd)

4/ 8 \?
> — }
—10\n+1

19| < %¢1—0(n+1)\/ﬂ

thus
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_ .3 41
and when a = JTTJVM and d = \/_Toﬁ‘/M’

S:(n+1)<\/_\/_+2 4071L\/M)

=(n+1) W:@(rwl)x/ﬁ

5
V10
Since at this time 4a = 3nd, hence

4 S \? 410
it ()

which means that the maximum value of S is Y22 (n + 1)v/M.

_ Okg42 A2k42 Ank+2 3
Let A = mm R m. Since Amk+2 > Amk+1 > 0 and the com-
mon difference d > 0, we see that

Amk+2 o Amk+1 + d < Amk+1 < Amk+1 — d o Amk
Amk+1 Amk + d Amk Amk — d Amk—1
It follows that

AF > Ok+2 Ok4+3  Q2k+1 O2k+2  Onk42 Onk+3  G(nt1)k+1

Af+1 Q42 agk  A2k+1 Ank+1 Ank+2 A(n41)k
(n+1)k
o H Ai+1  O(n4+1)k+1
a; a ’
imkt1 7 k+1

Also

k k k
AF — (ak+2) <a2k+2) o (ank+2)
Q41 A2k4-1 Ank41

as a4 Q41 Q42 A(n—1)k+2 A(n—1)k+3 Apk+2

<
az az Ak Qk+1 A(n—1)k+1 A(n—1)k+2 Ank+1
nk+1
- H Ai+1  OGnk+2
a; a
i=2 2

a
Consequently, \/% < A< k/an:2+2

Let the common difference of the sequence A be d. Then 1 < d <
n — 1. When n is an even number, if 1 < d < 3, then the num-
ber of the sequences A that satisfy the condition with common dif-
ference d is d. If § < d < n, then the number of the sequences

A that satisfy the condition with common difference d is n — d.
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So, the total number of such sequences A is (1+2+~~+ %) +
{142+ +[n—-(2+1)]} = ’2—2. When n is an odd number, a
similar discussion shows that the total number of such sequences A
is (1424 +25L) + [1+2+4-- 4 (n—2)] = =L The two
cases are unified to the conclusion: There are a total of [’Z—z} such
sequences A.

We may assume that the first terms of the two sequences are both a
(otherwise, drop a finite number of initial terms from each of the two
sequences, and then we can discuss the remaining sequences). From the
condition, it is enough to show that there exist infinitely many pairs of
positive integers (m,n) such that a + mr = aq™. For this to be true,
we just need to show that there exist infinitely many n € N such that
aq™ = a (mod r). In the following, we show that there exist infinitely
many n € N such that ¢ = 1 (mod r) (then ag™ = a (mod r), thus
proving the proposition). In fact, since there must exist two numbers
among the following r 4+ 1 numbers 1,¢q,¢?,...,¢" that are congruent
module 7, namely there are 0 < i < j < 7 such that ¢/ = ¢ (mod r), so
¢~ =1 (mod r) by noting that (¢,7) = 1. Thus, denoting ng = j — i,
we see that for any k € N, with n = kng it holds that ¢" = (¢"°)* =
1¥ =1 (mod 7). Hence, the proposition is proved.
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Solutions for Chapter 5

Arithmetic Sequences
of Higher Order

1. 819.  Let the first term of A{a,} be d. Then the condition implies
that A{a,} is d,d + 1,d + 2,..., where the nth term is d + (n — 1).
Thus, the sequence {a,} can be written as

ai, a1 +d, ar +d+(d+1), aa +d+(d+1)+(d+2), ...,

where the nth term is a, = a1 4+ (n — 1)d + 3(n — 1)(n — 2). Since
a19 = ago = 0, so we have
a1 +18d+9-17=0,
a1 +91d+45-91=0.
Solving the above system gives a; = 819.
2. in*(n+1)%2  From

n

k=1 k=1

k=1 k=1

2
we can get > ,_, k% = {@} :
3. a, = %an %n27n+2.

4. an = £ (2n® 4+ 3n? — 5n + 12).

429
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6.
7.

10.

11.
12.
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S, = %nf’ .
a, = n°.

Let the right hand side of the original equality = a,,. Make the differ-

ence equation a, — a,_1 = m, in other words,
1
a1 = 57
1
akfakflzm, k:2,3,...,n.
Summing up the n equalities, we obtain a,, = 11—2 + ﬁ 4+ m

Hence, the original equality is satisfied.

. Let the first order difference sequence of {a,} be {b,}. Then b =

o 1 n—1 o n—1 ;.1 _ 1—q" 1
a2 — a1 and bn = blqn . Thus, Zi:l bZ = bl Zi:l ql = b1 1q_q
n—1 n—1 1—g" !
Hence, ap = a1 + Zi:l (CLZ‘+1 — ai) =ai + Zi:l bZ =a1 + bl 1q_q =
1_gn—1
ar + (a2 — ay) 1q_q

. Denote T,, = a + 3a® + 5a® + - + (2n — 1)a". Then aT, = a® +

a2+ -+ (2n—3)a" + (2n—1)a" . Thus, (1—a)T,, = 2“_1‘5:1
n — 1)a"t!. Consequently, T, = "= ‘_lnﬂﬂl +2aza"l Similarly,

20 — 1)a™t!. C ly, T, = 2n=1e .

(1 —a)S, =T, —n?%a™", and it follows that

—a—

a—a™tt 2n—-1a"t+a nPa"t!

M T (-ar 14

First show that the two sequences are both second order arithmetic
sequences, and then we can get

alm:m2+m—1, aln:n2—n+1.

1(2n® = 3n? + n +24).

We first find the general term formula for {a,}. To avoid solving a
system of three general linear equations for the three coefficients of a
quadratic polynomial of n, we write a, = a(n—1)(n—2)+b(n—1)+c.
Then a; = c,a3 =b+c¢, and az = 2a+2b+c. So, S3 =a1 +as+ a3z =
2a + 3b + 3c. Thus, the given conditions imply that ¢ = 1,0+ ¢ = 3,
and 2a + 3b + 3¢ = 13, the solutions of which are easily obtained to be
a=2b=2 and ¢ =1. Hence, a, =2(n—1)(n—2)+2(n—1)+ 1=
2(n—1)% + 1.
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Therefore,
Sp=> ar=2» (k—=1+> 1
k=1 k=1 k=1
-1 -1 2 - 4
_ 2n(n )(2n —1) e n(2n® —3n+4)

6 3 '
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Solutions for Chapter 6

Sequence Summation

1. n. Since
0 - 1+i+ 1 [n(n+1)2 4+ (n+1)2 +n?
n?  (n+1)? n?(n+ 1)2
_n(n—l—l)—i—l_l 1 1
 on(n+1) n n+1’
we have
So=(1+2-Deie Dy i1
" 1 2 2 3 n n+l
1
=n+1-—-—.
n+1
Thus, [S,] =n.
2. 2992 The two roots of (n® +n)z? — (2n+ 1)z +1 =0 are z; = =
andacgzn%ﬂ,so |A,By| = %—%ﬂ‘:%—%ﬂ. Consequently,
1 2002
A B Ay B A B =1——=—.
|A1B1| + [A2Ba| + - - - + | A2002 B2002| 2003 2003
3. (72;31')7, 1 Tt follows from
n (n+l)—-1 1 1
n+D! m+1)! (D)
4. (n+1)!'—1.  Since

n-nl=[n+1)—1]-nl=mn+1)!—nl

so> p k- kl=(n+1)! -1

433
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10.

11
. From tan (arctan X — arctan n+1> = o ntl

Problems and Solutions in Mathematical Olympiad: High School 2

(=) 'na™ | all—(=a)"]
Tra + e
5 2n+5

S 1T DT Using the summation method by combining terms and

putting together the fractions of the same denominators can find the

total sum.
. n
. %. By Vieta’s theorem, ¢, = a, + an+1 and apan41 = (%) , SO
n+1
pg10nio = (%) . Hence, ag—:z = %, and thus

+o0o +oo +oo +oo +oo +oo
E Cp = E an, + E ap = E ask+1 + 2 E asy + E a2k41
n=1 n=1 n=2 k=0 k=1 k=1

+oo +o0 9 1
:22a2k+1+22a2k7a1:2'1 - +2. 0 —2=

1

we obtain

1
T T T
that

1
arctan ———— = arctan — — arctan .
14+n+n2 n n+1

Using the summation method by splitting terms gives the answer 7 —

arctan —— to the problem.

. Since

_dn—1 oy 109 1\
" n(n+2) S 2\n+2 n

()
)

3n+1 3n
n—+2 n+1

we see that S, = % (
Note that

_3
2

2 1 2
VE+vVE+LT VE VE—1+Vk
for k=1,2,.... Then we have
108 10°

DD RERERO W
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12.
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in other words,

2> (VE+1-Vk) <z <1+2) (VE-VE-1).

It follows that
2(v/106 +1 —1) <z < 1+ 2(V106 — V/1).

Consequently 1998 < 2(v/10°6 + 1—1) < z < 1999, therefore [z] = 1998.
We first find the number of the positive integers k that satisfy f(k) =m
(for a fixed positive integer m). According to the condition of the prob-
lem, m — % < %<m+%,tha‘c is,

om® 4+ Sm? — tmt L <k <mt tomP 4 St it
mfm —m — —m — m m m m —
2 2716 2 27 16

This indicates that the number of the positive integers k that satisfy

f(k) = m is exactly 4m3 +m. When m = 7 in particular, m* — 2m3 +
2 2

S < 2002 < m* 4 2m3 4 2R and

.72
2002 — <742-73+¥) = 217.

Therefore,

[

002 1 6 1 1
o ZEZlerm ?.217

k=1 m=1

M

6
:4Zm2+6+31:4-7-13+37:401.

m=1

(1) Subtracting 4S5,-1 = 3a,—1 + 2" (n € N4) from 4S5, = 3a, +
27+l (n > 0 with n € Z) gives that 4a,, = 3a, — 3a,_1 + 2", from
which

n — 2n - 3an—1 (n E N+)
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(2) Dividing 2™ from the both sides of a,, = 2" — 3a,,—1, we obtain that

an 3 an—1
ono_ 2 1
2n 2 on-l +

éan 2 3fap1 2
on 5 2\2n—1 5

I C3\"( 2
an =213 2) ("7 5
_2n _§n a_g +2n+1
- 2 075 5

= (-3)" <a0 - 3) MLins

and consequently,
on+ 2 :|

ooy
= (0= 2) [0 = o)+ 2

5 L3 (D)1

If ap > %, then for even numbers n large enough,

3\" 2
—10 <§> <CLO — g) +1<0 = apt1 < an.

If ap < %, then for odd numbers n large enough,

3\" 2
—10 (5) (aog) +1<0 = any1 < an.

To summarize, ag = %




Solutions for Chapter 7

Synthetic Problems
for Sequences

1.

—%. Let a = g,c:bq,logab::E—d,logbc:ac, and log.a =2 +d.

Then a® ¢ = b,b* = ¢, and ¢*t? = a, which implies that
b z—d
b* = bq, (7.2)
b
(b)™ = 2. (7.3)
q

(7.1) times (7.3) gives b**¢*? = b?q~!. Combining it with (7.2), we get

b?¢?¥2 = b?q~1, thus ¢?¢T3 = 1. Since ¢ # 1. so d = —3.

. 18. Denote

Sp=1-2+4+2-34---+n(n+1)
=(124+22 4+ )+ (1424 +n)
n(n+1)(n+2)
S w—
If 2014 is in the (n + 1)st group, then S, < 2014 < S,,4+1 since there
are S, numbers before this group. From

Sir = 1938, Sis = 2280,

we see that S17 < 2014 < Sig, hence 2014 is inside the 18th group.

437
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3. 10200. From the given condition,

100
Tio = Y f(n) = —22+42 — 6% + 8% — ... — 982 + 100?
n=1

=43+ 7+---499) = 5100.

Thus, S100 = 27100 — f(l) + f(101) = 10200.

4. (1) Let the common difference of the arithmetic sequence {a,} be d.

From 52z — 4nd2
Sn

we see that “t9%2 — 3 50 gy = 2, from which
n+1" ai 4 ’

d=as - a1 = 1. It follows from

An+2 Sy, |‘ntndtaig,

n+1 S, a"zﬁn

2(an +nd+ar)  2(an +n+1)
an + ap N an + 1

that a,, = n.
(2) From b, = a,p®, we have b, = np™. So T, = p+2p*+3p>+--- +
(n — 1)p"~! 4+ np™. When p = 1, we obtain T,, = % When

p#1,
pLn = p* +2p° +3p" + -+ (n = Lp" + np™*,
(L =p) Ty =p+p° +p* + -+ p" 4 p" —mp ™
17 n
:p(1 p)fnpnﬂ'
—p
That is,
n(n+1)
=1
T 2 ) p )
) e —p)  npnt?
- p#1L

(1-p? 1-p’

5. (1) From Sy4 = 98, we have 2a; + 13d = 14. Also a11 = a1 + 10d = 0.
Solving the above two equations gives d = —2 and a; = 20. Hence,
the general term formula of {a,} is a, =22—2nforn=1,2,3,....

(2) From Si4 < 77,a11 > 0, and a; > 6, we see that 2a; + 13d <

11,a; + 10d > 0, and a1 > 6. In other words,
2a; +13d < 11, (7.4)
—2a; — 20d > 0, (7.5)
—2a; < —12. (7.6)
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(7.4) plus (7.5) gives —7d < 11 namely d> -+ (7 4) plus (7.6)
gives 13d < —1, namely d < — So—— <d< —=. Sinced € Z,
thus d = —1. Substituting it mto (7.4) and (7.5), we get 10 <a; <
12. Since ay € Z, we have a; = 11 or a; = 12. Therefore, the
general terms of all the possible sequences {a,} are a,, = 12 —n
and a, =13 —n withn =1,2,3,....

The given condition implies that é;l—" = 3n — 2, namely S,, = 3n? —
2n. When n > 2, we find that a, = S, — Sp—1 = 3n% — 2n —
[B(n—1)2 —2(n —1)] = 6n—5. When n = 1, we get a1 = S =
3:12-2-1=6-1—5. Thus, an—6n—5(n€N+).

g 1/_1 1
From (1), b, = amant1  (6n— 5)[6("+1) 5 (6" 5 6"+1) and

Tn = > bi :%[(1_%)"‘(%_113)"" ) +<6n1—5_ﬁ)]:

(11— 6n+1) So, the m that makes (1 — ﬁ) < 5 (n € Ny)
valid must satisfy 2 5 < 55, namely m > 10. Hence, the minimal

positive integer m satisfying the requirement is 10.

7. Since a1 = § and anq1 = a2 + ap for n € Ny, 0 any1 = an(a, + 1).

Consequently,

2

b 1 az, p+1 — Ap 1 1

n - - - - )
1+ Gnp GpQp41 GpQp41 Qnp Gp41

ai as QA 1

P, =0bby--b,=——"2-. - ,
a2 a3  Gpy1 20np41

(& am)
+ (= —
(079 Ap+1

Thus, 2P, + S, +(2— 1 ):2.
An+41 Qn 41

8. (1) From the given condition, ap41 = a% + 2ay, thus ap41 +1 =

(@, + 1) > 1 since a; = 2. Taking the logarithm both sides

gives 1g(1 + ap41) = 21g(1 4+ ay,), namely 1‘%?&%23) = 2. Hence,

{lg(1 + a,)} is a geometric sequence of common ratio 2.

(2) From (1), 1g(1 + a,) = 2" tlg(1 + al) =2n11g3 = 1g32" ', so

1+a, = 32", from which a, = 32" —1. Consequently, T), = (1+

ar)(1+az)- (1 +a,) = 3282737 ... 32" = glt2+2+ 42"
321
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(3) Since an 41 = a2 +2a, = a,(a,+2), we have anlﬂ — %(i _ an1+2)’
from which anlﬂ = i - afﬂ. Since b,, = i + ﬁ, so b, =
1 1 1 1 1
2(Z7 m) ThuS, Sn :b1+b2++bn :2(afg+af
1 1 1y 1 1 : _ q2n7! _
£+"'+a_n_ an+1) = 2<a_ an+1)' Since a, =3 —lLa =2
and an41 = 32" — 1, we have S,, = 1 — 323—_1 Since T}, = 32" 1, it
follows that
2
Sn + =1
"3, -1
Necessity: Let {a,} be an arithmetic sequence of common difference

dy. Then
bn+1 - bn == (an+1 - an+3) - (an - an+2)
= (an+1 - an) - (an+3 - an+2) =dy —dy = 07

80 by, <bpi1 (n=1,2,3,...). Also cpi1—¢n = (ant1—an)+2(ani2—
ant1)+3(ant3—ant2) = 6dy (aconstant) (n =1,2,3,...). Thus, {¢c,}
is an arithmetic sequence.

Sufficiency: Suppose that {c,} is an arithmetic sequence of common
difference ds, and b, < b,4+1 (n =1,2,3,...). Since

Cn = Ay + 2011 + 3anro, (7.7)

Cn+2 = Qpy2 + 2an+3 + 3an+4a (78)

(7.7) — (7.8) gives that ¢, — cny2 = (an — ant2) + 2(ant1 — angs) +
3(an+2 — an+4) = bn + 2bn+1 + 3bn+2. Since Cp — Cp42 = (Cn — Cn+1) +
(Cnt1 — Cny2) = —2da, we have

b, + 2bp1 + 3bypo = —2ds, (7.9)
and thus
bpt1 + 2bpq2 + 3bnys = —2ds. (7.10)
Subtracting (7.9) from (7.10) implies that
(bpt1 — bn) + 2(bpt2 — bpt1) + 3(bnts — bpy2) = 0. (7.11)

Since by41—by, > 0,by40—bpr1 > 0, and by, 3—byq2 > 0, (7.11) ensures
that by41—b, =0(n=1,2,3,...). Let b, =d3 (n=1,2,3,...). Then
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11.
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an — ani2 = d3 (a constant). Hence,
Cn = ap + 20p41 + 3an1o = 4ay, + 20,41 — 3ds, (7.12)
from which
Cnt1l = 4any1 + 2ap10 — 3ds = dans1 + 2a, — 5ds. (7.13)

By (7.13) — (7.12), we obtain that ¢,11 — ¢, = 2(ap41 — apn) — 2d3.
Therefore,

1

Un41 — An = §(Cn+1 - Cn) + d3

1
§d2 + ds (a constant) (n =1,2,3,...).

In other words, the sequence {a, } is an arithmetic one. In summary, a
necessary and sufficient condition for {a, } to be an arithmetic sequence
is that {¢,} is an arithmetic sequence and b, < by, 1.

It is obvious that the sequences are monotonically increasing from the
second term on: 4o > 9531+1 > Tpy1 and Ypyo > Ypy1. Oince rg >
1+12 =2 and y3 > 124+ 1 = 2, every term of each sequence will be
greater than 2 from the third term on. Similarly, x,, > 3 and y,, > 3
when n > 3. Note that 2,42 > 22, > 27, when n > 1. On the other
hand, yni2 = yi + Ynt1 = Up + Yn + Y51 < 3y; < y; when n > 3.
Thus, EZ:E > gllg—zy: when n > 3. Consequently, E% > (%)’“1%.
When £k is large enough, the right hand side of the last inequality is
greater than 1, hence xar > yor.

First we show that, each integer appears at most one time in this
sequence. If some integer k appears at least twice in the sequence,
then by letting a; = a; = k (i < j), there are two numbers a; and a; in
ai,as,...,a; whose remainders will be the same when divided by j, a

contradiction. Next, let the maximal number and minimal number of
ai,as, . ..ar be xy and yy respectively (k= 1,2,...), and we claim that
xp—yr < k—1. If o, —yr, > k for some k, and let a; = 2, a; = yi,
and a; —a; =1 > k. Then ¢,j < k <[, and so there are two num-
bers a; and a; in ay, a9, ...,a whose remainders are the same when
divided by [, a contradiction. We show below that for each integer ¢
satisfying yr <t < xy, there exists a positive integer s with 1 < s <k
such that as = ¢. If it is not so, then aj,as,...,ar can only take val-
ues inside {u € Zy | yp < u < xp,u # t}. But this latter set has
only z; — yx numbers while x; — yr < k — 1 < k, thus there must be
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two same numbers among a1, ase,...,ax. This contradicts the conclu-
sion proved earlier. For any integer m, since there are infinitely many
positive integers in the sequence and only finitely many positive inte-
gers not exceeding |m|, there must exist a positive integer p such that
a, > |m|. By the same token, there must exist a positive integer ¢ such
that a, < —|m|. Let r = max{p,q}. Then z, > |m| and y, < —|m|.
Therefore, y,. < m < x,.. By the previous conclusion, there must exist
a positive integer s such that a; = m. hence, each integer must appear
in the sequence. To summarize, every integer appears exactly one time

in the sequence.
12. (1) Since

w‘:}-&-Swn

rai =1 )1 EER 1
Tpp1+1 0 flz,) +1 ?‘xg?ff’ +1

x%—?)x%—l—?)xn—l_ Ty —1 ’
23 +322 +3z,+1 \x,+1)

Tpp1—1
m714»1"1‘1 - 310g3

a geometric sequence.

Typ—1
xn+17

we have log, namely b, = 3b,_1, so {b,} is

Also zg = % from the condition, so

-1 1
bl = 1Og3 % = 1Og3 2—7 = —3.
Thus, b, = —3™. Hence, the general term formula for the sequence

{bn} is b, = —3™.
By (1), by, = =3, s0 ¢, = n3",
T,=1-3"4+2-32+3.3%+... +n3",
3T, =1-3"+2-3°+3-3 + ... 4 n3""".
After subtraction, we obtain

3t 3
—2T, =3+324+33+... 43" —p3"tl = 5 _ p3ntl
That is, T, = W. Therefore, the formula for the sum of

the first n terms of the sequence {¢,} is

on —1)37+1 43
4

T, = ( (n e Ng).



Solutions for Chapter 8

Coordinates Systems

1.

N

%. Take the vertex A of AABC' as the origin and the straight line
containing AB as the x-axis to set a rectangular coordinates system.
(4,—4).  Using the middle point formula gives the result.

2

- 54/3(a? +b% +¢2).  Set up a rectangular coordinates system with

the vertex on [ as its origin and [l as its xz-axis. Let the coordinates of
the other two vertices be (m, a) and (n, —b) respectively. Using the fact
that all sides of an equilateral triangle are equal can solve the problem.

. It is easy to see that the maximal common factor of n and n + 3 is

3, if3]|n,
1, if3fn.

(n,n+3):{

When (n,n+3) = 1, there are no integral points in OA,,. Otherwise,
let (m, ) be an integral point in OA,, with1 <m <mnand1 <[ < n+3.
Then from 7 = 2=, namely m(n + 3) = In, we deduce that n | m,
which contradicts the assumption that m < n.

When (n,n + 3) = 3, let n = 3k. Then there are two integral points
(k,k+ 1) and (2k,2k + 2) in OA,,. Thus,

1990

1
> fli) =2 [@} = 1326,
=1

where [z] represents the largest integer not exceeding z.

. Set up a rectangular coordinates system with A as the origin and the

straight line that contains AT as the z-axis. Then it is enough to show
that the slope of the straight line M N equals 0.

443
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Let the coordinates of every check be (i,7) with 1 <4, <8. The sum
of the coordinates is an odd number for black checks, and the sum of the
coordinates is an even number for checks with marks. So the number
of black checks with marks is an even number.

With B as the origin and BB’ as the z-axis, set up a rectangular
coordinates system. Then using Theorem 4 can prove the conclusion.

. Using the inner center @ of AABC as the origin, we set up a rectangular

coordinates system. Let (zp,yp), (za,y4),(x5,yB), and (zc,yc) be
the coordinates of P, A, B, and C. By the coordinates formula for the
inner center,

axa+bxp +crxe =0, aya + byp + cyc = 0.
Then
alPA)? = a(xp —24)* +alyp —ya)?
= a(2h +yp) + a(@y +y4) — 2axprA — 2ayPYa.
By the same token,
b|PB|? = b(x% + yp) + b(zh + y%) — 2brprs — 2bypys,
c|PC* = c(x% +yp) + c(zd + y&) — 2cxprc — 2cypyc.
Adding the both sides of the above three equalities gives
a|PA|* + b|PBJ? + ¢|PC|?

= |QP]*(a+b+c)+a|QA]* + b|QB|* + ¢|QC|>.

. With [ as the z-axis and its perpendicular line passing through the

point P as the y-axis, set up a rectangular coordinates system. Let the
coordinates of P, @, and R be (0,a), (¢,d), and (z,y) with a,d,y € R,
respectively. Then

d(R) = |PR|+ |RQ| + |RS
= Va2 +(y—a)?+/(r—c)?+(y—d?+y.

We view /22 + (y — a)? + /(z — ¢)? + (y — d)? as the sum of the dis-
tances of the moving point M (x,0) to two fixed points A(0,a —y) and
B(c,y — d) (y is considered a constant temporarily). By the fact that
the sum of any two sides of a triangle is not less than the third side
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Figure 8.1 Figure for Exercise 9.

(the situation of co-linear three points is considered a special case), we
have

S(R) >/ 4+ (2y —a—d)? +y,
where the equality holds when M is an interior point of AB, that is,

when
2y—a—d:y—a (8.1)

C X

is satisfied. View
2=y —a—d?++/(2y —y)? + 02
as the sum of the distances of G(2y,0) to points E(a+d, ¢) and F(y,0).

As in Figure 8.1, let ZyGE = « and |EG| =t. Then
c

~ sina’
a+d— ccota
y = — (8.2)
Therefore,

2= |EG| + |FG| =t +y

a+d+ c cot av
= c —
2 sin « 2

= + —07
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. . . . . 3 _ 1
where the equality is satisfied if and only if §tan § = 5 cot 5, namely
cota = ? Hence, from (8.1) and (8.2) we find that the coordinates
of R are

C
P
y le—d+ 35— 6

(\/§ a+d 3 )

10. Let 1 = (n+ 1)Lzo = (n+2)!,...,2, = (2n)!, and let the points
(ri,9:) (1 < i < n) be on the parabola y = 22. Then (x;,v;) are all
integral points. The set of such n points satisfies the requirement of
the problem.

11. Clearly P is not on the axes or the straight lines y = +x. Then among
the four possible moves, only one move is towards the origin, while
the other three moves are farther away from the origin. If the move
passes through the successive points Py, Pi,..., P, = Py, where P; is
the farthest to O, then |OP;_1| < |OF;| and |OP;;1] < |OP;|. Since
there is only one move making it nearer to O, we have P;_1 = P;11.
But this contradicts the rule that no return is allowed.

12. (1) Let the vertices of the polygon be P;(x;,y;) (i = 1,2,...,100).

Then its area is
7 .
' . (101 =71 and  yio1 = y1)-

i=1 |Ti+1  Yi+1

Without loss of generality,, assume that the first side P, P, is par-
allel to the y—axis. Then T2i—1 = X245y Y2i = Y2i+1, L2i+1 — L2i = ].,
and yo; 42 — Y241 = 1 (mod 2) for i = 1,2,...,50. Thus,

1
S = 5(35192 + oYz + - -+ TogY100 — T2Y1 — T3Y2 — - — T1Y100)

= (21 —x3)y2 + (w3 — T5)ya + - - + (T99 — 1)Y100
=Y2+Ys+ -+ Yoo
= 50y2 + 25 =1 (mod 2).

In other words, the area of P is an odd number.



Solutions for Chapter 9
Straight Lines

1. P and Q. Since N is on [, we have b+ % =1, thus P (%,b) is on [.
Also M ison I, so a + % = 1. Eliminating b from the above, we know
that ¢+ % =1, thus Q (%,c) is also on .

2. 1. Let the equation of the straight line be y = k(2 — v/2). The case
that k& = 0 satisfies the condition. When k£ # 0, if the straight line

o

passes through two rational points (z1,y1) and (z2,y2), then . =

z;: \/g, which implies that v/2 = % is a rational number, a
contradiction.

3. % From geometry, the minimal distance from a point to a straight
line is the same as the length of the perpendicular line segment from
the point.

4. Tx —y—3=0.

5. 4v/5. Let the symmetric point of the point A with respect to the
straight line [ be A; and the symmetric point of A with respect to the
y-axis be Ay. Then the minimum value of the perimeter of AABC' is
|A1As|.

6. 7 (square units). Using the intuition from the geometric figure.
7.-2. Ifd I b,then 2I__1y = 4, namely m = —2z+y. Soy = 2z+m.

