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Preface

It is said that in many countries, especially the United States, children are

afraid of mathematics and regard mathematics as an “unpopular subject.”

But in China, the situation is very different. Many children love mathe-

matics, and their math scores are also very good. Indeed, mathematics is

a subject that the Chinese are good at. If you see a few Chinese students

in elementary and middle schools in the United States, then the top few in

the class of mathematics are none other than them.

At the early stage of counting numbers, Chinese children already show

their advantages.

Chinese people can express integers from 1 to 10 with one hand, whereas

those in other countries would have to use two.

The Chinese have long had the concept of digits, and they use the most

convenient decimal system (many countries still have the remnants of base

12 and base 60 systems).

Chinese characters are all single syllables, which are easy to recite. For

example, the multiplication table can be quickly mastered by students, and

even the “stupid” people know the concept of “three times seven equals

twenty one.” But for foreigners, as soon as they study multiplication, their

heads get bigger. Believe it or not, you could try and memorise the multi-

plication table in English and then recite it, it is actually much harder to

do so in English.

It takes the Chinese one or two minutes to memorize π = 3.14159 · · ·
to the fifth decimal place. However, in order to recite these digits, the

Russians wrote a poem. The first sentence contains three words and the

second sentence contains one · · · To recite π, recite poetry first. In our

vii
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opinion, this just simply asks for trouble, but they treat it as a magical

way of memorization.

Application problems for the four arithmetic operations and their arith-

metic solutions are also a major feature of Chinese mathematics. Since

ancient times, the Chinese have compiled a lot of application questions,

which has contact or close relations with reality and daily life. Their solu-

tions are simple and elegant as well as smart and diverse, which helps

increase students’ interest in learning and enlighten students’. For example:

“There are one hundred monks and one hundred buns. One big monk

eats three buns and three little monks eat one bun. How many big monks

and how many little monks are there?”

Most foreigners can only solve equations, but Chinese have a variety

of arithmetic solutions. As an example, one can turn each big monk into

9 little monks, and 100 buns indicate that there are 300 little monks, which

contain 200 added little monks. As each big monk becomes a little monk 8

more little monks are created, so 200/8 = 25 is the number of big monks,

and naturally there are 75 little monks. Another way to solve the problem is

to group a big monk and three little monks together, and so each person eats

a bun on average, which is exactly equal to the overall average. Thus the

big monks and the little monks are not more and less after being organized

this way, that is, the number of the big monks is 100/(3 + 1) = 25.

The Chinese are good at calculating, especially good at mental arith-

metic. In ancient times, some people used their fingers to calculate (the

so-called “counting by pinching fingers”). At the same time, China has

long had computing devices such as counting chips and abaci. The latter

can be said to be the prototype of computers.

In the introductory stage of mathematics – the study of arithmetic, our

country has obvious advantages, so mathematics is often the subject that

our smart children love.

Geometric reasoning was not well-developed in ancient China (but there

were many books on the calculation of geometric figures in our country),

and it was slightly inferior to the Greeks. However, the Chinese are good

at learning from others. At present, the geometric level of middle school

students in our country is far ahead of the rest of the world. Once a for-

eign education delegation came to a junior high school class in our country.

They thought that the geometric content taught was too in-depth for stu-

dents to comprehend, but after attending the class, they had to admit that

the content was not only understood by Chinese students, but also well

mastered.
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Preface ix

The achievements of mathematics education in our country are remark-

able. In international mathematics competitions, Chinese contestants have

won numerous medals, which is the most powerful proof. Ever since our

country officially sent a team to participate in the International Mathemat-

ical Olympiad in 1986, the Chinese team has won 14 team championships,

which can be described as very impressive. Professor Shiing-Shen Chern, a

famous contemporary mathematician, once admired this in particular. He

said, “One thing to celebrate this year is that China won the first place

in the international math competition · · · Last year it was also the first

place.” (Shiing-Shen Chern’s speech, How to Build China into a Mathe-

matical Power, at Cheng Kung University in Taiwan in October 1990)

Professor Chern also predicted: “China will become a mathematical

power in the 21st century.”

It is certainly not an easy task to become a mathematical power. It

cannot be achieved overnight. It requires unremitting efforts. The purpose

of this series of books is: (1) To further popularize the knowledge of math-

ematics, to make mathematics be loved by more young people, and to help

them achieve good results; (2) To enable students who love mathematics

to get better development and learn more knowledge and methods through

the series of books.

“The important things in the world must be done in detail.” We hope

and believe that the publication of this series of books will play a role in

making our country a mathematical power. This series was first published

in 2000. According to the requirements of the curriculum reform, each vol-

ume is revised to different degrees.

Well-known mathematician, academician of the Chinese Academy of

Sciences, and former chairman of the Chinese Mathematical Olympiad

Professor Yuan Wang, served as a consultant to this series of books and

wrote inscriptions for young math enthusiasts. We express our heartfelt

thanks. We would also like to thank East China Normal University Press,

and in particular Mr. Ming Ni and Mr. Lingzhi Kong. Without them, this

series of books would not have been possible.

Zun Shan and Bin Xiong

May 2018
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Chapter 1

Maximum and Minimum
Values

1. Key Points of Knowledge and Basic Methods

A. Use basic inequalities to find maximum

(minimum) values

(1) Use mean value inequalities to find maximum (minimum) values.

By using mean value inequalities, one can conveniently find the min-

imum value of the sum of two positive numbers and the maximum value

of the product of two positive numbers, under some constraint. Let x, y ∈
R+, S(x, y) = x+ y, and P (x, y) = xy.

If P (x, y) has a fixed value P , that is xy = P , then

S(x, y)min = 2
√
P

obtained when x = y; if S(x, y) has a fixed value S, that is x+ y = S, then

P (x, y)max =
1

4
S2

obtained when x = y.

The conclusion is completely similar in the case of three, four, and even

n positive numbers in general.

(2) Use the Cauchy inequality and other inequalities to find maximum

(minimum) values.

Use the Cauchy inequality and other inequalities to lead to a constant

(the maximum or minimum value), and then make sure to find at least a set

1
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of values for the variables so that the value of the objective function equals

the constant.

B. Use monotonicity of functions to find maximum

(minimum) values

If f(x) is an increasing function on [a, b], then f(x)min = f(a) and

f(x)max = f(b).

If f(x) is a decreasing function on [a, b], then f(x)min = f(b) and

f(x)max = f(a).

2. Illustrative Examples

Example 1. Suppose that three positive real numbers a, b, and c satisfy

a ≥ 3 and ab+ bc+ ca = 16. Find the minimum value of 2a+ b+ c.

Solution. From the given condition,

(a+ b)(a+ c) = a2 + ab+ bc+ ca

= a2 + 16

≥ 32 + 16 = 25,

so

2a+ b+ c = (a+ b) + (a+ c)

≥ 2
√
(a+ b)(a+ c)

≥ 2
√
25 = 10,

in which the equality holds when a = 3, a+b = a+c, and ab+bc+ca = 16,

that is a = 3 and b = c = 2. Thus, the minimum value of 2a + b + c

is 10. �

Remark. To find a maximum (minimum) value, one needs to use prop-

erties and theorems to give a series of deformations and “same direction

inequalities” for the given conditions and the objective function, till a con-

stant is found. The key point is that all the equalities must be satisfied at

some moment.

Example 2. Suppose that three real numbers a, b, and c satisfy 2a+4b = 2c

and 4a + 2b = 4c. Find the minimum value of c.
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Analysis. We may find the minimum value of 2c first. Note the relation-

ship among the bases of the exponential expressions. Let 2a, 4b, and 2c be

x, y, and z, respectively. Then the problem for the exponentials can be

reduced to that for the resulting algebraic expressions.

Solution. Denote 2a, 4b, and 2c by x, y, and z, respectively. Then

x, y, z > 0.

From the given conditions, x+ y2 = z and x2 + y = z2, so

z2 − y = x2 = (z − y2)2 = z2 − 2y2z + y4.

Hence, by using the arithmetic mean-geometric mean inequality, we have

z =
y4 + y

2y2
=

1

4

(
2y2 +

1

y
+

1

y

)

≥ 1

4
· 3 3

√
2y2 · 1

y
· 1
y
=

3

4
3
√
2.

When 2y2 = 1
y , that is y = 1

3
√
2
, the minimum value of z is 3

4
3
√
2 (with

the corresponding value
3√2
4 for x, satisfying the requirement).

Since c = log2 z, the minimum value of c is log2
3
4

3
√
2 = log2 3− 5

3 . �

Example 3. Suppose that u, v, and w are positive real numbers satisfying

the condition

u
√
vw + v

√
wu + w

√
uv ≥ 1.

Find the minimum value of u+ v + w.

Analysis. The involved function and the expression of the given condition

have a big “difference,” so we need to figure out how to make them close

enough to each other. Using the arithmetic mean-geometric mean inequal-

ity can change the condition to uv + vw + wu ≥ 1, which is a quadratic

inequality. We may consider squaring u+ v + w to use the condition.

Solution. By using the arithmetic mean-geometric mean inequality and

the given condition, we have

u
v + w

2
+ v

w + u

2
+ w

u+ v

2
≥ u

√
vw + v

√
wu+ w

√
uv ≥ 1,
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thus uv + vw + wu ≥ 1. Therefore,

(u+ v + w)2 = u2 + v2 + w2 + 2uv + 2vw + 2wu

=
u2 + v2

2
+

v2 + w2

2
+

w2 + u2

2
+ 2uv + 2vw + 2wu

≥ 3uv + 3vw + 3wu ≥ 3,

that is, u + v + w ≥ √
3. On the other hand, choosing u = v = w =

√
3
3

satisfies the condition and the value of u+ v + w is
√
3.

To summarize, the minimum value of u+ v + w is
√
3. �

Remark. From the above three examples, we can see that when looking

for a maximum (minimum) value, we should be very careful in determining

the condition that makes the equality valid.

Example 4. Suppose that a, b, and c are nonnegative real numbers. Find

the minimum value of√
a

b+ c
+

√
b

c+ a
+

√
c

a+ b
.

Analysis. It is difficult to apply a basic inequality directly, so we deform

the expression:√
a

b+ c
+

√
b

c+ a
+

√
c

a+ b
=

a√
a(b+ c)

+
b√

b(c+ a)
+

c√
c(a+ b)

.

Then by applying the arithmetic mean-geometric mean inequality to the

denominator of each term of the right hand side expression in the above

equality, we obtain that√
a

b+ c
+

√
b

c+ a
+

√
c

a+ b
≥ 2.

But a careful checking finds that the equality does not hold in the above

inequality. The reason is that the premise of the previous deformation is

that a, b, and c are all nonzero, but exactly one of them is allowed to be

zero in the original expression! Obviously, there is at most one of a, b, and

c to be zero. If one of them is zero, then without loss of generality, we may

assume that c = 0. Now, the original expression =
√

a
b +
√

b
a ≥ 2, in which

the equality holds if and only if a = b �= 0. This indicates that 2 is indeed

the minimum value of the original expression.
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Solution. It is obvious that there is at most one zero among a, b, and c.

Suppose that there is one zero among a, b, and c. Without loss of generality,

let c = 0. Then

the original expression =

√
a

b
+

√
b

a
≥ 2,

in which the equality holds if and only if a = b �= 0.

If a, b, and c are all nonzero, then the original expression

=
a√

a(b+ c)
+

b√
b(c+ a)

+
c√

c(a+ b)

≥ 2a

a+ (b + c)
+

2b

b+ (c+ a)
+

2c

c+ (a+ b)
= 2.

It is easy to see that the equality can never be satisfied in the above

inequality.

In summary, when a = 0 and b = c �= 0, b = 0 and c = a �= 0, or c = 0

and a = b �= 0, the original expression achieves its minimum value 2. �

Example 5. Find the minimum value of

1

sin2 A
+

1

sin2 B
+

4

1 + sinC

among all �ABC.

Solution. From the arithmetic mean-geometric mean inequality and some

trigonometric identity,

1

sin2 A
+

1

sin2 B
+

4

1 + sinC
≥ 2

sinA sinB
+

4

1 + sinC

=
4

cos(A− B)− cos(A+B)
+

4

1 + sinC

≥ 4

1 + cosC
+

4

1 + sinC
,

and the equality is satisfied if and only if A = B.
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By the Cauchy inequality,

1

1 + cosC
+

1

1 + sinC
≥ 4

(1 + cosC) + (1 + sinC)

=
4

2 + (cosC + sinC)

≥ 4

2 +
√
(12 + 12)(cos2 C + sin2 C)

= 2(2−
√
2).

The equality in the above holds if and only if cosC = sinC, that is, C = π
4 .

Summarizing the above, it is easy to see that 1
sin2 A + 1

sin2 B + 4
1+sinC

has the minimum value 8(2−√
2) when A = B and C = π

4 . �

Some maximum (minimum) value problems do not need much knowl-

edge of inequalities for solutions, but one needs to give an appropriate

deformation or deep analysis and discussion to the objective function or

the given condition.

Example 6. Suppose that x1, x2, and x3 are nonnegative real numbers

satisfying x1 + x2 + x3 = 1. Find the minimum value and the maximum

value of

(x1 + 3x2 + 5x3)
(
x1 +

x2

3
+

x3

5

)
.

Solution. By the given condition and the Cauchy inequality,

(x1 + 3x2 + 5x3)
(
x1 +

x2

3
+

x3

5

)

≥
(√

x1
√
x1 +

√
3x2

√
x2

3
+
√
5x3

√
x3

5

)2

= (x1 + x2 + x3)
2 = 1.

The equality is satisfied when x1 = 1, x2 = 0, and x3 = 0, so the required

minimum value is 1.
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Now, we have

(x1 + 3x2 + 5x3)
(
x1 +

x2

3
+

x3

5

)

=
1

5
(x1 + 3x2 + 5x3)

(
5x1 +

5x2

3
+ x3

)

≤ 1

5
· 1
4

[
(x1 + 3x2 + 5x3) +

(
5x1 +

5x2

3
+ x3

)]2

=
1

20

(
6x1 +

14x2

3
+ 6x3

)2

≤ 1

20
(6x1 + 6x2 + 6x3)

2
=

9

5

with the equality being valid when x1 = 1
2 , x2 = 0, and x3 = 1

2 , so the

sought maximum value is 9
5 . �

Example 7. Suppose that |xi| < 1 for i = 1, 2, . . . , n and

|x1|+ |x2|+ · · ·+ |xn| = 19 + |x1 + x2 + · · ·+ xn|.

Find the minimum value of the positive integers n.

Solution. By the given condition,

19 =

n∑
i=1

|xi| −
∣∣∣∣∣

n∑
i=1

xi

∣∣∣∣∣ ≤
n∑

i=1

|xi| < n.

So n ≥ 20.

On the other hand, when n = 20, we choose

xi =

⎧⎪⎪⎨
⎪⎪⎩

19

20
, 1 ≤ i ≤ 10,

−19

20
, 11 ≤ i ≤ 20.

Then x1, x2, . . . , x20 satisfy all the conditions of the problem.

To summarize, the desired minimum positive integer n is 20. �
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Remark. There are numerous groups of the numbers {x1, x2, . . . , x20} that
satisfy the given condition, but it is enough for us to find one group.

Finally, let us look at an example that requires us to give some deep

discussion.

Example 8. Suppose that real numbers x, y, and z satisfy x2+y2+z2 = 1.

Find the maximum value of

(x2 − yz)(y2 − zx)(z2 − xy).

Solution. Let f(x, y, z) = (x2 − yz)(y2 − zx)(z2 − xy). From f(x, 0, z) =

−x3z3 and the assumption, the maximum value of f(x, y, z) must be posi-

tive.

Since f(x, y, z) is symmetric with respect to x, y, and z, and since

f(x, y, z) = f(−x,−y,−z),

we may assume that x ≥ y ≥ z and x+ y + z ≥ 0. Then x2 − yz ≥ 0.

If f(x, y, z) achieves the maximum value at (x, y, z), then

f(x, y, z)− f(x,−y,−z) = −2x(x2 − yz)(y3 + z3) ≥ 0,

so y3 + z3 ≤ 0.

If z = 0, then y = 0, and so f(x, y, z) = 0. Hence, it must be that z < 0,

thus y2 − zx > 0.

Since f(x, y, z) > 0, we see that z2 − xy > 0. By the arithmetic mean-

geometric mean inequality,

f(x, y, z) ≤
[
(x2 − yz) + (y2 − zx) + (z2 − xy)

3

]3

=

[ 3
2 − 1

2 (x+ y + z)2

3

]3
≤ 1

8
.

The equality is valid in the above when x2−yz = y2−zx = z2−xy > 0

and x+ y+ z = 1. In particular, f(x, y, z) = 1
8 when x = 1

2 , y =
√
5−1
4 , and

z = −
√
5+1
4 .

Therefore, the maximum value of f(x, y, z) is 1
8 . �
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3. Exercises

Group A

I. Filling Problems

1. If
√
x+

√
y ≤ a

√
x+ y for all positive numbers x and y, then the mini-

mum value for a is .

2. Assume that x, y, and z are positive numbers that satisfy xyz(x+y+z) =

1. Then the minimum value of (x+ y)(x+ z) is .

3. If a > 0, b > 0, and a+b = 1, then the minimum value of
(
a+ 1

a

) (
b+ 1

b

)
is .

4. Four real numbers x, y, z, and w satisfy x+y+z+w = 1. Then the maxi-

mum value ofM = xw+2yw+3xy+3zw+4xz+5yz is .

5. Suppose that x and y are real numbers. The maximum value of z satis-

fying x+ y + z = 5 and xy + yz + zx = 3 is .

6. Given x, y ∈ R+ that satisfy x − 3
√
x+ 1 = 3

√
y + 2 − y. Then the

maximum value of x+ y is .

II. Calculation Problems

7. Suppose that lg a < 0, lg b < 0, lg c < 0, and lg(a+ b + c) = 0. Find the

maximum value of lg(a2 + b2 + c2 + 18abc).

8. Let x, y ∈ R+ and S = min
{
x, y + 1

x ,
1
y

}
. Find the maximum value

of S.

9. Let real numbers a and b satisfy a = x1 + x2 + x3 = x1x2x3 and ab =

x1x2 + x2x3 + x3x1, where x1, x2, x3 > 0. Find the maximum value of

p = a2+6b+1
a2+a .

Group B

10. Given x, y, z ∈ R+. Let

P =
x

x+ y
+

y

y + z
+

z

z + x
,

Q =
y

x+ y
+

z

y + z
+

x

z + x
,

R =
z

x+ y
+

x

y + z
+

y

z + x
.

Denote f(x, y, z) = max{P,Q,R}. Find f(x, y, z)min.
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11. Suppose that numbers x1, x2, . . . , x1991 satisfy the condition

|x1 − x2|+ |x2 − x3|+ · · ·+ |x1990 − x1991| = 1991.

Denote yk = 1
k (x1 + x2 + · · · + xk) for k = 1, 2, . . . , 1991. Find the

maximum possible value of

|y1 − y2|+ |y2 − y3|+ · · ·+ |y1990 − y1991|.
12. Let a, b, and c be positive real numbers satisfying a+ b + c ≥ 1. Find

the maximum value of

a− bc

a+ bc
+

b− ca

b+ ca
+

c− ab

c+ ab
.
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Chapter 2

Usual Methods for Proving
Inequalities

1. Key Points of Knowledge and Basic Methods

To prove inequalities, one needs not only to apply basic properties of

inequalities, theorems, and proven inequalities, but sometimes also to use

methods of proving inequalities cleverly and flexibly. The most often used

methods are described in the following sections.

A. Method of comparison

It is similar to the comparison of two real numbers from Chapter 8 in the

first volume of the book.

B. Synthetic method

Starting from known facts (given conditions, properties of inequalities, the-

orems, proven inequalities), deduce the desired inequality step by step.

C. Analytic method

Starting from the inequality to be proved, look for a sufficient condition

that makes the inequality valid. If this sufficient condition exists, then it

can be asserted that the original inequality must be true.

D. Method of stretching

If it is difficult to prove an inequality, say A > B, one may consider looking

for an intermediate quantity C as a passage by proving that A > C and

C > B. Then A > B is satisfied by the transitivity of inequalities.

11
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E. Method of contradiction

When it is difficult to prove an inequality (such as A > B) directly, one

may proceed by assuming the conclusion to be false (assuming A ≤ B),

and then lead to a contradiction. Then the original inequality is true via

the indirect proof.

F. Method of mathematical induction

We shall cover this part in later chapters.

2. Illustrative Examples

We first look at an example that uses the synthetic method to prove an

inequality.

Example 1. Suppose that three real numbers a, b, and c are all not less

than −1 and satisfy a3 + b3 + c3 = 1. Prove:

a+ b+ c+ a2 + b2 + c2 ≤ 4,

and give the condition for the equality to be true.

Analysis. Note that 4 = 1 + a3 + 1 + b3 + 1 + c3. It is enough to prove

a+ a2 ≤ 1 + a3, b + b2 ≤ 1 + b3, c+ c2 ≤ 1 + c3.

Proof. Note that when x ≥ −1,

1− x− x2 + x3 = (1− x)2(1 + x) ≥ 0, (2.1)

and the equality in (2.1) holds if and only if x = ±1.

From (2.1), we know that x+ x2 ≤ 1 + x3 when x ≥ −1.

Substituting x = a, b, and c into the above inequality in succession and

adding the resulting expressions, we have

a+ a2 + b+ b2 + c+ c2 ≤ 1 + a3 + 1 + b3 + 1 + c3 = 4.

The equality holds in the above inequality if and only if (a, b, c) equals

(1, 1,−1) and all rotations of (1, 1,−1). �
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Example 2. Let a, b, and c be the three sides of a triangle and let m > 0.

Prove:

a

a+m
+

b

b+m
>

c

c+m
.

Proof. We use the analytic method. Since a, b, and c are all positive

numbers,

a

a+m
+

b

b+m
>

c

c+m
(2.2)

⇐ a(b +m) + b(a+m)

(a+m)(b +m)
>

c

c+m

⇐ 2ab+m(a+ b)

ab+m(a+ b) +m2
>

c

c+m

⇐ 1 +
m2 − ab

2ab+m(a+ b)
< 1 +

m

c

⇐ m2c− abc < 2abm+m2(a+ b)

⇐ m2(c− a− b) < ab(2m+ c). (2.3)

Since a, b, and c are the three sides of a triangle, a+ b > c, so

m2(c− a− b) < 0 < ab(2m+ c),

that is, the inequality (2.3) is satisfied. Hence, the inequality (2.2) is valid.

�

Remark. In the above proof process, the implication notation “⇐” can

be changed to “⇔”, but in the proof process with the analytic method, it

is not necessary to require “⇒” to be satisfied at any step.

Example 3. Assume that a, b, and c are any real numbers. Prove:

(a2 + 2)(b2 + 2)(c2 + 2) ≥ 9(ab+ bc+ ca).

Proof. Note that

(a2 + 2)(b2 + 2) ≥ 3

[
(a+ b)2

2
+ 1

]

⇔ a2b2 + 2(a2 + b2) + 4 ≥ 3a2 + 3b2

2
+ 3ab+ 3

⇔ a2b2 + 1 +
a2 + b2

2
≥ 3ab. (2.4)
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By the arithmetic mean-geometric mean inequality, the above inequality

is true.

Hence, from (2.4) and the Cauchy inequality,

(a2 + 2)(b2 + 2)(c2 + 2) ≥ 3

[
(a+ b)2

2
+ 1

]
(c2 + 2)

≥ 3(a+ b+ c)2 ≥ 9(ab+ bc+ ca). �

Example 4. Suppose that a > b > 0. Prove:
√
2a3 + 3

ab−b2 ≥ 10.

Proof. Since a > b > 0,

0 < ab− b2 = b(a− b) ≤ [b+ (a− b)]2

4
=

a2

4
.

Hence,

√
2a3 +

3

ab− b2
≥

√
2a3 +

3
a2

4

≥
√
2a3 +

12

a2

=

√
2

2
a3 +

√
2

2
a3 +

4

a2
+

4

a2
+

4

a2

≥ 5
5

√√
2

2
a3 ·

√
2

2
a3 · 4

a2
· 4

a2
· 4

a2

= 10. �

Remark. In the above proof, we used a deformation of the basic inequality:

If x, y ∈ R+, then xy ≤ (x+y)2

4 , which is a very useful result.

In addition, in order to eliminate a, we rewrote
√
2a3 as the sum of two

terms and 12
a2 as the sum of three terms, and consequently their product

is a constant. This is a trick used frequently when solving a problem by

applying mean value inequalities.

Example 5. Prove:

16 <

80∑
k=1

1√
k
< 17.

Proof. We make the real number
√
k “larger” and “smaller” respectively

in the following way:
√
k − 1 <

√
k <

√
k + 1,
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which implies that
√
k +

√
k − 1 < 2

√
k <

√
k +

√
k + 1 (k ∈ N+).

Thus,

1√
k +

√
k + 1

>
1

2
√
k
>

1√
k − 1 +

√
k
,

namely

2(
√
k + 1−

√
k) <

1√
k
< 2(

√
k −√

k − 1).

Therefore,

2(
√
81− 1) <

80∑
k=1

1√
k
= 1 +

80∑
k=2

1√
k
< 1 + 2(

√
80− 1).

Now, 1 + 2(
√
80− 1) < 1 + 2(

√
81− 1) = 17, so

16 <

80∑
k=1

1√
k
< 17.

�

Remark. The degree of changing an expression to a new one should be

appropriate when proving inequalities with the method of stretching by

means of “making it larger” or “making it smaller”. For example, in the

above equation, after obtaining 1√
k
< 2(

√
k −√

k − 1), if we had summed

up the resulting 80 inequalities for k = 1, 2, . . . , 80, then we would have had

80∑
k=1

1√
k
< 2

√
80.

But now 2
√
80 > 17, so the above strategy of “making it larger” is too

much! Here, rewriting
∑80

k=1
1√
k
as 1 +

∑80
k=2

1√
k
was a key step.

Example 6. Suppose that a, b, c > 0 and a+ b+ c ≥ abc. Prove: Among

following three inequalities

6

a
+

3

b
+

2

c
≥ 2,

6

b
+

3

c
+

2

a
≥ 2,

6

c
+

3

a
+

2

b
≥ 2,

at least two are valid.

Analysis. Here, there are three inequalities, and “at least two” contains

two cases: Exactly two inequalities are satisfied, or the three inequalities
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are all satisfied. But a direct proof is difficult, so we choose the method of

contradiction. The negation of “two inequalities are satisfied” has also two

cases: None of the three inequalities are satisfied, or exactly one inequality

is valid.

Proof. Suppose that at most one inequality is satisfied. We divide the

situation into two cases for the discussion:

(1) None of the three inequalities are satisfied, in other words

6

a
+

3

b
+

2

c
< 2,

6

b
+

3

c
+

2

a
< 2,

6

c
+

3

a
+

2

b
< 2.

Adding the above inequalities leads to

11

(
1

a
+

1

b
+

1

c

)
< 6,

that is,

1

a
+

1

b
+

1

c
<

6

11
. (2.5)

But from a+ b+ c ≥ abc, we see that(
1

a
+

1

b
+

1

c

)2

≥ 3

(
1

ab
+

1

bc
+

1

ca

)
= 3

a+ b + c

abc
≥ 3,

namely

1

a
+

1

b
+

1

c
≥

√
3. (2.6)

The two inequalities (2.5) and (2.6) are contradictory.

(2) Exactly one of the three inequalities is satisfied. Without loss of gener-

ality, assume that

6

a
+

3

b
+

2

c
< 2, (2.7)

6

b
+

3

c
+

2

a
< 2, (2.8)

6

c
+

3

a
+

2

b
≥ 2. (2.9)

(2.7) plus (2.8) multiplied by 7 and then minus (2.9) lead to

14 >
17

a
+

43

b
+

17

c
> 17

(
1

a
+

1

b
+

1

c

)
,
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that is,

1

a
+

1

b
+

1

c
<

14

17
. (2.10)

The inequality (2.10) is contradictory to (2.6).

In summary, the hypothesis is not true, and consequently the original

proposition is true. �

Example 7. Let x1, x2, . . . , xn be real numbers. Prove:

⎛
⎝ ∑

1≤i<j≤n

|xi − xj |
⎞
⎠

2

≥ (n− 1)
∑

1≤i<j≤n

|xi − xj |2.

Proof. Note that for every 1 ≤ i < j ≤ n, there holds

|xi − xj | ≤ |xi − xk|+ |xk − xj |.
Fixing i and j, and letting k be all of 1, 2, . . . , n except for i and j, we

have

(n− 2)|xi − xj | ≤
n∑

k=1

(|xi − xk|+ |xk − xj |)− 2|xi − xj |

≤
∑

1≤k<l≤n

|xk − xl| − |xi − xj |.

Thus, (n− 1)|xi − xj |2 ≤∑1≤k<l≤n |xk − xl||xi − xj |.
Summing up the above inequalities for all 1 ≤ i < j ≤ n gives

∑
1≤i<j≤n

(n− 1)|xi − xj |2 ≤
⎛
⎝ ∑

1≤i<j≤n

|xi − xj |
⎞
⎠

2

.
�

In the following, we consider a more difficult problem.

Example 8. Suppose that x, y, z ∈ R+ and x+ y + z = 1. Prove:

1

1 + x2
+

1

1 + y2
+

1

1 + z2
≤ 27

10
. (2.11)

Analysis. Obviously, 0 < x, y, z < 1. Note that the equality holds in the

inequality (2.11) when x = y = z = 1
3 . In order to use the condition

x + y + z = 1, we give a bold conjecture: There exist constants A and B

such that the local inequality 1
1+x2 ≤ Ax + B is satisfied for x ∈ (0, 1).
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Adding up the three similar local inequalities seems to be able to solve the

problem. From the fact that the inequality 1
1+x2 ≤ Ax+B will become an

equality when x = 1
3 , we know that the equation

(1 + x2)(Ax+B) = 1

has a multiple root x = 1
3 . Let

(3x− 1)2(ax+ b) = 0.

Comparing the coefficients reveals that A = − 27
50 , B = 27

25 , a = − 3
50 , and

b = 2
25 .

Proof. Since x, y, z ∈ R+ and x+ y + z = 1, so 0 < x, y, z < 1. Hence,

(3x− 1)2
(
x− 4

3

)
≤ 0,

that is,

x3 − 2x2 + x− 4

27
≤ 0,

or namely

(x− 2)(1 + x2) +
50

27
≤ 0.

Thus,

(1 + x2)(2 − x) ≥ 50

27
.

It follows that

1

1 + x2
≤ 27

50
(2− x).

Similarly,

1

1 + y2
≤ 27

50
(2− y),

1

1 + z2
≤ 27

50
(2− z).

Adding up the three inequalities, we obtain that

1

1 + x2
+

1

1 + y2
+

1

1 + z2
≤ 27

50
[6− (x + y + z)]

=
27

50
(6 − 1) =

27

10
. �
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3. Exercises

Group A

I. Filling Problems

1. Given a, b ∈ R+ such that a + b = 1. Then the minimum value of(
a+ 1

a

)2
+
(
b+ 1

b

)2
is .

2. Suppose that nonnegative real numbers x and y satisfy x + y ≤ 1.

Then the solutions of the equation 8xy = 5x(1 − x) + 5y(1 − y) are

.

3. Let n be a given positive integer such that n ≥ 2, and a1, a2 . . . , an ∈
(0, 1) with an+1 = a1. Then the maximum value of

∑n
i=1

6
√
ai(1− ai+1)

is .

II. Calculation Problems

4. Let a, b, c > 0 satisfy a+ b+ c ≥ 1
a + 1

b +
1
c . Prove:

a3 + b3 + c3 ≥ a+ b+ c.

5. Prove: For any x >
√
2 and y >

√
2, there is the following inequality:

x4 − x3y + x2y2 − xy3 + y4 > x2 + y2.

6. Suppose that a, b, and c are positive numbers satisfying a2+ b2+ c2 = 3.

Prove:

1

1 + 2ab
+

1

1 + 2bc
+

1

1 + 2ca
≥ 1.

7. Let x > 0 and y > 0, and let n ∈ N+. Prove: xn

1+x2 + yn

1+y2 ≤ xn+yn

1+xy .

8. Prove: The inequality

|x|+ |y|+ |z| − |x+ y| − |y + z| − |z + x|+ |x+ y + z| ≥ 0

is satisfied for all real numbers x, y, and z.

9. Let a, b, and c be real numbers satisfying abc = 1. Prove: At most two

numbers among 2a− 1
b , 2b− 1

c , and 2c− 1
a are greater than 1.

Group B

10. Suppose that a1, a2, . . . , an and b1, b2, . . . , bn are all positive real num-

bers and satisfy
∑n

k=1 ak =
∑n

k=1 bk. Prove:

n∑
k=1

a2k
ak + bk

≥ 1

2

n∑
k=1

ak.
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11. Let a, b, and c be the lengths of the three sides of a triangle. Prove:
√
b+ c− a√

b+
√
c−√

a
+

√
c+ a− b√

c+
√
a−√

b
+

√
a+ b− c√

a+
√
b−√

c
≤ 3.

12. Assume that three real numbers x, y, and z satisfy x2 + y2 + z2 = 2.

Prove:

x+ y + z ≤ xyz + 2.



March 14, 2022 15:44 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch03 page 21

Chapter 3

Common Techniques for
Proving Inequalities

1. Key Points of Knowledge and Basic Methods

A. Variable substitutions

Variable substitution is a common technique in solving mathematical prob-

lems. For some inequalities with rather complicated structures involving

many variables and unclear relations among them, one may introduce new

variables to transform (or partially transform) the original ones, realizing

the purpose of simplifying the structure and presenting the characteristics of

the problem. The usual substitutions are linear substitutions, trigonomet-

ric substitutions, fractional substitutions, and incremental substitutions.

B. “Without loss of generality, assume that”

For the proof of some symmetric inequalities of multiple variables (for exam-

ple three variables a, b, and c), one can consider “without loss of general-

ity, assume that” an ordered relation is provided, such as a < b < c or

a ≥ max{b, c}, etc. This amounts to increasing one more condition, and so

decreasing the difficulty of the proof.

For the proof of some other symmetric inequalities of multiple variables

(for example three variables a, b, and c), one can consider “without loss of

generality, assume that” the sum of all variables equals a constant, such

as a + b + c = 1 or abc = 1, etc. This also has the role of decreasing the

difficulty of the proof.

21
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C. Construction method

Sometimes, according to the characteristics or conditions of the inequality,

one may introduce an appropriate figure, equation, function, special exam-

ple, and etc. to realize the transformation of the proposition, which results

in realizing the purpose of proving the inequality.

2. Illustrative Examples

We first look at several examples of substitutions.

Example 1. Suppose that x, y, and z are positive numbers and

x+ y + z =
1

xyz
.

Find the minimum value of (x+ y)(y + z).

Analysis. From
√
xyz(x+ y + z) = 1, we can recall an area formula of a

triangle, so we construct a triangle with a = x+ y, b = y+ z, and c = z+ a

as its three sides. By symmetry and a + b = x + z + 2y = c + 2y > c, we

know that this triangle is well-defined.

Proof. Construct �ABC with the three sides

a = x+ y, b = y + z, c = z + a.

Then the half circumference p = 1
2 (a+ b+ c) = x+ y + z and the area

S =
√
p(p− a)(p− b)(p− c) =

√
(x + y + z)xyz = 1.

On the other hand,

(x + y)(y + z) = ab =
2S

sinC
=

2

sinC
≤ 2, (3.1)

and the equality in (3.1) holds if and only if ∠C = 90◦. In the latter case,

(x+ y)2 + (y + z)2 = (x+ z)2, namely

y(x+ y + z) = xz. (3.2)

The choice of the real numbers x = z = 1 and y =
√
2 − 1 satisfies (3.2),

from which the equality of (3.1) is satisfied.

Hence, (x+ y)(y + z) has the minimum value 2. �

Remark. A substitution similar to that in Example 1 is called a linear

substitution. By its geometric meaning, the substitution of Example 1 is
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also referred to as the “tangent length substitution”: Let a, b, and c be the

lengths of the three sides of a triangle, and x, y, and z be the lengths of

the line segments from the three sides divided by the tangent points of the

inscribed circle. Denote

a = x+ y, b = y + z, c = z + x.

Here x, y, z ∈ R+, the selection of which satisfies implicitly the important

property that “the sum of any two sides is greater than the third side.”

The inverse substitution of the above substitution is

x =
a+ c− b

2
,

y =
a+ b− c

2
,

z =
b+ c− a

2
,

where x, y, z, a, b, c ∈ R+.

For those inequalities that involve (or imply) the sides of a triangle,

sometimes we can consider applying the “tangent length substitution” or

its inverse substitution to solve the problem.

Example 2. Let x1, x2, and x3 be positive numbers. Prove:

x1x2x3 ≥ (x2 + x3 − x1)(x1 + x3 − x2)(x1 + x2 − x3).

Proof. Let a = x2 +x3 −x1, b = x1 +x3 −x2, and c = x1+x2 −x3. Then

x1 =
b+ c

2
, x2 =

c+ a

2
, x3 =

a+ b

2
.

At most one of a, b, and c is not greater than 0. Otherwise, without loss

of generality assume that a ≤ 0 and b ≤ 0. Then x3 ≤ 0, contradictory to

x3 > 0.

When exactly one of a, b, and c is not greater than 0, the inequality is

obviously satisfied.

When a, b, and c are all positive numbers, the original inequality is

reduced to

(b + c)(c+ a)(a+ b) ≥ 8abc.

Since b + c ≥ 2
√
bc, c+ a ≥ 2

√
ca, and a+ b ≥ 2

√
ab, the above inequality

is clearly satisfied. �
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Remark. In the above process, by using the “tangent length substitution,”

we immediately transformed an “unclear” inequality into that with a clear

structural characteristic.

Example 3. Assume that n positive real numbers a1, a2, . . . , an (n ≥ 3)

satisfy

1

1 + a41
+

1

1 + a42
+ · · ·+ 1

1 + a4n
= 1.

Prove: a1a2 · · ·an ≥ (n− 1)
n
4 .

Proof. Let a2i = tanxi with xi ∈
(
0, π

2

)
(i = 1, 2, . . . , n). Then the given

condition becomes
n∑

i=1

cos2 xi = 1.

By the arithmetic mean-geometric mean inequality,

sin2 xi = 1− cos2 xi ≥ (n− 1)

⎛
⎝ n∏

j=1,j �=i

cosxj

⎞
⎠

2
n−1

(i = 1, 2, . . . , n).

Multiplying the above inequalities produces
n∏

i=1

sin2 xi ≥ (n− 1)n
n∏

i=1

cos2 xi,

namely
n∏

i=1

tan2 xi ≥ (n− 1)n.

Hence,
∏n

i=1 ai =
(∏n

i=1 tan
2 xi

) 1
2 ≥ (n− 1)

n
4 . �

Remark. Here we adopted a trigonometric substitution. From the analogy

between algebraic (in-)equalities and trigonometric identities, we can figure

out needed different substitutions of new formats. As an example, for such

structures as a2+ b2 ≤ r2, one may choose the substitutions a = t cos θ and

b = t sin θ with 0 ≤ t ≤ r.

Proof. Make substitutions 1
1+a4

i
= xi (i = 1, 2, . . . , n). Then

a4i =
1− xi

xi
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and

x1 + x2 + · · ·+ xn = 1.

Using the arithmetic mean-geometric mean inequality, we have that

(a1a2 · · ·an)4 =
1− x1

x1

1− x2

x2
· · · 1− xn

xn

=
(x2 + x3 + · · ·+ xn)(x1 + x3 + · · ·+ xn) · · · (x1 + x2 + · · ·+ xn−1)

x1x2 · · ·xn

≥
(n− 1) n−1

√
x2x3 · · ·xn(n− 1) n−1

√
x1x3 · · ·xn · · ·

(n− 1) n−1
√
x1x2 · · ·xn−1

x1x2 · · ·xn

= (n− 1)n,

and so
∏n

i=1 ai ≥ (n− 1)
n
4 . �

Example 4. Suppose that a, b, and c are positive real numbers satisfying

abc = 1. Prove:

1

1 + 2a
+

1

1 + 2b
+

1

1 + 2c
≥ 1.

Proof. Let a = x
y , b = y

z , and c = z
x . Then the original inequality is

equivalent to

y

2x+ y
+

z

2y + z
+

x

2z + x
≥ 1. (3.3)

The Cauchy inequality implies that

[x(x + 2z) + y(y + 2x) + z(z + 2y)]

(
x

x+ 2z
+

y

y + 2x
+

z

z + 2y

)

≥ (x+ y + z)2,

in other words,

(x+ y + z)2
(

x

x+ 2z
+

y

y + 2x
+

z

z + 2y

)
≥ (x + y + z)2.

Thus, (3.3) is valid, and so the original inequality is satisfied. �

Remark. Because of abc = 1 and the symmetry, we made fractional substi-

tutions a = x
y , b =

y
z , and c = z

x , so creating a condition for the application

of the Cauchy inequality.
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Example 5. For an integer n ≥ 2, let positive real numbers a1, a2, . . . , an
satisfy

k−1∑
i=1

ai ≤ ak (2 ≤ k ≤ n).

Prove:
∑n−1

i=1
ai

ai+1
≤ n

2 , and find a condition for the equality to be satisfied.

Proof. Let x1 = a1 and xk = ak −
∑k−1

i=1 ai (2 ≤ k ≤ n). Then

xk+1 − xk = ak+1 − 2ak (1 ≤ k ≤ n− 1).

Consequently,

2

n−1∑
i=1

ai
ai+1

=

n−1∑
i=1

(
1− xi+1 − xi

ai+1

)

= n− x1

a1
−

n−1∑
i=1

xi+1 − xi

ai+1

= n− xn

an
−

n−1∑
i=1

xi

(
1

ai
− 1

ai+1

)
≤ n. (3.4)

The last step in the above is because xi ≥ 0 for 1 ≤ i ≤ n and ai ≤ ai+1

for 1 ≤ i ≤ n− 1.

The equality in (3.4) holds if and only if x2 = x3 = · · · = xn = 0,

namely

a2 = a1, a3 = 2a1, . . . , an = 2n−2a1. �

Example 6. Suppose that real numbers a, b, and c satisfy a + b + c = 1

and abc > 0. Prove:

ab+ bc+ ca <

√
abc

2
+

1

4
.

Proof 1. If ab+ bc+ ca ≤ 1
4 , then the proposition is true.

Suppose that ab + bc + ca > 1
4 . Without loss of generality, let a =

max{a, b, c}. Then a ≥ 1
3 from a+ b+ c = 1. Now,

ab+ bc+ ca− 1

4
≤ (a+ b+ c)2

3
− 1

4
=

1

12
≤ a

4
(3.5)
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and

ab+ bc+ ca− 1

4
= a(b+ c)− 1

4
+ bc

= a(1− a)− 1

4
+ bc

≤ 1

4
− 1

4
+ bc = bc, (3.6)

in which the equality in (3.5) is satisfied when a = 1
3 and the equality in

(3.6) is satisfied when a = 1
2 , so the equalities in (3.5) and (3.6) cannot be

satisfied at the same time.

Since ab+ bc+ ca− 1
4 > 0, multiplying (3.5) and (3.6) gives(
ab+ bc+ ca− 1

4

)2

<
abc

4
,

that is,

ab+ bc+ ca− 1

4
<

√
abc

2
,

so

ab+ bc+ ca <

√
abc

2
+

1

4
. �

Proof 2. Since abc > 0, so there are one positive number and two negative

numbers among a, b, and c, or all three are positive numbers. For the former

situation, without loss of generality assume that a > 0 and b, c < 0. Then

ab+ bc+ ca = b(a+ c) + ca < b(a+ c) = b(1− b) < 0,

hence the conclusion is obviously true.

For the latter case, without loss of generality assume that a ≥ b ≥ c > 0.

Then a ≥ 1
3 and 0 < c ≤ 1

3 . Now,

ab+ bc+ ca−
√
abc

2
= c(a+ b) +

√
ab

(√
ab−

√
c

2

)

= c(1− c) +
√
ab

(√
ab−

√
c

2

)
.

Since
√
ab ≥

√
b

3 ≥
√
c
3 and

√
ab ≤ a+b

2 = 1−c
2 , we see that

c(1− c) +
√
ab

(√
ab−

√
c

2

)
≤ c(1 − c) +

1− c

2

(
1− c

2
−

√
c

2

)

=
1

4
− 3c2

4
+

c
√
c

4
+

c

2
−

√
c

4
.
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Thus, it is enough to prove 3c2

4 − c
√
c

4 − c
2 +

√
c
4 > 0, namely

3c
√
c− c− 2

√
c+ 1 > 0. (3.7)

Since 0 < c ≤ 1
3 ,

1

3
− c ≥ 0. (3.8)

From the arithmetic mean-geometric mean inequality,

3c
√
c+

1

3
+

1

3
≥ 3

(
3c
√
c · 1

3
· 1
3

) 1
3

=
3
√
9
√
c > 2

√
c. (3.9)

Adding up (3.8) and (3.9) gives (3.7), so the original inequality is true. �

Example 7. Let a, b, and c be positive numbers. Prove:
√
abc(

√
a+

√
b+

√
c) + (a+ b+ c)2 ≥ 4

√
3abc(a+ b+ c). (3.10)

Analysis. This inequality seems complicated, but after noting that it has

homogeneous symmetry, we may let abc = 1, so that the original inequality

can be simplified.

Proof. Without loss of generality, let abc = 1. Then the original inequality

(3.10) is transformed to

√
a+

√
b+

√
c+ (a+ b+ c)2 ≥ 4

√
3 · √a+ b+ c. (3.11)

Note that
√
a +

√
b +

√
c ≥ 3 3

√√
a · √b · √c, so we let

√
a+ b+ c = t

(>0) and prove the following inequality

3 + t4 ≥ 4
√
3t (3.12)

that is stronger than (3.11).

It is easy to see that t =
√
a+ b+ c ≥ √

3, hence

3 + t4 = 3 +
t4

3
+

t4

3
+

t4

3
≥ 4

4

√
3

(
t4

3

)3

=
4√
3
t4 ≥ 4t√

3

√
3
2
= 4

√
3t.

Hence, the inequality (3.12) is valid, and thus the original inequality is

true. �
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Remark. Different techniques were used to transform the inequality (3.10)

to the inequality (3.11), which was then replaced by the stronger inequality

(3.12). That is exactly the key point of the proof. One may also simplify

the inequality by letting a + b + c = 1 in the present example, and the

interested reader can try this approach.

Finally, we look at an example that will be solved by constructing a

figure.

Example 8. Let x, y, and z be real numbers such that 0 < x < y < z < π
2 .

Prove:

π

2
+ 2 sinx cos y + 2 sin y cos z > sin 2x+ sin 2y + sin 2z.

Proof. The inequality to be proved is equivalent to

π

4
+ sinx cos y + sin y cos z > sinx cos x+ sin y cos y + sin z cos z

⇔ π

4
> sinx(cos x− cos y) + sin y(cos y − cos z) + sin z cos z.

Construct a figure as shown by Figure 3.1. The circle O is a unit circle,

S1, S2, and S3 are the areas of the three small rectangles, and x, y, and

z are the central angles of the corresponding circular sectors, respectively.

Figure 3.1 Figure for Example 8.
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Then

S1 = sinx(cos x− cos y),

S2 = sin y(cos y − cos z),

S3 = sin z cos z.

Since S1 + S2 + S3 < 1
4 · π · 12 = π

4 , so

π

4
> sinx(cos x− cos y) + sin y(cos y − cos z) + sin z cos z.

Therefore, the original inequality is proved. �

Remark. Quantitative relations of some algebraic inequalities may be con-

centrated on specific geometric figures. If such geometric figures can be

constructed, then a rather pretty constructive proof may be obtained by

means of the properties of the figures.

3. Exercises

Group A

I. Filling Problems

1. If two real numbers x and y satisfy x2 − 2xy + 5y2 = 4, then the range

of the values of x2 + y2 is .

2. Let two real numbers x and y satisfy x2 + xy + y2 = 1. Then the sum

of the maximum value and the minimum value of F (x, y) = x3y + xy3

is .

3. Suppose that a > 1, b > 1, at + 1 ≤ bt ≤ 2at, and t ∈ R. Then the

maximum value of bt−2
a2t + at−1

b2t is .

4. Let a, b, c ∈ R+ satisfy a + b + c = 1. Then the minimum value of
a+3c

a+2b+c +
4b

a+b+2c − 8c
a+b+3c is .

5. Assume that x, y, z ∈ R+ and x2

1+x2 + y2

1+y2 + z2

1+z2 = 1. Then the maxi-

mum value of xyz is .

II. Calculation Problems

6. Let a, b, and c be real numbers. Prove:

|a+ b+ c|
1 + |a+ b+ c| ≤

|a|
1 + |a| +

|b|
1 + |b| +

|c|
1 + |c| .

7. Assume that x1, x2, x3, x4, and x5 are positive numbers. Prove:

(x1 + x2 + x3 + x4 + x5)
2 > 4(x1x2 + x2x3 + x3x4 + x4x5 + x5x1).
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8. Let 0 ≤ a ≤ 1, 0 ≤ b ≤ 1, and 0 ≤ c ≤ 1. Prove:

a

b+ c+ 1
+

b

c+ a+ 1
+

c

a+ b+ 1
+ (1− a)(1 − b)(1− c) ≤ 1.

Group B

9. Suppose that x, y, and z are positive numbers. Prove:

xy

z
+

yz

x
+

zx

y
> 2 3

√
x3 + y3 + z3.

10. Let x, y, z ≤ 0 be such that x+ y + z = 1. Prove:

1

2
≤ x2 + y2 + z2 + 6xyz ≤ 1.

11. Assume that ∠A,∠B, and ∠C are the three angles of an acute triangle.

Prove:

sinA+ sinB + sinC + tanA+ tanB + tanC ≥ 2π.

12. Let a, b, and c be the lengths of the three sides of a triangle. Prove:

a2b(a− b) + b2c(b− c) + c2a(c− a) ≥ 0,

and state a condition for the equality to be satisfied.
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Chapter 4

Arithmetic and Geometric
Sequences

1. Key Points of Knowledge and Basic Methods

Sequences are functions defined on the set of all positive integers (or inte-

gers). Arithmetic sequences and geometric sequences are the two most basic

members in the family of sequences. Most problems related to sequences

need to be dealt with by transforming them to arithmetic sequences or

geometric sequences.

A. Some basic properties of an arithmetic sequence {an}
(1) For positive integers p, q, r, and s, if p+s = q+r, then ap+as = aq+ar.

(2) For any real number b, the sequence {ban} is an arithmetic sequence.

(3) If {bn} is also an arithmetic sequence, then {an + bn} is an arithmetic

sequence.

B. Let Sn be the sum of the first n terms of an arithmetic

sequence {an}. One can prove

(1) S3m = 3(S2m − Sm).

(2) If Sm = Sn (m �= n), then Sm+n = 0.

(3) If Sp = q and Sq = p with p �= q, then Sp+q = −(p+ q).

C. Some basic properties of a geometric sequence {an}
(1) For positive integers p, q, r, and s, if p+ s = q + r, then apas = aqar.

(2) For any nonzero real number b, the sequence {ban} is a geometric

sequence.

33
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(3) If {bn} is also a geometric sequence, then {anbn} is a geometric

sequence.

D. Ideas and methods to deal with sequence problems

(1) Ideas from equations.

Sequence-related problems are often around expansions of an and Sn.

In the problems of arithmetic sequences and geometric sequences, one

mainly encounters the five quantities a1, d (or q), n, an, and Sn, among

which the whole sequence can be determined after the first two quanti-

ties are obtained. Thus, ideas from equations can be used to treat the

problem.

(2) Ideas from functions.

For an arithmetic sequence, if it is not a constant one, an can be consid-

ered as a linear function of n and Sn can be considered as a quadratic

function of n. Therefore, ideas from functions can be applied to solving

the problem.

2. Illustrative Examples

Example 1. Suppose that each term of a sequence {an} is a distinct pos-

itive number and their reciprocals form an arithmetic sequence. Find the

value of a1a2+a2a3+···+a2014a2015

a1a2015
.

Solution. Let the common difference of the arithmetic sequence { 1
an

} be

d �= 0. Then

1

a2
− 1

a1
=

1

a3
− 1

a2
= · · · = 1

a2015
− 1

a2014
= d, (4.1)

in other words,

a1 − a2
a1a2

=
a2 − a3
a2a3

= · · · = a2014 − a2015
a2014a2015

= d.

By the equal ratios theorem,

a1 − a2015
a1a2 + a2a3 + · · ·+ a2014a2015

= d. (4.2)
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From (4.1), 1
a2015

− 1
a1

= 2014d, that is,

a1 − a2015
a1a2015

= 2014d. (4.3)

It follows from (4.2) and (4.3) that a1a2+a2a3+···+a2014a2015

a1a2015
= 2014. �

Example 2. Let {an} be an arithmetic sequence with common difference

d �= 0, and assume that partial terms ak1 , ak2 , . . . , akn , . . . form a geometric

sequence, where k1 = 1, k2 = 5, and k3 = 17. Find k2017.

Solution. By the condition, a25 = a1a17, namely

(a1 + 4d)2 = a1(a1 + 16d).

Then a1d = 2d2.

Since d �= 0, we have a1 = 2d, or equivalently d = a1

2 .

Thus, a5 = a1 + 4d = 3a1.

Consequently, in the geometric sequence ak1 , ak2 , . . . , akn , . . ., the com-

mon ratio q = a5

a1
= 3.

Since akn is the nth term of the geometric sequence {akn}, we see that

akn = a13
n−1.

Since akn is the knth term of the arithmetic sequence {an},

akn = a1 + (nk − 1)d =
kn + 1

2
a1.

Therefore, a13
n−1 = kn+1

2 a1, from which

kn = 2 · 3n−1 − 1.

Hence, k2017 = 2 · 32016 − 1. �

Example 3. Let the sum of the first n terms of a geometric sequence {an}
of real numbers be Sn. Suppose that S10 = 10 and S30 = 70. Find S40.

Solution. Denote b1 = S10, b2 = S20 − S10, b3 = S30 − S20, and b4 =

S40 −S30. Let q be the common ratio of {an}. Then b1, b2, b3, and b4 form

a geometric sequence with common ratio r = q10. Hence,

70 = S30 = b1 + b2 + b3 = b1(1 + r + r2) = 10(1 + r + r2),

that is, r2 − r + 6 = 0, the solutions of which are r = 2 or r = −3.
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Since r = q10 > 0, so r = 2, and thus

S40 = 10(1 + 2 + 22 + 23) = 150. �

Example 4. Suppose that {an} is an arithmetic sequence and a21, a
2
2, and

a23 are also terms of the sequence {an}. Prove: For any n ∈ Z+, the term

an is an integer.

Proof. Let the common difference of the arithmetic sequence {an} be d.

If d = 0, then an = a1 for any n ∈ Z+. Since a21 is one term of the sequence

{an}, we have a21 = a1, from which a1 = 0 or 1. Hence, an = 0 or 1 for any

n ∈ Z+, so the proposition is satisfied.

If d �= 0, then there exist r, s, l ∈ N such that⎧⎪⎪⎨
⎪⎪⎩

a21 = a1 + rd,

a22 = a1 + sd = (a1 + d)2,

a23 = a1 + ld = (a1 + 2d)2.

It is easy to obtain {
2a1 + d = s− r,

4a1 + 4d = l − r,

and the solutions are

a1 =
4s− 3r − l

4
, d =

r − 2s+ l

2
.

Since r, s, l ∈ N, so a1, d ∈ Q. Also

a21 = a1 + rd = a1 +
r(r − 2s+ l)

2

= a1 +
r(r − 2s+ 4s− 3r − 4a1)

2

= (1 − 2r)a1 + r(s− r),

that is,

a21 + (2r − 1)a1 + r(s− r) = 0. (4.4)

This is a quadratic equation for variable a1 with integer coefficients.

Since the equation (4.4) has the quadratic term coefficient 1, its rational

number solutions must be integers, from which a1 ∈ Z.

Thus, d = s− r − 2a1 ∈ Z, and so an ∈ Z.

In summary, an is an integer for any positive integer n. �



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch04 page 37

4. Arithmetic and Geometric Sequences 37

Example 5. Let {an} be a geometric sequence with every term a positive

number, and let

S = a1 + a2 + · · ·+ an, T =
1

a1
+

1

a2
+ · · ·+ 1

an
.

Find the product of the first n terms of {an}.

Solution. Let the common ratio of the geometric sequence {an} be q.

Then by the hypothesis of the problem, S = na1 and T = n
a1

when q = 1.

So a21 = S
T , and consequently a1a2 · · · an = an1 =

(
S
T

)n
2 .

When q �= 1, we have S = a1−anq
1−q and

T =

1
a1

− 1
an

1
q

1− 1
q

=
a1 − anq

a1an(1− q)
,

thus a1an = S
T .

For the geometric sequence, the product of two terms with the same

distance to the first and last terms respectively equals the product of the

first and last terms, in other words,

a1an = a1an, a2an−1 = a1an, a3an−2 = a1an, . . . , ana1 = a1an.

Multiplying the above n equalities leads to (a1a2 · · ·an)2 =
(
S
T

)n
, therefore

a1a2 · · · an =

(
S

T

)n
2

.
�

Example 6. Let {an} be a geometric sequence consisting of positive num-

bers and let Sn be its sum of the first n terms.

(1) Prove: lgSn+lgSn+2

2 < lgSn+1.

(2) Does there exist a constant c > 0 such that lg(Sn−c)+lg(Sn+2−c)
2 =

lg(Sn+1 − c)? Prove your conclusion.

Proof. (1) Let the common ratio of {an} be q. From the condition, a1 > 0

and q > 0.

(i) When q = 1, we have Sn = na1, thus

SnSn+2 − S2
n+1 = na1(n+ 2)a1 − (n+ 1)2a21 = −a21 < 0.
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(ii) When q �= 1,

Sn =
a1(1 − qn)

1− q
,

so

SnSn+2−S2
n+1 =

a21(1− qn)(1 − qn+2)

(1− q)2
− a21(1 − qn+1)2

(1 − q)2
= −a21q

n < 0.

In either (i) or (ii), logSn+logSn+2

2 < logSn+1, and taking logarithm to

the both sides proves the result.

(2) No, it does not exist such a constant c. The reason is as follows.

If lg(Sn−c)+lg(Sn+2−c)
2 = lg(Sn+1 − c), then{

(Sn − c)(Sn+2 − c) = (Sn+1 − c)2,

Sn − c > 0.

We divide our discussion into the following two cases.

(i) When q = 1,

(Sn − c)(Sn+2 − c)− (Sn+1 − c)2

= (na1 − c)[(n+ 2)a1 − c]− [(n+ 1)a1 − c]2

= −a21 < 0.

In other words, there exists no constant c > 0 to satisfy the conclusion.

(ii) When q �= 1, if log(Sn−c)+log(Sn+2−c)
2 = log(Sn+1 − c) is satisfied, then

(Sn − c)(Sn+2 − c)− (Sn+1 − c)2

=

[
a1(1− qn)

1− q
− c

] [
a1(1− qn+2)

1− q
− c

]
−
[
a1(1− qn+1)

1− q
− c

]2

= −a1q
n[a1 − c(1− q)].

But since a1q
n �= 0, so a1 − c(1 − q) = 0, namely c = a1

1−q .

Now, since c > 0 and a − 1 > 0, we must have 0 < q < 1. But when

0 < q < 1,

Sn − a1
1− q

=
−a1q

n

1− q
< 0,

which does not satisfy Sn − c > 0. In other words, there does not exist a

constant c > 0 that satisfies the requirement.



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch04 page 39

4. Arithmetic and Geometric Sequences 39

Combining (i) and (ii), we know that there is no constant c > 0 that

satisfies the equality in (2). �

Example 7. Assume that n real numbers a1, a2, . . . , an (n ≥ 3) are mutu-

ally distinct, and let the n(n+1)
2 sums ai + aj (1 ≤ i ≤ j ≤ n) form a

new sequence according to the increasing order. If the new sequence is an

arithmetic one with a nonzero common difference, find the value of n.

Solution. When n = 3, consider

(a1, a2, a3) = (1, 2, 3).

The sums of any two of them are 3, 4, and 5, forming an arithmetic sequence.

When n = 4, consider

(a1, a2, a3, a4) = (1, 3, 4, 5).

The sums of any two of them are 4, 5, 6, 7, 8, and 9, forming an arithmetic

sequence.

In the following, we assume that n ≥ 5 and the sums of two of

a1, a2, . . . , an form an arithmetic sequence according to the increasing order.

Without loss of generality, assume that a1 < a2 < · · · < an. Let d �= 0

be the common difference of the resulting sequence of the sums. Obviously,

among the terms of the sums sequence, a1 + a2 is the minimum, a2 + a3
is the next to the minimum, an + an−2 is the next to the maximum, and

an + an−1 is the maximum.

Hence, a3 − a2 = d and an−1 − an−2 = d. As a result, d > 0 and

a2 + an−1 = (a3 − d) + (an−2 + d) = a3 + an−2.

If n ≥ 6, then the left hand side and the right hand side are respectively

the sums of two different pairs of the numbers, which is contradictory to

the fact that such sums of pairs form an arithmetic sequence of nonzero

common difference. Therefore, there is no solution for n ≥ 6.

When n = 5, we have a3 − a2 = d and a4 − a3 = d.

In the sequence of the sums, the third minimal term is a1 + a4. From

a1 + a4 = (a1 + a3) + d and a2 + a5 = a3 + a5 − d, we see that the third

maximal sum is a5 + a2.

On the other hand, since a2+a3 < a2+a4 < a3+a4 and the differences

of the two nearby terms of the sequence of the sums are all d, so a1 + a5 is

the forth minimum term or the forth maximal term of the sums.
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By symmetry, we may assume that a1 + a5 is the forth minimum term

of the sums. Then

a1 + a2 < a1 + a3 < a1 + a4 < a1 + a5

< a2 + a3 < a2 + a4 < a3 + a4 < a2 + a5

< a3 + a5 < a4 + a5.

Thus, (a5 + a2)− (a3 + a4) = d, and so

a5 − a4 = d+ a3 − a2 = 2d,

which contradicts (a1 + a5)− (a1 + a4) = d.

Hence, there is no solution for n = 5.

In summary, n = 3 and 4. �

Example 8. Arrange a sequence {an} of positive numbers into a triangular

array as the following shows (there are n numbers in the nth row that is in

the increasing order of the subscripts):

a1
a2 a3

a4 a5 a6
a7 a8 a9 a10

· · · · · · · · · · · · · · ·
Let bn represent the number located at the nth row and the first column of

the array. Suppose that {bn} is a geometric sequence, and from the third

row on, each row is an arithmetic sequence of common difference d (the three

numbers of the third row form an arithmetic sequence of common differ-

ence d, the four numbers of the fourth row form an arithmetic sequence of

common difference d, and etc.). In addition, assume that a1 = 1, a12 = 17,

and a18 = 34.

(1) Find the number A(m,n) (in terms of m and n) at the location of the

mth row and the nth column of the array.

(2) Find the value of a2013.

(3) Is 2013 in the array of the numbers? Give the reason of your answer.

Solution. (1) Let the common ratio of {bn} be q.

From the condition, a12 is the number at the location of the fifth row

and the 2nd column of the array, and a18 is the number at the location of

the sixth row and the third column of the array.
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So, b1 = 1, bn = qn−1, a12 = q4 + d = 17, and a18 = q5 + 2d = 34.

Thus, q = 2, d = 1, and bn = 2n−1.

Therefore, A(m,n) = bm + (n− 1)d = 2m−1 + n− 1.

(2) From 1+ 2 + 3+ · · ·+ 62 = 1953, 1+ 2+ 3+ · · ·+ 62+ 63 = 2016, and

2013− 1953 = 60, we know that a2013 is the number at the location of the

63rd row and the 60th column of the array.

So, a2013 = 262 + 59.

(3) Suppose that 2013 is the number at the location of the mth row and

the nth column of the array.

Since in the mth row, 2m−1 is the minimal number and 2m−1 +m− 1

is the maximal number, so

2m−1 ≤ 2013 ≤ 2m−1 +m− 1. (4.5)

Since 2m−1 + m − 1 ≤ 210 + 10 = 1031 < 2013 when m ≤ 11, we see

that m ≤ 11 does not satisfy (4.5).

Since 2m−1 ≥ 211 = 2048 > 2013 when m ≥ 12, it follows that m ≥ 12

also does not satisfy (4.5).

Hence, the above inequality (4.5) has no positive integer solutions.

Therefore, there is no 2013 in the array of the numbers. �

3. Exercises

Group A

I. Filling Problems

1. Let 7 positive numbers constitute a geometric sequence a1, a2, . . . , a7.

If the sum of the first five terms is 62
7
√
2−6

and the sum of the last five

terms is 12 + 14
√
2, then the value of the product of the seven terms is

.

2. Let {an} be an arithmetic sequence with a1 = 19 and a26 = −1. Write

A = an + an+1 + · · · + an+6, where n is a positive integer. Then the

minimum value of |A| is .

3. The sum of the first n terms of an arithmetic sequence {an} is Sn. If
S25

a23
= 5 and S45

a33
= 25, then the value of S65

a43
is .

4. In the sequences {an} and {bn}, if a1 = 2, 3an+1 − an = 0, and bn is the

arithmetic mean of an and an+1 for any positive integer n, then the sum

of all terms of {bn} is .
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5. Let Sn be the sum of the first n terms of an arithmetic sequence {an}.
Suppose that the geometric mean of 1

3S3 and 1
4S4 is 1

5S5, and the arith-

metic mean of 1
3S3 and 1

4S4 is 1. Then the general term formula for

{an} is an = .

II. Calculation Problems

6. Let {an} be a geometric sequence with the first term a1 > 1 and the

common ratio q > 1. Prove: The sequence {logan
an+1} is a decreasing

sequence.

7. Let {an} be a geometric sequence with common ratio q. Prove: A nec-

essary and sufficient condition for the products of any two terms of {an}
still to be terms of the sequence is that there exists a nonnegative integer

m such that a1 = qm.

8. Let {an} and {bn} be an arithmetic sequence and a geometric sequence,

respectively. If a1 = b1 > 0 and a2 = b2 > 0, please compare the

magnitudes of an and bn.

Group B

9. Given a positive integer n and a positive number M . For all arithmetic

sequences a1, a2, a3, . . . that satisfy the condition a21 + a2n+1 ≤ M , find

the maximum value of S = an+1 + an+2 + · · ·+ a2n+1.

10. Let {an} be an increasing arithmetic sequence of positive terms, and

let n, k ∈ N+ with k ≥ 2. Prove:

k

√
a(n+1)k+1

ak+1
<

ak+2

ak+1

a2k+2

a2k+1
· · · ank+2

ank+1
< k

√
ank+2

a2
.

11. Given S = {1, 2, 3, . . . , n}. Let A be an arithmetic sequence of at least

two terms with a positive common difference. Suppose that each term

of A is in S, and putting any other elements of S into A cannot make

an arithmetic sequence with the same common difference as A. Find

the number of such sequences A (a sequence of only two terms is also

considered as an arithmetic sequence).

12. Two positive sequences satisfy: One is an arithmetic sequence with

r (r > 0) as its common difference, and the other is a geometric

sequence with q (q > 1) as its common ratio. Here r and q are positive

integers that are relatively prime. Prove: If there is one pair of equal

corresponding terms for the two sequences, then there are infinitely

many pairs of equal corresponding terms for them.
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Chapter 5

Arithmetic Sequences
of Higher Order

1. Key Points of Knowledge and Basic Methods

A. For a given sequence {an}, denote by bn the difference an+1 − an of the

consecutive terms an+1 and an. Thus, we have a new sequence {bn}, and
the sequence {bn} is called the first order difference sequence of the original

sequence {an}. If cn = bn+1 − bn for n = 1, 2, . . ., then the sequence {cn}
is the first order difference sequence of {bn}, and {cn} is called the second

order difference sequence of {an}; and so on. In this way, we can obtain a

pth order difference sequence of the sequence {an}, where p ∈ N+.

B. If the pth order difference sequence of a sequence {an} is a nonzero

constant sequence, then we call the sequence {an} an arithmetic sequence

of order p.

C. An arithmetic sequence of order 1 is just an arithmetic sequence (non-

constant sequence of numbers) that we usually talk about.

D. Arithmetic sequences of higher order are the general name for arithmetic

sequences of order 2 or greater than 2.

E. Properties of arithmetic sequences of higher order:

(1) If a sequence {an} is an arithmetic sequence of order p, then its first

order difference sequence is an arithmetic sequence of order p− 1.

43
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(2) A necessary and sufficient condition for a sequence {an} to be an arith-

metic sequence of order p is: The general term of the sequence is a pth

order polynomial of n.

(3) If a sequence {an} is an arithmetic sequence of order p, then the sum

Sn of its first n terms is a (p+ 1)st order polynomial of n.

Property (1) is obvious, and properties (2) and (3) can be proved by

mathematical induction.

F. The most important and most often encountered problems for arithmetic

sequences of higher order are to find the general term and the sum of the first

n terms, and a deeper problem is to find solutions of difference equations.

The basic methods to solve the problems include:

(1) Method of successive differences: The starting point is an = a1 +∑n−1
k=1 (ak+1 − ak).

(2) Method of undetermined coefficients: In the arithmetic sequence of

known order, its general term an and the sum Sn of its first n terms

are polynomials of n with given degrees. We first write down the poly-

nomial, and then plug in the given conditions to solve the resulting

equations, thus finding the coefficients of the polynomial.

(3) Method of elimination by splitting terms: The starting point is that an
can be written in the form of

an = f(n+ 1)− f(n).

2. Illustrative Examples

Example 1. Suppose that an arithmetic sequence {an} of order 2 satisfies

a2 − a1 = 110, and the sum S11 of the first 11 terms of its first order

difference sequence {bn} is the maximal number. Assume that when S11 is

a maximum value, the maximum value of {an} is 2017. Find the general

term of {an}.

Solution. By the condition, {bn} is an arithmetic sequence and b1 = a2 −
a1 = 110. Let the common difference of {bn} be d. Then{

b11 = 110 + 10d ≥ 0,

b12 = 110 + 11d ≤ 0.

Solving the above inequalities, we get −11 ≤ d ≤ −10.
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When S11 is a maximum value, d = −10. In this case,

S11 =
2b1 + 10d

2
11 = 660.

On the other hand,

an+1 = a1 + (a2 − a1) + (a3 − a2) + · · ·+ (an+1 − an)

= a1 + b1 + b2 + · · ·+ bn

= a1 + Sn.

Clearly, when Sn is a maximum value, an+1 is a maximum value. So,

(an+1)max = a12 = a1 + S11 = a1 + 660 = 2017,

from which a1 = 1357.

Thus, an+1 = a1 + 2b1+(n−1)d
2 n = −5n2 + 115n + 1357, and so an =

−5n2 + 115n+ 1237. �

Example 2. Let every term of the second order difference sequence of a

sequence {an} be 16, and a63 = a89 = 10. Find a51.

Solution 1. Obviously, the first order difference sequence {bn} of the

sequence {an} is an arithmetic sequence of common difference 16. Suppose

that its first term is a. Then bn = a+ (n− 1)16, and so

an = a1 +

n−1∑
k=1

(ak+1 − ak)

= a1 +

n−1∑
k=1

bk

= a1 +
a+ [a+ (n− 1)16]

2
(n− 1)

= a1 + (n− 1)a+ 8(n− 1)(n− 2).

This is a quadratic polynomial of n, in which the coefficient of n2 is 8.

Since a63 = a89 = 10,

an = 8(n− 63)(n− 89) + 10.

Hence,

a51 = 8(51− 63)(51− 89) + 10 = 3658. �
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Solution 2. By the condition, the sequence {an} is an arithmetic sequence

of order 2, so its general term is a quadratic polynomial of n. Also from

a63 = a89 = 10, we may assume that

an = A(n− 63)(n− 89) + 10.

Since the second order difference sequence of {an} is the sequence of

constant terms 16, so

(a3 − a2)− (a2 − a1) = 16,

namely

a3 − 2a2 + a1 = 16.

Consequently,

A(3− 63)(3− 89) + 10− 2[A(2− 63)(2− 89) + 10]

+A(1− 63)(1− 89) + 10 = 16,

the solution of which is

A = 8.

Thus,

an = 8(n− 63)(n− 89) + 10,

and so a51 = 3658. �

Remark. Solution 1 used the method of successive differences and Solution

2 used the method of undetermined coefficients.

Example 3. The first four terms of an arithmetic sequence of order 3 are

30, 72, 140, and 240 in succession. Find a formula for its general term.

Solution. By property (2), an is a cubic polynomial of n, so we assume

that an = An3+Bn2+Cn+D, where A,B,C, and D are to be determined.

Since a1 = 30, a2 = 72, a3 = 140, and a4 = 240, we can set the system of

equations ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

A+B + C +D = 30,

8A+ 4B + 2C +D = 72,

27A+ 9B + 3C +D = 140,

64A+ 16B + 4C +D = 240,

whose solutions are A = 1, B = 7, C = 14, and D = 8. Hence,

an = n3 + 7n2 + 14n+ 8. �
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Example 4. Observe that 1
1 = 1

2+
1
2 ,

1
2 = 1

3+
1
6 ,

1
3 = 1

4+
1
12 , and

1
4 = 1

5+
1
20 .

Inspired by such examples, state a general rule and then prove it. Prove

that for any integer n greater than 1, there exist two positive integers i < j

such that

1

n
=

1

i(i+ 1)
+

1

(i + 1)(i+ 2)
+

1

(i + 2)(i+ 3)
+ · · ·+ 1

j(j + 1)
.

Proof. The given examples imply the general rule: 1
n = 1

n+1 + 1
n(n+1) ,

namely 1
n(n+1) =

1
n − 1

n+1 with n = 1, 2, 3, . . .. Thus,

1

i(i+ 1)
+

1

(i + 1)(i+ 2)
+ · · ·+ 1

j(j + 1)
=

1

i
− 1

j + 1
=

1

n
.

Comparing the above equality with 1
n = 1

n−1 − 1
(n−1)n , we find that

i = n− 1 and j + 1 = (n− 1)n. This proves the result. �

Example 5. Find the sum: Sn = 1 ·3 ·22+2 ·4 ·32+ · · ·+n(n+2)(n+1)2.

Solution. Since k(k+2)(k+1)2 = k(k+1)(k+2)(k+3)−2k(k+1)(k+2),

so the problem of finding Sn can be reduced to finding Kn =
∑n

k=1 k(k +

1)(k + 2)(k + 3) and Tn =
∑n

k=1 k(k + 1)(k + 2).

Since k(k + 1)(k + 2)(k + 3) = 1
5 [k(k + 1)(k + 2)(k + 3)(k + 4) −

(k − 1)k(k + 1)(k + 2)(k + 3)], we see that

Kn =
1

5

n∑
k=1

[k(k + 1)(k + 2)(k + 3)(k + 4)− (k − 1)k(k + 1)(k + 2)(k + 3)]

=
1

5
n(n+ 1)(n+ 2)(n+ 3)(n+ 4).

Similarly, we can get that

Tn =
1

4

n∑
k=1

[k(k + 1)(k + 2)(k + 3)− (k − 1)k(k + 1)(k + 2)]

=
1

4
n(n+ 1)(n+ 2)(n+ 3).

Therefore,

Sn = Kn − 2Tn =
1

10
n(n+ 1)(n+ 2)(n+ 3)(2n+ 3). �

Remark. To find Kn and Tn, we used the method of elimination by split-

ting terms.
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Example 6. Assume that the sequence {an} of integers satisfies the con-

ditions:

(1) an+2 = 3a− n+ 1− 3an + an−1 for n = 2, 3, 4, . . .;

(2) 2a2 = a1 + a3 − 2;

(3) a5 − a4 = 9 and a1 = 1.

Find the sum Sn of the first n terms of the sequence {an}.

Solution. Let bn = an+1 − an and cn = bn+1 − bn. From condition (1),

cn = bn+1 − bn

= (an+2 − an+1)− (an+1 − an)

= an+2 − 2an+1 + an

= (3an+1 − 3an + an−1)− 2an+1 + an

= an+1 − 2an + an−1

= cn−1 (n = 2, 3, 4, . . .).

Thus, {cn} is a constant sequence.

From condition (2), c2 = a3 − 2a2 + a1 = 2, hence cn ≡ 2. Note that

an = a1 +

n−1∑
k=1

bk

= a1 + (n− 1)b1 +
(n− 1)(n− 2)

2
2

= 1 + (n− 1)b1 + (n− 1)(n− 2).

Now, from condition (3), b4 = 9, but b4 = b1+3 ·2, so b1 = 3. It follows

that

an = 1 + 3(n− 1) + (n− 1)(n− 2)

= 1 + 3n− 3 + n2 − 3n+ 2

= n2.

Therefore, Sn = 12 + 22 + 32 + · · ·+ n2 = 1
6n(n+ 1)(2n+ 1). �

Example 7. Suppose that the second order difference sequence of a

sequence {an} is a geometric sequence, and a1 = 5, a2 = 6, a3 = 9, and

a4 = 16. Find a formula for the general term of {an}.
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Solution. It is easy to calculate out that the second order difference

sequence {Cn} of {an} is a geometric sequence with 2 as its first term

and 2 as its common ratio, so Cn = 2n. Denote the first order difference

sequence of {an} as {bn}. Then b1 = a2 − a1 = 1, and

bn = b1 +

n−1∑
k=1

(bk+1 − bk) = 1 +

n−1∑
k=1

Ck

= 1 +

n−1∑
k=1

2k = 1 +
1− 2n−1

1− 2
2

= 2n − 1.

Consequently,

an = a1 +
n−1∑
k=1

(ak+1 − ak) = a1 +
n−1∑
k=1

(2k − 1)

= 5 +
1− 2n−1

1− 2
2− (n− 1)

= 2n − n+ 4. �

Example 8. Let a1 < a2 < · · · < am be real numbers. The sequence

a1, a2, . . . , am is called a weakly arithmetic sequence of length m if there

exist real numbers x0, x1, . . . , xm and d such that x0 ≤ a1 < x1 ≤ a2 <

x2 ≤ · · · ≤ am ≤ xm and xi+1 − xi = d for any 0 ≤ i ≤ m − 1 (in

other words, x0, x1, . . . , xm constitute an arithmetic sequence of common

difference d).

(1) Prove: If a1 < a2 < a3, then the sequence a1, a2, a3 is a weakly arith-

metic sequence of length 3.

(2) Let A be a subset of the set {0, 1, 2, . . . , 999} that contains at least 730

elements. Prove: A contains a weakly arithmetic sequence of length 10.

Proof. (1) Consider the first order difference sequence d1, d2 of the

sequence a1, a2, a3. If d1 = d2, then by choosing x0 = a1, x1 = a2, x2 = a3,

and x3 = a3 + d1, we see that a1, a2, a3 is a weakly arithmetic sequence. If

d1 > d2, then by letting d = d1+
d2

2 and choosing x1 = a1+
1
3d2, x0 = x1−

d, x2 = x1+d, and x3 = x1+2d, we have x0 < a1 < x1 < a2 < x2 < a3 < x3

and the conclusion is satisfied. If d1 < d2, then by letting d = d1

2 + d2 and

choosing x1 = a1+
1
3d2, x0 = x1−d, x2 = x1+d, and x3 = x1+2d, we again

obtain the conclusion. Hence, a1, a2, a3 is a weakly arithmetic sequence.
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(2) Suppose that there is no weakly arithmetic sequence of length 10.

Consider the following sets

Ak = {100k, 100k+ 1, 100k + 2, . . . , 100k+ 99}, k = 0, 1, 2, . . . , 9.

Note that the sequence 0, 100, 200, . . . , 1000 is an arithmetic sequence of

length 11. So, there exists an index k′ such that Ak′ does not have an

element that belongs to A.

For remaining indices k, consider the following sets

Ak,j = {100k + 10j, 100k+ 10j + 1, . . . , 100k + 10j + 9}, j = 0, 1, 2, . . . , 9.

Since 100k + 10j, 100k + 10j + 10, . . . , 100k + 10j + 100 is an arithmetic

sequence of length 10, there exists a j such that Ak,j does not have an

element that belongs to A. Also, all the 10 numbers of Ak,j form an arith-

metic sequence, so every Ak,j has at least one element that does not belong

to A.

The above discussion indicates that there are at least 100+9(10+9) =

271 elements in the set {0, 1, 2, . . . , 999} that do not belong to A, but this

contradicts the fact that A has at least 730 elements.

In summary, the proposition has been proved. �

3. Exercises

Group A

I. Filling Problems

1. Denote the first order difference sequence of a sequence {an} as Δ{an}.
If all terms of the sequence Δ(Δ{an}) are 1 and a19 = a92 = 0, then the

value of a1 is .

2. The sum of the first n terms of the sequence {n3} is .

3. If the first six terms of a third order arithmetic sequence are 1, 2, 8, 22, 47,

and 86, then its general term is .

4. The first order difference sequence of {an} is {n(n+2)}. Then the gen-

eral term of {an} with a1 = 2 is .

II. Calculation Problems

5. Suppose that a given sequence {an} satisfies an = n4−2n3+2n2−n+ 1
5 .

Find the sum Sn of its first n terms.
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6. The first term of a sequence {an} is a1 = 1, the first term of the first

order difference sequence of {an} is 7, and the second order difference

sequence of {an} is {6n+ 6}. Find the general term formula of {an}.
7. Prove: 1

1·2 + 1
3·4 + · · ·+ 1

(2n−1)2n = 1
n+1 + 1

n+2 + · · ·+ 1
n+n .

Group B

8. If the first order difference sequence of {an} is a geometric sequence

with common ratio q (�= 1), then prove: The general term of {an} is

an = a1 + (a2 − a1)
1−qn−1

1−q .

9. Find the sum Sn = a+ 4a2 + 9a3 + · · ·+ n2an (a �= 1).

10. Arrange positive odd numbers according to Table 5.1 and denote the

number at the mth row from the top and the nth column from the left

as amn. Find the general term formulas of the sequence {am1} and the

sequence {a1n}.
Table 5.1 Table for Exercise 10.

1 3 7 13 21 31

5 9 15 23

11 17 25

19 27

29

11. The first term of a sequence {an} is a1 = 4 and the first order difference

sequence of {an} is {n2}. Find the general term of {an}.
12. Let {an} be an arithmetic sequence of order 2 with initial values a1 = 1

and a2 = 3. If the sum of its first three terms is S3 = 13, find a formula

for the sum Sn of the first n terms of {an}.
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Chapter 6

Sequence Summation

1. Key Points of Knowledge and Basic Methods

Sequence summation is an important aspect of sequence research. The sum

of the first n terms is usually denoted as Sn, that is,

Sn = a1 + a2 + · · ·+ an =

n∑
k=1

ak.

A. Important formulas

(1) 1 + 2 + 3 + · · ·+ n = 1
2n(n+ 1).

(2) 12 + 22 + 32 + · · ·+ n2 = 1
6n(n+ 1)(2n+ 1).

(3) 13 + 23 + 33 + · · ·+ n3 = (1 + 2 + 3 + · · ·+ n)2 = 1
4n

2(n+ 1)2.

(4) For any arithmetic sequence, Sm+n = Sm+Sn+mnd, wherem,n ∈ N+

and d is the common difference.

(5) For any geometric sequence, Sm+n = Sn + qnSm = Sm + qmSn, where

m,n ∈ N+ and q is the common ratio.

(6) If the common ratio q of an infinite geometric sequence {an} satisfies

|q| < 1, then the sum of all the terms

S = lim
n→∞Sn =

a1
1− q

.

B. Basic methods

(1) Idea of reduction.

“When solving a problem, we always use the problems that have

been solved before, the results obtained or the methods adopted, or the

experience that we have obtained from solving them” (quoted from Polya).

53
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In the middle school algebra textbooks, only the summation formulas for

arithmetic and geometric sequences are deduced, so reducing the summa-

tion problem of sequences to that of arithmetic or geometric sequences is

an important idea in solving problems.

(2) Summation by splitting terms.

Split the general term formula of a sequence {an} into the difference

of two expressions in the form of an = f(n + 1) − f(n), where f is a

function, and then eliminate the middle terms by mutual cancellation in

the summation. This method of summation by means of “splitting first

and elimination second” is called the summation by splitting terms. The

method is the most frequently used one in sequence summation.

(3) Summation by combining terms.

Put some terms together to sum up, and then find Sn.

There are numerous methods of summation for sequences, and which

method to choose depends on the concrete situation.

2. Illustrative Examples

Example 1. Find the sum
∑2015

n=1 (−1)n n2+n+1
n! .

Solution. For n ∈ N+, we have

n2 + n+ 1

n!
=

n+ 1

n!
+

n2

n!
=

n+ 1

n!
+

n

(n− 1)!
(0! = 1 by convention),

so

(−1)n
n2 + n+ 1

n!
= (−1)n

n+ 1

n!
+ (−1)n

n

(n− 1)!

= (−1)n
n+ 1

n!
− (−1)n−1 n

(n− 1)!
.

It follows that

2015∑
n=1

(−1)n
n2 + n+ 1

n!
=

2015∑
n=1

[
(−1)n

n+ 1

n!
− (−1)n−1 n

(n− 1)!

]

= − 2016

2015!
− 1. �
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Example 2. Assume that ak = 2k

32k+1
for all natural numbers k. Let A =

a0 + a1 + · · ·+ a9 and B = a0a1 · · · a9. Find A
B .

Solution. For any number m greater than 1, since

1

m− 1
− 1

m+ 1
=

2

m2 − 1
,

so

1

m+ 1
=

1

m− 1
− 2

m2 − 1
.

Multiplying 2k to the both sides and letting m = 32
k

, we get

2k

32k + 1
=

2k

32k − 1
− 2k+1

32k+1 − 1
. (6.1)

Substituting k = 0, 1, . . . , 9 into (6.1) and adding the equalities give

A =
1

2
− 210

3210 − 1
. (6.2)

On the other hand, denote

C = 202122 · · · 29 = 245,

D = (32
0

+ 1)
(
32

1

+ 1
)(

32
2

+ 1
)
· · ·
(
32

9

+ 1
)

=
1

2

(
32

0 − 1
)(

32
0

+ 1
)(

32
1

+ 1
)(

32
2

+ 1
)
· · ·
(
32

9

+ 1
)

=
1

2

(
32

1 − 1
)(

32
1

+ 1
)(

32
2

+ 1
)
· · ·
(
32

9

+ 1
)
= · · ·

=
1

2

(
32

10 − 1
)
.

Then

1

B
=

D

C
=

32
10 − 1

246
. (6.3)

By (6.2) and (6.3), A
B =

(
1
2 − 210

3210−1

)
32

10−1
246 = 32

10−1
247 − 1

236 . �

Example 3. Suppose that the general term of a sequence {an} is ak = 2k

for k = 1, 2, . . . , n. Find the sum of all possible products aiaj (1 ≤ i ≤
j ≤ n).
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Solution. Since
∑

1≤i≤j≤n aiaj =
1
2 [a

2
1+a22+· · ·+a2n+(a1+a2+· · ·+an)

2],

and

a1 + a2 + · · ·+ an =
2(2n − 1)

2− 1
= 2(2n − 1),

a21 + a22 + · · ·+ a2n =
4(4n − 1)

4− 1
=

4(22n − 1)

3
,

so we have that

∑
1≤i≤j≤n

aiaj =
1

2

[
4(22n − 1)

3
+ (2(2n − 1))2

]

=
4

3
(22n+1 − 3 · 2n + 1). �

Example 4. A sequence {xn} is defined as follows: x1 = 1
2 and xn =

2n−3
2n xn−1 for n = 2, 3, . . .. Prove: For any positive integer n, there holds

that x1 + x2 + · · ·+ xn < 1.

Proof. From the given condition we know that xn > 0 for any n ∈ N+,

and

xk = (2k − 3)xk−1 − (2k − 1)xk, k = 2, 3, . . . .

Thus, we have

n∑
k=1

xk = x1 +

n∑
k=2

[(2k − 3)xk−1 − (2k − 1)xk]

= x1 + x1 − (2n− 1)xn

= 1− (2n− 1)xn

< 1.

Hence, the proposition is valid. �

Example 5. Suppose that the sum of the first n terms of a sequence {an}
is Sn = 2an − 1 and the sequence {bn} satisfies b1 = 3 and bk+1 = ak + bk
for k = 1, 2, . . .. Find the sum of the first n terms of the sequence {bn}.
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Solution. Since Sn = 2an − 1, we have a1 = S1 = 2a1 − 1, so a1 = 1.

Also

ak = Sk − Sk−1 = (2ak − 1)− (2ak−1 − 1)

= 2ak − 2ak−1,

thus

ak = 2ak−1.

Hence, {an} is a geometric sequence with first term 1 and common ratio 2.

Choosing k = 1, 2, . . . , n− 1 in bk+1 = ak + bk gives

b2 = a1 + b1,

b3 = a2 + b2,

· · ·
bn = an−1 + bn−1.

Adding up the both sides of the above equalities, we obtain

bn = Sn−1 + b1 =
2n−1 − 1

2− 1
+ 3 = 2n−1 + 2.

Therefore, the sum of the first n terms of the sequence {bn} is

S′
n = 1 + 2 + 22 + · · ·+ 2n−1 + 2n = 2n + 2n− 1. �

Example 6. The sum of all terms of the sequence

1, 1, 3, 3, 32, 32, . . . , 32002, 32002

is denoted by S. For a given positive integer n, if one can choose different

terms of the sequence whose sum is exactly n, then it is called one option of

choice. The number of all options of choice with the same sum n is denoted

as an. Find a1 + a2 + · · · aS .

Solution. Note that 1 + 1+ 3+ 3+ 32 + 32 + · · ·+ 3n−1 + 3n−1 = 3n − 1.

Let Pn = a1 + a2 + · · ·+ a3n−1, where n ∈ N+.

For the sequence

1, 1, 3, 3, . . . , 3n−1, 3n−1, 3n, 3n (6.4)

of 2(n + 1) terms, the number of options of choice to represent a natural

number from 1 to 3n − 1 from the first 2n terms is denoted as Pn. If the
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number of options of choice to represent a natural number m ∈ [1, 3n − 1]

from the first 2n terms of the sequence (6.4) is am, then there are 2am
options of choice to represent the natural number m+ 3n by the sequence

(6.4). There are am options of choice to represent the natural number m+

2 · 3n by the sequence (6.4). Besides, it is easy to obtain that asn = 2 and

a2·3n = 1.

Therefore, we deduce that Pn+1 = Pn + 2Pn + Pn + 2 + 1 = 4Pn + 3.

Furthermore,

P1 = a1 + a3−1 = 2 + 1 = 3.

Thus, Pn = 4Pn−1 + 3 = 4(4Pn−2 + 3) + 3 = · · · = 4n−1P1 + 3(4n−2 +

4n−3 + · · ·+ 4 + 1) = 4n−13 + (4n−1 − 1) = 4n − 1.

In this problem, n=2003, so a1 + a2 + · · ·+ aS =P2003 =42003 − 1. �

Remark. The problem can be extended to a general case: Suppose that

an integer k ≥ 2 and a sequence

1, 1, . . . , 1, k, k, . . . , k, . . . , kn−1, kn−1, . . . , kn−1 (n ∈ N+)

(6.5)

is given, in which there are k−1 repeating numbers for 1, k, . . . , kn−1 respec-

tively. The sum of all terms of the above sequence is denoted by S. For a

given natural number m ∈ [1, kn − 1], the number of options of choice to

represent m as the sum of different terms of the sequence (6.5) is denoted

as am. Then a1 + a2 + · · ·aS = 2n(k−1) − 1. The solution method for the

present problem is the recursive method.

Example 7. Assume that a sequence {an} satisfies: Sn = 1−an (n ∈ N+),

where Sn is the sum of the first n terms of {an}.
(1) Find a formula for the general term of {an}.
(2) Let cn = 1

1+an
+ 1

1−an
and denote by Pn the sum of the first n terms

of {cn}. Prove: Pn > 2n− 1
5 .

Solution. (1) Since

Sn = 1− an, (6.6)

so

Sn+1 = 1− an+1. (6.7)

(6.7) − (6.6) gives an+1 = −an+1 + an, thus an+1 = 1
2an for n ∈ N+.
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Also, a1 = 1
2 when n = 1, from which

an =
1

2

(
1

2

)n−1

=

(
1

2

)n

, n ∈ N+.

(2) From the given condition,

Pn =
1

1 + a1
+

n∑
i=2

(
1

1− ai
− 1

1 + ai

)
+

1

1− an+1

=
2

3
+

1

1− ( 12)n+1 + 2
n∑

i=2

1

1− a2i

=
2

3
+

2n+1

2n+1 − 1
+ 2

n∑
i=2

4i

4i − 1

=
2

3
+

2n+1

2n+1 − 1
+ 2

n∑
i=2

(
1 +

1

4i − 1

)

>
2

3
+ 1 + 2

(
1 +

1

42 − 1

)
+ 2(n− 2) = 2n− 1

5
(n ≥ 2).

When n = 1, we have P1 = 2 > 2 − 1
5 . Therefore, the conclusion is

true. �

Example 8. Let f(n) be a function defined on the set of all positive inte-

gers such that f(1) = 2 and

f(n+ 1) = f(n)2 − f(n) + 1, n = 1, 2, 3, . . . .

Prove: For any integer n > 1, there holds that

1− 1

1− 22n−1 <
1

f(1)
+

1

f(2)
+ · · ·+ 1

f(n)
< 1− 1

1− 22n
.

Proof. Note that f(n) > 1 for any n ∈ N+. Then

1

f(n+ 1)− 1
=

1

f(n)2 − f(n)
=

1

f(n)− 1
− 1

f(n)
.

It follows that

1

f(n)
=

1

f(n)− 1
− 1

f(n+ 1)− 1
, n = 1, 2, . . . .
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Therefore,

n∑
k=1

1

f(k)
=

n∑
k=1

[
1

f(k)− 1
− 1

f(k + 1)− 1

]

= 1− 1

f(n+ 1)− 1
. (6.8)

On the other hand, from the recursive formula we know that f(n +

1) − 1 = f(n)2 − f(n) > [f(n) − 1]2, so f(n + 1) − 1 > [f(n) − 1]2 >

[f(n − 1) − 1]2
2

> · · · > [f(2) − 1]2
n−1

= 22
n−1

. Hence, by (6.8) we have∑n
k=1

1
f(k) > 1− 1

22n−1 .

Again from the recursive formula, we are sure that f(n) ∈ N+, and

consequently f(n+ 1) = f(n)2 − f(n) + 1 < f(n)2. This recursive relation

implies that f(n+ 1) < f(1)2
n

= 22
n

, from which

1

f(n+ 1)− 1
>

1

22n − 1
>

1

22n
.

Therefore,

n∑
k=1

1

f(k)
< 1− 1

22n
.

To summarize, the proposition is proved. �

3. Exercises

Group A

I. Filling Problems

1. Let the general term of a given sequence {an} be an =√
1 + 1

n2 + 1
(n+1)2 , and let the sum of its first n terms be Sn. Then

�Sn� = . (�Sn� represents the largest integral part

of Sn.)

2. Suppose that for any positive integer n, the parabola y = (n2 +

n)x2 − (2n + 1)x + 1 intersects the x-axis at two points An and Bn.

If |AnBn| represents the distance between the two points, then the value

of |A1B1|+ |A2B2|+ · · ·+ |A2002B2002| is .

3. The sum 1
2! +

2
3! + · · ·+ 3

4! + · · ·+ n
(n+1)! = .

4. The value of 1! + 2 · 2! + 3 · 3! + 4 · 4! + · · ·+ nn! = .

5. If a ∈ R and a �= −1, then a − 2a2 + 3a3 − · · · + (−1)n−1nan =

.
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6. The sum 4
1·2·3 + 5

2·3·4 + · · ·+ n+3
n(n+1)(n+2) = .

7. Suppose that the consecutive terms an and an+1 of a sequence {an} are

the two roots of the equation x2 − cnx+
(
1
3

)n
= 0, and a1 = 2. Let the

sum c1 + c2 + · · · + cn + · · · of the infinite sequence {cn} be S. Then

S = .

II. Calculation Problems

8. Calculate: arctan 1
1+1+12 + arctan 1

1+2+22 + · · ·+ arctan 1
1+n+n2 .

9. Find the sum of the first n terms of 3
1·3 ,

7
2·43, . . . ,

4n−1
n(n+2)3

n−1, . . . .

Group B

10. Let x = 1+ 1√
2
+ 1√

3
+ 1√

4
+ · · ·+ 1√

1000000
. Determine the value of [x],

where [x] is the maximal integer not greater than x.

11. Let f(n) be the integer that is the closest to 4
√
n. Find

∑2002
k=1

1
f(k) .

12. Let Sn be the sum of the first n terms of a sequence {an} that satisfies

4Sn = 3an + 2n+1 (n ≥ 0 and n ∈ Z).

(1) Find a relation formula for an and an−1.

(2) Find all the values of a0 that make the sequence a0, a1, a2, . . . an

increasing one.
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Chapter 7

Synthetic Problems
for Sequences

Sequence problems in mathematics competitions are not restricted to the

synthesis of sequence knowledge, but in most cases are related to the con-

tents of functions, inequalities, number theory, and combinatorics. Con-

sequently, we need to apply various knowledge and methods to solving

problems.

1. Illustrative Examples

Example 1. Removing all perfect squares from the sequence 1, 2, . . . of all

positive integers, we obtain a new sequence {an} according to the original

order. Find the general term an.

Solution. Suppose that k2 < an < (k+1)2 with k ∈ Z+. Then an = n+k.

Since k2 < n+ k < (k + 1)2,{
k2 − k − n < 0,

k2 + k − n+ 1 > 0.

By properties of integers, we have⎧⎪⎪⎨
⎪⎪⎩

k2 − k − n+
1

4
< 0,

k2 + k − n+
1

4
> 0.

63
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It follows that

√
n− 1

2
< k <

√
n+

1

2
,

hence k =
[√

n+ 1
2

]
.

Thus, the desired general term formula is an = n+
[√

n+ 1
2

]
. �

Example 2. Assume that a monotonically increasing geometric sequence

{an} satisfies a2 + a3 + a4 = 28, and a3 + 2 is the arithmetic mean of a2
and a4.

(1) Find the general term formula of the sequence {an}.
(2) Let bn = an log 1

2
an and Sn = b1 + b2 + · · · + bn. Find the minimum

value of the positive integers n that satisfy Sn + n2n > 50.

Solution. (1) Let the common ratio of the geometric sequence be q (q �= 0).

By the hypothesis of the problem,

a1q + a1q
2 + a1q

3 = 28, (7.1)

a1q + a1q
3 = 2(a1q

2 + 2). (7.2)

After eliminating the constant terms in (7.1) and (7.2), we obtain

6a1q
3 − 15a1q

2 + 6a1q = 0,

that is

2q2 − 5q + 2 = 0.

The solutions of the above are q = 2 or q = 1
2 . Substituting into (7.1) gives

a1 = 2 or a1 = 32. Since {an} is monotonically increasing, so a1 = 2 and

q = 2, Hence, the general term formula of the sequence {an} is an = 2n.

(2) From (1) we have bn = an log 1
2
an = −n2n. Then

Sn = b1 + b2 + · · ·+ bn = −(1 · 2 + 2 · 22 + 3 · 23 + · · ·+ n2n).

Denote

Tn = 1 · 2 + 2 · 22 + 3 · 23 + · · ·+ n2n. (7.3)

Then

2Tn = 1 · 22 + 2 · 23 + 3 · 24 + · · ·+ (n− 1)2n + n2n+1. (7.4)
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(7.3) − (7.4) gives that

−Tn = 1 · 2 + 1 · 22 + · · ·+ 1 · 2n − n2n+1

= 2n+1 − 2− n2n+1,

in other words,

Sn = −(n− 1)2n+1 − 2.

Now, the inequality Sn + n2n > 50 is the same as

−(n− 1)2n+1 − 2 + n2n+1 > 50,

namely

2n > 26.

Since 24 = 16 < 26 < 32 = 25 and the function 2x is a monotonically

increasing one, it follows that the minimum value of the positive integers

that satisfy the condition is 5. �

Example 3. Suppose that a finite sequence {an} has 2k terms (the integer

k ≥ 2) and the first term a1 = 2. Let the sum of the first n terms be Sn,

and assume that an+1 = (a− 1)Sn + 2 (k = 1, 2, . . . , 2k − 1), in which the

constant a > 1.

(1) Prove: The sequence {an} is a geometric sequence.

(2) If a = 2
2

2k−1 and a sequence {bn} satisfies 1
n log2(a1a2 · · ·an) (n =

1, 2, . . . , 2k), find the general term formula of the sequence {bn}.
(3) If the sequence {bn} in (2) above satisfies the inequality

∣∣∣∣b1 − 3

2

∣∣∣∣+
∣∣∣∣b2 − 3

2

∣∣∣∣+ · · ·+
∣∣∣∣b2k−1 − 3

2

∣∣∣∣+
∣∣∣∣b2k − 3

2

∣∣∣∣ ≤ 4,

find the value of k.

Solution. (1) First we see that a2 = 2 when n = 1, thus a2

a1
= a.

When 2 ≤ n ≤ 2k − 1,

an+1 = (a− 1)Sn + 2, an = (a− 1)Sn−1 + 2, an+1 − an = (a− 1)an,

so an+1

an
= a. In other words, the sequence {an} is a geometric sequence.
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(2) From (1) we know that an = 2an−1, so

a1a2 · · · an = 2na1+2+···+(n−1) = 2na
(n−1)n

2 = 2n+
(n−1)n
2k−1 ,

bn =
1

2

[
n+

(n− 1)n

2k − 1

]
=

n− 1

2k − 1
+ 1, n = 1, 2, . . . , 2k.

(3) Suppose that bn ≤ 3
2 , whose solution is n ≤ k+ 1

2 . Since n is a positive

integer, bn < 3
2 when n ≤ k, and bn > 3

2 when n ≥ k+1. Now, the original

expression

=

(
3

2
− b1

)
+

(
3

2
− b2

)
+ · · ·+

(
3

2
− bk

)

+

(
bk+1 − 3

2

)
+ · · ·+

(
b2k − 3

2

)

= (bk+1 + · · ·+ b2k)− (b1 + · · ·+ bk)

=

[ 1
2 (k + 2k − 1)k

2k − 1
+ k

]
−
[ 1

2 (0 + k − 1)k

2k − 1
+ k

]

=
k2

2k − 1
.

The inequality k2

2k−1 ≤ 4 is equivalent to k2−8k+4 ≤ 0, whose solution

is 4− 2
√
3 ≤ k ≤ 4 + 2

√
3.

Since k ≥ 2, the original inequality is satisfied for k = 2, 3, 4, 5, 6, 7. �

Example 4. Suppose that two sequences {xn} and {yn} satisfy x1 = x2 =1

and y1 = y2 = 2. Assume that xn+1

xn
= λ xn

xn−1
and yn+1

yn
≥ λ yn

yn−1
, where

λ is a nonzero parameter and n = 2, 3, 4, . . ..

(1) If x1, x2, and x3 constitute a geometric sequence, find the value of the

parameter λ.

(2) When λ > 0, prove: xn+1

yn+1
≤ xn

yn
(n ∈ N+).

(3) When λ > 1, prove:

x1 − y1
x2 − y2

+
x2 − y2
x3 − y3

+ · · ·+ xn − yn
xn+1 − yn+1

<
λ

λ− 1
(n ∈ N+).

Solution. (1) From the conditions x1 = x2 = 1 and x3

x2
= λx2

x1
, we have

x3 = λ. Furthermore, x4 = λ3 from x4

x3
= λx3

x2
, and x5 = λ6 from x5

x4
= λx4

x3
.
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If x1, x2, and x3 constitute a geometric sequence, then x2
3 = x1x5,

namely λ2 = λ6. Since λ �= 0, the solutions are λ = ±1.

(2) By the hypothesis, λ > 0, x1 = x2 = 1, and y1 = y2 = 2. So, xn > 0

and yn > 0. From properties of inequalities, we have

yn+1

yn
≥ λ

yn
yn−1

≥ λ2 yn−1

yn−2
≥ · · · ≥ λn−1 y2

y1
= λn−1.

On the other hand,

xn+1

xn
= λ

xn

xn−1
= λ2xn−1

xn−2
= · · · = λn−1 x2

x1
= λn−1.

Hence,

yn+1

yn
≥ λn−1 =

xn+1

xn
(n ∈ N+),

and consequently,

xn+1

yn+1
≤ xn

yn
(n ∈ N+).

(3) When λ > 1, by (2) we know that yn > xn ≥ 1 (n ∈ N+). Also

from (2), xn+1

yn+1
≤ xn

yn
(n ∈ N+). Then

yn+1 − xn+1

xn+1
≥ yn − xn

xn
,

and so

yn+1 − xn+1

yn − xn
≥ xn+1

xn
= λn−1 (n ∈ N+).

It follows that

x1 − y1
x2 − y2

+
x2 − y2
x3 − y3

+ · · ·+ xn − yn
xn+1 − yn+1

≤ 1 +
1

λ
+ · · ·+

(
1

λ

)n−1

=
1− ( 1λ)n
1− 1

λ

<
λ

λ− 1
.

�

Example 5. Let a sequence {an} (an ≥ 0) satisfy a1 = 0, a2 = 1, a3 = 9,

and S2
nSn−2 = 10S3

n−1 (n > 3), where Sn is the sum of the first n terms of

the sequence {an}. Find the expression of an (n ≥ 3).
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Solution. Since S2
nSn−2 = 10S3

n−1, we have

(
Sn

Sn−1

)2

= 10
Sn−1

Sn−2
.

Let bn = Sn

Sn−1
(n ≥ 3). Then bn = (10bn−1)

1
2 , hence

bn = 10
1
2

(
10

1
2 b

1
2
n−2

) 1
2

= 10
1
2+

1
4 b

1
4
n−2

· · ·
= 10

1
2+

1
4+···+ 1

2n−3 b
1

2n−3

3

= 10.

Thus, Sn = 10Sn−1, and so

an = 9Sn−1 = 9an−1 + 9Sn−2 = 10an−1.

Since a3 = 9, we see that an = 9 · 10n−3 (n ≥ 3). �

Example 6. Suppose that the sum of the first n terms of a sequence {an}
is Sn and a1 = 1. Assume that Sn = n(an + an−1) when n ≥ 2. Find the

value of
[
a2017

10

]
.

Solution. From the given conditions we know that S1 = 1 and S2 = 0.

When n ≥ 3, the condition Sn = n(an + an−1) together with the equal-

ities an = Sn − Sn−1 and an−1 = Sn−1 − Sn−2 imply

Sn = n(Sn − Sn−2),

that is

nSn−2 = (n− 1)Sn.

When n is an even integer, Sn = 0.

When n is an odd integer, Sn

Sn−2
= n

n−1 .

Therefore,

S2017 =
S2017

S2015

S2015

S2013
· · · S3

S1
S1 =

2017

2016

2015

2014
· · · 3

2
,

and a2017 = S2017.
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Also, since a22017 < 3
2

∏2016
i=2

i+1
i = 2017 · 3

4 = 1512 3
4 and

a22017 >

2017∏
i=2

i+ 1

i
= 1009,

we see that 30 < a2017 < 40.

Therefore,
[
a2017

10

]
= 3. �

Example 7. Let a function f(x) defined on R satisfy: f(1) = 10
3 , and for

any real numbers x and y, it is always true that

f(x)f(y) = f(x+ y) + f(x− y). (7.5)

Suppose that a sequence {an} satisfies an = 3f(n)−f(n−1) for n ∈ N+.

(1) Find a formula for the general term of the sequence {an}.
(2) Let bn = 24an

(3an−8)2 with n ∈ N+, and let Sn be the sum of the first n

terms of the sequence {bn}. Prove: Sn < 1.

Solution. (1) Letting x = 1 and y = 0 in (7.5) gives f(1)f(0) = 2f(1).

Since f(1) = 10
3 , we have f(0) = 2.

Substituting x = n and y = 1 into (7.5) ensures that

f(n)f(1) = f(n+ 1) + f(n− 1),

and consequently,

f(n+ 1) =
10

3
f(n)− f(n− 1).

Therefore,

an+1 = 3f(n+ 1)− f(n) = 9f(n)− 3f(n− 1)

= 3[3f(n)− f(n− 1)] = 3an.

On the other hand, a1 = 3f(1)− f(0), so an = 8 · 3n−1.

(2) By (1), bn = 24an

(3an−8)2 = 24·8·3n−1

(3·8·3n−1−8)2 = 3n

(3n−1)2 .
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It is easy to show that 3k − 1 ≥ 1
4 (3

k+1 − 1) is satisfied by all k ∈ N+.

Thus,

bk =
3k

(3k − 1)2
≤ 4 · 3k

(3k − 1)(3k+1 − 1)
= 2

(
1

3k − 1
− 1

3k+1 − 1

)
.

Hence,

Sn = b1 + b2 + · · ·+ bn

≤ 2

[(
1

31 − 1
− 1

32 − 1

)
+

(
1

32 − 1
− 1

33 − 1

)
+ · · ·

+

(
1

3n − 1
− 1

3n+1 − 1

)]

= 2

(
1

31 − 1
− 1

3n+1 − 1

)
= 1− 2

3n+1 − 1
< 1. �

Example 8. Suppose that a given sequence {xn} satisfies:

x1 > 0, xn+1 =
√
5xn + 2

√
x2
n + 1, n ∈ N+.

Prove: Among x1, x2, . . . , x2016, there exist at least 672 irrational num-

bers.

Proof. By the method of mathematical induction, we can show that {xn}
is a sequence of positive numbers, and

xn+1 =
√
5xn + 2

√
x2
n + 1 > xn.

From the hypothesis of the problem,

(xn+1 −
√
5xn)

2 = 4(x2
n + 1),

namely

x2
n+1 + x2

n − 2
√
5xnxn+1 = 4.

By the same token, we obtain

x2
n+2 + x2

n+1 − 2
√
5xn+1xn+2 = 4.

Subtracting the above two equalities gives

x2
n+2 − x2

n − 2
√
5xn+1(xn+2 − xn) = 0,

in other words,

(xn+2 − xn)(xn+2 + xn − 2
√
5xn+1) = 0.
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Since xn+2 − xn �= 0, it follows that xn+2 + xn − 2
√
5xn+1 = 0, that is,

xn+2 + xn

xn+1
= 2

√
5.

This shows that among the three terms xn, xn+1, and xn+2, at least one

term is an irrational number.

As a consequence, there are at least
[
2016
3

]
= 672 irrational numbers

among x1, x2, . . . , x2016. �

2. Exercises

Group A

I. Filling Problems

1. Let three positive numbers a, b, and c constitute a geometric sequence

with common ratio q �= 1 such that loga b, logb c, and logc a form an

arithmetic sequence. Then the common difference d = .

2. Group the terms of the sequence 1, 2, 3, . . . of positive integers from

the left to the right according to the following rule: The first group

has 1 · 2 numbers, the second group has 2 · 3 numbers, . . . , the

nth group has n(n+ 1) numbers, . . . . Then the number 2014 belongs

to th group.

3. Given the function f(x) = x2 cos πx
2 . Suppose that in a sequence {an},

the general term an = f(n) + f(n+1) (n ∈ N+). Then the sum S100 of

the first 100 terms of the sequence {an} is .

II. Calculation Problems

4. In an arithmetic sequence {an}, let a1 = 1 and the sum Sn of the first

n terms satisfy the condition

S2n

Sn
=

4n+ 2

n+ 1
, n = 1, 2, . . . .

(1) Find a general term formula of the sequence {an}.
(2) Denote bn = anp

an (p > 0). Find the sum Tn of the first n terms of

the sequence {bn}.
5. Let the first term a1 and the common difference d of an arithmetic

sequence {an} be both integers, and let the sum of the first n terms

be Sn.
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(1) If a11 = 0 and a14 = 98, find a general term formula of the sequence

{an}.
(2) If a1 ≥ 6, a11 > 0, and S14 ≤ 77, find general term formulas for all

possible sequences {an}.
6. Suppose that the sum of the first n terms of a sequence {an} is Sn and

the points
(
n, Sn

n

)
are all on the graph of the function y = 3x− 2.

(1) Find a general term formula of the sequence {an}.
(2) Let bn = 3

anan+1
and Tn the sum of the first n terms of the sequence

{bn}. Find the minimal positive integer m such that Tn < m
20 is

satisfied for all n ∈ N+.

7. A sequence {an} satisfies a1 = 1
2 and an+1 = a2n + an for n ∈ N+. Let

bn = 1
1+an

and

Sn = b1 + b2 + · · ·+ bn, Pn = b1b2 · · · bn.
Find the value of 2Pn + Sn.

8. Assume that a1 = 2 and the points (an, an+1) are on the graph of the

function f(x) = x2 + 2x for n = 1, 2, 3, . . ..

(1) Show that the sequence {lg(1 + an)} is a geometric sequence.

(2) Let Tn = (1+ a1)(1 + a2) · · · (1+ an). Find the general terms of the

sequences {Tn} and {an}.
(3) Denote bn = 1

an
+ 1

an+2 . Find the sum Sn of the first n terms of the

sequence {bn}, and show that

Sn +
2

3Tn − 1
= 1.

Group B

9. Let three sequences {an}, {bn}, and {cn} satisfy:

bn = an − an+2, cn = an + 2an+1 + 3an+2 (n = 1, 2, 3, . . .).

Prove: A necessary and sufficient condition for the sequence {an} to

be an arithmetic sequence is that {cn} is an arithmetic sequence and

bn ≤ bn+1 for n = 1, 2, 3, . . ..

10. Suppose that positive number sequences {xn} and {yn} satisfy the

condition: For all positive integers n,

xn+2 = xn + x2
n+1, yn+2 = y2n + yn+1,

and x1, x2, y1, and y2 are all greater than 1. Prove: There exists a

positive integer n such that xn > yn.
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11. Let a1, a2, . . . be a sequence of integers, in which there are not only

infinitely many positive integers but also infinitely many negative inte-

gers. If for each positive integer n, the n remainders of the integers

a1, a2, . . . , an divided by n are mutually different, prove: Every integer

appears just once in the sequence a1, a2, . . ..

