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FOREWORD

This book consists of a number of math problems, all of which are meant primarily as
preparation for competitions such as the International Mathematical Olympiad. They are
therefore of IMO level, and require only elementary notions of math; however, since the
International Mathematical Olympiad is perhaps the most difficult exam in elementary
mathematics, any participant should have with him a good knowledge and grasp of what
he is dealing with. This book is not meant to teach elementary math at an IMO level, but
to help a prospective participant train and enhance his understanding of these concepts.

There are many such collections of problems that are directed at IMO participants.
Yet in my view there are two things which individualize this book: the first of these is
in the selected problems. These are some of the most beautiful problems I encountered
in my four-year preparation for such high-level math competitions, and they have been
presented to me by many great professors and instructors over the years. They are neither
boring nor tedious, but require a certain amount of insight and ingenuity, which I find
to be the necessary quality of any 'beautiful’ math problem. Moreover, I have tried not
to add here very well-known problems (such as problems from past IMO’s or from other
important contests), as these very likely become known to every student in the first year
of his Olympiad career. Instead, there is a smaller chance that the reader might already
know the problems presented here, and the basis of any good preparation is to work as
many new problems as possible. Any one of these problems could be given at an IMO,
and I hope that this book might help them come to light.

1 have branded each problem with one of 3 degrees of difficulty: E for easy, M for
medium and D for difficult (the reader can find the category of a problem at the beginning
of its solution). But these are just relative, as an E problem is of the level of a problem
1 at an IMO, an M problem is similar to what one should expect from problem 2 and
D could be a problem 3. Therefore, a novice in the Olympiad world should not feel
frustrated if he has trouble with an E problem, because on an absolute scale it can be
quite difficult. Such problems are far beyond the level of regular school work.

The second thing that is important about this book is the solutions. Any good
participant at an IMO needs to know not so much theory as tricks to be employed in
elementary problems. It is far less useful as far as IMO’s are concerned (and far more
difficult) for a student to learn multivariable calculus and Lagrange multipliers than to



8 Foreword

know how to apply geometrical inversion. That is why I emphasize on all these methods,
lemmas and propositions in my solutions, and I have often sacrificed succinctness of a
proof to the educational value of presenting one of these methods. I have also presented
a few of the concepts I have employed throughout the book in an appendix. Thus I can
state that in my opinion, a potential IMO participant needs two things: ingenuity on one
hand and a firm grasp on all these toys’ and tricks on the other. Which of them is more
important, I do not know yet, and I can only guess.

I would like to thank the people who invented these wonderful problems. While most
of the solutions are my own work, the problems are not mine and I am in great debt to
their creators. Since these problems were mainly taken from my notes and papers, their
exact origin is unknown to me, and I have replaced the name of their authors by the
symbols ***. Tt is not a fitting homage, and I apologize for this.

But because I have encountered these problems during my own preparation as an
IMO participant, they have also become a part of me. Each one of them is associated
to the person who showed it to me, the friends who told me their beautiful solutions,
or the contests in which I have or have not solved them. I would like to thank all of
the professors who helped me and who made me into what I am, and though I can’t
name them all, it is people like Radu Gologan, Severius Moldoveanu, Dorela Fainisi, Dan
Schwartz, Calin Popescu, Mihai Baluna, Bogdan Enescu, Dinu Serbanescu and Mircea
Becheanu who have shown me the most beautiful and subtle art there is. I will also not
forget all the comrades and friends that have passed through the Olympiad experience
with me, but they will forgive me for not naming them. They know who they are. I also
cannot forget my family, who has stood by me and given me that priceless moral support
which is indifferent of how well or how badly I behaved in the competitions.

I would like to thank Mircea Lascu and the Gil Publishing House for supporting me
and this book on the long journey to publishing, and Prof. Radu Gologan for a great
deal of help and useful advice. I also want to thank Gabriel Kreindler, Andrei Stefanescu,
Andrei Ungureanu and Adrian Zahariuc for providing some of the solutions present in
this book.

1 wish you the best of luck in all your endeavors, mathematical or not.

Andrei Negut



Chapter 1
GEOMETRY






—

[N

w

~

o

PROBLEMS

. Let I and O be the incenter and circumcenter, respectively, of the triangle

ABC. The excircle wy is tangent to AB, AC and BC in K, M, N respectively.
If the midpoint P of KM is on the circumcircle of ABC, prove that O, I, N are
collinear.

IMAR test, October 2003

. In the convex quadrilateral ABCD we have that ZABC = ZADC = 135°. Let

M, N be on AB and AD respectively, such that ZMCD = ZNCB = 90° .If K is
the second intersection of the circles (AM N) and (ABD), show that AK L KC.
77 de ture

. Let AC and BD be chords in a circle of center O, and let K be their common

point. If M and N are the circumcenters of the circles (ABK) and (CDK),
show that M KON is a parallelogram.

kK

. Prove that in any acute triangle of sides a, b, ¢, semiperimeter p, inradius  and

circumradius R, the following inequalities hold

Rp

2. B 1
5~ 2aR+bc "2

ko

. Let us consider an angle of vertex O and a circle tangent to in the points A and

B. The parallel through A at OB will cut the circle again in C, and the line
OC intersects the circle again in P. Show that the line AP splits the segment

OB into two equal parts.
Kokok

. A triangle and a square are circumscribed around the unit square. Prove that

the common area of these two figures is at least 3.4.
All-Soviet Union Olympiad 1986

. Let ABCD be a convex quadrilateral and M be the intersection of its diagonals.

If Oy and O, are the circumcenters of ABM and CDM, show that 40,0, >
AB+CD.

11
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15.

16.

Problems

. In the cyclic pentagon ABCDE we have AC | DE and ZAMB = ZBMC,

where M is the midpoint of BD. Show that the line BE cuts the segment AC

into two equal parts.
KoKk

. Given is a right triangle and a finite set of points inside it. Prove that these

points can be united by a broken line (non necessarily closed) such that the
sum of the squares of the segments of the broken line is at most the square of
the hypothenuse of the triangle.
IMAR test, 2004
If A1 As... A, is a convex n-gon, prove that we cannot have more than n closed
segments A;A; such that any two of them intersect.
koK
Inside the triangle ABC, we will consider the distinct circles ki, ko, k3, kg of
equal radii, such that each of the ki, ko, k3 are tangent to two sides of the
triangle, and ky4 is tangent to the other three circles. Prove that the center of k4
lies on the line OI (where O and I are the circumcenter and incenter of ABC).
77 de ture
In a convex polygon, let d be the sum of the lengths of its diagonals and p be
the semiperimeter. Prove that

23|24

KoKk
Let A;...A, be a polygon. Prove that we can have 4;4;,; be a diameter for all
1< i< n (where Apy1 = Ap) iff nis odd.
Hokk
We are given the circles I', I'; and Ty of radii 7, 71,72 respectively, any two of
them exterior and such that 7 > r; and r > 2. The common exterior tangents
of ' and 'y intersect in A; and those of I' and I'y intersect in Ag. The tangents
from A; to I'; and those from Ag to Iy determine a quadrilateral; prove that
this quadrilateral has an inscribed circle and compute its radius in terms of
T, 71,72
All-Soviet Union Olympiad 1984
Prove that for any n > 3 there exists a convex non-regular polygon such that
the sum of the distances from any of its interior points to its sides is constant.
Hkk
Let us consider in the plane a finite set of points X and an equilateral triangle
T. We know that any X’ C X with #X =9 can be covered by two translations
of T. Show that X itself can be covered by two translations of T
77 de ture
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20.
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23.

24.

Geometry 13

If ABCDEF is a.cyclic hexagon and I(4, BDF), (B, ACE), (D, ABF), I[(E, ABC)

are concurrent (where {(M, XY Z) is the Simson line of M with respect to
XYZ), prove that CDEF is a rectangle.
seokk
Let P be a convex hexagon which can be split up into 27 disjoint parallelograms.
Prove that P has a center of symmetry and that it can be broken up into 21
disjoint parallelograms.
Hkok
Let Ay, By, C; be the midpoints of the sides of the acute-angled triangle ABC.
The six lines which pass through each of these points and are perpendicular to
the other two sides determine a hexagon. Prove that the area of the hexagon is
half the area of ABC.
77 de ture
Let Py...P, be a convex polygon in the plane, such that for any i 5 5 there exists
some k such that ZP, P, P; = 60°. Prove that our polygon is just a equilateral
triangle.
KKk
Let H, and H, be the feet of the altitudes from A and B in the acute-angled
triangle ABC, and let W,, W}, be the feet of the bisectors from A and B. Prove
that the incenter of ABC lies on H,Hy iff the circumcenter of ABC lies on
WoWs.
German Olympiad 2002
Consider the lines d; and d concurrent in P. For any O on dy — {P}, consider
the circle C; of center O and which is tangent to da, and the circle Cy which is
tangent to di,ds and Cj. Find the locus of the intersection of these two circles
when O travels on dj.
Kokok
Let AgA;1 Az be a triangle, and w; a circle that passes through A; and A,. For
any k > 1, let us construct wy tangent to wg—; and which passes through the
points Ay and Ag.1, where the indices are considered modulo 3 (meaning that
As = Az = Ay, Ay = Ay = Ay and Ag = A5 = Ajp). Prove that the circles wy
and w; are identical.
kK
D, E, F are the points of tangency of the incircle of triangle ABC with he sides
BC, AC and AB respectively. Let X be in the interior of ABC such that the
incirele of XBC touches XB, XC and BC in Z,Y and D respectively. Prove
that EFZY is cyclic.
IMO 1995 Shortlist
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30.

31

32.

33.

Problems

The point P lies in the interior of the square ABCD such that PA=1, PB=2
and PC = 3. What are the possible values of the side of the square?

Hkok
The circle Ty is interior to the circle I'; and tangent to it in the point N. The
points C, S, T lie on I'; such that CS and CT are tangent to Iz in the points M
and K respectively. Let U and V be the midpoints of the arcs C'S and CT, and
W the second point of intersection of the circles (UMC) and (VCK). Prove
that UCVW is a parallelogram.

sokok
Given is a quadrilateral with an inscribed circle, and the line that splits it up
into two parts of equal areas and perimeters. Prove that the line passes through
the center of the inscribed circle.

kK
Let X be a point inside the triangle ABC and consider the lines through X
parallel to the sides of the triangle. The parallel to AB intersects CA in M, the
parallel to BC intersects AB in N and the parallel to CA intersects BC in P.
The lines AP, BM and CN split the triangle into 4 triangles and 3 quadrilat-
erals. Prove that the sum of the areas of 3 of the triangles equals the area of
the fourth.

ko

1
Prove that a finite number of squares with the sum of their areas 5 fit without

overlap in the unit square.

Hokk
Let A be a point outside the circle w and let AB and C be the tangents from
it to the circle (with B and C on w). A line [ is tangent to w and it intersects
AB and AC in P and Q respectively. If R is the intersection of BC with the
parallel to AC through P, then prove that as [ varies, QR passes through a
fixed point.

MOSP 2004

If the angles between the three pairs of opposite sides of a tetrahedron are equal,
prove that these angles are right.

Hokk
Let P be the intersection of the diagonals in the convex quadrilateral ABC'D
with AB = AC = BD. Let O and I be the circumcenter and the incenter of
the triangle ABP. If these two points are different, then prove that OI L CD.

KoKk
Given are 500 points inside a unit square. Show that there exist 12 of them
A1, Az, ..., A12 such that A1 As + A2A3 + ... + A11d12 < 1.
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Geometry 15

Prove that for any points A4, B, P,Q, R in the same plane we have

AB+PQ+QR+RP < AP+ AQ+ AR+ BP + BQ + BR
kK

We have a set of 5 points in the plane, such that the area of any triangle formed
by these points is at least 2. Prove that there exists such a triangle of area at
least 3.

Romanian TST 2002
Let ABCD be a parallelogram and points M, N such that C € (AM) and
D € (BN). The lines NA and NC intersect the lines MB and M D in the
points E, F,G, H. Prove that EFGH is cyclic iff ABCD is a rhombus.

Hokk

Let us consider a convex polygon with n > 5 sides. Prove that there exist no
n(2n—5) . . . .
more than —a triangles of area 1 with the vertices among the vertices of
the polygon.
Andrei Negut
Given is a square of side-length 20, and a set formed by its four vertices and
1999 inside points. Prove that there exist 3 of those points which determine a

triangle of area at most T
JBMO 1999
In the tetrahedron ABCD we have that AB,CD < 1, AC = BD = 1 and

AD,BC > 1. Prove that the radius of the sphere inscribed in the tetrahedron

is less than ? .

kK
The points A, B,C, D lie on a circle centered at O. The lines AB and CD
intersect at M, and the circles (ACM) and (BDM) intersect ar M and N.
Prove that MN L NO.

kK
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10.

. Let p > 5 be a prime, and prove that if 1+-;—+...+ 1
P

PROBLEMS

Let the sequence a, defined by a1 = ag = 97 and the recurrence an,1 =
anan_1+4/(a2 — 1)(a2_; — 1). Prove that the number 2++/2 + 2ay, is a perfect
square.

Hokk

Let =,y € N such that 322 + z = 45> + y. Prove that z — y is a perfect square.

*okk

Let n € N, and consider all the polynomials with coefficients 0,1,2 or 3. How
many of these polynomials satisfy P(2) = n?

All-Soviet Union Olympiad 1986

. Prove that for every n > 2 there exists a positive number which can be written

as a sum of ¢ squares, for all 2 < i < n.
ok
a 4
= then p*|ap — b.

kK

. Consider four natural numbers a,b,c,d and the set S formed by the points

(z,y) € (0,1) x (0,1) which have the property that az + by and cz + dy are
integers. If S has 2004 elements and (a, ¢) = 6, find (b, d).
Bulgarian Olympiad 2004

. Find all integer numbers m,n such that (5 + 3v2)™ = (3 + 5v2)™.

All-Soviet Union Olympiad 1984

. For every natural number n prove that the least common multiple of the num-

bers 1,2, ...,n equals the least common multiple of (7;) s (;) y e (:) iffn+1

is prime.
Hkk

. Solve in N the equation z? = y* — 3, for z — 1 non-divisible by 4.

ok

We will call a lattice point invisible iff the segment which joins it to the origin
contains at least another lattice point. Prove that there are squares of any size
whose inside contains only invisible points.

Romanian T'ST 2003
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14.

15.

16.

17.

18.

19.

20.

21.

Problems

Let a > 1 and the sequence defined by z1 = 1, z20 = a §i Zpi2=a Tpy1 —
z,,. Prove that this sequence has a subsequence formed by numbers which are
pairwise co-prime.
*ork
Consider a set D of natural numbers with the greatest common divisor 1. Prove
that there exists a bijection ¢ between Z and Z such that |¢(k) — p(k—1)] € D
for any integer k. .
American Mathematical Monthly
For all n, denote by p(k) the smallest prime number which divides k¥ and by

q(k) the product of all primes smaller than p(k). Consider the sequence defined
Znp(Zn)

q(zn)

by zo=1and z,11 = . Calculate z2005.

KKk
Let a1,...,a2005 be non-negative integers such that for every n the number
at + ... + aByys is a perfect square. What is the minimum number of zeroes
among the a;’s?
Team contest
Let p be a prime number and f be an integer polynomial of degree d such that
f(0) =0, f(1) =1 and f(n) congruent to 0 or 1 modulo p for every integer n.
Prove that d > p— 1.
Hokk
Find all the natural numbers n which have a multiple with the sum of decimal
digits n.
Kok
Consider the lattice in the plane, from which we may cut rectangles, but only by
making cuts along the lines of the lattice. Prove that for every m > 12 € N we
can cut a rectangle of area greater than m out of which we cannot cut further
a rectangle of area m.
All-Soviet Union Olympiad 1985
Prove that for an infinity of natural numbers n the numerator of the fraction
1+ 3 +..+ - has at least two prime factors. .
Russian Olympiad 2002
Prove that there exist an infinity of n cu such that S(3") > S(3"*+!), where
S(a) is the sum of the digits of a in decimal notation. Moreover, there exist an
infinity of m such that S(2™) > S(2™+1).
Kokok
Let 7 be a natural number greater than 1 and p be a prime such that njp — 1
and p|n® — 1. Prove that 4p — 3 is a perfect square.
MOSP 2004
Find all natural numbers » which satisfy n?|3" + 1.
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23.

24.

25.

26.

27.

Number Theory 21

Find the natural numbers n for which

1" +2"+ .. +(n—-1)"—1
IMAR test, 2004
a® +ab+b?

What are the natural values which a1 can take on when a,b € N, not
both 17
Romanian T'ST 2004
Let a # b be rational numbers such that for an infinity of natural numbers n
we have a™ — b™ € Z. Prove that a and b are integers.
Mathlinks Contest
Prove that all the terms of the sequence given by a1 =as =ag=ags =as =1
and @p46@n+1 = Gni58n+2 + Gntants are Natural numbers.
Russian Olympiad 2002
Prove that the equation z3 + y® + 2° = 2 has an infinity of solutions in Z.
kK
Find all natural numbers n for which the equation a + b+ ¢ + d = nv/abed has
a solution in natural numbers.
Vietnam Olympiad 2002
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PROBLEMS

. Let Ay, ..., Ay be subsets of {1,2,...,n}, each of them with at least g elements,

and such that for every i # j we have #{A; (N 4;} < % Prove that

£

k
#UAZ n

77 de ture

. Prove that the smallest number of colors required to color the finite regions of

a planar graph such that no two neighboring regions are colored in the same

way is 2 if and only if all the vertices of the graph have even degree.
*rk

. There is an ant which walks on the infinite lattice, but it can only walk upwards

or to the right. There is an infinite sequence of points (which the ant knows)
Annso such that immediately after the ant takes its i-th step, the point A;
becomes poisoned. Prove that the ant can always find an infinite path which

always avoids stepping on a previously poisoned point.
Kok

. A 10x 10 checkerboard has every field colored in one of 15 given colors, such that

each color is used for at least 6 squares. Prove that there are three identically
colored, equally-distanced fields on the same row or column.
IMAR test, 2004

. What is the greatest number of knights which can be placed on a 5x5 chessboard

such that each of them attacks exactly 2 of the others?
Hkk

A (2n + 1) x (2n + 1) chessboard is covered by pieces of the shapes H:l,
and , which we can always rotate by 90° and reflect across the

horizontal and vertical axis. Prove that at least 4n + 2 trominoes (3-square
pieces) are used.

25
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10.

11.

12.

13.

14.

Problems

Let Py, ..., P, be distinct 2-element subsets of {1,2, ..., n} such that if P; (" P; #
0; then {4,5} = P for some k. Prove that every one of the a;’s appears in

exactly 2 of the P;’s.
*okk

. The numbers 1,2, ...,2005 are divided into 6 disjoint subsets. Prove that there

are numbers a,b,c (not necessarily distinct) belonging to one of the subsets
such that a +b=c.
Romanian-Hungarian Training Camp

. Given a graph with n vertices, not bipartite and without triangles, prove that

there exists a vertex with degree at most by
Bulgarian Olympiad 2004
The natural numbers are colored with two colors. Prove that there exists a
sequence of natural numbers k; < kg < ... < k, < ... with the property that
the sequence 2k; < k1 + ko < 2kg < ko + k3 < 2ks < ... is of the same color.
kK
We have n + 1 natural weights, the sum of which is 2n. We are given a scale
and at every step we place one of the weights (in order from the heaviest to the
lightest weight) in that arm of the scale which has the less weight on it. If at one
step, both arms have the same weight on them, we put the next weight on any
of them. Prove that at the end of the process, the scale will be in equilibrium.
All-Soviet Union Olympiad 1984
In the square with vertices A = (0,0), B = (0,n), C = (n,n), D = (n,0)
consider a broken line which goes from A to C by passing only once though all
the lattice points inside or on the frontier of our square. We will color in black
all the interior regions from which we can reach the si<2ies AB or BC without
n

crossing the broken line. Show that the black area is 7

*kk
The numbers from 1 to n are placed in an arbitrary order. We will perform the
following operation: if the first number in the sequence is k, then we switch the
order if the first & numbers in our sequence (so the first number becomes the
k-th, the second becomes the k — 1-th etc.) Prove that after a finite number of
operations the first number will be 1.
77 de ture
Consider a regular hexagon which we will divide into 6 equilateral triangles
via its diagonals. Then, each of these triangles will be further divided into 4
congruent equilateral triangles, thus obtaining a network of 24 triangles. In the
vertices of this network, let us write the numbers 1,2, ..., 19. We will call a small
triangle with the numbers in its vertices a < b < ¢ if we can go from a to ¢ via



15.

16.

17.

18.

19.

Combinatorics

27

b, by using the triangle’s sides in a counterclockwise direction. Prove that there

are at least 7 positive triangles.

Romanian-Hungarian Training Camp

For every k > 3 prove that from any graph we can erase at most

of its

k-1

edges such that the remaining graph contains no k-cliques.
Romanian-Hungarian Training Camp
Find the smallest and the largest number of oriented triangles (triangles in

which the edges form a cycle in the order of the arrows) in a complete oriented

graph with n vertices.

Hokok

There are n natives on an island, and any two of them are either friends, or en-
emies. Each of them has a necklace of colored beads (where a necklace contains
any non-negative number of beads), such that evert two friends must have a
bead of the same color in their necklaces, and any two enemies only have beads
of different colors. What is the smallest number of colors for beads required to
make the necklaces, indifferent of the relations between the natives?

IMAR test, 2003

For n > 2, the distinct natural numbers ay, ..., an, b1, ..., b, have the property

n
that the 9 sums a; + a; are the same as the

order). Prove that n is a power of 2.

n
2

sums b; + b; (in some

Hok K

The numbers 1,2, ..., 100 are written in a 10 x 10 table such that at the intersec-
tion of row ¢ with column j we have the number 10(; — 1) + 3. At every step we
are allowed to make the following move: pick a number and two of its opposing
neighbors (meaning the two neighbors directly above and below it or the two
neighbors directly to the left and to the right with it) and either decrease the
number by 2 and increase those neighbors by 1 each, or increase the number by
2 and decrease both the neighbors by 1. After a finite number of such steps, we
obtain the initial numbers in our table. Prove that they must be in the original

order.
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23.

24.

25.

26.

27.

28.

Problems

The numbers 1,2, ..., 2n are divided into two sequences: a; < ag < ... < a,, and
by > by > ... > b,. Prove that |a; — by| + ... + |a, — b,| = n?.
All-Soviet Union Olympiad 1985

. Given are 4 congruent right triangles, and a move consists of selecting a triangle

and splitting it into two others by cutting along the altitude (the one that
corresponds to the right angle). Prove that after a finite number of paths, we
will always have two congruent triangles, regardless of how the cuts were done.
Hkk
Let m,n be non-zero natural numbers such that m > 1 and n > 2m. Find the
greatest natural number k for which there exist disjoint subsets A, ..., Az of
the set {1,2,...,n} such that #A4; € {m, m — 1} for all 4.
77 de ture
Prove that the set of numbers {1,2,...,2005} can be colored with two colors
such that any of its arithmetic progressions with 18 terms contains both colors.
sokk
Let us consider the lattice in the plane,and in every point of y-coordinate non-
positive we place a checker. At every step, we can make a ”jump” by taking
a checker, removing one of its neighbors and placing the checker two units in
the direction of the removed neighbor. Show that none of our checkers will ever
make it to the line y = 5.
*kk
Can the natural numbers from 0 to 2" — 1 be written on a circle such that the
last n — 1 binary digits 2 of one of them are the first n — 1 binary digits of his
neighbor in the clockwise direction?
Romanian-Hungarian Training Camp
Out of the 77-element subsets of {1,2,...,2005}, are there more of them those
with even element-sum or those with odd element-sum?
Hokk
We have 3 chess clubs with n players each, such that every player has played at
least n + 1 others from the other two clubs. Prove that there are three players
from different clubs which have all played each other.
Hokk
A good n-path is one that starts from (0,0) and is composed of n climbs of the
form (z,y) — (z+1,y+1) and n descents of the form (z,y) — (z+1,y—1) such
that the path never goes below the z-axis. A return is a sequence of descents
which has a climb right before it and which terminates on the z-axis. Prove
that the number of good n — 1-paths equals the number of good n-paths with
no return of even length.
Putnam 2003
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Combinatorics 29

In a n X n matrix with non-zero natural entries we are allowed to perform the
following operations: multiplying a row by 2 or subtracting 1 from all the entries
of a column. Show that we can obtain the zero matrix after a sequence of such
steps.
Hokk
Let a,b be distinct natural numbers. A set {z,y,z} is called (a,b)-adapted if
{z—y,y — =} = {a,b}. Prove that the set of natural numbers can be written
as a disjoint union of {a, b}-adapted sets.
77 de ture
We have a 100 X 100 board, all of whose fields are either infected or healthy.
Every day, all healthy cells which have at least two infected neighbors become
infected. Find the smallest n such that there is an initial distribution of n
infected fields which will eventually infect the entire board.
sk
In a graph G, any subgraph G’ of order 4 contains a vertex connected by exactly
one other vertex of G’. Find the greatest possible number .of vertices that G
can have.
Team contest, 2004
A rectangle may be split up into disjoint rectangles, all of which have an integer
dimension. Prove that the big rectangle has an integer dimension.
sokok
Prove that in a m X n matrix with elements 0 and 1, the maximal number of
1’s which are all on different lines and columns equals the minimum number of
lines and columns which will cover all the 1's in the matrix.
*kk
All the digits are used in the decimal expression of z, and there is a n > 1 such
that there are at most n + 8 different segments of n consecutive digits in the
decimal expression of z. Prove that z is rational.
All-Soviet Union Olympiad 1983
Two players play a game in which they alternatively write down numbers be-
tween 1 and 1000 such that ﬂley never write a divisor of a number previously
written. Which one of them has a winning strategy no matter what the other
does?
All-Soviet Union Olympiad 1987

Prove that a graph with 2n sides and n? + 1 edges contains at least n triangles.
KoKk
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PROBLEMS

1. All the roots of the polynomial X" + a,_1X"™! + ... + ag are in the interval

n—2
(0,1), where n > 3. Prove that Z kag > 0.
k=0

H3kok
2. Let A be a real number such that the inequality
a A
0 < V2002 — 1<a%
holds for an infinity of pairs (a, b) of natural numbers. Prove that A > 5.
77 de ture

3. For any natural number n > 4 and non-negative numbers ay, ..., a, With sum
1, prove that

1
arag +agas + ... + aza1 < 1
kK
4. If a, b, ¢ are the side-lengths of a triangle, then prove that
PY (L) I L
b ¢ a c b a
*okk
5. Forany 0 < a3 < a2 <...<ap and 0 < by < by < ... < by, prove that
1 b b :
a. ay
(a2 + ..+ a2) (B + ... +52) < (arby + ... +anby)?- 1 (,/;ﬁf + ‘/ZE%)
ok

6. Prove that for any a,b > 0 we have that

(a+1)? b)2

— >a\/—+b«/_

All-Soviet Union Olympiad 1984
7. Find all the functions f : R — R which satisfy, for any z,y € R,

flz=f®) = fl@) +2f) + f(fy) -1

33
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10.

11.

12.

13.

14.

15.

Problems

IMO 1999

. The positive numbers a, b, ¢, A, B, C satisfy a + A=b+ B=c+ C = k. Prove

that aB + bC + cA < k2.
All-Soviet Union Olympiad 1987

. 1
. Consider the natural numbers a; < as < ... < a, such that Z — < 1. Prove
a;

that for any z > 0 we have that

L ’ 1 1
a?+z) ~ 2ai(ai—1)+z

. L . . 1
Consider the positive numbers z1, zy, ..., z,, which satisfy Z z; = Z o Prove
that

sekk

1
Z;_—H—zkﬁl

koK

Given positive numbers z, y, z with zy-+yz+2z = 3, prove that for any a, b, ¢ > 0
the following relation holds

a
z:b+c(y+z)23

koK

Find all integer polynomials P for which (22 + 6z + 10)P?(z) — 1 is the square
of an integer polynomial.

Vietnam Olympiad 2002

Find the functions f : R — R with the property that for every z,y € R we have

@@+ 5w) =y + %)
kK
Find the largest & such that a,b,c > 0 and kabc > a3 + b® + ¢ implies that

a,b, c are the side-lengths of a triangle.
ko

Prove that if (a,)nen is astrictly increasing and unbounded sequence of positive
numbers, then the sequence

az—a; a3 —az An — Gn—1
+ + .t
az as An
is unbounded.

All-Soviet Union Olympiad 1985
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Algebra 35

Find all the functions f : R — {0} — R with the property that for all z,y we
have
1 Yy 1 z
sflz+ = )+uf@+>=yfly+= ) +2fl@)+=
Yy z z Yy

Iran Olympiad 2002
Find the functions f : Q — Q which verify

flz+y)+ fz —y) = 2f(=) + 2f(y)

for all z,y € Q.
ook
) ' 1
Let x,y, z be positive numbers such that Z — = 1. Prove that
z
z\/z+yz > ,/myz—l-z\/i
77 de ture

Does there exist a finite set M of non-zero real numbers such that for every nat-
ural n, there exists a polynomial of degree greater than n with all its coefficients
and roots in M?

77 de ture
Let P(z) € C[X] be a monic polynomial with all its roots strictly inside the
unit disk. Prove that there exists a z with |z| = 1 such that |P(z)| > 1.

Hkk

Let z,y,z > 0 be real numbers such that z 4y + z 4+ zyz = 4. Prove that

c+y+z2ry+yz+zz
Team contest, 2004
The sequence a, is defined by a; = 2, ag = 3 and for every n > 2 either
QGni1 = 2ap_1, OF Gpty = 3a, — 2a,_3. Prove that no number between 1600
and 2000 can be a term of the sequence.
kK
Let z1, ..., z, be natural numbers, such that none of them is the beginning part
of any other, as written in base 10. Prove that
1 1
— 4.+ —<3
z1 Zn
Baltic Way 2000
The sequence (an), is defined by
1

a1 =56, any1 =an— —
Qn
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25.

26.

27.

28.

29.

30.

31

32.

33.

34.

Problems

for n > 1. Prove that there exists k, 1 < k < 2005 such that a < 0.
77 de ture
Consider the real polynomials f and g of degree 2. Prove that if f(z) € Z
implies g(z) € Z, then there are a,b € Z such that g = af + b.
*okk
Given a function f : R — R which satisfies f(zy +z+y) = f(zy) + f(z) + f (%)
for all z,y € R, prove that f(z +y) = f(z) + f(y) also holds for all z,y.
kK

Are there functions f : Q. — Q. such that f(zf(y)) = %x) holds for all

z,y € Q7
sk

Prove that for any positive numbers a1, ..., a, we have:

Ly 2 4 <%i+l+m+i)
a1 a3+ap a;+...+an ay  ap an
All-Soviet Union Olympiad 1986
Find all functions f : N — N with the property that mf(n) 4+ nf(m) = (m +
n)f(m? 4+ n?) for all m,n € N.

Hokok

Let ay, ..., an be real numbers, and S be a subset of {1,2,...,n}. Prove that

2
(Zw) < Y (@it etay)?

ies 1<i<s<n
Romanian TST 2004
If the polynomial f of degree n has real roots, non-negative coefficients and the

first and last coefficients 1, then f(2) > 3™.
Hokk

. a
Consider the sequence ag = 0, a; = 1 and a,, = 2a,,_1 + a,_o. Prove that —,

written as an irreducible fraction, has both numerator and denominator odd.
Hokk

Prove that if the real numbers a,b, ¢ have sum 1, then they verify

10[a® +b% 4+ ¢ — 1] < 9a® +5° + & — 1]
H3kok
Are there bounded functions f : Ry — R, with f(1) = 1 and which satisfy, for
all z # 0, the relation

; (mi—z) —f@)+f (é)z?
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Algebra 37

IMO 1995 Shortlist
Find the functions f : N — N (non-zero natural numbers) that satisfy

f(m+ f(n)) = n+ f(m + 2005)
for all m,n € N*.

Kok
Prove that for any z,y, z > 0 with sum 3, we have that
-2 (-9 (1-2°
>0
11—z 11—yt + 1—2¢ =
Hkk

Find all the functions f : R — R with the property that f(z% — y2) = (z —
y)(f(z) + f(y)) holds for all z,y € R.

HKokok
Prove that if the polynomial X” + X*~! 4+ ... + X + 1 can be written as the
product of two monic polynomials with real non-negative coefficients, then those
coefficients are all 0 or 1.