Draw the feasible region (the shaded part of Figure 9.1) corresponding
to the inequality, and translate the straight line y = 2z + m. From
the translation we know that when the straight line passes through the
point B, its intercept is the minimal, and the current value of m is the
minimum value.
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Ay

Figure 9.1 Figure for Exercise 7.

Solving x = y and y = 6 — 2z gives x = 2 and y = 2. That is, the

coordinates of B are (2,2). Substituting into m = —2x + y, we obtain
m = —4+2 = —2. In other words, the minimum value of the objective
function m = —2z + y is —2.

. The coordinates of the point @ are (2,8), and the minimum value of

the area of the triangle is 40.

. Let K1 = {(x,y) | |z| + |3y| — 6 < 0}. First consider the part of K in

the first quadrant, the points of which satisfy « + 3y < 6. Such points
correspond to AOCD and its interior in the figure. By symmetry, the
region corresponding to K is the rhombus ABCD and its interior.

Similarly, let Ko = {(z,y) | |3z| + |y| — 6 < 0}. Then the region
corresponding to K» is the thombus EFGH and its interior.

From the definition of the point set K, we know that the region
corresponding to K is the part that is covered by exactly one of K;
and K5. Therefore, what the problem wants to find is the area S of the
shaded region in Figure 9.2.

Since the equation of the straight line CD is = 4+ 3y = 6 and the
equation of the straight line GH is 3z + y = 6, the coordinates of their

intersection point P are (%, %) By symmetry,
1 3
S =385 =8-—-4.--=24.
ACPG 5 5
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Y
6H
P
//G C
A E\ O 2 6 x
F

Figure 9.2 Figure for Exercise 9.

The maximum value of f(x,y) is the same as the maximal vertical
intercept of the straight line y = —ax + b passing through the region
|z] + |y| < 1. When 0 < a <1, we have f(2,Y)max = f(0,1) = 1, and
f(@,9)max = f(1,0) = a when a > 1.

With A as the origin and the bisector of ZBAC as the z-axis, set
up a rectangular coordinates system. Let ZBAE = ZCAE = 6 and
tanf = k. It is easy to know that

13v12% + 602%k2
AR =m = — o
When k£ = 1, namely m = %,
when £ < 1, namely 13 < m < %,
when k£ > 1, namely m > %, we get an obtuse angle ZA.

Draw OB 1 a at B. Set up a rectangular coordinates system with
B as its origin and the straight line a as its z-axis. Let the radius
of the circle O’ be r,|BO'| = z, and |BO| = m. Then m > R and
2?2 +m? = (R +r)?. Let the coordinates of A be (0,n). It is easy to

obtain

we see that ZA is a right angle;
the angle ZA is an acute one;

2nr
R2+2Rr — m2 +n?’

tan ZMAN =

and the above expression is a constant if and only if R? + n? = m?2.

Hence, points A that satisfy the condition exist, In fact there are two
such points, and their coordinates are (0, =v'm? — R?).
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Solutions for Chapter 10

Circles
1. 3. The inequality (z —y) (y — %) > 0 can be reduced to
y—x Z 07 y— S 07
1 ot 1
y——2=>0 y——<0.
x x

Let B denote the set of all points on the circle (z —1)? + (y — 1) =1
or inside the circle. The plane region represented by ANB is the shaded
region in Figure 10.1. Since the curve y = < and the circle (z — 1)? +
(y—1)% =1 are both symmetric with respect to the straight line y = ,
so the area of the shaded region is half of that of circle.

Ay

I2) z

Figure 10.1 Figure for Exercise 1.

2. [0,22].  The trajectory equation of the point M is 22 + (y +1)? = 4.
The center of the circle is B(0, —1) and the center of the moving circle

451
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is C(a,2a —4). The distance of the two centers is less than the sum of
the two radii.

Tangent.

(4,6).

\/§ (7r — arctan 2—730)

x2+y270x+§7§:0.

The equation of the circle is (x—2)%+(y—2)? = 1, and the equation of its
symmetric circle with respect to the r-axis is (r—2)%+4(y+2)? = 1. Let
the equation of the desired straight line be y — 3 = k(z + 3). Then the

distance of the point (2, —2) to this straight line is 1, so d = \‘;% =1,
solving which gives k = f% or k = 7%' Hence, the equations of the

desired straight lines are 42 4+ 3y +3=0or 3z +4y —3 = 0.

. Let the center of the circle be P(a,b) and the radius be r. By the

condition, 72 =1+ a2 and 7?2 = 2b2, so a2 +1 = 2b%. Also the distance

. _ 2 2 2 2 o0 2,12
from P to [ is d = 19229 thus ¢2 = @S=dabtdb® ~ a 447 -2(a7+b7)
75 5 5
2b%—a? 1

= = g, and the equality holds if and only if a = b. Therefore,
a=landb=1,ora=—1and b= —1.
Hence, the equations of the circles are (x — 1) + (y — 1)? = 2 or

(z+1)+(y+1)2 =2

. Denote P(z1,y1) and Q(z2,y2). Since OP 1 OQ, we have zixo +

y1y2 = 0. Substituting y = =% into 2? + y*> + z — 6y + F = 0 leads
to ba? + 10z + 4F — 27 = 0. Then z1 + 2o = —2 and z129 = —4F5—27_
Also, since y1y2 = $(3 — 21)(3 — x2) = 1[9 — 3(x1 + x2) + z122], s0

9 — 3(.%'1 + .%'2) + x12o + 4x1292 = 0.

Thus, we find that F' = 3.

As in Figure 10.2, let the equation of PQ be y = ka (it is easy to see
that the case that the slope does not exist does not satisfy the condition
of the problem), and denote the points P(x1, 1), Q(x2,y2) (z122 # 0),
and S(m,n). Then

y1 = kaxy, (10.1)
Yo = kg, (10.2)

n = km. (10.3)
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Figure 10.2 Figure for Exercise 10.

Substituting (10.1) and (10.2) respectively into the equations of the
corresponding circles, we obtain

:B% + k2x% + 221 + 2kx = 0,
23 + k222 — 4dao + 2kae = 0.

Since x1xz9 # 0, the solutions of the above are

=22 - —2k+4
TE TR TR
The fact that S is the middle point of PQ implies

_$1+I2_172k

2 1+k%
From (10.3), k = >, thus
1— 2n
m=—-7"T=
1 ()’

in other words,
m2+n?>—m+2n=0.

Hence, the equation of the trajectory is 22 + y? — 2 + 2y = 0 (with
the point (0, —2) removed).

11. (1) Since the circle C passes through the origin O, so |OC|* = t* + 4,
and the equation of the circle C'is (z — ¢)? + (y — %)2 =12 + ;%,
namely z? + y? — 2tz — 3y = 0. Thus, we get the points A(2t,0)
and B (0, 1).
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It follows that S = $|OA||OB| = %[2t||3] = 4, which is a fixed
number.

(2) Since |OM| = |ON| and |[CM| = |CN|, the straight line OC' is the

perpendicular bisector of the line segment M N, so koo = Ty =

%, and the equation of the straight line OC is y = %CB Conse-
quently, % = %t, the solutions of which are t = 42.

When ¢ = 2, the center of the circle is C'(2, 1) with radius |OC| = /5,
and the distance from the center C of the circle to the straight line [ is
d= % < /5, satisfying the requirement.

When ¢ = —2, the center of the circle is C(—2,—1) with radius
|OC| = /5, and the distance from the center C' of the circle to the
straight line [ is d = % > /5, not satisfying the requirement.

In summary, the standard equation of the circle C' is (z — 2)? +
(y—1)?=5.

12. As in Figure 10.3, let O be the origin and the east direction be the
positive direction of the x-axis of a rectangular coordinates system.

At the moment ¢ (in hour), the coordinates of the center P'(z’, 1)

of the typhoon are

V2 V2

=300 Y= —20. X5y

‘ 10 2 "
V2 2

y’:—300-%+20-§t.

Now, the radius of the circle is 10t 4+ 60, and the region influenced
by the typhoon is represented by
(x —2")2 + (y —y')* < (10t 4 60).

North
y T_»
East
(0]
<&/ 0 X
be%\\ f
o
I
P
45°
P

Figure 10.3 Figure for Exercise 12.
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If the city O is invaded by the typhoon at the moment ¢, then
(0 —2')% 4+ (0 —y')* < (10t + 60)?,
2 2
that is, (~300- ¥2 +20- 32¢) +(300- 52 — 20 L21)" < (10+60)2,

In other words, t? — 36t + 288 < 0, solving which gives 12 < t < 24.
Hence, 12 hours later the city will be attacked by the typhoon.
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Solutions for Chapter 11

Ellipses

o

(— %) From the given condition, we see immediately that

% “24;62 < ¢® and 2% < (a — ¢)?, namely a® — 5¢* < 0 and
3a® — 8ac + 5¢? > 0. Thus, e > % and 5e? — 8e + 3 > 0, and conse-
quently % <e< %

90°.  From £ = ‘/52*1, we get ¢ +ac—a? = 0. Also |[AB|? = a® +b?
and |BF|* = a2, so |AB|? +|BF|?* = 2a® + b* = 3a® — ¢%. On the other
hand,

)
b < % +¢ < a. Hence, & < ¢ and % < a — ¢, squaring of which gives

|AF|? = (a+¢)* = a* + 2ac + ¢* = 3a*> — ¢* = |AB* + |BF|*.
Therefore, ZABF = 90°.

. be. SAABF:%|yA7yB|c§%~2bc:bc.
. It is easy to see that the coordinates of B are (0, k). Denote A(zo,yo)

and D(m,0). Then BA = (20,90 — k) and BD = (m, —k). Since the
three points B, A, and D are co-linear, so

—
\BA||BD| = BA - BD = mao — kyo + k2. (11.1)
The equation of the straight line BD is = + % = 1. Since A(zo,yo)
is on the straight line, we have 7% + % = 1, namely m = kk_””go
Substituting it into (11.1) gives that
ka3 k(g + y3) — kyo

BA||BD| = — kyo + k* = + k2.
[BAIIBD| = =" ~ kyo r—

457
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Since A is also on the circle O, we have x3 + y3 = k?, and it follows
that

+ k* = 2k* (a fixed number).

207
BA|BD| = T F=w)
k—wo

. As in Figure 11.1, denote A(—a,0), B(a,0), and P(xo,yo). We may

assume that yo > 0. Since kap = myj_a and kgpp = mé’ﬂa, by the
difference angle formula, % = tan , that is,
Yo yi
To—a ro+a
o

Simplifying the above equality gives

V3(22 + y2 — a?) + 2ayo = 0. (11.2)
Since P(xq,y0) is on the ellipse, % + 'Z—g = 1, that is, 23 =
a? ( - —) Substituting the above into (11.2) gives —v/3- azl;bz Y+
2ayo = 0.
2ab>

Since 0 < yo < b, so yo = VTS b, namely ¢ ab < \/75 Thus,

<
ol V“LCQ \ég That is, v1—e? < L Solving it gives that ‘/_ <

< a

e<1.

&
N

Figure 11.1 Figure for Exercise 6.

. Denote M(xo,yo). Then the equation of the tangent line to the ellipse

at the point M is =8 + % = 1 Since OP || I, the equation of

the straight line OP is y = a2y0 The equation of the straight

line MF is y = ;#(z — ¢). Solving the above two equations gives
2. 2

N ( o (2222:010) ,— aﬁ"f’c";o ) By the distance formula between two points

and y3 = b (1 - 2) we obtain that |[MN| = a.
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8. As Figure 11.2 shows, draw PP’ to be perpendicular to the directrix [ at
P’, and draw QQ' to be perpendicular to the directrix [ at @', choose
the middle point M of the chord PQ, and draw the perpendicular
bisector of PQ that intersects [ at R. Then the statement that APQR
is an equilateral triangle is equivalent to that the equality |[MR| =
Y31 pQ| is valid.

Figure 11.2 Figure for Exercise 8.

Suppose that there exists such an equilateral triangle. Clearly
|[MR| > |MM'| (where MM’ 1 | with foot M’ of the perpendicular).
By the second definition of an ellipse,

| M|

1
L(IPP'|+10Q)

1 <|PF| . IQFI) _IPal

2 e e 2e

Therefore, \/7§|PQ| > [Pal namely e > V3 Thus, e € (?, 1).

2e 7 3
Also, since cos /ZRMM' = ‘f‘é%l‘l = |1;§\ \/§|2PQ‘ = ﬁ, we have
cot ZRMM' = \/3612—71 Consequently,
1

kpg =tan ZQFX = tan ZFMM' = + cot ZRMM' = :I:m.
9. Let the equation of the inner ellipse be 2—2 + Z—; =1(a>b>0)and
the equation of the outer ellipse be (nf—;)Z + % = 1. Then we have
A(ma,0) and B(0,mb). Let the equation of the tangent line AC be
y = k1(x — ma) and the equation of the tangent line BD be y — mb =
kox. Eliminating y from the combined equations (bx)? + (ay)? = (ab)?
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and y = ki (x — ma) gives
(b? + a?k)2? — 2mak?x + m2a’k? — a?b? = 0.

Simplify the equation A = 0, where A is the discriminant of the above
a2 m2 7- By the same token,
eliminating y from (bx)? + (ay)? = (ab)? and y = kax + mb implies

quadratic equation. Then we obtain k7 =

(b* + a®k3)2? + 2mba*kox + m2a®b? — a®b* = 0.

A Simplification of A =0 gives k3 = ﬁ(mQ —1). The condition kk3 =

932 . . b2 2 2 4 _ v 7
( E) implies that 75 = 16, from which e = & = = = 1g-
Hence, ¢ = 4.

First consider a special case. When M'N L the z-axis, we may write
M (;Co,g a? —x%) and NV (:Co,—g a? —:CO) Since MA 1. NA, we

have 2\/a? — 22 = 2o — (—a), and simplifying it gives that (a?+b%)z3 +

2 2
2a%x0 + a?(a® — b*) = 0. The solutions are zg = —% or Top = —a
2 2
(omitted). So, the equation of the straight line M N is z = — a(;ggbl; ),

When M N is not perpendicular to the z-axis, let the equation of M N
be y = kx+m. Combining it with b222+a?y? = a?b? and eliminating y
give that (b2 + a?k?)2? + 2a%kma + a®(m? — b%) = 0. Denote M (x1,1)
and N(za,y2). From AM - AN = 0, we see that (1 + k2)x1$2 + (a+

km)(z1 + x2) + a®> + m? = 0. Substituting z1 + x5 = lﬂ% and
2 2 2
T1To = % into the above equality, we get after a simplification

that
(a® + b*)m? — 2a®km + a®k*(a* — b*) = 0,
the solutions of which are m = ak orm = ‘112(‘;27_;1)52). When m = ak, the

equation of M N is y = kx + ak = k(x+a) that passes through (—a, 0),

2
not satisfying the condition of the problem. When m = % the

equation of M N is

y=kr+

ak(a® — b?) . a(a? — b?) 7
a® + b2 a® + b2

which passes through the point ( a(ag_;blf) 0)

To summarize, the straight line M N always passes through the fixed
. a(a®—b?)

point (7 e ,0).

Suppose that there exists such a circumscribed quadrilateral of the

circle (and also an inscribed quadrilateral of the ellipse). From the
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knowledge of plane geometry, this parallelogram must be a rhombus.
Then the center of the circle is the center of the rhombus.

First consider a special case. When the coordinates of the point P
are (a,0), the coordinates of the other three vertices of the rhombus
are (—a,0), (0,b), and (0, —b). The equation of one side of the rhombus

is £ + ¥ = 1, that is bz + ay = ab. Since the rhombus is tangent to
ab

Vb2 +aZ

condition for a and b to satisfy. This proves the necessity.

We show the sufficiency below. Let a% + biz =1, and P be any point
on the ellipse ;. Draw a straight line PO that intersects the ellipse
C5 at points P and R. Draw at O a straight line that is perpendic-
ular to PR, which intersects the ellipse C5 at points ) and S. Then
PQRS is an inscribed rhombus to the ellipse Co. Let |[OP| = r; and
|OQ| = ra. Then substituting the coordinates P(r; cosf,r; sind) and
Q (r2 cos (9 + g) , T2 Sin (9 + g)) into the equation of the ellipse, we
obtain that

the circle C'1, we have = 1, namely a% + biz = 1, which is the

(rycos)?  (rysin@)?
a? + b? =1
racos (04 )] [rasin 0+ 3))°
a? + b2

=1.

Then

1 n 1 1 1
OP]2 ~ |OQ? B T3

cos?f  sin?6 cos? (04 %) sin® 0+7%)
<a2 b2 )Jr[ a22+ b22

Also in the right APOQ, let the distance from O to PQ be h. Then
PQ|h = [PO||QO, and

1 [PQP _ |[POP +|QOP
h?  [POPIQOP —  [POPIQOJ?
1 1 11

= — _— = — —:1.
PoP "1gop T @

Thus, h = 1, in other words, PQ and the circle C; are tangent.
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The same argument can show that the other sides are also tangent
to the circle C;.

Therefore, a necessary and sufficient condition is that a% + b% =1.
Suppose that such a constant d exists. We start from a special case.
Let | € Ay be a special straight line z = d that intersects the ellipse at
two points P and Q.

Draw a circle Oy with the origin O as its center and d as its radius,
which intersects the positive half axis of the z-axis at a point G. Obvi-
ously, the circle Oy and the straight line PQ are tangent at the point
G, and |GP| = |GQ)|.

By the condition, there exist straight lines [; and [ that pass through
the points P and @ respectively, and are tangent to the circle Oy with
tangent points Py and @y respectively. Then OF, and OQg are per-
pendicular to the parallel lines 1 and Iy, so PyQo is a diameter of
the circle O4. Thus, OG is the median line of the trapezoid PyQoQP.
From OG L PQ, we know that {; 1 PQ and l; L PQ. Consequently,
the coordinates of the point P are (d,d), and l; and Iy are y = d and
y = —d respectively.

Since P(d,d) is on the ellipse, if such a constant d exists, then the

equation of the ellipse ensures that Z—z + ‘;—j = 1, solving which gives
_ ab
T Va2’
In the following, we prove that d = a(’:—bﬂﬂ is what we wanted to

find.

First we show that if [ € Ay and intersects the ellipse at the two
points P and @, then it must be that OP L OQ.

Let the equation of the straight line | be y = kz 4+ m. Then the

. .. . |m| . ab _ _Im|
distance from the origin O to [ is TREeT SO we have T = VgD

that is,
(k% 4+ 1)a?b? = m?*(a® + b?).

Substituting the equation y = kx + m of the straight line [ into the
equation of the ellipse implies that

(a®k? + bH)2? 4 2a*kma + a*(m? — bv*) = 0.
Denote P(x1,y1) and Q(z2,y2). Then by Vieta’s theorem,

2a%km a?(m? — v?)

R T L L R T R
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It follows that
T1Z2 + Y1Y2
= x129 + (kx1 + m)(kxa +m)
= (k* + Dayzo + mk(zy 4+ z2) +m?

k2a?m? + a®>m? — (k? + 1)ab? — 2k%a®>m? + k%a®m? + b?m?

a2k2 1 b2
(a® +b*)m? — (k* +1)a®b®
- a2k? + b2 =0
In other words, OP 1 OQ.
P, P

Figure 11.3 Figure for Exercise 12.

It is easy to show that if the slope of the straight line [ does not exist,
then OP 1 0Q.

Suppose that [; intersects the ellipse at P and P;, and [, intersects the
ellipse at @ and @;. Then as Figure 11.3 indicates, OP L OQ,OP L
OP;, and OQ L OQ, and ZOPP, = ZOPQ and Z0QQ, = LOQP.
Hence, ZP,PQ + £Q1QP = m, namely [; and [y are parallel.

In summary, there exists a unique number d = \/a(;bﬁ such that for
any | € Ay there are l1,ly € Ay that satisfy the conditions posed in the
problem.
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Solutions for Chapter 12

Hyperbolas

1. 2. Let |PFi| = 4t. Then |PFy| = 3t, so 4t — 3t = |PFy| — |PFy| = 2,
from which t = 2,|PF;| = 8, and |PF5| = 6. Combining the above with
|F1 F»| = 10, we find that APF; F» is a right triangle with PFy; L PF5.

Therefore, the radius of the incircle of APF Fy is r = w = 2.

2. 4. By the symmetry of the figure, there are following two possibilities
of making exactly three straight lines: (1) Two lines intersecting the
right branch and one line intersecting both the left and right branches.
The latter is the z-axis and the length of the line segment is 2. But the
minimum value of the length of the line segment from the intersection
of any straight line passing through the right focus with the hyperbola
is 2% = 4, which does not satisfy the requirement in the problem. (2)
One line intersecting the right branch and two lines intersecting both
the left and right branches. Then \ = 4 satisfies the requirement.

3. [@, \/5} . Let the equation of the straight line be £ + ¥ =1, that is
bx + ay — ab = 0. From the distance formula from a point to a straight
line and the fact @ > 1, we find that the distance from the point (1,0)

. . . ba—b
to the straight line [ is dy = ﬁ.

The distance from the point (—1,0) to the straight line [ is dz =

ba+b
VaZ+b?’ , ,

2 2

So, s =di +dy = St = =

From s > %c, we get 2%1’ > %c, namely 5av/c2 — a2 > 2c2.

Since e = £, we find that 5v/e> — 1 > 22, Thus, 2 < e? <5 (e > 1).

Hence, % < e < /5.

465
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a(l42a) . . .
2&@' First, when the length of the chord with the two end points

on the right branch is greater than or equal to %, this chord may pass
through the right focus. This is because that among all the chords
passing through the right focus, when the focal chord is perpendicular
to the real axis, the length of the chord is minimal according to the
second definition of hyperbolas, and the minimum value is % by an
easy calculation. When a chord of length [ passes through the right
focus, if we let the distances from A and B to the right directrix be dy
and dg respectively, then | = |AF| + |BF| = ed; + eds (here F is the
right focus of the hyperbola and e is the eccentricity of the hyperbola).
Thus,
1 a> 11 a? a(l + 2a
$M25(d1+d2)+?:§;+?:2(7ﬁ-

When a chord of length [ does not pass through the right focus,
|AF|+ |BF| > |AB| =1,
namely ed; + eds > [. Consequently,
1 2 l 2 [+2
xM:§(d1+d2)+a—>—+a—: a( + a)

c 2 ¢ 2/aZ+ b2

. (2,2v/2].  Without loss of generality, assume that P is on the right

branch. Write P(zg,yo). Then 29 > a. By the computational formula

for the focal radius of a hyperbola, |PFi| = exg + a and |PFy| =
o o |PF1|+|PFy| _ 2exg __23/2xg
exo — a, where e = /2. Hence, PO = Taen T Ve
22 ¢ (2,22
PP
0

. Suppose that such hyperbolas exist. We may assume that their equa-

tions are 3(x—m)?—(y—m)? = k. By substituting y = x into the above,

we get 2(x —m)? = k. Let k > 0. Then # = m + \/I so the length

PRI
of the line segment intersected by [ is v/2

m + % — (m — %)
2Vk = 2v/2. Hence, k = 2.
Let x = 0 in 3(z —m)? — (y — m)? = k. Then y = m + v/3m?2 — k,
from which the length of the line segment obtained via the intersection

of 1 and the hyperbola is 2v3m2 —k = 2v3m2 —2 = 2v/2. Thus,

2
m = :I:%. Therefore, there exist such hyperbolas 3 (er %g) —

2 2 2
(y—i—%) :2,01"3(95—%) —(y—%) =2
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7. (1) Let the equation of [ be y = kz+1. Eliminating y from 22 — % =1
and y = kz + 1, we have (3 — k?)2? — 2kz — 4 = 0.
Since the straight line [ and the hyperbola C' have two different
intersection points,

3—k2#£0,
A =4k2 +16(3 — k2) > 0,

whose solution set is —2 < k < 2, and k # ++/3. Hence, the range
of the values for k is

(-2, —V3) U (—V3,V3) U (V3,2).

(2) Denote A(z1,y1) and B(xa,y2). Then x1 + 25 = 3= k2 and x129 =
. The coordlnates of the right focus are F5(2,0), so |AFy| =
V(z1 —2)2 = a? —4z; +4+ (327 —3) = 227 — 1| and
|BF;| = |2:E2 — 1|.

On the other hand, (221 —1)(222—1) = 429 —2(z1+22) +1 =

16 k2 44k+13
352 — == Thus,

when k% < 3, we see that (221 — 1)(2z2 — 1) < 0, and so

|AF2| + |BF2| = |2I1 — ].| + |2$2 — ].|

= 2|I1 — I2| = 2\/($1 + $2)2 — 4.’,E1.’,E2

434 — k2
3—k2

The condition |AF,| + |BFy| = 6 implies that 4\/;; B2 — 6, from
which k2 = 1 or k* = &1 > 3 (omitted). Hence, k = £1.

When 3 < k? < 4, clearly (221 — 1)(2z2 — 1) > 0. Then

|AF2| + |BF2| = |2.’L’1 - 1| + |2CE2 — 1|

2k

=2 —1]=2
|.%'1—|—LL'2 | ’3 k2

_1’.

Now, from |AF,|+ |BF2| = 6 we have 2 ‘3 = 1‘ = 6, whose solutions

are k = =2,k = , or k = % None of them satisfies the condi-
tion, so omitted. Thus, for this case, no k exists to satisfy the given
condition.

To summarize, the values of k are 1 or —1.
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The equation of the straight line containing the chord at contact
AB is zoz — yoy = 1.

From x = m we have [ a5 : mz —yoy = 1. Substituting M (%, O)
into the straight line equation verifies the conclusion.
Denote A(x1,y1). Then the equation of the perpendicular line AN
isy—y =—x+ ;.

Fromy —y1 = —x + 23 andx—y:OwegetN(
Denote the center of gravity by G(z,y). Then

z1+y1 xity )
2 0 2 :

ety Lpmtuy Cgr—3y— 2
3 m 2 ffl*f7

= 1

1 1+ _9y73x+g
y—§<y1+0+ 5 ) =y

Since 23 — yf = 1, the equation of the curve drawn from the center

of gravity G is (w — 3%)2 —y? = %.

Since the eccentricity of the hyperbola is 2, we have ¢ = 2a and
b = V/3a. So, the equation of the hyperbola can be reduced to
2

2

2y — a4z = L. Since the equation of the straight line is y = x +m,

eliminating y from the two equations together gives

222 — 2mx — m? — 3a* = 0. (12.1)

Denote A(x1,y1) and B(z2,y2). Then x1 + 20 = m and xj20 =

—m?—3a>

2
Since AP = 3.@, so (—x1,m — y1) = 3(x2,y2 — m). Thus,

x1 = —3x2, from which and =1 + o = m we get x1 = %m and

. . 2 a2
f%m. Substituting them into iz = mf&l
. 2 o2
equation —2m? = =130
Now,

To = results in the

. After a simplification it is m? = 6a2.

s
OA - O? = z122 + Yy1y2 = T122 + (21 + m)(x2 + M)

= 22129 + m(xy + 22) + m? = m? — 3a® = 3a*.

Since 0—1)4 . O? =3, we find a® = 1 and then m = V6. Substituting
into (12.1) and manipulating the resulting expression, we obtain
that 222 — 2¢/62 — 9 = 0. Clearly this equation has two different
real roots, meaning that a? = 1 satisfies the requirement. Hence,
the equation of the hyperbola is 22 — % =1.
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(2) Suppose that the point M exists, written as M (¢,0). From (1), the
right focus of the hyperbola is F'(2,0). Let Q(zo,y0) (zo > 1) be a
point on the right branch of the hyperbola.

When zo # 2, we have tan ZQFM = —kgp = —;%5 and
tan ZQMF = koym = Igjt.
_vo_
Since ZQFM = 2/QMF, so —-Y_ — 250t Supgtituting

()

y2 = 3z% — 3 into it, we have after a simplification that
—2x3 + (4 + 2t)xo — 4t = —22% — 2ty + 12 + 3.