12. For the give function f(x) = x3+3x
3x2+1 , a sequence {xn} satisfies:

x1 = 2, xn+1 = f(xn) (n ∈ N+).

Denote bn = log3
xn+1−1
xn+1+1 (n ∈ N+).

(1) Prove: The sequence {bn} is a geometric one. And find a general

term formula for the sequence {bn}.
(2) Denote cn = −nbn (n ∈ N+). Find a formula for the sum Tn of

the first n terms of the sequence {cn}.
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Chapter 8

Coordinates Systems

1. Key Points of Knowledge and Basic Methods

A. In a rectangular coordinates plane, a point with the horizontal coordi-

nate and the vertical coordinate both rational numbers (integers) is called

a rational point (integral point). Problems concerning rational points can

often be solved by reducing to problems with integral points.

B. The distance between two points P1(x1, y1) and P2(x2, y2) in a plane:

|P1P2| =
√
(x1 − x2)2 + (y1 − y2)2.

C. Coordinates of fixed proportion points

Suppose that a point P (x, y) is on the straight line that passes through two

points P1(x1, y1) and P2(x2, y2) with
−−→
P1P = λ

−−→
PP2. Then⎧⎪⎪⎨

⎪⎪⎩
x =

x1 + λx2

1 + λ
,

x =
y1 + λy2
1 + λ

.

Corollary. Three points P1(x1, y1), P2(x2, y2), and P3(x3, y3) are co-linear

(not parallel to the y-axis) if and only if

y1 − y2
x1 − x2

=
y2 − y3
x2 − x3

.

D. In a rectangular coordinates system, it is easy to get the following result

from the coordinates formula for a fixed proportion point:

75
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Theorem 1. The coordinates of the center of gravity for a triangle with

vertices A(xA, yA), B(xB , yB), and C(xC , yC) are
(
xA+xB+xC

3 , yA+yB+yC

3

)
.

This theorem can be extended to the arbitrary case of n points. That

is, the coordinates of the center of gravity Gn of n points Pi(xi, yi) (i =

1, 2, . . . , n) are
(
1

n

n∑
i=1

xi,
1

n

n∑
i=1

yi

)
.

Theorem 2. The coordinates of the inner center of a triangle with vertices

A(xA, yA), B(xB , yB), and C(xC , yC) are(
axA + bxB + cxC

a+ b+ c
,
ayA + byB + cyC
a+ b+ b+ c

)
,

where a, b, and c are the lengths of the three sides of the triangle �ABC

opposite to the three vertices A,B, and C, respectively.

Theorem 3. The coordinates of a parallelogram with successive vertices

A(xA, yA), B(xB , yB), C(xC , yC), and D(xD, yD) satisfy
{
xA + xC = xB + xD,

yA + yC = yB + yD.

Theorem 4. The directed area of �ABC can be expressed as

Δ =
1

2

∣∣∣∣∣∣∣
1 xA yA

1 xB yB

1 xC yC

∣∣∣∣∣∣∣
.

Note that in the usual sense, the area of �ABC is the absolute value of the

determinant Δ.

Corollary. If and only if

∣∣∣∣∣∣∣
1 xA yA

1 xB yB

1 xC yC

∣∣∣∣∣∣∣
= 0,

the three points A(xA, yA), B(xB , yB), and C(xC , yC) are co-linear.
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E. Basic methods

The combination of numbers and figures is an information transformation

that is full of mathematical feature, and analytic geometry reflects this

thought perfectly. By means of a perpendicular coordinates system, we

can make a correspondence between pairs (x, y) of ordered numbers and

points of the plane, so that a correspondence is established between the

equality relation f(x, y) = 0 satisfied by pairs of ordered numbers and

curves in the plane. Therefore, we can not only use algebraic methods to

study shapes, sizes, and position relations of figures, but also use properties

of figures to illustrate algebraic facts. Such mutual transformations and

organic combinations between the information of algebraic expressions and

the information of figures make us much more flexible when solving related

problems.

2. Illustrative Examples

Example 1. Suppose that in a perpendicular coordinates system xOy, the

coordinates of point A(x1, y1) and point B(x2, y2) are all positive integers

of one digit, the angle of the line segment OA and the positive direction of

the x-axis is greater than 45◦, the angle of the line segment OB and the

positive direction of the x-axis is less than 45◦, the projection of B onto

the x-axis is B′, the projection of A onto the y-axis is A′, and the area of

�OB′B is 33.5 more than the area of �OA′A. Let x1, y1, x2, and y2 form

a number a four-digit positive integer x1x2y2y1 = x110
3+x210

2+y210+y1.

Find all such four-digit numbers, and write out the solution process.

Analysis. Express the areas of �OB′B and �OA′A in terms of the coor-

dinates of the points, and then make discussions according to the feature

of the figure and properties of integers.

Solution. As shown in Figure 8.1, the area relation of�OB′B and�OA′A
implies that

x2y2 − x1y1 = 67.

Since x1 > 0 and y1 > 0, so x2y2 > 67. Also, since x2 and y2 are

positive integers of one digit, we have

x2y2 = 8 · 9 = 72

or

x2y2 = 9 · 9 = 81.
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Figure 8.1 Figure for Example 1.

The condition ∠BOB′ < 45◦ implies that x2 > y2, from which x2y2 �=
81. Thus, x2y2 = 9 · 8, namely x2 = 9 and y2 = 8. Hence, x1y1 = x2y2 −
67 = 5. Since ∠AOB′ > 45◦, so x1 < y1. Again the fact that x1 and y1 are

positive integers of one digit ensures the only possibility that x1 = 1 and

y1 = 5. Therefore,

x1x2y2y1 = 1985. �

Remark. In general, some simple knowledge of elementary number theory

is often used to deal with integral point problems.

Example 2. Pick three arbitrary points (lattice points) in a plane with

all integral coordinates. Prove: They cannot constitute the three vertices

of an equilateral triangle.

Analysis. If the three vertices of an equilateral triangle are all lattice

points, then from the determinantal expression of its area, we see that

the area of the triangle is a rational number. But the area in terms of

the three sides of the triangle is an irrational number, which leads to a

contradiction.

Proof. We use the method of contradiction. Let the coordinates of

the three vertices of an equilateral �ABC be A(x1, y1), B(x2, y2), and

C(x3, y3), where xi and yi are integers for i = 1, 2, and 3. Then from

S�ABC = the absolute value of
1

2

∣∣∣∣∣∣∣
1 x1 y1

1 x2 y2

1 x3 y3

∣∣∣∣∣∣∣
,
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we see that the area of the equilateral triangle is a rational number. On

the other hand, by

S�ABC =

√
3

4
|AB|2 =

√
3

4

[
(x2 − x1)

2 + (y2 − y1)
2
]
,

we know that the area of the equilateral triangle is an irrational number.

This gives a contradiction, so three points whose coordinates are all integers

cannot constitute an equilateral triangle. �

Example 3. Prove: There does not exist a closed broken line in a plane

with an odd number of vertices and the length of each line segment 1, such

that the coordinates of each vertex are both rational numbers.

Analysis. Suppose that such a closed broken line exists. Assume that the

coordinates of all the vertices are
(

ai

bi
, ci
di

)
, where ai

bi
and ci

di
are irreducible

fractions for i = 1, 2, . . . , 2k+1. Using the method of odd-even analysis and

a relation of the coordinates for nearby vertices, we arrive at a contradiction.

Proof. Suppose that such a closed broken line exists. Without loss of gen-

erality, assume that the origin of a coordinates system is one vertex of the

broken line, which is denoted as A0. The coordinates of the other vertices

are

A1 =

(
a1
b1

,
c1
d1

)
, . . . , An =

(
an
bn

,
cn
dn

)
,

where ai

bi
, ci
di

are both irreducible fractions. We also denote An+1 = A0.

If the two integers p and q are both odd or even, we write p ≡ q;

otherwise we write p �≡ q. In the following we use mathematical induction

to prove

bk ≡ 1, dk ≡ 1 (k = 1, 2, . . . , n),

ak + ck �≡ ak−1 + ck−1 (k = 1, 2, . . . , n, n+ 1).

When k = 1, from
(

a1

b1

)2
+
(

c1
d1

)2
= 1, we obtain

a21d
2
1

b21
= d21 − c21.

Since a1 and b1 are relatively prime, so d1 can be divided by b1, and vice

versa (that is, b1 can be divided by d1). Thus, b1 = ±d1, and consequently

b21 = d21 = a21 + c21.
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On the other hand, a1 and c1 cannot be both even (otherwise b1 is also even,

a contradiction); they cannot be both odd, since the sum of the squares of

two odd numbers can be divided by 2, but cannot be divided by 4, thus

cannot be a perfect square. It follows that

a1 �≡ c1, b1 ≡ d1 ≡ 1,

and furthermore

a1 + c1 �≡ 0 = a0 + c0.

Suppose that the conclusion is true for k = 1, 2, . . . ,m− 1 ≤ n. Let
am
bm

− am−1

bm−1
=

a

b
,

cm
dm

− cm−1

dm−1
=

c

d
,

where a
b and c

d are irreducible fractions. Since the length of each line seg-

ment is 1, so (a
b

)2
+
( c
d

)2
= 1.

Similar to the case of k = 1, we have a �≡ c and d ≡ b ≡ 1. Also, since

am
bm

=
a

b
+

am−1

bm−1
=

abm−1 + bam−1

bbm−1
,

the fraction am

bm
is irreducible. Hence, bm is a factor of bbm−1, and thus

bm ≡ 1. By the same token, we see that dm ≡ 1. Also am ≡ abm−1+bam−1

(similarly cm ≡ cdm−1 + dcm−1). Hence,

am + cm − am−1 − cm−1

≡ abm−1 + bam−1 + cdm−1 + dcm−1 − am−1 − cm−1

≡ am−1(b− 1) + abm−1 + cm−1(d− 1) + cdm−1

≡ a+ c

≡ 1.

Therefore,

am + cm �≡ am−1 + cm−1,

and this is exactly what we have wanted to prove.

As a consequence, when the number n + 1 of the vertices is odd, from

the above proof,

an+1 + cn+1 �≡ a0 + c0,

so the broken line cannot be closed. In other words, the closed broken line

desired in the problem does not exist. �
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Example 4. In a coordinates plane, a triangle with its three vertices all

integral points is called an integral point triangle. Find the number of the

integral point right triangles OAB with the point I(2015, 7 · 2015) as the

inner center and the coordinates origin O as the right angle vertex.

Solution. See Figure 8.2. Without loss of generality, assume that the point

A is in the first quadrant. Let ∠xOL = α. Then tanα = 7, and the slope

of the straight line OA is

kOA = tan
(
α− π

4

)
=

tanα− 1

1 + tanα
=

7− 1

1 + 7
=

3

4
.

Thus, kOB = − 4
3 .

Since A and B are integral points, we write A(4t1, 3t1) and B(−3t2, 4t2),

where t1 and t2 are positive integers. So, |OA| = 5t1 and |OB| = 5t2.

The radius of the inscribed circle of �OAB is

r =

√
2

2
|OI| =

√
2

2
· 5
√
2 · 2015 = 5 · 2015.

On the other hand, r = |OA|+|OB|−|AB|
2 , namely

|AB| = |OA|+ |OB| − 2r,

and then

|AB|2 = (|OA| + |OB| − 2r)2 = |OA|2 + |OB|2.
Hence,

(5t1 + 5t2 − 2 · 5 · 2015)2 = 25t21 + 25t22.

Figure 8.2 Figure for Example 4.
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In other words,

(t1 + t2 − 2 · 2015)2 = t21 + t22.

Let t1 = x+ 2015 and t2 = y + 2015. Then

(x+ y)2 = (x+ 2015)2 + (y + 2015)2,

that is xy = 2015x+ 2015y + 20152, namely

(x− 2015)(y − 2015) = 2 · 20152 = 2 · 52 · 132 · 312.
From |OA| > 2r and |OB| > 2r, we see that x− 2015 and y − 2015 are

positive integers. Also there are 2·3·3·3 = 54 positive factors of 2·52·132·312,
therefore there are 54 pairs of (x, y) that satisfy the condition.

Hence, there are 54 triangles that satisfy the given requirement. �

Example 5. Choose three points D,E, and F on the three sides BC,CA,

and AB of �ABC, respectively. Suppose that |BD|
|DC| =

|CE|
|EA| =

|AF |
|FB| . Prove:

�ABC and �DEF have the same center of gravity.

Proof. Set up a rectangular coordinates system as in Figure 8.3. Let the

coordinates of A,B, and C be A(a, b), B(0, 0), and C(c, 0). Then the for-

mula for the coordinates of the center of gravity implies that the coordinates

of the center of gravity of �ABC are G
(
a+c
3 , b

3

)
.

Let |BD|
|DC| =

|CE|
|EA| =

|AF |
|FB| = λ. The formula for the coordinates of a fixed

proportion point gives D
(

λc
1+λ , 0

)
, E
(

c+λa
1+λ , λb

1+λ

)
, and F

(
a

1+λ ,
b

1+λ

)
.

Again from the formula for the coordinates of the center of gravity, we see

that the coordinates of the center of gravity of �DEF are also G
(
a+c
3 , b

3

)
.

Therefore, �ABC and �DEF have the same center of gravity. �

Figure 8.3 Figure for Example 5.
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Remark. The method that by establishing a coordinates system in the

plane of a plane figure to solve a geometric problem via the knowledge

and methods of analytic geometry is called the analytic method (or the

method of coordinates). Whether the process of the analytic method

is complicated or simple depends on the choice of the coordinates system.

Experiences tell us: According to the feature of the geometric figure, choos-

ing one special point (such as the middle point of a line segment, center

of a circle, etc.) as the origin of a coordinates system, and a special line

(such as the symmetric axis of the figure or one side of a rectangle, etc.)

as a coordinate axis, is a technique that avoids a complicated process of

problem solving.

Example 6. Suppose that two points P and Q are on the side AB of

�ABC and a point R is on the side AC. Assume that P,Q, and R divide

the perimeter of �ABC into three equal parts, as Figure 8.4 shows. Prove:

S�PQR

S�ABC
>

2

9
.

Proof. Set up a rectangular coordinates system with A as the origin and

the straight line AB as the x-axis. Suppose that the sides of �ABC oppo-

site to ∠A,∠B, and ∠C are a, b, and c, respectively, and let the horizontal

coordinates of Q and P be q and p, respectively. Then

q − p =
1

3
(a+ b+ c),

|AR| = |PQ| − |AP | = q − 2p.

So

yR
yC

=
|AR|
|AC| =

q − 2p

b
.

Figure 8.4 Figure for Example 6.
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Since 2S�PQR = yR(q − p) and 2S�ABC = xByC , we have

S�PQR

S�ABC
=

yR(q − p)

yCxB
=

(q − p)(q − 2p)

bc
.

By noting that

p = q − 1

3
(a+ b+ c) < c− 1

3
(a+ b+ c),

we get

q − 2p >
2

3
(a+ b+ c)− c

>
2

3
(a+ b+ c)− 1

2
(a+ b+ c)

=
1

6
(a+ b+ c).

It follows that

S�PQR

S�ABC
>

2

9
· (a+ b+ c)2

4bc
>

2

9
· (b+ c)2

4bc
>

2

9
. �

Remark. The number 2
9 in this problem is the optimal value: Choose b = c

and Q the same as B. Then p → 1
3q as a → 0, and the ratio of the areas

approaches 2
9 .

Example 7. Please design a method to dye all the integral points: Every

integral point has one of the white, red, or black colors, so that

(1) the points of one fixed color appear on infinitely many straight lines

that are parallel to the horizontal axis;

(2) for any point A with the white color, point B with the red color, and

point C with the black color, a point D with the red color can always

be found such that ABCD is a parallelogram.

Prove: You can design a method satisfying the above requirement.

Analysis. Classify the integral points according to the odd-even number

structure of the coordinates. This will lead to a dying method satisfying

the condition.
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Proof. We divide all the integral points of the plane into three groups:

P = {(x, y) | (x, y) = (odd, odd)},
Q = {(x, y) | (x, y) = (even, even)},

R = {(x, y) | (x, y) = (odd, even) or (even, odd)}.
Dye all points of P with the white color, all points of Q with the black

color, and all points of R with the red color.

Obviously, this dying method satisfies condition (1), and no three points

with distinct colors are co-linear. Otherwise, suppose that white point

A(x1, y1), red point B(x2, y2), and black point C(x3, y3) are co-linear. Then

(y2 − y1)(x3 − x1) = (y3 − y1)(x2 − x1).

Since x3 − x1 and y3 − y1 are both odd numbers, y2 − y1 and x2 − x1 are

one odd and one even. Then one side of the above equality is odd and the

other side of the equality is even, which is impossible.

Suppose that the point D of the parallelogram ABCD is (x4, y4). Then{
x4 = x1 + x3 − x2,

y4 = y1 + y3 − y2.

Clearly, x4 and y4 are integers. Since x1 + x3 and y1 + y3 are both odd

numbers, while x2 and y2 are one odd and one even, thus x4 and y4 are

one odd and one even, that is D is a red point. Hence, the condition (2) is

also satisfied. �

Remark. There are simpler dying methods for this problem. For exam-

ple, Dye all integral points of the forms (0, n − 1), (0,−n) (n ∈ N+), and

(p, q) (p, q ∈ Z, and p �= 0) to the white color, black color, and red color,

respectively.

Example 8. Suppose that integers n and k satisfy n ≥ 2 and k ≥ 5
2n− 1.

Prove: For any chosen k different integral points (x, y) (1 ≤ x, y ≤ n), there

always exists a circle that passes through at least four of such points.

Proof. Assume that there are ai chosen points on the straight line y = i.

Suppose that ai ≥ 2. Let the horizontal coordinates of the ai points on

the line y = i be x1, x2, . . . , xai and satisfy x1 < x2 < · · · < xai . From

x1 + x2 < x1 + x3 < x2 + x3 < x2 + x4 < x3 + x4 < · · · < xai−1 < xai ,

we see that there are at least 2ai− 3 different values among all the sums of

two distinct terms in x1, x2, . . . , xai . This is also true for the case ai < 2.
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Since there are exactly 2n−3 different values among all the sums of two

distinct terms in 1, 2, . . . , n, and since

n∑
i=1

(2ai − 3) = 2k − 3n ≥ 5n− 2− 3n > 2n− 3,

by the drawer principle, there exist four different points

(x′
1, y1), (x

′′
1 , y1), (x

′
2, y2), (x

′′
2 , y2)

such that x′
1 + x′′

1 = x′
2 + x′′

2 and y1 �= y2.

Therefore, there exists a circle that passes through these four points. �

3. Exercises

Group A

I. Filling Problems

1. Suppose that D,E, and F are three points on the sides BC,CA, and

AB of �ABC, respectively, and |BD|
|DC| = |CE|

|EA| = |AF |
|FB| = 1

2 . Also, let

line segments BE and CF intersect at L, line segments CF and AD

intersect at M , and line segments AD and BE intersect at N . Then
S�LMN

S�ABC
equals .

2. Assume that the coordinates of the three vertices A,B, and C of �ABC

are (−1, 5), (−2,−1), and (5, 2), respectively. Choose three points P,Q,

and R in the plane, so that the middle points of the line segments

PQ,QR, and RP are C,A, and B, respectively. Then the coordinates

of P are .

3. There are given three parallel lines l1, l2, and l3 with l2 between l1 and

l3. Let the distance between l1 and l2 be a, and the distance between l2
and l3 be b. If the three vertices of an equilateral triangle ABC are on

l1, l2, and l3 respectively, then the side length of the equilateral triangle

is .

II. Calculation Problems

4. For any natural number n, connect the origin O and the point An(n, n+

3). Let f(n) represent the number of integral points on the line segment

OAn except for the end points. Find the value of f(1) + f(2) + · · · +
f(1990).
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5. Extend the sides AB and AC of �ABC to D and E so that |BD| =
|CE|. Let the middle points of BC and DE be M and N, respectively,

and let AT be the interior angular bisector of ∠A. Prove: MN ‖ AT .

6. Make eight marks on a chessboard such that each row and each column

have just one mark. Prove: The number of marks in a black check is an

even number.

7. There are two triangles ABC and A′B′C′ in the same plane. Sup-

pose that the straight lines AA′, BB′, and CC′ are mutually parallel. If

�ABC also represents its signed area with appropriate + or − signs,

and so do all other involved triangles, prove:

3(�ABC +�A′B′C′)

= �AB′C′ +�BC′A′ +�CA′B′ +�A′BC +�B′CA+�C′AB.

8. Let Q be the inner center of �ABC, |BC| = a, |CA| = b, and |AB| = c.

Prove: For any point P , it is always true that

a|PA|2 + b|PB|2 + c|PC|2

= a|QA|2 + b|QB|2 + c|QC|2 + (a+ b+ c)|QP |2.

Group B

9. As in Figure 8.5, there are two fixed points P and Q on the same side of

a fixed straight line l. Find the third point R such that |PR|+ |RQ|+
|RS| achieves the minimum value. where RS ⊥ l with S the foot of the

perpendicular.

Figure 8.5 Figure for Exercise 9.
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10. Prove: In a rectangular coordinates system, there is a set of n points,

in which there are no three points that are co-linear, and the center of

gravity of any subset of this set is an integral point.

11. In a coordinates plane, move points according to the following rule:

A known point P (x, y) can be moved to any one of the four points

PH(x, y+2x), PD(x, y−2x), PL(x−2y, y), and PR(x+2y, y), but if we

move P to Q, we cannot return to P from Q. Prove: If starting from

the point (1,
√
2), then we are never able to come back to the original

starting point.

12. Given a 100-side polygon P in a plane rectangular coordinates system

that satisfies:

(1) The coordinates of the vertices of P are all integers.

(2) All sides of P are parallel to the coordinates axes.

(3) All side lengths of P are odd numbers.

Prove: The area of P is an odd number.
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Chapter 9

Straight Lines

1. Key Points of Knowledge and Basic Methods

A. Several forms of straight line equations

(1) Point-slope form: y − y0 = k(x− x0).

(2) Slope-intercept form: y = kx+ b.

(3) Two-point form: x−x1

x2−x1
= y−y1

y2−y1
.

(4) Intercepts form: x
a + y

b = 1.

(5) General form: Ax+By + C = 0 (A and B are not both zero).

B. Normal equation of a straight line

Suppose that the distance of the origin O and a straight line l is p, the ray

OD is perpendicular to l, and the angle of the rotation from the positive half

x-axis to OD is α in the direction of counter clockwise. Then the equation

of the straight line l is

x cosα+ y sinα− p = 0.

We call the above equation the normal equation of the straight line l.

If the equation of l is given by the general form

ax+ by + c = 0 (c ≤ 0),

then its normal equation is

ax+ by + c√
a2 + b2

= 0.

89
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C. Position relation of two straight lines

(1) Suppose that the slopes of two straight lines both exist. Let the equa-

tions of the two straight lines be l1 : y = k1x + b1 and l2 : y = k2x + b2,

respectively. Then:

If and only if k1 = k2 and b1 �= b2, the two lines l1 and l2 are parallel;

if and only if k1 = k2 and b1 = b2, the two lines l1 and l2 coincide;

if and only if k1 �= k2, the two lines l1 and l2 intersect, and in particular

if and only if k1k2 = −1, the two lines l1 and l2 are perpendicular.

When two lines intersect, by solving the system of their equations, we

can find the intersection point.

(2) If the slopes of two intersecting straight lines l1 and l2 both exist, the

angle of the rotation from the straight line l1 to the straight line l2 is α in

the direction of counter clockwise, and k1k2 �= −1, then

tanα =
k2 − k1
1 + k1k2

.

Let the angle between the two straight lines be θ. Then

tan θ = | tanα| =
∣∣∣∣ k2 − k1
1 + k1k2

∣∣∣∣ .
If at least one slope of the two straight lines does not exist, then their

position relation and their angle can be written out directly from the spe-

cialty of their graphs.

When two straight lines are parallel or coincident, their angle is 0◦. The

range of the angles of two straight lines is [0, 90◦].

(3) Suppose that the general equations of the two straight lines are

l1 : A1x+B1y + C1 = 0 and l2 : A2x+B2y +C2 = 0. Then their position

relation can be reduced to the above cases for discussion, but it can also

be determined directly via the ratios of their coefficients. If A2, B2, C2 �= 0,

then

if and only if A1

A2
= B1

B2
�= C1

C2
, the two lines l1 and l2 are parallel;

if and only if A1

A2
= B1

B2
= C1

C2
, the two lines l1 and l2 coincide;

if and only if A1

A2
�= B1

B2
, the two lines l1 and l2 intersect, and in particular

if and only if A1A2 +B1B2 = 0, the two lines l1 and l2 are perpendicular.

If one of A2, B2, and C2 equals 0, then we can discuss it as a special

case.
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D. Distance of a point to a straight line

Suppose that the distance of a point P (x1, y1) to a straight line l : ax +

by + c = 0 is d. Then

d =

∣∣∣∣ax1 + by1 + c√
a2 + b2

∣∣∣∣ .
If straight lines l1 and l2 are parallel, then their equations can be

expressed as

l1 : ax+ by + c1 = 0, l2 : ax+ by + c2 = 0,

and their distance equals

d =
|c1 − c2|√
a2 + b2

.

E. Basic methods

Equations of straight lines have various forms. When solving problems,

we should consider the selection of the equation with an eye to the whole

situation. For the equation of a straight line, it is important to master the

meaning of the slope and intercepts, and to use them to determine the

equation of the straight line and judge the position relation.

2. Illustrative Examples

Example 1. Suppose that the equation of a straight line m is y = kx+ 1.

Let A and B be two points on the straight line m, whose horizontal coordi-

nates are just the two distinct negative real roots of the quadratic equation

(1− k2)x2 − 2kx− 2 = 0 of one variable x, let a straight line l pass through

the point P (−2, 0) and the middle point of the line segment AB, and let

CD be a line segment on the y-axis. Consider all possible straight lines

l that have no common point with CD. Does the maximum value of the

length of CD exist? If it does exist, find the maximum value; if it does not

exist, express your reason for the answer.

Analysis. This problem is actually to find the range of the intercept of

the straight line l on the y-axis.

Solution. Write A(x1, y1) and B(x2, y2). Then

x1 + x2 =
2k

1− k2
.
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Denote the middle point of the line segment AB by M . Then

xM =
x1 + x2

2
=

k

1− k2
, yM = kxM + 1 =

1

1− k2
.

Let the straight line l intersect the y-axis at Q(0, b). From the fact that

P (−2, 0), Q(0, b), and M =
(

k
1−k2 ,

1
1−k2

)
are co-linear, we have

b− 0

0− (−2)
=

1
1−k2 − 0
k

1−k2 − (−2)
,

thus

b =
1

−k2 + k
2 + 1

.

On the other hand, since x1 and x2 are the two distinct negative real

roots of the quadratic equation (1− k2)x2 − 2kx− 2 = 0 of x, the following

is satisfied: ⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x1 + x2 =
2k

1− k2
< 0,

x1x2 =
−2

1− k2
> 0,

Δ = 4k2 + 8(1− k2) > 0.

The solution of the above system is

1 < k <
√
2.

Therefore,

b =
1

−k2 + k
2 + 1

∈ (−∞,−(2 +
√
2)) ∪ (2,+∞).

Hence, the maximum value of the length of CD exists, and |CD|max =

4 +
√
2. �

Example 2. In a right �ABC, the altitude of the hypotenuse is AD, and

the inner centers of�ABD and�ACD areM andN , respectively. Extend

the line segment MN to intersect AB and AC at K and L, respectively.

Prove: S�ABC ≥ 2S�AKL.

Analysis. Set up a rectangular coordinates system with the straight line

containing AC as the x-axis and the straight line containing AB as the
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Figure 9.1 Figure for Example 2.

y-axis, and assume that |AC| = a and |AB| = b. Then the key step of solv-

ing the problem is calculating |AK| and |AL|, which are just the vertical

and horizontal intercepts of the straight line MN . Computing the coordi-

nates of M and N , we can find the equation of the straight line MN , thus

proving the proposition.

Proof. Establish a rectangular coordinates system with the straight line

containing AC as the x-axis and the straight line containing AB as the

y-axis, and assume that |AC| = a, |AB| = b, and |AD| = c. Then

c = ab√
a2+b2

.

Let the radii of the inscribed circles of �ACD and �ABD be r1 and

r2, respectively. Then the coordinates of N and M are N(c − r1, r1) and

M(r2, c− r2). Thus, the slope of the straight line MN is

kMN =
c− r2 − r1
r2 − c+ r1

= −1.

This indicates that �AKL is an isosceles right triangle (see Figure 9.1),

the equation of the straight line MN is y − r1 = −(x − c + r1), and the

vertical and horizontal intercepts of MN are both c. Consequently,

2S�AKL = c2 =
a2b2

a2 + b2
≤ a2b2

2ab
=

1

2
ab = S�ABC . �

Example 3. Given two points A(1, 0) and B(3, 0). Find a point P (x, y)

on the straight line l : x+ y− 5 = 0, so that the angle ∠APB between the

line segments PA and PB becomes maximal.

Solution. As Figure 9.2 shows, |AB| = 2 and P is a point on the line

l. Draw AE and BF to be perpendicular to AB, which intersect l at E
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Figure 9.2 Figure for Example 3.

and F , respectively. It is obvious to see that

∠AEB < ∠AFB

and

∠AFB =
π

4
.

When the point P does not coincide with E or F , the slopes of the

straight lines PA and PB are

kPA =
y

x− 1
, kPB =

y

x− 3
.

Let ∠APB = α, and denote tanα = R.

(1) When P is located in the upper half plane,

R =
kPB − kPA

1 + kPBkPA
=

y
x−3 − y

x−1

1 + y
x−3

y
x−1

,

after a simplification of which we have

R(x2 − 4x+ 3 + y2) = 2y. (9.1)

Substituting x = 5− y into (9.1) gives

Ry2 − (3R+ 1)y + 4R = 0.

At this time, the discriminant of the above quadratic equation

Δ = (3R+ 1)2 − 16R2 ≥ 0,

and its solution is − 1
7 ≤ R ≤ 1.

Clearly, R > 0, so Rmax = 1 and then αmax = π
4 .
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(2) When P is located in the lower half plane,

R =
kPA − kPB

1 + kPAkPB
=

y
x−1 − y

x−3

1 + y
x−1

y
x−3

,

a manipulation of which and a substitution of x = 5− y give

Ry2 − (3R− 1)y + 4R = 0.

Now,

Δ = (3R− 1)2 − 16R2 ≥ 0,

and its solution is −1 ≤ R ≤ 1
7 .

By the same reason, R > 0, so Rmax = 1
7 with αmax = arctan 1

7 .

In summary, the maximum value of ∠APB is π
4 , and the coordinates of

the point P are (3, 2). �

Remark. In fact, the solution of this problem is based on such a geometric

fact: If the angle ∠APB formed by a point P on a straight line l and two

points A and B not on the straight line l is the maximum, then the circle

ABP and the straight line l are tangent. Otherwise, the straight line l and

the circle ABP have another common point, denoted as Q. Then any point

M that is located in the line segment PQ must satisfy ∠AMB > ∠APB,

leading to a contradiction.

For the present example, it is easy to see that l intersects the straight

line AB at the point C(5, 0) and intersects the y-axis at the point D(0, 5).

By the circular power theorem, we know that

|CP |2 = |AC||BC| = 4 · 2 = 8,

hence |CP | = 2
√
2.

It follows that |CP | : |PD| = 2
3 . From the coordinates formula of a fixed

proportion point, it is easy to obtain the coordinates (3, 2) of the point P .

Example 4. If a cos θ+ b sin θ = c and a cosφ+ b sinφ = c
(
φ−θ
2 �= kπ with

k ∈ Z
)
, prove:

a

cos θ+φ
2

=
b

sin θ+φ
2

=
c

cos θ−φ
2

.

Proof. When a = b = 0, it is obviously true. For a and b not equal to 0 at

the same time, the given conditions indicate that the two different points
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A(cos θ, sin θ) and B(cosφ, sinφ) are on the straight line

ax+ by = c. (9.2)

Also the equation of the straight line determined by A and B is

(sin θ − sinφ)(x− cosφ) − (cos θ − cosφ)(y − sinφ) = 0,

in other words,

x cos
θ + φ

2
+ y sin

θ + φ

2
= cos

θ − φ

2
. (9.3)

Since two distinct points determine a straight line uniquely, the equa-

tions (9.2) and (9.3) are the same, and consequently

a

cos θ+φ
2

=
b

sin θ+φ
2

=
c

cos θ−φ
2

.
�

Remark. Associating the given equations to the equation of a straight

line, and then using the property of the coincidence relation for the straight

line to solve the problem, we have transformed an algebraic problem to a

problem of analytic geometry. We should grasp the essence of the problem

as a whole, and figure out a solution method creatively. This is a necessary

quality for the students to take part in the mathematics competition.

Example 5. Suppose that we are given a fixed point O and two fixed

straight lines l1 and l2 that are mutually perpendicular. Make two mov-

ing straight lines passing through O and forming the right angle. One of

them intersects l2 at P and the other intersects l1 at Q. Assume that the

orthogonal projection of O onto PQ is R. Find the trajectory of R (see

Figure 9.3).

Analysis. Since OR ⊥ PQ, we can write down the coordinates of R via

the normal equation of the straight line PQ. And then by using OP ⊥ OQ,

we are able to find the trajectory of R that satisfies the given condition.

Solution. Choosing O as the origin and the straight line passing through

O and parallel to l1 as the x-axis, we establish a rectangular coordinates

system. Let the equations of l1 and l2 be

y = k, (9.4)

x = h, (9.5)
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Figure 9.3 Figure for Example 5.

respectively, where k and h are known numbers. Let the normal equation

of PQ be

x cosα+ y sinα− p = 0. (9.6)

Then the coordinates of R are

x = p cosα, y = p sinα. (9.7)

From (9.4) and (9.6), the coordinates of Q are(
p− k sinα

cosα
, k

)
; (9.8)

from (9.5) and (9.6), the coordinates of P are(
h,

p− h cosα

sinα

)
. (9.9)

By OP ⊥ OQ, (9.8), and (9.9), we obtain

h(p− k sinα)

cosα
+

k(p− h cosα)

sinα
= 0,

that is,

kp cosα+ hp sinα = kh. (9.10)

Substituting (9.7) into (9.10), we find that the equation of the trajectory

of the point R is kx+ hy = kh.

This is a straight line, whose intercepts on the x-axis and the y-axis are

h and k, respectively. In other words, if we let R1 be the intersection point

of l2 with the x-axis and R2 be the intersection point of l1 with the y-axis,

then the straight line R1R2 is the required trajectory. �
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Remark. By choosing an appropriate coordinates system and selecting the

normal equation for the straight line in a flexible way, we can reduce com-

plicated computations. In addition, for problems concerning trajectories,

we should not only point out the concrete figure of the trajectory, but also

pay attention to the completeness and purity of the trajectory.

Example 6. Consider the point net consisting of all integral points of a

rectangular coordinates plane. Try to prove the following conclusions for

the straight lines of rational slopes:

(1) Such straight lines either do not pass through the lattice points of the

net or pass through infinitely many lattice points of the net;

(2) for each of such straight lines, there exists a positive number d such

that, except for possible lattice points on the straight line, there does

not exist any lattice point of the net whose distance to the straight line

is less than d.

Proof. (1) If l is a straight line with a rational slope, then its equation

can be written as ax+ by + c = 0, where a and b are integers that are not

both 0. Let (x1, y1) be a point of the straight line, and let x1 and y1 be

both integers. Since

a(x1 + kb) + b(y1 − ka) + c = ax1 + by1 + c = 0,

we know that all points of the form (x1 + kb, y1 − ka) (k = 0,±1,±2, . . .)

are on the same straight line. As a consequence, if a straight line with a

rational slope contains integral points, it must have infinitely many integral

points. Therefore, it is impossible for the line to contain only finitely many

integral points.

(2) The distance from a point (p, q) to the straight line l is

d =
|ap+ bq + c|√

a2 + b2
.

Since l has a rational slope, a and b can both be chosen to be integers. So,

ap+ bq can only take integral values. Thus, if c is also an integer, then d is

either equal to 0 or at least equal to 1√
a2+b2

. If c is not an integer, then d is

at least equal to ε√
a2+b2

, where ε is the distance of c to the nearest integer.

�

Example 7. Prove: If P1(x1, y1) and P2(x2, y2) are two points that are on

the different sides of a straight line Ax+By+C = 0, then Ax1 +By1 +C
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and Ax2 +By2 +C have different signs; if P1(x1, y1) and P2(x2, y2) are on

the same side of the straight line Ax + By + C = 0, then Ax1 + By1 + C

and Ax2 +By2 + C have the same sign.

Proof. Suppose that the straight line connecting P1 and P2 intersects the

straight line Ax + By + C = 0 at a point P (x, y). Let |P1P | : |PP2| = λ.

Then, by the coordinates formula for a fixed proportion point, x = x1+λx2

1+λ

and y = y1+λy2

1+λ . Thus,

A
x1 + λx2

1 + λ
+B

y1 + λy2
1 + λ

+ C = 0,

the solution of which is λ = −Ax1+By1+C
Ax2+By2+C .

If P1 and P2 are on the different sides of the straight line, then P is

an interior division point of P1P2, namely λ > 0. So Ax1 + By1 + C and

Ax2 +By2 + C have different signs.

Suppose that P1 and P2 are on the same side of the straight line. When

P1P2 intersects the straight line, P is an exterior division point of P1P2,

namely λ < 0. Then Ax1 + By1 + C and Ax2 + By2 + C have the same

sign. When P1P2 is parallel to the straight line, we have

A(x2 − x1) +B(y2 − y1) = 0,

and consequently Ax1 + By1 = Ax2 + By2, so Ax1 + By1 + C = Ax2 +

By2 + C, still the same sign for the both sides. �

Example 8. In a coordinates plane, we ask whether there exists a family

of infinitely many straight lines l1, l2, . . . , ln, . . . that satisfy the conditions:

(1) The point (1, 1) ∈ ln for n = 1, 2, 3, . . ..

(2) kn+1 = an − bn, where kn+1 is the slope of ln+1, and an and bn are the

intercepts of ln on the x-axis and the y-axis, respectively, n = 1, 2, 3, . . ..

(3) knkn+1 ≥ 0 with n = 1, 2, 3, . . ..

Solution. No such a family of straight lines exists to satisfy (1), (2), and

(3). Otherwise, let the equation of ln be

y − 1 = kn(x− 1).

Then the horizontal and vertical intercepts of ln are

an = 1− 1

kn
, bn = 1− kn,
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so

an − bn = kn − 1

kn
= kn+1

are all well defined for n = 1, 2, 3, . . .. Consequently,

kn �= 0, n = 1, 2, 3, . . . .

For n ≥ 1, we have

kn+1 − kn = − 1

kn
,

kn − kn−1 = − 1

kn−1
,

· · ·
k2 − k1 = − 1

k1
.

Adding all the above equalities, we get

kn+1 = k1 −
(

1

k1
+

1

k2
+ · · ·+ 1

kn

)
.

From kn �= 0 and condition (3), knkn+1 > 0, so all kn have the same sign.

If kn > 0 for n = 1, 2, 3, . . ., then from kn+1 = kn − 1
kn

< kn, we see

that 1
kn+1

> 1
kn

, hence

kn+1 = k1 −
(

1

k1
+

1

k2
+ · · ·+ 1

kn

)
< k1 − n

k1
.

It follows that kn+1 < 0 when n > k21 , a contradiction to kn+1 > 0.

If kn < 0 for n = 1, 2, 3, . . ., then the same contradiction will come by

the same reason.

Therefore, there does not exist an infinite family of straight lines satis-

fying (1), (2), and (3). �

Remark. In this problem, we transformed the research question whether a

family of straight lines exists or not to an algebraic problem that was then

investigated by using the related knowledge of sequences and their limits.

This method is widely used in analytic geometry.
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3. Exercises

Group A

I. Filling Problems

1. If point M
(
a, 1

b

)
and point N

(
b, 1

c

)
are both on the straight line l1 :

x + y = 1, then the points among P
(
1
c , b
)
and Q

(
1
a , c
)
that also lie on

l are .

2. Among all straight lines passing through the point (
√
2, 0), the number of

those that pass through two different rational points is .

3. Suppose that nonnegative real numbers x and y satisfy 3x+y = 1. Then

the minimum value of x+
√
x2 + y2 is .

4. A light ray that goes along the direction of the straight line x−y+3 = 0

is reflected by the straight line 2x−y+2 = 0 when the ray hits it. Then

the equation of the straight line that contains the reflected light ray is

.

5. Given the point A(3, 5) and the straight line l : x − 2y + 2 = 0. Let B

be a moving point on the y-axis and C a moving point on l. Then the

minimum value of the perimeter of �ABC is .

6. Let E = {(x, y) | 0 ≤ x ≤ 2, 0 ≤ y ≤ 2} and F = {(x, y) | x ≤ 10, 2 ≤
y ≤ x−4} be two point sets in a plane of rectangular coordinates. Then

the area of the point set

G =

{(
x1 + x2

2
,
y1 + y2

2

) ∣∣∣ (x1, y1) ∈ E, (x2, y2) ∈ F

}

is .

7. Suppose that real numbers x and y satisfy x ≤ y, y ≤ 6− 2x, and x ≥ 1.

Let −→a = (2x − y,m) and
−→
b = (−1, 1). If −→a ‖ −→

b , then the minimum

value of the real number m is .

II. Calculation Problems

8. Given the straight line l : y = 4x and the point R(6, 4), find a point

Q on l such that the triangle bounded by the straight lines RQ, l, and

the x-axis in the first quadrant has the minimal area.

9. In a plane rectangular coordinates system xOy, let a point set be given

as

K = {(x, y) | (|x|+ |3y| − 6)(|3x|+ |y| − 6) ≤ 0}.
Find the area of the plane region corresponding to the point set K.
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10. If (x, y) is a moving point in the region given by |x|+ |y| ≤ 1. Find the

maximum value of the function

f(x, y) = ax+ y (a > 0).

Group B

11. In�ABC, the length of the altitude AD over the side BC is |AD| = 12,

and the length of the bisector AE of ∠A is |AE| = 13. Let the length of

the median line AF of the side BC be |AF | = m. What are the value

ranges of m so that ∠A is an acute angle, right angle, or an obtuse

angle, respectively?

12. Given a circle O of radius R in a plane and a straight line a outside

the circle. Pick two points M and N on a such that the circle O′ with
diameter MN is tangent to circle O from outside. Prove: There exists

a point A in the plane such that all the angles ∠MAN are the same.
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Circles

1. Key Points of Knowledge and Basic Methods

A. Equation of a circle

Standard equation: (x−a)2+(y−b)2 = r2, where (a, b) is the center of the

circle and r (r > 0) is the radius. The general equation: x2 + y2 +Dx +

Ey+F = 0 (D2+E2− 4F > 0). The center of the circle is
(−D

2 ,−E
2

)
and

the radius is 1
2

√
D2 + E2 − 4F .

B. Tangent lines of circles

The equation of a tangent line to a circle x2 + y2 = r2 at a point P (x0, y0)

of the circle is x0x+ y0y = r2.

The equation of a tangent line to a circle (x − a)2 + (y − b)2 = r2 at a

point P (x0, y0) of the circle is (x0 − a)(x − a) + (y0 − b)(y − b) = r2.

The equation of a tangent line to a circle x2 + y2 +Dx + Ey + F = 0

at a point P (x0, y0) of the circle is x0x+ y0y +D x+x0

2 + E y+y0

2 + F = 0.

If we draw a tangent line to a circle that passes through a point P (x0, y0)

outside the circle, then:

When the equation of the circle is the standard one, the length of the

tangent line segment between P (x0, y0) and the tangent point is√
(x0 − a)2 + (y0 − b)2 − r2;

when the equation of the circle is the general one, the length of the tangent

line segment between P (x0, y0) and the tangent point is√
x2
0 + y20 +Dx0 + Ey0 + F .

103
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C. Position relations of straight lines and circles

(1) Suppose that the distance of the center of a circle C and a straight

line l is d and the radius of the circle is r. When d > r, the circle C

and the straight line l are disjoint; when d = r, the circle C and the

straight line l are tangent; when d < r, the circle C and the straight

line l intersect at two points.

(2) Put together the equations of a straight line and a circle, and elimi-

nate one variable. Then, we obtain a quadratic equation of the other

variable. If its discriminant Δ > 0, then the circle and the straight line

intersect at two points; if Δ = 0, then the circle and the straight line

are tangent; if Δ < 0, then the circle and the straight line are disjoint.

D. Position relations of two circles

Suppose that the radii of two circles are r1 and r2, respectively and the

distance of the centers of the two circles is d.

When d > r1 + r2, the two circles are exterior to each other; when

d = r1 + r2, the two circles are tangent from outside; when |r1 − r2| < d <

r1 + r2, the two circles intersect at two points; when d = |r1 − r2|, the two

circles are tangent from inside; when d < |r1 − r2|, one circle is inside the

other.

E. Basic methods

(1) The standard equation and the general equation of a circle can be

transformed to each other, and we may choose one of them according

to the actual situation, when solving problems.

(2) We should be good at transforming the problem on the position relation

of a circle and a straight line or another circle to an algebraic relation,

when solving a problem.

(3) Circles have symmetry. One can use the position relation of a chord and

the center of a circle to establish an appropriate coordinates system for

the convenience of solving problems.

2. Illustrative Examples

Example 1. Suppose that the following are given: The straight line l :

y =
√
3x + 4, a moving circle O : x2 + y2 = r2 (1 < r < 2), a rhombus

ABCD with the inner angle 60◦, the vertices A and B on the straight line
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Figure 10.1 Figure for Example 1.

l, and the vertices C and D on the circle O. When r varies, find the range

of the values for the area S of the rhombus ABCD.

Analysis. A geometric problem is always related to a figure. Draw

Figure 10.1. Assume that the distance of the opposite sides of the rhombus

is d. From the conditions and properties of a rhombus, d =
√
3
2 |CD|. Thus,

the following solution process looks natural.

Solution. Since one inner angle of the rhombus ABCD is 60◦, so �ACD

or �BCD is an equilateral triangle. Without loss of generality, assume

that �ACD is an equilateral triangle, as Figure 10.1 shows.

Since the distance of the center of the circle O to the straight line l is

2 > r, the straight line l and the circle O are disjoint.

Let the equation of the straight line CD be y =
√
3x + b. Then the

distance between the straight lines l and CD is d = |b−4|
2 .

Also the distance from the center of the circle O to the straight line CD

is |b|
2 , hence

|CD| = 2

√
r2 −

( |b|
2

)2

=
√
4r2 − b2.

Since d =
√
3
2 |CD|, we have

|b− 4|
2

=

√
3

2

√
4r2 − b2.

After a simplification we get b2 − 2b+ 4 = 3r2.
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The assumption that 1 < r < 2 implies that 3 < b2 − 2b+ 4 < 12.

The solutions are −2 < b < 1 or 1 < b < 4.

On the other hand,

S = 2S�ACD = 2 ·
√
3

4
|CD|2 = 2 ·

√
3

4

(
2√
3

)2

d2 =

√
3

6
(b− 4)2.

Since the function S =
√
3
6 (b−4)2 is monotonically increasing on (−2, 1)

and (1, 4), respectively, it follows that the range of the values for the area

S of the rhombus ABCD is
(
0, 32

√
3
)⋃ (

3
2

√
3, 6

√
3
)
. �

Example 2. As Figure 10.2 shows, in a rectangular coordinates system

xOy of a plane, two circles O1 and O2 are both tangent to a straight line

l : y = kx and the positive half x-axis. Suppose that the product of the

radii of the two circles is 2 and an intersection point of the two circles is

P (2, 2). Find the equation of the straight line l.

Solution. By the given conditions of the problem, the centers O1 and O2

of the circles are both on the angular bisector of the x-axis and the straight

line l.

Suppose that the inclination angle of the straight line l is α. Then k =

tanα. Denote t = tan α
2 . Then k = 2t

1−t2 .

Since the centers O1 and O2 of the circles are on the straight line y = tx,

we may write them as O1(m,mt) and O2(n, nt).

Since the intersection point P (2, 2) is in the first quadrant, there must

be that m > 0, n > 0, and t > 0.

Figure 10.2 Figure for Example 2.
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Thus,

the equation of the circle O1 : (x −m)2 + (y −mt)2 = (mt)2,

the equation of the circle O2 : (x− n)2 + (y − nt)2 = (nt)2.

Consequently, {
(2 −m)2 + (2 −mt)2 = (mt)2,

(2 − n)2 + (2− nt)2 = (nt)2.

In other words, {
m2 − (4 + 4t)m+ 8 = 0,

n2 − (4 + 4t)n+ 8 = 0.

Hence, m and n are the two solutions of the equation x2−(4+4t)x+8 = 0,

and so mn = 8.

Since the product of the radii of the circles is mt · nt = 2, we find that

t2 = 1
4 , thus t =

1
2 .

Hence, k = 2t
1−t2 = 1

1− 1
4

= 4
3 . As a result, the equation of the straight

line l is y = 4
3x. �

Example 3. As Figure 10.3 shows, in a rectangular coordinates system

xOy of a plane, the diagonals AC and BD of the inscribed quadrilateral

ABCD to a circle M with an equation x2 + y2 + Kx + Ey + F = 0 are

perpendicular to each other, and AC and BD are located in the x-axis and

y-axis, respectively.

(1) Prove: F < 0.

(2) If the area of the quadrilateral ABCD is 8, the length of the diagonal

AC is 2, and
−−→
AB · −−→AD = 0, find the value of K2 + E2 − 4F .

Solution. (1) Method 1: From the given conditions of the problem, the

origin O(0, 0) is the intersection point of the chords AC and BD, so they

must be inside the circle M . Consequently,

02 + 02 +K · 0 + E · 0 + F < 0,

that is, F < 0.

Method 2: By the given conditions, it is not difficult to find that the two

points A and C are on the negative half axis and the positive half axis of
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Figure 10.3 Figure for Example 3.

the x-axis, respectively. Suppose that the two points are written as A(a, 0)

and C(c, 0). Then ac < 0.

For the equation x2 + y2 +Kx+Ey + F = 0 of the circle, when y = 0,

we have x2 +Kx + F = 0, the solutions xA and xC of which are just the

horizontal coordinates of the points A and C, respectively. It follows that

xAxC = ac = F . Since ac < 0, it is true that F < 0.

(2) The area of a quadrilateral ABCD whose diagonals are perpendicular

is S = |AC||BD|
2 . Since S = 8 and |AC| = 2, we see that |BD| = 8.

Also, since
−−→
AB ·−−→AD = 0, so ∠A is a right angle. It follows from |BD| =

2r = 8 that r = 4. For any circle given by the equation x2 + y2 + Kx +

Ey + F = 0, the radius r of the circle satisfies K2

4 + E2

4 − F = r2. Hence,

K2 + E2 − 4F = 4r2 = 64. �

Example 4. As Figure 10.4 indicates, in a rectangular coordinates system

xOy of a plane, there are given two circles C1 : (x+3)2 + (y− 1)2 = 4 and

C2 : (x− 4)2 + (y − 5)2 = 4.

(1) If a straight line l passes through the point P (4, 0) and the length of

the chord formed by the intersection of the line and the circle C1 is

2
√
3. Find the equation of the line.

(2) Suppose that P is a point in the plane satisfying: There exist infinitely

many pairs of mutually perpendicular straight lines l1 and l2 passing

through P such that they intersect the circle C1 and the circle C2

respectively, and the length of the chord, which is formed from the

intersection of the straight line l1 and the circle C1, and the length of
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Figure 10.4 Figure for Example 4.

the chord, which is formed from the intersection of the straight line l2
and the circle C2, are equal. Find the coordinates of all points P that

satisfy the condition.

Analysis. If the radius of a circle is known, then the length of a chord can

be expressed in terms of the distance from the center of the circle to the

chord.

Solution. (1) Let the equation of the straight line l be y = k(x − 4),

namely kx − y − 4k = 0. From the center-chord distance theorem, we see

that the distance of the center of the circle C1 to the straight line l is

d =

√
22 −

(
2
√
3

2

)2
= 1. Combined with the point-line distance formula,

we get the equation |−3k−1−4k|√
k2+1

= 1, which can be simplified to

24k2 + 7k = 0,

whose solutions are k = 0 or k = − 7
24 .

Hence, the desired equations of the straight lines l are y = 0 or y =

− 7
24 (x− 4), that is, y = 0 or 7x+ 24y − 28 = 0.

(2) Let the coordinates of the point P be (m,n), and let the equations of

the straight lines l1 and l2 be

y − n = k(x−m), y − n = − 1

k
(x−m),

respectively. In other words, kx − y + n − km = 0 and − 1
kx − y + n +

1
km = 0.
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Since the length of the chord formed by the intersection of the straight

line l1 and the circle C1 and the length of the chord formed by the

intersection of the straight line l2 and the circle C2 are equal, and since

the two circles have the same radii, from the center-chord distance theo-

rem, the distance of the center of the circle C1 to the straight line l1 equals

the distance of the center of the circle C2 to the straight line l2. Hence,

| − 3k − 1 + n− km|√
k2 + 1

=
| − 4

k − 5 + n+ 1
km|√

1
k2 + 1

,

a simplification of which gives (2−m−n)k = m−n− 3 or (m−n+8)k =

m+ n− 5.

There are infinitely many solutions for the variable k to the above linear

equations when the coefficients and the right hand sides of the two linear

equations are both zero. This observation implies that{
2−m− n = 0,

m− n− 3 = 0,
or

{
m− n+ 8 = 0,

m+ n− 5 = 0.

Solving the above systems of equations gives that the coordinates of the

point P are
(− 3

2 ,
13
2

)
or
(
5
2 ,− 1

2

)
. �

Example 5. Suppose that the equation of a circle O is x2 + y2 = 1 and P

is a moving point outside the circle O. Draw two tangent lines to the circle

O that pass through P with tangent points A and B. Connect A and B,

and the straight line AB intersects the straight lines y = x and y = −x at

points M and N , respectively. If

5

|OM |2 +
4

|ON |2 = 10,

find the equation of the trajectory of the point P .

Solution. At the point P , draw a perpendicular line PC to the straight

line y = x with the intersection point C and a perpendicular line PD to

the straight line y = −x with the intersection point D.

It is easy to deduce that the six points P,O,A,B,C, and D lie on the

same circle.

Also, since |PA| = |PB|, so
∠ACO = ∠OAM.

Thus, �OAM ∼ �OCA and |OM | = |OA|2
|OC| = 1

|OC| .
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Similarly, |ON | = 1
|OD| . Also, since the quadrilateral PCOD is a rect-

angle, we have

5

|OM |2 +
4

|ON |2 = 5|OC|2 + 4|OD|2

= 5|PD|2 + 4|PC|2

= 5

( |x+ y|√
2

)2

+ 4

( |x− y|√
2

)2

= 10.

Simplifying the above gives

9

2
x2 +

9

2
y2 + xy = 10. (10.1)

Since AB intersects both straight lines y = x and y = −1,

(x, y) �= (1, 1), (−1,−1),

(√
5

2
,−

√
5

2

)
,

(
−
√
5

2
,

√
5

2

)
.

To summarize, the demanded trajectory equation is (10.1) with the

above four points excluded. �

Example 6. We are given a circle O : x2 + y2 = r2 (O is the origin) and a

moving straight line l that passes through a fixed point (m, 0) (m > r > 0),

which does not coincide with the x-axis and intersects the circle l at two

points P and Q (P and Q are allowed to coincide). Suppose that S is the

symmetric point of P with respect to the x-axis.

(1) Prove: The straight line SQ passes through a fixed point; and find the

coordinates of the fixed point.

(2) Find the maximum value of the area of �OSQ.

Solution. (1) By symmetry we know that if the straight line l passes

through a fixed point, then this fixed point must be on the x-axis. Suppose

that l : y = kx + m. Substituting x2 + y2 = r2 into the above equation

gives

(1 + k2)y2 + 2kmy +m2 − r2 = 0. (10.2)

Write P = P (x1, y1) and Q = Q(x2, y2). Then the coordinates of S are

(x1,−y1) and the equation of the straight line SQ is y+y1 = y2+y1

x2−x1
(x−x1).
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So by letting y = 0, we obtain that

x =
y1(x2 − x1)

y1 + y2
+ x1 =

x1y2 + x2y1
y1 + y2

=
(ky1 +m)y2 + (ky2 +m)y1

y1 + y2

=
2ky1y2
y1 + y2

+m.

By applying Vieta’s theorem to (10.2), we get x = r2

m , in other words,

SQ passes through the fixed point B =
(

r2

m , 0
)
.

(2) From (1) we know that

S�OSQ =
1

2
|OB|(|y1|+ |y2|) = 1

2
|OB||y1 + y2|

=
1

2

r2

m

∣∣∣∣ 2km

1 + k2

∣∣∣∣ = r2

|k|+ 1
|k|

.

Also the straight line l intersects the circle O at two points, so the dis-

criminant Δ = 4k2m2 − 4(1 + k2)(m2 − r2) ≥ 0 for the equation (10.2).

Thus, |k| ≥
√
m2−r2

r , and consequently when
√
m2−r2

r > 1, namely

m >
√
2r,

S�OSQ ≤ r2
√
m2−r2

r + r√
m2−r2

=
r3
√
m2 − r2

m2
;

when
√
m2−r2

r ≤ 1, namely r < m ≤ √
2r, we have S�OSQ ≤ r2

2 . �

Example 7. In a coordinates plane, a circle that passes through the origin

with r the radius is completely in the region y ≥ x4. Find the maximum

value of r.

Analysis. See Figure 10.5. From the graph of the function y = x4, we see

that the region y ≥ x4 is the shaded part of the figure.

Solution. By symmetry, to find the maximum value of r, we may assume

that the equation of the circle is

x2 + (y − r)2 = r2.

By the given condition, for any x ∈ [−r, r], there always holds that

r −√
r2 − x2 ≥ x4.
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Figure 10.5 Figure for Example 7.

Let x = r cos θ. We only need to make the discussion for 0 ≤ θ < π
2 .

So, r −√
r2 − r2 cos2 θ ≥ r4 cos4 θ is always satisfied for any θ ∈ [0, π

2

)
.

Thus, r − r sin θ ≥ r4 cos4 θ. Consequently,

r3 ≤ 1− sin θ

cos4 θ
=

1

(1− sin θ)(1 + sin θ)2
.

Note that

(1− sin θ)(1 + sin θ)2 =
1

2
(2− 2 sin θ)(1 + sin θ)(1 + sin θ) ≤ 1

2

(
4

3

)3

,

and the equality is achieved when sin θ = 1
3 . Since r3 ≤ 1

(1−sin θ)(1+sin θ)2 is

satisfied for any θ ∈ [0, π2 ], it follows that r3 ≤ 1
1
2 (

4
3 )

3 , and so r ≤ 3
4

3
√
2.

Conversely, when r = 3
4

3
√
2, it is always true that r − √

r2 − x2 ≥ x4

for any x ∈ [−r, r]. Thus, the circle x2 + (y − r)2 = r2 is completely in the

region defined by the inequality y ≥ x4.

In summary, the maximum value of r is 3
4

3
√
2. �

Example 8. In a rectangular coordinates plane, find the number of the

integral points on the circle centered as (199, 0) with 199 as its radius.

Solution. Let A(x, y) be an integral point on the circle O. The equation

of the circle O is

y2 + (x− 199)2 = 1992.

Obviously, x = 0, y = 0;x = 199, y = 199;x = 199, y = −199; and

x = 398, y = 0 are 4 groups of solutions of the equation. But y and 199

are relatively prime when y �= 0 and y �= ±199, so at this time 199, y, and
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|199−x| are an array of Pythagorean numbers. Thus, 199 can be expressed

as the square sum of two positive integers, namely 199 = m2 + n2. On the

other hand, 199 = 4 · 49 + 3, and by assuming m = 2k and n = 2l + 1, we

have

199 + 4k2 + 4l2 + 4l+ 1 = 4(k2 + l2 + l) + 1,

which contradicts the fact that 199 is a prime number of the type 4d+ 3.

Hence, there are exactly four integral points (0, 0), (199, 199), (199,−199),

and (389, 0) on the circle. This means that the number of integral points

on the circle is 4. �

3. Exercises

Group A

I. Filling Problems

1. Let two point sets in a plane be A =
{
(x, y) | (y − x)

(
y − 1

x

) ≥ 0
}
and

B = {(x, y) | (x − 1)2 + (y − 1)2 ≤ 1}. Then the area of the figure

represented by A ∩B is .

2. In a rectangular coordinates system of a plane, give the point A(0, 3)

and the straight line L : y = 2x − 4. Let the radius of a circle C be 1

with the center of the circle on the straight line L. If there exists a point

M on the circle C such that |MA| = 2|MO|, then the value range of the

horizontal coordinate of the center of the circle C is .

3. Let a and b be two real roots of an equation x2+cot θ·x−csc θ = 0. Then

the location relation between the straight line passing through the two

points A(a, a2) and B(b, b2) and the circle x2+y2 = 1 is .

4. If there are two and only two points on a circle (x− 3)2 + (y + 5)2 = r2

that have the distance 1 to the straight line 4x− 3y = 2, then the range

of the values for the radius of the circles is .

5. Draw two tangent lines from the point M(3, 2) to the circle x2 + y2 = 3

with two tangent points A and B. Then the length of the minor arc with

A and B as the end points is .

6. The equation of the trajectory for the middle point of a chord AB to

a circle x2 + y2 = r2 with ∠ACB = 90◦ at a fixed point C(c, 0) (|c| <√
2|r|) is .
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II. Calculation Problems

7. A light ray l starting from the point A(−3, 3) reaches the x-axis and

then is reflected by it. Suppose that the straight line that contains the

reflected light ray is tangent to the circle x2+y2−4x−4y+7 = 0. Find

the equation of the straight line that contains the light ray l.

8. Let a circle satisfy:

(1) The length of the chord formed by its intersection with the y-axis

is 2;

(2) it is divided into two arcs by the x-axis such that the ratio of the

arc lengths is 3 : 1.

Among all the circles satisfying the above conditions, find the equation

of the circle such that the distance of its center to the straight line

l : x− 2y = 0 is minimal.

9. Suppose that the straight line x+ 2y− 3 = 0 and a circle x2 + y2 + x−
6y + F = 0 intersect at points P and Q. Let O be the origin. For what

values of F is OP ⊥ OQ valid?

Group B

10. Let O be the origin of the x-y coordinates. Suppose that a straight line

passing through the point O intersects the circles C1 : x2 + y2 + 2x +

2y = 0 and C2 : x2 + y2 − 4x + 2y = 0 at points Q and P respec-

tively, excluding the point O. Find the equation for the trajectory of

the middle point of PQ.

11. In a rectangular coordinates system of a plane, a circle centered at a

point C
(
t, 2

t

)
passes through the coordinates origin O and intersects

the x-axis and y-axis at points A and B that are different from the

origin O.

(1) Prove: The area S of �AOB is of fixed value.

(2) Let the straight line l : y = −2x + 4 intersect the circle C at two

different points M and N with |OM | = |ON |. Find the standard

equation of the circle C.

12. There is a typhoon on the sea near some beach city. The current cen-

ter of typhoon is located at P on the sea in the south-east direction
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with angle θ
(
θ = arctan

√
2

10

)
and has a 300 km distance to the city O

(see Figure 10.6). It moves along the north-west direction with angle

45◦ in the speed of 20 km per hour. The current radius of the circular

region influenced by the typhoon is 60 km, which is increasing at the

rate of 10 km per hour. How many hours later will the city be hit by

the typhoon?

Coa
stl

ine

North

East

Figure 10.6 Figure for Exercise 12.



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch11 page 117

Chapter 11

Ellipses

1. Key Points of Knowledge and Basic Methods

A. Standard equation and properties of ellipses

Standard equation of an ellipse with the foci on the x-axis: Let the foci be

F1(−c, 0) and F2(c, 0) (c > 0), the length of the major axis be 2a, and the

length of the minor axis be 2b (a > b). Then the standard equation of the

ellipse is

x2

a2
+

y2

b2
= 1, (11.1)

where a2 = b2+ c2. The ranges of x and y are −a ≤ x ≤ a and −b ≤ y ≤ b,

respectively; the symmetric axes are x-axis and y-axis; the vertices are

(−a, 0), (a, 0), (0,−b), and (0, b).

The equations of the directrices are x = ±a2

c .

The eccentricity e = c
a < 1.

Similarly, one can write down the standard equation and the equations

of the directrices for an ellipse whose foci are on the y-axis, and the corre-

sponding properties.

B. Second definition of ellipses (foci-directrix definition)

and focal radii

The trajectory of a point satisfying the following property is an ellipse:

The ratio of the distance of the point to a fixed point (focus) and the

distance of the point to a fixed straight line (directrix) is a positive constant

(eccentricity) e < 1.

117
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Suppose that P (x0, y0) is a point on the ellipse (11.1). Then the left

focal radius |PF1| = a+ ex0 and the right focal radius |PF2| = a− ex0.

C. Optical properties of ellipses

Light rays emitted from a focus of an ellipse will go to the destination of

the other focus after the refection from the ellipse.

D. Chord length formula of conic sections

and midpoint of a chord

Substitute the equation y = kx + m of a straight line into the equation

f(x, y) = 0 of a conic section, and eliminate y (or x), resulting in a quadratic

equation. If the straight line intersects the conic section at two points, then

the discriminant of the quadratic equation is greater than 0. Suppose that

the two intersection points are A(x1, y1) and B(x2, y2). Then by Vieta’s

theorem we can calculate out that

|AB| =
√
1 + k2

√
(x1 + x2)2 − 4x1x2

=

√
1 +

1

k2

√
(y1 + y2)2 − 4y1y2.

Let the middle point of a chord AB be M(x0, y0). Then x0 = x1+x2

2

and y0 = y1+y2

2 .

In particular, the length of a focal chord of the ellipse (11.1), whose

inclination angle is α, is |AB| = 2ab2

b2+c2 sin2 α
.

E. Equation of the straight line containing a midpoint

chord of a conic section

Let M(x0, y0) be the middle point of a chord PQ of a conic section Ax2 +

Cy2 +Dx+ Ey + F = 0. Suppose that the slope of PQ is k. Then

k = −2Ax0 +D

2Cy0 + E
.

The equation of the straight line PQ is y − y0 = − 2Ax0+D
2Cy0+E (x− x0).

F. Tangent lines and chords at contact of conic sections

(1) Suppose that P (x′, y′) is a point on a conic section L : Ax2 + Cy2 +

Dx+ Ey + F = 0. Then the equation of the tangent line to the curve
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L at the point P is

Ax′x+ Cy′y +D
x′ + x

2
+ E

y′ + y

2
+ F = 0.

(2) Suppose that P (x′, y′) is a point that is in the region of a conic section

L : Ax2+Cy2+Dx+Ey+F = 0 that does not contain a focus (or the

center of a circle). Then two tangent lines can be drawn to the curve

L, which pass through the point P . Let their tangent points be Q and

R. Then the equation of QR is

Ax′x+ Cy′y +D
x′ + x

2
+ E

y′ + y

2
+ F = 0.

(3) Suppose that P (x′, y′) is a point that is in the region of a conic section

L : Ax2+Cy2+Dx+Ey+F = 0 that contains a focus (or the center of

a circle), and a straight line that passes through the point P intersects

the curve L at two points Q and R. The two tangent lines to the curve

L at the two points Q and R intersect at a point G. Then the trajectory

of the point G is the straight line

Ax′x+ Cy′y +D
x′ + x

2
+ E

y′ + y

2
+ F = 0.

Here, we avoid introducing the concepts of poles and polar lines of conic

sections.

G. Basic methods

When solving problems related to straight lines and conic sections, one

often puts together the equation of the straight line and the equation of the

conic section as a system, and then solve the system via algebraic methods.

Every point in the items D, E, F, G above is applicable to circles, ellipses,

hyperbolas, and parabolas.

2. Illustrative Examples

Example 1. As Figure 11.1 shows, A and B are the two vertices of an

ellipse x2

a2 + y2

b2 = 1 (a > b > 0) along the x-axis, and P is a point on the

ellipse that is different from A and B. Draw two lines l1 and l2 that are

perpendicular to PA and PB, respectively. Suppose that l1 and l2 intersect

at a point M . When the moving point P moves along the ellipse, find the

equation of the trajectory of the point M .
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Figure 11.1 Figure 1 for Example 1.

Figure 11.2 Figure 2 for Example 1.

Analysis. Since l1 ⊥ PA and l2 ⊥ PB, from the symmetry of the ellipse,

we see that the four points A,P,B, and M are on a circle, and the center

of the circle is the intersection point of the y-axis and PM .

Solution. By the given condition, A,P,B, and M are on a circle, and

the center N of the circle is on the y-axis, the perpendicular bisector of

the chord AB, so we assume that the coordinates of N are N(0, t), as

Figure 11.2 shows. Let the coordinates of the points P and M be P (x0, y0)

and M(x, y). Since N is the middle point of the diameter PM , so

x0 = −x, y + y0 = 2t,

and thus y0 = y − 2t.
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Since the point P is on the ellipse,

x2
0

a2
+

y20
b2

= 1,

and consequently

x2

a2
+

(2t− y)2

b2
= 1. (11.2)

Also, the fact that |NA| = |NM | implies

t2 + a2 = (t− y)2 + x2,

hence

t =
x2 + y2 − a2

2y
. (11.3)

From (11.2) and (11.3),

x2

a2
+

(
x2 − a2

by

)2

= 1,

in other words,

x2 − a2

a2
+

(x2 − a2)2

(by)2
= 0. (11.4)

Since |x| = |x0| < a, we have x2 − a2 �= 0, so by (11.4),

1

a2
+

x2 − a2

b2y2
= 0,

namely

y2

a2
+

x2

b2
=

a2

b2
,

or in the standard form

x2

a2
+

y2(
a2

b

)2 = 1 (|x| < a).

Therefore, the trajectory sought is an ellipse (excluding its two inter-

section points (±a, 0) with the x-axis). �

Example 2. As Figure 11.3 indicates, the left focus of the ellipse

E : x2

9 + y2

5 = 1 is F1, a straight line l that passes through F1 intersects

the ellipse E at two points A and B, and the coordinates of a point Q

are
(− 9

2 , 0
)
. If

−−→
QB ⊥ −−→

AB, find the slopes of all possible straight lines l.
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Figure 11.3 Figure for Example 2.

Solution. Let the right focus of the ellipse be F2 and the inclination angle

of the straight line l be ∠F2F1A = θ. Then ∠F2F1B = π − θ. Also let

|BF1| = t. Then by the given condition and the definition of ellipses,

|BF2| = 6− t.

In �F1BF2, by the law of cosines,

|BF2|2 = |BF1|2 + |F1F2|2 − 2|BF1||F1F2| cos(π − θ),

that is

(6− t)2 = t2 + 42 + 8t cos θ,

the solution of which is

t =
5

3 + 2 cos θ
.

In the right �QBF1, we have t = |BF1| = |QF1| cos θ = 5
2 cos θ.

It follows that

5

3 + 2 cos θ
=

5

2
cos θ,

namely 2 cos2 θ + 3 cos θ − 2 = 0, that is,

(2 cos θ − 1)(cos θ + 2) = 0.

Since cos θ + 2 > 0, we must have 2 cos θ − 1 = 0. Thus, cos θ = 1
2 , and

so θ = π
3 .

By the symmetry of the ellipse, the slopes of the straight line l are

±√
3. �



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch11 page 123

11. Ellipses 123

Remark. Using the definition of conic sections and features of the corre-

sponding figures can establish more directly the relation between the known

and the unknown, avoid complicated manipulations and make things sim-

pler, and sometimes prevent from possible mistakes in solving problems.

In the current example, if we use the polar coordinates equation of

the ellipse, it may be more convenient to make the statements; if we use

the parametric equations of the ellipse, it may be much simpler to solve the

problem.

Example 3. Suppose that the left and right foci of an ellipse C : x2

a2 +
y2

b2 = 1 (a > b > 0) are F1 and F2, respectively, the eccentricity is e, the

straight line l : y = ex+ a intersects the x-axis and the y-axis at A and B,

respectively, and P is the symmetric point of the point F1 with respect to

the straight line l. Assume that
−−→
AM = λ

−−→
AB.

(1) Prove: λ = 1− e2.

(2) Determine the value of λ such that �PF1F2 is an isosceles triangle.

Analysis. Combine the equations of l and C to find the common point

M , and prove the conclusion of (1) from
−−→
AM = λ

−−→
AB; a condition to make

�PF1F2 an isosceles triangle is 1
2 |PF1| = c.

Solution. (1) Since A and B are the intersection points of the straight line

l : y = ex+a with the x-axis and the y-axis respectively, so the coordinates

of A and B are
(−a

e , 0
)
and (0, a), respectively. From⎧⎨

⎩
y = ex+ a,

x2

a2
+

y2

b2
= 1,

we have x = −c and y = b2

a (in which c =
√
a2 − b2). Thus, the coor-

dinates of the point M are
(
−c, b2

a

)
. It follows from

−−→
AM = λ

−−→
AB that(

−c+ a
e ,

b2

a

)
= λ

(
a
e , a
)
, hence λ = 1− e2.

(2) Since PF1 ⊥ l, so ∠PF1F2 = 90◦ + ∠BAF1 is an obtuse angle. For

�PF1F2 to be an isosceles triangle, it is necessary that |PF1| = |F1F2|,
namely 1

2 |PF1| = c.

Let the distance from F1 to l be d. By 1
2 |PF1| = d = |e(−c)+0+a|

1+e2 =
a−ce
1+e2 = c, we obtain e2 = 1

3 . Thus, λ = 1− e2 = 2
3 .

That is, �PF1F2 is an isosceles triangle when λ = 2
3 . �
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Figure 11.4 Figure for Example 4.

Example 4. As Figure 11.4 shows, let A and B be the left and right

vertices respectively of an ellipse x2

r2 + y2 = 1 (r > 0), and PA ⊥ AB and

MB ⊥ AB. Draw a tangent line to the ellipse that passes through the

point P with the tangent point F different from A, and draw a tangent line

to the ellipse that passes through the point M with the tangent point E

different from B. Assume that AE and BF intersect at a point C. Prove:

The three points P,C, and M are co-linear.

Proof. It is easy to see that the coordinates of A and B are A(−r, 0) and

B(r, 0). Let the coordinates of P and M be P (−r, t) and M(r, s). Then

the equation of the chord at contact at the point M with respect to the

ellipse is x
r + sy = 1.

Substituting the above into the equation of the ellipse in the problem

and after a manipulation, we get

(1 + s2)y2 − 2sy = 0.

It follows that

yE =
2s

1 + s2
.

Now, xE = r
(
1− s 2s

1+s2

)
= 1−s2

1+s2 r.

Thus, the coordinates of E are E
(

1−s2

1+s2 r,
2s

1+s2

)
.

Similarly, the coordinates of F are F
(

t2−1
1+t2 r,

2t
1+t2

)
.

From kAE =
2s

1+s2

1−s2

1+s2
r+r

= s
r , we know that

lAE : y =
s

r
(x+ r). (11.5)
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Similarly,

lBF : y = − t

r
(x− r). (11.6)

Eliminating y from (11.5) and (11.6), we obtain xC = t−s
t+s r.

Consequently, yC = s
r

(
t−s
t+sr + r

)
= 2ts

t+s .

Hence, the coordinates of C are C
(

t−s
t+sr,

2ts
t+s

)
.

As a result, yC−yM

xC−xM
= s−t

2r and yC−yP

xC−xP
= s−t

2r , from which the three

points P,C, and M are co-linear. �

Example 5. Let a point O be the center of an ellipse, and let A be an

arbitrary point on the ellipse that is different from any of its vertices. Draw

a perpendicular line to the major axis of the ellipse at the point A with

M the foot of the perpendicular. Connect A and O and extend AO to

intersect the ellipse at another point B, and connect B and M and extend

BM to intersect the ellipse at a point C. Does there exist an ellipse such

that BA ⊥ CA?

Solution. Choose the center of the ellipse as the origin, the major axis

of the ellipse as the x-axis, thus establishing a coordinates system. Let

the equation of the ellipse be x2

a2 + y2

b2 = 1. If a2 = 2b2, then necessarily

BA ⊥ CA.

Let the coordinates of A and C be A(x0, y0) and C(x1, y1). The condi-

tions of the problem imply that the coordinates of M and B are M(x0, 0)

and B(−x0,−y0). Substituting the above into the equation of the ellipse

and simplifying the resulting expression, we obtain

(a2k2 + b2)x2 − 2a2k2x0x+ a2k2x2
0 − a2k2 = 0.

By Vieta’s theorem,

x1 − x0 =
2a2k2x0

a2k2 + b2
.

Thus, from the equation y = k(x− x0) of the straight line BC, we get

y1 = k(x− x0) = k
2a2k2x0

a2k2 + b2
=

2a2k3x0

a2k2 + b2
.

Again from the conditions of the problem, the slope of the straight line

AB is

kAB =
y0
x0

,



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch11 page 126

126 Problems and Solutions in Mathematical Olympiad: High School 2

and the slope of the straight line AC is

kAC =
y1 − y0
x1 − x0

=
2a2k3x0

a2k2+b2 − y0
2a2k2x0

a2k2+b2

.

The requirement BA ⊥ CA implies kABkAC = −1, and by noticing that

k = y0

2x0
, a manipulation gives the condition a2 = 2b2 for the existence of

the demanded ellipse. �

Example 6. As in Figure 11.5, an ellipse with its center as the origin,

the foci on the x-axis, and the eccentricity
√
3
2 passes through the point(√

2,
√
2
2

)
. Suppose that a straight line l that does not pass through the

origin intersects the ellipse at two points P and Q, and the slopes of

the straight lines OP,PQ, and OQ constitute a geometric sequence. Find

the range of the values for the area of �OPQ.

Solution. By the condition of the problem, let the equation of the ellipse

be

x2

a2
+

y2

b2
= 1 (a > b > 1).

From c
a =

√
3
2 and 2

a2 + 1
2b2 = 1, we have a = 2 and b = 1.

Thus, the equation of the ellipse is x2

4 + y2 = 1.

The hypothesis of the problem guarantees that the slope of the straight

line l exists and is not equal to 0, so we may assume that the equation of

the straight line l is y = kx + m (m �= 0). The two points P (x1, y1) and

Figure 11.5 Figure for Example 6.
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Q(x2, y2) satisfy {
y = kx+m,

x2 + 4y2 − 4 = 0.

Eliminating y gives (1 + 4k2)x2 + 8kmx+ 4(m2 − 1) = 0. Its discriminant

Δ = 64k2m2 − 16(1 + 4k2)(m2 − 1) = 16(4k2 −m2 + 1) > 0.

Also, x1 + x2 = −8km
1+4k2 , x1x2 = 4(m2−1)

1+4k2 , and

y1y2 = (kx1 +m)(kx2 +m) = k2x1x2 + km(x1 + x2) +m2.

Since the slopes of the straight lines OP,PQ, and OQ constitute a

geometric sequence, so

y1
x1

y2
x2

=
k2x1x2 + km(x1 + x2) +m2

x1x2
= k2,

namely −8k2m2

1+4k2 +m2 = 0. Since m �= 0, we have k2 = 1
4 , that is k = ± 1

2 .

Since the slope of the straight line OQ exists and is nonzero, and since

Δ > 0, we find that 0 < m2 < 2 and m2 �= 1.

Let d be the distance of the point O to the straight line l. Then

S�OPQ =
1

2
d|PQ| = 1

2
− |m|√

1 + k2

√
1 + k2|x1 − x2|

=
1

2
|m|
√
(x1 + x2)2 − 4x1x2 =

√
m2(2 −m2),

so the range of the values for the area of �OPQ is (0, 1). �

Example 7. Draw two perpendicular chords AB and CD of the ellipse
x2

5 + y2

4 = 1 that pass through the right focus F . Suppose that the middle

points of AB and CD are M and N , respectively.

(1) Prove: The straight line MN must pass through a fixed point, and find

the fixed point.

(2) If the slopes of AB and CD both exist, find the maximum value of the

area of �FMN .

Solution. (1) The condition of the problem implies that the coordinates

of the focus F are F (1, 0).
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(i) When the slopes of the chords AB and CD both exist, suppose that

the slope of AB is k and the slope of CD is − 1
k .

Assume that the equation of lAB is y = k(x − 1). Substituting it into

the equation x2

5 + y2

4 = 1 of the ellipse gives

(5k2 + 4)x2 − 10k2x+ 5k2 − 20 = 0.

Consequently,

xM =
xA + xB

2
=

5k2

5k2 + 4
,

yM = k(xM − 1) =
−4k

5k2 + 4
.

Hence, the coordinates of M are M
(

5k2

5k2+4 ,
−4k

5k2+4

)
.

Since CD ⊥ AB, after replacing k with − 1
k in the coordinates of the

point M , we obtain the point

N

(
5

4k2 + 5
,

4k

4k2 + 5

)
.

When k �= ±1,

kMN =
4k

4k2+5 + 4k
5k2+4

5
4k2+5 − 5k2

5k2+4

=
36k(k2 + 1)

20− 20k4
=

−9k

5k2 − 5
,

and at this time the equation of lMN is

y − 4k

4k2 + 5
=

−9k

5k2 − 5

(
x− 5

4k2 + 5

)
,

namely

y =
−9k

5k2 − 5

(
x− 5

9

)
.

Hence, the straight line lMN passes through the fixed point
(
5
9 , 0
)
.

When k = ±1, it is easy to obtain the equation x = 5
9 of lMN , which

also passes through the same fixed point
(
5
9 , 0
)
.

(ii) When the slope of the chord AB or the slope of the chord CD does

not exist, it is easy to see that the straight line MN is the x-axis, which

also passes through the fixed point
(
5
9 , 0
)
.
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To summarize, the straight line MN passes through the fixed point

E
(
5
9 , 0
)
.

(2) From (1), we know that the area of �FMN is

S =
1

2
|EF ||yM − yN |

=
2

9

∣∣∣∣ −4k

5k2 + 4
− 4k

4k2 + 5

∣∣∣∣
=

∣∣∣∣ 8k(k2 + 1)

(5k2 + 4)(4k2 + 5)

∣∣∣∣.
Without loss of generality, assume that k > 0. Then

S′ =
8(−20k6 − 19k4 + 19k2 + 20

(5k2 + 4)2(4k2 + 5)2

=
−8(20k4 + 39k2 + 20)(k2 − 1)

(5k2 + 4)2(4k2 + 5)2
.

Setting S′ = 0 gives k = 1.

We see that S′ > 0 when k ∈ (0, 1) and S′ < 0 when k ∈ (1,∞). It

follows that S has the maximum value 16
81 when k = 1.

Therefore, the maximum value of the area of �FMN is 16
81 . �

Example 8. For a given ellipse C1 : x2

a2 +
y2

b2 = 1, a straight line l that does

not pass through the origin intersects the ellipse at two points A and B.

(1) Find the maximum value of the area S�OAB for �OAB.

(2) Does there exist an ellipse C2 such that for each tangent line to C2

intersecting the ellipse C1 at two points A and B, the area S�OAB

of �OAB always equals the maximum value obtained from (1)? If it

exists, find the ellipse; otherwise, give your reason.

Solution. (1) Suppose that the slope of the straight line l exists. Let the

equation of l be y = kx+m. By substituting y = kx+m into the equation

of the ellipse, we obtain

(a2k2 + b2)x2 + 2a2kmx+ a2m2 − a2b2 = 0.

Suppose that the points A and B are A(x1, y1) and B(x2, y2). Then

x1 + x2 = − 2a2km

a2k2 + b2
, x1x2 =

a2m2 − a2b2

a2k2 + b2
.
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Consequently,

|AB| =
√
(x2 − x1)2 + (y2 − y1)2

=
√
1 + k2

√
(x2 + x1)2 − 4x1x2

=
√
1 + k2

2ab

a2k2 + b2

√
a2k2 + b2 −m2.

Let the height of �OAB with respect to the side AB be h. Then

h =
|m|√
1 + k2

.

Thus, the area of �OAB is

S�OAB =
1

2
|AB|h =

ab|m|
a2k2 + b2

√
a2k2 + b2 −m2.

Fix k. Then

S�OAB =
ab|m|

a2k2 + b2

√
a2k2 + b2 −m2 ≤ ab

2
.

It follows that for any k, there holds that S�OAB ≤ ab
2 , and the equality is

satisfied if and only if a2k2 + b2 = 2m2.

If the slope of the straight line l does not exist, then let x = m. It is

easy to show that S�OAB ≤ ab
2 , and the equality is satisfied if and only if

a2 = 2m2.

Therefore, the maximum value of the area of �OAB is ab
2 .

(2) There exists an ellipse C2 : x2

a2 + y2

b2 = 1
2 , and any tangent line to this

ellipse intersects the ellipse C1 : x2

a2 + y2

b2 = 1 at two points A and B with

the property that S�OAB = ab
2 .

In fact, suppose that an ellipse that satisfies the requirement is x2

a2 +
y2

b2 =

λ with some λ ∈ (0, 1). Then the equation of a tangent line to the ellipse

at any point (x0, y0) on it has the format of

x0x

a2
+

y0y

b2
= λ.

Since 0 < λ < 1, it is easy to see that the tangent line intersects the ellipse

C1 : x2

a2 + y2

b2 = 1 at two points A and B.

If y0 = 0, then x0 = ±a
√
λ. From the equation of the tangent line, we

see that x = λa2

x0
= ±a

√
λ. By (1), the necessary and sufficient condition

for S�OAB = ab
2 is a2 = 2(

√
λa)2 = 2λa2, that is, λ = 1

2 .
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In the following, we show that if y0 �= 0, it is still true that S�OAB = ab
2

when λ = 1
2 . This time, the equation of the tangent line at any point

(x0, y0) of the ellipse x2

a2 + y2

b2 = 1
2 is

y = − b2x0

a2y0
x+

b2

2y0
.

Let k = − b2x0

a2y0
and m = b2

2y0
. Then

a2k2 + b2 = a2
(
− b2x0

a2y0

)2

+ b2 = b2
(
1 +

b2x2
0

a2y20

)
.

Since
x2
0

a2 +
y2
0

b2 = 1
2 , we have

a2k2 + b2 = a2
(
− b2x0

a2y0

)2

+ b2

= b2
(
1 +

b2x2
0

a2y20

)

=
b4

2y20
= 2m2.

By (1), we obtain that S�OAB = ab
2 .

In summary, there exists an ellipse C2 : x2

a2 + y2

b2 = 1
2 , and any tangent

line to this ellipse intersects the ellipse C1 : x2

a2 + y2

b2 = 1 at two points A

and B with S�OAB being ab
2 exactly. �

3. Exercises

Group A

I. Filling Problems

1. Let P be a point on the ellipse x2

4 + y2

3 = 1, and let k = |PF1||PF2|
(F1 and F2 are the two foci of the ellipse). Then the difference of the

maximum value and the minimum value of k is .

2. Suppose that an ellipse x2

a2 + y2

b2 = 1 (a > b > 0) and the circle

x2 + y2 =
(
b
2 + c

)2
(c is the half focal distance) have four different

intersection points. Then the value range for the eccentricity e of the

ellipse is .

3. In an ellipse x2

a2 + y2

b2 = 1 (a > b > 0), denote the left focus by F , the

right vertex by A, and the upper end point of the minor axis by B. If the

eccentricity of the ellipse is e =
√
5−1
2 , then ∠ABF = .
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4. Given an ellipse x2

a2 + y2

b2 = 1 (a > b > 0). Draw a chord AB passing

through the center O. Let F be the right focus of the ellipse. Then the

maximum value of the area of �ABF is .

II. Calculation Problems

5. As Figure 11.6 shows, a circle centered at the origin O with radius R

intersects the positive half y-axis at a point B. There is now a moving

ellipse (the major axis and minor axis vary, but the x-axis and y-axis

are always the symmetric ones) that intersects the circle O at A in the

first quadrant, and the straight line BA intersects the x-axis at a point

D. Prove: The product |BA||BD| is of fixed value.

Figure 11.6 Figure for Exercise 5.

6. Let the two end points of the major axis of an ellipse x2

a2 + y2

b2 = 1 (a >

b > 0) be A and B. If there exists a point P such that ∠APB = 2π
3 ,

find the value range for the eccentricity of the ellipse.

7. Prove: Let P be a moving point on an ellipse x2

a2 + y2

b2 = 1 (a > b > 0)

that is not a vertex, O be the center of the ellipse, and F be the right

focus of the ellipse. A tangent line l to the ellipse at a point M on the

second quadrant part of the ellipse is parallel to OP , and MF intersects

OP at a point N . Then |MN | = a.

8. Let the equation of an ellipse be x2

a2 + y2

b2 = 1 (a > b > 0). A line

segment PQ is a focal chord passing through the left focus F but not

perpendicular to the x-axis. If there exists a point R on the left directrix

such that �PQR is an equilateral triangle, find the value range for the

eccentricity of the ellipse, and express the slope of the straight line PQ

in terms of e.
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Group B

9. A bird’s view of the Stadium “Bird’s Nest” for the 2008 Beijing Olympic

Games is shown in Figure 11.7. The inner and outer steel skeletons are

ellipses of the same eccentricity. From the outer vertices, draw tangent

lines to the inner ellipse. If the product of the slopes of the tangent

lines AC and BD is − 9
16 , find the eccentricity of the ellipses.

Figure 11.7 Figure for Example 9.

10. Suppose that the left vertex of an ellipse C : x2

a2 + y2

b2 = 1 (a > b > 0)

is A(−a, 0), two points M and N are on the ellipse, and MA ⊥ NA.

Does the straight line MN pass through a fixed point? If so, give the

coordinates of this point; if not so, express your reason.

11. We are given the circle C1 : x2 + y2 = 1 and an ellipse C2 : x2

a2 + y2

b2 =

1 (a > b > 0). Question: If and only if what conditions do a and b

satisfy for any point P on C2, there always exists a parallelogram that

has P as a vertex, is tangent to the circle C1, and is inscribed into the

ellipse C2?

12. Let E be a given ellipse x2

a2 + y2

b2 = 1 (a > b > 0), and let Ad be the

set of all straight lines with distance d to the origin. Does there exist

a constant d (0 < d < b) such that for any l ∈ Ad, there always are

l1, l2 ∈ Ad with the property that l1 and l2 pass through two intersection

points P and Q of l and the ellipse E, respectively, and l1 ‖ l2? Give

your reason.
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Chapter 12

Hyperbolas

1. Key Points of Knowledge and Basic Methods

A. Standard equation and properties of hyperbolas

Standard equation of a hyperbola with the foci on the x-axis: Let the foci

be F1(−c, 0) and F2(c, 0) (c > 0), the length of the real axis be 2a, and the

length of the imaginary axis be 2b (a > b). Then the standard equation of

the hyperbola is

x2

a2
− y2

b2
= 1, (12.1)

where c2 = a2+ b2. The range of x is x ≤ −a or x ≥ a; the symmetric axes

are the x-axis and the y-axis; the vertices are (−a, 0) and (a, 0).

The equations of the directrices are x = ±a2

c .

The equations of the asymptotes are y = ± b
ax.

The eccentricity e = c
a > 1.

Similarly, one can write down the standard equation and the equations

of the directrices for a hyperbola whose foci are on the y-axis, and the

corresponding properties.

B. Second definition of hyperbolas (foci-directrix

definition) and focal radii

The trajectory of a point in a plane satisfying the following property is a

hyperbola: The ratio of the distance of the point to a fixed point (focus)

and the distance of the point to a fixed straight line (directrix), which does

not pass through the fixed point, is a positive constant (eccentricity) e > 1.

135
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Suppose that P (x0, y0) is a point on the hypobola (12.1). Then the left

focal radius |PF1| = |ex0 + a| and the right focal radius |PF2| = |ex0 − a|.
Let the inclination angle of a chord AB of the hyperbola that passes

through a focus be α. Then |AB| = 2ab2

|b2−c2 sin2 α| .

C. Optical properties of hyperbolas

The opposite direction extension of light rays emitted from a focus of a

hyperbola will go to the destination of the other focus after the refection

from the hyperbola.

D. Special hyperbolas

(1) Hyperbolas of equal axes: Hyperbolas with the same length of the real

axis and imaginary axis.

Standard equation of hyperbolas of equal axes with the foci on the

x-axis: x2

a2 − y2

a2 = 1 (a > 0).

Equation of hyperbolas with the coordinates axes as the asymptotes:

xy = k (k �= 0).

(2) Equation of the family of the hyperbolas with the same asymptotes
x
a ± y

b = 0 : x2

a2 − y2

b2 = λ (λ �= 0).

(3) Conjugate hyperbolas: The hyperbolas given by x2

a2 − y2

b2 = 1 and x2

a2 −
y2

b2 = −1 respectively are called the mutually conjugate hyperbolas.

The other contents are referred to the previous chapter on ellipses.

2. Illustrative Examples

Example 1. Given the point A(2, 1). Let the right focus of the hyperbola

x2− y2

4 = 1 be F and let a point P be on the right branch of the hyperbola.

(1) Find the minimum value of |AP |+ |PF |.
(2) Find the minimum value of |AP |+

√
5
5 |PF |, and write down the corre-

sponding coordinates of the point P .

Analysis. The question (1) can be transformed to another one if we can

consider using the definition |PF | = |PF ′| − 2a (in which F ′ is the left

focus), realizing the purpose that A and F ′ will be on the different sides of

the curve. Compared to (1), the question (2) has an additional coefficient
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Figure 12.1 Figure 1 for Example 1.

Figure 12.2 Figure 2 for Example 1.

√
5
5 . If we can observe that e =

√
5, then

|AP |+
√
5

5
|PF | = |AP |+ |PF |

e

= |AP |+ d (d is the distance of P to the directrix).

As shown in Figure 12.2, the minimum value is |AK|.

Solution. (1) As Figure 12.1 shows, in the equation x2 − y2

4 = 1 of the

hyperbola, a = 1, b = 2, c =
√
5, and F ′ is the left focus. By the definition

of a hyperbola, |AP | + |PF | = |AP |+ |PF ′| − 2a ≥ |AF ′| − 2a. Since the

distance of F ′(−√
5, 0) and A(2, 1) is

|AF ′| =
√
(2 +

√
5)2 + 12 =

√
10 + 4

√
5,
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and the minimum value of |AP |+ |PF | is achieved when the point P is on

the line segment AF ′, the minimum value of |AP | + |PF | is |AF ′| − 2a =√
10 + 4

√
5− 2.

(2) See Figure 12.2. The right directrix is x = a2

c =
√
5
5 , and the eccentricity

e =
√
5. Draw two perpendicular lines to the right directrix that pass

through the point A and an arbitrary point Q on the right branch of the

hyperbola, respectively, with K and E the feet of the perpendicular. Let

KA intersect the curve at the point P . Then P is the desired point and

|AK| is the minimum value. We prove it in the following:

|QA|+
√
5

5
|QF | = |QA|+ |QA|

e
= |QA|+ |QE| ≥ |EA| ≥ |AK|

= |AP |+ |PF |√
5

= 2−
√
5

5
,

and the equality is satisfied when Q = P . Thus, the minimum value is

2−
√
5
5 that is achieved at P

(√
5
2 , 1

)
. �

Remark. Sometimes, it is simple and direct to use the definition of conic

sections for an extremal value.

Example 2. Suppose that the coordinates of the two foci of a hyperbola

are F1(−2, 0) and F2(2, 0), and a tangent line to the hyperbola intersects

the x-axis at Q
(
1
2 , 0
)
with slope 2.

(1) Find the equation of the hyperbola.

(2) Let the tangent point of the tangent line to the hyperbola be P . Prove:

∠F1PQ = ∠F2PQ.

Solution. (1) Assume that the equation of the hyperbola is x2

a2 − y2

b2 = 1.

Since it is tangent to the straight line y = 2
(
x− 1

2

)
, namely y = 2x− 1, so

the system of the equations ⎧⎨
⎩

x2

a2
− y2

b2
= 1,

y = 2x− 1

has only one solution, from which the equation of x,

x2

a2
− (2x− 1)2

b2
= 1, (12.2)
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has two equal real roots. Thus, its discriminant equals zero, and so(
4

b2

)2

− 4

(
1

a2
− 1

b2

)(
− 1

b2
− 1

)
= 0.

Simplifying the above gives b2 − 4a2 + 1 = 0.

Note that the coordinates of the two foci of the hyperbola are (−2, 0)

and (2, 0). Hence, the half focal distance is c = 2, and thus a2 + b2 = 4.

Combined with the previous equation, we see that a2 = 1 and b2 = 3.

Therefore, the equation of the hyperbola is

x2 − y2

3
= 1.

(2) Since a2 = 1 and b2 = 3, the equation (12.2) is x2 − (2x−1)2

3 = 1, whose

solution is x = 2. Substituting it into y = 2x − 1 gives y = 3. Thus, the

coordinates of the tangent point P are (2, 3).

Hence, the slope of F1P is

k =
3− 0

2− (−2)
=

3

4
.

Also, the slope of the tangent line PQ is t = 2, so

tan∠F1PQ =
t− k

1 + kt
=

1

2
.

Note that the horizontal coordinates of F2 and P are the same, and it

follows that F2P is parallel to the y-axis, from which tan∠F2PQ = 1
t = 1

2 .

Therefore, tan∠F1PQ = tan∠F2PQ, that is, ∠F1PQ = ∠F2PQ. �

Example 3. As Figure 12.3 indicates, A and B are the common vertices

of an ellipse x2

a2 + y2

b2 = 1 (a > b > 0) and a hyperbola x2

a2 − y2

b2 = 1, P and

Q are moving points on the hyperbola and ellipse respectively, which are

different from A and B, and they satisfy
−→
AP +

−−→
BP = λ(

−→
AQ+

−−→
BQ) (λ ∈ R

and |λ| > 1). Prove:

(1) The three points O,P , and Q are on the same straight line.

(2) If the slopes of the straight lines AP,BP,AQ, and BQ are k1, k2, k3,

and k4 respectively, then k1 + k2 + k3 + k4 is a fixed value.

Proof. (1) Since O is the origin, so

−→
AP +

−−→
BP = 2

−−→
OP,

−→
AQ+

−−→
BQ = 2

−−→
OQ.



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch12 page 140

140 Problems and Solutions in Mathematical Olympiad: High School 2

Figure 12.3 Figure for Example 3.

Also
−−→
OP = λ

−−→
OQ from

−→
AP+

−−→
BP = λ(

−→
AQ+

−−→
BQ). Thus, the three points

O,P , and Q are co-linear.

(2) Write P (x1, y1) and Q(x2, y2). Then x2
1 − a2 = a2

b2 y
2
1 and x2

2 − a2 =

−a2

b2 y
2
2 . Hence,

k1 + k2 =
y1

x1 + a
+

y1
x1 − a

=
2x1y1
x2
1 − a2

=
2b2

a2
x1

y1
. (12.3)

By the same token,

k3 + k4 = −2b2

a2
x2

y2
. (12.4)

From (1) we know that the three points O,P , and Q are co-linear, and

consequently x1

y1
= x2

y2
.

Therefore, by (12.3) and (12.4) we have

k1 + k2 + k3 + k4 =
2b2

a2
x1

y1
− 2b2

a2
x2

y2

=
2b2

a2

(
x1

y1
− x2

y2

)
= 0,

in other words, k1 + k2 + k3 + k4 is a fixed value. �

Example 4. A straight line passing through an arbitrary point P (x0, y0)

on the right branch of the hyperbola x2− y2

4 = 1 intersects the two asymp-

totes of the hyperbola at two points A and B. If P is the middle point of

AB, prove:

(1) The straight line l and the hyperbola have only one intersection point.

(2) The area of �OAB is a fixed value.
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Proof. (1) The equations of the two asymptotes of the hyperbola are y =

±2x.

When y0 = 0, it is easy to get the equation x = x0 of the straight line

l, and so there is only one intersection point of l and the hyperbola.

When y0 �= 0, clearly the straight line l has a slope, and thus assume

that the equation of the straight line l is

y − y0 = k(x− x0).

Combining the above with y = 2x to form a system of two equations,

we find the solution that gives the coordinates
(

kx0−y0

k−2 , 2kx0−2y0

k−2

)
of the

point A, and combining the same equation with y = −2x, we obtain the

coordinates
(

kx0−y0

k+2 ,− 2kx0−2y0

k+2

)
of the point B,

Since P is the middle point of AB, so kx0−y0

k−2 + kx0−y0

k+2 = 2x0, from which

k = 4x0

y0
. Thus, the equation of the straight line l is y − y0 = 4x0

y0
(x− x0).

Combining the above equation of l with that of the hyperbola gives

4x2 −
[
y0 +

4x0

y0
(x− x0)

]2
= 4, that is,

4y20x
2 −

[
y0 +

4x0

y0
(x− x0)

]2
= 4y20. (12.5)

Also, since P (x0, y0) is on the hyperbola x2 − y2

4 = 1, we have the

equality x2
0 − y2

0

4 = 1, namely y20 = 4x2
0 − 4, thus the equation (12.5) can be

reduced to 4y20x
2 − (4x0x− 4)2 = 4y20, whose simplified version is

−4x2 + 8x0x− 4− y20 = 0.

Hence, the discriminant Δ = 64x2
0 − 16(4+ y20) = 64x2

0 − 16y20 − 64 = 0.

Equivalently, the straight line l and the hyperbola have only one intersection

point.

(2) Since S�OAB = 1
2 |OA||OB| sin∠AOB, and since ∠AOB has a fixed

value, it is enough to prove that |OA||OB| is of a fixed value.

When the slope k does not exist, it is easy to see that |OA||OB| = 5.

When the slope k exists, from the two equalities

|OA|2 =

(
kx0 − y0
k − 2

)2

+

(
2kx0 − 2y0

k − 2

)2

=
20

(2x0 − y0)2
,

|OB|2 =

(
kx0 − y0
k + 2

)2

+

(
−2kx0 − 2y0

k + 2

)2

=
20

(2x0 + y0)2
,

we see that |OA|2|OB|2 = 400
(4x2

0−y2
0)

2 = 25, namely |OA||OB| = 5. �
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Example 5. Let the left and right foci of the hyperbola C : x2

4 − y2

5 = 1 be

F1 and F2, respectively, and let P be a moving point on the hyperbola in

the first quadrant. Suppose that the center of gravity and the inner center

of �PF1F2 are G and I, respectively.

(1) Does there exist a point P such that IG ‖ F1F2? If so, find the point P .

If not so, express your reason.

(2) Let A be the left vertex of the hyperbola C and let a straight line l

passing through the right focus F2 intersect the hyperbola C at points

M and N . If the slopes of AM and AN are k1 and k2 respectively and

k1 + k2 = − 1
2 , find the equation of the straight line l.

Solution. (1) Suppose that there exists a point P (x0, y0) (x0 > 0 and

y0 > 0) such that IG ‖ F1F2. Since G is the center of gravity of �PF1F2,

we can write G
(
x0

3 , y0

3

)
.

Since I is the inner center of �PF1F2, if the radius of the inscribed

circle of �PF1F2 is r, then

S�PF1F2 =
1

2
|F1F2||y0| = 1

2
(|PF1|+ |PF2|+ |F1F2|)r,

thus, 1
2 · 2c|y0| = 1

2 (|PF1|+ |PF2|+ 2c)r. That is,

r =
2cy0

|PF1|+ |PF2|+ 2c
.

The condition IG ‖ F1F2 requires that

2cy0
|PF1|+ |PF2|+ 2c

=
y0
3
,

from which |PF1|+ |PF2| = 4c = 12.

Also from |PF1| − |PF2| = 2a = 4 we get |PF2| = 4.

Consequently,

⎧⎪⎨
⎪⎩

(x0 − 3)2 + y20 = 16,

x2
0

4
− y20

5
= 1.

The solutions of the above system are x0 = 4 and y0 =
√
15 since the

point P is in the first quadrant.

Hence, there exists a point P (4,
√
15) such that IG ‖ F1F2.
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(2) By the condition of the problem, let the equation of the straight line

l passing through F2(3, 0) be y = k(x − 3), and the straight line and the

hyperbola intersect at M(x1, y1) and N(x2, y2). Then from{
y = k(x− 3),

5x2 − 4y2 = 20,

we have

(5− 4k2)x2 + 24k2x− 36k2 − 20 = 0.

Vieta’s theorem implies that⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x1 + x2 =
24k2

4k2 − 5
,

x1x2 =
36k2 + 20

4k2 − 5
.

Also

k1 + k2 =
y1

x1 + 2
+

y2
x2 + 2

= k

(
x1 − 3

x1 + 2
+

x2 − 3

x2 + 2

)

= k

[
2− 5

(
1

x1 + 2
+

1

x2 + 2

)]
,

while

1

x1 + 2
+

1

x2 + 2
=

x1 + x2 + 4

x1x2 + 2(x1 + x2) + 4

=
24k2 + 4(4k2 − 5)

36k2 + 20 + 48k2 + 4(4k2 − 5)

=
2k2 − 1

5k2
.

It follows that

k1 + k2 = k

(
2− 5

2k2 − 1

5k2

)
=

1

k
= −1

2
,

in other words, k = −2.

Therefore, the desired equation of the straight line l is y=−2x+6. �

Example 6. As Figure 12.4 indicates, F1 and F2 are the left and right foci

of the hyperbola C : x2

4 − y2 = 1, and a moving point P (x0, y0) (y0 ≥ 1) is

on the right branch of the hyperbola C. Suppose that the angular bisector
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Figure 12.4 Figure for Example 6.

of ∠F1PF2 intersects the x-axis at a point M(m, 0) and the y-axis at a

point N .

(1) Find the range of the values for m.

(2) If the straight line l passing through F1 and N intersects the hyperbola

at points D and E, find the maximum value for the area of �F2DE.

Solution. By the condition of the problem, the coordinates of the foci are

F1(−
√
5, 0) and (

√
5, 0). The equation of the straight line PF1 is

y =
y0 − 0

x0 +
√
5
(x+

√
5),

namely

y0x− (x0 +
√
5)y +

√
5y0 = 0.

The equation of the straight line PF2 is

y =
y0 − 0

x0 −
√
5
(x−

√
5),

namely

y0x− (x0 −
√
5)y −

√
5y0 = 0.

Since the point M(m, 0) in on the bisector of ∠F1PF2, we have

|y0m+
√
5y0|√

y20 + (x0 +
√
5)2

=
|y0m−√

5y0|√
y20 + (x0 −

√
5)2

.
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From y0 ≥ 1 and y20 = 1
4x

2
0 − 1, we see that x0 ≥ 2

√
2 and

y20 + (x0 +
√
5)2 =

5

4
x2
0 + 2

√
5x0 + 4 =

(√
5

2
x0 + 2

)2

,

y20 + (x0 −
√
5)2 =

(√
5

2
x0 − 2

)2

.

It is easy to see that −√
5 < m <

√
5, so

m+
√
5

√
5
2 x0 + 2

=

√
5−m

√
5
2 x0 − 2

.

Solving the above equation givesm = 4
x0
, and combined with x0 ≥ 2

√
2,

we get 0 < 4
x0

≤ √
2.

Therefore, the range of the values for m is (0,
√
2].

(2) From (1), the equation of the straight line PM is

y =
y0 − 0

x0 − 4
x0

(
x− 4

x0

)
.

Letting x = 0 in the above gives y = − 4y0

x2
0−4

= − 1
y0
.

Thus, the coordinates of the point N are
(
0,− 1

y0

)
.

Also, the slope of the straight line l is

k1 =
0−

(
− 1

y0

)
−√

5− 0
= − 1√

5y0
.

Consequently, the equation of the straight line l is

y = − 1√
5y0

(x +
√
5).

Eliminating x from the system⎧⎪⎪⎨
⎪⎪⎩

y = − 1√
5y0

(x +
√
5),

x2

4
− y2 = 1,

we obtain

(5y20 − 4)y2 + 10y0y + 1 = 0. (12.6)
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The discriminant of (12.6)

Δ = 100y20 − 4(5y20 − 4) = 80y20 + 16 > 0.

Write D(x1, y1) and E(x2, y2). Then

y1 + y2 = − 10y0
5y20 − 4

, y1y2 =
1

5y20 − 4
.

Hence,

|y1 − y2| =
√
(y1 + y2)2 − 4y1y2

=

√(
− 10y0
5y20 − 4

)2

− 4 · 1

5y20 − 4

=
4
√
5y20 + 1

|5y20 − 4| .

Since y0 ≥ 1,

y1 + y2 = − 10y0
5y20 − 4

< 0, y1y2 =
1

5y20 − 4
> 0,

from which y1 < 0 and y2 < 0.

Consequently,

S�F2DE =
1

2
|F1F2||y1 − y2|

=
1

2
· 2

√
5 · 4

√
5y20 + 1

5y20 − 4
.

Denote 5y20 − 4 = t. Then t ≥ 1, and

S�F2DE = 4
√
5

√
t+ 5

t
= 4

√
5

√
5

t2
+

1

t

= 4
√
5

√
5

(
1

t
+

1

10

)2

− 1

20
.

Therefore, when t = 1, namely the point P is P (2
√
2, 1), the area of

�F2DE achieves the maximum value 4
√
30. �

Example 7. Let A and B be two points on the hyperbola x2− y2

2 = λ (λ �=
0), a point N(1, 2) be the middle point of the line segment AB, and the

perpendicular bisector of the line segment AB intersect the hyperbola at

two points C and D.
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(1) Determine the range of the values for λ.

(2) Try to judge whether the four points A,B,C, and D are on the same

circle. Express your reason.

Solution. (1) By the condition of the problem, we may assume that the

equation of the straight line AB is y = k(x−1)+2. Substituting it into the

equation of the hyperbola and simplifying the resulting expression lead to

(2 − k2)x2 + 2k(k − 2)x− [(k − 2)2 + 2λ] = 0. (12.7)

Write the point A as A(x1, y1) and the point B as B(x2, y2). Then x1

and x2 are the two different real roots of the equation (12.7), and as a

consequence,

Δ = 4k2(k − 2)2 + 4(2− k2)[(k − 2)2 + 2λ] > 0, (12.8)

and x1 + x2 = 2k(2−k)
2−k2 .

Since N(1, 2) is the middle point of the line segment AB, so k(2−k)
2−k2 = 1,

whose solution is k = 1. It follows that the equation of the straight line

AB is y = 1 · (x− 1) + 2, that is y = x+ 1.

Substituting k = 1 into (12.8), we have 4 + 4(1 + 2λ) > 0. Solving it

gives λ > −1.

Also, since CD is the perpendicular bisector of the line segment AB,

the equation of the straight line containing CD is

y − 2 = −(x− 1),

namely y = −x+3. Substituting it into the equation of the hyperbola and

after a manipulation, we obtain

x2 + 6x− 2λ− 9 = 0. (12.9)

From the hypothesis of the problem, the equation (12.9) has two differ-

ent real roots, thus the discriminant of the above quadratic equation

Δ1 = 62 − 4(−2λ− 9) > 0,

the solution of which is λ > −9.

Since λ �= 0, we see that the range of the values for λ is (−1, 0)∪(0,+∞).

(2) Write C as C(x3, y3), D as D(x4, y4), and the middle point M of the

line segment CD as M(x0, y0). Then x3 and x4 are the two roots of the
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equation (12.9). So, x3 + x4 = −6 and x3x4 = −2λ− 9. Consequently,

x0 =
x3 + x4

2
= −3, y0 = −x0 + 3 = 6.

Hence, by the chord length formula,

|CD| =
√
1 + (−1)2|x3 − x4| =

√
2
√
(x3 + x4)2 − 4x3x4

=
√
2
√
62 − 4(−2λ− 9) = 4

√
9 + λ.

Simplifying the equation (12.7) results in x2 − 2x − 2λ− 1 = 0, so by the

same reason as above,

|AB| =
√
1 + 12

√
(x1 + x2)2 − 4x1x2 = 4

√
1 + λ.

Obviously, |AB| < |CD|, and since CD is the perpendicular bisector of

the line segment AB, if there exists

λ ∈ (−1, 0) ∪ (0,+∞)

such that the four points A,B,C, and D are on the same circle, then CD

must be the diameter of the circle with the point M as the center of the

circle.

The distance of the point M to the straight line AB is

d =
|x0 − y0 + 1|√

2
=

| − 3− 6 + 1|√
2

= 4
√
2,

and the Pythagorean theorem implies that

|MA|2 = |MB|2 = d2 +

( |AB|
2

)2

= (4
√
2)2 + (2

√
1 + λ)2

= 36 + 4λ.

On the other hand,
(

|CD|
2

)2
= (2

√
9 + λ)2 = 36 + 4λ, so

|MA|2 = |MB|2 = |MC|2 = |MD|2.
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Therefore, when λ ∈ (−1, 0) ∪ (0,+∞), the four points A,B,C, and D

are on the circle centered at M(−3, 6) with radius 2
√
9 + λ. �

Example 8. There are given an ellipse Γ1 : x2

a2 + y2

b2 = 1 and a hyperbola

Γ2 : x2

a2 − y2

b2 = 1, where a > b > 0. Let the left and right foci of the ellipse be

F1 and F2 respectively and the left and right foci of the hyperbola be F3 and

F4 respectively. Draw a straight line passing through F4, which intersects

the ellipse at two different points A and B (the point B is between the

points A and F4). Suppose that the straight lines F3A and F2B intersect

at C. If the three lines AF2, BF3, and CF1 intersect at one point, find the

value of a2 : b2.

Solution. Let c1 =
√
a2 − b2 and c2 =

√
a2 + b2. Then the four points

F1, F2, F3, and F4 are F1(−c1, 0), F2(c1, 0), F3(−c2, 0), and F4(c2, 0).

Applying Menelaus’ theorem to the straight line ABF4 and the triangle

CF3F2, we obtain

|CA|
|AF3|

|F3F4|
|F4F2|

|F2B|
|BC| = 1.

Also in �CF3F2, the three lines AF2, BF3, and CF1 intersect at one

point, so by Cava’s theorem,

|CA|
|AF3|

|F3F1|
|F1F2|

|F2B|
|BC| = 1.

It follows that |F3F4|
|F4F2| =

|F3F1|
|F1F2| , from which 2c2

c2−c1
= c2−c1

2c1
, that is

c2 = (3 + 2
√
2)c1.