Chapter 1
GEOMETRY
SOLUTIONS

1. M We can suppose WLOG that b > c. Let T be the second meeting point of
line PM with circle (ABC). Let us denote KP = MP = « and PT = §3; we
know that KB = p—c and MC = p—b. Because of the power of the points K
and M with respect to the circle (ABC), we have that

afa+B) =plp—c)

ofa—p) =p(p—b)

A

Adding the two relations will give us

2_P=b=-c pa
2 2

39
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This means that KM? = 4a® = 2ap, but by expressing K M with the cosine

law in triangle AKM (AK = AM =p and LM AK = £A) we get:

p2bc — (B +c—a?)

e = KM? = 22— 92 _
pa 2p°—2p°cos A= a %be

= abe = 2p(p—b)(p—c) (1)

Let D be the projection of I on BC and let us look at the intersection N’
of IO with BC. We want to prove that N’ = IV and for this it will be enough
to prove that N'C = p—b. But BD = p — b, so it is enough to prove that

A’'D = A'N’, where A’ is the midpoint of BC. So we need to show that:

_ , _ r B+l-d® | 282 B4 P-a?
ID =20A" & r=2Rcos A& T A v p_abc_—2bc

& 4p(p— a)(p— b)(p — ©) = pa(b® + &* — a?)

But by making the substitution abc = 2p(p — b)(p — c) from (1), we get:

2(p — a)be = p(b* + ¢ — a?) & 2(p — a)bc — 2pbe = p((b— ¢)2 — a?) &

© —2abc=plb—c—a)(b—c+a) e 2p(p—b)(p—c) = abc

which is true again, by (1). What follows is that N = N’, so the points O,

N and I are collinear.

[

. D We will use inversion to solve the problem. First of all, note that ZA <

360° — 2 - 135° = 90°. From the quadrilaterals ANCB and AMCD we have
that ZANC = ZAMC = 135° — LA < 135° and therefore B and D will be
situated on the segments AM and AN. Apply inversion around A and denote

the inverses of our points by ’.

The points B’ and M’ will be on the line AB, with M’ between A and
B'; similarly, D' and N’ will be on AD, with N’ between A and D’. The
fact that the angle between AB and BC equals 135° tells us that the angle
between AB’ and the circle (AB'C’) is equal to the same 135°. This angle will
be £B'C’'A, and therefore £B'C'A = 135°; similarly, ZD'C'A = 135° and

therefore ZB'C’' D' = 90°.
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But the angle ZMCD = 90° tells us that the angle between the circles
(AC'M’) and (AC'D'’) is 90°, and that is exactly the angle ZAM'C'+ LAD'C’.
So we will have ZM'C'D' = LAM'C' + LAD'C' + A = 90° + A, and simi-
larly ZN'C'B’ = 90° + A. Because £B'C'D’ = 90°, this gives us ZM'C'B’ =
LN'C'D’" = A and therefore ZN'C'A = ZLM'C'A = 135° — LA. And finally, K
(the intersection of the circles (AMN) and (ABD)) turns into K, the inter-
section of the lines M’N’ and B'D'. Let T" = KB’ AC'.

The angle between AK and KC equals the angle between AK’ and the
circle (AK’'C"), meaning the angle ZK'C’A. To prove that AK L KC it is
therefore enough to show that AC’ L C'K’.

Menelaos’ Theorem for the triangle AB’D’ with the transversal K'M'N’

gives us

K'B'N'D' M'A -1 )
K'D'' NNAM'B"
But let us evaluate these ratios. The Law of Sines applied in the triangles
C'N'D', C'N'A and C'D’ A tells us that

N'D' sinZA
O'N' T sinZC'DA
N'A _ sin(135 — £A)
ON'~ sinZCTAD
sinZC'D'A _ AC'
sin ZOAD ~ C'D
1 sl
By ?lividing "Lhe first two relations and replacing Zﬁ% with the value
we obtained for it from the third equality, we get that

ND _ sinZA CD
N'A ~ sin(135 — ZA) AC'
and similarly, we have that
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M'B"_ sinZA OB
M'A "~ sin(135 — ZA) AC’
Introducing these values in (1) yields

KIB/ C/B/
KD~ oD @
But in triangle C'B'D’, C'A = C'T’ is a bisector, and so we have

C/Bl T/B/
oD 7D @
From (2) and (3) we have that the points C’,K’,T" are all on the same
Apollonius circle of the segment B'D’. But as K',T7’ € B'D’, they are on the
same diameter in that circle, and therefore C'K’ 1 C'T' = C'A, exactly what
we needed to prove.
. E Note that ON L CD, as both O and N are on the perpendicular bisector
CD. But let KM (CD = P and we will have

w

£LDPK = LKCD + LCKP = LKCD + LAKM = LKCD + % — ZABK = g

as LABK = ZKCD. Therefore KM L CD, so KM and ON will be
parallel; similarly we can prove that KN and OM will be parallel, so MKNO
will be a parallelogram.

4. M Let D be the foot of the altitude from A, and D will be on the side BC
since the triangle has only acute angles. Now, by summing up AD + BD > AB
and CD + AD > AC we get

28
2ha+a>b+cﬁha>p—a:—é->p—a:25>a(p—a)$%—§§>a(p—a)ﬁ

1

pR
= bc+2aR > 2pR = TR < 3
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For the other part, we have the following equivalences:

_Bp
2aR + be

< 2aR +bec < ¥®4aR+&Z—R <5pR&

2

5<
2 5

< da +4aha55ap©(a+ha)§z [¢8]

But b = /A2 + BD? and ¢ = /hZ + CD? and by Minkowski’s inequality
we have b+ ¢ > 1/4h2 + a2. Then, we will have

,/45 %)
_411=5(“+”+C) ot VAR H0%) o 4 hy e 5VERT T @ > S0+ 8hy &

& 100h2 + 25a% > 64h§ 4 9a® 4 48ah, & 36h2 + 1642 > 48ah,

which holds for all positive a and h, because of the AM — GM inequality.
This tells us that (1) is true, and thus so is our conclusion.
5. E Let M be the intersection of AP and OB and note that ZOPM = LZAPC =
7 — LOAC = LAOB. This means that the triangles OMP and AMO are
similar, and therefore

OM _MP )
Tf = 310 = OM* = AM - MP

But from the power of M with respect to the circle, MA- MP = M B2, so
we have the desired OM = BM.

AL Nc

7

0< M B

6. D First of all, if we remove the circle from the inside of the triangle, we will
be left with 3 sectors, each of which we be called ”the sector of a particular

vertex”. The same observation goes for the square, except that we get 4 sectors.
SECTORS
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Solutions

Let the triangle be ABC and the square MNPQ. We will study two cases:
whether or not there are vertices of the triangle inside the square. If there are
such vertices, then the angle corresponding in the triangle to that vertex must
be non-acute (since it is tangent to the circle and inside the right angle of the
square). So there can only be one such vertex; let it be A, and let M be that
vertex such that A lies in the sector of M.

¢ c

. M AN
N Y

z~<\/
]

x

A

We will now show that N and @ are situated inside our triangle. If N
weren’t inside the triangle, then the point C would have to be on the same side
of NP as the circle. But in this case, the second tangents from B and C to the
circle (i.e. those tangents not containing A4) could only meet on different sides
of MN as the circle. This is a contradiction since the circle is inscribed inside
the triangle, so N and Q must lie inside the triangle.

But N and @ cannot lie in the sector of A, so one must lay in each of the
sectors of B and C (obviously, they cannot both lie in the same sector or the
square wouldn’t be circumscribed around the circle). So the sectors of N and Q
are completely inside the triangle. Thus, the common part of the two polygons
is at least 7 (the circle) plus 2(1 — %) (the areas of the sectors of N and Q).
This means that the common part has area at least

T
24+ ->34
+2>

The second case that must be studied is when none of the A4, B, C lie inside
the square. Then, the lines AB, BC, C A break the plane up into 7 parts. Call
the parts that contain only one triangle vertex on their boundary of "type 17
and those that contain exactly two vertices of "type 2”. In the three of them of
type 1 there can be no vertices of the square (as then we would have vertices
of the triangle inside the square). Moreover, there can be no two vertices of
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the square in the same region of type 2 (because then the square wouldn’t
be circumscribed around the circle anymore). Since there are 4 vertices of the
square, one of them must lie inside the 7th part, which is the triangle itself. Let
M lie inside the triangle, and if there were any other vertex of the square inside
the triangle we would be done (because of the argument in part 1). So we can
safely assume that M is the only vertex of the square inside the triangle.
Now, the three sides of the triangle will each cut one the sectors determined
by the square except for M’s sector. Let us estimate the area of such a cut. If
we had a sector (say N’s) and a triangle-side passing through it and cutting
the tangents from N in X and Y, what would be the area between XY and the

ks

circle? Well, that area is 1 — i . But since XY is tangent to the

2
circle, we have

XY+ NX+NY =2=2=NX+NY+VNX2+NY2>
=2(v2-1)?

> o/NX NV + v3VNX NY = NX-NY € — 2> —
(V2+1)?

and so our area would be > 1 — % — (V2 = 1)% Thus, our total area of
intersection would be at least three such areas plus the area of the circle plus
the area of M’s sector, which adds up to

3_37”-3(«/5-1)2”“-
Our problem is thus solved.

7. M Let us draw the two lines d; and dy through M which are perpendicular

to AC and BD, and let the angle between them (which will equal ZAM B) be

z. Then because O; and O, are the circumcenters of the triangles ABM and

CDM, it is easy to see that they cannot lie in the shaded region between d; and

da (as then we would have an impossible inequality of the form ZO; M B > 90°).
So ZO1MO3 > z and then what we need to prove becomes

™

yiakie 3.(0.41)2=3.49... > 3.4

44/72 + R2 — 2rRcos ZO;M O3 > 2(r + R)sinz

and by squaring the above relation, it is sufficient to show that

& 4(r + R? — 2rRcos z) > (1 — cos’ z)(r? + R? + 2Rr)

< (r2 4+ R*)(3 + cos® z) > 2Rr(1 — cos’ z + 4 cos z)
which always holds, because 72 + R2 > 2Rr and 3 + cos®z > 1 — cos? z +
4cosz < 14 cos?z > 2cosz.
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8. M First of all, we should see what it means for BE to cut AC in half: let their
point of intersection be L and applying the Law of Sines in triangles ALB and
BLC will the rati AB sinABE b\ AR = 9Rsin ABE and

will give us the ratio — =8¢ smEBEC .u = 2Rsin an
EC = 2Rsin EBC, where R is the radius of the circle (ABCDE). Thus, we

have

AL AB AE

IC~ BC EC

and for L to be the midpoint of AC we would then need to prove that

AB - AE = CB-CE. But since AC || ED we have EC = AD and AE = CD,
so it would suffice to prove that AB-CD = AD - BC.

B

Let us now turn to just the points A, B, C, D. Applying the Law of Sines
in the triangles ABM and BCM give us

AB AM 2R
sinAMB ~ sinABD AM- AD
BC cM 2R
SnBMC smCBD oM CcD

Dividing the two yields

AB AM CD:AM_Q.Q W
BC~ MC 4D MC~ BC CD
Now, we have that
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AM? + BM? - AB?
cosAMB =" 0r B -
2AB? + 2AD? - BD?> BD? 2
B —4——+—4——AB B AD? - AB?
B AM -BD "~ 24AM-BD
where we used the formula for the leggth of ;he median AM in triangle

o CD? - BC
ABD. Similarly, we have cos BMC = SMC-BD

and by dividing these two
and employing (1) we will have

AD?>— AB? MC AD?’- AB?> CD-BC

= CD"—Bc M ~ CD'—BC? AB 4D

4D AB ~ CD-OB 4B AD OB CD

. 1. -, .
Because the function z — = is one-to-one on the set of positive numbers (it

x
is increasing), we must necessarily have

AD CD
E=E$AD~CB=AB~CD

which is exactly what we needed to prove.

. D We will prove by induction after the number n of points inside the stronger
statement that there is such a broken line uniting these points and whose end-
points are the two endpoints of the hypothenuse. It is true for n = 1, as an easy
computation shows. Now, assume it true for any number of points less than n
and let us prove it for n points. Let the triangle be ABC with A being the right
angle.

Consider the altitude AD which breaks the original triangle into two smaller
ones similar to it and let X3, ..., X,, be our points. Suppose that there are points
on both sides of the altitude; then apply the induction hypothesis for both of
the smaller triangles, and you will have two broken lines CX;X5.. XA and
AXpy1...XnB whose total sum of the squares is at most the square of the
hypothenuse. We can replace the segments XA and AXy.1 by the segment
X Xi+1 and obtain our broken line; the sum of the squares now becomes even
less, since £ZX;AXyy1 <90° = Xp X2, < AXZ+ AXZ,,.

The other case is when one of the two triangles (say ACD) contains none of
the points. Then we will apply the above algorithm for the triangle ABD and
get a broken line BX;...X,A whose sum of the squares is at most AB2. But
X, A? < X,C? 4+ AC? so the line BX;...X,C will be valid, as its sum of the
squares is at most AB? + AC? = BC?. If we can’t apply the algorithm in the
previous paragraph to ABD, it must be because its own altitude leaves all the
points only one side. In that case, break it into two triangles with its altitude
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10.

11.

Solutions

and repeat what is said in this paragraph. Eventually, we will get one of the
smaller and smaller triangles to contain more than 0 and less that n points.
And then the problem will be solved.

E Let our polygon be A;...4, and we will prove the statement by induction
over n. For n = 3 it is obvious and now we will assume it true for n — 1 and
prove it for n. First of all, if there existed one of the points A4y, ..., 4, (say A;)
who were the endpoint of at most one segment, then consider the other n — 1
points. Because of the induction hypothesis, among them there are at most
n — 1 segments, and plus our at most one segment from A; would yield at most
n segments in total.

Now, assume that each point is the endpoint of at least 2 segments and
assume for the purpose of contradiction the we have at least n + 1 segments.
These n + 1 segments have together at least 2n + 2 endpoints, and by the
pigeonhole principle there must be a vertex which is an endpoint to at least
three segments. Let that vertex be A; and assume that [4;4;], [A14;] and
[A1Ag) are segments, with ¢ < j < k. But it’s easy to see that if we had another
segment out of A; except [A1A4;] that segment would not intersect either [A; 4;]
or [A;1 Ag]. Contradiction, and thus our assumption is wrong and the problem
is thus solved.

Observe that this tells us that any set of n points has at most n diameters.
This is true because any two diameters of a set must intersect; indeed, if di-
ameters AB and CD did not intersect, then either ABC D would be a convex
quadrilateral (and then AC + BD > AB + CD contradicts the fact that AB
and CD are diameters) or one of A, B, C, D lies inside the triangle formed by
the other three. In this last case, suppose that D lies inside ABC and then note
that at least one of CA or CB is greater than the diameter CD (which is again
impossible).

SOLUTION BY ANDREI UNGUREANU

M Let us assume the circles &y, ko, ks of radius ro as being tangent to the
angles A, B and C respectively; let 7, be the radius of k4. Let A;, By, C; and
T be the centers of the circles ki, ko, k3 and ky.
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But the points A;, Bi, C; are on the bisectors of the angles A, B and C
respectively, and therefore AA; N BB;NCCy = 1. '

Let Az and C; be the tangency points of the circles k; and ks with AC.
We have that 4; A3 || C1Ca, because both are perpendicular with AC, and that
Aj Ay = C1C; (both are radii in the congruent circles k1 and k3). So A1 A,C2C
is a rectangle and this implies 4;C; || AC.

Similarly, 4;By || AB and B;:C; || BC, so that the triangles ABC and
A;1B;1C; can be obtained one from the other by a dilation. As I is the inter-
section of the lines AA;, BB; and CCy, it will be the two triangles’ center of
dilation. But T is the circumcenter of A; B;C; (as TA; = TAy =T As =ro+r1)
and through the dilation that transforms 4; B1C; into ABC, T will be trans-
formed into O. Since the center of dilation is I, we will have that I,T,O are
collinear.

12. M Let our polygon be A;Aj...A, and let S; = A1 Aijy1+ A2Aio+...+ A Airs
(where An;, means A,). Therefore, d = Sy + ... + S if » = 2k + 1 and
d= S+ ..+ Sk_1+ % if n = 2k (because if n = 2k, each of the diagonals
A;A;i ik is counted twice in Sk).

Obviously, we have

Aiferi=Aidivi+ o+ Aeri1Aeri & Aihers < Aidipr + o 4 Aeri1Aesi

If we sum this up after all i (for a certain e up to I-g J), every side length
in the RHS will appear exactly e times, so S, < ep.
Now, if n = 2k + 1, this yields

d=sz+...+sk<p(2+...+k)=>—2;<k(k+1)-2= [gJ [_J-z

For n = 2k we have
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k 2d ni|ln+1
d<p@t bk 1) pg = <kb—1)+h-2= bJ lTJ—z

The left part of the inequality is trickier to prove. For that, we need the
following

LEMMA 1 If ABCD is a convex quadrilateral, then AC +BD > AB+ CD.
Let M be the intersection of AC and BD and we will have AM + BM > AB
and CM + DM > CD. Summing these up yields the claim of Lemma 1.

LEMMA 2 If 1 < k < n— 1 then we have Sy, > 5.

This lemma can be proven easily by noting that for every i
AijAi 14k Aiiker is convex and thus we can apply Lemma 1 to it, thus yield-
ing A;Aivik+ Aiv1Airks1 > AiAiv1 + AirrAir k1. Summing these up after all
% gives us the desired Sy > Si.

But 2d = S5 + S3 + ... + Sp_2, s0 We have 2d > (n — 3)S;. But S; = p, so

gé>n—3.

P
13. M If n = 2k + 1 is odd, then it is easy to see that by putting n points at even

spaces around a circle and uniting each of them to that point which is k points
away in clockwise direction, we get the desired polygon.

Now conversely, we must show that this is impossible in a polygon with
an even number of vertices. First of all, note than a polygon with n diameters
must have none of its points inside its convex hull; indeed, if it weren’t so, then
one of its vertices would be inside a triangle formed by three other vertices
(just take the convex hull of the polygon and break it up into triangles). That
vertex (say A;) situated inside a triangle A;4;4; cannot be an endpoint of
any diameter, because for any vertex A,, the vector m can be written as
kim+kjm+klm, where 0 < k;, k;, k; and ki+k;j+k[ =1 (barycentric
coordinates). Now, that would mean that A,4; < kA, A; + k;j A A; + kA A,
so Az A; cannot be a diameter, because at least one of A,4;, A;4; and A, A;
would be greater than it.

So a vertex like A; situated inside a triangle cannot be an endpoint to any
diameter. Thus, the remaining n — 1 points form all the n diameters, which is
impossible because of the remark at the end of problem 12 (that a set of m
points has at most m diameters). Therefore, in order for it to have n diameters,
our polygon needs to have none of its vertices inside its convex hull, and let the
vertices of the convex hull be B;Bs...B, in this order. Let us now suppose, as
the hypothesis claims, that the n diameters form a cycle. It is easy to see that
any two diameters need to have a common point (otherwise, we could find even
longer segments than the diameters).
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Let B;B; be a diameter, and call the two sets of vertices that are split by
this diameter M and N. The other diameters that leave from B; (say B1B.),
respectively B; (say B;By) must both be directed into one of the sets M or N
(otherwise, these diameters would not meet). Let’s assume that they both are
directed into M. All the other n — 3 diameters will now unite a point from M
with a point from N (because each of them must intersect B;B;). So a chain
of n— 3 diameters must leave B, and travel back and forth between M and N,
ultimately reaching By. But n — 3 is odd, so that chain cannot start and end in
M (where B, and B, both are). Contradiction.

14. M SOLUTION BY GABRIEL KREINDLER
Let us denote by O, O; and O, the centers of the circles
T, I'; and I'; respectively; suppose the lines 4;02 and A30; meet at T.

We will try to prove that T is the center of the inscribed circle in the
quadrilateral determined by the intersections of the tangents from 4; and As
to the circles I's and T';.

‘We will find the distance d; from T to the tangents drawn from A; to circle

d 1
. W t— =
T'5. We have thar = A0, (1), but we know that

A0 LN 00, r-n

A0 T 014 r1

and that

04y 12
0 T 7T
Applying the theorem of Menelaos applied in triangle 4;00; with the
secant O1T Az we find that

AT 04, 00 L0y _rra=mry AT T

TO;, 4,0 OiA, T AT e 4,07 rry—rirp g
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AL . But this
Ty —T17r2 + 7o

expression is symmetrical in r; and rp, thus it will also be the distance from T’

to the tangents from A, and we conclude that T is the center of a circle with

radius d that is inscribed in the given quadrilateral.

E For n = 4 any parallelogram verifies. For n > 5, take a regular n — 2-gon

and a line / through one of its vertices (call that vertex A) which isn’t parallel

to any side and which only touches the polygon in A. Then, translate this line

so by going back to relation (1), we get that d =

until again in touches the polygon in only one vertex (call that vertex B). Now,
move the lines just slightly closer together, and the two of them together with
the original n — 2-gon form an n-gon. We will prove that the sum of a distances
from an inside point to its sides is constant.

The sum from ant point to the two parallel line we just built is obviously

constant (it equals the distance between the lines). Now, for any point in the
regular n — 2-gon, multiplying the sum of the distances to the sides by the side
length will yield double the area of the polygon. So the sum of the distances from
any interior point in the regular n—2-gon to the sides will be constant. Because
this sum is constant, as is the sum of the distances to the two new parallel sides,
the total sum of the distances in the n-gon we built will be constant.
D Let T = A¢ByCy and let dg, dp, d,, be the directions of the sides of the triangle
T. Through each point of our set let us draw a line parallel to every side of T,
and from all the triangles determined by these 3 sets of parallels, let us pick the
one which contains all our points in its interior or on its sides. So we will have
a triangle 7" = ABC which has a point of X on each side and which contains
all the points in its interior. Let X, be that point on the side of 7" which is
parallel to d, and define similarly the points X; and X, (if two of these points
are identical, there is no problem in what follows).

A

To

Co

Let us construct three translations of 7T, called T,,7;, and T, which are
contained in 7" and have one common vertex with it (7, will correspond to that
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vertex which opposes direction d,). We will now look at the regions 77 — Ty,
T — Ty and T' — T.. Let Yy, Z, be the points of 7/ — T, the closest to AB and
AC, respectively; define similarly Y, Z;, Yz, Z..

The 9 points Xg, X, X, Ya, Ys, Yz, Za, Zb, Z, can be covered by two trans-
lations of T'. That is why two of X,, X3, X, (suppose them X, and X;) must be
covered by the same translation Tp. Note that because Ty covers X, and X, we
will have that To (1" C T, (since Ty and T, have the same size). That is why
instead of Tp we can consider Tt, which covers at least as many points (outside
of T” there are no points of our set, so this area isn’t worth covering).

So T, is one of the translations. Therefore, the other one (call it T}), must
cover the points X, Y, Z. (which are by definition in 77 — T). But any point
of our set inside 7" — T, is covered by Ti, because the points X,,Y;, Z, are
extremal in this set with respect to the directions dq,ds, d..

‘We have thus constructed two translation that covered the points of 7, and
T’ — T, so all the points are covered. The problem is therefore proven.

M We will use an important facts concerning Simson lines, which is proved in
the appendix.

LEMMA If ABCD are points on a circle, the 4 Simson lines of one with
respect to the other three are concurrent in the point determined by the complex

a+b+c+d
number ———

(where a,b, c,d are the complex numbers associated to
our points).
Now the problem becomes easy. Let the common point of those 4 lines be

X. The two Simson lines I[(4, BDF) and (D, ABF) intersect in the point given

by the complex number % (as the Lemma says). The other two lines

. . at+btcte . . X
intersect in ———————, and since all 4 lines are concurrent, these two points

must be one and the same. But equating the two yields c + e = d + f, and
so CDEF is a parallelogram. But since it is inscribed in a circle, it must be a
rectangle.

D Let us consider a certain side, which we will call Sp and which we will assume
to be at the "bottom” of the polygon (just imagine the polygon to be a rigid
body sitting on the side Sp). A number of parallelograms are adjacent to So,
and let S; be the set of sides of these parallelograms that are above Sy and
parallel to it. Obviously, all the segments in S; are parallel among themselves
and the sum of their lengths will be at least that of Sy. A number of other
parallelograms will be adjacent to the sides in S;, and let S be the set of their
sides which are parallel to those of S; and lie above it. Again, the sum of the
lengths of the segments of S, will be at least that of S;. Repeat this algorithm,
and when we reach a side of the polygon with a side of a parallelogram, consider
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that side further in the next level S;. Ultimately, we will reach an S; which
comprises only of polygon sides, and because the segments of the S; are all
parallel, they can only lie on one side. If that side is S}, we just proved that
So || Sp and [Sp| > |Sol; but the same reasoning, starting with S will yield
[Sol = 1Sp] =[S0l = 1Sl

So we just proved that each side of the polygon has another side, parallel
and equal to it. In particular, this means that the polygon has an even number
of sides A; Aj...Agk. Let A;A; 11 be the side parallel to 4; Ay and we will show
that ¢ = k+1. Because the polygon is convex, Az 4s, ..., 4;_1.4; must be pairwise
parallel to A; 1419, ..., Aok A; respectively. Therefore, i—2 = 2k—i = i = k+1.
So the side A; A2 will be parallel to that side which is k sides away from it, and
the same remark goes for any one of the sides. Let O be the midpoint of 41 Ay 1.
Because A; A2Agy1Ak+2 is a parallelogram (equal and parallel opposite sides)
then O will also be the midpoint of A2A; 2. In this way, we can prove that O
is the midpoint of AsAgi3, A4Akt4,...A2kAx—1 and thus O will be the center
of symmetry.

‘We proved before that our polygon must be centrally symmetric, and there-
fore it must have 2k sides. Let us prove that the minimum number of paral-
lelograms in which such a 2k sided n-gon can be broken up is I; . First, we
will show that this number is necessary. Take any two pairs of parallel sides
a || band ¢ || d and two sequences of pairwise adjacent parallelograms, one
going from a to b and the other from c to d. Eventually, these two ’strings’of
parallelograms will intersect, and since the parallelograms are all distinct, they
can only intersect in a whole parallelogram. So for any 2 pairs of opposite sides,
there is a parallelogram with sides parallel to them. Since there are I; such

pairs, we have at least so many parallelograms.
Ay A

D3

Acr1 A

k
Now, to prove that ( ) are enough. We will prove this by induction

2
over k (it is obvious for £ = 2), so assume it true for £ — 1 and let’s prove

it for k. Consider the parallelograms A; Ay A3Dq, D1A3A4Ds, DyAyAsDs,...,
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Dy_3Ak_2Ax_1Dk_o and Dy_3A;_1ArAg+1. There are k — 1 of them and by
removing them we are left with a centrally symmetric 2k — 2-gon. By the in-
duction hypothesis, we can pave it using w

2
6;112(—’9_—22 +k—-1= M The induction is thus complete

Now, since 27 < (g

most 2-7 sides. But we just proved that to pave it, there are enough <;) =21

; 80 in total we used

), the above claims tell us that our polygon has at

parallelograms.
E SOLUTION BY ADRIAN ZAHARIUC

Let Hi,H,Hs be the orthocenters of the triangles AB;C;, 4;BC; and
A1 B;C respectively, and let H be that of the original triangle. The hexagon
the problem refers to is A; H3 B;H;Cy Ho. We will have that

[A1H3 B1H1C1 Hy] = [A1 B1C1] + [H1B1C1] + [A1 H2Ch] + [A1B1 Hs)

But AB;C; and ABC may be dilated into each other by a factor of 2, and
through this dilation HB;C; will be transformed into H BC by the same factor.
So we will have [H;B;1Cy] = — and the corresponding equalities for the
other vertices. Therefore,

[A1HsB1H1C1 Hy| = [A1B1Cy] + (HBC] + [ch] + [HAB] =

_ [ABC] | [ABC] _[ABC)
=T tti T

M Assume that our polygon has at least 4 points, and note that in this case
it can’t have all sides and diagonals equal (only an equilateral triangle can ave
that). Consider the diameter AB of our polygon, and there must be a point C
such that ZACB = 60°. But AB will be the largest side in the triangle ABC,
so it will oppose the largest angle. But 60° can be the largest angle iff all the
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angles are 60°, so AB = BC = CA. Similarly, if DE is the segment of shortest
length, there will be an F such that DEF is equilateral.

But let us go back to the triangle ABC. Draw lines through 4, B and C
parallel to BC, AC and AB respectively, and assume that they meet in A4,
B’ and C'. It is easy to note that if we had vertices of our polygon outside of
A'B'C’" the we would contradict the maximality of AB, BC and CA. Now, if
one the sides of the triangle DEF' (say DE) cuts one of the sides of ABC (say
AB), it will have to also cut AC (as there are no points of our convex polygon
inside ABC) and then ZDAE > /BAC = 60°. But DE is the shortest side
in the triangle DAE (by assumption), so it will oppose the smallest angle. So
£ZDAE > 60° is a contradiction.

c A B’

A
Therefore the triangle DEF' is completely contained in one of the triangles
A'BC, B'AC or C' AB, so assume that it is contained in 4’ BC. Let the vertices
of our polygon inside that triangle be B = Xo, X1, X2, ..., Xs = C in that order,
and assume that the triangle DEF is X; X; X;, with ¢ < j < k. But then because
ore polygon is convex ZBX;C < £X;X; X, = 60°. Of course, since Xj; is inside
A’BC, this can only happen when X; = A’. But then the segment AXj; is
greater than the diameter, which is impossible. So our polygon cannot have 4
vertices, and thus it must be an equilateral triangle.
M We wish to show the equivalence of the two conditions, but it is better to
put them both into a nicer form before we do that. Let us see what it means
for O to be on WoWp; I claim that W, W, is the locus of the points inside the
triangle whose distance to AB equals the sum of the distances to the other two
sides. Indeed, note that the W, and W, satisfy this property, and any other
point X satisfies it iff its barycentric coordinates can be written as a convex
sum of those of W, and W, (this is very easy to check). But this happens if and
only if that point is on W, W, as it is stated in the Appendix.
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So we just showed that O being on W,W, is equivalent to its dis-
tance from AB being the sum of the other two distances, or equiva-
lently that cosC = cosA + cos B. But what is the condition for I to

be on H H,? For that, we will use the barycentric coordinates of the

B C A
points H,, Hy, I, which are (O’bC(;sC’cczs )7 (acc;s ,O,Ccc;s ) and

( a b ¢ ) I is on HyH, iff it its barycentric coordi-

atb+catbtcatbtc
nates can be written as a convex sum of those H, and Hj, so iff there exists an

o such that

— 0 04 (1-a)® e b
atbte & % T lat+b+oeosC
and

b beos C o
) _ =(1-a)-0 =
a+b+c (1=a)-0+a a S (a-+b+c)cosC

We needn’t write the third relation between the barycentric coordinates,
as it is implied by the first two (as the sum of the barycentric coordinates is
always 1). Such an o exists iff the two RHS above add up to 1, so our condition
for I being on H,Hj is that

a+b=(a+b+c)cosC & sinA+sinB = (sind+sinB+sinC)cosC &

2cos£c A-B_ 2coscc A_B+2i gcosg cosC &
2% 2% smg sy

A-B A-B  C
<+ cos ) —(cos 3 +sm§)cosC@

@cosA_B(l—cosC)=sin%cosC©
- C C
. i 2—= in —
& cos 3 2sin 3 sm2cosC4:
-B . C
©2cosA Sin5=cosC¢)cosA+cosB=cosC

‘We thus see that the two conditions are the same, so O will be on W, W,
iff I is on HyHp. .
22. E We will show that the locus is formed by two straight lines that pass through
P (without P itself). Indeed, take R to be the radius of the circle with center
O, let T be its tangency point with dy. The circle that is tangent to this circle
will have radius r, center @, and it will touch ds in S. Let M be the common
point of the two circles, and let My and M; be its projections on d; and ds.
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dZ
Because M lies on OQ, we will have
MM, R
r  r+R
And from the right trapezoid OQSP we find

2rR
MM, = ———
*Tr¥R
MM,

MM,
points with this property are two straight lines through P (one in each angle).

Conversely, we need to show that any such point M (with the ratio of its
projections 2) will be a tangency point. Given such a point, we need to construct
a circle that passes through it and is tangent to d; and dy, and then construct a
circle with the center on d; and tangent to the other in M. Because of the ratio
in M’s projections, it’s easy to compute that this last circle will be tangent to
dy (as the distance from its center to dy will equal its radius). Thus, we obtain
for every such M a valid construction.