Thus, solving 4 + 2t = —2t and —4t = t2 + 3 together gives t = —1.
When xg = 2, we see that ZQFM = 90°, and ZQMF = 45° for
t = —1, satisfying ZQFM =2/QMF.
Therefore, t = —1 fulfills the requirement, and the point M that
satisfies the condition exists, whose coordinates are (—1,0).
10. Let the coordinates of P,@, R, and S be (x;,y;) for i = 1,2, 3, and 4,
respectively. Combining y = ma + b and 22 + y? = 1 implies

(1 +m?)2? + 2mbz +b* — 1 =0, (12.2)

from which 1 + 25 = — 11’%)2. Combining y = max +b and 22 —y? = 1
implies

(1 —m?)x? — 2mbz — (b*> +1) = 0, (12.3)

from which z3+x4 = 12_“::2 . Since P and @ divide the line segment RS

into three equal parts, so the middle point of P(Q is the middle point

of RS, thus z1 + zo = x3 + x4. Consequently, — 1%:’;5’2 = 12_"7‘75’2, whose
solutions are m = 0 or b = 0. (1) When m = 0, the equations (12.2)
and (12.3) are just 22 +b%—1 = 0 and 22 —b?—1 = 0, respectively. From
|PQ| = $|RS|, we see that |z1 — x| = §|zs — 24|, namely 2v/1 — b2 =
2 -2V1+ 2, the solutions of which are b = +2v/5. (2) When b = 0,
similarly we get m = :I:%\/g

11. As Figure 12.1 shows, without loss of generality, assume that P(zq, yo)

JE2 2

is on the right branch of the hyperbola Zy — %> = 1 (a > 0 and
b > 0). Then the equation of the tangent line PQ at the point P

is #oF — %¢ = 1. Letting y = 0 gives the coordinates (%,O) of the

a2

intersection point @) of the tangent line and the z-axis.
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vA

Figure 12.1 Figure for Exercise 11.

By the formulas of focal radii, |PF1| = exo + a and |PFy| = exg —a,
where e = £ is the eccentricity of the hyperbola.

Now, |F1Q| = % +cand |FRQ| = c— ;—2 so QL — a'terg wpije

o’ [F2Q)| cxo—a?
|[PF1| _ exota _ cxota® |[1Q| _ |PFy| -
PR = cro—a = cro—aZ It follows that ol = PR 11 other words,

PQ bisects ZFy PF5, thus proving the proposition.

2 2
Let P(xo,y0) be a point on the hyperbola & — #> = 1. Then the
equation of its polar line (that is, the straight line containing the two

tangent points) with respect to the hyperbola 2—; — g—j =kis 27 -5 =

k, and the horizontal coordinates of its intersection points A and B with
the two asymptotes £ — ¥ =0 and £ + ¥ =0 are

ak ak
S Ty and w2:7w_o+y_0’
a b a b
respectively.
The area of AOAB is
0 0 1
1 1|T1
sz oy 1)) = |3
2 2 €r2 Y2
x2 Y2 1

b| | b ak ak
= —|rym2| = — .
bk?
= % = abk? (a fixed number).
] Yo
a? T b2

This completes the proof.
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Parabolas

1. st = 1. The coordinates of the vertex of the parabola y = ax® +
br + c are (—o, 22 b ). Let s = —2 and t = 22— b . Then we have
§:—2sandt:1—E:1+ 5

Since a # 0, so the condition that a and b satisfy is equivalent to
844-L2=p(2)2 Thus,

8 + 4(—2s) = b(—2s)% = 4s(2t — 2).

Hence, st = 1.

2. (=00, =3] U1, +00).

3.y = x4+ 2 Denote Pj(z1,y1) and Pa(x2,y2). Put them into the
equation 22 = y of the parabola respectively and make a subtraction.
Then we have (z1 + 22)(z1 — x2) = y1 — y2. Let the middle point of
PPy, be M(xg,y0). Since the slope of P1P; is 1, so 2zg = 1, that is
Ty = % Since zg + yg = 3, we obtain yy = % Hence, the equation of
the straight line Py Py is y — § =x— %, namely y = x + 2.

4. g The coordinates of the pomt F are (3,0). Write A(z1,y1) an

B(z2,y2). Then 21 = %1 and xo = 7. Consequently, —1 = —/i ?

122 + y1y2 = 2(y192)? + y1y2, s0 y1y2 = —2. Hence,

1 1
Spora+ SrorB = §|OF||?J1| + §|OF||?J2|

1
= Z<|y1| + |yal)

V2
2 )

v
| =

ly1y2| =

471
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where the equality is satisfied if and only if |y1| = |y2| = /2, that is, if
and only if the coordinates of A and B are A(1,+/2) and B(1, —/2), or

A(1,—+/2) and B(1,+/2). Thus, the minimum value of SAora+Srors

o V2
182.

. Since the equation of the circle P is (x — 1)? + 4% = 1, the length of its

diameter is |BC| = 2 and the center of the circle is P(1,0).

Let the equation of the straight line [ be ky = z — 1, namely
x = ky + 1. Substituting it into the equation of the parabola gives
y? = 4ky + 4. Denote A(x1,y1) and B(ra,92). Then y; + yo = 4k
and y1y2 = —4, from which

(y1 — 12)% = (1 + y2)* — dyny2 = 16(k° + 1).
Thus,
|AD]? = (y1 — y2)* + (1 — 22)*
2 _ 2\ 2
= (1 — 1)’ + (—yl - yQ) — 16(K> + 1),

and so
|AD| = 4(k* +1).
Since |AB|,|BC|, and |C'D| constitute an arithmetic sequence,
2|BC| = |AB|+|CD| = |AD| — |BC|,

and so |[AD| = 3|BC| = 6, that is 4(k® + 1) = 6. Hence, k = +¥%2,
which gives the equations of the straight lines [ as =z = @y + 1 or
T = —gy + 1.

. It is easy to have the coordinates (5,0) of B. Denote A(2pt?, 2pt).

Then AL — (5 —2pt?, —2pt) and AC = (c—2pt?, —2pt). Since /BAC
is an acute angle, /@ . m > 0, namely

(g - 2pt2) (c — 2pt?) + 4p*t? > 0,

where ¢ > 0 and ¢ # £. Simplifying the above gives (% — 2t2) c+4aptt+
3pt? > 0, which is always valid for all t € R if and only if ZBAC is an
acute angle for all points A on the parabola.

Let m = t* > 0. Then f(m) = 4pm?®+ (3p—2¢)m+ § > 0 is satisfied
for any m € [0, +00).
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_3p—2c

5 we

Since the symmetric axis of the graph of f(m) is m =
discuss two different cases as follows:

(1) 73398—;26 < 0, namely when 0 < ¢ < %p, the desired property is

satisfied.
(2) —3p o 2¢ ~ 0, namely when ¢ > %p, it holds that the discriminant
A = (3p—2¢)? — 8pc < 0, from which 2p < ¢ < §p.

To summarize, ¢ € (0, %p).

. Let the coordinates of M be (zo,y0), and let the coordinates of M;

and Ms be (z1,y1) and (x2,ys2), respectively. Since A, M, and M; are
2 2

co-linear, 240 — y(’—:g. Putting 2o = £2 and x; = 4~ into the above
1—Zo Zo P P
equality, we get
byo — 2pa
vy =————7 13.1
o b (13.1)
By the same token, since B, M, and M; are co-linear,
2pa
Yo
Thus, the equation of the straight line M1 Ms is y — ya = gi:gz
2 2
(x — x2). Putting z; = g—; and x4 = 12’—; into it gives 2pz — (y1 +y2)y +

y1y2 = 0. Substituting (13.1) and (13.2) into the above and after a
simplification, we have y3(2px — by) + 2pbyo(a — ) + 2pa(by — 2pa) = 0
(). Let the coefficients of yy (including the constant term) be zero,
that is, let 2pz — by = 0,a — x = 0, and by — 2pa = 0. Then their
solutions are x = a and y = 2%“.
Yy = 2%“, the equation (%) is always satisfied for any yo. In other words,
the straight line M7 M5 always passes through the fixed point (a, 2%“).
. By the symmetry of a parabola, we can write P(2t2,2t) (t > 0).

Since the equation of the circle is 22 4+ y? — 2z = 0, so the equation

of the tangent chord M N is 2t%z + 2ty — (z + 2t?) = 0, that is,

This means that when = ¢ and

(22 = 1) & + 2ty — 2t = 0.

Thus, the double tangent lines PB and PC are just the conic sections
that pass through all the common points of the double straight line

2622 + 2ty — (z +2)]" = 0
and the circle, whose equation is

($_1)2+y2—1+)\[2t2$+2ty— ($+2t2)]2 =0.
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Substituting the coordinates of the point P into the above expression
gives that A = —ﬁ, and consequently the equation of the double
tangent lines PB and PC' is

1 2
2,2 2 2112 _
(@=1)"+y" —1- 13 [2t°x 4 2ty — (x4 2t%)]" = 0.
Let = 0 in the above, giving y = %y —lory=1- %y
Since there is only one tangent line PB that intersects the axis when
t = 1 and the circle (z — 1)? + y? = 1 is an external tangent circle of
APBC when 0 <t < 1, we must have ¢t > 1, Consequently,

t t t t 212
yp=1p Yo=1—p IBO =T e
Therefore,
1 1 2t2 212
S = —|BC = — 2t2 =
appo = 3|BCller| = 57— 21

=22+ (2 -1)+ > 8,

t2—1]~

and if and only if t = v/2, the equality holds in the above inequality.
Hence, the desired minimum value is 8.

. Assume that A(x1,y1) and B(z2,y2) are symmetric with respect to [

and let the middle point of AB be M (xg, o). The equation of AB is
Yy = —%x + b. Substituting it into y = 22 gives 22 + %x —b=0. So

Ty = —“;“ = —ﬁ and yo = —%xo +b= 27}12 +b.
Also the point M is on the straight line y = m(x — 3), so we have

L +b=m(—L —3). Thus,

2m

2
4b=—-——-12m—2.
m

From A = #Jrélb = 7712 — %71277172 > 0, we obtain that m < f%
(the requirement is obviously satisfied when m = 0).
Denote A(z1,y1), B(z2,y2), C(x3,ys), and D(x4,y4). Let the equation
of the circle containing A, B,C and D be 22 4+ 3% +dx +ey + f = 0.
Combining it with y? = 2px and eliminating x, we get

4
Y 2
17 +y+

d2
L-l—ey—i—f:O.
2p
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By Vieta’s theorem, the four roots y1,ys,ys, and y4 of the equation
satisty

y1+y2+ys+ys=0.

Now,
CYi—Y%  Y1—y2  2p
kap = = = 5 = =1.
1 — X9 Yi _ Y3 Y1 + Yo
2p 2p
So,
2 2
kcp = P _ P =—1.

B Y3 + Ya —(y1 + y2)

Hence, AB 1. CD.
11. (1) Substituting the equation y = x — 1 of [ into y? = 4x gives 22 —
6x+1 = 0. Denote A(x1,y1) and B(x2,y2). Then 1 + a2 = 6 and

r1T9 = 1. So,

—
OA - O? = 2122 + Y1y2 = 22122 — (,’El + $2) +1=-3,
OA|0B| = /3 + 43 \/a3 + 43

= /xxo[ri 20 + 4(z1 + o) + 16] = V41,

COS<O—1)4, O?) = —f—lx/ﬁ

Hence, the angle of (ﬂ and O? is m — arccos % 41.

(2) The given condition FB = MAF means that (x2 — 1,y2) = A1 —
Z1,—Y1), in other words,

29 —1=A1—a1), (13.3)

Y2 = — Ay, (13.4)

From (13.4), y3 = A2y}. Also y? = 4z and y3 = 4xo. It follows that
T = Nx;. (13.5)

Solving (13.3) and (13.5) together gives x5 = A. From the condition,
A > 0, so we have the points B(),2v/A) or B(\, —2v/\). Since the
focus is F(1,0), the straight lines [ are (A — 1)y = 2v/A(z — 1) or
A=1)y = -2z —1).
2VA o =2VA

Therefore, the intercepts of [ in the y-axis are 35 or 5=7~.
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§

From 2— \/_+1 + )\ 7 (or using a derivative argument), we know

that % is decreasing on [4,9].
Hence, the range of the intercepts of [ in the y-axis is [—
3 4
[3:5]
The intersection point (zg,%0) of the parabola y?> = nx — 1 and the
straight line y = x satisfies ¢y = yp and x% =nwxo—1. So, xg+ zl_(, =n.

ol

4y

If (z*, y") is the intersection point of the parabola y* = kx — 1 with
the straight line y = z, then 2™ = kz' — 1, namely k = 2§ + zim
0
Denote ky,, = a* + % Then ki1 = km(xo + %) — ky—1 = nkm,

km_1 ( > 2). Since k1 = z§ + é = n is a positive integer, ko =

x3 + = (:B + )2 — 2 =n? — 2 is also a positive integer, and the
above recurswe relatlon implies that k,, must be a positive integer.
Since xg + % = n, we see that g > 0, from which k,, = x,, + i > 2.
Hence, k., = =, + ﬁ are positive integers not less than 2 for all
positive integers m.

Therefore, for any positive integer m, there exists k = x,, + ﬁ such
that y? = kx — 1 and y = z intersect at (x3", y7").
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Parametric Equations

2 2
+35) + -3 =%

1. (w

2. Z—z - 7;—; = 1.  Write M(acosf,0) with § € [0,27). Then we have
P(acosf,bsind) and P'(acosf,—bsinf). So, the equations of PA and
PA  are o = % and - = %, respectively. Multiply-

2 2 2 2
. . . y _ b T Yy o
ing the two equations gives —s*— = 7z, namely 75 — iz = L.

3. 12. Let the parametric equations of the straight line be

(t is a parameter).
2
y=3+ it,

2

Substituting them into the equation of the circle gives t? + 5v/2t —
12 = 0. Then |PA||PB| = |tits| = 12.

4. 20.  Denote P(4cosa,2sin«) and Q(4 cos 8,2sin 3). Since the prod-
uct of the slopes of OP and OQ is —1, so 232 . izg;g = —1, which

4cosa

is simplified to cos(aw — 8) = 0. Consequently,
a = 2km+ % + .

Thus, |OP|? 4 |0Q|? = 16 cos® a + 4sin® a 4 16 cos? 5 + 4sin’ § = 20.
5. Denote P(xg,y0), A(2cosf,v/2sinf), and B(2cosf, —+/2sinf). Then
r9 = 2cosf. From |PA||PB| = 1, we have |v2sinf — yo|lyo +
V2sinf| = 1, that is y2 = 2sin®?0 + 1 = 2 — 2cos®# + 1. Substi-

2 2
tuting cos = £ into it gives y§ = 2 — $23 £ 1, namely 2 + % =1 or

2
P +yg = 1. Since zg = 2cos 0, and [ intersects the ellipse at two points,

477
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S0 —2 < xg < 2. Hence, the trajectory of the point P has the equation
2 2 2
L+ =1(2<z<2orL+y?=1
6. The parametric equations of the ellipse are z = acosf and y = bsin 6.

The coordinates of the points A and N are
A(—a,0), N(acosb,bsinb),

respectively. Then the parametric equations of the straight line AN are
r = —a+tcosf and y = tsinfd. Substituting them into the equation
of the ellipse, we obtain

(b? cos? 0 + a? sin? 0)t? — 2ab*t cos§ = 0,

2ab? cos § a s
AN|=t = . JAM| = (9 —) .
| | b2 cos? 6 + a2 sin” 0 | | cosf 7 2

y
N
? 7! D
A (@] B x
C
Figure 14.1 Figure for Exercise 6.
Therefore,

2a%b?
b2cos? 0 4 a2 sin? @’
From AN || CD, the coordinates of C' and D are C(—|OD|cos¥,
—|OD|sind) and D(]JOD|cos@,|OD|sinb).
As in Figure 14.1, since C' and D are on the ellipse,

|[AM||AN| =

a?b?
Co|? = ,
| | b2 cos2 0 + a2 sin’ 0

while
2a%b?

CO||CD| =2|CO|* = )
coll | IcOl b2 cos2 0 + a2 sin’ 0
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Therefore,
|AM||AN| = |CO||CD|.

. From the condition, the right focus of the hyperbola is F'(c, 0).

Let the inclination angle of the straight line [ be a and the parametric
equations of [ be x = ¢+ tcosa and y = tsin «, where ¢ is a parameter.
Substituting them into the equation of the hyperbola, we have

(b% cos® a — a?sin® a)t? + 2b%ct cos o + b* = 0,
namely
(c? cos® a — a®)t? + (2b%ccos )t + b* = 0.
Then

b4

tito = ———
c2cos2a —a?’

2b%/c? cos? a — (c2 cos? a — a?)

t — o] =
[t = 2| |c? cos? o — a?]

B 2ab?
~ |c?cos?a — a?|’
Since |OF||AB| = |F A||F B, that is,

2ab3c bt

|c2 cos? a — a?| - |c2 cos? o — a?|’

it follows that 2ac = b%, namely e2 —2e — 1 = 0. Since e > 1, so

e=1+ \/5

. (1) According to the definition of hyperbolas, |[M A| — |[M B| = 2 cos¥,
so the trajectory of the point M is the branch of a hyperbola with
the foci A and B and the real axis length 2 cosf, which is near B.

(2) Set up an appropriate coordinates system. Then the equation
of the circle is (z + cosf)? + y?> = 4cos’d. When |MN| is of
the minimum value, we have M(cos#,0), N(sin6,0), and f(0) =
|cosf — sinf| = |\/§sin (60— %)| From 6 € (0,%), we know that
0< f(A) < 1.

9. (1) Write P(asec,btanf) and let the equations of the two asymptotes

of the hyperbola be l; : bx—ay = 0 and l5 : bx+ay = 0, respectively.
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The condition PQ || I implies that kpg = 73. We may assume
that the parametric equations of the straight line PQ are

a
x =asect - ——t,
va? + b2
b (t is a parameter).
y=btanf +

7t,
va? + b2

Substituting them into the equation of [; gives

b(@at)(bt0+b)0
asec) — ——=t | —a|btanfd + ———— ) =0,

Va? + b2 Va? + b2

whose solution is t = $v/a? + b2(sec — tan6). Thus,

1
|PQ| = |t| = 5\/a2 + b?|secf — tan ).

By the same token, |[PR| = $v/a2 + b2|sec + tan6|. Hence,

1
|PQ||PR| = ~(a® + b*)| sec? § — tan? 4| = Z(cﬁ +b2).

|

The area formula is from the following:

2tan Zx0Q
g = |OR||0Q| sin ZROQ = |PQ||PR|——2220¢
Trqor = |OR||OQ]sin Q= Pall |1+tan24xOQ
1 2.b 1
= —(a® +b2)7ag = sab.
4 L+ (&) 2

Denote P(acosf,bsiné). Then the equation of the polar line (that
is, the tangent chord) of the point P with respect to the circle
22 +y2 = b%is acosf - x + bsinf -y = b%. Letting y = 0 gives
T = — 7, and letting x = 0 gives y = size'

|OM| = b and |ON| = =Y. Consequently,

al cos 0] [sin@]*

In other words,

b3 b

1
S = —|OM||ON| = ——— > —.
aomn = 5|OM[|ON] a|sin20] = a

Suppose that there exist such two tangent lines. Since OA L
PA,OB L PB, and |OA| = |OB|, we know that OAPB is a
square, so |OP| = v/2b. Conversely, if |OP| = v/2b, then OAPB is

a square.
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Hence, there must be |OP| V20, namely a? cos? O +b?sin? § = 202,
from which cos? 6 = 2 ", and so 2 "= < 1 since cos® @ < 1. That is,
there exists such a point P only when a > V/2b.

When a = v/2b, we see that cosd = +1. Then the coordinates of the
point P are (a,0) or (—a,0).

When a > +/2b, we have cos = =+ b2 and then sinf =

/a2 —b2 ’
N . .
+ N Namely the coordinates of the point P are

ab bva? — 2b2 ab bva? — 2b2
,E or [ — , .
\/az — 12 \/@2 — 12 \/az — b2 \/az — 12

When a < v/2b, there does not exist such a point P on the ellipse.
Denote P(xg,yo). Let the parametric equations of [; be x = xg+t cos «
and y = yo + tsina with ¢ a parameter, and the parametric equations
of lo be x = xg + mcosf and y = yg + msin S with m a parameter.
Substituting the equations for /; into the equation of the ellipse, we get

(b% cos? a + a? sin? a)t? + 2(b%zg cos a + a’yg sin )t
+b%z3 + a*y; — a*b* = 0.
Then

be% + a2y§ —a?b?

tito = .
b2 cos2 a + a2 sin? o

By the same token,
b2:17% + a2y8 — a?b?
b2 cos? B+ asin? 3’

mimsg =

Since o + = 7, we have |sina| = |sinf| and |cosal = |cosfS|.
Thus, [ti1t2| = |mimz|, that is, |PA||PB| = |PC||PD|. By the knowl-
edge of plane geometry, the four points A, B, C, and D are on the same
circle.

Write M(asecf,btand) and N(aseca,btana). Then the equation of
the straight line M N is

btanf — btan«

= (z — asech) + btand.
asect — asec
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Substituting the point F(c,0) into the above, we obtain in succession
that

btanf — btan «

(¢ —asech) +btand = 0,
asecl — asec

atan f(cos o — cos f)

asecl —c = — —
sin @ cos o — cos 8 sin a

tan 6 cos o — sin o« — tan 6 cos o + sin 0
sin(f — «)

c
a
_ sinf —sina
~ sin(f —a)
With the point A(—a,0) in mind, we know that the equation of the

straight line AM is y = —2tand (x + a). By substituting z = % into

asecO+a

it, we have

(a+ c)btanf
c(sech+1) -

Therefore, the coordinates of the point P are (“2 m).

"¢ v "e(secH+1)

a? (atc)btana
¢’ c(seca+l) )°

Let the middle point of the side PQ be R. To make the conclusion
be true, we need the equality |PQ| = 2|RF|. In other words,

Similarly, the coordinates of the point ) are (

2c secl+1 seca+1

B a? 2+ a+c\? /[ btanf N btana \>

o c ¢ 2c secl+1 seca—+1

- 4b% tan @ tan o a+c 2_ a? — 2\ ?
(secf+ 1)(seca+1) \ 2c B ¢

b2 tand tan o

(a+¢c)2  (sech+1)(seca +1)

a—l—c( btan 6 btan o )’

sin # sin « ‘ ; «
= = tan - tan —.
(cosf + 1)(cosa + 1) 2 2
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On the other hand,

c
a

Therefore, tan g tan § = — =5

proved.

1—tangtan—

sin @ — sin «
sin(f — «)
o 0—a 0+a 0+a
2sin 5o cos =t cos S

L 0—a
2 sin 5% €os

0—«a cos 0—«a

o

2
1+tan§tan%.

2 2

_ b2 . .
G = ~ o and so the conclusion is
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Solutions for Chapter 15

Families of Curves

1. 392 + 13y — 25 = 0. Let the equation of the straight line be
(2x—3y—1)+ABx+2y—2) =0,
which is rewritten as
243N+ (-3+3N)y+ (—1—-2X) =0. (15.1)

Since the slope of the known straight line y + 3z = 0 is —3, we have
— 253 = =3, from which A = 4. Substituting A = 4 into (15.1)
gives 39z + 13y — 25 = 0.

2. 22 +y2 — 11z + 3y — 30 = 0. Let the equation of the circle be
(r —8)% + (y — 6)% 4+ A(x + 3y — 26) = 0. Substituting (—2, —4) into it
and solving for X\ give A = 5.

3.0 4 —lor 2 2

© 10 5 3 :

4. & 62) + 21) =1.  Let the desired equation of the curve be (x —
4)? +n(y — 3)2 + u(2x + y — 1) = 0. Substituting the coordinates of
@ and R into the equation gives n = % and p = 2. Putting them back

(w—2)2 + w=1? _ 4

2 :

into the equation we obtain

5. From %7 -~ y—2 =1>2 sz = 2;—5’, we see that the area of the

quadrilateral S = 4|zy| < 2ab, and if and only if © = gb and y =

@a, the area achieves its maximum value. Let the equation of the

hyperbola be i — ﬁ = 1. Substituting <\/_b V2 ) into it, we
have % — 5z = 1. Thus, the coordinates of the four vertices are

2z
(gb,ga),(;b,_ga)( 20, 20) and (425, —42a).

485
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Set up a coordinates system, and denote A(0,a), B(b,0),C(c,0), and
H(0,h). Then

x Yy
BH:—-—+4+=-=1
b TR T
Ac: LY .
C a

The family of the straight lines passing through the intersection point
of BH and AC is given by

r Yy r Yy

,\(_ __1) (_ ——1):0.
b+h e c+a

Let A=1and g = —1. Then

L1y, (11
o) I\n T e) T

Since this straight line passes through the origin, it is just the straight
line DE. By the same token, the equation of DF’ is

1 1 n 1 1 0
I —_ — — _—— — p—
c b Y h a

Clearly, the slopes of DE and DF' are opposite numbers, so AD bisects
the angle formed by ED and DF.
With A as the origin and AB as the z-axis, set up a coordinates system.
Denote B(a,0) and M(t,0) (0 < t < a). Then the equations of the
circumcircles of the two squares are 22 + y2 — to — ty = 0 and

2 +y? —(a+t)x — (a—t)y +at = 0.
Subtracting them gives the equation of M N as ax + (a — 2t)y — at = 0,
namely

ax 4+ ay —t(2y + a) = 0.

Hence, such M'N always pass through the fixed point (%, —%)

. Write A(x1,y1) and B(za,y2). Then

373 +yi = A, (15.2)
373 +ys = A (15.3)
(15.2) — (15.3) gives

3(x1 — x2) (21 + 22) + (Y1 — y2) (1 +y2) =0,
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namely

yi—y2 _ 3mtas)

T1 — X2 Y1+ Y2

)

which implies the equation z +y —4 = 0 of AB and the equation
x—y+2=0o0f CD. Since N(1,3) is on the ellipse, so A > 12.
The equation of the conic section passing through A, B,C, and D is

B2 +y* =N +ur+y—4)(z—y+2)=0.
Its simplified version is
(34 w)a® + (1 — p)y — 2ux + 6y — 8 — A = 0.

Letting 3 4+ p =1 — p gives p = —1, and substituting it into the above
expression, we obtain

A
:E2+y2—:1c+3y—4+§:0.

Hence, for any A > 12, the four points A, B,C, and D are on the same
circle.

. The family of the curves pass through the origin. While y = 2z also
passes through the origin, so the lengths of the chords obtained by
the intersections of the family of the curves to y = 2z depend on the
coordinates of the other intersection points. Substituting y = 2z into
the equation of the curves gives (2sin @ — cos 6 +3)x? — (8sin 6 + cos 6 +
1)z = 0. Also, 2sinf —cosf+3 = /5 sin (0 — arctan %) +3# 0. When
z # 0, we have ¢ = 88I004cosO+1 704 g g = 12—“ and cosf = 1=w

2sin §—cos0+3 " +u2 14+u2 -

Then = %. Hence, 2zu? + 2(z — 4)u + (r — 1) = 0. From

u € R we know that, when z # 0, the discriminant

A =2z —4)]*—8x(z—1)
= 4(—2* — 62 + 16)
>0,

that is 22 4+ 62 — 16 < 0 and = # 0, and namely —8 < z < 2 and = # 0.
Therefore, |Z|max = 8. From y = 2z we know that |y|max = 16. Hence,
the maximum value of the chord length is v/82 + 162 = 8v/5.
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Let the equations of the three circles be respectively

2* +y>+ Dz + Eyy+ Fy =0, (15.4)
2 +y* + Dox + Eay + Fy = 0, (15.5)
22+ y? + Dsz + Esy + F3 = 0, (15.6)

(15.4) — (15.5) gives

(D1 — Do)a + (Ey — Eo)y + Fy — Fy =0, (15.7)
(15.5) — (15.6) gives

(D3 — D3)a + (Es — Es)y + Fo — Fy =0, (15.8)
and (15.6) — (15.4) gives

(D3 — Dy)a + (B3 — By )y + Fy — Fy = 0. (15.9)

If (15.7) and (15.8) have an intersection point, then adding (15.7)
and (15.8) results in (15.9), so the three lines have a common point.

If (15.7) and (15.8) have no intersection point, namely they are par-
allel, then there exists a real number k such that

Dy — Dy = k(D3 — D3),
Ey — By = k(Ey — E3),
Fy — F # k(Fy — F5).

SO, D3—D1 :D3—D2+D2 —D1 - (1+k’)(D3 —Dz).

By the same token, E3 — Fy = (1 + k)(E3 — Es) and F3 — Fy #
(1 +Ek)(F5 — Fy).