Therefore,

a2 : b2 = 3 : 2
√
2. �

3. Exercises

Group A

I. Filling Problems

1. Suppose that F1 and F2 are the left and right foci of the hyperbola

C : x2 − y2

24 = 1, P is a point of the hyperbola C, and P is in the

first quadrant. If |PF1|
|PF2| = 4

3 , then the radius of the inscribed circle of

�PF1F2 is .
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2. A straight line is drawn to pass through the right focus of the hyperbola

x2 − y2

2 = 1 and to intersect the hyperbola at two points A and B. If a

real number λ makes exactly three straight lines l satisfying |AB| = λ,

then λ = .

3. Let the focal distance of a hyperbola x2

a2 − y2

b2 = 1 (a > 1, b > 0) be 2c,

a straight line l passes through the points (a, 0) and (0, b), and the sum

of the distances from point (1, 0) to the straight line l and from point

(−1, 0) to the straight line l be s ≥ 4
5c. Then the range of the values for

the eccentricity e of the hyperbola is .

4. Suppose that the two end points of a line segment with a fixed length

l (l > 2b2

a ) are both on the right branch of a hyperbola x2

a2 − y2

b2 = 1 (a > 0

and b > 0). Then the minimum value of the horizontal coordinate of the

middle point of AB is .

5. Let P be a point on an equal axis hyperbola x2 − y2 = a2 (a > 0), and

let F1 and F2 be its left and right foci. Then the range of the values of
|PF1|+|PF2|

|PO| is .

II. Calculation Problems

6. The center of a hyperbola 3x2−y2 = k moves on the straight line l : y = x

and the symmetric axes of the hyperbola are kept parallel to the coor-

dinates axes. Does there exist such a hyperbola during the translation

such that the lengths of the chords obtained from its intersections with

the straight line l and the y-axis are both equal to 2
√
2? If there does,

find the equation of the hyperbola; if there does not, explain the reason.

7. Let a straight line l passing through the point P (0, 1) with slope k inter-

sect the hyperbola C : x2 − y2

3 = 1 at points A and B.

(1) Find the value range of k.

(2) If F2 is the right focus of the hyperbola C and |AF2| + |BF2| = 6,

find the value of k.

8. As in Figure 12.5, let P (x0, y0) be a point on a straight line x = m (y �=
±m and 0 < m < 1). Draw two tangent lines PA and PB from P to

the hyperbola x2− y2 = 1 with tangent points A and B. Mark the fixed

point M
(

1
m , 0

)
.
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(1) Prove: The three points A,M , and B are co-linear.

(2) Draw the perpendicular line to the straight line x − y = 0 at the

point A with N the foot of a perpendicular. Find the equation of a

curve drawn from the center of gravity of �AMN .

Figure 12.5 Figure for Exercise 8.

9. Let the eccentricity of a hyperbola C : x2

a2 − y2

b2 = 1 (a > 0 and b > 0) be

2, and let a straight line l passing through a point P (0,m) with slope 1

intersect the hyperbola C at two points A and B with
−→
AP = 3

−−→
PB and−→

OA · −−→OB = 3.

(1) Find the equation of the hyperbola.

(2) Let Q be a moving point on the right branch of the hyperbola C

and F the right focus of the hyperbola C. Does there exist a fixed

point M on the negative half x-axis such that ∠QFM = 2∠QMF?

If there does, find the coordinates of the point M ; if there does not,

please give your reason.

Group B

10. As Figure 12.6 shows, a straight line y = mx + b (−1 < m < 1 and

−1 < b < 1) intersects the circle x2+y2 = 1 at two points P and Q and

the hyperbola x2 − y2 = 1 at two points R and S. If P and Q divide

the line segment RS into three equal parts, find the values of m and b.
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Figure 12.6 Figure for Exercise 10.

11. Let P be any point of a hyperbola, PQ be a tangent line to the hyper-

bola at the point P , and F1 and F2 be the foci of the hyperbola. Prove:

PQ bisects ∠F1PF2.

12. Prove: From any point of a hyperbola, draw two tangent lines to

another hyperbola with the same asymptotes. Then the area of the

triangle bounded by the straight line passing through the two tangent

points and the two asymptotes is a fixed value.
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Chapter 13

Parabolas

1. Key Points of Knowledge and Basic Methods

A. Standard equation and properties of parabolas

Definition of parabolas: The trajectory of a point in a plane satisfying the

following property is a parabola: The ratio of the distance of the point to

a fixed point (focus) and the distance of the point to a fixed straight line

(directrix), which does not pass through the fixed point, equals 1 (eccen-

tricity).

Standard equation of a parabola with the focus on the positive semi-

axis of the x-axis: The standard equation of the parabola with the focus

F
(
p
2 , 0
)
(p > 0) is

y2 = 2px.

The range of x is x ≥ 0; the symmetric axis is the x-axis; the vertex is

(0, 0).

The equation of the directrix is x = − p
2 .

The eccentricity e = 1.

Suppose that P (x0, y0) is a point on the parabola. Then the focal radius

|FP | = x0 +
p
2 .

Let the inclination angle of a chord AB of the parabola that passes

through the focus be α. Then |AB| = 2p
sin2 α .

Similarly, one can write down the standard equation and the equation

of the directrix for a parabola whose focus is on the negative half x-axis or

on the positive (negative) half y-axis, and the corresponding properties.

153
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B. Optical properties of parabolas

Light rays emitted from the focus of an parabola will go along the direction

that is parallel to the symmetric axis of the parabola after the refection

from the parabola.

C. Graph of a quadratic function of one variable

The graph of a quadratic function of one variable is a parabola whose

symmetric axis is parallel to (or coincides) the y-axis.

The other contents are referred to the chapter on ellipses.

2. Illustrative Examples

Example 1. As Figure 13.1 shows, the vertex of a parabola y = x2 is O,

line segment AB is a chord of length 2 that passes through the focus F ,

and D is the intersection point of the perpendicular bisector of AB and the

y-axis.

Find the area of the quadrilateral AOBD.

Solution. Let the coordinates of the points A and B be A(x1, y1) and

B(x2, y2), the focus of the parabola be F
(
0, 1

4

)
, and the equation of the

directrix be y = − 1
4 . From the definition of a parabola, |AF | = y1 +

1
4 and

|BF | = y2 +
1
4 . So,

2 = |AF |+ |BF | = y1 + y2 +
1

2
, y1 + y2 =

3

2
.

Figure 13.1 Figure for Example 1.
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The middle point of AB is C
(
x1+x2

2 , y1+y2

2

)
, and

kAB =
y2 − y1
x2 − x1

=
x2
2 − x2

1

x2 − x1
= x1 + x2.

Thus, kCD = − 1
x1+x2

and the equation of CD is

y − y1 + y2
2

= − 1

x1 + x2

(
x− x1 + x2

2

)
.

Letting x = 0 gives the coordinates
(
0, y1+y2

2 + 1
2

)
=
(
0, 5

4

)
of the point

D. Hence, |OD| = 5
4 .

Since AB passes through the focus F , the equation of AB is y − 1
4 =

kABx, namely y = kABx + 1
4 , from which y1 + y2 = kAB(x1 + x2) +

1
2 =

(x1 + x2)
2 + 1

2 . It follows that (x1 + x2)
2 = 1.

Consequently, kAB = x1 + x2 = 1 or −1, so OD and AB intersect at

the acute angle 45◦.
Therefore, the area of the quadrilateral AOBD is

S =
1

2
|AB||OD| sin 45◦ =

5

4

√
2

2
=

5
√
2

8
. �

Example 2. A line segment AB of fixed length a is sliding on the parabola

y = x2. Find the minimum value of the vertical coordinate for the middle

point M of AB.

Analysis. At the first glance the problem can be solved via the definition

of a parabola. In Figure 13.2, l is the directrix. Passing through A,B, and

M , draw three perpendicular lines to the directrix with A1, B1, and M1

Figure 13.2 Figure for Example 2.
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as the feet of the perpendicular, respectively. By the knowledge of plane

geometry and the definition of a parabola, it is easy to get that

|MM1| = 1

2
(|AA1|+ |BB1|)

=
1

2
(|AF |+ |BF |) ≥ 1

2
|AB|

=
1

2
a.

Also, since |MM1| = yM + 1
4 , so the minimum value of yM is expected

to be 1
2a − 1

4 . But it is not easy to solve the “equality” problem in the

above inequality. Since |AF |+ |BF | ≥ |AB|, a condition for the inequality

to become an equality is that the three points A,F , and B are co-linear.

Note that the minimal length of a chord that passes through the focus is

2p = 1. So, the above approach works if a ≥ 1. However, this approach

does not work to solve the inequality issue in the case that 0 < a < 1.

Hence, we solve the problem by means of ideas from functions.

Solution. Let the coordinates of A and B be A(x1, x
2
1) and B(x2, x

2
2). By

|AB| = a, we have

(x1 − x2)
2 + (x2

1 − x2
2)

2 = a2,

that is (x1 − x2)
2[1 + (x1 + x2)

2] = a2. So from

(x1 + x2)
2 =

a2

(x1 − x2)2
− 1, (13.1)

in other words,

2(x2
1 + x2

2)− (x1 − x2)
2 =

a2

(x1 − x2)2
− 1,

we see that

x2
1 + x2

2

2
=

1

4

[
a2

(x1 − x2)2
+ (x1 − x2)

2 − 1

]

≥ 1

4
(2a− 1) =

1

2
a− 1

4
,

and the equality holds if and only if (x1−x2)
2 = a. But (13.1) implies that

a2

(x1−x2)2
≥ 1, namely

(x1 − x2)
2 ≤ a2.
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(i) When a ≤ a2, that is a ≥ 1, the minimum value 1
2a− 1

4 is obtained as

(x1 − x2)
2 = a.

(ii) When a > a2, that is 0 < a < 1, we have (x1 − x2)
2 ≤ a2 < a. Note

that the function

y =
a2

x
+ x (x ∈ (0, a2])

is monotonically decreasing. It follows that the minimum value of the

objective function is 1
4a

2 as (x1 − x2)
2 = a2. �

Remark. When using the function idea to find extreme values, we should

try to dig out the restriction condition; otherwise a mistake may occur.

Example 3. As Figure 13.3 shows, in a rectangular coordinates system

xOy of a plane, P is a moving point not on the x-axis that satisfies the con-

dition: One can draw two tangent lines passing through P to the parabola

y2 = 4x, and a line segment lP connecting the two tangent points is per-

pendicular to PO. Assume that the straight line lP intersects the straight

line PO and the x-axis at points Q and R, respectively.

(1) Prove that R is a fixed point.

(2) Find the minimum value of |PQ|
|QR| .

Solution. (1) Let the coordinates of the point P be (a, b) (b �= 0). Clearly,

a �= 0. Denote the coordinates of the two tangent points A and B as

Figure 13.3 Figure for Example 3.
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(x1, y1) and (x2, y2), respectively. Then the equations of PA and PB are

respectively

y1y = 2(x+ x1), (13.2)

y2y = 2(x+ x2), (13.3)

while the coordinates (a, b) satisfy both (13.2) and (13.3). Thus, the coor-

dinates (x1, y1) of A and (x2, y2) of B both satisfy the equation

by = 2(x+ a). (13.4)

So, (13.4) is just the equation of the straight line AB.

The slopes of the straight lines PO and AB are b
a and 2

b , respectively.

From PO ⊥ AB, we see that b
a
2
b = −1, hence a = −2.

It follows that (13.4) is y = 2
b (x− 2), therefore the intersection point R

of AB and the x-axis is the fixed point (2, 0).

(2) Since a = −2, the slope of the straight line PO is k1 = − b
2 and the

slope of the straight line PR is k2 = − b
4 . Denote ∠OPR = α. Then α is

an acute angle and

|PQ|
|QR| =

1

tanα
=

∣∣∣∣1 + k1k2
k1 − k2

∣∣∣∣

=

∣∣∣∣∣
1 +

(− b
2

) (− b
4

)
− b

2 + b
4

∣∣∣∣∣
=

8 + b2

2|b| ≥ 2
√
8b2

2|b| = 2
√
2.

Consequently, the minimum value of |PQ|
|QR| is 2

√
2 obtained when b = ±2

√
2.

�

Remark. The line segment AB is the chord at contact of the point P with

respect to the parabola y = 4x.

Example 4. Let a parabola C : y2 = 2px (p > 0) be given. A straight

line l and the parabola C intersect at two points A and B, the straight line

connecting A and the vertex O of the parabola intersects the directrix at

B′, and the straight line connecting B and the vertex O of the parabola

intersects the directrix at A′. Suppose that AA′ and BB′ are both parallel

to the x-axis.
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(1) Prove: The straight line l passes through a fixed point.

(2) Find the minimum value for the area of the quadrilateral ABB′A′.

Solution. (1) Let the equation of the straight line l be y = kx+m, and let

the coordinates of A and B be A(xA, yA) and (xB , yB), respectively. From

the given condition of the problem,{
y = kx+m,

y2 = 2px.
(13.5)

Substituting the first equation into the second one in (13.5), we obtain that

y2 − 2p

k
y +

2pm

k
= 0.

By Vieta’s theorem,

yA + yB =
2p

k
, yAyB =

2pm

k
.

So, yB = 2pm
kyA

.

The equation of the straight line AB′ is y = yA

xA
x. Since the point B′ is

on the directrix, the vertical coordinate of the point B′ is

yB′ =
yA
xA

(
−p

2

)
= − pyA

2xA
.

Since AA′ and BB′ are both parallel to the x-axis, so yB = yB′ , which

means that

2pm

kyA
= − pyA

2xA
. (13.6)

Also, since the point A is on the parabola C, we have

y2A = 2pxA. (13.7)

If we substitute (13.7) into (13.6), then we obtain

m = −pk

2
.

Thus, the equation of the straight line l is

y = k
(
x− p

2

)
.

Hence, the straight line l passes through the fixed point F
(
p
2 , 0
)
.
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(2) From the definition and properties of parabolas, |AA′| = |AF | and

|BB′| = |BF |. Then

|AA′| = |BB′| = |AF |+ |BF | = |AB|.
By (1) and the conditions of the problem, the quadrilateral ABB′A′ is

a right-angled trapezoid, and so

S =
1

2
|A′B′|(|AA′|+ |BB′|) = 1

2
|A′B′||AB|

=
1

2
(yA − yB)

√
(xA − xB)2 + (yA − yB)2

=
1

2
(yA − yB)

2

√
1 +

1

k2

=
1

2

√
1 +

1

k2
[
(yA + yB)

2 − 4yAyB
]

= 2p2
(
1 +

1

k2

) 3
2

.

Hence, when the inclination angle of the straight line l is π
2 , namely the

quadrilateral ABB′A′ is a rectangle, its area has the minimum value, which

is 2p2. �

Example 5. Suppose that E(m,n) is a fixed point inside a parabola y2 =

2px (p > 0). Draw two straight lines passing through E with slopes k1
and k2 respectively, intersecting the parabola at A,B,C, and D. Assume

that M and N are the middle points of the line segments AB and CD,

respectively.

(1) When n = 0 and k1k2 = −1, find the minimum value of the area of

�EMN .

(2) Let k1 + k2 = λ (λ �= 0 with λ a constant). Prove: The straight line

MN passes through a fixed point.

Solution. Let the equation of the straight line containing AB be x =

t1(y − n) + m, where t1 = 1
k1
, and substitute it into y2 = 2px. We then

have

y2 − 2pt1y + 2pt1n− 2pm = 0.
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Denote A(x1, y1) and B(x2, y2). Then y1 + y2 = 2pt1, and so

x1 + x2 = t1(y1 + y2 − 2n) + 2m = t1(2pt1 − 2n) + 2m,

from which the coordinates of M are M(pt21 − nt1 +m, pt1).

Suppose that the equation of the straight line containing CD is x =

t2(y−n)+m, where t2 = 1
k2
. By the same reason, we have the coordinates

of N as

N(pt22 − nt2 +m, pt2).

(1) When n = 0, we have the points E(m, 0),M(pt21 + m, pt1) and

N(pt22 +m, pt2), so |EM | = |pt1|
√
1 + t21 and |EN | = |pt2|

√
1 + t22.

The assumption k1k2 = −1 implies t1t2 = −1, from which the area of

�EMN is

S =
1

2
|EM ||EN |

=
1

2
|p2t1t2|

√
(1 + t21)(1 + t22)

=
p2

2

√
2 + t21 + t22

≥ p2

2

√
4 = p2,

in which the equality is valid if and only if |t1| = |t2| = 1.

Hence, the minimum value of the area of �EMN is p2.

(2) The slope of MN is

kMN =
p(t1 − t2)

p(t21 − t22)− n(t1 − t2)
=

1

(t1 + t2)− n
p

.

So, the equation of the straight line containing MN is

y − pt1 =
1

(t1 + t2)− n
p

[x− (pt21 − nt1 +m)],

in other words,

y

(
t1 + t2 − n

p

)
− pt1t2 = x−m.
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Now, k1 + k2 = 1
t1

+ 1
t2

= λ, namely t1t2 = t1+t2
λ . Substituting it into

the above equality gives

y

(
t1 + t2 − n

p

)
− p

t1 + t2
λ

= x−m,

that is

(t1 + t2)
(
y − p

λ

)
= x+

ny

p
−m.

When y − p
λ = 0, we have x + ny

p − m = 0. Namely, y = p
λ and

x = m− n
λ give a pair of solutions of the equation, hence the straight line

passes through the fixed point
(
m− n

λ ,
p
λ

)
. �

Example 6. As Figure 13.4 indicates, in a rectangular coordinates system

xOy of a plane, F is a moving point on the positive semi-axis of the x-axis.

Draw a parabola C with F as its focus and O as its vertex. Let P be a

point on the parabola in the first quadrant and Q a point on the negative

half x-axis such that PQ is a tangent line to C and |PQ| = 2. Two circles

C1 and C2 are both tangent to the straight line OP with the tangent point

P and also both tangent to the x-axis. Find the coordinates of the point

F that makes the sum of the areas of the circles C1 and C2 the minimum

value.

Solution. Suppose that the equation of the parabola C is y2 = 2px (p > 0)

and Q is (−a, 0) (a > 0). Assume that the centers of the circles C1 and C2

are O1(x1, y1) and O2(x2, y2), as Figure 13.5 shows.

Figure 13.4 Figure 1 for Example 6.
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Figure 13.5 Figure 2 for Example 6.

Let the equation of the straight line PQ be x = my − a (m > 0).

Combine it with the equation of C. After eliminating x from them, we get

y2 − 2pmy + 2pa = 0.

Since PQ and C are tangent at the point P , so the discriminant of the

quadratic equation is

Δ = 4p2m2 − 4 · 2pa = 0.

The solution of the above is m =
√

2a
p . It follows that the coordinates of

P are

(xP , yP ) = (a,
√
2pa).

Consequently,

|PQ| =
√
1 +m2|yP − 0|

=

√
1 +

2a

p

√
2pa

=
√
2a(p+ 2a).

From |PQ| = 2, we have

4a2 + 2pa = 4. (13.8)

Note that OP is tangent to the circles C1 and C2 at the point P , so

OP ⊥ O1O2. Let the circles C1 and C2 be tangent to the x-axis at two
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points M and N , respectively. Then OO1 and OO2 are the angular bisec-

tors of ∠POM and ∠PON , respectively, and as a result, ∠O1OO2 = 90◦.
Thus, by the projection theorem,

y1y2 = |O1M ||O2N |
= |O1P ||O2P | = |OP |2

= x2
P + y2P = a2 + 2pa.

Combing the above with (13.8) implies that

y1y2 = a2 + 2pa = 4− 3a2. (13.9)

Since O1, P , and O2 are co-linear,

y1 −
√
2pa√

2pa− y2
=

y1 − yP
yP − y2

=
|O1P |
|PO2| =

|O1M |
|O2N | =

y1
y2

,

which can be simplified to

y1 + y2 =
2√
2pa

y1y2. (13.10)

Denote T = y21 + y22 . Then the sum of the areas of the circles C1 and

C2 is πT . By the condition of the problem, it is enough to consider the

minimum value problem for T .

From (13.9) and (13.10), we know that

T = (y1 + y2)
2 − 2y1y2 =

4

2pa
y21y

2
2 − 2y1y2

=
4

4− 4a2
(4− 3a2)2 − 2(4− 3a2)

=
(4− 3a2)(2 − a2)

1− a2
.

Make the substitution t = 1− a2. Since

4t = 4− 4a2 = 2pa > 0,

we get t > 0, and so

T =
(3t+ 1)(t+ 1)

t
= 3t+

1

t
+ 4

≥ 2

√
3t
1

t
+ 4 = 2

√
3 + 4.
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The equality in the above inequality holds if and only if t =
√
3
3 , and in this

case

a =
√
1− t =

√
1− 1√

3
.

Combining the expression of a with (13.8), we finally get

p

2
=

1− a2

a
=

1√
1− 1√

3

=

√
3t√

3−√
3
=

1√
3−√

3
,

and consequently, the coordinates of F are

(
1√

3−√
3
, 0

)
. �

Example 7. From a point P outside a parabola y2 = 2px (p > 0), draw

two tangent lines to the parabola, with tangent points M and N . Let F be

the focus of the parabola. Prove:

(1) |PF |2 = |MF ||NF |.
(2) ∠PMF = ∠FPN .

Proof. Let the given three points be P (x0, y0),M(x1, y1), and N(x2, y2).

It is easy to find the equation y1y = p(x+ x1) of the tangent line PM and

the equation y2y = p(x+ x2) of the tangent line PN .

Since the point P is on the two tangent lines, there hold that y1y0 =

p(x0 + x1) and y2y0 = p(x0 + x2). Thus, the two points M and N are on

the straight line y0y == p(x+ x0), from which we know that the equation

of the straight line MN is y0y = p(x+ x0).

Putting the two equations y0y = p(x + x0) and y2 = 2px together, we

have [p(x+ x0)]
2 = 2py20x, namely

x2 + 2

(
x0 − y20

p

)
x+ x2

0 = 0.

By Vieta’s theorem,

x1 + x2 = 2

(
y20
p

− x0

)
, x1x2 = x2

0.

(1) Since the focus of the parabola is F
(
p
2 , 0
)
, by the definition of parabolas,

|MF | = x1 +
p

2
, |NF | = x2 +

p

2
.
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Hence,

|MF ||NF | =
(
x1 +

p

2

)(
x2 +

p

2

)

= x1x2 +
p

2
(x1 + x2) +

p2

4

= x2
0 +

p

2
· 2
(
y20
p

− x0

)
+

p2

4

= x2
0 + y20 − px0 +

p2

4

=
(
x0 − p

2

)2
+ y20 = |PF |2.

Therefore, |PF |2 = |MF ||NF |.

(2) Since
(
x0 − p

2 , y0
)
,
(
x1 − p

2 , y1
)
, and

(
x2 − p

2 , y2
)
are the components

of the vectors
−−→
FP,

−−→
FM , and

−−→
FN , respectively, using the dot product, we

have
−−→
FP · −−→FM =

(
x0 − p

2
, y0

)
·
(
x1 − p

2
, y1

)

= x0x1 − p

2
(x0 + x1) +

p2

4
+ y0y1

= x0x1 − p

2
(x0 + x1) +

p2

4
+ p(x0 + x1)

= x0x1 +
p

2
(x0 + x1) +

p2

4

=
(
x0 +

p

2

)(
x1 +

p

2

)
.

On the other hand,

|FM | = x1 +
p

2
,
−−→
FP · −−→FM = |FP ||FM | cos∠PFM,

from which

cos∠PFM =

−−→
FP · −−→FM

|FP ||FM | =
(
x0 +

p
2

) (
x1 +

p
2

)
|FP | (x1 +

p
2

) =
x0 +

p
2

|FP | .

By the same argument, we have cos∠PFN =
x0+

p
2

|FP | .
Therefore, cos∠PFM = cos∠PFN , from which ∠PFM = ∠PFN .

Combining the above with the equality |FP |2 = |FM ||FN |, we see that
�MFP ∼ �PFM , hence ∠PMF = ∠FPN . �
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Example 8. Let A,B, and C be three different points on a parabola y = x2

and let R be the radius of the circumcircle of �ABC. Find the range of

the values for R.

Solution. For any a > 0 choose A(a, a2), B(−a, a2), and O(0, 0). Then

the center of the circumcircle of �OAB is on the y-axis, which is assumed

to be Q(0, b). Since the equation of the perpendicular bisector of OA is

y − a2

2
= −1

a

(
x− a

2

)
,

letting x = 0 in the above gives b = 1
2 +

a2

2 . Thus, we know that the radius

of the circumcircle of �OAB can take all values of the interval
(
1
2 ,+∞).

Now, assume that A,B, and C are three different points on the parabola

y = x2, and R is the radius of the circumcircle of �ABC. Let (a, b) be the

center of the circle. Then the equation

(x− a)2 + (x2 − b)2 −R2 = 0 (13.11)

has three distinct real roots, so it must have four real roots, denoted as

x1, x2, x3, and x4. Since the equation (13.11) is

x4 + (1− 2b)x2 − 2ax+ a2 + b2 −R2 = 0,

we have

x1 + x2 + x3 + x4 = 0.

It follows that

x2
1 + x2

2 + x2
3 + x2

4 + 2
∑
i�=j

xixj = 0.

Also from
∑

i�=j xixj = 1− 2b < 0, we find that b > 1
2 .

Since

2(2b− 1) = −2
∑
i�=j

xixj = x2
1 + x2

2 + x2
3 + x2

4

≥ 4 4

√
x2
1x

2
2x

2
3x

2
4 = 4

√
|x1x2x3x4|

= 4
√
|a2 + b2 −R2|,

we obtain the inequality

4b2 − 4b+ 1 ≥ 4(a2 + b2 −R2).

It follows that R2 − a2 + 1
4 ≥ b > 1

2 .

Therefore, R2 > a2 + 1
4 , from which R > 1

2 . �
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3. Exercises

Group A

I. Filling Problems

1. Two parameters a and b of a parabola y = ax2+bx+1 satisfy 8a2+4ab =

b3. When a and b vary, the equation of the trajectory for the vertex (s, t)

of the parabola is .

2. Given the fixed point B(−1, 0) and two moving points P and Q on the

parabola y = x2−1. When BP ⊥ PQ, the value range of the horizontal

coordinate for the point Q is .

3. Let P1P2 be a chord of the parabola x2 = y. If the equation of the

perpendicular bisector of P1P2 is x + y = 3, then the equation of the

straight line containing the chord P1P2 is .

4. In a rectangular coordinates system xOy of a plane, two points A and B

are on the parabola y2 = 2x with F the focus and satisfy
−→
OA ·−−→OB = −1.

Then the minimum value of S�OFA + S�OFB is .

II. Calculation Problems

5. Given the circle P : x2 + y2 = 2x and the parabola S : y2 = 4x, and

draw a straight line l passing through the center P of the circle that has

four intersection points with the above two curves, denoted as A,B,C,

and D according to the order from the top to the bottom. If the lengths

of the line segments AB,BC, and CD constitute an arithmetic sequence

with the same order, find the equation of the straight line l.

Figure 13.6 Figure for Exercise 5.
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6. Let be given a parabola y2 = 2px (p > 0), a point B the focus of the

parabola, a point C(c, 0) on the positive semi-axis of the x-axis, and a

moving point A on the parabola. Question: In what range of the values

of c is ∠BAC always an acute angle for all the possible locations of the

point A?

7. Suppose that A(a, b) and B(−a, 0) (ab �= 0) are fixed points on a

parabola y2 = 2px
(
p �= b2

2a

)
. Let M be a point on the parabola. If

straight lines AM and BM intersect the parabola at other points M1

and M2 respectively, prove: When the point M moves on the parabola

(as long as M1 and M2 exist and M1 �= M2), the straight line M1M2

always passes through a fixed point. Also, find the coordinates of this

fixed point.

8. As in Figure 13.7, P is a moving point on the parabola y2 = 2x, two

points B and C are on the y-axis, and the circle (x − 1)2 + y2 = 1 is

inscribed into �PBC. Find the minimum value of the area of �PBC.

Figure 13.7 Figure for Exercise 8.

Group B

9. If there exists a symmetric point on the parabola y = x2 with respect

to a straight line y = m(x − 3), find the value range of the real

number m.

10. Let a straight line y = x+ b and a parabola y2 = 2px (p > 0) intersect

at two points A and B, and a circle passing through A and B intersect

the same parabola y2 = 2px at two different points C and D. Prove:

AB ⊥ CD.
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11. Let F be a focus of the given parabola C : y2 = 4x. And a straight

line l from the point F intersects C at two points A and B.

(1) If the slope of l is 1, find the angle between
−→
OA and

−−→
OB.

(2) Suppose that
−−→
FB = λ

−→
AF . If λ ∈ [4, 9], find the range for the values

of the intercept of l with the y-axis.

12. For a given integer n ≥ 2, let M0(x0, y0) be an intersection point of

the parabola y2 = nx − 1 with the straight line y = x. Show that for

any positive integer m, there must exist an integer k ≥ 2 such that

(xm
0 , ym0 ) is an intersection point of the parabola y2 = kx− 1 with the

straight line y = x.
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Chapter 14

Parametric Equations

1. Key Points of Knowledge and Basic Methods

A. Parametric equations commonly used for some curves

(1) Parametric equations of straight lines:{
x = x0 + t cosα,

y = y0 + t sinα,
(t is a parameter).

(2) Parametric equations of circles:{
x = a+ r cosα,

y = b+ r sinα,
(α is a parameter),

where the center of the circle is (a, b) and the radius of the circle is

r (r > 0).

(3) Parametric equations of ellipses:{
x = x0 + a cos θ,

y = y0 + b sin θ,
(θ is a parameter),

where the center of the ellipse is (x0, y0), the length of the semi-major

axis is a, and the length of the semi-minor axis is b (a > b > 0).

(4) Parametric equations of hyperbolas:{
x = x0 + a sec θ,

y = y0 + b tan θ,
(θ is a parameter),

where the center of the hyperbola is (x0, y0), the length of the real half

axis is a (a > 0), and the length of the imaginary half axis is b (b > 0).

171
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(5) Parametric equations of parabolas:{
x = 2pt2,

y = 2pt,
(t is a parameter),

where the focus of the parabola is
(
p
2 , 0
)
and the directrix is x = − p

2 .

B. Basic methods

Parametric equations provide a bridge that connects the relationship of

multi variables. In the process of solving a problem, by introducing a

parameter or parametric equations, one can relate multi variables to a sin-

gle variable for simpler computations, so that the purpose of solving the

problem is easily realized.

Parameters or parametric equations play a prominent role in solving

trajectory equations, extremal values, value ranges of variables, simplifying

computations, and etc.

2. Illustrative Examples

Example 1. A point P is on the circle A : x2+(y−1)2 = 1 and makes the

counter clockwise rotation along the circle with a constant angular velocity.

At the same time another point Q is on the circle A : (x−3)2+(y−2)2 = 1

and makes the clockwise rotation along the circle with the same constant

angular velocity. If the initial positions of the points P and Q are (0, 2) and

(2, 2) respectively, find the maximum and minimum values of the distance

between the two points P and Q.

Solution. As in Figure 14.1, let the point P come to a point M at a

time moment and ∠PAM = θ. Then the point Q moves to a point N and

∠QBN = −θ, so the coordinates of the points M and N are

M
(
cos
(π
2
+ θ
)
, 1 + sin

(π
2
+ θ
))

,

N(3 + cos(π − θ), 2 + sin(π − θ)), θ ∈ (−π, π),

respectively, and thus

|MN | =
√
(− sin θ − 3 + cos θ)2 + (1 + cos θ − 2− sin θ)2

=
√
2(cos θ − sin θ)2 − 8(cos θ − sin θ) + 10

=
√
2(cos θ − sin θ − 2)2 + 2

=

√
2
[√

2 sin
(π
4
− θ
)
− 2
]2

+ 2.
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Figure 14.1 Figure for Example 1.

Clearly, when π
4 − θ = −π

2 , that is θ = 3π
4 , the distance between the

two points P and Q has the maximum value
√
14 + 8

√
2; when π

4 − θ = π
2 ,

namely θ = −π
4 , the distance between the two points P and Q has the

minimum value
√
14− 8

√
2. �

Remark. Introducing the parametric equations of the circles, expressing

the distance between two moving points in terms of the central angle θ,

and using the feature of easy determination of the maximum value and

the minimum value of trigonometric functions, made the solution to the

problem easy to obtain. However, as in this problem, we should be careful

about the value range of θ.

Example 2. A straight line passing through M(2, 1) intersects the ellipse
x2

16 + y2

4 = 1 at two points A and B, so that a point M is the one-third

point of the chord AB. Find the equation of the straight line.

Solution. Let the parametric equations of the straight line AB be{
x = 2 + t cosα,

y = 1 + t sinα,
(t is a parameter).

Now, α can vary. Let the corresponding parameter values to the two

points A and B be respectively t1 and t2. Then t1 = −2t2, and so t1+ t2 =

−t2 and t1t2 = −2t22. Thus, t1t2 = −2(t1 + t2)
2.

Substituting the parametric equations of the straight line into x2

16 +
y2

4 =

1, we get

(4 sin2 α+ cos2 α)t2 + (8 sinα+ 4 cosα)t− 8 = 0,
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and then

t1 + t2 =
−(8 sinα+ 4 cosα)

4 sin2 α+ cos2 α
, t1t2 = − 8

4 sin2 α+ cos2 α
.

Since t1t2 = −2(t1 + t2)
2,

tanα =
−4±√

7

6
.

Hence, there are two desired straight lines whose equations are y − 1 =
−4+

√
7

6 (x− 2) and y − 1 = −4−√
7

6 (x− 2), respectively. �

Remark. In the current example, the geometric meaning of the parameter

in the parametric equations was combined with Vieta’s theorem. If M is

the middle point in the problem, then t1 + t2 = 0, and the length of the

chord AB can be calculated via |AB| = |t1 − t2| =
√
(t1 + t2)2 − 4t1t2.

Such strategies have many applications in parametric equations of straight

lines.

Example 3. If there are two points on the hyperbola C : x2 − y2 = 1,

which are symmetric with respect to a straight line l : y = k(x + 4), find

the range of the values for k.

Solution. Let A(x1, y1) and B(x2, y2) be the two points of the hyperbola

that are symmetric with respect to the straight line l. Then x2
1 − y21 = 1

and x2
2 − y22 = 1. Subtracting one from the other gives

(x1 + x2)(x1 − x2)− (y1 + y2)(y1 − y2) = 0.

Let the middle point of AB be M(x0, y0). By kAB = y1−y2

x1−x2
(x1 �=

x2), x1 + x2 = 2x0, and y1 + y2 = 2y0, we obtain

2x0 − 2y0kAB = 0. (14.1)

If k �= 0, then the equality (14.1) is deformed to

2x0 + 2y0
1

k
= 0. (14.2)

Also the fact that M(x0, y0) is on the straight line l implies

y0 = k(x0 + 4). (14.3)

Solving (14.2) and (14.3) together gives the point M(−2, 2k).
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Let the parametric equations of the straight line AB be
{
x = −2 + t cosα,

y = 2k + t sinα,

(
t is a parameter and tanα = − 1

k

)
.

Substitute the above into the equation of the hyperbola. We then have

(cos2 α− sin2 α)t2 − (4 cosα+ 4k sinα)t+ 3− 4k2 = 0. (14.4)

Since tanα = − 1
k , we get cosα = −k sinα, and after substituting it

into (14.4), we find that

t2(k2 − 1) sin2 α+ 3− 4k2 = 0.

It follows that 3−4k2

k2−1 < 0 from t2 > 0 and sin2 α �= 0. In other words,

(k2 − 1)(4k2 − 3) > 0, k �= 0,

the solutions of which are k ∈ (−∞, 1) ∪
(
−

√
3
2 , 0

)
∪
(
0,

√
3
2

)
∪ (1,+∞).

If k = 0, then the equation of the straight line l is y = 0. This time

there exist points that are symmetric with respect to l on the hyperbola C.

In summary, k ∈ (−∞, 1) ∪
(
−

√
3
2 ,

√
3
2

)
∪ (1,+∞). �

Example 4. Draw two mutually perpendicular chords OA and OB from

the vertex of a parabola y2 = 2px (p > 0). Find the equation of the

trajectory for the middle point M of the line segment AB.

Solution 1. See Figure 14.2. Letting the equation of the straight line OA

be y = kx, and solving the system of the equations
{
y = kx,

y2 = 2px,

we find the coordinates of the point A to be
(
2p
k2 ,

2p
k

)
.

Let the middle point of AB be M(x, y). Then

⎧⎪⎪⎨
⎪⎪⎩

x =
1

2

(
2p

k2
+ 2pk2

)
= p

(
1

k2
+ k2

)
,

y =
1

2

(
2p

k
− 2pk

)
= p

(
1

k
− k

)
.

Eliminating k from the above gives that y2 = px− 2p2.
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Figure 14.2 Figure for Example 4.

Solution 2. Write A(2pt21, 2pt1) and B(2pt22, 2pt2). Then

kOAkOB =
2pt1
2pt21

2pt2
2pt22

=
1

t1t2
= −1,

namely t1t2 = −1.

For the middle point M(x, y), we have{
x = p(t21 + t22),

y = p(t1 + t2),

and substituting t1t2 = −1 into the above and eliminating t1 and t2 ensure

that

y2 = px− 2p2. �

Remark. In Solution 1, using the slope k of OA as a parameter fastened

the process of finding the result. In Solution 2, although two parameters t1
and t2 were chosen, actually there was only one parameter because of t1t2 =

−1. So, the parameter elimination processes of the two solution methods

have no essential difference, but Solution 2 is obviously more feasible and

open.

Example 5. Suppose that there is a fixed pint A on an ellipse C : x2

a2 − y2

b2 =

1 (a �= b), and P and Q (both are different from A) are two arbitrary points

on C satisfying PA ⊥ QA. Prove: The straight line passes through a fixed

point.
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Proof. Let the three points be A(a sec θ, b tan θ), P (a secα1, b tanα1), and

Q(a secα2, b tanα2). Then the equation of the straight line PQ is

(x− a secα1)(b tanα1 − b tanα2) = (y − b tanα1)(a secα1 − a secα2),

which can be rewritten as

b cos
α1 − α2

2
· x− a sin

α1 + α2

2
· y − ab cos

α1 + α2

2
= 0. (14.5)

Since

kAP =
b cos α1−θ

2

a sin α1+θ
2

and kAQ =
b cos α2−θ

2

a sin α2+θ
2

,

we see that

kAP kAQ = −1,

which is equivalent to

b2 cos
α1 − θ

2
cos

α2 − θ

2
+ a2 sin

α1 + θ

2
sin

α2 + θ

2
= 0.

The above equality is valid if and only if

b2
[
cos

(
α1 + α2

2
− θ

)
+ cos

α1 − α2

2

]

+ a2
[
cos

α1 − α2

2
− cos

(
α1 + α2

2
+ θ

)]
= 0

⇔ (a2 + b2) cos
α1 − α2

2
+ b2

(
cos

α1 + α2

2
cos θ + sin

α1 + α2

2
sin θ

)

− a2
(
cos

α1 + α2

2
cos θ − sin

α1 + α2

2
sin θ

)
= 0

⇔ a2 + b2

b2 − a2
1

cos θ
cos

α1 − α2

2
− (a2 + b2) sin θ

(a2 − b2) cos θ
sin

α1 + α2

2

+ cos
α1 + α2

2
= 0.
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The last equality can be written as

b cos
α1 − α2

2
· aa

2 + b2

a2 − b2
sec θ − a sin

α1 + α2

2
· ba

2 + b2

b2 − a2
tan θ

− ab cos
α1 + α2

2
= 0,

the comparison of which to (14.5) implies that the straight line PQ always

passes through the fixed point
(
aa2+b2

a2−b2 sec θ, b
a2+b2

b2−a2 tan θ
)
. �

Remark. Since A,P , and Q are on the hyperbola, we only needed to

introduce three angles (eccentric angles) to express the coordinates of the

three points respectively by using the parametric equations.

Example 6. As Figure 14.3 shows, A and B are the left and right vertices

of an ellipse x2

a2 + y2

b2 = 1 (a > b > 0), and P and Q are two points on the

ellipse that are different from any vertex. Let the straight lines AP and

QB intersect at a point M , and the straight lines PB and AQ intersect at

a point N .

(1) Prove: MN ⊥ AB.

(2) If the chord PQ passes through the right focus F2, find the equation of

the straight line MN .

Solution. (1) Let P (a cosα, b sinα) and Q(a cosβ, b sinβ) be the coordi-

nates of the points P and Q. Write A(−a, 0) and B(a, 0). Then

lAP : a(1 + cosα)y = b sinα(x+ a), (14.6)

lQB : a(cosβ − 1)y = b sinβ(x− a). (14.7)

Figure 14.3 Figure for Example 6.
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Eliminating y from (14.6) and (14.7) combined together, we see that

sinα(cos β − 1)(x+ a) = sinβ(1 + cosα)(x − a)

⇔ [sinα(cosβ − 1)− sinβ(1 + cosα)]x

= a[sinα(1− cosβ)− sinβ(1 + cosα)]

⇔ [sin(α− β)− sinα− sinβ]x

= a[sinα− sinβ − sin(β + α)]

⇔ cos
α− β

2

(
sin

α− β

2
− α+ β

2

)
x

= a cos
α+ β

2

(
sin

α− β

2
− sin

α+ β

2

)

⇔ xM =
a cos α+β

2

cos α−β
2

(since P and Q are different from the vertices).

By the same token, xN =
a cos α+β

2

cos α−β
2

. Thus, xM = xN , and soMN ⊥ AB.

(2) Note that
−−→
F2P = (a cosα− c, b sinα) and

−−→
F2Q = (a cosβ − c, b sinβ).

The fact that P, F2, and Q are co-linear

⇒ −−→
F2P and

−−→
F2Q are co-linear

⇒ sinβ(a cosα− c) = sinα(a cos β − c)

⇒ a sin(α − β) = c(sinα− sinβ)

⇒ a sin
α− β

2
cos

α− β

2
= c cos

α+ β

2
sin

α− β

2

⇒ a cos
α− β

2
= c cos

α+ β

2

⇒ xM = xN =
a cos α+β

2

cos α−β
2

=
a2

c
.

It follows that the equation of the straight line MN is x = a2

c . �

Example 7. Assume that ∠AOB = θ (θ is a constant and 0 < θ < π
2 ),

moving points P and Q are on the rays OA and OB respectively, and

the area of �POQ is always 36. Let the center of gravity of �POQ be G,



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch14 page 180

180 Problems and Solutions in Mathematical Olympiad: High School 2

a point M be on the ray OG, and the condition |OM | = 3
2 |OG| be satisfied.

Find:

(1) The minimum value of |OG|.
(2) The equation of the trajectory for the moving point M .

Solution. (1) Establish a rectangular coordinates system with O as the

origin and the angular bisector of ∠AOB as the x-axis. Then we can write

P

(
a cos

θ

2
, a sin

θ

2

)
, Q

(
b cos

θ

2
,−b sin

θ

2

)
.

So, the coordinates of the center of gravity G(x0, y0) of �OPQ are

x0 =
1

3

(
a cos

θ

2
+ b cos

θ

2
+ 0

)
=

1

3
(a+ b) cos

θ

2
,

y0 =
1

3

(
a sin

θ

2
− b sin

θ

2
+ 0

)
=

1

3
(a− b) sin

θ

2
.

Thus,

|OG|2 = x2
G + y2G

=
1

9
(a2 + b2) +

2

9
ab

(
cos2

θ

2
− sin2

θ

2

)

=
1

9
(a2 + b2) +

2

9
ab cos θ

≥ 1

9
· 2ab+ 2

9
ab cos θ =

4

9
ab cos2

θ

2
.

Also S�OPQ = 1
2ab sin θ = 36, that is ab = 72

sin θ , so

|OG| ≥
√

4

9

72

sin θ
cos2

θ

2
=

√
16 cot

θ

2
= 4

√
cot

θ

2
.

When a = b =
√

72
sin θ , the above inequality becomes equality, so

|OG|min = 4
√
cot θ

2 .

(2) Write M(x, y). From |OM | = 3
2 |OG|, we have

x =
3

2
xG =

1

2
(a+ b) cos

θ

2
> 0,

y =
3

2
yG =

1

2
(a− b) sin

θ

2
> 0,
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the solutions of which are

a =
x

cos θ
2

+
y

sin θ
2

, b =
x

cos θ
2

− y

sin θ
2

.

Substituting the above into ab = 72
sin θ and simplifying the resulting expres-

sion, we obtain

x2

36 cot θ
2

− y2

36 tan θ
2

= 1 (x > 0),

which is the equation of the trajectory for the moving point M . �

Example 8. Given three points A,B, and C in a plane that are not co-

linear, and with the line segment AB as its axis (major axis or minor

axis) draw an ellipse that does not pass through the point C. Suppose that

the ellipse intersects the two other line segments AC and BC at E and

F , respectively. Draw the tangent lines to the ellipse from E and F , and

assume that the two tangent lines intersect at a point C0. Similarly, draw

two other ellipses with the line segments BC and AC as an axis respectively,

and obtain the intersection points A0 and B0 of the corresponding tangent

lines respectively. Prove: No matter what length to choose the other axis

of each ellipse, the three straight lines AA0, BB0, and CC0 always pass

through a fixed point.

Proof. We first consider the ellipse with the straight line containing the

line segment AB as an axis. Establish a rectangular coordinates system,

so that the equation of the ellipse is x2

a2 + y2

b2 = 1 (a �= b). Let the ellipse

intersect the straight lines AC and BC at the points E and F respectively.

Draw from E and F the tangent lines to the ellipse and they intersect at

the point C0.

Write A(−a, 0), B(a, 0), E(a cosα, b sinα), and F (a cosβ, b sinβ). Then

lAE :
y

x+ a
=

b sinα

a(1 + cosα)
,

lBF :
y

x− a
=

−b sinβ

a(1− cosβ)
.

Solving the above two equations, we obtain

xC =
a cos α+β

2

cos β−α
2

.
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Thus, the equations of the tangent lines to the ellipse passing through

E and F are

x cosα

a
+

y sinα

b
= 1,

x cosβ

a
+

y sinβ

b
= 1,

respectively, and solving them together gives

xC0 =
a cos α+β

2

cos β−α
2

.

From xC = xC0 , we know that CC0 ⊥ AB.

Similarly, AA0 ⊥ BC and BB0 ⊥ AC.

Therefore, the straight lines AA0, BB0, and CC0 coincide with the three

altitudes of�ABC, and consequently they all pass through the orthocenter

of �ABC. �

3. Exercises

Group A

I. Filling Problems

1. Two vertices A and B of �ABC are the two foci of

{
x = −1 + 2

√
2 cos θ,

y = 2 + 2 sin θ,
θ is a parameter.

The vertex C moves on the circle x2 + y2 = 64. Then the trajectory

equation for the center of gravity of �ABC is .

2. At a point M (not the origin) on the major axis of an ellipse x2

a2 + y2

b2 =

1 (a > b > 0), draw a chord PP ′ that is perpendicular to the major axis

AA′. Then the trajectory equation for the intersection point Q of A′P ′

and PA is .

3. The intersection points of a straight line passing through the point

P (−2, 3) with the inclination angle 3
4π and the circle x2 + y2 = 25

are A and B. Then the value of |PA||PB| is .

4. There are two points P and Q on the ellipse x2

16 +
y2

4 = 1 with center O.

If the product of the slopes of OP and OQ is − 1
4 , then |OP |2+ |OQ|2 =

.
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II. Calculation Problems

5. Let a moving straight line l be perpendicular to the x-axis and intersect

the ellipse x2

4 + y2

2 = 1 at two points A and B. If P is a point on l

satisfying |PA||PB| = 1, find the equation of the trajectory of the point

P .

6. As Figure 14.4 shows, CD is a diameter of an ellipse x2

a2 + y2

b2 = 1. At

the left end point A of the major axis of the ellipse, draw a parallel

line to CD, intersecting the ellipse at another point N and intersecting

the straight line containing the short axis at M . Prove: |AM ||AN | =
|CO||CD|.

Figure 14.4 Figure for Exercise 6.

7. In a rectangular coordinates system xOy of a plane, the right focus of

a hyperbola C : x2

a2 − y2

b2 = 1 is F . A straight line passing through

F intersects the hyperbola C at two points A and B. If |OF ||AB| =
|FA||FB|, find the eccentricity e of the hyperbola C.

8. There is a point B outside a circle centered at A with radius 2 cos θ,

where 0 < θ < π
2 . Suppose that |AB| = 2 sin θ, and M is the center of a

circle that passes through B and is tangent to the circle A at a point T

from outside.

(1) When θ takes some value, what curve is the trajectory P of the

point M?

(2) The point M is a moving one on the trajectory P and N is a mov-

ing point on the circle A. Denote the minimum value of |MN | by
f(θ). Find the range for the values of f(θ) (you do not need to

prove it).
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Group B

9. Let P be any point on a hyperbola x2

a2 − y2

b2 = 1 (a > 0 and b > 0).

At P draw two parallel lines to the asymptotes, each intersecting the

other asymptote at Q and R, respectively. Prove:

(1) |PQ||PR| = 1
4 (a

2 + b2).

(2) The area of the parallelogram PQOR is 1
2ab.

10. As in Figure 14.5, at a moving point P on an ellipse x2

a2 + y2

b2 = 1 (a >

b > 0), draw two tangent lines PA and PB to the circle x2 + y2 = b2

with two tangent points A and B, respectively. Let the straight line

AB intersect the x-axis and y-axis at M and N , respectively.

(1) Find the minimum value of the area of �MON .

(2) Does there exist a point P on the ellipse such that the two tangent

lines to the circle are mutually perpendicular? If there exists such

a point P , what condition should a and b satisfy? Then also find

the coordinates of the point P . If the point P does not exist, state

the reason.

Figure 14.5 Figure for Exercise 10.

11. At any point P not on an ellipse x2

a2 + y2

b2 = 1, draw two straight lines

l1 and l2 that intersect the ellipse at two points A,B and C,D, respec-

tively. If the inclination angles of l1 and l2 are α and β, respectively

and α+β = π, prove: The four points A,B,C, and D are on the same

circle.
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12. Let the left vertex of a hyperbola x2

a2 − y2

b2 = 1 (a, b > 0) be A and

the right focus be F . From F draw any straight line that intersects

the right branch of the hyperbola at two points M and N . Suppose

that AM and AN intersect the right directrix at two points P and Q.

Prove: The circle with PQ as diameter passes through the point F .
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Chapter 15

Families of Curves

1. Key Points of Knowledge and Basic Methods

A collection of curves with some common properties is called a family of

curves.

A. Families of straight lines

(1) The family of the straight lines passing through a fixed point (x0, y0)

is

λ1(y − y0) + λ2(x− x0) = 0,

where λ1 and λ2 are parameters.

(2) The family of the straight lines that are parallel to a straight line Ax+

By + C = 0 is

Ax+By + λ = 0,

where λ �= C, and λ is a parameter.

(3) The family of the straight lines that are perpendicular to a straight line

Ax+By + C = 0 is

Bx−Ay + λ = 0,

where λ is a parameter.

(4) When the general forms of two straight lines l1 and l2 are f1(x, y) = 0

and f2(x, y) = 0 respectively, the family of the straight lines

λ1f1(x, y) + λ2f2(x, y) = 0 (λ1, λ2 are parameters)

(i) represents all the straight lines that pass through the intersection

point of l1 and l2 if l1 and l2 intersect;

187
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(ii) represents all the straight lines that are parallel to l1 and l2 (or

imaginary straight lines) if l1 ‖ l2.

(5) The family of the straight lines with sum a of the x and y intercepts is

x

λ
+

y

a− λ
= 1 (λ is a parameter).

(6) The family of the straight lines whose distance to the origin equals

r (r > 0) is

x cos θ + y sin θ = r (θ is a parameter).

B. Families of conic sections generated by straight lines

Let fi(x, y) = Aix+Biy + Ci (i = 1, 2, . . .).

(1) If the equations of the three sides of a triangle are fi(x, y) = 0 (i =

1, 2, 3), then the equation of the family of the conic sections passing

through the three vertices of the triangle is

f1(x, y)f2(x, y) + λf2(x, y)f3(x, y) + μf3(x, y)f1(x, y) = 0,

where λ and μ are parameters.

(2) If the equations of the four sides of a quadrilateral are fi(x, y) = 0 (i =

1, 2, 3, 4), then the equation of the family of the conic sections passing

through the four vertices of the quadrilateral is

f1(x, y)f3(x, y) + λf2(x, y)f4(x, y) = 0 (λ is a parameter),

where f1(x, y) = 0 and f3(x, y) = 0, and f2(x, y) = 0 and f4(x, y) = 0

are the equations of the opposite sides of the quadrilateral, respectively.

(3) The equation of the family of the conic sections that are tangent to two

given straight lines f1(x, y) = 0 and f2(x, y) = 0 at given points M1

and M2 is

f1(x, y)f2(x, y) + λf3(x, y)f3(x, y) = 0 (λ is a parameter),

where f3(x, y) = 0 is the equation of the straight line that passes

through M1 and M2.

(4) The equation of the family of the conic sections that pass through the

four intersection points of two straight lines f1(x, y) = 0 and f2(x, y) =

0 with a conic section F (x, y) = 0 is

F (x, y) + λf1(x, y)f2(x, y) = 0 (λ is a parameter).
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C. Families of circles

Using families of circles is an important method to find equations of circles,

and also a simple and direct way of proving co-circle of four points.

For two circles

Ci(x, y) ≡ x2 + y2 +Dix+ Eiy + Fi = 0 (i = 1, 2)

with distinct centers, the equation

C1(x, y) + λC2(x, y) = 0

represents the family of the circles with the common axis. When λ �= −1,

it gives a circle; when λ = −1, it is reduced to the straight line

(D1 −D2)x+ (E1 − E2)y + (F1 − F2) = 0,

and this straight line is called the root axis of the two circles.

For a given circle C1(x, y) = 0 and a point (m,n) on the circle, the

equation

C1(x, y) + λ[(x−m)2 + (y − n)2] = 0 (λ is a parameter)

represents the family of the circles that are tangent to the circle C1(x, y) = 0

at the point (m,n).

D. Families of centered conics

When λμ �= 0 and λ, μ are not both negative, the standard equation of the

family of the centered conics can be written uniformly as

x2

λ
+

y2

μ
= 1.

(1) The equation of the family of the centered conics with common foci is

x2

m2 − λ
+

y2

n2 − λ
= 1,

where m and n are constants, the half focal distance is c =
√|m2 − n2|,

and λ is a parameter.

(2) The equation of the family of the centered conics with two common

vertices is

x2

a2
+

y2

λ
= 1,

where (±a, 0) are the fixed vertices, and λ is a parameter.
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(3) The equation of the family of the ellipses with a common eccentricity

is

x2

a2
+

y2

b2
= λ,

where a and b are constants, and λ > 0 is a parameter.

(4) The equation of the family of the hyperbolas with common asymptotes

is

x2

a2
− y2

b2
= λ,

where a and b are constants, and λ (�= 0) is a parameter.

(5) The equation of the family of the conic sections that pass through the

intersection points of two conic sections

x2

A1
+

y2

B1
= 1 and

x2

A2
+

y2

B2
= 1

is (
x2

A1
+

y2

B1
− 1

)
+ λ

(
x2

A2
+

y2

B2
− 1

)
= 0,

where λ (�=0) is a parameter. This equation does not contain x2

A2
+

y2

B2
= 1.

In general, if the equations of two conic sections are f1(x, y) = 0 and

f2(x, y) = 0 respectively, then the equation of the family of the conic sec-

tions that pass through the intersection points of the two conic sections is

λ1f1(x, y) + λ2f2(x, y) = 0,

where λ1 and λ2 are parameters.

E. Basic methods

Using a family of curves to solve problems is basically to choose charac-

teristic quantities of the equation of the curves (such as the slope of the

equation of a straight line, intercept b, the radius of a circle, a and b of a cen-

tered conic, etc.) as variables to obtain a family of the curves. According

to the known quantity, using the method of undetermined coefficients, one

can realize the goal of solving the problem. This method often reflects the

mathematical viewpoint of parameter transformations and solution strate-

gies of global treatments. The types of problems include finding the coor-

dinates of a point, the equation of a curve, properties of a geometric figure,

and so on.



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch15 page 191

15. Families of Curves 191

2. Illustrative Examples

Example 1. Find the equation of a circle that is tangent to the circle

x2+y2−4x−8y+15 = 0 at the point P (3, 6) and passes through the other

point Q(5, 6).

Solution. The tangent point (3, 6) is on the known circle, so it can be

thought as the “point circle”: (x − 3)2 + (y − 6)2 = 0, so we establish the

equation of the family of the circles

x2 + y2 − 4x− 8y + 15 + λ[(x − 3)2 + (y − 6)2] = 0.

Substituting the point Q(5, 6) into the above equation, we find that λ = −2.

Hence, the equation of the desired circle is x2 + y2 − 8x− 16y + 75 = 0.

�.

Remark. When trying to find the equation of a circle that is tangent to a

known straight line or a known circle at a given point, it is often to treat

the tangent point as a “point circle” and then to use the equation of the

family of the circles with a common point to solve the problem. This is an

important method and technique.

Example 2. Suppose that 0 < a < b. Passing through fixed points A(a, 0)

and B(b, 0) respectively, draw straight lines l and m so that they intersect

the parabola y2 = x at four different points. When the four points are

on the same circle, find the trajectory of the intersection point P of the

straight lines l and m.

Solution. Let the equations of the straight lines l and m be y = k1(x− a)

and y = k2(x− b), respectively.

Then the coordinates of all points on the straight lines l and m satisfy

the equation

(k1x− y − k1a)(k2x− y − k2b) = 0.

Thus, their intersection points with the parabola satisfy the system of

the equations

{
y2 = x,

(k1x− y − k1a)(k2x− y − k2b) = 0.
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If the four intersection points are on the same circle, then the equation

of the circle can be written as

(k1x− y − k1a)(k2x− y − k2b) + λ(y2 − x) = 0.

In this equation, the term that contains xy must be zero, hence k1 = −k2.

Assume that k1 = −k2 = k �= 0. Then

straight line l : y = k(x− a), straight line m : y = −k(x− b).

Eliminating k from the above two equations gives 2x− (a+ b) = 0 (y �=
0), and this is the sought equation of the trajectory. �

Example 3. The ellipse x2+2y2−2 = 0 and the straight line x+2y−1 = 0

intersect at two points B and C. Given A(2, 2), find the equation of the

circle that passes through the three points A,B, and C.

Analysis. For this problem, we could find the coordinates of B and C,

and then find the equation of the circle passing through the known three

points. But here we can consider the problem from the angle of families of

conic sections. Every curve of the family of the conic sections

λ(x2 + 2y2 − 2) + μ(x + 2y − 1) = 0

passes through B and C. However, very obviously the family does not

contain all the conic sections that pass through B and C, since all the

circles passing through B and C are not in the family. But we can construct

another family of the conic sections

λ(x2 + 2y2 − 2) + μ(x + 2y − 1)(x− 2y +m) = 0,

which contains the circles passing through B and C.

Solution. Let the equation of the desired circle be

λ(x2 + 2y2 − 2) + μ(x + 2y − 1)(x− 2y +m) = 0,

which becomes

(λ+ μ)x2 + (2λ− 4μ)y2 + μ(m− 1)x+ 2μ(m+ 1)y −mμ− 2λ = 0

(15.1)

after expansion. Let λ + μ = 2λ − 4μ and choose μ = 1. Then λ = 5.

Substituting it into (15.1) results in

6x2 + 6y2 + (m− 1)x+ 2(m+ 1)y −m− 10 = 0. (15.2)
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Putting A(2, 2) into (15.2) gives m = −8, and so (15.2) is

6x2 + 6y2 − 9x− 14y − 2 = 0. �

Remark. If two curves C1 : f1(x, y) = 0 and C2 : f2(x, y) = 0 have inter-

section points, then the curve λf1(x, y) + μf2(x, y) = 0 must pass through

the same points, but curves that pass through the intersection points may

not be of the above form. When the two curves are conic sections and inter-

sect at four points that are not co-linear, the curve λf1(x, y)+μf2(x, y) = 0

can represent all the conic sections that pass through the four points.

Hence, in the process of using the family of the conic sections, one should

consider the feature of the equation.

Example 4. Let a be a real number, and let the two parabolas y = x2 +

x+ a and x = 4y2 + 3y + a intersect at four points.

(1) Find the range of the values for a.

(2) Prove that the four intersection points are on the same circle, and find

the coordinates of the center of the circle.

Solution. Let λ ∈ R. The equation of the conic sections that pass through

the intersection points of the two parabolas is

x2 + x− y + a+ λ(4y2 − x+ 3y + a) = 0. (15.3)

(1) Let λ = −1 in (15.3). Factorizing the resulting expression gives

(x− 2y)(x+ 2y + 2) = 0.

The two parabolas have four intersection points if and only if the system

of the equations

(I)

{
x− 2y = 0,

y = x2 + x+ a

and the system of the equations

(II)

{
x+ 2y + 2 = 0,

y = x2 + x+ a

have four groups of different solutions.

Eliminating x from (I) gives

4y2 + y + a = 0.

By requiring the discriminant to be greater than 0, we get 1 − 16a > 0, so

a < 1
16 .
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Eliminating x from (II) gives

4y2 + 5y + a+ 2 = 0.

Requiring the discriminant to be greater than 0 gives 25 − 16(a + 2) > 0,

so a < − 7
16 .

If the systems (I) and (II) of the equations have common solutions, then

there exist real numbers x and y that satisfy

x− 2y = 0, x+ 2y + 2 = 0, y = x2 + x+ a,

the solutions of which are x = −1 and y = − 1
2 , with a = − 1

2 .

To summarize, the range of the values for a is
(−∞,− 1

2

) ∪ (− 1
2 ,− 7

16

)
.

(2) Letting λ = 1
4 in (15.3) gives

x2 + y2 +
3

4
x− 1

4
y +

5

4
a = 0,

namely

(
x+

3

8

)2

+

(
y − 1

8

)2

=
5

32
− 5a

4
(> 0).

This indicates that the four intersection points of the two parabolas lie

on the circle with
(− 3

8 .
1
8

)
as the center. �

Example 5. Suppose that A and B are two intersection points of a straight

line y = x+ b and the ellipse 3x2 + y2 = 1, and O is the origin. If �OAB

is an acute triangle, find the range of the values for b.

Solution. Let a straight line y = x+ b intersect the ellipse 3x2+ y2 = 1 at

two points A1 and B1 such that ∠A1OB1 is the right angle. Clearly, the

equation of the straight line A′
1B

′
1 that is symmetric to the straight line

A1B1 with respect to the origin is

y = x− b.

Then the equation of the family of the curves that pass through the two

straight lines A1B1 and A′
1B

′
1 and the ellipse 3x2 + y2 = 1 is

λ(y − x− b)(y − x+ b) + μ(3x2 + y2 − 1) = 0,
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that is

(λ+ 3μ)x2 − 2λxy + (λ+ μ)y2 − (λb2 + μ) = 0. (15.4)

If A1A
′
1 ⊥ B1B

′
1, then the equations of A1A

′
1 and B1B

′
1 can be assumed

to be

x+ ky = 0, kx− y = 0,

respectively. Then

(x+ ky)(kx− y) = 0,

namely

kx2 + (k2 − 1)xy − ky2 = 0. (15.5)

If the family of the curves (15.4) contains the family of the curves (15.5),

then we may let

k = λ+ 3μ, k2 − 1 = −2λ, −k = λ+ μ, λb2 + μ = 0,

the solutions of which are k = 2±√
5 (choose k = 2+

√
5), λ = −4− 2

√
5,

μ = 2 +
√
5, and b = ±

√
2
2 .

As Figure 15.1 shows, this means that the desired straight line y =

x + b satisfying the condition of the problem is above the straight line

A1B1

(
y = x+

√
2
2

)
or below the straight line A′

1B
′
1

(
y = x−

√
2
2

)
. That

is, b >
√
2
2 or b < −

√
2
2 .

Figure 15.1 Figure for Example 5.
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Without loss of generality, assume that the straight line AB intersects

the ellipse at the two points A′ and B′ above A1B1. Since |OB′| > |OA′|,
it is enough to consider that ∠OA′B′ is also an acute angle.

Eliminating y from y = x+ b and 3x2 + y2 = 1, we obtain

4x2 + 2bx+ b2 − 1 = 0. (15.6)

Write A′(x1, y1) and B′(x2, y2) with x1 < x2. From (15.6),

x1 =
−b−√

4− 3b2

4

(√
2

2
< b <

2
√
3

3

)
.

Consequently,

y1 =
3b−√

4− 3b2

4
.

Since the slope of the straight line y = x+ b is 1, it is sufficient to have

kOA′ > −1, namely

3b−√
4− 3b2

−b−√
4− 3b2

> −1,

the solution of which is b < 1.

In summary, and using the symmetry of the ellipse, we find that the

range of b is
(
−1,−

√
2
2

)
∪
(√

2
2 , 1

)
. �

Remark. (1) There is a more concise method concerning that ∠OA′B′

is also acute: Since A′B′ is oriented, that is, its slope is 1. Assume that

OA′ ⊥ A′B′. Then the equation of OA′ is y = −x. Combining it with the

equation of the ellipse to solve, we get the solutions x = − 1
2 and y = 1

2 .

Now, b = y − x = 1, so ∠OA′B′ < π
2 when b < 1.

(2) We can also solve the acute angle problem for ∠OA′B′ by the equa-

tion of the curve family, similar to the previous examples: Assume that

OA′ ⊥ A′B′. Then the equation of OA′ is y = −x. Considering the exis-

tence of the slope of OB′, we may assume that the equation of OB′ is

x = ty. Then

(x+ y)(x− ty) = 0,

in other words,

x2 + (1 − t)xy − ty2 = 0. (15.7)
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Comparing (15.7) and (15.4) gives

1 = λ+ 3μ, 1− t = −2λ, −t = λ+ μ, λb2 + μ = 0,

the solutions of which are λ = −μ = − 1
2 and b = 1.

Since the slope of A′B′ is 1, we know that ∠OA′B′ < π
2 when b < 1.

Example 6. As Figure 15.2 shows, let two circles be intersected by two

straight lines. The two straight lines intersect the first circle at A′, B′, C′,
and D′ that form the two chords A′C′ and B′D′, and the second circle at

A,B,C, and D that form the two chords AB and DC. The four chords

intersect at four points. Prove: The four points are on the same circle that

has the same root axis as the original circles.

Figure 15.2 Figure for Example 6.

Proof. Let the equations of the circles O1 and O2 be C1(x, y) = 0 and

C2(x, y) = 0, respectively, and let the equations of the straight lines l1
and l2 be L1(x, y) = 0 and L2(x, y) = 0 respectively. Then the equations

of AB and DC are of the form C2(x, y) + λ1L1(x, y)L2(x, y) = 0 (λ1 is

a parameter); the equations of A′C′ and B′D′ are of the form C1(x, y) +

λ2L1(x, y)L2(x, y) = 0 (λ2 is a parameter). Thus, the four intersection

points ofAB,DC andA′C′, B′D′ are on the curve λ2C2(x, y)−λ1C1(x, y) =

0. Clearly, this is the equation of a circle (denoted as the circle O), namely

the four points are on the same circle.

On the one hand, we know that the equation of the root axis for the cir-

cles O1 and O2 is C1(x, y)−C2(x, y) = 0. On the other hand, the equation

of the root axis for the circles O1 and O is (λ2 −λ1)C1(x, y)−λ2C2(x, y)+

λ1C1(x, y) = λ2[C1(x, y)− C2(x, y)] = 0. Therefore, the circles O,O1, and

O2 have the common root axis. �

Example 7. Let MN be a chord of a circle O and R be the middle point

of the chord MN . Draw two chords AB and CD at the point R. A conic

section that passes through A,B,C, and D intersects MN at P and Q.

Prove: R is the middle point of PQ.
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Figure 15.3 Figure for Example 7.

Analysis. The conic sections that pass through A,B,C, and D can be

viewed as the family of the conic sections passing through the intersection

points of the circle with l1 and l2.

Proof. Set up a rectangular coordinates system with R as the origin and

MN as the x-axis; see Figure 15.3.

Suppose that the coordinates of the center O of the circle are (0, a) and

the radius is r. Then the equation of the circle is

x2 + (y − a)2 = r2. (15.8)

Let the equations of AB and CD be y = k1x and y = k2x, respectively.

Combine them together to form the equation

(y − k1x)(y − k2x) = 0. (15.9)

Then the equation of the family of the curves that pass through the four

intersection points A,B,C, and D of (15.8) and (15.9) is

λ(y − k1x)(y − k2x) + μ[x2 + (y − a)2 − r2] = 0. (15.10)

Letting y = 0 gives

(λk1k2 + μ)x2 + μ(a2 − r2) = 0. (15.11)

The two roots of (15.11) are the horizontal coordinates of the intersection

points P and Q of the conic section and MN . By Vieta’s theorem, xP +

xQ = 0, so R is the middle point of PQ. �

Remark. This example is essentially a generalization of the butterfly the-

orem in plane geometry.
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Example 8. Suppose that the three pairs of the opposite sides of the

inscribed hexagon of a conic section are all non-parallel. Prove: The inter-

section points of the three pairs of the two straight lines containing the

opposite sides of the hexagon are co-linear.

Proof. Let the equation of the conic section be F (x, y) = 0, let the

equations of the six sides AB,BC,CD,DE,EF , and FA be li(x, y) =

0 (i = 1, 2, . . . , 6) respectively, and let the equation of the diagonal AD

be m(x, y) = 0. Then the equation of the conic sections that pass through

the four points A,B,C, and D is l2(x, y)m(x, y) + λ1l1(x, y)l3(x, y) = 0.

Properly choose λ1 so that the above equation coincides with F (x, y) = 0.

Let this value of λ1 be λ′
1. Then

l2(x, y)m(x, y) + λ′
1l1(x, y)l3(x, y) = μ1F (x, y) = 0. (15.12)

By the same reason, the equation of the conic sections that pass through

the four points A,D,E, and F is l5(x, y)m(x, y) + λ2l4(x, y)l6(x, y) = 0.

Properly choose λ2 so that the above equation coincides with F (x, y) = 0.

Let this value of λ2 be λ′
2. Then

l5(x, y)m(x, y) + λ′
2l4(x, y)l6(x, y) = μ2F (x, y) = 0. (15.13)

Eliminating m(x, y) from (15.12) and (15.13), we obtain

λ′
1l1(x, y)l3(x, y)l5(x, y)− λ′

2l2(x, y)l4(x, y)l6(x, y)

= [μ1l5(x, y)− μ2l2(x, y)]F (x, y) = 0. (15.14)

Clearly, the coordinates of A satisfy l1(x, y) = 0 and l6(x, y) = 0, so the

point A is on the curve represented by the formula (15.14); by the same

reason, B,D,C,E, and F are also on the curve represented by (15.14).

Denote the three intersection points of the three opposite sides by L,M ,

and N . The coordinates of the point L satisfy l1(x, y) = 0 and l4(x, y) = 0,

so the point L is on the curve represented by the formula (15.14); by the

same reason, M and N are also on the curve represented by (15.14).

Since L,M , and N are not on the curve represented by F (x, y) = 0, so

the three points must be on the straight line

μ1l5(x, y)− μ2l2(x, y) = 0.

That is, L,M , and N are co-linear. �

Remark. The above conclusion is nothing but Pascal’s theorem.
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3. Exercises

Group A

I. Filling Problems

1. The equation of a straight line that passes through the intersection point

of the straight lines 2x− 3y = 1 and 3x+ 2y = 2 and is parallel to the

straight line y + 3x = 0 is .

2. A circle is tangent to the straight line x + 3y − 26 = 0 at A(8, 6) and

passes through the point B(−2,−4). Then the equation of this circle is

.

3. The equation of a centered conic with the foci (−2, 0) and (2, 0) that

passes through the point P
(
5
2 ,− 3

2

)
is .

4. The long and short axes of an ellipse are parallel to the coordinates

axes, respectively. Suppose that the ellipse is tangent to the straight line

2x+ y = 11 at the point P (4, 3) and passes through the points Q(0,−1)

and R(1,
√
10+ 1). Then the equation of the ellipse is .

II. Calculation Problems

5. Given an ellipse x2

a2 + y2

b2 = 1 (a > b > 0). Find the hyperbola with the

same foci as the ellipse such that the area of the quadrilateral with their

intersection points as its vertices is maximal. And find the coordinates

of the vertices of the quadrilateral.

6. From the vertex A of�ABC, draw the perpendicular line to BC, withD

as the foot of the perpendicular. Choose any point H on AD. Suppose

that the straight lines BH and AC intersect at E, and the straight lines

CH and AB intersect at F , Prove: AD bisects the angle formed by ED

and DF .

7. Pick any point M in a line segment AB, and construct two squares with

AM and BM as one side on the same side of AB, respectively. Let the

circumscribed circles of the two squares intersect at points M and N .

Prove: No matter how M is chosen, MN always passes through a fixed

point.

Group B

8. Let A and B be two points on an ellipse 3x2 + y2 = λ, let N(1, 3) be

the middle point of the line segment AB, and let the perpendicular

bisector of the line segment AB intersect the ellipse at C and D. Does
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there exist a real number λ such that the four points A,B,C, and D

are on the same circle? Give your reason.

9. Given a family of curves 2(2 sin θ−cos θ+3)x2−(8 sin θ+cos θ+1)y = 0

with θ being a parameter, find the maximum value for the length of

the chord obtained from the intersection of the curve family with the

straight line y = 2x.

10. Assumption: Every two of three given circles intersect. Prove: The

straight lines that contain a resulting chord each from the intersections

intersect at one point, or are mutually parallel.

11. Draw a tangent line to a circleM from any outside point E with tangent

point F , and draw a secant line EAB with intersection points A and B

to the circle. Connect the middle point O of EF and B, intersecting the

circleM atD. Also ED intersects the circleM at C. Prove: AC ‖ EF .

12. In a quadrilateral ABCD, the diagonal AC bisects ∠BAD. Pick a

point E on CD, and BE and AC intersect at F . Extend DF to inter-

sect BC at G. Prove: ∠GAC = ∠EAC.
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Chapter 16

Derivatives

1. Key Points of Knowledge and Basic Methods

A. Meaning of derivatives

The derivative of a function y = f(x) at x = x0 is the instantaneous rate

of change of the function f(x) at the point x = x0.

B. Geometric meaning of derivatives

The derivative of a function y = f(x) at x = x0 is the slope of the tangent

line to the graph of the function f(x) at the point x = x0.

C. Derivative formulas of basic elementary functions

(1) (c)′ = 0 (c is a constant); (2) (xα)′ = αxα−1 (α is a constant);

(3) (sinx)′ = cosx; (4) (cosx)′ = − sinx;

(5) (ax)′ = ax ln a; (6) (ex)′ = ex;

(7) (loga x)
′ = 1

x ln a ; (8) (lnx)′ = 1
x .

D. Operational rules of derivatives

If u(x) and v(x) have derivatives at x, then

[u(x)± v(x)]′ = u′(x) ± v′(x);

[u(x)v(x)]′ = u′(x)v(x) + u(x)v′(x);[
u(x)

v(x)

]′
=

u′(x)v(x) − u(x)v′(x)
v(x)2

(v(x) �= 0).

In particular, if c is a constant, then [cf(x)]′ = cf ′(x).

203
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E. Derivatives of composite functions

We call the function y = f(g(x)) the composite function of functions y =

f(u) and u = g(x). If the function f(u) has the derivative f ′(u) at u = g(x)

and the function u = g(x) has the derivative at x, then the composite

function y = f(g(x)) has the derivative at x, and

y′x = y′uu
′
x = f ′(g(x))g′(x).

F. Applications of derivatives

(1) Monotonicity of functions

In some intervalD = (a, b) in the domain of a function f(x), if f ′(x) > 0,

then the function f(x) is monotonically increasing in D; if f ′(x) < 0, then

the function f(x) is monotonically decreasing in D; if f ′(x) = 0, then f(x)

is a constant function in D.

(2) Local extreme values of functions

Let D = (a, b) be an interval in the domain of a function f(x). Assume

that f ′(x0) = 0 for some a < x0 < b.

If f ′(x) > 0 in the interval (a, x0) and f ′(x) < 0 in the interval (x0, b),

then f(x0) is a local maximum value of f(x).

If f ′(x) < 0 in the interval (a, x0) and f ′(x) > 0 in the interval (x0, b),

then f(x0) is a local minimum value of f(x).

(3) Absolute maximum and minimum values of functions

Suppose that a function f(x) is defined on [a, b]. Then among the local

extreme values and the function values f(a) and f(b) at the end points of

[a, b], the maximal (minimal) number is the absolute maximum (minimum)

value of f(x) on [a, b]. The absolute maximum and minimum values of f(x)

on [a, b] are also called the maximum and minimum values of f(x) on [a, b],

respectively.

G. Basic methods

Monotonicity of functions, local extreme values, and the absolute maximum

or minimum values are all related to the signs and zeros of the derivative of

the function on some interval. Hence, the main work in using the derivative

tools to determine the monotonicity of the function, and find the local

extreme values and the absolute maximum (minimum) value is to find the
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zeros of the derivative and determine the signs of the derivative function

on the subintervals partitioned via the zeros of the derivative.

Using the geometric meaning of the derivative, one can find the slope of

the tangent line to a curve. Let P (x0, y0) be a point on the curve y = f(x).

Then the equation of the tangent line to the curve y = f(x) at the point

P is

y − y0 = f ′(x0)(x − x0).

2. Illustrative Examples

Example 1. Suppose that a function f(x) = lnx− ax with a > 0 and let

g(x) = f(x) + f ′(x).

(1) If the maximum value of the function f(x) is −4 for 1 ≤ x ≤ e, find

the expression of the function f(x).

(2) Find the range of the values for a so that the function g(x) is a monotone

function on the interval (0,+∞).

Solution. (1) Since f ′(x) = 1
x − a, so f(x) is monotonically increasing on(

0, 1
a

)
and f(x) is monotonically decreasing on

(
1
a ,+∞). Thus, f(x) has

the maximum value when x = 1
a .

(i) When 1 < 1
a < 1, namely a > 1, we have f(x)max = f(1) = −4. The

solution is a = 4, which satisfies the condition.

(ii) When 1 ≤ 1
a ≤ e, namely 1

e ≤ a ≤ 1, we have f(x)max = f
(
1
a

)
= −4.

The solution is a = e3 > 1, which does not satisfy the condition and

so is omitted.

(iii) When 1
a > e, namely 0 < a < 1

e , we have f(x)max = f(e) = −4.

The solution is a = 5
e , which does not satisfy the condition and so is

omitted.

In summary, f(x) = lnx− 4x.

(2) Since g(x) = lnx− ax+ 1
x − a,

g′(x) =
1

x
− a− 1

x2
= −

(
1

x
− 2

2

)2

+
1

4
− a.

(i) When a ≥ 1
4 , we have g′(x) ≤ 0, and g′(x) = 0 only when x = 2.

Hence, g(x) is monotonically decreasing on (0,+∞).
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(ii) When 0 < a < 1
4 , we have g′(x) < 0 if 1

x ∈
(
0, 1

2 −
√

1
4 − a

)
.

When 1
x ∈

(
1
2 −

√
1
4 − a, 1

2 +
√

1
4 − a

)
, it holds that g′(x) > 0.

When 1
x ∈

(
1
2 +

√
1
4 − a,+∞

)
, we have g′(x) < 0.

Hence, g(x) is not monotonic on (0,+∞).

To summarize, the range of the values for a is
[
1
4 ,+∞). �

Example 2. Suppose that the maximum value of the function fn(x) =

xn(1− x)2 on
[
1
2 , 1
]
is an (n = 1, 2, . . .). Find the general term formula for

the sequence {an}.

Analysis. Obviously, we should find the maximum value of fn(x) on
[
1
2 , 1
]

respectively for different positive integers n. This requires that for different

n, we need to find out fn
(
1
2

)
, fn(1), and the local extreme values of fn(x)

inside
(
1
2 , 1
)
respectively, and then make comparisons of them.

Solution. First we calculate out that f ′
n(x) = nxn−1(1−x)2−2xn(1−x) =

xn−1(1− x)[n(1 − x)− 2x].

When x ∈ [ 12 , 1], from f ′
n(x) = 0 we know that x = 1 or x = n

n+2 . Also

fn(1) = 0.

When n = 1, we find n
n+2 = 1

3 �∈ [ 12 , 1]. Since f1
(
1
2

)
= 1

8 , so a1 = 1
8 .

When n = 2, we see that n
n+2 = 1

2 ∈ [
1
2 , 1
]
. Since f2

(
1
2

)
= 1

16 , so

a2 = 1
16 .

When n ≥ 3, clearly n
n+2 ∈ [12 , 1].

Since f ′
n(x) > 0 for x ∈

[
1
2 ,

n
n+2

)
and f ′

n(x) < 0 for x ∈
(

n
n+2 , 1

)
, hence

fn(x) achieves the maximum value at x = n
n+2 . In other words,

an =

(
n

n+ 2

)n(
2

n+ 2

)2

=
4n2

(n+ 2)n+2
.

In summary,

an =

⎧⎪⎪⎨
⎪⎪⎩

1

8
, n = 1,

4n2

(n+ 2)n+2
, n ≥ 2. �

In the following, we look at several problems that are solved by means

of derivatives.
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Example 3. Suppose that two real numbers x and y satisfy 2x + 3y =

4x + 9y. Find the range of the values of U = 8x + 27y.

Solution. Let a = 2x and b = 3y. Then the known condition is reduced to

a+ b = a2 + b2, and a, b > 0.

In other words,

(
a− 1

2

)2

+

(
b− 1

2

)2

=
1

2
.

From the graph in an aOb plane, t = a+ b ∈ (1, 2]. Also

ab =
(a+ b)2 − (a2 + b2)

2
=

t2 − t

2
.

So, it follows that

U = 8x + 27y = a3 + b3

= (a+ b)3 − 3ab(a+ b)

= t3 − 3
t2 − t

2
t

= −1

2
t3 +

3

2
t2.

Denote f(t) = − 1
2 t

3 + 3
2 t

2. Then for t ∈ (1, 2],

f ′(t) = −3

2
t2 + 3t = −3

2
t(t− 2) ≥ 0.

Thus, f(t) is monotonically increasing on (1, 2]. It is easy to see that

f(t) ∈ (1, 2] when t ∈ (1, 2].

To summarize, the range of the values of U = 8x + 27y is (1, 2]. �

Example 4. We know that π is an irrational number. The question is

whether

sinπx+ sinx (x ∈ R)

is a periodic function.

Solution. Suppose that f(x) = sinπx + sinx is a periodic function.

Assume that T > 0 is a period of f(x).
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Taking derivative to the both sides of f(x+ T ) = f(t) gives

f ′(x + T ) = π cos(πx+ πT ) + cos(π + T ) = π cosπx+ cosx = f ′(x).

(16.1)

Let x = 0 in (16.1). We have

π cosπT + cosT = f ′(T ) = f ′(0) = π + 1,

and thus

πT = 2mπ, T = 2nπ (m,n ∈ Z+),

namely

π =
m

n
.

This contradicts the fact that π is an irrational number.

Hence, f(x) is not a periodic function. �

Example 5. Prove: (1) The given equation x3−x−1 = 0 has exactly one

real root r, and r is an irrational number. (2) The number r is not a root of

any quadratic equation ax2 + bx+ c = 0 (a �= 0) with integral coefficients.

Proof. (1) Let f(x) = x3−x−1. Then f ′(x) = 3x2−1. The function f(x)

is monotonically increasing on
(
−∞,− 1√

3

)
, monotonically decreasing on(

− 1√
3
, 1√

3

)
, and monotonically increasing on

(
1√
3
,+∞

)
, so f(x) obtains a

local maximum value 2
3
√
3
−1 (< 0) at x = − 1√

3
and a local minimum value

− 2
3
√
3
− 1 (< 0) at x = 1√

3
. Also from f(1) = −1 < 0 and f(2) = 5 > 0, we

see that the equation f(x) = 0 has a unique real root r ∈ (1, 2). It is easy

to see that r is also a unique root of f(x) = 0.

Suppose that r = m
n , where m and n are positive integers that are

relatively prime. Then m3 = n2(m + n), so from n2 | m3 we know that

n = 1. In other words r is an integer, which is a contradiction to r ∈ (1, 2).

Hence, r is an irrational number.

(2) Suppose that r satisfies ax2 + bx+ c = 0 (a, b, c ∈ Z and a �= 0). Then

{
ar2 + br + c = 0,

r3 − r − 1 = 0.
(16.2)
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Multiplying the first equality by r and then subtracting the second one

multiplied by a in (16.2), we obtain

br2 + (a+ c)r + a = 0. (16.3)

Multiplying (16.3) by a and then subtracting the first equality of (16.2)

multiplied by b, we arrive at

(a2 + ac− b2)r + (a2 − bc) = 0.

Since r is an irrational number, it follows that{
a2 + ac− b2 = 0,

a2 − bc = 0.

The assumption a �= 0 implies bc �= 0. Substituting b = a2

c into a2 +

ac− b2 = 0 gives a3

c3 = a
c + 1. Thus, r = a

c , which contradicts the fact that

r is an irrational number. �

Example 6. For two different points A(x1, y1) and B(x2, y2) on the graph

of a function, if there exists a point M(x0, y0), where x0 ∈ (x1, x2), such

that the tangent line l at the point M is parallel to AB, then we say that

AB has a “dependent tangent.” Particularly, when x0 = x1+x2

2 , we say

that AB has a “mean value dependent tangent.”

Let a function f(x) = lnx − 1
2ax

2 + bx (a > 0) be given with the

condition that f ′(1) = 0.

(1) Express b as a function of a, and find the intervals of monotonicity of

f(x).

(2) We ask whether there exist two points A and B on the graph of f(x)

such that AB has a “mean value dependent tangent.” If they exist,

find the coordinates of A and B; if they do not exist, give the reason.

Analysis. By the definition of a “dependent tangent,” we should start

from the equality relation between the slopes of AB and the tangent line

to the curve, set up the equation and determine whether it has a solution,

and transform the problem to that of finding a zero of a function.

Solution. (1) Since f ′(x) = 1
x−ax+b(x > 0), we have f ′(1) = 1−a+b = 0,

so b = a− 1. Thus,

f ′(x) =
−(ax+ 1)(x− 1)

x
(x > 0).

Also, since a > 0 and x > 0, we see that ax+ 1 > 0.
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Consequently, f ′(x) > 0 when x ∈ (0, 1) and f ′(x) < 0 when x ∈
(1,+∞).

Hence, the interval of increase for f(x) is (0, 1) and the interval of

decrease for f(x) is (1,+∞).

(2) Let A(x1, y1) and B(x2, y2) be two points with 0 < x1 < x2 on the

graph of f(x). Then

y1 = lnx1 − 1

2
ax2

1 + (a− 1)x1, y2 = lnx2 − 1

2
ax2

2 + (a− 1)x2,

kAB =
y1 − y2
x1 − x2

=
lnx1 − lnx2

x1 − x2
− 1

2
a(x1 + x2) + (a− 1).

The slope of the tangent line to the function graph at x0 = x1+x2

2 is

k = f ′(x0) = f ′
(
x1 + x2

2

)
=

2

x1 + x2
− 1

2
a(x1 + x2) + (a− 1).

The condition kAB = k implies that ln x1−ln x2

x1−x2
= 2

x1+x2
, namely

ln
x1

x2
=

2(x1 − x2)

x1 + x2
=

2
(

x1

x2
− 1
)

x1

x2
+ 1

.

Denote x1

x2
= t. Then 0 < t < 1, and the above equality can be reduced

to ln t = 2(t−1)
t+1 = 2− 4

t+1 , that is,

ln t+
4

t+ 1
= 2.

Define g(t) = ln t+ 4
t+1 (0 < t ≤ 1). Then g′(t) = 1

t − 4
(t+1)2 = (t−1)2

t(t+1)2 .

Hence, g′(t) > 0 when t ∈ (0, 1), so g(t) is monotonically increasing,

and it follows that

g(t) < g(1) = 2 (0 < t < 1).

This means that the equation ln t+ 4
t+1 = 2 has no solution in (0, 1).

In summary, there do not exist two points A and B on the graph of the

function f(x) such that AB has a “mean value dependent tangent.” �

Remark. This problem gave a new concept, but after a transformation it

was reduced to a familiar problem of solving equation zeros. The technique

of introducing the parameter t = x1

x2
was used cleverly and flexibly in the

solution process. That changed an unfamiliar situation to a familiar one,

and made a complicated case to a simple one.
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Example 7. Suppose that a function f(x) = ax2 + bx+ c (a, b, c ∈ R and

a �= 0) satisfies the inequality |f(x)| ≤ 1 for all |x| ≤ 1. Let the maximum

value of |f ′(x)| with |x| ≤ 1 be K. Try to find all functions f(x) satisfying

|f ′(x0)| = K for some x0 ∈ [−1, 1].

Solution. First, |f(0)| = |c| ≤ 1. Since one of b and −b has the same sign

as a+ c, so from

|f(1)| = |a+ b+ c| ≤ 1,

|f(−1)| = |a− b+ c| ≤ 1,

we know that |a+ c|+ |b| ≤ 1, namely |a+ c| ≤ 1− |b|. Thus,

|a| − |c| ≤ |a+ c| ≤ 1− |b|,
and consequently |a| ≤ 1 + |c| − |b| ≤ 2− |b|.

When |x| ≤ 1, we have

|f ′(x)| = |2ax+ b| ≤ 2|a|+ |b| ≤ 4− |b| ≤ 4.

In fact, with the choice f(x) = 2x2 − 1, it holds that |f ′(1)| = 4, so

K = 4.

For f(x) with an x0 ∈ [−1, 1] such that |f ′(x0)| = 4, from 4 = |f ′(x0)| ≤
4− |b| we see that |b| = 0 and |a| = 2.

When a = 2, the function is f(x) = 2x2 + c. From |f(1)| = |2 + c| ≤ 1

we have −3 ≤ c ≤ 3. Also c = −1 since |c| ≤ 1, hence f(x) = 2x2 − 1.

When a = −2, the same argument gives that f(x) = −2x2 + 1 satisfies

the requirement.

To summarize, the functions that satisfy the given condition are f(x) =

±(2x2 − 1). �

Example 8. We are given a function y = f(x) and three points A,B, and

C on a straight line l. Suppose that

−→
OA+ (y − ax2ex − 1)

−−→
OB − [(x− 1)ex + f ′(0)]

−−→
OC =

−→
0 ,

where e is the base of the natural logarithm, O �∈ l, and a ∈ R.

(1) If a < 0, find the function f(x) and its intervals of monotonicity.

(2) If a = −1 and the graphs of the function f(x) and a function g(x) =
1
3x

3 + 1
2x

2 +m have three different intersection points, find the range

of the values for m.
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Solution. Since the three points A,B, and C are co-linear,

−→
OA = −(y − ax2ex − 1)

−−→
OB + [(x− 1)ex + f ′(0)]

−−→
OC,

in which

−(y − ax2ex − 1) + [(x− 1)ex + f ′(0)] = 1.

It follows that

y = ax2ex + (x− 1)ex + f ′(0),

y′ = [ax2 + (2a+ 1)x]ex,

and so f ′(0) = 0, in other words f(x) = (ax2 + x− 1)ex.

(1) Now, f ′(x) = (2ax+ 1)ex + (ax2 + x− 1)ex = x(ax + 2a+ 1)ex.

(i) If − 1
2 < a < 0, then f ′(x) < 0 when x < 0 or x > − 2a+1

a , and

f ′(x) > 0 when 0 < x < − 2a+1
a .

Thus, for f(x), the intervals of decrease are (−∞, 0] and[− 2a+1
a ,= ∞) and the interval of increase is

[
0,− 2a+1

a

]
.

(ii) If a = − 1
2 , then the interval of decrease for f(x) is (−∞,+∞) since

f ′(x) = − 1
2x

2ex ≤ 0.

(iii) If a < − 1
2 , then f ′(x) < 0 when x < − 2a+1

a or x > 0, and f ′(x) > 0

when − 2a+1
a < x < 0.

Hence, for f(x), the intervals of decrease are
(−∞,− 2a+1

a

]
and [0,+∞)

and the interval of increase is
[− 2a+1

a , 0
]
.

(2) The condition that the graphs of the function f(x) and the function

g(x) = 1
3x

3 + 1
2x

2 +m have three different intersection points is equivalent

to the property that the function h(x) = f(x) − g(x) has three different

zeros.

When a = −1, From (1)(iii), f(x) = (−x3 + x − 1)ex is monotonically

decreasing on (−∞,−1], monotonically increasing on [−1, 0], and mono-

tonically decreasing on [0,+∞). From g(x) = 1
3x

3 + 1
2x

2 + m, we have

g′(x) = x2 + x.

Clearly, g′(x) > 0 whenever x < −1 or x > 0, and g′(x) < 0 whenever

−1 < x < 0.

Therefore, g(x) is monotonically increasing on (−∞,−1], monotonically

decreasing on [−1, 0], and monotonically increasing on [0,+∞).
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Hence, h(x) = f(x) − g(x) is monotonically decreasing on (−∞,−1],

monotonically increasing on [−1, 0], and monotonically decreasing on

[0,+∞). So, h(x) achieves a local minimum value

h(−1) = −3

e
− 1

6
−m

at x = −1, and achieves a local maximum value h(0) = −1−m at x = 0.

Since h(x) → +∞ as x → −∞ and h(x) → −∞ as x → +∞, we see

that h(x) has three different zeros if and only if

⎧⎨
⎩

h(−1) = −3

e
− 1

6
−m < 0,

h(0) = −1−m > 0.

Hence, − 3
e − 1

6 < m < −1, which is the range of the values for m. �

3. Exercises

Group A

I. Filling Problems

1. The maximum value of function y = x(1+
√
1− x2) is .

2. Let a function be f(x) = 2x − cosx, {an} an arithmetic sequence with

common difference π
8 , and

f(a1) + f(a2) + · · ·+ f(a5) = 5π.

Then the value of f(a3)
2 − a1a5 equals .

3. Suppose that a point P is on the curve y = ex and a point Q is on the

curve y = lnx. Then the minimum value of |PQ| is .

4. A function f(x) defined on R satisfies f(1) = 1 and f ′(x) < 1
2 for any

x ∈ R. Then the solution set of the inequality f(log2 x) > log2 x+1
2 is

.

II. Calculation Problems

5. Let a function f(x) = 1− e−x.

(1) Prove: When x > 0, it holds that f(x) > x
x+1 .

(2) Let a sequence {an} satisfy a1 = 1
3 and ane

−an+1 = f(an) for n ≥ 1.

Prove: The sequence {an} is monotonically decreasing, and an < 1
2n

for any n.
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6. Given an integer n > 1. Prove: There exists a positive integer m greater

than nn such that nm−mn

n+m is a positive integer.

7. We are given a function f(x) = ln(1 + x) + 1− 2x+ 1
2ax

2 (a ≥ 1).

(1) Let the tangent line at the point P (0, 1) to the curve C : y = f(x)

be l. If the straight line l and the curve C have only one common

point, find all the possible values of a.

(2) Prove: There is an interval [x1, x2] (x1 < x2) on which the function

is monotonically decreasing. Also find the value range for x2 − x1.

8. Let b > 0 and be given the equation x2

2b2 + y2

b2 = 1 of an ellipse and the

equation x2 = 8(y − b) of a parabola, as shown by Figure 16.1. Draw a

parallel line to the x-axis at F (0, b + 2), whose intersection point with

the parabola in the first quadrant is G. Suppose that the tangent line

to the parabola at G passes through the right focus F1 of the ellipse.

(1) Find the equations of the ellipse and parabola satisfying the

conditions.

(2) Let A and B be the end points of the long axis of the ellipse, respec-

tively. Investigate whether there exists a point P on the parabola

such that 	ABC is a right triangle. If the answer is yes, indicate

how many of such points exist (you do not need to find the coordi-

nates of these points).

Figure 16.1 Figure for Exercise 8.
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Group B

9. Give a function

f(x) = lnx+ a

(
1

x
− 1

)
, a ∈ R,

and assume that the minimum value of f(x) is 0.

(1) Find the value of a.

(2) Let a sequence {an} satisfy a1 = 1 and an+1 = f(an)+2 (n ∈ N+).

Denote

Sn = [a1] + [a2] + · · ·+ [an],

where [m] represents the maximal integer that does not exceed the

real number m. Find Sn.

10. Suppose that a function f(x) = [ln(1 + x)]
2 − x2

1+x .

(1) Find the intervals of monotonicity for the function f(x).

(2) If an inequality
(
1 + 1

n

)n+a ≤ e is satisfied for all n ∈ N+, where e

is the base of the natural logarithm, find the maximum value of a.

11. We have a function f(x) = ln(x+ 1) + 2
x+1 + ax− 2, where a > 0.

(1) When a = 1, find the minimum value of f(x).

(2) If f(x) ≥ 0 for x ∈ [0, 2], find the range of the values for the number

a.

12. Let f(x) = 1+ax

1−ax (a > 0 and a �= 1), and let g(x) be the inverse function

of f(x).

(1) If an equation loga
t

(x2−1)(7−x) = g(x) about x has a real number

solution on the interval [2, 6], find the value range for t.

(2) When a = e (e is the base of the natural logarithm), prove:

n∑
k=2

g(k) >
2− n− n2√
2n(n+ 1)

.

(3) When 0 < a ≤ 1
2 , compare the magnitudes of

∣∣∣∑n
k=1 f(k)−n

∣∣∣ and
4, and express your argument.
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Chapter 17

Mathematical Induction (I)

1. Key Points of Knowledge and Basic Methods

Usually those propositions that are related to positive integers directly or

indirectly can be considered to be proved by mathematical induction.

A. Fundamental forms of mathematical induction

(1) First form of mathematical induction: Let P (n) be a proposition

related to all positive integers n. Suppose that

1◦ P (1) is true (foundation);

2◦ if P (k) is true, then it is deduced that P (k + 1) is also true

(induction).

Then P (n) is true for all positive integers n.

If P (n) is defined on the set N\{0, 1, . . . , r− 1}, then “P (1) is true”

in 1◦ should be replaced by “P (r) is true.”

(2) Jump form of mathematical induction: Let P (n) be a proposition

related to all positive integers n. Suppose that

1◦ P (1), P (2), . . . , P (l) are true;

2◦ if P (k) is true, then it is deduced that P (k + l) is also true.

Then P (n) is true for all positive integers n.

217
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(3) Second form of mathematical induction: Let P (n) be a proposition

related to all positive integers n. Suppose that

1◦ P (1) is true;

2◦ if P (n) (1 ≤ n ≤ k) is true for any positive integer k, then it is

deduced that P (k + 1) is also true.

Then P (n) is true for all positive integers n.

Each of the above forms of mathematical induction consists of two steps:

“foundation” and “induction,” and neither can be omitted. In the process

of “induction,” the indispensable premise of “inductive hypothesis” must

be used.

B. Proof techniques of mathematical induction

(1) “Moving starting point forward” or “moving starting point backward”:

In some propositions P (n) of all positive integers, it is relatively dif-

ficult to verify P (1), or P (1), P (2), . . . , P (r − 1) cannot be unified to

the process of induction. At this time one may consider moving the

starting point forward to P (0) (if it is meaningful) or moving the start-

ing point backward to P (r) (and then proving P (1), P (2), . . . , P (r− 1)

separately).

(2) Increase the “span”: For propositions P (n) defined on M = {n0, n0 +

r, n0 + 2r, . . . , n0 + mr, . . .} (n0, r,m ∈ N), one should consider the

method of increasing the “span” when using mathematical induction,

that is, verify P (n0) in the first step, and prove that P (k + r) is true

under the assumption that P (k) (k ∈ M) is true in the second step.

(3) Strengthen the proposition: Some propositions that are not easy to

prove by mathematical induction can be more conveniently proved by

using mathematical induction via strengthening the proposition. There

are usually two methods to strengthen the proposition: One is to make

the proposition general and the other is to strengthen the conclusion.

As for to what appropriate extent the conclusion of the proposition

should be “strengthened,” it can be determined only by catching the

features of the proposition, making a careful exploration, and giving a

bold conjecture. In this way one can find a proper scheme to solve the

problem.
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2. Illustrative Examples

Example 1. Try to prove that any postage of n (n > 7 with n ∈ N) cents

can be paid with stamps of 3 cents and 5 cents.

Proof. 1◦ When n = 8, the conclusion is obviously true.

2◦ Suppose that the proposition is true for n = k (k > 7 with n ∈ N).

If the k-cent postage is paid with all stamps of 3 cents, then there are at

least 3 of them. Then by replacing three 3 cents stamps by 2 stamps of 5

cents, the postage of k+1 cents can be paid. If there is at least one stamp

of 5 cents, then it is enough to replace the 5 cents stamp with 2 stamps

of 3 cents, so that the postage of k + 1 cents can also be paid. Thus, the

proposition is also true when n = k + 1.

In summary, the proposition is true for all natural numbers n > 7. �

Remark. The key of the above proof is how to move to P (k+1) from the

inductive hypothesis. Here, we adopted the method of classification for the

discussion. We can also use the jump form of mathematical induction to

prove the proposition.

Proof. 1◦ When n = 8, 9, and 10, the proposition is true from 8 = 3 + 5,

9 = 3 + 3 + 3, and 10 = 5 + 5.

2◦ Suppose that the proposition is true for n = k (k > 7 with k ∈ N).

Then for n = k + 3, the proposition is also true from 1◦ and the inductive

hypothesis. This completes the proof. �

Remark. The above proof actually used the technique of increasing the

“span”; the “span” is 3.

Example 2. Label the prime numbers with ordered numbers from the

smallest to the largest: The first prime number is represented by 2, the

second prime number by 3, and so on. Prove: The nth prime number

Pn < 22
n

.

Proof. 1◦ When n = 1, we have P1 = 2 < 22
1

, so the conclusion is valid.
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2◦ Suppose that the proposition is true for n ≤ k, that is

Pi < 22
i

(i = 1, 2, . . . , k).

Multiplying the both sides of the k inequalities gives

P1P2 · · ·Pk < 22
1+22+···+2k = 22

k+1−2.

So,

P1P2 · · ·Pk + 1 ≤ 22
k+1−2 < 22

k+1

.

Since P1, P2, . . . , Pk cannot divide P1P2 · · ·Pk + 1, it follows that any

prime factor q of P1P2 · · ·Pk + 1 cannot be any of P1, P2, . . . , Pk, and thus

must be greater than or equal to Pk+1. Hence,

Pk+1 ≤ q ≤ P1P2 · · ·Pk + 1 < 22
k+1

,

in other words

Pk+1 < 22
k+1

.

To summarize, Pn < 22
n

for any natural number n. �

Remark. Here, we used the second form of mathematical induction: The

premise for Pk+1 < 22
k+1

to be true is that P1 < 22
1

, P2 < 22
2

, . . . , Pk < 22
k

are all true.

Example 3. Let ai and bi (i = 1, 2, . . . , n) be all positive numbers, and let

A =
∑n

i=1 ai and B =
∑n

i=1 bi. Prove:

n∑
i=1

aibi
ai + bi

≤ AB

A+B
.

Proof. When n = 1 and 2, it is easy to verify the conclusion.

Assume that the inequality is true for n = k. Then

k+1∑
i=1

aibi
ai + bi

=

k∑
i=1

aibi
ai + bi

+
ak+1bk+1

ak+1 + bk+1

≤ A′B′

A′ +B′ +
ak+1bk+1

ak+1 + bk+1

≤ (A′ + ak+1)(B
′ + bk+1)

(A′ + ak+1) + (B′ + bk+1)
=

AB

A+B
,
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where A′ =
∑k

i=1 ai, A = A′ + ak+1, B
′ =

∑k
i=1 bi, and B = B′ + bk+1.

This means that the inequality is also valid for n = k + 1.

By mathematical induction, the inequality is true for n ∈ N. �

Remark. In the above, we verified the inequality for the first two natural

numbers. This is because that in the process of proving P (k) ⇒ P (k + 1),

besides using the truth of P (1), we also used the truth of P (2).

Example 4. Suppose that a sequence a1, a2, . . . of positive real numbers

satisfies that for each positive integer k,

ak+1 ≥ kak
a2k + k − 1

. (17.1)

Prove: For each positive integer n ≥ 2,

a1 + a2 + · · ·+ an ≥ n.

Proof. From (17.1) we have

k

ak+1
≤ a2k + k − 1

ak
= ak +

k − 1

ak
,

from which ak ≥ k
ak+1

− k−1
ak

. Thus,

m∑
k=1

ak ≥
m∑

k=1

(
k

ak+1
− k − 1

ak

)
=

m

am+1
. (17.2)

In the following, for n ≥ 2 we use mathematical induction to prove

a1 + a2 + · · ·+ an ≥ n.

When n = 2, letting k = 1 in the inequality (17.1) gives a2 ≥ 1
a1
, so

a1 + a2 ≥ a1 +
1
a1

≥ 2.

Assume that the conclusion is true for a positive integer n ≥ 2.

For the positive integer n+1, if an+1 ≥ 1, then the inductive hypothesis

implies that

a1 + a2 + · · ·+ an + an+1 ≥ n+ 1.
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If an+1 < 1, by the inequality (17.2) we obtain that

a1 + a2 + · · ·+ an + an+1

≥ n

an+1
+ an+1 =

n− 1

an+1
+

1

an+1
+ an+1

> n− 1 + 2 = n+ 1.

That is, the conclusion is valid for n+ 1.

To summarize, the conclusion is true for n ≥ 2. �

Example 5. Suppose that a sequence {an} satisfies

a1 = 2, a2 = 7, an = 3an−1 + 2an−2 (n ≥ 3).

Prove: For any positive integer n, one can express a2n−1 as the square sum

of two positive integers.

Proof. Write down the first odd numbered terms of the sequence:

a1 = 2 = 12 + 12, a3 = 25 = 32 + 42,

a5 = 317 = 112 + 142, a7 = 4021 = 392 + 502.

Conjecture: For the subsequence a1, a3, . . . , a2n−1, a2n+1, . . . of the odd

numbered terms of the sequence {an}, any two consecutive terms can be

expressed as

a2n−1 = α2 + β2,

a2n+1 = (α+ 2β)2 + (2α+ 2β)2.

We prove the above conjecture by using mathematical induction as fol-

lows:

From a1 = 2 = 12 + 12, a3 = 25 = (1 + 2 · 1)2 + (2 · 1 + 2 · 1)2, and
a5 = 317 = (3+2 · 4)2+(2 · 3+2 · 4)2, we know that the proposition is true

for n = 1, 2, and 3.

Assume that the conjecture is valid for n ≤ k. Denote α+2β = α′ and
2α + 2β = β′. By the recursive relation and the inductive hypothesis, we

have that

a2k+3 = 3a2k+2 + 2a2k+1

= 13a2k+1 − 4a2k−1

= 13[(α+ 2β)2 + (2α+ 2β)2]− 4(α2 + β2)

= [α+ 2β + 2(2α+ 2β)]2 + [2(α+ 2β) + 2(2α+ 2β)]2

= (α′ + 2β′)2 + (2α′ + 2β′)2,

in other words, the conjecture is true when n = k + 1.
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In summary, a2n−1 can be expressed as the sum of the squares of two

positive integers for n ∈ N+. �

Remark. Here, we used the method of “conjecture first-proof second”:

Find a general rule through an observation to several special cases, and

then give a rigorous proof.

Example 6. Prove: There exists an infinite sequence {an} of positive inte-

gers a1 < a2 < a3 < · · · such that a21 + a22 + · · ·+ a2n are perfect squares for

all natural numbers n.

Analysis. We suppose to use mathematical induction to prove it. The key

point is to show that P (k) ⇒ P (k+1). Assume that a21+a22+ · · ·+a2k = x2

and a2k+1 = y2. Then a21 + a22 + · · · + a2k+1 = x2 + y2. If the conclusion

is true, then there exists z such that x2 + y2 = z2. By the Pythagorean

theorem, it is not difficult to think it out that a21 + a22 + · · · + a2n being

“perfect squares” should be strengthened to “squares of odd numbers.”

Proof. We strengthen the conclusion by proving that there exists an infi-

nite sequence {an} of positive integers a1 < a2 < a3 < · · · such that

a21 + a22 + · · ·+ a2n are squares of odd numbers for all natural numbers n.

When n = 1, it is enough to choose a1 = 5.

Suppose that the conclusion is true for n = k, that is, there exist k

positive numbers a1 < a2 < · · · < ak such that a21+a22+· · ·+a2k = (2m+1)2

for some m ∈ N.

Choose ak+1 = 2m2 + 2m. Then

a21 + a22 + · · ·+ a2k + a2k+1 = (2m+ 1)2 + (2m2 + 2m)2

= (2m2 + 2m+ 1)2,

which is the square of an odd number. Also, since a1 ≥ 5 and ak > a1, so

2ak+1 = a21 + a22 + · · ·+ a2k − 1 ≥ a2k − 1 > 2ak,

namely ak+1 > ak. Thus, the conclusion is also true for n = k + 1. Hence,

the conclusion is valid for all natural numbers n. �

Remark. The technique of strengthened proposition was adopted for the

current example. Strengthening a proposition can get a stronger inductive

hypothesis, and sometimes can make it easier to go though the path from

P (k) to P (k + 1).
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Example 7. Let {ak} be an infinite sequence of real numbers. Define

a′k =
ak + ak+1

2
(k = 1, 2, . . .).

We call {a′k} the mean value sequence of {ak}. By the same way, one

can define {a′′k} as the mean value sequence of {a′k}, which is called the

second grade mean value sequence of {ak}, and so on. If {ak} and the

corresponding ascending grades mean value sequences {a′k}, {a′′k}, . . . are all
sequences of integers, then we say that {ak} is a “good” sequence. Prove:

If {ak} is a good sequence, then {a2k} is also a good sequence.

Proof. If {ak} and its first, second, . . . , and up to mth grade mean value

sequences are all sequences of integers, we call {ak} an “mth grade good

sequence.” We prove that if {ak} is a good sequence, then {a2k} is always an

mth grade good sequence for any nonnegative integer m. This is actually

the conclusion of the current problem.

When m = 0, since {ak} is a good sequence, so {a2k} is a sequence of

integers, namely {a2k} is a 0th grade good sequence, the conclusion being

true.

Assume that {a2k} is an mth grade good sequence. In the following, we

prove that {a2k} must be an (m+ 1)st grade good sequence. Obviously,

a2k + a2k+1

2
=

(
ak + ak+1

2

)2

+

(
ak + ak+1

2
− ak+1

)2

.

Since the sequences with the general terms ak+ak+1

2 and ak+ak+1

2 − ak+1

respectively are both good sequences, by the inductive hypothesis, the

sequences with the general terms
ak+ak+1

2 and
ak+ak+1

2 − ak+1, respectively

are both mth grade good sequences. Consequently, {a2k} is an (m + 1)st

good sequence. This completes the proof. �

Remark. In the above proof, we changed the original conclusion with an

equivalent form to express the question, for the convenience of proof by

using mathematical induction.

Example 8. For arbitrary 2n−1 subsets with two elements of {1, 2, . . . , n},
prove: It is always possible to select n among them such that the number

of elements in their union is not more than 2
3n+ 1.
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Proof. We only need to show that it is always possible to select 3k

(k ≤ 2n−1
3 ) subsets of two elements among the 2n − 1 subsets of two ele-

ments, such that the number of elements in the union of the remaining

subsets is not more than n− k.

We use induction on k.

When k = 0, it is obviously satisfied.

Assume that for k ≥ 1 there can be selected 3(k − 1) subsets of two

elements such that the number of elements in the union of the remaining

subsets is not more than n− k + 1.

By the drawer principle, from

2n− 1− 3(k − 1) < 2(n− k + 1),

we know that there exists an element xk in the remaining subsets, which

belongs to three remaining subsets at most.

Thus, it is possible to select additional three subsets of two elements

such that the remaining 2n− 1− 3k subsets do not contain xk, and so the

conclusion is true for k+1. Therefore, the conclusion is valid for all positive

integers k ≤ 2n−1
3 .

Let k =
[
n−1
3

]
in the example. Then n− [n−1

3

] ≤ 2
3n+ 1. �

3. Exercises

Group A

I. Filling Problems

1. If a sequence {an} is defined as a1 = 3 and an+1 = 3an for n ≥ 1, then

the last digit of a1993 is .

2. Let f(n) = 2n+ 1, and the sequence {g(n)} satisfy g(1) = 3 and g(n+

1) = f(g(n)) for n ≥ 1. Then g(n) = .

3. Assume that a1 = 1
3 and an+1 = a2n + 6an + 4 for n ≥ 1. Then the

general term formula of an is .

II. Calculation Problems

4. Suppose that a sequence {an} satisfies

a1 = 1, a2 = x, an+1 =
anan−1 + 1

an + an−1
+ (n+ 2), n ≥ 2.

For what real numbers of x is the sequence {an} that of positive integers?
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5. All the centers of n semicircles are on a straight line l, every two of the

n semicircles intersect to each other, and are all on the same side of l.

Question: How many pieces of the arcs from these semicircles can be

obtained at most from all the intersection points?

6. If {an} is a sequence of all positive terms such that an+1 ≤ an − a2n for

all n ≥ 1, prove: For all n ≥ 2, it is always true that

an ≤ 1

n+ 2
.

7. Suppose that 2n balls are divided into several piles. Choose arbitrary

two piles A and B and make changes according to the following rule:

If the number p of balls in A is not less than the number q of balls in

B, then move q balls from A to B. This is considered one shift. Prove:

After finitely many shifts, all the balls can be moved to one pile.

8. Write numbers 1, 2, . . . , 2016 as the first line, and then each of the next

lines will be obtained by adding the two consecutive numbers in the cur-

rent line, for example, the numbers of the second line are 3, 5, . . . , 4031.

If the last line has one number, find this number.

Group B

9. Prove: Every positive proper fraction m
n can be represented as the sum

of the reciprocals of different positive integers.

10. Find all the real numbers x ≥ −1 such that for all ai ≥ 1 (i = 1, 2, . . . , n

with n ≥ 2), it is always true that

n∏
i=1

ai + x

2
≤ a1a2 · · ·an + x

2
.

11. Prove: Any equilateral triangle can be partitioned into n (n ≥ 3 with

n ∈ N) isosceles triangles.