M For every k, let ai be the angle between circle wy and the line AgAgi1.

= 2 and it is well-known that the locus of

Dividing the two yields

Because wy1 is tangent to wy at Ag+1 their tangent will break the angle ZA4;, 1
into two parts, and we will have a1+ ax = Ag,1. Multiply this by (—1)* and
we will get (—1)*ag11 + (—1)*ax = (—1)*Ag41. Now, if we sum these relations
for k from 1 to 6, then we get ay — a1 = Ay — Ag + As — As + Az — Ap. If we
keep in mind that A7 = A4, As = As and A5 = Ay (We considered these angles
modulo 3), the we get a7z = a1. So the circles w7 and w; pass through the same
two points and make equal angles with the line determined by those two points.
Since these circles do not touch any of the sides in their interiors (otherwise,
we wouldn’t be able to construct wg or wq), their centers need to be both below
line AgA;. That means that they must be one and the same.
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D We will consider an inversion around D, which will map the line BC into
itself, and our two circles into lines parallel to BC. But note that E,Y, D and
are at the same distance from C, so they are on a circle that obviously passes
through D. The inversion will turn this into a line perpendicular to BC (because
the center of the circle, namely C, is on BC) and the same thing will happen
to the circle determined by the points F, Z, D.

A

B D C

So if the images of E,F,Y,Z are E', F',Y', Z' then we just showed that

E'F'\|BC, Y'Z'|BC, E'Y’ L BC and F'Z' 1 BC. Therefore, E'F'Y'Z' is a
rectangle, so the four images are on the same circle. Inverting the figure again
to obtain the original, this will turn into a circle, so our four points E, F, Z,Y
are on the same circle.
E The easiest way to solve this problem is to consider the vertices of the square
as being determined by the complex numbers 4 = il, B =1 and C = —il. Then
the relations given by the hypothesis are [p—il| = 1, [p—I| = 2 and |p+3l| = 3.
These become
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(p—i)P+i)=1=pp+illp-p)=1-1°

and similarly pp — (p +B) = 4 — 12 and gp — il(p — §) = 9 — 1% If we let
—p—P=2S,i(p—7p) = 2D, then pp = S + D? and the above relations become

S+ D*+2AD=1-12
S24 D2+ AS=4-1

S+D?-2AD=9-12

By summing up the first and the last one, we get S2 + D? = 5— 2 and the

first and second equations then give us D = -7 and S = —%. Therefore

5—12=52+D2=%=>4l4—2012+17=0=>l2=—5i22\/§=>2l2=5i2\/§ @

But 2/2 is precisely the square of the side of our square. If P is inside the
square, the angle APC will be obtuse, so AC? > 3241 =10 = AB? > 5. Of
course, neither of our solutions satisfy this, so we must conclude that there are
no such points P.

26. D Let us consider an inversion around C and denote the inverses of the points
in our figure by /. The circles (CTS),(CVK) and (CMU) will transform into
the lines 7', V'K’ and M'U’, and W’ will be the intersection of these last
two lines. The circle (N K M) transforms into a circle tangent to the lines C'T",
C’S" and T'S', but it will be escribed since I'; and T'y were initially one inside
the other.
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v
But U’ is on the line 7"9’, on the other side of S’ than T” such that

=sve -V __oy_cs
cU T cucs

Similarly, V is on T'S’ such that 7'V’ = CT". Now, to prove that CUWV
is a parallelogram, it suffices to show that CV || UW (CU || VW is proven in
the same way). This is equivalent to proving that the angle between the lines
CV and UW is 0, which in turn in equivalent to showing that the angle between
line CV' and circle (CU'W’) is O (since inversion preserves angles). So we need
to prove that CV” is tangent to circle (CU'W'); let us denote CT" = s, CS' = t,
T'S' = c and CK' = V'N' = U'N' = CM’ = # —p

Because TC = T'V' and T'N' = T'K' it’s easy to see that CN'K'V’ is an
isosceles trapezoid, and the same goes for CN’M'U’. Let L' be the intersection
of CW' and U'V'. Apply the Law of Sines in triangles V/L'W’ and CK'W’ and
we get

LIVI LIWI
SnLW K sinL'VIW'
P CcwW'’

sm WK smV/K'T
Dividing these two yields
v W sinVK'T LW s
p  CW'sinL'V'W =~ CW’'p-s
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Similarly, we get that
Ly LW ¢
p CWip—t
and by dividing these two equations we get

Now,

! v _
CV’' = 2scos ers == 2ssin£~ =254/ &——t)-
2 2 sc
and similarly CU' = 2“,17(]?'; )

cU? t p-s LU
oVEIT s p—t TV
which is exactly the condition for CL’ to be isogonal to the median CN’
in the triangle CU'V’. Therefore, LV'CW' = £/N'CU’ = LCU'W' because
CN'M'U’ is an isosceles trapezoid. But this means that CV’ is tangent to
(CU'W') and our problem is thus proven.

27. E Assume that our line d does not pass through O (the center of the inscribed
circle) and let the region which contains O be ABPQ with P on BC and Q
on AD on the sides of the quadrilateral (that region could also be a triangle or
a pentagon, but the proof is perfectly similar then). If S, p and r are the area
semiperimeter and inradius of the original quadrilateral, we would have

This means that

g = [ABPQ| > [0AQ] + [0OAB] + [0BQ] = g(AQ +AB+BQ)=r ( - 522)

d




g = [CDPQ] < [0DQ] +[0DC) +[OCP| = g(DQ +DC+CP)=r (p - _2_)
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Similarly, we would have

PQ

Obviously, we cannot have both the above relations at the same time, so
we must have O on the line d.
M We will show that the area of the middle triangle equals the sum of the areas

of the other 3. Let the barycentric coordinates of X be (e, 3,7) and then we
[APC]
s

will have % =pB= = (3, where S denotes the area of the triangle. So

[APC] + [CNB] + [BMA]
5

29.

—a+f8+y=1=[APC]+[CNB] +[BMA] - S =0

B v c

But the expression [APC] 4+ [CNB] + [BM A] — S = 0 is precisely the sum

of the areas of the small triangles minus that of the middle one. The problem
is thus proven.
M We will try to pack our squares into the unit square by using the following
algorithm: label the squares Si,...,S, in the descending order of their radii
ry > 71y > ... > 1, We will arrange them in layers like in the figure, where we
let 49 = O: suppose we have already arranged several layers containing squares
S1,83,...,Sk; and we will construct a new layer as follows: place Sk, 1 right
above square Sk, _, 41 and keep aligning squares next to it until we can’t place
any other (because we would exit the unit square). Let S,,, be the last square
you place in the current layer, and then repeat the algorithm until we run out
of the squares.
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Siy+1 S,

S1 S2 -

Let Sk,,, be the last square we place, so the total height of our layers will
be ry + rg, 41 4 ... + 7%, Which we will assume for the purpose of contradiction
to be > 1 (if it were at most 1, we could pack our layers inside the square). But
we will have for all ¢

F 1 2 Thiga 1 hera o F Tk 11) > Thep 1 (L= Thogn) 2 7hera(1—71)

@

where we used the fact that the r;’s form a descending sequence and that

Thi42 + oo FTr 041 > 1 —7p, 41 (because if this inequality weren’t so, we could

put Pi,,,4+1 on the same level with Py, .1). But by summing (1) for all 4’s, we
would get on the LHS the total sum of our squares except for P, so

1
5 B2 Y rpnl—r) > (1-m)?
>0

by our assumption that 71 + 7%, 41 + ... +7%,41 > 1. So we will have 0 >

2

2r% - 2r; + ; = (\/271 - ) , which is impossible. Our packing therefore
works.

M Consider the line d, tangent to the circle in N and parallel to AC. Suppose
it intersects RC in L and RQ in M; the point L is fixed, and we will show that
M is that point which is on all the lines RQ. For this, we need to show that

LM is constant no matter what points P and @ we choose.
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A
R L B c
P
d
Q
Since LM || QC we will have
RL LC
LM = CQR—C =CQ <1 - E) o))

But the diameter NC is equal to 2r (where r is the radius of our circle),

and we will also have NC L AC; therefore, ZLCN = 90° — ZBCA = —4244
2r —2T— But the triangles ABC and

which implies that LC = S ZION = . 1

PBR are similar, and therefore PBR will be isosceles (like ABC is) and RB =

BP AP .
BCE = RC = BCE' Equation (1) thus becomes

LM =CQ 1-__ 4B (@)

BC~APcos§

Now, we will have AB = rcot 4 and BC = 2r cosé, By letting a,p,q be
the side-lengths of the triangle APQ), 2po be the perimeter of the triangle and
S the area (r = p—), equation (2) becomes

0

e i) oo 125 - =2

A
But a well-known formula in any triangle is (po — g)(po — p) = pgsin? 5
and therefore the above relation becomes

P A 2 A
LM—p0 sin” 5 posinAsm 3 = snA S

28 A_ o LA
2
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which is constant, no matter what points P and Q we pick. All the lines
RQ will therefore pass through the point M.

. M Let ABCD be our tetrahedron; we will denote by AB.CD the dot product
of the two vectors and by AB - CD the product of the lengths of the two
segments. Let a = (ﬂ,b = @,c = aﬁ,d = (ﬁ, where O is an arbitrary
point and letting o be the common angle, we will have

3

—_

(a—d)(b—c)=+AD - BCcosa

(a—=b)(c—d) =+xAB-DC cos o

(a—c)(d—b) =+AC-BDcosa
Summing these up yields

0=cosa(AD. BC+ AB- DC + AC- BD) )

But we will show £CD - BC ++AB - DC + +AC - BD # 0 whatever the
signs; if the signs were all equal, then this is obvious. Otherwise, we would need
to have something of the form

AD-BC=AB-DC+ AC-BD

Take an inversion around A, and the images of the points B, C, D will not
be collinear (otherwise, our four points would be on a circle). Then, we would
have

BC < BD  CD
AB-AC ~ AB-AD  AC-AD
So the bracket in the RHS of (1) will always be non-zero, so we must have
™

B'C' < BD'4+C'D = = AD-BC < AB-CD+AC-BC

a=-.
2
32. M LEMMA In any triangle with the usual notations, we will have

%:cosA+cosB+cosC—1 (1)
It is a well-known trigonometric relation that the RHS is equal to

_A_B_C - A _ [p-a)p-))
4sm§sm?sln bR Now, by multiplying together sing = p

and the corresponding expressions for B and C we get

4sinési Esing—Ai—Si —=
2Ny T by T b T R

which yields (1).
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Back to the problem, where we will consider the triangle ABP (denote its
sides and angles by a,b,p, A, B, P), whose largest side is obviously AB. Then,
first note that cos A + cos B > 1, which happens because cos A + cos B >
w = 1. Now, take a Cartesian coordinate system which has AB
as its z{’ams and the points P,C, D above it. We will compute the absolute
values of the slopes of the lines OI and C'D and show that their product is 1,
which will prove that the lines are perpendicular. The slope of O will be

Z P
|r—RcosP| _ Iﬁ—cos I cosA+cosB—1

[a—b]  [smA—snB| [sinA—snB]|
2
where we used Lemma, 1 to evaluate % But the slope of CD is
p|sin B —sin 4|

p(cos B+ cos A—1)
and it is easy to see that the product of the two slopes is 1, as required.
M Consider coordinate axes parallel to the sides of our square. Divide the
square into 22 even-spaced horizontal (horizontal meaning parallel to the z-
axis and vertical will mean parallel to the y-axis) strips of width " By the
pigeonhole principle, one of these will contain (at least) 23 points Ay, ..., Ags
and let their z-coordinates be z; < zo < ... < z93 and their y-coordinates

Y1, .., yo3. Obviously, since zo3 — 21 < 1, we will have either 15 — z; < 3 or
1 1
To3 — 219 < 5 Assume that we have z19 — z; < 5

1
Now, because the height of the strip where Ay, ..., A12 are located is bYl it

means that |y; — y;| < 2—12 for all 4,4, and therefore

ArAs + o+ AnAis < oo — 21| + o+ 212 — 20| + [y — wal+
1 11
Hys = yo| + o+ vz —yu| < PR i
M We shall first prove two very simple and useful lemmas.

LEMMA 1 If XY ZT is a convex quadrilateral, then XZ + YT > XY + ZT.
This follows easily if we let M be the intersection of the diagonals and sum up
the two inequalities XM +YM > XY and ZM +TM > ZT.

LEMMA 2 If X is inside the triangle EFG, then EX + FX < EG + FG.
Indeed, let EX and FX intersect the sides GF' and GE in S and T'. Then, we
will have EG + GS > ES and SF > FX — SX; by summing them up, we will
get the required inequality.
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Now, if any two of the points P,Q, R form a convex quadrilateral together
with A and B such that AB is not a diagonal (say, ABPQ is convex in this
order) then the problem becomes simple, as Lemma 1 tells us that AP+ BQ >
AB + PQ, and if we add to this the triangle inequalities AQ + AR > QR and
BP + BR > PR then we are done. Therefore, we are only left with the case
when any quadrilateral formed by any two of the P,Q, R together with A and
B is either concave or has AB as a diagonal.

So we have two cases: either all of P,Q, R are on the same side of AB, or
two of them are on one side and the third on the other. In the first case, there
are no convex quadrilaterals with AB as a diagonal, so ABPQ, ABQR, ABRP
must all be concave. Assume that P is the closest of the three points to AB
and R the farthest. Then, because the three quadrilaterals mentioned above are
concave we must have Q inside ABR and P inside ABQ. In that case, Q will
be in one of the triangles APR or BPR, and we will assume WLOG that it lies
in APR. Lemma 2 tells us that PQ + QR < AP + AR, and summing this up
with the triangle inequalities PR < BP + BR and AB < AQ + BQ will yield
the desired result.

LN\

The second case is when P and Q are on the opposite side of AB as R is.
In this case, because ABPQ is convex, Q will be inside ABP (or the other way
around), and it will lie in either APR or BPR. Assume it in APR and by doing
the exact same thing as in the previous case, we will get the desired result.
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P

R

35. D Let our pentagon be ABCDE. First of all, if the 5 points do not form a
convex polygon, then consider their convex hull. One of the other points will
be inside the hull, so it will be inside one of the triangles with vertices on
the convex hull. So four of our points will be A, B, C, X such that X is inside
the triangle ABC. Thus, the area of ABC is equal to the sum of the areas of
XAB,XBC,XCA, and thus at least 6.

We are left with the case when our points form a convex pentagon. Let
ABC be the triangle of maximum area among those with vertices in our points
and assume [ABC] < 3. Then draw lines through the vertices of ABC parallel
to the opposite sides, and let these lines determine a triangle A’B’C’. Because
of the maximality of the area of ABC, D and E must lie inside the triangle
A'B'C’. Moreover, they cannot lie inside the triangle ABC (as the pentagon is
convex) so they can only lie in one of the three triangular regions A’BC, AB'C
and ABC'. Suppose first of all that they lie in different regions, say E lies in
AB'C and D lies in AC'B.

A\ IPNS

Consider the line A4¢Cy parallel to AC, as in the figure, where 4oCy is two
thirds away from AC as B is. If E lies closer to AC that A¢oCy the we will have
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2< [BAC] < 2|4BC] <2

which is impossible, so E must lie in the little shaded triangle. In the same
way, D must lie in the shaded region inside the triangle ABC’. But then, since
B'A = C'A = a we will have DE < 2a and the distance from A to DE is at

most %ﬁ (since any circle centered at A with the radius %‘1 always cuts DE for
any D, E in those regions). So

2[ABC]
3

2<(ADE] < e = = [ABC] >3 W

exactly what we needed. The astute reader will notice that the above argu-
ment does not hold when one of the angles B and C is obtuse. Then, a similar
argument can easily be formulated to show that the triangle ADE always has
area less than — of that of ABC, which as in (1) gives us [ABC] > 3 (it is not
hard to show that with the constraints placed on D and E, the area of ADE
is largest when D and E are as close to BC' as possible in their little shaded
regions, and even then it will be less than g[ABC])

We still have to study the case when ﬁ and E are in the same region, say
inside A’BC. Then, we will have

[ABC] = [XBC| > [DEBC] = [DEB] + [EBC] > 4

which finishes our proof.
M Let O be the intersection of the diagonals, E be the intersection of M B and
NC, F that of MB and NA and G that of NC with MD. Let —IE =n and

oD
w = m. Then, we will apply Menelaos’ Theorem in triangle M BO with the

line NCE:

MEBN OC _ |  ME _n(m-1)  ME _n(m-1)

EBNOCM  ~ EB_ n+l ~MB mnil
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Similarly, applying it in the triangle MOB with the line NAF will give us

MFBN OA _ . MF _n(m+1)  MF _n(m+1)

FENGAM "7 FB - nil ~ MB  mn-1 @
L ME-MF m2n? — n? .
By multiplying (1) and (2) we get TMBE = AT Doing the
, MG-MH . . .
same thing to evaluate Dz will give us this value to be equal to the
m?n? — n? .
same s S i So we will always have

ME-MF _ MB? 3)
MG -MH MD?

Now, if EFGH is cyclic, the LHS becomes 1 and then MB = MD. But
then, MO will be a median in the isosceles triangle M BD and this would imply
MO L BD, and so ABCD is a rthombus. Conversely, if ABCD is a rhombus,
then M B = MD and (3) will tell us that ME-MF = MG-MH, which implies
that EFGH is cyclic.

E Let our polygon be A;As...A, and we will consider three categories of seg-
ments A;A;: the edges (of which there are n), the diagonals of the form A4;A4;,2
n(n — 5))

(of which there are also n) and the other diagonals (of which we have

Let T' be the number of triangles of area 1, and 37" will be the number
of segments A;A; involved in these triangles. But each segment from the first
category (the edges) cannot be part of more than 2 triangles of area 1 (because
if it were part of three, then the vertices of those at least three triangles would
be at equal distance from our edge and thus on a line, contradicting convexity).
Similarly, any diagonal of the form A; A; o appears in at most 3 triangles, and
any other diagonal in 4 of them. So this means that
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Solutions

3T52n+3n+4."—("2_—5)=2n“’—5n=>Tg"(2%52

which is exactly what we needed to prove.

E Let our square be ABCD and suppose that all triangles formed by our 2003
points have areas greater than —. Now, take any two points X,Y inside the
rectangle and suppose the line XY splits up A and B from C and D (it’s the
same thing if XY splits, say, A from the other three vertices). Then, break the
figure up into the six triangles ABX,AXY, AYD,CDX DXY,BXC. We will
prove by induction the following statement: for every 6 < n < 2003 there will
exist » of our points such that we can triangulate the square with respect to
those n points (meaning that we can break up the square into disjoint triangles
with vertices only among our chosen n points).

For n = 6 it is exactly the construction above. Now, suppose that we have
split the square up in such a way for points Ay, ..., A,—1 and we wish to find n
such points with the desired property. Take any other point X and it will lie in
a triangle A;A; Ay (since these triangles span the square). Then, just add the
segments X A;, XA; and X Ag, thus adding two more triangles (actually, we
add in 3 of them, but A;A;Ay is no longer part of our triangulation). We thus
pass from 2n — 8 to 2n — 6.

So in the end, we break up our entire arrangement of 2003 points into 4000
triangles (= 2- 2003 —6). Our assumption says that each of these will have area
greater than i, so the whole square will have area greater than 400. But the
side-length of the square is 20, so contradiction.

M First of all, note that if we have a triangle with one side 1, another > 1
and the third < 1, then the height that corresponds to the largest side is less

than —3 This is easy to observe, because that height will equal 1 (meaning

the length of the side of length 1) x the sine of the smallest angle. Since that

angle is < 60°, the height will be < \/_§ .

2
3V
Now, we know that in a tetrahedron we have r = ——————— where
S1+ 82+ 83+ Sy
81 < 85 £ 83 < 84 are the areas of the sides (we can prove this assertion
by noting that if we connect the incenter with the 4 vertices, we split our

initial tetrahedron into 4 smaller ones, each of them of height r). Thus, we have
r< i—:l and assume that A is the vertex opposed to the side of area S;. Then
3V = h,-S1, and h, will obviously be smaller than the height from A in triangle
ABC. We proved before that that height is less than \/75 , so we will have
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3

<
INE
| %

r<

=
K3

which ends our proof.

40. M Let us consider an inversion around M and let us denote by X’ the inverse of
any point X. The points 4’, B’, C’, D’ will still be on a circle and the lines A’B’
and C’'D’ will pass through M. The circles (ACM) and (BDM) will transform
into the lines A’C’ and B’D’, which will meet in N’. What we need to prove
is that the angle between the lines M N and ON, meaning the angle between
MN' and the circle (MO'N’), is 90°. This angle will be the angle MO’N’; the
greatest problem we face is finding O/, the image of O.

Assume that M is outside the segments [AB] and [CD] (if it lies inside, the
proof is identical). But
oA OB OA MA
0A=0B= 3% = %5 = OB ~ MP
and that means that O and M are on one of the Apolllonian c'ulrcl% of
4

the segment AB. But if we let £/ € [A’B’] such that g/_g/ = B’ then
O’ will be on the circle of diameter ME’ (the circle of diameter ME’ being
that Apollonian circle). Similarly, O’ will be on the circle of diameter MF’,
where F is the analogous of E’ on the segment [D’C’]. And what we want to
prove is that ZMO'N’' = I, meaning that O’ is also on the circle of diameter
MN'. So we need to show that the circles of diameters ME', MF', MN' have
another common point beside M (and that point will be 0’), which can only
happen iff their centers are collinear. But the centers of these three circles may
be obtained from E’, F', N’ by a dilation by a factor of l, so it is enough to
prove that B/, F/, N’ are collinear.

Let LZA'N'B' = o, LZA'N'E’ = p and ZO'N'F’ = g and we need to show

sinz

that p = g. Since the function is increasing, it will be enough to

sin(o — x)
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show that - smp___ __snd But the Law of Sines in triangle A’ N'E’

in(la—p) sinfa—gq)
and E'N'B’ gives us
sinp _ A'E'B'N' _AMBN
Sa-p) BEAN ~BMAN
By writing the similar relation for ¢, it follows that all we need to do is to
prove that

AMEN _OMDN  AMDM AN DN
B'MAN DMCN ~CMBM CN BN
But this last relation is very easy to derive, just by expressing all those
ratios from the Law of Sines in triangles A’C' M, D'B'M, A’/C'N’, B'D'N' re-
spectively, keeping in mind that A/, B/, C’ and D’ are on the same circle.



Chapter 2
NUMBER THEORY
SOLUTIONS

1. D For all natural numbers z = k2I, where [ is a square-free number, call ! the
non-square part of z. Now, note that ag = 2- 972 — 1; we will try to turn our
recurrence into a simpler one:

Gnil = Gnan-1 = 4/ (a2 —1)(}, - 1) =

2 2 2 2
mOn_1—0p—an_1+1=

2 2,2
= a,11 = 2ap0n_10n41 +apa, | =a
=al Ztal =2 1 (1

apprtan tag_ ) =2anan 10041+ )

Subtracting this relation for m + 1 from itself for m + 2 will give us

2 2
aria = 0pp = 20m 110 1+2(Gmt3 — Gin) = A8 + Gm = 20m 10m 42 2)

where we used that a,,.3 — a,, # 0 (which is true, as from the hypothesis
we note that the sequence is increasing). From the above, since ay,a2,a3 € Z,
it is simple to prove by induction that all the terms of the sequence are natural
numbers. But writing (1) for m = n + 2 yields

2 2
m13(@m+3 = 2am42am+1) + Ao+ G —1=0=>

= amysan +1=0a2 o +a2 3)
Adding (2) and (3) gives us

(@mt3 + 1)(am +1) = (@ms2 +ams1)? O]

So the product of amy3 + 1 and a,, + 1 is always a square. Therefore, the

non-square part of a,, + 1 is the same as the non-square part of a,,3 + 1. But

the non-square parts of a; +1,as + 1,a3 + 1 are 2, and therefore by induction

the non-square part of any a, + 1 will be 2. So a,, + 1 = 2k2, and taking the
square root of (4) gives us that

75
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Eomakm = kg1 + Ky — 1 (5)

But now subtract (2) from (3), and we will have the same remark as above
for a,, — 1, that it has the same non-square part for all m. Therefore, a,,, — 1 =
612, for some l,,,’s (since the non-square part of a; — 1,a3 — 1,a3 — 1 is 6) and
we will thus have that 612, + 2 = 2k2, = (km — 1)(kn, + 1) = 312, It is easy
to prove by induction (from the relation (2)) that the a,’s are all of the form
4k + 1. Therefore, ky, is odd, and thus the greatest common divisor of k,, — 1
and ky, + 1 will be 2. Thus, from (kp, — 1)(km + 1) = 312, we get that one of
km — 1 and k,, 4 1 is of the form 2b% and the other is of the form 6¢? (since the
two numbers have no common divisors except for 2). But from (5) is easy to
prove by induction that k,, is always of the form 6¢+ 1, and thus k., + 1 must
be the one of the form 2b2.

Therefore, we will have /2 + /2 + 24y, = v/2 + 2k, = 2b, and this is all
we had to prove.

. E Let z =y + h and the relation becomes

3y+h)’+y+h=4+y=6yh+3h2+h=y>=

=42 —6yh— (3R2+h) =0

For this second degree equation in y to have an integer solution y, the
discriminant must be a perfect square (so that square root of it is an integer).
So we need to have 942 + 3h% + h = 12h® + h a perfect square. But take any
prime p that divides A and let k be the exponent of p in h’s decomposition into
primes. The exponent of p in the expression 12h? is at least 2k, so the exponent
of p in 12h2 + h will be exactly k. But that is exactly the exponent of p in a
perfect square (since 12h2 + h is a square), and that is why %k must be even.
But then, b itself is a square, and that is precisely what we had to prove.

. M We will show that the ways in which n can be expressed in the form P(2) =

ar2% +a;_125"1 + .. + ag with ¢; € {0, 1,2, 3} is equal to the number of ways
in which n can be written as 2z + y with non-negative z and y. For that we
shall construct a bijection between the set of P’s with P(2) = n and the set of
ways to write n = 2z + y.

Indeed, for every writing of n as 2z + y, let z = b;2¢ 4 ... 4+ by be the
representation of z in base 2 (so b, € {0,1} for every z) and y = ¢;2/ +... + ¢o
be the representation of y in base 2. Then, we will write n as a;2° + ... + aq,
where a, = 2b,_1 + ¢, for all z. It is easy to see that a, is always in the set
{0,1,2,3}.
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Conversely, if n = a;2¢ +... + ag, then if a, = 3 let b,_; = 1 and ¢, = 1,
ifa;=2let b,y =1andc, =0, ifa, =1let by_; =0 and ¢, = 1 and if
a; =01let by_3 =0 and ¢, = 0. Then, let z = Zbﬂi and y = ZC]'Qj and we
must have n = 2z + y. Since the two functions we just described between the
polynomials such that P(2) = n and the writings of n as 2z + y are inverse to
each other, they will be bijections between these two sets of objects.

So the number of polynomials with coefficients in {0,1,2,3} that satisfy
P(2) = n equals the number of ways to write n as 2z + y with non-negative
z,y. This last number can be calculated easily, for there are VéJ + 1 non-
negative z’s such that 2z < n, and for each of these z’s there is a unique y such
that n = 2z + y. So the number we are looking for is [gJ + L

. E LEMMA Every natural number p > 6 can be written as a? + b2 — 2, with

a,b,c>0.

First of all, note that any natural number greater than 1 that is not of the
form 4k 4 2 can be written as b2 — ¢?, as we can always let that number be
z+y 2 _(z—y

2
Now, for every natural number p, if it is not of the form 4k + 3, write p — 1 as
b2 —c® and let p = 12 4 b2 — 2. If p is of the form 4k + 3, let p — 4 be b% — ¢2
and p =22+ b — %

Now, we will prove our problem by induction over n (for n = 2 we can just
pick 8). Suppose it true for n — 1 and let us prove it for n by constructing a
good number. Let = be writable as a sum of 2,3,...,n — 1 squares, and then the
lemma tells us that  can be written as a® + b® — ¢%. Then the number z + c2
can be written both as a sum of 3,4,...,n squares (add the square ¢® to the

of the form zy with z > y and z =5 y and write it is

representations of « as sums of squares), but also as a sum of 2 squares, as it is
a2 4 b Our problem is thus solved.

. M First of all, we will prove that:

LEMMA 1 The sum of the quadratic residues modulo any p > 5 is congruent
to 0 mod p.

Let that residues be 7y,...,7, and § = r; + ... + 7. But the numbers
471,47, ..., 4ry are also the residues (yet in another order), so their sum must
be congruent with S. Therefore § =, 45 = § =, 0.

LEMMA 2 We have that

1 1

2

DI+ s+ —
Pl )(+2+ +p_1)

The RHS of the above is
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1
(p—1)1<1+2+ +—) Z(p—l)'( )_
= 1
=p - DY
;(P ) =9
To prove our claim, it is therefore enough to show that

-1 —1

= , = ,
Plg@—l)lm Zl(p )—po*i'zi—ngo

i=1
where 1 refers to the reciprocal of z in the field Z,. But the num-
z

2
bers 12,22, ..., (17—21> are all the quadratic residues (since any two of

! of them). So the numbers

them are non-congruent and there are -

2
—11—2, 2%, oy —11—2 are also residues, and they will be all the residues. But
p—

2
their sum is 0 mod p, as was shown in Lemma 1, so Lemma 2 is true.

From now on, the problem becomes simpler. Lemma 2 tells us that
1 1 5
1+4=-4+. 4+ —= .
AR 4
where z,y are integers with y non-divisible by p. So

< |8

—b 2 Sb
22 z+l=>L=1£=>ap_b=u
b y P bp y y

But p|b, because it is the denominator of the fraction

®

1-2-..-(p—1)+1-3-4-..-p+..+2-3-...p
1-2-...-p
whose numerator is non-divisible by p and whose denominator is a multiple
of p. Therefore, (1) tells us that p*|ap — b.

. D Let m = (b,d) and for any 0 < k < 5 and 0 < I < m — 1, let us consider the

l 1
rectangle Py given by — < z < + 1, —<y< L Suppose the rectangle

=2

Pyo contains « points of S. The points (z,y) in S which are located in any
rectangle Py, are in a one-to-one correspondence with the points in S that sit

in Py through the map f(z,y) = (z - %,y— % , so there will be o points

of S in every Py;. That means that the number of points of S situated in the
disjoint squares Py; is 6me, because we have 6m such squares.
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But the total number of points in S will be this number plus the number
of points of S which are not in any rectangle. But the points which are not

contained in any rectangle either have the z coordinate i the y coordinate
! s . . . .

—. And it is easy to see that for a point such as this to be in S, it needs to have
m

both coordinates of the given form (so z = % and y = %) But the number
of these points contained in the unit square is 5(m — 1) and we will have that
2004 = 6ma + 5(m — 1) = 6m|2004 — 5(m — 1).

The fact that m divides 2004 — 5m + 5 tells us that m divides 2009. But
6]2004— 5m+5 = 6lm— 1, so m must be of the form 6k + 1; the only divisors of
2009 of that form are 1,7 and 49. Then, let a = 6p, ¢ = 6r, b = mq and d = ms
(where (p,7) = (g, s) = 1) and notice that the function f(z,y) = (6z,my) maps
all points from S Pyo to the set S’ of points in the unit square which satisfy
pz +qy € N and rz + sy € N. Moreover, the correspondence is a bijection and
so there are o points in 5.

But for any «, just pick p=a+2 and ¢ =7 = s = 1 and it is easy to
note that there will be exactly « points in S’. Therefore, going back on our
argument, the numbers a = 6c, ¢ = 6, b = d = m will contain exactly 2004
points in their interior for every one of the values of m we found to work.
Therefore, the possible values of M are 1,7, 49.

. E We will prove that (0, 0) is the only solution. Indeed, suppose there were any

other solutions (m,n) and we would need to have m and n of the same sign.
Suppose them positive (as (m,n) solution implies (—m, —n) solution) and we
will have (5 + 3v2)™ = (3 + 5v2)™.