Consequently, (15.8) and (15.9) are parallel, so the three lines are
mutually parallel.
With O as the origin and E'F' as the z-axis, set up a rectangular coordi-
nates system. Denote E(—x,0) and F(x,0), and let the radius of the
circle M be r. Then the equation of the circle is (x—x0)?+(y—7)% = 72,

that is,
2? +y? — 2xor — 2ry + 22 = 0. (15.10)

We may assume that the equations of the two straight lines AB and
CD passing through E are h1y = x + ¢ and hay = x + x( respectively,
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the combination of which is
(:v—hly—i-:vo)(x — hoy + xp) = 0. (15.11)

And the equations of the two straight lines BD and AC are y = kx
and ax + by 4+ ¢ = 0 respectively, the combination of which is

(y — kz)(ax + by + ) = 0. (15.12)

The family of the curves generated by (15.10) and (15.11) pass through
A, B,C, and D, while the curve (15.12) also passes through A, B, C,
and D, so (15.12) is one of the family of the curves.

Comparing the constant terms of the family of the curves gener-
ated by (15.10) and (15.11) with (15.12), we find that (15.12) can be
obtained by subtracting (15.10) and (15.11), after which there is no z?
term. Consequently, a = 0 in (15.12). In other words, AC' || EF.

As in Figure 15.1, with A as the origin and the straight line AC as the
z-axis, set up a rectangular coordinates system. Denote the coordinates
of the points C, F, D, and B as (¢, 0), (f,0), (xp, kzp), and (xp, —kxp).
Then the equation of the straight line DF is

f—p

_ =0 15.13
r—f+ g V=0 ( )

and the equation of the straight line BC' is

C—IpB
— =0. 15.14
vt Sy (15.14)
yA
D
E
C
A F X
G
B

Figure 15.1 Figure for Exercise 12.
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Subtracting (15.14) multiplied by f from (15.13) multiplied by ¢, we get
1 1 1

(c—flz+ - [cf (——i——) —(c-l—f)}y:O. (15.15)
k D rp

The straight line represented by (15.15) passes through the origin A,
and also the intersection point G of DF and BC, thus (15.15) is the
equation of the straight line AG. Similarly, we can obtain the equation

(c—flz— % {Cf (i + i) —(c+ f)} y=0.  (15.16)

of the straight line AE. The slopes of (15.15) and (15.16) are opposite
numbers, hence ZGAC = ZEAC.



Solutions for Chapter 16

Derivatives
1. % The range of the x values is |z| < 1. Since we want to find the

maximum value, we can assume that 0 < z < 1. Let x = sin« with
o€ (0,Z]. Then y =sina(l+cosa) and y' = cosa + cos 2a.. Letting

y =0 gives 2a =7 — «, 80 @ = 7 and the corresponding values of =

andyare:vz@andyz%.
2. %w? Since {a, } is an arithmetic sequence with common difference

% and f(a1) + f(az) +---+ f(as) = (2a1 — cosay) + (2a2 — cosaz) +
-+ + (2a5 — cosaz) = 5w, namely

2(a1 + a2+ -+ as) — (cosay + cosas + -+ + cosaz) = 5,
so we have

T T
10as — |:COS (a3 — Z) + cos (a3 — g) + cos as

T T
+ cos <a3 + g) + cos <a3 + Z)] = 5.

Denote g(z) = 10z — (2cos § +2cos § + 1) cosz — 57. Then ¢'(z) =
10 + (2cos T 4 2cos § + 1) sinx > 0, that is, g(x) is a monotonically
increasing function on R, and it has a unique zero x = 7. Thus,
az = 5. Therefore,

* iy = (r-eosT) (2T (4 T) = B
flas)* — ayas (ﬂ' €08 5~ 1 2+4 TR

3. V2. Since the curves of y = €” and y = Inx are symmetric with
respect to the straight line y = . The desired minimum value of |PQ)|
is 2 times the minimal distance of the point on the curve y = e” to the

491
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straight line y = 2. Let P(x,e”) be any point on y = e”. Then the
distance of P to the straight line y = z is d(x) = % = _”” . We
_ et

have d'(z) = 75

When z > 0, we see that d’(x) > 0, so d(z) is monotonically increas-
ing; when z < 0, we get d'(z) < 0, so d(z) is monotonically decreasing.
Thus, d(2)min = d(0) = g, namely |PQ|min = v/2.
(0,2).  Let g(z) = f(z) — 32. Then ¢'(z) = f'(x) — 5 <0, so g(x)
is a decreasing function on R.

Since f(log, z) > log%ﬂ

, we obtain that

Fllogy @) — 3 logy x> £ = (1)~ 5.

that is, g(log, ) > ¢(1). Hence, log, x < 1, from which 0 < z < 2.

(1) The inequality to be proved is equivalent to e™* < I%Ll,
—x < —In(z+1). Let h(z) =x—In(x+1). Then h'(z) =1— %H,
so h(z) is monotonically increasing on [0, 4+00), and thus h(z) >
h(0) = 0 when z > 0.

(2) Denote g(z) = —In1=%
{a,} is decreasing, it is enough to show that g(x) < x when x > 0.

In fact, g(z) < z is equivalent to In =6

namely

. Then any1 = g(an). To show that

> —x, namely

1l—e % >zxe”.
Note that f(z) =1—e~*. So, the above inequality is also equiva-
lent to f(z) > z[1 — f(x)], that is, f(z) > which was already
proved in (1).
To show that a, < 5, it is sufficient to show that g(z) < £ when
x > 0. This is equivalent to

pEa

1—e*

T

>e 2,

[N

x

namely e? —e~2 > x. For this purpose, let F(z) = e — e
Then

[NE}
\
B

x

and the equality holds if and only if e = e~% = 1, that is 2 = 0. Thus,
F(z) is monotonically increasing on [0, +00). Hence, F(z) > F(0) =0,
and so ez — e~ 3 > x is proved.
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6. First we show: If m > n > 3, then n”™ > m™, that is, "n*m > 0.

7. (1) Since f'(x) =

Let f(z) = 2. Note that f/(z) = =22 < 0 when = > e. Then
f(x)is monotomcally decreasing on the interval (e, 400). Thus, 22 >
lnm , namely mInn > nlnm. Hence, n™ = ™07 > enlnm — myn,

When n = 2, it is enough to choose m = 10.

Assume n > 2. Then n™ — m" = n™ — (—n)" = n*(P™ " —
(=1)") (mod m+mn). Choose m = kn™—n (k € Zy). So, m+n = kn",
and consequently (m+n) | (n™ —m™) < k| [n™ " —(=1)"].

(1) When n is an odd number, n™~ " — (—1)" is an even number. It
is enough to choose k = 2. Now, m = 2n™ — n.

(2) When n is an even number, n™~ " — (=1)" = n™ ™ — 1 can be
divided by n — 1. It is enough to choose K = n — 1. Then m =
(n—1)n"™ —n.

1+w — 2+ ax, so f/(0) = —1. Thus, the equation of
the tangent line [ to the curve C' at the point P is y = —x + 1.
Also the straight line [ and the curve C' have one and only one
common point P, hence the equation f(z) = —x + 1 with respect
to x, namely

1
In(l+x) —x+ §a:172 =0, (16.1)

has a unique real number solution = = 0 in the interval (—1, +00).
Let g(z) =In(1+ z) — z + $az? (z > —1). Then
1

/
= —1
/@)= - l+a

(o= 2)

—1).
T2 xr > )

If a = 1, then ¢'(z) = 1+ > 0, so the function g(z) is monotoni-
cally increasing in the interval (—1, +0c0). Thus, the equation (16.1)
has a unique real number solution satisfying the requirement.

When a > 1, we have —1 < 1= < 0.

If — 1<:B<T,theng()>01f ¢ < x < 0,then ¢'(x) < 0.
Hence, the function g(z) is monotomcally increasing in the interval
(71, 177“) and monotonically decreasing in the interval (%, 0).

Hence, ¢(2)max = ¢ (1;—“) > ¢(0) = 0.

When © — —1, we see that g(z) — —oo, from which the function
g(z) has another zero in the interval (—1,1=%), not satisfying the
requirement.

In summary, a = 1.
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. - 24 (a—2)z—1
(2) From the given condition, f’(z) = % (x > —1).
A sufficient condition for the existence of an interval [z, 2]
on which the function f(z) is monotonically decreasing is that the
strict inequality f/(z) < 0 is satisfied for all & € [z1, 22] (21 > —1),

that is,

h(z) = az® + (a —2)z — 1 < 0.
Since the discriminant A = (a — 2)? +4a = a®> +4 > 0, the x
coordinate of the symmetric axis x = —“2—;2 > —1, and h(-1) =

1 > 0, so the equation h(z) = 0 has two different real roots x; and
x2 in the interval (—1,400). Then

a—2 1

T+ Ty =———, T1X2 = ——,

a a

2
a—2 4 4
(552—501)2:(551-1-&52)2—4!101:62:(— ) +-=1+—=
a a a

Alsoa > 1, hence 1 < (13 —21)? <5 = 1 < a9 —11 < V5.
Therefore, the range of the values for 2o — z; is (1,v/5].

(1) From y = %erwe get y' = £. From yg = yr = b+ 2, we have
xg = 4. The slope of the tangent line to the parabola at the point
G is 1, the equation of the straight line F; G is y—(b+2) = z—4, and
the point F (b, 0) is on the line. So —(b+2) = b—4, whose solution
is b = 1. Therefore, the equation of the ellipse is % +92=1and
the equation of the parabola is 2 = 8(y — 1).

(2) Draw two perpendicular lines to the x-axis at A and B respectively,
which intersect the parabola at points P, and P,. These are the
two points on the parabola that make APAB a right triangle.

If ZAPB = 90°, then znyf : z;if—P\/E = —1, that is, y% +2%—2 = 0.
Also y% + 8yp — 10 = 0 from 2% = 8(yp — 1). Solving the above gives
yp = —4 £ 1/26. Since yp > 1, we have yp = v/26 — 4. Hence, there
are two points on the parabola that make ZAPB = 90°.

To summarize, there are totally four points on the parabola that
make AAPB a right triangle.

(1) First, f/(z) = L — & = 2% for z > 0.

When a < 0, we see that f'(z) > 0, so f(x) is monotoni-
cally increasing in (0, +00), and consequently there is no minimum
value, not satisfying the meaning of the problem.

When a > 0, if 0 < 2 < a, then f/(x) < 0; if © > a, then
f/(z) > 0. Thus, the function f(z) is monotonically increasing in
(0,a) and monotonically decreasing in (a,+00).
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Hence, f(2)min = f(a) =lna—a+ 1.
Let g(a) =lna—a+1 (a > 0). Then
, 1 l1—a
g (a) = P 1= —
If 0 < a <1, then ¢'(a) > 0; if @ > 1, then ¢’(a) < 0. So, the func-
tion g(a) is monotonically increasing in (0,1) and monotonically
decreasing in (1, +00).
Thus, g(a) < g(1) = 0, and the equality holds if and only if
a=1.
Hence, f(z) achieves its minimum value 0 when a = 1.
(2) From (1), f(z) =lnz+ 1 -1, 0

1
ant1 = flan)+2=Ia, + — + 1.

an
From a; = 1, we get as = 2, and so ag = In2 + % Since
% <In2 < 1, from which 2 < a3 < 3.
In the following, we use mathematical induction to show that
2<a, <3forn>3.

(I) When n = 3, the conclusion was already prove above.
(IT) Suppose that when n =k (k > 3), we have 2 < a, < 3. Then for
n=k+1,

1
ap41 =Inax + — + 1.
a

From (1) we know that h(z) = f(z)+2 = Inz+ 1 41 is monotonically
increasing in (2, 3). Thus, h(2) < h(ax) < h(3), that is,

3 1
1n2+§<h(ak)<1n3+§+1.

Since In2 > % and In3 < %, s0 2 < h(ay) < 3, namely 2 < ag1 < 3.
That is, the conclusion is true for n =k + 1.

By (I) and (II), 2 < a,, < 3 for all integers n > 3.

It follows that [a;] = 1 and [a,] = 2 for n > 2.

Therefore, S, = [a1] + [a2] + -+ [an] =14+ 2(n — 1) = 2n — 1.

10. (1) Taking derivative gives that

oy 2In(l+x) 2Pt
fiw) = l+z  (1+a2)?

2(1+2)In(l +z) — 2% — 22
(14 )2 '
Let g(z) = 2(14+2) In(14+x)—2?—2z. Then ¢'(z) = 2In(1+z)—2z.
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Let h(z) = 2In(1 4+ 2) — 22. Then h/(z) = ﬁ—z —2= 11—25

Thus, h'(z) > 0 when z € (—1,0), so h(x) is an increasing
function on (—1,0); also A/(z) < 0 when z € (0, 4+c0), so h(z) is a
decreasing function on (0, 4+00).

Hence, h(z) < h(0) = 0 when z € (—1,400), and g(x) is a
decreasing function on (—1, +00).

Also, since ¢(0) =0, so g(x) > ¢(0) = 0 when x € (—1,0), that
is, f/(x) > 0; also g(z) < g(0) = 0 when z € (0,+00), that is,
f(x) <0.

It follows that for f(z), the interval of increase is (—1,0) and
the interval of decrease is (0, 400).

(2) Let G(z) = 1 for 2 € (0,1]. Then
(1 + 2)[In(1 + 2)]? — 22
22(1 4 2)[In(1 + )2
B}; (1), f(z) < f(0) = 0 with = € (0,1], namely [In(1 + z)]* —

15 < 0. Thus, G'(z) < 0, and so G(x) is a decreasing function

1
In(1+x)

G'(x) =

on (0,1].
Since a < ﬁ —n for any n € N4, by letting n = 1 we have
< L 1 1 1
0 —— 1= ——
“In(1+1) In 2

)n+a < e be

Hence, the maximum value for a that makes (1 + %
satisfied for all n € N is ﬁ -1
11. The domain of the function f(z) is (—1,4+00).

(1) When a = 1, since f(z) = In(z + 1) + %_H + x — 2, we have

f(x) = {2450, We find that f/(z) < 0 when —1 < 2 < 0 and
f'(x) > 0 when = > 0. So, f(z) is a decreasing function on the
interval (—1,0] and increasing function on the interval [0, +00).
Thus, for a = 1, the minimum value of f(z) is f(0) = 0.

(2) (i) From (1), f(x) > 0 is always satisfied when a = 1, namely

2
In(z+1)+ —+2-2>0
r+1
for all € (—1,400). So, when a > 1 and z € [0, 2],
2
2
>In(z+1)+ ——+2-2>0.
r+1

Hence, a > 1 satisfies the requirement.
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(i) When 0 < a < 1, we have f'(z) = % (x> -1).

Since for the equation ax? + (2a + 1)z +a — 1 = 0, the discriminant
A = 8a+ 1 > 0, so there are two different real roots, denoted as x
and zo with 21 < x5.

From =129 = “Tfl < 0, we know that 2; < 0 < x5 (the two roots
of f/(x) = 0 are one positive and one negative), so f'(z) < 0 when
0 < 2 < x2. Thus, f(x) is a decreasing function on [0, z2].

If 0 < 25 < 2, then f(z2) < f(0) = 0, which contradicts the fact
that f(x) > 0 for € [0,2]. If 25 > 2, then f(2) < f(0) = 0, also a
contradiction to the same fact. Therefore, 0 < a < 1 does not satisfy
the requirement.

Summarizing (i) and (ii), we can conclude that the range of the
values for a is [1, +00).

By the condition of the problem, a* = ZT_} > 0, so
x € (=00, —1) U (1,400).

]
g(x) = log, =——— ek

From log, m = log, ﬁ,
t=(xr—1)*7—2)=—2>+92> — 152+ 7, z € [2,6].

Then ¢/ = —322 + 182 — 15 = —3(z — 1)(z — 5).
When = = 2, we have t = 5; and ¢t = 32 when = = 5; also ¢t = 25
when x = 6. So, t € [5,32].

(2) We see that

- 2 3 n—1
Zg ln—+ln—+ln— -+ In
) n+1
k=2
2 1
:1117:,111@.
n(n+1) 2
Let U(Z):*IHZQ*%:721HZ+Z*%fOI‘Z>0. Then

W(z) = (1 - %)2 > 0.

Thus, u(z) is an increasing function on (0, 400).

Sincev/w > LSOU(,/%) > u(1) = 0, that is, 1nn(n+1)

n(n+1)
1——=—

> 0. In other words, > ,_, g(k) > 2-n—n?

v 2n(n+1) :
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(3)Leta:ﬁ. Theanlandl<f(1):if—Z:1+}2—7§3. When
n =1, wesee that [f(1) —1| = 2 <2 < 4. When n > 2, let k > 2 with

k € Ny. Then

k
fk) = % =1+ ﬁ
=1+ 2 _
Cip+ CRp? + - + Cfpt
Hence,
2 4 4 4
1<f(k)§1+m:1+m:1+gfm.
Consequently,

" 4 4 4
1< fk)<n-145-——=n+l-— 1.
n <k72f()_n +2 p—] n -+ n_1<n+

Hence, n < Y ;_, f(k) < f(1)+n+1<n+4.
Sohei f(k) —n| < 4.

In summary,



Solutions for Chapter 17

Mathematical Induction (I)

1. 7. We can prove that a,, = 4m — 1 (m € N) for any natural number
n. Then

(1993 = 3(11992 — 34m—1 — (34)m—1 . 33 — 81777,—1 . 277

so the last digit of ajgg3 is 7.

2. g(n) =2"*1—1.  First calculate g(1), g(2), and g(3), from which we
guess that g(n) = 2"T1—1. Then prove the conjecture by mathematical
induction.

3. a, =32+ 32%1 —3. Leta,= i +t, — 3, and substitute it into
the known relation, resulting in ﬁ Ftny1r = % +12 =ty =t2.
Also a; =3+ § — 3 (t; = 3). Mathematical induction gives

1

o 271,—1
an—3 +W_3.
4. From the given condition,
z-1+1
=—+(24+2)=5 17.1
=@t =s, (17.1)
z-5+1 24
=—+3+2)=10— ——.
aa 45 +3+2) 45

Since z,a4 € Z4, 80 x =1,3,7,19.
When x = 1, we have a4y = 6 and

6-5+1
645

31
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When z = 7, we have a4 = 8, and

8:-5+1 41
S N Z,.
0= g5 TO=3t6¢Z:
When z = 19, we have ay = 9 and
9-5+1 23
=———+4+6=—+4+6¢7Z,.
5= g5 TO=T T6EL,
When z = 3, namely as = 3, we have a4y = 7 and
7-54+1
=————+6=9€Z,.
“w=rs T €4t
Conjecture: When z = 3, namely ay = 3, we have that {a,} is a

sequence of positive odd numbers.
We prove it with mathematical induction as follows.
When n = 3, by (17.1) az = 5, so the conclusion is true.
Suppose that when n < k, a1, a9, ..., a; are the first k positive odd
numbers in succession, that is, a, =2n—1forn=1,2,... k.
When n = k + 1, from
(2k—1)(2k—3)+1

- k+2
B S o)t (2k—3)

Ak — 8k 4 4

= " - k-1
g Tht2=koltk+2

=2%+1=20k+1)—1,

the conclusion is also true.
In summary, {a,} is a sequence of positive odd numbers.

. Suppose that such semicircles mutually cut into at most f(n) circular

arcs. It is easy to see that f(1) = 1, f(2) = 4, and f(3) = 9. This
leads to a conjecture: f(n) = n?. In the following, we prove it by
mathematical induction.

(1) When n = 1, the conclusion is obviously true.
(2) Assume that the conjecture is true for n = k, namely f(k) = k.

When n = k + 1, we make the (k + 1)st semicircle that intersects the
previous k semicircles, which increases at most k intersection points.
The (k 4 1)st semicircle is itself divided into k + 1 circular arcs, and
the previous k£ semicircles are cut into one more arc each, so

fe+1)=fk)+k+k+1=k+2k+1=(k+1)
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that is, the conclusion is true when n = k + 1. Hence, f(n) = n? for
all positive integers n.

. From 0 < ag < a; —a? we get 0 < a; < 1.

2
Whenn:2,froma2Sal—a%:—(al—l) —l—%ﬁ%:

B} we

1
2127
know the validity of the inequality.

Assume that the proposition is true for n = k (k > 2), namely

1 2 1
0 < Q. S _k;1>2 S I From ak;_;,_l S ar — a% = —(ak_ %) + 1 S
1 1 1 k+1 41 1
- (k+2 - 5) 7= Ggor < Brag3 = Uongg Ve see that the

inequality is satisfied for n =k + 1.
. The conclusion is obviously true when n = 1. Suppose that the propo-
sition is satisfied for n = k. For 281 balls, if the number of the balls
in each pile is an even number, then every shift moves an even number
of balls, so any such shift will move by “binding” two balls, thus not
changing the nature of the shift, and is consequently equivalent to the
shift of 2% balls. By the inductive hypothesis, it is possible to realize
the purpose. If there exists a pile of odd numbers of balls, then from
the fact that the total number of the balls is even, the number of piles
with odd numbers of balls is even, we first make them in pairs to move
once each, so that now each pile has an even number of balls. This
becomes the previous case, so the conclusion is true when n =k + 1.
. By mathematical induction we can show that the numbers in the nth
line constitute an arithmetic sequence of common difference 271,
When n = 2, the second line consists of consecutive odd numbers.
Assume that the conclusion is valid for n — 1.
Let x,y, and z be three consecutive numbers in the (n — 1)st line.
Then z + y and y + z are two adjacent numbers in the nth line.
By the inductive hypothesis, y — z = z —y = 2" 2. So,

(y+z2)—(z+y)=(-y) +{y—2)
=2"" 2 ponm2=gnh

Let a,, be the first number of the nth line.
For all n € {1,2,...,2016}, we have

p = Ap1 + ap_1+2""2=2a, 1+ 2" 2.
Using the above relation and noting that a; = 1, we see easily that
an = (n+1)2"72.

Hence, the desired number is asgig = 229 - 2017.
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We use the induction method for m (< n).

The proposition is true for m = 1.

Suppose that the proposition is valid for all positive integers less than
k (< n). Since k < n, let n = gk — r, where ¢ is a positive integer and
0<r<k.

When r = 0, we have n = gk, and then % = qik = %, so the proposi-
tion is true.

ok _ ondr _ 1 . .
When r > 0, we obtain i+ = "n—qT =57t nLq. By the inductive
hypothesis,
r 1 1 1
—=—+ =+ + —,
n ny no ny
where n; < ny < --- < n; are mutually different positive integers.
Thus,
k1 1 1 1
noq qni  gna qny

where ¢ < qni < gng < --- < gn;. Therefore, the proposition is also
satisfied.

If # > —1 satisfies the condition of the problem, we may assume that
ap =ag=---=a, =1. By

n

[[ore ¢ v entr (72

i=1

we see that (HTI)H < 142 Hence, z < 1.
In the following, we prove that when n > 2, for z € [—1,1], (17.2) is
satisfied, where for all n € N,

a; >1(i=1,2,...,n).

When n = 2, the inequality (17.2) is

a1 +x ag+x < aias +x

17.
2 2 - 2 (17:3)

which is equivalent to

22 4 (a1 + ag — 2)x — ajas < 0.
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Since

22+ (a1 + as — 2)r — ayas
<1+ (a1 +az—2)—ajas
=ai+as —ajas — 1
=—(a1 —1)(a2—1) <0,
we see that (17.2) is satisfied when n = 2.

Assume that (17.2) is true for some n > 2.
By (17.2) and (17.3), we have

+1
hai+w<a1a2---an+x an+1+x<a1a2---an+1+x
" 2 2 2 - 2 '
i—

Therefore, z € [—1,1].
11. When n = 3,4, and 5, the conclusion is true, and the respective divi-
sions are as Figures 17.1, 17.2, and 17.3 show.

/

30° \

Figure 17.1 Figure 1 for Exercise 11: n = 3.

Figure 17.2 Figure 2 for Exercise 11: n = 4.
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Figure 17.3 Figure 3 for Exercise 11: n = 5.

Obviously, the above three methods of division have no mutual rela-
tions. When n = 5, there appears an isosceles right triangle in the
division. Since any isosceles right triangle can be evenly partitioned
into two smaller isosceles right triangles, this even partition can con-
tinue indefinitely from n = 5 on. Thus, starting from n = 5, we can
use mathematical induction to prove the proposition.

We generalize the proposition by considering a general (6n + 1) X
(6n + 1) check table.

When n = 1, for the 7 x 7 check table, because of symmetry, it is
enough to consider the table such that the removed check is one in the
shaded region shown by Figure 17.4. Dividing the situation into three
cases with their concrete coverage demonstrated by Figures 17.5, 17.6,
and 17.7, respectively. Thus, the proposition is true when n = 1.

Assume that the proposition is satisfied for n = k. Since (6k + 7) X
(6k +7) = (6k+1) x (6k+1)+2x6x (6k+ 1)+ 6 x 6, when
n = k+1, among the four (6k+1) x (6k+1) check tables at the left upper
corner, left down corner, right upper corner, and right down corner
(may have overlapping), at least one of them contains the removed
check. First, choose one of the (6k 4 1) x (6k + 1) check tables that

Figure 17.4 Figure 1 for Exercise 12.
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—

T _1J7]1 |

P
+ Rl

il

| [N

L T T

Figure 17.5 Figure 2 for Exercise 12.

1
Lyl + I
I !

I | I —+

1 —+ I +
T || ! | ! |
I R

Figure 17.6 Figure 3 for Exercise 12.

LTl
| T [ | |
L | |
IR 77/
SIEIEs

1™ | |
T J 4

Figure 17.7 Figure 4 for Exercise 12.

contains the removed check. By the inductive hypothesis, it can be
covered by several L-shaped figures. For the remaining part, it is easy
to see that it can be divided into several L-shaped figures. That is, the
conclusion is valid for n = k + 1.
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Solutions for Chapter 18

Complex Numbers

1. /5. Let z = a 4+ bt with a,b € R. From the condition,
(a+9)+bi =10a + (—10b + 22)i.

Comparing the real and imaginary parts of the two sides, we have
a+9 = 10a and b = —10b + 22. Solving the system of two equations
gives a = 1 and b = 2. Thus, z = 1 + 2i, and so |z| = V/5.

2. 2015 + 1007i. The given condition implies that 2,40 = Z,771 + 1 +
(n+1)i=%,+14+ni+ (n+1)i = z, + 2+ i for any positive integer

n. Hence,
29015 = 21 + 1007 - (2 + ) = 2015 + 10074.
3. 0. Since |z1 — 7| = (21 — ) (T — 22) = |21]? + |22 — 2122 — 7122
and |1 —Z12322 = (1 —Z123)(1 — 2122) = 1 — 2120 — 2123 + |21)%|22)%,
the condition gives that |z1]? + |22/> = 1 + |21/|?|22/?, from which

(Iz1] = 1) (22| = 1)(|z1] + 1) (|22 +-1) = 0. Hence, (|21 —=1)(]z2| =1) = 0.

4. % + @z Write 2z +1 = §r1 + %rli and z — 1 = —%7'2 + 737“22'.
Solving the two equations —1 + §r1 =1- %7’2 and %rl = \/751"2 gives
r1:\/§andr2:1.

5. 12.  Since (a + bi)? = b+ ai, we have a? — b? = b and 2ab = a,
from which a = @ and b = % Now, the common ratio ¢ = a + bi =
cos g +iusin g. The condition 21 + 22+ -+ 2z, = 0 implies that ¢" = 1,
namely cos gm = 1 and sin g7 = 0. Thus, g7 = 2k7 with k € Z, and
so n = 12k with k € Z.

6. 92000 We find 9 = |21 + 22]? = |21]? + |22|* + 2122 + Z122 and 27 =

|Zl — 2’2|2 = |Zl|2 + |ZQ|2 — (212_2+Z_122) Since |Zl| = 3, |2’2| = 3, SO
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21Z2 + Z122 = =9 and |z21Z3| = |Z122| = 9. Let 2123 = 9(cos 6 + isind).
Then zZ7zo = 9(cosf — isin@) From —9 = 2175 + Z122 = 18cosl, we
obtain that cos@ = —i. Then 2123 = 9w or 21723 = Yw? (here w =

-5+ ‘f i). When 2125 = 9w, we get (2122)20% + (2722)2900 = —92000;
when 2’12’2 = 9w?, we have the same result.

. Since z; and z3 are conjugate complex numbers, we assume that z = z;

and Z = 25. Also from the condition, % is a real number, so & =
2

(%) = %, namely 2°* = 23, which can be written as (z — Z)(22 + 27 +
z%) = 0.
From |z — Z| = |21 — 22| = V/6 # 0, we see that z — Z # 0, that is
2 +22+72=0. (18.1)
Also |z —Z| = v/6, namely 6 = |z —%|?> = (2 —%)(Z— 2). In other words,
6 =227 — 2% —7° (18.2)

Adding (18.1) and (18.2) gives 327 = 6, namely |z|?> = 2. Hence,
2l = V2.