12. On a table with 1993× 1993 checks, remove an arbitrary check. Prove:

The remaining figure can be exactly covered by several L-shaped figures

(the union of 3 checks).
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Chapter 18

Complex Numbers

1. Key Points of Knowledge and Basic Methods

A. Representation forms of complex numbers

Algebraic form: z = a+ bi (a, b ∈ R).

Geometric form: Points Z(a, b) in a complex plane or vectors
−→
OZ start-

ing from the origin.

Trigonometric form: z = r(cos θ + i sin θ) (r ≥ 0 and θ ∈ R).

Exponential form: z = reiθ.

B. Conditions for the equality of complex numbers

A necessary and sufficient condition for two complex numbers z1 = a1+ b1i

and z2 = a2 + b2i to be equal to each other is

a1 = a2 and b1 = b2.

A necessary and sufficient condition for two nonzero complex numbers

z1 = r1(cos θ1 + i sin θ1) and z2 = r2(cos θ2 + i sin θ2) to be equal to each

other is

r1 = r2 and θ1 − θ2 = 2kπ (k ∈ Z).

C. Operational rules of complex numbers

Addition and subtraction: (a+ bi)± (c+ di) = (a± c) + (b ± d)i.

Multiplication: (a+ bi)(c+ di) = (ac− bd) + (bc+ ad)i and

r1(cos θ1 + i sin θ1) · r2(cos θ2 + i sin θ2) = r1r2[cos(θ1 + θ2) + i sin(θ1 + θ2)].

227
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Division: a+bi
c+di =

ac+bd
c2+d2 + bc−ad

c2+d2 i (c+ di �= 0) and

r1(cos θ1 + i sin θ1)

r2(cos θ2 + i sin θ2)
=

r1
r2

[cos(θ1 − θ2) + i sin(θ1 − θ2)] (r2 �= 0).

Powers: [r(cos θ + i sin θ)]n = rn(cosnθ + i sinnθ) (n ∈ N).

Roots: The nth roots of a complex number r(cos θ + i sin θ) are

n
√
r

(
cos

θ + 2kπ

n
+ i sin

θ + 2kπ

n

)
(k = 0, 1, . . . , n− 1).

D. Moduli of complex numbers and conjugate

complex numbers

Properties of conjugate complex numbers:

(1) zz = |z|2 = |z|2;
(2) z + z = 2�(z), z − z = 2i�(z) (�(z) and �(z) represent the real part

and the imaginary part of the complex number z respectively);

(3) z = z;

(4) z1 ± z2 = z1 ± z2;

(5) z1z2 = z1 z2;

(6)
(

z1
z2

)
= z1

z2
(z2 �= 0);

(7) a necessary and sufficient condition for z to be a real number is z = z,

and a necessary and sufficient condition for z to be a purely imaginary

number is z = −z.

Properties of moduli of complex numbers:

(1) |z| ≥ |�(z)| and |z| ≥ |�(z)|;
(2) |z1z2 · · · zn| = |z1||z2| · · · |zn|;
(3)

∣∣∣ z1z2
∣∣∣ = |z1|

|z2| (z2 �= 0);

(4) ||z1| − |z2|| ≤ |z1 + z2|, and the equality holds when the vectors
−−→
OZ1

and
−−→
OZ2 corresponding to the complex numbers z1 and z2, respectively

have opposite directions;

(5) |z1+ z2+ · · ·+ zn| ≤ |z1|+ |z2|+ · · ·+ |zn|, and the equality holds when

the vectors
−−→
OZ1,

−−→
OZ2, . . . ,

−−→
OZn corresponding to the complex numbers

z1, z2, . . . , zn respectively have the same direction.
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E. Basic methods

Using a condition for the equality of complex numbers, we can reduce the

complex number problem to the real number problem, so applications of

the knowledge and methods of real numbers can help solve complex number

problems. Conversely, one can also transform a real number problem to a

complex number problem for an investigation.

The modulus of complex numbers is also one of the efficient methods to

reduce complex number problems to real number ones. Being good at using

the properties of moduli is a prominent aspect in the modulus operations.

The various forms of complex representations make many connections

of complex numbers to other branches of mathematics, so complex numbers

not only have synthetic applications in every branch of algebra, but also

provide powerful solution tools for the subjects of trigonometry, geometry,

etc. Constructing complex numbers according to the feature of the problem

and solving it by using the related knowledge of complex numbers will

provide new ideas towards solving problems in algebra, trigonometry, and

geometry, etc.

2. Illustrative Examples

A. Equality of complex numbers

Example 1. Suppose that a complex number z satisfies z2 + 2z = z �= z.

Find the product of all possible values of z.

Solution. Let z = a+ bi (a, b ∈ R). From z2 + 2z = z, we have

a2 − b2 + 2abi+ 2a+ 2bi = a− bi.

Comparing the real and imaginary parts gives{
a2 − b2 + a = 0,

2ab+ 3b = 0.

Also from z �= z we know that b �= 0, and so 2a+3 = 0, namely a = − 3
2 .

Consequently,

b = ±
√
a2 + a = ±

√
3

2
.

Therefore, the product of the values of the complex numbers that satisfy

the condition is
(
− 3

2 +
√
3
2 i
)(

− 3
2 −

√
3
2 i
)
= 3. �



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch18 page 230

230 Problems and Solutions in Mathematical Olympiad: High School 2

Remark. Solving complex number problems also needs to master and

apply the following conclusions skillfully:

1. Necessary and sufficient conditions for a complex number to be a real

number: (1) z = a+ bi ∈ R ⇔ b = 0 with a, b ∈ R; (2) z ∈ R ⇔ z = z;

(3) z ∈ R ⇔ z2 ≥ 0.

2. Necessary and sufficient conditions for a complex number to be a purely

imaginary number: (1) z = a + bi is a purely imaginary number ⇔
a = 0 and b �= 0 (a, b ∈ R); (2) z is a purely imaginary number ⇔
z + z = 0 (z �= 0); (3) z is a purely imaginary number ⇔ z2 < 0. Any

restriction to z should be investigated from the two aspects of the real

and imaginary parts.

Example 2. Suppose that n ≤ 1999 with n ∈ N and there exists a θ

satisfying

(sin θ + i cos θ)n = sinnθ + i cosnθ.

What is the total number of such n?

Analysis. If z = r(cos θ + i sin θ), then

zn = rn(cosnθ + i sinnθ) (n ∈ N),

which is de Moivre’s formula. The premise of using de Moivre’s formula is

expressing a complex number z in its trigonometric form.

Solution. Note that

(sin θ + i cos θ)n =
[
cos
(π
2
− θ
)
+ i sin

(π
2
− θ
)]n

= cos
(nπ

2
− nθ

)
+ i sin

(nπ
2

− nθ
)

(18.1)

and

sinnθ + i cosnθ = cos
(π
2
− nθ

)
+ i sin

(π
2
− nθ

)
. (18.2)

By the necessary and sufficient conditions for the equality of complex num-

bers, (18.1) and (18.2) imply that

nπ

2
− nθ = 2kπ +

π

2
− nθ (k ∈ Z),

the solutions of which are n = 4k + 1 (k ∈ Z).

Since 1 ≤ n ≤ 1999, so 0 ≤ k ≤ 499 1
2 .

Hence, the number of n that satisfy the condition of the problem

is 500. �
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B. Basic operations of complex numbers

Reasonable computation is a problem that needs a great attention in com-

plex number operations. Using different forms of complex numbers flexibly

may finish the operations fast and precisely. At the same time, one should

pay attentions to using the imaginary unit i and the operational properties

of two cubic roots of 1: ω = − 1
2 +

√
3
2 i and ω2 = − 1

2 −
√
3
2 i.

Example 3. Prove:

[(2a− b− c) + (b− c)
√
3i]3 = [(2b− c− a) + (c− a)

√
3i]3.

Analysis. If we expand the two sides of the equality, then the operations

are too complicated. We may consider the cubic root ω = − 1
2 +

√
3
2 i of 1

to simplify the operations.

Proof. The left hand side of the equality

= [2a+ b(−1 +
√
3i) + c(−1−

√
3i)]3

= (2a+ 2bω + 2cω2)3,

where ω = − 1
2 +

√
3
2 i and ω2 = − 1

2 −
√
3
2 i.

The right hand side of the equality

= [a(−1−
√
3i) + 2b+ c(−1 +

√
3i)]3

= (2aω2 + 2b+ 2cω)3

= [(2a+ 2bω + 2cω2)ω2]3

= (2a+ 2bω + 2cω2)3 = the left hand side of the equality,

so the equality is valid. �

Remark. The number ω is a quantity that is very frequently seen in com-

plex number problems and its related properties include: ω3 = 1, 1 + ω +

ω2 = 0, and ω2 = ω. These properties are very useful in the process of

solving problems.

Example 4. Suppose that two complex numbers z1 and z2 satisfy the

following conditions:

|z1| = 2, |z2| = 3, 3z1 − 2z2 = 2− i.

Find the value of z1z2.
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Analysis. The way of trying to solve z1 and z2 out from the conditions

(the system of the equations for z1 and z2) will meet a difficulty. Note the

relation of conjugate complex numbers and moduli of complex numbers.

From |z1| = 2 and |z2| = 3, we see that 22 = z1z1 and 32 = z2z2, and

substituting into the third equality will find z1z2.

Solution. By the conditions, we know that z1z1 = 4 and z2z2 = 9.

Then

3z1 − 2z2 =
1

3
z1z2z2 − 1

2
z2z1z1 =

1

6
z1z2(2z2 − 3z1).

Thus, we have

z1z2 =
6(3z1 − 2z2)

2z2 − 3z1
= −6(3z1 − 2z2)

3z1 − 2z2
= −6(2− i)

2 + i

= −6

5
(2− i)2 = −18

5
+

24

5
i. �

C. Moduli of complex numbers and conjugate

complex numbers

Example 5. Let complex numbers z and w satisfy |z| = 3 and (z+w)(z−
w) = 7 + 4i. Find the modulus of (z + 2w)(z − 2w).

Solution. From the properties of complex number operations,

7 + 4i = (z + w)(z − w) = |z|2 − |w|2 − (zw − zw).

Since |z|2 and |w|2 are real numbers and �(zw−zw) = 0, so |z|2−|w|2 =

7 and zw − zw = −4i, Also |w|2 = 2 from |z| = 3. It follows that

(z + 2w)(z − 2w) = |z|2 − 4|w|2 − 2(zw − zw) = 9− 8 + 8i = 1 + 8i.

Therefore, the modulus of (z + 2w)(z − 2w) is
√
12 + 82 =

√
65. �

Example 6. Suppose that z1, z2, . . . zn are complex numbers and satisfy

|z1|+ |z2|+ · · ·+ |zn| = 1. Prove: There must be several complex numbers

among the above n complex numbers such that the sum of their moduli is

not less than 1
6 .
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Proof. For the complex number zk = ak + bki (ak, bk ∈ R) for k =

1, 2, . . . , n, there holds that |zk| ≤ |ak|+ |bk|. So

1 =

n∑
k=1

|zk| ≤
n∑

k=1

|ak|+
n∑

k=1

|bk|. (18.3)

Also,

∣∣∣∣∣
n∑

k=1

zk

∣∣∣∣∣ =
√√√√
(

n∑
k=1

ak

)2

+

(
n∑

k=1

bk

)2

≥ max

{∣∣∣∣∣
n∑

k=1

ak

∣∣∣∣∣ ,
∣∣∣∣∣

n∑
k=1

bk

∣∣∣∣∣
}
.

(18.4)

For the comparison purpose of (18.3) and (18.4), rewrite the right hand

side of (18.3) as∑
ak≥0

|ak|+
∑
ak<0

|ak|+
∑
bk≥0

|bk|+
∑
bk<0

|bk|

=

∣∣∣∣∣∣
∑
ak≥0

ak

∣∣∣∣∣∣+
∣∣∣∣∣
∑
ak<0

ak

∣∣∣∣∣+
∣∣∣∣∣∣
∑
bk≥0

bk

∣∣∣∣∣∣+
∣∣∣∣∣
∑
bk<0

bk

∣∣∣∣∣ .
So, in the above four terms, there must be one term that is not less than
1
4 , say ∣∣∣∣∣∣

∑
ak≥0

ak

∣∣∣∣∣∣ ≥
1

4

without loss of generality. Consequently,∣∣∣∣∣∣
∑
ak≥0

zk

∣∣∣∣∣∣ ≥
∣∣∣∣∣∣
∑
ak≥0

ak

∣∣∣∣∣∣ ≥
1

4
>

1

6
.

�

Remark. In the following we rethink the problem, starting from another

angle. First,

∣∣∣∣∣
n∑

k=1

zk

∣∣∣∣∣ =
√√√√
(

n∑
k=1

ak

)2

+

(
n∑

k=1

bk

)2

≥ max

{∣∣∣∣∣
n∑

k=1

ak

∣∣∣∣∣ ,
∣∣∣∣∣

n∑
k=1

bk

∣∣∣∣∣
}
.

Without loss of generality, assume that
∣∣∑n

k=1 ak
∣∣ ≥ ∣∣∑n

k=1 bk
∣∣. Then∣∣∣∣∣

n∑
k=1

zk

∣∣∣∣∣ ≥
∣∣∣∣∣

n∑
k=1

ak

∣∣∣∣∣ .
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Using the above inequality directly may lead to too much decrease from

the left hand side, so we adopt a novel idea as follows.

Divide the complex plane into four regions via the straight lines y = x

and y = −x. Since

|z1|+ |z2|+ · · ·+ |zn| = 1,

so at least one of the four regions has the property that those complex

numbers among z1, z2, . . . , zn that are inside this region must have the

sum of their moduli not less than 1
4 . For the simplicity of presentation,

we assume that this region is the one that contains the positive direction

of the x-axis (since only moduli of the complex numbers are considered,

otherwise we may make a rotation).

Suppose that the involved complex numbers are zkj = akj + bkj i (akj >

0) with j = 1, 2, . . . , s. Then

s∑
j=1

|zkj | ≥
1

4
(1 ≤ s ≤ n with s ∈ N),

from which we have

∣∣∣∣∣∣
s∑

j=1

zkj

∣∣∣∣∣∣ =
√√√√√
⎛
⎝ s∑

j=1

akj

⎞
⎠

2

+

⎛
⎝ s∑

j=1

bkj

⎞
⎠

2

≥
∣∣∣∣∣∣

s∑
j=1

akj

∣∣∣∣∣∣ =
s∑

j=1

akj ≥ 1√
2

s∑
j=1

√
a2kj

+ b2kj

=
1√
2

s∑
j=1

|zkj | ≥
1

4
√
2
>

1

6
.

Thus, the problem is completely solved. �

D. Method of complex numbers

Example 7. Given eight nonzero real numbers a1, a2, . . . , a8. Prove:

Among the following six numbers a1a3 + a2a4, a1a5 + a2a6, a1a7 +

a2a8, a3a5+a4a6, a3a7+a4a8, and a5a7+a6a8, at least one is nonnegative.

Analysis. In the given six numbers, a1, a2; a3, a4; a5, a6; a7, a8 appear in

pairs. so we may construct four complex numbers z1 = a1 + a2i, z2 =

a3 + a4i, z3 = a5 + a6i, and z4 = a7 + a8i. The moduli of the differences of
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all pairs of two complex numbers appear in the corresponding forms of the

six numbers.

Proof. Let z1 = a1 + a2i, z2 = a3 + a4i, z3 = a5 + a6i, and z4 = a7 + a8i.

Then

|z1 − z2|2 = (a1 − a3)
2 + (a2 − a4)

2

= a21 + a22 + a23 + a24 − 2(a1a3 + a2a4).

Thus,

|z1|2 + |z2|2 − |z1 − z2|2 = 2(a1a3 + a2a4).

Similarly, we obtain

|z1|2 + |z3|2 − |z1 − z3|2 = 2(a1a5 + a2a6),

|z1|2 + |z4|2 − |z1 − z4|2 = 2(a1a7 + a2a8),

|z2|2 + |z3|2 − |z2 − z3|2 = 2(a3a5 + a4a6),

|z2|2 + |z4|2 − |z2 − z4|2 = 2(a3a7 + a4a8),

|z3|2 + |z4|2 − |z3 − z4|2 = 2(a5a7 + a6a8).

The remaining thing to do is only to show that among the four vectors−−→
OZ1,

−−→
OZ2,

−−→
OZ3, and

−−→
OZ4 corresponding to the complex numbers z1, z2, z3,

and z4 respectively, the angle of at least one pair of two vectors is less

than or equal to π
2 , which is obviously correct. Hence, the proposition is

proved. �

Example 8. Suppose that cosα+ cosβ+ cos γ = sinα+sinβ+ sin γ = 0.

Prove:

cos 2α+ cos 2β + cos 2γ = sin 2α+ sin 2β + sin 2γ = 0.

Analysis. If we consider the formula (cosα + i sinα)2 = cos 2α + i sin 2α

from the trigonometric form of complex numbers, then we can construct

complex numbers so that we can solve the problem by means of the square

operation of complex numbers.

Proof. Let zθ = cos θ + i sin θ. Then

zθzθ = |zθ|2 = 1,

z2θ = cos 2θ + i sin 2θ (θ = α, β, and γ).
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So, zα + zβ + zγ = cosα+ cosβ + cos γ + i(sinα+ sinβ + sin γ) = 0 and

z2α + z2β + z2γ = cos 2α+ cos 2β + cos 2γ + i(sin 2α+ sin 2β + sin 2γ).

(18.5)

Since zα + zβ + zγ = 0, so zα + zβ + zγ = 0, and consequently

1

zα
+

1

zβ
+

1

zγ
= 0,

namely

zαzβ + zβzγ + zγzα
zαzβzγ

= 0.

Hence,

zαzβ + zβzγ + zγzα = 0.

It follows that

z2α + z2β + z2γ = (zα + zβ + zγ)
2 − 2(zαzβ + zβzγ + zγzα) = 0.

By (18.5),

cos 2α+ cos 2β + cos 2γ = sin 2α+ sin 2β + sin 2γ = 0. �

3. Exercises

Group A

I. Filling Problems

1. Let a complex number z satisfy z+9 = 10z+22i. Then the value of |z|
is .

2. A given sequence {zn} of complex numbers satisfies z1 = 1 and zn+1 =

zn + 1 + ni (n = 1, 2, . . .). Then the value of z2015 is .

3. If two complex numbers z1 and z2 satisfy the condition |z1 − z2|2 =

|1− z1z2|2, then (|z1| − 1)(|z2| − 1) = .

4. Assume that arg(z + 1) = π
6 and arg(z − 1) = 2π

3 . Then the complex

number z = .

5. Given a geometric sequence {zn}, where z1 = 1, z2 = a + bi, and z3 =

b+ ai (a, b ∈ R and a > 0), when the condition z1 + z2 + · · ·+ zn = 0 is

satisfied, the minimum value of the natural number n is .

6. Let complex numbers z1 and z2 satisfy |z1| = |z1+z2| = 3 and |z1−z2| =
3
√
3. Then |(z1z2)2000 + (z1z2)

2000| = .
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II. Calculation Problems

7. Let z1 and z2 be a pair of conjugate complex numbers. If |z1− z2| =
√
6

and z1
z2
2
is a real number, find |z1|.

8. Given complex numbers z1 = 1 + cosα + i sinα and z2 = 1 − cosβ +

i sinβ (0 < α < π < β < 2π) such that arg z1 + arg z2 = 13π
6 and

|z1||z2| =
√
3, find α and β.

9. Let complex numbers α, β, and γ satisfy |α| = |β| = |γ| = 1. Prove:
(α+β)(β+γ)(γ+α)

αβγ is a real number.

Group B

10. Let a, b, c ∈ N satisfy the equality c = (a+ bi)3 − 107i. Find the value

of c.

11. Given three real numbers a, b, and c, suppose that complex numbers

z1, z2, and z3 satisfy |z1| = |z2| = |z3| = 1 and z1
z2

+ z2
z3

+ z3
z1

= 1. Find

the value of |az1 + bz2 + cz3|.
12. Assume that x2 + y2 ≤ 1 and a2 + b2 ≤ 2 (x, y, a, b ∈ R). Use the

complex number method to prove:∣∣b(x2 − y2) + 2axy
∣∣ ≤ √

2.
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Chapter 19

Geometric Meaning
of Complex Operations

1. Key Points of Knowledge and Basic Methods

A. Geometric meaning of complex numbers

From the geometric representation of complex numbers, we know that the

complex numbers z = a+bi (a, b ∈ R) and the points Z(a, b) or the vectors−→
OZ (O is the origin of the coordinates system) of the complex plane both

constitute a one-one correspondence. We thus have |z| = ∣∣−→OZ
∣∣ = √

a2 + b2.

Note that equal vectors represent the same complex number.

B. Geometric meaning of addition and subtraction

of complex numbers

The addition and subtraction of complex numbers can be done according

to the addition and subtraction of vectors, that is, they follow the parallel-

ogram rule (or the triangle rule).

As in Figure 19.1, with vectors
−−→
OZ1 and

−−→
OZ2 corresponding to com-

plex numbers z1 = a + bi and z2 = c + di, respectively as adjacent sides,

construct a parallelogram. Let complex number z correspond to the vector−→
OZ represented by the diagonal of the parallelogram with O as the starting

point. Then

z = (a+ c) + (b + d)i = z1 + z2.

As in Figure 19.2, with vector
−−→
OZ2 corresponding to complex number

z2 = c+ di as one side, and vector
−−→
OZ1 corresponding to complex number

239
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Figure 19.1 Addition of Complex Numbers.

Figure 19.2 Subtraction of Complex Numbers.

z1 = a+bi as the diagonal, construct a parallelogramOZ2Z1Z. Let complex

number z correspond to the vector
−→
OZ . Then

z = (a− c) + (b − d)i = z1 − z2.

C. Geometric meaning of multiplication and division

of complex numbers

The geometric meaning of multiplication of complex numbers: Let z1 =

r1(cos θ1 + i sin θ1) and z2 = r2(cos θ2 + i sin θ2). Then the vector corre-

sponding to the product z1z2 of the two complex numbers is obtained via

rotating the vector
−−→
OZ1 corresponding to the complex number z1 the angle

θ2 counter clockwise (if θ2 < 0, then rotating
−−→
OZ1 the angle |θ2| clockwise),

followed by changing its modulus to the r2 multiple of the original one.

The geometric meaning of division of complex numbers: Let z1 =

r1(cos θ1 + i sin θ1) and z2 = r2(cos θ2 + i sin θ2) (z2 �= 0). Then the vector

corresponding to the quotient z1
z2

of the two complex numbers is obtained via

rotating the vector
−−→
OZ1 corresponding to the complex number z1 the angle
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θ2 clockwise (if θ2 < 0, then rotating
−−→
OZ1 the angle |θ2| counter clockwise),

followed by changing its modulus to the 1
r2

multiple of the original one.

D. Geometric meaning of taking roots of complex numbers

Let z1 be a root of the binomial equation xn = z, and let
−−→
OZ1 be the

corresponding vector (O is the origin). Then the vectors corresponding to

the n roots of the equation xn = z all have O as their starting point and

have their terminal points distributed uniformly on the circle with the origin

as the center and |−−→OZ1| = n
√
z as the radius. In other words, their terminal

points are just the vertices of a regular n-polygon. The principal values of

the arguments of the two complex numbers corresponding to two nearby

vectors differ by 2π
n .

E. Distance formula for two points of the complex plane

Let the complex numbers correspond to two points Z1 and Z2 in the com-

plex plane be z1 = a + bi and z2 = c + di, respectively. Then the dis-

tance between the two points Z1 and Z2 is d = |Z1Z2| = |z1 − z2| =√
(a− c)2 + (b− d)2.

F. Equations of commonly seen curves in the

complex plane

(1) The trajectory of the point corresponding to all the complex numbers

z satisfying |z − z1| = |z − z2| is the perpendicular bisector of the line

segment Z1Z2.

(2) The trajectory of the point corresponding to all the complex numbers

z satisfying |z − z1| = r is the circle with the point Z1 as the center

and r as the radius.

(3) The trajectory of the point corresponding to all the complex numbers

z satisfying |z− z1|+ |z− z2| = 2a (|Z1Z2| < 2a) is the ellipse with the

foci Z1 and Z2 and 2a as the length of the long axis.

(4) The trajectory of the point corresponding to all the complex numbers

z satisfying ||z − z1| − |z − z2|| = 2a (|Z1Z2| > 2a) is the hyperbola

with the foci Z1 and Z2 and 2a as the length of the real axis.

(5) The trajectory of the point corresponding to all the complex numbers

z satisfying arg z = θ is the ray with the origin as its starting point

(the angle with the positive half x-axis as the starting side and the ray

as the terminal side is θ).



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch19 page 242

242 Problems and Solutions in Mathematical Olympiad: High School 2

(6) The solutions of a system of complex number equations are the complex

numbers corresponding to the intersection points of the trajectories of

the points that satisfy one equation of the system respectively, and etc.

G. Basic methods

Using the geometric meaning of complex numbers and their operations to

give geometric explanations of quantitative relations and then transform the

problem of the numerical relation to the problem of the graphic properties,

one can use figures to solve problems. The idea and method of combin-

ing numbers and figures not only strengthen the intuitive feature of the

problem, but also play a role of turning difficulty into ease and turning

complexity into simplicity.

2. Illustrative Examples

A. Problems related to moduli

Example 1. Let the complex numbers corresponding to three points A,B,

and C of the complex plane be z1, z2, and z3, respectively. Suppose that

|z1| = 1, z2 = z1z, and z3 = z2z, where z = 3
2 (1 +

√
3i). Find the area of

the quadrilateral OABC.

Analysis. Rewrite z = 3
2 (1 +

√
3i) = 3

(
cos π

3 + i sin π
3

)
in the trigono-

metric form. Then we know that z2 = z1z represents rotating the vector−→
OA corresponding to z1 the angle of π

2 in the direction of counter clock-

wise around the origin, and then followed by extending its modulus to

three times, arriving at the location of the point B. By the same reason

we can get the location of the point C, and in this way we can decompose

the quadrilateral into two triangles, the areas of which can be calculated

respectively.

Solution. Since z = 3
2 (1 +

√
3i) = 3

(
cos π

3 + i sin π
3

)
and the point A

corresponds to z1 = cos θ + i sin θ with the corresponding vector
−→
OA, we

have z2 = z1z = z1 · 3 (cos π
3 + i sin π

3

)
. This indicates that the point B

corresponds to z2, and the corresponding vector
−−→
OB is obtained via rotating−→

OA the angle of π
3 counter clockwise around the point O and then changing

the original modulus to three times:

|OB| = 3 and ∠AOB =
π

3
.
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Also z3 = z2z = z2 · 3
(
cos π

3 + i sin π
3

)
. This means that the point C

corresponds to z3, and the corresponding vector
−−→
OC is obtained via rotating−−→

OB the angle of π
3 counter clockwise around the point O and then changing

the original modulus to three times:

|OC| = 9 and ∠BOC =
π

3
.

Hence,

SOABC = S�OAB + S�OBC

=
1

2
|OA||OB| sin π

3
+

1

2
|OB||OC| sin π

3

=
15

2

√
3. �

Remark. This is a direct application of the geometric meaning of com-

plex number multiplications. Here, it should be noted: (1) The object of

rotation; (2) the rotation direction (determined by the sign of θ); (3) the

multiple of change in the modulus.

Example 2. Assume that a complex number z satisfies arg(z + 3) = 3
4π.

For what value of z, the maximum value of u = 1
|z+6|+|z−3i| can be

obtained? Also find the maximum value.

Analysis. The equality arg(z + 3) = 3
4π indicates that the curve repre-

sented by z + 3 with z satisfying the equation is the ray starting at the

origin with the inclination angle 3
4π. The curve represented by z + 3 is

obtained by translating the curve represented by z to the left by 3 units.

From this we can find the trajectory of the point Z, and by using the geo-

metric meaning of the modulus of a complex number, we can transform the

problem to that of finding a point in a straight line that has the minimal

sum of the distances to two fixed points.

Solution. In the complex plane, the curve represented by the equation

arg(z + 3) =
3

4
π

is the ray AE with (−3, 0) as its starting point and 3
4π as its inclination

angle (see Figure 19.3). Thus, the problem is reduced to that of finding a

point Z (corresponding to the complex number z) on the ray AE such that

the value of |z + 6| + |z − 3i| is minimal. The number |z + 6| + |z − 3i|
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Figure 19.3 Figure for Example 2.

expresses the sum of the distances of the point Z on the ray to the points

B(−6, 0) and C(0, 3), respectively.

From Figure 19.3 we see that when the point Z is on the line segment

BC, the value of |z + 6| + |z − 3i| is minimal, and the minimum value is√
(−6)2 + 32 = 3

√
5. Thus,

umax =
1

3
√
5
=

√
5

15
.

When u achieves the maximum value, let z = x + yi (x, y ∈ R). The

above reduction idea transforms the problem to that of finding the inter-

section point of the straight lines AE and BC. By the knowledge of plane

geometry,

the equation of the straight line AE : x+ y + 3 = 0; (19.1)

the equation of the straight line BC : x− 2y + 6 = 0. (19.2)

The solution of the system of (19.1) and (19.2) is x = −4 and y = 1,

from which z = −4 + i.

In summary, umax =
√
5

15 when z = −4 + i. �

Remark. Understanding the geometric meaning of the operations, such

as addition, subtraction, multiplication, division, finding the modulus, and

arguments of complex numbers, and utilizing the method of combing figures

and numbers, can often achieve an unexpected effect.
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Example 3. Given a positive real number a, if z = 1
a+ti (here t is a real

parameter) achieves the maximum value 2 of |z − i|, find the value of a.

Solution 1. Since

z − 1

2a
=

1

a+ ti
− 1

2a
=

a− ti

2a(a+ ti)
,

∣∣∣∣z − 1

2a

∣∣∣∣ = |a− ti|
2a|a+ ti| .

Thus, ∣∣∣∣z − 1

2a

∣∣∣∣ = 1

2a
.

Consequently, in the complex plane, the point Z corresponding to the

complex number z lies on the circle (not containing the origin) centered at(
1
2a , 0

)
with radius 1

2a . Denote A
(

1
2a , 0

)
and B(0, 1). Then

|z − i| = |ZB| ≤ |ZA|+ |AB| = 1

2a
+

√(
1

2a

)2

+ 1,

and the equality is valid when the three points Z,A, and B are co-linear.

It follows that

1

2a
+

√(
1

2a

)2

+ 1 = 2

from the condition of the problem. The solution of the above is a = 2
3 . �

Solution 2. Since z − i = 1+t−ai
a+ti ,

|z − i|2 =
|1 + t− ai|2
|a+ ti|2 =

(1 + t)2 + a2

a2 + t2
= 1 +

2t+ 1

a2 + t2
.

Since the maximum value of |z− i| is 2, the maximum value of |z− i|2 is 4.

Thus, the maximum value of 2t+1
a2+t2 is 3.

Let u = 2t+ 1. Then u > 0, and so

2t+ 1

a2 + t2
=

u

a2 + u2−2u+1
4

=
4u

4a2 + 1 + u2 − 2u

=
4

4a2+1
u + u− 2

≤ 4

2
√
4a2 + 1− 2

=
2√

4a2 + 1− 1
,
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with the equality being satisfied if and only if 4a2+1
u = u, that is u =√

4a2 + 1. Hence,

2√
4a2 + 1− 1

= 3,

and its solution is a = 2
3 (since a > 0). �

B. Problems with principal values of arguments

The combination of numbers and figures is an efficient means to deal with

problems concerning the principal value of arguments.

Example 4. Let a complex number z satisfy
∣∣∣arg z+1

z+2

∣∣∣ = π
6 . Find the

range of the values for arg z.

Analysis. Let the point that corresponds to the vector z be Z. According

to the geometric meaning of divisions of complex numbers, we may write

z+1 = r(z+2)(cos θ+i sin θ), where z+1 represents the vector with (−1, 0)

as its starting point and Z as its terminal point, and z + 2 represents the

vector with (−2, 0) as its starting point and Z as its terminal point. Rotate

the vector represented by z + 2 the angle of |θ| counter clockwise (θ > 0)

or clockwise (θ < 0). Then it will be parallel to the vector represented by

z+1, and ∠AZB is the fixed value |θ|. This means that the point Z moves

on the circle with AB as a chord and the corresponding central angle 2|θ|,
from which the trajectory of the point Z can be obtained. This will give

the solution.

Solution. Let
∣∣∣arg z+1

z+2

∣∣∣ = θ. Then z + 1 = λ(z + 2)(cos θ + i sin θ) with

λ ≥ 0.

As in Figure 19.4, denote A(−2, 0) and B(−1, 0). Then
−−→
BZ =

λ
−→
AZ(cos θ + i sin θ). When θ = π

6 , the vector
−→
AZ will be parallel to

−−→
BZ

after it is rotated the angle of θ counter clockwise, so

∠AZB =
π

6
.

Consequently, part of the trajectory of Z is the major arc AB (containing

B but not A) of the circle centered at O1

(
− 3

2 ,
√
3
2

)
with radius 1. When

θ = −π
6 , by the symmetry we know that another part of the trajectory of
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Figure 19.4 Figure for Example 4.

Z is the major arc AB (containing B but not A) of the circle centered at

O2

(
− 3

2 ,−
√
3
2

)
with radius 1. It can be calculated out easily that

tanα =

√
3

3
, α =

π

6
,

sinβ =

√
3

3
, β = arcsin

√
3

3
.

Therefore, arg z ∈
[
5
6π − arcsin

√
3
3 , π

)⋃(
π, 7

6π + arcsin
√
3
3

]
. �

Remark. In general, the argument equation

arg
z − z1
z − z2

= θ ⇔ −−→
Z1Z = λ

−−→
Z2Z(cos θ + i sin θ) (λ > 0),

which means that the trajectory of the point Z is the arc opposite to the

chord Z1Z2.

Example 5. Suppose that two complex numbers z1 = 1 + cosα +

i sinα (0 < α < π) and z2 = 1 − cosβ + i sinβ (0 < β < 2π) satisfy

arg z1 + arg z2 = 13
6 π. Find sin α−β

4 .

Analysis. Construct the new complex numbers z = cosα + i sinα and

z′ = − cosβ + i sinβ. Then the corresponding points Z and Z ′ move on

the unit circle centered at the origin. Since z1 = 1+ z and z2 = 1+ z′, one
can determine the ranges of the arguments for z1 and z2 from the figure.
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Figure 19.5 Figure for Example 5.

Solution. Let z = cosα + i sinα (0 < α < π). Then z1 = 1 + z. From

Figure 19.5, we know that arg z1 = α
2 .

Let z′ = − cosβ + i sinβ = cos(π − β) + sin(π − β). Then z2 = 1 + z′.
Since −π < π − β < 0, Figure 19.5 tells us that arg z2 = 2π + π−β

2 .

Also, since arg z1 + arg z2 = α
2 + 5

2π − β
2 = 13

6 π, we obtain α−β
4 = −π

6 .

It follows that

sin
α− β

4
= −1

2
. �

C. Trajectory problems in the complex plane

Example 6. Suppose that the complex numbers corresponding to two

points A and B in the complex plane are 1 and i, respectively. Let the

complex number that corresponds to a moving point on the line segment

AB be z. Find the trajectory of the point corresponding to the complex

number z2 in the complex plane.

Analysis. Let z = a + bi. Then z2 = a2 − b2 + 2abi. Eliminating the

parameters a and b gives the trajectory of the point corresponding to the

complex number z2.

Solution. Let the complex number corresponding to the moving point on

the line segment AB be z = a + bi (a, b ∈ R). By the condition of the

problem, the coordinates of the two points A and B are (1, 0) and (0, 1),

respectively. So, the equation of the straight line that contains the line
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segment AB is x + y = 1. Since the point corresponding to z = a + bi is

on the line segment AB, we have a+ b = 1 with 0 ≤ a ≤ 1 and 0 ≤ b ≤ 1.

Also,

z2 = (a+ bi)2 = a2 − b2 + 2abi.

Let the coordinates of the point corresponding to z2 be (x, y). Then
{
x = a2 − b2,

y = 2ab.

Since a+ b = 1, we have b = 1− a, thus{
x = a2 − (1 − a)2,

y = 2a(1− a).

In other words, {
x = 2a− 1,

y = 2a− 2a2.

Eliminating a from the above and simplifying the resulting expression, we

find that x2 = −2
(
y − 1

2

)
.

Also, since x = 2a− 1 with 0 ≤ a ≤ 1, we have −1 ≤ x ≤ 1.

Therefore, the trajectory of the point corresponding to the complex

number z2 is the part of the parabola x2 = −2
(
y − 1

2

)
that corresponds

to −1 ≤ x ≤ 1, namely the solid curve part of the parabola as shown in

Figure 19.6. �

Figure 19.6 Figure for Example 6.
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Remark. Using the algebraic form of complex numbers z = x + yi

(x, y ∈ R), finding an expression of the relation between x and y, elim-

inating the parameter in the process, and finally obtaining an equation

about x and y, give basic ideas towards solving the trajectory problem.

Example 7. For a complex number z = t+ 3+
√
3i, where t is a complex

number that makes t+3
t−3 a purely imaginary number, (1) find the trajectory

equation for the point corresponding to z in the complex plane; (2) find the

range of the values for arg z; (3) find the minimum value of |z−1|2+ |z+1|2
and the complex numbers z that make the minimum value.

Analysis. From the given information, we have |z − (3 +
√
3i)| = |t|, and

so if we can find |t|, we can obtain the answer to the trajectory question.

Solution. (1) Since t+3
t−3 is purely imaginary, from t+3

t−3 = − t+3
t−3

, we get

tt = 9, namely |t| = 3 (t �= ±3).

The equality z = t+ (3 +
√
3i) implies that

t = z − (3 +
√
3i) (z �= 6 +

√
3i and z �= √

3i).

Consequently,

|z − (3 +
√
3i)| = |t| = 3.

Hence, the trajectory of the point P corresponding to z is the circle centered

at (3,
√
3) with radius 3, excluding the points (6,

√
3) and (0,

√
3).

(2) Let one tangent line to the above circle that passes through the origin

be y = kx. The other tangent line is the y-axis. Then

|3k −√
3|√

1 + k2
= 3, k = −

√
3

3
.

Also, since z �= √
3i, it does not reach the y-axis, so

arg z ∈
[
11

6
π, 2π

)⋃[
0,

π

2

)
.

(3) We first calculate

|z − 1|2 + |z + 1|2 = (z − 1)(z − 1) + (z + 1)(z + 1)

= 2(|z|2 + 1).
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Since |z|min =
√
3, it follows that

(|z − 1|2 + |z + 1|2)min = 8.

Now, z =
√
3i or z =

√
3
(
cos 11

6 π + i sin 11
6 π
)
= 3

2 −
√
3
2 i. �

Remark. The form of the trajectory equation in the complex plane is

rather special, and it often appears in the form of the complex number

modulus. Hence, one often uses the method of the complex number mod-

ulus to solve a trajectory problem.

Example 8. Let complex numbers z1 and z2 satisfy 	(z1) > 0,	(z2) > 0,

and 	(z21) = 	(z22) = 2.

(1) Find the minimum value of 	(z1z2).
(2) Find the minimum value of |z1 + 2|+ |z2 + 2| − |z1 − z2|.

Solution. (1) For k = 1 and 2, let zk = xk + yki (xk, yk ∈ R). By the

given conditions,

xk = 	(zk) > 0, x2
k − y2k = 	(z2k) = 2.

Thus,

	(z1z2) = 	[(x1 + y1i)(x2 + y2i)] = x1x2 − y1y2

=
√
(y21 + 2)(y22 + 2)− y1y2

≥ (|y1y2|+ 2)− y1y2 ≥ 2.

Also, when z1 = z2 =
√
2, we have 	(z1z2) = 2. This means that the

minimum value of 	(z1z2) is 2.

(2) For k = 1 and 2, let the point corresponding to zk in the rectangular

coordinates system xOy of the complex plane be Pk(xk, yk), and denote the

symmetric point of P2 with respect to the x-axis to be P ′
2. Then P1 and

P ′
2 are both on the right branch of the hyperbola C : x2 − y2 = 2.

Let F1(−2, 0) and F2(2, 0) be the left and right foci of C, respectively.
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According to the definition of a hyperbola, we have |P1F1| = |P1F2| +
2
√
2 and |P ′

2F1| = |P ′
2F2|+ 2

√
2. Consequently,

|z1 + 2|+ |z2 + 2| − |z1 − z2| = |z1 + 2|+ |z2 + 2| − |z1 − z2|

= |P1F1|+ |P ′
2F1| − |P1P

′
2|

= 4
√
2 + |P1F2|+ |P ′

2F2| − |P1P
′
2| ≥ 4

√
2,

with the equality being valid if and only if F2 is on the line segment P1P
′
2

(for example, F2 is just the middle point of P1P
′
2 when z1 = z2 = 2+

√
2i).

In summary, the minimum value of |z1 + 2| + |z2 + 2| − |z1 − z2| is
4
√
2. �

3. Exercises

Group A

I. Filling Problems

1. If |z1| = |z2| = 1 and |z1 + z2| =
√
2, then |z1 − z2| equals

.

2. Let ω = z + ai, where a ∈ R and z = (1−4i)(1+i)+2+4i
3+4i . If |ω| ≤ √

2,

then the range of the principal values for the argument of ω is

.

3. Let complex numbers z1 = −3 − √
3i, z2 =

√
3 + i, and z =

√
3 sin θ +

i(
√
3 cos θ + 2). Then the minimum value of |z − z1| + |z − z2| is

.

4. Suppose that a is a real number and there exists a complex number z

such that |z +√
2| = √

a2 − 3a+ 2 and |z +
√
2i| < a. Then the range

of the values for a is .

5. Let the complex numbers corresponding to the 20 vertices of the

inscribed regular 20-polygon to the unit circle in the complex plane be

z1, z2, . . . , z20 in succession. Then the number of the points that corre-

spond to the complex numbers z19951 , z19952 , . . . , z199520 is .

II. Calculation Problems

6. Let a complex number z1 satisfy |z1 − 8i| = 2 and another complex

number z2 satisfy |z2| = 4. Denote w = z1 − z2. Find the area of the

figure corresponding to the set M of the complex numbers w.
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7. Suppose that 
ABC is an isosceles right triangle with the vertices

arranged in the clockwise direction, where A is a fixed point, B is a

moving point on a fixed circle, and C is the vertex of the right angle.

Find the trajectory of the point C.

8. Given two complex number sets

A = {z | |z − 2| ≤ 2},

B =

{
z
∣∣∣ z =

iz1
2 + b

, z1 ∈ A, and b ∈ R

}
.

(1) If A ∩B = ∅, find the range of b.

(2) If A ∩B = B, find the values of b.

Group B

9. The arguments of complex numbers z1, z2, and z3 are α, β, and γ,

respectively, |z1| = 1, |z2| = k, |z3| = 2 − k, and z1 + z2 + z3 = 0. For

what values of k does cos(β − γ) achieve its maximum value and mini-

mum value, respectively? Also, find the maximum value and minimum

value.

10. Suppose that a and b are real numbers, the two imaginary roots of

x2 + 2ax + b = 0 are z1 and z2 with corresponding points Z1 and Z2

in the complex plane, and the circle with Z1 and Z2 as the two end

points of its diameter includes the origin in its interior. Find the range

for the existence of the complex numbers z = a + bi, and represent it

with a figure.

11. Let O be the origin of the complex plane, and let Z1 and Z2 be two

moving points in the complex plane that satisfy: (1) The arguments

of the complex numbers corresponding to Z1 and Z2 are fixed values

of θ and −θ
(
0 < θ < π

2

)
respectively; (2) the area of 
OZ1Z2 is a

fixed value of S. Find the trajectory equation for the center of gravity

Z of 
OZ1Z1 and the minimum value of the modulus of the complex

number corresponding to the point Z.

12. Let nonzero complex numbers a1, a2, a3, a4, and a5 satisfy a2

a1
= a3

a2
=

a4

a3
= a5

a4
and a1 + a2 + a3 + a4 + a5 = 4

(
1
a1

+ 1
a2

+ 1
a3

+ 1
a4

+ 1
a5

)
= S,

where S is a real number and |S| ≤ 2. Prove: The points in the complex

plane that correspond to the complex numbers a1, a2, a3, a4, and a5,

respectively lie on the same circle.
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Chapter 20

Mean Value Inequalities

1. Key Points of Knowledge and Basic Methods

Let a1, a2, . . . , an be n positive real numbers. Denote

Hn =
n

1
a1

+ 1
a2

+ · · ·+ 1
an

,

Gn = n
√
a1a2 · · · an,

An =
a1 + a2 + · · ·+ an

n
,

Qn =

√
a21 + a22 + · · ·+ a2n

n
,

which are called respectively the harmonic mean, geometric mean, arith-

metic mean, and square mean of the n positive numbers.

The four mean values have the following relation:

Hn ≤ Gn ≤ An ≤ Qn,

and any equality holds if and only if a1 = a2 = · · · = an.

Proof. (1) We first prove An ≥ Gn, using mathematical induction.

When n = 1, since a1 = a1, the inequality is true.

When n = 2, since

(a1 + a2)
2

4
=

(a1 − a2)
2

4
+ a1a2 ≥ a1a2,

namely a1+a2

2 ≥ √
a1a2, the inequality is true.

255
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Assume that the inequality is true for n = k (k ≥ 2 with k ∈ N). Then

for n = k + 1,

Ak+1 =
a1 + a2 + · · ·+ ak + ak+1

k + 1

=
a1 + a2 + · · ·+ ak+1 + (k − 1)Ak+1

2k

=
1

2

(
a1 + a2 + · · ·+ ak

k
+

ak+1 + (k − 1)Ak+1

k

)

≥ 1

2

(
k
√
a1a2 · · · ak + k

√
ak+1A

k−1
k+1

)

≥
√

k
√
a1a2 · · ·ak · k

√
ak+1A

k−1
k+1.

After simplifying the above inequality, we obtain

Ak+1 ≥ k+1
√
a1a2 · · · akak+1,

and the equality is valid if and only if a1 = a2 = · · · = ak = ak+1 = Ak+1.

(2) The inequality An ≥ Gn ensures that

1

a1
+

1

a2
+ · · ·+ 1

an
≥ n n

√
1

a1a2 · · · an =
n

Gn
,

that is

Gn ≥ n
1
a1

+ 1
a2

+ · · ·+ 1
an

= Hn.

(3) The inequality Qn ≥ An is equivalent to

n(a21 + a22 + · · ·+ a2n)− (a1 + a2 + · · ·+ an)
2 ≥ 0.

But the left hand side expression of the above

= (a1 − a2)
2 + (a1 − a3)

2 + · · ·+ (a1 − an)
2 + (a2 − a3)

2 + · · ·
+(a2 − an)

2 + · · ·+ (an−1 − an)
2 ≥ 0,

the inequality in which becomes an equality if and only if a1 = a2 = · · · =
an.

To summarize, Hn ≤ Gn ≤ An ≤ Qn, and equalities hold if and only if

a1 = a2 = · · · = an. �
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Here, we used a frequently used method for proving propositions related

to positive integers: mathematical induction. The mean value inequalities

can be proved by many methods.

The mean value inequalities involve the sum and product of n posi-

tive numbers, so whether one can view some parts of the expressions in

the problem to be proved or solved as a sum or product of some n posi-

tive numbers, will be the key point whether using this inequality can fin-

ish the task of solving the problem. When using mean value inequalities

to solve problems, one should be good at deforming the structure of the

expression properly. In particular, one should pay an attention to perform-

ing multi-direction and invertible imaginations, thus obtaining successful

information.

2. Illustrative Examples

Example 1. Let a, b, c ∈ R+ and abc ≤ 1. Prove:

1

a
+

1

b
+

1

c
≥ 1 +

6

a+ b+ c
.

Solution. The original inequality is equivalent to(
1

a
+

1

b
+

1

c

)
(a+ b+ c) ≥ a+ b+ c+ 6.

Since abc ≤ 1 and a, b, c ∈ R+, we have

1

a
+

1

b
+

1

c
≥ 3

3

√
1

abc
≥ 3.

Consequently,

1

3

(
1

a
+

1

b
+

1

c

)
(a+ b+ c) ≥ 1

3
· 3(a+ b+ c) = a+ b+ c.

On the other hand,

2

3

(
1

a
+

1

b
+

1

c

)
(a+ b+ c) ≥ 2

3
· 3 3

√
1

abc
· 3 3

√
abc = 6. (20.1)

Hence, (
1

a
+

1

b
+

1

c

)
(a+ b+ c) ≥ a+ b+ c+ 6. �

Remark. The inequality (20.1) can be proved by the Cauchy inequality.
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Example 2. Assume that four real numbers a, b, c, and d satisfy abcd >

a2 + b2 + c2 + d2. Prove:

abcd > a+ b+ c+ d+ 8.

Proof. From

abcd > a2 + b2 + c2 + d2 ≥ 4
4
√
a2b2c2d2,

we get 4
√
abcd > 2.

Suppose that abcd ≤ a+ b+ c+ d+ 8. Then

a2 + b2 + c2 + d2 < a+ b + c+ d+ 8,

that is,
(
a− 1

2

)2

+

(
b− 1

2

)2

+

(
c− 1

2

)2

+

(
d− 1

2

)2

< 9.

It follows that(
a− 1

2

)
+
(
b− 1

2

)
+
(
c− 1

2

)
+
(
d− 1

2

)
4

≤
√(

a− 1
2

)2
+
(
b− 1

2

)2
+
(
c− 1

2

)2
+
(
d− 1

2

)2
4

<

√
9

4
=

3

2
,

in other words,

a+ b+ c+ d < 8.

Thus,

2 <
4
√
abcd ≤ a+ b+ c+ d

4
<

8

4
= 2,

a contradiction.

Hence, abcd > a+ b+ c+ d+ 8. �

Remark. The arithmetic mean-geometric mean inequality implied a2 +

b2+c2+d2 ≥ 4
4
√
a2b2c2d2, and from the known inequality one got 4

√
abcd > 2

further. This gave a preparation for making a contradiction by using the

method of contradiction later.
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Example 3. Suppose that x1, x2, . . . , xn+1 are positive real numbers.

Prove:

1

x1
+

x1

x2
+

x1x2

x3
+

x1x2x3

x4
+ · · ·+ x1x2 · · ·xn

xn+1
≥ 4(1− x1x2 · · ·xn+1).

(20.2)

Proof. Let a, b > 0. By the arithmetic mean-geometric mean inequality,

4ab+
a

b
≥ 2

√
4ab · a

b
= 4a,

namely

a

b
≥ 4(a− ab).

Consequently,

x1x2 · · ·xk

xk+1
≥ 4(x1x2 · · ·xk − x1x2 · · ·xk+1) (k = 1, 2, . . . , n+ 1),

from which the left hand side of (20.2)

≥ 4(1− x1) + 4(x1 − x1x2) + · · ·+ 4(x1x2 · · ·xn − x1x2 · · ·xn+1)

= 4(1− x1x2 · · ·xn+1) = the right hand side of (20.2). �

Example 4. Let real numbers a1, a2, . . . , a2016 satisfy 9ai > 11a2i+1 (i =

1, 2, . . . , 2015). Find the maximum value of

(a1 − a22)(a2 − a23) · · · (a2015 − a22016)(a2016 − a21).

Solution. Denote P = (a1 − a22)(a2 − a23) · · · (a2015 − a22016)(a2016 − a21).

From the given condition, for i = 1, 2, . . . , 2015,

ai − a2i+1 >
11

9
a2i+1 − a2i+1 ≥ 0.

If a2016 − a21 ≤ 0, then P ≤ 0.
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In the following, we consider the case that a2016 − a21 > 0. Denote

a2017 = a1. By the arithmetic mean-geometric mean inequality,

P
1

2016 ≤ 1

2016

2016∑
i=1

(ai − a2i+1) =
1

2016

(
2016∑
i=1

ai −
2016∑
i=1

a2i+1

)

=
1

2016

(
2016∑
i=1

ai −
2016∑
i=1

a2i

)
=

1

2016

2016∑
i=1

ai(1 − ai)

≤ 1

2016

2016∑
i=1

[
ai + (1− ai)

2

]2

=
1

2016
· 2016 · 1

4
=

1

4
,

so

P ≤ 1

42016
.

When a1 = a2 = · · · = a2016 = 1
2 , the equality in the above inequality

holds and the condition

9ai > 11a2i+1 (i = 1, 2, . . . , 2015)

is satisfied. Now, P = 1
42016 . �

Example 5. Assume that a, b, and c are positive real numbers and a+ b+

c = 1. Prove:

a

a+ b2
+

b

b+ c2
+

c

c+ a2
≤ 1

4

(
1

a
+

1

b
+

1

c

)
.

Proof. From the given condition and the arithmetic mean-geometric mean

inequality,

a

a+ b2
=

a

a(a+ b+ c) + b2

=
a

a2 + b2 + ab+ ac

≤ a

2ab+ ab+ ac
=

1

3b+ c
.

By the arithmetic mean-harmonic mean inequality,

4
3
b +

1
c

=
4

1
b + 1

b +
1
b + 1

c

≤ b+ b+ b+ c

4
=

3b+ c

4
.
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So,

a

a+ b2
≤ 1

3b+ c
≤ 1

16

(
3

b
+

1

c

)
.

Similarly,

b

b+ c2
≤ 1

16

(
3

c
+

1

a

)
,

c

c+ a2
≤ 1

16

(
3

a
+

1

b

)
.

Summing up the above three inequalities gives

a

a+ b2
+

b

b+ c2
+

c

c+ a2
≤ 1

16

(
4

a
+

4

b
+

4

c

)
=

1

4

(
1

a
+

1

b
+

1

c

)
. �

Example 6. Suppose that a, b, and c are positive real numbers satisfying

abc = 8. Prove:

a2√
(1 + b3)(1 + c3)

+
b2√

(1 + c3)(1 + a3)
+

c2√
(1 + a3)(1 + b3)

≥ 4

3
.

Proof. Let a = 2x, b = 2y, and c = 2z. Then xyz = 1, and the original

inequality is equivalent to

x2√
(1 + 8y3)(1 + 8z3)

+
y2√

(1 + 8z3)(1 + 8x3)
+

z2√
(1 + 8x3)(1 + 8y3)

≥ 1

3
.

Since 1 + y2 ≥ 2y, so y2 + y4 ≥ 2y3, and thus

4y4 + 4y2 + 1 ≥ 8y3 + 1,

namely

1 + 8y3 ≤ (1 + 2y2)2.

Hence, it is enough to show that

x2

(1 + 2y2)(1 + 2z2)
+

y2

(1 + 2z2)(1 + 2x2)
+

z2

(1 + 2x2)(1 + 2y2)
≥ 1

3
.

The above inequality is equivalent to

3x2(1 + 2x2) + 3y2(1 + 2y2) + 3z2(1 + 2z2)

≥ (1 + 2x2)(1 + 2y2)(1 + 2z2),
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which is equivalent to

x2 + y2 + z2 + 6(x4 + y4 + z4) ≥ 9 + 4(x2y2 + y2z2 + z2x2).

Since x4 + y4 + z4 ≥ x2y2 + y2z2 + z2x2, so it is sufficient to show:

x2 + y2 + z2 + 2(x4 + y4 + z4) ≥ 9.

By the arithmetic mean-geometric mean inequality,

x2 + y2 + z2 ≥ 3 3
√
x2y2z2 = 3,

x4 + y4 + z4 ≥ 3 3
√
x4y4z4 = 3,

and consequently x2 + y2 + z2 + 2(x4 + y4 + z4) ≥ 3 + 2 · 3 = 9. That is,

the original inequality is satisfied. �

Example 7. Assume that positive integers a1, a2, . . . , an satisfy

n∑
i=1

iai = 6n,

n∑
i=1

i

ai
= 2 +

1

n
.

Find the value of the positive integer n.

Solution. The arithmetic mean-harmonic mean inequality implies

6n
1
2n(n+ 1)

=
a1 + 2a2 + · · ·+ nan

1
2n(n+ 1)

≥
1
2n(n+ 1)

1
a1

+ 2
a2

+ · · ·+ n
an

=
1
2n(n+ 1)

2 + 1
n

.

Note that

6n
1
2n(n+ 1)

=
12

n+ 1
<

12

n
,

1
2n(n+ 1)

2 + 1
n

=
1
2n

2(n+ 1)

2n+ 1
>

1
2n

2(n+ 1)

2n+ 2
=

1

4
n2.

It follows that 12
n > 1

4n
2. In other words, n3 < 48, namely n ≤ 3.

When n = 1, we have a1 = 6 and 1
a1

= 3, a contradiction. So, n �= 1.

When n = 2, the equations a1 + 2a2 = 12 and 1
a1

+ 2
a2

= 2+ 1
2 have no

positive integer solutions, and thus n �= 2.

When n = 3, we obtain a1 = 6, a2 = 3, and a3 = 2, therefore n = 3

satisfies the condition.

In summary, n = 3 is the unique solution. �
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The mean value inequalities can be generalized further. Let

x1, x2, . . . , xn be n positive real numbers and a real number r �= 0. Then

the number

Mr =

(
xr
1 + xr

2 + · · ·+ xr
n

n

) 1
r

is called the rth power mean of x1, x2, . . . , xn.

Theorem. If α and β are nonzero real numbers and α > β, then Mα ≥
Mβ , that is,

(
xα
1 + xα

2 + · · ·+ xα
n

n

) 1
α

≥
(
xβ
1 + xβ

2 + · · ·+ xβ
n

n

) 1
β

,

and the equality holds if and only if x1 = x2 = · · · = xn. This inequality is

called the power mean inequality.

Example 8. Suppose that the three sides of a triangle are a, b, and c

respectively and its area is S. Prove:

an + bn + cn ≥ 2n3
4−n
4 S

n
2 , n ∈ N+.

Proof. When n = 1, the fact a + b + c ≥ 2
√
3
√
3S is a frequently seen

geometric inequality, so the conclusion is true for n = 1.

Assume that the conclusion is true for n = k, namely

ak + bk + ck ≥ 2k · 3 4−k
4 · S k

2 .

Then for n = k + 1, by the power mean inequality,

(
ak+1 + bk+1 + ck+1

3

) 1
k+1

≥
(
ak + bk + ck

3

) 1
k

≥
(
2k

3
· 3 4−k

4 · S k
2

) 1
k

,

and thus

ak+1 + bk+1 + ck+1 ≥ 3

(
2k

3
· 3 4−k

4 · S k
2

) k+1
k

= 2k+1 · 3 4−(k+1)
4 · S k+1

2 .

In other words, the original inequality is satisfied for n = k + 1. �

Remark. Since the general power mean inequality is rarely used in com-

petitions, we do not give more discussions here.
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3. Exercises

Group A

I. Filling Problems

1. Two positive real numbers x and y satisfy (x+2)2

y + (y+2)2

x = 16. Then

the value of x+ y is .

2. Let a =
√
3x+ 1 +

√
3y + 1 +

√
3z + 1, where

x+ y + z = 1 and x, y, z ≥ 0.

Then [a] = .

3. If a, d ≥ 0, b, c > 0, and b + c ≥ a + d, then the minimum value of
b

c+d + c
a+b is .

II. Calculation Problems

4. Let a, b, c ∈ R+. Prove:

a+
√
ab+

3
√
abc ≤ 4

3
(a+ b+ c).

5. Suppose that x, y, z, w ∈ R+. Solve the system of equations⎧⎨
⎩

x+ y + z + w = 4,

1

x
+

1

y
+

1

z
+

1

w
= 5− 1

xyzw
.

6. Assume that x, y, and z are all positive real numbers and xyz = 1.

Prove:

x6 + 2

x3
+

y6 + 2

y3
+

z6 + 2

z3
≥ 3

(
x

y
+

y

z
+

z

x

)
.

7. Let n ∈ N+. Prove: n
[
(1 + n)

1
n − 1

]
< 1 + 1

2 + 1
3 + · · ·+ 1

n .

8. Assume that a, b, and c are positive real numbers and satisfy a2+b2+c2 =
1
2 . Prove:

1− a2 + c2

c(a+ 2b)
+

1− b2 + a2

a(b + 2c)
+

1− c2 + b2

b(c+ 2a)
≥ 6.

Group B

9. Let x, y, and z be positive numbers and x2 + y2 + z2 = 1. Find the

minimum value of

S =
xy

z
+

yz

x
+

zx

y
.
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10. If positive numbers a, b, and c satisfy a+ b+ c = 1, prove:(
a+

1

a

)(
b+

1

b

)(
c+

1

c

)
≥ 1000

27
.

11. Given a positive integer k, if xk + yk + zk = 1, find the minimum value

of xk+1 + yk+1 + zk+1.

12. Let n be any positive integer greater than 1 and let a1, a2, . . . , an be

positive numbers. Find the maximal positive number λ such that√
an−1
1√

an−1
1 + (n2 − 1)a2a3 · · ·an

+

√
an−1
2√

an−1
2 + (n2 − 1)a1a3 · · · an

+ · · ·+
√
an−1
n√

an−1
n + (n2 − 1)a1a2 · · · an−1

≥ λ

is always satisfied.
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Chapter 21

Cauchy Inequality

1. Key Points of Knowledge and Basic Methods

Cauchy inequality. Let ai, bi ∈ R (i = 1, 2, . . . , n). Then(
n∑

i=1

aibi

)2

≤
(

n∑
i=1

a2i

)(
n∑

i=1

b2i

)
,

and when a1, a2, . . . , an are not all zero, the equality in the above inequality

holds if and only if bi = λai (1 ≤ i ≤ n) for some real number λ.

Proof. If
∑n

i=1 a
2
i = 0, then a1 = a2 = · · · = an = 0, and the inequality is

obviously true.

When
∑n

i=1 a
2
i �= 0, construct the quadratic function

f(x) =

(
n∑

i=1

a2i

)
· x2 − 2

(
n∑

i=1

aibi

)
· x+

n∑
i=1

b2i .

It is easy to see that f(x) =
∑n

i=1(aix − bi)
2 ≥ 0, so the discriminant of

the quadratic function Δ ≤ 0, that is

4

(
n∑

i=1

aibi

)2

− 4

(
n∑

i=1

a2i

)(
n∑

i=1

b2i

)
≤ 0.

In other words, (
n∑

i=1

aibi

)2

≤
(

n∑
i=1

a2i

)(
n∑

i=1

b2i

)
,

and the equality is valid if and only if aix − bi = 0 for all i, namely bi =

λai (1 ≤ i ≤ n) for some real number λ. �

267
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There are many proofs of the Cauchy inequality; here we chose con-

structing a quadratic function to prove it.

Making appropriate substitutions for the number arrays ai (i =

1, 2, . . . , n) and bi (i = 1, 2, . . . , n) in the Cauchy inequality produces the

following commonly used corollaries:

Corollary 1. Let ai ∈ R (i = 1, 2, . . . , n). Then n
∑n

i=1 a
2
i ≥ (

∑n
i=1 ai)

2
,

where the equality holds if and only if a1 = a2 = · · · = an.

Corollary 2. Let ai ∈ R (i = 1, 2, . . . , n). Then (
∑n

i=1 ai)
(∑n

i=1
1
ai

)
≥

n2, where the equality holds if and only if a1 = a2 = · · · = an.

Corollary 3. Let ai, bi ∈ R (i = 1, 2, . . . , n) be such that bi �= 0 and ai

bi
≥ 0

for i = 1, 2, . . . , n. Then (
∑n

i=1 aibi)
(∑n

i=1
ai

bi

)
≥ (

∑n
i=1 ai)

2
, where the

equality holds if and only if b21 = b22 = · · · = b2n.

Corollary 4. Let ai, bi ∈ R (i = 1, 2, . . . , n) be such that bi �= 0. Then

(
∑n

i=1 bi)
(∑n

i=1
a2
i

bi

)
≥ (
∑n

i=1 ai)
2
, where the equality holds if and only if

a2i = λb2i and bi > 0 for i = 1, 2, . . . , n with λ some real number.

The key point of applying the Cauchy inequality to solve problems is

to find or construct two groups of numbers ai (i = 1, 2, . . . , n) and bi (i =

1, 2, . . . , n) in the expressions already known or to be solved.

2. Illustrative Examples

Example 1. Let a, b, c ∈ R+ and a+ b+ c = 3. Prove:√
b

a2 + 3
+

√
c

b2 + 3
+

√
a

c2 + 3
≤ 3

2
4

√
1

abc
.

Proof. Denote u =
(

1√
a2+3

, 1√
b2+3

, 1√
c2+3

)
and v = (

√
b,
√
c,
√
a). Then

the Cauchy inequality and the given condition imply that(√
b

a2 + 3
+

√
c

b2 + 3
+

√
a

c2 + 3

)2

≤
(

1

a2 + 3
+

1

b2 + 3
+

1

c2 + 3

)
(b+ c+ a)

= 3

(
1

a2 + 3
+

1

b2 + 3
+

1

c2 + 3

)
.
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By the arithmetic mean-geometric mean inequality,

a2 + 3 = a2 + 1 + 1 + 1 ≥ 4
4
√
a2 = 4

√
a,

and similarly b2 + 3 ≥ 4
√
b and c2 + 3 ≥ 4

√
c. Thus,

1

a2 + 3
+

1

b2 + 3
+

1

c2 + 3
≤ 1

4

(
1√
a
+

1√
b
+

1√
b

)

=

√
ab+

√
bc+

√
ca

4
√
abc

≤
a+b
2 + b+c

2 + c+a
2

4
√
abc

=
a+ b+ c

4
√
abc

,

and so(√
b

a2 + 3
+

√
c

b2 + 3
+

√
a

c2 + 3

)2

≤ 3(a+ b+ c)

4
√
abc

=
9

4
√
abc

.

When a = b = c = 1, the above inequality becomes equality. �

Remark. The proof here cannot be made one step to finish. The applica-

tion of the Cauchy inequality is a key step.

Example 2. Suppose that x, y, and z are positive numbers and x + y +

z ≥ 3. Prove:

1

x+ y + z2
+

1

y + z + x2
+

1

z + x+ y2
≤ 1,

and express a condition for the equality to be satisfied.

Proof. By the Cauchy inequality, we have

(x+ y + z2)(x + y + 1) ≥ (x+ y + z)2, (21.1)

namely

1

x+ y + z2
≤ x+ y + 1

(x+ y + z)2
. (21.2)

Hence,

x+ y + 1

(x+ y + z)2
+

y + z + 1

(y + z + x)2
+

z + x+ 1

(z + x+ y)2

=
2(x+ y + z) + 3

(x+ y + z)2
≤ 1

⇔ (x+ y + z)2 − 2(x+ y + z)− 3 ≥ 0.

When x+ y + z ≥ 3, the above inequality is obviously correct.
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The equality holds in (21.1) ⇔ (x, y, z2) = (x, y, 1), from which z2 = 1,

namely z = 1.

By symmetry, the original inequality becomes equality if and only if

x = y = z = 1. �

Remark. Here, we first used the Cauchy inequality to prove the “local”

inequality (21.2).

Example 3. Let a, b, and c be the lengths of the three sides of a triangle.

Prove:

(c+ a− b)4

a(a+ b− c)
+

(a+ b− c)4

b(b+ c− a)
+

(b + c− a)4

c(c+ a− b)
≥ ab+ bc+ ca.

Analysis. In order to make the structure of the inequality simpler and

clearer, we first give the “tangent length substitution”:

c+ a− b = x, a+ b− c = y, b+ c− a = z.

Proof. Let c+ a− b = x, a+ b− c = y, and b+ c− a = z. Then

a =
x+ y

2
, b =

y + z

2
, c =

z + x

2
,

a+ b + c = x+ y + z.

Denote the left hand side of the inequality to be proved as S. Then

S =
2x4

y(x+ y)
+

2y4

z(y + z)
+

2z4

x(z + x)
.

The Cauchy inequality ensures

S

2
[y(x+ y) + z(y + z) + x(z + x)] ≥ (x2 + y2 + z2)2.

It follows that

S ≥ 2(x2 + y2 + z2)2

x2 + y2 + z2 + xy + yz + zx

≥ 2(x2 + y2 + z2)2

x2 + y2 + z2 + (x2 + y2 + z2)

= x2 + y2 + z2 ≥ (x+ y + z)2

3

=
(a+ b+ c)2

3
≥ ab+ bc+ ca. �
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Example 4. Let a1, a2, . . . , an (n ≥ 2) be real numbers. Prove: One may

choose ε1, ε2, . . . , εn ∈ (−1, 1) such that(
n∑

i=1

ai

)2

+

(
n∑

i=1

εiai

)2

≤ (n+ 1)

n∑
i=1

a2i .

Proof. We show that

(
n∑

i=1

ai

)2

+

⎛
⎜⎝
[n2 ]∑
i=1

ai −
n∑

j=[ n2 ]+1

aj

⎞
⎟⎠

2

≤ (n+ 1)
n∑

i=1

a2i . (21.3)

This means that, if we choose εi = 1 for i = 1, . . . ,
[
n
2

]
and εi = −1 for

i =
[
n
2

]
+ 1, then the conclusion is true. (Here, [x] represents the integral

part of the real number x.)

In fact, the left hand side of (21.3) is⎛
⎜⎝
[n2 ]∑
i=1

ai +

n∑
j=[n2 ]+1

aj

⎞
⎟⎠

2

+

⎛
⎜⎝
[n2 ]∑
i=1

ai −
n∑

j=[ n2 ]+1

aj

⎞
⎟⎠

2

= 2

⎛
⎜⎝
[n2 ]∑
i=1

ai

⎞
⎟⎠

2

+ 2

⎛
⎜⎝

n∑
j=[ n2 ]+1

aj

⎞
⎟⎠

2

.

By the Cauchy inequality, and the facts that n− [n2 ] = [n+1
2

]
and [x] ≤ x,

we have

2

⎛
⎜⎝
[n2 ]∑
i=1

ai

⎞
⎟⎠

2

+ 2

⎛
⎜⎝

n∑
j=[ n2 ]+1

aj

⎞
⎟⎠

2

≤ 2
[n
2

] [n2 ]∑
i=1

a2i + 2
(
n−

[n
2

]) n∑
j=[ n2 ]+1

a2j

= 2
[n
2

] [n2 ]∑
i=1

a2i + 2

[
n+ 1

2

] n∑
j=[ n2 ]+1

a2j

≤ n

[n2 ]∑
i=1

a2i + (n+ 1)

n∑
j=[ n2 ]+1

a2j

≤ (n+ 1)
n∑

i=1

a2i ,

which gives (21.3), so the proposition is proved. �
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Example 5. We are given n (n ≥ 2) positive real numbers a1, a2, . . . , an
that satisfy

n∑
i=1

ai ·
n∑

i=1

1

ai
≤
(
n+

1

2

)2

.

Prove: max{a1, a2, . . . , an} ≤ 4min{a1, a2, . . . , an}.

Proof. Denote m = min{a1, a2, . . . , an} and M = max{a1, a2, . . . , an}.
From the symmetry, without loss of generality we may assume that

m = a1 ≤ a2 ≤ · · · ≤ an = M.

By the Cauchy inequality, we have

(
n+

1

2

)2

≥ (a1 + a2 + · · ·+ an)

(
1

a1
+

1

a2
+ · · ·+ 1

an

)

= (m+ a2 + · · ·+ an−1 +M)

(
1

M
+

1

a2
+ · · ·+ 1

an−1
+

1

m

)

≥
(√

m

M
+ 1 + · · ·+ 1 +

√
M

m

)2

=

(√
m

M
+ n− 2 +

√
M

m

)2

,

namely

2(m+M) ≤ 5
√
Mm,

which is the same as

2M − 5
√
Mm+ 2m ≤ 0,

(2
√
M −√

m)(
√
M − 2

√
m) ≤ 0.

Therefore,
√
M ≤ 2

√
m, that is M ≤ 4m. �

Example 6. Let a1, a2, . . . , an be given real numbers not all of which are

zero, and let r1, r2, . . . , rn be real numbers. If an inequality
∑n

k=1 rk(xk −
ak) ≤ (∑n

k=1 x
2
k

) 1
2 − (∑n

k=1 a
2
k

) 1
2 is satisfied for any real numbers

x1, x2, . . . , xn, find the values of r1, r2, . . . , rn.
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Solution. From the given condition, if we choose x1 = x2 = · · · = xn = 0,

then

n∑
k=1

rkak ≥
(

n∑
k=1

a2k

) 1
2

, (21.4)

and if we choose xk = 2ak (k = 1, 2, . . . , n), then

n∑
k=1

rkak ≤
(

n∑
k=1

a2k

) 1
2

. (21.5)

So, (21.4) and (21.5) imply that

n∑
k=1

rkak =

(
n∑

k=1

a2k

) 1
2

. (21.6)

By the Cauchy inequality,

n∑
k=1

rkak ≤
(

n∑
k=1

r2k

) 1
2
(

n∑
k=1

a2k

) 1
2

. (21.7)

Since a1, a2, . . . , an are not all zero, the formulas (21.6) and (21.7) ensure

that

(
n∑

k=1

r2k

) 1
2

≥ 1. (21.8)

Choose xk = rk (k = 1, 2, . . . , n). From the given condition and (21.6),

we obtain

n∑
k=1

r2k ≤
(

n∑
k=1

r2k

) 1
2

,

namely

n∑
k=1

r2k ≤ 1. (21.9)

Combining the formulas (21.8) and (21.9), we have

n∑
k=1

r2k = 1. (21.10)
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By multiplying the same number 1 and
∑n

k=1 r
2
k to the left and right

hand sides of (21.6), respectively, it follows that the equality in the Cauchy

inequality (21.7) is valid, hence there is a real number λ such that

rk = λak, k = 1, 2, . . . , n. (21.11)

Substituting (21.11) into (21.6) results in

λ =

(
n∑

k=1

a2k

)− 1
2

.

Substituting the value of λ back into (21.11), we finally get

rj = aj

(
n∑

k=1

a2k

)− 1
2

(j = 1, 2, 3, . . . , n).
�

Example 7. Suppose that x1, x2, . . . , xn (n ≥ 2) are all positive numbers

and
∑n

i=1 xi = 1. Prove:

n∑
i=1

xi√
1− xi

≥ 1√
n− 1

n∑
i=1

√
xi.

Proof. The left hand side of the inequality can be written as

n∑
i=1

xi√
1− xi

=

n∑
i=1

1√
1− xi

−
n∑

i=1

√
1− xi. (21.12)

For positive numbers y1, y2, . . . , yn, the following inequality

n∑
i=1

1

yi
≥ n2∑n

i=1 yi

is a simple corollary of the Cauchy inequality. Choosing yi =
√
1− xi in

the above inequality gives

n∑
i=1

1√
1− xi

≥ n2∑n
i=1

√
1− xi

. (21.13)

Using the Cauchy inequality again, we have

n∑
i=1

√
1− xi ≤

(
n∑

i=1

1

) 1
2
[

n∑
i=1

(1− xi)

] 1
2

=
√
n(n− 1) (21.14)



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch21 page 275

21. Cauchy Inequality 275

and

n∑
i=1

√
xi ≤

√
n. (21.15)

Combining the formulas (21.12), (21.13), (21.14), and (21.15) gives

n∑
i=1

xi√
1− xi

=
n∑

i=1

1√
1− xi

−
n∑

i=1

√
1− xi

≥ n2∑n
i=1

√
1− xi

−
n∑

i=1

√
1− xi

≥ n2√
n(n− 1)

−
√
n(n− 1) =

√
n

n− 1

≥ 1√
n− 1

n∑
i=1

√
xi.

�

Remark. The Cauchy inequality has a very good generalization, namely

the famous Hölder inequality:

Assume that ai > 0, bi > 0 (i = 1, 2, . . . , n), p > 1, q > 1, and 1
p +

1
q = 1.

Then

n∑
i=1

aibi ≤
(

n∑
i=1

api

) 1
p
(

n∑
i=1

bqi

) 1
q

,

and the equality is valid if and only if api = λbqi (i = 1, 2, . . . , n; and λ > 0).

Example 8. (1) Let three positive real numbers a, b, and c satisfy the

condition

(a2 + b2 + c2)2 > 2(a4 + b4 + c4). (21.16)

Prove: The numbers a, b, and c must be the lengths of the three sides of a

triangle.

(2) Let n (n > 3) positive real numbers a1, a2, . . . , an satisfy the inequality

(a21 + a22 + · · ·+ a2n)
2 > (n− 1)(a41 + a42 + · · ·+ a41). (21.17)

Prove: Any three numbers in {a1, a2, . . . , an} must be the lengths of the

three sides of a triangle.
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Proof. (1) From the given condition, we know that

2a2b2 + 2b2c2 + 2c2a2 − a4 − b4 − c4 > 0.

Factorizing the left hand side of the above inequality gives

(a+ b+ c)(a+ b− c)(b + c− a)(c+ a− b) > 0.

By symmetry, we may assume a ≥ b ≥ c, so that three factors of the

left hand side are positive, and the above inequality implies that the fourth

one is also positive, that is b+ c > a. This indicates that a, b, and c can be

the lengths of the three sides of some triangle.

(2) Proof 1. Since n > 3, by the Cauchy inequality,

(n− 1)(a41 + a42 + · · ·+ a4n) < (a21 + a22 + · · ·+ a2n)
2

=

(
a21 + a22 + a23

2
+

a21 + a22 + a23
2

+ a24 + · · ·+ a2n

)2

≤ (n− 1)

[
(a21 + a22 + a23)

2

4
+

(a21 + a22 + a23)
2

4
+ a44 + · · ·+ a4n

]
.

Canceling the same factor n− 1 and eliminating the same terms from the

both sides in the above, we have

2(a41 + a42 + a43) < (a21 + a22 + a23)
2.

This is exactly the same condition as in (1), so by (21.16), a1, a2, and

a3 can be the lengths of the three sides of a triangle. From the symmetry

of a1, a2, . . . , an, we know that any three numbers from them can be the

lengths of the three sides of a triangle. �

Proof 2. Rewriting the formula (21.17) and using the Cauchy inequality

with parameters, we have

(n− 1)(a41 + a42 + · · ·+ a41) < (a21 + a22 + · · ·+ a2n)
2

=

[
λ
(
a21 + a22 + a23

) · 1
λ
+ a24 + · · ·+ a2n

]2

≤
[
λ2
(
a21 + a22 + a23

)2
+ a44 + · · ·+ a4n

]( 1

λ2
+ n− 3

)
.
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In order to eliminate a4, . . . , an from the both sides of the above, let
1
λ2 + n − 3 = n − 1. Then λ2 = 1

2 . Substituting λ2 = 1
2 into the above

inequality gives

2(a41 + a42 + a43) < (a21 + a22 + a23)
2,

and the remaining part of the proof is the same as in Proof 1. �

Remark. Many important inequalities can be written as a form with

parameters. For example:

The mean value inequality

n
√
a1a2 · · · an ≤ 1

n

n∑
i=1

λiai,

where ai > 0, λi > 0 (i = 1, 2, . . . , n), and λ1λ2 · · ·λn = 1.

The Cauchy inequality:

(
n∑

i=1

aibi

)2

≤
n∑

i=1

λia
2
i ·

n∑
i=1

1

λi
b2i ,

where λi > 0 (i = 1, 2, . . . , n).

3. Exercises

Group A

I. Filling Problems

1. Three real numbers x, y, and z satisfy two equations

{
2x+ 3y + z = 13,

4x2 + 9y2 + z2 − 2x+ 15y + 3z = 82.

Then the respective values of x, y, and z are .

2. The maximum value of y =
√
x2 − x4 +

√
2x2 − x4 is .

3. Suppose that a, b, and c are all real numbers and a+2b+3c+4d =
√
10.

Then the minimum value of a2 + b2 + c2 + d2 + (a + b + c + d)2 is

.
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4. Let a1, a2, a3, and a4 be different numbers among 1, 2, . . . , 100 that

satisfy

(a21 + a22 + a23)(a
2
2 + a23 + a24) = (a1a2 + a2a3 + a3a4)

2.

The count of such ordered number arrays (a1, a2, a3, a4) is

.

II. Calculation Problems

5. Let a, b, and c be positive real numbers and a cos2 θ+b sin2 θ < c. Prove:

√
a cos2 θ +

√
b sin2 θ <

√
c.

6. Find the minimal real number k such that for any a, b, c, d ∈ R,√
(a2 + 1)(b2 + 1)(c2 + 1) +

√
(b2 + 1)(c2 + 1)(d2 + 1)

+
√
(c2 + 1)(d2 + 1)(a2 + 1) +

√
(d2 + 1)(a2 + 1)(b2 + 1)

≥ 2(ab+ bc+ cd+ da)− k.

7. Let a, b, c, d > 0 and a+ b+ c+ d = 3. Find the minimum value of

a3

b+ c+ d
+

b3

a+ c+ d
+

c3

a+ b+ d
+

d3

a+ b+ c
.

Group B

8. Let a1, a2, . . . , an be all positive numbers and n ∈ N+. Prove:

n∑
k=1

k2

a1 + a2 + · · ·+ ak
< 4

n∑
k=1

k

ak
.

9. Suppose that P is a point inside �ABC, numbers r1, r2, and r3 are

the distances of P to the three sides whose lengths are a1, a2, and a3,

respectively, and R is the radius of the circumscribed circle of �ABC.

Prove:

√
r1 +

√
r2 +

√
r3 ≤ 1√

2R
(a21 + a22 + a33)

1
2 .

Also find a condition for the equality to be true.

10. Let ai ∈ R+ with 1 ≤ i ≤ n. Prove:

1
1

1+a1
+ 1

1+a2
+ · · ·+ 1

1+an

− 1
1
a1

+ 1
a2

+ · · ·+ 1
an

≥ 1

n
.
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11. Assume that x ∈ (0, π
2

)
and n ∈ N+. Prove:

1− sin2n x

sin2n x
· 1− cos2n x

cos2n x
≥ (2n − 1)2.

12. Let n be a positive integer and a1, a2, . . . , an be real numbers. If for

any 1 ≤ m ≤ n,

am + am+1 + · · ·+ an ≥ m+ (m+ 1) + · · ·+ n,

prove: a21 + a22 + · · ·+ a2n ≥ 1
6n(n+ 1)(2n+ 1).
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Chapter 22

Rearrangement Inequalities

1. Key Points of Knowledge and Basic Methods

Rearrangement inequalities. Let two groups of numbers a1, a2, . . . , an
and b1, b2, . . . , bn satisfy a1 ≤ a2 ≤ · · · ≤ an and b1 ≤ b2 ≤ · · · ≤ bn. Then

a1bn + a2bn−1 + · · ·+ anb1 (reverse order sum)

≤ a1bt1 + a2bt2 + · · ·+ anbtn (random order sum)

≤ a1b1 + a2b2 + · · ·+ anbn, (same order sum)

where {t1, t2, . . . , tn} = {1, 2, . . . , n}. If and only if a1 = a2 = · · · = an or

b1 = b2 = · · · = bn, the equalities are valid.

Proof. (1) Since

(an − ak)(bn − btn) ≥ 0 (tn < n, k < n, and k ∈ N+),

so

anbn + akbtn ≥ akbn + anbtn .

If btk = bn (tk < n), then the above inequality implies that

a1bt1 + a2bt2 + · · ·+ akbtk + · · ·+ anbtn

≤ a1bt1 + a2bt2 + · · ·+ akbtk + · · ·+ anbtn .

If btr = bn−1 (tr < n− 1), then by the same inequality,

a1bt1 + a2bt2 + · · ·+ arbtr + · · ·+ ak−1btk−1
+ · · ·+ anbtn

≤ a1bt1 + a2bt2 + · · ·+ arbtr + · · ·+ an−1bn−1 + anbtn ,

281
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Continuing in this way, we obtain the inequalities on the random order sum

and the same order sum.

(2) Since b1 ≤ b2 ≤ · · · ≤ bn,

−b1 ≥ −b2 ≥ · · · ≥ −bn.

From (1) we know that

(−bn)a1 + (−bn−1)a2 + · · ·+ (−b1)an

≥ (−bt1)a1 + (−bt2)a2 + · · ·+ (−btn)an.

Dividing (−1) from the both sides of the above proves the inequalities on

the reverse order sum and the random order sum. �

The rearrangement inequalities have wide applications in solving com-

petition problems. Their applications appear after reasonably constructing

two groups of ordered numbers a1 ≤ a2 ≤ · · · ≤ an and b1 ≤ b2 ≤ · · · ≤ bn
according to the need.

2. Illustrative Examples

Example 1. Assume that a > 0, b > 0, and c > 0. Prove:

1

a
+

1

b
+

1

c
≤ a8 + b8 + c8

a3b3c3
.

Proof. Without loss of generality, assume that a ≥ b ≥ c > 0. Then

a2 ≥ b2 ≥ c2,
1

c3
≥ 1

b3
≥ 1

a3
,

1

bc
≥ 1

ca
≥ 1

ab
.

Hence, by the rearrangement inequalities,

1

a
+

1

b
+

1

c
= a2 · 1

a3
+ b2 · 1

b3
+ c3 · 1

c3

≤ a2 · 1

c3
+ b2 · 1

a3
+ c3 · 1

b3

= a5 · 1

c3a3
+ b5 · 1

a3b3
+ c5 · 1

b3c3

≤ a5 · 1

b3c3
+ b5 · 1

c3a3
+ c5 · 1

a3b3

=
a8 + b8 + c8

a3b3c3
. �
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Example 2. There are 2007! different sequences from the permutations of

the 2007 numbers of 1, 2, 3, . . . , 2007. Do there exist four sequences:

a1, a2, . . . , a2007; b1, b2, . . . , b2007; c1, c2, . . . , c2007; d1, d2, . . . , d2007,

such that a1b1 + a2b2 + · · ·+ a2007b2007 = 2(c1d1 + c2d2 + · · ·+ c2007d2007)?

Prove your conclusion.

Analysis. By the rearrangement inequalities, we know that the maximum

value of a1b1+ a2b2+ · · ·+ a2007b2007 is
∑2007

i=1 i2, while the minimum value

of c1d1 + c2d2 + · · ·+ c2007d2007 is
∑2007

i=1 i(2007− i+ 1). If

2007∑
i=1

i2 < 2
2007∑
i=1

i(2007− i+ 1),

then the four sequences in the problem do not exist.

Solution. From the rearrangement inequalities,

a1b1 + a2b2 + · · ·+ a2007b2007 ≤ 12 + 22 + · · ·+ 20072

=
2007 · 2008 · 4015

6
= 2696779140,

c1d1 + c2d2 + · · ·+ c2007d2007 ≥ 1 · 2007 + 2 · 2006 + · · ·+ 2007 · 1

=

2007∑
k=1

k(2008− k) = 2008

2007∑
k=1

k −
2007∑
k=1

k2

= 2008 · 2007 · 2008
2

− 2696779140

= 1349397084.

Thus,

2(c1d1 + c2d2 + · · ·+ c2007d2007) ≥ 2698794168 > 2696779140

≥ a1b1 + a2b2 + · · ·+ a2007b2007.

Therefore, there do not exist four sequences that satisfy the condition. �

Example 3. Let x1, x2, . . . , xn and a1, a2, . . . , an (n ≥ 2) be two groups of

arbitrary real numbers that satisfy the conditions

(1) x1 + x2 + · · ·+ xn = 0;

(2) |x1|+ |x2|+ · · ·+ |xn| = 1;

(3) a1 ≥ a2 ≥ · · · ≥ an.
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Find the minimum value for a real number A that makes the inequality

|a1x1 + a2x2 + · · ·+ anxn| ≤ A(a1 − an)

satisfied.

Solution. Let i1, i2, . . . , is, j1, j2, . . . , jt be a permutation of 1, 2, . . . , n such

that

xi1 ≥ xi2 ≥ · · · ≥ xis ≥ 0 > xj1 ≥ xj2 ≥ · · · ≥ xjt .

Denote λ = xi1 + xi2 + · · ·+ xis and μ = −(xj1 + xj2 + · · ·+ xjt). Then

by the condition of the problem,

λ− μ = 0, λ+ μ = 1.

Hence, λ = μ = 1
2 .

Without loss of generality, assume that a1x1 + a2x2 + · · · + anxn ≥ 0

(otherwise, if a1x1 + a2x2 + · · · + anxn < 0, then for x′
i = −xi with i =

1, 2, . . . , n, the numbers x′
1, x

′
2, . . . , x

′
n still satisfy (1) and (2), and

|a1x′
1 + a2x

′
2 + · · ·+ anx

′
n| = |a1x1 + a2x2 + · · ·+ anxn|,

so (3) is also satisfied). By the rearrangement inequalities,

a1x1 + a2x2 + · · ·+ anxn

≤ a1xi1 + a2xi2 + · · ·+ asxis + as+1xj1 + · · ·+ anxjt

≤ a1(xi1 + xi2 + · · ·+ xis) + an(xj1 + xj2 + · · ·+ xjt)

=
1

2
(a1 − an).

On the other hand, if one chooses x1 = 1
2 , x2 = x3 = · · · = xn−1 = 0,

and xn = − 1
2 , then x1, x2, . . . , xn satisfy (1) and (2), and

|a1x1 + a2x2 + · · ·+ anxn| = 1

2
(a1 − an).

Therefore, the minimum value of A that satisfies the inequality in the

problem is 1
2 . �

Remark. In this problem, if we choose ai =
1
i with i = 1, 2, . . . , n, then

∣∣∣x1 +
x2

2
+ · · ·+ xn

n

∣∣∣ ≤ 1

2
− 1

2n
.

This is the second problem in the 1989 National Mathematics Compe-

tition for High Schools.
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Example 4. Suppose that x ≥ y ≥ z > 0. Prove:

x2y

z
+

y2z

x
+

z2x

y
≥ x2 + y2 + z2.

Proof. Since x2 ≥ yx ≥ y2 and z2 ≤ yz ≤ y2,

x2 · z2 + yx · y2 + y2 · yz ≤ x2 · y2 + yx · yz + y2 · z2,
that is

x2z2 + y3x+ y3z ≤ x2y2 + y2xz + y2z2,

and so

y3(x+ z) ≤ y2(x2 + xz + z2)− x2z2.

Since x−z
y ≥ 0,

x− z

y
· y3(x + z) ≤ x− z

y
· y2(x2 + xz + z2)− x− z

y
· x2z2,

namely

y2(x2 − z2) ≤ y(x3 − z3)− x− z

y
· x2z2.

It follows that

y2x

z
+

x2z

y
+

z2y

x
≤ x2y

z
+

z2x

y
+

y2z

x
.

Hence, (
x2y

z
+

z2x

y
+

y2z

x

)2

≥
(
x2 · y

z
+ z2 · x

y
+ y2 · z

x

)(
x2 · z

y
+ z2 · y

x
+ y2 · x

z

)

≥ (x2 + y2 + z2)2. (22.1)

In other words,

x2y

z
+

z2x

y
+

y2z

x
≥ x2 + y2 + z2,

and the necessary and sufficient condition for the equality to be satisfied is

x = y = z. �

Remark. The second inequality in the formula (22.1) was from using the

Cauchy inequality. In the process of solving many mathematical problems,
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one needs to use flexibly the tools of mean value inequalities, the Cauchy

inequality, the rearrangement inequalities, and etc.

Example 5. Assume that a1 ≥ a2 ≥ · · · ≥ an > 0 and b1 ≥ b2 ≥ · · · ≥
bn > 0. Let i1, i2, . . . , in and j1, j2, . . . , jn be two arbitrary permutations of

1, 2, . . . , n. Prove:

n∑
r=1

n∑
s=1

airbjs
r + s

≤
n∑

r=1

n∑
s=1

arbs
r + s

.

Proof. By the rearrangement inequalities, we obtain that

n∑
s=1

bjs
r + s

≤
n∑

s=1

bs
r + s

,
n∑

r=1

air
r + s

≤
n∑

r=1

ar
r + s

.

Consequently,

n∑
r=1

n∑
s=1

airbjs
r + s

≤
n∑

r=1

air

n∑
s=1

bjs
r + s

=

n∑
s=1

bs

n∑
r=1

air
r + s

≤
n∑

s=1

bs

n∑
r=1

ar
r + s

=

n∑
r=1

n∑
s=1

arbs
r + s

.
�

Example 6. Suppose that 0 < p ≤ ai ≤ q (i = 1, 2, . . . , n), and

b1, b2, . . . , bn is a permutation of a1, a2, . . . , an. Prove:

n ≤ a1
b1

+
a2
b2

+ · · ·+ an
bn

≤ n+
[n
2

](√p

q
−
√

q

p

)2

.

Proof. By the arithmetic mean-geometric mean inequality,

a1
b1

+
a2
b2

+ · · ·+ an
bn

≥ n.

So, we only need to show the left inequality in the problem. Without

loss of generality, assume that a1 ≤ a2 ≤ · · · ≤ an. The rearrangement

inequalities imply that

a1
b1

+
a2
b2

+ · · ·+ an
bn

≤ a1
an

+
a2

an−1
+ · · ·+ an

a1
.

When n = 2k is an even integer, the above inequality can be rewritten as

a1
b1

+
a2
b2

+ · · ·+ an
bn

≤
(
a1
an

+
an
a1

)
+ · · ·+

(
ak

ak+1
+

ak+1

ak

)
.
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Now, for x ∈
[
p
q ,

q
p

]
it holds that

x+
1

x
=

(√
x− 1√

x

)2

+ 2 ≤
(√

p

q
−
√

q

p

)2

+ 2,

and thus

a1
b1

+
a2
b2

+ · · ·+ an
bn

≤ 2k + k

(√
p

q
−
√

q

p

)2

= n+
n

2

(√
p

q
−
√

q

p

)2

.

When n = 2k + 1 is an odd integer, we have

a1
b1

+
a2
b2

+ · · ·+ an
bn

≤
(
a1
an

+
an
a1

)
+ · · ·+

(
ak−1

ak+1
+

ak+1

ak−1

)
+

ak
ak

≤ 2(k − 1) + (k − 1)

(√
p

q
−
√

q

p

)2

+ 1

= n+
n− 1

2

(√
p

q
−
√

q

p

)2

.

To summarize the above two cases, we have proved the inequality. �

Example 7. Let two groups of ordered numbers a1 ≤ a2 ≤ · · · ≤ an and

b1 ≤ b2 ≤ · · · ≤ bn be given. Prove that

1

n
(a1bn + a2bn−1 + · · ·+ anb1) ≤ a1 + a2 + · · ·+ an

n
· b1 + b2 + · · ·+ bn

n

≤ 1

n
(a1b1 + a2b2 + · · ·+ anbn).

If and only if a1 = a2 = · · · = an or b1 = b2 = · · · = bn, the equalities

are valid.

Proof. The rearrangement inequalities ensure that

a1bn + a2bn−1 + · · ·+ anb1 ≤ a1b1 + a2b2 + · · ·+ anbn,

a1bn + a2bn−1 + · · ·+ anb1 ≤ a1b2 + a2b3 + · · ·+ an−1bn + anb1,

· · ·
a1bn + a2bn−1 + · · ·+ anb1 ≤ a1bn−1 + a2bn + a3b1 + · · ·+ anbn−2,

a1bn + a2bn−1 + · · ·+ anb1 ≤ a1bn + a2b1 + · · ·+ anbn−1.
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Adding up the above n inequalities and then dividing by n2 give

a1bn + a2bn−1 + · · ·+ anb1
n

≤ a1 + a2 + · · ·+ an
n

· b1 + b2 + · · ·+ bn
n

.

By the same token, we can show that

a1 + a2 + · · ·+ an
n

· b1 + b2 + · · ·+ bn
n

≤ a1b1 + a2b2 + · · ·+ anbn
n

. �

Remark. The above two inequalities are called Chebyshev’s inequalities.

In the following, we look at an example of applying Chebyshev’s

inequalities.

Example 8. Let xi > 0 (i = 1, 2, . . . , n) and k ≥ 1. Prove:

n∑
i=1

1

1 + xi
·

n∑
i=1

xi ≤
n∑

i=1

1

xk
i

·
n∑

i=1

xk+1
i

1 + xi
.

Proof. By symmetry, assume that x1 ≥ x2 ≥ · · · ≥ xn > 0 without loss of

generality. Then

1

xk
1

≤ 1

xk
2

≤ · · · ≤ 1

xk
n

,

xk
1

1 + x1
≥ xk

2

1 + x2
≥ · · · ≥ xk

n

1 + xn
.

Using Chebyshev’s inequalities twice, we obtain that

n∑
i=1

1

1 + xi
·

n∑
i=1

xi =

n∑
i=1

xi ·
n∑

i=1

1

xk
i

xk
i

1 + xi

≤ 1

n

n∑
i=1

xi ·
n∑

i=1

1

xk
i

·
n∑

i=1

xk
i

1 + xi

≤ 1

n

n∑
i=1

1

xk
i

·
n∑

i=1

(
nxi

xk
i

1 + xi

)

=
n∑

i=1

1

xk
i

n∑
i=1

xk+1
i

1 + xi
.

�
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3. Exercises

Group A

I. Filling Problems

1. Let b1, b2, . . . , bn be a permutation of positive numbers a1, a2, . . . , an.

Then the minimum value of a1

b1
+ a2

b2
+ · · ·+ an

bn
is .

2. Let the radius of a circle O be R, let �ABC be the inscribed triangle

of the circle O, and let ha, hb, and hc be the altitudes on the sides

BC,AC, and AB of �ABC, respectively. Then the minimum value of
sinA
ha

+ sinB
hb

+ sinC
hc

is .

II. Calculation Problems

3. Let x, y, and z be positive numbers. Prove:

z2 − x2

x+ y
+

x2 − y2

y + z
+

y2 − z2

z + x
≥ 0.

4. Suppose that xi and yi (i = 1, 2, . . . , n) are real numbers satisfying

x1 ≥ x2 ≥ · · · ≥ xn and y1 ≥ y2 ≥ · · · ≥ yn. If z1, z2, . . . , zn is any

permutation of y1, y2, . . . , yn, prove:

n∑
i=1

(xi − yi)
2 ≤

n∑
i=1

(xi − zi)
2.

5. Assume that a1 ≥ a2 ≥ · · · ≥ an > 0 and b1 ≥ b2 ≥ · · · ≥ bn > 0. Prove:

ab11 ab22 · · ·abnn ≤ a
bi1
1 a

bi2
2 · · ·abinn ≤ abn1 a

bn−1

2 · · ·ab1n , where bi1 , bi2 , . . . , bin
is any permutation of b1, b2, . . . , bn.

6. Let a set {a1, a2, . . . , an} = {1, 2, . . . , n}. Prove:

1

2
+

2

3
+ · · ·+ n− 1

n
≤ a1

a2
+

a2
a3

+ · · ·+ an−1

an
.

7. Suppose that a1, a2, . . . , an ∈ N are mutually different. Prove:

1 +
1

2
+ · · ·+ 1

n
≤ a1 +

a2
22

+ · · ·+ an
n2

.

Group B

8. Let 1
2 ≤ p ≤ 1. Suppose that ai ≥ 0 and 0 ≤ bi ≤ p (i = 1, 2, . . . , n

with n ≥ 2). If
∑n

i=1 ai =
∑n

i=1 bi = 1, prove:

n∑
i=1

⎛
⎝bi

∏
1≤j≤n,j �=i

aj

⎞
⎠ ≤ p

(n− 1)n−1
.
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9. Assume that a1 ≥ a2 ≥ · · · ≥ an > 0 and 0 < b1 ≤ b2 ≤ · · · ≤ bn, or

0 < a1 ≤ a2 ≤ · · · ≤ an and b1 ≥ b2 ≥ · · · ≥ bn > 0. Let r, s ≥ 1.

Prove:

n∑
i=1

ari
bsi

≥ n1+s−r

(
n∑

i=1

ai

)r/(
n∑

i=1

bi

)s

.

10. Let x1, x2, . . . , xn ∈ R+ satisfy x1

1+x1
+ x2

1+x2
+ · · ·+ xn

1+xn
= 1. Prove:

x1 + x2 + · · ·+ xn ≥ n

n− 1
.

11. Let a, b, and c be the lengths of the three sides of a triangle such that

a+ b+ c = 2S. Prove: For any positive integer n,

an

b+ c
+

bn

c+ a
+

cn

a+ b
≥
(
2

3

)n−2

· Sn−1.

12. Let a1, a2, . . . , an be all positive numbers and let k be a positive integer.

Denote an+1 = a1. Prove:

n∑
i=1

ak+1
i

aki + ak−1
i ai+1 + · · ·+ aia

k−1
i+1 + aki+1

≥ 1

k + 1

n∑
i=1

ai.
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Chapter 23

Convex Functions and
Jensen’s Inequality

1. Key Points of Knowledge and Basic Methods

A. Definition of convex functions

Let a function f(x) be continuous on an interval I. If for any two numbers

x1 and x2 in I, the inequality

f

(
x1 + x2

2

)
≤ f(x1) + f(x2)

2
(23.1)

is always satisfied, then f(x) is called a convex function on I.

If the inequality sign in (23.1) is reversed, then such f(x) is called a

concave function on I.

If the inequality sign in the above becomes the strict one for all distinct

points x1 and x2 in I, then the convex (concave) function is called strictly

convex (concave) on I.

The geometric meaning of a convex function is: For any chord passing

through two points on the graph of y = f(x), the middle point of the chord

must be above the curve or on the curve. The situation is just opposite for

concave functions. For strictly convex (concave) functions, for any chord

passing through two distinct points on the graph of y = f(x), the middle

point of the chord must be above (below) the curve.

B. Determination of convex functions

One can use the definition of convex functions to determine the convexity of

a function, and the following theorem can also be used to determine quickly

the convexity of certain functions.

291
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Theorem. Assume that f(x) is twice differentiable in an open interval

(a, b). Then a necessary and sufficient condition for f(x) to be a convex

(concave) function on (a, b) is: For all x ∈ (a, b), it is always true that

f ′′(x) ≥ 0 (≤ 0). If f ′′(x) > 0 (< 0) for all x ∈ (a, b), then the function

f(x) is strictly convex (concave) on (a, b).

C. Jensen’s inequality

Suppose that f(x) is a convex function on an interval I. Then for any

x1, x2, . . . , xn ∈ I, there holds that

f

(
x1 + x2 + · · ·+ xn

n

)
≤ 1

n
[f(x1) + f(x2) + · · ·+ f(xn)],

and the equality is valid when x1 = x2 = · · · = xn. If in addition f(x) is

strictly convex, then the above inequality is strict for all mutually distinct

x1, x2, . . . , xn ∈ I, and the equality is valid if and only if x1 = x2 = · · · =
xn.

Suppose that f(x) is a concave function on an interval I. Then for any

x1, x2, . . . , xn ∈ I, there holds that

f

(
x1 + x2 + · · ·+ xn

n

)
≥ 1

n
[f(x1) + f(x2) + · · ·+ f(xn)],

and the equality is valid when x1 = x2 = · · · = xn. If in addition f(x) is

strictly concave, then the above inequality is strict for all mutually distinct

x1, x2, . . . , xn ∈ I, and the equality is valid if and only if x1 = x2 = · · · =
xn.

Proof. We only prove it for the case of convex functions. When n = 1, the

proposition is obviously true. Assume that the proposition is satisfied for

n = k. When n = k + 1, denote

A =
1

k + 1
(x1 + x2 + · · ·+ xk + xk+1).

Then

A =
(k + 1)A+ (k − 1)A

2k
=

x1 + x2 + · · ·+ xk + xk+1 + (k − 1)A

2k
.

Also denote

B =
x1 + x2 + · · ·+ xk

k
,

C =
xk+1 + (k − 1)A

k
.
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Then

f(A) = f

(
B + C

2

)
≤ 1

2
[f(B) + f(C)]

=
1

2

[
f

(
x1 + x2 + · · ·+ xk

k

)
+ f

(
xk+1 + (k − 1)A

k

)]

≤ 1

2

{
1

k
[f(x1) + f(x2) + · · ·+ f(xk)]

+
1

k
[f(xk+1) + f(A) + · · ·+ f(A)]

}

=
1

2k
[f(x1) + f(x2) + · · ·+ f(xk+1) + (k − 1)f(A)].

Therefore,

f(A) ≤ 1

k + 1
[f(x1) + f(x2) + · · ·+ f(xk) + f(xk+1)],

and the equality is valid when x1 = x2 = · · · = xk = xk+1.

In summary, the proposition is true for all natural numbers n. �

D. Corollary of Jensen’s inequality

Suppose that f(x) is a convex function on an interval I. Then for any

x1, x2, . . . , xn ∈ I and any nonnegative numbers λ1, λ2, . . . , λn satisfying

λ1 + λ2 + · · ·+ λn = 1, there holds that

f(λ1x1 + λ2x2 + · · ·+ λnxn) ≤ λ1f(x1) + λ2f(x2) + · · ·+ λnf(xn),

and the equality is valid when x1 = x2 = · · · = xn. If in addition f(x) is

strictly convex, then the above inequality is strict for all mutually distinct

x1, x2, . . . , xn ∈ I and any positive numbers λ1, λ2, . . . , λn satisfying λ1 +

λ2+ · · ·+λn = 1, and the equality is valid if and only if x1 = x2 = · · · = xn.

For a concave function f(x), there is a similar corollary with the inequal-

ity sign just reversed.

2. Illustrative Examples

Example 1. Prove: (1) f(x) = sinx is a concave function on [0, π].

(2) g(x) = log x is a concave function on (0,+∞).

(3) h(x) = tanx is a convex function on
[
0, π

2

)
.
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Proof. (1) For any x1, x2 ∈ [0, π], we have

f(x1) + f(x2)

2
=

1

2
(sinx1 + sinx2)

= sin
x1 + x2

2
cos

x1 − x2

2
≤ sin

x1 + x2

2
,

namely

f(x1) + f(x2)

2
≤ f

(
x1 + x2

2

)
.

Hence, f(x) = sinx is a concave function on [0, π].

(2) Let x1, x2 ∈ (0,+∞). Then

log x1 + log x2

2
= log

√
x1x2 ≤ log

x1 + x2

2
,

and so

g(x1) + g(x2)

2
≤ g

(
x1 + x2

2

)
.

Thus, g(x) = log x is a concave function on (0,+∞).

(3) When 0 ≤ x1, x2 < π
2 ,

tanx1 + tanx2 =
sinx1

cosx1
+

sinx2

cosx2
=

sin(x1 + x2)

cosx1 cosx2

=
2 sin(x1 + x2)

cos(x1 + x2) + cos(x1 − x2)

≥ 2 sin(x1 + x2)

cos(x1 + x2) + 1

= 2 tan
x1 + x2

2
,

that is

h(x1) + h(x2)

2
≥ h

(
x1 + x2

2

)
.

Therefore, h(x) = tanx is a convex function on
[
0, π2

)
. �

Remark. In this example, one can use the second derivative to prove the

convexity or concavity. The convexity or concavity of these special func-

tions have wide applications.
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Example 2. Suppose that 3
2 ≤ x ≤ 5. Prove:

2
√
x+ 1 +

√
2x− 3 +

√
15− 3x < 2

√
19.

Proof. It is easy to show that y =
√
x is a strictly concave function on

[0,+∞). By Jensen’s inequality,

2
√
x+ 1 +

√
2x− 3 +

√
15− 3x =

√
x+ 1 +

√
x+ 1 +

√
2x− 3 +

√
15− 3x

≤ 4

√
x+ 1 + x+ 1 + 2x− 3 + 15− 3x

4

= 2
√
x+ 14.

Since x+ 1, 2x− 3, and 15− 3x cannot be the same number, so

2
√
x+ 1 +

√
2x− 3 +

√
15− 3x < 2

√
x+ 14 ≤ 2

√
19. �

Example 3. Assume that x, y, z > 0 and x+ y + z = 1. Prove:√
yz

x+ yz
+

√
zx

y + zx
+

√
xy

z + xy
≤ 3

2
.

Proof. Construct �ABC with y + z, z + x, and x + y as the three sides.

By the law of cosines,

cosA =
(x+ y)2 + (x+ z)2 − (y + z)2

2(x+ y)(x+ z)
=

x2 + xy + xz − yz

(x + y)(x+ z)
,

so

sin
A

2
=

√
yz

x+ yz
.

By the same token,

sin
B

2
=

√
zx

y + zx
, sin

C

2
=

√
xy

z + xy
.

Since y = sinx is a concave function for x ∈ (0, π
2

)
,

sin A
2 + sin B

2 + sin C
2

3
≤ sin

A+B + C

3
= sin

π

6
,

in other words,√
yz

x+ yz
+

√
zx

y + zx
+

√
xy

z + xy
= sin

A

2
+ sin

B

2
+ sin

C

2

≤ 3 sin
π

6
=

3

2
,

and the equality is true if and only if x = y = z = 1
3 . �
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Remark. Since x, y, and z are positive numbers, using x + y, y + z, and

z + x to represent the sides of a triangle can reduce an algebraic problem

to a geometric problem or trigonometric problem.

Example 4. Suppose that a, b, and c are positive real numbers and a4 +

b4 + c4 = 3. Prove:

1

4− ab
+

1

4− bc
+

1

4− ca
≤ 1.

Proof. Let f(x) = 1
4−√

x
with x ∈ [0, 169 ]. From

f ′(x) =
1

2
√
x · (4−√

x)2
,

f ′′(x) = − (3
√
x− 4)(

√
x− 4)

4x
√
x(4 −√

x)4
< 0,

we know that f(x) is a strictly concave function on
[
0, 169

]
. By Jensen’s

inequality, we get

1

4− ab
+

1

4− bc
+

1

4− ca
≤ 3

4−
√

a2b2+b2c2+c2a2

3

≤ 3

4−
√

a4+b4+c4

3

= 1.

�

Example 5. Find the maximal possible constant k such that for all

x, y, z ∈ R+, the following inequality

x√
y + z

+
y√
z + x

+
z√
x+ y

≥ k
√
x+ y + z

is always satisfied.

Solution. By the homogeneity, assume that x+ y + z = 1 without loss of

generality. Since

x(1 − x)2 =
1

2
· 2x(1− x)(1 − x) ≤ 1

2

(
2

3

)2

=
4

27
,
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and so

x√
y + z

+
y√
z + x

+
z√
x+ y

=
x√
1− x

+
y√
1− y

+
z√
1− z

=
x

5
4

4
√
x(1 − x)2

+
y

5
4

4
√
y(1− y)2

+
z

5
4

4
√
z(1− z)2

≥ x
5
4

4

√
4
27

+
y

5
4

4

√
4
27

+
z

5
4

4

√
4
27

=
4

√
27

4

(
x

5
4 + y

5
4 + z

5
4

)
.

On the other hand, since y = x
5
4 is a convex function on the interval

(0,+∞), Jensen’s inequality implies that

4

√
27

4

(
x

5
4 + y

5
4 + z

5
4

)
≥ 3

4

√
27

4

(
x+ y + z

3

) 5
4

=

√
6

2
,

and the equality in the above inequality is satisfied if and only if x = y =

z = 1
3 . Hence, the maximum value of k is

√
6
2 . �

Remark. Assuming that x + y + z = 1 thanks to the homogeneity may

give the benefit of simplifying the inequality.

Example 6. Let aij > 0 and xi > 0 with aij = aji for i, j = 1, 2, . . . , n,

and assume that
n∑

k=1

aik = 1, i = 1, 2, . . . , n.

Denote yi =
∑n

k=1 aikxk for i = 1, 2, . . . , n. Prove: y1y2 · · · yn ≥
x1x2 · · ·xn.

Proof. Applying Jensen’s inequality to the concave function f(x) = lnx

implies that

ln yi = ln

(
n∑

k=1

aikxk

)
≥

n∑
k=1

aik lnxk (i = 1, 2, . . . , n).

Since lnx is an increasing function, we see that

yi ≥ xai1
1 xai2

2 · · ·xain
n (i = 1, 2, . . . , n).
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It follows that

y1y2 · · · yn ≥ x
∑n

i=1 ai1

1 · x
∑n

i=1 ai2

2 · · · · · x
∑n

i=1 ain
n = x1x2 · · ·xn,

namely the original inequality is satisfied. �

Example 7. Let n ∈ N satisfy n ≥ 2. Prove: When x ∈ (0, π
2n

)
,

cot 2nx+
n

sin 2n+1−2
n x

< cotx.

Proof. Repeatedly using the obvious trigonometric identity

cot 2x+
1

sin 2x
= cotx

gives

1

sin 2x
+

1

sin 4x
+ · · ·+ 1

sin 2nx
= cotx− cot 2nx.

Let f(x) = 1
sin x . Then f ′(x) = − cos x

sin2 x and f ′′(x) = sin3 x+2 cos2 x
sin3 x > 0,

so f(x) is a strictly convex function on
(
0, π

2n

)
.

Jensen’s inequality now ensures that

f(2x) + f(4x) + · · ·+ f(2nx) ≥ n · f
(
2x+ 4x+ · · ·+ 2nx

n

)

= n · 1

sin 2n+1−2
n x

,

and consequently

cotx− cot 2nx ≥ n

sin 2n+1−2
n x

,

namely

cot 2nx+
n

sin 2n+1−2
n x

≤ cotx.

By the condition for the equality of Jensen’s inequality, we know that

the equality cannot hold in the above, thus the original proposition is

true. �
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Example 8. Let ai ∈ R+, 0 ≤ xi ≤ 1 (i = 1, 2, . . . , n), and
∑n

i=1 ai = 1.

Prove:

n∑
i=1

ai
1 + xi

≤ 1

1 + xa1
1 xa2

2 · · ·xan
n

,

and the equality is valid if and only if x1 = x2 = · · · = xn.

Proof. If some xi equals 0, then the inequality is clearly correct. So, in

the following we assume that 0 < xi ≤ 1 for i = 1, 2, . . . , n. Let yi = lnxi.

Then −∞ < yi ≤ 0 and xi = eyi (i = 1, 2, . . . , n). Consider the function

f(t) =
1

1 + et
(−∞ < t ≤ 0).

Since f ′(t) = − et

(1+et)2 and f ′′(t) = et(et − 1) 1
(1+et)3 < 0, so f(x) is a

strictly concave function on (−∞, 0). By Jensen’s inequality,

n∑
i=1

ai
1 + eyi

≤
(
1 + e

∑n
i=1 aiyi

)−1

,

that is

n∑
i=1

ai
1 + xi

≤ (1 + xa1
1 xa2

2 · · ·xan
n )−1.