But (54 3v2)™ = a + bv/2 and (3 + 5v/2)" = c 4 dv/2 for some natural
numbers a, b, ¢, d. There is equality between the two powers if and only if a = ¢,
and by expanding the powers with Newton’s formula we will have

a=5m45m2. 18(7;) +..

c=3m 4 3m2 ~50<7;’> T

These must be equal, and it is obvious that 5 does not divide ¢ and 3 does
no divide a. But a = ¢ and therefore 5 cannot divide a, which can only happen
if in the expansion of a will end with the term 5° . 18% : . This implies that
m is even and similarly n is even. Then, by extracting square root out of the
relation (5 + 3v/2)™ = (3 + 5v/2)" we get that (m,n) solution implies (%, %)
solution. This means that we can always decrease our solutions by a factor of
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2 and get valid solutions, which is impossible given that m,n € N (this is a
contradiction known as ”infinite descent”). So the only solution will be (0,0).

. M LEMMA The exponent of any prime p in the prime decomposition of any

factorial z! is

|z
; lpiJ m

Obviously, the above sum is finite, because from a point onward the integer
parts will be 0. Now, count a 1 for every multiple of p among the numbers
1,2,...,; count another 1 for every multiple of p? among these numbers, count
another 1 for every multiple of p* and so on. What we get is exactly the sum
in (1). But the number of times every number in 1,2, ...,z has been counted is
exactly p’s exponent in it. So the sum in (1) will be the sum of the exponents
of p in the representations of 1,2,...,z, which is the exponent of p in z!

Back to the problem. The least common multiple (LCM) of several numbers
is the product after all primes p of the greatest powers of that prime which
divide any of our numbers. So for the two least common multiples to be equal
we would need to have, for all primes p, that the highest power of p (call it
a) which divides the numbers 1,2, ...,n to equal the highest power of p which

divides (7;) yees (Z) But for all k& we have

() = mezwn ®

and let p® be the highest power of p which divides any of the numbers
1,2,...,n. According to the lemma, the exponent of p in (2) will be

% (3= [5-15) ®

i=1

We took the sum only up to a because for greater indices the integer parts
above will be 0. But |b+ c| — [b] — |¢] will always be 0 or 1, so the sum in 2
will always be at most a. Therefore, in order for the exponents of p in the two
LCM’s to be equal, there must be at least one k such that the sum in (3) is a,
which is saying that all the terms in (3) are 1 for that particular k.

‘We need to show that this happens for all p if and only if » + 1 is prime.
Suppose that it happens, and let p be a prime divisor of n + 1, so n = pg— 1
for some g. If p is not the only divisor of » + 1, then p < n so the exponent
of p in n will be nonzero. Then by assumption, for some k we need to have

l%J - lSJ - l"_;’fJ =1.If k = pg’ + s with s < p we would need that
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pq—l—Pq’—SJ [_S_IJ
-l-¢-|/—|=1= ==2
1 ¢ [ P P

s+1

which can only happen if > 1. Of course, we took s < p, so this can
never happen, and we have thus obtained a contradiction. So n + 1 must be
prime.

Conversely, suppose that n + 1 is a prime. We need to show that for every
prime p, there will exist a k such that all the terms in the sum (3) be 1. Just
pick k = p® — 1 (where a is such that p® < n < p®*1) and all we need to prove

is that
H _ [MJ _ [P_—lJ -1
Pt P I3

for all 7. The above relation is easy to prove since i < a, and we will have

- 252572l oo

Our problem is thus solved.

9. M SOLUTION BY ADRIAN ZAHARIUC

First of all, it is easy to eliminate the case z even, because then z
y* are two perfect squares with difference 3. It is easy to note that the only
solution in thiscaseisz=2=1,y=2.

So we are left with the equation #2 + 3 = y* when z s of the form 4k + 3.
Then, note that = cannot be odd because then 22 4 3 = y* will be of the form
8k + 4, so divisible by 4 and not by 8 (which means that it cannot be a power
greater than 2). So z = 22’ is even and y will be odd. Moreover, since the LHS
will be of the form 4k — 1, the RHS must be likewise and therefore y will be of
the same form. We will have

2 and

Y+ )=y +1=(y+ D1 -y +y> -y +..+y* )
and taken modulo 4 the term 1 —y +y2? — ... + y*~1 will be congruent to
—1. But then it will have a prime divisor congruent to —1 modulo 4, and that
prime divisor will divide 22 4 1. This is of course a contradiction, as —1 is a
quadratic non-residue modulo any prime of the form 4k — 1.

10. M Is is easy to remark that the invisible points are those whose coordinates
have common prime factors. The Chinese remainder lemma tells us that for any
distinct primes p;; (1 < 4,5 < n) there will be natural solutions to the systems
@ Zpypig.pim —1 (for 1 < i < m) and b =p, py,..p,, —i. This means that for
any (i,4), the number p;; will divide both a + ¢ and b+ j. So (a +i,b + j)
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will be invisible points for all 1 < 4,5 < n, and thus the square with vertices
(a+1,b+1),(a+ 1L,b+mn),(a+n,b+n),(a+nb+ 1) wil be formed out of
only invisible points.
M Tt is easy to prove by induction that all the terms of the sequence are natural
numbers. But first of all, let us prove that:

LeMMA For any n and k we have a,|an.

First, let » and s be the roots of the characteristic equation 2 —az+1=0
and we will have 7 + s = a and rs = 1. The general solution of our second
degree linear recurrence with the initial conditions a; = 1 and ay = a will be

P gh
an = . But for any » and k we have
k k
ank _ T =S kb e Dngn | (D
an T —s"
= pk=Dn | (k=3)n  (k=5)n | (k=8)n 4 (k—Dn )

because we know that rs = 1. But the quantity 7* 4+ s” is an integer for all
integer z, since it is given by the recurrence 72 + s%+2 = (7% 4 §%)(r? + 5%) —
(72 4+ s*=2). That 4-th degree recurrence yields only integers, as r? + s =
a? — 2 and the first 4 terms of the sequence 7® + s® are integers (they are
2,a,a® — 2,a% — 3a). So the expression in (1) is just a sum of such 7% + s, and
therefore it is an integer. The lemma is thus proved.

But now we can show that if (p,q) = 1 then (ap,aq) = 1; this would be
sufficient to proving the problem, as we can choose as our subsequence the
subsequence given by prime indices. If (p,g) = 1 then we can find natural
numbers k and ! such that pk = gl+1 (or pk+ 1 = gl, but it is exactly the same
thing). So a, divides ayx (because of the lemma) and a, divides agy = apk—_1.
But two consecutive terms of our sequence are always co-prime, because if d > 1
were to divide a, and a,_;, then it would also divide (by the recurrence) a,_o,
ag—3,-.., and so on, until it had to divide a; = 1 (which is impossible). Therefore
apr and ag must be co-prime, so their divisors a, and a, must always be co-
prime.

D First of all, we shall prove by induction on n a very useful lemma:

LEMMA Given non-zero integers ay, ..., a, with the greatest common divisor
1, it is possible to write every integer uniquely as kya1+kgao+ ...+ knay, where
for ¢ > 2 k; ranges over a set of the form {0,1,...,; — 1} for some natural
number «; and k; ranges over all the integers.

This is rather well-known for n = 2, because given co-prime numbers a
and b, any natural number p may be written uniquely as ka + Ib where [ €
{0,1,...,a—1}. Indeed, because a and b are co-prime, there will always be an I/
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such that 1 =, I'b and so p =, pl'b. If we take ! to be the residue of p/’ modulo
a we get bl =, p and so p will be of the form ka + b for some integer k.

Now, assume the lemma true for n — 1 and let us prove it for n. Let d
be the common divisor of ay, ...,an—1 and because of the induction hypothesis,
any integral number will be uniquely writable as klﬂ Fo by 2t , Where

ks, ..., kn_1 Tange over sets of the form {0, 1,..., 3— 1} (not necessarily the same
3 for all k;’s). Then, any multiple of d may be written uniquely as kia; + ... +
kn—1an—1. But d and a,, are co-prime, and as the base-case n = 2 tells us, every
integer may be written as kd + knan, where k, ranges over {0,1,...,d — 1}.
Yet as we said before, any number of the form kd can be written uniquely as
kia1+...+kn_1an_1. Therefore, any integer can be written as kia; +... +knan,
where ko, ..., k, range over sets of the form {0,...,« — 1} for some values of .

Therefore, the lemma is true. But what it tells us is that there to ev-
ery integer kia; + ... + kn,d, may be associated the unique point in the lat-
tice (k1,ka, ..., k), where ki ranges over the whole of Z and k; ranges over
{0,1,...,a; — 1} for i > 1. So to have a function ¢ as required by the problem,
it is enough to construct it such that the points associated to ¢(k) and ¢(k —1)
are always adjacent in the lattice in R™.

But such a function may be constructed rather easily. The set of our points
(k1, ..., kn) with k; € {0,1,...,0; — 1} for i > 1is a box in n dimensions which is
infinite in one direction (the direction of the coordinate k;). It is the analogue
in more dimensions of an infinite strip in R? or of an infinitely long cube in R®.
And it is not hard to place the points of this infinite box in a sequence which
is one-to-one with 7Z such that two consecutive points are adjacent.

Indeed, it can be easily proven by induction over g that the lattice points

of a box of the form (I, ..., l;) with /; ranging over some {0, 1,..., 3; — 1} can be
put in a sequence such that two consecutive points are adjacent in the lattice.
Then, to construct our infinite sequence in our infinite box (ki, ..., kn) just stick
together the sequences obtained in the finite boxes of the form (z, ko, ..., k») for
fixed z. That yields a sequence of the points in our infinite box such that two
consecutive points are adjacent.
M First of all, it is easy to prove by induction that every z, is natural and
square-free. But then, let p; < p2 < ... be the primes, and associate to every
n a number f(n) whose binary representation is this: f(n) has a 1 as its k-th
digit from the right if and only if pg|z,. Thus, f(n) completely determines z,,
as it tells us which primes divide it.

But the recurrence is nothing more than f(n+1) = f(n)+1, and as f(0) =0
(zo = 1 has no prime divisors) then f(2005) = 2005 = 11111010101 £3905 must
be therefore be
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P1p3psprPspopiopil = 2-5-11-17-19-23- 29 - 31 = 734653810

14. M Let us assume that the numbers ay,...,ax are non-zero, and then for any

15.

n we will have af + ... + af a perfect square. But take any prime p greater
than all the a;’s and let dy, ..., di be the orders of ay, ..., ax modulo p. Take n a
multiple of dy, ...,dj and then the perfect square a + ... 4+ a} will be congruent
to 1+ 1+ ..+ 1=k modulo p. But this means that k is a quadratic residue
modulo any prime p greater than all the a;’s.

‘We will show that this implies that k is a perfect square; indeed, assume it
is not, and then it will be writable as 122°q;go...¢,, where gy, ..., gm are distinct
primes different from 2, and e is 0 or 1. But considering the Legendre symbol

ge-e)-

for all primes p large enough. Applying quadratic reciprocity yields

(—1)Ete (o) B 4 It (2) (i) -1 (1)
a Im

But Dirichlet’s Theorem tells us that in any arithmetic progression with the
ratio co-prime with the first term we can find an infinity of prime numbers. So
just consider the progression 8¢1¢2...¢m - +27¢2...gm + 1 where r is chosen such
that 2rgs...g,, +1 is a non-residue modulo g; (we can always do that, as 2¢s...g,,
and gy are co-prime). But in this arithmetic progression we will find an infinity
of primes p, and for those primes all the Legendre symbols in (1) will be 1,
except for that of g1, which will be —1. We thus find a contradiction, so k£ must
be a perfect square. Therefore, the number of zeroes among ay, ..., azpos Will be
2005 — k, and since k must be a perfect square, 2005 — k cannot be less than
2005 — 442 = 69. Of course, this minimum number of zeroes can be attained,
for example for a; = as = ... = agop = 0 and ago = a7y = ... = agpos = L.

We can also sidestep using Dirichlet’s Theorem by obtaining a contradiction
in this way: just pick any b of the form 8¢1¢s...¢;, - 7 + 2rga...¢, + 1 and by
taking its prime divisors to be pi,...,pm We Will see that it is impossible for
k = 122°q;...¢m to be a quadratic residue modulo all the p;’s. Of course, in
choosing b we must be careful not to have any of the divisors of the a;’s among
its prime divisors, but this can easily be done by using the Chinese Remainder
Lemma.

M LEMMA For p prime and for all 4 < p — 1 we have that 0° 4+ 1* +2¢ 4 ... +

(p—-17=,0.
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Proving this is simple, as we only need to take a primitive root of p (call it
a), and the numbers a, 2a, ..., (p — 1)a will just be the numbers 1,2,...,p — 1 in
some order (taken modulo p). So we will have

P42 4. +(p-1)=pd +2a) +..+((p—1a)' =
S a (P +2+ ..+ (p-1) =1+ + -1 -1)=,0=>
=142+ +(p-1)"=,0

since a’ cannot be congruent to 1 mod p, as a is a primitive root. Let us
now return to the problem.

Let us assume that d < p—1, and then we will have that f(0) + f(1) +...+
f(p— 1) =, 0. This happens because f can be written as a linear combination
of X¥s with ¢ < p— 1, and we always have 0° + 1* +-2¢ + . + (p— 1) =, 0.
But since all the f()’s are 0 or 1 modulo p, their sum will be between 0 and
p modulo p. But it can be neither 0, nor p, since we have among them at least
one 0 (namely f(0)) and at least a 1 (namely f(1)). Thus, we have reached a
contradiction, as the sum f(0)+ f(1) +...+ f(p— 1) must be divisible by p. So
d>p-1.

D Let us first consider the case (n,10) = 1 and we will prove that for any a
co-prime with 10 that has such a multiple and for any prime p # 2,5, ap will
also have a multiple with the desired property.

Let @x.-a1 be the multiple of @ with the sum of the digits a. Since p # 2,5
there will be an d > k such that 10¢ =, 1. Then, the number

00...0ay...a100...0ay....a;...00...0ay,...a1

where the sequence @x...ay is repeated p times, and there are d — k zeroes
between any two such sequences, has the sum of the digits ap. But this number
is equal to

@r-a1(1...0100...0100..01) = a(1 + 104 + 10% 4 ... 4 10P—Dd) (1)

where the number 1..0100...0100...01 has p 1’s and d — 1 zeroes between
any two 1’s. But the RHS of (1) is divisible by ap, since 10¢ =, 1 = 1 + 10¢ 4
10%4 + ... 4+ 10~V =, 0. So we have found a multiple of ap with the sum of
the digits ap.

But since every numbers which is co-prime with 10 can be written as a
product of primes, the above claim tells us that it is writable in such a way
(proof by induction, because if one of its divisors is writable, it too will be).
But now take an n = 2°5%m with (m, 10) = 1 and consider ¢ > a,b. Then, let
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a be a multiple of m with digit sum m, and consider the number obtained by
placing 225° copies of the number 10°m one after the other. The result will have
the sum of its digits 25%m, and it will be divisible by m and by 10¢, which in
turn is divisible by 225°. The problem is thus proven.

E We will try to cut out a rectangle with sidelengths ko,lp € N such that
kolo > m and kl # m for all k < ko and ! < lo. First suppose that m is
not a perfect square, nor writable as a(a + 1) and then let d be its greater
divisor less than /m. Take kg = d + 1 and i = 7 — 1 and we will have

kol = m+——d— 1>m, because =~ >d+2 (-——cl = 0 would imply that m
is a perfect square and it being 1 would imply that m is of the form d(d + 1)).

But suppose there are k,l with k < ko and ! < Iy such that kl = m. If
k <ko—1thenkl <d ™ _ 1) which cannot be equal to m. If k = ko, then we
need to have (d+ 1)l = m, so d + 1 is also a divisor of m. But d is the greatest
divisor of m less than /m, so then we would need to have d+1 > /m > d and
since d and d + 1 both divide m, it would follow that m = d(d + 1) (which we
assumed not true).

Now, if m = d?, take kg = d+2 and lg = d— 1 (kolp > m sincem > 12) and
suppose that kl = m. If I <lg— 1 thenm=d? =kl < (d +2)(d—2) =d® — 4,
which is impossible. So { = Iy and then d — 1|d?, which is impossible.

Finally, if m = d(d+ 1) then pick ko = d + 3 and Iy = (d — 1), and we will
have (d+3)(d— 1) = d? 4 2d — 3 > d?. Suppose that we had kl = m = d(d+1).
Since d — 1 is co-prime with d, d — 1 cannot possibly divide d(d+1),s0! < d—2.
But then kl < (d+ 3)(d — 2) = d? + d — 6 < m, and thus we have proved that
with these kg and lp we will not have any k, [ whose product is m.

D LEMMA For any t there exists an ng such that for any n > ng, if the fraction
1+ + - has the numerator a power of p, that exponent will be at least ¢.
The proof of this fact is simple, as Chebysev’s Theorem guarantees that there
will be a prime g between g and n. That prime appears in the denominator of

1
1+ + o but it won’t appear in the numerator (it will appear in all terms
in the numerator but one, so it won’t divide the numerator). So ¢ will divide
1
the reduced denominator of the fraction 1 + ... + =, and thus that reduced
n
denominator will be greater than g But since the entire expression is > 1, the
numerator (which is a power of p) will be greater than g As n grows to infinity,
the exponent of p in the numerator will do the same.
Back to the problem. Assume that there are only finitely many such num-
bers, and therefore for all n > some N we will have that 1+ = + ... + = has
only one prime factor in the numerator. Then, for any prime p > N we will
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prove by induction over k that the unique prime factor in the numerator of
Ek—1+2+ -+ 1 11sp

First of all, remark that the sum of rationals whose numerators in reduced
form are divisible by p also has the numerator divisible by p. For k = 1, the

1
expression Ej can be written as { 1+ -1—1 + 2+ —2> + ..., which is a
sum of numbers whose numerators are divisible by p. The numerator of the
sum will also be divisible by p, and thus we have proved the base case of our
induction. Now assume the problem true for k£ — 1 and let us prove it for k.

1
First, if 2 - is the reduced form of 1+ - g+t FTT

a > 1by an argument similar to that in the Lemma (invoking Chebyshev’s The-
1

, we can infer that

orem). But now, note that for all m the sums S,, = ——+...4+ ———— all
mp+1 mp+p—1
have the numerator divisible by p (for the same reason for whlch the numerator

of E(1) is divisible by p). Moreover, the sum — 7 + + B oY/ i m Py also has

the numerator divisible by p (because of the mductlon hypothesis); summing
up this expression with So,S1, ..., Spe-1_; will yield the desired result.

So now we have that S(k) =1+ -+...+ —— Fo has the numerator a power

T +pk oy sy +...+Z%_1 also
has the numerator a power of p. So the difference of these two numbers, namely
Tk)=14+..+—
tells us that for any n there will be a k large enough such that the exponents of
p in the numerators of both S(k) and T'(k) are greater than n. But then p™ will
divide the exponent of the difference S(k) — T'(k) = Fe-D +o+ FoT

This yields a contradiction, because bringing everything to a common de-
nominator makes the numerator of S(k) — T'(k) a divisor of

2

of p. But as it was proved above,

always has the numerator a power of p. But the Lemma

P4l (p—1) 413 (p—D 4. +2-3--(p—1)

for some I. It is easy to see why p™ cannot divide this for any n and with &
large enough.
M First of all, let us show that there are an infinity of n such that S(3") >
S(3™+1). Assume that it is not so, and that for n > N we have S(3") <
S(3"*1); but S(3") is always a multiple of 9 (well, for n > 2) and therefore
we will have $(3"1) > S(3") + 9 for » > N and by iterating this we get
S(3™) > S(3M)+9(n— N). But the number 3" has at most 1+ log,, 3" digits,
so S(3") < 9(1+ nlogy, 3). Of course, this would imply that for all n
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9(1 +nlog;3) > 9(n— N) = n(log;p3—-1) > -1-N

Of course, this is impossible for all n large enough, so our assumption is
false. Now, for the second part, assume that it is not true. Therefore, there
will exist an N’ such that for all » > 6N’ we have S(2") < S(2"+!). For any
number z we will have that S(2z) = 25(z) — 9m(z) where m(z) represents
the number of digits 5,6,7, 8,9 in the decimal representation of z. This is easy
to prove by applying digit-by-digit addition of z with z, and noting that every
digit doubles, but all digits > 5 make us decrease 10 out of their double, yet add
1 back when we pass onto the next digit. So S(2"+!) = 25(2") = S(2"*6) =
265(2") =¢ S(2"). But then for all m, $(26™) = S(0) = 1 will be of the form
9k + 1, S(26m+%) =4 8 will be of the form 9k + 8 and S(26™*4) will be of the
form 9% + 7. Therefore, the difference between S(26%+1) and §(2°*) (which
will be a multiple of 9) cannot be only 9, as there would be no room between
these two numbers to put in both $(25%+%) =g 8 and §(26%+4) =¢ 7.

So S(28+1)) > §(26%) + 18 and by iterating this we will have S(2°%) >
18(k—6N") for all k > N’. On the other hand, S(2%) has at most 1 +6k log;, 2
digits, so we will have

9(1+ 6klog;o2) > S(2%) > 18(k — 6N") = 2k(log;o 8 — 1) > —4N’

which is impossible for large enough k. Our problem is thus solved.
E Obviously, we must have p > n. Now, p|n® — 1 = (n— 1)(n? + n + 1) implies
that pln? +-n+1, as p and n— 1 are co-prime (since p > n—1). Let p=kn+1
and then we will have kn + 1|n? + n + 1|kn® 4+ kn + k, but also the obvious
kn + 1|kn? + n. By subtracting these two we will have kn + 1|kn + k — n, but
it will also be true that kn + 1|kn + 1. Again, subtracting these two will yield
kn + 1|k — n — 1; it is obvious that the absolute value of the number k —n — 1
is less than k + n, which is at most kn + 1. Therefore, the only possibility that
kn+ 1)k —n — 1 is that k = n + 1. In this case, p = 7% + n + 1 and therefore
4p — 3 = (2n + 1)?, exactly what we needed to prove.
M We will show that 1 is the only such n. Indeed, suppose that there were
other such n, and let p be the smallest prime which divides n (take n = pk).
Therefore, p—1 and k cannot have any common divisors, as p—1 is smaller than
any primes that divide k. Moreover, p cannot be 3 as p?|3” + 1, and it can’t be
2 because n cannot be even. If n were even, then 4 would divide 9% 4 1=42.

So we have p|3P% 4 1 = 37F =, —1. But a? =, a (Fermat’s theorem) and
therefore 3¥ =, —1 = 3% =, 1. Let d be the order of 3 modulo p and thus d|2k.
Since 37! =, 1 we must have d|p — 1, but since p — 1 and k are co-prime, we
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would need to have d|2. If d = 1 we would have p|3! —1 = 2, which is impossible
since p # 2, and if d = 2 we would have p|32 — 1 = 8, which is impossible for
the same reason.

Therefore, n = 1 is the only solution.
D Let us consider such an n and for any prime p|n let n = pk; we will have

1Pk L (k= 1)PE =, 1

But (ip+i)P* =, i** =, i* (from Fermat’s Theorem) so the above becomes
P P

EI* 4.+ (p-1)*) =1 (1)

But the expression 1* + 2% 4 ... + (p — 1)* is 0 modulo p if p — 1 does not

divide k and —1 if p — 1 divides k. This can be seen easily knowing that Z,

has a generator, i.e. there exists a primitive root g of Z, and then the numbers
1,2,...,p—1are1,g,¢%...,4° 2 in some order. Therefore,

1— gle=Dk
1—g*
which is 0 if the denominator is non-zero (meaning if p — 1 does not divide

P2k b (o= 1) =1+ gk + g% .+ gPDr =

k, as p— 1 is the order of g) and —1 otherwise. Therefore, since in (1) we cannot
have that sum equal to 0, we must have p — 1|k and then k =, —1 = plk + 1.
This means that n is square free, since p cannot divide k.

Let n = p1ps...pm with py < p2 < ... < pp, and we will use p — 1|k for
every one of its prime divisors. We will have p; — 1|p2..pm, but since ps...pp,
has no prime factors less than p; we must have py —1 = 1 = p; = 2. Then,
p2— 1|2ps3...pm, and py — 1 can only have prime factors with 2 and since ps > 2
we need that py = 3. Furthermore pg — 1|6pq...pm, and ps — 1|6 which implies
p3 =7 and finally py — 1|142ps...pp = ps — 1|42 = py = 43. We cannot have a
ps, since there are no prime values of ps > 43 which satisfy ps — 142 43.

So the above argument tells us that the only possible values of n are
1,2,6,42,42 - 43. And each of these works, since every one of the primes that
comprise them divide the corresponding expressions.

M We will determine all natural k’s such that there is a solution (a,b) to
W:k@a%bz—(lf—nab:—k i (1)

Take the solution with the smallest value of a + b, and we may assume
b < a. If (a,b) is a solution, then so is ((k—1)b—a, b), as it is easy to note from
(1). But if (a,b) verifies (1), then b2 = —k + a(b(k — 1) — a) < a(b(k — 1) —a),
so b(k — 1) —a > 0. But then b(k — 1) —a+ b > a + b (from the minimality of
the solution (a, b)) so we will have that b(k — 1) > 2a. But note that
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b —(k—1)ab+a? +k=0=b=

(k — 1)+ /a* (k2 = 2% —3) — 4k
P)

and since b < a we must have the — solution if k > 3 (we’ll see later what
happens for k = 1,2,3). Therefore,

—1a — ~/a2(k2 —2k —3) =
b=(k 1)a a(k 2k — 3) 4kZ 2a -
k-1
= a(k? — 2k — 3) > (k — 1)1/a2(k? — 2k — 3) — 4k =
= a?(k® - 2k —3)? > a® (k — 2k + 1)(k? — 2k — 3) — 4k(k — 1)2 =

= 4k(k —1)? > 4a?(k* — 2k — 3) (2)

But now look at (1). If b = 1 it easily follows that k = 7, while b = 2
implies that k = 4 or k = 7. Now consider b > 2 and thenab—12> 2a = k =
a?+b2+ab _3a®> 3a

-1 w3 and thus (2) becomes

k(k—1)% > a®(k* — 2k — 3) > %2(# —2k—3) =
= 9(k —1)? > 4k((k —1)2 —4)
It is easy to see that this last relation cannot hold for k£ > 5, so our only
possibilities are k& = 7 (which could only happen if b = 1) and k£ < 4. But
a®+ b2 4 ab 3ab
k= —5-T 2 > P > 3 and therefore k > 3. So our only possibilities
are k=4 (venﬁedbya_b—2) and k = 7 (verified for a = 2, b = 1).

24. D For any two rational numbers a and b which satisfy the hypothesis, the set
of the numbers n for which a™ — b™ is an integer will be called the ”associated
set” of a and b. Let us first prove the problem in the case that the associated
set has the greatest common divisor 1.

Thus, we will write a and b as — and £, where k and [ are integers and s
is the least common denominator 4:>fs the frgctions a and b. Let us note that s
and k (as well as s and {) are co-prime, since if s and k would have a common
prime divisor p, then because s"|k™ — I" for any n in the associated set, we
would have p|l and thus p|s, p|k and pll; this contradicts the fact that s is the
least common denominator.

Suppose that s # 1 (meaning that o and b are not integers) and let p be a
prime divisor of s. As it was said before, k£ and [ are non-divisible by p.

This means that for every n in the associated set, we have k" =, I" and
thus (kI~1)" =, 1. If the order of k™! modulo p is a number d > 1, then this
d must divide all the n in the associated set. But this is impossible, since we
considered the ged of the associated set 1. So this order is 1, and thus we have
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k =p I. This means that k = p™t + [, where « is a positive integer and ¢ is not
divisible by p.
So we have, for each n,

Pl -1
and by expanding with Newton’s formula we get
no
pnlpatln—ln+Zpoatzln—z(i) (1)
i=2

CASE 1: p> 2.
We will now show that the RHS has the exponent of p equal to o+ 8, where
[ is the exponent of p in n.

Indeed, let us look at the exponent of p in the term p*tH{"~* (:l) The

number (?) has the exponent at least § —i 4 2 for 4 > 3, because (?) =

z. (?:i) and the number ; has the exponent at least 8 — i + 2 (easy to

see). We must concur that the expon,ent of the term p*ti" ™" (7;) is at least

i

ai+f—i+2, which is greater than a4 for i > 3. Also, the term p2*2I"—2 (Z)
has the exponent at least 2a+ 3. We see thus that all the terms in the expansion
(1) have exponents greater than a+ 3 except for the first term which has exactly
a + 3 (remember that ¢ and ! are non-divisible by p).

This means that p"[p>+#5, where j is non-divisible by p. This means that
n < a+f < a+log, n. This is impossible for sufficiently large n. Contradiction.

CASE 2: p=2

We have that 2"[k™ — ™ for an infinity of n and with & and ! odd. Thus,
we have 27|(kl=1)" — 1 (where I=! is the reciprocal of  modulo 2") and let e
be the order of (ki~!) modulo 2". Since e|¢(2") = 2”1, e must be of the form
2¢. But e|n also.

Now, we have 2"|kgd — 12, Since 4 cannot divide k +1 ford > 2
(those two numbers are congruent to 1 modulo 4) we must have 2"|(k2"™" —
2Nk 41277 = 91 (2771 = 12°7Y). By continuing this, we would ulti-
mately obtain 27~4+2(k2 — 12,

Thus, let o be the exponent of 2 in the prime decomposition of k2 — I?
(since k # I, the exponent is finite). We will have n—d +2 < «, but 2¢|n (since
24 is the order of (ki~') modulo 2") and this yields d < log, n. Of course this
would produce & > n — logy n + 2, which is impossible for sufficiently large n.
Contradiction.

od-1 od—1
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We have therefore proved the problem in the case when the ”associated
set” of a and b has the ged 1. Now, consider any two different numbers a and b
and consider the ged of their infinite ” associated set” d. Thus, their associated
set would be {dn; < dny < ... < dny < ...}. Now take the numbers a¢ and b?
whose associated set includes {n; < my < ... < mp < ..}. The associated set
of a? and b? is infinite and has the ged 1. From what has been stated above,
this means that a¢ and b? are integers and from this it follows that a and b are
integers.

M We will prove the statement by induction; it is trivial to verify it for the first
11 terms of the sequence, so assume that all the terms up to anis (n > 6) are
integers and we will show that a, s will be.

First of all we shall prove that for any m < n+ 5, a,, is co-prime with all
of @1, @m—2,8m—3,0m—4. Indeed, suppose that there existed a prime p such
that it divides both a,, and a,,_x for k < 4, and take the smallest m for which
this happens. A look at the first 6 terms shows that we must have m > 6. Then,
UG5 = Q1 @m—d + Qm—2am—3 and whatever the value of k, p will have to
divide the term in the RHS which does not contain a,,_x. One of the factors of
that term and a,,_x itself will be both divisible by p, and this contradicts the
minimality of m. So any a,, and a,,— for 1 <k < 4 must be co-prime.

What we need to do to prove the induction is to show that

Cnp1]@n2Gn 45 + QnidGnis € ni20nis = —Gni30nid 1)

where from now on all equivalences are taken modulo a,.i. Taking the
recurrence relations for n — 1,n — 2,n— 3,n—4,n— 5 modulo a, 7 yield to us
On+50n = On+20n+8) Ontd0n—1 = Gnln43, On430n—2 = On—10n+2; Gn420n-3 =
Apan_1 and apdp_3 = —ap_18np_2.

By multiplying the first and the fourth of the above relations, and by divid-
ing from them the product of the second, the third and the fifth (where division
by a number means multiplying by its inverse modulo a1, as we have proved
that all those numbers are co-prime with a,1) we will obtain precisely the
desired (1).

SOLUTION BY ANDREI STEFANESCU

M For any k € Z we will consider the numbers zx = 1+6%+1 y), = 1—63++!
and z, = —6%+1. Note that the triplet (zk, yk, zx) is a solution of the equation,
as

(1 6%F+1)3 4 (1 — 63k+1)3 | (—g%+1)3 =

— 14363+ 3. 60k+2 y gOk+3 | 1 g g3+l 4 3. gOk+2 _ gOk+3 _ g6k43 _
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— 94 65K+ _ g6+ — 9

Since we can define this triplet for all k’s, there will be an infinity of solu-
tions.
SOLUTION BY ANDREI STEFANESCU

D First of all, we can exclude the cases n = 1,2, as in these cases we will
have the solutionsa =b=c=d=4anda=b=c=d =2 Foreach n > 3,
we will write the solutions of our equation as (a,b,c,d) witha > b > ¢ > d.
Assume that we have such a solution for a certain n, and pick that solution
with the minimal ¢ (meaning that any other solution would have o’ > a). Let
s=>b+ c+d, and therefore s < 3b < 3a. The hypothesis thus becomes

(a+ s)? = nabed < o — a(nbed — 2s) + 5% =0 (1)
which can be %Jerceived as a quadratic equation in a. Then, it will have two

solutions, a and % (because of (1), a will divide s2). But because we have chose

2
(a,b,¢,d) to be the minimal solution, we would need that a < s < s We
a

will therefore have two cases:

If bed > s, then because a > g, (1) tells us that

202 _
& = afnhed 26— a) > S(ns 25— 5) = “("TS)

by using @ < s. This implies that n? < 6, but we assumed that n > 3.