. Since z; = 2cos $ (cos $ +ising) with 0 < a < 7, so |21] = 2cos &

and arg z; = 5. Also, since 2o = QSing[COS (% — %) +isin (g — g)},

from 7 < 3 < 27, we have —3 < § — g < 0. Hence,
p S

é, argzgzz——+27rz———.

= 25
|22 = 2sin 3 2 2 2 2

Consequently, 5§ + 57” — g = 1%”, that is,

a [ 7
—_==C_Z 18.3
2 2 3 ( )
Now, the condition |21 |22 = v/3 implies that
2cos§ 2sm— V3. (18.4)
Substituting (18.3) into (18.4) gives that 4 cos (— - §> smg = /3,

in other words, [sin (ﬁ ) +sin Z ] V/3. Hence, sin (ﬁ — %) =0.

s 21
Since m < 8 < 2w, we have g = —andoz—?

. It is enough to show that p = p, which can be shown by using 2z = |z|2.

We see that ¢ = (a® — 3ab?) + (3a®b — b> — 107)i. From ¢ € N, we
have 3a?b — b3 — 107 = 0, that is, b(3a® — b?) = 107. Since 107 is
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a prime number, a calculation gives that b = 1 and a = 6. Therefore,
c=a>— 3ab® =198.

The answer is \/(a+b)2+¢c2 or \/(b+c)2+a2 or \/(c+a)?+ b2
From the second equality of the condition we see that ;—; + z—z + ;—i eR,
SO

7
e e S R

21+Z2 z3 71 | 22, 23 Z2  Z3
Zo  z3 oz Zy  Z3 oz Za Z3 A1

(18.5)

Also |z1] = |22| = |23] = 1 implies that Zr = + (k = 1,2,3). Substi-

e
tuting into (18.5), we obtain that Z- 4 22 + 23 = 22 4 23 4 2L that is
2223 + 2521 + 2320 = 2323 + 2321 + 2322, from which
(2’1 — 22)(22 — 23)(23 — Zl) = 0

It follows that z; = 29, 20 = 23, or z3 = z1. If 21 = 25, then substituting
into the second equality, we see that i—i’ = 47 and

lazy + bzo + cz3] = |z1]la+ b £ ci| = v/(a+b)? + 2.

Similarly, the cases zo = 23 and z3 = z; both give the same result.
Construct complex numbers z; = x + yi and zo = a+bi. Then |z;| <1
and |z9| < V2. Since

zfzz = [a (w2 — y2) — 2b$y] + [b (:E2 — y2) + 2awy] 1,

from |Im (z%zg) | < |Z%Zz

, we can prove the inequality.
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Solutions for Chapter 19

Geometric Meaning
of Complex Operations

1. V2. The points corresponding to z1, 22, 21 + 22, and the origin con-
stitute the four vertices of a square.

2. [0,3] U [Ir,2m).

3. 24+ 2v3.  As in Figure 19.1, denote the points Z;(—3, —3v/3) and
Z5(v/3,1). The moving point Z is on the circle 22 + (y — 2)? = 3. It
is easy to see that the points Z; and Zs are outside the circle. The
equation of the straight line Z; 75 is # — v/3y = 0, and the straight
line Z1Z5 and the circle are tangent at the point T (@, %) In other

words, z = \/Tng i makes |z — 21|+ |z — 22 the minimum value 2+ 2/3.

Ay

3__

2+
N
01 2 3 x

A T

Figure 19.1 Figure for Exercise 3.
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(2,+00).  First, a® —3a+2> 0 and a > 0 make a € (0,1] U[2, +00).
Second, since in the complex plane, the former condition represents a
circle and the latter condition represents a disk that does not include
the boundary, they must have intersection points. So, the requirements
are vVa? —3a+2+a > 2 and va? — 3a + 2 < 2+a. Solving them gives

a> 2.

. 4. Let z; = cosf + isinf. Then

2(k — 1)

zr, = (cos@ +isinf) |cos 50 5

From 1995 = 20 - 99 + 15, we have

k—1
3 3
2499 = (cos 19956 + i sin 19950) (Cos g™ + i sin §7T>

= (cos 19956 + i sin 19956) (—i)k 1

for k =1,2,...,20. There are totally four different values.

. Since w =z — 23 = (21 — 8i) — 22 + 81, 80 |w — 8i| = |z1 — 8i — 23] €

[2,6]. Thus, the point set representation corresponding to w is the ring
centered at (0, 8) of inner circle radius 2 and outer circle radius 6, whose
area is 32m.

. Let the trajectory of the point B be |z —a| = r with a € C and r > 0.

Let the complex number corresponding to the point A be z;. Then
AC - V2" i = AB. Hence, (z¢ — 2z1)(1 +14) = zp — z1. Consequently,

+a—zl \/5
zZ0 — z = —T7T.
© YT 2

l(zc —21)(1+1i) + 21 —a|l =1,

This means that C' is on a circle of radius gr, the center of which is

the right angle vertex of an isosceles right triangle obtained clockwise
by the side with A and the center of the circle containing B as its end

points.

. The sets A and B of the complex numbers are respectively the disks

represented by
(-2 +y*<4 and (z—-0)*+(y—12<1.

(1) fANB =@, then b >2+2v2o0r b < 2—22.
(2) If ANB = B, then b = 2.
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From the condition, the vector corresponding to the complex number
—z1 is the diagonal vector OZ] of the parallelogram OZsZ1Zs. Now,

3
COS(B — ’y) = 7COS£OZQZ:/[ = ]. + m

Also from |[z1] — |22|| < |21 + 22| < |21] + |22], we have £ < k < 2.
So, [cos(8 = ¥)]max = —4 when k = 1, and [cos(8 — 7)]min = —1 when
k= % or %

It is easy to see that 21 = Z3. Let 21 = a+fi. Then z0 = a—fi (o, 5 €
R). Since the discriminant A < 0, we have a?> < b, so v = —a =+
Vb2 — a2i. Also from the given condition, |a| < |3]. Thus, 2a® < b.
Hence, the existence range of the complex numbers z = a + bi is the
interior of the region above the graph of the parabola b = 2a? (figure
omitted).

By the coordinates formula for the center of gravity, 3z = z1 + 25 =
(r1 + o) cosf + i(ry — ro)sinf. So, |3z = (r1 + re)?cos? 8 + (r1 —
r9)%sin? @ = (11 — ro)? + 47175 cos? §. Also, since the area of AOZ, Z,

is S, we get 17y = 225, Hence, 322 = (r; — r2)? + 4Scot 6, and
|2|min = %\/S - cot f achieved when r; = ry = ,/%.
Let 22 =22 = & = 2 =t Then a1 +az+az+as+as = ar(1+t+t2+

Bithandd (L4t le Lo L)L (ptedbadbad)u
L+t+t2+t3+t* =1, then 5 = 1 and |a1| = |art| = |az| = |as
las| = |as]|, so a1, a2, as,as, and ay lie on the same circle; if a3 = L
then az = ait? = £2; if a3 = —2, then let a; = —a; and S’ = —8S.
Thus, ay = —2 and |S’| < 2. So, we may let

|
4

2 2
a:2,a:—,a:—,a:2t,a:2t2,
3 1= 35 @2= 3, Q4 5

1 1
2(s+-+1+t+t2)=5.
<t2+t+ +t )
Let © =t + 1. Then 2> + 2 = £ + 1. Denote z = a + bi (a,b € R).
Then a?> —b*> +a = 5 + 1 and 2ab+ b = 0. Thus, a = —% or b = 0.
If a = —1, then a> + a < 0 and —b? < 0. But || < 2and £ +1 >0,
a contradiction; if b = 0, then t + + = a € R. Let t = re? (r > 0).
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Then % = %ei(_‘g). But the imaginary part of ¢t + % is0,sor = %, from
which r = 1. Consequently, |as| = |ait| = |a17| = |ai|. By the same
token,

la1| = |az| = |as| = |aa| = |as]|.

Therefore, a1, as, az, as, and a5 are on the same circle.



Solutions for Chapter 20

Mean Value Inequalities

Yy x

1. 4. Since (2 4 27 (§+§+§+§)+(4—x+4—y) >

1

4 (ﬁ . yx—z . % . %) B 4+ 2.4 = 16, and the condition for the equality
to be satisfied is x = y = 2, we obtain that = + y = 4.

2.4, Sincea®=Bz+1)+By+1)+Bz+1)+2/Bx+1)By+1)+
2¢/By+1)Bz+1)+2/Br+1)(Bz+1) < 3[Bz+1)+ By + 1) +
(32 + 1)] = 18, we have a < v/18 < 5. Also, since 0 < z,y,2z < 1, so

x> 2,y > 92, and z > z2. Consequently,

a> Va2 22+ 1+ V2 +2y+1+V22+22+1
=x+1)+@wW+1)+(z+1) =4,

thus, from 4 < a < 5, we get [a] = 4.
3. V2 — % Without loss of generality, assume that a > d and b > c.
Then

b n c 7b+c+ 1 B 1
c+d a+b c+d ¢ a+b c+d

La+b+c+d) 1 1

>2 - _

- c+d +<C+d)(a+b c+d>
a+b c+d 1 1

= — - >V2- 2.
et d) Tavh 32 V23

4. We have Vabc = /3 b-dc < &+ 2+ % and Vab= \/Z-2b < 4 +1,
so a + Vab + Vabe < %(a—l—b—i—c).
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5. Let p = zyzw. From the first equation, we have 1 = W >
Yryzw = ¥p, that is p < 1. By the second equation, 1 =
11,1141 1 T 1 :

5 (E + m +s+5+ zyzw) > 5 e 5—\/}?, that is p > 1. Hence,

p=1.
The condition for the equality implies that * = y = 2z = w =
zyzw = 1. Therefore, the solution of the original system of equations is

(x,y,z,w) = (1,1,1,1).

. 6 6 6
6. Since 5 + g5+ % > 3¢/ sz = 3,50 TR LR 4 22 >0 4y

3 y

B4+ E+5+5+3= <x3+y%+1)+(y3+z%+1)+(z3+%3+1) >
3

1 1 1
—(14+s+-++—+n
n n

2 3
1 3 4 n+1
=2 (2424 2 4...
n<+2+3+ + n )
> v/n+ 1.

8. From the given condition, 1 = 2a?+2b? 4 2¢?, so the original inequality
is equivalent to

2 2 2 2 2 2 2 2 2
a® + 2b* + 3¢ b* + 2¢* + 3a c® +2a* + 3b > 6. (201)
ac + 2bc ab + 2ca cb + 2ab

Since a? + 2b% + 3¢? = a® + ¢ + 2(b* + ¢?) > 2ac + 4bc = 2(ac + 2bc),

a? + 2b + 3c? < 2(ac + 2bc)

= 2.
ac + 2bc ~  ac+ 2bc

b2 +2c%4+3a3 24202 +3b2
By the same token, *— 7=t > 2 and 552 > 2.

Adding the above three inequalities gives (20.1).



2 2 2.2
3 2 _ 17y y =z
9.F1rstS—z—2+ 72

10.

11.
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2,2
S 2yt 4 20,
From the arithmetic mean-geometric mean inequality,

1 (22?2 222 )
5 < Z2 + $2 Z y,
1 (y?2%2 2222 9
) (A > 22
5 ( 22 2 )= o

1 (2222 2%y?
- > 22,
2( 2o ) =7

Hence, S? > 3(:102 +y? + 22) = 3, namely S > V3. When z = Yy =
z= ? that satisfy z2 + y? + 22 = 1, we find that S = /3. Thus, the
minimum value of S is v/3.

Note that the equality in the inequality is valid when a = b = ¢ = %
Deform the original inequality to

(Sa + §) <3b—|— §) (30—|— §) > 1000.
a b c

After a careful observation, we see that for the equality in the inequality

3

to be satisfied, it is enough to have 3a = >~ =1, from which m = 9.

So, using the arithmetic mean-geometric mean inequality, we obtain
that

<3a+ §) <3b+ §> <3c+ §>
a b c
Bat gt g S LA P
“ 3b HEYARS 3 3¢
10 10 10 10
\/ 3a \/ 3b 3

=1 -
000 <3a -3b- 30)

Therefore, (a+ %) (b+ 1) (c+ 1) > 1000,
By the power mean inequality,

1

2L gkl g ket m> 2k 4y 4 ok %7 1\t
3 - 3 - \3) -
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k+1

Hence, 2+t 4yl 4 26+ > 3 (1) = 37%. The equality is true
when z =y =2 = 37F. Thus, the minimum value is 37F.

12. Denote the left hand side of the inequality as S. When ay =ag =--- =
an, we have S = 1. In the following, we show that S > 1. Let

>0, k=1,2,...,n.

Then

and so
kf[l (% — 1) =n?-1)" (20.2)

with S =xz1 + 2o+ -+ 2.
Suppose that S < 1 on the contrary, namely 1 > x1 +x2 + -+ + xp,.
Then by (20.2),

(77,2 N 1)n _ HZ:l(l — ‘Tk)<1 + xk)

HZ:I x%
[T [Z?:l,i;ék i (i @i+ xk)}
>
[T x%

1 n
Z WH(TL_I) n—\l/xl...xk_lxk_"_l...xn.
k=1"k p—1

(n+1) "VErmswn
1 2 1\n - o - T
"o ™Y (H ) (H )

= (n2 - 1)71?

which is a contradiction. Hence, S > 1.
In summary, Apax = 1.



Solutions for Chapter 21

The Cauchy Inequality

1. 3,1,and 4.  Adding the two equations gives (22)% + (3y +3)* + (z +
2)? = 108, and the first equation can be deformed to 2z + (3y + 3) +
(z+2) = 18. So, using the condition for the equality to be satisfied in
the Cauchy inequality, we find x = 3,y = 1, and z = 4.

2. /2. By the Cauchy inequality,

Vil =t — V2t < TR 2 )1 -2 et = V3,

and the equality holds if and only if 2 =
3. 1.  From a+2b+ 3c+ 4d = V10, we ge

(1—ta+2-t)b+ (3—t)c+ (4 —t)d+t(a+b+c+d) =10

2
5
t

Then by the Cauchy inequality,
(1=t +@2-t)°+B -t +Ud—-t)+] [®+V+ P+
+(a+b+c+d)?*] > 10.

Hence,
A+ +E+ P+ (a+btcetd)?
10 10 10
> = > =1,
=52 -20t+30 B(t—2)2+10 — 10
- - e, _ _ _ Jio
and the equality is valid if and only if t = 2,a = —1—100,17 =0,c= 1—100,

and d = @. Hence, the minimum value of a? + b2 + ¢ +d? + (a + b+
c+d)?is 1.
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40. By the Cauchy inequality,
(af + a3 + a3)(a3 + a3 + a3) > (araz + aza3 + asas)”.

A necessary and sufficient condition for the equality to be true is Z—; =
Z—§ = Z—i, that is, a1, as, a3, and a4 form a geometric sequence. Hence,
the problem is equivalent to calculating the number of the geometric

sequences ai, az, a3, aq that satisfy
{a1,a2,a3,a4} C {1,2,...,100}.

Assume that the common ratio ¢ # 1 for the geometric sequence and ¢
is a rational number, denoted as ¢ = -, where m and n are relatively
prime positive integers with m # n.

First consider the case n > m.

Now, a4 = a1 (%)3 = arln—"; Note that m® and n® are relatively
prime. So, | = - is a positive integer. Thus, a1, az, a3, and a4 are
respectively equal to m31, m?nl, mn2l, and n3l, all of which are positive
integers. This means that for any given ¢ = ;- > 1, the number of the
geometric sequences ai,as,as, a4 with common ratio ¢ satisfying the
condition is the same as the number of the positive integers [ satisfying
the inequality n3! < 100, that is [17%0].

Since 5% > 100, so it is enough to consider only the cases ¢ = 2,3, 2,
and %. The number of the corresponding geometric sequences is [T] +
[L0] + [100] 4 [200] 4 [L0] = 1243+ 34+ 1+1=20.

When n < m, from the symmetry, there are also 20 geometric
sequences ai, az, as, a4 satisfying the condition.

In summary, there are 40 ordered numbers (a1, az, as, a4) that satisfy
the given condition.

By the Cauchy inequality,
Vacos? 0+ Vbsin® 6

1
2

. (cos2 0 + sin? 9) :

< {(\/Ecos 0)% + (Vbsin 0)2}
= (acos® 6 + bsin® 9)% < +e.
The Cauchy inequality implies that
V(a2 +1)(b% +1)(c2 + 1)
=/[(a+b)2+ (ab—1)2] (2 +1)
> (a+b)e+ (ab—1).
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The same way gives

VO +1D)(2+1)(d2+1) > (b4 c)d+ (be — 1),
V(E@+1D)(@+1)(a2+1) > (c+d)a+ (cd—1),
V(@2 +1)(a2+1)2+1) > (d+ a)b+ (da — 1).

Adding the above four inequalities implies that

V(@2 + 1) (02 +1)(2+ 1)+ /(02 + 1)(c2 +1)(d% + 1)

V(@)@ +1)(a+ 1)+ /(2 +1)(a®+ 1)(b2 + 1)
> 2(ab+ be+ cd + da) — 4,

and the equality is satisfied when a = b = ¢ = d = /3. Hence, the
minimum value of k is 4.

7. The answer that the minimum value equals % comes from

a® b? c? a3
b+c+d+a+c+d+a+b+d+a+b+c

a* b* c* d*

B T Waterd datbrd datbio

a(b+c+d)

(a2+b2+c2+d2)2
2(ab + ac + ad + be + bd + cd)

- 2 (a% + b + 2 + d?)(ab+ ac + ad + be + bd + cd)

—-3 2(ab+ ac + ad + be + bd + cd)
1 2 2 2 2 1 2

:§(a +0 4 dY) > Slatb+etd)

_¥_3

12 4

8. Since a; > 0 (i = 1,2,...,n), by the Cauchy inequality,

a2 ag

12 22 ]{52
(a1 +az+--+ax) (a—+—+---+—)
1

k*(k+1)2

>(1+24--+k)?= TR
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522
SO k? < 4 ﬁ—l—i—l—---—i—ﬁ Conse tl
aitart—Far = A2 \ar T @z ar ) quently,
" k2 " 1 12 22 k2
> ) ] (R
farFay+ctag k:1<k+1) a;  as ay,
Since
- 1 12 22 k2
St (BT B
k:l(k+1) ar  ag ag
1 12 1 /12 22 T 1 12+22+ +n2
22 a0 32 \a;  a (n+1)2\a1 a2 an
_[1,1 L1 12‘+ 1. 1
S22 32 (n+1)2] ay |32 42
1 22Jr " 1 n?
(n+1)2] ay (n+1)2%a,’
and
1 1 1
(i+1)2  (i+2)? (n+1)2
L ! bt
i(t+1)  (E+1)@E+2) n(n+1)
(1o Ly (1 LY, (L1
C\d i1 i+1  i42 n n+l
1 1 1
= T - <_~7/L*1727 , T,
) n+1 )
it follows that
z": 1 12 22+ +k2
(k+1)2\a1 a2 ar
k=1
1 12 1 22 1n?
1 a 2 as T an
1 2 n "k
= - 4+ =4 ..+_:Z__
a1 ag n k:lak

n k2 n k
Therefore, 2y carar <42 k12
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9. First, we have

VEENEERNE

1 1 1
= Varr | — + asrs | — + Vagrs | —
al ag as
11 1\®
(2+2+2)
a1 ag as

a1a2a3

4R

NI

< (a1m1 + agra + azrs)
Denote S the area of AABC. Then
airy + asrg +agrg =25 =2+

It follows that

1
VT /ra+ /3 <

2

(aga3 + azay + ayas)?

1
2

IN

s~ 8

[(a% + a§ + a%)% (a§ + a% + a%) %}

8-

1
5 (a%+a§+a§)2 .
The condition for the equality to be valid is: AABC' is an equilateral
triangle and P is its inner center.
10. Let >0 | L =a. Then > | 1% = n + a. By the Cauchy inequality,

€23 a;

(Src) (55

=1 =1

2
So, > =% > 1 and

=1 14+a; — n+a’

- 1 - a; - a;

2

n na
<n-— = .
- n-+a n-+a
Hence, the left hand side of the original expression > %—% == %
n+a
11. Since 1 —sin® 2 = cos®x {1 +sin?z +sin*z 4 - + sin? Y x} and

1 —cos®a = sin®z [1+ cos® z + cos* & + -+ + cos> ™~V 2], so by the
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Cauchy inequality,

1—sin®"x 1—cos®zx
sin?” cos2m
1 . . . om—
> 5 (1+51n2$—|—sm4$+---+sm2" 2:10)
. 2n—2
sin T
1 _
T T (1+cos2:1:+cos4:1:+~~+c082" Qx)
cos“" 2

<1+ A R )
sinz  sintz sin?" 2

1 1
1+ —
( * cos? i cost L cos?n—2 x)

2y 1 1 R 1 °
- sinzcosx  (sinxcosx)? (sinz cosx)?~1

=1+ 2 + 1 4+ 4+ 2 :
o sin2z = sin?2z sin™ ! 22

> (14242244271 = (27 —1)2.

12. For any 1 < m < n, the Cauchy inequality ensures that

(E%) (292 (E) = ()

2
So Y, > Y .k, and their summation with m = 1,2,...,n
gives

Therefore, Y,/ _; ai > g¢n(n+1)(2n

+
=



Solutions for Chapter 22

Rearrangement Inequalities

1. n. We may assume that a; > ag > -+ > a, > 0. Then é < = o
<— Thus, n = a; - —+a2 —+ cda, L < <SgE+E+t

an —

When al =b; for all 4, the equahty is satisfied.
2. % Denote M = bmA + snB 4 snC By Chebyshev’s inequality,
b

M > %(% ot ) (smA + s1nB —|— sinC'). Also by a geometric

<
b

inequality, }% + hi + hi > f ( + £ + ), and by the law of sines,
1,11 b _
M>3 Z(G+s+e)(Grtame %)*3WR( +ptg)at+bt
1 .92 _ /3
)25 Y =R
3. The original inequality is equivalent to

2,2 172 y2 N x2 y2 22

+ + + + .
r+y yYy+z z+4+x xT+y yYy+z z+x

We may assume that r <y < z Then 22 < y?2 < 22,z 4+y < z +
1
z < y+z and z+y > os 2 y+z The conclusion follows from the
rearrangement inequalities.
4. The original inequality is equivalent to Y . | x;y; > > i x32;. The left

hand side of the inequality is a sum of same order numbers, while the

right hand side is a sum of random order numbers, so the proposition
is true.

5. Take a logarithm, and then use the rearrangement inequalities.

6. Order aq, a9, ...,a,—1 from the smallest to the largest to form 1 < ¢; <
o < -+ < cp_1 <n. Also order as,as,...,a, from the smallest to the
largest to form 1 < by < ¢ < -+ <bn1<n So, 1>—>—> <>

5 L_ > 1 By the rearrangement inequalities, the right hand 51de of the
n—1 n
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original inequality > - —|—g§ +- +g" L>1. 1+2 1—|— +(n— 1) =
the left hand side.

. Let bl, bg, ..., b, be a new permutation of a1, as, ..., an, satisfying b1 <
b2< Sincel>2%>3%>--->n12,soa1+ +eot T >
by + + -+ fL—Z. Since by, bs, ..., b, are mutually different natural
numbers, we see that by > 1,bo > 2,...,b, > n. Hence, the original

inequality is satisfied.

. Let A; = aras -+ a;—1a;41 - ap. Since 0 < b; < p,> " b; =1, and

3 < p <1, by the rearrangement inequalities, > ; b;4; < pA; + (1 —

p)A; < p(A;+Az). By the arithmetic mean-geometric mean inequality,

n—1
Al + Ay = azay - -- an(aQ + al) < (ﬁ Z?:l ai) = the right hand
side.

. By Chebyshev’s inequality,

S5

n
i=1

Z?:l bz)s )

S8
Y
SRR
S
ST
|~
Y
S|
:.,_.

|

1
/

=
&
~_
.
3

which is the right hand side.
Without loss of generality, assume that 1 > 29 > -+ >z, > 0. Then

0< 5 +x < ﬁ <o <3 +1rn' Chebyshev’s inequality implies that

1 T ) Tn
— + 4+ .+
n 1+I1 1+I2 1+xn

<1( + xo + + ) ! ! + ! + + !
ZAr T et ay) [ —m —— )
=t 2 n \1+x; 1+ 29 1+xz,

Also from the given condition = n—1, hence
T1+ X2+ Ty > S
When n = 1, the inequality to be proved is symmetric with respect to

a,b, andc Wemayassumethata>b>c Then a+b>a+4+c>b+c,
1
S0 m Z a2 a+b

1
Y 14z + 1+:v2 +eeet 1+x

From Chebyshev’s inequality,

(b+c)+ (a+c¢)+ Cb(a+b)

b+c a+c a+

<A b Npsetatetatd)
— ct+a+c+ta .
—3\b+c¢c a+c a-+bd

a b c 2\~
Hence’ b+c + a-tc + a-+b Z (g)
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Suppose that the proposition is true for n = k, that is

ak bk ck 2\ "2
> (2 L
b+c+c+a+a+b - <3>

k k k
When n = k+1, again assume that a > b > ¢. Then b‘i—c > Ci—a > ac—+b.

Using Chebyshev’s inequality and the inductive hypothesis, we get

ak+1 bk+1 Ck+1 ak bk Ck

—a- b .
b+c+c+a+a+b “ b—i—cjL c—i—aJrc a+b

> Lasbro (s L ¢
_3a : b+c¢ c¢c+a a-+bd

k—2 k—1
25 2 . Gk=1 — 2 . Gk
3 \3 3 )

>
12. Let
n k+1
M=) &
o k k—1 k—1 P
o ta; a1+ taal sy +aly
n k+1
v=y
B ak +a" a4 Faak T +ak
i=1 % i i+1 iliqq i+1
Then

k41 k41
a; Qi

k k—1 k—1 k
1a; ta; “aip1+ oo taiagy +agy

<
\
=
I

K3

I

(ai - ai+1) =0. (221)

=1

For any given positive integer k, by the rearrangement inequalities,

ak+1 + bk—i—l Z ak+1—rbr + arbk-&-l—r,

where r =0,1,... k.
Adding these k + 1 inequalities and factorizing the expression, we have

(a+0b) (a"+a" "o+ +ab T +0F) < (k+1) (" + 051
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Hence,
ak+l 4 phtl N a+b
ak +ab1b+ -+ abbl 4 bF T k417
Thus, fori=1,2,...,n
af“ + afill a; + ait1
ai+1+"'+aia§:11+af+1_ k+1

k k—1
a; +a;

Summing up the above inequalities gives
aiﬁ-l 4 gkl

i+1
M+ N = E: —
- kJra Yaigr + -+ aal ) + ak
i=1 i i+1 1Yi4-1 i+1

423 + az+1 -
> = 22.2
Bt k+1 —~ ( )

Now, (22.1) and (22.2) imply that

1 n
M=N>—Sa
—MJ;a



Solutions for Chapter 23

Convex Functions and
Jensen’s Inequality

1. %\/5 By Jensen’s inequality,

A+B+C 3

% LNVE

2. A < B. Since y = ¥z is a concave function, Jensen’s inequality
implies that

V3-VB+/3+V3 _ 33—\‘”/5+3+€/§7\3/§
. < - 3.

Since 3 — V/3 #34 \3/3, it follows that —V\/_'F < /3.
3. Let f(z) =In(z+ 1). We show that for any a, b € (0,1),

1 1
1n(a+a)—|—1n(b+b) Zln(a+b+ 2 )

sin A +sin B +sinC < 3sin

2 2 a+b
namely
1 1 a+b 2\’
— b+ -] >
(i) (o) 2 (57 o)
that is,
1 b b\’ 1
bt — 42 (20 +2. (23.1)
ab b a 2 (aTH:)

. 2 . . .
Since %—i—g > 2and ab < (“—H’) , and since y = x—l—% is a monotonically
decreasing function on (0, 1], so

- 1 a+b\> 1
abt = (2 +(a_+b)2’
2
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which proves (23.1). Thus, f(z) = In(z + 1) is a convex function on
(0,1). By Jensen’s inequality,

1 & 1 ta 1

- 1n<ai+—>21n<zz—1a i nn )—ln<n+—>.