It is easy to see that the equality holds if and only if y1 = y2 = · · · = xn,

namely x1 = x2 = · · · = xn. �

3. Exercises

Group A

I. Filling Problems

1. In �ABC, the maximum value of sinA + sinB + sinC is

.

2. Let A =
3
√
3− 3

√
3+

3
√
3 + 3

√
3 and B = 2 3

√
3. Then the size relationship

of A and B is .
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II. Calculation Problems

3. Suppose that positive numbers ai (i = 1, 2, . . . , n) satisfy
∑n

i=1 ai = 1.

Prove:

n∏
i=1

(
ai +

1

ai

)
≥
(
n+

1

n

)n

.

4. Let p be a natural number, a a positive constant, and x1, x2, . . . , xn

positive numbers such that x1 + x2 + · · ·+ xn = 1. Prove:

1

n

[(
x1 +

a

x1

)p

+

(
x2 +

a

x2

)p

+ · · ·+
(
xn +

a

xn

)p]
≥
(
n2a+ 1

n

)p

.

5. Given a positive integer n ≥ 3. Prove:

√
9n+ 8 <

√
n+

√
n+ 1 +

√
n+ 2 < 3

√
n+ 1.

6. With n ≥ 2, let x1, x2, . . . , xn be positive numbers satisfying x1 + x2 +

· · ·+ xn = 1. Prove:

x1√
1− x1

+
x2√
1− x2

+ · · ·+ xn√
1− xn

≥
√
x1 +

√
x2 + · · ·+√

xn√
n− 1

.

7. Let P be any point inside �ABC. Prove: There is at least one among

∠PAB,∠PBC, and ∠PCA that is less than or equal to 30◦.
8. Let m ≥ 2. Then in �ABC, there holds that

tan
A

m
+ tan

B

m
+ tan

C

m
≥ 3 tan

π

3m
.

Group B

9. Suppose that x, y, z > 0 and x+ y + z = 1. Prove:

(
1

x2
+ x

)(
1

y2
+ y

)(
1

z2
+ z

)
≥
(
28

3

)3

.

10. Suppose that xi > 0 (i = 1, 2, . . . , n) satisfy x1 + x2 + · · · + xn ≥
x1x2 · · ·xn (n ≥ 2). Let 1 ≤ α ≤ n. Prove:

xα
1 + xα

2 + · · ·+ xα
n

x1x2 · · ·xn
≥ n

α−1
n−1 .
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11. Let x, y, and z be positive numbers such that xyz = 1. Prove:

x3

(1 + y)(1 + z)
+

y3

(1 + z)(1 + x)
+

z3

(1 + x)(1 + y)
≥ 3

4
.

12. Assume that α > β > 0 and a1, a2, . . . , an ∈ R+. Prove:

(
aα1 + aα2 + · · ·+ aαn

n

) 1
α

≥
(
aβ1 + aβ2 + · · ·+ aβn

n

) 1
β

.
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Chapter 24

Recursive Sequences

1. Key Points of Knowledge and Basic Methods

A. Recursive sequences

A sequence {an} determined by initial values and an equation of the form

an+k = F (an+k−1, . . . , an) (24.1)

is called a kth order recursive sequence.

In particular, when the form of (24.1) is

an+k = c1an+k−1 + c2an+k−2 + · · ·+ ckan + f(n), (24.2)

the sequence {an} is called a kth order linear recursive sequence with con-

stant coefficients. Here, c1, c2, . . . , ck are constants and ck �= 0. If f(n) = 0,

then the sequence {an} determined by (24.2) is called a kth order homoge-

neous linear recursive sequence with constant coefficients.

Arithmetic sequences satisfy the recursive formula an+2 = 2an+1 − an,

and geometric sequences satisfy an+1 = qan in which q is a nonzero con-

stant. They are the simplest homogeneous linear recursive sequences with

constant coefficients.

B. General terms of homogeneous linear recursive

sequences with constant coefficients

The formula for general terms of a homogeneous linear recursive sequence

with constant coefficients can be given by its characteristic roots.

303
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Definition 1. The equation

xk = c1x
k−1 + · · ·+ ck

is called the characteristic equation of (24.2), and the roots of this equation

are called the characteristic roots of the sequence {an}, which are denoted

as λ1, λ2, . . . , λk.

Theorem 1. In (24.2), if f(n) = 0 and λ1, λ2, . . . , λk are mutually distinct,

then the general term formula for the sequence {an} is

an = A1λ
n
1 +A2λ

n
2 + · · ·+Akλ

n
k ,

where A1, A2, . . . , Ak are constants and are determined by the initial values

a1, a2, . . . , ak.

Theorem 2. Under the same conditions of Theorem 1 except that there

are multiple roots among λ1, λ2, . . . , λk, if the distinct characteristic roots

are λ1, λ2, . . . , λs (s < k), and the multiplicity of λi is ti for 1 ≤ i ≤ s, then

the general term formula for the sequence {an} is

an = A1(n)λ
n
1 +A2(n)λ

n
2 + · · ·+As(n)λ

n
s ,

where Ai(n) = B
(i)
1 +B

(i)
2 n+ · · ·+B

(i)
ti nti−1 with 1 ≤ i ≤ s. Here, B

(i)
j are

constants, which can be determined by the initial values.

When f(n) are of some special nonzero forms, the general term of the

sequence (24.2) can be solved out by transforming to the homogeneous

form. For example, when f(n) = c (c is a nonzero constant), the transfor-

mation bn = an + c
c1+c2+···+ck−1 can change the nonhomogeneous problem

for {an} to a homogeneous problem for the linear recursive sequence {bn}
with constant coefficients.

C. Ideas and methods for problems of recursive sequences

The problems related to recursive sequences are mainly of two types.

(1) Find the general term of a recursive sequence

There is no universal method for general terms of arbitrary recursive

sequences, but for some concrete and special recursive sequences, there

are quite a few frequently used methods. For example, ideas of changing
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variables (a reduction to homogeneous linear recursive sequences with con-

stant coefficients, including arithmetic or geometric sequences, etc.), the

fixed point method, the guess first-proof second method (combined with

mathematical induction), and so on.

(2) Investigate properties of recursive sequences

It may not (or may) be required to find the general term, but it is

often needed to make a flexible deformation to the recursive sequence, and

combine the knowledge of algebra, number theory, and combinatorics to

solve the problem.

D. Recursive method

Some problems in algebra, number theory, and combinatorics may be solved

via establishing a model of recursive sequences, and especially, recursion is

an extremely useful computational method. The related concrete materials

will be introduced in the third book of this series for high school students,

so this part will not be touched in this chapter.

2. Illustrative Examples

Example 1. Let a sequence {an} satisfy a1 = π
6 and an+1 = arctan(sec an)

with n ∈ N+. Find a positive integer m such that

sina1 · sin a2 · · · · · sin am =
1

100
.

Analysis. A key point of solving this problem is to find the general term of

the recursive sequence. From the condition it is easy to see that secan > 0,

so tan2 an+1 = sec2 an, namely tan2 an+1 − tan2 an = 1.

Solution. From the given condition we see that an+1 ∈ (−π
2 ,

π
2

)
for all

positive integers n, and

tan an+1 = secan. (24.3)

Since secan > 0, actually an+1 ∈ (
0, π

2

)
. By (24.3), tan2 an+1 =

sec2 an = 1 + tan2 an, and so

tan2 an = n− 1 + tan2 a1 = n− 1 +
1

3
=

3n− 2

3
,
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that is,

tan an =

√
3n− 2

3
.

Therefore,

sina1 sin a2 · · · sin am =
tan a1
seca1

· tana2
seca2

· · · · · tan am
secam

=
tan a1
tan a2

· tana2
tana3

· · · · · tan am
tan am+1

(by (24.3))

=
tan a1

tan am+1
=

√
1

3m+ 1
.

Solving the equation
√

1
3m+1 = 1

100 , we obtain m = 3333. �

Example 2. Assume that a sequence {an} satisfies a1 = a2 = 1 and

an =
a2
n−1+2

an−2
(n ≥ 3). Find a formula for the general term.

Solution. The provided condition gives a3 = 3 and

anan−2 = a2n−1 + 2, an+1an−1 = a2n + 2.

Subtracting the first equality from the second one in the above to eliminate

the constant 2, we have an+1an−1 − anan−2 = a2n − a2n−1, namely

an−1(an+1 + an−1) = an(an + an−2).

Thus, an+1+an−1

an+an−2
= an

an−1
. Consequently,

an + an−2

an−1 + an−3
=

an−1

an−2
, . . . ,

a4 + a2
a3 + a1

=
a3
a2

.

Multiplying all the above equalities results in an+1+an−1

a3+a1
= an

a2
, in other

words

an+1 + an−1 = 4an. (24.4)

The characteristic equation of (24.4) is x2−4x+1 = 0, and its characteristic

roots are x1 = 2 +
√
3 and x2 = 2−√

3. Hence,

an = A1(2 +
√
3)n +A2(2−

√
3)n.

The initial values a1 = a2 = 1 give{
(2 +

√
3)A1 + (2 −√

3)A2 = 1,

(7 + 4
√
3)A1 + (7− 4

√
3)A2 = 1,
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the solutions of which are A1 = 3
√
3−5

2
√
3

and A2 = 5+3
√
3

2
√
3

. Therefore, the

general term of the sequence {an} is

an =
1

2
√
3

[
(3
√
3− 5)(2 +

√
3)n + (5 + 3

√
3)(2−

√
3)n
]
. �

Remark. Some recursive sequences are nonlinear in format, but are essen-

tially linear recursions. This requires us to “discard the false and retain the

true.”

Example 3. Let n be a given positive integer. A sequence a0, a1, . . . , an

is defined by: a0 = 1
2 and ak = ak−1 +

a2
k−1

n for k = 1, 2, . . . , n. Prove:

1− 1
n < an < 1.

Proof. The recursive relation gives that

1

ak
=

n

ak−1(ak−1 + n)
=

1

ak−1
− 1

ak−1 + n
, k = 1, 2, . . . , n.

Consequently, we have

1

ak−1 + n
=

1

ak−1
− 1

ak
.

Summing up the above equalities with k = 1, 2, . . . , n, we find that

1

a0
− 1

an
=

n∑
k=1

1

ak−1 + n
<

n∑
k=1

1

n
= 1,

where we have used the property that ak−1 > 0 for k = 1, 2, . . . , n, which

is easy to see from the recursive formula. Therefore, we have an < 1 since

a0 = 1
2 .

On the other hand, the recursive formula implies that ak > ak−1 for

k = 1, 2, . . . , n, so for any k ∈ {1, 2, . . . , n}, we have ak−1 < an < 1. Thus,

we obtain

1

a0
− 1

an
=

n∑
k=1

1

ak−1 + n
>

n∑
k=1

1

n+ 1
=

n

n+ 1
.

It follows that

an >
n+ 1

n+ 2
= 1− 1

n+ 2
> 1− 1

n
.

In summary, the proposition is true. �
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Remark. For many problems on recursive sequences, it is not necessary

to find the general term, but to show some properties of the general term.

Then one gives a concrete analysis to concrete problems according to the

feature of the recursive formula. In this problem, we considered to choose

the reciprocals and then split the terms to sum up, starting from the feature

of the recursive formula to go forward.

Example 4. Let a sequence {an} be defined as follows: a1 = 1 and

an+1 =
an
2

+
1

4an
, n = 1, 2, . . . .

Prove: When n ≥ 2, the numbers
√

2
2a2

n−1 are all positive integers.

Analysis. Since the conclusion involves the radical sign and the term a2n,

we let bn =
√

2
2a2

n−1 , and square the both sides of the given recursive

relation, from which one can find ideas easily for solving the problem.

Proof. Denote bn =
√

2
2a2

n−1 . Then b2n = 2
2a2

n−1 , and so we have an =

1
b2n

+ 1
2 . Since a2n+1 =

a2
n

4 + 1
16a2

n
+ 1

4 , it follows that

1

b2n+1

+
1

2
=

1

4

(
1

b2n
+

1

2

)
+

1

16
(

1
b2n

+ 1
2

) +
1

4
,

that is

b2n+1 = 2b2n(b
2
n + 2).

Consequently,

b2n+1 = 2b2n
[
2b2n−1(b

2
n−1 + 2) + 2

]
= 4b2n(b

2
n−1 + 1)2. (24.5)

Since b2 =
√

2
2a2

2−1
= 4 and b3 =

√
2

2a2
3−1

= 24, by (24.5) and the fact

that b2, b3 ∈ N+, the numbers bn ∈ N+ when n > 1. �

Remark. Transforming the problem about an to that about bn via chang-

ing the variable may solve the problem smoothly. We may have used the

fixed point method to find the general term of the recursive sequence, but

it would be difficult to show that the radial expressions are all positive

integers.
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Example 5. Suppose that a is an irrational number greater than 1 and

n is an integer greater than 1. Prove: The number (a+
√
a2 − 1)

1
n + (a−√

a2 − 1)
1
n is an irrational number.

Proof. Denote x = (a+
√
a2 − 1)

1
n . Then (a−√

a2 − 1)
1
n = 1

x . Let ak =

xk + 1
xk with k = 0, 1, 2, . . .. Then the sequence {ak} satisfies the following

recursive formula

ak+2 =

(
x+

1

x

)
ak+1 − ak, k = 0, 1, 2, . . . .

If x + 1
x is a rational number, then combining a0 = 2 and a1 = x + 1

x ,

we know that for any positive integer k the number ak is always a rational

number. In particular, an = xn+ 1
xn = 2amust be a rational number, which

contradicts the assumption that a is an irrational number. Therefore, x+ 1
x

is an irrational number, thus proving the proposition. �

Example 6. A sequence a1, a2, . . . , a201 of positive integers satisfies the

properties that a1 = a201 = 19999 and ai−1+ai+1

2 − ai is always the same

positive integer for each i = 2, 3, . . . , 200. Find a200.

Solution. Let ai−1+ai+1

2 − ai = c. Then c ∈ Z+, and

ai+1 − ai = ai − ai−1 + 2c.

Denote di = ai+1 − ai (i = 1, 2, . . . , 200). Then

di = di−1 + 2c (i = 2, 3, . . . , 200).

So, di = d1 + 2(i− 1)c (i = 1, 2, . . . , 200).

When i ≥ 2,

ai =

i−1∑
j=1

(aj+1 − aj) + a1

=

i−1∑
j=1

dj + a1 = a1 +

i−1∑
j=1

[d1 + 2(j − 1)c]

= a1 + (i− 1)[d1 + 2(i− 1)c].

Clearly, the above equality is also satisfied by a1.
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From a201 = a1 + 200(d1 + 199c) = a1 we know that d1 = −199c.

Thus, ai = a1 + (i− 1)(i − 201)c.

Also from a101 = a1 + 100(−100)c = a1 − 1002c = 19999− 1002c ∈ Z+,

c ≤ 19999

10000
< 2.

That is, c = 1.

Therefore, ai = 19999 + (i− 1)(i− 201), and in particular

a200 = 19999 + 199(−1) = 19800. �

Example 7. A positive integer sequence {an} is defined as follows: a1 =

2, a2 = 7, and − 1
2 < an+1 − a2

n

an−1
≤ 1

2 for n = 2, 3, . . .. Find the general

term of the sequence.

Solution. It is difficult to determine an from the given recursive formula,

but can we obtain a linear recursive sequence with constant coefficients

that is familiar to us from the given condition? A bold conjecture: an+1 =

pan + qan−1, where p and q are constants to be determined.

By trying the first several terms of the sequence, we find that a1 =

2, a2 = 7, a3 = 25, a4 = 89, . . . to guess the values of p and q. Conjecture:

an+1 = 3an + 2an−1 for n ≥ 2.

We prove the above conjecture with mathematical induction in the fol-

lowing.

When n = 2 and 3, the above conjecture is correct.

Suppose that ak+1 = 3ak + 2ak−1 for all k ≤ n. Then for k = n+ 1,

a2n+1

an
=

an+1(3an + 2an−1)

an
= 3an+1 + 2an + 2 · an+1an−1 − a2n

an
.

Note that
∣∣∣∣2 · an+1an−1 − a2n

an

∣∣∣∣ =
∣∣∣∣2an−1

an

∣∣∣∣ ·
∣∣∣∣an+1 − a2n

an−1

∣∣∣∣ ≤ 1

2

∣∣∣∣2an−1

an

∣∣∣∣.
By the inductive hypothesis, we see easily that an > 2an−1, hence

∣∣∣∣3an+1 + 2an − a2n+1

an

∣∣∣∣ < 1

2
.
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Since an+2 is an integer and
∣∣∣an+2 − a2

n+1

an

∣∣∣ ≤ 1
2 , we find that

|an+2 − (3an+1 + 2an)| ≤
∣∣∣∣an+2 − a2n+1

an

∣∣∣∣+
∣∣∣∣a

2
n+1

an
− (3an+1 + 2an)

∣∣∣∣
<

1

2
+

1

2
= 1.

Thus, an+2 = 3an+1 + 2an, and so the conjecture is true for k = n+ 1.

To summarize, the sequence {an} satisfies a1 = 2, a2 = 7 and an =

3an−1 + 2an−2 for n = 2, 3, . . .. Using the characteristic equation to solve

the homogeneous linear recursive equation with constant coefficients, we

find the general term

an =
17 + 5

√
17

68
·
(
3 +

√
17

2

)n

+
17− 5

√
17

68
·
(
3−√

17

2

)n

. �

Remark. If a mathematical problem already has a conclusion, it is usu-

ally much easier to solve it, but obtaining a conclusion frequently needs a

conjecture. Problems related to sequences are more so. After accumulat-

ing some experience, making a conjecture is often successful. That is also

a kind of mathematical intuition.

Example 8. Prove: There exists a unique infinite sequence {an} consisting
of positive integers such that a1 = 1, a2 > 1, and a3n+1 + 1 = anan+2 for

n = 1, 2, . . ..

Proof. If {an} is a sequence of positive integers satisfying the condition,

then an ∈ N+ for any n ∈ N+, and from a4 =
a3
3+1
a2

=
(a3

2+1)3+1
a2

∈ N+

we deduce that a2 | 2. Since a2 > 1, we must have a2 = 2. Since {an}
is a second order recursive sequence, every term of the sequence {an} is

uniquely determined by the recursive formula.

We still need to prove in the following: Each term of the sequence {an}
defined by a1 = 1, a2 = 2, and a3n+1 +1 = anan+2 for n = 1, 2, . . . is indeed

a positive integer.

In fact, when n ≤ 4, it is easy to see that an ∈ N+. Suppose that

an ∈ N+ for n ≤ k (k ≥ 4). We show below: ak+1 ∈ N+. First,

ak+1 =
a3k + 1

ak−1
=

1

ak−1

[(
a3k−1 + 1

ak−2

)3

+ 1

]

=
1

ak−1a3k−2

(
a9k−1 + 3a6k−1 + 3a3k−1 + 1 + a3k−2

)
.
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Note that

a3k + 1 =
1

a3k−2

(
a9k−1 + 3a6k−1 + 3a3k−1 + 1 + a3k−2

) ∈ N+,

and

1

ak−1

(
a9k−1 + 3a6k−1 + 3a3k−1 + 1 + a3k−2

)

= a8k−1 + 3a5k−1 + 3a2k−1 + ak−3 ∈ N+.

So, to show that ak+1 ∈ N+, it is sufficient to show:

(ak−1, ak−2) = 1.

Since (ak−1, ak−2) =
(

a3
k−2+1

ak−3
, ak−2

)
≤ (a3k−2 + 1, ak−2

)
= 1, it follows

that ak+1 ∈ N+. �

3. Exercises

Group A

I. Filling Problems

1. If a sequence {an} satisfies a1 = 1
3 and an+1 = a2n + an for any n ∈ N+,

then the integral part of
∑2016

n=1
1

an+1 is .

2. Suppose that a sequence {an} satisfies a1 = 1 and an+1an − 2n2(an+1 −
an) + 1 = 0 for n ≥ 1. Then the general term of the sequence is an =

.

II. Calculation Problems

3. Let a0 = 2, a1 = 3, a2 = 6, and for n ≥ 3,

an = (n+ 4)an−1 − 4nan−2 + (4n− 8)an−3.

Find the general term an.

4. A sequence {an} satisfies a1 = 2 and an+1 = an

2 + 1
an

for n ≥ 1. Find

the general term an of this sequence.

5. Find the minimal positive integer k such that there exist at least two

sequences {an} satisfying the following conditions:

(1) For any positive integer n, there holds that an ≤ an+1.

(2) For any positive integer n, it is true that an+2 = an+1 + an.

(3) a9 = k.
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6. Given a sequence of positive integers a1, a2, . . . with the property that

every positive integer appears just one time, prove: There exist integers

m and n such that 1 < n < m and a1 + am = 2an.

7. A sequence {xn} is defined as follows: x1 = 2 and nxn = 2(2n−1)xn−1

for n = 2, 3, . . .. Prove: For every positive integer n, the number xn is

a positive integer.

8. A sequence {xn} is defined as follows: x1 = 2 and xn+1 =
x4
n+1
5xn

for

n = 1, 2, . . .. Prove: When n ≥ 2, it is true that 1
5 < xn < 2.

9. The definitions of sequences {an} and {bn} are:

a1 = 1, b1 = 2, an+1 =
1 + an + anbn

bn
, bn+1 =

1 + bn + anbn
an

.

Prove: a2015 < 5.

10. Let two sequences {an} and {bn} satisfy a0 = 1, b0 = 0, and{
an+1 = 7an + 6bn − 3,

bn+1 = 8an + 7bn − 4,
(n = 0, 1, 2, . . .).

Prove: an (n = 0, 1, 2, . . .) is a perfect square.

Group B

11. A sequence {an} satisfies: a0 = 1 and an+1 =
7an+

√
45a2

n−36

2 for n ∈ N.

Prove:

(1) For any n ∈ N, the number an is a positive integer.

(2) For any n ∈ N, the number anan+1 − 1 is a perfect square.

12. An infinite sequence a0, a1, . . . consists of real numbers, in which a0
and a1 are two different positive real numbers, and an = |an+1 − an+2|
for n = 0, 1, 2, . . .. Question: Is it possible that this sequence can be a

bounded one? Prove your conclusion.
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Chapter 25

Periodic Sequences

1. Key Points of Knowledge and Basic Methods

A. Concept of periodic sequences

(1) For a sequence {an}, if there exist definite positive integers T and n0

such that for all positive integers n ≥ n0 the equality an+T = an is

always satisfied, then we call {an} a periodic sequence with period

T starting from the n0th term. When n0 = 1, we say that {an} is a

purely periodic sequence, and when n0 ≥ 2, we say that {an} is a mixed

periodic sequence.

(2) Let {an} be a sequence of integers and let m be some chosen positive

integer greater than 1. If bn is the remainder of an after divided by m,

that is bn ≡ an (mod m) and bn ∈ {0, 1, 2, . . . ,m− 1}, then we call the

sequence {bn} the modular sequence of {an} with respect to m, which

is denoted as {an (mod m)}.
If a modular sequence {an (mod m)} is periodic, then we say that

{an} is a periodic sequence with respect to the module m.

B. Important properties and conclusions

of periodic sequences

(1) The range of a periodic sequence is a finite set.

(2) If T is a period of {an}, then kT is also a period of {an} for any k ∈ N+.

(3) A periodic sequence must have the minimal period.

(4) If T is the minimal period of a periodic sequence {an} and T ′ is any

period of {an}, then T | T ′.

315
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(5) Any kth order linear recursive sequence satisfying a homogeneous linear

recursive relation

an+k = c1an+k−1 + c2an+k−2 + · · ·+ ckan (n ∈ N+ and ck �= 0)

with constant coefficients is a modular periodic sequence with respect

to any positive integer m (≥2).

C. Problems and methods related to periodic sequences

(1) Given a general term expression, find the sum of the first n terms of

the sequence: First calculate several terms of the sequence to make an

observation on periodicity of the sequence, and if so then reduce the

original problem to the sum of several terms within one period; or take

some algebraic transformation according to the general term formula

to find its period, and then solve the problem by means of periodicity

of the sequence.

(2) Given a recursive formula, find some particular term, the sum of sev-

eral terms, or determine some features of the general term (such as

divisibility and rationality and etc.): From the recursive formula, make

an appropriate transformation to deduce the period, or by calculating

several terms to make observations, conjectures, and give an inductive

proof on periodicity. Then solve the problem by using periodicity.

(3) The concerned problems of modular periodic sequences are often about

judging divisibility of terms, determining some digits of the terms, or

testing whether a term is a composite number or a prime number, etc.

The “module” in a modular periodic sequence is a key of solving the

problem. Finding a proper module means that the problem has been

simplified, and so it is much easier to solve. There is no general method

for finding the module, and an analysis should be performed according

to the condition of the problem. Trying, and sometimes several times

of trying, may lead to the possibility of success.

2. Illustrative Examples

Example 1. Define a sequence {an}: an = 1+an−1

1−an−1
(n ≥ 2, a1 �= 0 and

a1 �= ±1). Judge periodicity of the sequence {an}.
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Solution. Make a trigonometric substitution: Let an = tan θn for n =

1, 2, . . . , n. Then

an+1 =
tan π

4 + tan θn

1− tan π
4 tan θn

= tan
(π
4
+ θn

)
.

So,

tan θn+1 = tan
(π
4
+ θn

)
= tan

(π
2
+ θn−1

)

= tan

(
3π

4
+ θn−2

)
= · · · = tan

(π
4
n+ θ1

)
.

Hence,

tan θn = tan
[π
4
(n− 1) + θ1

]
.

Since tanx is a periodic function of period π, thus {an} is a purely periodic

sequence of period 4. �

Example 2. Let {an} be a sequence of real numbers that satisfies an+2 =

|an+1| − an. Prove: There exists N0 ∈ N+ such that when n ≥ N0, it is

always true that an+9 = an.

Proof. When an is always 0, clearly the conclusion is true. So, in the fol-

lowing we assume that an is not always 0. Then there must exist N0 ∈ N+

such that an are not always positive or always negative for all n ≥ N0.

Otherwise, if an are always positive, then an+3 = −an < 0, a contra-

diction; if an are always negative, then an+2 = |an+1| − an > 0, also a

contradiction. Thus, we may assume that aN0 = −a and aN0+1 = b (a, b ≥
0, and they are not both zero). It follows that

aN0+2 = |aN0+1| − aN0 = b+ a,

aN0+3 = |aN0+2| − aN0+1 = a,

aN0+4 = |aN0+3| − aN0+2 = −b,

aN0+5 = |aN0+4| − aN0+3 = b− a.

(1) If b ≥ a, then

aN0+6 = |aN0+5| − aN0+4 = 2b− a,

aN0+7 = |aN0+6| − aN0+5 = (2b− a)− (b − a) = b,

aN0+8 = |aN0+7| − aN0+6 = b− (2b− a) = a− b ≤ 0,

aN0+9 = |aN0+8| − aN0+7 = b− a− b = −a,

aN0+10 = a− (a− b) = b.
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(2) If b < a, then we find that

aN0+6 = a, aN0+7 = 2a− b > 0, aN0+8 = a− b > 0,

aN0+9 = −a, aN0+10 = b.

Hence, we always have aN0+9 = aN0 and aN0+10 = aN0+1. Then by

using the recursive formula an+2 = |an+1|−an and mathematical induction,

we can show that an+9 = an for all n ≥ N0. �

Example 3. A sequence a1, a2, . . . of integers is defined as follows: a1 =

1, a2 = 2, and for n ≥ 1,

an+2 =

{
5an+1 − 3an, if anan+1 is an even number,

an+1 − an, if anan+1 is an odd number.

Prove: an �= 0 for any positive integer n.

Proof. Calculate the first couple of terms of the sequence:

a1 = 1, a2 = 2, a3 = 7, a4 = 29, a5 = 22,

a6 = 23, a7 = 49, a8 = 26, a9 = −17.

An observation finds: For k ∈ N,

a3k+1 ≡ 1 (mod 4), a3k+2 ≡ 2 (mod 4), a3k+1 ≡ 3 (mod 4).

In the following, we use mathematical induction to prove the above

claim.

The previous calculation shows that the proposition is true for k = 0.

Assume that the proposition is true for k ∈ N. Then a3k+2 ·a3k+3 is an

even number, so

a3(k+1)+1 = 5a3k+3 − 3a3k+2 ≡ 3− 2 = 1 (mod 4).

From this and the inductive hypothesis, we know that a3k+3 · a3(k+1)+1

is an odd number, hence

a3(k+1)+2 = a3(k+1)+1 − a3k+3 ≡ 1− 3 = 2 (mod 4).

Also from what has been proved, a3(k+1)+1 ·a3(k+1)+2 is an even number,

therefore

a3(k+1)+3 = 5a3(k+1)+2 − 3a3(k+1)+1 ≡ 2− 3 = 3 (mod 4).

In summary, the proposition is true for k + 1.
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This means that an �≡ 0 (mod 4) for any positive integer n, so

an �= 0. �

Remark. We actually proved that the modular sequence of the sequence

in the problem with respect to 4 is a periodic sequence of period 3.

Example 4. Suppose that a sequence {an} of positive integers satisfies

that an+1 is the minimal prime factor of an + an−1 for all n ≥ 2. Prove:

{an} is a periodic sequence from some term on.

Proof. When an and an−1 are both odd numbers, clearly an+1 = 2. Thus,

from the odd-even property we know that there must be one term to be 2

among a1, a2, . . . , a5.

In the sequence {an}, if there exists i ∈ Z+ such that ai = ai+1 = 2,

then an = 2 (n ≥ i).

If two nearby numbers in the sequence are 2 and 3 (or 3 and 2), then

we have the periodic sequence

2, 3, 5, 2, 7, 3, 2, 5, 7, 2, 3, . . . .

If two nearby numbers in the sequence are 2 and 6k+1 (or 6k+1 and 2),

then we get the sequence

2, 6k + 1, 3, 2, . . . or 6k + 1, 2, 3, . . . ,

namely 2 and 3 (or 3 and 2) appear as nearby numbers, resulting in a period

sequence.

Suppose that the above cases do not happen. Then for any ai = 2

(i ≥ 2), we always have

ai−1 ≡ ai+1 ≡ −1 (mod 6).

Let

ai−1 = 6k − 1, ai+1 = 6l − 1 (k, l ∈ Z+).

Now, ai+2 is an odd number and ai+3 = 2. So, ai+2 ≡ −1 (mod 6), and

can be written as

ai+2 = 6m− 2 (m ∈ Z+).

From the given condition,

ai+1 | (ai + ai−1), ai+2 | (ai+1 + ai),

so (6l − 1) | (6k + 1) and (6m− 1) | (6l + 1).
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It follows that m < l < k, from which ai+1 < ai−1.

Continuing doing the above in this way, we find that ai−1, ai+2, ai+5, . . .

is a strictly decreasing sequence of prime numbers, which is a contradiction.

In summary, {an} must be a periodic sequence from some term on. �

Example 5. For nonnegative integers m and n, we use am,n to denote the

coefficient of the xn term in the expansion of the polynomial (1+x+x2)m.

Prove: For any nonnegative integer k, it is true that

0 ≤
[ 2k3 ]∑
i=0

(−1)iak−i,i ≤ 1.

Proof. Note that

(1 + x+ x2)m+1 = (1 + x+ x2)(am,0 + am,1x+ · · ·+ am,nx
n + · · · ),

so

am+1,n = am,n + am,n−1 + am,n−2.

Now, let Sk =
∑[ 2k3 ]

i=0 (−1)iak−i,i. Then from the above recursive for-

mula, we see that

Sk − Sk+1 − Sk+2 =

[ 2k3 ]∑
i=0

(−1)i(ak−i,i + ak−i,i+1 + ak−i,i+2)

=

[ 2k3 ]∑
i=0

(−1)iak+1−i,i+2

=

[ 2(k+3)
3 ]∑

i=0

(−1)iak+3−i,i = Sk+3.

In the above calculation, we assigned am,j = 0 for j < 0 or j > 2(m+ 1).

Consequently, we have

Sk+4 = Sk+1 − Sk+2 + Sk+3

= (Sk+1 − Sk+2) + (Sk − Sk+1 + Sk+2)

= Sk.

That is, {Sk} is a purely periodic sequence of period 4.
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Calculating the initial values of the sequence {Sk} directly gives S0 =

S1 = 1 and S2 = S3 = 0, and combining it with periodicity of {Sn}, we
know that the proposition is true. �

Example 6. Let a sequence {an} satisfy a0 = 1, a1 = 3, and an+2 =

4an+1 − an for n ≥ 0. Try to determine the last two digits of 2a3n − an for

any nonnegative integer n.

Solution. Since a0 = 1, a1 = 3, and an+2 ≡ −an (mod 4), we have

an ≡
{
1 (mod 4), n ≡ 0 or 3 (mod 4),

3 (mod 4), n ≡ 1 or 2 (mod 4).

Hence, 2a3n − an ≡ 1 or 3 (mod 4).

On the other hand, the remainders of an divided by 25 form a periodic

sequence of period 15:

1, 3, 11, 16, 3, 21, 6, 3, 6, 21, 3, 16, 11, 3, 1; 1, 3, 11, 16, 3, . . . ,

thus an ≡ 1, 3, 6, 11, 16 or 21 (mod 4). A direct calculation finds that 2a3n−
an ≡ 1 (mod 4). Consequently,

2a3n − an ≡
{
1 (mod 100), n ≡ 0 or 3 (mod 4),

5 (mod 100), n ≡ 1 or 2 (mod 4).

Therefore, when n = 4k or 4k + 3, the last two digits of 2a3n − an are 01;

when n = 4k + 1 or 4k + 2, the last two digits of 2a3n − an are 51. �

Example 7. Let m be a given positive integer. Suppose that a sequence

{xn} satisfies:

xk = k, k = 1, 2, . . . ,m+ 1; xk+1 = xk + xk−m, k = m+ 1, . . . .

Prove: there exist m consecutive terms in {xn}, all of which are multiples

of m+ 1.

Proof. We study the sequence {xn (mod (m + 1))}+∞
n=1, in which

xn (mod (m + 1)) denotes the remainder of xn divided by m + 1, which

is written as yn. Since there are only finitely many values (at most m+ 1

different values) for each number of y1, y2, . . ., there must exit k < n with

k, n ∈ N+ such that

(yk, yk+1, . . . , yk+m) = (yn, yn+1, . . . , yn+m). (25.1)

The above conclusion is from the drawer principle.
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By the recursive formula, we know that yk−1 = yk+m − yk+m−1 and

yn−1 = yn+m−yn+m−1. Combined with (25.1) it follows that yk−1 = yn−1.

Deducing backward with the same idea gives that yl = yl+(n−k) for any

l ∈ {1, 2, . . . ,m}. Furthermore, by deducing backward to negative integers

according to the recursive formula, one sees that yl = yl+(n−k) for any

l ≤ m with l ∈ Z.

Using the recursive formula and the initial value conditions to deduce

backward, we obtain that x0 = x−1 = · · · = x−(m−1) = 1 and xm =

x−(m+1) = · · · = x−(2m−1) = 0. Consequently,

(yn−k−(2m−1), . . . , yn−k−m) = (y−(2m−1), . . . , y−m) = (0, 0, . . . , 0).

Also from y−(m−1) = · · · = y0 = 1, the subscript n− k − (2m− 1) ≥ 1.

To summarize, there are m consecutive terms in {xn} that are all mul-

tiples of m+ 1. �

Example 8. Let m be a given positive integer. For any positive integer

n let Sm(n) denote the sum of the mth powers of all digits of n in the

decimal number system. For example, S3(172) = 13 + 73 + 23 = 352.

Define the sequence {nk}+∞
k=0 as follows: n0 ∈ N+ and nk = Sm(nk−1) for

k = 1, 2, . . . . Prove:

(1) For any n0 ∈ N+, the sequence {nk}+∞
k=0 is a periodic one.

(2) When n0 varies, the set consisting of the minimal periods of the corre-

sponding sequences in (1) is a finite set.

Proof. If n ≥ 10m+1, then there exists a positive integer p ≥ m + 1 such

that 10p ≤ n < 10p+1. Then

Sm(n) ≤ (p+ 1) · 9m < 9p +C1
p · 9p−1 < (9 + 1)p ≤ n.

Thus, nk+1 < nk when nk ≥ 10m+1.

If n < 10m+1, then

Sm(n) ≤ (m+ 1) · 9m < (9 + 1)m+1 = 10m+1.

The above discussion indicates that for n0 ∈ N+, when k is sufficiently

large, it is always valid that nk < 10m+1. So, from some term on, every

term of the sequence belongs to {1, 2, . . . , 10m+1 − 1}.
Combining the above with the definition of {nk}, we deduce that for

any n0 ∈ N+, the sequence {nk}+∞
k=0 is a periodic one, thus proving (1).
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Furthermore, we know that when n0 varies, as nk eventually enters the

set {1, 2, . . . , 10m+1 − 1}, by the drawer principle, the next 10m+1 num-

bers must have two among them that are equal to each other. Therefore,

the minimal periods of all {nk} are always less than 10m+1, hence (2) is

satisfied. �

3. Exercises

Group A

I. Filling Problems

1. Suppose that the sum of any three consecutive terms of a sequence

{xn} is 20. Let x4 = 9 and x11 = 7. Then the value of x2014 is

.

2. A sequence {xn} of real numbers is defined as follows: x0 and x1 are

any given positive real numbers, and xn+2 = 1+xn+1

xn
for n = 0, 1, 2, . . ..

Then x2010 = .

3. A sequence {xn} satisfies: x1 = 1, x2 = −2, and xn+2 =
x2
n+1−5

xn
for

n = 1, 2, . . .. Then the value of
∑2014

k=1 xk is .

4. Let a sequence {xn} satisfy: x1 = 2014 and xn+1 = (
√
2+1)xn−1

(
√
2+1)+xn

for

n ≥ 1. Then the value of x2015 is .

II. Calculation Problems

5. A sequence {an} is given in the following way: When n ≥ 1, let a2n = an,

and when n ≥ 0, let a4n+1 = 1 and a4n+3 = 0. Prove: This sequence is

not a periodic one.

6. Let four periodic sequences {an}, {bn}, {cn}, and {dn} satisfy: an+1 =

an + bn, bn+1 = bn + cn, cn+1 = cn + dn, and dn+1 = dn + an for n =

1, 2, . . .. Prove: a2 = b2 = c2 = d2 = 0.

7. For any positive integer k, let f1(k) be the square of the sum of each

digit of k. For n ≥ 2, let fn(k) = f1(fn−1(k)). Find f100(11).

8. In a sequence a0, a1, . . . of positive integers, a0 is an arbitrary integer,

and for each nonnegative integer n,

an+1 =

⎧⎨
⎩

1

2
an, if an is even,

a+ an, if an is odd.

Here, a is a fixed odd number. Prove: This sequence is a periodic one.
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Group B

9. Suppose that U0 = 0, U1 = 1, and Un+1 = 8Un − Un−1 with n =

1, 2, . . . . Prove: There are no terms of the form 3α · 5β in the sequence,

where α, β ∈ N+.

10. Let S0 be a set of finitely many positive integers. Define a sequence of

sets S0, S1, S2, . . . as follows: For n = 0, 1, 2, . . ., if and only if exactly

one of the conditions a − 1 ∈ Sn and a ∈ Sn is satisfied, a ∈ Sn+1.

Prove: There exist infinitely many positive integers N such that SN =

S0 ∪ {N + a | a ∈ S0}.
11. Let X be a subset of the set Z of all integers. Denote X + a = {x +

a | x ∈ X}. Prove: If there exist integers a1, a2, . . . , an such that X +

a1, X + a2, . . . , X + an constitute a partition of Z, then there exists an

integer N such that X +N = X .

12. Suppose that a sequence {xn} satisfies: x1 and x2 are two relatively

prime positive integers, and xn+1 = xnxn−1 + 1 for n ≥ 2.

(1) Prove: For any integer i, there exists an integer j > i such that

xi
i | xj

j .

(2) Does there have to exist j > 1 such that x1 | xj
j?
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Chapter 26

Polar Coordinates

1. Key Points of Knowledge and Basic Methods

A. Polar coordinates system

As in Figure 26.1, choose one point O in a plane, called the pole. Draw

a ray Ox from the pole, called the polar axis. Then provide a unit length

and a positive direction (often the counter clockwise direction) of an angle.

Thus, a polar coordinates system is established, so that any point P in the

plane may be represented by a pair of ordered numbers (ρ, θ), in which ρ

represents the length of the line segment OP , called the polar radius, and

θ represents the amount of the rotational angle from Ox to OP , called the

polar angle of the point P .

Sometimes for the purpose of convenience, we may also allow ρ to take

negative values, and in this case, the coordinates (ρ, θ) represent the point

on the opposite direction extended line of the ray with the polar angle θ

and the distance −ρ to the pole.

Obviously, any pair of polar coordinates represents a unique point of

the plane, but the polar coordinates of a point are not unique. However,

if one makes the restriction of ρ > 0 and 0 ≤ θ < 2π (or −π < θ ≤ π),

then except for the pole, all points of the plane and polar coordinates have

a one-to-one correspondence.

B. Mutual transformations of polar coordinates

and rectangular coordinates

If the pole and the origin coincide, and the polar axis and the positive

direction of the x-axis coincide, then under the two coordinates systems,

325
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Figure 26.1 Polar coordinates.

the coordinates of a point can be mutually transformed:

(1)

{
x = ρ cos θ,

y = ρ sin θ;
(2)

⎧⎨
⎩

ρ2 = x2 + y2,

tan θ =
y

x
(x �= 0).

C. Equations of curves under the polar coordinates system

(1) Equations of straight lines:

(i) The equation θ = θ0 (ρ ∈ R) represents the straight line passing

through the pole with the polar angle θ0.

(ii) The equation ρ · cos(θ − θ0) = a represents the straight line that

passes through the point A(a, θ0) and is perpendicular to OA,

where O is the pole.

(2) Equations of circles:

(i) The equation ρ = r represents the circle centered at the pole of

radius r.

(ii) The equation ρ2 + ρ20 − 2ρρ0 cos(θ − θ0) = r2 represents the circle

centered at (ρ0, θ0) of radius r.

(3) Equations of conic sections:

(i) The equation ρ = ep
1−e cos θ represents a conic section with e the

eccentricity and p the distance of a focus to the corresponding

directrix.

When e = 1, the pole is just the focus of the parabola.

When e > 1, the pole is the right focus of the hyperbola. For

ρ ∈ R, the equation represents the whole hyperbola, and if ρ is

restricted to R+, then the equation represents the right branch of

the hyperbola.

When 0 < e < 1, the pole is the left focus of the ellipse.
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(ii) When the pole and the origin of the rectangular coordinates coin-

cide and the polar axis coincides with the positive direction of the

x-axis, an equation of a conic section can be obtained via the coor-

dinates transformation formulas.

D. Basic methods

An advantage of polar coordinates is to treat the distance and angle as

the investigation objects, while the rectangular coordinates system is more

systematic. These two systems have their merits and shortcomings, so

the mutual transformations of the two coordinates systems appear to be

extremely important.

2. Illustrative Examples

Example 1. Given two points A and B on an ellipse ρ = 3
2−cos θ that

satisfy
−→
AO = 2

−−→
OB, where O is the pole. Find the equation of the straight

line AB and the length |AB| of the line segment AB.

Analysis. From the condition of the problem, the three points A,O, and

B are co-linear, so the polar angles of A and B differ by π. Thus, it is

enough to find the coordinates of A and B to obtain the solution.

Solution. Since
−→
AO = 2

−−→
OB, the three points A,O, and B are co-linear.

Write the polar coordinates of A and B as A(ρ1, θ) and B(ρ2, θ + π) with

ρ1 = 2ρ2. Then

3

2− cos θ
= 2 · 3

2− cos(θ + π)
= 2 · 3

2 + cos θ
,

the solutions of which are

cos θ =
2

3
, ρ1 =

9

4
, ρ2 =

9

8
.

Therefore, the desired equation of the straight line passing though A and

B is θ = ± arccos 2
3 (ρ ∈ R), and

|AB| = ρ1 + ρ2 =
27

8
. �

Remark. By means of polar coordinates, it is quite convenient to find

the length of a line segment passing through the pole and solve the angle

problem with the pole as the vertex of the angle.
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Example 2. There are an ellipse E1, a parabola E2, and a hyperbola E3

with a common focus F and directrix l1 corresponding to F . Let a straight

line l2 pass through F and let the chords obtained from its intersections

with E1, E2, and E3 be AB,PQ, and MN , respectively (as Figure 26.2

shows). Assume that
(

|PQ|
|AB|

)
min

= m and
(

|MN |
|PQ|

)
min

= n. If m = n, find

the relation between the eccentricity e1 of the ellipse and the eccentricity

e2 of the hyperbola.

Solution. Take F as the pole and the ray Fx that is perpendicular to l1 as

the polar axis. Let the distance between F and l1 be p. Then the equations

of E1, E2, and E3 are respectively

ρ =
e1p

1− e1 cos θ
, ρ =

p

1− cos θ
, ρ =

e2p

1− e2 cos θ
.

Suppose that the inclination angle of the straight line l2 is α. Then

|FA| = e1p

1 + e1 cosα
, |FB| = e1p

1− e1 cosα
,

|AB| = |FA|+ |FB| = e1p

1 + e1 cosα
+

e1p

1− e1 cosα
=

2e1p

1− e21 cos
2 α

.

By the same token, |PQ| = 2p
sin2 α

and |MN | = 2e2p
1−e22 cos2 α

. Consequently,

|PQ|
|AB| =

2p

sin2 α
· 1− e22 cos

2 α

2e1p
=

1− e21 + e21 sin
2 α

e1 sin
2 α

= e1 +
1− e21
e1 sin

2 α
≥ e1 +

1− e21
e1

=
1

e1
.

Figure 26.2 Figure for Example 2.
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Therefore, m = 1
e1
. The same argument implies that |MN |

|PQ| ≥ e2, so n = e2.

The condition that m = n means that 1
e1

= e2, that is, e1e2 = 1. �

Example 3. Given the ellipse x2

2 + y2 = 1 with F as its left focus, at

F draw two straight lines l1 and l2 that intersect the ellipse at P,Q and

M,N, respectively. Assume that l1 ⊥ l2. Find the maximum value and the

minimum value of the area of the quadrilateral PMQN .

Analysis. The area of the quadrilateral PMQN is S = 1
2 |PQ| · |MN |, and

PQ and MN are the chords that pass through the focus F , so the ellipse

problem can be transformed to the unified equation of conic sections to

deal with.

Solution. From x2

2 + y2 = 1, we get a =
√
2, b = 1, c = 1, e =

√
2
2 , and

p = 1.

Establish a polar coordinates system with F as the pole and Fx as the

polar axis. Then the polar equation of the ellipse is

ρ =

√
2
2

1−
√
2
2 cos θ

=
1√

2− cos θ
.

We can write P (ρ1, θ), Q(ρ2, θ + π),M
(
ρ3, θ +

π
2

)
, and N

(
ρ4, θ +

3π
4

)
by the condition of the problem, where θ ∈ [0, 2π). Then

|PQ| = ρ1 + ρ2 =
1√

2− cos θ
+

1√
2 + cos θ

=
2
√
2

2− cos2 θ
,

|MN | = ρ3 + ρ4 =
1√

2− cos
(
θ + π

2

) + 1√
2 + cos

(
θ + π

2

) =
2
√
2

2− sin2 θ
,

and so

S =
1

2
|PQ||MN | = 4

2 + cos2 θ sin2 θ
=

16

8 + sin2 2θ
.

Since 0 ≤ sin2 2θ ≤ 1, we obtain 16
9 ≤ S ≤ 2.

When sin2 2θ = 0, the area S achieves the maximum value 2.

When sin2 2θ = 1, the area S achieves the minimum value 16
9 . �

Remark. When exploring a problem on the focal radius or focal chord of a

conic section, it is often more convenient to use the unified polar coordinates

equation of conic sections.
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Figure 26.3 Figure for Example 4.

Example 4. As shown in Figure 26.3, the ellipse x2

24 + y2

16 = 1 and the

straight line l : x
12 +

y
8 = 1 are given, P is a point on l, a ray OP intersects

the ellipse at a point R, and a point Q is on OP that satisfies |OP ||OQ| =
|OR|2. When the point P moves on l, find the equation of the trajectory

of Q, and state what curve the trajectory is.

Analysis. The three points P,Q, and R are on the same ray, and OP,OQ,

and OR are the line segments with the coordinates origin as their initial

point. So we can consider to transform the origin to the pole and the x-axis

to the polar axis, resulting in a polar coordinates system. In this way we

can obtain the relation of the polar radii of P,Q, and R that have the same

polar angle, solving the problem conveniently.

Solution. Set up a polar coordinates system with the origin O as the

pole and the positive direction x-axis as the polar axis. Then the polar

coordinates equations of the ellipse and the straight line l are respectively

ρ2 =
48

2 + sin2 θ
and ρ =

24

2 cos θ + 3 sin θ
.

Write P (ρ1, θ), Q(ρ, θ), and R(ρ2, θ). Then |OP ||OQ| = |OR|2 implies

that ρ1ρ = ρ22, in other words,

24ρ

2 cos θ + 3 sin θ
=

48

2 + sin2 θ
.

Rewriting the equality as

24ρ2(2 + sin2 θ) = 48ρ(2 cosθ + 3 sin θ).

Transforming the above polar coordinates equation to the equation

under the rectangular coordinates, we have 2x2 + 3y2 − 4x− 6y = 0.
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Therefore, the sought trajectory of the point is the ellipse with center

(1, 2) (the origin is excluded). The length of its long axis is
√
10 and the

length of its short axis is 2
√
15
3 . �

Example 5. Suppose that AB and CD are two moving chords passing

through a focus F of a conic section, and the line segments AC and BD

that connect two end points of the chords intersect at a point M . Prove:

The trajectory of the moving point M is the corresponding directrix of the

conic section.

Proof. As seen from Figure 26.4, let the polar equation of the conic section

be ρ = ep
1−e cos θ . Write A(ρ1, θ1), B(ρ′1, θ1+π), C(ρ2, θ2), and D(ρ′2, θ2+π).

Denote the moving point on the straight line AC as P (ρ, θ). Then by

the angle formula in plane geometry, sin(θ1−θ2)
ρ = sin(θ1−θ)

ρ2
+ sin(θ−θ2)

ρ1
. After

a manipulation we obtain the equation of the straight line AC:

ρ

[
cos

(
θ1 + θ2

2
− θ

)
− e cos

θ1 − θ2
2

cos θ

]
= ep cos

θ1 − θ2
2

. (26.1)

By the same way, we have the equation of the straight line BD:

ρ

[
cos

(
θ1 + π + θ2 + π

2
− θ

)
− e cos

θ1 − θ2
2

cos θ

]
= ep cos

θ1 − θ2
2

.

(26.2)

(26.1) + (26.2) and simplifying the resulting expression give ρ cos θ =

−p, which is just the equation for the corresponding directrix of the conic

section. Hence, the trajectory of the point M is the directrix of the conic

section. �

Figure 26.4 Figure for Example 5.
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Example 6. Given the point A(1, 0) and the straight line l : x = 3, the

distance from a moving point M to A is m and to l is n. Assume that

m+ n = 4.

(1) Find the trajectory of the point M .

(2) Draw a straight line at A with an inclination angle α, and it intersects

the trajectory of M at two points P and Q. Let d = |PQ|. Find an

analytic expression of d = f(α).

(3) At what values of α, does f(α) have the maximum value? What is the

maximum value?

Solution. (1) Denote M(x, y). Then
√
(x − 1)2 + y2 + |x − 3| = 4, from

which

y2 = 4x (0 ≤ x ≤ 3)

or

y2 = −12(x− 4) (3 < x ≤ 4).

Hence, the trajectory of the point M is the union of the two parabolas,

which is a closed curve.

(2) The two parabolas intersect at B(3, 2
√
3) and C(3,−2

√
3). From (1),

we know that the two parabolas share the same focus A. Set up a polar

coordinates system with A as the pole and the positive direction of the

x-axis as the polar axis. Then the polar coordinates of the point B are(
4, π

3

)
and the polar coordinates of the point C are

(
4, 53π

)
. Since the incli-

nation angle of PQ is α, we write P (ρ1, α) and Q(ρ2, α + π). The loca-

tions of P and Q are different and vary along with the changes of α. See

Figure 26.5.

The polar coordinates equation of y2 = 4x (0 ≤ x ≤ 3) is ρ = 2
1−cos θ .

The polar coordinates equation of y2 = −12(x − 4) (3 < x ≤ 4) is

ρ = 6
1+cos θ .

(i) When 0 ≤ α < π
3 ,

|PQ| = ρ1 + ρ2 =
6

1 + cos θ
+

2

1− cos(θ + π)
=

8

1 + cos θ
.

(ii) When π
3 ≤ α < 2π

3 ,

|PQ| = ρ1 + ρ2 =
2

1− cos θ
+

2

1− cos(θ + π)
=

4

sin2 α
.
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Figure 26.5 Figure for Example 6.

(iii) When 2π
3 ≤ α < π,

|PQ| = ρ1 + ρ2 =
2

1− cos θ
+

6

1 + cos(θ + π)
=

8

1− cos θ
.

Therefore,

f(α) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

8

1 + cos θ
, 0 ≤ α <

π

3
,

4

sin2 α
,

π

3
≤ α <

2π

3
,

8

1− cos θ
,

2π

3
≤ α < π.

(3) Clearly, when α = π
3 or 2π

3 , the function f(α) has the maximum

value 16
3 . In other words, the maximum value of |PQ| is 16

3 . �

Example 7. An arbitrary straight line passing through a fixed point O

intersects two fixed straight lines at A and B, respectively. A point P is

on the straight line AB. Prove: The point P satisfying 2
|OP | =

1
|OA| +

1
|OB|

must be on another straight line.

Analysis. Since the directed line segments OA,OB, and OP all lie in the

same straight line, so it is rather convenient to solve the problem by using

the analytic method after setting up a polar coordinates system with O as

its pole.
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Proof. Set up a polar coordinates system with O as its pole. Suppose

that the equations of the two fixed straight lines are ai = ρ cos(θ − αi) for

i = 1 and 2, respectively. Also assume that the angle between an arbitrary

straight line passing through O and the polar axis is θ, and the polar

coordinates of the point P on the straight line AB are (ρ, θ). Then |OA| and
|OB| equal ai

cos(θ−αi)
with i = 1 and 2 respectively. By the given condition,

2

ρ
=

cos(θ − α1)

a1
+

cos(θ − α2)

a2

=
(a2 cosα1 + a1 cosα2) cos θ + (a2 sinα1 + a1 sinα2) sin θ

a1a2
,

namely a = ρ cos(θ − θ0), where the constants a and θ0 are given by

a =
2a1a2√

a21 + a22 + 2a1a2 cos(α1 − α2)
, tan θ0 =

a2 sinα1 + a1 sinα2

a2 cosα1 + a1 cosα2
,

with the terminal side of the angle θ0 containing the point of the

xy-coordinates

(a2 cosα1 + a1 cosα2, a2 sinα1 + a1 sinα2).

The graph of the polar equation a = ρ cos(θ − θ0) is a straight line

whose distance to the pole is a, which is perpendicular to the straight line

θ = θ0. �

Example 8. At the center O of an ellipse x2

a2 + y2

b2 = 1, draw in succession

n radii r1, r2, . . . , rn, with nearby two radii making the angle of 2π
n . Prove:∑n

i=1
1
r2i

= n
2

(
1
a2 + 1

b2

)
.

Analysis. In a polar coordinates system, it is quite convenient to deal

with problems related to the length of a line segment with the pole as

one endpoint. So we set up a polar coordinates system with the center O

of the ellipse as the pole, and transform the equation in the rectangular

coordinates to that in the polar coordinates to solve the problem.

Proof. Set up a polar coordinates system with the center O of the ellipse

as the pole and the positive direction of the x-axis as the polar axis. Then

the polar coordinates equation of the ellipse is ρ2 cos2 θ
a2 + ρ2 sin2 θ

b2 = 1, that

is, 1
ρ2 = cos2 θ

a2 + sin2 θ
b2 .
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Suppose that the intersection points of the n radii with the ellipse are

P1, P2, . . . , Pn with their polar coordinates

P1(ρ1, θ), P2

(
ρ2, θ +

2π

n

)
, . . . , Pn

(
ρn, θ +

n− 1

n
2π

)
.

Hence,

n∑
i=1

1

r2i
=

n∑
i=1

1

ρ2i

=
1

a2

{
cos2 θ + cos2

(
θ +

2π

n

)
+ · · ·+ cos2

[
θ +

2(n− 1)π

n

]}

+
1

b2

{
sin2 θ + sin2

(
θ +

2π

n

)
+ · · ·+ sin2

[
θ +

2(n− 1)π

n

]}

=
n

2

(
1

a2
+

1

b2

)
+

1

2

(
1

a2
− 1

b2

){
cos 2θ + cos

(
2θ +

4π

n

)

+ · · ·+ cos

[
2θ +

4(n− 1)π

n

]}

=
n

2

(
1

a2
+

1

b2

)
+

1

2

(
1

a2
− 1

b2

)
1

2 sin 2π
n

{
sin

(
2θ +

2π

n

)

− sin

(
2θ − 2π

n

)
+ sin

(
2θ +

6π

n

)
− sin

(
2θ +

2π

n

)
+ · · ·

+sin

[
2θ +

2(2n− 1)π

n

]
− sin

[
2θ +

2(2n− 3)π

n

]}

=
n

2

(
1

a2
+

1

b2

)
+

(
1

a2
− 1

b2

)
1

4 sin 2π
n

{
sin

[
2θ +

2(2n− 1)π

n

]

− sin

(
2θ − 2π

n

)}

=
n

2

(
1

a2
+

1

b2

)
+

(
1

a2
− 1

b2

)
1

2 sin 2π
n

sin 2π cos

[
2θ +

2(n− 1)π

n

]

=
n

2

(
1

a2
+

1

b2

)
.

This proves the equality. �
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3. Exercises

Group A

I. Filling Problems

1. For all integers m and n satisfying 1 ≤ n ≤ m ≤ 5, the number of

different hyperbolas represented by the equation ρ = 1
1−Cn

m cos θ of polar

coordinates is .

2. The curve represented by the equation ρ = 5
3−4 cos θ+4sin θ of polar coor-

dinates is .

3. At the focus of the parabola y2 = 8x, draw a chord with an inclination

angle θ. If the length of the chord does not exceed 16, then the range of

the values for θ is .

II. Calculation Problems

4. A Straight line passing through the focus of a parabola intersects the

parabola at two points P and Q. If the perpendicular bisector of PQ

intersects the symmetric axis at R. Prove: |FR| = 1
2 |PQ|.

5. At the focus of a parabola y2 = 2px (p > 0), draw a chord P1P2. Find

the value of 1
|FP1| +

1
|FP2| .

6. Let A,B, and C be three points on the ellipse x2

16 +
y2

7 = 1, F be the left

focus, and ∠AFB = ∠BFC = ∠CFA. Find 1
|AF | +

1
|BF | +

1
|CF | .

7. Let the center of a circle A be A(0, 1), the radius be 1, and Q be any

point on the circle A. Choose a point on the ray OQ such that the

distance from P to Q equals the distance from P to the straight line

y = 2. Find the equation of the trajectory for the point P .

Group B

8. Let F be a fixed point, l be a fixed straight line, the distance from F

to l be p (p > 0), and a point M be on l. A moving point N is on the

extended line of MF and satisfies |FN |
|MN | = 1

|MF | . Find the minimum

value of |MN |.
9. An ellipse x2

a2 + y2

b2 = 1 (a > b > 0) has an inscribed parallelogram.

If one pair of the opposite sides of the parallelogram pass through the

two foci respectively, find the maximum value for the area of the par-

allelogram.
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10. For a given parabola y2 = 2px (p > 0), AB is a chord passing through

the focus F . If the angle formed by AB and the x-axis is θ (0 < θ ≤ π
2 ),

find ∠AOB.

11. At one focus F of an ellipse b2x2 + a2y2 = a2b2 (a > b > 0), draw two

mutually perpendicular chords AB and CD.

(1) Prove: 1
|FA| +

1
|FB| keeps the same value, and 1

|AB| +
1

|CD| keeps

the same value.

(2) Find the minimum values of |AB|+ |CD| and |AB||CD|.
(3) If M is the end point of the long axis near F , find the maximum

value for the area of 	ABM .

12. As shown in Figure 26.6, suppose that A and B are two points on an

ellipse x2

a2 + y2

b2 = 1 (a > b > 0), O is the center of the ellipse, and

OA ⊥ OB.

Figure 26.6 Figure for Exercise 12.

(1) Prove: 1
|OA|2 + 1

|OB|2 is of a fixed value.

(2) Find the maximum value and minimum value of 1
|OA| +

1
|OB| .

(3) Find the maximum value and minimum value for the area of

	AOB.
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Chapter 27

Analytic Method for
Plane Geometry

1. Key Points of Knowledge and Basic Methods

The analytic method is a general method that transforms geometric prob-

lems to algebraic ones, and it perfectly reflects the important thought of the

number-figure combination. By means of a rectangular coordinates system,

we can easily combine organically the information about numbers and that

of figures. This method opens a new road when a purely plane geometry

method is found difficult to solve problems.

The analytic method does not always represent tedious computations,

but rather if it is possible to use techniques appropriately, not only it can

make the objective clear, but also realize the goal of simplifying the com-

putation. In the following we introduce some commonly used techniques.

A. Set up coordinates systems cleverly

Properly establishing a coordinates system can reduce much trouble for the

computation, realizing the purpose of making the tedious to the simple.

Generally speaking, the choice of the origin is a very important step. We

often choose those extremely important and unique “special points” as the

origin (for example the center of a circle or the vertex of a right angle). After

the origin is determined, in general we set up a rectangular coordinates

system by selecting a given straight line as the x-axis.

339
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B. Designation without calculation

In analytic geometry, many quantities do not need to be calculated out

completely. These quantities may only play an “intermediate” role. so we

only need to design such quantities. For example, if the horizontal coordi-

nates of two points A and B satisfy a quadratic equation with xA �= xB,

then in many cases we do not have to calculate xA and xB , but it is enough

only to know what the values of xA + xB and xAxB are.

The essence of “designation without calculation” lies in “catching a key

quantity.”

2. Illustrative Examples

Example 1. Extend the two sides AB and AC of �ABC to D and E

such that |BD| = |CE|. Suppose that the middle points of BC and DE

are M and N , respectively, and AT is the angular bisector of ∠A. Prove:

MN ‖ AT .

Analysis. Without doubt A is the most important point, and the straight

lines AB and AC are symmetric with respect to the straight line AT .

Hence, it is not difficult for us to think of setting up a rectangular coordi-

nates system with A as the origin and AT as the x-axis.

Proof. As Figure 27.1 shows, set up a rectangular coordinates system with

A as the origin and the straight line containing AT as the x-axis. Assume

that ∠DAT = θ, and write B(c cos θ, c sin θ) and C(b cos θ,−b sin θ). If we

let |BD| = t, then the vertical coordinates of the two points D and E are

Figure 27.1 Figure for Example 1.
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(c+ t) sin θ and −(b+ t) sin θ, respectively. Thus,

yM =
yB + yC

2
=

c− b

2
sin θ,

yN =
yD + yE

2
=

(c+ t) sin θ + (−b− t) sin θ

2
sin θ =

c− b

2
.

So, yM = yN . Therefore, MN ‖ the x-axis, in other words, MN ‖ AT . �

Example 2. In Figure 27.2, The tangent points of the inscribed circle of an

equilateral triangle ABC with the three sides are D,E, and F, respectively.

If the distances of any point P on the arc EF to the three sides are p, q,

and r, respectively, prove: p
1
2 + r

1
2 = q

1
2 .

Proof. Set up a rectangular coordinates system with the center of the

triangle ABC as the origin so that the vertex A is on the y-axis. Assign

the radius of the inscribed circle to �ABC as the unit length. Then the

equations of the three sides AC,AB, and BC are respectively

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x cos
π

6
+ y sin

π

6
= 1,

x cos
5π

6
+ y sin

5π

6
= 1,

x cos
3π

2
+ y sin

3π

2
= 1.

Figure 27.2 Figure for Example 2.



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch27 page 342

342 Problems and Solutions in Mathematical Olympiad: High School 2

Let the coordinates of the point P be (cos θ, sin θ) with θ ∈ (π6 , 5π
6

)
.

Then

r
1
2 =

∣∣∣cos θ cos π
6
+ sin θ sin

π

6
− 1
∣∣∣
1
2

=
[
1− cos

(
θ − π

6

)] 1
2

=
√
2 sin

(
θ

2
− π

12

)
.

By the same token, p
1
2 =

√
2 sin

(
5
12π − θ

2

)
and q

1
2 =

√
2 sin

(
3
4π − θ

2

)
.

Therefore,

p
1
2 + r

1
2 =

√
2

[
sin

(
θ

2
− π

12

)
+ sin

(
5

12
π − θ

2

)]

= 2
√
2 sin

π

6
cos

(
θ

2
− π

4

)

=
√
2 sin

(
3

4
π − θ

2

)
= q

1
2 . �

Remark. In the current example, the geometric meaning of the parameter

in the parametric equations of the circle was used, so that the forms of

p
1
2 , q

1
2 , and r

1
2 had a common property, transforming the proof to the

simple trigonometric operations.

Example 3. Suppose that a straight line l and a circle centered at O do

not intersect, E is a point on l, OE ⊥ l, and M is any point on l that is

different from E. From M draw two tangent lines to the circle O with two

tangent points A and B, and from E draw two lines EC and ED that are

perpendicular to MA and MB, respectively, with C and D their respective

intersection points. Let the straight line CD intersect OE at F . Prove:

The location of F does not depend on the location of M .

Proof. Set up a rectangular coordinates system with E as the origin and

l as the x-axis. By symmetry, without loss of generality we may assume

that O is on the positive half y-axis and M is on the negative half x-axis.

Let the radius of the circle be r, the coordinates of O be (0, a) (a > 0), the

coordinates of M be (−d, 0) (d > 0),∠OME = α, and ∠OMA = θ. As

Figure 27.3 shows, kAM = tan(α − θ) and kEC = − cot(α − θ). Since the

coordinates of M are (−d, 0), we find the coordinates of the point C to be(−d sin2(α− θ), 1
2d sin(2α− 2θ)

)
. Similarly, the coordinates of the point D
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Figure 27.3 Figure for Example 3.

are
(−d sin2(α+ θ), 1

2d sin(2α+ 2θ)
)
. So, the equation of CD is

y−1

2
d sin(2α+2θ) =

1
2d sin(2α+ 2θ)− 1

2d sin(2α− 2θ)

−d
[
sin2(α+ θ)− sin2(α− θ)

] [
x+ d sin2(α+ θ)

]
.

Letting x = 0 in the above equation and simplifying the expression, we

obtain that yF = d sin(α + θ) cos(α + θ) − d sin2(α + θ) cot 2α. Also d =

|ME| = a
tanα , and consequently

yF =
a

tanα
sin(α+ θ)[cos(α+ θ)− sin(α + θ) cot 2α]

= a cotα sin(α+ θ) sin(α − θ)
1

sin 2α

= a
cosα

sinα

sin2 α cos2 θ − cos2 α sin2 θ

2 sinα cosα

=
a

2

1

sin2 α

[
sin2 α(1 − sin2 θ)− (1− sin2 α) sin2 θ

]
.

In �OMA and �OME, we have a
sinα = r

sin θ = |OM |. Hence,

yF =
a

2

(
1− sin2 θ − sin2 θ

sin2 α
+ sin2 θ

)
=

a

2

(
1− r2

a2

)
=

a2 − r2

2a
,

which is independent of the location of M . �

Remark. By symmetry, with the point E as the origin and the straight

line l as the x-axis, establishing the rectangular coordinates system may

write relatively easily the coordinates of the points and the equations of

the curves involved in the problem.
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Figure 27.4 Figure for Example 4.

Example 4. Let AB be a fixed chord of a circle Γ and O be a fixed

point on the chord AB. At O draw two chords CD and EF of the circle Γ

(Figure 27.4). Suppose that the chord CF intersects OA at I and the chord

DE intersects OB at J . Prove: 1
|OA| − 1

|OB| =
1

|OI| − 1
|OJ| .

Analysis. Since the relation formula to be shown is complicated and the

known condition “seems” not sufficient enough, it is not easy to do this

problem from the purely geometric knowledge, so we may try to use the

analytic method. Of course, if we calculate the coordinates of every point,

then we can solve the problem, but we do not wish and do not need to do

this way. What we only need is “designation without calculation.”

Proof. Create a rectangular coordinates system with O as the origin and

the straight line containing the chord AB as the x-axis. Assume that the

equation of the circle is x2 + y2 + dx + ey + f = 0, the equation of the

straight line CD is x− t1y = 0, and the equation of the straight line EF is

x− t2y = 0. If we view the union of the two straight lines CD and EF as

a degenerated conic section, then its equation is (x− t1y)(x− t2y) = 0.

In addition, the circle Γ is also a conic section that passes through the

four points C,D,E, and F , so all conic sections that pass through the four

points C,D,E, and F (except for the union of the two straight lines CD

and EF ) can be expressed as

x2 + y2 + dx+ ey + f + λ(x − t1y)(x− t2y) = 0, (27.1)

where λ ∈ R is a parameter to be determined.
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On the other hand, the union of the two straight lines CF and DE

is also a conic section passing through the four points C,D,E, and F , so

there exists λ such that the corresponding (27.1) is the equation of the

union of the two straight lines CF and DE. Let the coordinates of I and

J be (x1, 0) and (x2, 0), respectively. By letting y = 0 in (27.1), we know

that x1 and x2 are the two roots of the equation x2 + dx + f + λx2 = 0.

Thus,

x1 + x2 = − d

1 + λ
, (27.2)

x1x2 =
f

1 + λ
. (27.3)

Dividing (27.2) by (27.3) gives 1
x1

+ 1
x2

= − d
f .

Since O is the origin, the fact that x1 < 0 < x2 implies that

1

x1
+

1

x2
== − 1

|OI| +
1

|OJ | ,

namely

1

|OI| −
1

|OJ | =
d

f
.

Let λ = 0 and y = 0 in (27.1). Then we obtain the equation

x2 + dx + f = 0

that xA and xB satisfy. Hence,

1

xA
+

1

xB
=

xA + xB

xAxB
= − d

f
.

Since xA < 0 < xB , it follows that

1

|OA| −
1

|OB| =
d

f
.

Therefore,

1

|OI| −
1

|OJ | =
1

|OA| −
1

|OB| . �

Remark. The solution process of this problem represents the merit of

“designation without calculation”: Only design some equations and coordi-

nates instead of calculating any coordinates, and then mutually transform

the relations of the problem to find the nature that was “hidden in the

darkness.”



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch27 page 346

346 Problems and Solutions in Mathematical Olympiad: High School 2

Example 5. In a circle O, a chord CD is parallel to another chord EF

and intersects a diameter AB in the angle of 45◦. If CD and EF intersect

the diameter AB at P and Q, respectively, and the radius of the circle O

is 1, prove: |PC||QE|+ |PD||QF | < 2.

Analysis. Set up a rectangular coordinates system according to the sym-

metry of the circle. So, using the analytic method to solve the problem is

rather appropriate.

Proof. With O as its origin and a straight line parallel to CD as its x-

axis, set up a rectangular coordinates system (as in Figure 27.5). Then the

equation of the circle is

x2 + y2 = 1.

Let the distance between CD and the x-axis be a (−1 < a < 1) and the

distance between EF and the x-axis be b (−1 < b < 1). Then the equation

of the straight line CD is y = a and the equation of the straight line EF

is y = −b, and the coordinates of P and Q are P (a, a) and Q(−b,−b).

Further, we can obtain the coordinates of C,D,E, and F as

C
(
−
√

1− a2, a
)
, D

(√
1− a2, a

)
, E

(
−
√
1− b2,−b

)
, F

(√
1− b2,−b

)
.

It follows that

|PC| =
√
1− a2 + a, |PD| =

√
1− a2 − a,

|QE| =
√
1− b2 − b, |QF | =

√
1− b2 + b.

Figure 27.5 Figure for Example 5.
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Consequently,

|PC||QE|+ |PD||QF | = 2
(√

(1− a2)(1 − b2)− ab
)

≤ 2

(
1− a2 + 1− b2

2
− ab

)

= 2

[
2− (a+ b)2

2

]
≤ 2.

It is impossible that a = b = 0, hence the equality in the above cannot

be satisfied. Thus,

|PC||QE|+ |PD||QF | < 2. �

Example 6. As Figure 27.6 shows, the inscribed circle O of a rhombus

ABCD is tangent to each side at E,F,G, and H, respectively. Draw a

tangent line on the arc EF that intersects AB and BC at M and N,

respectively, and draw a tangent line on the arc GH that intersects CD

and DA at P and Q respectively. Prove: MQ ‖ NP .

Proof. It is easy to think of setting up a rectangular coordinates system

with BD as the x-axis and AC as the y-axis. Without loss of generality,

assume that the circle O is a unit one. Let the inclination angle of OH be θ.

Then the coordinates of H are H(cos θ, sin θ). Clearly, the coordinates of

D and A are D
(

1
cos θ , 0

)
and A

(
0, 1

sin θ

)
. Thus, the equation of the straight

line DA is lDA : x cos θ + y sin θ = 1.

Figure 27.6 Figure for Example 6.
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According to the symmetry, we obtain the equations of the other three

straight lines:

lAB : −x cos θ + y sin θ = 1,

lBC : −x cos θ − y sin θ = 1,

lCD : x cos θ + y sin θ = 1.

Assume that PQ is tangent to the circle O at the point (cosα, sinα).

Then the equation of the straight line PQ is lPQ : x cosα+ y sinα = 1.

Assume that MN is tangent to the circle O at the point (cos β, sinβ).

Then the equation of the straight line MN is lMN : x cosβ + y sinβ = 1.

Solving the equations of DA and PQ together gives the coordinates of

the point Q:

Q

(
cos α+θ

2

cos α−θ
2

,
sin α+θ

2

sin α−θ
2

)
.

Solving the equations of AB and MN together gives the coordinates of

the point M :

M

(
−cos θ−β

2

cos θ+β
2

,
sin θ−β

2

sin θ+β
2

)
.

Hence,

kMQ =
yM − yQ
xM − xQ

=
sin α+β

2 cos θ

cos α+β
2 cos θ + cos α−β

2

.

Similarly,

kPN =
sin α+β

2 cos θ

cos α+β
2 cos θ + cos α−β

2

.

Therefore, kMQ = kPN , in other words, MQ ‖ NP . �

Example 7. As in Figure 27.7, in �ABC, a point O is the circumcenter,

the three altitudes AD,BE, and CF intersect at a point H , the straight

lines ED and AB intersect at a point M , and the straight lines FD and

AC intersect at a point N . Prove:

(1) OB ⊥ DF and OC ⊥ DE.

(2) OH ⊥ MN .
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Figure 27.7 Figure for Example 7.

Analysis. Since there are too many perpendicular relations, we think of

establishing a rectangular coordinates system. Then the problem of show-

ing that the two straight lines are perpendicular is transformed to showing

that the product of the slopes of the two straight lines is −1.

Proof. (1) With the straight line containing BC as the x-axis andD as the

origin, we set up a rectangular coordinates system. Write A(0, a), B(b, 0),

and C(c, 0). Then kAC = −a
c and kAB = −a

b . Furthermore, the equation

of the straight line AC is y = −a
c (x − c), and the equation of the straight

line BE is y = c
a (x− b).

From the joint equations

⎧⎪⎨
⎪⎩

y =
c

a
(x− b),

y = −a

c
(x − c),

we obtain that the coordinates of the point E is E
(

a2c+bc2

a2+c2 , ac2−abc
a2+c2

)
.

By the same token, we get F
(

a2b+b2c
a2+b2 , ab2−abc

a2+b2

)
.

On the other hand, the equation of the perpendicular bisector of the

straight line AC is y− a
2 = c

a

(
x− c

2

)
, and the equation of the perpendicular

bisector of the straight line BC is x = b+c
2 .
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Similarly, from the system⎧⎪⎨
⎪⎩

y − a

2
=

c

a

(
x−− c

2

)
,

x =
b+ c

2
,

we obtain that the coordinates of the point O is O
(

b+c
2 , bc+a2

2a

)
. Then

kOB =
bc+a2

2a
b+c
2 − b

=
bc+ a2

a(c− b)
, kDF =

ab2 − abc

a2b+ b2c
=

a(b− c)

bc+ a2
.

Hence, kOBkDF = −1, namely OB ⊥ DF .

By the same argument, OC ⊥ DE.

(2) Letting x = 0 in the equation y = c
a (x− b) of the straight line BE gives

the coordinates
(
0,− bc

a

)
of the point H . Then

kOH =
bc+a2

2a + bc
a

b+c
2 − 0

=
a2 + 3bc

a(b+ c)
.

While the equation of the straight line DF is y = ab−ac
a2+bcx, from⎧⎪⎨

⎪⎩
y =

ab− ac

a2 + bc
x,

y = −a

c
(x − c),

we obtain that the coordinates of the point N is

N

(
a2c+ bc2

a2 + 2bc− c2
,

abc− ac2

a2 + 2bc− c2

)
.

The same method gives

M

(
a2b+ b2c

a2 + 2bc− b2
,

abc− ab2

a2 + 2bc− b2

)
.

Therefore,

kMN =
a(b2 − c2)(a2 + bc)

(c− b)(a2 + bc)(a2 + 3bc)
= − a(b+ c)

a2 + 3bc
.

Since kMNkOH = −1, we have MN ⊥ OH . �

Example 8. A quadrilateral ABCD is circumscribed to a circle O. Let

the projection of O to the diagonal BD be M . Prove: BD bisects ∠AMC.
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Figure 27.8 Figure for Example 8.

Proof. As in Figure 27.8, set up a rectangular coordinates system with

BD as the y-axis and N as the origin.

Suppose that the coordinates of the point O are (t, 0). Without loss of

generality, assume that the radius of the circle O is 1. Then |t| < 1.

Write D(0, d) and B(0,−b) (b > 0 and d > 0). By the condition of

the problem, to show that BD bisects ∠AMC, it is enough to show that

kMA = −kMC .

Let the slope of the straight line that passes through D and is tangent

to the circle O be k. Then the equation of the straight line is y = kx+ d.

Since the distance of O to this straight line is 1, we have that 1 = |tk+d|√
1+k2

,

that is k2 + 1 = (tk + d)2. In other words, k satisfies the equation (1 −
t2)k2 − 2tdk + 1− d2 = 0.

Since the straight lines DA and DC are tangent to the circle O, the two

slopes kDA and kDC are the two roots of the equation

(1 − t2)k2 − 2tdk + 1− d2 = 0. (27.4)

Substituting −b for d in (27.4), we see that kBA and kBC are the two

roots of the equation

(1− t2)k2 + 2tdk + 1− b2 = 0. (27.5)

Vieta’s theorem together with (27.4) and (27.5) imply that

kDA + kDC =
2td

1− t2
, kBA + kBC = − 2tb

1− t2
. (27.6)
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Also via solving the system

{
y = kDAx+ d,

y = kBAx− b,

we obtain that the coordinates of the point A is
(

b+d
kBA−kDA

, bkDA+dkBA

kBA−kDA

)
.

It follows that

kMA =
yA
xA

=
bkDA + dkBA

b + d
.

By the same token,

kMC =
bkDC + dkBC

b+ d
.

Therefore, thanks to (27.6) we obtain that

kMA + kMC =
b(kDA + kDC) + d(kBC + kBA)

b+ d
= 0.

In other words, BD bisects ∠AMC �

Remark. The solution method for this problem is clever. It has two

aspects in “cleverness”: (i) The choice of the coordinates system: The point

M is the origin of the coordinates system, so the proof of the original propo-

sition is reduced to proving kMA + kMC = 0, which greatly reduces the dif-

ficulty. (ii) Many “intermediate quantities” are not calculated out, so the

“designation without calculation” largely leaves out tedious calculations.

3. Exercises

Group A

I. Filling Problems

1. Let A be a fixed point on a circle O with radius 3. Pick two other points

B and C on the circle such that ∠BAC = π
3 . Then the trajectory of the

center of gravity G of �ABC is .

2. Assume thatO is a point inside�ABC. Then S�OAC
−−→
OB+S�OAB

−−→
OC+

S�OBC
−→
OA = .
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3. Two flag poles of heights h and k respectively stand on a horizontal

plane and are 2a units away. Then the figure corresponding to the set

consisting of all the points with the same elevations to the top of the

poles is .

II. Calculation Problems

4. Let AM be the median line of the side BC of�ABC. Draw an arbitrary

straight line that intersects AB,AC, and AM at P,Q, and N in succes-

sion. Prove: The three ratios |AB|
|AP | ,

|AM|
|AN | , and

|AC|
|AQ| form an arithmetic

sequence.

5. Suppose that Q is a point on a circle with AB as a diameter (Q �= A

or B), and the projection of Q onto AB is H . A circle centered at Q with

QH as radius intersects the circle with AB as diameter at two points C

and D. Prove: CD bisects the line segment QH .

6. Draw a semicircle with the side BC of �ABC as diameter, which inter-

sects AB and AC at points D and E, respectively. Draw the perpendic-

ular lines of BC at D and E, with F and G the feet of the perpendicular

respectively. Let the line segments DG and EF intersect at a point M .

Prove: AM ⊥ BC.

Group B

7. In a “kite-shaped figure” ABCD, let |AB| = |AD| and |BC| = |CD|.
Draw any two straight lines at the intersection point O of AC and BD,

which intersect AD,BC,AB, and CD at E,F,G, and H, respectively.

If GF and EH intersect BD at I and J respectively, prove: |IO| =
|OJ |.

8. Let the center of gravity of �ABC be G and form the line segments

AG,BG, and CG whose extensions intersect the circumscribed circle

of the triangle at P,M , and N, respectively. Prove:

|AG|
|GP | +

|BG|
|GM | +

|CG|
|GN | = 3.

9. As in Figure 27.9, circles O1 and O2 are tangent to the straight lines

containing the three sides of �ABC, with E,F,G, and H the tangent

points. Suppose that the extensions of EG and FH intersect at a point

P . Prove: The straight lines PA and BC are perpendicular.
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Figure 27.9 Figure for Exercise 9.

10. Let the three sides of �ABC be a, b, and c, the intersection of the three

altitudes be H , the center of the circumscribed circle be O, the radius

be R, and |OH | = d. Prove: a2 + b2 + c2 = 9R2 − d2.

11. Draw a circle O with the base side BC of an acute triangle A1BC that

is not an isosceles one. The altitude A1F on the side BC is a fixed

straight line. At F draw the perpendicular lines to the two tangent

lines to the circle from A1, with D1 and E1 the respective feet of the

perpendicular. Prove: all D1E1 pass through a fixed point.

12. Let the radii of two concentric circles in a plane be R and r (R > r)

respectively, P be a fixed point on the small circle, B be a moving point

on the large circle, the straight line BP and the large circle intersect

at another point C, the line l that passes through the point P and is

perpendicular to BP intersects the small circle at another point A (if l

and the small circle are tangent at the point P , then the points A and

P coincide) Find:

(1) The set of all possible values of the expression |BC|2 + |CA|2 +

|AB|2.
(2) The trajectory of the middle point of the line segment AB.
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Chapter 28

Synthetic Problems for
Complex Numbers

1. Key Points of Knowledge and Basic Methods

A. Thanks to the introduction of complex numbers, there appear new

contents on some problems related to algebraic equations: An nth order

polynomial equation of one unknown has n roots; Vieta’s theorem is still

valid for equations of complex coefficients; the imaginary roots of equa-

tions with real coefficients appear in pairs of the conjugate form; and so

on. Such materials enable us to investigate solutions of algebraic equations

and related problems more deeply.

B. There are quite a few types of complex equations, and there are many

methods for solving equations of complex numbers. For lower order equa-

tions, a usual method is to use the necessary and sufficient condition for the

equality of complex numbers, resulting in a real number problem to solve.

Sometimes, one may also use the modulus as a breaking point: First find

the modulus |z|, and then find the complex number z.

C. Complex numbers correspond to points or vectors in the complex plane.

Addition and subtraction of complex numbers correspond to the parallelo-

gram rule of plane vectors; multiplication and division correspond to expan-

sion or contraction and rotation of plane vectors. The geometric meaning

of complex numbers and their operations pour great vigor further to com-

plex numbers, bestow them with numerous functions, and provide a basis

for us to solve related geometric problems with the knowledge of complex

numbers.

355
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D. By the root formula of complex numbers, one finds the n roots of the

equation xn − 1 = 0 (n ∈ N and n ≥ 2): εk = cos 2k
n π + i sin 2k

n π (k =

0, 1, 2, . . . , n − 1). They are all the nth roots of 1, called the nth order

roots of unity. From the power formula of complex numbers, we have εk =(
cos 2

nπ + i sin 2
nπ
)k

= εk1 , which means that all nth order roots of unity

can be represented as

1, ε1, ε
2
1, . . . , ε

n−1
1 .

There are following properties for the nth order roots of unity:

(1) |εk| = 1 (k = 0, 1, . . . , n− 1).

(2) εjεk = ε
˜j+k

(j, k = 0, 1, . . . , n− 1 and j + k ≡ ˜j + k (mod n)).

(3) 1 + ε1 + ε21 + · · ·+ εn−1
1 = 0 (n ≥ 2).

(4) Let m be an integer. Then

1 + εm1 + εm2 + · · ·+ εmn−1 =

{
n, if m is a multiple of n,

0, if m is not a multiple of n.

2. Illustrative Examples

A. Equations over sets of complex numbers

Example 1. Given z ∈ C. If the equation x2 − 2zx+ 3
4 + i = 0 with the

unknown x has a real root, find the minimum value for the modulus |z| of
the complex number z.

Solution. Let z = a + bi (a, b ∈ R), and let x = x0 be a real root of the

equation x2 − 2zx+ 3
4 + i = 0. Then

x2
0 − 2zx0 +

3

4
+ i = 0.

It follows that
⎧⎨
⎩

x2
0 − 2ax0 +

3

4
= 0,

−2bx0 + 1 = 0.

The second equality above implies x0 = 1
2b . Substituting it into the first

equality gives 1
4b2 − 2a 1

2b +
3
4 = 0, namely 3b2− 4ab+1 = 0. So, a = 3b2+1

4b .
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Thus,

|z|2 = a2 + b2 =

(
3b2 + 1

4b

)2

+ b2

=
25

16
b2 +

1

16b2
+

3

8

≥ 5

8
+

3

8
= 1,

and the equality holds if and only if b = ±
√
5
5 .

Hence, the minimum value of |z| is 1, achieved when a = 2
√
5

5 and

b =
√
5
5 , or a = − 2

√
5

5 and b = −
√
5
5 . That is,

z = ±
(
2
√
5

5
+

√
5

5
i

)
.

�

Example 2. For given angles α1, α2, . . . , αn, discuss the equation

xn + xn−1 sinα1 + xn−2 sinα2 + · · ·+ x sinαn−1 + sinαn = 0.

Does there exist a complex root with its modulus greater than 2?

Solution. The answer is “No.” The proof is by reduction to absurdity.

Suppose that there exists an x0 that is a complex solution of the original

equation such that |x0| > 2. Then

xn
0 = −xn−1

0 sinα1 − · · · − x0 sinαn−1 − sinαn.

Taking the modulus for each side and using the modulus inequality, we

obtain that

|x0|n ≤ |x0|n−1| sinα1|+ · · ·+ |x0|| sinαn−1|+ | sinαn|
≤ |x0|n−1 + · · ·+ |x0|+ 1

=
|x0|n − 1

|x0| − 1
<

|x0|n
|x0| − 1

<
|x0|n
2− 1

= |x0|n.

This clearly gives a contradiction, and it means that the original equa-

tion has no complex roots whose modulus is greater than 2. �

Example 3. Prove: A necessary and sufficient condition for a polynomial

f(x) = x3 + a1x
2 + a2x+ a3 with real coefficients to have all three roots in

the left half complex plane (namely the real part is less than 0) is ai > 0

with i = 1, 2, and 3, and a3 < a1a2.
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Analysis. Note that an nth order polynomial of one unknown with real

coefficients must have n roots in C, in which imaginary roots appear in

pairs. This means that the equation of the problem must have a real root,

and so the other two roots are either both real or mutually conjugate com-

plex numbers.

Proof. From the theorem that imaginary roots of polynomials with real

coefficients must appear in conjugate pairs, we know that f(x) must have

a real root x1, and the two other roots x2 and x3 are either both real or

conjugate complex numbers.

Necessity: Suppose that the real parts of the three roots are negative

numbers, that is, x1 < 0 and x2 + x3 < 0. Then x2x3 > 0.

By Vieta’s theorem, we see that

a1 = −(x1 + x2 + x3) > 0,

a2 = x1(x2 + x3) + x2x3 > 0,

a3 = −x1x2x3 > 0.

Thus,

a1a2 = −(x1 + x2 + x3)(x1x2 + x1x3 + x2x3)

= −x2
1x2 − x2

1x3 − x1x2x3 − (x2 + x3) · a2
= −x1x2x3 − x2

1(x2 + x3)− (x2 + x3) · a2
> −x1x2x3 = a3.

This proves the necessity.

Sufficiency: Assume that ai > 0 for i = 1, 2, and 3, and also a3 < a1a2.

Since each coefficient of f(x) is a positive number, so f(x) has no zero

root and positive roots. If all the three roots ar negative numbers, then the

proposition is proved.

If x1 < 0 while x2 = a+ bi and x3 = a − bi (a, b ∈ R and b �= 0), then

Vieta’s theorem implies that

a1 = −(x1 + x2 + x3) = −(x1 + 2a),

a2 = 2ax1 + a2 + b2,

a3 = −x1(a
2 + b2).

Hence, a1a2 = −2ax2
1−x1(a

2+ b2)− 2aa2. If a ≥ 0, then a1a2 ≤ −x1(a
2+

b2) = a3, which contradicts the given condition. So, a < 0.

The sufficiency is thus proved. �
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Remark. For any nth order equation of one variable

anx
n + an−1x

n−1 + · · ·+ a0 = 0 (a0 �= 0),

(1) the equation has exactly n roots in the set of all complex numbers;

(2) let x1, x2, . . . , xn be the n roots of the equation, then they and the

coefficients of the equation have the following relation (namely Vieta’s

theorem):

x1 + x2 + · · ·+ xn = −an−1

an
,

x1x2 + x1x3 + · · ·+ xn−1xn =
an−2

an
,

· · ·
x1x2 · · ·xn = (−1)n

a0
an

.

B. Inequalities related to complex numbers

Example 4. For n complex numbers zk = xk + yki (k = 1, 2, . . . , n), let r

be the absolute value of the real part for a square root of z21 + z22 + · · ·+ z2n.

Prove: r ≤ |x1|+ |x2|+ · · ·+ |xn|.

Analysis. Starting from the two equalities for the equal complex numbers,

and using the Cauchy inequality and proof by contradiction, we can show

the inequality in the problem.

Proof. Let a+ bi (a, b ∈ R) be a square root of z21 + z22 + · · ·+ z2n. Then

(a+ bi)2 = (x1 + y1i)
2 + (x2 + y2i)

2 + · · ·+ (xn + yni)
2.

Comparing the real and imaginary parts of the both sides gives

x1y1 + x2y2 + · · ·+ xnyn = ab, (28.1)

(x2
1 + x2

2 + · · ·+ x2
n)− (y21 + y22 + · · ·+ y2n) = a2 − b2. (28.2)

In the following, we use proof by contradiction to prove the proposition.
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If r = |a| > |x1|+ |x2|+ · · ·+ |xn|, then

a2 > (|x1|+ |x2|+ · · ·+ |xn|)2 ≥ x2
1 + x2

2 + · · ·+ x2
n,

the combination of which and (28.2) imply that

b2 > y21 + y22 + · · ·+ y2n.

Consequently,

|ab| >
√
x2
1 + x2

2 + · · ·+ x2
n

√
y21 + y22 + · · ·+ y2n. (28.3)

On the other hand, (28.1) and the Cauchy inequality ensure that

|ab| = |x1y1 + x2y2 + · · ·+ xnyn|

≤
√
x2
1 + x2

2 + · · ·+ x2
n

√
y21 + y22 + · · ·+ y2n.

This contradicts the inequality (28.3), so the initial hypothesis is not

true, and therefore

r ≤ |x1|+ |x2|+ · · ·+ |xn|. �

Remark. It is difficult to get a good idea if trying to prove r ≤ |x1| +
|x2| + · · · + |xn| directly, so we used a circuitous strategy via proof by

contradiction. That is a frequently used method in the case that a direct

proof cannot go smoothly.

Example 5. Suppose that a quadratic function f(x) = ax2 + bx + c of

real coefficients satisfies the conditions that 0 < |c| ≤ k and |f(x)| ≤ k for

x = cos θ + i sin θ (θ is any real number). Prove: For r > 1 there holds

|f(rx)| ≤ (2r2 − 1)k.

Proof. Let r > 1 be given. Then

f(rx) =
r2 + r

2
f(x) +

r2 − r

2
f(−x)− (r2 − 1)c,

where −x = cos(π + θ) + i sin(π + θ).
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Since |f(±x)| ≤ k, it follows that

f(rx) ≤ r2 + r

2
|f(x)| + r2 − r

2
|f(−x)|+ (r2 − 1)|c|

≤
(
r2 + r

2
+

r2 − r

2
+ r2 − 1

)
k

= (2r2 − 1)k. �

Example 6. Given a real number r ∈ (0, 1), prove: If n complex numbers

z1, z2, . . . , zn satisfy

|zk − 1| ≤ r (k = 1, 2, . . . , n),

then

|z1 + z2 + · · ·+ zn|
∣∣∣∣ 1z1 +

1

z2
+ · · ·+ 1

zn

∣∣∣∣ ≥ n2(1− r2).

Proof. Write zk = xk + yki (xk, yk ∈ R) for k = 1, 2, . . . , n.

We first show that

x2
k

x2
k + y2k

≥ 1− r2, k = 1, 2, . . . , n. (28.4)

Denote u =
x2
k

x2
k+y2

k
. Then u > 0 and y2k =

(
1
u − 1

)
x2
k. Thus,

r2 ≥ |zk − 1|2 = (xk − 1)2 +

(
1

u
− 1

)
x2
k

=
1

u
(xk − u)2 + 1− u ≥ 1− u.

Hence, u ≥ 1− r2, that is, (28.4) is satisfied.

From |xk − 1| ≤ r < 1 we know that xk > 0. Since

|z1 + z2 + · · ·+ zn| ≥ |�(z1 + z2 + · · ·+ zn)| =
n∑

k=1

xk.

On the other hand, 1
zk

= xk−yki
x2
k+y2

k
. Consequently,

∣∣∣∣ 1z1 +
1

z2
+ · · ·+ 1

zn

∣∣∣∣ ≥
∣∣∣∣�
(

1

z1
+

1

z2
+ · · ·+ 1

zn

)∣∣∣∣ =
n∑

k=1

xk

x2
k + y2k

.
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Note that xk > 0 for k = 1, 2, . . . , n, so the Cauchy inequality implies

that

|z1 + z2 + · · ·+ zn|
∣∣∣∣ 1z1 +

1

z2
+ · · ·+ 1

zn

∣∣∣∣ ≥
n∑

k=1

xk

n∑
k=1

xk

x2
k + y2k

≥
(

n∑
k=1

√
x2
k

x2
k + y2k

)2

≥
(
n
√
1− r2

)2
= n2(1 − r2). �

C. Problems related to roots of unity

Example 7. Let ε = cos 2
nπ + i sin 2

nπ. Prove:

(1) (1− ε)(1− ε2) · · · (1− εn−1) = n.

(2) sin π
n sin 2

nπ · · · sin (n−1)π
n = n

2n−1 .

Analysis. The expression ε = cos 2
nπ + i sin 2

nπ means that ε is the nth

root of unity ε1, so εk = εk. Since |1− εk| = 2 sin kπ
n , the equalities can be

shown accordingly.

Proof. The n roots of the equation xn − 1 = 0 are

εk = cos
2k

n
π + i sin

2k

n
π (k = 0, 1, 2, . . . , n− 1).

By the assumption, ε = cos 2
nπ + i sin 2

nπ, so εk = εk.

Thus, from

xn − 1 = (x− 1)(x− ε)(x− ε2) · · · (x− εn−1),

we obtain that

(x− ε)(x − ε2) · · · (x − εn−1) =
xn − 1

x− 1
= xn−1 + xn−2 + · · ·+ x+ 1.

That is, (x − ε)(x− ε2) · · · (x− εn−1) = xn−1 + xn−2 + · · ·+ x+ 1.

(1) Letting x = 1 gives

(1 − ε)(1− ε2) · · · (1− εn−1) = n.
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(2) Noting that

∣∣1− εk
∣∣ = 2 sin

kπ

n
,

we immediately get

2n−1 sin
π

n
sin

2

n
π · · · sin (n− 1)π

n
= n,

which proves (2). �

Remark. The expression cos 2k
n π+ i sin 2k

n π reminded us of the definition

and properties of the nth roots of unity. This was very helpful for solving

the problem.

Example 8. Let A0A1 · · ·An−1 be a regular n-polygon. Suppose that the

radius of its circumcircle O is 1. Prove: The sum of the squares of the

distances from any point P on the circle to every vertex is a fixed value.

Analysis. The point P and the points Ai (i = 0, 1, . . . , n − 1) are all on

the unit circle, so the roots of unity can be used to solve the problem.

Proof. Use O as the origin to set up a rectangular coordinates system,

so that the coordinates of A0 are (1, 0). Then the corresponding complex

numbers of Ai are εk = cos 2k
n π + i sin 2k

n π (k = 0, 1, 2, . . . , n − 1). Let

the corresponding complex number of the point P be z. Then |z| = 1.

Consequently,

n−1∑
k=0

|PAk|2 =
n−1∑
k=0

|z − εk|2 =
n−1∑
k=0

(z − εk)(z − εk)

=

n−1∑
k=0

(1− zεk − zεk + 1)

= 2n− z

n−1∑
k=0

εk − z

n−1∑
k=0

εk

= 2n. �

Remark. All nth roots of unity just divide the unit circle of the complex

plane into n equal arcs, in other words, ε0 = 1, ε1, ε2, . . . , εn−1 are the

vertices of the inscribed regular n-polygon in the circle centered at the origin

of radius 1. Therefore, using the roots of unity can solve many geometric

problems related to regular polygons.
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3. Exercises

Group A

I. Filling Problems

1. Let a ∈ R and complex numbers z1 = a+i, z2 = 2a+2i, and z3 = 3a+4i.

If |z1|, |z2|, and |z3| constitute a geometric sequence, then the value of

the real number a is .

2. For complex numbers z1 = (2−a)+(1−b)i, z2 = (3+2a)+(2+3b)i, and

z3 = (3− a) + (3− 2b)i, where a, b ∈ R, when |z1|+ |z2|+ |z3| achieves
the minimum value, 3a+ 4b = .

3. If the principal value for the argument of a root z0 of the equation

z6 + z3 + 1 = 0 is in the interval
(
π
2 , π

)
, then the value of arg z0 is

.

4. Suppose that a complex number z satisfies z3 = 27. Then the value of

z5 + 3z4 + 2242 is .

5. Let A,B,C, and D represent complex numbers a, b, c, and d, respec-

tively. If the four points A,B,C, and D are on the same circle, then the

value of arg d−a
b−a + arg b−c

d−c is .

6. Let x1 and x2 be the two roots of a quadratic equation ax2+ bx+ c = 0.

If x1 is an imaginary number and
x2
1

x2
is a real number, then the value of

S = 1+ x1

x2
+
(

x1

x2

)2
+
(

x1

x2

)4
+
(

x1

x2

)8
+· · ·+

(
x1

x2

)21999
is .

7. Let ε be a 7th imaginary root of unity. Then ε
1+ε2 + ε2

1+ε4 + ε3

1+ε6 =

.

II. Calculation Problems

8. Give two complex numbers z1 = 2 + i and 2z2 = z1−1
2i+1−z1

. If the three

interior angles A,B, and C of 	ABC form an arithmetic sequence in

succession, and a complex number p = cosA+ 2i cos2 C
2 , find the range

of the values for |p+ z2|.
9. Suppose that a sequence {an} (n = 0, 1, 2, . . .) of rational numbers sat-

isfies an = αxn
1 + βxn

2 �= 0 (n = 0, 1, 2, . . .) and x1x2 = 1, where α and β

are real numbers, and x1 and x2 are complex numbers. Prove:

(1) x1 + x2 is a rational number.

(2) If x1 and x2 are not real numbers, then α = β.
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Group B

10. Let a1, a2, . . . , an be mutually different real numbers. Prove: The equa-

tion 1
x+a1

+ 1
x+a2

+ · · ·+ 1
x+an

= 0 has no imaginary roots.

11. Assume that θ0, θ1, . . . , θn (n ∈ N+) are all real numbers, and a is a

complex root of the equation zn cos θn+zn−1 cos θn−1+ · · ·+cos θ0 = 2.

Prove: |a| > 1
2 .

12. Determine all the complex numbers α such that for any complex num-

bers z1 and z2 (|z1|, |z2| < 1 and z1 �= z2), it is always valid that

(z1 + α)2 + αz1 �= (z2 + α)2 + αz2.
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Chapter 29

Mathematical Induction (II)

1. Key Points of Knowledge and Basic Methods

In this chapter, in addition to discussing further the two forms and basic

proof techniques of mathematical induction introduced in Chapter 17, we

shall introduce several additional special forms of mathematical induction.

A. Method of reverse induction

The method of reverse induction is also called the backward induction. Its

principle is as follows:

Let P (n) be a proposition related to natural numbers n. Suppose that

(1) P (n) is true for infinitely many natural numbers n;

(2) under the assumption that P (k+1) is true, P (k) is deduced to be true,

too.

Then the proposition P (n) is true for all natural numbers n.

Using proof by contradiction, one can easily show that the principle of

reverse induction is correct.

B. Method of spiral induction

The method of spiral induction is basically an induction method of a kind

alternative transition. Its principle is the following:

Let P (n) and Q(n) be two propositions related to natural numbers n.

Suppose that

(1) P (0) is true;

367
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(2) for any natural number k, if the proposition P (k) is true, then the

proposition Q(k) is deduced to be true; and if the proposition Q(k) is

true, then the proposition P (k + 1) is deduced to be true.

Then the propositions P (n) and Q(n) are true for all natural numbers n.

The above method of spiral induction is with respect to two proposi-

tions. For three, four, or more propositions, there are corresponding meth-

ods of spiral induction.

Problems in mathematical competitions are often given in the form of

one proposition (such as P (n)). To use the method of spiral induction,

one needs to supplement the given proposition with another one (such as

Q(n)). The second one can be called a “companion proposition” of the

original proposition.

C. Double mathematical induction

Let P (n,m) be a proposition related to mutually independent natural num-

bers n and m. Suppose that

(1) P (0,m) is true for all natural numbers m and P (n, 0) is true for all

natural numbers n;

(2) if P (n+1,m) and P (n,m+1) are true, then it is deduced that P (n+

1,m+ 1) is also true.

Then the proposition P (n,m) is true for all natural numbers n and m.

D. Points of attention

(1) The most basic and most often used forms of mathematical induction

are still the first and second forms of mathematical induction. The

other forms of mathematical induction are usually adapted ones while

it is difficult to use the first or second forms of basic mathematical

induction.

(2) Not every proposition related to natural numbers n can be proved

with mathematical induction. Sometimes, blindly applying the induc-

tive model often leads to a dead end, so flexibility is important during

the process of solving problems.

2. Illustrative Examples

We start with applications of the most familiar basic forms of mathematical

induction.



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-ch29 page 369

29. Mathematical Induction (II) 369

Example 1. A sequence a1, a2, . . . satisfies a1 = 0 and an =

max1≤i≤n−1{i + ai + an−i} for n ≥ 2. For example, a2 = 1 and a3 = 3.

Find a200.

Analysis. If the general term can be found, naturally one can calculate

a200. It is easy to see that a1 = 0, a2 = 1, a3 = 3, a4 = 6, and a5 = 10.

From these we guess that an = n(n−1)
2 .

Solution. We use the second form of mathematical induction to show that

an =
n(n− 1)

2
.

When n = 1, we have a1 = 0, so the proposition is true.

Suppose that an = n(n−1)
2 for all n ≤ k.

When n = k + 1,

ak+1 = max
1≤i≤k

{i+ ai + ak+1−i}

= max
1≤i≤k

{
i+

i(i− 1)

2
+

(k + 1− i)(k − i)

2

}

= max
1≤i≤k

{
i2 − ki+

k2 + k

2

}

=
k2 + k

2
+ max

1≤i≤k
{i(i− k)}.

Obviously, i(i− k) < 0 when 1 ≤ i ≤ k− 1 and i(i− k) = 0 when i = k.

Consequently, max1≤i≤k{i(i− k)} = 0, and so

ak+1 =
k2 + k

2
=

(k + 1)[(k + 1)− 1]

2
.

Thus, when n = k + 1, the proposition is true.

In particular, a200 = 200·199
2 = 19900. �

Example 2. Suppose that p and p + 2 are both prime numbers with

p > 3. A sequence {an} is defined as a1 = 2 and an = an−1 +
⌈pan−1

n

⌉
for n = 2, 3, . . . , where �x� is the minimal integer that is not less than the

real number x.

Prove: For n = 3, 4, . . . , p− 1, it is always true that n | pan−1 + 1.

Proof. First, note that {an} is a sequence of integers.

We use mathematical induction for n. When n = 3, by the condition

a2 = 2 + p, so pa2 + 1 = (p + 1)2. Since p and p + 2 are both prime
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numbers, and p > 3, it must be that 3 | p+ 1. Hence, 3 | pa2 + 1, namely

the conclusion is satisfied when n = 3.

For 3 < n ≤ p−1, suppose that k | pak−1+1 for k = 3, . . . , n−1. Now,

⌈pak−1

k

⌉
=

pak−1 + 1

k
,

so

pak−1 + 1 = p

(
ak−2 +

⌈
pak−2

k − 1

⌉)
+ 1

= p

(
ak−2 +

pak−2 + 1

k − 1

)
+ 1

=
(pak−2 + 1)(p+ k − 1)

k − 1
.

Hence, for 3 < n ≤ p− 1,

pan−1 + 1 =
p+ n− 1

n− 1
(pan−2 + 1)

=
p+ n− 1

n− 1

p+ n− 2

n− 2
(pan−3 + 1)

= · · · = p+ n− 1

n− 1

p+ n− 2

n− 2
· · · p+ 3

3
(pa2 + 1).

Consequently,

pan−1 + 1 =
2n(p+ 1)

(p+ n)(p+ 2)
Cn

p+n.

It follows that (noting that Cn
p+n is an integer)

n | (p+ n)(p+ 2)(pan−1 + 1). (29.1)

Since n < p and p is a prime number, we have

(n, n+ p) = (n, p) = 1.

Also p+ 2 is a prime number greater than n, so we see that (n, p+ 2) = 1,

thus n and (p + n)(p + 2) are relatively prime. Therefore, n | pan−1 + 1

from (29.1). By mathematical induction, this proposition has been proved.

�

Remark. (1) Twin prime numbers exist.

(2) Here the natural numbers were restricted to between 3 and p− 1.
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Example 3. Let a sequence {Fn} be defined by: Fn+2 = Fn+1 +Fn, F1 =

1, and F2 = 1. Prove:

F 2
n+1 + F 2

n = F2n+1.

Analysis. We want to prove the conclusion by mathematical induction.

The first step (n = 1) is easy. Assume that the proposition is satisfied for

n = k (k ≥ 2). Then it suffices to show:

F 2
k+2 + F 2

k+1 = F2k+3. (29.2)

Substitute the recursive relation of the condition into (29.2) to see the

effect:

(Fk+1 + Fk)
2 + F 2

k+1 = F2k+3, (29.3)

that is,

(
F 2
k+1 + F 2

k

)
+
(
2FkFk+1 + F 2

k+1

)
= F2k+3. (29.4)

Note that the expression inside the first pair of parentheses of (29.4) is

just F2k+1 (by inductive hypothesis). Thus, to prove (29.4), it is enough to

show that

2FkFk+1 + F 2
k+1 = F2k+2. (29.5)

The formula (29.5) is the same as

2Fk(Fk−1 + Fk) + F 2
k+1 = F2k+2,

in other words,

(
2FkFk−1 + F 2

k

)
+
(
F 2
k + F 2

k+1

)
= F2k+2, (29.6)

while the expression inside the second pair of parentheses of (29.6) is just

F2k+1. So, it is sufficient to show that

2FkFk−1 + F 2
k = F2k. (29.7)

The formulas (29.7) and (29.5) have the completely same structure. The

original proposition is denoted as P (n), and the claim 2Fn+1Fn + F 2
n+1 =

F2n+2 is denoted as Q(n). We can use the alternating relation between the

formulas of (29.5) and (29.7) to get the alternating relation between Q(n)

and P (n), so we may use the method of spiral induction to complete the

proof of the problem.
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Proof. Consider the propositions

P (n) : F 2
n+1 + F 2

n = F2n+1; Q(n) : 2Fn+1Fn + F 2
n+1 = F2n+2.

When n = 1, it is easy to see that P (1) and Q(1) are true.

Suppose that P (k) and Q(k) are satisfied when n = k, namely F 2
k+1 +

F 2
k = F2k+1 and 2Fk+1Fk + F 2

k+1 = F2k+2. Then

F 2
k+2 + F 2

k+1 = (Fk+1 + Fk)
2 + F 2

k+1

=
(
F 2
k+1 + 2Fk+1Fk

)
+
(
F 2
k + F 2

k+1

)
= F2k+2 + F2k+1 = F2k+3,

in other words, P (k+1) is satisfied. Since P (k+1) and Q(k) are both true,

we obtain that

2Fk+2Fk+1 + F 2
k+2 = 2(Fk+1 + Fk)Fk+1 + F 2

2k+2

=
(
F 2
k+1 + F 2

k+2

)
+
(
F 2
k+1 + 2Fk+1Fk

)
= F2k+3 + F2k+2 = F2k+4,

that is, Q(k + 1) is also satisfied. Hence, P (n) and Q(n) are true for all

positive integers n. �

Remark. Using the “method of spiral induction” often needs to combine

the conditions of the problem to determine a “supplementary conclusion”

(sometimes we need to construct such a conclusion). Constructing a good

“supplementary conclusion” not only requires a good understanding of the

condition, but also needs accumulations of usual knowledge.

When using mathematical induction to solve problems, often we are not

sure how to go forward the transition from n to n+1 in many cases, or not

able to reach an ideal result. At this time, we ought to pay an attention

to the “method of reverse induction,” which plays a good role in many

occasions.

In the following, we look at two examples to illustrate the method of

reverse induction.

Example 4. Suppose that a function f : N+ → [1,+∞) satisfies:

(1) f(2) = 2;
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(2) for any m,n ∈ N+, we have f(mn) = f(m)f(n);

(3) when m < n, the inequality f(m) < f(n) is valid.

Prove: For any positive integer n, it holds that f(n) = n.

Proof. The conditions (1) and (2) imply that f(1) = 1. Suppose now that

f(2k) = 2k for k ∈ N. Then f(2k+1) = f(2k)f(2) = 2k · 2 = 2k+1. Hence,

f(2k) = 2k for any k ∈ N.

Now, we discuss the values of f(n). Let f(n) = l. Then from (2) and

mathematical induction, we see that f(nm) = lm for any m ∈ N+.

Assume that 2k ≤ nm < 2k+1. Then f(2k) ≤ f(nm) < f(2k+1) from

(3). So, 2k ≤ lm < 2k+1 by the previous conclusion. Comparing it with

2k ≤ nm < 2k+1, we know that

1

2
<
(n
l

)m
< 2, (29.8)

which is true for any m ∈ N+.

If n > l, then we choose m > l
n−l , from which

(n
l

)m
=

(
1 +

n− l

l

)m

≥ 1 +m
n− l

l
> 2,

which contradicts the formula (29.8). By the same way, if n < l, then with

a choice of m > n
l−n , we get

(
l
n

)m
> 2, namely

(
n
l

)m
< 1

2 , which also

contradicts (29.8). Hence, it can only be that n = l.

In summary, f(n) = n for any n ∈ N+. �

Example 5. Prove by the method of reverse induction: If a function f(x)

with its domain [a, b] satisfies that for any x, y ∈ [a, b], the inequality

f
(
x+y
2

) ≤ 1
2 [f(x) + f(y)] is valid, then for x1, x2, . . . , xn ∈ [a, b], we have

f

(
x1 + x2 + · · ·+ xn

n

)
≤ 1

2
[f(x1) + f(x2) + · · ·+ f(xn)].

Analysis. One may use the same proof method for Example 4 to prove

this proposition.

Proof. When n = 1 and 2, the inequality is obviously correct. Now,

assume that the inequality is satisfied for n = 2k. Then by the definition
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of f(x), we know that

f

(
x1 + · · ·+ x2k+1

2k+1

)
≤ 1

2

[
f

(
x1 + · · ·+ x2k

2k

)
+ f

(
x2k+1 + · · ·+ x2k+1

2k

)]

≤ 1

2

⎡
⎣ 1

2k

2k∑
j=1

f(xj) +
1

2k

2k∑
j=1

f(x2k+j)

⎤
⎦

=
1

2k+1

2k+1∑
j=1

f(xj).

Thus, the inequality is satisfied for any n = 2k (k ∈ N+).

For a general n ∈ N+ (n ≥ 3), let 2k ≤ n < 2k+1 for some k ∈ N+.

Denote

A =
1

n
(x1 + x2 + · · ·+ xn).

Then, since the inequality is true for 2k+1, we see that

f

(
x1 + · · ·+ xn + (2k+1 − n)A

2k+1

)
≤ 1

2k+1

⎡
⎣ n∑
j=1

f(xj) + (2k+1 − n)f(A)

⎤
⎦.

On the other hand,

1

2k+1

[
x1 + · · ·+ xn +

(
2k+1 − n

)
A
]
=

1

2k+1

[
nA+

(
2k+1 − n

)
A
]
= A.