If bed < s, then because we have s < 3b, it follows that cd < 3 and therefore
d=1and c€{1,2}. If c = 2, then bed < s becomes 2b < 1+ 2 + b and this
implies b < 3. Since b > ¢ = 2, we obtain that b = 2 and then going back to

P . a+
the hypothesis, it would yield n = 2_\/5

and +/a|5, leading to a = 25 and n = 3. If ¢ = 1, it follows that vab € N and
b<a<b+2(sincea<s=>b+1+1). But /a(a—1) and y/a(a — 2) can
Z(_aail_)A Thus a € {1, 2}; fora = 1 we

. Thus, a is a perfect square, a > 2

never be integers, hence a = b and n =
obtain n =4, and for a = 2 we get n = 3.
Therefore, all the n’s for which we have solutions are n € {1,2,3, 4}.






Chapter 3
COMBINATORICS
SOLUTIONS

k
1. M Let B = | J A; and m = #B. Denote B = {by,..., b} and let z; be the

number of slﬁgslets A; in which b; appears. We obviously have that z; > 1,
because B is the union of all those subsets.

Consider an m X k table, in which the intersection of row i with column
J contains 1 if b; € A; and 0 otherwise. The sum of all the numbers in our

m
table is Zz,' (summing by rows) and it equals the sum of #A; (summing by

1
columns). We thus have the equality

m k
S=Ym=3 44> ®
1 1

In our table, let us calculate the number of pairs of 1’s situated on the same
row. Summing by columns, this is Z #A; ﬂ A;, but summing by rows we get
i<j
2

m
; T — m;
21: ( 2’) = —’2—' Therefore,
m

(k-1 2 g
( 5 )%ZZIAiﬂAj|=Z£2—Z

i<j 1
2
o, (m) e
But Zzi > e (where S = Zz,) and thus the above
inequality becomes

nk(ks— D, §2=ms

S
om %(S—m)

But (1) tells us that S > nk > n > m and we can bound S from below
with the value obtained from (1). We therefore have the desired

95
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nk(k—1) _ nk (nk
AN A [ 1) > nk—
3 _4m(2 m>=>m(k 1) > nk—2m =

k
ém(k+1)2nk=>m2mn

2. M We will solve this problem by constructing G’, the dual graph of G. We
will work in G’ instead of G, and we have to prove that the minimum number
of colors we need for the vertices of G’ such that two neighbors are colored
differently is 2 iff all the regions of G’ have an even number of edges. The first
implication is easy, because it is impossible for 2 colors to be enough if we have
a region with an odd number of vertices (we cannot color an odd cycle with
Jjust 2 colors such that neighbors are always different).

To prove the second implication, write the planar graph out as a tree (you
can assume the graph connected, as if it weren’t, you could just do the same
thing for all the components one at a time). Thus, take a vertex and call it
?level 0”. Call all its neighbors "level 17, call all the neighbors of the level 1’s
(except for level 0) ”level 27, call all the neighbors of level 2's (except for the
previous levels) ”level 3” and so on...

Now, color all the even levels white and all the odd levels black. The only
case when this coloring wouldn’t work is if two white vertices (or 2 black vertices,
but it’s the same thing) were connected. So we would have a level-2k vertex A
connected to a level-2l vertex B, and consider the smallest level vertex from
which you can go down (by going down, I mean from a lower-numbered level to
higher-numbered one) to both A and B. But then, the paths from that vertex to
our two vertices plus the edge between them would generate an simple (without
self-intersections) odd cycle C. But then C will contain a number of regions in
it, and we already said that every region in G’ has an even number of boundary
edges. So if we sum the number of boundary edges for the regions inside C, we
will get an even number of edges. But every edge inside C is counted twice, and
every edge on the boundary of C once. So that would mean that C has an even
number of edges. Contradiction.

. D We will prove the following lemma by induction over n, keeping in mind that
after k steps the ant always ends up on the k-th diagonal (the line z +y = k).

LEMMA Let k, < n be the number of squares among the first n diagonals
that will be poisoned immediately after the ant has reached the n-th diagonal
(so the first n poisoned points). Then the ant can reach n41—k, of the squares
of the n-th diagonal in safety.

We will prove this by induction, and note that it is obvious for n = 1.
Assume it true for » and let’s prove it for n+ 1. The induction hypothesis tells
us that the ant can reach n+ 1 — k,, safe points on the n-th diagonal. But after

w
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the ant will step on the n + 1-th diagonal, there will be at most n + 1 — ky,
poisoned points on that diagonal (because there are at least k, among the first
n diagonals). There are at least n + 2 — k,, points on the n + 1-th diagonal
accessible to the ant from safe points on the n-th diagonal (it’s easy to see that
p points on a diagonal have at least p 4 1 neighbors altogether on the next
diagonal). But from the definition of k., there are at most ky 41 — k,, poisoned
points on the n + 1-th diagonal after the ant has reached the n + 1-th diagonal.
Therefore, since we can access n+2 —k, points on the n-+1-th diagonal, and at
most kn41 — kn are poisoned, then at least n+ 2 — k, 1 points on the n 4 1-th
diagonal can be reached in safety. This proves our induction.

So we just showed that the ant can reach any diagonal (since n+1—k, > 0
always), but we didn’t yet prove the existence of an infinite path. Let A, be
the set of all the points on the n-th diagonal on which the ant can get to, and
connect a point X € A, to a point Y € A,_; by a line if the ant can safely get
from Y to X. We'll construct an infinite path (meaning a sequence k; of points
such that k; € A; and k; is connected to k;_; for all i) which will be the correct
path for the ant, as follows:

For any m, we will try to find a k,, € A,, from which we can construct
arbitrarily long paths. We’ll assume that ko, ..., k,—1 have been built with this
property and we will show that there exists such a k,, exists (ko = (0,0) has
this property, as as proved above). By assumption, we can build arbitrarily long
paths from k,_1, and these paths pass through a finite set (A,). Therefore, a
sequence of arbitrarily long paths from k,_; will pass through some element of
An, which we will pick as our k,. By following the path ki, ...,ky,... the ant
will always survive.

. D Assume that there are no such three fields. First of all, note that no color
can appear in more than 16 fields (otherwise, by the pigeonhole principle, one
of the other colors would appear in less than 6 fields). Now, let us prove the
following fact:

LEMMA No row (or column) can contain more than 4 colors. Moreover, if
it contains 4 colors it must be of the form ABBCBBCBBD, where A, B,C,D
are 4 different colors.

ProoF Consider a row, and take its smallest segment which contains at
least 4 colors. Take its endpoints to be of colors A and D, and because that is
the smallest segment to contain at least 4 colors, then A # D. Moreover, the
colors A and D do not appear again in the interior of the segment, which must
be paved by at least two other colors. The segment must have an even length (or
otherwise the endpoints A and D would have a different color midway between
them).
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Now, if the interior of the segment has exactly 2 other colors B and C, it is
easy to see (through a brief analysis of the cases) that the only possibility which
doesn’t permit three equidistant different fields is when the segment is the whole
row, and of the form ABBCBBCBBD. If the interior of the segment contained
7 > 2 colors, then let one of them be X and color the other » — 1 > 2 colors in
another color (say Y). The only possibility for 4, B, X,Y to coexist peacefully is
the above-mentioned pattern (AXXYXXY XXB or AYYXYY XYY B), but
when we split Y back into its original colors, we will always obtain a triplet of
equidistant different fields.

Back to the problem. Since the number of times each color appears is at
least 6, we notice that the number of rows which contain a color A + the number
of columns which contain it can be no less than 5. Thus, if we sum this after all
15 colors, we get that total number of times when a color appears on a row +
the total number of times when a color appears on a column is at least 75. On
the other hand, this number is the sum after all the rows of how many colors
are on that row + the sum after all the columns of how many colors are on
that column. Because we have in total 20 rows and columns and because none
of them can contain more than 4 colors, by the pigeonhole principle we have 15
rows or columns which contain 4 colors each. Let’s assume we have at least 8
such rows (it’s exactly the same if we have at least 8 such columns).

Call the color that appears 6 times on a certain 4-color row (or column) the
"big color” of that row (or column). Call the other 3 the "little colors” of that
row. No color can be a ”big color” for more than two rows (otherwise we would
have 18 instances of that color, and we said that each color appears at most 16
times). So among the ”big colors” of the eight 4-color rows there are at least 4
colors. So the columns 2,3,5,6,8,9 each contain all these four ”big colors”, and
thus these columns will be 4-color columns. But one of the eight 4-color rows
will be one of the rows 2,3,5,6,8,9 and therefore its "big color” will be the ”big
color” of the 4-color columns 2,3,5,6,8,9. Therefore, that color will appear at
least 6 x 6 = 36 times! Contradiction.

. E The following configuration of 16 knights works, and we will show that we

have no such configuration with more than 16. Now, we will split the squares of
the 5 x 5 board into a number of subsets, depending on how many jump options
a knight on that field has. So, we have squares from which we can make 2,3,4,6
or 8 possible jumps, and note that our configuration is that of the 3-squares
and 4-squares (an z-square is a square of z possible jumps). So assume that
there exists a configuration of at least 17 knights.
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THE CONFIGURATION OF 16
KNIGHTS THAT WORKS IS THAT
WITH KNIGHTS ON THE SHADED
SQUARES

‘We will call two squares neighbors if a knight can jump between them. First
of all, if we had a knight in one of the corners (the corners are 2-squares), then
both the corner’s neighbors have to contain knights. But those neighbors have
in total 10 neighbors of their own, and at most 3 of these can be occupied by
knights (the corner field being one of them). So we have at least 7 unoccupied
squares. Now, we can have at most 8 squares blank (as we have 25 — 8 = 17
knights), so at least 2 of the other corners must have knights. But then the
neighbors of the 3 corners would just have too many neighbors which would
have to be left blank, as it is easy to see.

So none of the corners are taken. Then, suppose the center has a knight,
and because it has 8 neighbors, 6 of them would have to be left blank. 6 +4 >
25 — 17 = 8, which is the maximum number of blank squares that we can have.
So the center is empty too, and therefore at most 3 of the 3,4 and 6-squares can
still be blank. But any 6-square has four 4-square neighbors, so if a 6-square were
in the configuration, at least two 4-squares would be missing. But any 4-square
is missing, then its at least two 3-square neighbors must also be blank (because
a 3-square only has three neighbors: the blank center and two 4-squares, and if
one of the 4-squares does not have a knight, our 3-square can’t have either). So
in this case, we would also have under 17 total occupied squares.

Therefore, all the 6-squares must be blank and we are left with the 16-
configuration we showed in the beginning of the solution. This is therefore the
maximum number.

. D Let a be the total number of the 4-pieces, ago the number of tromiones with
their vertex (the field which is adjacent to the two other fields in the tromino)
at the intersection of an even column with an even line, ajg the number of
tromnioes with the vertex on an odd line and an even column, ag; those on an
even line and an odd column and aj; the number of those on an odd line and
an odd column.

First of all, color all the odd lines white, and all the even lines black, such
that there will be 2n+1 more white fields than black ones. A 4-piece will always
have as many whites as blacks, and the only pieces which have more white fields
than black fields are the trominoes with their vertex on an odd line (and in the
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case of these tromnioes, the difference between whites and blacks is 1). So the
number of tromnios with their vertex on an odd line is at least 2n + 1 (because
the 2n + 1 difference between whites and blacks must be accounted for), and
thus a11 +a10 > 2n + 1.

Now consider the following coloring: color black all the fields with both
coordinates even and white all the rest. We will have n? black fields and 3n? 4
4n+ 1 whites. Any 4-piece will cover three whites and 1 black, and any tromino
with one of the coordinates of the vertex even will cover 2 whites and 1 black.
All other tromnios will cover 3 whites. Now, the number of whites is

3n? +4n + 1 = 3a + 3ago + 2(a11 + a1 +aq)
and the number of blacks is
n? =a+ay; +a0+an

If we eliminate a from these we get

3ago — (a11 + a10 + am) =4dn+1 (1)
But ai1 + a0 > 2n + 1 = 4(a11 + a10 +ao1) > 8n + 4. Sum this up with
(1), and we will get

3(ago + @11 +a1o + ao1) > 12n + 5 = ago + a1 + a0 + agr > 4n+2

So the number of trominoes is at least 4n + 2.
7. M We shall prove a lemma related to the inclusion-exclusion principle.
LEMMA For any sets Ap, A, ..., A, we have

#HA AU} 2 #{ad+ o+ # 4 - Y #HaN4ar @
1<i<ji<n

PRroOF For any element z € #{A1J A2 ... \UAn}, suppose it is part of
exactly k of the sets A;. Then z’s contribution to the LHS of (1) is 1, while its
contribution to its RHS is k — k(k——l)- But 1> k— kk—1) (with equality
iff k € {1,2}), and by summing up all these inequalities for all z we get exactly
(1). Moreover, we only have equality if k£ € {1,2} for all z’s, so each = must be
part of 1 or 2 of the sets in order to have equality.

Back to the problem. There can be no more than n pairs of P;’s that
intersect, as each such intersection between two P;’s uniquely determines a set
Py.. And since we have only n Py’s, we have at most n pairs of P;’s that intersect.
Obviously, since all sets are distinct, two such sets intersect in only one element.
So we will have
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S o#aN4<n

1<i<j<n
But then
n > #{A A -4} 2
>#{A}+ A} - Y #HANAIz22m-n=n @

1<i<j<n
So we thus need to have equality in (2), and this can only happen if each
a; is part of 1 or 2 of the sets P;. But the total number of appearances of the
a;’s is 2n (2 appearances for each set P;), so each a; must appear twice in the
P;’s, exactly what we needed to prove.

. D Assume that we have no such three numbers and let the six sets be

A,B,C,D,E,F. By the pigeonhole principle, there will be one of these con-
taining at least - | = 335 numbers. Let’s assume that A contains

them, and let 335 of A’s elements be a; < as < ... < a3szs. The numbers
asss — a1,a335 — ag,-...,a335 — azz4 will thus have to be in one of the other
five sets, and again by the pigeonhole principle, at least 67 of them will be in
one set, say B. Let them be b < by < ... < bgr, and note that the numbers
bg7 — b1, ..., bg7 — bee cannot be in A or in B (because these numbers are both
differences of two elements in A and differences of elements of B).

So these 66 numbers must be in 4 sets. So one of them, say C, contains 17
numbers ¢; < ... < ¢17. Similarly with the above argument, c17—¢y,...,c17 —ci6
cannot be in A, B or C. So they must be in 3 sets, so 6 of them will be in one
of the sets, say D. Let these be d; < ... < dg and so dg —dy, ..., dg — d5 can only
be in the sets E and F. Therefore, 3 of them (say e; < ez < es) will be in the
set E. Therefore, e3 — e and e3 — e can only be in F, but then e3 —e; can be
in none of the sets. Contradiction, and so we found that we have 3 numbers in
the same set such that a +b=rc.

. M We shall first prove a lemma that easily characterizes non-bipartite graphs.

LEMMA A graph is not bipartite iff it has a cycle of odd length.

PROOF It’s easy to see why a graph which has a cycle of 0dd length cannot
be bipartite. Now take a graph which is not bipartite and break it up into
its connected components, and note that for the graph to not be bipartite, at
least one of those components must be non-bipartite. Consider that component,
and choose a vertex from it, which we will call ”level 0”. All its neighbors will
be called ”level 1”. All the neighbors of the vertices in level 1 which are not
in level 0 will be called "level 2”. All the neighbors of those in level 2 which
aren’t in levels 0 or 1 will be called ”level 3”, and so on until we use up all
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our vertices (we are working with a connected component, so every vertex will
appear eventually).

Now consider all the odd levels as a set, and all the even levels as the other.
The graph would be bipartite if two vertices in any one of the sets wouldn’t be
connected. And if a point A in level z is connected to a point B in level z + 2k,
then they determine a cycle of odd length (because there would be a point ¥
in a level above A and B such that from Y you can go down to both A and B,
and going from A up to Y, down to B and from there to A via the edge (4, B)
determines a cycle of odd length). Our lemma is thus proven.

Back to the problem. Take an odd cycle C of minimum length (suppose
that length is c), and note that it must be of length at most 5 (no triangles). If
any two non-adjacent vertices of C would be connected, that that line breaks C
up into an odd cycle and an even cycle, thus contradicting C’s minimality. Now,
any point z # C is connected to at most 2 points in C. If it were connected to
three of them (any two adjacent points of C' cannot be both connected to z,
as we have no triangles), then at least two of these (say A and B) would be a
distance k # 2 apart from each other. So these A and B would be linked by a
path of length 2 (through z), which contradicts the minimality of C.

But that means that the number of edges between C and the points outside

C is at most 2(n— c) (each vertex not in C' is connected to at most two of those

. . . . 2(n—c .
in C). So there is a vertex in C which has at most ﬁl——) connections to

the points outside c. But as it was said before, it is connected to only 2 of the
points in C (its immediate neighbors), and thus its degree is at most fiid < 2?11
(because ¢ > 5). ¢

M Let us assume that there is no such infinite monochrome sequence, and
take a maximal white sequence 2k < k; + kg < ... < 2k, (by maximal I
mean which cannot be extended any further) and a maximal black sequence
2l <y +13 < ... <2l,. Assume that k,, < l,,.

Let us now consider all the white even natural numbers between 2k, + 1
and an arbitrary 2z, and suppose their number is W. If one of these even white
numbers (say 2k) had k + k,, white, then we could extend the maximal white
sequence, which we assumed impossible. Thus, if 2k, < 2k < 2z is white, then
2k < k + k, < z + k is black. And therefore, the number b of black numbers
between 2k, + 1 and = + k,, is at least W.

In the same way, if B is the number of black even numbers between 21, + 1
and 2z, the number w of whites between 2!, + 1 and z + [, is at least B. But
B +W > z — I, (the total number of even numbers between 2l., + 1 and 2z)
and b+w < z — ky, (the total number of numbers between 2k, 41 and = + kn).
So 0 < (b—W)+ (w—B) <l — ky for all z. This means that b — W (for
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instance) is bounded for all z, and therefore there can be only a finite number
of black squares which can’t be written as k, + k for some white 2k. So from
a point onward, all black squares are of the form k + k,, where 2k is white and
similarly from a point onward all white squares will be of the form [, + { for
some black 2.

So, we can say that for some N, then k > N is black iff 2k —2k,, is white and
! > N is white iff 20 — 2l,, > N is black. But for any k, 2k — 2k,, and 2k — 2l,,,
must be of the same color, or otherwise k would have to be both white and
black. So if {,,, — k,, = a > 0, and that means that the numbers 2z and 2z + 2a
have the same color from a certain point onward. So the infinite arithmetic
sequence 2z, 2z + 2a, ..., 2z + 2na + ... has the same color throughout. But it is
easy to see that this progression also verifies the conditions in the hypothesis,
so we proved our initial assumption to be wrong.
E Let the sides of the scale be A and B and the weights be in the order
¢ > ¢y > ... > cpy1, and we have ¢ + ... + ¢cpy1 = 2n. We will prove the
following two lemmas, which will be sufficient for our proof.

LEMMA 1 No weight is greater than the sum of all the weights that come
after it. Indeed, if this were the case, we would have ¢x > cxy1 + ... + cpy1 =
g >n—k+2 Butcr >0 > ... >cr > n—k+ 2, so we would have

m=ci+..+cpp1 >k ck+ (Chpr+..tCnp1) 2k(n—k+2)+n—k+1

12.

which is easy to verify that is impossible.

LEMMA 2 At every step, the difference between the readings of the two
sides is at most the sum of the remaining weights.

PROOF We can prove this by induction over each step. Initially, that dif-
ference is 0. Now, assume that it is true at some point, and we will prove the
claim for the next weight that is placed. Assume that at a certain point A > B
and A — B is at most the sum of the following weights. The next weight, c;,
will be placed on B. If A > ¢; + B, then the difference A — B — ¢; will still be
at most the sum of the remaining weights. If A < B+¢; then B+¢; — A< ¢;,
which by Lemma 1 is at most the sum of the remaining weights.

Now, the problem is simple, because the last weight must necessarily be a
1 (we have n + 1 weights of total weight 2rn), and Lemma 2 tells us that right
before it the difference between the scales was at most 1. If the difference were
1, we will put our weight on the lower scale and in the end the scale would be
in equilibrium. If the difference were 0, that means that the total sum of the
weights is odd, which is impossible.

M The problem becomes quite simple if we apply Pick’s theorem, which is used
to calculate the area of polygons with lattice points as vertices. This theorem



104

13.

14.

Solutions

says that the area of such a polygon (not necessarily convex) will be ¢+ 257 -1,
where ¢ is the number of lattice points in the polygon’s interior, and p is the
number of lattice points on its sides.

Thus, let our polygon be the broken line from A to C, the segment from
C to (n,n + 1), the segment from (n,n + 1) to (—1,n + 1), the segment from
(=1,m + 1) to (—1,0) and the segment from (—1,0) to (0,0) (we are choosing
the polygon like this to have no self-intersections, even though we can apply
Pick even with self-intersections). The area of this polygon is the area we are
looking for plus 2n + 1.

But the number of interior points is O (since the broken line passes through
every point in the square) and the number of points on the boundary is (n+1)2
(the number of points of the square and its interior) plus 2n 4+ 3 (the number
of the points on the segments we are adding). Therefore,

(n+1)2+2n+3

S+2n+1= 3

n?
-1=8= 5
E We will prove the problem by induction over n. For n = 1,2 the problem is
trivial. Now, assume it true for n — 1 and let us prove it for n. If n will ever be
first in the sequence, it will be moved to the last place by the next move, and
nothing will ever remove it from there (the only move that could invert the last
number would be the inversion of all the numbers, but this can only happen
when n is first in line). In this case, the other n — 1 numbers would behave
independently of n and according to the induction hypothesis, 1 will reach the
top of the sequence sometime.

If » never reaches the top, then the number k£ which is initially last will
never be moved away from there (as we explained in the previous paragraph).
Thus, we will give the number n the "role” of k, and note that the first n — 1
numbers (meaning except for the number k) behave exactly like a sequence of
n — 1 numbers. Indeed, it does not matter that we have n instead of k, because
we assumed anyway that n never reaches the top, so its exact value does not
matter. So if k 5 1, because of the induction hypothesis, 1 will eventually reach
the top.

But if we had k£ = 1 then n has the role of 1, and according to the induction
hypothesis, » will initially reach the top, which we assumed not to be true.

D Draw an arrow on every edge from the smallest to the largest number, and
note that every triangle XY Z will have only one vertex (call it the ’apex’ of
that triangle, and say it is X) for which one of XY and XZ points toward X
and the other points away from it. It is easy to check that a triangle is positive
if the arrow that points toward X is before the arrow that points away from
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it in clockwise order, and negative otherwise. Suppose that we have at most 6
positive triangles.

(~\\
=~ apex

But we have in total 24 triangles, and to each there is associated an apex
(a certain point may be an apex to more triangles). It is easy to observe that
in the case of an interior point, the difference between the number of negative
triangles to which it is an apex and the number of positive triangles to which
it is an apex is 0, whereas in the case of the boundary points, this difference is
at most 1. So the difference between negative and positive triangles (which is
at least 12) is due to these boundary points, which will cause a difference of at
most 12 (because there are only 12 boundary points). So these inequalities must
be equalities, and every boundary point must have one more negative triangle
to which it is an apex than positive ones.

# of positive triangles to which A is apex =
# of negative triangles to which A is apex

But it is easy to check that this happens for all boundary points iff the edge
between each of them and the next boundary point in clockwise order points
away from it. This means that the boundary points and the edges between them
form a cycle, which is obviously impossible, as we cannot have each number
greater than the next. We must therefore have at least 7 positive triangles.

E Let us consider, from all the ways to split the set of our vertices into k£ — 1
disjoint sets Ay, ..., Ax—1, that way which yields the smallest number of edges
inside one of the sets. Now take a vertex from A;; if it would have less neighbors
in some A; that it has in A;, then we could move it to A; and contradict the
minimality of our arrangement. So the number of neighbors it has in A; is >
the number of neighbors it has in A; for all 5. Summing this up for all j, we
have that the degree of that vertex is > (k — 1) times the number of neighbors
that vertex has in its own set. Summing this up for all vertices and dividing by
2 yields that the total number of edges is > (k — 1) times the number of edges
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inside the same set. So we can erase those in-set edges, and the remaining graph
will be multipartite, and thus it will have no k-clique.
M In a complete oriented graph, call well-ordered triangles those whose edges
form a cycle, and call the other triangles badly-ordered. The minimum number
of well-ordered triangles is 0, as we can construct such a graph as follows: place
the numbers 1,2,...,n in the vertices of our n-graph and draw the edge between
i and j from vertex i to vertex j. It’s easy to see that in this case we have no
well-ordered triangles.

Since the total number of triangles is always (g), instead of finding the

maximum number of well-ordered triangles, we will find the minimum number
of badly-ordered triangles. Note that every badly-ordered triangle contains one
and only one vertex from which two of its edges leave. Therefore, the number
of badly-ordered vertices is equal to the number of pairs of edges that leave
from the same vertex. If k; is the out-degree of vertex i then the number we are

looking for is Z (2) But keeping in mind that k; + ... + k, equals the total
i=1

n

2

k; Eilki—1 K k;
EE)-m TER

2
But for any numbers ay, ..., a, we have that

number of edges ( ), the number of badly-ordered triangles is

n(a} + ... +a2) = (a1 + .. +an)? + Z(ai —a;)?
i<y
Using this expression in (1), we have

>k — ky)?
(k1 + ... +kn)? 45
T= n n _ n(n—1) _
2 4
> ki — k3)?
nn—1?% n(n-1) i
8 4 2n
So to find the minimum value of T is equivalent to determining the mini-
mum of the non-negative sum § = Z(k,- — k;)?. For odd n, we can make it 0
i<j

-1
by taking k; = L

for all i (this can be accomplished by drawing an arrow

-1
out ofz'intoz'+1,z'+2,...,i+n for all 4).
For even n = 2a it is more complicated, but we can show that the sum is
always greater than or equal to a?. Indeed, consider the numbers [; = 2k;—2a-+1
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and /; are odd integers that sum up to 0; then S will equal i Z(l,’—lj)z. Assume
i<j

that {y,..., 0 <0 < lky,...,loe and that k > a (k < a is perfectly similar); we

will have lq1 + ... +log = —ly — ... =l = M and obviously M > a. Therefore,

k 2a 2
(Z > G-k
1

k 2a
1 i=1 j=k+1 1 (2aM)?
Z; g; G-l 27 k(2a — k) T 4k(2a—k) T
2072
2“32/[ —M?>a?

Now, the last thing we need to prove is that there actually exists such a
graph for which S = 2. For any 1 < < j < a draw an arrow from ¢ to j, from
jto2a+1—4 from2a+1—4to2a+1—jand from2e+1—j toi, and
then draw arrows from 4 to 2a + 1 — i for all 1 < i < a. It’s easy to check that
we have S = a?. So the number of well-ordered triangles will be, for odd n, at
most

nn=1)(n—2) nnr-1? nhr-1)

6 T tTi <

nn—1)4n—8-3n+3+6) n’-n
N 24 T2

and for even n at most

nn—1)(n-2) n(n-1)° N nn—1) n
6 8 4 8
n(n—1)4n—-8-3n+3+6)—3n nd—dn
2 T
17. SOLUTION BY ADRIAN ZAHARIUC
M We will show that the minimum number of colors is m? for n = 2m and
m(m+1) for n = 2m+ 1. For n = 2m, the example that we must have at least
m? colors is when the natives are split into two groups of m and each of them
is friends only with the ones in the other group. In this case, it is easy to see
that each of the m? pairs of friends needs a colored bead different from all the
others to mark their friendship. Therefore, we need at least m? colors, and we

will prove by induction over m that they are enough.

The base case m = 1 is trivial. Now, assume that for 2m natives m? colors
are enough and we will show that for 2m + 2 natives (m + 1)2 are enough.
Take any two friends A and B and assign beads to the other 2m of them;
by the induction hypothesis, m? colors will be enough. Now, assign to each
native X beside A and B a bead of a different color, and assign that color to
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A and B iff they are friends with X. Finally, give A and B and extra color
only for themselves, and we have added in total only 2m + 1 beads. So we
have accomplished our coloring with just (m + 1)? beads, which proves our
hypothesis.

The case n = 2m+1 is proved in the exact same way, just that the equality
case is when we split up the natives into a group of m and a group of m + 1
and make everyone be friends only with those of the other group.

M Let us assume that n is not a power of 2, and consider the polynomials
FX) = X%+ X% 4.4 X and g(X) = XP + X 4 ... + XP». We have, by
assumption, that h = f — g # 0 and that

P - F(XP) =23 Xeetes =23 XU = ?(X) — g(X?) =
i<j i<i

= h(X)(f(X) +g(X)) = h(X?) 1
We will prove by complete induction over i the fact that (1) = 0 (the
i-th formal derivative of k). Let f(X) + g(X) = p(X) and of course p(1) = 2n.
Moreover, h(1) = 0; assume that h()(1) = 0 for i from 0 to some k— 1 and let’s
prove it for k. By differentiating (1) & times and evaluating it in 1, all the lower

order derivatives of h will vanish, and we will only be left with the k-th, so

E®(1)p(1) = 250 (1)

Since p(1) = 2n and we assumed n a non-power of 2, then this can only
happen if 2(*)(1) = 0. Thus, the induction is complete, and we will have all the
derivatives of h at the point 1 equal to 0. Of course, for polynomials this can
only happen if h is zero throughout, which is impossible because f # g.

D Tnitially, on the i-th row and j-th column, we will find the number 10(i—1)+j.
After k transformations, suppose that a(é,j) is the number situated at the
intersection of the i-th row and j-th column. It is easy to see that the quantity
Sy = Eak (4,7)(10(i — 1) + j) is left invariant by all transformations. But the

24
problem tells us that at some point, the numbers ay (i, j) are just a permutation
of the numbers 10(i — 1) + j, and so by the rearrangement inequality we have
Sk < Z(lO(i —1) + 4)? for all k. But Sy is conserved, and its initial value is
i
Z(l()(i —1) 4 4)?, so the previous inequality is an equality, and therefore the
3
numbers are in the initial order at that point.
M We shall exclude the cases when all the a;’s are greater than all the b;’s or
that when all the b;’s are greater than all the a;’s, since they are trivial. That
means that a; < by and a, > by, so by continuity there must be a certain k
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such that ai < by, and ag41 > bg+1. Therefore, a; < b; for all ¢ from 1 to k, and
a; > b; for all i from k to n. Therefore, our sum is

bi—a1+by—az+ ... +bp—ap tary —bpga+ .. +ap—by =

=(a1+..4+an+b1+...+by) —2(a1 + ... +ap +bry1 +... +bp) (1)
But ay +...+an +b1 +... + by, = n(2n+ 1), since these are just the numbers
from 1 to 2n. But the n numbers ay,...,ax,bk+1,...,bn are, by our assump-
tion and the hypothesis, smaller than all the » numbers a1, ...,@n, b1, ..., bk.
Therefore, ay,...,ak, bg+1, ..., bp Must be the numbers 1,2, ...,n in some order
and so twice their sum will be n(n + 1). Therefore, the sum in (1) will be just
n(2n + 1) — n(n + 1) = n?, exactly what we needed to prove.
M Suppose the triangles initially had hypothenuse 1 and let 8 be one of their
angles. It’s not hard to prove that a cut splits a triangle of hypothenuse z into
one of hypothenuse z cos § and one of hypothenuse zsin 6. So all the triangles we
will obtain will have hypothenuse of the form (cos 8)™ (sin #)", and we will model
that triangle by placing a checker on the point (m,n) in the lattice plane. So
initially, we have 4 checkers on the origin, and at every step a ”cutting” means
cutting a checker in 2 and placing each of the halves in the points immediately
above and to the right.
It is easy to see that any cut preserves S = Z Zi%jk’ where (ix, ji) are

the coordinates of the checker k. Because this sumk is initially 4, it will always
be equal to this. But at any stage, if all checkers are on different lattice points,
then we will have at most i + 1 checkers with the sum of the coordinates 4, for
any i. Therefore, the sum S will be

4= 8 < Zz+1

Contradiction, and thus we wﬂl always have two congruent triangles.
SOLUTION BY ADRIAN ZAHARIUC

D Let us first inspect the case |[4;| = m for all i € {1,2,...,n}.