> o Yla n
=1

Therefore, [T, (ai + ai) > (n+1)".

Since f(z) = (:E + %)p (p € N and a is a positive constant) is a convex
function on (0,400), by Jensen’s inequality,

1 a\? a\”" a\?
—\r1+—) +{x2t+—) +- | Tt —
n €1 o Tn
> 1( tax2t )+ . '
_:Z: :1:’ DR :1:’”
no T Llay +ao+ - +an)

_ n2a+1\?
= - .

. Since f(x) = vz (z > 0) is a strictly concave function, so

%(\/ﬁ+\/n—+1+\/n—+2)<\/é(n+n+1+n+2)=\/n—+1.

Also, since /i +vVn+1+vVn+2 > 3YVn-Vn+1-/n+2, itis

enough to show that n(n +1)(n +2) > (n+ %)3_

. First use Jensen’s inequality, and then use the mean value inequality.
. As Figure 23.1 shows, we have |PA|sina = |PB|sinf’,|PB|sinf =

|PC|siny’, and |PC|siny = |PA|sina’. So
sin asin fsiny = sin o’ sin 3’ sin’.

Since y = sinz is a concave function on (0,7), by Jensen’s inequality
together with the arithmetic mean-geometric mean inequality,

(sin asin Bsin+y)? = sin asin B sinysin o’ sin 8’ sin

! ! / 1 6
Dt e e e e AR Y S (_) '
6 2
Namely, there must be one among sin «, sin 8, and sin~y that is < %,
say sina < % Thus, when « is an acute angle, @ < 30°; when « is an
obtuse angle, > 150°, and 3,y < 30°.
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Figure 23.1 Figure for Exercise 7.

8. Let f(x) = tan - with = € (0,7). Then for any two points x; and o,

T2 sin
= tan — + tan = m
@) + f(z2) = an + an m cos”fn—lcosgfn—2

T1+x9
m

2 sin 2 sin

cos LTz 4 g L1=To 2 cos T1tT2 4
m m m

_ g SLT 22 _2f<:c1+wz>’
2m

T1+x2 r1tTo
m m

2

so f(z) = tan £ is a convex function on (0, 7). Choose x1 = 2 x5 =

%, and z3 = % According to Jensen’s inequality,
A B c 44584 ¢
tan — + tan — + tan — > 3tan &2—1 T — 3tani.
m m m 3m
9. Let g = (w% +:17) (— ) (Z% ) Then

1 1 1
lng:ln<—2+x +ln<—2+y>+1n(—2+z>.
x Y z

Define the function f(z) = In(-5 +2) (0 < & < 1). Then f/(z) =

z3 -2

oTTa and
wooy o —a® 4102 42
Fe=—Goe
B e CRAE))| tet RV B
) @+ 22 |

Consequently, f(x) is a convex function on (0, )7 and 50 by the defi-
nition of convex functions, Ing > 31n (32 ) ( ) from which

9> ()"
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10. If z > 0 and nx = 2", then x = nT.

(1) When z1x9---x, > no-1, since 2 (o > 1) is a strictly convex
function on (0,400), so by the definition of convex functions,
x% +x§¥ 4+ +x% - n(m-i—mzjl- +I71)
XT1T2 Ty - T1T2 Ty

>n' T (zyme Ty
> pl-e (nﬁ)a_l = T,

The equality in the above is satisfied if and only if z1 =29 = --- =
1
Ty =nr-1.
(2) When zi29-- -z, <

—_n_ . . .
nn»-1, from the arithmetic mean-geometric

mean inequality,

3R

xf +ag+- 4+ 2¥ _ n(rixeoxy)
x1$2.-.xn $1x2.-.$n
n n a—1

> .

R I S B

Y

The equality in the above is satisfied if and only if z1 =29 = --- =
Ty =mnn-1.
11. By symmetry, we may assume that © <y < z. Then
1 1 1
< < .
A+y)(1+z2) - Q+2)1+z) ~ Q+a)(1+y)

Chebyshev’s inequality implies that

23 y3 23

I19(+2) (+20+2) " Oroity

S S
(1+y)(1+2)

Y

1
(@ P+ 2% [

+ ! + ! }
1+2)1+2) (A+2)(1+vy)

34 (z+y+2)
(I+2)(1+y)(1+2)

1
= 3@ +y’ +27)

Let 2(x +y + z) = a. Then, since the function ¢? is strictly convex
on (0, +00), by Jensen’s inequality and the arithmetic mean-geometric
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mean inequality,

1
5(553 +y3+23) > a37
r+y+z>3Yryz =3,

(I4+z)+1+y) +(1+42)]°

1+2)1+y)(1+2) < 3 = (1+a)
Therefore,
23 y> 23 3 3+3

T 9019 0raits  Graity - Trap

Thus, it is enough to show that % > %.
Since a > 1, the above inequality is obviously satisfied, and the
equality holds if and only if z =y =z = 1.

Let zp, = af. Then af = xkﬁ and % > 1. Consider the convexity of the
function f(z) =z (z > 0). By Jensen’s inequality,
T+ 22+ 2y 1
(PR < g 4 o) 4o S

that is,

o

<x1+x2+~~+xn)% R
— n .

n

In other words,

1 1
<$1F+:E2E+---+w§>a > <$1+$2+"'+xn)5.

Hence,
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Solutions for Chapter 24

Recursive Sequences

. 2. From a,y1 = a2 + a,, we have a, 11 = a,(a, + 1), so
I 1
any1 plan +1)  an  ap+1
_ 1
Thus, a—+1 =i - an+ . Consequently,

2016 2016
ZanJrl_ (an
n=1

Note that {a,} is a monotonically increasing sequence, and it is easy
to find that as > %,a3 > = , and as > 1. Thus, agg17 > 1. Hence, the

) 1 1 1
= _ _ —3_

[ ay a2017 a2017

integral part of Zn0:116 an1+1 is 2.

. 2n— 1.  The recursive relation can be deformed to % = 703.
We let b, = arctana,. Then by = § and tan(b, 1 —by) = 212, namely
bnt1 — by = arctanﬂ It follows that b, — by = Zk 1 arctan ]16
St (arctan 57— — arctan 2k+1) . There-
fore, b, = § — arctan 5— L —, and so

1
a, = tanb,, = cot [ arctan =2n—1.
2n—1

. Let b, = a,, — nan—1. Then the given condition implies b,, = 4b,,—1 —
4b,,_o, where by = 1 and b, = 0. By the method of characteristic roots
we know that b, = (1 - %) - 2™ 80 Gy — NAp_1 = (1 - %) -2 =
2" —n - 2" 1 Let ¢, = a, —2". Then ¢, = nc,_1, where ¢g = 1 and
¢1 = 1. Thus, ¢, = (n!)cg = n!. Hence, a, = 2" + nl.

535
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We use the fixed point method to do the problem. Solving the equa-
tion A = %—i—% gives A = +2. So, we have a,q1 — V2 = % +

L*ﬁ:%andan+l+ﬁ:%+%+ﬁ:%

Qn

(noting a,, >0 from the recursive expression and mathematical induc-
tion, so the denominator is nonzero). Dividing the two equalities

ans1=VZ _ (an—\/i)Q = (al_ﬂy

V2 \antv2) = lotva) - Consequently,
27’1,

L;g - (3:—@) = (3 — 2v2)?", whose solution is a,41 =

An+1

V2 1-(3-2v2)>""

. 1+(3-2v2
18 ap = \/§ W

gives that

Therefore, the general term of the sequence {a,}

on—1

. By the condition we know that a9 = 2las + 13a;. So, the proposi-

tion is reduced to finding the minimal positive integer k£ such that the
indeterminate equation 13z + 21y = k has two pairs of positive integer
solutions x < y. For this purpose, let

k =13a + 21b = 13z + 21y,

where a < b,z < y,a < z, and (a,b) # (z,y). Then 13(z — a) =
21(b—1y). Note that (13,21) = 1, and « — a and b — y are not all zero,
so x—a > 0 and then b—y > 0. It follows that 21 | z—a and 13 | b—y,
from which x > a + 21, and thus k = 13z + 21y > 342 > 34(a + 21) >
34 - 22 = 748. Also, when k = 748, the sequences {a,} with initial
value conditions (a1,a2) = (1,35) and (22, 22) respectively both satisfy
ag = 748. Hence, the minimum value of k is 748.

. The given condition ensures that the positive integers larger than a; all

appear in {ay }n>2. We choose the smallest positive integer n such that
an > a1. Then 2a, —ay > a1, and so the number 2a,, — a1 appears in
{an}n>2. Thus, there exists m € N such that a,, = 2a, —a,. Clearly
m > n because of the minimality of n. Therefore, the proposition is
proved.

i, 2(2n—1
From the condition, z,, = 222=Y . 2 | so
) n )

2(2n— 1) 2(2n —3)

Ty = o . n_l Ty = -
22n—1) 2(2n-—3) 2-3
— . cees 2
n n—1 2
2" - [(2n — Y]

)

n!
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where n! = 1-2----nand (2n—1)!! = 1-3-----(2n—1). This indicates that
2n(2n—1)(2n;!i)!(2n—3) “““ 21 2n(2n—17)74-!--~(n+1). Since the pI‘OdUCt

of any n consecutive positive integers is a multiple of n!, so x, is a
positive integer.

. It is easy to see from the condition that for any n € N, it is always
the case that x,, > 0. Hence,

b1 23 1 1 1 W1 3v3 1

] = — =" >4 = > .
Tt 51, 5 + 15z, + 15z, + 15z, — 5-153 15 5
On the other hand, zo = % < 2 when n = 2. Assume that x, < 2
mi—&-l

when n =k (k > 1). Now, if x > 1, then a1 = e
If x; < 1, then by combining xj > %, we see that

Ty —

28 1
<?+5.—1<2.

441 1 1
Tk T <zt -—g<2

brr b 5.1

Tk4+1 =

Hence, in any case, xx11 < 2. To summarize, the proposition is proved.
. Since a; > 0 and b; > 0, by the recursive formula, we know that a,, > 0
and b, > 0. Now,

n+1)(bn+1
an+1+1:(a 1w + ),
bn,
n+1)(bn +1
bn+1+1:—(a D ¥ ),
an
from which
1 by
anp1+ 1 (an +1)(bn + 1)
1 an

b1 +1 N (an +1)(bn +1)
Consequently,

1 1 by Qn
ni14+1 b +1 (an+1)(bn+1)  (an+1)(by +1)

(bp +1) — (a, +1) 1 1

(an+1)(bn+1)  an+1 by+1

1 1

1
a; +1 by +1 6

Therefore, #

1
s > 5§ 80 a2015 < 5.
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From the given condition,

Ap+1 = 7an + 6bn — 3,
by = 8an—1+ Tby_1 — 47
ay = Tap—1 + 6b,—1 — 3.

Eliminating b,, and b,,—1 from the above three equalities, we get
Gpt1 = l4a, —an—1 — 6. (24.1)

Thus, a, = 14a,—1 — a,—2 — 6. Eliminating the constant term —6 from
the previous two equalities gives

Up41 = 15a, — 15a,,—1 + ap—2,

whose characteristic equation is ¢ = 15¢> — 15¢ 4+ 1. So, the charac-
teristic roots are q; = 1,q2 = 7+ 44/3, and g3 = 7 — 4v/3. Hence,

an = Ay - 1" 4 Ag(7T+ 4V3)" + A3(7 — 4/3)™.

The initial values are ag = 1,41 =7—3 =4,and ay = 14-4—1—6 =49
by (24.1). Thus, we have the system of equations

A+ A+ A3 =1,
A+ (T+4V3)As + (T— 4V3) A3 = 4,
Ay + (T+4v/3)2 Ay + (T — 4/3)2 A5 = 49,

the solutions of which are A; = % and Ay = A3 = %. Therefore,

an = % [2 + (T+4V3)" + (7 - 4\/5)”}

(2+V3)" J2r (2- \/g)n] i _ [Z%% C2kon-—3k3k

k=0

is a perfect square.
(1) From the condition, a; = 5 and {a, } is strictly increasing. Rewrite
the recursive formula as

2ap41 — Tan = y/45a2 — 36.
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Squaring the both sides and simplifying the resulting expression
give

az. 1 — Tapani1 + a2 +9=0, (24.2)
thus,
a2 —Tap_1a, +a%_; +9=0. (24.3)
By (24.2) — (24.3), we obtain
(an+1 — an—1)(ant1 + an_1 — Ta,) = 0.
Since apnt1 > ap, SO Apt1 + ap—1 — 7a, = 0, from which
pi1 = Tap — Qp_1. (24.4)

From (24.4), ap = 1,a1 = 5, and mathematical induction, we find
that a,, is a positive integer for any n € N.

(2) Completing the square to the both sides of (24.2) gives (an+1 +
an)? = 9(ana,y1 — 1). Hence,

a +a 2
wﬂm11<li%—i> (24.5)
From (24.4), we have
apt1 + an = 9a, — (an + an—1).
It follows that
apt1+an = —(ap +apn—1) == (—=1)"(a1 + ap) = 0 (mod 3).
Therefore, w is a positive integer, so ana,4+1 — 1 is a perfect
square.

This sequence is not bounded.

First, each term of the sequence {a,} is nonnegative and there are
no two equal nearby terms.

In fact, if there exists n such that a,, = a,41 = ¢, then a,—1 = 0
and a,_s = a,_3 = ¢. Continuing in this way up to either a; = ag = ¢
or there is one 0 in ag and a1, we are lead to a contradiction in both
cases.

The above discussion concludes that a,, > 0 for all n > 0.

Second, by definition we see that a,12 = ap4+1+an Or Gpt2 = Gpi1—
an. If it is the former, then a,4o > an41; if it is the latter, then
Gnt+2 < Qp41, from which a,4+1 > a, since a2 > 0. On the other
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hand, if api2 = apt1 — apn, then a3 = ant2 + ant1 (otherwise,
if apnts = Gniz — apt1, then any3 = —ayn, a contradiction). So, if
Gnto < Gp41, then apy3 > apq1. Now, remove all a, that satisfy
an < an—1 and a, < ap41. Denote the remaining sequence as {b,,}.
Then {b,,} is a strictly increasing sequence. If we can show that {b,,}
is an unbounded sequence, then {a,} is also an unbounded sequence.

In the following, we prove that {b,,} is an unbounded sequence by
showing that for m > 2, it is always true that b,,41 — by > by — b1
(this is because by, 11 — b2 > (m — 1)(ba — b1) from the summation
method by splitting, leading to unboundedness of {b;,}).

In fact, suppose that b,, 11 = ap12 for m > 2. Then ay 49 > ap41 by
the definition of {b,,}. If @41 > ay,, then b, = a,11, while b,,_1 =
Qp—1 OT 4y > a,_1. Hence,

bm+1 - bm = 0np+4+2 — Qp4+1 = AQp = Qp41 — Qp—1
=bm —bm—12>bpm — b1

If ap+1 < ap, then b, = a,, while b,,_1 = a1 Or ap_2 > an—1 (since
bp—1 = Gp—2 TEqUITEs ayp_g > ap_1). Thus,

bm—i—l — by = Up+42 — n = Qp41
=0ap —Ap—1 = bm — 0n—-1

Z bm - bmfl-

Therefore, the inequality by, +1 — by, > by, — bi—1 is always satisfied.
Hence, {a,} is an unbounded sequence.



Solutions for Chapter 25

Periodic Sequences

1. 9. From the condition, x,, + 41 + Tpyo = 20 and xp41 + Tpyo +
Znts = 20. Subtracting them gives x,, 13 = x,. So, {x,} is a periodic
sequence of period 3. Thus, x1 = x4 = 9 and z2 = x1; = 7. Hence,

To014 = 21 = 9.
t@p 4

. 14z 1+— 1+z,+x
2. xg. Since apy3 = FIntz = = lHZntTenn
Tyl Tt TpTn41
Tpn41Tn—1+Tnt1 __ 1+ﬂEn 1 Inﬂﬂn 2

o = = = Zp_2, we see that {x,} is a

n+1
periodic sequence of perlod 5. Hence 2010 = 0.

3. —1. A direct calculation finds z1 = 1,20 = 2,23 = —1,24 =
2,25 = 1, and x¢ = —2. From this and mathematical induction, we
can show that {z,} is a periodic sequence of period 4. Hence,

2014
Z:Z?k =2 +x2+503(x1+x2+x3+x4): —1.
k=1

4. —%. Let k = v/2+1and m = v/2—1. Thenmk =1 and k—m = 2.
krxp,—1 __ xp,—m
Tn+k T map+1

Tpyg = 2o + . Similarly, xn+4 = E and T,48 = x,. Thus, x,18 =
xn (t € Z+) Also x5 = S0

From the given condition, we see that Tyl =

2014’
zs—1  —1-2014 2015
zs+1  —1+2014 2013

5. Suppose that there is a period T'. If T'= 2P - ¢, where ¢ = 4n + 3, then
Aok = Aok 47 = Agp(2k—pyq) = Aok—p4q = 0 for k > p+2, a contradiction
to age = 1. If T = 2P . g, where ¢ = 4n + 1, then asr = ageysr =
Agp(2k—p43q) = Agk-p43q = 0 for k > p+2, also a contradiction. Hence,

L2015 = L7 =

the sequence is not periodic.

541
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Let A, = a, +by,+c,+d, and B,, = a?2 +b2 +c2+d>%. Then {A,} and
{B,} are both periodic and satisfy A, 11 = 24, and B2 = 2B, 1 +
2A2. Consequently, A, 1 = 2" - A;. The periodicity of {A,} then
implies that A, = 0, from which B,, 12 = 2B,,+1. The same argument
implies that B,, = 0 for n > 2. Hence,

a2:b2:02:d2:0.

By the definition, we have fi1(11) = (1 + 1)? = 4, fo(11) = f1(4) =
42 =16, f3(11) = f1(16) = (1 +6)* =49, f4(11) = f1(49) = (4 +9)* =
169, f5(11) = f1(169) = (1+6+9)? = 256, fs(11) = f1(256) = (2+5+
6)? = 169, and f7(11) = f1(169) = (1+6+9)% = 256. Thus, the values
of f,(11) when n > 4 are alternatively 169 and 256, that is, {f,(11)}
is a mixed periodic sequence of period 2. Therefore, f199(11) = 169.

. If a, > a, then a1 = a, + a when a, is an odd number, and so

Gpto = “";“; and an41 = % when a, is an even number. So, it is

always true that a, > min{a,{1,an42}. In this way, we see that there
exists n € N such that a, < a. Furthermore, a,, < 2a and a,, is a
positive integer for any m > n. Consequently by the drawer principle,
there exist k > n and T' € N such that ayyr = a;. This means that
{a,} is a periodic sequence of period T.

. Calculate directly the first several terms 0,1, 8, 63,496, 3905, 30744 of

U,. Note that Us = 63 and Ug = 30744 are both multiples of 3 and 7,
but the other terms U;, Uy, Uy, and Us are neither multiples of 3, nor
multiples of 7. We conjecture that

3|Up = 7| Un. (25.1)

In the following, we show that (25.1) is true. First consider module 3.
From the recursive formula, we know that U, 13—U,, = 9(Up+2—Upnt1),
namely U, 3 = U, (mod 3). The sequence {U, (mod 3)} is a periodic
one of period 3, and its first three terms are 0,1, and —1. So,

3|U, < 3|n. (25.2)

Then take module 7. By the same token, the sequence {U,, (mod 7)} is
a periodic one of period 6, and its first six terms are 0,1,1,0,—1, and
—1. Thus,

7| U, < 3|n. (25.3)
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From (25.2) and (25.3), we know that (25.1) is correct, and so there are
no terms of the form 3% - 5% (a and 3 are positive integers). (Remark:
The method for this problem is very clever. This requires an accumu-
lation of experiences in solving this type of problems, and needs an
ability of keen observations.)
We prove: For a positive integer k satisfying 2¥ > max Sy, the choice
of N = 2F meets the requirement.

In fact, consider polynomials in the sense of mod 2. According to the
structure of the set sequence, we have

Z:sz(l—i—x) Z gch---E(l—i—x)"ij (mod 2),

JESn JESn—1 Jj€So

while (z + y)? = 22 + 22y + y? = 22 + y? (mod 2). Hence, for any
n € N, we can show by using mathematical induction that (z+y)?" =
22" +9%" (mod 2).

Summarizing the above conclusions, when N = 2* > max Sy, we have

Z = (1—|—:1c)2k Z 2l = (1+x2k> Z 27 (mod 2)

JESH JESH -1 jE€So

= (1+xN) ij.

JE€So

This means that Sy = So U{N +a|a € Sp}. And the proposition is
thus proved.
Define a sequence {z,,} as follows:

1, ifmeX,
Ty =
0, ifm¢gX.

Note that the sets X +aq, ..., X + a,, constitute a partition of Z < for
any t € Z, the sets X +a; +t,...,X + a, + t constitute a partition of
Z. We may assume that 0 = a1 < as < -+ < ay.

Using the partition of Z by X, X + as,..., X + a,, we know that
m € X & for any j € {2,...,n}, there holds that m ¢ X + a; < for
any j € {2,...,n}, there holds that m —a; € X.

Thus, z,, = (1 — Zym—ay) -+ (1 — Zy—gq,, ). This means that the value
of each term in the sequence {z,,} is determined by the value of a
previous term a,. Hence, there are at most 2" different possibilities
for the values of the numbers array (2, Tm+t1,---sTmta, ). By the
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drawer principle, there are positive integers m; and msy with my < mo
such that

($m17$m1+17 .- -ax’m1+an) = ($m2,$m2+1, e ’xmz-i-an)'

Therefore, {x,,} is a periodic sequence of period N (= ma — my).

On the other hand, since X, X +ao, ..., X +a, constitute a partition
of Z, the sets X —an, X +as — an,..., X + an_1 — a, also form a
partition of Z. From the same analysis as above, €, = (1 —Zy44, ) (1 —
Tmta,—as) " (1=Zm+ta, —a,_, ). Using the recursive relation backward,
we find that {z,,} is a purely periodic sequence of period N. This
indicates: For any m € N, there is z,, = x,,+n. In other words,
méeX < m+ N € X. Therefore, X + N = X.

(1) When i is an integer greater than 1, we first prove: With respect
to any prime factor p of z;, the sequence {x,} is periodic from
the ith term on in the sense of mod p (that is, with x1,..., 2,1
removed, the remaining sequence is periodic). In fact, note that in
the sense of mod p, there are only finitely many cases for the num-
ber pairs (2, zm+1) (each term has only p possibilities, so there
are at most p? different number pairs). Thus, there are r > i and
T € N such that (2,71, Zrp741) = (27, Zr41) (mod p). If r =4,
then from 2,11 = zpz,—1 + 1, we know that {z,,} is a periodic
sequence from the ith term on in the sense of mod p. Consider
the case r > 4. If z, = 0 (mod p), then z,41 = 1 (mod p).
While (z;,2z,41) = (0,1) (mod p), it follows that (z;,2,41) =
(y,ry1) (mod p). (Note: Here we used 7 > 2, since only in
this case there can be x;11 = x;2;-1 + 1 = (mod p).) We know
(i, xiy1) = (T, 2p41) (mod p). Hence, {x,} is periodic sequence
of period r — ¢ from the i¢th term on in the sense of mod p. If
zr Z 0 (mod p), then @, 147247 = Tpyr—1 — 1 = 2pp1 — 1 =
Zyr—12, (mod p). Taking consideration of z,;7 = x, Z 0 (mod p),
we obtain x,_147 = 2,1 (mod p). That is,

(171”717 xr) = ($r71+T7 xr+T) (mOd p)

This indicates that r can be moved forward by one position. Con-
tinuing in this way with constant forwarding as above, we know
that {x,} is a periodic sequence from the ith term on in the sense
of mod p. Now, assume that z; = p{* ---pp*, where p; < --- < py
are prime numbers and a1, ..., € Ny. Forp; € {p1,...,px}, let
{x,} be the periodic sequence of period T} from the ith term on in
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the sense of mod p;, and denote T' = [T1, ..., T], which is the least
common multiple of 77, ...,Tk. Let j =i+ nT, where

n=1i -max{ay,...,a;}.

Then for 1 < 1 < k, since x; = iynr = x; = 0 (mod p), so
| x;-'a’, and then p; " | ;C; By noting z; = pi" ---pp*, we
have z! | I;:, proving the proposition.

Choose x1 = 33 and z9 = 23. Then the terms of the sequence {x,,}
in the sense of mod 33 are 0,23,1,24,25,7,11,12,1,13,14, 18, 22,
1,23,24,25, ..., and the sequence is periodic of period 13 from the
4th term on in the sense of mod 33. When j > 1, we have 33 { z;.

Therefore, the conclusion of (2) is negative.
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Solutions for Chapter 26

Polar Coordinates

1. 6. When m = n, the curve represented by p = kc%ﬁ is a
parabola. When m # n, let e = C?, > 1. Note that C} = C%,C} =
C3,C% = C2, and C} = C#. So, there are totally 10 — 4 = 6 different
Values for the eccentricity e > 1.

2. Hyperbola. Since

5 5
r= 3 —4cosf +4sinf 3 4y/2cos (9_|_ %)’
by the unified equation of conic sections, e = % > 1.
3. [%, %] By the unified approaeh to conic sections in polar coordi-

nates, we have the equation p = 7 of the parabola From the given

1—cos
condition, we know that 0 € [O 7] and < 16, that is

1— cosG + 1+co T4cos
sin® 6 > 1, namely |sin )| > Y2 Hence, § € [z, 3.

4. Setup a polar coordinates system with F' as the pole and the symmetric
axis of the parabola as the polar axis. Then the polar equation of the
parabola is p = =2—. Let « be the angle between PQ and the polar
axis. Then the polar radii of P and @ are

pr=FP| = —L— py = |FQI—L—

1 —cosa’ 1+coso¢

Since the polar radius of the middle point S of PQ is

1 1 p P pcosa
PO|FS|§(P1P2)§( - )—

1—cosa 14 cosa sin®a’
|[FS| p

1 1
5— = 5(p1+p2) = §|PQ|~

J i
cosa  sin“a 2

547
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Figure 26.1 Figure for Exercise 4.

Denote Pi(p1,61) and Ps(p2,01 + 7). By the unified equation p =

p — p — p
T—cos0” ¢ have pL= 1—cos 61 and P2 = 14cos6; * HGDCG,

1 1 717C0891+1+C0891 2

PL o P2 p p p

. Set up a polar coordinates system with the left focus F' as the pole

and FX as the polar axis. Then the equation of the ellipse is p =

Hﬁ. Since ZAFB = /BFC = ZCFA, they are all %’T Without

loss of generality, denote A(p1,6), and then we have B (pg, 0+ %’T) and
C (p3,9 + %’T) Thus

1 1 1 1 1 1

+ + =—+—+
|AF| ~ |BF| |CF|  p1 p2  p3

_ 4—3C050+4—3COS(9+%”)
7 7
4 —3cos (04 &) 12
7 o

. Set up a polar coordinates system with the origin O as the pole and

OX as the polar axis. Then the equation of the circle A is p = 2sin 6.
Denote P(p,0) and Q(p1,6). Then p — p1 = 2 — psinf, namely p —
2sinf) = 2 — psin@. Simplifying it gives p = 2 or § = —3. Since P is
on the ray OQ), so the desired equation of the trajectory is p =2 (0 <
6 < m) or § = —%. The corresponding equation in the rectangular
coordinates is 22 +y?> =4 (y > 0) or z = 0 (y > 0).

. With F' as the pole and the straight line perpendicular to [ as the

polar axis, set up a polar coordinates system. Denote N(pi1,6) and

M(p2,0 + m) (=5 <60 < Z). Then pycos(f + ) = —p, that is, po =

. FN .
=5 Also, since “MN“ = |MlF|, namely pip2 = p1 + p2, we obtain that
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P1 = pfil p—COSe Consequently,
2 2
p1+ p2 prOSf9+cos(9 T ——— % 7

and the equality is achieved when cosf = £:

(1) If 0 < p < 2, then the minimum value of p; + py is 4;

if p > 2, then p; + p2 obtains the minimum value Tz when
2) if 2, th b h 1 pp T

cosft = 1.

. Set up a polar coordinates system with the left focus as the pole and the

positive direction of the xz-axis as the polar axis. Then the equation of
the ellipse is p = —2—. Denote A(p1,a) and B(p2, a+m) the two end
points of the side of the parallelogram passing through the pole. Then
|[AB| = p1 + p2 = Jm Thus, the distance of the two parallel
lines is

h = |F1 Fy|sina = 2¢sina,

so S =|ABJh = 1724#, where S is the area of the parallelogram.