Consequently,

2k+1f(A) ≤
n∑

j=1

f(xj) +
(
2k+1 − n

)
f(A),

and so f(A) ≤ 1
n

∑n
j=1 f(xj), namely the inequality is true for n. �

Remark. From the above two examples, we may find that the key to an

effective proof via reverse induction is the possibility of controlling the

natural numbers n in a range. Then we have an inequality relation to use

in the proof (for example the formula (29.8) in Example 4). At the same

time the inequality is true for some particular n. Combining the two points

will make the transition convenient.

In the following, we look at some examples with several natural number

parameters. When solving such problems, one should pay an attention to

choosing right objects for induction. When making induction to several

parameters, first choose the easiest to deal with.
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Example 6. Let m,n ∈ N+. Prove: For positive real numbers x1, x2,

. . . , xn and y1, y2, . . . , yn, if xi + yi = 1 with i = 1, 2, . . . , n, then

(1− x1x2 · · ·xn)
m + (1− ym1 ) (1− ym2 ) · · · (1− ymn ) ≥ 1. (29.9)

Analysis. There are two positive integer parametersm and n. First deter-

mine the object of induction. Note that choosing n as the induction object

makes the transition easier, because the second additive term on the left

hand side of (29.9) is easier to deal with during the induction transition.

Proof. Do the induction on n. When n = 1, the condition implies that

(1− x1)
m + (1 − ym1 ) = ym1 + (1− ym1 ) = 1,

so (29.9) is valid for n = 1.

Suppose that (29.9) is true for n − 1 (n ≥ 2). Consider the case of n.

First

(1− x1x2 · · ·xn)
m + (1− ym1 )(1− ym2 ) · · · (1− ymn )

= [1− x1x2 · · ·xn−1(1− yn)]
m + (1 − ym1 ) · · · (1− ymn )

≥ (1− x1x2 · · ·xn−1 + x1x2 · · ·xn−1yn)
m

+ [1− (1− x1x2 · · ·xn−1)
m](1− ymn ).

If we let a = 1−x1x2 · · ·xn−1 and b = yn, then from the above inequality

we know that, in order to prove (29.9) for n, it is enough to show that

(a + b − ab)m + (1 − am)(1 − bm) ≥ 1 is satisfied for any a, b ∈ (0, 1). In

other words,

(a+ b− ab)m ≥ am + bm − ambm. (29.10)

Now, we prove (29.10) via mathematical induction on m.

Clearly, the inequality (29.10) is valid for m = 1. Now, assume that

(29.10) is true for m− 1 (m ≥ 2). Then

(a+ b− ab)m − am − bm + ambm

≥ (am−1 + bm−1 − am−1bm−1)(a+ b− ab)− am − bm + ambm

= 2ambm + abm−1 + bam−1 − ambm−1 − am−1bm − amb− abm

= (bm−1 − bm)(a− am) + (am−1 − am)(b − bm),

and with the fact that a, b ∈ (0, 1), we know the truth of (29.10) for m.

In summary, the formula (29.9) is satisfied. �
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Remark. This problem can also be dealt with via the method of “double

induction,” which may make the whole process more concise.

Example 7. Let nonnegative numbers a1, a2, . . . , a2006 satisfy:

ai + aj ≤ ai+j ≤ ai + aj + 1

for all 1 ≤ i, j ≤ 2006 such that i + j ≤ 2006. Prove: There exists x ∈ R

such that an = [nx] for any n ∈ {1, 2, . . . , 2006}.

Proof. First, we analyze the properties of [nx]. Note that nx− 1 < an =

[nx] ≤ nx, so x ∈ [an

n , an+1
n

)
. Let In =

[
an

n , an+1
n

)
.

Then we only need to show that I1 ∩ I2 ∩ · · · ∩ I2006 is not an

empty set. But this can be realized by proving that max1≤n≤2006
an

n <

min1≤n≤2006
an+1

n .

Consequently, it is enough to show that for any m,n ∈ {1, 2, . . . , 2006},
it is true that an

n < am+1
m , namely

man < n(am + 1). (29.11)

We use induction on m+ n to prove the above inequality as follows.

When m+ n = 2, we have m = n = 1, and (29.11) is true in this case.

Suppose that (29.11) is satisfied for all positive integers m and n such

that m+ n ≤ k. Then for m+ n = k + 1, if m = n, then (29.11) is clearly

true; if m > n, then by the inductive hypothesis, we know that

(m− n)an < n(am−n + 1).

The condition ai + aj ≤ ai+j implies that n(am−n + an) ≤ nam, from

which man < n(am + 1), namely (29.11) is true. On the other hand, if

m < n, then man−m < (n−m)(am + 1) by the inductive hypothesis.

The condition ai+j ≤ ai+aj+1 ensures that man ≤ m(am+an−m+1).

Therefore,

man < n(am + 1),

which means that (29.11) is satisfied.

To summarize, the inequality (29.11) is true for any m,n ∈
{1, 2, . . . , 2006}. �

Remark. The given condition should be considered to determine the direc-

tion of induction. Otherwise it is hard to obtain useful results.
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Example 8. Suppose that there are 2n (n ≥ 2) points in the space, in

which any four of them are not in the same plane. If there are n2 + 1 line

segments connecting the points, prove: These line segments must constitute

two triangles with a common side.

Proof. We denote the proposition to be proved as P (n) and intend to

construct another proposition Q(n): Let there be 2n+ 1 (n ≥ 2) points in

the space, in which any four of them are not in the same plane. If there are

n2 + n + 1 line segments connecting the points, then these line segments

must constitute two triangles with a common side.

We first show that P (2) is true. For four points in the space not in

the same plane with five line segments connecting them, the resulting fig-

ure must be a tetrahedron with one edge deleted. So, there must be two

triangles with a common side, namely P (2) is correct.

Suppose that P (k) is true. Consider 2k + 1 points that are connected

by k2 + k+1 line segments. Let A be a point with the least number of the

line segments connected to it (if there are more than one such points, just

pick any one among them). Then the number of the line segments from

the point A is less than or equal to k; otherwise, the number of the line

segments would be greater than or equal to

1

2
(2k + 1)(k + 1) = k2 + k +

1

2
(k + 1) > k2 + k + 1,

a contradiction. We remove the point A together with all the line segments

connected to it. Then there are 2k points with at least k2 + 1 line seg-

ments left. By the hypothesis that P (k) is valid, we know that Q(k) is also

satisfied.

Suppose that Q(k) is true. Consider 2k + 2 points that are connected

by (k + 1)2 + 1 line segments. Let A be a point with the least number of

the line segments connected to it. Then the number of the line segments

from the point A is less than or equal to k + 1; otherwise, the number of

the line segments would be greater than or equal to

1

2
(2k + 2)(k + 2) = (k + 1)2 + k + 1 > (k + 1)2 + 1,

a contradiction. Remove the point A together with all the line segments

connected to it. Then there are 2k + 1 points with at least

(k + 1)2 + 1− (k + 1) = k2 + k + 1

line segments left. By the hypothesis that Q(k) is valid, we know that

P (k + 1) is also satisfied.
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In summary, by the method of spiral induction, P (n) and Q(n) are both

satisfied for all positive integers n (n ≥ 2). �

3. Exercises

Group A

1. Assume that a sequence {an} satisfies a0 = a, a1 = b, a2 = c, and

an = an−1 − 3an−2 + 27an−3 (n ≥ 3). If there exists a positive integer

N ′ such that an are integers for n ≥ N ′, prove: a, b, and c are rational

numbers.

2. Prove: There exist infinitely many n ∈ N+ such that n | 2n + 2.

3. Prove: There exist infinitely many n ∈ N+ such that n | 2n + 1.

4. Suppose that a sequence {an} satisfies a2l = 3l2 and a2l−1 = 3l(l−1)+1

for l ∈ N+. Denote by Sn the sum of the first n terms of the sequence.

Prove:

S2l−1 =
1

2
l(4l2 − 3l + 1), S2l =

1

2
l(4l2 + 3l + 1).

5. Let f be a strictly increasing function defined on the set of all positive

integers and satisfy: (1) f(n) are all positive integers; (2) f(2) = 2;

(3) f(mn) = f(m)f(n) when m and n are relatively prime. Prove:

f(n) = n for all positive integers n.

6. For positive integers a and b such that a > b, let sin θ = 2ab
a2+b2 , where

θ ∈ (0, π2 ), and An = (a2 + b2)n sinnθ. Prove: An are integers for all

positive integers n.

7. Let m and n be arbitrary nonnegative integers. Prove: (2m)!(2n)!
m!n!(m+n)! is an

integer.

Group B

8. Let a sequence {an} satisfy: a1 = 1 and

an+1 =

{
an − 2, if an − 2 
∈ {a1, a2, . . . , an} and an − 2 > 0,

an + 3, if otherwise.

Prove: For any positive integer k > 1, there exists a positive integer n

such that an = an−1 + 3 = k2.

9. Dye one of red, green, and blue colors to each vertex of a regular

n-polygon, such that any two nearby vertices have different colors and

every color appears at least once. Prove: It is possible to partition the
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regular n-polygon into n− 2 triangles with some diagonals, so that the

three vertices of each triangle have different colors.

10. For any n ∈ N+, denote ρ(n) = k, where k is a nonnegative integer

satisfying 2k | n and 2k+1
� n. Define a sequence {xn} as follows:

x0 = 0 and 1
xn

= 1 + 2ρ(n) − xn−1 for n = 1, 2, . . .. Prove: Every

nonnegative rational number appears exactly once in the sequence.

11. Find all positive integersm and n such that the m×n-check chess plate

can be partitioned into “L”-shaped (union of three checks) dominoes

completely without repeat.

12. Suppose that a function f(m,n) satisfies

f(m,n) ≤ f(m,n− 1) + f(m− 1, n),

where m and n are positive integers and m,n ≥ 2. If f(1, n) =

f(m, 1) = 1, prove: f(m,n) ≤ Cm−1
m+n−2.
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Chapter 30

Proof by Contradiction

1. Key Points of Knowledge and Basic Methods

For some problems, a direct approach is relatively difficult, but using proof

by contradiction is much easier to do. This is because when using proof

by contradiction to show the proposition “if A then B,” one increases one

condition B artificially; here B represents the negation of condition B.

For a proposition with a conclusion of negative form, it is often proved

via using proof by contradiction. Those propositions with conclusions that

contain “at least” or “at most,” “unique,” “finite” or “infinite,” and so

on are also frequently proved with the approach of proof by contradiction.

Even some propositions, which state conclusions with positive sentences

at the first glance but essentially imply negative factors, may also be con-

sidered to use proof by contradiction for solutions; one example is that

“mutually prime” is the same as “no common factors greater than 1.

2. Illustrative Examples

Example 1. Does there exist a real valued function f(x) on R such that

for any positive integer n, there holds that

3f(−n2 + 3n+ 1)− 2f(n)2 = 5?

If it exists, find one f(x); if it does not exist, give a proof.

Solution. It does not exist. Here is a proof.

Suppose that it exists. Let n = 1. Then

3f(3) = 2f(1)2 + 5. (30.1)

381
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Let n = 3. Then

3f(1) = 2f(3)2 + 5. (30.2)

Thus, f(1) > 5
3 and f(3) > 5

3 .

Subtracting (30.1) from (30.2) gives that

3[f(1)− f(3)] = 2[f(3)2 − f(1)2].

If f(1) �= f(3), then f(1) + f(3) = − 3
2 , a contradiction.

If f(1) = f(3), then 3f(1) = 2f(1)2 + 5, and now f(1) is not a real

number, also a contradiction. �

Remark. The process of proving a proposition with the help of using proof

by contradiction is just “making a contradiction,” realizing the purpose of

the proof via “negation of negation.”

Example 2. Prove: It does not exist a positive integer k such that k + 4

and k2 + 5k + 2 are both cubic numbers.

Proof. Suppose that it does exist such a k, namely there are positive

integers m and n such that

k + 4 = m3 and k2 + 5k + 2 = n3.

Then

(mn)3 = (k + 4)(k2 + 5k + 2) = k3 + 9k2 + 22k + 8

is a cubic number. From

(k + 2)3 = k3 + 6k2 + 12k + 8

< k3 + 9k2 + 22k + 8

< k3 + 9k2 + 27k + 27 = (k + 3)3,

we see that (mn)3 is strictly between the cubic numbers of two consecutive

positive integers, leading to a contradiction.

Therefore, such k does not exist. �

Example 3. If a diagonal of a hexagon divides the hexagon into two

quadrilaterals with inscribed circles, then the diagonal is called “good.”

How many good diagonals does a hexagon have at most?
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Figure 30.1 Figure for Example 3.

Solution. We first show that among two intersecting diagonals of a

hexagon, there is at most one is good.

Suppose that two diagonals are both good. Without loss of general-

ity, let AD and BE be the good diagonals of the hexagon ABCDEF

(see Figure 30.1). Then the quadrilaterals ABCD and BCDE both have

inscribed circles.

Thus, the sums of the opposite sides of the two quadrilaterals are equal,

respectively. In other words,

|AB|+ |CD| = |BC|+ |AD|,
|BC|+ |DE| = |BE|+ |CD|.

Adding up the two equalities gives

|AB|+ |DE| = |AD|+ |BE|. (30.3)

Let M be the intersection point of AD and BE. Then from the triangle

inequality,

|AD|+ |BE| = (|AM |+MD|) + (|BM |+ |ME|)
= (|AM |+ |BM |) + (|DM |+ |EM |)
> |AB|+ |DE|,

which contradicts the formula (30.3).

If a diagonal of a hexagon divides it into two quadrilaterals, then the

end points of the diagonal are two opposite vertices of the hexagon. This

diagonal is called a principal diagonal. Since any two principal diagonals

intersect, so there are at most one good diagonal for a hexagon.

Next, there are many ways to construct a hexagon with a good diag-

onal. For example, as in Figure 30.2, first draw a circle, and then draw a

quadrilateral ABCD such that it makes the circle the inscribed one with
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Figure 30.2 Figure for Example 3.

AD ‖ BC and |AD| > |BC|. The symmetric points of B and C with

respect to AD are F and E, respectively. Then AD is a good diagonal of

the hexagon ABCDEF . �

Remark. A hexagon has only three principal diagonals. The situation

that there is one good diagonal is obvious. The important thing that we

wanted to discuss is of course “whether there exist two good diagonals.” It

was not difficult to obtain the equality (30.3). With Figure 30.1 at hand,

the intuition told us that this equality seems not true. That is the origin

of the contradiction!

Example 4. A sequence {pn} is defined as follows: p1 = 2 and pn is

the maximal prime factor of 1 + p1p2 · · · pn−1 (n > 1). Question: Does

11 appear in this sequence?

Solution. If there exists n ∈ N+ such that pn = 11, then from p1 = 2, p2 =

3, and p3 = 7, we know that n ≥ 4. And furthermore, 1+p1p2 · · · pn−1, 2, 3,

and 7 are mutually prime, and the maximal prime factor of 1+p1p2 · · · pn−1

is 11. It follows that 1 + p1p2 · · · pn−1 must be of the form

1 + p1p2 · · · pn−1 = 5α11β; α ≥ 0, β ≥ 1, α, β ∈ N. (30.4)

Taking the module 4 operation to the both sides of (30.4) gives that

−1 ≡ (−1)β (mod 4), so β is an odd number; taking the module 3 operation

to the both sides of (30.4) ensures that 1 ≡ (−1)α+β (mod 3), and thus α

is odd since β is odd.
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Using the above conclusion and taking the module 7 operation to the

both sides of (30.4), we have that

1 ≡ (−2)α22β = −2α+2β (mod 7).

This requires that 2α+2β ≡ 6 (mod 7), but for any n ∈ N+, clearly 2n ≡
1, 2, or 4 (mod 7), which is a contradiction.

Hence, the equality (30.4) cannot be satisfied , that is, 11 does not

appear in the sequence {pn}. �

Remark. When treating number theory problems using modular opera-

tions, sometimes we need to choose different modules to deduce the desired

result by combining them together for the consideration. However, there is

no unified method for choosing modules, so it is often done by experience

and inspiration.

Example 5. Prove: The number 7 cannot be written as the sum of the

squares of three rational numbers.

Proof. Suppose that one can find three rational numbers x, y, and z such

that

7 = x2 + y2 + z2.

Viewing x, y, and z as fractions, and getting rid of their denominators,

we obtain a similar equality

7n2 = a2 + b2 + c2, (30.5)

where n, a, b, c, and d are all nonnegative integers, not all of which are 0.

If n is an even number, then there are no odd numbers among a, b, and

c, or there are two odd numbers among them. If there are exactly two odd

numbers, then the sum of their squares has remainder 2 when divided by 4,

while 7n2 has remainder 0 when divided by 4, a contradiction. Therefore,

a, b, and c are all even numbers. Then dividing the both sides of the equality

(30.5) by 4 gives

7n2
1 = a21 + b21 + c21,

where 0 < a1 + b1 + c1 < a+ b+ c.

If n1 is an even number, then one can repeat the previous step. But

this situation can happen only finitely many times.
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If n is an odd number, say n = 2k + 1, then

7n2 = 7 · 4k(k + 1) = 8M + 7

for some positive integer M . Note that the remainder of a perfect square

divided by 8 is 0, 1, or 4, a contradiction.

Thus, the equality (30.5) is impossible. This shows that 7 cannot be

written as the sum of the squares of three rational numbers. �

Remark. Here, we used the infinite descending method. When dealing

with problems of no solutions to indefinite equations, it is often to use the

combination of proof by contradiction and the infinite descending method.

Example 6. Suppose that a1, a2, . . . , am (m ≥ 2) are all nonzero numbers,

and for any integer k with k = 0, 1, 2, . . . , n (n < m− 1),

a1 + 2ka2 + · · ·+mkam = 0.

Show that in the sequence a1, a2, . . . , am, there exist at least n+1 pairs of

adjacent numbers with opposite signs.

Proof. Without loss of generality, assume that am > 0; otherwise we may

multiply −1 to every number of a1, a2, . . . , am. Let

bi =

n∑
j=0

cji
j , i = 1, . . . ,m,

where c0, c1, . . . , cn are arbitrary real numbers. By the known condition,

m∑
i=1

aibi =
m∑
i=1

ai

n∑
j=0

cji
j =

n∑
j=0

cj

m∑
i=1

aii
j = 0. (30.6)

Assume that there are k pairs of adjacent numbers with opposite signs in

the sequence a1, a2, . . . , am. Let i1, i2, . . . , ik (1 ≤ i1 < i2 < · · · < ik ≤ m)

denote the subscripts of the first element in these number pairs.

If k < n+ 1, then we choose

bi = f(i) = (i − x1)(i − x2) · · · (i− xk),

where xl = il +
1
2 for l = 1, 2, . . . , k, and the function f(x) = (x − x1)(x −

x2) · · · (x− xk).
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The function f(x) changes sign at x if and only if x is one of

x1, x2, . . . , xk. By noting that

xl = il +
1

2
,

we have

bibi−1 < 0 ⇔ i = il, l = 1, 2, . . . , k.

Thus, the subscripts of the number pairs with changing sign in the

sequences a1, a2, . . . , am and b1, b2, . . . , bm are the same.

Also, since am > 0 and bm > 0, so ai and bi have the same sign for

i = 1, 2, . . . ,m, from which aibi > 0. Therefore,

m∑
i=1

aibi > 0. (30.7)

The two formulas (30.6) and (30.7) are contradictory, hence k ≥ n+ 1.

�

Example 7. There are 2n points on a circle, which divide the circle into

2n equal parts. There are n+1 intervals of respective lengths 1, 2, . . . , n+1

that are placed on the circle. Suppose that the end points of such intervals

are just the 2n points mentioned above. Prove: There must exist an interval

that is in the interior of another interval completely.

Proof. Consider the interval of length 1. If it is already inside another

interval, the proof is completed.

Next, we assume that there does not exist an interval containing this

interval of length 1. Then we remove this interval and straighten the orig-

inal circle into a line segment, thus the original proposition becomes: The

n intervals

I2 = [a2, b2], . . . , In+1 = [an+1, bn+1]

with end points integers are subintervals of [0, 2n − 1]. Suppose that the

length of the interval Ij is j. Show that there exists i �= j such that

Ii ⊂ Ij .

We use proof by contradiction to do it.
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If there does not exist a pair of intervals with the inclusion relation,

then we define a function

f : {2, 3, . . . , n} → {0, 1, . . . , 2n− 1} − {an+1, an+1 + 1, . . . , bn+1},

f(j) =

{
aj , aj < an+1,

bj , aj ≥ an+1.

For any j (2 ≤ j ≤ n), since there are no intervals inside In, if aj ≥ an+1,

then bn+1 < bj , hence the function f is well defined.

If f(i) = f(j) for i < j, then Ii and Ij have the same end points. So,

Ii ⊂ Ij , a contradiction.

Therefore, f is injective.

Note that the number of elements in the set

{0, 1, . . . , 2n− 1} − {an+1, an+1 + 1, . . . , bn+1}

is 2n− (n+ 2) = n− 2.

It follows that there does not exist an injective function satisfying the

requirement, which contradicts the hypothesis. �

Example 8. We are given an integral point triangle in a rectangular coor-

dinates plane. Suppose that the length of one side of the integral point

triangle is
√
n, where n has no square factors. Prove: The ratio of the

radii of the circumcircle and the incircle of this triangle is an irrational

number.

Proof. We use proof by contradiction to prove it. Suppose that R
r = q is

a rational number, where R and r are the radii of the circumcircle and the

incircle of the integral point �ABC, respectively.

Without loss of generality, we may assume that |BC| = n, and the

coordinates of B,C, and A are (0, 0), (x, y), and (z, t), respectively. Here,

x, y, z, t ∈ Z. Let the lengths of the three sides of �ABC be
√
u,

√
v, and√

w. Here, u, v, w ∈ N+, and n = u = x2 + y2, v = (x− z)2 + (y − t)2, and

w = z2 + t2. Since

q =
R

r
=

abc

4S

a+ b+ c

2S
=

abc(a+ b+ c)

8S
,

where S is the area of �ABC, we see that S is a rational number. Thus,

√
uvw(

√
u+

√
v +

√
w) = 8S2q (30.8)
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is a rational number. By (30.8) we know that

u
√
vw + v

√
uw = 8S2q − w

√
uv.

Squaring the both sides of the above equality ensures that
√
uv is a rational

number, so uv is a perfect square. By the same token, vw and wu are perfect

squares. We write

u = a1a
2
2, v = b1b

2
2, w = c1c

2
2,

where a1, b1, and c1 are numbers without square factors, and a2, b2, c2 ∈
N+. Since uv is a perfect square, we know that a1b1 is a perfect square. But

since a1 and b1 are numbers without square factors, so the only possibility

is that a1 = b1. Similarly, we can show that b1 = c1. Hence, a1 = b1 = c1.

Now, we may write

u = ma22, v = mb22, w = mc22.

Note that u = n and n is a number without square factors, from which

a2 = 1 and m = n. Consequently,

⎧⎪⎨
⎪⎩

x2 + y2 = m,

z2 + t2 = nb22,

(x− z)2 + (y − t)2 = nc22.

Using a + b > c and a + c > b for �ABC, we obtain 1 + b2 > c2 and

1 + c2 > b2. This requires b2 = c2. It follows that

n = x2 + y2 = 2(xz + yt).

Denote k = 2(xz − yt). Then

n2 + k2 = 4(x2 + y2)(z2 + t2) = 4n2b22.

So, k2 = n2(4b22−1), which means that 4b22−1 is a perfect square. This con-

tradicts the fact that a square number �≡ −1 (mod 4). Hence, the original

proposition is true. �

Remark. The definition of the so-called “a number without square factors”

is: If for any x ∈ N+, the property x2 | n is not satisfied, then n is called

a number without square factors.
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3. Exercises

1. Let m ∈ N+ be such that m > 2. Prove: There does not exist n ∈ N+

such that 2m − 1 | 2n + 1.

2. Given an integer n > 1, if any two numbers of 1!, 2!, . . . , n! have different

remainders when divided by n, prove: n is a prime number.

3. Suppose that there are 12 numbers a1, a2, . . . , a12 satisfying:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

a2(a1 − a2 + a3) < 0,

a3(a2 − a3 + a4) < 0,

. . .

a11(a10 − a11 + a12) < 0.

Prove: One can find at least three positive numbers and three negative

numbers among them.

4. Given 2n real numbers a1, a2, . . . , an and b1, b2, . . . , bn, prove: There

exists an integer k (1 ≤ k ≤ n) such that

n∑
i=1

|ai − ak| ≤
n∑

i=1

|bi − ak|.

5. Find the minimal prime number p (>3) such that there do not exist

nonnegative integers a and b satisfying

∣∣3a − 2b
∣∣ = p.

6. Let four mutually different real numbers x1, x2, x3, and x4 satisfy the

inequality

(x1 + x2 + x3 + x4)

(
1

x1
+

1

x2
+

1

x3
+

1

x4

)
< 17.

Prove: Choosing any three numbers from x1, x2, x3, and x4 as the side

lengths can construct four different triangles.

7. A scoring rule of a round competition of 10 participants is: No ties,

1 point for the winner, and 0 point for the loser. Prove: The square

sum of the scores of all participants does not exceed 285.

8. There are n points in a plane such that any straight line passing through

any two of these points must pass through a third one. Prove: Such n

points must be on the same straight line.

9. There are 20 members in a tennis club of some region who will have

14 competitions of singles with a rule that everyone must compete
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at least once. Prove: There must be 6 singles with the 12 players all

different people.

10. Suppose that a quadratic equation ax2 + bx + c = 0 of positive coeffi-

cients has real roots. Prove:

min{a, b, c} ≤ 1

4
(a+ b+ c).

11. Define a function f : (0, 1) → (0, 1) by

f(x) =

⎧⎪⎪⎨
⎪⎪⎩

x+
1

2
, x <

1

2
,

x2, x ≥ 1

2
.

Let real numbers a and b satisfy 0 < a < b < 1, and define sequences

{an} and {bn} by a0 = a and b0 = b, and an = f(an−1) and bn =

f(bn−1) for any n ≥ 1. Prove: There exists a positive integer n such

that

(an − an−1)(bn − bn−1) < 0.

12. Let a1, a2, . . . , an be real numbers satisfying a1 + a2 + · · ·+ an = 1
a1

+
1
a2

+ · · ·+ 1
an

. Prove:

1

n− 1 + a1
+

1

n− 1 + a2
+ · · ·+ 1

n− 1 + an
≥ 1.
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Chapter 31

Construction Method

1. Key Points of Knowledge and Basic Methods

Geometric intuition helps us think about problems. If we can dig out the

geometric meaning of the elements and relations in some algebraic problems

and draw appropriate figures, we are able to achieve the goal of simplifying

complexity and making difficulty easy via combinations of numbers and

figures.

Construction is not restricted to geometric figures. Many mathematical

problems can be solved by constructing and introducing proper mathemat-

ical models according to the characteristic of the problem, for example, via

constructing functions, sequences, sets, drawers, special examples, counter

examples, and etc.

2. Illustrative Examples

Example 1. Prove: For any positive integer n, there exist n consecutive

positive integers that are not powers of prime numbers.

Analysis. This is a problem about existence. We can consider to solve it

by the form of constructing a true example.

Proof. Let a = (n + 1)!. We show that all the following n consecutive

positive integers

a2 + 2, a2 + 3, . . . , a2 + (n+ 1)

are not powers of prime numbers.

393
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First, a2 + k (k = 2, 3, . . . , n + 1) are not prime numbers because

k | a2 + k.

Second, if a2 + k = pr, where p is a prime number and r ∈ N+, then

p | k (since if k is not divisible by p, then a2 + k has a prime factor that

is different from p, a contradiction). In addition, k cannot have another

prime factor besides p (if q �= p is a prime factor of k, then q | a2 + k, and

so q | pr, a contradiction). Hence, there exists j ∈ N+ such that k = pj,

from which pj | a2 + k.

But on the other hand, pj+1
� k and pj+1

� a2. This indicates that

a2+k = pj (since pj+1
� a2+k). As a result, it must be that a2 = 0, which

leads to a contradiction. This means that a2 + k = pr cannot be satisfied.

Thus, a2 + k with k = 2, 3, . . . , n+ 1 are not powers of prime numbers.

�

Example 2. For each given positive odd number n, prove: There exists a

sequence a1, a2, . . . , a2017 of 2017 terms of positive integers satisfying a1 = 1

and a2017 = n, and from the second term on, every term ak is either equal

to the sum of some previous term and a nonnegative integer power of 2,

or is the minimal positive remainder of b (mod c), where b and c are two

previous terms.

Proof. We use the construction method to prove it.

If the given positive odd number n = 1, then we may choose the sequence

1, 2, 1, . . . , 1, 1, where

a2 = a1 + 20 = 2,

a3 = 1 = a1 (mod a2),

ak = 1 = a1 (mod a2) (k > 2).

Next, we consider the case n > 1.

Let x = 2t > n (t ∈ Z+). Choose

a1 = 1, a2 = 1 + x = a1 + 2t,

a3 = 1 + 2x = a1 + 2t+1,

a4 = x ≡ a3 (mod a2),

a5 = (x+ 1)2 = a3 + x2,

a6 = 1 + xn = a1 + xn,

a7 = n(x+ 1) ≡ a6 (mod a5).
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(Here, we should note that if we let x+ 1 = m, then

a5 = m2,

a6 = xn + 1 = (m− 1)n + 1

≡ (−1)n−1nm+ (−1)n + 1

≡ nm (mod m2),

that is a6 ≡ (mod a5).)

When k ≥ 7, choose ak = n ≡ a7 (mod a4). �

Remark. Here, the proof of the existence was done via the construction

of an example.

Example 3. Let a, b, and c be positive numbers and abc = 1. Prove:(
a− 1 +

1

b

)(
b− 1 +

1

c

)(
c− 1 +

1

a

)
≤ 1.

Analysis. The given condition can transform the inequality to be proved

to the following one:

(a− 1 + ac)(a+ 1− ac)(ac+ 1− a) ≤ a · ac · 1. (31.1)

The inequality (31.1) is symmetric with respect to rotations of a, c, and

1, so without loss of generality, assume that a ≥ ac and a ≥ 1.

If a ≥ ac + 1, then it is easy to see that the left hand side of (31.1) is

less than or equal to 0, so (31.1) is obviously satisfied.

If a < ac+1, then the expressions inside the three pairs of parentheses on

the left hand side of (31.1) are all positive, so we may consider constructing

a suitable figure to assist in the proof with the help of geometric intuition.

Proof. As in Figure 31.1, let ∠C = 90◦ and CD be the median line of the

side AB in �ABC.

Figure 31.1 Figure for Example 3.
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Assign |BC| =
√
a− 1 + ac and |AC| =

√
a+ 1− ac. Then |AB| =√

2a and |CD| = 1
2

√
2a.

From the area formula, we have 1
2 |AC||BC| ≤ 1

2 |AB||CD|, and the

equality is valid if and only if |AC| = |BC|. It follows that

√
(a+ 1− ac)(a− 1 + ac) ≤ 1

2

√
2a

√
2a = a.

Similarly,

√
(a+ 1− ac)(ac+ 1− a) ≤ 1

2

√
2
√
2 = 1,

√
(a+ 1− a)(a− 1 + ac) ≤ 1

2

√
2ac

√
2ac = ac.

Multiplying the above three inequalities gives that

√
(a− 1 + ac)2(a+ 1− ac)2(ac+ 1− a)2 ≤ a2c,

in other words,

(a− 1 + ac)(a+ 1− ac)(ac+ 1− a) ≤ a2c,

which can be rewritten as(
a− 1 +

1

b

)(
b− 1 +

1

c

)(
c− 1 +

1

a

)
≤ 1. �

Example 4. Do there exist five consecutive positive integers such that

their product is a perfect square?

Solution. There do not exist five consecutive positive integers satisfying

the given property.

In fact, assume that x1x2x3x4x5 = y2, where x1, x2, x3, x4, and x5 are

consecutive positive integers and y ∈ N+. Let p ≥ 5 be a prime number and

p | y. Then there is only one number among x1, x2, x3, x4, and x5 that is a

multiple of p. Thus, the power index of p in the prime factor decomposition

of this positive integer is an even number.

In the following, we consider the power indices of 2 and 3 in x1, x2, x3, x4,

and x5. There are four cases according to the odd-even combinations.

(1) Both power indices of 2 and 3 are even (then from the previous discus-

sion, this number is a perfect square);
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(2) the power index of 2 is even while the power index of 3 is odd (then 3

times this number is a perfect square);

(3) the power index of 2 is odd while the power index of 3 is even (then 2

times this number is a perfect square);

(4) both power indices of 2 and 3 are odd (then six times this number is a

perfect square).

By the drawer principle, there must be two numbers among

x1, x2, x3, x4, and x5 that belong to the same case, say that xm and xn

belong to the same case. Then they must both be the numbers of the

first case (since the difference of xm and xn does not exceed 4), and can

only be (xm, xn) = (1, 4), so such numbers x1, x2, x3, x4, and x5 can only

be 1, 2, 3, 4, and 5. But then their product is 120, which is not a perfect

square. This gives a contradiction.

As a consequence, there are no five consecutive positive integers satis-

fying the property. �

Remark. This is an example of constructing a drawer. How to construct

a drawer is the key for applying the drawer principle. It is also easy to show

that when k ∈ {2, 3, 4}, there do not exist k consecutive positive integers

such that their product is a perfect square.

Example 5. Suppose that x1 ≥ x2 ≥ x3 ≥ x4 ≥ 2 and x2 + x3 + x4 ≥ x1.

Prove:

(x1 + x2 + x3 + x4)
2 ≤ 4x1x2x3x4.

Proof. Denote a = x2+x3+x4 and b = x2x3x4. Then the original inequal-

ity is (x1 + a)2 ≤ 4x1b, that is

x2
1 + 2(a− 2b)x1 + a2 ≤ 0.

Let f(x) = x2 + 2(a− 2b)x+ a2, so we need to show that f(x1) ≤ 0.

Since the discriminant Δ = 4(a− 2b)2 − 4a2 = 16b(b− a), and

a

b
=

x2 + x3 + x4

x2x3x4
=

1

x3x4
+

1

x2x4
+

1

x2x3

≤ 1

4
+

1

4
+

1

4
=

3

4
< 1,

so b > a, from which Δ > 0. Thus, the graph of f(x) has two distinct

intersection points with the x-axis. The two intersection points are easily
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found to be

u = 2b− a− 2
√
b(b− a), v = 2b− a+ 2

√
b(b− a).

We prove below that x1 ∈ [u, v]. The inequalities a ≤ 3x1 ≤ 3a imply

that x1 ∈ [a3 , a], so it is sufficient to show that
[
a
3 , a
] ⊂ [u, v], namely u ≤ a

3

and a ≤ v. Since

v = 2b− a+ 2
√
b(b− a) > 2b− a > a.

u = 2b− a− 2
√

b(b− a) = (
√
b−√

b− a)2

=

(
a√

b+
√
b− a

)2

= a
/(√ b

a
+

√
b

a
− 1

)2

≤ a
/(√4

3
+

√
1

3

)2

=
a

3
,

it follows that x1 ∈ [u, v], which implies that f(x1) ≤ 0. �

Remark. By constructing a quadratic function and then using properties

of quadratic functions to prove some inequalities, one can simplify the given

problem.

Example 6. Suppose that every vertex of a regular pentagon corresponds

to an integer in such a way that the sum of the five integers is positive.

If the integers corresponding to three adjacent vertices among them are

x, y, and z with the middle y < 0, then do the following adjustment: the

integers x, y, and z will be changed to x + y,−y, and y + z, respectively.

If there is still one negative number among the resulting five integers, then

continue this transformation. Question: Can such transformations be ter-

minated necessarily after finitely many times?

Solution. The answer to the question is positive, in other words, such

transformations must be terminated after finitely many steps.

For the sake of convenience, we write the five integers, which are

arranged with a circular shape like the vertices of the regular pentagon, as

v, w, x, y, z,
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where the numbers v and z are adjacent in the circular arrangement.

According to the condition of the problem,

v + w + x+ y + z > 0.

Without loss of generality, assume that y < 0. The circular sequence

after the transformation becomes

v, w, x+ y, −y, y + z.

Construct the function

f(x1, x2, x3, x4, x5) = x2
1 + x2

2 + x2
3 + x2

4 + x2
5 + (x1 + x2)

2

+(x2 + x3)
2 + (x3 + x4)

2

+(x4 + x5)
2 + (x5 + x1)

2.

Then the difference of the function values after the transformation is

f(v, w, x + y,−y, y + z)− f(v, w, x, y, z)

=
[
v2 + w2 + (x+ y)2 + (−y)2 + (y + z)2 + (v + w)2

+(w + x+ y)2 + x2 + z2 + (y + z + v)2
]− [v2 + w2

+ x2 + y2 + z2 + (v + w)2 + (w + x)2 + (x+ y)2

+(y + z)2(z + v)2
]

= 2y(v + w + x+ y + z) < 0.

Since the function value of f is a nonnegative integer when the inde-

pendent variables take integer values, so

f(v, w, x + y,−y, y + z) ≤ f(v, w, x, y, z)− 1.

In other words, every time after a transformation, the value of f is decreased

at least by 1, Therefore, after finitely many times of transformations, no

more transformations will be needed. �

Remark. The current problem is a test problem of the 27th International

Mathematics Olympiad, and was the one with the lowest score obtained
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by the participants. But the American participant Joseph Kerry received

a Special Prize. The preliminary function that he constructed is

f(x1, x2, x3, x4, x5) =

5∑
i=1

|xi|+
5∑

i=1

|xi + xi+1|

+
5∑

i=1

|xi + xi+1 + xi+2|

+
5∑

i=1

|xi + xi+1 + xi+2 + xi+3|,

where x6 = x1, x7 = x2, and x8 = x3.

The interested reader can verify the effectiveness of the function for

solving this problem.

Example 7. Let S = {1, 2, . . . , 2000}. Prove: It must be possible to dye

all the numbers of S with four different colors, such that any seven numbers

that constitute an arithmetic sequence have different colors.

Proof. Since 2000 < 6 · 73 = 2058, so each number of 1, 2, . . . , 2000 can

always be represented by a four-digit number (dcba)7 (allowing generalized

four-digit numbers with first digit 0) in the hepta-number system (namely

with only 0, 1, 2, 3, 4, 5, and 6 as digits of numbers). Construct the set

Ai = {x ∈ S | x = (dcba)7, a �= i, b �= i, c �= i},

where i = 1, 2, 3, and 4. We show below that there do not exist seven

numbers in Ai (1 ≤ i ≤ 4) that form an arithmetic sequence. For this

purpose, we first show that any seven numbers in the set

A = {x ∈ S | x = (dcba)7, a �= 0, b �= 0, c �= 0}

cannot constitute an arithmetic sequence.

If otherwise, let x1, x2, . . . , x7 be seven numbers in A that can form an

arithmetic sequence. Assume that its common difference is t > 0. Since the

last digits of these seven numbers are not 0, so none of them can be divided

by 7 (since each number is represented in the hepta-number system). Thus,

there exist i, j ∈ {1, 2, . . . , 7} with i < j such that 7 | xj − xi, namely
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7 | (j − i)t. This means that 7 | t. Let t = 7k, and let

x1 = d17
3 + c17

2 + b17 + a1.

Then xi = d17
3 + c17

2 + b17 + a1 + 7(i− 1)k for i = 2, 3, . . . , 7.

If 7 ≤ t < 49, then (7, k) = 1, so the remainders of k, 2k, . . . , 6k divided

by 7 are one of 1, 2, . . . , 6, respectively. Thus, there exists n ∈ {1, 2, . . . , 6}
such that

7 | b1 + nk.

This indicates that the second digit from the right to the left of the repre-

sentation of xn+1 in the system is 0, which contradicts the fact xn+1 �∈ A.

If 49 ≤ t < 343, then the same argument can show that there exists

xn+1 with 0 as its third digit from the right to the left, a contradiction.

If t ≥ 343, then x7 ≥ 6 · 343 > 2000, also a contradiction.

This has shown that any seven numbers in A cannot constitute an arith-

metic sequence. In order to show that any seven numbers in Ai (1 ≤ i ≤ 4)

cannot constitute an arithmetic sequence, it is enough to note that when

{x1, x2, . . . , x7} ⊂ Ai, if we let

yj = xj + 73 − (72i+ 7i+ i), j = 1, 2, . . . , 7,

then yj ∈ A for j = 1, 2, . . . , 7, so it is reduced to the case with A.

Lastly, we show that A1 ∪ A2 ∪A3 ∪ A4 = S.

Clearly, A1 ∪ A2 ∪ A3 ∪ A4 ⊂ S. On the other hand, if x ∈ S but

x �∈ A1 ∪A2 ∪A3 ∪A4, then the last three digits of the representation of x

in the hepta-number system must be 1, 2, 3, and 4 at the same time, which

is impossible.

Hence, we may dye the numbers in A1, A2, A3, A4 with one of the

four different colors respectively, satisfying the prescribed property of the

problem. �

Example 8. Let p be an odd prime number, and a1, a2, . . . ap−2 be pos-

itive integers (may be equal) such that p � ak and p � akk − 1 for any

k ∈ {1, 2, . . . , p− 2}. Prove: It is possible to choose several numbers from

a1, a2, . . . ap−2 such that their product has a remainder 2 when divided by p.

Proof. We first construct p− 2 sequences:

{bk,i}ki=1 (k = 2, 3, . . . , p− 1).
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These p− 2 sequences satisfy:

(1) for all 1 ≤ i ≤ k, the term bk,i equals either 1 or the product of some

numbers in a1, a2, . . . ak−1;

(2) for all 1 ≤ i < j ≤ k, it is always true that bk,i �≡ bk,j (mod p).

Clearly, when k = 2, the group of numbers b2,1 = 1 and b2,2 = a1
satisfies the above conditions.

Suppose that for some k ≥ 2, the sequence {bk,i}ki=1 satisfies the above

two conditions.

Since p � ak, so for any 1 ≤ i < j ≤ k, there holds that

akbk,i �≡ akbk,j (mod p).

Also from p � akk − 1, we have that

k∏
i=1

akbk,i = akk

k∏
i=1

bk,i �≡
k∏

i=1

bk,i (mod p).

Hence, the sets {bk,i (mod p)}ki=1 and {akbk,i (mod p)}ki=1 are dif-

ferent, so there must exist some i0 (1 ≤ i0 ≤ k) such that akbk,i0 �∈
{bk,i (mod p)}ki=1.

Let bk+1,i = bk,i (i = 1, 2, . . . , k) and bk+1,k+1 = akbk,i0 .

Then the sequence {bk+1,i}k+1
i=1 satisfies the above two conditions.

It is easy to see from the above construction that

{bp−1,i (mod p)}p−1
i=1 = {1, 2, . . . , p− 1}.

It follows that there exists some bp−1,i such that its remainder is 2 when

divided by p, and it is also the product of some numbers in a1, a2, . . . ap−2.

�

3. Exercises

Group A

I. Filling Problems

1. Assume that a, b, and c constitute a geometric sequence, and a, b(b−1)
2 ,

and c constitute an arithmetic sequence. When 1 < a < 3 < c < 7, the

range of the values for c is .
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2. Suppose that positive real numbers x, y, and z satisfy

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x2 +
y2

3
= 4,

y2

3
+ yz + z2 = 4,

x2 + z2 + xz = 4.

Then 2xy + yz + 3xz = .

3. If a function is f(x, y) =
√
x2 + y2 − 6y + 9 +

√
x2 + y2 + 2

√
3x+ 3 +√

x2 + y2 − 2
√
3x+ 3, then the minimum value of f(x, y) is

.

II. Calculation Problems

4. Prove: There are infinitely many triples (a, b, c) of positive integers such

that a2 + b2, b2 + c2, and c2 + a2 are all perfect squares.

5. Does there exist a quadratic polynomial P (x, y) of two variables such

that for each nonnegative integer n, there is one and only one pair (k,m)

of nonnegative integers satisfying P (k,m) = n?

6. Let S = {1, 2, . . . , 280}. Find the minimal positive integer n such that

every subset of S with n elements contains five mutually prime numbers.

Group B

7. Let n ∈ N+ and x ∈ R. Prove:

[x] +

[
x+

1

n

]
+

[
x+

2

n

]
+ · · ·+

[
x+

n− 1

n

]
= [nx].

8. A sequence {an} is defined as follows: an = [
√
2n] for n = 0, 1, 2, . . ..

Prove: The sequence contains infinitely many perfect squares.

9. Let x1, x2, x3, y1, y2, y3 ∈ R satisfy x2
1 + x2

2 + x2
3 ≤ 1. Prove:

(x1y1 + x2y2 + x3y3 − 1)2 ≥ (x2
1 + x2

2 + x2
3 − 1)(y21 + y22 + y23 − 1).

10. Let a and b be given positive integers such that (a, b) = 1. Prove: In

the arithmetic sequence {an+ b}, there is an infinite subsequence such

that its any two numbers are mutually prime.

11. Let a1, a2, . . . , a100, b1, b2, . . . , b100 be different real numbers. Fill them

into a 100 ·100-check table according to the following rule: The number

ai + bj is placed in the check of row i and column j. If the product of
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the numbers in every column is always equal to 1, prove: The product

of the numbers in every row is always equal to −1,

12. Let A ⊂ N+ be an infinite set, in which each number a is the product of

at most 1990 prime numbers. Prove: There must be an infinite subset

B of A such that the greatest common factors of any two different

numbers in B are the same.
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Solutions for Chapter 1

Maximum and Minimum
Values

1.
√
2. By

( √
x√

x+y

)2
+
( √

y√
x+y

)2
= 1, we get

√
x√

x+y
+

√
y√

x+y
≤ √

2, and

the equality holds when x = y.

2. 2. It is from

(x + y)(x+ z) = yz + x(x + y + z)

≥ 2
√
yzx(x+ y + z) = 2.

3. 25
4 . We have that

(
a+ 1

a

) (
b + 1

b

)
= ab+ 1

ab +
a
b +

b
a ≥ ab+ 1

ab +2 =

ab+ 1
16ab +

15
16ab + 2 ≥ 5

2 + 15
4(a+b)2 = 25

4 .

4. 3
2 . It is easy to see that t(1− t) ≤ 1

4 for any real number t, and the

equality is true if and only if t = 1
2 . Now, M = x(1− x) + 2y(1− y) +

3z(1− z) ≤ 1
4 + 2 · 1

4 + 3 · 1
4 = 3

2 , and the equality holds if and only if

x = y = z = 1
2 and w = − 1

2 .

5. 13
3 . From x + y + z = 5 we get (x + y)2 = (5 − z)2, and from

xy + yz + zx = 3, we have xy = 3− z(5− z). Consequently,

(x − y)2 = (x+ y)2 − 4xy = (5− z)2 − 4[3− z(5− z)]

= (13− 3z)(1 + z) ≥ 0.

Solving the above gives −1 ≤ z ≤ 13
3 , and z = 13

3 when x = y = 1
3 .

6. 9 + 3
√
15. Since

(x+ y)2 = 9
(√

y + 2 +
√
x+ 1

)2
≤ 18[(y + 2) + (x+ 1)],

407
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we obtain (x+ y)2 − 18(x+ y)− 54 ≤ 0, from which x+ y ≤ 9+ 3
√
15,

and the equality holds if and only if x = 5 + 3
√
15
2 and y = 4 + 3

√
15
2 .

7. 0. It is easy to see that 0 < a, b, c < 1 and a+ b+ c = 1.

Now,
(
1
a + 1

b +
1
c

)
= (a + b + c)

(
1
a + 1

b +
1
c

) ≥ 9 (the equal-

ity holds when a = b = c = 1
3 ), namely 9abc ≤ ab + bc +

ca = 1
2

[
(a+ b+ c)2 − (a2 + b2 + c2)

]
= 1

2

[
1− (a2 + b2 + c2)

]
. In

other words,

a2 + b2 + c2 + 18abc ≤ 1.

8. Consider the three inequalities: (i) x ≥ S; (ii) y + 1
x ≥ S; (iii) 1

y ≥ S.

They are all satisfied and at least one equality is valid, too. Our purpose

is to find the maximum value of S satisfying all the above conditions.

Since x, y ∈ R+, so S > 0. By (iii), y ≤ 1
S . Also (i) implies that 1

x ≤ 1
S ,

and (ii) ensures that

S ≤ 1

x
+ y ≤ 2

S
.

In other words, S2 ≤ 2, so S ≤ √
2.

On the other hand, when x =
√
2 and y =

√
2
2 , we have S =

√
2.

Therefore, Smax =
√
2.

9. Since a = x1 + x2 + x3 ≥ 3 3
√
x1x2x3 = 3 3

√
a, so a ≥ 3

√
3. From

3(x1x2 + x2x3 + x3x1) ≤ (x1 + x2 + x3)
2,

we have 3b ≤ a. Hence,

p =
a2 + 6b+ 1

a2 + a
≤ a2 + 2a+ 1

a2 + a
= 1 +

1

a

≤ 1 +
1

3
√
3
=

9 +
√
3

9
,

and the equality is satisfied when x1 = x2 = x3 =
√
3, namely a = 3

√
3

and b =
√
3. Hence,

pmax =
9 +

√
3

9
.
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10. We calculate

Q−R =
x(y2 − x2) + y(z2 − y2) + z(x2 − z2)

(x+ y)(y + z)(z + x)

=
(x2 − y2)(z − x)− (y + z)(y − z)2

(x+ y)(y + z)(z + x)
(1.1)

=
(y2 − z2)(x− y)− (x + z)(x− z)2

(x+ y)(y + z)(z + x)
(1.2)

=
(z2 − x2)(y − z)− (x+ y)(x− y)2

(x+ y)(y + z)(z + x)
. (1.3)

In the three numbers x, y, and z, if x is the maximum, then Q ≤ R by

(1.1); if y is the maximum, then Q ≤ R by (1.2); if z is the maximum,

then Q ≤ R by (1.3). Hence, Q ≤ R for any x, y, z ∈ R+. If we

interchange x and z, then Q becomes P while R does not change, so

P ≤ R. Thus, f(x, y, z) = max{P,Q,R} = R. Now,

2R =
2z

x+ y
+

2x

y + z
+

2y

z + x

=

(
z + x

x+ y
+

x+ y

y + z
+

y + z

z + x

)
+

(
z + y

x+ y
+

x+ z

y + z
+

y + x

z + x

)
− 3

≥ 3 3

√
z + x

x+ y
· x+ y

y + z
· y + z

z + x
+ 3 3

√
z + y

x+ y
· x+ z

y + z
· y + x

z + x
− 3 = 3,

where the equality holds if and only if x = y = z. So, f(x, y, z)min = 3
2 .

11. For k = 1, 2, . . . , 1990, we have

|yk − yk+1| =
∣∣∣∣1k (x1 + x2 + · · ·+ xk)− 1

k + 1
(x1 + x2 + · · ·+ xk+1)

∣∣∣∣

=

∣∣∣∣ 1

k(k + 1)
(x1 + x2 + · · ·+ xk − kxk+1)

∣∣∣∣
≤ 1

k(k + 1)
(|x1 − x2|+ 2|x2 − x3|+ · · ·+ k|xk − xk+1|).
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Thus,

|y1 − y2|+ |y2 − y3|+ · · ·+ |y1990 − y1991|

≤ |x1 − x2|
(

1

1 · 2 +
1

2 · 3 + · · ·+ 1

1990 · 1991
)

+2|x2 − x3|
(

1

2 · 3 + · · ·+ 1

1990 · 1991
)

+ · · ·+ 1990|x1990 − x1991| 1

1990 · 1991
= |x1 − x2|

(
1− 1

1991

)
+ |x2 − x3|

(
1− 2

1991

)

+ · · ·+ |x1990 − x1991|
(
1− 1990

1991

)

≤ 1991

(
1− 1

1991

)
= 1990,

and the equality can be obtained when x1 = 1991 and x2 = · · · =

x1991 = 0. Hence, the maximum value is 1990.

12. Note that

a− bc

a+ bc
=

a+ bc− 2bc

a+ bc
= 1− 2 · bc

a+ bc
.

From a+ b + c ≥ 1, we obtain

bc

a+ bc
≥ bc

a(a+ b+ c) + bc
=

bc

(a+ b)(c+ a)
.

It follows that

a− bc

a+ bc
+

b− ca

b+ ca
+

c− ab

c+ ab

≤ 3− 2bc

(a+ b)(c+ a)
− 2ca

(b+ c)(a+ b)
− 2ab

(c+ a)(b+ c)
.

One can show that

2bc

(a+ b)(c+ a)
+

2ca

(b+ c)(a+ b)
+

2ab

(c+ a)(b + c)
≥ 3

2
.

In fact, multiplying the above by 2(a+ b)(b+ c)(c+ a) gives

4[bc(b+ c) + ca(c+ a) + ab(a+ b)] ≥ 3(a+ b)(b+ c)(c+ a),
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namely

(b2c+ bc2) + (c2a+ ca2) + (a2b+ ab2) ≥ 6abc.

But the last inequality is obviously true from the arithmetic mean-

geometric mean inequality.

It is easy to verify that when a = b = c = 1
3 , the above inequality

becomes an equality, so the maximum value is 3
2 .
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Solutions for Chapter 2

Usual Methods for Proving
Inequalities

1. 25
2 . The original expression

= (a2 + b2)

(
1 +

1

a2b2

)
+ 4

≥ 1

2
(a+ b)2

[
1 +

(
2

a+ b

)4
]
+ 4 =

25

2
.

2. (x, y) = (0, 0), (0, 1), and (1, 0). Note that

5x(1− x) + 5y(1− y)− 8xy = 5(x+ y)− 5(x2 + y2)− 8xy

= 5(x+ y)− 5(x+ y)2 + 2xy

= 5(x+ y)[1− (x+ y)] + 2xy

≥ 0.

So, 5x(1 − x) + 5y(1 − y) ≥ 8xy, and the equality is valid only if

(x, y) = (0, 0), (0, 1), and (1, 0).

3. n
3√2

. For i = 1, 2, . . . , n,

6
√

ai(1− ai+1) = 2
4
6

6

√
ai(1− ai+1)

1

2

1

2

1

2

1

2

≤ 2
2
3 · 1

6
(ai + 1− ai+1 + 2)

= 2
2
3 · 1

6
(ai − ai+1 + 3).

413
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Thus,

n∑
i=1

6
√
ai(1− ai+1) ≤ 2

2
3 · 1

6

n∑
i=1

(ai − ai+1 + 3)

= 2
2
3 · n

2
=

n
3
√
2
,

where the equality holds when a1 = a2 = · · · = an = 1
2 .

4. It follows from a3 + b3 + c3 + 1
a + 1

b +
1
c ≥ 2a+ 2b+ 2c ≥ (a+ b+ c) +(

1
a + 1

b + 1
c

)
that a3 + b3 + c3 ≥ a+ b+ c.

5. Since x >
√
2 and y >

√
2, we have (x2+y2)2

4 ≥ x2y2, (x2+y2)2

2 ≥ (x2 +

y2)xy, and (x2+y2)2

4 > x2+y2. Summing up the three inequalities gives

(x2 + y2)2 > (x2 + y2)(1 + xy) + x2y2, expansion of which proves the

inequality after a simplification.

6. It is from

1

1 + 2ab
+

1

1 + 2bc
+

1

1 + 2ca

≥ 1

1 + a2 + b2
+

1

1 + b2 + c2
+

1

1 + c2 + a2

≥ 3 · 3

(1 + a2 + b2) + (1 + b2 + c2) + (1 + c2 + a2)
= 1.

7. Since x > 0, y > 0, and n ∈ N+, so (xn−1y + xyn−1) − (xn + yn) =

−(x − y)(xn−1 − yn−1) ≤ 0, that is, xn−1y + xyn−1 ≤ xn + yn. Also,

from (1+x2)(1+y2) = 1+x2+y2+x2y2 ≥ 1+2xy+x2y2 = (1+xy)2,

we obtain

xn

1 + x2
+

yn

1 + y2

=
xn(1 + y2) + yn(1 + x2)

(1 + x2)(1 + y2)
=

xn + yn + xy(xn−1y + xyn−1)

(1 + x2)(1 + y2)

≤ xn + yn + xy(xn + yn)

(1 + xy)2
=

xn + yn

1 + xy
.

8. Let z be the number in x, y, and z with the maximum absolute value.

Then −1 ≤ x
z ≤ 1 and −1 ≤ y

z ≤ 1 (z �= 0). The inequality is obviously

satisfied for z = 0. When z �= 0, the original inequality ⇔ ∣∣x
z

∣∣+ ∣∣yz ∣∣+
1 − ∣∣xz + y

z

∣∣ − ∣∣yz + 1
∣∣ − ∣∣1 + y

z

∣∣ + ∣∣xz + y
z + 1

∣∣ ≥ 0 ⇔ ∣∣x
z

∣∣ + ∣∣ yz ∣∣ −∣∣x
z + y

z

∣∣ − (xz + y
z + 1

)
+
∣∣x
z + y

z + 1
∣∣ ≥ 0. Since

∣∣x
z + y

z

∣∣ ≤ ∣∣x
z

∣∣ + ∣∣ yz ∣∣,
the original inequality is satisfied.
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9. Let 2a − 1
b , 2b − 1

b , and 2c − 1
a be all greater than 1. Since at least

one of a, b, and c is positive, say a > 0, so 2c > 2c − 1
a > 1, from

which c > 0. By the same token, b > 0. From 2b − 1
c > 1 we get

b > 1
2 (1 + 1

c ). Also 2
bc − 1

b > 1 from 2a − 1
b > 1, namely b < 2

c − 1.

Hence, 1
2 (1 + 1

c ) < b < 2
c − 1. Consequently, c < 1. Similarly, a < 1

and b < 1. That contradicts abc = 1.

10. The inequality is from
∑n

k=1
a2
k

ak+bk
=
∑n

k=1 ak − ∑n
k=1

akbk
ak+bk

and∑n
k=1

akbk
ak+bk

≤ 1
4

∑n
k=1

(ak+bk)
2

ak+bk
= 1

4

∑n
k=1(ak + bk) =

1
2

∑n
k=1 ak.

11. Without loss of generality, assume that a ≥ b ≥ c. Then

√
a+ b− c−√

a =
(a+ b− c)− a√
a+ b− c+

√
a
≤ b− c√

b+
√
c
=

√
b−√

c.

It follows that
√
a+ b− c√

a+
√
b−√

c
≤ 1. (2.1)

Denote p =
√
a+

√
b and q =

√
a−√

b. Then pq = a− b and p ≥ 2
√
c.

The Cauchy inequality implies that

( √
b+ c− a√

b+
√
c−√

a
+

√
c+ a− b√

c+
√
a−√

b

)2

=

(√
c− pq√
c− q

+

√
c+ pq√
c+ q

)2

≤
(

c− pq√
c− q

+
c+ pq√
c+ q

)(
1√
c− q

+
1√
c+ q

)

=
2(c

√
c− pq2)

c− q2
· 2

√
c

c− q2

= 4 · c
2 −√

cpq2

(c− q2)2
≤ 4 · c

2 − 2cq2

(c− q2)2
≤ 4.

Consequently,

√
b+ c− a√

b+
√
c−√

a
+

√
c+ a− b√

c+
√
a−√

b
≤ 2. (2.2)

Combining (2.1) and (2.2) proves the inequality.
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12. If at least one of x, y, and z is not positive, say z ≤ 0, then, since x2 +

y2+z2 = 2, we have x+y ≤√2(x2 + y2) ≤ 2 and xy ≤ 1
2 (x

2 + y2) ≤ 1,

from which

x+ y + z − 2− xyz = (x+ y − z) + z(1− xy) ≤ 0.

Now, suppose that x, y, and z are all positive. Without loss of gener-

ality, assume that x ≤ y ≤ z. If 0 < z ≤ 1, then 2 + xyz − x− y − z =

(1− x)(1 − y) + (1− z)(1− xy) ≥ 0. If z > 1, then

x+ y + z ≤
√

2[z2 + (x+ y)2] = 2
√
1 + xy ≤ 2 + xy < 2 + xyz.



March 14, 2022 15:45 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-study3 page 417
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Common Techniques for
Proving Inequalities

1. [3 − √
5, 3 +

√
5]. From the condition, (x − y)2 + (2y)2 = 4, so by

letting x−y = 2 cos θ and y = sin θ, we get x = sin θ+2 cos θ, y = sin θ.

Thus,

x2 + y2 = (sin θ + 2 cos θ)2 + sin2 θ = 3 +
√
5 sin(θ + φ).

Therefore, the range of the values for x2 + y2 is [3−√
5, 3 +

√
5].

2. − 16
9 . Let r = x2 + y2. Then xy = 1 − x. From x2 + y2 ≥ 2|xy|

we obtain 2
3 ≤ r ≤ 2. Then we can find the maximum and minimum

values of F (x, y) = r(1 − r) easily.

3. 9
16 . Let x = bt−2 and y = at−1. Then x > 0, y > 0, and 1 ≤ x

y ≤ 2.

Thus,

bt − 2

a2t
+

at − 1

b2t
=

x

(y + 1)2
+

y

(x+ 2)2
≤ x

4y
+

y

8x
.

Denote p = x
y . Then f(p) = p

4 + 1
8p is a monotonically increasing

function on [1, 2]. Hence,

f(p) ≤ f(2) =
9

16
.

4. −17+ 12
√
2. Let a+ 2b+ c = x, a+ b+ 2c = y, and a+ b+ 3c = z.

Then a+ 3c = 2y − x, b = z + x− 2y, and c = z − y. So,

a+ 3c

a+ 2b+ c
+

4b

a+ b+ 2c
− 8c

a+ b + 3c

=
2y − x

x
+

4(z + x− 2y)

y
+

8(z − y)

z

417
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= −17 + 2 · y
x
+ 4 · x

y
+ 4 · z

y
+ 8 · y

z

≥ −17 + 2
√
8 + 2

√
32 = −17 + 12

√
2,

and the equality is satisfied when a = 3−2
√
2, b =

√
2−1, and c =

√
2.

Hence, the minimum value is −17 + 12
√
2.

5.
√
2
4 . Let x2

1+x2 = a, y2

1+y2 = b, and z2

1+z2 = c. Then a + b + c = 1.

Furthermore, x2 = a
1−a = a

b+c , y
2 = b

c+a , and z2 = c
a+b . Thus,

x2y2z2 =
a

b+ c

b

c+ a

c

a+ b

≤ a

2
√
bc

b

2
√
ca

c

2
√
ab

=
1

8
.

That is, xyz ≤
√
2
4 , and the equality is valid when a = b = c = 1

3 ,

namely x = y = z =
√
2
2 . Therefore, (xyz)max =

√
2
4 .

6. Construct the function f(x) = x
1+x . We show below that f(x) is an

increasing function on [0,+∞).

For 0 ≤ x1 < x2, we have

f(x2)− f(x1) =
x2

1 + x2
− x1

1 + x1
=

x2 − x1

(1 + x1)(1 + x2)
> 0.

So, f(x) is increasing on [0,+∞). Since |a+ b+ c| ≤ |a|+ |b|+ |c|,

f(|a+ b+ c|) ≤ f(|a|+ |b|+ |c|).

It follows that

|a+ b+ c|
1 + |a+ b+ c|

≤ |a|+ |b|+ |c|
1 + |a|+ |b|+ |c|

=
|a|

1 + |a|+ |b|+ |c| +
|b|

1 + |a|+ |b|+ |c| +
|c|

1 + |a|+ |b|+ |c|

≤ |a|
1 + |a| +

|b|
1 + |b| +

|c|
1 + |c| .

7. Thanks to the invariance under rotations, we may assume that

x1 = min{x1, x2, x3, x4, x5}.
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Denote x5+k = xk for k = 1, 2, 3, 4, 5. Since

(
5∑

k=1

xk

)2

− 4

5∑
k=1

xkxk+1 =

5∑
k=1

x2
k − 2

5∑
k=1

xkxk+1 + 2

5∑
k=1

xkxk+2

= (x1 − x2 + x3 − x4 + x5)
2 − 4x1x5 + 4x1x4 + 4x2x5

= (x1 − x2 + x3 − x4 + x5)
2 + 4(x2 − x1)x5 + 4x1x2 > 0.

Hence, the original inequality is satisfied.

8. Without loss of generality, assume that a ≤ b ≤ c. It is enough to show

that a+b+c
a+b+1 + (1 − a)(1− b)(1− c) ≤ 1, that is,

(1− c)

[
(1− a)(1 − b)− 1

a+ b+ 1

]
≤ 0.

From 0 ≤ a ≤ 1 and 0 ≤ b ≤ 1 we know that (1 − a)(1 + a)(1 − b)

(1 + b) ≤ 1, so

(1 − a)(1− b) ≤ 1

(1 + a)(1 + b)
≤ 1

a+ b+ 1
,

namely (1− a)(1 − b)− 1
a+b+1 ≤ 0. This completes the proof.

9. Denote xy
z = a2, yzx = b2, and zx

y = c2. Then y = ab, z = bc, and

x = ca. The original inequality is equivalent to

(
a2 + b2 + c2

)3
> 8

(
a3b3 + b3c3 + c3a3

)
. (3.1)

Now, we see that the left hand side of (3.1) equals

a6+b6+c6+3
[(
a4b2 + a2b4

)
+
(
b4c2 + b2c4

)
+
(
c4a2 + c2a4

)]
+6a2b2c2,

which is greater than or equal to

4
[(
a4b2 + a2b4

)
+
(
b4c2 + b2c4

)
+
(
c4a2 + c2a4

)]
+ 3a2b2c2

by Shur’s inequality. But 4[(a4b2+a2b4)+(b4c2+b2c4)+(c4a2+c2a4)] is

greater than or equal to the right hand side of (3.1), hence the original

inequality is satisfied.

10. By symmetry, we can assume that x ≥ y ≥ z ≥ 0. Then x+ y ≥ 2
3 and

z ≤ 1
3 . Let

x+ y =
2

3
+ δ, z =

1

3
− δ, 0 ≤ δ ≤ 1

3
.
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We have

x2 + y2 + z2 + 6xyz = (x+ y)2 + z2 − 2xy(1− 3z)

≤
(
2

3
− δ

)2

+

(
1

3
− δ

)2

= 2δ2 +
2

3
δ +

5

9

≤ 2

(
1

3

)2

+
2

3
· 1
3
+

5

9
= 1.

Then

x2 + y2 + z2 + 6xyz = (x+ y)2 + z2 − 2xy(1− 3z)

≥ (x+ y)2 + z2 − 1

2
(x + y)2(1− 3z)

=

(
2

3
+ δ

)2

+

(
1

3
− δ

)2

− 1

2

(
2

3
+ δ

)2

· 3δ

=
5

9
− 3

2
δ2 ≥ 5

9
− 3

2

(
1

3

)2

=
5

9
− 1

18
=

1

2
.

11. As in Figure 3.1, let the terminal side OM of ∠A intersect the unit circle

at M . Draw MN ⊥ Ox at M , and draw the tangent line QP at Q that

intersects OM at P . Then from trigonometry, sinA = |NM |, tanA =

|QP |, and ∠A equals the length of the arc MQ. In the following, we

use the computation of areas to prove that

sinA+ tanA > 2∠A.

The tangent line at M to the circle intersects PQ at T . Draw the chord

MQ. Clearly, since ∠PMT = 90◦, we see that |PT | > |MT | = |QT |,

Figure 3.1 Figure for Exercise 11.
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so

S�PMT > S�MTQ > Sbow-shaped region MQ.

Thus, S�OMQ + S�OPQ > 2Ssector OMQ, from which |NM |+ |QP | >
2 times the length of the arc MQ, in other words, sinA+tanA > 2∠A.
The conclusion is thus proved.

12. Without loss of generality, let a ≥ max{b, c}. Since

ba3 + b2c(b− c) = b(a− b)(a− c)(a+ b− c) + 2bca2 + (b3 − b2c− bc2)a,

we have

s = a2b(a− b) + b2c(b− c) + c2a(c− a)

= ba3 − (b2 + c2)a2 + c3a+ b2c(b − c)

= b(a− b)(a− c)(a+ b− c)− (b− c)2a2 + (b+ c)(b − c)2a

= b(a− b)(a− c)(a+ b− c) + a(b− c)2(b + c− a).

From a ≥ b, a ≥ c, and b+c ≥ a, we see that s ≥ 0, namely the original

inequality is satisfied. Clearly, the necessary and sufficient condition

for the equality to be true is that a = b = c.
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Solutions for Chapter 4

Arithmetic and Geometric
Sequences

1. 214. Let the common ratio be q. Then from

a3 + a4 + a5 + a6 + a7 = q2(a1 + a2 + a3 + a4 + a5),

we find q =
√
2. By q2(a1 + a2 + a3 + a4 + a5) = 12 + 14

√
2, we get

a1 =
√
2. Hence, all the terms are (

√
2)k for k = 1, 2, . . . , 7. Therefore,

a1a2a3a4a5a6a7 = (
√
2)1(

√
2)2 · · · (√2)7 = 214.

2. 7
5 . From a26 = a1 + 25d, we get the common difference d = − 4

5 .

Now,

A = 7an + 21d = 7a1 + 7(n− 1)d+ 21d =
7

5
(87− 4n).

Since n is a positive integer, |87 − 4n| �= 0, so |87 − 4n| ≥ 1. Thus,

|A| ≥ 7
5 . When n = 22, we have |A| = 7

5 , Hence, the minimum value of

|A| is 7
5 .

3. 45 : 1. Since S25 = 25a13, so from the given condition, a13 : a23 =

1 : 5. Hence, a23 : a33 = 5 : 9 and a33 : a43 = 9 : 13. Also S65 = 65a33,

therefore S65 : a43 = 45 : 1.

4. 2. Since 3an+1− an = 0, we have an+1

an
= 1

3 . In other words, {an} is

a geometric sequence with 2 as the initial term and 1
3 as the common

ratio. So, an = 2
(
1
3

)n−1
. Also from

bn =
1

2
(an + an+1) =

1

2

[
2

(
1

3

)n−1

+ 2

(
1

3

)n
]
=

4

3

(
1

3

)n−1

,

423
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we see that {bn} is a geometric sequence with common ratio 1
3 , and

thus the sum of all of its terms is S =
4
3

1− 1
3

= 2.

5. an = 1 or an = 32
5 − 12

5 n. Since {an} is an arithmetic sequence,

Sn = na1 +
n(n− 1)

2
d.

Thus, Sn

n = a1 +
n−1
2 d, in particular S3

3 = a1 + d, S4

4 = a1 +
3
2d, and

S5

5 = a1 + 2d. Hence,

(a1 + 2d)2 = (a1 + d)

(
a1 +

3

2
d

)
,

1 · 2 = (a1 + d) +

(
a1 +

3

2
d

)
.

Solving the above gives a1 = 1 and d = 0, or a1 = 4 and d = − 12
5 .

6. Since an = an−1q, we have lg an = lg an−1 + lg q. So, lg an − lg an−1 =

lg q (a constant). The sequence {lg an} is an arithmetic one and

lg an > 0. Hence, lg an+1 = 1
2 (lg an+lg an+2) ≥

√
lg an lg an+2, namely

(lg an+1)
2 ≥ lg an lg an+2. Consequently, lg an+1

lg an
≥ lg an+2

lg an+1
. In other

words, logan
an+1 ≥ logan+1

an+2. Therefore, {logan
an+1} is a decreas-

ing sequence.

7. Sufficiency: If there exists a nonnegative integer m such that a1 = qm,

then an = a1q
n−1 = qmqn−1 = qn+(m−1) with n ∈ N+. Pick any two

terms ak and al in {an} with k, l ∈ N+. Then

akal = qk+(m−1)ql+(m−1) = q(k+l+m−1)+(m−1).

Since k, l ∈ N+ and m is a nonnegative integer, k+ l+m− 1 ∈ N+, so

ak+l+m−1 = q(k+l+m−1)+(m−1), and thus akal = ak+l+m−1. In other

words, the product of any two terms of the geometric sequence {an} is

also a term of the sequence.

Necessity: Suppose that the product of any two terms of the geometric

sequence {an} is still a term of the sequence. Since an = a1q
n−1 for

n ∈ N+, we have akal = a21q
k+l−2. Let e ∈ N+ be such that akal = ae.

Then a21q
k+l−2 = a1q

e−1. The fact of a1 �= 0 and q �= 0 implies that

a1 = qe−1−(k+l−2) = q(e+1)−(k+l).

Denote m = (e+1)− (k+ l). Then a1 = qm with m an integer clearly.

If q = 1, then a1 = 1m = 1, and the sequence {an} is 1, 1, . . . , 1, . . ..

The integer m can be chosen to be any nonnegative integer, namely,
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there exists a nonnegative integer m such that a1 = qm. If q �= 1,

we use proof by contradiction to show that m must be a nonnegative

integer. Suppose that m is a negative integer. Then −m ∈ N+. Since

a1 = qm, so

an = a1q
n−1 = qmqn−1 = qn+(m−1), n ∈ N+.

Consequently, a−m = q−m+(m−1), from which a1a−m = qm−1. Let

a1a−m = ap, where p ∈ N+. Then qm−1 = qp+(m−1). Since q �= 0 and

q �= 1, we must have p = 0, which contradicts p ∈ N+. Therefore, m is

a nonnegative integer.

8. Let the common difference of {an} be d and the common ratio of {bn}
be q. Since a2 = b2, so a1 + d = a1q, from which d = a1(q − 1).

Consequently,

an − bn = a1 + (n− 1)d− a1q
n−1

= a1 + (n− 1)a1(q − 1)− a1q
n−1

= a1(1− q)

[
1− qn−1

1− q
− (n− 1)

]

= a1(1− q)[1 + q + q2 + · · ·+ qn−2 − (n− 1)].

If q > 1, then 1+q+q2+· · ·+qn−2 > n−1, and so an < bn since a1 > 0.

If q = 1, then an = bn. If 0 < q < 1, then 1+q+q2+ · · ·+qn−2 < n−1,

so an < bn. In summary, we have an ≤ bn.

9. Let the common difference be d and an+1 = a. Then

S = an+1 + an+2 + · · ·+ a2n+1 = (n+ 1)a+
1

2
n(n+ 1)d,

so a+ 1
2nd = S

n+1 . Also

M ≥ a21 + a2n+1 = (a− nd)2 + a2

=
4

10

(
a+

1

2
nd

)2

+
1

10
(4a− 3nd)2

≥ 4

10

(
S

n+ 1

)2

,

thus

|S| ≤ 1

2

√
10(n+ 1)

√
M,
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and when a = 3√
10

√
M and d = 4√

10
1
n

√
M ,

S = (n+ 1)

(
3√
10

√
M +

2

n

4√
10

1

n

√
M

)

= (n+ 1)
5√
10

√
M =

√
10

2
(n+ 1)

√
M.

Since at this time 4a = 3nd, hence

a21 + a2n+1 =
4

10

(
S

n+ 1

)2

=
4

10

10

4
M = M,

which means that the maximum value of S is
√
10
2 (n+ 1)

√
M .

10. Let A = ak+2

ak+1

a2k+2

a2k+1
· · · ank+2

ank+1
. Since amk+2 > amk+1 > 0 and the com-

mon difference d > 0, we see that

amk+2

amk+1
=

amk+1 + d

amk + d
<

amk+1

amk
<

amk+1 − d

amk − d
=

amk

amk−1
.

It follows that

Ak >
ak+2

ak+1

ak+3

ak+2
· · · a2k+1

a2k

a2k+2

a2k+1
· · · ank+2

ank+1

ank+3

ank+2
· · · a(n+1)k+1

a(n+1)k

=

(n+1)k∏
i=k+1

ai+1

ai
=

a(n+1)k+1

ak+1
.

Also

Ak =

(
ak+2

ak+1

)k (
a2k+2

a2k+1

)k

· · ·
(
ank+2

ank+1

)k

<
a3
a2

a4
a3

· · · ak+1

ak

ak+2

ak+1
· · · a(n−1)k+2

a(n−1)k+1

a(n−1)k+3

a(n−1)k+2
· · · ank+2

ank+1

=

nk+1∏
i=2

ai+1

ai
=

ank+2

a2
.

Consequently, k

√
a(n+1)k+1

ak+1
< A < k

√
ank+2

a2
.

11. Let the common difference of the sequence A be d. Then 1 ≤ d ≤
n − 1. When n is an even number, if 1 ≤ d ≤ n

2 , then the num-

ber of the sequences A that satisfy the condition with common dif-

ference d is d. If n
2 < d ≤ n, then the number of the sequences

A that satisfy the condition with common difference d is n − d.
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So, the total number of such sequences A is
(
1 + 2 + · · ·+ n

2

)
+{

1 + 2 + · · ·+ [n− (n2 + 1
)]}

= n2

4 . When n is an odd number, a

similar discussion shows that the total number of such sequences A

is
(
1 + 2 + · · ·+ n−1

2

)
+
[
1 + 2 + · · ·+ (n− n+1

2

)]
= n2−1

4 . The two

cases are unified to the conclusion: There are a total of
[
n2

4

]
such

sequences A.

12. We may assume that the first terms of the two sequences are both a

(otherwise, drop a finite number of initial terms from each of the two

sequences, and then we can discuss the remaining sequences). From the

condition, it is enough to show that there exist infinitely many pairs of

positive integers (m,n) such that a + mr = aqn. For this to be true,

we just need to show that there exist infinitely many n ∈ N+ such that

aqn ≡ a (mod r). In the following, we show that there exist infinitely

many n ∈ N+ such that qn ≡ 1 (mod r) (then aqn ≡ a (mod r), thus

proving the proposition). In fact, since there must exist two numbers

among the following r + 1 numbers 1, q, q2, . . . , qr that are congruent

module r, namely there are 0 ≤ i < j ≤ r such that qj ≡ qi (mod r), so

qj−i ≡ 1 (mod r) by noting that (q, r) = 1. Thus, denoting n0 = j − i,

we see that for any k ∈ N+, with n = kn0 it holds that qn ≡ (qn0)k ≡
1k ≡ 1 (mod r). Hence, the proposition is proved.
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Solutions for Chapter 5

Arithmetic Sequences
of Higher Order

1. 819. Let the first term of Δ{an} be d. Then the condition implies

that Δ{an} is d, d + 1, d + 2, . . ., where the nth term is d + (n − 1).

Thus, the sequence {an} can be written as

a1, a1 + d, a1 + d+ (d+ 1), a1 + d+ (d+ 1) + (d+ 2), . . . ,

where the nth term is an = a1 + (n − 1)d + 1
2 (n − 1)(n − 2). Since

a19 = a92 = 0, so we have{
a1 + 18d+ 9 · 17 = 0,

a1 + 91d+ 45 · 91 = 0.

Solving the above system gives a1 = 819.

2. 1
4n

2(n+ 1)2. From

n4 =
n∑

k=1

[
k4 − (k − 1)4

]
= 4

n∑
k=1

k3 − 6
n∑

k=1

k2 + 4
n∑

k=1

k − n,

we can get
∑n

k=1 k
3 =

[
n(n+1)

2

]2
.

3. an = 1
2n

3 − 1
2n

2 − n+ 2.

4. an = 1
6 (2n

3 + 3n2 − 5n+ 12).

429
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5. Sn = 1
5n

5.

6. an = n3.

7. Let the right hand side of the original equality = an. Make the differ-

ence equation an − an−1 = 1
(2n−1)2n , in other words,

⎧⎪⎪⎨
⎪⎪⎩

a1 =
1

2
,

ak − ak−1 =
1

(2k − 1)2k
, k = 2, 3, . . . , n.

Summing up the n equalities, we obtain an = 1
1·2 +

1
3·4 + · · ·+ 1

(2n−1)2n .

Hence, the original equality is satisfied.

8. Let the first order difference sequence of {an} be {bn}. Then b1 =

a2 − a1 and bn = b1q
n−1. Thus,

∑n−1
i=1 bi = b1

∑n−1
i=1 qi−1 = b1

1−qn−1

1−q .

Hence, an = a1 +
∑n−1

i=1 (ai+1 − ai) = a1 +
∑n−1

i=1 bi = a1 + b1
1−qn−1

1−q =

a1 + (a2 − a1)
1−qn−1

1−q .

9. Denote Tn = a + 3a2 + 5a3 + · · · + (2n − 1)an. Then aTn = a2 +

3a3+ · · ·+(2n−3)an+(2n−1)an+1. Thus, (1−a)Tn = 2a−an+1

1−a −a−
(2n− 1)an+1. Consequently, Tn = (2n−1)an+1+a

a−1 + 2a−an+1

(1−a)2 . Similarly,

(1− a)Sn = Tn − n2an+1, and it follows that

Sn = 2
a− an+1

(1− a)3
− (2n− 1)an+1 + a

(1− a)2
− n2an+1

1− a
.

10. First show that the two sequences are both second order arithmetic

sequences, and then we can get

a1m = m2 +m− 1, a1n = n2 − n+ 1.

11. 1
6 (2n

3 − 3n2 + n+ 24).

12. We first find the general term formula for {an}. To avoid solving a

system of three general linear equations for the three coefficients of a

quadratic polynomial of n, we write an = a(n−1)(n−2)+ b(n−1)+ c.

Then a1 = c, a2 = b+ c, and a3 = 2a+2b+ c. So, S3 = a1 + a2 + a3 =

2a + 3b + 3c. Thus, the given conditions imply that c = 1, b + c = 3,

and 2a+ 3b+ 3c = 13, the solutions of which are easily obtained to be

a = 2, b = 2, and c = 1. Hence, an = 2(n− 1)(n− 2) + 2(n− 1) + 1 =

2(n− 1)2 + 1.
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Therefore,

Sn =

n∑
k=1

ak = 2

n∑
k=1

(k − 1)2 +

n∑
k=1

1

= 2
n(n− 1)(2n− 1)

6
+ n =

n(2n2 − 3n+ 4)

3
.
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Solutions for Chapter 6

Sequence Summation

1. n. Since

an =

√
1 +

1

n2
+

1

(n+ 1)2
=

√
[n(n+ 1)]2 + (n+ 1)2 + n2

n2(n+ 1)2

=
n(n+ 1) + 1

n(n+ 1)
= 1 +

1

n
− 1

n+ 1
,

we have

Sn =

(
1 +

1

1
− 1

2

)
+

(
1 +

1

2
− 1

3

)
+ · · ·+

(
1 +

1

n
− 1

n+ 1

)

= n+ 1− 1

n+ 1
.

Thus, �Sn� = n.

2. 2002
2003 . The two roots of (n2 + n)x2 − (2n + 1)x + 1 = 0 are x1 = 1

n

and x2 = 1
n+1 , so |AnBn| =

∣∣∣ 1n − 1
n+1

∣∣∣ = 1
n − 1

n+1 . Consequently,

|A1B1|+ |A2B2|+ · · ·+ |A2002B2002| = 1− 1

2003
=

2002

2003
.

3. (n+1)!−1
(n+1)! . It follows from

n

(n+ 1)!
=

(n+ 1)− 1

(n+ 1)!
=

1

n!
− 1

(n+ 1)!
.

4. (n+ 1)!− 1. Since

n · n! = [(n+ 1)− 1] · n! = (n+ 1)!− n!,

so
∑n

k=1 k · k! = (n+ 1)!− 1.

433
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5. (−1)n−1nan+1

1+a + a[1−(−a)n]
(1+a)2 .

6. 5
4− 2n+5

2(n+1)(n+2) . Using the summation method by combining terms and

putting together the fractions of the same denominators can find the

total sum.

7. 9
2 . By Vieta’s theorem, cn = an + an+1 and anan+1 =

(
1
3

)n
, so

an+1an+2 =
(
1
3

)n+1
. Hence, an+2

an
= 1

3 , and thus

+∞∑
n=1

cn =

+∞∑
n=1

an +

+∞∑
n=2

an =

+∞∑
k=0

a2k+1 + 2

+∞∑
k=1

a2k +

+∞∑
k=1

a2k+1

= 2
+∞∑
k=0

a2k+1 + 2
+∞∑
k=1

a2k − a1 = 2 · 2

1− 1
3

+ 2 ·
1
6

1− 1
3

− 2 =
9

2
.

8. From tan
(
arctan 1

n − arctan 1
n+1

)
=

1
n− 1

n+1

1+ 1
n

1
n+1

= 1
1+n+n2 , we obtain

that

arctan
1

1 + n+ n2
= arctan

1

n
− arctan

1

n+ 1
.

Using the summation method by splitting terms gives the answer π
4 −

arctan 1
n+1 to the problem.

9. Since

an =
4n− 1

n(n+ 2)
3n−1 =

1

2

(
9

n+ 2
− 1

n

)
3n−1

=
1

2

(
3n+1

n+ 2
− 3n−1

n

)
,

we see that Sn = 1
2

(
3n+1

n+2 + 3n

n+1 − 5
2

)
.

10. Note that

2√
k +

√
k + 1

<
1√
k
<

2√
k − 1 +

√
k

for k = 1, 2, . . .. Then we have

106∑
k=1

2√
k +

√
k + 1

< x < 1 +
106∑
k=2

2√
k − 1 +

√
k
,
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in other words,

2

106∑
k=1

(
√
k + 1−

√
k) < x < 1 + 2

106∑
k=1

(
√
k −√

k − 1).

It follows that

2(
√
106 + 1− 1) < x < 1 + 2(

√
106 −

√
1).

Consequently 1998 < 2(
√
106 + 1−1) < x < 1999, therefore [x] = 1998.

11. We first find the number of the positive integers k that satisfy f(k) = m

(for a fixed positive integer m). According to the condition of the prob-

lem, m− 1
2 < 4

√
k < m+ 1

2 , that is,

m4 − 2m3 +
3

2
m2 − 1

2
m+

1

16
< k < m4 + 2m3 +

3

2
m2 +

1

2
m+

1

16
.

This indicates that the number of the positive integers k that satisfy

f(k) = m is exactly 4m3 +m. When m = 7 in particular, m4 − 2m3 +
3m2−m

2 < 2002 < m4 + 2m3 + 3m2+m
2 , and

2002−
(
74 − 2 · 73 + 3 · 72 − 7

2

)
= 217.

Therefore,

2002∑
k=1

1

f(k)
=

6∑
m=1

1

m
(4m3 +m) +

1

7
· 217

= 4

6∑
m=1

m2 + 6+ 31 = 4 · 7 · 13 + 37 = 401.

12. (1) Subtracting 4Sn−1 = 3an−1 + 2n (n ∈ N+) from 4Sn = 3an +

2n+1 (n ≥ 0 with n ∈ Z) gives that 4an = 3an − 3an−1 + 2n, from

which

an = 2n − 3an−1 (n ∈ N+).
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(2) Dividing 2n from the both sides of an = 2n−3an−1, we obtain that

an
2n

= −3

2
· an−1

2n−1
+ 1

⇒ an
2n

− 2

5
= −3

2

(
an−1

2n−1
− 2

5

)

⇒ an
2n

− 2

5
=

(
−3

2

)n(
a0
20

− 2

5

)

⇒ an = 2n
[
2

5
+

(
−3

2

)n (
a0 − 2

5

)]

= 2n
(
−3

2

)n(
a0 − 2

5

)
+

2n+1

5

= (−3)n
(
a0 − 2

5

)
+

2n+1

5

and consequently,

an+1 − an =

[
(−3)n+1

(
a0 − 2

5

)
+

2n+2

5

]

−
[
(−3)n

(
a0 − 2

5

)
+

2n+1

5

]

=

(
a0 − 2

5

)[
(−3)n+1 − (−3)n

]
+

2n+1

5

=
2n+1

5

[
−10

(
−3

2

)n(
a0 − 2

5

)
+ 1

]
.

If a0 > 5
2 , then for even numbers n large enough,

−10

(
−3

2

)n(
a0 − 2

5

)
+ 1 < 0 ⇒ an+1 < an.

If a0 < 5
2 , then for odd numbers n large enough,

−10

(
−3

2

)n(
a0 − 2

5

)
+ 1 < 0 ⇒ an+1 < an.

To summarize, a0 = 2
5 .
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Solutions for Chapter 7

Synthetic Problems
for Sequences

1. − 3
2 . Let a = b

q , c = bq, loga b = x− d, logb c = x, and logc a = x+ d.

Then ax−d = b, bx = c, and cx+d = a, which implies that

(
b

q

)x−d

= b, (7.1)

bx = bq, (7.2)

(bq)x+d =
b

q
. (7.3)

(7.1) times (7.3) gives b2xq2d = b2q−1. Combining it with (7.2), we get

b2q2d+2 = b2q−1, thus q2d+3 = 1. Since q �= 1. so d = − 3
2 .

2. 18. Denote

Sn = 1 · 2 + 2 · 3 + · · ·+ n(n+ 1)

= (12 + 22 + · · ·+ n2) + (1 + 2 + · · ·+ n)

=
n(n+ 1)(n+ 2)

3
.

If 2014 is in the (n + 1)st group, then Sn < 2014 < Sn+1 since there

are Sn numbers before this group. From

S17 = 1938, S18 = 2280,

we see that S17 < 2014 < S18, hence 2014 is inside the 18th group.

437
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3. 10200. From the given condition,

T100 =

100∑
n=1

f(n) = −22 + 42 − 62 + 82 − · · · − 982 + 1002

= 4(3 + 7 + · · ·+ 99) = 5100.

Thus, S100 = 2T100 − f(1) + f(101) = 10200.

4. (1) Let the common difference of the arithmetic sequence {an} be d.

From S2n

Sn
= 4n+2

n+1 , we see that a1+a2

a1
= 3, so a2 = 2, from which

d = a2 − a1 = 1. It follows from

4n+ 2

n+ 1
=

S2n

Sn
=

an+nd+a1

2 2n
an+a1

2 n

=
2(an + nd+ a1)

an + a1
=

2(an + n+ 1)

an + 1

that an = n.

(2) From bn = anp
an , we have bn = npn. So Tn = p+2p2+3p3+ · · ·+

(n − 1)pn−1 + npn. When p = 1, we obtain Tn = n(n+1)
2 . When

p �= 1,

pTn = p2 + 2p3 + 3p4 + · · ·+ (n− 1)pn + npn+1,

(1− p)Tn = p+ p2 + p3 + · · ·+ pn−1 + pn − npn+1

=
p(1− pn)

1− p
− npn+1.

That is,

Tn =

⎧⎪⎪⎨
⎪⎪⎩

n(n+ 1)

2
, p = 1,

p(1− pn)

(1− p)2
− npn+1

1− p
, p �= 1.

5. (1) From S14 = 98, we have 2a1 + 13d = 14. Also a11 = a1 + 10d = 0.

Solving the above two equations gives d = −2 and a1 = 20. Hence,

the general term formula of {an} is an = 22−2n for n = 1, 2, 3, . . ..

(2) From S14 ≤ 77, a11 > 0, and a1 ≥ 6, we see that 2a1 + 13d ≤
11, a1 + 10d > 0, and a1 ≥ 6. In other words,

2a1 + 13d ≤ 11, (7.4)

−2a1 − 20d > 0, (7.5)

−2a1 ≤ −12. (7.6)
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(7.4) plus (7.5) gives −7d < 11, namely d > − 11
7 . (7.4) plus (7.6)

gives 13d ≤ −1, namely d ≤ − 1
13 . So − 11

7 < d ≤ − 1
13 . Since d ∈ Z,

thus d = −1. Substituting it into (7.4) and (7.5), we get 10 < a1 ≤
12. Since a1 ∈ Z, we have a1 = 11 or a1 = 12. Therefore, the

general terms of all the possible sequences {an} are an = 12 − n

and an = 13− n with n = 1, 2, 3, . . ..

6. (1) The given condition implies that Sn

n = 3n− 2, namely Sn = 3n2 −
2n. When n ≥ 2, we find that an = Sn − Sn−1 = 3n2 − 2n −
[3(n − 1)2 − 2(n − 1)] = 6n − 5. When n = 1, we get a1 = S1 =

3 · 12 − 2 · 1 = 6 · 1− 5. Thus, an = 6n− 5 (n ∈ N+).

(2) From (1), bn = 3
anan+1

= 3
(6n−5)[6(n+1)−5] =

1
2 (

1
6n−5 − 1

6n+1 ) and

Tn =
∑n

i=1 bi = 1
2 [(1 − 1

7 ) + (17 − 1
13 ) + · · · + ( 1

6n−5 − 1
6n+1 )] =

1
2 (1 − 1

6n+1 ). So, the m that makes 1
2 (1 − 1

6n+1 ) < m
20 (n ∈ N+)

valid must satisfy 1
2 ≤ m

20 , namely m ≥ 10. Hence, the minimal

positive integer m satisfying the requirement is 10.

7. Since a1 = 1
2 and an+1 = a2n + an for n ∈ N+, so an+1 = an(an + 1).

Consequently,

bn =
1

1 + an
=

a2n
anan+1

=
an+1 − an
anan+1

=
1

an
− 1

an+1
,

Pn = b1b2 · · · bn =
a1
a2

a2
a3

· · · an
an+1

=
1

2an+1
,

Sn = b1 + b2 + · · ·+ bn

=

(
1

a1
− 1

a2

)
+

(
1

a2
− 1

a3

)
+ · · ·+

(
1

an
− 1

an+1

)

= 2− 1

an+1
.

Thus, 2Pn + Sn = 1
an+1

+
(
2− 1

an+1

)
= 2.

8. (1) From the given condition, an+1 = a2n + 2an, thus an+1 + 1 =

(an + 1)2 > 1 since a1 = 2. Taking the logarithm both sides

gives lg(1 + an+1) = 2 lg(1 + an), namely lg(1+an+1)
lg(1+an)

= 2. Hence,

{lg(1 + an)} is a geometric sequence of common ratio 2.

(2) From (1), lg(1 + an) = 2n−1 lg(1 + a1) = 2n−1 lg 3 = lg 32
n−1

, so

1+an = 32
n−1

, from which an = 32
n−1−1. Consequently, Tn = (1+

a1)(1 + a2) · · · (1 + an) = 32
0

32
1

32
2 · · · 32n−1

= 31+2+22+···+2n−1

=

32
n−1.
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(3) Since an+1 = a2n+2an = an(an+2), we have 1
an+1

= 1
2 (

1
an

− 1
an+2 ),

from which 1
an+2 = 1

an
− 2

an+1
. Since bn = 1

an
+ 1

an+2 , so bn =

2( 1
an

− 1
an+1

). Thus, Sn = b1 + b2 + · · · + bn = 2( 1
a1

− 1
a2

+ 1
a2

−
1
a3

+ · · ·+ 1
an

− 1
an+1

) = 2( 1
a1

− 1
an+1

). Since an = 32
n−1 − 1, a1 = 2,

and an+1 = 32
n − 1, we have Sn = 1− 2

32n−1
. Since Tn = 32

n−1, it

follows that

Sn +
2

3Tn − 1
= 1.

9. Necessity: Let {an} be an arithmetic sequence of common difference

d1. Then

bn+1 − bn = (an+1 − an+3)− (an − an+2)

= (an+1 − an)− (an+3 − an+2) = d1 − d1 = 0,

so bn ≤ bn+1 (n = 1, 2, 3, . . .). Also cn+1− cn = (an+1−an)+2(an+2−
an+1)+3(an+3−an+2) = 6d1 (a constant) (n = 1, 2, 3, . . .). Thus, {cn}
is an arithmetic sequence.

Sufficiency: Suppose that {cn} is an arithmetic sequence of common

difference d2, and bn ≤ bn+1 (n = 1, 2, 3, . . .). Since

cn = an + 2an+1 + 3an+2, (7.7)

cn+2 = an+2 + 2an+3 + 3an+4, (7.8)

(7.7) − (7.8) gives that cn − cn+2 = (an − an+2) + 2(an+1 − an+3) +

3(an+2 − an+4) = bn +2bn+1 +3bn+2. Since cn − cn+2 = (cn − cn+1) +

(cn+1 − cn+2) = −2d2, we have

bn + 2bn+1 + 3bn+2 = −2d2, (7.9)

and thus

bn+1 + 2bn+2 + 3bn+3 = −2d2. (7.10)

Subtracting (7.9) from (7.10) implies that

(bn+1 − bn) + 2(bn+2 − bn+1) + 3(bn+3 − bn+2) = 0. (7.11)

Since bn+1−bn ≥ 0, bn+2−bn+1 ≥ 0, and bn+3−bn+2 ≥ 0, (7.11) ensures

that bn+1−bn = 0 (n = 1, 2, 3, . . .). Let bn = d3 (n = 1, 2, 3, . . .). Then
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an − an+2 = d3 (a constant). Hence,

cn = an + 2an+1 + 3an+2 = 4an + 2an+1 − 3d3, (7.12)

from which

cn+1 = 4an+1 + 2an+2 − 3d3 = 4an+1 + 2an − 5d3. (7.13)

By (7.13) − (7.12), we obtain that cn+1 − cn = 2(an+1 − an) − 2d3.

Therefore,

an+1 − an =
1

2
(cn+1 − cn) + d3

=
1

2
d2 + d3 (a constant) (n = 1, 2, 3, . . .).

In other words, the sequence {an} is an arithmetic one. In summary, a

necessary and sufficient condition for {an} to be an arithmetic sequence

is that {cn} is an arithmetic sequence and bn ≤ bn+1.

10. It is obvious that the sequences are monotonically increasing from the

second term on: xn+2 > x2
n+1 > xn+1 and yn+2 > yn+1. Since x3 >

1 + 12 = 2 and y3 > 12 + 1 = 2, every term of each sequence will be

greater than 2 from the third term on. Similarly, xn > 3 and yn > 3

when n > 3. Note that xn+2 > x2
n+1 > x4

n when n > 1. On the other

hand, yn+2 = y2n + yn+1 = y2n + yn + y2n−1 < 3y2n < y3n when n > 3.

Thus, lg xn+2

lg yn+2
> 4 lg xn

3 lg yn
when n > 3. Consequently, lg x2k

lg y2k
> (43 )

k−1 lg x2

lg y2
.

When k is large enough, the right hand side of the last inequality is

greater than 1, hence x2k > y2k.

11. First we show that, each integer appears at most one time in this

sequence. If some integer k appears at least twice in the sequence,

then by letting ai = aj = k (i < j), there are two numbers ai and aj in

a1, a2, . . . , aj whose remainders will be the same when divided by j, a

contradiction. Next, let the maximal number and minimal number of

a1, a2, . . . ak be xk and yk respectively (k = 1, 2, . . .), and we claim that

xk − yk ≤ k − 1. If xk − yk ≥ k for some k, and let ai = xk, aj = yk,

and ai − aj = l ≥ k. Then i, j ≤ k ≤ l, and so there are two num-

bers ai and aj in a1, a2, . . . , al whose remainders are the same when

divided by l, a contradiction. We show below that for each integer t

satisfying yk ≤ t ≤ xk, there exists a positive integer s with 1 ≤ s ≤ k

such that as = t. If it is not so, then a1, a2, . . . , ak can only take val-

ues inside {u ∈ Z+ | yk ≤ u ≤ xk, u �= t}. But this latter set has

only xk − yk numbers while xk − yk ≤ k − 1 < k, thus there must be



March 14, 2022 15:46 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-study7 page 442

442 Problems and Solutions in Mathematical Olympiad: High School 2

two same numbers among a1, a2, . . . , ak. This contradicts the conclu-

sion proved earlier. For any integer m, since there are infinitely many

positive integers in the sequence and only finitely many positive inte-

gers not exceeding |m|, there must exist a positive integer p such that

ap > |m|. By the same token, there must exist a positive integer q such

that aq < −|m|. Let r = max{p, q}. Then xr > |m| and yr < −|m|.
Therefore, yr < m < xr. By the previous conclusion, there must exist

a positive integer s such that as = m. hence, each integer must appear

in the sequence. To summarize, every integer appears exactly one time

in the sequence.

12. (1) Since

xn+1 − 1

xn+1 + 1
=

f(xn)− 1

f(xn) + 1
=

x3
n+3xn

3x2
n+1 − 1

x3
n+3xn

3x2
n+1 + 1

=
x3
n − 3x2

n + 3xn − 1

x3
n + 3x2

n + 3xn + 1
=

(
xn − 1

xn + 1

)3

,

we have log3
xn+1−1
xn+1+1 = 3 log3

xn−1
xn+1 , namely bn = 3bn−1, so {bn} is

a geometric sequence.

Also x2 = 14
13 from the condition, so

b1 = log3

14
13 − 1
14
13 + 1

= log3
1

27
= −3.

Thus, bn = −3n. Hence, the general term formula for the sequence

{bn} is bn = −3n.

(2) By (1), bn = −3n, so cn = n3n,

Tn = 1 · 31 + 2 · 32 + 3 · 33 + · · ·+ n3n,

3Tn = 1 · 32 + 2 · 33 + 3 · 34 + · · ·+ n3n+1.

After subtraction, we obtain

−2Tn = 3 + 32 + 33 + · · ·+ 3n − n3n+1 =
3n+1 − 3

2
− n3n+1.

That is, Tn = (2n−1)3n+1+3
4 . Therefore, the formula for the sum of

the first n terms of the sequence {cn} is

Tn =
(2n− 1)3n+1 + 3

4
(n ∈ N+).
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Solutions for Chapter 8

Coordinates Systems

1. 1
7 . Take the vertex A of �ABC as the origin and the straight line

containing AB as the x-axis to set a rectangular coordinates system.

2. (4,−4). Using the middle point formula gives the result.

3. 2
3

√
3(a2 + b2 + c2). Set up a rectangular coordinates system with

the vertex on l2 as its origin and l2 as its x-axis. Let the coordinates of

the other two vertices be (m, a) and (n,−b) respectively. Using the fact

that all sides of an equilateral triangle are equal can solve the problem.

4. It is easy to see that the maximal common factor of n and n+ 3 is

(n, n+ 3) =

{
3, if 3 | n,
1, if 3 � n.

When (n, n+3) = 1, there are no integral points in OAn. Otherwise,

let (m, l) be an integral point in OAn with 1 ≤ m < n and 1 ≤ l < n+3.

Then from m
l = n

n+3 , namely m(n + 3) = ln, we deduce that n | m,

which contradicts the assumption that m < n.

When (n, n+ 3) = 3, let n = 3k. Then there are two integral points

(k, k + 1) and (2k, 2k + 2) in OAn. Thus,

1990∑
i=1

f(i) = 2

[
1990

3

]
= 1326,

where [x] represents the largest integer not exceeding x.

5. Set up a rectangular coordinates system with A as the origin and the

straight line that contains AT as the x-axis. Then it is enough to show

that the slope of the straight line MN equals 0.

443
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6. Let the coordinates of every check be (i, j) with 1 ≤ i, j ≤ 8. The sum

of the coordinates is an odd number for black checks, and the sum of the

coordinates is an even number for checks with marks. So the number

of black checks with marks is an even number.

7. With B as the origin and BB′ as the x-axis, set up a rectangular

coordinates system. Then using Theorem 4 can prove the conclusion.

8. Using the inner centerQ of�ABC as the origin, we set up a rectangular

coordinates system. Let (xP , yP ), (xA, yA), (xB , yB), and (xC , yC) be

the coordinates of P,A,B, and C. By the coordinates formula for the

inner center,

axA + bxB + cxC = 0, ayA + byB + cyC = 0.

Then

a|PA|2 = a(xP − xA)
2 + a(yP − yA)

2

= a(x2
P + y2P ) + a(x2

A + y2A)− 2axPxA − 2ayP yA.

By the same token,

b|PB|2 = b(x2
P + y2P ) + b(x2

B + y2B)− 2bxPxB − 2byPyB,

c|PC|2 = c(x2
P + y2P ) + c(x2

C + y2C)− 2cxPxC − 2cyPyC .

Adding the both sides of the above three equalities gives

a|PA|2 + b|PB|2 + c|PC|2

= |QP |2(a+ b+ c) + a|QA|2 + b|QB|2 + c|QC|2.

9. With l as the x-axis and its perpendicular line passing through the

point P as the y-axis, set up a rectangular coordinates system. Let the

coordinates of P,Q, and R be (0, a), (c, d), and (x, y) with a, d, y ∈ R+,

respectively. Then

δ(R) = |PR|+ |RQ|+ |RS|
=
√

x2 + (y − a)2 +
√
(x − c)2 + (y − d)2 + y.

We view
√
x2 + (y − a)2 +

√
(x− c)2 + (y − d)2 as the sum of the dis-

tances of the moving point M(x, 0) to two fixed points A(0, a− y) and

B(c, y − d) (y is considered a constant temporarily). By the fact that

the sum of any two sides of a triangle is not less than the third side
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Figure 8.1 Figure for Exercise 9.

(the situation of co-linear three points is considered a special case), we

have

δ(R) ≥
√
c2 + (2y − a− d)2 + y,

where the equality holds when M is an interior point of AB, that is,

when
2y − a− d

c
=

y − a

x
(8.1)

is satisfied. View

z =
√
(2y − a− d)2 + c2 +

√
(2y − y)2 + 02

as the sum of the distances of G(2y, 0) to points E(a+d, c) and F (y, 0).

As in Figure 8.1, let ∠yGE = α and |EG| = t. Then

t =
c

sinα
,

y =
a+ d− c cotα

2
. (8.2)

Therefore,

z = |EG|+ |FG| = t+ y

=
a+ d

2
+ c

(
c

sinα
− cotα

2

)

=
a+ d

2
+

1

2
c

(
3

2
tan

α

2
+

1

2
cot

α

2

)

≥ a+ d

2
+ c

√
3

2
tan

α

2
· 1
2
cot

α

2

=
a+ d

2
+

√
3

2
c,
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where the equality is satisfied if and only if 3
2 tan

α
2 = 1

2 cot
α
2 , namely

cotα =
√
3
3 . Hence, from (8.1) and (8.2) we find that the coordinates

of R are (√
3

2
(a− d) +

c

2
,
a+ d

2
−

√
3

6
c

)
.

10. Let x1 = (n + 1)!, x2 = (n + 2)!, . . . , xn = (2n)!, and let the points

(xi, yi) (1 ≤ i ≤ n) be on the parabola y = x2. Then (xi, yi) are all

integral points. The set of such n points satisfies the requirement of

the problem.

11. Clearly P is not on the axes or the straight lines y = ±x. Then among

the four possible moves, only one move is towards the origin, while

the other three moves are farther away from the origin. If the move

passes through the successive points P0, P1, . . . , Pn = P0, where Pi is

the farthest to O, then |OPi−1| < |OPi| and |OPi+1| < |OPi|. Since

there is only one move making it nearer to O, we have Pi−1 = Pi+1.

But this contradicts the rule that no return is allowed.

12. (1) Let the vertices of the polygon be Pi(xi, yi) (i = 1, 2, . . . , 100).

Then its area is

S =
1

2

100∑
i=1

∣∣∣∣∣
xi yi

xi+1 yi+1

∣∣∣∣∣ (x101 = x1 and y101 = y1).

Without loss of generality,, assume that the first side P1P2 is par-

allel to the y-axis. Then x2i−1 = x2i, y2i = y2i+1, x2i+1 − x2i ≡ 1,

and y2i+2 − y2i+1 ≡ 1 (mod 2) for i = 1, 2, . . . , 50. Thus,

S =
1

2
(x1y2 + x2y3 + · · ·+ x99y100 − x2y1 − x3y2 − · · · − x1y100)

= (x1 − x3)y2 + (x3 − x5)y4 + · · ·+ (x99 − x1)y100

≡ y2 + y4 + · · ·+ y100

≡ 50y2 + 25 ≡ 1 (mod 2).

In other words, the area of P is an odd number.



March 14, 2022 15:46 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-study9 page 447
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Straight Lines

1. P and Q. Since N is on l, we have b + 1
c = 1, thus P

(
1
c , b
)
is on l.

Also M is on l, so a + 1
b = 1. Eliminating b from the above, we know

that c+ 1
a = 1, thus Q

(
1
a , c
)
is also on l.

2. 1. Let the equation of the straight line be y = k(x−√
2). The case

that k = 0 satisfies the condition. When k �= 0, if the straight line

passes through two rational points (x1, y1) and (x2, y2), then y1

y2
=

x1−
√
2

x2−
√
2
, which implies that

√
2 = x1y2−x2y1

y2−y1
is a rational number, a

contradiction.

3. 3
5 . From geometry, the minimal distance from a point to a straight

line is the same as the length of the perpendicular line segment from

the point.

4. 7x− y − 3 = 0.

5. 4
√
5. Let the symmetric point of the point A with respect to the

straight line l be A1 and the symmetric point of A with respect to the

y-axis be A2. Then the minimum value of the perimeter of �ABC is

|A1A2|.
6. 7 (square units). Using the intuition from the geometric figure.

7. −2. If −→a ‖ −→
b , then 2x−y

−1 = m
1 , namelym = −2x+y. So y = 2x+m.

Draw the feasible region (the shaded part of Figure 9.1) corresponding

to the inequality, and translate the straight line y = 2x + m. From

the translation we know that when the straight line passes through the

point B, its intercept is the minimal, and the current value of m is the

minimum value.

447
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Figure 9.1 Figure for Exercise 7.

Solving x = y and y = 6 − 2x gives x = 2 and y = 2. That is, the

coordinates of B are (2, 2). Substituting into m = −2x+ y, we obtain

m = −4+2 = −2. In other words, the minimum value of the objective

function m = −2x+ y is −2.

8. The coordinates of the point Q are (2, 8), and the minimum value of

the area of the triangle is 40.

9. Let K1 = {(x, y) | |x|+ |3y| − 6 ≤ 0}. First consider the part of K1 in

the first quadrant, the points of which satisfy x+ 3y ≤ 6. Such points

correspond to �OCD and its interior in the figure. By symmetry, the

region corresponding to K1 is the rhombus ABCD and its interior.

Similarly, let K2 = {(x, y) | |3x| + |y| − 6 ≤ 0}. Then the region

corresponding to K2 is the rhombus EFGH and its interior.

From the definition of the point set K, we know that the region

corresponding to K is the part that is covered by exactly one of K1

and K2. Therefore, what the problem wants to find is the area S of the

shaded region in Figure 9.2.

Since the equation of the straight line CD is x + 3y = 6 and the

equation of the straight line GH is 3x+ y = 6, the coordinates of their

intersection point P are
(
3
2 ,

3
2

)
. By symmetry,

S = 8S�CPG = 8 · 1
2
· 4 · 3

2
= 24.
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Figure 9.2 Figure for Exercise 9.

10. The maximum value of f(x, y) is the same as the maximal vertical

intercept of the straight line y = −ax + b passing through the region

|x| + |y| ≤ 1. When 0 < a ≤ 1, we have f(x, y)max = f(0, 1) = 1, and

f(x, y)max = f(1, 0) = a when a > 1.

11. With A as the origin and the bisector of ∠BAC as the x-axis, set

up a rectangular coordinates system. Let ∠BAE = ∠CAE = θ and

tan θ = k. It is easy to know that

|AF | = m =
13

√
124 + 602k2

144− 25k2
.

When k = 1, namely m = 2028
119 , we see that ∠A is a right angle;

when k < 1, namely 13 < m < 2028
119 , the angle ∠A is an acute one;

when k > 1, namely m > 2028
119 , we get an obtuse angle ∠A.

12. Draw OB ⊥ a at B. Set up a rectangular coordinates system with

B as its origin and the straight line a as its x-axis. Let the radius

of the circle O′ be r, |BO′| = x, and |BO| = m. Then m > R and

x2 +m2 = (R + r)2. Let the coordinates of A be (0, n). It is easy to

obtain

tan∠MAN =
2nr

R2 + 2Rr −m2 + n2
,

and the above expression is a constant if and only if R2 + n2 = m2.

Hence, points A that satisfy the condition exist, In fact there are two

such points, and their coordinates are (0,±√
m2 −R2).
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Solutions for Chapter 10

Circles

1. π
2 . The inequality (x− y)

(
y − 1

x

) ≥ 0 can be reduced to⎧⎪⎨
⎪⎩
y − x ≥ 0,

y − 1

x
≥ 0

or

⎧⎪⎨
⎪⎩
y − x ≤ 0,

y − 1

x
≤ 0.

Let B denote the set of all points on the circle (x− 1)2 + (y − 1)2 = 1

or inside the circle. The plane region represented by A∩B is the shaded

region in Figure 10.1. Since the curve y = 1
x and the circle (x − 1)2 +

(y−1)2 = 1 are both symmetric with respect to the straight line y = x,

so the area of the shaded region is half of that of circle.

Figure 10.1 Figure for Exercise 1.

2.
[
0, 125

]
. The trajectory equation of the point M is x2+(y+1)2 = 4.

The center of the circle is B(0,−1) and the center of the moving circle

451



March 14, 2022 15:46 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-study10 page 452

452 Problems and Solutions in Mathematical Olympiad: High School 2

is C(a, 2a− 4). The distance of the two centers is less than the sum of

the two radii.

3. Tangent.

4. (4, 6).

5.
√
3
(
π − arctan 2

√
30
7

)
.

6. x2 + y2 − cx+ c2

2 − r2

2 = 0.

7. The equation of the circle is (x−2)2+(y−2)2 = 1, and the equation of its

symmetric circle with respect to the x-axis is (x−2)2+(y+2)2 = 1. Let

the equation of the desired straight line be y− 3 = k(x+3). Then the

distance of the point (2,−2) to this straight line is 1, so d = |5k+5|√
k2+1

= 1,

solving which gives k = − 3
4 or k = − 4

3 . Hence, the equations of the

desired straight lines are 4x+ 3y + 3 = 0 or 3x+ 4y − 3 = 0.

8. Let the center of the circle be P (a, b) and the radius be r. By the

condition, r2 = 1+ a2 and r2 = 2b2, so a2 +1 = 2b2. Also the distance

from P to l is d = |a−2b|√
5

, thus d2 = a2−4ab+4b2

5 ≥ a2+4b2−2(a2+b2)
5 =

2b2−a2

5 = 1
5 , and the equality holds if and only if a = b. Therefore,

a = 1 and b = 1, or a = −1 and b = −1.

Hence, the equations of the circles are (x − 1)2 + (y − 1)2 = 2 or

(x+ 1)2 + (y + 1)2 = 2.

9. Denote P (x1, y1) and Q(x2, y2). Since OP ⊥ OQ, we have x1x2 +

y1y2 = 0. Substituting y = −x+3
2 into x2 + y2 + x − 6y + F = 0 leads

to 5x2 + 10x+ 4F − 27 = 0. Then x1 + x2 = −2 and x1x2 = 4F−27
5 .

Also, since y1y2 = 1
4 (3 − x1)(3 − x2) =

1
4 [9 − 3(x1 + x2) + x1x2], so

9− 3(x1 + x2) + x1x2 + 4x1x2 = 0.