LEMMA Let m,n,k € N be such that » > 2m and A, As,...,Ax C
{1,2,...,n} so that |A;| = m and A;NA4; # 0, V1 < i < j < n. Then we
have

Consider any permutation m € S, of the elements of the set {1,2,...,n}.
Let us write the numbers of this permutation on a circle which has a red dot,
starting the writing of the numbers from the red dot, counterclockwise. Call an
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'm-block any succession of m numbers on our circle. We call an m-block good
if its m elements are in fact the elements of one of the A;.

For every permutation m € Sy, denote by N (r) the number of good m-
blocks. Observe that N (7) < m for all # € Sy, because otherwise we would
have two disjoint good m-blocks (which is impossible, as any two of the A;’s
intersect).

Let us now count how many times does each of our A;’s appear as an m-
block. The block can be placed on the circle in n ways, the elements of the
block can be permuted in m! ways, and the elements outside the block can be
permuted in (n —m)! ways; so in total, each set appears n-m!- (n —m)! times
as an m-block. Thus counting in two ways, we have that

kenomls(n—m)l= 3 N(m)<mnl=k< ("-1>

TESn m=1

Our problem is now proven, as the lemma tells us that there are at most

- -1
" 11 sets with m elements and at most :z 9 with m — 1 elements, so
-1 -1
we have at most { + I = ™) sets in total. This upper bound
m—1 m—2 m

can bereached by considering all the sets of m and m—1 elements which contain
the element 1.

M The total number of colorings of our 2005 points with 2 colors is 22095,
Similarly, the number of colorings which leave a certain 18-number arithmetic
progression of the same color is 22°5~17 (all the points outside the progression
can be colored in any way, and the progression can be colored either all white
or all black). If m is the total number of 18-progressions, let 4; be the set of
those colorings which preserve progression ¢ monochrome. But we just showed
before that #A4; = 22005-17 and we will have that

#a - JAn Si#Ai = m - 200517 (1)
i=1

But what is m? A progression a,a+r, ...,a+ 177 is completely defined by a

and r such that a+17r < 2005. For any a we have thus % < %

progressions which start with a. So the total number of progressions will be

2005 - 2006
2
m<”z°:52005—a_2005 T35 20052004
=t 17 !

So equation (1) becomes



24.

25.

Combinatorics 111

2005 - 2004
A A < 2005—17 92005
1 U U m < 2 34 <

as an easy computation reveals. So not all colorings are in A; |J...|J Am
and thus at least one coloring will leave no 18-progression monochrome, as we
needed to prove.
D Let us assume that a checker will eventually have the y-coordinate 5, and
choose the origin such that the point where that checker reaches the 5-th level

is (0,5). Let a = Va1

, and a will satisfy the equation a® = a + 1. At

any moment, assign to our distribution of checkers the sum Zaj*‘likl, where

(ix, jx) are the coordinates of checker k. It is easy to see that :ny upward jump
in the lattice plane preserves this sum, whereas all the downward, leftward and
rightward jumps decrease it. Therefore, in the end our sum will be at least a®
(because we have a checker on (0,5)), but it will be at most equal to the initial
value of the sum (when the entire lower half-plane was covered by checkers).

Let us calculate the initial value of the sum, which we will call S. The sum
after all the checkers on the line y = 7 < 0 will be

= = 1
3N ol = —ai 423 = —a? + 247 E; =
=0

i=—00
o 2a ;a+1
—d —1)=d
¢ (a—l ) a—1

The initial value of S will be the sum after all non-positive 5’s of the above
expression, so because his sum is non-increasing we will have

s = ;a+l a+l a
‘ Say:;)a]a—l - a-1m®"4(“‘1)2ﬁ"“‘1’
wda-12<a? e (aa-1)2 <11

So, in order to have equality here, all the above inequalities must be equal-
ities. Therefore, we cannot have any transformation that strictly decreases the
sum, so all the jumps must be upward. This is obviously impossible, given our
initial position.
D We will consider the oriented graph G with 27! vertices, where in each
vertex we place one of the numbers with » — 1 digits in base 2, and we
draw an arrow from a to b iff the last n — 2 digits of a are the first
n — 2 digits of b. It is easy to see that the out-degree and in-degree of ev-
ery vertex are both 2. Moreover, our graph is connected, as we can always
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get from vertex @i@n—1 to by...bn_1 by the path (aT=-@nT,az.-an_1b1),
(a2---@n_1b1,03...04n_1b1b2),....,(Gn_1b1...bp_2,b1, ..., bp_1)

An arrow between a and b will therefore represent an n-digit number, ob-
tained by taking a’s first digit, « and b’s » — 2 common digits, and b’s last digit.
Therefore, our problem is equivalent with finding an Euler cycle in G. We will
therefore prove that every m-vertex connected graph with all out-degrees and

all in-degrees 2 has an Euler cycle.

We will first prove the following lemma.

LEMMA Any graph with out(v) = in(v) for all vertices v can be broken up
into disjoint cycles (disjoint as in having no common edge, but allowing common
vertices).

We will prove it by induction after the number of edges e. For e = 0 we have
nothing to prove; assume it true for all numbers smaller that e and let’s prove
it for e. Take a vertex and create a path out of it. That path will intersect itself
at some point, and thus we have a cycle. If we remove that cycle, we are still
left with a graph that has out(v) = in(v) for all vertices v and the induction is
proven.

Now, consider our graph as broken up into k disjoint cycles, and we will
rearrange that cycles such that the graph is broken up into k— 1 disjoint cycles
(where we don’t restrict ourselves just to simple cycles; a vertex may appear
may appear more than once in a cycle, but an edge may not). Take a cycle C. If
all the edges are in C, it is our Euler cycle; if not, there is some cycle D which
touches C (if not, then C would be isolated from the edges that are outside of
it, and connectedness is violated). We can therefore unite C and D into one big
graph in the obvious way: start from one of their common points, walk on all
of C and return to that point, then walk on all of D and return to that point.
What you have is just a bigger cycle.

So we will be able to put all our edges into one big cycle, which will be our
desired Euler cycle.

M Call a set even if the sum of its elements is even, and odd otherwise.
Let d(n,k) be the difference between the number of even and odd subsets of
{1,2,...,n} with k elements. We will compute a recurrence for d(n, k).

First of all, d(2a + 1,2b + 1) = —d(2a,2b), because we can split up the
number of 2b + 1-element sets of {1,2,...,2a + 1} into two groups: those which
contain 2a+1 and those which do not. In the group of those which do not contain
2a + 1, there is a bijection between the even subsets and the odd subsets (that
bijection is f(21,...,z2541) = (2a+ 1 — 21,...,2a + 1 — z911)), and so in that
group the difference between the number of even subsets and odd subsets is
0. So the only difference between even sets and odd sets arises from the sets
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which contain 2a+1 and 2b other numbers from {1, 2, ..., 2a}. Hence the formula
d(2a+1,2b+4 1) = —d(2a, 2b) (the minus sign arises because even-summed sets
in {1,2,...,2a + 1} become odd-summed sets in {1,2,...,2a} when we remove
the element 2a + 1).

Similarly, using the same argument and bijection, we come up with the re-
currences d(2a+1, 2b) = d(2a,2b) and d(2a, 2b+1) = 0. Computing a recurrence
for d(2a,2b) is straightforward, as we again split the difference in ”the differ-
ence in number between even and odd sets that contain 2a” plus ”the difference
between even and odd sets that do not contain 2a”. We thus get d(2a,2b) =
d(2a—1,2b—1)+d(2a — 1, 2b), which in light of our other recurrences becomes
d(2a,2b) = —d(2a — 2,2b — 2) + d(2a — 2, 2b). If we let f(a,b) = (—1)*d(2a, 2b)
then the recurrence becomes f(a,b) = f(a —1,b) 4+ f(a —1,b—1). It is easy to
see that : verifies both this relation and the initial values f(k,1) (which are

easy to check). Therefore, we will have
d(2a,2b) = (—1)5(‘;) =d(2a+ 1,26+ 1) = (-1)>*! (‘;) =

38
M Suppose there are no such three players. We will consider a graph with 3n
vertices broken up into 3 groups A, B, C, each corresponding to a club. Draw
an edge between two vertices if the corresponding chess players have played
each other. Obviously, no two vertices from the same group will be connected,
since we don’t care about games between players of the same club. We will call

= d(2005,77) = (-1)*° (1002) -0

a 3-cycle of length 3k a cycle with vertices aq,b1, c1,a2,b2, c2, ..., @k, b, ¢k, a1
where every two consecutive vertices are connected and a; € A, b; € B and
c eC.

We will show that such a cycle exists by the following argument: because
every vertex has at least n+ 1 neighbors, it will have neighbors in both the other
sets. Construct a cycle as follows: take a vertex a; from A, one of its neighbors
by from B, one of by’s neighbors from C, namely C;... at after a finite number
of steps of this process, we will stumble upon a vertex previously used in the
process. What we obtain there will be a 3k-cycle.

Now, we will prove our problem by induction over n: n = 1 is trivial, and
suppose it true for all m < n and let us prove it for n. Take a 3k-cycle I' of
minimum length, and suppose first that k& < n. Now, any point outside I' (say,
X € A-T) cannot be connected to more than k points inside I'. Indeed, if =
were connected to k + 1 of he b;’s and ¢;’s, there would be an ¢ such that b;
and ¢; are both connected to = (contradicting our assumption that there are no
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triangles). So every point outside I' is connected to at most k points inside T,
so with at least n — k + 1 points outside I'. Applying the induction hypothesis
to the points outside I', we will find a triangle.

But what if £ = n, i.e. the entire graph could be under the form of such
a cycle? Then by cannot be connected to any c¢; for j > 2, or we would get a
3-cycle of smaller length. Since b; is connected to n+ 1 others, those must be ¢;
and all the a;’s. But ¢; must be connected to at least 1 of the a;’s (since it has
n + 1 neighbors), and that a; together with b; and ¢; would form a triangle.
D We will construct a bijection between the set A of good n — 1-paths and
the set B of good n-paths with no even return. Given any n — 1-path p € A4,
transform it into a n-path from B like this: if p has no even returns, place a
climb and a descent at the beginning of p; if p has even descents, place a climb
at the beginning of p and a descent at the end of the last even descent. It is
easy to see that this procedure yields a good n-path with no even return.

The inverse of this transformation is the following: take a good n-path with
no even returns and consider its first return (which will be odd). Remove the
first climb of the path and the last descent of that first return, and we obtain
a good n — 1-path. It is rather easy to see that these two transformations are
inverses to each other, so the sets A and B have the same cardinality. This is
exactly what we needed to prove.

. E We will show that it is possible to make any certain column 0, and this

will be enough to prove our problem. Indeed, once a column is 0, no other
transformations on the other lines and columns will affect it, so we can just
make the columns 0 one by one.

So consider our column, and consider the smallest sum the elements of
that column can have after applying transformations such that all the entries
are positive. Let c1, ..., ¢, be this minimal configuration, and obviously we will
have 1’s among them (otherwise we could just decrease the column by 1 and
contradict the minimality of our sum). Let ¢; = ... = ¢ = 1 and all the others
be > 1. Then, multiply the lines 1,2, ...,k by 2 and decrease 1 from our column,
transforming it into (1,1,...,1,¢k41 — 1,...,¢n — 1). Now, this contradicts our
minimality, unless all the ¢;’s are 1; if all the ¢;’s are 1, just decrease the column
by 1 and we are done.

SOLUTION BY ADRIAN ZAHARIUC

D We can assume that a < b. Let A = {0,a,a + b} and B = {0,b,a + b};
thus, we will try to write N as a disjoint union of sets of the form A + a; and
B +b;, where a;,b; € N. To accomplish this, we will inductively construct sets
X, where Xo = 0 and X, is obtained from X,, by adding an A + a; or
an B + b; disjoint from X,; moreover, the set we add to X,, will contain the
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smallest number that was not in X,,. It is thus obvious that Xo C X; C X, C ...
and X, 1 — X, is an (a, b)-adapted set. Therefore, we will be able to write N as
a union of (a,b)-adapted sets | J,,>q(Xn+1 — Xn), because the sets are disjoint
and every time we add a new seiz we also add the smallest element that had
been left out.

But let us show how to pass from X, to X,.;. For every n, let k,, be the
smallest number not in X,,. Our algorithm is to add to X,, the set A + ky, or
if that isn’t possible, the set B + kj,. Assume that we cannot perform this.

First of all, because X,,, C X, for m < n, we will also have k,, < kp
(strictly). But from the description of the algorithm, it follows that in X, there
are no sets of the form 4 + z or B + z, with z > kj, (if there were, they would
have to be added at a certain point, so z would be an k,, for m < n; but this
is impossible, as z > k, ). Therefore, the number k, + a + b is not in X,, and
the only reason why neither of the sets A+ k,, and B+ k,, can be added is that
the numbers &, + a and k, + b are already added.

So the number k,, + b has already been added, and note that it is only part

of the sets A+ (kn+b), B+ (kn+b), A+ (kn+b—a), A+ (kn—a), B+ (kn—a).
The first three sets could not have been added before (as it was said in the
previous paragraph), so one of the last two must have been added sometime. If
A+ (kn — a) was added before, it would mean that k,, is already added, which
is not by its definition. So the one which was added before is B+ (k» — a). But
why would we have ever chosen to add B + (kn — a) over A+ (kn, —a) (which,
as was said, was never added) and from its description, our algorithm always
prefers A + ky,, over B + k,,7 We thus obtain a contradiction, so the algorithm
must function indefinitely.
M Note that if the main diagonal is initially infected, the whole board will
become so in time. Therefore, n cells are enough, and we will show that they
are the minimum number. Indeed, suppose that we initially have k infected
cells, and we will call an edge in our board infected if it is the boundary of an
infected square (we consider as edges only segments of unit length)

Since we initially have k infected squares, we have at most 4k infected edges.
With every new infection, we get at most two new infected edges (as the square
that is to be infected has at least two already infected edges), and since we
will make n2 — k new infections until we cover the board, the total number of
infected edges will be at most 4k+2(n?—k). But in the end all the edges must be
infected, and there are 2n(n+1) of them, so 2n(n+1) < 4k+2(n2—k) = n < k,
which is exactly what we needed to prove.
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32. D Three triangles with a common vertex determine a 7-graph that works. We

will now show that 7 is the maximum number, and that there are no such 8-
vertex graphs. Suppose for the purpose of contradiction that there were one,
G.

LEMMA Any 6-graph has either a triangle or 3 independent vertices (3
vertices with no edges between them). This can be proven easily, by taking a
vertex and looking at how many neighbors it has. If it has at least 3 neighbors,
then if any of them are connected we get a triangle, otherwise the neighbors
are 3 independent vertices. If our vertex has at most 2 neighbors, then if any of
its 3 non-neighbors are not connected we get 3 independent vertices, otherwise
the 3 non-neighbors form a triangle.

The lemma is thus proved and we shall return to the problem. Every vertex
V € G has at least 2 neighbors, because otherwise we could apply the lemma
and get a triangle or 3 independent vertices among V’s non-neighbors. It is
easy to see that those 3 points and V contradict the hypothesis. Moreover, a
vertex A cannot be connected to all other vertices; if it were and if any B were
connected to two other vertices besides A, these four vertices would form an
impossible 4-cycle. Otherwise, the degree of all vertices in the 7-vertex subgraph
obtained by removing A is at most 1, and we can easily see that we will have 4
independent vertices.

Now, it is easy to see that in every graph with the degree of every vertex
at least 2 we will have a cycle. Let us consider a minimal cycle with n vertices
and note that n # 4 (4-cycles contradict our hypothesis). If » = 3 then let
our triangle be ABC and note that any other vertex V must be connected
to exactly one of A, B and C (otherwise VABC would be a contradictory 4-
subgraph) Thus, the other 5 vertices except for those of our triangle will be split
into 3 groups: A’s neighbors, B’s neighbors and C’s neighbors. Moreover, note
that two vertices from two of these groups cannot be connected, otherwise those
vertices and two of A, B,C would form an impossible 4-cycle. If two vertices
in the same groups (say A’s group) were connected, then these two vertices, A
and a non-neighbor of A (we said that no vertex can be connected to all other
vertices) would yield a contradiction. But then, all 5 vertices except for 4, B,C
are independent, which is impossible.

So the cycle of minimum length is not a triangle, and then n» > 5. Then
any two non-consecutive vertices in the cycle cannot be connected (otherwise,
we contradict the minimality of our cycle). Note that a vertex that is not in
our cycle cannot be connected to two vertices in our cycle; indeed, if that
were the case we would obtain a triangle, a 4-cycle or a cycle smaller than the
minimal one. Therefore, if n = 5, there will be two of the vertices outside our
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cycle which are not connected (because they can’t form a triangle). So those
two vertices (call them U and V) will be connected to at most two vertices
in our pentagon; thus take any A and B of the other three vertices of the
pentagon such that A and B are non-connected, and therefore A, B,U,V are
independent. If n € {6,7}, take any vertex V outside our cycle and take the
at least 5 vertices of the cycle to which it is not connected. There will be 3
independent vertices among them, and these 3 together with V will form a
contradictory 4-subgraph. Finally, if n = 8 there will be 4 independent vertices
in this octogon. The problem is therefore proved.

D Suppose that the dimensions of the initial rectangle are both non-integers.
Then, call the direction of one of its sides the horizontal and the other direction
the vertical; let b be the length of the big rectangle’s horizontal side. Now, take
all the rectangles of the subdivision and break their integral dimension into
several rectangles with that dimension 1. Thus, all our small rectangles will
have a dimension 1, and call a rectangle horizontal if the dimension of size 1 is
horizontal, or vertical otherwise.

Let all the vertical rectangles whose lowest point is at a distance z from
the bottom of the big rectangle form ”level z”. Obviously, there will be a finite
number of such levels 1, ..., zx where we consider levels with integer x, even if
there are no rectangles in those levels. Let S(zx) be the sum of the horizontal
dimensions of the rectangle in level z.

We will prove by induction after 4 the following statement: we have {S(i)} =
{b} and for every one of finitely many levels i + h with 0 < h < 1 we will have
{S(i+ h)} = 0. ({y} means the fractional part of y). It is easy to note that the
base case i = 0 is proven in the same way as the inductive step, so we will just
show that if the theorem is true for i — 1 it is true for 4.

Indeed, consider all the levels i — 1+ j (0 < jx < 1) and all the levels i+ hy
(0 < hx < 1), and we know that {S(i — 1)} = {b} and {S(i — 1+ 5)} = 0.
Take the horizontal line situated at height i and look at the rectangles which
are not below it and which it touches. That line will cut the entire rectangle
over a length b, but it will cut horizontal rectangles over integer lengths, the
levels i — 1+ j, over integer lengths (by the induction hypothesis) and the level
i over the length S(4). So S(4) plus a number of integers yields b, and therefore
{8(:)} = {b}. A similar argument will prove that {S(i + hx)} = 0.

But this brings us to our final argument; if the vertical dimension of the
big rectangle were not an integer, then the only level of vertical rectangles that
can touch the top side will be a level of the form i + h, where 0 < h < 1.
Looking at the top part of the big rectangle, it cuts the whole thing over a
length b, it cuts the horizontal rectangles over an integer length and the level
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i+ h over an integer length (since {S(i + h)} = 0). Therefore b is an integer,
which contradicts our initial assumption. We must have at least one dimension
of our big rectangle integral.

E Let us call the coordinates of a certain field of our matrix the pair (¢, ), where
% is its row and j its column. An independent set of 1’s will be a collection of
1’s all situated on different rows and columns. Let k be the maximum size of
an independent set of 1's, and assume WLOG that we have an independent set
of 1’s on the first k£ rows and columns, i.e. there is a 1 at the intersection of
row i with column ¢ (for 1 < ¢ < k). Let m be the smallest number of rows and
columns that cover our 1’s.

Because that set is maximal, there are no 1’s with coordinates (4, ) with
i >k and j > k. Call one of the rows 1,2, ...,k or one of the columns 1,2,....k
necessary iff there is a 1 on it outside the square {1 <4 < k,1 < j < k}. We
can see that row 7 and column ¢ cannot both be necessary, because if they were
we could replace (4,1) with the two elements on column ¢ and row ¢ that are
outside the square {1 <4 < k,1 < § < k} and get a greater independent set of
1’s. So there are at most k necessary rows and columns, and its easy to see now
that all the 1’s must be on them. Thus, we proved that m < k and showing that
m > k is simple (we cannot even cover the independent set of size k with less
than k rows and columns, much less the whole table). So we must have k = m.
D We will prove the statement by induction over n. It is true for 1, as we have at
least ten 1-digit sequences (since each every digit must appear once). So there
are no such numbers for n = 1, but the problem remains logically true, because
any such number will be rational.

Now, assume it true for » and let us prove it for n+ 1, where we have at most
n+9 sequences of n+ 1 successive digits. If we had two n+ 1-sequences with the
same first n digits, then the number of n-sequences of consecutive digits must
be at most 7+ 8 and we can apply induction to discover that z is rational. But
if the opposite holds, i.e. to every n-sequence sj there corresponded a unique
digit right after it (call it dy) then we can easily prove that z is rational.

Indeed, as the decimal representation of our number is infinite, we will find
a sequence @i...a, which appears twice. But let b;...b,, be the digits between
the two apparitions of this sequence, and that means that the digit that comes
after @7..a@, is by; so by must appear after the second apparition of a7..-a,, as
well. Then, the digit that comes after ag...anb; is by, so it must come after the
second apparition of ay...a,b; as well... Thus, our number will be periodic, as
the sequence a;...a,b1...by, Tepeats to infinity and z will therefore be rational.
SOLUTION BY ANDREI STEFANESCU
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M Since the game cannot end in a draw, one of the players must have a
winning strategy (because if one of them does not have a winning strategy,
it means that the other player can always stop him from winning by winning
himself). We will show that the first player always has a winning strategy, and
to do that assume for the purpose of contradiction that the second player has
a winning strategy.

Then, it means that whatever k the first player (call him A) initially writes
down, the second player (B) can win. But note that then A can just write down
1 and from this point the game is just as if B had started (since even in the
case when B starts, the number 1 could never be written except on the first
turn). Therefore, A has a winning strategy, and this yields a contradiction to
our initial assumption. Thus, A always has a winning strategy.

SOLUTION BY ANDREI STEFANESCU

We will prove the statement by induction over n, where the case n = 2 is
trivial to check. Assume it true for all & < n and we will prove it for n; now,
Turan’s theorem tells us that our graph must have a triangle, whose vertices
we will call A,B,C. Let ks,kp and k¢ be the number of neighbors each of
these points has outside the set {4, B,C}. If k4 + kg + k¢ < 3n — 5 then
(ka+ kB) + (ks + kc) + (k¢ + ka) < 6n — 10; by the pigeonhole principle,
one of the brackets will be at most 2rn — 4, and we will assume k4 + kp to be
that bracket. Then, by removing A and B, the resulting graph will have 2rn — 2
vertices and at least (n — 1)2 + 1 edges, so by the induction hypothesis it will
have at least n— 1 triangles. Together with the triangle ABC, our initial graph
will have at least n triangles.

If kg + kg + ke > 3n — 4, then let n; for 0 < i < 3 be the number of
vertices outside {4, B,C} which have i neighbors in {4, B,C}. We will have
n1+2n2+3n3 = kg +kp+kc > 3n—4, and the number of triangles formed by
vertices outside {4, B,C} with the vertices {A, B,C} will be at least ny + 3ns.
This happens because any vertex X which is connected to two of A, B, C will
form a triangle with those two, while any X which is connected to all of A, B,C
will form three triangles together with pairs of them. But n1 +n, < 2n—3 (since
we have just 2n vertices in total), so ng+ 3ng > 3n—4— (1 +n2) > n— 1.
Together with the triangle ABC, this yields in total at least n triangles.
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1. BELet P(X) = X"+ X" Yap_1 +..+ag = (X —21)(X —22)...(X — z,,), where
Z1,..., T, are the roots of the polynomial, all in the interval (0, 1). The formal
derivative of P will be

n—2
P(X)=nX""+ (n—Dana X" 24+ Y ia; X! (1)
i=0
But the derivative is also equal to
(X = 21)(X = 2n1) + (X = 21)-.(X = 202)(X — 2n )+
+ooH (X —29) (X — zn) (2)
Therefore, evaluating (1) and (2) at X = 1 and equating them will yield

n+ (n—1an-1+8=1—21)...(1 - zn1)+
F(l=z1)(l=zn2)(l—2zp) + o + (L —22).. (1 — z4) (3)
where S is the sum we need to prove positive. But for all y1,..., y,—1 € (0,1)
we have
1-y)(l=gn-1)>1=y1 — . = Yn1 4
We can prove this by induction over . Indeed, it is trivial for n = 3; suppose
it true for k and let us prove it for k + 1. We will have

’

(T=-y)l=gp-1) >1=p1 — . g1 =
= (1-y)(—we-1)I =) > L—y1— . = g—1)( — ) >
>l—y1— .. —yx

which proves (4). Applying it to every product in the RHS of (3) now yields

n—(n—D(@+..+z)+S>n—(n=1)(z1+... +2,) = S >0

exactly what we needed to prove.

121
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2. M We must have % < V2002 = a2 < 2002 - b? and also

(A+a?)?
a?h?
But now let a® = 2002 - b? — k and we will show that & > 10. Indeed, since
2002 = 2-7-11- 13 we would need to have —k a quadratic residue modulo
7,11 and 13. A quick computation reveals that 10 is the smallest number which
satisfies all these, so ¢ < 2002 - b2 — 10 and (1) becomes

2002 < = 2002a2b? < a* + 202X + X2 1)

10a? < 6(2002b% — 0?) < 22X+ A2 = 24%(5 — \) < N? ©)
But this takes place for an infinity of fractions %, and since % is very close

to /2002 an infinity of values of a must be numerators for this infinite number
of fractions. So if A < 5, then the LHS of (2) can be arbitrarily large, while the
RHS is finite. So A > 5.

3. M Let us take two cases. First of all, suppose that there is a number i such

that a; + a;12 > % Then our sum will be

S = a;—10; + 6;0i41 + Ai410i+2 + Git2aits + . (©)

First, note that all the numbers except for a; and a; 2 must be less than l
But let us assume that a;.3 > a;—1 (the other case is treated identically) and
we will have ;43 + ...+ an+a1+...+aj2 > aipa+ ... +an+ay +...+ai1.
Therefore, by bounding the a;’s by 3 the ”...” part in the relation (1) will be

1
3430544 + oot G201 < 5(044-4 +.tai) <

< (e +ase2)(@aiva + o +aic1) < ai(aips + oo+ ai2) Faira(aipa + oo +ai1)
By applying this into (1), we get '

1

S < (@i + aig2)(aiv1 + a3 + oo+ ai1) = (@i + ai2)(1—a; —aig2) < 1

because z(1 — z) < % for all « between 0 and 1. Now, let us examine the

1
second case, when for all i we have a; + a;42 < 5 Multiplying this by a;i1
gives us

i+l

@iai+1 + @i118i12 <

which summed up over all i yields 25 < % =>5< ‘11
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4. M Since a, b, c are the sides of a triangle, then the cyclic sum

Slatec—b)a—b)2>0

But this sum is

Z(a +c—b)(a?—2ab+b?) =
= z (a3 + a%c — a®b — 2a%b — 2abc + 2ab? + ab® + b2c — bs) =

=3 4a’c— " 2% —6abc > 0
By dividing this by 2abc we get
CY RN P
b ¢ a c a b
exactly what we had to prove.
5. D Since the sequences a; and b; are ordered in the same way, Chebyshev’s
inequality tells us that

(a2 + ... +a2)(b2 + ... +b2) < n(a?b? + ... +a2b2)

and if we denote a;b; by oy, it will suffice to prove that

(an + a1)? o)
doyon

for a1 < ap < ... < op. But note that if there were k,! with a1 < ap <

a; < ayn, we could enlarge a; by some ¢ and decrease a;, by the same ¢, keeping

the RHS of (1) constant, but increasing the LHS. So for a certain value of the

RHS, the LHS is maximum when all the numbers are equal to either ay or a,,

(@ + ... +a2) < (a1 + ...+ 0p)?

except for at most one of them.
If the LHS of (1) is maximum when k of our numbers are oy and [ of them
are a, with k + [ = n, (1) translates into

24 102 201 +an)?
(k+ D (kof +102) < (kay + lay) Tore,

& dayan(k(k + Dad + U(k+ 1)a2) < (k202 + 2klayay, + 12a2)(af + 2010, + 2) &
& 2k(k + ) adom, +20(k + Dodon < k2ot + (k2 + 4kl + 1)oda? + %0 &
<0< (kay — (k+ Daro + lo)?

which is true. But what if the maximum is attained when k of our numbers
are a1, ! of them are o, and one is some e with @y < e < a,? Then, (1) becomes

on + an)?

(k+ 1+ 1) (ko + 102 + &%) — (key +lan+e)2( <0 ®)
4oy oy,
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2
If (k+1+1)— w:l:—::") < 0, then (2) holds because of the obvious
n
2
(ko? + o2 + €?) < (kay + loy, + €)2. But if (k+1+1) — (a—l:z—") > 0,
10,

expression (2) will be a second degree polynomial in e with positive dominant
coefficient. So it will be convex, and its value will be at most the maximum of
the values at the points a; and o, (since &y < e < a,). But we showed above
that when all the numbers are a; or «,, the inequality holds, so our problem is
proved.