2
P ————+c?®sin«

(1) When 0 < g S ]_7 we have S S 4;226 _ 2ab,
(i) when & > 1, we see that § < 4ab’c — 40°,

With F' as the pole and the positive semi-axis of the z-axis as the
polar axis, set up a polar coordinates system. Then the equation of the
parabola is p = ;=2— (here « is the polar angle).

Draw AM L1 the z-axis and BN 1 the z-axis, where M and

N are the feet of a perpendicular. Then [FA| = =2 |AM]| =
psinland |FM| = 2929 Since |[OF| = £, so |[OM]
_ p(14cos0) _ |AM| _ 2sin#
|OF| + |FM| = m, and tanlAOM = O—‘ = Tfcos0° AISO
A
I
|
o A0
0] F M X
B

Figure 26.2 Figure 1 for Exercise 10.
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Figure 26.3 Figure 2 for Exercise 10.

o P _ psinf __ pcosH _p pcosf
|FB| " 1-+cos@’ |BN| " 1+cos@’ |FN| - 1+c050’|0N| — 2 1+cosf
pl—cosd) ",nd tan ZBON = 2510 Consequentl
2(14-cos ) " l-—cosf’ q Yy

4
tan LAOB = tan(ZAOM + ZBON) = ———.
S1n

Therefore, ZAOB = 7 — arctan ——

3sin 6"
(1) Without loss of generality, assume that F' is the left focus. As in

Figure 26.4, with F' as the pole and the z-axis as the polar axis, set
up a polar coordinates system. Then the polar coordinates equa-

tion of the ellipse i—i + g—z =1isp = (p > 0), where

_c .2 _ b — Ja2 2
e=2,p°= ", and c = Va? — b%

Denote A(plva)vB(p279 =+ 7T),C (0379 + %)7 and D (p4,9 + 377‘—)

i s 1 1 1,1 _ l—ecosf | lt+ecosd _
with 6 € [0,5]. Then i+ g = 2 + & = 1oy Liecosd
2 2a

5= is a fixed number. Also
1 o 1 1

+ — +
|AB| ~ |CD|  pi+p2  p3+ps

1—e2cos? 1—e?sin®0
+

l—ecos@

2ep 2ep
B 2 — ¢2 B a? + b2
 2ep  2ab?

is a fixed number.

Figure 26.4 Figure for Exercise 11.
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(2) We calculate out that
|AB| + [CD] = p1 + p2 + p3 + pa

ep ep ep ep
1 —-ecost + 1+ ecosb + 1+ esinf + 1—esinf

1 1
=2
6p<1—62cos26? + 1—e2sin29)

2ep(2 — €2) 2ep(2 — €?) 8ab?

 1—e2+etsin®fcos2f 1—e2+%e4 a2+ 02’

and if and only if # = 7 it has the minimum value %.

Also
|AB| +lcD| Sab 1602
|AB||CD| 1 - 22+b2 = ( 2 + b2)27
@s t e e (@
and if and only if 6 = 7 it has the minimum value m (all can

be calculated directly).
(3) We know that the polar coordinates of M are (a — ¢, 7). Then

1 .
SaaBm = SpaamF + SaBuF = §|MF|(/)1 + p2) sin @

1 ep ep .
=—(a— sin 6
2(a C)(l—ecosﬁJrl—i—ecosH)bm

b2
%Sin@ = (a —C)ai -sin @

=(e=0) b2 + 2 sin? 0

ab2(a —¢)

+c2sinf’

sin 0

Thus, Saapy < 2= — @la=9) wpep < ¢, and if and only if

. 2 . . .
sin® 0 = g—Q, namely 6 = arcsin g, it reaches the maximum value.
2 —
When b > ¢, from the monotonicity, (SAABM )max = al;,z(_zczc) =
b%(a—c)
a
In summary,

, and if and only if § = 7, it obtains the maximum value.

ab(afc), b< e
2¢c
(SAABM)maX == b2
M, b > c.

a



552 Problems and Solutions in Mathematical Olympiad: High School 2

12. (1) With the center O of the ellipse as the pole and the x-axis as
the polar axis, set up a polar coordinates system. Then the polar

1 cos> 6

coordinates equation of the ellipse is =z = <52 + Siz‘#. Denote

2 a2

A(p1,0) and B (p2,0 + §) with 6 € [0,3). Then 5k + opm =

a2

2 2 2 2 .
cos” @ + :31220 4 sin 6 + cos” 0 __ a% + b% is a fixed number.

a? b2

(2) A direct computation gives that

1

1
ab

n ~ [cos?0 n sin® 6 n sin? 6 n cos2 0
|OA| * |OB| a? b2 a? b2

= (\/a2 sin? 6 + b2 cos? 6 + \/a2 cos? 6 + b2 sin® 9)

1
= —b\/a2 + b2+ 2\/a2b2(sin4 0 + cost ) + (a* 4 b*) sin® f cos? 0
a

a

1 1
= —b\/a2 + 0%+ 2\/(12()2 + Z(a2 — b2)2 sin® 26.

So, when 6 = 0, the desired minimum value is %\/ a? + b2+ 2ab =

a+b

“t2 when 0 = 7, the desired maximum value is

ab ?

a? +b?)

2 2 2 2) —
ab\/a +b2+2 2((1 +0?) = :

ab

(3) The polar coordinates equation of the ellipse can be rewritten as

2

Sara0B =

= —a“b

2;2
_ a’b
P~ = a2 sin2 0+b2 cos2 0

SO

1

§P1P2

1 1

2,2
2 \/(a2 sin? @ + b2 cos? ) (a2 cos? 6 + b2 sin? 0)

145, 1
= —a"b T —5 -
2 a?b? 4 7 (a? — b?) sin” 20

. . . . 232
Hence, when 0 = 7, the desired minimum value of the area is %;

when 6 = 0, the maximum value of the area is %ab.



Solutions for Chapter 27

Analytic Method for
Plane Geometry

1. Two thirds of a circle with radius 1. ~ With O as the origin and the
straight line containing the line segment OA as the z-axis, set up a

rectangular coordinates system. Let G(x,y) be the center of gravity

of AABC'. For the two points B and C, since ZBAC = %, we have

ZBOC = %7‘(. It is easy to see that the distance of the middle point

D(x0,yo) of the chord BC' to the point O is 3cos § = 3, s0 2§ + 3 =
2 AD _

(%) (fg <z < %) Also ﬁr‘l = —3, thus z¢g = % and yg = 273’

Substituting them into the equation that the point D satisfies, and

assembling the resulting expression, we obtain

(x1)2+y21(0§x§§>.

2. 0. Establish a coordinates system as shown in Figure 27.1. Let
|071| = T,O? = p,@ = q,ZAOB = «, and ZAOC = (. Then
OA = (r,0),0B = (pcosa, psina), and OC = (gcosB,qsin ). Thus,

—
S204c0B + Sr04B0C + SnopcOA
1 1
= 5pr sin a(gcos 3, gsin 8) + P4 sin(8 — «)(r,0)
- %qr sin 5(p cos a,, psin «)

1
= §pqr(sinacosﬂ + sin(8 — a)) — sin 5 cos a, sin f sin « — sin B sin @)

=0.

553
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Figure 27.1 Figure for Exercise 2.

3. A circle. Establish a rectangular coordinates system, so that the
base of the flag pole of height h is (—a, 0) and the base of the flag pole of
height k is (a,0). Let the elevations of the point p(w y) with respect to

the top of the poles be equal. Then \/(HZ Erwe Y - i)2+ =, that is,

(k* — B?)z* + 2a(h® + k*)z + (k* — h?)y* + a*(k* — h*) =0

Since k # h, the equation is reduced to z2 + 32 + 2a ,’ngZﬁx +a%2=0,

and the corresponding point trajectory is a circle.

4. Draw AO 1 BC, intersecting BC at O. With BC and AO as
the z-axis and the y-axis respectively, set up a coordinates system.
Denote A(0, ¢), M(n,0), and C(n+a,0). Then we have the coordinates
(n — a,0) of B, and the equation of the straight line PQ is

kx —y+b=0. (27.1)
Yy
A(0, ¢)
P
N Y

B(n—a, 0) 0 M(n,0) C(n+a,0) x

Figure 27.2 Figure for Exercise 4.
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Let AZL — ) and the coordinates of P be (21,y1). Then

pPB|
A —
o =209
1+
_c
N=Tx
Substituting the coordinates (z1,y1) of P into (27.1) gives A =
k(nc%a%%, o) % w By the same token, % knte and
JAC|  k(nta)te |AM| _ |AB| | |AC|
AQ] = — b Hence 2|AN‘ @ar T agl

. As in Figure 27.3, set up a rectangular coordinates system with the
center of the circle of diameter AB and radius R as the origin O and
the straight line AB as the z-axis. Then the equation of the circle O is

? +y* = R (27.2)

Denote Q(zo,%0). Then 3 + y3 = R?. The equation of the circle cen-
tered at Q with QH as radius is

(x = 20)* + (¥ — 90)* = vp- (27.3)
(27.2) — (27.3) and after a simplification, we obtain the equation
2x0x + 2yoy = 7§ + R? (27.4)
of the straight line C'D, and the equation
T = xo (27.5)

of the straight line QH. Substituting (27.5) into (27.4) gives 2yoy = y2.
Since Q # A and B, so yo # 0. Thus, y = %, that is, the coordinates
of the intersection point of the straight lines CD and QH are (xo, 5 )
Therefore, the straight line C'D bisects the line segment QH.

Y

N

Y/

Figure 27.3 Figure for Exercise 5.
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With the straight line containing BC' as the z-axis and the middle point
of BC' as the origin, set up a rectangular coordinates system. Let the
radius of the semicircle be r. Then we have B(—r,0) and C(r,0). Let
the equations of the straight lines AB and AC be y = air (x 4+ r) and
y = aﬁr (x — r) respectively, and let the equation of the semicircle be
2?2 +y? =r? (y > 0). We can find the coordinates of the intersection
points D and E of the straight lines AB and AC with the semicircle,

respectively:

rl(a+7r)2 —b%  2br(a+r) )

_ (rlla=r? =07 =2br(a—1)
(xE,yE)—( (a—1)2 + b2 ’(ar)2+b2).

Let “}Cj—g‘l = \. Then \ = ;’—i From zy = %, we find 2 = a.
Hence, AM 1 BC.

By symmetry, we know that BD 1 AC and |OD| = |OB|. With the
straight line containing BD as the z-axis and O as the origin, set up
a rectangular coordinates system. By the condition, we may denote
A(0,a), B(b,0),C(0,c), and D(d,0). Then the straight line equation of
AB is

)

x
—+2=1 27.6
5o (27.6)
and the straight line equation of BC' is
x Yy
—+z=1
b + c

Let the slopes of EF and GH be k and K/, respectively. Then

EF :y=kx,

GH :y =Fkz. (27.7)
Solving (27.6) and (27.7) together to get the coordinates of G:

ab abk’

C= U ree YT ar ek

By the same token, substituting ¢ for a and k for &/, we have the
coordinates of F":

be bk
ok T ook

rp =
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Then the equation of GF (not including the two points G and F') is

abk’ bek

Y~ avorr YT ok
ab be
T = ook T = rok

Let y = 0. Then we get the horizontal coordinate of the intersection
point I of GF and BD:

abe(k — k')
(a + bK')ck! — (c + bk)ak'”

xry =

Similarly, substituting d = —b for b and interchanging k and k', we
obtain the horizontal coordinate of the intersection point J of EH and
BD:

abe(k' — k)
(a + bK')ck! — (c + bk)ak'”

xrj =

After comparison we find that x; = —x, so |OI] = |OJ]|.

. Choose the center of the circumcircle of AABC as the ori-
gin to establish a coordinates system. Denote A(x1,y1), B(22,y2),
and C(zg,ys). Then the coordinates of the center of gravity are
G (””1+x32+””3, y1+y32+y3). Let the radius of the circumcircle be r. Then

2 2, .2 2, .2 2, .2
rT =7 +y; = x5 + Yy = 23+ Y3,

From the circular power theorem,

|AG|  |AGP |AG|?

|GP|  JAG||GP| 72— |OG|*"

By the same token,

IBG|  |BGP? |G| |CG)?
IGM| ~ 2 —|OGR2’ |GN| ~ 72 —|0G"

Figure 27.4 Figure for Exercise 8.
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Also from

|AG|?> + |BG|* + |CG?

o > ( $1+$2+$3)2 < y1+y2+y3>2
p 3 3

3

2
=i +ad+af +uf+ o3+ oE (ot as) ) wm
=1

2 3
$1+$2+I3 2
3| —————— ) — = i
+< 2 ) &m+m+m>§y

i=1
2
13 <y1 +y32+y3)

= (27 +yi) + (23 +y3) + (23 + 3)
_3 1+ X2 + 3 2_3 vty s’
3 3
= 3r* — 3|0G|?,

|AG|? |BG|? cGP?
2 |0GE T 2 —|0GE " 12 —|0G]?

In other words,

=3.

[AG] |BG| | |CG|

|GP| ~ |GM| = |GN|

9. Establish a rectangular coordinates system with the straight line con-
taining BC' as its z-axis and the point A on its y-axis. Let LZABC =
20, /ACB = 28,25 = —b, and ¢ = ¢. Since A is on the y-axis, so
btan 2« = ctan2f, from which the equation of BOs is y = tan o(z +b)
and the equation of COz is y = cotB(x — ¢). The coordinates of

their intersection point are Os (btan atccot § bic . tan O‘) . Thus,

3.

cot f—tana ’ cotf—tana tan

we can write I (w 0). Also, since FH 1 BOs, so kygr =

cot f—tana ?
1

kpo,

= — cot a. Consequently, the equation of HF' is

( btana—i—ccotﬁ)
y=—-cota({x — ——FF——|.

cot f — tan «
By the same token, the equation of EG is

ctan B + bcot
y=cotflax— ——— | .
tan 8 — cot «
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Since
b an
cota- TERGEESEE tan2ftan § 4 tan2a
b - b)
—cotﬁ-% tan2atana+%
tan 2« tan 2« 2tana
tan atan 2a — = — = -2,
tan « tan o tan 2«
and
tan 2
tan Stan 23 — ﬂ:— ,
tan 8
we have

btana +ccot 3
cotf —tanaw

ctan 8 + bcot

cot
tan 8 — cot «

—cot 3 -

Therefore, HF and FEG both pass through the point

. btanatccot 8
(0’ cota cot f—tan «

With the straight line BC' as the z-axis and the straight line contain-
ing the altitude DA as the y-axis, set up a rectangular coordinates
system, as Figure 27.5 shows. Let the coordinates of A, B, and C be
(0,2p), (2¢,0), and (2r,0), respectively, where p > 0,¢ < 0, and r > 0.
Then the equation of the perpendicular bisector of the line segment BC'
is * = ¢ + r and the equation of the perpendicular bisector of the line
segment CAisy—p = %(xfr). By solving them we get the coordinates

(q + 7, #) of the circumcenter O. Also the equation of the altitude

DA of the side BC' is = 0 and the equation of the altitude BE of
the side AC is y = Zr—j(x — 2q). So, solving them gets the coordinates

Figure 27.5 Figure for Exercise 10.



560

11.

Problems and Solutions in Mathematical Olympiad: High School 2

—2&> of the orthocenter H. Hence, 9R? —d? = 9|0A]? — |OH|? =

P
9 [(q )2 4 (2 - 2p)2} ~ [(q+r)2 + (et 4 %)2} = 8(p? +
@+ 1% —qr), and a® + b* + ¢ + d®> = |BC]* + |CA|? + |AB|?* =
(2q —2r)% + [(2r)* + (2p)°] + [(20)* + (2p)*] = 8(P* + ¢* +1* — ar).
Therefore, a® + b? + c? = R? — d2.
Lemma. Suppose that for an acute AA; BC that is not an isosceles
one, the altitude A, F of the side BC' is a fixed straight line. From F

draw FD; 1L A1B at D; and FE; L A,C at E;. Then all D E; pass
through a fixed point. See Figure 27.6 for an illustration.

4,

B F  C P

Figure 27.6 Figure 1 for Exercise 11.

Proof of Lemma. Since the four points Ay, D1, F, and E; are on
the same circle, P| F' is a tangent line to the circle, and FE; L A,C),
thus we have ZA|CF = /A FE, = ZA; D FE;. It follows that the four
points B, C, E1, and D; are on the same circle.

So, |PiF|* = |PLE:||PyD:| = |PiC||PB| = (|PLF| — [CF|)(|PLF| +
|FBI).

Hence, |PF| = % is a fixed number, namely all D FE; pass
through a fixed point.
Proof of Original Problem. Set up a rectangular coordinates system
as Figure 27.7 shows, and assume that the two tangent lines intersect
the extended line of BC' at By and (', respectively. Let the equation
of the circle O be 2% + 3% = 1, ZTOX = 2a, and ZSOX = 23. Then
the equation of A;Cy is cos2a -z + sin2a -y — 1 = 0 and the equation
of A1B;y is cos2f -z +sin28-y—1=0.
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yA1

Figure 27.7 Figure 2 for Exercise 11.

So, xp = x4, = zzzgztg; is a fixed number, and |[A1F| = ya, =
sin(a+ )
sin(a—p) *
From the lemma, we know that
| = |B1F||C1F|  |AiF|tan2atan2f
YUTBF[ = |CiF| T tan2a + tan2p

sin 2a:sin 23
2 cos(a + f3) cos(ar — B)
~cos2(a— f§) —cos2(a+ f)
~ 4cos(a + B) cos(a — )
~ cos*(a — ) — cos®(a+ f3)
~ 2cos(a + B) cos(a — B3)

~ cos(a—f) cos(a + f3)
" 2cos(a+B)  2cos(a—f)

1 rEp

2.%'F 2

is a fixed number, namely all D1 F; pass through a fixed point.

12. (1) Asin Figure 27.8, set up a rectangular coordinates system with the
center of the two circles as the origin and the point P on the neg-
ative half z-axis. Then the coordinates of the point P are (—r,0),
and the equations of the two circles are 22 +y? = R? and 22 +y? =
r2, respectively. Let the coordinates of the three points A, B, and
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Figure 27.8 Figure for Exercise 12.

C be A(Il,yl),B(IQ,yQ), and C(Ig,yg). Then |BC|2 + |CA|2 +
|AB|? = (z2—x3)*+ (y2—y3)?>+ (x3—21)? + (ys—11)? + (z1 —22) >+
(y1 —y2)? = 4R*+2r? — 2(x1 02 + Tow3 + T3T1 +Y1Y2 + Y2ys + Ysy1)-
Since PA L PB,so 0 = PA.-PB = (x1 +7)(x2 + 1) + y1y2, that

is, 2122 + Y192 = —1% — r(z1 + 22). Hence,

122 + T23 + T3T1 + Y1Y2 + Y2U3 + Y3Y1
= —r® — (w1 + 22) + 23(71 + 22) + Y3(Y1 + y2)
= —(21 +22)(r — x3) + y3(y1 +y2) — 2. (27.8)
Let the other intersection point of BC and the smaller circle be A’.
By PB 1 PA we get the coordinates (—x1, —y1) of A’. Also from
the property of concentric circles, we see that the line segments BC'

and A’ P have the same middle point. Thus, x5+ z3 = —r — 27 and

Ys + Y3 = —y1, namely

xr1 + X9 = —1r — 3,

(27.9)
Y1+ Y2 = —Ys.

Substituting the above into (27.8) gives that z1xe + zoxs + x321 +

Y1Y2 + yoys + ysyn = —(—r — x3)(r — z3) + y3(—ys) —r? =12 —

23 —y3 —r? = —R?%. Therefore,
IBC|? + |CA]? + |AB|? = 4R + 212 + 2R? = 6R? + 2/°.

The set of all possible values is {6R? + 2r?}.
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(2) Let the coordinates of the middle point of AB be (z,y). From
(27.9), 22 = 21 + 22 = —r — 23 and 2y = y1 + y2 = —y3, namely

T3 = —r — 22,
ys = —2y.
Substituting them into the equation of the bigger circle, we obtain

(—r —22)* + (—2y)* = R?,

that is, (:E + %)2 +y? = RTZ. Therefore, the middle point trajectory

of AB is the circle centered at (75, O) of radius %
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Solutions for Chapter 28

Synthetic Problems for
Complex Numbers

1. 0. By the condition, |z1||z3| = |22|?. Note that |23 = 2|z1|. Then
|23 = 4|21|, that is, v/9a2 + 16 = 4v/a? + 1. Solving it gives a = 0.
2. 12. It is easy to see that z1 + 29 + 23 = 8 + 61, so

|Zl| + |2’2| + |2’3| Z |Zl +2’2 +23| =10.

If and only if 3=% = gié‘g = 2= — 8 the expression |21| + |22| + |23]

achieves its minimum value, from which a = % and b = %. Thus,
3a+4b = 12.

3. 160°.  From (2%)?+23+1 =0, we get 2° = w or @. Then z is a cubic
root of w or @, and so argz = k- 120° £ 40° (k = 0,1,2). The result
follows.

4. 2728 or 1999.  Since 23 = 27, that is (z — 3)(22 + 32 +9) = 0, if
z = 3, then the original expression = 2728. If 22432z +9 = 0, then the
original expression = 23(2% + 32) + 2242 = 27(—9) + 2242 = 1999.

5. m. Note that the opposite angles of the inscribed quadrilateral of a
circle are supplementary to each other, and take care of the direction
of the rotation angles. Then we can get the answer 7.

6. —999. The given condition implies 1 = T3. Since g € R, we have
7 2

3
—2 .
= I So 2% = x3, from which (””—1> = 1. Hence, 2+ = w or w?.
) ) ) xr2

Due to the fact that
w22k v w22k+1 —wt w2 _ _17

the original expression = —999.

565
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. —2. The original expression equals

gt R e 2l+e+e+et+e54+6%)
l+e 1+ 146 l1+e+e24e34+ed+et4eb

. [ﬁ ﬁ) The condition implies that zo = —i, A+ C = 120°, and

2072
p+ 29 =cosA+icosC. So,

1
Ip+ 22* = cos? A +cos? C =1+ §(C082A+COSQC)

1
=1- §COS(A—C).

Since A—C' = 120°—-2C and 0° < C < 120°, we have —120° < A—-C <
120°, namely f% < cos(A—C) < 1. In other words, % <|p+2f? <2,
from which @ <|p+ 2| < @

. (1) Since ap = a + B,a1 = axy + B2, and ay = ax? + f3, so

apr1 — ap = 5@1 - 5172), a1ry — a2 = 5552(171 - xz)-

Then a121 — as = x2(apx1 — a1), namely as — (21 + x2)as +ag = 0.
Since ag, a1, and as are nonzero rational numbers, it follows that
T1 + xo is a rational number.

(2) Since z7 and x5 are not real numbers and x; + x9 is a rational
number, we may assume that x1 = b1 + ¢i and x9 = by — ct, where
b1,b2, and c are real numbers and ¢ # 0. From

a1 = a(by + ci) + B(by — ci) = (aby + Bba) + (o — B)ci,

and the condition that o and § are real numbers, (o« — 8)c = 0,

from which a = .
Assume that the equation has an imaginary root p + ¢i (p,¢ € R
and ¢ # 0). Then it has the imaginary root p — ¢i. Put them into
the equation respectively to get two equalities. Subtracting them gives
that

1 1 1

pray @ prar+e  Gpral+d)

but this equality cannot be satisfied.
Since « is a root of the equation, we know that

2q1

)

" + o] 4 o] +1
> {oz" cosO, +a" tcosb,_1+ -+ acosb; + cosby

:27
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that is,
la™ + ot - 4ol > 1. (28.1)

If || < %, then |a|™ 4+ |a|"* + -+ +|a| < 1, a contradiction to (28.1).
Denote fo(z) = (2 + a)? + az. Then

fa(21) = fa(z2) = (21 + @)’ + 071 = (2 + )’ -0z

= (21 + 22+ 2a)(21 — 22) + (z1 — 7Z2).  (28.2)
If there exist complex numbers z; and 23 (]21],]22] < 1, and 21 # 23)
such that fo(21) = fa(z2), then from (28.2) we know that

la(zr —22)| = | = (21 + 22 + 2)(21 — 22)].
Using |zZ1 — Z2| = |21 — 22| = |21 — 22| # 0, we obtain
la| = |21 + 22 4+ 2| > 2]a| — |21| — |22] > 2|a| — 2.

In other words, |a < 2.

On the other hand, for any complex number a satisfying |a| < 2,

let 21 = —% + fi and 25 = —% — i, where 0 < 8 < 1 — 19, Then
21 # zpand | =5 £ Bi| < |-2|+]6] < 1,50 |z1] < L and |22| < 1. Now,

substituting
21tz =—q, 21— 22 =200, 71 — 73 = 2Bi = —2pi

into (28.2), we obtain that f,(21) — fo(22) = 2a8i — 2ai = 0, namely
fa(zl) = fa<z2)-

In summary, the set of a that satisfy the requirement is

{a | @ is a complex number such that |a| > 2}.
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Solutions for Chapter 29

Mathematical Induction (II)

1.

2.

Since a,, = 21—7(an+3 — Gpy2 + 3a,41), by inverse induction we can show
that a,, € Q for any n € N. In particular, a,b,c € Q.

We shall prove that there exist infinitely many n € Ny (n > 1) such
that n | 2" +2and n—1|2" 4+ 1.

Note that n = 2 has the above property. Now, assume that n > 2
possesses the above property. Let m = 2" + 2. We show that m also
has the same property. In fact, since n—1 | 2" +1 and 2" +1 is an odd
number, we may assume that 2" + 1 = (n — 1)¢q with ¢ an odd number.
Then 2™~ 1 41 =22"+1 41 = (27" )7 41 = (2" L+ 1)[(2» 19! -
(2 1972 4 ... 4 1]. Thus, 2" 1 +1 2™ 141 andso 2" +2 | 2™ + 2,
that is, m | 2" + 2. On the other hand, from n — 1 | 2" + 1, we know
that n — 1 is an odd number, from which n is an even number. Hence,
from n | 2" +2, we may assume that 2" +2 = np with p an odd number,
and 2m+1= (2")P+1 = (2" +1)[(2")P~1 - (2")P=2 4 ...+ 1]. In other
words, 2" + 1 | 2™ + 1, namely m — 1| 2™ + 1.

. Choose nq = 1. Then n; | 2" 4+ 1. Now, assume that there exists ny

such that ng | 2™ + 1. Let ngyq = 2™ + 1. Then ngyq is an odd
number and ng4+1 = nggq, where ¢ is an odd number. Thus, 2™+ 4
1= (2™)9 +1 = (2™ + 1)[(2™)97! — ... + 1]. This indicates that
2™k 4 1| 2™+t 1) that is, ngyr | 2™+ 4+ 1. Also ng < ng41 from
the definition of ng. In this way, we have defined an infinite sequence
n1,MN2,...,Nk, ... that satisfies the requirement.

569
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Consider the two propositions

1
P(n): San_1 = =n(4n* —3n +1),

1

2
L 2
Q(n): Sz = §n(4n +3n+1).
51

When n =1, a; = 1, we have (4-13-3-1+1)=1,50 P(1) is

satisfied.

Suppose that P(k) is satisfied for n = k, namely, Sor_1 = %k(4k2 —
3k +1). Then
1 1
Sop, = §/€(4/€2 ~3k+1)+3k = §/€(4/€2 + 3k + 1),
in other words, Q (k) is satisfied. If Q(k) is true, namely Sop = 1k(4k?+

3k + 1), then

1
Soki1 = 5k(4k2 +3k+1)+3k(k+1)+1

= %(k+1) [(4(k+1)*=3(k+1)+1],

namely P(k + 1) is valid. Hence, P(n) and Q(n) are satisfied for all
positive integers n.

. First, we show that f(1) =1 and f(3) =3. From 0 < f(1) < f(2) =2,

we see that f(1) = 1. Since
FR(7) = F(21) < £(22) = f(2)f(11) = 2f(11)
<2f(14) = 2f(2)f(7) = 41 (7),

so f(3) <4 (but f(3) > f(2) = 2). Hence, f(3) = 3.
Then we can prove that f(2™+1) = 2™ 41 for all positive integers m.