Thus, we find that F = 3.

10. As in Figure 10.2, let the equation of PQ be y = kx (it is easy to see

that the case that the slope does not exist does not satisfy the condition

of the problem), and denote the points P (x1, y1), Q(x2, y2) (x1x2 �= 0),

and S(m,n). Then

y1 = kx1, (10.1)

y2 = kx2, (10.2)

n = km. (10.3)
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Figure 10.2 Figure for Exercise 10.

Substituting (10.1) and (10.2) respectively into the equations of the

corresponding circles, we obtain⎧⎨
⎩
x2
1 + k2x2

1 + 2x1 + 2kx1 = 0,

x2
2 + k2x2

2 − 4x2 + 2kx2 = 0.

Since x1x2 �= 0, the solutions of the above are

x1 =
−2− 2k

1 + k2
, x2 =

−2k + 4

1 + k2
.

The fact that S is the middle point of PQ implies

m =
x1 + x2

2
=

1− 2k

1 + k2
.

From (10.3), k = n
m , thus

m =
1− 2n

m

1 +
(
n
m

)2 ,
in other words,

m2 + n2 −m+ 2n = 0.

Hence, the equation of the trajectory is x2 + y2 − x + 2y = 0 (with

the point (0,−2) removed).

11. (1) Since the circle C passes through the origin O, so |OC|2 = t2 + 4
t2 ,

and the equation of the circle C is (x − t)2 +
(
y − 2

t

)2
= t2 + 4

t2 ,

namely x2 + y2 − 2tx − 4
t y = 0. Thus, we get the points A(2t, 0)

and B
(
0, 4t
)
.
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It follows that S = 1
2 |OA||OB| = 1

2 |2t|
∣∣4
t

∣∣ = 4, which is a fixed

number.

(2) Since |OM | = |ON | and |CM | = |CN |, the straight line OC is the

perpendicular bisector of the line segmentMN , so kOC = − 1
kMN

=
1
2 , and the equation of the straight line OC is y = 1

2x. Conse-

quently, 2
t = 1

2 t, the solutions of which are t = ±2.

When t = 2, the center of the circle is C(2, 1) with radius |OC| = √
5,

and the distance from the center C of the circle to the straight line l is

d = 1√
5
<

√
5, satisfying the requirement.

When t = −2, the center of the circle is C(−2,−1) with radius

|OC| = √
5, and the distance from the center C of the circle to the

straight line l is d = 9√
5
>

√
5, not satisfying the requirement.

In summary, the standard equation of the circle C is (x − 2)2 +

(y − 1)2 = 5.

12. As in Figure 10.3, let O be the origin and the east direction be the

positive direction of the x-axis of a rectangular coordinates system.

At the moment t (in hour), the coordinates of the center P ′(x′, y′)
of the typhoon are ⎧⎪⎪⎪⎨

⎪⎪⎪⎩
x′ = 300 ·

√
2

10
− 20 ·

√
2

2
t,

y′ = −300 · 7
√
2

10
+ 20 ·

√
2

2
t.

Now, the radius of the circle is 10t + 60, and the region influenced

by the typhoon is represented by

(x− x′)2 + (y − y′)2 ≤ (10t+ 60)2.

Coa
stl

ine

North

East

Figure 10.3 Figure for Exercise 12.
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If the city O is invaded by the typhoon at the moment t, then

(0− x′)2 + (0− y′)2 ≤ (10t+ 60)2,

that is,
(
−300 ·

√
2

10 + 20 ·
√
2
2 t
)2

+
(
300 · 7

√
2

10 − 20 ·
√
2
2 t
)2

≤ (10t+60)2.

In other words, t2 − 36t + 288 ≤ 0, solving which gives 12 ≤ t ≤ 24.

Hence, 12 hours later the city will be attacked by the typhoon.
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Solutions for Chapter 11

Ellipses

1. 1.

2.
(√

5
5 , 3

5

)
. From the given condition, we see immediately that

b < b
2 + c < a. Hence, b

2 < c and b
2 < a − c, squaring of which gives

b2

4 = a2−c2

4 < c2 and a2−c2

4 < (a − c)2, namely a2 − 5c2 < 0 and

3a2 − 8ac + 5c2 > 0. Thus, e2 > 1
5 and 5e2 − 8e + 3 > 0, and conse-

quently
√
5
5 < e < 3

5 .

3. 90◦. From c
a =

√
5−1
2 , we get c2+ ac− a2 = 0. Also |AB|2 = a2 + b2

and |BF |2 = a2, so |AB|2+ |BF |2 = 2a2+ b2 = 3a2− c2. On the other

hand,

|AF |2 = (a+ c)2 = a2 + 2ac+ c2 = 3a2 − c2 = |AB|2 + |BF |2.
Therefore, ∠ABF = 90◦.

4. bc. S�ABF = 1
2 |yA − yB|c ≤ 1

2 · 2bc = bc.

5. It is easy to see that the coordinates of B are (0, k). Denote A(x0, y0)

and D(m, 0). Then
−−→
BA = (x0, y0 − k) and

−−→
BD = (m,−k). Since the

three points B,A, and D are co-linear, so

|BA||BD| = −−→
BA · −−→BD = mx0 − ky0 + k2. (11.1)

The equation of the straight line BD is x
m + y

k = 1. Since A(x0, y0)

is on the straight line, we have x0

m + y0

k = 1, namely m = kx0

k−y0
.

Substituting it into (11.1) gives that

|BA||BD| = kx2
0

k − y0
− ky0 + k2 =

k(x2
0 + y20)− k2y0
k − y0

+ k2.

457
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Since A is also on the circle O, we have x2
0 + y20 = k2, and it follows

that

|BA||BD| = k2(k − y0)

k − y0
+ k2 = 2k2 (a fixed number).

6. As in Figure 11.1, denote A(−a, 0), B(a, 0), and P (x0, y0). We may

assume that y0 > 0. Since kAP = y0

x0+a and kBP = y0

x0−a , by the

difference angle formula, kBP−kAP

1+kBP kAP
= tan 2π

3 , that is,

y0

x0−a − y0

x0+a

1 + y0

x0−a · y0

x0+a

= −
√
3.

Simplifying the above equality gives

√
3(x2

0 + y20 − a2) + 2ay0 = 0. (11.2)

Since P (x0, y0) is on the ellipse,
x2
0

a2 +
y2
0

b2 = 1, that is, x2
0 =

a2
(
1− y2

0

b2

)
. Substituting the above into (11.2) gives −√

3 · a2−b2

b2 ·y20 +
2ay0 = 0.

Since 0 < y0 ≤ b, so y0 = 2ab2√
3c2

≤ b, namely ab
c2 ≤

√
3
2 . Thus,

a2

c2

√
a2−c2

a ≤
√
3
2 . That is, 1

e2

√
1− e2 ≤

√
3
2 . Solving it gives that

√
6
3 ≤

e < 1.

Figure 11.1 Figure for Exercise 6.

7. Denote M(x0, y0). Then the equation of the tangent line to the ellipse

at the point M is x0x
a2 + y0y

b2 = 1. Since OP ‖ l, the equation of

the straight line OP is y = − b2x0

a2y0
. The equation of the straight

line MF is y = y0

x0−c (x − c). Solving the above two equations gives

N
(

a2y2
0c

b2(a2−cx0)
,− x0y0c

a2−cx0

)
. By the distance formula between two points

and y20 = b2
(
1− x2

0

a2

)
, we obtain that |MN | = a.
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8. As Figure 11.2 shows, draw PP ′ to be perpendicular to the directrix l at
P ′, and draw QQ′ to be perpendicular to the directrix l at Q′, choose
the middle point M of the chord PQ, and draw the perpendicular

bisector of PQ that intersects l at R. Then the statement that �PQR

is an equilateral triangle is equivalent to that the equality |MR| =√
3
2 |PQ| is valid.

Figure 11.2 Figure for Exercise 8.

Suppose that there exists such an equilateral triangle. Clearly

|MR| > |MM ′| (where MM ′ ⊥ l with foot M ′ of the perpendicular).

By the second definition of an ellipse,

|MM ′| = 1

2
(|PP ′|+ |QQ′|)

=
1

2

( |PF |
e

+
|QF |
e

)
=

|PQ|
2e

.

Therefore,
√
3
2 |PQ| > |PQ|

2e , namely e >
√
3
3 . Thus, e ∈

(√
3
3 , 1

)
.

Also, since cos∠RMM ′ = |MM ′|
|RM| = |PQ|

2e
2√

3|PQ| = 1√
3e
, we have

cot∠RMM ′ = 1√
3e2−1

. Consequently,

kPQ = tan∠QFX = tan∠FMM ′ = ± cot∠RMM ′ = ± 1√
3e2 − 1

.

9. Let the equation of the inner ellipse be x2

a2 + y2

b2 = 1 (a > b > 0) and

the equation of the outer ellipse be x2

(ma)2 + y2

(mb)2 = 1. Then we have

A(ma, 0) and B(0,mb). Let the equation of the tangent line AC be

y = k1(x−ma) and the equation of the tangent line BD be y −mb =

k2x. Eliminating y from the combined equations (bx)2 + (ay)2 = (ab)2
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and y = k1(x−ma) gives

(b2 + a2k21)x
2 − 2ma3k21x+m2a4k21 − a2b2 = 0.

Simplify the equation Δ = 0, where Δ is the discriminant of the above

quadratic equation. Then we obtain k21 = b2

a2
1

m2−1 . By the same token,

eliminating y from (bx)2 + (ay)2 = (ab)2 and y = k2x+mb implies

(b2 + a2k22)x
2 + 2mba2k2x+m2a2b2 − a2b2 = 0.

A Simplification of Δ = 0 gives k22 = b2

a2 (m
2−1). The condition k21k

2
2 =(− 9

16

)2
implies that b2

a2 = 9
16 , from which e2 = c2

a2 = 1 − b2

a2 = 7
16 .

Hence, e =
√
7
4 .

10. First consider a special case. When MN ⊥ the x-axis, we may write

M
(
x0,

b
a

√
a2 − x2

0

)
and N

(
x0,− b

a

√
a2 − x2

0

)
. Since MA ⊥ NA, we

have b
a

√
a2 − x2

0 = x0−(−a), and simplifying it gives that (a2+b2)x2
0+

2a3x0 + a2(a2 − b2) = 0. The solutions are x0 = −a(a2−b2)
a2+b2 or x0 = −a

(omitted). So, the equation of the straight line MN is x = −a(a2−b2)
a2+b2 .

WhenMN is not perpendicular to the x-axis, let the equation ofMN

be y = kx+m. Combining it with b2x2+a2y2 = a2b2 and eliminating y

give that (b2+a2k2)x2+2a2kmx+a2(m2− b2) = 0. Denote M(x1, y1)

and N(x2, y2). From
−−→
AM · −−→AN = 0, we see that (1 + k2)x1x2 + (a +

km)(x1 + x2) + a2 + m2 = 0. Substituting x1 + x2 = − 2a2km
b2+a2k2 and

x1x2 = a2(m2−b2)
b2+a2k2 into the above equality, we get after a simplification

that

(a2 + b2)m2 − 2a3km+ a2k2(a2 − b2) = 0,

the solutions of which arem = ak orm = ak(a2−b2)
a2+b2 . When m = ak, the

equation of MN is y = kx+ak = k(x+a) that passes through (−a, 0),

not satisfying the condition of the problem. When m = ak(a2−b2)
a2+b2 , the

equation of MN is

y = kx+
ak(a2 − b2)

a2 + b2
= k

[
x+

a(a2 − b2)

a2 + b2

]
,

which passes through the point
(
−a(a2−b2)

a2+b2 , 0
)
.

To summarize, the straight line MN always passes through the fixed

point
(
−a(a2−b2)

a2+b2 , 0
)
.

11. Suppose that there exists such a circumscribed quadrilateral of the

circle (and also an inscribed quadrilateral of the ellipse). From the
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knowledge of plane geometry, this parallelogram must be a rhombus.

Then the center of the circle is the center of the rhombus.

First consider a special case. When the coordinates of the point P

are (a, 0), the coordinates of the other three vertices of the rhombus

are (−a, 0), (0, b), and (0,−b). The equation of one side of the rhombus

is x
a + y

b = 1, that is bx + ay = ab. Since the rhombus is tangent to

the circle C1, we have ab√
b2+a2

= 1, namely 1
a2 + 1

b2 = 1, which is the

condition for a and b to satisfy. This proves the necessity.

We show the sufficiency below. Let 1
a2 +

1
b2 = 1, and P be any point

on the ellipse C2. Draw a straight line PO that intersects the ellipse

C2 at points P and R. Draw at O a straight line that is perpendic-

ular to PR, which intersects the ellipse C2 at points Q and S. Then

PQRS is an inscribed rhombus to the ellipse C2. Let |OP | = r1 and

|OQ| = r2. Then substituting the coordinates P (r1 cos θ, r1 sin θ) and

Q
(
r2 cos

(
θ + π

2

)
, r2 sin

(
θ + π

2

))
into the equation of the ellipse, we

obtain that

(r1 cos θ)
2

a2
+

(r1 sin θ)
2

b2
= 1,

[
r2 cos

(
θ + π

2

)]2
a2

+

[
r2 sin

(
θ + π

2

)]2
b2

= 1.

Then

1

|OP |2 +
1

|OQ|2 =
1

r21
+

1

r22

=

(
cos2 θ

a2
+

sin2 θ

b2

)
+

[
cos2

(
θ + π

2

)
a2

+
sin2

(
θ + π

2

)
b2

]

=
1

a2
+

1

b2
.

Also in the right �POQ, let the distance from O to PQ be h. Then

|PQ|h = |PO||QO|, and

1

h2
=

|PQ|2
|PO|2|QO|2 =

|PO|2 + |QO|2
|PO|2|QO|2

=
1

|PO|2 +
1

|QO|2 =
1

a2
+

1

b2
= 1.

Thus, h = 1, in other words, PQ and the circle C1 are tangent.
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The same argument can show that the other sides are also tangent

to the circle C1.

Therefore, a necessary and sufficient condition is that 1
a2 + 1

b2 = 1.

12. Suppose that such a constant d exists. We start from a special case.

Let l ∈ Ad be a special straight line x = d that intersects the ellipse at

two points P and Q.

Draw a circle Od with the origin O as its center and d as its radius,

which intersects the positive half axis of the x-axis at a point G. Obvi-

ously, the circle Od and the straight line PQ are tangent at the point

G, and |GP | = |GQ|.
By the condition, there exist straight lines l1 and l2 that pass through

the points P and Q respectively, and are tangent to the circle Od with

tangent points P0 and Q0 respectively. Then OP0 and OQ0 are per-

pendicular to the parallel lines l1 and l2, so P0Q0 is a diameter of

the circle Od. Thus, OG is the median line of the trapezoid P0Q0QP .

From OG ⊥ PQ, we know that l1 ⊥ PQ and l2 ⊥ PQ. Consequently,

the coordinates of the point P are (d, d), and l1 and l2 are y = d and

y = −d respectively.

Since P (d, d) is on the ellipse, if such a constant d exists, then the

equation of the ellipse ensures that d2

a2 + d2

b2 = 1, solving which gives

d = ab√
a2+b2

.

In the following, we prove that d = ab√
a2+b2

is what we wanted to

find.

First we show that if l ∈ Ad and intersects the ellipse at the two

points P and Q, then it must be that OP ⊥ OQ.

Let the equation of the straight line l be y = kx + m. Then the

distance from the origin O to l is |m|√
k2+1

, so we have ab√
a2+b2

= |m|√
k2+1

,

that is,

(k2 + 1)a2b2 = m2(a2 + b2).

Substituting the equation y = kx+m of the straight line l into the

equation of the ellipse implies that

(a2k2 + b2)x2 + 2a2kmx+ a2(m2 − b2) = 0.

Denote P (x1, y1) and Q(x2, y2). Then by Vieta’s theorem,

x1 + x2 = − 2a2km

a2k2 + b2
, x1x2 =

a2(m2 − b2)

a2k2 + b2
.
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It follows that

x1x2 + y1y2

= x1x2 + (kx1 +m)(kx2 +m)

= (k2 + 1)x1x2 +mk(x1 + x2) +m2

=
k2a2m2 + a2m2 − (k2 + 1)a2b2 − 2k2a2m2 + k2a2m2 + b2m2

a2k2 + b2

=
(a2 + b2)m2 − (k2 + 1)a2b2

a2k2 + b2
= 0.

In other words, OP ⊥ OQ.

Figure 11.3 Figure for Exercise 12.

It is easy to show that if the slope of the straight line l does not exist,

then OP ⊥ OQ.

Suppose that l1 intersects the ellipse at P and P1, and l2 intersects the

ellipse at Q and Q1. Then as Figure 11.3 indicates, OP ⊥ OQ,OP ⊥
OP1, and OQ ⊥ OQ1, and ∠OPP1 = ∠OPQ and ∠OQQ1 = ∠OQP .

Hence, ∠P1PQ+ ∠Q1QP = π, namely l1 and l2 are parallel.

In summary, there exists a unique number d = ab√
a2+b2

such that for

any l ∈ Ad there are l1, l2 ∈ Ad that satisfy the conditions posed in the

problem.
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Hyperbolas

1. 2. Let |PF1| = 4t. Then |PF2| = 3t, so 4t− 3t = |PF1|− |PF2| = 2,

from which t = 2, |PF1| = 8, and |PF2| = 6. Combining the above with

|F1F2| = 10, we find that �PF1F2 is a right triangle with PF1 ⊥ PF2.

Therefore, the radius of the incircle of �PF1F2 is r = 6+8−10
2 = 2.

2. 4. By the symmetry of the figure, there are following two possibilities

of making exactly three straight lines: (1) Two lines intersecting the

right branch and one line intersecting both the left and right branches.

The latter is the x-axis and the length of the line segment is 2. But the

minimum value of the length of the line segment from the intersection

of any straight line passing through the right focus with the hyperbola

is 2 b
a = 4, which does not satisfy the requirement in the problem. (2)

One line intersecting the right branch and two lines intersecting both

the left and right branches. Then λ = 4 satisfies the requirement.

3.
[√

5
2 ,

√
5
]
. Let the equation of the straight line be x

a +
y
b = 1, that is

bx+ ay− ab = 0. From the distance formula from a point to a straight

line and the fact a > 1, we find that the distance from the point (1, 0)

to the straight line l is d1 = ba−b√
a2+b2

.

The distance from the point (−1, 0) to the straight line l is d2 =
ba+b√
a2+b2

.

So, s = d1 + d2 = 2ab√
a2+b2

= 2ab
c .

From s ≥ 4
5c, we get 2ab

c ≥ 4
5c, namely 5a

√
c2 − a2 ≥ 2c2.

Since e = c
a , we find that 5

√
e2 − 1 ≥ 2e2. Thus, 5

4 ≤ e2 ≤ 5 (e > 1).

Hence,
√
5
2 ≤ e ≤ √

5.

465
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4. a(l+2a)

2
√
a2+b2

. First, when the length of the chord with the two end points

on the right branch is greater than or equal to 2b2

a , this chord may pass

through the right focus. This is because that among all the chords

passing through the right focus, when the focal chord is perpendicular

to the real axis, the length of the chord is minimal according to the

second definition of hyperbolas, and the minimum value is 2b2

a by an

easy calculation. When a chord of length l passes through the right

focus, if we let the distances from A and B to the right directrix be d1
and d2 respectively, then l = |AF | + |BF | = ed1 + ed2 (here F is the

right focus of the hyperbola and e is the eccentricity of the hyperbola).

Thus,

xM =
1

2
(d1 + d2) +

a2

c
=

1

2

l

e
+

a2

c
=

a(l + 2a)

2
√
a2 + b2

.

When a chord of length l does not pass through the right focus,

|AF |+ |BF | > |AB| = l,

namely ed1 + ed2 > l. Consequently,

xM =
1

2
(d1 + d2) +

a2

c
>

l

2e
+

a2

c
=

a(l + 2a)

2
√
a2 + b2

.

5. (2, 2
√
2]. Without loss of generality, assume that P is on the right

branch. Write P (x0, y0). Then x0 ≥ a. By the computational formula

for the focal radius of a hyperbola, |PF1| = ex0 + a and |PF2| =

ex0 − a, where e =
√
2. Hence, |PF1|+|PF2|

|PO| = 2ex0√
x2
0+y2

0

= 2
√
2x0√

2x2
0−a2

=

2
√
2√

2− a2

x2
0

∈ (2, 2
√
2].

6. Suppose that such hyperbolas exist. We may assume that their equa-

tions are 3(x−m)2−(y−m)2 = k. By substituting y = x into the above,

we get 2(x − m)2 = k. Let k > 0. Then x = m ±
√

k
2 , so the length

of the line segment intersected by l is
√
2

∣∣∣∣m+
√

k
2 −

(
m−

√
k
2

)∣∣∣∣ =
2
√
k = 2

√
2. Hence, k = 2.

Let x = 0 in 3(x −m)2 − (y −m)2 = k. Then y = m ± √
3m2 − k,

from which the length of the line segment obtained via the intersection

of l and the hyperbola is 2
√
3m2 − k = 2

√
3m2 − 2 = 2

√
2. Thus,

m = ± 2
√
3

3 . Therefore, there exist such hyperbolas 3
(
x+ 2

√
3

3

)2
−(

y + 2
√
3

3

)2
= 2, or 3

(
x− 2

√
3

3

)2
−
(
y − 2

√
3

3

)2
= 2.
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7. (1) Let the equation of l be y = kx+1. Eliminating y from x2− y2

3 = 1

and y = kx+ 1, we have (3− k2)x2 − 2kx− 4 = 0.

Since the straight line l and the hyperbola C have two different

intersection points,

{
3− k2 �= 0,

Δ = 4k2 + 16(3− k2) > 0,

whose solution set is −2 < k < 2, and k �= ±√
3. Hence, the range

of the values for k is

(−2,−
√
3) ∪ (−

√
3,
√
3) ∪ (

√
3, 2).

(2) Denote A(x1, y1) and B(x2, y2). Then x1 + x2 = 2k
3−k2 and x1x2 =

−4
3−k2 . The coordinates of the right focus are F2(2, 0), so |AF2| =√
(x1 − 2)2 + y21 =

√
x2
1 − 4x1 + 4 + (3x2

1 − 3) = |2x1 − 1| and

|BF2| = |2x2 − 1|.
On the other hand, (2x1−1)(2x2−1) = 4x1x2−2(x1+x2)+1 =

−16
3−k2 − 4k

3−k2 + 1 = −k2+4k+13
3−k2 . Thus,

when k2 < 3, we see that (2x1 − 1)(2x2 − 1) < 0, and so

|AF2|+ |BF2| = |2x1 − 1|+ |2x2 − 1|
= 2|x1 − x2| = 2

√
(x1 + x2)2 − 4x1x2

=
4
√
3
√
4− k2

3− k2
.

The condition |AF2| + |BF2| = 6 implies that 4
√
3
√
4−k2

3−k2 = 6, from

which k2 = 1 or k2 = 11
3 > 3 (omitted). Hence, k = ±1.

When 3 < k2 < 4, clearly (2x1 − 1)(2x2 − 1) > 0. Then

|AF2|+ |BF2| = |2x1 − 1|+ |2x2 − 1|

= 2|x1 + x2 − 1| = 2

∣∣∣∣ 2k

3− k2
− 1

∣∣∣∣ .

Now, from |AF2|+ |BF2| = 6 we have 2
∣∣∣ 2k
3−k2 − 1

∣∣∣ = 6, whose solutions

are k = −2, k = 3
2 , or k = 1±√

13
2 . None of them satisfies the condi-

tion, so omitted. Thus, for this case, no k exists to satisfy the given

condition.

To summarize, the values of k are 1 or −1.
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8. (1) The equation of the straight line containing the chord at contact

AB is x0x− y0y = 1.

From x = m we have lAB : mx−y0y = 1. Substituting M
(

1
m , 0

)
into the straight line equation verifies the conclusion.

(2) Denote A(x1, y1). Then the equation of the perpendicular line AN

is y − y1 = −x+ x1.

From y − y1 = −x+ x1 and x− y = 0 we get N
(
x1+y1

2 , x1+y1

2

)
.

Denote the center of gravity by G(x, y). Then

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x =
1

3

(
x1 +

1

m
+

x1 + y1
2

)
,

y =
1

3

(
y1 + 0 +

x1 + y1
2

) ⇒

⎧⎪⎪⎨
⎪⎪⎩
x1 =

9x− 3y − 3
m

4
,

y1 =
9y − 3x+ 1

m

4
.

Since x2
1 − y21 = 1, the equation of the curve drawn from the center

of gravity G is
(
x− 1

3m

)2 − y2 = 2
9 .

9. (1) Since the eccentricity of the hyperbola is 2, we have c = 2a and

b =
√
3a. So, the equation of the hyperbola can be reduced to

x2

a2 − y2

3a2 = 1. Since the equation of the straight line is y = x+m,

eliminating y from the two equations together gives

2x2 − 2mx−m2 − 3a2 = 0. (12.1)

Denote A(x1, y1) and B(x2, y2). Then x1 + x2 = m and x1x2 =
−m2−3a2

2 .

Since
−→
AP = 3

−−→
PB, so (−x1,m − y1) = 3(x2, y2 − m). Thus,

x1 = −3x2, from which and x1 + x2 = m we get x1 = 3
2m and

x2 = − 1
2m. Substituting them into x1x2 = −m2−3a2

2 results in the

equation − 3
4m

2 = −m2−3a2

2 . After a simplification it is m2 = 6a2.

Now,

−→
OA · −−→OB = x1x2 + y1y2 = x1x2 + (x1 +m)(x2 +m)

= 2x1x2 +m(x1 + x2) +m2 = m2 − 3a2 = 3a2.

Since
−→
OA ·−−→OB = 3, we find a2 = 1 and then m =

√
6. Substituting

into (12.1) and manipulating the resulting expression, we obtain

that 2x2 − 2
√
6x − 9 = 0. Clearly this equation has two different

real roots, meaning that a2 = 1 satisfies the requirement. Hence,

the equation of the hyperbola is x2 − y2

3 = 1.
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(2) Suppose that the point M exists, written as M(t, 0). From (1), the

right focus of the hyperbola is F (2, 0). Let Q(x0, y0) (x0 ≥ 1) be a

point on the right branch of the hyperbola.

When x0 �= 2, we have tan∠QFM = −kQF = − y0

x0−2 and

tan∠QMF = kQM = y0

x0−t .

Since ∠QFM = 2∠QMF , so − y0

x0−2 =
2

y0
x0−t

1−
(

y0
x0−t

)2 . Substituting

y20 = 3x2
0 − 3 into it, we have after a simplification that

−2x2
0 + (4 + 2t)x0 − 4t = −2x2

0 − 2tx0 + t2 + 3.

Thus, solving 4+2t = −2t and −4t = t2+3 together gives t = −1.

When x0 = 2, we see that ∠QFM = 90◦, and ∠QMF = 45◦ for

t = −1, satisfying ∠QFM = 2∠QMF .

Therefore, t = −1 fulfills the requirement, and the point M that

satisfies the condition exists, whose coordinates are (−1, 0).

10. Let the coordinates of P,Q,R, and S be (xi, yi) for i = 1, 2, 3, and 4,

respectively. Combining y = mx+ b and x2 + y2 = 1 implies

(1 +m2)x2 + 2mbx+ b2 − 1 = 0, (12.2)

from which x1 + x2 = − 2mb
1+m2 . Combining y = mx+ b and x2 − y2 = 1

implies

(1−m2)x2 − 2mbx− (b2 + 1) = 0, (12.3)

from which x3+x4 = 2mb
1−m2 . Since P and Q divide the line segment RS

into three equal parts, so the middle point of PQ is the middle point

of RS, thus x1 + x2 = x3 + x4. Consequently, − 2mb
1+m2 = 2mb

1−m2 , whose

solutions are m = 0 or b = 0. (1) When m = 0, the equations (12.2)

and (12.3) are just x2+b2−1 = 0 and x2−b2−1 = 0, respectively. From

|PQ| = 1
3 |RS|, we see that |x1 − x2| = 1

3 |x3 − x4|, namely 2
√
1− b2 =

1
3 · 2√1 + b2, the solutions of which are b = ± 2

5

√
5. (2) When b = 0,

similarly we get m = ± 2
5

√
5.

11. As Figure 12.1 shows, without loss of generality, assume that P (x0, y0)

is on the right branch of the hyperbola x2

a2 − y2

b2 = 1 (a > 0 and

b > 0). Then the equation of the tangent line PQ at the point P

is x0x
a2 − y0y

b2 = 1. Letting y = 0 gives the coordinates
(

a2

x0
, 0
)

of the

intersection point Q of the tangent line and the x-axis.
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Figure 12.1 Figure for Exercise 11.

By the formulas of focal radii, |PF1| = ex0 + a and |PF2| = ex0 − a,

where e = c
a is the eccentricity of the hyperbola.

Now, |F1Q| = a2

x0
+ c and |F2Q| = c − a2

x0
, so |F1Q|

|F2Q| = a2+cx0

cx0−a2 while
|PF1|
|PF2| =

ex0+a
ex0−a = cx0+a2

cx0−a2 . It follows that |F1Q|
|F2Q| =

|PF1|
|PF2| , in other words,

PQ bisects ∠F1PF2, thus proving the proposition.

12. Let P (x0, y0) be a point on the hyperbola x2

a2 − y2

b2 = 1. Then the

equation of its polar line (that is, the straight line containing the two

tangent points) with respect to the hyperbola x2

a2 − y2

b2 = k is x0x
a2 − y0y

b2 =

k, and the horizontal coordinates of its intersection points A and B with

the two asymptotes x
a − y

b = 0 and x
a + y

b = 0 are

x1 =
ak

x0

a − y0

b

and x2 =
ak

x0

a + y0

b

,

respectively.

The area of �OAB is∣∣∣∣∣∣∣
1

2

∣∣∣∣∣∣∣
0 0 1

x1 y1 1

x2 y2 1

∣∣∣∣∣∣∣

∣∣∣∣∣∣∣
=

∣∣∣∣∣
1

2

∣∣∣∣∣
x1 y1

x2 y2

∣∣∣∣∣
∣∣∣∣∣

=
1

2
|x1y2 − x2y1| = 1

2

∣∣∣∣x1 ·
(
− b

a
x2

)
− x2 · b

a
x1

∣∣∣∣
=

b

a
|x1x2| = b

a

∣∣∣∣ ak
x0

a − y0

b

· ak
x0

a + y0

b

∣∣∣∣

=

∣∣∣∣∣
abk2

x2
0

a2 − y2
0

b2

∣∣∣∣∣ = abk2 (a fixed number).

This completes the proof.
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Parabolas

1. st = 1. The coordinates of the vertex of the parabola y = ax2 +

bx + c are (− b
2a ,

4a−b2

4a ). Let s = − b
2a and t = 4a−b2

4a . Then we have
b
a = −2s and t = 1− b2

4a = 1 + bs
2 .

Since a �= 0, so the condition that a and b satisfy is equivalent to

8 + 4 · b
a = b( ba )

2. Thus,

8 + 4(−2s) = b(−2s)2 = 4s(2t− 2).

Hence, st = 1.

2. (−∞,−3] ∪ [1,+∞).

3. y = x + 2. Denote P1(x1, y1) and P2(x2, y2). Put them into the

equation x2 = y of the parabola respectively and make a subtraction.

Then we have (x1 + x2)(x1 − x2) = y1 − y2. Let the middle point of

P1P2 be M(x0, y0). Since the slope of P1P2 is 1, so 2x0 = 1, that is

x0 = 1
2 . Since x0 + y0 = 3, we obtain y0 = 5

2 . Hence, the equation of

the straight line P1P2 is y − 5
2 = x− 1

2 , namely y = x+ 2.

4.
√
2
2 . The coordinates of the point F are (12 , 0). Write A(x1, y1) and

B(x2, y2). Then x1 =
y2
1

2 and x2 =
y2
2

2 . Consequently, −1 =
−→
OA ·−−→OB =

x1x2 + y1y2 = 1
4 (y1y2)

2 + y1y2, so y1y2 = −2. Hence,

S�OFA + S�OFB =
1

2
|OF ||y1|+ 1

2
|OF ||y2|

=
1

4
(|y1|+ |y2|)

≥ 1

2

√
|y1y2| =

√
2

2
,

471
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where the equality is satisfied if and only if |y1| = |y2| =
√
2, that is, if

and only if the coordinates of A and B are A(1,
√
2) and B(1,−√

2), or

A(1,−√
2) andB(1,

√
2). Thus, the minimum value of S�OFA+S�OFB

is
√
2
2 .

5. Since the equation of the circle P is (x− 1)2 + y2 = 1, the length of its

diameter is |BC| = 2 and the center of the circle is P (1, 0).

Let the equation of the straight line l be ky = x − 1, namely

x = ky + 1. Substituting it into the equation of the parabola gives

y2 = 4ky + 4. Denote A(x1, y1) and B(x2, y2). Then y1 + y2 = 4k

and y1y2 = −4, from which

(y1 − y2)
2 = (y1 + y2)

2 − 4y1y2 = 16(k2 + 1).

Thus,

|AD|2 = (y1 − y2)
2 + (x1 − x2)

2

= (y1 − y2)
2 +

(
y21 − y22

4

)2

= 16(k2 + 1)2,

and so

|AD| = 4(k2 + 1).

Since |AB|, |BC|, and |CD| constitute an arithmetic sequence,

2|BC| = |AB|+ |CD| = |AD| − |BC|,
and so |AD| = 3|BC| = 6, that is 4(k2 + 1) = 6. Hence, k = ±

√
2
2 ,

which gives the equations of the straight lines l as x =
√
2
2 y + 1 or

x = −
√
2
2 y + 1.

6. It is easy to have the coordinates
(
p
2 , 0
)
of B. Denote A(2pt2, 2pt).

Then
−−→
AB =

(
p
2 − 2pt2,−2pt

)
and

−→
AC = (c−2pt2,−2pt). Since ∠BAC

is an acute angle,
−−→
AB · −→AC > 0, namely(p
2
− 2pt2

)
(c− 2pt2) + 4p2t2 > 0,

where c > 0 and c �= p
2 . Simplifying the above gives

(
1
2 − 2t2

)
c+4pt4+

3pt2 > 0, which is always valid for all t ∈ R if and only if ∠BAC is an

acute angle for all points A on the parabola.

Let m = t2 ≥ 0. Then f(m) = 4pm2+(3p−2c)m+ c
2 > 0 is satisfied

for any m ∈ [0,+∞).
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Since the symmetric axis of the graph of f(m) is m = − 3p−2c
8p , we

discuss two different cases as follows:

(1) − 3p−2c
8p ≤ 0, namely when 0 < c ≤ 3

2p, the desired property is

satisfied.

(2) − 3p−2c
8p > 0, namely when c > 3

2p, it holds that the discriminant

Δ = (3p− 2c)2 − 8pc < 0, from which 3
2p < c < 9

2p.

To summarize, c ∈ (0, 9
2p
)
.

7. Let the coordinates of M be (x0, y0), and let the coordinates of M1

and M2 be (x1, y1) and (x2, y2), respectively. Since A,M , and M1 are

co-linear, y1−y0

x1−x0
= y0−b

x0−b . Putting x0 =
y2
0

2p and x1 =
y2
1

2p into the above

equality, we get

y1 =
by0 − 2pa

y0 − b
. (13.1)

By the same token, since B,M , and M1 are co-linear,

y2 =
2pa

y0
. (13.2)

Thus, the equation of the straight line M1M2 is y − y2 = y1−y2

x1−x2

(x− x2). Putting x1 =
y2
1

2p and x2 =
y2
2

2p into it gives 2px− (y1 + y2)y+

y1y2 = 0. Substituting (13.1) and (13.2) into the above and after a

simplification, we have y20(2px− by)+ 2pby0(a−x)+ 2pa(by− 2pa) = 0

(�). Let the coefficients of y0 (including the constant term) be zero,

that is, let 2px − by = 0, a − x = 0, and by − 2pa = 0. Then their

solutions are x = a and y = 2pa
b . This means that when x = a and

y = 2pa
b , the equation (�) is always satisfied for any y0. In other words,

the straight line M1M2 always passes through the fixed point
(
a, 2pa

b

)
.

8. By the symmetry of a parabola, we can write P (2t2, 2t) (t > 0).

Since the equation of the circle is x2 + y2 − 2x = 0, so the equation

of the tangent chord MN is 2t2x+ 2ty − (x+ 2t2) = 0, that is,(
2t2 − 1

)
x+ 2ty − 2t2 = 0.

Thus, the double tangent lines PB and PC are just the conic sections

that pass through all the common points of the double straight line[
2t2x+ 2ty − (x+ 2t2

)]2
= 0

and the circle, whose equation is

(x− 1)2 + y2 − 1 + λ
[
2t2x+ 2ty − (x+ 2t2

)]2
= 0.
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Substituting the coordinates of the point P into the above expression

gives that λ = − 1
4t4 , and consequently the equation of the double

tangent lines PB and PC is

(x − 1)2 + y2 − 1− 1

4t4
[
2t2x+ 2ty − (x+ 2t2

)]2
= 0.

Let x = 0 in the above, giving y = 1
t y − 1 or y = 1− 1

t y.

Since there is only one tangent line PB that intersects the axis when

t = 1 and the circle (x − 1)2 + y2 = 1 is an external tangent circle of


PBC when 0 < t < 1, we must have t > 1, Consequently,

yB =
t

1 + t
, yC =

t

1− t
, |BC| = t

1 + t
− t

1− t
=

2t2

t2 − 1
.

Therefore,

S�PBC =
1

2
|BC||xP | = 1

2

2t2

t2 − 1
2t2 =

2t2

t2 − 1

= 2

[
2 + (t2 − 1) +

1

t2 − 1

]
≥ 8,

and if and only if t =
√
2, the equality holds in the above inequality.

Hence, the desired minimum value is 8.

9. Assume that A(x1, y1) and B(x2, y2) are symmetric with respect to l

and let the middle point of AB be M(x0, y0). The equation of AB is

y = − 1
mx + b. Substituting it into y = x2 gives x2 + 1

mx − b = 0. So

x0 = x1+x2

2 = − 1
2m and y0 = − 1

mx0 + b = 1
2m2 + b.

Also the point M is on the straight line y = m(x − 3), so we have
1

2m2 + b = m
(− 1

m − 3
)
. Thus,

4b = − 2

m2
− 12m− 2.

From Δ = 1
m2 +4b = 1

m2 − 2
m2 −12m−2 > 0, we obtain that m < − 1

2

(the requirement is obviously satisfied when m = 0).

10. Denote A(x1, y1), B(x2, y2), C(x3, y3), and D(x4, y4). Let the equation

of the circle containing A,B,C and D be x2 + y2 + dx + ey + f = 0.

Combining it with y2 = 2px and eliminating x, we get

y4

4p2
+ y2 +

dy2

2p
+ ey + f = 0.
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By Vieta’s theorem, the four roots y1, y2, y3, and y4 of the equation

satisfy

y1 + y2 + y3 + y4 = 0.

Now,

kAB =
y1 − y2
x1 − x2

=
y1 − y2
y2
1

2p − y2
2

2p

=
2p

y1 + y2
= 1.

So,

kCD =
2p

y3 + y4
=

2p

−(y1 + y2)
= −1.

Hence, AB ⊥ CD.

11. (1) Substituting the equation y = x − 1 of l into y2 = 4x gives x2 −
6x+1 = 0. Denote A(x1, y1) and B(x2, y2). Then x1+x2 = 6 and

x1x2 = 1. So,

−→
OA · −−→OB = x1x2 + y1y2 = 2x1x2 − (x1 + x2) + 1 = −3,

|−→OA||−−→OB| =
√
x2
1 + y21

√
x2
2 + y22

=
√
x1x2[x1x2 + 4(x1 + x2) + 16] =

√
41,

cos〈−→OA,
−−→
OB〉 = − 3

41

√
41.

Hence, the angle of
−→
OA and

−−→
OB is π − arccos 3

41

√
41.

(2) The given condition
−−→
FB = λ

−→
AF means that (x2 − 1, y2) = λ(1 −

x1,−y1), in other words,

x2 − 1 = λ(1 − x1), (13.3)

y2 = −λy1, (13.4)

From (13.4), y22 = λ2y21 . Also y21 = 4x1 and y22 = 4x2. It follows that

x2 = λ2x1. (13.5)

Solving (13.3) and (13.5) together gives x2 = λ. From the condition,

λ > 0, so we have the points B(λ, 2
√
λ) or B(λ,−2

√
λ). Since the

focus is F (1, 0), the straight lines l are (λ − 1)y = 2
√
λ(x − 1) or

(λ− 1)y = −2
√
λ(x− 1).

Therefore, the intercepts of l in the y-axis are 2
√
λ

λ−1 or −2
√
λ

λ−1 .
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From 2
√
λ

λ−1 = 2√
λ+1

+ 2
λ−1 (or using a derivative argument), we know

that 2
√
λ

λ−1 is decreasing on [4, 9].

Hence, the range of the intercepts of l in the y-axis is
[− 4

3 ,− 3
4

] ∪[
3
4 ,

4
3

]
.

12. The intersection point (x0, y0) of the parabola y2 = nx − 1 and the

straight line y = x satisfies x0 = y0 and x2
0 = nx0− 1. So, x0+

1
x0

= n.

If (xm
0 , ym0 ) is the intersection point of the parabola y2 = kx− 1 with

the straight line y = x, then x2m
0 = kxm

0 − 1, namely k = xm
0 + 1

xm
0
.

Denote km = xm
0 + 1

xm
0
. Then km+1 = km(x0 +

1
x0
) − km−1 = nkm −

km−1 (m ≥ 2). Since k1 = x1
0 + 1

x1
0
= n is a positive integer, k2 =

x2
0 +

1
x2
0
=
(
x0 +

1
x0

)2
− 2 = n2 − 2 is also a positive integer, and the

above recursive relation implies that km must be a positive integer.

Since x0 +
1
x0

= n, we see that x0 > 0, from which km = xm + 1
xm

≥ 2.

Hence, km = xm + 1
xm

are positive integers not less than 2 for all

positive integers m.

Therefore, for any positive integer m, there exists k = xm + 1
xm

such

that y2 = kx− 1 and y = x intersect at (xm
0 , ym0 ).
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Parametric Equations

1.
(
x+ 2

3

)2
+
(
y − 4

3

)2
= 64

9 .

2. x2

a2 − y2

b2 = 1. Write M(a cos θ, 0) with θ ∈ [0, 2π). Then we have

P (a cos θ, b sin θ) and P ′(a cos θ,−b sin θ). So, the equations of PA and

P ′A′ are y
x+a = b sin θ

a(cos θ+1) and y
x−a = −b sin θ

a(cos θ−1) , respectively. Multiply-

ing the two equations gives y2

x2−a2 = b2

a2 , namely x2

a2 − y2

b2 = 1.

3. 12. Let the parametric equations of the straight line be⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x = −2−

√
2

2
t,

y = 3 +

√
2

2
t,

(t is a parameter).

Substituting them into the equation of the circle gives t2 + 5
√
2t −

12 = 0. Then |PA||PB| = |t1t2| = 12.

4. 20. Denote P (4 cosα, 2 sinα) and Q(4 cosβ, 2 sinβ). Since the prod-

uct of the slopes of OP and OQ is − 1
4 , so

2 sinα
4 cosα · 2 sin β

4 cosβ = − 1
4 , which

is simplified to cos(α− β) = 0. Consequently,

α = 2kπ ± π

2
+ β.

Thus, |OP |2 + |OQ|2 = 16 cos2 α+ 4 sin2 α+ 16 cos2 β + 4 sin2 β = 20.

5. Denote P (x0, y0), A(2 cos θ,
√
2 sin θ), and B(2 cos θ,−√

2 sin θ). Then

x0 = 2 cos θ. From |PA||PB| = 1, we have |√2 sin θ − y0||y0 +√
2 sin θ| = 1, that is y20 = 2 sin2 θ ± 1 = 2 − 2 cos2 θ ± 1. Substi-

tuting cos θ = x0

2 into it gives y20 = 2− 1
2x

2
0 ± 1, namely

x2
0

6 +
y2
0

3 = 1 or
x2
0

2 +y20 = 1. Since x0 = 2 cos θ, and l intersects the ellipse at two points,

477
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so −2 < x0 < 2. Hence, the trajectory of the point P has the equation
x2

6 + y2

3 = 1 (−2 < x < 2) or x2

2 + y2 = 1.

6. The parametric equations of the ellipse are x = a cos θ and y = b sin θ.

The coordinates of the points A and N are

A(−a, 0), N(a cos θ, b sin θ),

respectively. Then the parametric equations of the straight line AN are

x = −a + t cos θ and y = t sin θ. Substituting them into the equation

of the ellipse, we obtain

(b2 cos2 θ + a2 sin2 θ)t2 − 2ab2t cos θ = 0,

|AN | = t =
2ab2 cos θ

b2 cos2 θ + a2 sin2 θ
, |AM | = a

cos θ

(
θ �= π

2

)
.

Figure 14.1 Figure for Exercise 6.

Therefore,

|AM ||AN | = 2a2b2

b2 cos2 θ + a2 sin2 θ
.

From AN ‖ CD, the coordinates of C and D are C(−|OD| cos θ,
−|OD| sin θ) and D(|OD| cos θ, |OD| sin θ).
As in Figure 14.1, since C and D are on the ellipse,

|CO|2 =
a2b2

b2 cos2 θ + a2 sin2 θ
,

while

|CO||CD| = 2|CO|2 =
2a2b2

b2 cos2 θ + a2 sin2 θ
.
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Therefore,

|AM ||AN | = |CO||CD|.

7. From the condition, the right focus of the hyperbola is F (c, 0).

Let the inclination angle of the straight line l be α and the parametric

equations of l be x = c+ t cosα and y = t sinα, where t is a parameter.

Substituting them into the equation of the hyperbola, we have

(b2 cos2 α− a2 sin2 α)t2 + 2b2ct cosα+ b4 = 0,

namely

(c2 cos2 α− a2)t2 + (2b2c cosα)t + b4 = 0.

Then

t1t2 =
b4

c2 cos2 α− a2
,

|t1 − t2| = 2b2
√
c2 cos2 α− (c2 cos2 α− a2)

|c2 cos2 α− a2|

=
2ab2

|c2 cos2 α− a2| .

Since |OF ||AB| = |FA||FB|, that is,
2ab2c

|c2 cos2 α− a2| =
b4

|c2 cos2 α− a2| ,

it follows that 2ac = b2, namely e2 − 2e − 1 = 0. Since e > 1, so

e = 1 +
√
2.

8. (1) According to the definition of hyperbolas, |MA| − |MB| = 2 cos θ,

so the trajectory of the point M is the branch of a hyperbola with

the foci A and B and the real axis length 2 cos θ, which is near B.

(2) Set up an appropriate coordinates system. Then the equation

of the circle is (x + cos θ)2 + y2 = 4 cos2 θ. When |MN | is of

the minimum value, we have M(cos θ, 0), N(sin θ, 0), and f(θ) =

| cos θ − sin θ| = ∣∣√2 sin
(
θ − π

4

)∣∣. From θ ∈ (0, π
2

)
, we know that

0 < f(θ) < 1.

9. (1) Write P (a sec θ, b tan θ) and let the equations of the two asymptotes

of the hyperbola be l1 : bx−ay = 0 and l2 : bx+ay = 0, respectively.
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The condition PQ ‖ l2 implies that kPQ = − b
a . We may assume

that the parametric equations of the straight line PQ are

⎧⎪⎪⎨
⎪⎪⎩
x = a sec θ − a√

a2 + b2
t,

y = b tan θ +
b√

a2 + b2
t,

(t is a parameter).

Substituting them into the equation of l1 gives

b

(
a sec θ − a√

a2 + b2
t

)
− a

(
b tan θ +

b√
a2 + b2

)
= 0,

whose solution is t = 1
2

√
a2 + b2(sec θ − tan θ). Thus,

|PQ| = |t| = 1

2

√
a2 + b2| sec θ − tan θ|.

By the same token, |PR| = 1
2

√
a2 + b2| sec θ + tan θ|. Hence,

|PQ||PR| = 1

4
(a2 + b2)| sec2 θ − tan2 θ| = 1

4
(a2 + b2).

(2) The area formula is from the following:

S PQOR = |OR||OQ| sin∠ROQ = |PQ||PR| 2 tan∠xOQ

1 + tan2 ∠xOQ

=
1

4
(a2 + b2)

2 · b
a

1 +
(
b
a

)2 =
1

2
ab.

10. (1) Denote P (a cos θ, b sin θ). Then the equation of the polar line (that

is, the tangent chord) of the point P with respect to the circle

x2 + y2 = b2 is a cos θ · x + b sin θ · y = b2. Letting y = 0 gives

x = b2

a cos θ , and letting x = 0 gives y = b
sin θ . In other words,

|OM | = b2

a| cos θ| and |ON | = b
| sin θ| . Consequently,

S�OMN =
1

2
|OM ||ON | = b3

a| sin 2θ| ≥
b3

a
.

(2) Suppose that there exist such two tangent lines. Since OA ⊥
PA,OB ⊥ PB, and |OA| = |OB|, we know that OAPB is a

square, so |OP | = √
2b. Conversely, if |OP | = √

2b, then OAPB is

a square.
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Hence, there must be |OP | = √
2b, namely a2 cos2 θ+ b2 sin2 θ = 2b2,

from which cos2 θ = b2

a2−b2 , and so b2

a2−b2 ≤ 1 since cos2 θ ≤ 1. That is,

there exists such a point P only when a ≥ √
2b.

When a =
√
2b, we see that cos θ = ±1. Then the coordinates of the

point P are (a, 0) or (−a, 0).

When a >
√
2b, we have cos θ = ± b2√

a2−b2
, and then sin θ =

±
√
a2−2b2√
a2−b2

. Namely the coordinates of the point P are

(
ab√

a2 − b2
,±b

√
a2 − 2b2√
a2 − b2

)
or

(
− ab√

a2 − b2
,±b

√
a2 − 2b2√
a2 − b2

)
.

When a <
√
2b, there does not exist such a point P on the ellipse.

11. Denote P (x0, y0). Let the parametric equations of l1 be x = x0+t cosα

and y = y0 + t sinα with t a parameter, and the parametric equations

of l2 be x = x0 + m cosβ and y = y0 + m sinβ with m a parameter.

Substituting the equations for l1 into the equation of the ellipse, we get

(b2 cos2 α+ a2 sin2 α)t2 + 2(b2x0 cosα+ a2y0 sinα)t

+b2x2
0 + a2y20 − a2b2 = 0.

Then

t1t2 =
b2x2

0 + a2y20 − a2b2

b2 cos2 α+ a2 sin2 α
.

By the same token,

m1m2 =
b2x2

0 + a2y20 − a2b2

b2 cos2 β + a2 sin2 β
.

Since α + β = π, we have | sinα| = | sinβ| and | cosα| = | cosβ|.
Thus, |t1t2| = |m1m2|, that is, |PA||PB| = |PC||PD|. By the knowl-

edge of plane geometry, the four points A,B,C, and D are on the same

circle.

12. Write M(a sec θ, b tan θ) and N(a secα, b tanα). Then the equation of

the straight line MN is

y =
b tan θ − b tanα

a sec θ − a secα
(x− a sec θ) + b tan θ.
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Substituting the point F (c, 0) into the above, we obtain in succession

that

b tan θ − b tanα

a sec θ − a secα
(c− a sec θ) + b tan θ = 0,

a sec θ − c =
a tan θ(cosα− cos θ)

sin θ cosα− cos θ sinα
,

c

a
=

tan θ cosα− sinα− tan θ cosα+ sin θ

sin(θ − α)

=
sin θ − sinα

sin(θ − α)
.

With the point A(−a, 0) in mind, we know that the equation of the

straight line AM is y = b tan θ
a sec θ+a (x + a). By substituting x = a2

c into

it, we have

y =
(a+ c)b tan θ

c(sec θ + 1)
.

Therefore, the coordinates of the point P are
(

a2

c ,
(a+c)b tan θ
c(sec θ+1)

)
.

Similarly, the coordinates of the point Q are
(

a2

c ,
(a+c)b tanα
c(secα+1)

)
.

Let the middle point of the side PQ be R. To make the conclusion

be true, we need the equality |PQ| = 2|RF |. In other words,

∣∣∣∣a+ c

2c

(
b tan θ

sec θ + 1
− b tanα

secα+ 1

)∣∣∣∣

=

√(
a2

c
− c

)2

+

(
a+ c

2c

)2(
b tan θ

sec θ + 1
+

b tanα

secα+ 1

)2

⇐ 4b2 tan θ tanα

(sec θ + 1)(secα+ 1)

(
a+ c

2c

)2

= −
(
a2 − c2

c

)2

⇐ − b2

(a+ c)2
=

tan θ tanα

(sec θ + 1)(secα+ 1)

=
sin θ sinα

(cos θ + 1)(cosα+ 1)
= tan

θ

2
tan

α

2
.
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On the other hand,

c

a
=

sin θ − sinα

sin(θ − α)

=
2 sin θ−α

2 cos θ+α
2

2 sin θ−α
2 cos θ−α

2

=
cos θ+α

2

cos θ−α
2

=
1− tan θ

2 tan
α
2

1 + tan θ
2 tan

α
2

.

Therefore, tan θ
2 tan

α
2 = − c2−a2

(a+c)2 = − b2

(a+c)2 , and so the conclusion is

proved.
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Solutions for Chapter 15

Families of Curves

1. 39x+ 13y − 25 = 0. Let the equation of the straight line be

(2x− 3y − 1) + λ(3x+ 2y − 2) = 0,

which is rewritten as

(2 + 3λ)x+ (−3 + 3λ)y + (−1− 2λ) = 0. (15.1)

Since the slope of the known straight line y + 3x = 0 is −3, we have

− 2+3λ
−3+2λ = −3, from which λ = 11

3 . Substituting λ = 11
3 into (15.1)

gives 39x+ 13y − 25 = 0.

2. x2 + y2 − 11x + 3y − 30 = 0. Let the equation of the circle be

(x− 8)2 + (y − 6)2 + λ(x+ 3y− 26) = 0. Substituting (−2,−4) into it

and solving for λ give λ = 5.

3. x2

10 + y2

6 = 1 or 2x2

5 − 2y2

3 = 1.

4. (x−2)2

6 + (y−1)2

12 = 1. Let the desired equation of the curve be (x −
4)2 + n(y − 3)2 + μ(2x + y − 1) = 0. Substituting the coordinates of

Q and R into the equation gives n = 1
2 and μ = 2. Putting them back

into the equation, we obtain (x−2)2

6 + (y−1)2

12 = 1.

5. From x2

a2 + y2

b2 = 1 ≥ 2
√

x2y2

a2b2 = 2xy
ab , we see that the area of the

quadrilateral S = 4|xy| ≤ 2ab, and if and only if x =
√
2
2 b and y =√

2
2 a, the area achieves its maximum value. Let the equation of the

hyperbola be y2

m2 − x2

a2−b2−m2 = 1. Substituting
(√

2
2 b,

√
2
2 a
)
into it, we

have 2y2

a2−b2 − 2x2

a2−b2 = 1. Thus, the coordinates of the four vertices are(√
2
2 b,

√
2
2 a
)
,
(√

2
2 b,−

√
2
2 a
)
,
(
−

√
2
2 b,

√
2
2 a
)
, and

(
−

√
2
2 b,−

√
2
2 a
)
.

485
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6. Set up a coordinates system, and denote A(0, a), B(b, 0), C(c, 0), and

H(0, h). Then

BH :
x

b
+

y

h
= 1,

AC :
x

c
+

y

a
= 1.

The family of the straight lines passing through the intersection point

of BH and AC is given by

λ
(x
b
+

y

h
− 1
)
+ μ

(x
c
+

y

a
− 1
)
= 0.

Let λ = 1 and μ = −1. Then

x

(
1

b
− 1

c

)
+ y

(
1

h
− 1

a

)
= 0.

Since this straight line passes through the origin, it is just the straight

line DE. By the same token, the equation of DF is

x

(
1

c
− 1

b

)
+ y

(
1

h
− 1

a

)
= 0.

Clearly, the slopes of DE and DF are opposite numbers, so AD bisects

the angle formed by ED and DF .

7. With A as the origin and AB as the x-axis, set up a coordinates system.

Denote B(a, 0) and M(t, 0) (0 < t < a). Then the equations of the

circumcircles of the two squares are x2 + y2 − tx− ty = 0 and

x2 + y2 − (a+ t)x− (a− t)y + at = 0.

Subtracting them gives the equation of MN as ax+(a− 2t)y− at = 0,

namely

ax+ ay − t(2y + a) = 0.

Hence, such MN always pass through the fixed point
(
a
2 ,−a

2

)
.

8. Write A(x1, y1) and B(x2, y2). Then

3x2
1 + y21 = λ, (15.2)

3x2
2 + y22 = λ. (15.3)

(15.2) − (15.3) gives

3(x1 − x2)(x1 + x2) + (y1 − y2)(y1 + y2) = 0,
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namely

y1 − y2
x1 − x2

= −3(x1 + x2)

y1 + y2
= −1,

which implies the equation x + y − 4 = 0 of AB and the equation

x− y + 2 = 0 of CD. Since N(1, 3) is on the ellipse, so λ > 12.

The equation of the conic section passing through A,B,C, and D is

(3x2 + y2 − λ) + μ(x+ y − 4)(x− y + 2) = 0.

Its simplified version is

(3 + μ)x2 + (1− μ)y − 2μx+ 6μy − 8μ− λ = 0.

Letting 3 + μ = 1− μ gives μ = −1, and substituting it into the above

expression, we obtain

x2 + y2 − x+ 3y − 4 +
λ

2
= 0.

Hence, for any λ > 12, the four points A,B,C, and D are on the same

circle.

9. The family of the curves pass through the origin. While y = 2x also

passes through the origin, so the lengths of the chords obtained by

the intersections of the family of the curves to y = 2x depend on the

coordinates of the other intersection points. Substituting y = 2x into

the equation of the curves gives (2 sin θ− cos θ+3)x2− (8 sin θ+cos θ+

1)x = 0. Also, 2 sin θ−cos θ+3 =
√
5 sin

(
θ − arctan 1

2

)
+3 �= 0. When

x �= 0, we have x = 8 sin θ+cos θ+1
2 sin θ−cos θ+3 . Let sin θ = 2u

1+u2 and cos θ = 1−u2

1+u2 .

Then x = 8u+1
2u2+2u+1 . Hence, 2xu2 + 2(x − 4)u + (x − 1) = 0. From

u ∈ R we know that, when x �= 0, the discriminant

Δ = [2(x− 4)]2 − 8x(x− 1)

= 4(−x2 − 6x+ 16)

≥ 0,

that is x2 +6x− 16 ≤ 0 and x �= 0, and namely −8 ≤ x ≤ 2 and x �= 0.

Therefore, |x|max = 8. From y = 2x we know that |y|max = 16. Hence,

the maximum value of the chord length is
√
82 + 162 = 8

√
5.
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10. Let the equations of the three circles be respectively

x2 + y2 +D1x+ E1y + F1 = 0, (15.4)

x2 + y2 +D2x+ E2y + F2 = 0, (15.5)

x2 + y2 +D3x+ E3y + F3 = 0, (15.6)

(15.4) − (15.5) gives

(D1 −D2)x + (E1 − E2)y + F1 − F2 = 0, (15.7)

(15.5) − (15.6) gives

(D2 −D3)x + (E2 − E3)y + F2 − F3 = 0, (15.8)

and (15.6) − (15.4) gives

(D3 −D1)x + (E3 − E1)y + F3 − F1 = 0. (15.9)

If (15.7) and (15.8) have an intersection point, then adding (15.7)

and (15.8) results in (15.9), so the three lines have a common point.

If (15.7) and (15.8) have no intersection point, namely they are par-

allel, then there exists a real number k such that

D1 −D2 = k(D2 −D3),

E1 − E2 = k(E2 − E3),

F1 − F2 �= k(F2 − F3).

So, D3 −D1 = D3 −D2 +D2 −D1 = (1 + k)(D3 −D2).

By the same token, E3 − E1 = (1 + k)(E3 − E2) and F3 − F1 �=
(1 + k)(F3 − F2).

Consequently, (15.8) and (15.9) are parallel, so the three lines are

mutually parallel.

11. With O as the origin and EF as the x-axis, set up a rectangular coordi-

nates system. Denote E(−x0, 0) and F (x, 0), and let the radius of the

circleM be r. Then the equation of the circle is (x−x0)
2+(y−r)2 = r2,

that is,

x2 + y2 − 2x0x− 2ry + x2
0 = 0. (15.10)

We may assume that the equations of the two straight lines AB and

CD passing through E are h1y = x+x0 and h2y = x+x0 respectively,
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the combination of which is

(x− h1y + x0)(x − h2y + x0) = 0. (15.11)

And the equations of the two straight lines BD and AC are y = kx

and ax+ by + c = 0 respectively, the combination of which is

(y − kx)(ax + by + c) = 0. (15.12)

The family of the curves generated by (15.10) and (15.11) pass through

A,B,C, and D, while the curve (15.12) also passes through A,B,C,

and D, so (15.12) is one of the family of the curves.

Comparing the constant terms of the family of the curves gener-

ated by (15.10) and (15.11) with (15.12), we find that (15.12) can be

obtained by subtracting (15.10) and (15.11), after which there is no x2

term. Consequently, a = 0 in (15.12). In other words, AC ‖ EF .

12. As in Figure 15.1, with A as the origin and the straight line AC as the

x-axis, set up a rectangular coordinates system. Denote the coordinates

of the points C,F,D, and B as (c, 0), (f, 0), (xD, kxD), and (xB ,−kxB).

Then the equation of the straight line DF is

x− f +
f − xD

kxD
y = 0, (15.13)

and the equation of the straight line BC is

x− c+
c− xB

−kxB
y = 0. (15.14)

Figure 15.1 Figure for Exercise 12.



March 14, 2022 15:46 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-study15 page 490

490 Problems and Solutions in Mathematical Olympiad: High School 2

Subtracting (15.14) multiplied by f from (15.13) multiplied by c, we get

(c− f)x+
1

k

[
cf

(
1

xD
+

1

xB

)
− (c+ f)

]
y = 0. (15.15)

The straight line represented by (15.15) passes through the origin A,

and also the intersection point G of DF and BC, thus (15.15) is the

equation of the straight line AG. Similarly, we can obtain the equation

(c− f)x− 1

k

[
cf

(
1

xD
+

1

xB

)
− (c+ f)

]
y = 0. (15.16)

of the straight line AE. The slopes of (15.15) and (15.16) are opposite

numbers, hence ∠GAC = ∠EAC.
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Derivatives

1. 3
√
3

3 . The range of the x values is |x| ≤ 1. Since we want to find the

maximum value, we can assume that 0 < x ≤ 1. Let x = sinα with

α ∈ (0, π2 ]. Then y = sinα(1 + cosα) and y′ = cosα+ cos 2α. Letting

y′ = 0 gives 2α = π − α, so α = π
3 and the corresponding values of x

and y are x =
√
3
2 and y = 3

√
3

3 .

2. 13
16π

2. Since {an} is an arithmetic sequence with common difference
π
8 , and f(a1) + f(a2) + · · ·+ f(a5) = (2a1 − cos a1) + (2a2 − cos a2) +

· · ·+ (2a5 − cos a5) = 5π, namely

2(a1 + a2 + · · ·+ a5)− (cos a1 + cos a2 + · · ·+ cos a5) = 5π,

so we have

10a3 −
[
cos
(
a3 − π

4

)
+ cos

(
a3 − π

8

)
+ cos a3

+ cos
(
a3 +

π

8

)
+ cos

(
a3 +

π

4

)]
= 5π.

Denote g(x) = 10x − (2 cos π
4 + 2 cos π

8 + 1
)
cosx − 5π. Then g′(x) =

10 +
(
2 cos π

4 + 2 cos π
8 + 1

)
sinx > 0, that is, g(x) is a monotonically

increasing function on R, and it has a unique zero x = π
2 . Thus,

a3 = π
2 . Therefore,

f(a3)
2 − a1a5 =

(
π − cos

π

2

)2
−
(π
2
− π

4

)(π
2
+

π

4

)
=

13

16
π2.

3.
√
2. Since the curves of y = ex and y = lnx are symmetric with

respect to the straight line y = x. The desired minimum value of |PQ|
is 2 times the minimal distance of the point on the curve y = ex to the

491
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straight line y = x. Let P (x, ex) be any point on y = ex. Then the

distance of P to the straight line y = x is d(x) = |ex−x|√
2

= ex−x√
2
. We

have d′(x) = ex−1√
2
.

When x > 0, we see that d′(x) > 0, so d(x) is monotonically increas-

ing; when x < 0, we get d′(x) < 0, so d(x) is monotonically decreasing.

Thus, d(x)min = d(0) =
√
2
2 , namely |PQ|min =

√
2.

4. (0, 2). Let g(x) = f(x) − 1
2x. Then g′(x) = f ′(x) − 1

2 < 0, so g(x)

is a decreasing function on R.

Since f(log2 x) >
log2 x+1

2 , we obtain that

f(log2 x)−
1

2
log2 x >

1

2
= f(1)− 1

2
,

that is, g(log2 x) > g(1). Hence, log2 x < 1, from which 0 < x < 2.

5. (1) The inequality to be proved is equivalent to e−x < 1
x+1 , namely

−x < − ln(x+1). Let h(x) = x− ln(x+1). Then h′(x) = 1− 1
x+1 ,

so h(x) is monotonically increasing on [0,+∞), and thus h(x) >

h(0) = 0 when x > 0.

(2) Denote g(x) = − ln 1−e−x

x . Then an+1 = g(an). To show that

{an} is decreasing, it is enough to show that g(x) < x when x > 0.

In fact, g(x) < x is equivalent to ln 1−e−x

x > −x, namely

1− e−x > xe−x.

Note that f(x) = 1− e−x. So, the above inequality is also equiva-

lent to f(x) > x[1− f(x)], that is, f(x) > x
x+1 , which was already

proved in (1).

To show that an < 1
2n , it is sufficient to show that g(x) < x

2 when

x > 0. This is equivalent to

1− e−x

x
> e−

x
2 ,

namely e
x
2 − e−

x
2 > x. For this purpose, let F (x) = e

x
2 − e−

x
2 − x.

Then

F ′(x) =
1

2
(e

x
2 + e−

x
2 )− 1 ≥ 0,

and the equality holds if and only if e
x
2 = e−

x
2 = 1, that is x = 0. Thus,

F (x) is monotonically increasing on [0,+∞). Hence, F (x) > F (0) = 0,

and so e
x
2 − e−

x
2 > x is proved.
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6. First we show: If m > n ≥ 3, then nm > mn, that is, nm−mn

n+m > 0.

Let f(x) = ln x
x . Note that f ′(x) = 1−ln x

x2 < 0 when x > e. Then

f(x) is monotonically decreasing on the interval (e,+∞). Thus, lnn
n >

lnm
m , namely m lnn > n lnm. Hence, nm = em lnn > en lnm = mn.

When n = 2, it is enough to choose m = 10.

Assume n > 2. Then nm − mn ≡ nm − (−n)n = nn(nm−n −
(−1)n) (mod m+n). Choose m = knn−n (k ∈ Z+). So, m+n = knn,

and consequently (m+ n) | (nm −mn) ⇔ k | [nm−n − (−1)n].

(1) When n is an odd number, nm−n − (−1)n is an even number. It

is enough to choose k = 2. Now, m = 2nn − n.

(2) When n is an even number, nm−n − (−1)n = nm−n − 1 can be

divided by n − 1. It is enough to choose k = n − 1. Then m =

(n− 1)nn − n.

7. (1) Since f ′(x) = 1
1+x − 2 + ax, so f ′(0) = −1. Thus, the equation of

the tangent line l to the curve C at the point P is y = −x + 1.

Also the straight line l and the curve C have one and only one

common point P , hence the equation f(x) = −x+ 1 with respect

to x, namely

ln(1 + x) − x+
1

2
ax2 = 0, (16.1)

has a unique real number solution x = 0 in the interval (−1,+∞).

Let g(x) = ln(1 + x)− x+ 1
2ax

2 (x > −1). Then

g′(x) =
1

1 + x
− 1 + ax

=
ax
(
x− 1−a

a

)
1 + x

(x > −1).

If a = 1, then g′(x) = x2

1+x ≥ 0, so the function g(x) is monotoni-

cally increasing in the interval (−1,+∞). Thus, the equation (16.1)

has a unique real number solution, satisfying the requirement.

When a > 1, we have −1 < 1−a
a < 0.

If −1 < x < 1−a
a , then g′(x) > 0; if 1−a

a < x < 0, then g′(x) < 0.

Hence, the function g(x) is monotonically increasing in the interval(−1, 1−a
a

)
and monotonically decreasing in the interval

(
1−a
a , 0

)
.

Hence, g(x)max = g
(
1−a
a

)
> g(0) = 0.

When x → −1, we see that g(x) → −∞, from which the function

g(x) has another zero in the interval
(−1, 1−a

a

)
, not satisfying the

requirement.

In summary, a = 1.
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(2) From the given condition, f ′(x) = ax2+(a−2)x−1
1+x (x > −1).

A sufficient condition for the existence of an interval [x1, x2]

on which the function f(x) is monotonically decreasing is that the

strict inequality f ′(x) < 0 is satisfied for all x ∈ [x1, x2] (x1 > −1),

that is,

h(x) = ax2 + (a− 2)x− 1 < 0.

Since the discriminant Δ = (a − 2)2 + 4a = a2 + 4 > 0, the x

coordinate of the symmetric axis x = −a−2
2a > −1, and h(−1) =

1 > 0, so the equation h(x) = 0 has two different real roots x1 and

x2 in the interval (−1,+∞). Then

x1 + x2 = −a− 2

a
, x1x2 = −1

a
,

(x2 − x1)
2 = (x1 + x2)

2 − 4x1x2 =

(
−a− 2

a

)2

+
4

a
= 1 +

4

a2
.

Also a ≥ 1, hence 1 < (x2 − x1)
2 ≤ 5 ⇒ 1 < x2 − x1 ≤ √

5.

Therefore, the range of the values for x2 − x1 is (1,
√
5].

8. (1) From y = x2

8 + b we get y′ = x
4 . From yG = yF = b + 2, we have

xG = 4. The slope of the tangent line to the parabola at the point

G is 1, the equation of the straight line F1G is y−(b+2) = x−4, and

the point F1(b, 0) is on the line. So −(b+2) = b−4, whose solution

is b = 1. Therefore, the equation of the ellipse is x2

2 + y2 = 1 and

the equation of the parabola is x2 = 8(y − 1).

(2) Draw two perpendicular lines to the x-axis at A and B respectively,

which intersect the parabola at points P1 and P2. These are the

two points on the parabola that make �PAB a right triangle.

If ∠APB = 90◦, then yP

xP−√
2
· yP

xP+
√
2
= −1, that is, y2P +x2

P −2 = 0.

Also y2P + 8yP − 10 = 0 from x2
P = 8(yP − 1). Solving the above gives

yP = −4 ± √
26. Since yP ≥ 1, we have yP =

√
26 − 4. Hence, there

are two points on the parabola that make ∠APB = 90◦.
To summarize, there are totally four points on the parabola that

make �APB a right triangle.

9. (1) First, f ′(x) = 1
x − a

x2 = x−a
x2 for x > 0.

When a ≤ 0, we see that f ′(x) > 0, so f(x) is monotoni-

cally increasing in (0,+∞), and consequently there is no minimum

value, not satisfying the meaning of the problem.

When a > 0, if 0 < x < a, then f ′(x) < 0; if x > a, then

f ′(x) > 0. Thus, the function f(x) is monotonically increasing in

(0, a) and monotonically decreasing in (a,+∞).
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Hence, f(x)min = f(a) = ln a− a+ 1.

Let g(a) = ln a− a+ 1 (a > 0). Then

g′(a) =
1

a
− 1 =

1− a

a
.

If 0 < a < 1, then g′(a) > 0; if a > 1, then g′(a) < 0. So, the func-

tion g(a) is monotonically increasing in (0, 1) and monotonically

decreasing in (1,+∞).

Thus, g(a) ≤ g(1) = 0, and the equality holds if and only if

a = 1.

Hence, f(x) achieves its minimum value 0 when a = 1.

(2) From (1), f(x) = lnx+ 1
x − 1, so

an+1 = f(an) + 2 = ln an +
1

an
+ 1.

From a1 = 1, we get a2 = 2, and so a3 = ln 2 + 3
2 . Since

1
2 < ln 2 < 1, from which 2 < a3 < 3.

In the following, we use mathematical induction to show that

2 < an < 3 for n ≥ 3.

(I) When n = 3, the conclusion was already prove above.

(II) Suppose that when n = k (k ≥ 3), we have 2 < ak < 3. Then for

n = k + 1,

ak+1 = ln ak +
1

ak
+ 1.

From (1) we know that h(x) = f(x)+2 = lnx+ 1
x +1 is monotonically

increasing in (2, 3). Thus, h(2) < h(ak) < h(3), that is,

ln 2 +
3

2
< h(ak) < ln 3 +

1

3
+ 1.

Since ln 2 > 1
2 and ln 3 < 5

3 , so 2 < h(ak) < 3, namely 2 < ak+1 < 3.

That is, the conclusion is true for n = k + 1.

By (I) and (II), 2 < an < 3 for all integers n ≥ 3.

It follows that [a1] = 1 and [an] = 2 for n ≥ 2.

Therefore, Sn = [a1] + [a2] + · · ·+ [an] = 1 + 2(n− 1) = 2n− 1.

10. (1) Taking derivative gives that

f ′(x) =
2 ln(1 + x)

1 + x
− x2 + x

(1 + x)2

=
2(1 + x) ln(1 + x)− x2 − 2x

(1 + x)2
.

Let g(x) = 2(1+x) ln(1+x)−x2−2x. Then g′(x) = 2 ln(1+x)−2x.
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Let h(x) = 2 ln(1 + x)− 2x. Then h′(x) = 2
1+x − 2 = −2x

1+x .

Thus, h′(x) > 0 when x ∈ (−1, 0), so h(x) is an increasing

function on (−1, 0); also h′(x) < 0 when x ∈ (0,+∞), so h(x) is a

decreasing function on (0,+∞).

Hence, h(x) ≤ h(0) = 0 when x ∈ (−1,+∞), and g(x) is a

decreasing function on (−1,+∞).

Also, since g(0) = 0, so g(x) > g(0) = 0 when x ∈ (−1, 0), that

is, f ′(x) > 0; also g(x) < g(0) = 0 when x ∈ (0,+∞), that is,

f ′(x) < 0.

It follows that for f(x), the interval of increase is (−1, 0) and

the interval of decrease is (0,+∞).

(2) Let G(x) = 1
ln(1+x) − 1

x for x ∈ (0, 1]. Then

G′(x) =
(1 + x)[ln(1 + x)]2 − x2

x2(1 + x)[ln(1 + x)]2
.

By (1), f(x) < f(0) = 0 with x ∈ (0, 1], namely [ln(1 + x)]2 −
x2

1+x < 0. Thus, G′(x) < 0, and so G(x) is a decreasing function

on (0, 1].

Since a ≤ 1

ln(1+ 1
n)

− n for any n ∈ N+, by letting n = 1 we have

a ≤ 1

ln(1 + 1)
− 1 =

1

ln 2
− 1.

Hence, the maximum value for a that makes
(
1 + 1

n

)n+a ≤ e be

satisfied for all n ∈ N+ is 1
ln 2 − 1.

11. The domain of the function f(x) is (−1,+∞).

(1) When a = 1, since f(x) = ln(x + 1) + 2
x+1 + x − 2, we have

f ′(x) = x(x+3)
(x+1)2 . We find that f ′(x) < 0 when −1 < x < 0 and

f ′(x) > 0 when x > 0. So, f(x) is a decreasing function on the

interval (−1, 0] and increasing function on the interval [0,+∞).

Thus, for a = 1, the minimum value of f(x) is f(0) = 0.

(2) (i) From (1), f(x) ≥ 0 is always satisfied when a = 1, namely

ln(x+ 1) +
2

x+ 1
+ x− 2 ≥ 0

for all x ∈ (−1,+∞). So, when a ≥ 1 and x ∈ [0, 2],

f(x) = ln(x+ 1) +
2

x+ 1
+ x− 2 + (a− 1)x

≥ ln(x+ 1) +
2

x+ 1
+ x− 2 ≥ 0.

Hence, a ≥ 1 satisfies the requirement.
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(ii) When 0 < a < 1, we have f ′(x) = ax2+(2a+1)x+a−1
(x+1)2 (x > −1).

Since for the equation ax2 + (2a + 1)x + a − 1 = 0, the discriminant

Δ = 8a + 1 > 0, so there are two different real roots, denoted as x1

and x2 with x1 < x2.

From x1x2 = a−1
a < 0, we know that x1 < 0 < x2 (the two roots

of f ′(x) = 0 are one positive and one negative), so f ′(x) < 0 when

0 < x < x2. Thus, f(x) is a decreasing function on [0, x2].

If 0 < x2 < 2, then f(x2) < f(0) = 0, which contradicts the fact

that f(x) ≥ 0 for x ∈ [0, 2]. If x2 ≥ 2, then f(2) < f(0) = 0, also a

contradiction to the same fact. Therefore, 0 < a < 1 does not satisfy

the requirement.

Summarizing (i) and (ii), we can conclude that the range of the

values for a is [1,+∞).

12. By the condition of the problem, ax = y−1
y+1 > 0, so

g(x) = loga
x− 1

x+ 1
, x ∈ (−∞,−1) ∪ (1,+∞).

From loga
t

(x2−1)(7−x) = loga
x−1
x+1 ,

t = (x− 1)2(7− x) = −x3 + 9x2 − 15x+ 7, x ∈ [2, 6].

Then t′ = −3x2 + 18x− 15 = −3(x− 1)(x− 5).

When x = 2, we have t = 5; and t = 32 when x = 5; also t = 25

when x = 6. So, t ∈ [5, 32].

(2) We see that

n∑
k=2

g(k) = ln
1

3
+ ln

2

4
+ ln

3

5
+ · · ·+ ln

n− 1

n+ 1

= ln
2

n(n+ 1)
= − ln

n(n+ 1)

2
.

Let u(z) = − ln z2 − 1−z2

z = −2 ln z + z − 1
z for z > 0. Then

u′(z) =
(
1− 1

z

)2

≥ 0.

Thus, u(z) is an increasing function on (0,+∞).

Since
√

n(n+1)
2 > 1, so u

(√
n(n+1)

2

)
> u(1) = 0, that is, ln 2

n(n+1)−
1−n(n+1)

2√
n(n+1)

2

> 0. In other words,
∑n

k=2 g(k) >
2−n−n2√
2n(n+1)

.
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(3) Let a = 1
1+p . Then p ≥ 1 and 1 < f(1) = 1+a

1−a = 1+ 2
p ≤ 3. When

n = 1, we see that |f(1)− 1| = 2
p ≤ 2 < 4. When n ≥ 2, let k ≥ 2 with

k ∈ N+. Then

f(k) =
(1 + p)k + 1

(1 + p)k − 1
= 1 +

2

(1 + p)k − 1

= 1 +
2

C1
kp+ C2

kp
2 + · · ·+ Ck

k p
k
.

Hence,

1 < f(k) ≤ 1 +
2

C1
k + C2

k

= 1 +
4

k(k + 1)
= 1 +

4

k
− 4

k − 1
.

Consequently,

n− 1 <

n∑
k=2

f(k) ≤ n− 1 +
4

2
− 4

n− 1
= n+ 1− 4

n− 1
< n+ 1.

Hence, n <
∑n

k=1 f(k) < f(1) + n+ 1 ≤ n+ 4.

In summary,
∣∣∑n

k=1 f(k)− n
∣∣ < 4.
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Mathematical Induction (I)

1. 7. We can prove that an = 4m− 1 (m ∈ N) for any natural number

n. Then

a1993 = 3a1992 = 34m−1 = (34)m−1 · 33 = 81m−1 · 27,
so the last digit of a1993 is 7.

2. g(n) = 2n+1 − 1. First calculate g(1), g(2), and g(3), from which we

guess that g(n) = 2n+1−1. Then prove the conjecture by mathematical

induction.

3. an = 32
n−1

+ 1

32n−1 − 3. Let an = 1
tn

+ tn − 3, and substitute it into

the known relation, resulting in 1
tn+1

+ tn+1 = 1
t2n

+ t2n ⇒ tn+1 = t2n.

Also a1 = 3 + 1
3 − 3 (t1 = 3). Mathematical induction gives

an = 32
n−1

+
1

32n−1 − 3.

4. From the given condition,

a3 =
x · 1 + 1

x+ 1
+ (2 + 2) = 5, (17.1)

a4 =
x · 5 + 1

x+ 5
+ (3 + 2) = 10− 24

x+ 5
.

Since x, a4 ∈ Z+, so x = 1, 3, 7, 19.

When x = 1, we have a4 = 6 and

a5 =
6 · 5 + 1

6 + 5
+ (4 + 2) =

31

11
+ 6 �∈ Z+.

499
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When x = 7, we have a4 = 8, and

a5 =
8 · 5 + 1

8 + 5
+ 6 =

41

13
+ 6 �∈ Z+.

When x = 19, we have a4 = 9 and

a5 =
9 · 5 + 1

9 + 5
+ 6 =

23

7
+ 6 �∈ Z+.

When x = 3, namely a2 = 3, we have a4 = 7 and

a5 =
7 · 5 + 1

7 + 5
+ 6 = 9 ∈ Z+.

Conjecture: When x = 3, namely a2 = 3, we have that {an} is a

sequence of positive odd numbers.

We prove it with mathematical induction as follows.

When n = 3, by (17.1) a3 = 5, so the conclusion is true.

Suppose that when n ≤ k, a1, a2, . . . , ak are the first k positive odd

numbers in succession, that is, an = 2n− 1 for n = 1, 2, . . . , k.

When n = k + 1, from

ak+1 =
(2k − 1)(2k − 3) + 1

(2k − 1) + (2k − 3)
+ k + 2

=
4k2 − 8k + 4

4k − 4
+ k + 2 = k − 1 + k + 2

= 2k + 1 = 2(k + 1)− 1,

the conclusion is also true.

In summary, {an} is a sequence of positive odd numbers.

5. Suppose that such semicircles mutually cut into at most f(n) circular

arcs. It is easy to see that f(1) = 1, f(2) = 4, and f(3) = 9. This

leads to a conjecture: f(n) = n2. In the following, we prove it by

mathematical induction.

(1) When n = 1, the conclusion is obviously true.

(2) Assume that the conjecture is true for n = k, namely f(k) = k2.

When n = k + 1, we make the (k + 1)st semicircle that intersects the

previous k semicircles, which increases at most k intersection points.

The (k + 1)st semicircle is itself divided into k + 1 circular arcs, and

the previous k semicircles are cut into one more arc each, so

f(k + 1) = f(k) + k + k + 1 = k2 + 2k + 1 = (k + 1)2,
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that is, the conclusion is true when n = k + 1. Hence, f(n) = n2 for

all positive integers n.

6. From 0 < a2 ≤ a1 − a21 we get 0 < a1 < 1.

When n = 2, from a2 ≤ a1 − a21 = − (a1 − 1
2

)2
+ 1

4 ≤ 1
4 = 1

2+2 , we

know the validity of the inequality.

Assume that the proposition is true for n = k (k ≥ 2), namely

0 < ak ≤ 1
k+2 ≤ 1

4 . From ak+1 ≤ ak − a2k = − (ak − 1
2

)2
+ 1

4 ≤
−
(

1
k+2 − 1

2

)2
+ 1

4 = k+1
(k+2)2 < k+1

k2+4k+3 = 1
(k+1)+2 , we see that the

inequality is satisfied for n = k + 1.

7. The conclusion is obviously true when n = 1. Suppose that the propo-

sition is satisfied for n = k. For 2k+1 balls, if the number of the balls

in each pile is an even number, then every shift moves an even number

of balls, so any such shift will move by “binding” two balls, thus not

changing the nature of the shift, and is consequently equivalent to the

shift of 2k balls. By the inductive hypothesis, it is possible to realize

the purpose. If there exists a pile of odd numbers of balls, then from

the fact that the total number of the balls is even, the number of piles

with odd numbers of balls is even, we first make them in pairs to move

once each, so that now each pile has an even number of balls. This

becomes the previous case, so the conclusion is true when n = k + 1.

8. By mathematical induction we can show that the numbers in the nth

line constitute an arithmetic sequence of common difference 2n−1.

When n = 2, the second line consists of consecutive odd numbers.

Assume that the conclusion is valid for n− 1.

Let x, y, and z be three consecutive numbers in the (n − 1)st line.

Then x+ y and y + z are two adjacent numbers in the nth line.

By the inductive hypothesis, y − x = z − y = 2n−2. So,

(y + z)− (x+ y) = (z − y) + (y − x)

= 2n−2 + 2n−2 = 2n−1.

Let an be the first number of the nth line.

For all n ∈ {1, 2, . . . , 2016}, we have

an = an−1 + an−1 + 2n−2 = 2an−1 + 2n−2.

Using the above relation and noting that a1 = 1, we see easily that

an = (n+ 1)2n−2.

Hence, the desired number is a2016 = 22014 · 2017.
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9. We use the induction method for m (< n).

The proposition is true for m = 1.

Suppose that the proposition is valid for all positive integers less than

k (< n). Since k < n, let n = qk − r, where q is a positive integer and

0 ≤ r < k.

When r = 0, we have n = qk, and then k
n = k

qk = 1
q , so the proposi-

tion is true.

When r > 0, we obtain k
n = n+r

nq = 1
q + r

nq . By the inductive

hypothesis,

r

n
=

1

n1
+

1

n2
+ · · ·+ 1

nt
,

where n1 < n2 < · · · < nt are mutually different positive integers.

Thus,

k

n
=

1

q
+

1

qn1
+

1

qn2
+ · · ·+ 1

qnt
,

where q < qn1 < qn2 < · · · < qnt. Therefore, the proposition is also

satisfied.

10. If x ≥ −1 satisfies the condition of the problem, we may assume that

a1 = a2 = · · · = an = 1. By

n∏
i=1

ai + x

2
≤ a1a2 · · ·an + x

2
, (17.2)

we see that
(
1+x
2

)n ≤ 1+x
2 . Hence, x ≤ 1.

In the following, we prove that when n ≥ 2, for x ∈ [−1, 1], (17.2) is

satisfied, where for all n ∈ N+,

ai ≥ 1 (i = 1, 2, . . . , n).

When n = 2, the inequality (17.2) is

a1 + x

2
· a2 + x

2
≤ a1a2 + x

2
, (17.3)

which is equivalent to

x2 + (a1 + a2 − 2)x− a1a2 ≤ 0.
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Since

x2 + (a1 + a2 − 2)x− a1a2

≤ 1 + (a1 + a2 − 2)− a1a2

= a1 + a2 − a1a2 − 1

= −(a1 − 1)(a2 − 1) ≤ 0,

we see that (17.2) is satisfied when n = 2.

Assume that (17.2) is true for some n ≥ 2.

By (17.2) and (17.3), we have

n+1∏
i=1

ai + x

2
≤ a1a2 · · ·an + x

2
· an+1 + x

2
≤ a1a2 · · · an+1 + x

2
.

Therefore, x ∈ [−1, 1].

11. When n = 3, 4, and 5, the conclusion is true, and the respective divi-

sions are as Figures 17.1, 17.2, and 17.3 show.

Figure 17.1 Figure 1 for Exercise 11: n = 3.

Figure 17.2 Figure 2 for Exercise 11: n = 4.
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Figure 17.3 Figure 3 for Exercise 11: n = 5.

Obviously, the above three methods of division have no mutual rela-

tions. When n = 5, there appears an isosceles right triangle in the

division. Since any isosceles right triangle can be evenly partitioned

into two smaller isosceles right triangles, this even partition can con-

tinue indefinitely from n = 5 on. Thus, starting from n = 5, we can

use mathematical induction to prove the proposition.

12. We generalize the proposition by considering a general (6n + 1) ×
(6n+ 1) check table.

When n = 1, for the 7 × 7 check table, because of symmetry, it is

enough to consider the table such that the removed check is one in the

shaded region shown by Figure 17.4. Dividing the situation into three

cases with their concrete coverage demonstrated by Figures 17.5, 17.6,

and 17.7, respectively. Thus, the proposition is true when n = 1.

Assume that the proposition is satisfied for n = k. Since (6k + 7)×
(6k + 7) = (6k + 1) × (6k + 1) + 2 × 6 × (6k + 1) + 6 × 6, when

n = k+1, among the four (6k+1)×(6k+1) check tables at the left upper

corner, left down corner, right upper corner, and right down corner

(may have overlapping), at least one of them contains the removed

check. First, choose one of the (6k + 1) × (6k + 1) check tables that

Figure 17.4 Figure 1 for Exercise 12.
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Figure 17.5 Figure 2 for Exercise 12.

Figure 17.6 Figure 3 for Exercise 12.

Figure 17.7 Figure 4 for Exercise 12.

contains the removed check. By the inductive hypothesis, it can be

covered by several L-shaped figures. For the remaining part, it is easy

to see that it can be divided into several L-shaped figures. That is, the

conclusion is valid for n = k + 1.
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Solutions for Chapter 18

Complex Numbers

1.
√
5. Let z = a+ bi with a, b ∈ R. From the condition,

(a+ 9) + bi = 10a+ (−10b+ 22)i.

Comparing the real and imaginary parts of the two sides, we have

a + 9 = 10a and b = −10b+ 22. Solving the system of two equations

gives a = 1 and b = 2. Thus, z = 1 + 2i, and so |z| = √
5.

2. 2015 + 1007i. The given condition implies that zn+2 = zn+1 + 1 +

(n + 1)i = zn + 1 + ni + (n+ 1)i = zn + 2 + i for any positive integer

n. Hence,

z2015 = z1 + 1007 · (2 + i) = 2015 + 1007i.

3. 0. Since |z1 − z2|2 = (z1 − z2)(z1 − z2) = |z1|2 + |z2|2 − z1z2 − z1z2
and |1 − z1z2|2 = (1 − z1z2)(1 − z1z2) = 1 − z1z2 − z1z2 + |z1|2|z2|2,
the condition gives that |z1|2 + |z2|2 = 1 + |z1|2|z2|2, from which

(|z1|−1)(|z2|−1)(|z1|+1)(|z2|+1) = 0. Hence, (|z1|−1)(|z2|−1) = 0.

4. 1
2 +

√
3
2 i. Write z + 1 =

√
3
2 r1 + 1

2r1i and z − 1 = − 1
2r2 +

√
3
2 r2i.

Solving the two equations −1 +
√
3
2 r1 = 1− 1

2r2 and 1
2r1 =

√
3
2 r2 gives

r1 =
√
3 and r2 = 1.

5. 12. Since (a + bi)2 = b + ai, we have a2 − b2 = b and 2ab = a,

from which a =
√
3
2 and b = 1

2 . Now, the common ratio q = a + bi =

cos π
6 + i sin π

6 . The condition z1+z2+ · · ·+zn = 0 implies that qn = 1,

namely cos n
6π = 1 and sin n

6π = 0. Thus, n
6π = 2kπ with k ∈ Z, and

so n = 12k with k ∈ Z.

6. 92000. We find 9 = |z1 + z2|2 = |z1|2 + |z2|2 + z1z2 + z1z2 and 27 =

|z1 − z2|2 = |z1|2 + |z2|2 − (z1z2 + z1z2). Since |z1| = 3, |z2| = 3, so

507
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z1z2 + z1z2 = −9 and |z1z2| = |z1z2| = 9. Let z1z2 = 9(cos θ + i sin θ).

Then z1z2 = 9(cos θ − i sin θ). From −9 = z1z2 + z1z2 = 18 cos θ, we

obtain that cos θ = − 1
2 . Then z1z2 = 9ω or z1z2 = 9ω2 (here ω =

− 1
2 +

√
3
2 i). When z1z2 = 9ω, we get (z1z2)

2000 + (z1z2)
2000 = −92000;

when z1z2 = 9ω2, we have the same result.

7. Since z1 and z2 are conjugate complex numbers, we assume that z = z1
and z = z2. Also from the condition, z1

z2
2
is a real number, so z

z2 =(
z
z2

)
= z

z2 , namely z3 = z3, which can be written as (z − z)(z2 + zz +

z2) = 0.

From |z − z| = |z1 − z2| =
√
6 �= 0, we see that z − z �= 0, that is

z2 + zz + z2 = 0. (18.1)

Also |z−z| = √
6, namely 6 = |z−z|2 = (z−z)(z−z). In other words,

6 = 2zz − z2 − z2. (18.2)

Adding (18.1) and (18.2) gives 3zz = 6, namely |z|2 = 2. Hence,

|z| = √
2.

8. Since z1 = 2 cos α
2

(
cos α

2 + i sin α
2

)
with 0 < α < π, so |z1| = 2 cos α

2

and arg z1 = α
2 . Also, since z2 = 2 sin β

2

[
cos
(

π
2 − β

2

)
+ i sin

(
π
2 − β

2

)]
,

from π < β < 2π, we have −π
2 < π

2 − β
2 < 0. Hence,

|z2| = 2 sin
β

2
, arg z2 =

π

2
− β

2
+ 2π =

5π

2
− β

2
.

Consequently, α
2 + 5π

2 − β
2 = 13π

6 , that is,

α

2
=

β

2
− π

3
. (18.3)

Now, the condition |z1||z2| =
√
3 implies that

2 cos
α

2
· 2 sin β

2
=

√
3. (18.4)

Substituting (18.3) into (18.4) gives that 4 cos
(

β
2 − π

3

)
sin β

2 =
√
3,

in other words, 2
[
sin
(
β − π

3

)
+ sin π

3

]
=

√
3. Hence, sin

(
β − π

3

)
= 0.

Since π < β < 2π, we have β = 4π
3 and α = 2π

3 .

9. It is enough to show that p = p, which can be shown by using zz = |z|2.
10. We see that c = (a3 − 3ab2) + (3a2b − b3 − 107)i. From c ∈ N, we

have 3a2b − b3 − 107 = 0, that is, b(3a2 − b2) = 107. Since 107 is
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a prime number, a calculation gives that b = 1 and a = 6. Therefore,

c = a3 − 3ab2 = 198.

11. The answer is
√
(a+ b)2 + c2 or

√
(b+ c)2 + a2 or

√
(c+ a)2 + b2.

From the second equality of the condition we see that z1
z2
+ z2

z3
+ z3

z1
∈ R,

so

z1
z2

+
z2
z3

+
z3
z1

=
z1
z2

+
z2
z3

+
z3
z1

=
z1
z2

+
z2
z3

+
z3
z1

. (18.5)

Also |z1| = |z2| = |z3| = 1 implies that zk = 1
zk

(k = 1, 2, 3). Substi-

tuting into (18.5), we obtain that z1
z2

+ z2
z3

+ z3
z1

= z2
z1

+ z3
z2

+ z1
z3
, that is

z21z3 + z22z1 + z23z2 = z22z3 + z23z1 + z21z2, from which

(z1 − z2)(z2 − z3)(z3 − z1) = 0.

It follows that z1 = z2, z2 = z3, or z3 = z1. If z1 = z2, then substituting

into the second equality, we see that z3
z1

= ±i and

|az1 + bz2 + cz3| = |z1||a+ b± ci| =
√
(a+ b)2 + c2.

Similarly, the cases z2 = z3 and z3 = z1 both give the same result.

12. Construct complex numbers z1 = x+ yi and z2 = a+ bi. Then |z1| ≤ 1

and |z2| ≤
√
2. Since

z21z2 =
[
a
(
x2 − y2

)− 2bxy
]
+
[
b
(
x2 − y2

)
+ 2axy

]
i,

from
∣∣Im (z21z2) ∣∣ ≤ ∣∣z21z2∣∣, we can prove the inequality.
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Solutions for Chapter 19

Geometric Meaning
of Complex Operations

1.
√
2. The points corresponding to z1, z2, z1 + z2, and the origin con-

stitute the four vertices of a square.

2.
[
0, π4

] ∪ [7π4 , 2π
)
.

3. 2 + 2
√
3. As in Figure 19.1, denote the points Z1(−3,−3

√
3) and

Z2(
√
3, 1). The moving point Z is on the circle x2 + (y − 2)2 = 3. It

is easy to see that the points Z1 and Z2 are outside the circle. The

equation of the straight line Z1Z2 is x − √
3y = 0, and the straight

line Z1Z2 and the circle are tangent at the point T
(√

3
2 , 12

)
. In other

words, z =
√
3
2 + 1

2 i makes |z−z1|+ |z−z2| the minimum value 2+2
√
3.

Figure 19.1 Figure for Exercise 3.

511
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4. (2,+∞). First, a2 − 3a+2 ≥ 0 and a > 0 make a ∈ (0, 1]∪ [2,+∞).

Second, since in the complex plane, the former condition represents a

circle and the latter condition represents a disk that does not include

the boundary, they must have intersection points. So, the requirements

are
√
a2 − 3a+ 2+a > 2 and

√
a2 − 3a+ 2 < 2+a. Solving them gives

a > 2.

5. 4. Let z1 = cos θ + i sin θ. Then

zk = (cos θ + i sin θ)

[
cos

2(k − 1)π

20
+ i sin

2(k − 1)π

20

]
, 1 ≤ k ≤ 20.

From 1995 = 20 · 99 + 15, we have

z1995k = (cos 1995θ+ i sin 1995θ)

(
cos

3

2
π + i sin

3

2
π

)k−1

= (cos 1995θ+ i sin 1995θ)(−i)k−1

for k = 1, 2, . . . , 20. There are totally four different values.

6. Since w = z1 − z2 = (z1 − 8i)− z2 + 8i, so |w − 8i| = |z1 − 8i − z2| ∈
[2, 6]. Thus, the point set representation corresponding to w is the ring

centered at (0, 8) of inner circle radius 2 and outer circle radius 6, whose

area is 32π.

7. Let the trajectory of the point B be |zB−a| = r with a ∈ C and r > 0.

Let the complex number corresponding to the point A be z1. Then−→
AC · √2ei·

π
4 =

−−→
AB. Hence, (zC − z1)(1 + i) = zB − z1. Consequently,

|(zC − z1)(1 + i) + z1 − a| = r,

∣∣∣∣zC −
(
z1 +

a− z1
1 + i

)∣∣∣∣ =
√
2

2
r.

This means that C is on a circle of radius
√
2
2 r, the center of which is

the right angle vertex of an isosceles right triangle obtained clockwise

by the side with A and the center of the circle containing B as its end

points.

8. The sets A and B of the complex numbers are respectively the disks

represented by

(x− 2)2 + y2 ≤ 4 and (x− b)2 + (y − 1)2 ≤ 1.

(1) If A ∩B = Ø, then b > 2 + 2
√
2 or b < 2− 2

√
2.

(2) If A ∩B = B, then b = 2.
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9. From the condition, the vector corresponding to the complex number

−z1 is the diagonal vector
−−→
OZ ′

1 of the parallelogram OZ2Z
′
1Z3. Now,

cos(β − γ) = − cos∠OZ2Z
′
1 = 1 +

3

2(k − 1)2 − 2
.

Also from ||z1| − |z2|| ≤ |z1 + z2| ≤ |z1| + |z2|, we have 1
2 ≤ k ≤ 3

2 .

So, [cos(β − γ)]max = − 1
2 when k = 1, and [cos(β − γ)]min = −1 when

k = 1
2 or 3

2 .

10. It is easy to see that z1 = z2. Let z1 = α+βi. Then z2 = α−βi (α, β ∈
R). Since the discriminant Δ < 0, we have a2 < b, so x = −a ±√
b2 − a2i. Also from the given condition, |α| < |β|. Thus, 2a2 < b.

Hence, the existence range of the complex numbers z = a + bi is the

interior of the region above the graph of the parabola b = 2a2 (figure

omitted).

11. By the coordinates formula for the center of gravity, 3z = z1 + z2 =

(r1 + r2) cos θ + i(r1 − r2) sin θ. So, |3z|2 = (r1 + r2)
2 cos2 θ + (r1 −

r2)
2 sin2 θ = (r1 − r2)

2 + 4r1r2 cos
2 θ. Also, since the area of 
OZ1Z2

is S, we get r1r2 = 2S
sin 2θ . Hence, |3z|2 = (r1 − r2)

2 + 4S cot θ, and

|z|min = 2
3

√
S · cot θ achieved when r1 = r2 =

√
2S

sin 2θ .

12. Let a2

a1
= a3

a2
= a4

a3
= a5

a4
= t. Then a1+a2+a3+a4+a5 = a1(1+t+t2+

t3+t4) and 4
(

1
a1

+ 1
a2

+ 1
a3

+ 1
a4

+ 1
a5

)
= 4

a1

(
1 + 1

t +
1
t2 + 1

t3 + 1
t4

)
. If

1 + t + t2 + t3 + t4 = 1, then t5 = 1 and |a1| = |a1t| = |a2| = |a3| =
|a4| = |a5|, so a1, a2, a3, a4, and a5 lie on the same circle; if a1 = 4

a1t4
,

then a3 = a1t
2 = ±2; if a3 = −2, then let a′i = −ai and S′ = −S.

Thus, a′3 = −2 and |S′| ≤ 2. So, we may let

a3 = 2, a1 =
2

t2
, a2 =

2

t
, a4 = 2t, a5 = 2t2,

2

(
1

t2
+

1

t
+ 1 + t+ t2

)
= S.

Let x = t + 1
t . Then x2 + x = S

2 + 1. Denote x = a + bi (a, b ∈ R).

Then a2 − b2 + a = S
2 + 1 and 2ab + b = 0. Thus, a = − 1

2 or b = 0.

If a = − 1
2 , then a2 + a < 0 and −b2 ≤ 0. But |S| ≤ 2 and S

2 + 1 ≥ 0,

a contradiction; if b = 0, then t + 1
t = a ∈ R. Let t = reiθ (r > 0).
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Then 1
t = 1

r e
i(−θ). But the imaginary part of t+ 1

t is 0, so r = 1
r , from

which r = 1. Consequently, |a2| = |a1t| = |a1r| = |a1|. By the same

token,

|a1| = |a2| = |a3| = |a4| = |a5|.
Therefore, a1, a2, a3, a4, and a5 are on the same circle.
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Solutions for Chapter 20

Mean Value Inequalities

1. 4. Since (x+2)2

y + (y+2)2

x =
(

x2

y + y2

x + 4
y + 4

x

)
+
(

4x
y + 4y

x

)
≥

4
(

x2

y · y2

x · 4
y · 4

x

) 1
4

+ 2 · 4 = 16, and the condition for the equality

to be satisfied is x = y = 2, we obtain that x+ y = 4.

2. 4. Since a2 = (3x+1)+ (3y+1)+ (3z+1)+ 2
√
(3x+ 1)(3y + 1)+

2
√
(3y + 1)(3z + 1) + 2

√
(3x+ 1)(3z + 1) ≤ 3[(3x + 1) + (3y + 1) +

(3z + 1)] = 18, we have a ≤ √
18 < 5. Also, since 0 ≤ x, y, z ≤ 1, so

x ≥ x2, y ≥ y2, and z ≥ z2. Consequently,

a ≥
√
x2 + 2x+ 1 +

√
y2 + 2y + 1 +

√
z2 + 2z + 1

= (x+ 1) + (y + 1) + (z + 1) = 4,

thus, from 4 ≤ a < 5, we get [a] = 4.

3.
√
2 − 1

2 . Without loss of generality, assume that a ≥ d and b ≥ c.

Then

b

c+ d
+

c

a+ b
=

b + c

c+ d
+ c

(
1

a+ b
− 1

c+ d

)

≥
1
2 (a+ b+ c+ d)

c+ d
+ (c+ d)

(
1

a+ b
− 1

c+ d

)

=
a+ b

2(c+ d)
+

c+ d

a+ b
− 1

2
≥ √

2− 1

2
.

4. We have 3
√
abc = 3

√
a
4 · b · 4c ≤ a

12 +
b
3 +

4c
3 and

√
ab =

√
a
2 · 2b < a

4 + b,

so a+
√
ab+ 3

√
abc ≤ 4

3 (a+ b+ c).

515
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5. Let p = xyzw. From the first equation, we have 1 = x+y+z+w
4 ≥

4
√
xyzw = 4

√
p, that is p ≤ 1. By the second equation, 1 =

1
5

(
1
x + 1

y + 1
z + 1

w + 1
xyzw

)
≥ 5

√
1

(xyzw)2 = 1
5
√

p2
, that is p ≥ 1. Hence,

p = 1.

The condition for the equality implies that x = y = z = w =

xyzw = 1. Therefore, the solution of the original system of equations is

(x, y, z, w) = (1, 1, 1, 1).

6. Since 1
x3 +

1
y3 +

1
z3 ≥ 3 3

√
1

x3y3z3 = 3, so x6+2
x3 + y6+2

y3 + z6+2
z3 ≥ x3+ y3+

z3+ 1
x3 +

1
y3 +

1
z3 +3 =

(
x3 + 1

y3 + 1
)
+
(
y3 + 1

z3 + 1
)
+
(
z3 + 1

x3 + 1
) ≥

3 3

√
x3

y3 + 3 3

√
y3

z3 + 3 3

√
z3

x3 = 3
(

x
y + y

z + z
x

)
.

7. We have

1

n

(
1 +

1

2
+

1

3
+ · · ·+ 1

n
+ n

)

=
1

n

(
2 +

3

2
+

4

3
+ · · ·+ n+ 1

n

)

> n
√
n+ 1.

8. From the given condition, 1 = 2a2+2b2+2c2, so the original inequality

is equivalent to

a2 + 2b2 + 3c2

ac+ 2bc
+

b2 + 2c2 + 3a2

ab+ 2ca
+

c2 + 2a2 + 3b2

cb+ 2ab
≥ 6. (20.1)

Since a2 + 2b2 + 3c2 = a2 + c2 + 2(b2 + c2) ≥ 2ac+ 4bc = 2(ac+ 2bc),

a2 + 2b2 + 3c2

ac+ 2bc
≥ 2(ac+ 2bc)

ac+ 2bc
= 2.

By the same token, b2+2c2+3a2

ab+2ca ≥ 2 and c2+2a2+3b2

cb+2ab ≥ 2.

Adding the above three inequalities gives (20.1).
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9. First S2 = x2y2

z2 + y2z2

x2 + z2x2

y2 + 2(x2 + y2 + z2).

From the arithmetic mean-geometric mean inequality,

1

2

(
x2y2

z2
+

y2z2

x2

)
≥ y2,

1

2

(
y2z2

x2
+

z2x2

y2

)
≥ z2,

1

2

(
z2x2

y2
+

x2y2

z2

)
≥ z2.

Hence, S2 ≥ 3(x2 + y2 + z2) = 3, namely S ≥ √
3. When x = y =

z =
√
3
3 that satisfy x2 + y2 + z2 = 1, we find that S =

√
3. Thus, the

minimum value of S is
√
3.

10. Note that the equality in the inequality is valid when a = b = c = 1
3 .

Deform the original inequality to(
3a+

3

a

)(
3b+

3

b

)(
3c+

3

c

)
≥ 1000.

After a careful observation, we see that for the equality in the inequality

to be satisfied, it is enough to have 3a = 3
ma = 1, from which m = 9.

So, using the arithmetic mean-geometric mean inequality, we obtain

that(
3a+

3

a

)(
3b+

3

b

)(
3c+

3

c

)

=

(
3a+

1

3a
+ · · ·+ 1

3a

)(
3b+

1

3b
+ · · ·+ 1

3b

)(
3c+

1

3c
+ · · ·+ 1

3c

)

≥ 10
10

√(
1

3a

)8

· 10 10

√(
1

3b

)8

· 10 10

√(
1

3c

)8

·

= 1000

(
1

3a · 3b · 3c
) 4

5

.

Therefore,
(
a+ 1

a

) (
b+ 1

b

) (
c+ 1

c

) ≥ 1000
27 .

11. By the power mean inequality,

(
xk+1 + yk+1 + zk+1

3

) 1
k+1

≥
(
xk + yk + zk

3

) 1
k

=

(
1

3

) 1
k

.
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Hence, xk+1 + yk+1 + zk+1 ≥ 3
(
1
3

) k+1
k = 3−

1
k . The equality is true

when x = y = z = 3−
1
k . Thus, the minimum value is 3−

1
k .

12. Denote the left hand side of the inequality as S. When a1 = a2 = · · · =
an, we have S = 1. In the following, we show that S ≥ 1. Let

xk =

√
an−1
k√

an−1
k + (n2 − 1)a1a2···an

ak

> 0, k = 1, 2, . . . , n.

Then

1

x2
k

= 1 + (n2 − 1)
a1a2 · · · an

ak
,

and so
n∏

k=1

(
1

x2
k

− 1

)
= (n2 − 1)n (20.2)

with S = x1 + x2 + · · ·+ xn.

Suppose that S < 1 on the contrary, namely 1 > x1 + x2 + · · ·+ xn.

Then by (20.2),

(n2 − 1)n =

∏n
k=1(1− xk)(1 + xk)∏n

k=1 x
2
k

>

∏n
k=1

[∑n
i=1,i�=k xi · (

∑n
i=1 xi + xk)

]
∏n

k=1 x
2
k

≥ 1∏n
k=1 x

2
k

n∏
k=1

(n− 1) n−1
√
x1 · · ·xk−1xk+1 · · ·xn ·

(n+ 1) n+1
√
x1x2 · · ·xn · xk

=
1∏n

k=1 x
2
k

· (n2 − 1)n

(
n∏

k=1

xk

)
·
(

n∏
k=1

xk

)

= (n2 − 1)n,

which is a contradiction. Hence, S ≥ 1.

In summary, λmax = 1.
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Solutions for Chapter 21

The Cauchy Inequality

1. 3, 1, and 4. Adding the two equations gives (2x)2 + (3y+3)2 +(z +

2)2 = 108, and the first equation can be deformed to 2x + (3y + 3) +

(z + 2) = 18. So, using the condition for the equality to be satisfied in

the Cauchy inequality, we find x = 3, y = 1, and z = 4.

2.
√
2. By the Cauchy inequality,√

x2 − x4 −
√
2x2 − x4 ≤

√
(x2 + 2− x2)(1− x2 + x2) =

√
2,

and the equality holds if and only if x2 = 2
3 .

3. 1. From a+ 2b+ 3c+ 4d =
√
10, we get

(1− t)a+ (2− t)b+ (3− t)c+ (4 − t)d+ t(a+ b+ c+ d) =
√
10.

Then by the Cauchy inequality,[
(1− t)2 + (2− t)2 + (3 − t)2 + (4− t)2 + t2

] [
a2 + b2 + c2 + d2

+(a+ b+ c+ d)2
] ≥ 10.

Hence,

a2 + b2 + c2 + d2 + (a+ b+ c+ d)2

≥ 10

5t2 − 20t+ 30
=

10

5(t− 2)2 + 10
≥ 10

10
= 1,

and the equality is valid if and only if t = 2, a = −
√
10
10 , b = 0, c =

√
10
10 ,

and d =
√
10
5 . Hence, the minimum value of a2+ b2+ c2 + d2+(a+ b+

c+ d)2 is 1.

519
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4. 40. By the Cauchy inequality,

(a21 + a22 + a23)(a
2
2 + a23 + a24) ≥ (a1a2 + a2a3 + a3a4)

2.

A necessary and sufficient condition for the equality to be true is a1

a2
=

a2

a3
= a3

a4
, that is, a1, a2, a3, and a4 form a geometric sequence. Hence,

the problem is equivalent to calculating the number of the geometric

sequences a1, a2, a3, a4 that satisfy

{a1, a2, a3, a4} ⊆ {1, 2, . . . , 100}.
Assume that the common ratio q �= 1 for the geometric sequence and q

is a rational number, denoted as q = n
m , where m and n are relatively

prime positive integers with m �= n.

First consider the case n > m.

Now, a4 = a1
(
n
m

)3
= a1n

3

m3 . Note that m3 and n3 are relatively

prime. So, l = a1

m3 is a positive integer. Thus, a1, a2, a3, and a4 are

respectively equal to m3l,m2nl,mn2l, and n3l, all of which are positive

integers. This means that for any given q = n
m > 1, the number of the

geometric sequences a1, a2, a3, a4 with common ratio q satisfying the

condition is the same as the number of the positive integers l satisfying

the inequality n3l ≤ 100, that is
[
100
n3

]
.

Since 53 > 100, so it is enough to consider only the cases q = 2, 3, 32 , 4,

and 4
3 . The number of the corresponding geometric sequences is

[
100
8

]
+[

100
27

]
+
[
100
27

]
+
[
100
64

]
+
[
100
64

]
= 12 + 3 + 3 + 1 + 1 = 20.

When n < m, from the symmetry, there are also 20 geometric

sequences a1, a2, a3, a4 satisfying the condition.

In summary, there are 40 ordered numbers (a1, a2, a3, a4) that satisfy

the given condition.

5. By the Cauchy inequality,

√
a cos2 θ +

√
b sin2 θ

≤
[
(
√
a cos θ)2 + (

√
b sin θ)2

] 1
2 · (cos2 θ + sin2 θ

) 1
2

=
(
a cos2 θ + b sin2 θ

) 1
2 <

√
c.

6. The Cauchy inequality implies that√
(a2 + 1)(b2 + 1)(c2 + 1)

=
√
[(a+ b)2 + (ab− 1)2] (c2 + 1)

≥ (a+ b)c+ (ab− 1).
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The same way gives

√
(b2 + 1)(c2 + 1)(d2 + 1) ≥ (b + c)d+ (bc− 1),√
(c2 + 1)(d2 + 1)(a2 + 1) ≥ (c+ d)a+ (cd− 1),√
(d2 + 1)(a2 + 1)(b2 + 1) ≥ (d+ a)b + (da− 1).

Adding the above four inequalities implies that

√
(a2 + 1)(b2 + 1)(c2 + 1) +

√
(b2 + 1)(c2 + 1)(d2 + 1)

+
√
(c2 + 1)(d2 + 1)(a2 + 1) +

√
(d2 + 1)(a2 + 1)(b2 + 1)

≥ 2(ab+ bc+ cd+ da)− 4,

and the equality is satisfied when a = b = c = d =
√
3. Hence, the

minimum value of k is 4.