6. E The AM-GM inequality gives us

b
202 + 3 > 2avb

22 4 “5 > %2

2ab + g > %a

2ab+ % > 2avh

By summing all these up, we get

2
2a+b)2+a+b> 4avb+ dby/a = L";i+# > avb+bva
7. SOLUTION BY GABRIEL KREINDLER
D If we let z = f(y) in the given relation we obtain f(0) = f(f(y)) +

(F())%+ F(£(y)) — 1 so we must have f(f(z)) = iL_ZM for all real z,
where @ = f(0). Now put f(z) instead of z in the hypothesis and we get

F(f@) = @) = F(f@) + F(2) - f) + F(f@) —1=a— %(f(m) -f@?

for all real z,y. Now we will try to prove that f(z) — f(y) can take on any
real value. Consider in the initial relation y = yo with f(yo) = b # 0 (if such a
number yo does not exist then f is identical zero, which is a contradiction) and
we get

—1_h2
f(zo—b)—f(mo)=bzo+$

12
But by varying zg, the number m = bzg + 3__12__ will take on any real

2
value, so letting 2 = 29 — b and y = zo in (1) we get f(m) =a — %, for any

real m.
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_ 2
_ M we obtain

Replacing f(z) by a— %2 in the relation f(f(z))

a = f(0) =1, and so the function f(z) =1— % is our only possible solution.
It is easy to see that it verifies the hypothesis.
8. E Proving that aB + bC + cA < k? is equivalent to showing that

aB4+bC+cA=alk—b)+bk—c)+c(k—a) <k

Skla+b+c) <k +ab+betca
But this is equivalent to

k2 —ka+bec> (b+c)(k—a) ®bc> (k—a)(b+c—k)

If b+ ¢ — k <0, then the above is obviously true. If not, then we have

(k=b)(k—c)20=>bc>k(b+c—k) > (k—a)(b+c—k)

and thus our inequality holds.
9. SOLUTION BY ADRIAN ZAHARIUC
D Let us first apply the Cauchy-Schwartz inequality:

(Za?%)z <(Z3) Caty) Tate

so it will be enough to prove that the RHS of this is at most the desired

3 m. This is the tricky part, which we shall accomplish by summing
up the inequalities

ay < 1 1 1 1
(a2+2)2 = 2ai(ai—1)+2z  2aip1(aipi—1)+z

for all #’s. These inequalities are true, because

(a2 — a; + 2)(a? 4+ a; + z) < (a? + 2)? =
2a; 2a;
= < =
@+97 = @ a+ o)l +aita)
_ 1 1 1 1
a?—a.--!—z a?-!—ai-l—m - a?—ai-l—z ai2+1—ai+1+a:

since a;(a;+1) < ait1(ai+1—1) (because the a;’s are an increasing sequence
of natural numbers).
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10. D Let y, = and let us assume for the purpose of contradiction that

_r
n—1+z
> 4k > 1. But then

1 1-(n— Dy

yk:n—1+mn=>x"= Yk

(©)
Then let 1 — (n— 1)y = ax, and our assumption becomes S = Zak <1

-1 . L.
but z, = (nl—)a_k. It is easy to see that the y;’s must be positive, and
—ar

therefore (1) tells us that they must be <

positive and less than 1. However, the hypothesis now becomes

. This means that the a;’s are

(n_lzl_ak_Z'_zz‘ Zakl(;(_lkl ()

But observe that

1—ag S —ay a;
D D B

7k Ok
101 1 1 1
=Y a ==+ + +ot—]2
% ay  az Ap—1 Q41 an
—1)2
S . -

a1 +..+ap_1+app1+...tan

2 Gk 2 Gk
=(n-1) S—ak>(n 1) oo

1

This contradicts (2), so we cannot have Z TTiv
- &

is thus proven.
11. SOLUTION BY GABRIEL DOSPINESCU
D The Cauchy-Schwartz inequality gives us

az a 2
b+c— b+ec

By adding 3 to both sides of this we get

T T () +fT St

Apply Cauchy-Schwartz again to the last expression and we will get

\/222 b+c VZ“’ Ty %S

> 1. Our problem
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e

=@+y+2) Z(bic>2+g ®

But it is easy to see that

Z(ﬁ:f%S&iﬁ
@Z(HJ P ‘Z(bw) Z:(a+c)(b+c

e 5E(GT:)%)—I-C—)@3(a+b)(b+c)(c+a)$4Zab(a+b)®

& 6abc < Y a%b+ ab? 3)

which is true, because of the AM-GM inequality. So putting (1),(2) and (3)
together, we get that

az al z
Tif s Ty o DA 2
12. M The problem becomes much simpler is we use the concept of formal derivative
of a polynomials. Let P(X — 3) = R(X) € Z[X] and suppose the polynomial
which squared yields (X2 +6X + 10)P? — 1 is Q(X + 3), where Q € Z[X]. The
reason why we chose Q(X + 3) instead of Q@ and defined R(X) = P(X —3) is
because the hypothesis looks much nicer:

(X432 4+ D)RM(X+3)=Q*(X+3) +1= X2+ DR*(X)=@*X)+1 (1)

Of course, if the degree of @ is n, then the degree of R will be » — 1.
Differentiating (1) gives us

2XR?+ (X2 +1)2RR' = 2QQ' ©)

(2) tells us that R divides 2QQ’, yet from (1) it is clear that R and Q have

no common factors (not even in C[X]). Therefore, R must divide 2Q’, and since
the degree of R is equal to the degree of Q' we will have R = a@’ for some real
number a. Equation (1) thus becomes a?(X? + 1)Q'2 = Q2 + 1. Equating the

leading coefficients in this relation gives us a? = —5, and therefore we have
n

(X*+1)Q%=n*Q*+1) ®)
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But let Q@ = a, X™+...4ag and assume that it has other non-zero coefficients
than the leading one. Let X* be the greatest power k < n and with a non-zero
coefficient and the coefficients of n+k on both sides of (3) will be equal. But they
will be 2nkagay, = 2n2ana; = n = k (since a,,ar # 0) which is impossible.
Therefore, @ = a, X", and in this case (3) immediately yieldsn = 1 and a; = 1.
So the only solution for @ is Q(X) = X. But then R = %1 and so the only
solutions for P are P(X) = 1.

M Letting z = 0 yields f(f(y)) = y + £2(0), and therefore we will have

1@+ fGW) = F@) + @) =
= F(f@® +y+ F20) = F(F%(=) + ) =
= o +y+2f%(0) =y + (F(f(2))® =y + 2% + 22£2(0) + 74(0)

Since this holds for all #’s, we must necessarily have f(0) = 0 and therefore
F(f(y)) = y and thus f is injective. But by making y = 0 in the hypothesis,
we will have f(z2) = f2(z). First of all, this tells us that f is positive for all
positive values of z. Second of all, it tells us that f(—z) = % f(z), and since f is
injective we must have f(—z) = — f(z). So by making z = 1/z in the hypothesis
and taking f(y) instead of y, we will have

fly+2) = FO) + 7 (V2) = F(3) + f(2)
for all positive z. But since f(z) = —f(—z), it is easy to show that the
above relation holds for all y and z. So f is additive, but we also know that it
is positive for positive values of the argument. So if z > y then

f@) = fy) = fle—y) 2 0= f(=) 2 f(y)
and therefore f is increasing. But any increasing additive function is of the
form f(z) = ax, and we can easily show that. Let a = f(1) and we will have
f(k) = f(1+...+1) = kf(1) = ak for all integers k. For any rational ‘;-’ we will

have

f(p)=f(§+...+§)=qf(§)$f(§)=a§

So we proved that f(z) = az holds for any rational z. But we also know
that the function is increasing, and if we take two sequences of rational numbers
kn /" z (the rationals k,, are smaller than z and approach it) and I,, \ z (the
rationals I, are greater than z and approach it) we will have

akn < f(z) < al,



14.

15.

Algebra 129

and since k,, and I, tend to z we will have, for all z, az < f(z) < az =
f(z) = az. But we also have f(f(z)) = , so a® = 1, and therefore the only
two functions that can work are f(z) = z and f(z) = —z. We can easily check
that only f(z) = z satisfies.
M We will show that the largest such k is 5. Indeed, any k > 5 is not good,
because we can choose a = b = 1 and ¢ = 2 (which are not sides of a triangle)
and we will have k- 2-1-1> 284+ 1% 4+ 1% & 2k > 10.

Now, let us prove that any k < 5 works for us. Take 0 < @ < b < ¢ which
satisfy kabc > a® + b® 4+ ¢® and assume that they are not side-lengths of a
triangle. This could only happen if ¢ > a + b and then we would have

5ab > kab> 2 + ——— > ¢

: m
We used that

a® 4+ b 2y (a+b)®
4c

4@+ > @+ b e+ > a?b+b2a s (a® - bY)(a—b) 20
which is true for all positive a, b. But for any positive o, the function f(z) =

2%+ 2 s increasing for z > o (just differentiate it, or write down what it
means for f(z) > f(y)). Because ¢ > a + b and by taking o = a + b, we will
have f(c) > f(a+b) = z(a +b)2. Therefore, (1) becomes

5ab > %(a-l— b)? = 4dab > (a +b)?
which is obviously impossible. We have thus proved that the greatest such
k is indeed 5.
D LEMMA There exists a sequence on positive integers 1 = k1 < kg < ... <
kyn < ... such that

n

Z A — Oy o)

i=2 G
is unbounded.
We can construct this sequence inductively such that for all i we have
Aky — ARy .y > g
ag; -3
and since the sequence ay is unbounded, we will always find a k,, such that

. Indeed, suppose that we have constructed k; < ... < kp_1

Ghen = Wny o, 2

Ak, 2> 3akn—l = ar

This sequence will yield all the terms in the series (1) greater than %, and
therefore the sum will be unbounded.
But, back to the problem, for all + we will always have
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Qg1 — Qg 4 ARy 42 — QR +1 Chgyy — Qkgyq—1

+...+ >
ks +1 Qks+2 Akipy
Qs +1 — Qg + Gy +2 — Ok +1 +ot Ahgyy — Qhypq—1 > Ay — Ok,
Chogpn ey rq Qs pq - 7y

But by summing this up or all i, our series will be greater than series (1),
which is unbounded. Our series is therefore unbounded.
16. M Note that any function of the form f(z) = z + % + b satisfies, for all real a
and b. We will prove that these are the only solutions, and to do that we will
consider the function g(z) = f(z) — z. This function satisfies

zg (z + %) +y9(y) =yg (y + %) +zg(2)

Expressing it for 5 instead of y will give us

(: -I—)+1 (1) L (1+1>+x(z):
zg(z Ze(2)=2g(2 4=
g K yg P yg z 'y g

1 1 1
=zyg(z+y)—g|-+- | =2zyglz)—g| - 1
y9(z +9) g(m y) yg(z) g(y) @
Of course, since the LHS is symmetrical in z and y, we should obtain the
same thing in the RHS if we switch z and y, so
1 1 . 1
zyg(z) — g 7= zyg(y) =g | ;| = 29(@) —9(1) =29(1) —g | =
We can now express g (%) in terms of z and g(z), so going back to the

above relation will give us

zyg(z) — yg(1) — g(1) + yg(y) = zyg(y) — zg(1) — g(1) + zg(=) (@)

If we now let g(1) = a+b and g(—1) = —a + b, writing (2) for y = —1 gives

—zg(z)+a+b—a-b+a—-b=(a—bz—z(a+b)—a—b+zg(z) >
a
=>g(z)—;+b

Therefore, we will have f(z) =z + a; + b, as desired.
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17. E By making z = y = 0 we obtain f(0) = 0. By switching = and y in the
hypothesis we get f(z—y) = f(y—=z) for all z and y, and therefore f(—z) = f(z)
for all z. But let f(1) = a and we will prove by induction that for all positive
integers n we have f(n) = an® We know it is true for 1 and assume it true for
1,2,...,n — 1 and we will prove it for n. Indeed, by takingz =n—landy=1
we get

fn)=2f(n—-1)— f(n—2)+2a=
=a(2n2—4n+2—n2+4n—4+2) = an?
In the same way, for any z we can prove that f(nz) = n?f(z), and by
taking z = % we get

(3)- 122

n n? n
for all positive m,n. Since the function is even, for all rational numbers g we
will have f(g) = aq?. It is easy to see that these functions verify the hypothesis.

18. M Let 1 = a, — = b, = = ¢ and the hypothesis turns into a + b+ c = 1. By
z Yy z
dividing our relation by /zyz, we will have to prove that

Zﬁ/iJr%ZHZ\/g@ZW’”aZ1+Z‘/”_0®

@Z(\/bc-‘—a—\/ﬁ)zlﬁz

But

Trerat oo @

Victa+Vic<levbcta<l—vVhee
Sbcta< 1+bc—2\/b_c‘©2\/%§1—a=b+c

and this means that

a
DDy D Dk
and therefore (1) is true; because we came to this point by equivalences,
the problem is proved.

19. D No, there doesn’t exist such a set. Indeed, suppose there was an M =
{a1,...,ax} with this property and let F' = {f € M[X]}, the set of polyno-
mials with coefficients in M and with all the roots in M. According to our
assumption, we have such polynomials of arbitrarily large degree.

Consider an arbitrary f in F', of the form
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=(X-a1)"(X —a2)..(X —ap)t =
= (X1~ x0 1a1+( )X" 207 4 ) (X% — X% g + <§>X‘k‘2ai+.“)

Let n = ¢ + ... + t; be the degree of the polynomial, and it is easy to
see that the coefficient of X"~ is § = — Zt-ai, and the coefficient X2 is

T= Z (tl)a + Zt itja;a;. These are both in M, so they belong to a finite

i<j
set of nonzero numbers. But

T= Z( )a +Zt.t]a1a]— (Zﬂ ? Zta +2Ettjazaj) =

<g i<j

2
82
= % (;ti%) —%;t;af =5~ %;tia?

Now let m = min a? and obviously m > 0. Therefore,

S?
T< S —mlty+ .+ )
But because we have such polynomials for arbitrarily large n = ¢ +... + ¢
2
and §— can only take a finite number of values, then T' can be arbitrarily
small and thus cannot take only a finite number of values. We have reached a
contradiction.
20. SOLUTION BY GABRIEL KREINDLER
M Let us denote the roots of the polynomjal by z1, z2,..., zn. We know

that |z| < 1 for all i and that P(z) = H(z — 2;). Suppose that for all z € C,
lz] = 1, |P(2)| < 1, and let us consider M = max,—; |P(z)|. We know that
this maximum is attained (the unit circle is closed and bounded, and therefore
compact), so M < 1.

Furthermore, let us choose for an arbitrary k € N, the roots g, £1,..., £x_1
of the polynomial z* — 1. We know that for any 0 <i < k —1|P(g;)| < M, so

k-1 n n k—1
M">H|Pe,|— TITIG: -2 = H(H(z;—e,-))‘:
i=1 \j=0

i=0 i=0 j=1

>H1—|z,])

i=1
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n

Therefore, we have M* > T[(1 - |i[¥), but Jim M* =0 and

i=1 e
n n
dm TT0 - = = 1T (1- pim fst) =1

so by making k sufficiently large, we obtain a contradiction (0 > 1). Our
assumption was thus wrong, so M > 1.
E We will employ brute force with this problem. Let S = y + z and P = yz
and the first equation gives us = = ﬂ Therefore, we need to have S < 4

1+P
and we must prove that

4-S 48 — 82 2 2
S+mzP+ 1P ©44+PS>P+P°+45-5 &
& (E-222P(P+1-5) 1)

If P(P+1—8) <0 the above inequality holds and we are done. So let us
2

. - S
assume it positive; but P < T

232

< 8282 +4—45) 52
= 16

16

which proves (1) and the problem.
D We will prove by induction over n that a, can be written as 2%~ 4 2¥»
where z, and y, are integers. Moreover, we will always have z, = 2,1 and
Yn =Yn—1+10r 2, = 2,1 + 1 and y, = yn—1. Indeed, it is true for n = 1,2;
let us assume the above statement true for all numbers smaller than » and let
us prove it for n.

Suppose that ap_p = 2%+2¥ and a,—; = 2°+1+2¥ (the same thing happens
if ap_y = 2% +2¥%1). Then if a, = 2a,_2 we will have a, = 2°+1 + 2v+1; if
Gy = 3ap_1 — 2a,,_p we will have a,, = 222 + 2¥. Either way, the proposition
is verified, and therefore a,, will always be writable as 2%~ + 2¥». The problem
now becomes very simple if we realize that no number between 1600 and 2000
can be written in this way, since 210 + 2° = 1536 < 1600 < 2000 < 2048 = 211,
M We will prove the statement by induction over z; + ... + z, (the base case
is trivial). Now, if there are no numbers having more than one digit, then our

P(P+1-28) =(5-2)2= < (5-2)7?

sum is at most 1+ 3 4.+ l, which a computation shows to be smaller than
3. Therefore, we can assume that the largest of our » numbers (call it z) has
at least 2 digits. Let z = 10a + d, where d is its last digit, and because of the
property, the number @ cannot be among our numbers; consider all the numbers
in our sequence whose representations begin with a and have one more digit,
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and let these numbers be zy, z;, ... (where our z is among these) and let all the
other numbers in the sequence be z., zy, ....

It is easy to see that if we eliminate these numbers and replace them all
with a, the property is preserved (no number is the beginning sequence of any
other). According to the induction hypothesis, we will have

1 1 1
—+—+.+-<3 1)
z. a
But
l LSRR I S B
> 10a Wa+1 " 10a+97 7

since the numbers zy, z;, ... are among 10a, 10a + 1,...,10a + 9. But then,
from (1) we get
1 1 1 1
fD_e + ; .t m—k- + :D_ +..<3
which is exactly what we needed to prove.
24. SOLUTION BY ANDREI UNGUREANU
D We will actually prove that there is such a term among the first 1626
terms. So assume for the purpose of contradiction that for all 1 < k < 1626 we
have that a; > 0. Then,

1 1
2 2
aﬂ+1_an__2an+1=an+—2‘_2
an a2

and

1
an+1=an-a—=>an+1<an=>am<a"
n

for all m > n. By successively applying the recurrence in the hypothesis,
for all m and n we will have that

1 1 1 1 1 1 m
ap — —
an  Qn+l Am+n—1 Gn  Qn <2 an

A

8

3
|
|
|
|
|
|
|
I

But if ax < /28, then by applying the above relation we would have ay,+28 <

28 a?—28 . . . .
ap — Pt < 0, and if k£ < 1598 this would contradict the assumption.
k k
Therefore, a;, > v/28 for all 1 < k < 1598.
ButweknowthatanH = al +i—2<a +-218—2<a —Zz By

successively applying this inequality for n = 1,..,1598 and summing all the
inequalities up, we have that:
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% = afges < 562 — 3136.96 < 0

which is obviously impossible. We thus have a contradiction, and there will
exist a k with 1 < k < 1626 such that a; < 0.
M Let us assume that f = az® + bz + c and g = a/z% + ¥z + ¢ and that
the leading coefficients a and o’ are positive (without loss of generality). Take

a?gos < a2 — 1597 -

’
k= {% and then whenever f(z) € Z, we will also have h = g — kf € Z. Let

h = az?+ Bz + and note that 0 < o < a.
—b+ vb% — dac + dan

Now, for » large enough, the number z, = — will be
real. Note that

Vb2 —dac+ dan + da — V% — dac + dan _

ZTntl — Tn = =

2a
_ 2
Vb% = dac+ 4dan + Vb% — dac + dan + 4
which is approximately equal to Iﬂ; for large enough n. But

- C n
h(zn41) and h(z,) are integers (because f(z,) = n), and since from a point
onward h will be increasing, we will have |h(zn11) — A(z,)| > 1. But

1< (@ nr1) = h(zn)| = (@nt1 — za) (@(@nt1 + z0) + B)

But as » tends to infinity, o(zn41 + ) + 8 becomes approximately equal
Vb2 Zdac+ dan

to 20 - R Ve so the above inequality become

1
15_——__~g.\/b2—4ac+4an=>a5a
Vb2 ~dac + dan @

This contradicts our assumption that o < a, so we can only have o = 0.
But then the above argument also shows that the second coefficient of & is 0,
so h must be an integer constant. And thus, we proved that g = kf + ¢, where
k and c are integers.

M First of all, by taking y = —1 we get f(—1) = f(z) + f(—=z)+ f(-1) =
f(—z) = —f(z), so f is an odd function. But the hypothesis is

fley+z+y) = flzy) + f) + f(=) ()
and by taking —y instead of y in the hypothesis we will have

f=zy —y+2) = f(-2y) + f(-9) + f(2) ®
By adding (1) and (2) together we get
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flay+z+y)+ fz -y —2y) = 2f(z) ®
and note that for all « and b such that @ +b+ 2 # 0 we can find « and
a+b

y such that 2y + 2+ y = a and z — y — zy = b. Indeed, just take z = ——

2
a—b , and therefore (3) tells us that for all such a and b we will
atb+2

have that f(a) + f(b) =

a+ b+ 250, because then we just switch a and b in the previous argument

and y =

. It is easy to note that this holds even if

and get a valid result.
But we can apply this back into the hypothesis, and we have that

flay +z +y) = flzy) +2f($+y)

Denote zy = P and « 4+ y = 25 and note that for every S? > P we have
z and y such that zy = P and z +y = 2S. So if $? > P we will always have
that f(P +28) = f(P) + 2f(S). By making P = 0 we get that f(25) = 2f(9)
for all 8, and then f(a) + f(b) = 2f (a+b) becomes f(a) + f(b) = f(a+b),

exactly what we had to prove.

M Yes, there exist such functions, and to construct one, let us first discover some

of their properties. First of all, note that our function is one-to-one (injective),
N T z

because S(y) = /(&) imples [(e/(w) = f(af(e) » L2 = L8y

But make z = y = 1 and we will get f(f(1)) = f(1), and since f is injective,

this yields f(1) = 1. By making = = 1 we get

1 1 1
sy = 2= suuem -1 (3) - 715 (1)
From f(f(y)) = ; we also realize that the function is unto (surjective).

Now, replace in the hypothesis y by f (%/) and (1) tells us that we will have

1 T
1(=(7(3))) = L& = 1) = 1) )
(5
Yy
so the function is multiplicative. Moreover, if our function is multiplicative
and f(f(y)) = 7 it is easy to see that it verifies the hypothesis. Let p; <
.. < pn < ... be the prime numbers, and assign f(p2s—1) = p2i = f(p2i) =

1 1
. We must, because of (1), have f ( =—and f = p2i-1.
P2i-1 P2i-1 D

But any rational ¢ has a unique writing as ¢ = pj’...p;* wher he pi’s are
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different primes and the z;’s are non-zero integers. Therefore, we can define
fl@) = fpi,)™...f(pi,)* and it is easy to see that this function verifies (1)
and (2).

28. D Let us define the function

4 o =1y = i
iy O], L) = — — ————————— + 4 — = —_—
Fral@n, oy @no1,2) = 2 wtotanits (;ai> ;a1+‘..+ai

By considering it as a function of just the variable z (so assuming

a1,...,an—1 fixed), we can show (by differentiating, for example) that its mini-
2(a1 4 ... + an_1)

Va2

mum is attained when z = in the case a > 4. Therefore, we

always have

fr,al@1, s Gno1, ) 2
2/a—4 a
a1+ ant (a1+...+an_1) (1+

+
2
Va—2
noly n—1 s
4 — | = RN
+ (z;a;) Za1+.<.+ai

i= i=1

3_4 ne2 2 )
__4 _ntotd-dva D ) P —
An—1 ay + ...+ any O i} + ... +a;
= fo-1ntas3—aya(01;8n-1) = fro_1no14(va—2)2(a1; -y Gn1)

Since this happens for all z, it will also happen for z = a, and we will
therefore have

fra(@1, 0y an) 2 frotmo14(/a—2)2(a1, -+ 0n-1) ¢Y]

and what we need to prove is that f, (a1, ...,an) > 0. If we define a, =n

and ax_1 = k — 1+ (v/a, — 2)2, note that o, ..., o, are all non-negative and

taking their square root makes sense. Moreover, oy, > k. But by iterating (1)
we will have that

Froon(@15-00) 2 frtiom_1 (61, ey @ne1) 2 o 2 f3,05(a1,02,a3)

We had to stop at k = 3 because we determined that the minimum is what
we found it to be only for o > 4. So what we need to prove is that

4 4 4 1 1 asg
>0 — 4 —f —— - T >0 1
Jaaala1,02,03) 206 = 4 = 4 o - o = o . @
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Yet we can prove by induction that or—; < (n—i—1)2 forall0 < ¢ <n—3.
Indeed, this is verified for i = 0, and if we have that oy, i1 < (n —i)? then

i =n— it (YA — )P Sn—it (n—i=2)?=
=(—i)?-3(n—9)+4< (n—i-1)?
for all n—4 > 3. Then we have a3 < 4, and from here it is easy to see that
(1) must hold.

. E We will prove that the only such functions are constant functions (which

obviously verify). Take an arbitrary n and construct the sequence m; as follows:
let mo be any natural number, and let m;y; = m? +n? > m;. It is easy to see
from the hypothesis that f(m;,1) is contained between f(m;) and f(n), and
therefore between f(mg) and f(n). So the f(m;)’s take on values between two
fixed integers (f(n) and f(my)), and thus there will be a subsequence of m;
(call it m;, , on which f will be constant. So f(m;,) = a for any k.

Now, assume that f is not constant, and then there will exist a n such that
f(n) = a + r with r # 0. But for any k,

(mi +n)f(ml, +n?) = mi, f(n) + nf(mi,) = mi, + nlmi, (a+7) +na =

30.

= m;, +n|(a +7)(mi, +n) —rn=m,; +n|rn

But this last statement is impossible for all k, since an entire sequence
of increasing positive integers cannot all divide one number. Therefore, f is
constant throughout.
M First of all, we will prove the problem when S is the set of all even indices
and we will show afterward that the whole problem reduces itself to this case.
Therefore, let S = {2,4,..,2k} and let T; = z1 + ... + z; (where Ty = 0); what
we have to prove is that

(a2 +aq + ... +an)’ < Z (@4 ...+ aj)2
1<i<i<2k
Actually, the RHS can have even more terms, if n = 2k + 1, but they are
all non-negative so the inequality will remain true. Written in terms of the T;,
the above statement becomes

=T+ Ty —Ts+ oo+ Do — Tt < 3 (T - Tim1)? &

i<j

ST+ o+ Do)+ (T + o+ Topm1)? = 2(To + oo + Do) (1 + oo + Topo1) <

ST+ o+ Type) =2 Ty &

i<y
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ST+ AT 42D BTy +2y ToiaToj1 -2 Toilhy1 <

i<j i<y 43

ST + o+ Top2) — 2 Ty &
i<y
=4 4ZT2,'T2J' + 4ZT2,'_1T25_1 < (2k — 1)(T1 + .+ T2k)2

<j i<j

which is true, since 4ZT2,~T%
i<j

42T2i_1T2j_1 < 2(k = 1)(T? + ... + T%_,). Now, we need to get from this

< 2k — 1)(TF + ... + T3,) end

s1;e<gial case to the general case. We will assume that S is composed of blocks of
consecutive integers which we will denote by By, By, ..., Bax. But between blocks
Bs; and By; .5 there will exist consecutive indices not in S, and let By; 1 be that
block. Let By and Bgg1 be the blocks before By and after By, respectively.
If b; will be the sum of the numbers in block B;, then the sum in LHS will
be (bg + by + ... + box)?. From the particular case, we know that this is at most
the sum of squares of the form (b; + ...+ b;)2. But it is easy to see that all these
terms are among the terms in the RHS of what we have to prove (alongside
other non-negative squares). Therefore, the inequality is proven.
E Let the roots of the polynomial be —ajy, ..., —an. Since all the coefficients
are non-negative, f will always be positive for positive values of z, so it does
not change sign on [0, 00). Therefore, all its roots will be negative, and f(2) =
(24 a1)(2 + a3)...(2 + ay), where the a;’s are positive numbers whose product
is 1. But

f<2>=i(2"-k > )

k=0 1<i1<... <ip<n
By applying the AM — GM inequality to the numbers a;, a;,...a;, We get

n
that Z @iy Gy Gy, > (k) and therefore we will have
1<i1<...<ip<n

= n—k (n) _aqn
@2 ; rR ) =3

M We will prove by induction over k the following statement: for any such
sequence given by ag =0, a1 = 2o+ 1 and a, = (4z + 2an—1 + 2y + L)an_2
(where a,z,y € Z), and for all n between 1 and 2% we have that ?" is an
irreducible fraction with both numerator and denominator odd. It is trivial for
k =1 and now, let us assume it true for £ — 1 and prove it for k.

First of all, a, =3 a,_2 so it is easy to prove by induction that for all
even n, a, is even and for all odd n, a, is odd. Therefore, we have solved our
problem for odd values of n and now we must prove it for even values. Since
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for all 1 < m < 2F~! the number ay,, is even, let ag,, = 2b,,. Now, we want
to find a recurrence for the sequence b,; if 7,s are the roots of the equation
2% — (4z + 2)z — (2y + 1) = 0, then a, is of the form c;r] 4 corf. Therefore,

_ %2m < 2m+ c2 2m
™y T2 2"
and b,, will be given by a second-degree linear recurrence, the roots of
whose characteristic equation are r7 and 3. That recurrence will be

=} +r)bp1 + r2rab,_g =
= ((4z + 2)2 (4y + 2))bm1 — 2y + 1)%bpn_2
and bp =0, by = 2 = (22 + 1)(2ac + 1). Thus, b,, will be a sequence of
the same form and we can apply the induction hypothesis to it. Therefore, for
all m between 1 and 26—, :n'ﬁ will have both numerator and denominator odd.

For any 2m between 1 and 2* we will have 22—7" = h, a fraction with odd

numerator and denominator. Since we already prr%ved this statement for odd n,
it is true for all n between 1 and 2¥, and the induction is complete.

D We can easily solve this problem if we can just break up the expressions
al+b3+c3—1 and aB4b5+c3—1 into simpler terms. Let us take the polynomial in
the variables X and Y f(X,Y) = (1-X-Y)3+ X3+Y3-1. Note that f(X,1) =
f(1,Y) = f(X,—X) =0, and this means that f is divisible by the polynomials
(X -1), (Y —=1) and (X +Y). Therefore, (X — 1)(Y — 1)(X +Y)|f(X,Y), but
since the degree of f is 3 we must have f(X,Y) = a(X —1)(Y - 1)(X+Y). The
constant « can be determined by the coefficient of X in f, which is -3. Therefore,
we have f(X,Y) = -3(X —1)(Y —1)(X 4+Y), and by letting X =b,Y = c we
will have .

B+t —1= (1-b-0*+b 4+ =
=-3b-1)(c—1)(b+c)=3a—-1)(b-1)(c—1) [0)]
Now, to do the same thing for g(X,Y) = (1- X —Y)°+ X% +Y5— 1. For
the exact same reason, the polynomials X — 1, Y — 1 and X +Y will divide g,
and because g has degree 5 it will be equal to (X — 1)(Y — 1)(X +Y) times
some polynomial of degree two. So we will have

gXY) = (X )Y - )X +Y)(@X>+ Y2 +4XY +6X + ¥ +¢) (2

and we need only to find those coefficients. But the coefficient of X in g
is —5, while in the decomposition of (2) it is { (X can obtained in (2) only
by taking —1 from the first and second parenthesis, X from the third, and ¢
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from the fourth). Therefore { = —5; now, identify the coefficients of X? on
both sides and we will get 10 = —¢ + 6 => § = 5 and similarly ¢ = 5. But
identify the coefficients of X*Y and get & = —5 and similarly 3 = —5. Finally,
by identifying X3Y? we get —10 = 4+ o and so y = —5. Our decomposition is
thus

(I-X-Y)P+X°+Y°-1=
=(X-1)(Y -1)(X+Y)(-5X2-5Y2 —5XY +5X +5Y — 5) =
= 5(X - - DX +V)(X2+ Y2+ XY -X-Y +1)
Therefore, letting X =5, Y = c and X + Y = 1 —a we will have a® + b +
& —1=5(a—1)(b—1)(c— 1)(b* + ¢2 + bc — b— c + 1), and what we need to
prove is that

30|a~ (-1 (c—1)| < |a— )b - D(c— DI+ +bc—b—c+1| (3)

34,

2
But for all b,c, by denoting b+ ¢ = S and bc = P we will have |P| < ST
and therefore

b2+02+bc—b—c+1=SQ—S+I—P2

2
L1t
37 \"2 V3 3 3

By using this inequality, (3) is obviously true, and our problem is thus
solved.
SOLUTION BY ANDREI UNGUREANU

D We will show that the answer is no, so assume for the purpose of contra-
diction that there is such an f. Then, f(2) = 2 as it can be seen from letting
z =1, and let 2+ a = sup|f(z)|, where a > 0 (we know that sup > 2, since
f(2) = 2 and that it is finite since the function is bounded) Assume that a > 0,

and then pick = such that | f(z)| = 24+a—¢, where e <

(2 ) (this is possible,

as 2+ a is the sup of | f]) and plugging % in the relation gives us

f<z2+£) >-2-a+(2+a-¢)?=24+3a+a®-22+a)+e?>2+a

which is impossible; so sup|f| cannot be greater than 2, and therefore it

must be 2. But, then letting z = 5 yields

f(%)zf(%)+422
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and since f (g) < 2 the above can only happen when f (%) = -2

Letting z = 2 gives us
9
Zl=6
! (4)

which is impossible. Therefore, there are no such functions.

. M First of all, note that f is one-to-one, because f(n) = f(p) obviously implies

n = p (from the hypothesis, setting m = 1). Now, we will have

F(f(m+ £(n)) = f(n+ f(m +2005)) = m + 2005 + f(n + 2005)

and for any p > f(n), by letting m = p — f(n), we will have f(f(p)) =
f(n+2005) — f(n)+p+2005. But for any m and n, let p > f(m) and p > f(n)
and then f(f(p)) = f(n+2005)— f(n)+p+2005 = f(m~+2005)— f(m)+p+2005.
Therefore, for any m and n we will have f(m+2005)— f(m) = f(n+2005)— f(n),
so this quantity will always be a constant c. Then, we have f(n+2005)— f(n) = ¢
for all n and f(f(p)) = p+ 2005 + c for large enough p.

But f(n + 2005) — f(n) = ¢, so if we let f(i) = o for all 1 < ¢ < 2005
we will have f(2005k + ¢) = kc+ o for any k. Of course, the «;’s are different
modulo ¢ (f is one-to-one), so the image of our function will consist of 2005
distinet arithmetic progressions of ratio ¢ (each of them generated by one of the
a;'s).