. First cosf = V1 —sin?0 = %=L Let B, = (a? + b?)" cosnf. Then

aZ+b2-
Ay = 2ab and By = a? — b? are both integers. Assume that A and B,

are both integers. Since Ay, 1 = AxB; + BrA; and By, = BpB1 +
ArAq, we see that Ax1 and By, are both integers.

. Let f(m,n) = 2m)iEn) e f(O,n) = (CIOLgEN C%, is an integer.

m!In!(m—+n)!” n!n!
Suppose that when m = k, no matter what nonnegative integer n is,

f(k,n) is always an integer. Since

f(k+1,n) is also an integer.
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8. After calculating the first several terms, we conjecture: ags,4+1 = 5n+1,
asn+t2 = dn+4, asn43 = dn+2, asn+4 = 5n+5, and as,45 = Sn+3. We
prove the above conjecture by mathematical induction. When n = 0,
the conjecture is true by the recursive formula. Suppose that the above
conjecture is true for all n < m. Consider the case n = m. By the
inductive hypothesis, (a1, az, ..., asn,) is a permutation of 1,2,...,5m,
SO asm — 2 =5m —4 € {ay,az,...,a5m}. Hence, asmi1 = asm + 3 =
5m + 1. Similarly, asm+2 = d5m + 4, while agmyo —2 = dm + 2 &
{ai,...,a5m12}, 80 asm+s = bm + 2. Repeating the above discussion,
we know that as,44 = a5m+3 +3 =5m+5 and asmys5 = asmya — 2 =
5m~+3. Thus, our conjecture is true. In summary, every positive integer
greater than 1 appears exactly one time in the sequence aj,as,.. ..
Hence, by combining the fact that each square k? is congruent to 0, 1,
or 4 with respect to the module 5, we know that for each of the three
cases, there exists a corresponding term in the sequence {a,} with
subscript = 4,1, or 2 (mod 5) that is equal to k?. This means that
there exists n € N such that a,, = a,_1 + 3 = k2.

9. We use mathematical induction with respect to n.

When n = 3, the proposition is obviously true.

When n = 4, for the square ABC' D, there must be two vertices with
the same color, say the red color for A and C, green color for B, and
blue color for D. Then partitioning the square ABC'D with a diagonal
line satisfies the requirement.

Assume that the proposition is true for 3,4,...,n — 1.

Consider the case of n.

(1) When one color appears just one time, say the color of the vertex
A is different from the colors of other n — 1 vertices, let B be a
vertex that is not beside A. Connect the points A and B to form
the line segment AB. Then the diagonal AB divides the n-polygon
into two polygons I'; and I'y with the number of vertices less than n
each. By the inductive hypothesis, the polygons I'; and I's can be
partitioned to satisfy the requirement, and hence there is a partition
of the n-polygon that satisfies the property.

(2) When each color appears at least two times, denote d(X,Y") the
minimal number of the vertices passed from vertex X to vertex Y,
and S(X,Y) denotes a corresponding path.

Let di(R1, R2) = min{d(X,Y) | X # Y have the same color}, in which
Ry and Ry are assumed to be both red color, without loss of generality.
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Since the same color vertices are not adjacent to each other, so there
is at least one vertex P of non-red color in S(Ry, Rz), say the color of
P is green.

Then the number of blue vertices in S(R;, R2) cannot be more than 1.
Otherwise, it will contradict the minimality of d(R;y, Re). Thus, there
is at least one blue vertex @ that is not in S(Ry, Ra).

Connect P and ). Then PQ divides the n-polygon into two polygons
I’y and T's. The three colors all appear in I'; (i = 1 and 2). By the
inductive hypothesis, I'; can be partitioned into triangles with vertices
of different colors. Hence, a partition of the n-polygon is obtained that
satisfies the condition.

This completes the induction proof.

Define a sequence {y, } as follows: y; = ya = 1, and y, 2 = [1+2p(n+
D]ynt1 —yn forn=1,2,....
We establish the following conclusions in succession.

Yn
Yng1 '

(i) For any n € N, it always holds that x,, =
We prove it by induction with respect to n. The induction tran-

sition can be done in the following way:

—1+2(n+1)—ap=1+2p(n+1)— L
Tn+1 Yn+1
1 2
= ——{[L+20(n + Dynss — yu} = 222,
Yn+1 Yn+1
SO Tpi1 = Z:ﬁ

(ii) For any n € Ny, it is true that yon+1 = Yn+1 + Yn and yo, = yn.
We prove it by induction with respect to n. If (ii) is true for n,
then

Yont2 = [14+2p(2n + D)]y2n+1 — Y2n = Y2n+1 — Y2n = Ynt1,
Yon+s = [1+2p(2n + 2)|y2n+2 — Y2nt1

={1+2[1+ p(n+ 1)}y2nt2 — Y2n+1

=2yn+1+ [1+p(n+ Dlyni1 — (Un + Ynt1)

=Ynt1 1+ p(n+ 1)|Ynt1 — Yn = Ynt1 + Ynio

This and the initial step guarantee the validity of (ii).

(iii) In the following, we show that for any p,q € N, such that the
greatest common divisor of p and ¢ is 1, the number pair (p,q)
appears exactly one time in the set {(¢n,¥n+1) |2 =1,2,...}.
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We prove it by induction with respect to p + ¢q. When p 4+ q = 2,
we have p = ¢ = 1. Then (p,q) = (y1,y2). By conclusion (ii), when
n > 2, at least one of y, and y,y1 is greater than 1, from which
(Yns Yn+1) # (Y1, y2). Thus, conclusion (iii) is true for p + ¢ = 2.

Now, assume that the conclusion is satisfied for all positive integer
pairs (p, ¢) such that p+¢ < m (m > 3 and m € N ), and the greatest
common divisor of p and ¢ is 1. Consider the case that p+¢q = m. Here

PF#q.

(I) When p < g, since the greatest common divisor of p and ¢ is
1, the greatest common divisor of p and ¢ — p is 1, too. Also
(g —p)+p = q < m, hence by the inductive hypothesis, there
exists a unique n € Ny such that (p,¢ — p) = (Yn,Yn+1). Then

(P:4) = W Yn + Ynt1) = (Y2n, Y2nt1) (using (ii)).
On the other hand, if there exist k < [ with &k, € N such that

(P @) = Yk, Y1) = (Y15 Y141),
then yr = y; and yi+1 = yi41. If k and [ are even numbers, then
from (ii), (p,¢ — p) has two different representations, contradic-
tory to the inductive hypothesis. But if £ is an odd number, then
Yy > Y41, a contradiction to p < g. Thus, £ can only be an even
number. By the same token, [ can only be an even number. Hence,
there is only one n € N such that

(P @) = Yn> Ynt1)-
(IT) When p > g, the discussion is similar to (I).

To summarize, the original proposition is proved to be true.

(1) One of the integers m and n equals 3 and the other is an even
number; or (2) m and n are both greater than or equal to 4, and one
of them is a multiple of 3.

First, we show the necessity of the above conditions. In fact, obvi-
ously 3 | mn. When one of m and n is 3, say m = 3, if n is an odd
number, according to the discussion about the coverage of the left upper
corner by the “L”-shapes (the notation “L” here means the union of
three small squares, forming a shape of L), one can only use the method
shown in Figure 29.1 for the coverage (otherwise the left two checks of
the third line cannot be covered). At this time the second “L” must
be as drawn in Figure 29.1. Remove the first two columns and con-
tinue the discussion. When 7 is an odd number, the most right column
cannot be divided into the “L”-shapes. Hence, the conditions in the
answer are necessary.
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We further show the sufficiency of the conditions in the answer. Note
that two “L”-shapes can form a 2 x 3 rectangle, So, when one of m and
n is a multiple of 3 and the other is an even number, one can obtain
completely “L”-shapes. By the symmetry of m and n, in order to prove
the sufficiency, it is enough to consider the case of 3 | n,n > 6,m > 5,
and m is an odd number, for which we show that the table can be
completely partitioned by all “L”-shapes.

Using mathematical induction, it is sufficient to provide 5 x 6 or 5 x 9
tables with a complete partition by “L”-shapes (see Figures 29.2 and
29.3). For other m x n tables, after obtaining a 5 x 6 or 5 x 9 table from
the left upper corner via a partition of the table, the remaining part
can be covered by 2 x 3 rectangles that can be covered by “L”-shapes.

11
I

|
L

Figure 29.1 Figure 1 for Exercise 11.

-
[

Figure 29.2 Figure 2 for Exercise 11.

I I
[ I L1
- 11|
— 4
! I I
| I + I
L [T +
[ 11 ! |
L[y 4

Figure 29.3 Figure 3 for Exercise 11.
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12. Since f(1,n) =1=0CY,,_, and f(m,1) =1=CJ]_, for all positive
integers n and m, so P(m,1) and P(1,m) are true.
Suppose that P(m + 1,n) and P(m,n + 1) are true, that is,

fm+1,n)<Cm 4, flmn+1)<omit .

Then f(m+1,n+1) < f(m+1,0)+f(m,n+1) < O, +C =
cm In other words, the proposition P(m+1,n+ 1) is satisfied. By

m—+n-
the method of double induction, the original proposition is valid.
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Solutions for Chapter 30

Proof by Contradiction

1. Use proof by contradiction. If there exists n € N, such that
2™ — 112"+ 1, then n > m (note that here we used m > 2).

Since 2" +1=2"""(2" —1)+2""™+1, from 2" — 1 | 2" 4 1, we see
that 2™ —1 | 2"~ + 1. Substituting n —m for the above n to continue
the discussion, we are lead to the conclusion that n is larger than any
positive multiple of m, which is a contradiction.

2. Suppose that n is a composite number. Let n = pg with p < gand p a
prime number.

If p < g, then n | ¢! while n | nl. This means that ¢! and n! have the
same remainder when divided by n, a contradiction to the condition.

If p=gqand p > 2, then n | (2p)! and 2p < n. This indicates
that (2p)! and n! have the same remainder when divided by n, another
contradiction to the condition. If p = g and p = 2, then n = 4. Now, 2!
and 3! have the same remainder when divided by 4, also a contradiction
to the condition.

3. Use proof by contradiction. We may assume that there are at most two
negative numbers among a1, as,...,a12. Then there exists 1 < k < 9
such that ay, ax41, ax+2, and ag4+3 are all nonnegative numbers. By the
given condition,

apt1(ar — Qrg1 + ary2) <0,
apt2(ap41 — a2 + apys) < 0.

Since ai41 > 0 and agyo > 0, the above inequalities ensure that ag1 >
0 and agy2 > 0. Hence,

ap — apq1 + apy2 <0,
k41 — Qa2 + apgs < 0.

577
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Adding the two inequalities gives aj + ar+s < 0, which contradicts
ar, > 0 and ap41 > 0. Therefore, there are at least 3 positive numbers
and 3 negative numbers among a1, aso, ..., as.

. Without loss of generality, assume that a1 < as < - < a,.

Suppose that for all k € {1,2,...,n}, there hold that

Z|a¢*ak| >Z|b¢*ak|- (30.1)
i=1 i=1

In particular, (30.1) is satisfied for k = 1 and n. So,

n

D olai—ail+d lai—an| > Y (b —ar] + bi —an])  (30.2)
1=1 =1

i=1
Note that the left hand side of (30.2) equals

n n

Z(ai —aq) + Z(an —a;) =nla, — ay)

i=1 i=1
and the right hand side of (30.2) is greater than or equal to

n

> b = a1) = (bi — an)| = nlan — a1] = n(an — a).

=1

This is a contradiction. Hence, the original proposition is valid.

. Note that all prime numbers that are greater than 3 and less than 41

have the following representations:
32-22=5 32-2=7, 3 —24=11, 28-35=13,
3 —20=17, 33-22=23 2°-3=29, 2°-1=31,
26 — 33 =37.
Below we prove: There do not exist a,b € N such that [3¢ —2°| = 41.

Case 1. Suppose that 3¢ — 2% = 41. Taking module 3 both sides (note
that a > 1) gives (—1)® = 1 (mod 3), so b is an even number, and
clearly b > 0. Taking module 4 both sides gives (—1)* =1 (mod 4), so
a is also an even number. Let a = 2m and b = 2n. Then

(3™ — 27)(3™ 4 2") = 41,

from which 3" — 2" = 1. Thus, 3™ + 2™ = 41. Adding the two equali-
ties, we obtain 3™ = 21, a contradiction.
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Case 2. If 2° — 3% = 41, then b > 3. Taking module 8 both sides gives
3*=—1=7 (mod 8). But 3 =1 or 3 (mod 8), a contradiction.
Therefore, the desired prime number is 41.
. Since CF = 4, so there are four different triangles obtained via picking
up three numbers from z1, x2, x3, and x4 as the side lengths. In other
words, any three numbers as side lengths can make different triangles.
In the following, we use proof by contradiction to show the proposition.
Suppose that there exist three numbers among x1,zs,z3, and x4
that cannot construct a triangle with them as the side lengths. By
symmetry, we may assume that the three numbers are z1,xs, and z3
that satisfy z1 > x2 + z3. First note that

1 1 1 1
(z1 + 22 + 23 + 24) <—+—+—+—)

X X X X X X X X
:4+_1+_1+_2+_3+K_1+_4)+(_2+_3)

€2 €3 1 Z1 T4 Z1 €3 €2

T T xT T
(zz) )
Ty X9 Ty X3

1 1
> 441 <—+—)+M+2.4
X9 X3 X1

1 1 To+
=12+ 1 <—+—>+u.
T2 3 T

From (xg + 3) ( Ly L) >4, we get

z2 | x3
1 1 4
—+— = .
€Zo I3 To + I3
Denote —2— =t (¢ > 1). Then

z2+x3

> 194 4xq +$L'2+.”L'3
T2 + 23 T1
1
:12+4t+¥.

By the condition, 12 + 4t + + < 17, that is 4t 4+ —5 < 0 (t > 1).
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But in fact, when ¢ > 1,

2 _ _ _
At t5t+1:(4t 12(15 Do

1
A4+ -—5=
th

Thus, we reach a contradiction. Hence, the original proposition is true.

. Since there are only finitely many different scores, there must be one

case that has the maximal square sum of players’ scores. Then the
scores p1,p2,...,pio of all players must be different, since if p; = p;,
then changing the win-lose result of the two players, namely replacing
pi and p; with p; —1 and p; +1 or p; + 1 and p; — 1 respectively, thus
from

(pi =1+ (p; +1)* = (0} +p) =2>0

and the fact that other players’ scores remain the same, the square
sum will be strictly increased, which contradicts the maximality of the
square sum.

Therefore, when p; =i —1 (i = 1,2,...,10), the value of 2321 p? is
maximal, the maximum value being

9
Z i2 = 285.
=0

So, the square sum of the scores of all participants does not exceed 285.

. Use proof by contradiction. Assume that these n points are not all on

the same straight line. Then there must be points among the n points
that are off the straight line determined by any two of the n points. For
each of such straight lines, calculate the distances of all points off the
line to the line, and since there are only finitely many such distances,
there must be a minimal one, denoted as d.

Suppose that dy is the distance of the point A to the straight line
determined by points B and C'. Draw AH 1 BC with H the foot of the
perpendicular. Then dy = |AH| (see Figure 30.1). By the assumption,
there is at least another point £ among the n points on the straight
line BC'. Clearly, there are at least two points among the three points
B,C, and FE that are on the same side of H, say C' and E are on the
same side of H and |HE| < |[HC| (the point E may coincide with the
point H).

Draw EFF 1 AC with F the foot of the perpendicular, and denote
dy = |EF|. From the minimality of dy, we know that dy < d;. Since



Solutions: 30. Proof by Contradiction 581

A

F

H

B H E C

Figure 30.1 Figure for Exercise 8.

the right ACEF ~ the right ACAH, so

di _|EF| _|CB| _[CP| _,
do  [AH| ~ [AC| ~ [AC| =

that is, di < dg, which is a contradiction. Therefore, all the n points
are on the same straight line.

. Let the unordered pair {a;,b;} represent the players of the jth compe-
tition, and denote

S:{{aj,bj} |j:1,2,...,14}.

Let M be a nonempty subset of S such that all players who appear
in the pairs of M are different. Obviously, there are only finitely many
such subsets, and assume that the subset with the most number of pairs
is My. Let |My| = r. Clearly, it is enough to show that r > 6.

Suppose that » < 5. Since My is the subset of S with most number
of different players, those 20 — 2r players who do not appear in M, do
not play each other; otherwise it would contradict the definition of M.
This means that the competitions that these 20 — 2r players participate
in must be performed with those 2r players in M. Since each player
participates in at least one competition, so besides the r competitions
from My, there are at least 20 — 2r competitions. In other words, the
total number of competitions is at least

r+4(20—2r) =20 —r > 15,

which is a contradiction to the assumption that the total number of
competitions is 14. This proves that r» > 6.
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10. Let f(z) = ax® + bz + c. Then

f)=a+b+e, 0= ,

2
=) =a=bte, = ¢, _ f() - f(=1)
2 )
fO)=c ¢ = f(0).
which implies that
2?2+ 22—z
F@) = 25 + S ) + (- 2 £ (0),

Let m be a real root of the equation f(x) = 0. Clearly, m < 0.
Suppose that a, b, and c¢ are all greater than %f(l), namely

U+ 1) -2/(0) 1
9 > Zﬂl)’
JO-fD 1
5 > Zf(l)’
£(0) > 1£1)

Then

It follows that

m2+m me —m

m2+m

2

£+ [20) = 310 B 4 (1= w70

m2 m
= R + (- m)(0)

m2+ 3m 1—m

T )

:(mzlyﬂn.

This contradicts the equality f(m) = 0.
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Hence, not all a,b, and ¢ are greater than %f(l), that is,
min{a,b,c} < T(a+b+c).
When z < £, we have f(z) —x = 3 > 0; when z > 1,

flx)—z=2>—2<0.

Divide the interval (0,1) into two subintervals

1 1
Il (072) ) 12 |:2a )

Then (an — an—1)(bn — bn—1) = [f(an—1) — an—1][f(bn-1) = bn-1] <0
if and only if a,,—1 and b,_1 are in the two different subintervals.
Suppose that aj and by are in the same subintervals for all £k =
1,2,....
Let di, = |ak — bk|. If ay, by € I, then

1 1
ak+_<bk+_)‘dk7

di+1 = |ag+1 — bpg1| = 5 5

and if ag, by, € I, then min{ay, by} > % and

1
max{ay, by} = min{ag, b} + dp > 5 + dp.

This means that

dryr = |arsr — brga| = lai — bi| = [(ax — br)(ax + br)|
1 1
> |ak — by (5 + 3 +dk) =dp(1+dg) > dy.

Hence, the sequence {di} is monotonically increasing. In particular,
d, > dy > 0 for any positive integer k.
Furthermore, if ay, by € I, then

A2 > die1 > dip(1 4 di) > di(1+ do);
if ag, by € Iy, then agy1,bry1 € I, SO
dit2 > di+1(1 4+ diy1) > dig1 (L4 do) > di(1 + do).
Thus, in the both cases, we always have

dit2 > di(1 4 do).
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By mathematical induction, for any positive integer m,
dom > do(1 + do)™. (30.3)

When m is large enough, the right hand side of (30.3) is greater than 1,
but by, < 1 since agy, bam € (0,1). This is a contradiction.

Therefore, there exists a positive integer n such that a,—; and b,
are in the two different subintervals.

Letbi*1—+w1thzf1 2,...,n. Thenbi<ﬁand
1—(n—1)b;
aiZL, 1=1,2,...,n.
b1

Thus, the condition of the problem is transformed to

n

“1- n—l
Z Z1 nfl

i=1 i=1

In the following, we use proof by contradiction. Suppose that
bi+ba+--+b, <1 (304)

The Cauchy inequality implies that for ¢ = 1,2,... . n,

Y- (n=1)b]Y" ﬁ > (n—1)%

J#i J#i
By (30.4), we have

SO

It follows that

1—(n—1); 1—(n—1)
>(n—1)
jZ# — (TL — ].)b] bZ
Summing up the above inequalities for i = 1,2, ..., n, we obtain that

n

1— n—lbi
Syl ey e

i=1 j#i i=1



Solutions: 30. Proof by Contradiction 585

ZE%””‘UZW. (30.5)

i=1

But Zi# [1—(n—1)b] <bj(n—1) from (30.4), thus by using (30.5),
we have

-~ bj - 17?1711)1'
<”1>§71_<n_1>bj><”1>§7(@ LY

which gives a contradiction.
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Solutions for Chapter 31

Construction Method

1. (3, %) According to the condition, we have ac = b? and a + ¢ =
b(b—1).
Construct the equation 2% — b(b — 1)z + b* = 0 about z.
The question is then transformed to that the two roots of the equation
are inside the intervals (1, 3) and (3, 7), respectively, which is equivalent
to

1—b(b—1)+b*>0,
7
3 —3b(b—1)+b*<0, = be (3,5) :
72 —Tb(b—1)+b*>0
2. 12.  Construct line segments OA, OB, and OC such that |OA| =
x,|OB| = %,|OC| = 2, ZAOB = 90°, and ZBOC = 150°. Then
ZCOA =120°, and |AB| = |BC| = |CA| = 2.
From Saaos + Sapoc + Sacoa = Saapc, we have

Ly o 1Y sin150° + Lossin120°
——X ———=2Z Sln —XZ S1n
2V3 23 2

1
= 5-2-2sin60°,

from which 2zy + yz 4+ 3zz = 12.
3. 6. Denote A(0,3), B(—/3,0),C(v/3,0), and P(z,y). Then

f(z,y) = |PA| + |PB| + |PC|.

587
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Note that ZABO = /BAC = ZACO = 60°, so D(0,1) is a Fermat
point of AABC. Thus, the minimum value of f(z,y) is obtained when
P = D, and the minimum value is

\DA| + |DB| + |DC| = 6.

We use Pythagorean numbers to make a construction. Pick any array
of Pythagorean numbers (z,y, z) (not necessarily primitive). Let

a = xldy? — 22|, b= yl|da® — 2?|, c = dayz.
Then

a?+ b2 =a22(3y? — 22)? + y2(322 — )2

= @+ = (9,

a?+c = a?(4a? + 22)2,

b2+ =y2(4a? + 22)2.
Since there are infinitely many arrays of Pythagorean numbers, so there
are infinitely many arrays of three numbers that satisfy the condition.

In particular, when x = 3,y = 4, and z = 5, we have a = 117,b = 44,
and ¢ = 240, and furthermore,

1172 4+ 44% = 1252, 117% + 240% = 2672, 442 + 240% = 2412,

. We use combinatorial numbers to construct a polynomial satisfying the

condition. Let

(x+y)(z+y+1)
5 .

For any natural number n, since the sequence {C2} (r € N ) increases

P(z,y) =z +

to infinity as r increases to infinity, there exists a unique natural number
h such that

Ch<n<Cp.. (31.1)

Let k =n—C? and m = h—k—1. Then h and k are natural numbers,
k<C}2L+1 — C? = h, and

P(k,m) =k +C; =n. (31.2)

Conversely, if there are natural numbers k& and m that satisfy (31.2),

then (31.1) is satisfied (h = k+m+ 1), hence h is uniquely determined.

Therefore, k = n — C? and m = h — k — 1 are uniquely determined in

succession.
In summary, there exists a polynomial satisfying the given condition.
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6. Consider the following four sets:
A; = {all positive integers of S that can be divided by i},

where i = 2,3,5,and 7. Denote A = AsUA3UA5UA7. By the principle
of inclusion and exclusion, it is easy to calculate that the number of
elements in A is 216. Since any five numbers picked from A must have
two in the same A;, so they are not relatively prime. Thus, n > 217.

We show below that any subset containing 217 elements must have
five numbers that are relatively prime. For this purpose, consider the
following sets:

B; = {1 and all prime numbers of S},
By = {22,32,52,72,112,13%},
Bs ={2-131,3-89,5-53,7-37,11-23,13- 19},
By ={2-127,3-83,5-47,7-31,11-19,13 - 17},
Bs ={2-113,3-79,5-43,7-29,11- 17},
Bg={2-109,3-73,5-41,7-23,11 - 13}.

It is easy to see that the number of elements of By is 60. Let

B =By UByUB3;UByUBsU Bg.

Then the number of elements in B is 88, so the number of the elements
in S that are not in B is 280—88 = 192. Thus, among any 217 numbers
from S, there are 217 — 192 = 25 numbers that belong to B. Hence,
there exists some 7 with 1 < ¢ < 6 such that the 217 numbers contain
five numbers in B;, and the five numbers are relatively prime.

To summarize, the natural number n satisfying the requirement is
217.

7. Define an auxiliary function

1
fz) = [z] + [:H—ﬂ +- [:H—
Then for any =z € R,

f<x+%) = [HH + [er%} +od [+ 1) = [nz 4+ 1]
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Thus, f(x) is a periodic function of period % To show that f(x) = 0 for
all real numbers z, it is enough to prove that f(x) =0 when a € [0, %),
but this is obvious. hence the proposition is proved.

. Assume that m is a positive odd number. Let (\/5—1— Hm = V2Z 0+ Ym,

where 2, ym € Ni. By the binomial theorem, (\/5 —m = V2, —
Ym. Thus, 222, —y2, = 1, namely 222, = y2 + 1. It follows that y <
225, Ym = Y (Ui +1) < (ys, +1)>. Hence,

yfn < \/§xmym < yfn + 1.

Let n = 2, ym. Then a, = [\/in] = [ﬁwmym] = Yo

. When 2% + 23 + 23 = 1, the original inequality is obviously true.

When 22 + 23 + 2% < 1, construct a quadratic function
F(t) = (a1 + a3 +af — D) = 2(z1y1 + @2y2 + 233 — 1t
+ i s s - 1)
= (z1t —y1)* + (w2t — y2)* + (w3t —y3)? — (t — 1)
The graph of the function is a parabola that is open downward. Since
F(1) = (21— 1) + (22 — y2)* + (w3 —y3)* > 0,

so the parabola must have an intersection point with the z-axis, from
which the discriminant

A = 4(z1y1 + z2y2 + w3ys — 1)* — 4(af + 23
+af =1 +y5+u3 - 1) >0
Therefore,
(w11 + @2y2 + ways — 1)* > (o] + 23 + 25 — V(07 +v3 +y5 — 1).
Construct a sequence as follows:
up =a+b, upr1 =b+ alurug - -ug) (k € N).

In the following, we show that any two terms of the sequence {u,} are
relatively prime and each term is relatively prime with b.

We use mathematical induction. Obviously, (u1,b) = 1. Suppose
that up and w,; are relatively prime and wu; is relatively prime with
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b(1<i<k). Then
(up41,ui) = (b+ auruz -+ ug, u;) = (b,ui) = 1,
(uk+1,b) = (augug - - -ug,b) = 1.

Hence, the terms of the sequence {u,} are pairwise relatively prime,
and each term of {u,} is relatively prime with b.
Construct a polynomial

fl@)=(x+a)(x+az) - (z+ aip) — 1.

From the condition of the problem, f(b;) =0 for ¢ = 1,2,...,100. So,
by the factorization theorem (since the degree of f(z) is 100 and the
leading term coefficient is 1), we see that

fl@)=(x—0b1)(x—ba) - (x — bigo)-
Thus, we have the identity
(x4 a1)(x+az) - (x+ag) —1=(x—b1)(x—bg) - (x — bioo)-
Let * = a; (1 = 1,2,...,100) and substitute it into the above. We
obtain
—1 = (=1)""(a; + b1)(a; + b2) -+~ (ai + bioo),

that is, the product of all the numbers in the ith row is —1. Hence, the
proposition is proved.
If A contains infinitely many positive integers that are relatively prime
with respect to each other, then all such numbers constitute a subset
B, which makes the conclusion valid.

If there exists a prime number p; that is a factor of infinitely many
numbers of A, then the set

Al{i ieA}
P11l p1

is an infinite one. Continuing in this way (by using A; in place of A,
and so on), since the number of factors of every number of A is not
greater than 1990, there must be an infinite set

Ak{ ¢ ’ a EA},
pip2 - Pk | p1p2 - Pk

in which each prime number p; is a factor of only finitely many numbers.
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Pick any a; € Aj. After picking ai,as,...,a, that are pairwise
mutually prime, since each prime number is a factor of only finitely
many numbers in Ay, there exists a, 41 in Ay, which is relatively prime
with each of ay,as,...,a,. Therefore, an infinite subset By of Ay is
obtained such that elements of By are relatively prime with respect to
each other.

Multiplying p1ps2 - - - pr to each number of By, we obtain an infinite
subset of A, in which the greatest common factor of every pair of num-
bers is always pips - - - pk.-
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