7. The answer that the minimum value equals 3
4 comes from

a3

b+ c+ d
+

b3

a+ c+ d
+

c3

a+ b+ d
+

d3

a+ b+ c

=
a4

a(b+ c+ d)
+

b4

b(a+ c+ d)
+

c4

c(a+ b+ d)
+

d4

d(a+ b + c)

≥ (a2 + b2 + c2 + d2)2

2(ab+ ac+ ad+ bc+ bd+ cd)

≥ 2

3

(a2 + b2 + c2 + d2)(ab+ ac+ ad+ bc+ bd+ cd)

2(ab+ ac+ ad+ bc+ bd+ cd)

=
1

3

(
a2 + b2 + c2 + d2

) ≥ 1

12
(a+ b+ c+ d)2

=
32

12
=

3

4
.

8. Since ai > 0 (i = 1, 2, . . . , n), by the Cauchy inequality,

(a1 + a2 + · · ·+ ak)

(
12

a1
+

22

a2
+ · · ·+ k2

ak

)

≥ (1 + 2 + · · ·+ k)2 =
k2(k + 1)2

4
,
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so k2

a1+a2+···+ak
≤ 4

(k+1)2

(
12

a1
+ 22

a2
+ · · ·+ k2

ak

)
. Consequently,

n∑
k=1

k2

a1 + a2 + · · ·+ ak
≤ 4

n∑
k=1

1

(k + 1)2

(
12

a1
+

22

a2
+ · · ·+ k2

ak

)
.

Since

n∑
k=1

1

(k + 1)2

(
12

a1
+

22

a2
+ · · ·+ k2

ak

)

=
1

22
· 1

2

a1
+

1

32

(
12

a1
+

22

a2

)
+ · · ·+ 1

(n+ 1)2

(
12

a1
+

22

a2
+ · · ·+ n2

an

)

=

[
1

22
+

1

32
+ · · ·+ 1

(n+ 1)2

]
12

a1
+

[
1

32
+

1

42
+ · · ·

+
1

(n+ 1)2

]
22

a2
+ · · ·+ 1

(n+ 1)2
n2

an
,

and

1

(i + 1)2
+

1

(i+ 2)2
+ · · ·+ 1

(n+ 1)2

<
1

i(i+ 1)
+

1

(i+ 1)(i + 2)
+ · · ·+ 1

n(n+ 1)

=

(
1

i
− 1

i+ 1

)
+

(
1

i+ 1
− 1

i+ 2

)
+ · · ·+

(
1

n
− 1

n+ 1

)

=
1

i
− 1

n+ 1
<

1

i
, i = 1, 2, . . . , n,

it follows that

n∑
k=1

1

(k + 1)2

(
12

a1
+

22

a2
+ · · ·+ k2

ak

)

<
1

1
· 1

2

a1
+

1

2
· 2

2

a2
+ · · ·+ 1

n

n2

an

=
1

a1
+

2

a2
+ · · ·+ n

an
=

n∑
k=1

k

ak
.

Therefore,
∑n

k=1
k2

a1+a2+···+ak
< 4

∑n
k=1

k
ak
.
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9. First, we have

√
r1 +

√
r2 +

√
r3

=
√
a1r1 ·

√
1

a1
+
√
a2r2 ·

√
1

a2
+
√
a3r3 ·

√
1

a3

≤ (a1r1 + a2r2 + a3r3)
1
2

(
1

a1
+

1

a2
+

1

a3

) 1
2

.

Denote S the area of �ABC. Then

a1r1 + a2r2 + a3r3 = 2S = 2 · a1a2a3
4R

.

It follows that

√
r1 +

√
r2 +

√
r3 ≤ 1√

2R
(a2a3 + a3a1 + a1a2)

1
2

≤ 1√
2R

[(
a22 + a23 + a21

) 1
2
(
a23 + a21 + a22

) 1
2

] 1
2

=
1√
2R

(
a21 + a22 + a23

) 1
2 .

The condition for the equality to be valid is: �ABC is an equilateral

triangle and P is its inner center.

10. Let
∑n

i=1
1
ai

= a. Then
∑n

i=1
1+ai

ai
= n+ a. By the Cauchy inequality,

(
n∑

i=1

ai
1 + ai

)
·
(

n∑
i=1

1 + ai
ai

)
≥ n2.

So,
∑n

i=1
ai

1+ai
≥ n2

n+a , and

n∑
i=1

1

ai + 1
=

n∑
i=1

(
1− ai

ai + 1

)
= n−

n∑
i=1

ai
ai + 1

≤ n− n2

n+ a
=

na

n+ a
.

Hence, the left hand side of the original expression≥ 1
na

n+a
− 1

a = a
na = 1

n .

11. Since 1 − sin2n x = cos2 x
[
1 + sin2 x+ sin4 x+ · · ·+ sin2(n−1) x

]
and

1 − cos2n x = sin2 x
[
1 + cos2 x+ cos4 x+ · · ·+ cos2(n−1) x

]
, so by the
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Cauchy inequality,

1− sin2n x

sin2n x
· 1− cos2n x

cos2n x

≥ 1

sin2n−2 x

(
1 + sin2 x+ sin4 x+ · · ·+ sin2n−2 x

)

· 1

cos2n−2 x

(
1 + cos2 x+ cos4 x+ · · ·+ cos2n−2 x

)

=

(
1 +

1

sin2 x
+

1

sin4 x
+ · · ·+ 1

sin2n−2 x

)

·
(
1 +

1

cos2 x
+

1

cos4 x
+ · · ·+ 1

cos2n−2 x

)

≥
[
1 +

1

sinx cosx
+

1

(sinx cosx)2
+ · · ·+ 1

(sinx cosx)n−1

]2

=

(
1 +

2

sin 2x
+

4

sin2 2x
+ · · ·+ 2n−1

sinn−1 2x

)2

≥ (1 + 2 + 22 + · · ·+ 2n−1
)2

= (2n − 1)
2
.

12. For any 1 ≤ m ≤ n, the Cauchy inequality ensures that
(

n∑
k=m

a2k
k

)
·
(

n∑
k=m

k

)
≥
(

n∑
k=m

ak

)2

≥
(

n∑
k=m

k

)2

.

So
∑n

k=m
a2
k

k ≥ ∑n
k=m k, and their summation with m = 1, 2, . . . , n

gives

n∑
m=1

n∑
k=m

a2k
k

≥
n∑

m=1

n∑
k=m

k.

On the other hand,

n∑
m=1

n∑
k=m

a2k
k

=

n∑
k=1

k∑
m=1

a2k
k

=

n∑
k=1

a2k,

n∑
m=1

n∑
k=m

k =

n∑
k=1

k∑
m=1

k =

n∑
k=1

k2 =
1

6
n(n+ 1)(2n+ 1).

Therefore,
∑n

k=1 a
2
k ≥ 1

6n(n+ 1)(2n+ 1).
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Solutions for Chapter 22

Rearrangement Inequalities

1. n. We may assume that a1 ≥ a2 ≥ · · · ≥ an > 0. Then 1
a1

≤ 1
a2

≤
· · · ≤ 1

an
. Thus, n = a1 · 1

a1
+a2 · 1

a2
+ · · ·+an · 1

an
≤ a1

b1
+ a2

b2
+ · · ·+ an

bn
.

When ai = bi for all i, the equality is satisfied.

2.
√
3

R . Denote M = sinA
ha

+ sinB
hb

+ sinC
hc

. By Chebyshev’s inequality,

M ≥ 1
3

(
1
ha

+ 1
hb

+ 1
hc

)
(sinA + sinB + sinC). Also by a geometric

inequality, 1
ha

+ 1
hb

+ 1
hc

≥ 2√
3

(
1
a + 1

b +
1
c

)
, and by the law of sines,

M ≥ 1
3 · 2√

3

(
1
a + 1

b + 1
c

) (
a
2R + b

2R + c
2R

)
= 1

3
√
3R

(
1
a + 1

b + 1
c

)
(a+ b +

c) ≥ 1
3
√
3R

· 32 =
√
3

R .

3. The original inequality is equivalent to

z2

x+ y
+

x2

y + z
+

y2

z + x
≥ x2

x+ y
+

y2

y + z
+

z2

z + x
.

We may assume that x ≤ y ≤ z. Then x2 ≤ y2 ≤ z2, x + y ≤ x +

z ≤ y + z, and 1
x+y ≥ 1

x+z ≥ 1
y+z . The conclusion follows from the

rearrangement inequalities.

4. The original inequality is equivalent to
∑n

i=1 xiyi ≥
∑n

i=1 xizi. The left

hand side of the inequality is a sum of same order numbers, while the

right hand side is a sum of random order numbers, so the proposition

is true.

5. Take a logarithm, and then use the rearrangement inequalities.

6. Order a1, a2, . . . , an−1 from the smallest to the largest to form 1 ≤ c1 <

c2 < · · · < cn−1 ≤ n. Also order a2, a3, . . . , an from the smallest to the

largest to form 1 ≤ b1 < c2 < · · · < bn−1 ≤ n. So, 1 ≥ 1
b1

> 1
b2

> · · · >
1

bn−1
≥ 1

n . By the rearrangement inequalities, the right hand side of the

525
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original inequality ≥ c1
b1
+ c2

b2
+ · · ·+ cn−1

bn−1
≥ 1 · 12 +2 · 13 + · · ·+(n−1) 1n =

the left hand side.

7. Let b1, b2, . . . , bn be a new permutation of a1, a2, . . . , an, satisfying b1 <

b2 < · · · < bn. Since 1 > 1
22 > 1

32 > · · · > 1
n2 , so a1 +

a2

22 + · · ·+ an

n2 ≥
b1 + b2

22 + · · · + bn
n2 . Since b1, b2, . . . , bn are mutually different natural

numbers, we see that b1 ≥ 1, b2 ≥ 2, . . . , bn ≥ n. Hence, the original

inequality is satisfied.

8. Let Ai = a1a2 · · · ai−1ai+1 · · · an. Since 0 ≤ bi ≤ p,
∑n

i=1 bi = 1, and
1
2 ≤ p ≤ 1, by the rearrangement inequalities,

∑n
i=1 biAi ≤ pAi + (1 −

p)Ai ≤ p(A1+A2). By the arithmetic mean-geometric mean inequality,

A1 +A2 = a3a4 · · ·an(a2 + a1) ≤
(

1
n−1

∑n
i=1 ai

)n−1

= the right hand

side.

9. By Chebyshev’s inequality,

n∑
i=1

ari
bsi

≥ 1

n

n∑
i=1

ari

n∑
i=1

1

bsi
≥ 1

n
· n1−r

(
n∑

i=1

ai

)r
ns+1

(
∑n

i=1 bi)
s ,

which is the right hand side.

10. Without loss of generality, assume that x1 ≥ x2 ≥ · · · ≥ xn > 0. Then

0 < 1
1+x1

≤ 1
1+x2

≤ · · · ≤ 1
1+xn

. Chebyshev’s inequality implies that

1

n

(
x1

1 + x1
+

x2

1 + x2
+ · · ·+ xn

1 + xn

)

≤ 1

n
(x1 + x2 + · · ·+ xn) · 1

n

(
1

1 + x1
+

1

1 + x2
+ · · ·+ 1

1 + xn

)
.

Also from the given condition, 1
1+x1

+ 1
1+x2

+ · · ·+ 1
1+xn

= n− 1, hence

x1 + x2 + · · ·+ xn ≥ n
n−1 .

11. When n = 1, the inequality to be proved is symmetric with respect to

a, b, and c. We may assume that a ≥ b ≥ c. Then a+ b ≥ a+ c ≥ b+ c,

so 1
b+c ≥ 1

c+a ≥ 1
a+b . From Chebyshev’s inequality,

a

b+ c
(b+ c) +

b

a+ c
(a+ c) +

c

a+ b
(a+ b)

≤ 1

3

(
a

b+ c
+

b

a+ c
+

c

a+ b

)
(b+ c+ a+ c+ a+ b).

Hence, a
b+c +

b
a+c +

c
a+b ≥ ( 23)−1

.
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Suppose that the proposition is true for n = k, that is

ak

b+ c
+

bk

c+ a
+

ck

a+ b
≥
(
2

3

)k−2

· Sk−1.

When n = k+1, again assume that a ≥ b ≥ c. Then ak

b+c ≥ bk

c+a ≥ ck

a+b .

Using Chebyshev’s inequality and the inductive hypothesis, we get

ak+1

b+ c
+

bk+1

c+ a
+

ck+1

a+ b
= a · ak

b+ c
+ b · bk

c+ a
+ c · ck

a+ b

≥ 1

3
(a+ b+ c)

(
ak

b + c
+

bk

c+ a
+

ck

a+ b

)

≥ 2

3
S

(
2

3

)k−2

· Sk−1 =

(
2

3

)k−1

· Sk.

12. Let

M =

n∑
i=1

ak+1
i

aki + ak−1
i ai+1 + · · ·+ aia

k−1
i+1 + aki+1

,

N =
n∑

i=1

ak+1
i+1

aki + ak−1
i ai+1 + · · ·+ aia

k−1
i+1 + aki+1

.

Then

M −N =

n∑
i=1

ak+1
i − ak+1

i+1

aki + ak−1
i ai+1 + · · ·+ aia

k−1
i+1 + aki+1

=

n∑
i=1

(ai − ai+1) = 0. (22.1)

For any given positive integer k, by the rearrangement inequalities,

ak+1 + bk+1 ≥ ak+1−rbr + arbk+1−r,

where r = 0, 1, . . . , k.

Adding these k+1 inequalities and factorizing the expression, we have

(a+ b)
(
ak + ak−1b+ · · ·+ abk−1 + bk

) ≤ (k + 1)
(
ak+1 + bk+1

)
.
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Hence,

ak+1 + bk+1

ak + ak−1b + · · ·+ abk−1 + bk
≥ a+ b

k + 1
.

Thus, for i = 1, 2, . . . , n,

ak+1
i + ak+1

i+1

aki + ak−1
i ai+1 + · · ·+ aia

k−1
i+1 + aki+1

≥ ai + ai+1

k + 1
.

Summing up the above inequalities gives

M +N =

n∑
i=1

ak+1
i + ak+1

i+1

aki + ak−1
i ai+1 + · · ·+ aia

k−1
i+1 + aki+1

≥
n∑

i=1

ai + ai+1

k + 1
= 2

n∑
i=1

ai
k + 1

. (22.2)

Now, (22.1) and (22.2) imply that

M = N ≥ 1

k + 1

n∑
i=1

ai.
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Solutions for Chapter 23

Convex Functions and
Jensen’s Inequality

1. 3
2

√
3. By Jensen’s inequality,

sinA+ sinB + sinC ≤ 3 sin
A+B + C

3
=

3

2

√
3.

2. A < B. Since y = 3
√
x is a concave function, Jensen’s inequality

implies that

3
√
3− 3

√
3 +

3
√
3 + 3

√
3

2
≤ 3

√
3− 3

√
3 + 3 + 3

√
3

2
=

3
√
3.

Since 3− 3
√
3 �= 3 + 3

√
3, it follows that

3
√

3− 3√3+
3
√

3+ 3√3
2 < 3

√
3.

3. Let f(x) = ln
(
x+ 1

x

)
. We show that for any a, b ∈ (0, 1),

ln
(
a+ 1

a

)
+ ln

(
b + 1

b

)
2

≥ ln

(
a+ b

2
+

2

a+ b

)
,

namely (
a+

1

a

)(
b+

1

b

)
≥
(
a+ b

2
+

2

a+ b

)2

,

that is,

ab+
1

ab
+

a

b
+

b

a
≥
(
a+ b

2

)2

+
1(

a+b
2

)2 + 2. (23.1)

Since a
b +

b
a ≥ 2 and ab ≤ (a+b

2

)2
, and since y = x+ 1

x is a monotonically

decreasing function on (0, 1], so

ab+
1

ab
≥
(
a+ b

2

)2

+
1(

a+b
2

)2 ,

529
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which proves (23.1). Thus, f(x) = ln
(
x+ 1

x

)
is a convex function on

(0, 1). By Jensen’s inequality,

1

n

n∑
i=1

ln

(
ai +

1

ai

)
≥ ln

(∑n
i=1 ai
n

+
n∑n

i=1 ai

)
= ln

(
n+

1

n

)
.

Therefore,
∏n

i=1

(
ai +

1
ai

)
≥ (n+ 1

n

)n
.

4. Since f(x) =
(
x+ a

x

)p
(p ∈ N and a is a positive constant) is a convex

function on (0,+∞), by Jensen’s inequality,

1

n

[(
x1 +

a

x1

)p

+

(
x2 +

a

x2

)p

+ · · ·+
(
xn +

a

xn

)p]

≥
[
1

n
(x1 + x2 + · · ·+ xn) +

a
1
n (x1 + x2 + · · ·+ xn)

]p

=

(
n2a+ 1

n

)p

.

5. Since f(x) =
√
x (x > 0) is a strictly concave function, so

1

3
(
√
n+

√
n+ 1 +

√
n+ 2) <

√
1

3
(n+ n+ 1 + n+ 2) =

√
n+ 1.

Also, since
√
n +

√
n+ 1 +

√
n+ 2 > 3 3

√√
n · √n+ 1 · √n+ 2, it is

enough to show that n(n+ 1)(n+ 2) >
(
n+ 8

9

)3
.

6. First use Jensen’s inequality, and then use the mean value inequality.

7. As Figure 23.1 shows, we have |PA| sinα = |PB| sinβ′, |PB| sinβ =

|PC| sin γ′, and |PC| sin γ = |PA| sinα′. So

sinα sinβ sin γ = sinα′ sinβ′ sin γ′.

Since y = sinx is a concave function on (0, π), by Jensen’s inequality

together with the arithmetic mean-geometric mean inequality,

(sinα sinβ sin γ)2 = sinα sinβ sin γ sinα′ sinβ′ sin γ′

≤ sin6
α+ β + γ + α′ + β′ + γ′

6
= sin6 30◦ =

(
1

2

)6

.

Namely, there must be one among sinα, sinβ, and sin γ that is ≤ 1
2 ,

say sinα ≤ 1
2 . Thus, when α is an acute angle, α ≤ 30◦; when α is an

obtuse angle, α ≥ 150◦, and β, γ ≤ 30◦.
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Figure 23.1 Figure for Exercise 7.

8. Let f(x) = tan x
m with x ∈ (0, π). Then for any two points x1 and x2,

f(x1) + f(x2) = tan
x1

m
+ tan

x2

m
=

sin x1+x2

m

cos x1

m cos x2

m

=
2 sin x1+x2

m

cos x1+x2

m + cos x1−x2

m

≥ 2 sin x1+x2

m

cos x1+x2

m + 1

= 2 tan
x1 + x2

2m
= 2f

(
x1 + x2

2

)
,

so f(x) = tan x
m is a convex function on (0, π). Choose x1 = A

m , x2 =
B
m , and x3 = C

m . According to Jensen’s inequality,

tan
A

m
+ tan

B

m
+ tan

C

m
≥ 3 tan

A
m + B

m + C
m

3
= 3 tan

π

3m
.

9. Let g =
(

1
x2 + x

) (
1
y2 + y

) (
1
z2 + z

)
. Then

ln g = ln

(
1

x2
+ x

)
+ ln

(
1

y2
+ y

)
+ ln

(
1

z2
+ z

)
.

Define the function f(x) = ln
(

1
x2 + x

)
(0 < x < 1). Then f ′(x) =

x3−2
x4+x and

f ′′(x) =
−x6 + 10x3 + 2

(x4 + x)2

=
−[x3 − (5 +

√
27)][x3 − (5−√

27)]

(x4 + x)2
> 0.

Consequently, f(x) is a convex function on (0, 1), and so by the defi-

nition of convex functions, ln g ≥ 3 ln
(
32 + 1

3

)
= ln

(
28
3

)3
, from which

g ≥ ( 283 )3.
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10. If x > 0 and nx = xn, then x = n
1

n−1 .

(1) When x1x2 · · ·xn ≥ n
n

n−1 , since xα (α ≥ 1) is a strictly convex

function on (0,+∞), so by the definition of convex functions,

xα
1 + xα

2 + · · ·+ xα
n

x1x2 · · ·xn
≥ n

(
x1+x2+···+xn

n

)α
x1x2 · · ·xn

≥ n1−α(x1x2 · · ·xn)
α−1

≥ n1−α
(
n

n
n−1
)α−1

= n
α−1
n−1 .

The equality in the above is satisfied if and only if x1 = x2 = · · · =
xn = n

1
n−1 .

(2) When x1x2 · · ·xn ≤ n
n

n−1 , from the arithmetic mean-geometric

mean inequality,

xα
1 + xα

2 + · · ·+ xα
n

x1x2 · · ·xn
≥ n(x1x2 · · ·xn)

α
n

x1x2 · · ·xn

=
n

(x1x2 · · ·xn)1−
α
n

≥ n(
n

n
n−1
)1−α

n
= n

α−1
n−1 .

The equality in the above is satisfied if and only if x1 = x2 = · · · =
xn = n

1
n−1 .

11. By symmetry, we may assume that x ≤ y ≤ z. Then

1

(1 + y)(1 + z)
≤ 1

(1 + z)(1 + x)
≤ 1

(1 + x)(1 + y)
.

Chebyshev’s inequality implies that

x3

(1 + y)(1 + z)
+

y3

(1 + z)(1 + x)
+

z3

(1 + x)(1 + y)

≥ 1

3
(x3 + y3 + z3)

[
1

(1 + y)(1 + z)

+
1

(1 + z)(1 + x)
+

1

(1 + x)(1 + y)

]

=
1

3
(x3 + y3 + z3)

3 + (x + y + z)

(1 + x)(1 + y)(1 + z)
.

Let 1
3 (x + y + z) = a. Then, since the function t3 is strictly convex

on (0,+∞), by Jensen’s inequality and the arithmetic mean-geometric
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mean inequality,

1

3
(x3 + y3 + z3) ≥ a3,

x+ y + z ≥ 3 3
√
xyz = 3,

(1 + x)(1 + y)(1 + z) ≤
[
(1 + x) + (1 + y) + (1 + z)

3

]3
= (1 + a)3.

Therefore,

x3

(1 + y)(1 + z)
+

y3

(1 + z)(1 + x)
+

z3

(1 + x)(1 + y)
≥ a3 · 3 + 3

(1 + a)3
.

Thus, it is enough to show that 6a3

(1+a)3 ≥ 3
4 .

Since a ≥ 1, the above inequality is obviously satisfied, and the

equality holds if and only if x = y = z = 1.

12. Let xk = aβk . Then aαk = x
α
β

k and α
β > 1. Consider the convexity of the

function f(x) = x
α
β (x > 0). By Jensen’s inequality,

f

(
x1 + x2 + · · ·+ xn

n

)
≤ 1

n
[f(x1) + f(x2) + · · ·+ f(xn)],

that is,

(
x1 + x2 + · · ·+ xn

n

)α
β

≤ x
α
β

1 + x
α
β

2 + · · ·+ x
α
β
n

n
.

In other words,

(
x

α
β

1 + x
α
β

2 + · · ·+ x
α
β
n

n

) 1
α

≥
(
x1 + x2 + · · ·+ xn

n

) 1
β

.

Hence,

(
aα1 + aα2 + · · ·+ aαn

n

) 1
α

≥
(
aβ1 + aβ2 + · · ·+ aβn

n

) 1
β

.
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Solutions for Chapter 24

Recursive Sequences

1. 2. From an+1 = a2n + an, we have an+1 = an(an + 1), so

1

an+1
=

1

an(an + 1)
=

1

an
− 1

an + 1
.

Thus, 1
an+1 = 1

an
− 1

an+1
. Consequently,

2016∑
n=1

1

an + 1
=

2016∑
n=1

(
1

an
− 1

an+1

)
=

1

a1
− 1

a2017
= 3− 1

a2017
.

Note that {an} is a monotonically increasing sequence, and it is easy

to find that a2 > 1
3 , a3 > 1

2 , and a5 > 1. Thus, a2017 > 1. Hence, the

integral part of
∑2016

n=1
1

an+1 is 2.

2. 2n− 1. The recursive relation can be deformed to an+1−an

1+anan+1
= 1

2n2 .

We let bn = arctanan. Then b1 = π
4 and tan(bn+1− bn) =

1
2n2 , namely

bn+1 − bn = arctan 1
2n2 . It follows that bn − b1 =

∑n−1
k=1 arctan

1
2k2 =∑n−1

k=1

(
arctan 1

2k−1 − arctan 1
2k+1

)
= arctan 1 − arctan 1

2n−1 . There-

fore, bn = π
2 − arctan 1

2n−1 , and so

an = tan bn = cot

(
arctan

1

2n− 1

)
= 2n− 1.

3. Let bn = an − nan−1. Then the given condition implies bn = 4bn−1 −
4bn−2, where b1 = 1 and b2 = 0. By the method of characteristic roots

we know that bn =
(
1− n

2

) · 2n, so an − nan−1 =
(
1− n

2

) · 2n =

2n − n · 2n−1. Let cn = an − 2n. Then cn = ncn−1, where c0 = 1 and

c1 = 1. Thus, cn = (n!)c0 = n!. Hence, an = 2n + n!.

535
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4. We use the fixed point method to do the problem. Solving the equa-

tion λ = λ
2 + 1

λ gives λ = ±√
2. So, we have an+1 − √

2 = an

2 +
1
an

− √
2 = (an−

√
2)2

2an
and an+1 +

√
2 = an

2 + 1
an

+
√
2 = (an+

√
2)2

2an

(noting an > 0 from the recursive expression and mathematical induc-

tion, so the denominator is nonzero). Dividing the two equalities

gives that an+1−
√
2

an+1+
√
2
=
(

an−
√
2

an+
√
2

)2
= · · · =

(
a1−

√
2

a1+
√
2

)2n
. Consequently,

an+1−
√
2

an+1+
√
2

=
(

2−√
2

2+
√
2

)2n
= (3 − 2

√
2)2

n

, whose solution is an+1 =
√
2 · (3−2

√
2)2

n
+1

1−(3−2
√
2)2n

. Therefore, the general term of the sequence {an}
is an =

√
2 · 1+(3−2

√
2)2

n−1

1−(3−2
√
2)2n−1 .

5. By the condition we know that a9 = 21a2 + 13a1. So, the proposi-

tion is reduced to finding the minimal positive integer k such that the

indeterminate equation 13x+21y = k has two pairs of positive integer

solutions x ≤ y. For this purpose, let

k = 13a+ 21b = 13x+ 21y,

where a ≤ b, x ≤ y, a ≤ x, and (a, b) �= (x, y). Then 13(x − a) =

21(b− y). Note that (13, 21) = 1, and x− a and b− y are not all zero,

so x−a > 0 and then b−y > 0. It follows that 21 | x−a and 13 | b−y,

from which x ≥ a+ 21, and thus k = 13x+ 21y ≥ 34x ≥ 34(a+ 21) ≥
34 · 22 = 748. Also, when k = 748, the sequences {an} with initial

value conditions (a1, a2) = (1, 35) and (22, 22) respectively both satisfy

a9 = 748. Hence, the minimum value of k is 748.

6. The given condition ensures that the positive integers larger than a1 all

appear in {an}n≥2. We choose the smallest positive integer n such that

an > a1. Then 2an − a1 > a1, and so the number 2an − a1 appears in

{an}n≥2. Thus, there exists m ∈ N+ such that am = 2an−a1. Clearly

m > n because of the minimality of n. Therefore, the proposition is

proved.

7. From the condition, xn = 2(2n−1)
n · xn−1, so

xn =
2(2n− 1)

n
· 2(2n− 3)

n− 1
xn−2 = · · ·

=
2(2n− 1)

n
· 2(2n− 3)

n− 1
· · · · · 2 · 3

2
x1

=
2n · [(2n− 1)!!]

n!
,
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where n! = 1·2·· · ··n and (2n−1)!! = 1·3·· · ··(2n−1). This indicates that

xn = 2n(2n−1)(2n−2)(2n−3)·····2·1
n!n! = 2n(2n−1)·····(n+1)

n! . Since the product

of any n consecutive positive integers is a multiple of n!, so xn is a

positive integer.

8. It is easy to see from the condition that for any n ∈ N+, it is always

the case that xn > 0. Hence,

xn+1 =
x4
n + 1

5xn
=

x3
n

5
+

1

15xn
+

1

15xn
+

1

15xn
≥ 4

4

√
1

5 · 153 =
3 4
√
3

15
>

1

5
.

On the other hand, x2 = 17
10 < 2 when n = 2. Assume that xk < 2

when n = k (k > 1). Now, if xk ≥ 1, then xk+1 =
x4
k+1
5xk

< 23

5 + 1
5·1 < 2.

If xk < 1, then by combining xk ≥ 1
5 , we see that

xk+1 =
x4
k + 1

5xk
<

1

5
+

1

5 · 1
5

< 2.

Hence, in any case, xk+1 < 2. To summarize, the proposition is proved.

9. Since a1 > 0 and b1 > 0, by the recursive formula, we know that an > 0

and bn > 0. Now,

⎧⎪⎪⎨
⎪⎪⎩
an+1 + 1 =

(an + 1)(bn + 1)

bn
,

bn+1 + 1 =
(an + 1)(bn + 1)

an
,

from which ⎧⎪⎪⎨
⎪⎪⎩

1

an+1 + 1
=

bn
(an + 1)(bn + 1)

,

1

bn+1 + 1
=

an
(an + 1)(bn + 1)

.

Consequently,

1

an+1 + 1
− 1

bn+1 + 1
=

bn
(an + 1)(bn + 1)

− an
(an + 1)(bn + 1)

=
(bn + 1)− (an + 1)

(an + 1)(bn + 1)
=

1

an + 1
− 1

bn + 1

= · · · = 1

a1 + 1
− 1

b1 + 1
=

1

6
.

Therefore, 1
a2015+1 > 1

6 , so a2015 < 5.
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10. From the given condition,

an+1 = 7an + 6bn − 3,

bn = 8an−1 + 7bn−1 − 4,

an = 7an−1 + 6bn−1 − 3.

Eliminating bn and bn−1 from the above three equalities, we get

an+1 = 14an − an−1 − 6. (24.1)

Thus, an = 14an−1−an−2−6. Eliminating the constant term −6 from

the previous two equalities gives

an+1 = 15an − 15an−1 + an−2,

whose characteristic equation is q3 = 15q2 − 15q + 1. So, the charac-

teristic roots are q1 = 1, q2 = 7 + 4
√
3, and q3 = 7− 4

√
3. Hence,

an = A1 · 1n +A2(7 + 4
√
3)n +A3(7− 4

√
3)n.

The initial values are a0 = 1, a1 = 7−3 = 4, and a2 = 14 ·4−1−6 = 49

by (24.1). Thus, we have the system of equations

⎧⎪⎪⎨
⎪⎪⎩

A1 +A2 +A3 = 1,

A1 + (7 + 4
√
3)A2 + (7− 4

√
3)A3 = 4,

A1 + (7 + 4
√
3)2A2 + (7− 4

√
3)2A3 = 49,

the solutions of which are A1 = 1
2 and A2 = A3 = 1

4 . Therefore,

an =
1

4

[
2 + (7 + 4

√
3)n + (7− 4

√
3)n
]

=

[
(2 +

√
3)n + (2−√

3)n

2

]2
=

⎛
⎜⎝
[n2 ]∑
k=0

C2k
n 2n−3k3k

⎞
⎟⎠

2

is a perfect square.

11. (1) From the condition, a1 = 5 and {an} is strictly increasing. Rewrite

the recursive formula as

2an+1 − 7an =
√
45a2n − 36.
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Squaring the both sides and simplifying the resulting expression

give

a2n+1 − 7anan+1 + a2n + 9 = 0, (24.2)

thus,

a2n − 7an−1an + a2n−1 + 9 = 0. (24.3)

By (24.2) − (24.3), we obtain

(an+1 − an−1)(an+1 + an−1 − 7an) = 0.

Since an+1 > an, so an+1 + an−1 − 7an = 0, from which

an+1 = 7an − an−1. (24.4)

From (24.4), a0 = 1, a1 = 5, and mathematical induction, we find

that an is a positive integer for any n ∈ N.

(2) Completing the square to the both sides of (24.2) gives (an+1 +

an)
2 = 9(anan+1 − 1). Hence,

anan+1 − 1 =

(
an+1 + an

3

)2

. (24.5)

From (24.4), we have

an+1 + an = 9an − (an + an−1).

It follows that

an+1 + an ≡ −(an + an−1) ≡ · · · ≡ (−1)n(a1 + a0) ≡ 0 (mod 3).

Therefore, an+1+an

3 is a positive integer, so anan+1 − 1 is a perfect

square.

12. This sequence is not bounded.

First, each term of the sequence {an} is nonnegative and there are

no two equal nearby terms.

In fact, if there exists n such that an = an+1 = c, then an−1 = 0

and an−2 = an−3 = c. Continuing in this way up to either a1 = a0 = c

or there is one 0 in a0 and a1, we are lead to a contradiction in both

cases.

The above discussion concludes that an > 0 for all n ≥ 0.

Second, by definition we see that an+2 = an+1+an or an+2 = an+1−
an. If it is the former, then an+2 > an+1; if it is the latter, then

an+2 < an+1, from which an+1 > an since an+2 > 0. On the other
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hand, if an+2 = an+1 − an, then an+3 = an+2 + an+1 (otherwise,

if an+3 = an+2 − an+1, then an+3 = −an, a contradiction). So, if

an+2 < an+1, then an+3 > an+1. Now, remove all an that satisfy

an < an−1 and an < an+1. Denote the remaining sequence as {bm}.
Then {bm} is a strictly increasing sequence. If we can show that {bm}
is an unbounded sequence, then {an} is also an unbounded sequence.

In the following, we prove that {bm} is an unbounded sequence by

showing that for m ≥ 2, it is always true that bm+1 − bm ≥ bm − bm−1

(this is because bm+1 − b2 ≥ (m − 1)(b2 − b1) from the summation

method by splitting, leading to unboundedness of {bm}).
In fact, suppose that bm+1 = an+2 for m ≥ 2. Then an+2 > an+1 by

the definition of {bm}. If an+1 > an, then bm = an+1, while bm−1 =

an−1 or an ≥ an−1. Hence,

bm+1 − bm = an+2 − an+1 = an = an+1 − an−1

= bm − bm−1 ≥ bm − bm−1.

If an+1 < an, then bm = an, while bm−1 = an−1 or an−2 ≥ an−1 (since

bm−1 = an−2 requires an−2 > an−1). Thus,

bm+1 − bm = an+2 − an = an+1

= an − an−1 = bm − an−1

≥ bm − bm−1.

Therefore, the inequality bm+1 − bm ≥ bm − bm−1 is always satisfied.

Hence, {an} is an unbounded sequence.
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Periodic Sequences

1. 9. From the condition, xn + xn+1 + xn+2 = 20 and xn+1 + xn+2 +

xn+3 = 20. Subtracting them gives xn+3 = xn. So, {xn} is a periodic

sequence of period 3. Thus, x1 = x4 = 9 and x2 = x11 = 7. Hence,

x2014 = x1 = 9.

2. x0. Since an+3 = 1+xn+2

xn+1
=

1+
1+xn+1

xn

xn+1
= 1+xn+xn+1

xnxn+1
=

xn+1xn−1+xn+1

xnxn+1
= 1+xn−1

xn
= xnxn−2

xn
= xn−2, we see that {xn} is a

periodic sequence of period 5. Hence, x2010 = x0.

3. −1. A direct calculation finds x1 = 1, x2 = −2, x3 = −1, x4 =

2, x5 = 1, and x6 = −2. From this and mathematical induction, we

can show that {xn} is a periodic sequence of period 4. Hence,

2014∑
k=1

xk = x1 + x2 + 503(x1 + x2 + x3 + x4) = −1.

4. − 2015
2013 . Let k =

√
2+1 andm =

√
2−1. Thenmk = 1 and k−m = 2.

From the given condition, we see that xn+1 = kxn−1
xn+k = xn−m

mxn+1 and

xn+2 = xn−1
xn+1 . Similarly, xn+4 = −1

xn
and xn+8 = xn. Thus, xn+8t =

xn (t ∈ Z+). Also x5 = −1
2014 , so

x2015 = x7 =
x5 − 1

x5 + 1
=

−1− 2014

−1 + 2014
= −2015

2013
.

5. Suppose that there is a period T . If T = 2p · q, where q = 4n+ 3, then

a2k = a2k+T = a2p(2k−p+q) = a2k−p+q = 0 for k ≥ p+2, a contradiction

to a2k = 1. If T = 2p · q, where q = 4n + 1, then a2k = a2k+3T =

a2p(2k−p+3q) = a2k−p+3q = 0 for k ≥ p+2, also a contradiction. Hence,

the sequence is not periodic.

541
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6. Let An = an+bn+cn+dn and Bn = a2n+b2n+c2n+d2n. Then {An} and

{Bn} are both periodic and satisfy An+1 = 2An and Bn+2 = 2Bn+1 +

2A2
n. Consequently, An+1 = 2n · A1. The periodicity of {An} then

implies that An = 0, from which Bn+2 = 2Bn+1. The same argument

implies that Bn = 0 for n ≥ 2. Hence,

a2 = b2 = c2 = d2 = 0.

7. By the definition, we have f1(11) = (1 + 1)2 = 4, f2(11) = f1(4) =

42 = 16, f3(11) = f1(16) = (1 + 6)2 = 49, f4(11) = f1(49) = (4 + 9)2 =

169, f5(11) = f1(169) = (1+6+9)2 = 256, f6(11) = f1(256) = (2+5+

6)2 = 169, and f7(11) = f1(169) = (1+6+9)2 = 256. Thus, the values

of fn(11) when n ≥ 4 are alternatively 169 and 256, that is, {fn(11)}
is a mixed periodic sequence of period 2. Therefore, f100(11) = 169.

8. If an > a, then an+1 = an + a when an is an odd number, and so

an+2 = an+a
2 ; and an+1 = an

2 when an is an even number. So, it is

always true that an > min{an+1, an+2}. In this way, we see that there

exists n ∈ N+ such that an ≤ a. Furthermore, am ≤ 2a and am is a

positive integer for any m ≥ n. Consequently by the drawer principle,

there exist k ≥ n and T ∈ N+ such that ak+T = ak. This means that

{an} is a periodic sequence of period T .

9. Calculate directly the first several terms 0, 1, 8, 63, 496, 3905, 30744 of

Un. Note that U3 = 63 and U6 = 30744 are both multiples of 3 and 7,

but the other terms U1, U2, U4, and U5 are neither multiples of 3, nor

multiples of 7. We conjecture that

3 | Un ⇒ 7 | Un. (25.1)

In the following, we show that (25.1) is true. First consider module 3.

From the recursive formula, we know that Un+3−Un = 9(Un+2−Un+1),

namely Un+3 ≡ Un (mod 3). The sequence {Un (mod 3)} is a periodic

one of period 3, and its first three terms are 0, 1, and −1. So,

3 | Un ⇔ 3 | n. (25.2)

Then take module 7. By the same token, the sequence {Un (mod 7)} is

a periodic one of period 6, and its first six terms are 0, 1, 1, 0,−1, and

−1. Thus,

7 | Un ⇔ 3 | n. (25.3)
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From (25.2) and (25.3), we know that (25.1) is correct, and so there are

no terms of the form 3α · 5β (α and β are positive integers). (Remark:

The method for this problem is very clever. This requires an accumu-

lation of experiences in solving this type of problems, and needs an

ability of keen observations.)

10. We prove: For a positive integer k satisfying 2k > maxS0, the choice

of N = 2k meets the requirement.

In fact, consider polynomials in the sense of mod 2. According to the

structure of the set sequence, we have

∑
j∈Sn

xj ≡ (1 + x)
∑

j∈Sn−1

xj ≡ · · · ≡ (1 + x)n
∑
j∈S0

xj (mod 2),

while (x + y)2 = x2 + 2xy + y2 ≡ x2 + y2 (mod 2). Hence, for any

n ∈ N+, we can show by using mathematical induction that (x+y)2
n ≡

x2n + y2
n

(mod 2).

Summarizing the above conclusions, whenN = 2k > maxS0, we have

∑
j∈Sn

xj ≡ (1 + x)2
k ∑
j∈Sn−1

xj ≡
(
1 + x2k

) ∑
j∈S0

xj (mod 2)

=
(
1 + xN

) ∑
j∈S0

xj .

This means that SN = S0 ∪ {N + a | a ∈ S0}. And the proposition is

thus proved.

11. Define a sequence {xm} as follows:

xm =

{
1, if m ∈ X,

0, if m 
∈ X.

Note that the sets X+a1, . . . , X+an constitute a partition of Z ⇔ for

any t ∈ Z, the sets X + a1 + t, . . . , X + an + t constitute a partition of

Z. We may assume that 0 = a1 < a2 < · · · < an.

Using the partition of Z by X,X + a2, . . . , X + an, we know that

m ∈ X ⇔ for any j ∈ {2, . . . , n}, there holds that m 
∈ X + aj ⇔ for

any j ∈ {2, . . . , n}, there holds that m− aj 
∈ X .

Thus, xm = (1− xm−a2) · · · (1− xm−an). This means that the value

of each term in the sequence {xm} is determined by the value of a

previous term an. Hence, there are at most 2an different possibilities

for the values of the numbers array (xm, xm+1, . . . , xm+an). By the



March 14, 2022 15:46 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-study25 page 544

544 Problems and Solutions in Mathematical Olympiad: High School 2

drawer principle, there are positive integers m1 and m2 with m1 < m2

such that

(xm1 , xm1+1, . . . , xm1+an) = (xm2 , xm2+1, . . . , xm2+an).

Therefore, {xm} is a periodic sequence of period N (= m2 −m1).

On the other hand, since X,X+a2, . . . , X+an constitute a partition

of Z, the sets X − an, X + a2 − an, . . . , X + an−1 − an also form a

partition of Z. From the same analysis as above, xm = (1−xm+an)(1−
xm+an−a2) · · · (1−xm+an−an−1). Using the recursive relation backward,

we find that {xm} is a purely periodic sequence of period N . This

indicates: For any m ∈ N+, there is xm = xm+N . In other words,

m ∈ X ⇔ m+N ∈ X . Therefore, X +N = X .

12. (1) When i is an integer greater than 1, we first prove: With respect

to any prime factor p of xi, the sequence {xn} is periodic from

the ith term on in the sense of mod p (that is, with x1, . . . , xi−1

removed, the remaining sequence is periodic). In fact, note that in

the sense of mod p, there are only finitely many cases for the num-

ber pairs (xm, xm+1) (each term has only p possibilities, so there

are at most p2 different number pairs). Thus, there are r ≥ i and

T ∈ N+ such that (xr+T , xr+T+1) ≡ (xr , xr+1) (mod p). If r = i,

then from xn+1 = xnxn−1 + 1, we know that {xn} is a periodic

sequence from the ith term on in the sense of mod p. Consider

the case r > i. If xr ≡ 0 (mod p), then xr+1 ≡ 1 (mod p).

While (xi, xi+1) ≡ (0, 1) (mod p), it follows that (xi, xi+1) ≡
(xr, xr+1) (mod p). (Note: Here we used i ≥ 2, since only in

this case there can be xi+1 = xixi−1 + 1 ≡ (mod p).) We know

(xi, xi+1) ≡ (xr , xr+1) (mod p). Hence, {xn} is periodic sequence

of period r − i from the ith term on in the sense of mod p. If

xr 
≡ 0 (mod p), then xr−1+Txr+T = xr+T−1 − 1 ≡ xr+1 − 1 =

xr−1xr (mod p). Taking consideration of xr+T ≡ xr 
≡ 0 (mod p),

we obtain xr−1+T ≡ xr−1 (mod p). That is,

(xr−1, xr) ≡ (xr−1+T , xr+T ) (mod p).

This indicates that r can be moved forward by one position. Con-

tinuing in this way with constant forwarding as above, we know

that {xn} is a periodic sequence from the ith term on in the sense

of mod p. Now, assume that xi = pα1
1 · · · pαk

k , where p1 < · · · < pk
are prime numbers and α1, . . . , αk ∈ N+. For pl ∈ {p1, . . . , pk}, let
{xn} be the periodic sequence of period Tl from the ith term on in
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the sense of mod pl, and denote T = [T1, . . . , Tk], which is the least

common multiple of T1, . . . , Tk. Let j = i+ nT , where

n = i ·max{α1, . . . , αk}.
Then for 1 ≤ l ≤ k, since xj = xi+nT ≡ xi ≡ 0 (mod p), so

pi·αl

l | xi·αl
j , and then pi·αl

l | xj
j . By noting xi = pα1

1 · · · pαk

k , we

have xi
i | xj

j , proving the proposition.

(2) Choose x1 = 33 and x2 = 23. Then the terms of the sequence {xn}
in the sense of mod 33 are 0, 23, 1, 24, 25, 7, 11, 12, 1, 13, 14, 18, 22,

1, 23, 24, 25, . . ., and the sequence is periodic of period 13 from the

4th term on in the sense of mod 33. When j > 1, we have 33 � xj .

Therefore, the conclusion of (2) is negative.
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Solutions for Chapter 26

Polar Coordinates

1. 6. When m = n, the curve represented by ρ = 1
1−Cn

m cos θ is a

parabola. When m �= n, let e = Cn
m > 1. Note that C1

3 = C2
3,C

1
4 =

C3
4,C

2
5 = C3

5, and C1
5 = C4

5. So, there are totally 10 − 4 = 6 different

values for the eccentricity e > 1.

2. Hyperbola. Since

ρ =
5

3− 4 cos θ + 4 sin θ
=

5

3− 4
√
2 cos

(
θ + π

4

) ,

by the unified equation of conic sections, e = 4
√
2

3 > 1.

3.
[
π
4 ,

3π
4

]
. By the unified approach to conic sections in polar coordi-

nates, we have the equation ρ = 4
1−cos θ of the parabola. From the given

condition, we know that θ ∈ [0, π] and 4
1−cos θ + 4

1+cos θ ≤ 16, that is

sin2 θ ≥ 1
2 , namely | sin θ| ≥

√
2
2 . Hence, θ ∈ [π4 , 3π

4

]
.

4. Set up a polar coordinates system with F as the pole and the symmetric

axis of the parabola as the polar axis. Then the polar equation of the

parabola is ρ = p
1−cos θ . Let α be the angle between PQ and the polar

axis. Then the polar radii of P and Q are

ρ1 = |FP | = p

1− cosα
, ρ2 = |FQ| p

1 + cosα
.

Since the polar radius of the middle point S of PQ is

ρ0 = |FS| = 1

2
(ρ1 − ρ2) =

1

2

(
p

1− cosα
− p

1 + cosα

)
=

p cosα

sin2 α
,

|FR| = |FS|
cosα

=
p

sin2 α
=

1

2
(ρ1 + ρ2) =

1

2
|PQ|.

547
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Figure 26.1 Figure for Exercise 4.

5. Denote P1(ρ1, θ1) and P2(ρ2, θ1 + π). By the unified equation ρ =
p

1−cos θ , we have ρ1 = p
1−cos θ1

and ρ2 = p
1+cos θ1

. Hence,

1

ρ1
+

1

ρ2
=

1− cos θ1
p

+
1 + cos θ1

p
=

2

p
.

6. Set up a polar coordinates system with the left focus F as the pole

and FX as the polar axis. Then the equation of the ellipse is ρ =
7

4−3 cos θ . Since ∠AFB = ∠BFC = ∠CFA, they are all 2π
3 . Without

loss of generality, denote A(ρ1, θ), and then we have B
(
ρ2, θ +

2π
3

)
and

C
(
ρ3, θ +

4π
3

)
. Thus

1

|AF | +
1

|BF | +
1

|CF | =
1

ρ1
+

1

ρ2
+

1

ρ3

=
4− 3 cos θ

7
+

4− 3 cos
(
θ + 2π

3

)
7

+
4− 3 cos

(
θ + 4π

3

)
7

=
12

7
.

7. Set up a polar coordinates system with the origin O as the pole and

OX as the polar axis. Then the equation of the circle A is ρ = 2 sin θ.

Denote P (ρ, θ) and Q(ρ1, θ). Then ρ − ρ1 = 2 − ρ sin θ, namely ρ −
2 sin θ = 2 − ρ sin θ. Simplifying it gives ρ = 2 or θ = −π

2 . Since P is

on the ray OQ, so the desired equation of the trajectory is ρ = 2 (0 <

θ < π) or θ = −π
2 . The corresponding equation in the rectangular

coordinates is x2 + y2 = 4 (y > 0) or x = 0 (y > 0).

8. With F as the pole and the straight line perpendicular to l as the

polar axis, set up a polar coordinates system. Denote N(ρ1, θ) and

M(ρ2, θ + π)
(−π

2 < θ < π
2

)
. Then ρ2 cos(θ + π) = −p, that is, ρ2 =

p
cos θ . Also, since |FN |

|MN | =
1

|MF | , namely ρ1ρ2 = ρ1 + ρ2, we obtain that
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ρ1 = ρ2

ρ2−1 = p
p−cos θ . Consequently,

ρ1 + ρ2 =
p

p− cos θ
+

p

cos θ
=

p2

cos θ(p− cos θ)
≥ p2

p2

4

= 4,

and the equality is achieved when cos θ = p
2 :

(1) If 0 < p ≤ 2, then the minimum value of ρ1 + ρ2 is 4;

(2) if p > 2, then ρ1 + ρ2 obtains the minimum value p2

p−1 when

cos θ = 1.

9. Set up a polar coordinates system with the left focus as the pole and the

positive direction of the x-axis as the polar axis. Then the equation of

the ellipse is ρ = ep
1−e cos θ . Denote A(ρ1, α) and B(ρ2, α+π) the two end

points of the side of the parallelogram passing through the pole. Then

|AB| = ρ1 + ρ2 = 2ep
1−e2 cos2 θ . Thus, the distance of the two parallel

lines is

h = |F1F2| sinα = 2c sinα,

so S = |AB|h = 4ab2c
b2

sinα+c2 sinα
, where S is the area of the parallelogram.

(i) When 0 < b
c ≤ 1, we have S ≤ 4ab2c

2bc = 2ab;

(ii) when b
c > 1, we see that S ≤ 4ab2c

a2 = 4b2

a .

10. With F as the pole and the positive semi-axis of the x-axis as the

polar axis, set up a polar coordinates system. Then the equation of the

parabola is ρ = p
1−cosα (here α is the polar angle).

Draw AM ⊥ the x-axis and BN ⊥ the x-axis, where M and

N are the feet of a perpendicular. Then |FA| = p
1−cos θ , |AM | =

p sin θ
1−cos θ , and |FM | = p cos θ

1−cos θ . Since |OF | = p
2 , so |OM | =

|OF | + |FM | = p(1+cos θ)
2(1−cos θ) , and tan∠AOM = |AM|

OM| = 2 sin θ
1+cos θ . Also

Figure 26.2 Figure 1 for Exercise 10.
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Figure 26.3 Figure 2 for Exercise 10.

|FB| = p
1+cos θ , |BN | = p sin θ

1+cos θ , |FN | = p cos θ
1+cos θ , |ON | = p

2 − p cos θ
1+cos θ =

p(1−cos θ)
2(1+cos θ) , and tan∠BON = 2 sin θ

1−cos θ . Consequently,

tan∠AOB = tan(∠AOM + ∠BON) = − 4

3 sin θ
.

Therefore, ∠AOB = π − arctan 4
3 sin θ .

11. (1) Without loss of generality, assume that F is the left focus. As in

Figure 26.4, with F as the pole and the x-axis as the polar axis, set

up a polar coordinates system. Then the polar coordinates equa-

tion of the ellipse x2

a2 + y2

b2 = 1 is ρ = ep
1−e cos θ (ρ > 0), where

e = c
a , p

2 = b2

c , and c =
√
a2 − b2.

Denote A(ρ1, θ), B(ρ2, θ + π), C
(
ρ3, θ +

π
2

)
, and D

(
ρ4, θ +

3π
2

)
with θ ∈ [0, π2 ]. Then 1

|FA|+
1

|FB| =
1
ρ1
+ 1

ρ2
= 1−e cos θ

ep + 1+e cos θ
ep =

2
ep = 2a

b2 is a fixed number. Also

1

|AB| +
1

|CD| =
1

ρ1 + ρ2
+

1

ρ3 + ρ4

=
1− e2 cos2 θ

2ep
+

1− e2 sin2 θ

2ep

=
2− e2

2ep
=

a2 + b2

2ab2

is a fixed number.

Figure 26.4 Figure for Exercise 11.
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(2) We calculate out that

|AB|+ |CD| = ρ1 + ρ2 + ρ3 + ρ4

=
ep

1− e cos θ
+

ep

1 + e cos θ
+

ep

1 + e sin θ
+

ep

1− e sin θ

= 2ep

(
1

1− e2 cos2 θ
+

1

1− e2 sin2 θ

)

=
2ep(2− e2)

1− e2 + e4 sin2 θ cos2 θ
≥ 2ep(2− e2)

1− e2 + 1
4e

4
=

8ab2

a2 + b2
,

and if and only if θ = π
4 it has the minimum value 8ab2

a2+b2 .

Also

|AB||CD| = |AB|+ |CD|
1

|AB| +
1

|CD|
≥

8ab2

a2+b2

a2+b2

2ab2

=
16a2b4

(a2 + b2)2
,

and if and only if θ = π
4 it has the minimum value 16a2b4

(a2+b2)2 (all can

be calculated directly).

(3) We know that the polar coordinates of M are (a− c, π). Then

S�ABM = S�AMF + S�BMF =
1

2
|MF |(ρ1 + ρ2) sin θ

=
1

2
(a− c)

(
ep

1− e cos θ
+

ep

1 + e cos θ

)
sin θ

= (a− c)
ep

1− e2 cos2 θ
sin θ = (a− c)

ab2

b2 + c2 sin2 θ
· sin θ

=
ab2(a− c)
b2

sin θ + c2 sin θ
.

Thus, S�ABM ≤ ab2(a−c)
2bc = ab(a−c)

2c when b ≤ c, and if and only if

sin2 θ = b2

c2 , namely θ = arcsin b
c , it reaches the maximum value.

When b > c, from the monotonicity, (S�ABM )max = ab2(a−c)
b2+c2 =

b2(a−c)
a , and if and only if θ = π

2 , it obtains the maximum value.

In summary,

(S�ABM )max =

⎧⎪⎪⎨
⎪⎪⎩

ab(a− c)

2c
, b ≤ c;

b2(a− c)

a
, b > c.
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12. (1) With the center O of the ellipse as the pole and the x-axis as

the polar axis, set up a polar coordinates system. Then the polar

coordinates equation of the ellipse is 1
ρ2 = cos2 θ

a2 + sin2 θ
b2 . Denote

A(ρ1, θ) and B
(
ρ2, θ +

π
2

)
with θ ∈ [0, π2 ). Then 1

|OA|2 + 1
|OB|2 =

cos2 θ
a2 + sin2 θ

b2 + sin2 θ
a2 + cos2 θ

b2 = 1
a2 + 1

b2 is a fixed number.

(2) A direct computation gives that

1

|OA| +
1

|OB| =
√

cos2 θ

a2
+

sin2 θ

b2
+

√
sin2 θ

a2
+

cos2 θ

b2

=
1

ab

(√
a2 sin2 θ + b2 cos2 θ +

√
a2 cos2 θ + b2 sin2 θ

)

=
1

ab

√
a2 + b2 + 2

√
a2b2(sin4 θ + cos4 θ) + (a4 + b4) sin2 θ cos2 θ

=
1

ab

√
a2 + b2 + 2

√
a2b2 +

1

4
(a2 − b2)2 sin2 2θ.

So, when θ = 0, the desired minimum value is 1
ab

√
a2 + b2 + 2ab =

a+b
ab ; when θ = π

4 , the desired maximum value is

1

ab

√
a2 + b2 + 2− 1

2
(a2 + b2) =

√
2(a2 + b2)

ab
.

(3) The polar coordinates equation of the ellipse can be rewritten as

ρ2 = a2b2

a2 sin2 θ+b2 cos2 θ , so

S�AOB =
1

2
ρ1ρ2

=
1

2
a2b2

√
1

(a2 sin2 θ + b2 cos2 θ)(a2 cos2 θ + b2 sin2 θ)

=
1

2
a2b2

√
1

a2b2 + 1
4 (a

2 − b2) sin2 2θ
.

Hence, when θ = π
4 , the desired minimum value of the area is a2b2

a2+b2 ;

when θ = 0, the maximum value of the area is 1
2ab.
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Solutions for Chapter 27

Analytic Method for
Plane Geometry

1. Two thirds of a circle with radius 1. With O as the origin and the

straight line containing the line segment OA as the x-axis, set up a

rectangular coordinates system. Let G(x, y) be the center of gravity

of �ABC. For the two points B and C, since ∠BAC = π
3 , we have

∠BOC = 2
3π. It is easy to see that the distance of the middle point

D(x0, y0) of the chord BC to the point O is 3 cos π
3 = 3

2 , so x2
0 + y20 =(

3
2

)2 (− 3
2 ≤ x0 ≤ 3

4

)
. Also |−−→AD|

|−−→DG| = −3, thus x0 = 3x−3
2 and y0 = 2y

2 .

Substituting them into the equation that the point D satisfies, and

assembling the resulting expression, we obtain

(x− 1)2 + y2 = 1

(
0 ≤ x ≤ 3

2

)
.

2. 0. Establish a coordinates system as shown in Figure 27.1. Let

|−→OA| = r,
−−→
OB = p,

−−→
OC = q,∠AOB = α, and ∠AOC = β. Then−→

OA = (r, 0),
−−→
OB = (p cosα, p sinα), and

−−→
OC = (q cosβ, q sinβ). Thus,

S�OAC
−−→
OB + S�OAB

−−→
OC + S�OBC

−→
OA

=
1

2
pr sinα(q cosβ, q sinβ) +

1

2
pq sin(β − α)(r, 0)

−1

2
qr sinβ(p cosα, p sinα)

=
1

2
pqr(sinα cosβ + sin(β − α)− sinβ cosα, sinβ sinα− sinβ sinα)

= 0.

553
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Figure 27.1 Figure for Exercise 2.

3. A circle. Establish a rectangular coordinates system, so that the

base of the flag pole of height h is (−a, 0) and the base of the flag pole of

height k is (a, 0). Let the elevations of the point p(x, y) with respect to

the top of the poles be equal. Then h√
(x+a)2+y2

= k√
(x−a)2+y2

, that is,

(k2 − h2)x2 + 2a(h2 + k2)x+ (k2 − h2)y2 + a2(k2 − h2) = 0.

Since k �= h, the equation is reduced to x2 + y2 + 2ak2+h2

k2−h2x + a2 = 0,

and the corresponding point trajectory is a circle.

4. Draw AO ⊥ BC, intersecting BC at O. With BC and AO as

the x-axis and the y-axis respectively, set up a coordinates system.

Denote A(0, c),M(n, 0), and C(n+a, 0). Then we have the coordinates

(n− a, 0) of B, and the equation of the straight line PQ is

kx− y + b = 0. (27.1)

Figure 27.2 Figure for Exercise 4.
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Let |AP |
|PB| = λ and the coordinates of P be (x1, y1). Then

⎧⎪⎪⎨
⎪⎪⎩
x1 =

λ(n− a)

1 + λ
,

y1 =
c

1 + λ
.

Substituting the coordinates (x1, y1) of P into (27.1) gives λ =
c−b

k(n−a)+b , so
|AB|
|AP | = k(n−a)+c

c−b . By the same token, |AM|
|AN | = kn+c

c−b and
|AC|
|AQ| =

k(n+a)+c
c−b . Hence, 2 |AM|

|AN | =
|AB|
|AP | +

|AC|
|AQ| .

5. As in Figure 27.3, set up a rectangular coordinates system with the

center of the circle of diameter AB and radius R as the origin O and

the straight line AB as the x-axis. Then the equation of the circle O is

x2 + y2 = R2. (27.2)

Denote Q(x0, y0). Then x2
0 + y20 = R2. The equation of the circle cen-

tered at Q with QH as radius is

(x− x0)
2 + (y − y0)

2 = y20 . (27.3)

(27.2) − (27.3) and after a simplification, we obtain the equation

2x0x+ 2y0y = x2
0 +R2 (27.4)

of the straight line CD, and the equation

x = x0 (27.5)

of the straight line QH . Substituting (27.5) into (27.4) gives 2y0y = y20 .

Since Q �= A and B, so y0 �= 0. Thus, y = y0

2 , that is, the coordinates

of the intersection point of the straight lines CD and QH are
(
x0,

y0

2

)
.

Therefore, the straight line CD bisects the line segment QH .

Figure 27.3 Figure for Exercise 5.
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6. With the straight line containing BC as the x-axis and the middle point

of BC as the origin, set up a rectangular coordinates system. Let the

radius of the semicircle be r. Then we have B(−r, 0) and C(r, 0). Let

the equations of the straight lines AB and AC be y = b
a+r (x + r) and

y = b
a−r (x − r) respectively, and let the equation of the semicircle be

x2 + y2 = r2 (y ≥ 0). We can find the coordinates of the intersection

points D and E of the straight lines AB and AC with the semicircle,

respectively:

(xD, yD) =

(
r[(a+ r)2 − b2]

(a+ r)2 + b2
,

2br(a+ r)

(a+ r)2 + b2

)
,

(xE , yE) =

(−r[(a− r)2 − b2]

(a− r)2 + b2
,
−2br(a− r)

(a− r)2 + b2

)
.

Let |GE|
|FD| = λ. Then λ = yE

yD
. From xM = xG+λxD

1+λ , we find xM = a.

Hence, AM ⊥ BC.

7. By symmetry, we know that BD ⊥ AC and |OD| = |OB|. With the

straight line containing BD as the x-axis and O as the origin, set up

a rectangular coordinates system. By the condition, we may denote

A(0, a), B(b, 0), C(0, c), and D(d, 0). Then the straight line equation of

AB is

x

b
+

y

a
= 1 (27.6)

and the straight line equation of BC is

x

b
+

y

c
= 1.

Let the slopes of EF and GH be k and k′, respectively. Then

EF : y = kx,

GH : y = k′x. (27.7)

Solving (27.6) and (27.7) together to get the coordinates of G:

xG =
ab

a+ bk′
, yG =

abk′

a+ bk′
.

By the same token, substituting c for a and k for k′, we have the

coordinates of F :

xF =
bc

c+ bk
, yF =

bck

c+ bk
.
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Then the equation of GF (not including the two points G and F ) is

y − abk′
a+bk′

x− ab
a+bk

=
y − bck

c+bk

x− bc
c+bk

.

Let y = 0. Then we get the horizontal coordinate of the intersection

point I of GF and BD:

xI =
abc(k − k′)

(a+ bk′)ck′ − (c+ bk)ak′
.

Similarly, substituting d = −b for b and interchanging k and k′, we
obtain the horizontal coordinate of the intersection point J of EH and

BD:

xJ =
abc(k′ − k)

(a+ bk′)ck′ − (c+ bk)ak′
.

After comparison we find that xI = −xJ , so |OI| = |OJ |.
8. Choose the center of the circumcircle of �ABC as the ori-

gin to establish a coordinates system. Denote A(x1, y1), B(x2, y2),

and C(x3, y3). Then the coordinates of the center of gravity are

G
(
x1+x2+x3

3 , y1+y2+y3

3

)
. Let the radius of the circumcircle be r. Then

r2 = x2
1 + y21 = x2

2 + y22 = x2
3 + y23 .

From the circular power theorem,

|AG|
|GP | =

|AG|2
|AG||GP | =

|AG|2
r2 − |OG|2 .

By the same token,

|BG|
|GM | =

|BG|2
r2 − |OG|2 ,

|CG|
|GN | =

|CG|2
r2 − |OG|2 .

Figure 27.4 Figure for Exercise 8.
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Also from

|AG|2 + |BG|2 + |CG|2

=

3∑
i=1

[(
xi − x1 + x2 + x3

3

)2

+

(
yi − y1 + y2 + y3

3

)2
]

= x2
1 + x2

2 + x2
3 + y21 + y22 + y23 −

2

3
(x1 + x2 + x3)

3∑
i=1

xi

+3

(
x1 + x2 + x3

3

)2

− 2

3
(y1 + y2 + y3)

3∑
i=1

yi

+3

(
y1 + y2 + y3

3

)2

= (x2
1 + y21) + (x2

2 + y22) + (x2
3 + y23)

−3

(
x1 + x2 + x3

3

)2

− 3

(
y1 + y2 + y3

3

)2

= 3r2 − 3|OG|2,
|AG|2

r2 − |OG|2 +
|BG|2

r2 − |OG|2 +
|CG|2

r2 − |OG|2 = 3.

In other words,

|AG|
|GP | +

|BG|
|GM | +

|CG|
|GN | = 3.

9. Establish a rectangular coordinates system with the straight line con-

taining BC as its x-axis and the point A on its y-axis. Let ∠ABC =

2α,∠ACB = 2β, xB = −b, and xC = c. Since A is on the y-axis, so

b tan 2α = c tan 2β, from which the equation of BO2 is y = tanα(x+ b)

and the equation of CO2 is y = cotβ(x − c). The coordinates of

their intersection point are O2

(
b tanα+c cotβ
cotβ−tanα , b+c

cotβ−tanα · tanα
tan β

)
. Thus,

we can write F
(

b tanα+c cotβ
cotβ−tanα , 0

)
. Also, since FH ⊥ BO2, so kHF =

− 1
kBO2

= − cotα. Consequently, the equation of HF is

y = − cotα

(
x− b tanα+ c cotβ

cotβ − tanα

)
.

By the same token, the equation of EG is

y = cotβ

(
x− c tanβ + b cotα

tanβ − cotα

)
.
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Since

cotα · b tanα+c cotβ
cotβ−tanα

− cotβ · c tan β+b cotα
tan β−cotα

=
tan 2β tanβ + tan 2α

tanα

tan 2α tanα+ tan 2β
tan β

,

tanα tan 2α− tan 2α

tanα
=

tan 2α

tanα

(
−2 tanα

tan 2α

)
= −2,

and

tanβ tan 2β − tan 2β

tanβ
= −2,

we have

cotα · b tanα+ c cotβ

cotβ − tanα
= − cotβ · c tanβ + b cotα

tanβ − cotα
.

Therefore, HF and EG both pass through the point(
0, cotα · b tanα+c cotβ

cotβ−tanα

)
.

10. With the straight line BC as the x-axis and the straight line contain-

ing the altitude DA as the y-axis, set up a rectangular coordinates

system, as Figure 27.5 shows. Let the coordinates of A,B, and C be

(0, 2p), (2q, 0), and (2r, 0), respectively, where p > 0, q < 0, and r > 0.

Then the equation of the perpendicular bisector of the line segment BC

is x = q + r and the equation of the perpendicular bisector of the line

segment CA is y−p = r
p (x−r). By solving them we get the coordinates(

q + r, qr+p2

p

)
of the circumcenter O. Also the equation of the altitude

DA of the side BC is x = 0 and the equation of the altitude BE of

the side AC is y = r
p (x − 2q). So, solving them gets the coordinates

Figure 27.5 Figure for Exercise 10.
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(
0,− 2qr

p

)
of the orthocenter H . Hence, 9R2 − d2 = 9|OA|2 − |OH |2 =

9

[
(q + r)2 +

(
qr+p2

p − 2p
)2]

−
[
(q + r)2 +

(
qr+p2

p + 2qr
p

)2]
= 8(p2 +

q2 + r2 − qr), and a2 + b2 + c2 + d2 = |BC|2 + |CA|2 + |AB|2 =

(2q − 2r)2 + [(2r)2 + (2p)2] + [(2q)2 + (2p)2] = 8(p2 + q2 + r2 − qr).

Therefore, a2 + b2 + c2 = R2 − d2.

11. Lemma. Suppose that for an acute �A1BC that is not an isosceles

one, the altitude A1F of the side BC is a fixed straight line. From F

draw FD1 ⊥ A1B at D1 and FE1 ⊥ A1C at E1. Then all D1E1 pass

through a fixed point. See Figure 27.6 for an illustration.

Figure 27.6 Figure 1 for Exercise 11.

Proof of Lemma. Since the four points A1, D1, F , and E1 are on

the same circle, P1F is a tangent line to the circle, and FE1 ⊥ A1C,

thus we have ∠A1CF = ∠A1FE1 = ∠A1D1E1. It follows that the four

points B,C,E1, and D1 are on the same circle.

So, |P1F |2 = |P1E1||P1D1| = |P1C||P1B| = (|P1F | − |CF |)(|P1F |+
|FB|).
Hence, |P1F | = |BF ||CF |

|BF |−|CF | is a fixed number, namely all D1E1 pass

through a fixed point.

Proof of Original Problem. Set up a rectangular coordinates system

as Figure 27.7 shows, and assume that the two tangent lines intersect

the extended line of BC at B1 and C1, respectively. Let the equation

of the circle O be x2 + y2 = 1,∠TOX = 2α, and ∠SOX = 2β. Then

the equation of A1C1 is cos 2α · x+ sin 2α · y − 1 = 0 and the equation

of A1B1 is cos 2β · x+ sin 2β · y − 1 = 0.
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Figure 27.7 Figure 2 for Exercise 11.

So, xF = xA1 = cos(α+β)
cos(α−β) is a fixed number, and |A1F | = yA1 =

sin(α+β)
sin(α−β) .

From the lemma, we know that

|P1F | = |B1F ||C1F |
|B1F | − |C1F | =

|A1F | tan 2α tan 2β

tan 2α+ tan 2β

=
sin 2α sin 2β

2 cos(α + β) cos(α− β)

=
cos 2(α− β)− cos 2(α+ β)

4 cos(α+ β) cos(α− β)

=
cos2(α− β) − cos2(α+ β)

2 cos(α+ β) cos(α− β)

=
cos(α− β)

2 cos(α + β)
− cos(α + β)

2 cos(α− β)

=
1

2xF
− xF

2

is a fixed number, namely all D1E1 pass through a fixed point.

12. (1) As in Figure 27.8, set up a rectangular coordinates system with the

center of the two circles as the origin and the point P on the neg-

ative half x-axis. Then the coordinates of the point P are (−r, 0),

and the equations of the two circles are x2+y2 = R2 and x2+y2 =

r2, respectively. Let the coordinates of the three points A,B, and
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Figure 27.8 Figure for Exercise 12.

C be A(x1, y1), B(x2, y2), and C(x3, y3). Then |BC|2 + |CA|2 +

|AB|2 = (x2−x3)
2+(y2−y3)

2+(x3−x1)
2+(y3−y1)

2+(x1−x2)
2+

(y1−y2)
2 = 4R2+2r2−2(x1x2+x2x3+x3x1+y1y2+y2y3+y3y1).

Since PA ⊥ PB, so 0 =
−→
PA · −−→PB = (x1 + r)(x2 + r) + y1y2, that

is, x1x2 + y1y2 = −r2 − r(x1 + x2). Hence,

x1x2 + x2x3 + x3x1 + y1y2 + y2y3 + y3y1

= −r2 − r(x1 + x2) + x3(x1 + x2) + y3(y1 + y2)

= −(x1 + x2)(r − x3) + y3(y1 + y2)− r2. (27.8)

Let the other intersection point of BC and the smaller circle be A′.
By PB ⊥ PA we get the coordinates (−x1,−y1) of A

′. Also from

the property of concentric circles, we see that the line segments BC

and A′P have the same middle point. Thus, x2+x3 = −r−x1 and

y2 + y3 = −y1, namely

{
x1 + x2 = −r − x3,

y1 + y2 = −y3.
(27.9)

Substituting the above into (27.8) gives that x1x2 + x2x3 + x3x1 +

y1y2 + y2y3 + y3y1 = −(−r − x3)(r − x3) + y3(−y3) − r2 = r2 −
x2
3 − y23 − r2 = −R2. Therefore,

|BC|2 + |CA|2 + |AB|2 = 4R2 + 2r2 + 2R2 = 6R2 + 2r2.

The set of all possible values is {6R2 + 2r2}.
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(2) Let the coordinates of the middle point of AB be (x, y). From

(27.9), 2x = x1 + x2 = −r − x3 and 2y = y1 + y2 = −y3, namely{
x3 = −r − 2x,

y3 = −2y.

Substituting them into the equation of the bigger circle, we obtain

(−r − 2x)2 + (−2y)2 = R2,

that is,
(
x+ r

2

)2
+y2 = R2

4 . Therefore, the middle point trajectory

of AB is the circle centered at
(− r

2 , 0
)
of radius R

2 .
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Synthetic Problems for
Complex Numbers

1. 0. By the condition, |z1||z3| = |z2|2. Note that |z2| = 2|z1|. Then

|z3| = 4|z1|, that is,
√
9a2 + 16 = 4

√
a2 + 1. Solving it gives a = 0.

2. 12. It is easy to see that z1 + z2 + z3 = 8 + 6i, so

|z1|+ |z2|+ |z3| ≥ |z1 + z2 + z3| = 10.

If and only if 2−a
1−b = 3+2a

2+3b = 3−a
3−2b = 8

6 , the expression |z1|+ |z2| + |z3|
achieves its minimum value, from which a = 7

3 and b = 5
4 . Thus,

3a+ 4b = 12.

3. 160◦. From (z3)2+z3+1 = 0, we get z3 = ω or ω. Then z is a cubic

root of ω or ω, and so arg z = k · 120◦ ± 40◦ (k = 0, 1, 2). The result

follows.

4. 2728 or 1999. Since z3 = 27, that is (z − 3)(z2 + 3z + 9) = 0, if

z = 3, then the original expression = 2728. If z2+3z+9 = 0, then the

original expression = z3(z2 + 3z) + 2242 = 27(−9) + 2242 = 1999.

5. π. Note that the opposite angles of the inscribed quadrilateral of a

circle are supplementary to each other, and take care of the direction

of the rotation angles. Then we can get the answer π.

6. −999. The given condition implies x1 = x2. Since
x2
1

x2
∈ R, we have

x2
1

x2
= x1

2

x2
. So x3

1 = x3
2, from which

(
x1

x2

)3
= 1. Hence, x1

x2
= ω or ω2.

Due to the fact that

ω22k + ω22k+1

= ω + ω2 = −1,

the original expression = −999.

565
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7. −2. The original expression equals

ε4

1 + ε
+

ε

1 + ε2
+

ε5

1 + ε3
=

2(1 + ε+ ε2 + ε4 + ε5 + ε6)

1 + ε+ ε2 + ε3 + ε5 + ε4 + ε6
= −2.

8.
[√

2
2 ,

√
5
2

)
. The condition implies that z2 = −i, A + C = 120◦, and

p+ z2 = cosA+ i cosC. So,

|p+ z2|2 = cos2 A+ cos2 C = 1 +
1

2
(cos 2A+ cos 2C)

= 1− 1

2
cos(A− C).

Since A−C = 120◦−2C and 0◦ < C < 120◦, we have −120◦ < A−C <

120◦, namely − 1
2 < cos(A−C) ≤ 1. In other words, 1

2 ≤ |p+ z2|2 < 5
4 ,

from which
√
2
2 ≤ |p+ z2| <

√
5
2 .

9. (1) Since a0 = α+ β, a1 = αx1 + βx2, and a2 = αx2
1 + βx2

2, so

a0x1 − a1 = β(x1 − x2), a1x1 − a2 = βx2(x1 − x2).

Then a1x1− a2 = x2(a0x1 − a1), namely a2− (x1+x2)a1 + a0 = 0.

Since a0, a1, and a2 are nonzero rational numbers, it follows that

x1 + x2 is a rational number.

(2) Since x1 and x2 are not real numbers and x1 + x2 is a rational

number, we may assume that x1 = b1 + ci and x2 = b2 − ci, where

b1, b2, and c are real numbers and c �= 0. From

a1 = α(b1 + ci) + β(b2 − ci) = (αb1 + βb2) + (α− β)ci,

and the condition that α and β are real numbers, (α − β)c = 0,

from which α = β.

10. Assume that the equation has an imaginary root p + qi (p, q ∈ R

and q �= 0). Then it has the imaginary root p − qi. Put them into

the equation respectively to get two equalities. Subtracting them gives

that

2qi

[
1

(p+ a1)2 + q2
+

1

(p+ a2)2 + q2
+ · · ·+ 1

(p+ an)2 + q2

]
= 0,

but this equality cannot be satisfied.

11. Since α is a root of the equation, we know that

|α|n + |α|n−1 + · · ·+ |α|+ 1

≥ ∣∣αn cos θn + αn−1 cos θn−1 + · · ·+ α cos θ1 + cos θ0
∣∣

= 2,
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that is,

|α|n + |α|n−1 + · · ·+ |α| ≥ 1. (28.1)

If |α| ≤ 1
2 , then |α|n + |α|n−1 + · · ·+ |α| < 1, a contradiction to (28.1).

12. Denote fα(z) = (z + α)2 + αz. Then

fα(z1)− fα(z2) = (z1 + α)2 + αz1 − (z2 + α)2 − αz2

= (z1 + z2 + 2α)(z1 − z2) + α(z1 − z2). (28.2)

If there exist complex numbers z1 and z2 (|z1|, |z2| < 1, and z1 �= z2)

such that fα(z1) = fα(z2), then from (28.2) we know that

|α(z1 − z2)| = | − (z1 + z2 + 2α)(z1 − z2)|.
Using |z1 − z2| = |z1 − z2| = |z1 − z2| �= 0, we obtain

|α| = |z1 + z2 + 2α| ≥ 2|α| − |z1| − |z2| > 2|α| − 2.

In other words, |α| < 2.

On the other hand, for any complex number α satisfying |α| < 2,

let z1 = −α
2 + βi and z2 = −α

2 − βi, where 0 < β < 1 − |α|
2 . Then

z1 �= z2 and
∣∣−α

2 ± βi
∣∣ ≤ ∣∣−α

2

∣∣+ |β| < 1, so |z1| < 1 and |z2| < 1. Now,

substituting

z1 + z2 = −α, z1 − z2 = 2βi, z1 − z2 = 2βi = −2βi

into (28.2), we obtain that fα(z1)− fα(z2) = 2αβi− 2αβi = 0, namely

fα(z1) = fα(z2).

In summary, the set of α that satisfy the requirement is

{α | α is a complex number such that |α| ≥ 2}.
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Solutions for Chapter 29

Mathematical Induction (II)

1. Since an = 1
27 (an+3− an+2+3an+1), by inverse induction we can show

that an ∈ Q for any n ∈ N. In particular, a, b, c ∈ Q.

2. We shall prove that there exist infinitely many n ∈ N+ (n > 1) such

that n | 2n + 2 and n− 1 | 2n + 1.

Note that n = 2 has the above property. Now, assume that n ≥ 2

possesses the above property. Let m = 2n + 2. We show that m also

has the same property. In fact, since n−1 | 2n+1 and 2n+1 is an odd

number, we may assume that 2n +1 = (n− 1)q with q an odd number.

Then 2m−1 + 1 = 22
n+1 + 1 = (2n−1)q + 1 = (2n−1 + 1)[(2n−1)q−1 −

(2n−1)q−2 + · · ·+1]. Thus, 2n−1+1 | 2m−1+1, and so 2n +2 | 2m+2,

that is, m | 2m + 2. On the other hand, from n− 1 | 2n + 1, we know

that n− 1 is an odd number, from which n is an even number. Hence,

from n | 2n+2, we may assume that 2n+2 = np with p an odd number,

and 2m+1 = (2n)p+1 = (2n+1)[(2n)p−1− (2n)p−2+ · · ·+1]. In other

words, 2n + 1 | 2m + 1, namely m− 1 | 2m + 1.

3. Choose n1 = 1. Then n1 | 2n1 + 1. Now, assume that there exists nk

such that nk | 2nk + 1. Let nk+1 = 2nk + 1. Then nk+1 is an odd

number and nk+1 = nkq, where q is an odd number. Thus, 2nk+1 +

1 = (2nk)q + 1 = (2nk + 1)[(2nk)q−1 − · · · + 1]. This indicates that

2nk + 1 | 2nk+1 + 1, that is, nk+1 | 2nk+1 + 1. Also nk < nk+1 from

the definition of nk. In this way, we have defined an infinite sequence

n1, n2, . . . , nk, . . . that satisfies the requirement.

569
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4. Consider the two propositions

P (n) : S2n−1 =
1

2
n(4n2 − 3n+ 1),

Q(n) : S2n =
1

2
n(4n2 + 3n+ 1).

When n = 1, a1 = 1, we have 1
2 · 1 · (4 · 13 − 3 · 1 + 1) = 1, so P (1) is

satisfied.

Suppose that P (k) is satisfied for n = k, namely, S2k−1 = 1
2k(4k

2 −
3k + 1). Then

S2k =
1

2
k(4k2 − 3k + 1) + 3k =

1

2
k(4k2 + 3k + 1),

in other words, Q(k) is satisfied. If Q(k) is true, namely S2k = 1
2k(4k

2+

3k + 1), then

S2k+1 =
1

2
k(4k2 + 3k + 1) + 3k(k + 1) + 1

=
1

2
(k + 1)

[
(4(k + 1)2 − 3(k + 1) + 1

]
,

namely P (k + 1) is valid. Hence, P (n) and Q(n) are satisfied for all

positive integers n.

5. First, we show that f(1) = 1 and f(3) = 3. From 0 < f(1) < f(2) = 2,

we see that f(1) = 1. Since

f(3)f(7) = f(21) < f(22) = f(2)f(11) = 2f(11)

< 2f(14) = 2f(2)f(7) = 4f(7),

so f(3) < 4 (but f(3) > f(2) = 2). Hence, f(3) = 3.

Then we can prove that f(2m+1) = 2m+1 for all positive integersm.

6. First cos θ =
√
1− sin2 θ = a2−b2

a2+b2 . Let Bn = (a2 + b2)n cosnθ. Then

A1 = 2ab and B1 = a2 − b2 are both integers. Assume that Ak and Bk

are both integers. Since Ak+1 = AkB1 + BkA1 and Bk+1 = BkB1 +

AkA1, we see that Ak+1 and Bk+1 are both integers.

7. Let f(m,n) = (2m)!(2n)!
m!n!(m+n)! . Then f(0, n) = (2n)!

n!n! = Cn
2n is an integer.

Suppose that when m = k, no matter what nonnegative integer n is,

f(k, n) is always an integer. Since

f(k + 1, n) = 4f(k, n)− f(k, n+ 1),

f(k + 1, n) is also an integer.
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8. After calculating the first several terms, we conjecture: a5n+1 = 5n+1,

a5n+2 = 5n+4, a5n+3 = 5n+2, a5n+4 = 5n+5, and a5n+5 = 5n+3. We

prove the above conjecture by mathematical induction. When n = 0,

the conjecture is true by the recursive formula. Suppose that the above

conjecture is true for all n < m. Consider the case n = m. By the

inductive hypothesis, (a1, a2, . . . , a5m) is a permutation of 1, 2, . . . , 5m,

so a5m − 2 = 5m − 4 ∈ {a1, a2, . . . , a5m}. Hence, a5m+1 = a5m + 3 =

5m + 1. Similarly, a5m+2 = 5m + 4, while a5m+2 − 2 = 5m + 2 �∈
{a1, . . . , a5m+2}, so a5m+3 = 5m+ 2. Repeating the above discussion,

we know that a5m+4 = a5m+3 + 3 = 5m+ 5 and a5m+5 = a5m+4 − 2 =

5m+3. Thus, our conjecture is true. In summary, every positive integer

greater than 1 appears exactly one time in the sequence a1, a2, . . ..

Hence, by combining the fact that each square k2 is congruent to 0, 1,

or 4 with respect to the module 5, we know that for each of the three

cases, there exists a corresponding term in the sequence {an} with

subscript ≡ 4, 1, or 2 (mod 5) that is equal to k2. This means that

there exists n ∈ N+ such that an = an−1 + 3 = k2.

9. We use mathematical induction with respect to n.

When n = 3, the proposition is obviously true.

When n = 4, for the square ABCD, there must be two vertices with

the same color, say the red color for A and C, green color for B, and

blue color for D. Then partitioning the square ABCD with a diagonal

line satisfies the requirement.

Assume that the proposition is true for 3, 4, . . . , n− 1.

Consider the case of n.

(1) When one color appears just one time, say the color of the vertex

A is different from the colors of other n − 1 vertices, let B be a

vertex that is not beside A. Connect the points A and B to form

the line segment AB. Then the diagonal AB divides the n-polygon

into two polygons Γ1 and Γ2 with the number of vertices less than n

each. By the inductive hypothesis, the polygons Γ1 and Γ2 can be

partitioned to satisfy the requirement, and hence there is a partition

of the n-polygon that satisfies the property.

(2) When each color appears at least two times, denote d(X,Y ) the

minimal number of the vertices passed from vertex X to vertex Y ,

and S(X,Y ) denotes a corresponding path.

Let d1(R1, R2) = min{d(X,Y ) | X �= Y have the same color}, in which

R1 and R2 are assumed to be both red color, without loss of generality.
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Since the same color vertices are not adjacent to each other, so there

is at least one vertex P of non-red color in S(R1, R2), say the color of

P is green.

Then the number of blue vertices in S(R1, R2) cannot be more than 1.

Otherwise, it will contradict the minimality of d(R1, R2). Thus, there

is at least one blue vertex Q that is not in S(R1, R2).

Connect P and Q. Then PQ divides the n-polygon into two polygons

Γ1 and Γ2. The three colors all appear in Γi (i = 1 and 2). By the

inductive hypothesis, Γi can be partitioned into triangles with vertices

of different colors. Hence, a partition of the n-polygon is obtained that

satisfies the condition.

This completes the induction proof.

10. Define a sequence {yn} as follows: y1 = y2 = 1, and yn+2 = [1+2ρ(n+

1)]yn+1 − yn for n = 1, 2, . . ..

We establish the following conclusions in succession.

(i) For any n ∈ N+, it always holds that xn = yn

yn+1
.

We prove it by induction with respect to n. The induction tran-

sition can be done in the following way:

1

xn+1
= 1 + 2ρ(n+ 1)− xn = 1 + 2ρ(n+ 1)− yn

yn+1

=
1

yn+1
{[1 + 2ρ(n+ 1)]yn+1 − yn} =

yn+2

yn+1
,

so xn+1 = yn+1

yn+2
.

(ii) For any n ∈ N+, it is true that y2n+1 = yn+1 + yn and y2n = yn.

We prove it by induction with respect to n. If (ii) is true for n,

then

y2n+2 = [1 + 2ρ(2n+ 1)]y2n+1 − y2n = y2n+1 − y2n = yn+1,

y2n+3 = [1 + 2ρ(2n+ 2)]y2n+2 − y2n+1

= {1 + 2[1 + ρ(n+ 1)]}y2n+2 − y2n+1

= 2yn+1 + [1 + ρ(n+ 1)]yn+1 − (yn + yn+1)

= yn+1 + [1 + ρ(n+ 1)]yn+1 − yn = yn+1 + yn+2.

This and the initial step guarantee the validity of (ii).

(iii) In the following, we show that for any p, q ∈ N+ such that the

greatest common divisor of p and q is 1, the number pair (p, q)

appears exactly one time in the set {(yn, yn+1) | n = 1, 2, . . .}.



March 14, 2022 15:46 Problems and Solutions in Mathematical. . . - 9in x 6in b4436-study29 page 573

Solutions: 29. Mathematical Induction (II) 573

We prove it by induction with respect to p + q. When p + q = 2,

we have p = q = 1. Then (p, q) = (y1, y2). By conclusion (ii), when

n ≥ 2, at least one of yn and yn+1 is greater than 1, from which

(yn, yn+1) �= (y1, y2). Thus, conclusion (iii) is true for p+ q = 2.

Now, assume that the conclusion is satisfied for all positive integer

pairs (p, q) such that p+ q < m (m ≥ 3 and m ∈ N+), and the greatest

common divisor of p and q is 1. Consider the case that p+q = m. Here

p �= q.

(I) When p < q, since the greatest common divisor of p and q is

1, the greatest common divisor of p and q − p is 1, too. Also

(q − p) + p = q < m, hence by the inductive hypothesis, there

exists a unique n ∈ N+ such that (p, q − p) = (yn, yn+1). Then

(p, q) = (yn, yn + yn+1) = (y2n, y2n+1) (using (ii)).

On the other hand, if there exist k < l with k, l ∈ N+ such that

(p, q) = (yk, yk+1) = (yl, yl+1),

then yk = yl and yk+1 = yl+1. If k and l are even numbers, then

from (ii), (p, q − p) has two different representations, contradic-

tory to the inductive hypothesis. But if k is an odd number, then

y > yk+1, a contradiction to p < q. Thus, k can only be an even

number. By the same token, l can only be an even number. Hence,

there is only one n ∈ N+ such that

(p, q) = (yn, yn+1).

(II) When p > q, the discussion is similar to (I).

To summarize, the original proposition is proved to be true.

11. (1) One of the integers m and n equals 3 and the other is an even

number; or (2) m and n are both greater than or equal to 4, and one

of them is a multiple of 3.

First, we show the necessity of the above conditions. In fact, obvi-

ously 3 | mn. When one of m and n is 3, say m = 3, if n is an odd

number, according to the discussion about the coverage of the left upper

corner by the “L”-shapes (the notation “L” here means the union of

three small squares, forming a shape of L), one can only use the method

shown in Figure 29.1 for the coverage (otherwise the left two checks of

the third line cannot be covered). At this time the second “L” must

be as drawn in Figure 29.1. Remove the first two columns and con-

tinue the discussion. When n is an odd number, the most right column

cannot be divided into the “L”-shapes. Hence, the conditions in the

answer are necessary.
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We further show the sufficiency of the conditions in the answer. Note

that two “L”-shapes can form a 2× 3 rectangle, So, when one of m and

n is a multiple of 3 and the other is an even number, one can obtain

completely “L”-shapes. By the symmetry of m and n, in order to prove

the sufficiency, it is enough to consider the case of 3 | n, n ≥ 6,m ≥ 5,

and m is an odd number, for which we show that the table can be

completely partitioned by all “L”-shapes.

Using mathematical induction, it is sufficient to provide 5×6 or 5×9

tables with a complete partition by “L”-shapes (see Figures 29.2 and

29.3). For other m×n tables, after obtaining a 5×6 or 5×9 table from

the left upper corner via a partition of the table, the remaining part

can be covered by 2× 3 rectangles that can be covered by “L”-shapes.

Figure 29.1 Figure 1 for Exercise 11.

Figure 29.2 Figure 2 for Exercise 11.

Figure 29.3 Figure 3 for Exercise 11.
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12. Since f(1, n) = 1 = C0
n+1−2 and f(m, 1) = 1 = Cm+1

m+1−2 for all positive

integers n and m, so P (m, 1) and P (1,m) are true.

Suppose that P (m+ 1, n) and P (m,n+ 1) are true, that is,

f(m+ 1, n) ≤ Cm
m+n−1, f(m,n+ 1) ≤ Cm−1

m+n−1.

Then f(m+1, n+1) ≤ f(m+1, n)+f(m,n+1) ≤ Cm
m+n−1+Cm−1

m+n−1 =

Cm
m+n. In other words, the proposition P (m+1, n+1) is satisfied. By

the method of double induction, the original proposition is valid.
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Solutions for Chapter 30

Proof by Contradiction

1. Use proof by contradiction. If there exists n ∈ N+ such that

2m − 1 | 2n + 1, then n > m (note that here we used m > 2).

Since 2n+1 = 2n−m(2m−1)+2n−m+1, from 2m−1 | 2n+1, we see

that 2m− 1 | 2n−m+1. Substituting n−m for the above n to continue

the discussion, we are lead to the conclusion that n is larger than any

positive multiple of m, which is a contradiction.

2. Suppose that n is a composite number. Let n = pq with p ≤ q and p a

prime number.

If p < q, then n | q! while n | n!. This means that q! and n! have the

same remainder when divided by n, a contradiction to the condition.

If p = q and p > 2, then n | (2p)! and 2p < n. This indicates

that (2p)! and n! have the same remainder when divided by n, another

contradiction to the condition. If p = q and p = 2, then n = 4. Now, 2!

and 3! have the same remainder when divided by 4, also a contradiction

to the condition.

3. Use proof by contradiction. We may assume that there are at most two

negative numbers among a1, a2, . . . , a12. Then there exists 1 ≤ k ≤ 9

such that ak, ak+1, ak+2, and ak+3 are all nonnegative numbers. By the

given condition, {
ak+1(ak − ak+1 + ak+2) < 0,

ak+2(ak+1 − ak+2 + ak+3) < 0.

Since ak+1 ≥ 0 and ak+2 ≥ 0, the above inequalities ensure that ak+1 >

0 and ak+2 > 0. Hence,{
ak − ak+1 + ak+2 < 0,

ak+1 − ak+2 + ak+3 < 0.

577
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Adding the two inequalities gives ak + ak+3 < 0, which contradicts

ak ≥ 0 and ak+1 ≥ 0. Therefore, there are at least 3 positive numbers

and 3 negative numbers among a1, a2, . . . , a12.

4. Without loss of generality, assume that a1 ≤ a2 ≤ · · · ≤ an.

Suppose that for all k ∈ {1, 2, . . . , n}, there hold that

n∑
i=1

|ai − ak| >
n∑

i=1

|bi − ak|. (30.1)

In particular, (30.1) is satisfied for k = 1 and n. So,

n∑
i=1

|ai − a1|+
n∑

i=1

|ai − an| >
n∑

i=1

(|bi − a1|+ |bi − an|) (30.2)

Note that the left hand side of (30.2) equals

n∑
i=1

(ai − a1) +

n∑
i=1

(an − ai) = n(an − a1)

and the right hand side of (30.2) is greater than or equal to

n∑
i=1

|(bi − a1)− (bi − an)| = n|an − a1| = n(an − a1).

This is a contradiction. Hence, the original proposition is valid.

5. Note that all prime numbers that are greater than 3 and less than 41

have the following representations:

32 − 22 = 5, 32 − 2 = 7, 33 − 24 = 11, 28 − 35 = 13,

34 − 25 = 17, 33 − 22 = 23, 25 − 3 = 29, 25 − 1 = 31,

26 − 33 = 37.

Below we prove: There do not exist a, b ∈ N+ such that |3a− 2b| = 41.

Case 1. Suppose that 3a− 2b = 41. Taking module 3 both sides (note

that a > 1) gives (−1)b ≡ 1 (mod 3), so b is an even number, and

clearly b > 0. Taking module 4 both sides gives (−1)a ≡ 1 (mod 4), so

a is also an even number. Let a = 2m and b = 2n. Then

(3m − 2n)(3m + 2n) = 41,

from which 3m − 2n = 1. Thus, 3m + 2n = 41. Adding the two equali-

ties, we obtain 3m = 21, a contradiction.
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Case 2. If 2b− 3a = 41, then b > 3. Taking module 8 both sides gives

3b ≡ −1 ≡ 7 (mod 8). But 3b ≡ 1 or 3 (mod 8), a contradiction.

Therefore, the desired prime number is 41.

6. Since C3
4 = 4, so there are four different triangles obtained via picking

up three numbers from x1, x2, x3, and x4 as the side lengths. In other

words, any three numbers as side lengths can make different triangles.

In the following, we use proof by contradiction to show the proposition.

Suppose that there exist three numbers among x1, x2, x3, and x4

that cannot construct a triangle with them as the side lengths. By

symmetry, we may assume that the three numbers are x1, x2, and x3

that satisfy x1 ≥ x2 + x3. First note that

(x1 + x2 + x3 + x4)

(
1

x1
+

1

x2
+

1

x3
+

1

x4

)

= 4 +
x1

x2
+

x1

x3
+

x2

x1
+

x3

x1
+

[(
x1

x4
+

x4

x1

)
+

(
x2

x3
+

x3

x2

)

+

(
x2

x4
+

x4

x2

)
+

(
x3

x4
+

x4

x3

)]

≥ 4 + x1

(
1

x2
+

1

x3

)
+

x2 + x3

x1
+ 2 · 4

= 12 + x1

(
1

x2
+

1

x3

)
+

x2 + x3

x1
.

From (x2 + x3)
(

1
x2

+ 1
x3

)
≥ 4, we get

1

x2
+

1

x3
≥ 4

x2 + x3
.

Denote x1

x2+x3
= t (t ≥ 1). Then

(x1 + x2 + x3 + x4)

(
1

x1
+

1

x2
+

1

x3
+

1

x4

)

≥ 12 +
4x1

x2 + x3
+

x2 + x3

x1

= 12 + 4t+
1

t
.

By the condition, 12 + 4t+ 1
t < 17, that is 4t+ 1

t − 5 < 0 (t ≥ 1).
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But in fact, when t ≥ 1,

4t+
1

t
− 5 =

4t2 − 5t+ 1

t
=

(4t− 1)(t− 1)

t
≥ 0.

Thus, we reach a contradiction. Hence, the original proposition is true.

7. Since there are only finitely many different scores, there must be one

case that has the maximal square sum of players’ scores. Then the

scores p1, p2, . . . , p10 of all players must be different, since if pi = pj,

then changing the win-lose result of the two players, namely replacing

pi and pj with pi − 1 and pj + 1 or pi + 1 and pj − 1 respectively, thus

from

(pi − 1)2 + (pj + 1)2 − (p2i + p2j) = 2 > 0

and the fact that other players’ scores remain the same, the square

sum will be strictly increased, which contradicts the maximality of the

square sum.

Therefore, when pi = i− 1 (i = 1, 2, . . . , 10), the value of
∑10

i=1 p
2
i is

maximal, the maximum value being

9∑
i=0

i2 = 285.

So, the square sum of the scores of all participants does not exceed 285.

8. Use proof by contradiction. Assume that these n points are not all on

the same straight line. Then there must be points among the n points

that are off the straight line determined by any two of the n points. For

each of such straight lines, calculate the distances of all points off the

line to the line, and since there are only finitely many such distances,

there must be a minimal one, denoted as d0.

Suppose that d0 is the distance of the point A to the straight line

determined by points B and C. Draw AH ⊥ BC with H the foot of the

perpendicular. Then d0 = |AH | (see Figure 30.1). By the assumption,

there is at least another point E among the n points on the straight

line BC. Clearly, there are at least two points among the three points

B,C, and E that are on the same side of H , say C and E are on the

same side of H and |HE| < |HC| (the point E may coincide with the

point H).

Draw EF ⊥ AC with F the foot of the perpendicular, and denote

d1 = |EF |. From the minimality of d0, we know that d0 ≤ d1. Since
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Figure 30.1 Figure for Exercise 8.

the right �CEF ∼ the right �CAH , so

d1
d0

=
|EF |
|AH | =

|CE|
|AC| =

|CP |
|AC| < 1,

that is, d1 < d0, which is a contradiction. Therefore, all the n points

are on the same straight line.

9. Let the unordered pair {aj , bj} represent the players of the jth compe-

tition, and denote

S = {{aj, bj} | j = 1, 2, . . . , 14}.

Let M be a nonempty subset of S such that all players who appear

in the pairs of M are different. Obviously, there are only finitely many

such subsets, and assume that the subset with the most number of pairs

is M0. Let |M0| = r. Clearly, it is enough to show that r ≥ 6.

Suppose that r ≤ 5. Since M0 is the subset of S with most number

of different players, those 20− 2r players who do not appear in M0 do

not play each other; otherwise it would contradict the definition of M0.

This means that the competitions that these 20−2r players participate

in must be performed with those 2r players in M0. Since each player

participates in at least one competition, so besides the r competitions

from M0, there are at least 20− 2r competitions. In other words, the

total number of competitions is at least

r + (20− 2r) = 20− r ≥ 15,

which is a contradiction to the assumption that the total number of

competitions is 14. This proves that r ≥ 6.
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10. Let f(x) = ax2 + bx+ c. Then

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f(1) = a+ b+ c,

f(−1) = a− b+ c,

f(0) = c

⇒

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

a =
f(1) + f(−1)− 2f(0)

2
,

b =
f(1)− f(−1)

2
,

c = f(0),

which implies that

f(x) =
x2 + x

2
f(1) +

x2 − x

2
f(−1) + (1− x2)f(0).

Let m be a real root of the equation f(x) = 0. Clearly, m < 0.

Suppose that a, b, and c are all greater than 1
4f(1), namely⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

f(1) + f(−1)− 2f(0)

2
>

1

4
f(1),

f(1)− f(−1)

2
>

1

4
f(1),

f(0) >
1

4
f(1).

Then ⎧⎪⎪⎨
⎪⎪⎩
2f(0)− 1

2
f(1) < f(−1) <

1

2
f(1),

f(0) >
1

4
f(1) > 0.

It follows that

f(m) =
m2 +m

2
f(1) +

m2 −m

2
f(−1) + (1−m2)f(0)

>
m2 +m

2
f(1) +

[
2f(0)− 1

2
f(1)

]
m2 −m

2
+ (1 −m2)f(0)

=
m2 + 3m

4
f(1) + (1−m)f(0)

>
m2 + 3m

4
f(1) +

1−m

4
f(1)

=
(m+ 1)2

4
f(1).

This contradicts the equality f(m) = 0.
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Hence, not all a, b, and c are greater than 1
4f(1), that is,

min{a, b, c} ≤ 1
4 (a+ b+ c).

11. When x < 1
2 , we have f(x)− x = 1

2 > 0; when x ≥ 1
2 ,

f(x)− x = x2 − x < 0.

Divide the interval (0, 1) into two subintervals

I1 =

(
0,

1

2

)
, I2 =

[
1

2
, 1

)
.

Then (an − an−1)(bn − bn−1) = [f(an−1) − an−1][f(bn−1) − bn−1] < 0

if and only if an−1 and bn−1 are in the two different subintervals.

Suppose that ak and bk are in the same subintervals for all k =

1, 2, . . ..

Let dk = |ak − bk|. If ak, bk ∈ I1, then

dk+1 = |ak+1 − bk+1| =
∣∣∣∣ak + 1

2
−
(
bk +

1

2

)∣∣∣∣ = dk,

and if ak, bk ∈ I2, then min{ak, bk} ≥ 1
2 and

max{ak, bk} = min{ak, bk}+ dk ≥ 1

2
+ dk.

This means that

dk+1 = |ak+1 − bk+1| = |a2k − b2k| = |(ak − bk)(ak + bk)|

≥ |ak − bk|
(
1

2
+

1

2
+ dk

)
= dk(1 + dk) ≥ dk.

Hence, the sequence {dk} is monotonically increasing. In particular,

dk ≥ d0 > 0 for any positive integer k.

Furthermore, if ak, bk ∈ I2, then

dk+2 ≥ dk+1 ≥ dk(1 + dk) ≥ dk(1 + d0);

if ak, bk ∈ I1, then ak+1, bk+1 ∈ I2, so

dk+2 ≥ dk+1(1 + dk+1) ≥ dk+1(1 + d0) ≥ dk(1 + d0).

Thus, in the both cases, we always have

dk+2 ≥ dk(1 + d0).
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By mathematical induction, for any positive integer m,

d2m ≥ d0(1 + d0)
m. (30.3)

When m is large enough, the right hand side of (30.3) is greater than 1,

but b2m < 1 since a2m, b2m ∈ (0, 1). This is a contradiction.

Therefore, there exists a positive integer n such that an−1 and bn−1

are in the two different subintervals.

12. Let bi =
1

n−1+ai
with i = 1, 2, . . . , n. Then bi <

1
n−1 and

ai =
1− (n− 1)bi

b1
, i = 1, 2, . . . , n.

Thus, the condition of the problem is transformed to

n∑
i=1

1− (n− 1)bi
b1

=

n∑
i=1

b1
1− (n− 1)bi

.

In the following, we use proof by contradiction. Suppose that

b1 + b2 + · · ·+ bn < 1. (30.4)

The Cauchy inequality implies that for i = 1, 2, . . . , n,

∑
j �=i

[1− (n− 1)bj]
∑
j �=i

1

1− (n− 1)bj
≥ (n− 1)2.

By (30.4), we have
∑
j �=i

[1− (n− 1)bj] < (n− 1)bi,

so

∑
j �=i

1

1− (n− 1)bj
>

n− 1

bi
.

It follows that

∑
j �=i

1− (n− 1)bi
1− (n− 1)bj

> (n− 1)
1− (n− 1)bi

bi
.

Summing up the above inequalities for i = 1, 2, . . . , n, we obtain that

n∑
i=1

∑
j �=i

1− (n− 1)bi
1− (n− 1)bj

> (n− 1)

n∑
i=1

1− (n− 1)bi
bi

,
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namely

n∑
j=1

∑
j �=i

1− (n− 1)bi
1− (n− 1)bj

> (n− 1)

n∑
i=1

1− (n− 1)bi
bi

. (30.5)

But
∑

i�=j [1− (n− 1)bi] < bj(n− 1) from (30.4), thus by using (30.5),

we have

(n− 1)
n∑

j=1

bj
1− (n− 1)bj

> (n− 1)
n∑

i=1

1− (n− 1)bi
bi

,

which gives a contradiction.
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Solutions for Chapter 31

Construction Method

1.
(
3, 72
)
. According to the condition, we have ac = b2 and a + c =

b(b− 1).

Construct the equation x2 − b(b− 1)x+ b2 = 0 about x.

The question is then transformed to that the two roots of the equation

are inside the intervals (1, 3) and (3, 7), respectively, which is equivalent

to ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1− b(b− 1) + b2 > 0,

33 − 3b(b− 1) + b2 < 0,

72 − 7b(b− 1) + b2 > 0

⇒ b ∈
(
3,

7

2

)
.

2. 12. Construct line segments OA,OB, and OC such that |OA| =

x, |OB| = y√
3
, |OC| = z,∠AOB = 90◦, and ∠BOC = 150◦. Then

∠COA = 120◦, and |AB| = |BC| = |CA| = 2.

From S�AOB + S�BOC + S�COA = S�ABC , we have

1

2

y√
3
x+

1

2

y√
3
z sin 150◦ +

1

2
xz sin 120◦

=
1

2
· 2 · 2 sin 60◦,

from which 2xy + yz + 3xz = 12.

3. 6. Denote A(0, 3), B(−√
3, 0), C(

√
3, 0), and P (x, y). Then

f(x, y) = |PA|+ |PB|+ |PC|.

587
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Note that ∠ABO = ∠BAC = ∠ACO = 60◦, so D(0, 1) is a Fermat

point of �ABC. Thus, the minimum value of f(x, y) is obtained when

P = D, and the minimum value is

|DA|+ |DB|+ |DC| = 6.

4. We use Pythagorean numbers to make a construction. Pick any array

of Pythagorean numbers (x, y, z) (not necessarily primitive). Let

a = x|4y2 − z2|, b = y|4x2 − z2|, c = 4xyz.

Then

a2 + b2 = x2(3y2 − x2)2 + y2(3x2 − y2)2

= (x2 + y2)3 = (z3)2,

a2 + c2 = x2(4x2 + z2)2,

b2 + c2 = y2(4x2 + z2)2.

Since there are infinitely many arrays of Pythagorean numbers, so there

are infinitely many arrays of three numbers that satisfy the condition.

In particular, when x = 3, y = 4, and z = 5, we have a = 117, b = 44,

and c = 240, and furthermore,

1172 + 442 = 1252, 1172 + 2402 = 2672, 442 + 2402 = 2412.

5. We use combinatorial numbers to construct a polynomial satisfying the

condition. Let

P (x, y) = x+
(x + y)(x+ y + 1)

2
.

For any natural number n, since the sequence {C2
r} (r ∈ N+) increases

to infinity as r increases to infinity, there exists a unique natural number

h such that

C2
h ≤ n < C2

h+1. (31.1)

Let k = n−C2
h and m = h−k− 1. Then h and k are natural numbers,

k < C2
h+1 − C2

h = h, and

P (k,m) = k + C2
h = n. (31.2)

Conversely, if there are natural numbers k and m that satisfy (31.2),

then (31.1) is satisfied (h = k+m+1), hence h is uniquely determined.

Therefore, k = n − C2
h and m = h− k − 1 are uniquely determined in

succession.

In summary, there exists a polynomial satisfying the given condition.
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6. Consider the following four sets:

Ai = {all positive integers of S that can be divided by i},
where i = 2, 3, 5, and 7. Denote A = A2∪A3∪A5∪A7. By the principle

of inclusion and exclusion, it is easy to calculate that the number of

elements in A is 216. Since any five numbers picked from A must have

two in the same Ai, so they are not relatively prime. Thus, n ≥ 217.

We show below that any subset containing 217 elements must have

five numbers that are relatively prime. For this purpose, consider the

following sets:

B1 = {1 and all prime numbers of S},
B2 = {22, 32, 52, 72, 112, 132},
B3 = {2 · 131, 3 · 89, 5 · 53, 7 · 37, 11 · 23, 13 · 19},
B4 = {2 · 127, 3 · 83, 5 · 47, 7 · 31, 11 · 19, 13 · 17},
B5 = {2 · 113, 3 · 79, 5 · 43, 7 · 29, 11 · 17},
B6 = {2 · 109, 3 · 73, 5 · 41, 7 · 23, 11 · 13}.

It is easy to see that the number of elements of B1 is 60. Let

B = B1 ∪B2 ∪B3 ∪B4 ∪B5 ∪B6.

Then the number of elements in B is 88, so the number of the elements

in S that are not in B is 280−88 = 192. Thus, among any 217 numbers

from S, there are 217 − 192 = 25 numbers that belong to B. Hence,

there exists some i with 1 ≤ i ≤ 6 such that the 217 numbers contain

five numbers in Bi, and the five numbers are relatively prime.

To summarize, the natural number n satisfying the requirement is

217.

7. Define an auxiliary function

f(x) = [x] +

[
x+

1

n

]
+ · · ·+

[
x+

n− 1

n

]
− [nx].

Then for any x ∈ R,

f

(
x+

1

n

)
=

[
x+

1

n

]
+

[
x+

2

n

]
+ · · ·+ [x+ 1]− [nx+ 1]

= [x] +

[
x+

1

n

]
+ · · ·+

[
x+

n− 1

n

]
− [nx]

= f(x).
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Thus, f(x) is a periodic function of period 1
n . To show that f(x) ≡ 0 for

all real numbers x, it is enough to prove that f(x) ≡ 0 when x ∈ [0, 1
n

)
,

but this is obvious. hence the proposition is proved.

8. Assume that m is a positive odd number. Let (
√
2+1)m =

√
2xm+ym,

where xm, ym ∈ N+. By the binomial theorem, (
√
2 − 1)m =

√
2xm −

ym. Thus, 2x2
m − y2m = 1, namely 2x2

m = y2m + 1. It follows that y4m <

2x2
my2m = y2m(y2m + 1) < (y2m + 1)2. Hence,

y2m <
√
2xmym < y2m + 1.

Let n = xmym. Then an = [
√
2n] = [

√
2xmym] = y2m.

9. When x2
1 + x2

2 + x2
3 = 1, the original inequality is obviously true.

When x2
1 + x2

2 + x2
3 < 1, construct a quadratic function

f(t) = (x2
1 + x2

2 + x2
3 − 1)t2 − 2(x1y1 + x2y2 + x3y3 − 1)t

+(y21 + y22 + y23 − 1)

= (x1t− y1)
2 + (x2t− y2)

2 + (x3t− y3)
2 − (t− 1)2.

The graph of the function is a parabola that is open downward. Since

f(1) = (x1 − y1)
2 + (x2 − y2)

2 + (x3 − y3)
2 ≥ 0,

so the parabola must have an intersection point with the x-axis, from

which the discriminant

Δ = 4(x1y1 + x2y2 + x3y3 − 1)2 − 4(x2
1 + x2

2

+ x2
3 − 1)(y21 + y22 + y23 − 1) ≥ 0.

Therefore,

(x1y1 + x2y2 + x3y3 − 1)2 ≥ (x2
1 + x2

2 + x2
3 − 1)(y21 + y22 + y23 − 1).

10. Construct a sequence as follows:

u1 = a+ b, uk+1 = b+ a(u1u2 · · ·uk) (k ∈ N+).

In the following, we show that any two terms of the sequence {un} are

relatively prime and each term is relatively prime with b.

We use mathematical induction. Obviously, (u1, b) = 1. Suppose

that uk and ui are relatively prime and ui is relatively prime with
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b (1 ≤ i ≤ k). Then

(uk+1, ui) = (b+ au1u2 · · ·uk, ui) = (b, ui) = 1,

(uk+1, b) = (au1u2 · · ·uk, b) = 1.

Hence, the terms of the sequence {un} are pairwise relatively prime,

and each term of {un} is relatively prime with b.

11. Construct a polynomial

f(x) = (x+ a1)(x + a2) · · · (x+ a100)− 1.

From the condition of the problem, f(bi) = 0 for i = 1, 2, . . . , 100. So,

by the factorization theorem (since the degree of f(x) is 100 and the

leading term coefficient is 1), we see that

f(x) = (x− b1)(x− b2) · · · (x− b100).

Thus, we have the identity

(x+ a1)(x+ a2) · · · (x + a100)− 1 = (x− b1)(x− b2) · · · (x− b100).

Let x = ai (i = 1, 2, . . . , 100) and substitute it into the above. We

obtain

−1 = (−1)100(ai + b1)(ai + b2) · · · (ai + b100),

that is, the product of all the numbers in the ith row is −1. Hence, the

proposition is proved.

12. If A contains infinitely many positive integers that are relatively prime

with respect to each other, then all such numbers constitute a subset

B, which makes the conclusion valid.

If there exists a prime number p1 that is a factor of infinitely many

numbers of A, then the set

A1 =

{
a

p1

∣∣∣ a

p1
∈ A

}

is an infinite one. Continuing in this way (by using A1 in place of A,

and so on), since the number of factors of every number of A is not

greater than 1990, there must be an infinite set

Ak =

{
a

p1p2 · · · pk
∣∣∣ a

p1p2 · · · pk ∈ A

}
,

in which each prime number pi is a factor of only finitely many numbers.
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Pick any a1 ∈ Ak. After picking a1, a2, . . . , an that are pairwise

mutually prime, since each prime number is a factor of only finitely

many numbers in Ak, there exists an+1 in Ak, which is relatively prime

with each of a1, a2, . . . , an. Therefore, an infinite subset Bk of Ak is

obtained such that elements of Bk are relatively prime with respect to

each other.

Multiplying p1p2 · · · pk to each number of Bk, we obtain an infinite

subset of A, in which the greatest common factor of every pair of num-

bers is always p1p2 · · · pk.
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