But by letting m = 1 in the hypothesis we have f(1+f(n)) = n+f(1+2005),
so all but a finite number of positive integers are in the image of f (which will
be ’almost’ all of N). Therefore, we must have at least ¢ disjoint progressions
of ratio ¢ to cover the image of f, and then 2005 > c. But if 2005 > ¢, then
two of the 2005 numbers «;’s will have the same remainder when divided by
¢, which contradicts injectivity (since two of the progressions would overlap).
Therefore, we must have ¢ = 2005 and f(2005k + i) = 2005k + a;; moreover,
F(f(p)) = p+2-2005 for sufficiently large p. Therefore, for any n, n+ 2005k will
be large enough for a certain k and f(f(n+2005k)) = n+2005k+2-2005 implies
F(f(n)) = n+2-2005 for all n. So by replacing n by f(n) in the hypothesis we
get

flm+ f(f(n)) = f(n) + f(m + 2005) =
= f(m+n+2-2005) = f(n)+ f(m+ 2005) =
= f{m+n) = f(m) + f(n) — 2005 = f(m+ 1) = f(m) + /(1) - 2005
From here it is very easy to prove by induction that f(m) = (m—1)(f(1) —
2005) + f(1). But since the function takes on all values but a finite number of
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them, we must have f(1) — 2005 = 1 and then our function will be f(m) =
m + 2005.

36. F What we need to prove is equivalent to

1-=z 1-y 1-2
>0
I+z+z2+2%  14+y+y2+y° 1+z+224287 ®

We will use Chebysev’s inequality, because the sequences 1 —z,1—y,1—2z
1 1

d dered in th
ang 10+ +8 14y 12+ 1124245 are ordered in the same
way. The inequality tells us that

l-z 1-y 4 1-2z >
T+z+22+2%  l+y+y?+y>  1+z+22+4287
>(l-z+1-y+1-2)-

1 1 1
’ (1+z+z2+:c3 + 1+y+yz+y3+ 1+z+z2+z3) =0
37. M Letting z = y = 0 we get f(0) = 0. and y = O gives us f(z?) = zf(z).
Letting = = 0 yields f(—y?) = —yf(y) = —f(y?) and therefore our function is
odd. Denote z —y = a and z +y = b, and therefore for all a, b € R we will have

o251 (57) 0-(25) (3]

But this same relation with a and b switched gives us
f(ab) b—a\ _ f(ab) a—b
‘;“fCTF)— b ‘f(z )”

1 1 b— -b
=1 (3-3) =4 z")‘f( : >:‘
).z (5
ab
2

for all 0 # a # b # 0 (because we divided by a,b and b — a). But for what

positive z and y can we find such a and b with ab = z and 2—;—(1 = y? We need

fay?=2 —2f( )

to have b= 2 and
a

%—a=2y:a2+2ay—z=0

and this always has a real solution. Therefore, for all positive z and y we

will have @ = —yy— So this expression is constant, and therefore for all



144

38.

[

Solutions

positive z we will have f(z) = az. Because the function is odd, this will hold
for all z and this will be our solution (which obviously satisfies).
SOLUTION BY ANDREI STEFANESCU

D We call any polynomial P(X) = a, X™+...+ag symmetrical iff a; = a,—;
for all 5. We will use the following lemma:

LEMMA If P is a polynomial which can be written as P = @ - R, where Q
and R are symmetrical polynomials, then P is symmetrical too.

Let Q(X) = b X+ ... + bo and R(X) = ¢ Xt + ... + co. We have that

Z bjci_j and anp_; = Zb —§Ct—(i—j)- Since @ and R are symmetrical, it
3=0
fo]lows that bj = bs—j and ¢;_j = ¢y_(i_j). Hence a; = a,,_; for any i, and thus

P is symmetrical.

Let f(X) = X™+ X" ..+ 1 and assume that f = g- h, where g and k
are nonconstant polynomials with nonnegative coefficients. Let g(X) = b; X +
..+ bo and A(X) = ¢; Xt + ... + co. Since f = g- h, all the complex roots

1
of g and h have absolute value 1. Also, if g(¢) = 0, then g(e) = g (;) =0.
It follows that both g and h are a product of symmetric terms of the form
(X —¢) (X— l) = X?—2Re(e) + 1 or X + 1, hence by lemma g and & are
€
symmetrical.

If all the coefficients of g and A are in {0, 1} we are done. Otherwise, let k
be the least number such that {b, cx} € {0, 1}. Since by = ¢; = 1, it follows
that bg = ¢y = 1, thus k > 1. As g is symmetrical, by = bs_x. Computing the
coefficient of X® gives us 1 = bsco+ ...+ bs—gcr + ...+ bocs. Since by = ¢y =1
and all the terms of the sum are nonnegative, we obtain bs_rcr = brcy = 0,
thus one of b and ¢ (say cx) is 0. Computing the coefficient of X*, we have
1=brco+ ...+ bock. As {b;, c;} € {0, 1} for i <k and c; = 0, all the terms
but bicy must be in {0, 1}. It follows that byco = by, must be in {0, 1}, which
leads to a contradiction with the definition of k.
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APPENDIX 1: USEFUL FACTS

1. APOLLONIAN CIRCLES Given a segment AB, and a positive number k, the locus
of the points M such that ——= = k is a circle with the center on AB, called
one of the Apollonian circles of AB. More precisely, let E and F' be the points

inside and respectively outside the segment AB such that FE-FB- k. We
will show that our Apollonian circle is the circle of diameter EF'.
To do that, note that because Eé = MA = Ef—, then M E and M F must

be the two bisectors of the angle A in thelgg.ngle ABC. But the two bisectors

are always perpendicular, so ZEMF = T and therefore M lies on the circle

of diameter EF. Proving the converse, that every point on that circle satisfies

ﬁg =k, is just a computation with angles and the Law of Sines.

A é{\RYCENTRIC COORDINATES Given a triangle ABC, we can define the barycen-
tric coordinates of a point X inside it as the triplet (z,,zs,zc) With 2 = -

hg
and similar definitions for b and c. Here, d, is the distance from X to BC

and h, is the altitude from A. Note that z, = [[f:Bg']] and because the
areas [XABJ,[XBC] and [XAC] sum up to [ABC], we will always have
Tg+xp+x0= 1.

So it turns out that every point inside the triangle only depends on two
of these coordinates, the other being implied by the fact that the sum of all
three is 1. An important fact is that given X,Y, Z inside the triangle ABC
(determined by coordinates (za, Zs, Zc), (Ya, ¥b, Yc) and (za, 23, 2c) respectively),
X,Y,Z are collinear only if the coordinates of one of them is a convex sum of
those of the other two. The fact that the coordinates of Y to be a convex sum
of those of X and Z means that there exists an o between 0 and 1 such that

no

Yo =0Za+ (1 - @)za
yw=an+ (1-a)z

Yo =az.+ (1 — )z

Of course, since the coordinates always sum up to 1, it is enough to verify
two of these equations and the third one will be implied.
We can also define barycentric coordinates for points outside the triangle,

Jjust that we take z, = —% if X is on the opposite side of BC as A is. It is

a
easy to verify that the sum of the barycentric coordinates is also 1 in this case.
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The barycentric coordinates of some of the most important points

inside the triangle are: the centroid G has the incen-

a b c
at+b+c’atb+c atbtec
( cos A cos B cosC

2sin Bsin C’ 2sin Asin C’ 2sin Asin B
nates (cot B cot C, cot A cot C,cot Acot B).

111
3'3'3)

ter I has ), the circumcenter O has

) and the orthocenter H has coordi-

. CHEBYSHEV'S THEOREM There exists a prime number between z and 2z for

any real z > 1.

. CHINESE REMAINDER LEMMA This very important (and somehow underrated)

theorem in Number Theory states that given any pairwise co-prime integers
a1,...,a, and any integers by, ..., by, the system of equations = =, b;, 1 <i <
n has a unique solution for 0 < z < ajas...a,. Of course, since z solution
implies = + kajas...a, solution for any k, then our solutions form an arithmetic
progression of ratio k.

The problem can also be extended to the case when ay,...,a, are not pair-
wise co-prime, but then the existence of solutions is subject to certain condi-
tions.

. CONGRUENCES AND Z, We say that = =, y (and read it "z congruent to y

modulo n”) iff n|z — y, which is the same as saying that = and y have the same
remainder when divided by n. Now, we can define the set Z, of remainders
modulo n as the set {0,1,2,...,n — 1} such that when we take the sum or
the product of two numbers in Z,, the result is still in Z,. So, if a,b € Z,
we will define their sum and product as the remainder modulo n of the sum
and product of the corresponding integers a and b. For example, in Zg (the
remainders modulo 6) we will have 2+ 5 =1 and 2 - 5 = 4. Thus, even if they
are closely related, it is important to make a distinction between the element
a € Zy,, and the integer a € Z.

The set Z, together with the sum and product as defined above inherits
many of its properties from Z, including commutativity, identity elements (0 in
the identity element of addition, because z+0 = 0+z = z and 1 is the identity
for multiplication, because 1-z = z - 1 = z) and inverse elements for addition
z + (—z) = (—z) + = = 0. But the truly interesting case happens when n is
prime, and in that case Z, has the extra property that the multiplication has
an inverse element; that is, for every = € Z, different from 0 there is some y

such that zy = yz = 1. That y is an element of Z,, and it is called z~1.

. DIAMETER OF A POINT SET Given a set of points M, a diameter is a segment

AB with A, B € M which is longer or equal to any other such segment
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7. DILATION The dilation of center P and of ratio k is a geometric transformation
which transforms any point A4 into an A4’ such that PA=kPA. Thisis a very
useful and natural transformation which transforms any set of points into a set
of points of the same size, but larger (or smaller if ¥ < 1). Thus, circles are
transformed into circles, triangles into triangles and any line into another line
parallel to it. Dilation also preservers angles.

LEMMA An important fact about dilation that is used in this book is that
it two non-congruent triangles have pairwise parallel sides, then the triangles
can be obtained one from the other through a dilation. This statement is easily
proved, by taking the triangles to be ABC and A’B’C’ and M be AA’ (N B'B’; of
course, if this intersection does not exist, then just pick M to be the intersection
of BB’ and CC'. If that intersection didn’t exist either, then we would have
AA' || BB’ || CC', which implies that AA'B’'B, BB'C'C and CC'A’A are
parallelograms. This contradicts our hypothesis, as it would give AB = A'B/,
BC = B'C’' and AC = A'C’ (contradicting the fact that the triangles are
non-congruent).

So if M is the intersection of AA’ and BB’, take the dilation around M
that sends A into A’. The line AB will be sent into a line parallel to it which
passes through A’; but that line is A’B’, and since M, B, B’ are collinear, the
only possible image of B is B’. But then, the lines AC and BC are mapped
into lines parallel through them which pass through A’ and B’ respectively. But
these lines are A’C’ and B’C’, so the image of the intersection of AC and BC
must be the intersection of their images. In other words, the image of C is C’
and thus we obtained A’B’C’ from ABC through a dilation around M.

. DIRICHLET’S THEOREM This theorem states that in any arithmetic progression
with the ratio and the first term co-prime there will be an infinity of prime
numbers. Though seemingly simple, the proof of this statement is quite non-
elementary and thus we don’t recommend using it in competitions, except as a
last resort.

‘We use the theorem to give quite a simple proof of the fact that any number
which is quadratic residue modulo all primes must be a perfect square. This fact
also has elementary solutions, but which are quite more complicated than the

o

one using Dirichlet’s Theorem.

9. EULER CYCLES AND HAMILTONIAN CYCLES A Hamiltonian cycle in a graph is
a simple cycle (so without self-intersections) that contains all the vertices of the
graph. An Euler cycle is a cycle that contains all the edges of a graph exactly
once (where some vertices may appear more than once in our graph). It can be
shown that a graph contains an Euler cycle iff all its vertices have even degree
(the necessity is quite easy to see).
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Moreover, we can define Hamiltonian and Euler cycles in directed graphs

as well, where they are cycles with respect to the orientation (meaning that we
only move in the direction of the arrows).
FERMAT’S LITTLE THEOREM AND EULER’S THEOREM Probably the most im-
portant theorem in elementary number theory is Fermat’s Little Theorem,
which claims that a?~* =, 1 for any integer a and every prime p such that
(@,p) = 1. The theorem admits a generalization called Euler’s Theorem, which
claims that a#(™ =, 1 for any co-prime integers a and n. The exponent ¢(n)
is called the Euler function, and is the number of positive integers smaller
than n and co-prime to it. If the decomposition of n into prime factors is
n = pp?..pp* then

wa(-4)- (1-2)

The proofs of both these theorems and the proof for the formula of Euler’s
function can be found in any elementary number theory book or course.
ForMAL DERIVATIVE OF A PoLyNoMIAL Though this notion comes from anal-
ysis, one can understand it even within the range of elementary mathematics.
Indeed, given any polynomial

P(X)=anX" + a1 X"+ ..+ ao

we define its formal derivative as

P(X) =na, X" 4 (n— Va1 X"+ .4 a

The way we obtained this polynomial is by taking every term of the form
cX* of P and turning it into i - cX*~! and turning any constant term cX©
into 0. It is easy to verify that the formal derivative satisfies the properties
(P+Q) = P' £ Q' and the product rule (PQ)’ = P'Q + Q'P. We can also
define P as P differentiated successively i times; of course P(O = P (P
differentiated O times is just P itself).

The importance of the derivative P’ of a polynomial is that if P(X) =
a(X — 21)(X — z2)...(X — z,,) then

n
, _ (X —z1)(X —22)..(X — =)
P(X)= a; X o,

By using this property, one can prove by induction over ¢ that a certain z;
is a root of P of multiplicity 4 (meaning that the term (X —z;) appears ¢ times
in the factorization of P) iff P(z;) = 0, P! (z;) = 0,..., PV (z;) = 0 and
PO (zy) #0.
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12. FORMULAS IN A TRIANGLE In a triangle of side-lengths a, b, ¢ and area, circum-
radius, inradius and semiperimeter S, R, r, p, the following identities hold:

r= %S abe g plp—a)(p—b)(p—c

Tar
a? = b% + ¢? — 2bccos A (Law of Cosines),
a b c

snA smB _snC 2R (Law of Sines)

e

2% + 2¢% — a? 2/bep(p — a)
Ma = 4 »la= b+c
where m, is the length of the median from A and [, that of the bisector.
13. GRAPH The graph is one of the basic concepts of combinatorics, and is basically

just a finite set of points (called vertices) and a set of edges joining certain
pairs of this points. A graph can be drawn in a plane, but its actual physical
representation bears no importance. The only thing that matters in a graph
are the set of vertices and which pairs of them are connected by edges. We will
begin by introducing the basic language of graph theory.

The degree of an edge X in a graph G is just the number of neighbors of
X, where a neighbor of X is any vertex of the graph which is connected to it
by an edge. An easy exercise is that the sum of the degrees of all vertices in a
graph equals the number of edges in the graph.

A path in a graph G is a succession of vertices vg,vy, ..., ¢ such that any
two consecutive vertices are connected. If vo = vy, the path is called a cycle. A

graph in which any two vertices are the endpoints of a path is called connected.

A complete graph with n vertices (called K,,) is one which has all pairs of
its vertices connected by edges. A subgraph of a graph is a subset of the set
of vertices together with all the edges between those vertices. A k-clique of a
graph G is a complete subgraph with k vertices of G.

A bipartite graph K, is one whose vertices can be split into two disjoint
parts A and B with #A = a and #B = b, such that all the edges in the graph
go from an element from A to an element for B (meaning that there are no
edges inside the sets A and B).

An directed graph is just a graph where every edge is given a sense of
direction (usually represented by an arrow). Thus, in an oriented graph an
arrow from vertex X to vertex Y is not considered the same as an arrow from
vertex Y to vertex X. The outdegree of a certain vertex is the number of arrows
that point away from it, while the indegree is the number of arrows that point
toward it.
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LE. "That is”

IFF "If and only If”

INF The infimum of a function f(z) (denoted by inf f) is the greatest real
number which is less than of equal to all the values of f. If there is no such real
number, we consider the supremum to be —oco.

INVERSION The inversion around a point P in the plane is a geometric trans-
formation that sends a point A # P in a point A’ (called the inverse of A) such
that PA = PA’ . A7 for a fixed k # 0. Though its definition might seem
a bid unnatural, it is a very useful transformation. We list here several of its

properties:

1)It is an involution, meaning that if A’ is the inverse of A, then A is the
inverse of A’. The same thing can be said about sets of points, such as geometric
shapes.

2)It turns circles that pass through P into lines and lines that don’t pass
through P and lines that don’t pass through P into circles that pass through
P. Given a circle that passes through P, it will be mapped into a line which is
perpendicular to the diameter from P.

3)It keeps lines that pass through P invariant and it turns circles that don’t
pass through P into circles that don’t pass through P.

4)If A’ and B’ are the inverses of A and B, then A’'B’' = -

5)It is a conformal transformation, meaning that it preserves the angles
between curves. The angle between any two curves (like circles, lines etc.) at a
certain point is the angle between their tangents at that point.
IsOGONAL Given a triangle ABC and a cevian AM, its isogonal is a cevian
AN such that ZMAB = ZNAC. Note that isogonal cevians AM and AN are
symmetric with respect to the bisector of the angle A. The following fact about
isogonals is used in one of the problems, and it can be easily proven by applying
the Law of Sines in the triangles ABM, ACM, ABN, ACN:

LEMMA If M and N are points on the segment BC of a triangle ABC, then
AM and AN are isogonal iff

k%AB

BM BN _ AB?

CMCN ~ 4C?
LHS ”Left Hand Side” of an equation, inequality, identity etc.
LINEAR RECURRENCE RELATIONS Consider a sequence (z,)neN, Which satisfies
the recurrence Znix = Gx—1Tpik—1 + Gk—2Tnik—2 + ... + aoTy (called a k-th
order linear recurrence). We can generally determine the form of z,, in terms of
n, the first k terms =, ..., z,—1 and the numbers ay, ..., ax—1. More precisely, if
71, ..., 7% are the roots of the polynomial X* — ar_; X*~1 —az_oX*2— ... —a
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(called the characteristic polynomial of the recurrence) and if all the roots are
distinct, then

Tn =cC1r] 4 Cor5 + o4 Ty

where the constants ci, ..., ¢k are given by the initial values =z, ..., zx—1. It
is easy to check that the above formula satisfies the recurrence.

However, a problem arises when the roots are not all distinct. Then, the
formula is a bit more complicated, as it also includes powers of n. But for a
second degree linear recurrence .2 = a;z™*! 4+ agz™ with r as the only root
of the characteristic polynomial X2 — a; X — ag, the form of z,, will be

T, = 17" + negr™

where the constants c; and ¢y are determined by the terms z and z;.
ORDERS AND PRIMITIVE ROOTS IN Z,, Given an element a € Z, with (a,n) =
1, call the order of a the smallest non-zero integer d such that a% =, 1. Such a
number always exists, as Euler’s Theorem guarantees that a#(™) =,, 1. Probably
the most important thing about orders is the following fact:

LEMMA If d is the order of @ modulo n and e is such that a® =, 1, then d|e.

Indeed, assume that d does not divide e, and therefore e = kd + r for 0 <
r < d—1. Then, from the definition of the order we will have a%* =, (a%)* =, 1,
but also a® =, a®*" =, 1. So we will have a” =,, 1, but this would mean that
7 is smaller than the order d (which contradicts the minimality of d). Therefore
r =0 and dle.

Euler’s Theorem tells us that a corollary of this lemma is that d|¢(n),
because a?(™ is always =, 1. Here arises the concept of a primitive root: g is
called a primitive root of n if the order of g modulo n is ¢(n) (so the largest
possible). There is a theorem that says that all numbers of the form p® and 2p*
for prime p have primitive roots.

In the case when n = p is prime, a primitive root g has the order ¢(p) =
p — 1. Therefore, it is easy to note that the numbers 1,g, g%, ...,g?~2 are all
different modulo p (as p— 1 is the smallest exponent to which we can raise g to
reach 1). But then, the residues 1,g, g2, ..., ¢°~2 will be the same as the residues
1,2,...,p — 1 (in some order).

P1ck’s THEOREM Given any polygon (not necessarily concave) with vertices in
lattice points, its area is p+ = — 1, where p is the number of interior points and
q is the number of points on the boundary of the polygon (including vertices).

This can be proven by triangulating the polygon with respect to all its
inside lattice points, and noting that the triangles which appear have no lattice
points inside or on their edges. The basic exercise concerning lattices is to show
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that any such triangle (with vertices in lattice points and no lattice points
on the boundary or inside) has area exactly 5 So if we show that there are

2p + q — 2 triangles in our triangulation, each of them will have area g and
Pick’s Theorem will be proven.

But we can show that the total number of triangles in a polygon with

q vertices (we can consider the lattice points on the edges as ’vertices’) and
triangulated with respect to p interior lattice points is 2p + ¢ — 2 by induction
over 2p + q. This is rather simple to do, because note that upon removing a
triangle from the polygon, the quantity 2p + g in the remaining polygon drops
by 1.
PLANAR GRAPH A planar graph is a graph that can be drawn in the plane
without any intersections between its edges (except in vertices, of course). It is
now well-known that the planar graphs are just the graphs that do not contain
any sub-graph of the form Ky or K33, but the proof of this fact goes is both
very difficult and beyond elementary graph theory.

A planar graph is like a map in the plane, and therefore the notion of
”region” is well-defined, as the vertices and edges of the graph break the plane
up into a number of regions. If v is the number of vertices, e that of edges and r
that of the regions of a planar graph (including the infinite region), the Euler’s
formula v+ r = e + 2 holds.

The chromatic number of a planar graph is just the minimum number of
colors needed to color its regions such that no two adjacent regions (regions
that have a common side) are colored in the same way. The four-color problem,
solved only recently, tells us that every planar graph has chromatic number at
most 4, meaning that 4 colors are always enough to color any plane map (such
that any two adjacent regions have different colors).

A very important concept in planar graphs is that of the dual graph. Take
a planar graph G, place a vertex V inside every region R of G (including the
infinite one) and through each edge E of the graph connect the two vertices V'
and V’ which you have constructed in the regions that touch the edge E (thus,
since two regions in the graph can have more common edges, two vertices in the
dual graph can have more edges between them). The resulting graph &' will
also be planar, and every region of G corresponds to a vertex of G (since there
lies one vertex of G’ in every region of ) and every vertex of G corresponds to a
region of G’ (since every region of G’ contains only one vertex of G). Moreover,
the degree of every vertex of G equals the number of edges of the corresponding
region on ' and vice-versa. Note that the planar graph of the planar graph of
G is G itself.
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24, POLYNOMIALS IN SEVERAL VARIABLES Just like a 'regular’ polynomial is a sum
of terms of the form a;X* for some variable X, we can define a polynomial in
several variables X7, ..., X, as a sum of terms of the form ail,-gmg,‘X;"Xzi’...X,i’“,
where i1, ...,5x are natural numbers. We call iy + ... + ir the degree of the
expression aX: {"X?..,X,‘;ﬁ For example,

P(X,Y,2) = X3Y = XYZ2 + 4Y? 4 56Z
is a polynomial in the variables X,Y,Z. The degree of such a polynomial
is the highest degree of its terms (our example has degree 4, for instance).
However, we can also perceive a polynomial in the variables Xi,..., X% as a
polynomial in one of the variables (say X;); in the case of our example, seeing
P as a polynomial in Z would be

P(X,Y,2) = Pxy(Z) = XY - 22+ 56 - Z + (X3Y + 4V?)

Note that the coefficients of this polynomial in Z are polynomials in the
other two variables. Moreover, the degree of P when seen as a polynomial of
all variables does not have to be equal to the degree when seen as a polynomial
of only one variable. Many things can be said about these polynomials, but we
will prove one fact which is used in one of the problems (this fact can easily be
generalized for polynomials of more variables quite easily).

m n

LEMMA If the polynomial P(X,Y) = >3 a;;X*Y7 has the property
that for all z and y that satisfy z — ay —;) 0=] Oowe have P(z,y) = 0, then
P(X,Y)=Q(X,Y)(X —aY —b) for some polynomial Q.

Note that in the case of only one variable, the problem will be the very well-
known "if P(X) is O for all z such that z —a = 0, then P(X) = Q(X)(X —a)”.
As in the case of one variable, we will solve our lemma using an analogue of
division with remainder. That is, we can always write our polynomial as

P(X,Y) = X*Re(Y) + X* 'Ry y(¥) + ... + XRy(Y) + Ro(Y)

where the R;(Y)’s are polynomials in Y. Then, it is easy to prove by in-
duction over k that this can always be written as

P(X,Y) = (X —a¥ = b)(X* 18, 1(Y) + ...+ XS1(Y) + So(Y)) + R(Y)

where Sk_1,...,80, R are polynomials in R. But viewing the expression
(X518, 1(Y) + ... + XS1(Y) + So(Y)) as a polynomial in X and Y, we can
write
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PX,)Y)=(X-ay—-b)Q(X,Y)+ R(Y) (1)
But now we can finally apply our hypothesis, that P is 0 for all z = ay +b.
So for any y, use X = ay+b and Y = y in (1), and we will get R(y) = 0. Since
this holds for all y and R is just a polynomial in one variable, we concur that
R =0 and thus P(X,Y) = (X —aY - b)Q(X,Y).
QUADRATIC RESIDUES AND LEGENDRE SYMBOLS Given a prime number p >
2 (the condition p > 2 is important for the establishment of properties in
the next paragraph) and an integer a, we call a a quadratic residue modulo
p iff there exists some k such that a =, k2. Note that any multiple of p is
always a quadratic residue modulo p, and any @ with (a,p) = 1 is a quadratic
residue ¥ff "7 =p 1 (this makes sense somehow, since for a co-prime with p
the number a*7* is always either congruent to 1 or to -1 modulo p; this is a
direct consequence of Fermat’s little theorem) We often use the term quadratic
residues only to the elements of Z,, since it is easy to see that z is a quadratic

residue iff the remainder of = upon division by p is a quadratic residue.
Thus, we can define the Legendre symbol (a_) as 0 if pla, 1if @ is a qua-

dratic residue modulo p (with (a,p) = 1) and -1 of it is not a quadratic residue
(it is a non-residue). Therefore, the observation in the previous paragraph tells

us that (2 = o"7 . The following are the basic properties of Legendre sym-

bols, which can be used to compute the Legendre symbol o any number with
respect to every prime.

(-
(p) -y
ORCICp—

(%) = (%’) (—I)AE‘U’EA for any primes p,q

The last property is called Gauss’s Quadratic Reciprocity Theorem.

TR

26. REARRANGEMENT INEQUALITY Given two sequences a; < ag < ... < a, and

by < by < ... < by, prove that for any permutation o of {1,2,...,n} we have

arby + agbp_1 + ... + aphs < a1bs, + azby, + ...+ anb,, <

< arby + agha... + anby, 1)



APPENDIX: Useful facts 155

Moreover, by summing up these inequalities for the n permutations
01,09,..-,05 defined by o;(j) = j+i or j+4—n (whichever of those two numbers
lies in {1,2,...,n}) we get Chebyshev’s inequality

a1by + Ggbp + o+ anby < %(a1 b azt ot an) (b +ba+ o +bn) <
< aiby + agby + ... + anby,

We can prove the RHS of (1) by considering that permutation o for which
the expression a1b,, + abg, + ...+ anbs, is maximum (proving the LHS is done
in the same way, by choosing that permutation for which it is minimum). It
is easy to see that the permutation o can have no inversions (meaning pairs
i < j for which o(i) > o(j)), or else we could further increase the value of
the expression by interchanging o (i) and o(j). Of course, the only permutation
which has no inversions is the identity, so the given expression is maximum
when it is a1by + agba + ... + anby,.

27. RHS "Right Hand Side” of an equation, inequality, identity etc.

28. SIMSON LINE Given a triangle ABC and a point M on its circumcircle, it can be
easily proven that the projections of M on the sides of the triangle are collinear.
The line they determine is called the Simson line of M with respect to ABC
and is denoted by I(M, ABC). The Simson line verifies a number of properties,
of which we will use in the course of this book two:

LEMMA 1 If M is on the circumcircle of ABC, then the Simson line
I(M,ABC) cuts M H in half (where H is the orthocenter of the triangle).

PrOOF Assume WLOG that M is situated on the small arc (AC). Let A’
and C’ be the projections of M onto BA and BC and let A” and C” be the
intersections between M A’ and HA and between MC’ and HC respectively.
Note that MC"” HA" is a parallelogram (parallel opposite sides), so the midpoint
of M H is the same as the midpoint of A”C"”. Let O be the intersection of A'C’
and A”C".

Applying the Law of Sines in triangles A’OA” and C'OC" yields

A//O AIAN
SnOA'M ~ sin AOA"
C//O Clc//

sinOC'M ~ sinC'OC”
Dividing the two of them gives us (ZA’OA"” = 7 — £C'OC")
A"0  A'A” sinOA'M
C"0 ~ C'C" sinOC'M W
2
That last ratio, is by the Law of Sines in triangle A’MC’, equal to —AA/%
It is easy to see that we have LAA”A' = ZCC"C = B and so the triangles



156

29.

30.

3

hart

APPENDIX: Useful facts

AA'A" and CC'C" are similar. Moreover, the triangles AM A’ and CMC' are
similar (because they are right-angled and ZA’AM = 7= — ZBAM = ZC'CM).
Thus, because of the above similarities, (1) becomes
A"O  AA' MC
C"0 ~ CC'MA'
so O is indeed the midpoint of A”C”, and thus A’C’ cuts A”C"” and MH
in their midpoint.
LEMMA 2 If ABCD are points on a circle, the 4 Simson lines of one with
respect to the other three are concurrent.
PROOF Let a,b,c,d be the complex numbers that determine this point in
the complex plane with our circle as the unit circle. It is a well-known fact that
the orthocenter H of BCD is given by the complex number b+ c+d and so the

b
M. The previous lemma tells us

midpoint of AH will be given by
that this point is on the Simson line [(A4, BCD). But the same argument tells
us that it is also on (B, ACD), I(C,ABD) and I(D, ABC), which proves our
claim.

Sup The supremum of a function f(z) (denoted by sup f) is the least real
number which is greater than of equal to all the values of f. If there is no such
real number, we consider the supremum to be oo.

TRIANGULATION We say that a polygon is triangulated if we can break it up
into triangles with disjoint interiors which only have vertices among the vertices
of the polygon. It can be shown that the number of ways in which we can

triangulate a convex polygon with n + 2 sides is the n-th Catalan number
1 2n

n+1\n/’ .
Another interesting thing is triangulating a certain polygon whose set of

vertices is V with respect to a certain finite set A of interior points. This means
that we must break up the polygon into triangles with disjoint interiors which
only have vertices among the points of V' |J A4, such that the points of V'[JA
are located only in the vertices of triangles of the triangulation (so not on the
edges or in the interiors). It can be easily proven (by induction on #V JA)
that any polygon can be triangulated with respect to any finite set of interior
points.

. TURAN’S THEOREM This theorem tells us that the maximum number of edges

in a graph with n vertices with no p-clique is obtained when our graph is
the complete multipartite graph Kj;,  i+1,..,1+1 Where n = (p — 1)l 4+ r with
0 < r < p— 1. That multipartite graph is a graph whose vertices are broken
up into p — 1 disjoint groups, each with { or [ + 1 vertices, such that a vertex
is connected only to vertices from the other groups. This graph is practically
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the optimum division of n vertices into p — 1 independent components, and it’s
easy to see that it has no p-clique.

The case p = 3 tells us that a necessary condition for not having triangles
in our graph is having less than [gJ [%IJ edges. Many nice proofs of this
very important elementary theorem can be found in ”Proofs from the Book”,
by Martin Aigner and Gunter M. Ziegler.

32. WLOG ”Without Loss Of Generality”
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APPENDIX 2: SOURCES OF PROBLEMS

(1) IMAR TESTS are a series of tests organized biannually by the Mathematics
Institute of the Romanian Academy (IMAR). All students are invited, partic-
ularly those who are interested in taking the IMO Team Selection Tests in the
following year.

(2) 77 DE TURE is a collection of 77 mathematics problems gathered from IMO
team leaders from around the world. The Romanian IMO 2004 team used these
problems as practice.

(3) MOSP The US IMO team Math Olympiad Summer Program.

(4) JMBO Junior Balkan Mathematica Olympiad.

(5) AMERICAN MATHEMATICAL MONTHLY or AMM is probably the most impor-
tant American mathematics periodical.

(6) TEAM CoONTEST These problems where given at a team contest organized in
2004 by several Romanian college students who were IMO veterans for their
younger peers.

(7) MATHLINKS CONTEST is the contest organized yearly (or biannually) by the
Mathlinks forum.

(8) ROMANIAN-HUNGARIAN TRAINING CAMP is the yearly common IMO training
of the Romanian and Hungarian teams. The camp lasts for one week and is
organized alternatively by the two countries.

(9) PuTNAM is the most important math competition organized in the USA for
undergraduate students.
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